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Absolute profinite rigidity
and hyperbolic geometry:
Supplemental Magma code

By M. R. Bripson, D. B. McREyNoLDS, A. W. REID, and R. SPITLER

1. Introduction

This document is a supplement to our paper [1]. It contains the Magma codes used to
verify several group theoretic facts needed in the proofs of the main results of [1]. Before
giving the Magma codes and their output, we recall some notation from [1].

In what follows, Ag is the group of isometries of hyperbolic 3-space generated by
reflections in the faces of the tetrahedron Ty = T'[3,2,2;6,2,3]. The index 2 subgroup of
Ao formed by the orientation-preserving isometries is I'g = PGL(2, Z[w]).

The group A is generated by reflections in the face of the tetrahedron Ty = T3, 2, 2; 3, 3, 3];
this is an index 2 subgroup of Ag. The index 2 subgroup of A; formed by the orientation-
preserving isometries is I' = PSL(2, Z[w]).

The group Ag has a third subgroup of index 2 that will be denoted by As. One can
check that As contains I' as a subgroup of index 2:
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The groups Ag, I'g, A1, I', and Ay can be presented as follows:
Ao = <x,y,z,w | o y2 =2 =w?= (:Uy)3 = (mz)2 = (mu)2
= (y2)’ = (yw)* = (2w)° = 1)
12 — (yr1)3 = 1)

=w? = (zy)° = (22)* = (2w)’

I'yp= <x,y,z | B=yt=22= (yz)6: (zx

A= <:L‘,y,z,w | 2?2 = y? = 22

= (y2)’ = (yw)® = (2w)® = 1)

F={(z,y,z | =y’ =2"=(y2)’ = (22 ')’ = (ya ")’ =1)

2

Ao =(zy,2 | =2 =2"=zyz7y = (2a)’ = (ay)° = 1.

Finally, 'y is the fundamental group of the Weeks manifold; it has the following presenta-
tion

T'w = <a, b | ababa b a"1b = abab ta®b lab = 1>.
We remind the reader that Magma uses the notation [m,n,0] to declare that the abelian-
ization of a group is Z/mZ x Z/nZ X Z.

2. The proof of [1, Lemma 7.2]

What follows is the Magma routine to complete the proof of [1, Lemma 7.2]. Here, g
is the group I', presented as in (1). The routine computes subgroups of index n less than
or equal to 12, prints the number of such and computes their abelianizations.

g<a,b,c>:=Group<a,b,cla”3,b"2,c"2, (b*c) "3, (c*a"-1)"3, (b*a"-1) "3>;
print AbelianQuotientInvariants(g);

31

1:=LowIndexSubgroups(g,<3,3>);

print #1;

print AbelianQuotientInvariants(1[1]);
2, 2]
1:=LowIndexSubgroups(g,<4,4>);

print #1;

print AbelianQuotientInvariants(1[1]);
3, 31

1:=LowIndexSubgroups(g,<5,5>);

print #1;

print AbelianQuotientInvariants(1[1]);
3, 31
1:=LowIndexSubgroups(g,<6,6>) ;

vVV~AV~LV VAV A2,V VAV 2 YV VYV AV YV

print #1;
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print AbelianQuotientInvariants(1[1]);
2, 0]

print AbelianQuotientInvariants(1[2]);
6 ]

1:=LowIndexSubgroups(g,<7,7>);

print #1;

print AbelianQuotientInvariants(1[1]);
6 1

print AbelianQuotientInvariants(1[2]);
6 ]

print AbelianQuotientInvariants(1[3]);
6 ]

print AbelianQuotientInvariants(1[4]);
6 1]

1:=LowIndexSubgroups(g,<8,8>);

print #1;

print AbelianQuotientInvariants(1[1]);
3, 3]

print AbelianQuotientInvariants(1[2]);
3, 31

1:=LowIndexSubgroups(g,<9,9>);

print #1;

print AbelianQuotientInvariants(1[1]);
2, 2]
1:=LowIndexSubgroups(g,<10,10>);

print #1;

print AbelianQuotientInvariants(1[1]);
6, 0]
1:=LowIndexSubgroups(g,<11,11>);

print #1;

1:=LowIndexSubgroups(g,<12,12>);
print #1;

print AbelianQuotientInvariants(1[1]);
0]
print AbelianQuotientInvariants(1[2]);
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[ 5, 0]

> print AbelianQuotientInvariants(1[3]);
[ 3, 91

> print AbelianQuotientInvariants(1[4]);
[ 3, 91

> print AbelianQuotientInvariants(1[5]);
[ 3, 3, 31

> print AbelianQuotientInvariants(1[6]);
[ 2, 0]

> print AbelianQuotientInvariants(1[7]);
[ 3, 3, 31

3. The proof of [1, Proposition 7.3]

What follows is the Magma routine to complete the proof of [1, Proposition 7.3]. This
runs through all of the index 5 subgroups in the groups under consideration and calculates
their abelianizations. We again use the presentation of I' from (1). We consider those
subgroups listed in the previous Magma routine that have first Betti number b; = 1,
except that we ignore the index 12 subgroup of I' with abelianization Z, because this is
the fundamental group of the figure-eight knot complement, which can be eliminated from
consideration because its unique 5—fold cyclic cover is a once-punctured torus bundle over
the circle with by = 1. The last group whose index 5 subgroups are analysed below is the
fundamental group of the sister of the figure-eight knot complement.

