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Poincaré polynomials of character varieties,

Macdonald polynomials and
affine Springer fibers

By ANTON MELLIT

Abstract

We prove an explicit formula for the Poincaré polynomials of parabolic
character varieties of Riemann surfaces with semisimple local monodromies,
which was conjectured by Hausel, Letellier and Rodriguez-Villegas. Using
an approach of Mozgovoy and Schiffmann the problem is reduced to count-
ing pairs of a parabolic vector bundle and a nilpotent endomorphism of
prescribed generic type. The generating function counting these pairs is
shown to be a product of Macdonald polynomials and the function count-
ing pairs without parabolic structure. The modified Macdonald polynomial
H\[X; q,t] is interpreted as a weighted count of points of the affine Springer
fiber over the constant nilpotent matrix of type A.

Contents

Introduction

Hall algebras and symmetric functions

Linear algebra over the power series ring

Modifications of vector bundles

Counting vector bundles with nilpotent endomorphisms

The category of parabolic sheaves

From bundles with nilpotent endomorphism to Higgs bundles and

NS OUl W=

character varieties
Acknowledgements
References

166
171
183
189
191
205

215
225
225

Keywords: Poincaré polynomials, Macdonald polynomials, character varieties, Higgs bun-

dles, Hall algebras
AMS Classification: Primary: 14H60.
(© 2020 Department of Mathematics, Princeton University.

165


http://annals.math.princeton.edu/about
https://doi.org/10.4007/annals.2020.192.1.3

166 ANTON MELLIT

1. Introduction

1.1. The conjectures. Let X be a Riemann surface of genus g and let S =
(s1,-..,5kK) be a collection of k& marked points on ¥. Fix an integer n > 0 and
k conjugacy classes C',...,Ct in GL,. In this paper we study the case when
each C; can be represented by a diagonal matrix with given multiplicities of
eigenvalues 7; 1, 7i2, ... . Then one defines the character variety M as the
moduli space of local systems of rank n on ¥\ .S with local monodromy around
s; lying in C;. We will assume that the eigenvalues of C; are generic (see
Definition 7.11).

By the non-abelian Hodge theory of Hitchin [Hit87] and Simpson [Sim92],
[Sim90] the character variety as the so-called Betti moduli space is identified
with the moduli space of Higgs bundles, which is called the Dolbeault mod-
uli space. A study of cohomology of this space was initiated by Hausel and
Thaddeus for the case of rank 2 in [HT04] (without marked points).

The case of rank 3 with marked points was studied by Garcia-Prada,
Gothen and Munoz in [GPGMn07]. More partial results were obtained by
Garcia-Prada, Heinloth and Schmitt in [GPHS14].

In [HRVO08| Hausel and Rodriguez-Villegas computed the E-polynomials
of character varieties without marked points. Then together with Letellier in
[HLRV11] they extended their result to the situation with marked points. Con-
trary to the previous results, their formula was completely general and allowed
them to guess a conjectural formula for the full mixed Hodge polynomials of
character varieties in terms of modified Macdonald polynomials. In particu-
lar, by specialization their formula predicted the Poincaré polynomials of the
character varieties.

Mozgovoy extended these conjectures in [Moz12] and gave a conjectural
formula for the motives of the Dolbeault moduli spaces.

1.2. Counting over finite fields. The method of computing Poincaré poly-
nomials of moduli spaces by counting points over finite fields was introduced
by Harder and Narasimhan in [HN75]. This idea