g<a,b,c>:=Group<a,b,cla”3,b"2,c"2, (b*c) "3, (c*a”-1)"3, (b*a"-1) "3>;
> 1:=LowIndexSubgroups(g,<6,6>);
print #1;

>

2

> print AbelianQuotientInvariants(1[1]);
[ 2, 0]

> h:=Rewrite(g,1[1]);

> k:=LowIndexSubgroups(h,<5,5>);

> print #k;

4
>

print AbelianQuotientInvariants(k[1]);
[ 2, 0, 0]
print AbelianQuotientInvariants(k[2]);
[ 2, 01
> print AbelianQuotientInvariants(k[3]);
[2,0,0,0]
> print AbelianQuotientInvariants(k[4]);
[ 2, 0, 01
> 1:=LowIndexSubgroups(g,<10,10>);
> print #1;

\4
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print AbelianQuotientInvariants(1[1]);
6, 0]

h:=Rewrite(g,1[1]);
k:=LowIndexSubgroups(h,<5,5>);

print #k;

print AbelianQuotientInvariants(k[1]);
3, 6, 0]

print AbelianQuotientInvariants(k[2]);
3, 6, 0]

print AbelianQuotientInvariants(k[3]);
3, 6, 0]

print AbelianQuotientInvariants(k[4]);
6, 0]

print AbelianQuotientInvariants(k[5]);
2, 6, 0, 01

print AbelianQuotientInvariants(k[6]);
3, 6, 0, 01
1:=LowIndexSubgroups(g,<12,12>);

print #1;

print AbelianQuotientInvariants(1[6]);
2, 0]

h:=Rewrite(g,1[6]);
k:=LowIndexSubgroups (h,<5,5>);

print #k;

print AbelianQuotientInvariants(k[1]);
2, 0, 0, 0]

print AbelianQuotientInvariants(k[2]);
2, 0, 0, 01

print AbelianQuotientInvariants(k[3]);
2, 0, 0, 01

print AbelianQuotientInvariants(k[4]);
2, 0]

print AbelianQuotientInvariants(1[2]);
5, 01

h:=Rewrite(g,1[2]);
k:=LowIndexSubgroups(h,<5,5>);

print #k;
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> print AbelianQuotientInvariants(k[1]);
[0, O, 0, 0, 01

> print AbelianQuotientInvariants(k[2]);
[ 5,5, 0]

> print AbelianQuotientInvariants(k[3]);
[ 5, 5, 01

> print AbelianQuotientInvariants(k[4]);
[ 5, 5, 01

> print AbelianQuotientInvariants(k[5]);
[ 5, 25, 0 ]

> print AbelianQuotientInvariants(k[6]);
[ 0, 0, 01

> print AbelianQuotientInvariants(k[7]);
[0, 0, 0]

> print AbelianQuotientInvariants(k[8]);
[ 5, 5, 01

4. The proof of [1, Theorem 8.2]

The following routine is used in the proof of [1, Theorem 8.2], where we promote the
profinite rigidity of I' to profinite rigidity for each of its index 2 extensions, Iy, A1, Ao and
I' x Z/27. The group g below is Ay, presented as in (1), while z is the group As, presented
by applying “Rewrite” to the group 1[2], and bia is the group I' x Z/2Z.

g<rl,r2,r3,r4>:=Group<rl,r2,r3,r4|r17°2,r2°2,r372,r4"2, (r1*r2) "3, (ri*r3) "2, (ri*r4) "2,
(r2*r3) ~3, (r2xr4) "2, (r3*rd) "6>;

print AbelianQuotientInvariants(g);

[ 2, 2]

> 1:=LowIndexSubgroups(g,<2,2>);

> print AbelianQuotientInvariants(1[1]);

[ 2]

> print AbelianQuotientInvariants(1[2]);

[ 61

> print AbelianQuotientInvariants(1[3]);

[ 2]

> print 1[1];

Finitely presented group on 3 generators, Index in group g is 2,

vV V V

Generators as words in group g
$.1=1r2%x1r1, $.2 =1r3 *xr1, $.3 =14 * ri
> print 1[2];
Finitely presented group on 3 generators, Index in group g is 2,
Generators as words in group g
$.1 =r2 xr1, $.2 =r3 *xr1, $.3 =rd
> print 1[3];
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Finitely presented group on 4 generators, Index in group g is 2,
Generators as words in group g
$.1 =11, $.2 =12, $.3 =13, $.4 =14 x r3 x rd
> z:=Rewrite(g,1[2]); print z;
Finitely presented group z on 3 generators, Generators as words in group g
z.1=1r2 xrl, z.2=1r3 xrl, z.3 =rd
Relations
z.372 = Id(z), z.272 = Id(z), z.1°3 = Id(z), z.1 * 2.3 * z.1"-1 * z.3 = Id(=z)
(z.1 * z.2)"3 = 1Id(z), (z.2 * z.3)"6 = Id(z)
> bia<a,b,c,t>:=Group<a,b,c,tl(t,a),(t,b),(t,c),t"2,a"3,b72,c"2, (b*c) "3,
(c*a™-1)"3, (bxa"~-1) "3>;
q:=LowIndexSubgroups(z,<7,7>);
print #q;

qq:=LowIndexSubgroups(bia,<7,7>);
print #qq;

S V V O Vv Vv

The proof of [1, Theorem 8.2] also relies on the following routine which distinguishes fo
from A; by counting conjugacy classes of index 8 subgroups.

> g<x,y,z,w>:=Group<x,y,z,wlx"2,y72,272,w"2, (x*y) "2, (x*z) "2, (x*w) 3,
(y*z) "3, (y*w) "3, (zxw) "3>; 1l:=LowIndexSubgroups(g,<8,8>);

print #1;

1

> h<a,b,c>:=Group<a,b,cla”3,b"2,c"2, (b*c) "6, (c*a~-1) "2, (b*a"-1) "3>;
> 1:=LowIndexSubgroups(h,<8,8>);

print #1;

3

5. The proof of [1, Theorem 8.3]

[1, Theorem 8.3] relies on the following Magma routine which shows that g = A has
fewer index 8 subgroups, up to conjugacy, than bia = I'y x Z/2Z.

> g<rl,r2,r3,r4>:=Group<rl,r2,r3,r4|r1°2,r2"°2,r372,r4"2, (r1*r2) "3, (r1*r3) "2,
(ri*xrd)~2, (r2%r3)~3, (r2*r4d)"2,(r3*rd) "6>; bia<a,b,c,t>:=Group<a,b,c,t|(t,a),
(t,b),(t,c),t"2,a"3,b"2,c"2, (bxc) "6, (cxa~-1)"2, (bxa~-1)"3>;

> 1:=LowIndexSubgroups(g,<8,8>);

k:=LowIndexSubgroups(bia,<8,8>);

print #1;

3

> print #k;

5
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6. Calculations for I'yy

This section contains the Magma calculations used in [1, §9] in proving that the fun-
damental group of the Weeks manifold is profinitely rigid; see in particular the proof of [1,
Lemma 9.3]. The group g in this routine is I'yy, given by the presentation from (1).

> g<a,b>:=Group<a,b| axbkaxb*a”-1%b~2xa”-1%b,a*bxa*b”~-1%a”~2xb”~-1*xaxb>;
> print AbelianQuotientInvariants(g);

[ 5, 5]

> 1:=LowIndexSubgroups(g,<24,24>);

> print #1;

11

> print AbelianQuotientInvariants(1[1]);
[ 5, 55, 0]

> f,i:=CosetAction(g,1[1]);

> print Order(i);

6072

> IsSimple(i);

true

> print AbelianQuotientInvariants(1[2]);
[ 2, 2, 2, 10, 110 1]

> f,i:=CosetAction(g,1[2]);

> print Order(i);

6072

> IsSimple(i);

true

> print AbelianQuotientInvariants(1[3]);
[ 5, 30, 0]

> f,i:=CosetAction(g,1[3]);

> print Order(i);

2204496
> print AbelianQuotientInvariants(1[4]);
[ 90, 90 ]

> f,i:=CosetAction(g,1[4]);
> print Order(i);

2204496
> print AbelianQuotientInvariants(1[5]);
[ 5, 30, 0]

> f,i:=CosetAction(g,1[5]);

> print Order(i);

2204496

> print AbelianQuotientInvariants(1[6]);
[ 2, 2, 2, 70, 70 ]
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> f,i:=CosetAction(g,1[6]);
> print Order(i);

168
> print AbelianQuotientInvariants(1[7]);
[ 90, 90 ]

> f,i:=CosetAction(g,1[7]);

> print Order(i);

2204496

> print AbelianQuotientInvariants(1[8]);
[ 5, 5, 10 ]

> f,i:=CosetAction(g,1[8]);

> print Order(i);

1320

> print AbelianQuotientInvariants(1[9]);
[ 5, 30 1]

> f,i:=CosetAction(g,1[9]);

> print Order(i);
310224200866619719680000

> print AbelianQuotientInvariants(1[10]);
> f,i:=CosetAction(g,1[10]);

> print Order(i);
310224200866619719680000

> print AbelianQuotientInvariants(1[11]);
[ 5, 301

> f,i:=CosetAction(g,1[11]);

> print Order(i);
310224200866619719680000

The following enumeration of index 8 subgroups of I'yy is also required in the proof of [1,
Lemma 9.3]. Again g denotes I'yy.

> g<a,b>:=Group<a,b| axbk*axb*a”-1%b~2xa”-1%b,a*bxa*b”~-1%a”~2xb”~-1*xaxb>;
> print AbelianQuotientInvariants(g);

[ 5, 5]

> 1:=LowIndexSubgroups(g,<8,8>); print #1;
1

> print AbelianQuotientInvariants(1[1]);

[ 5, 30 ]
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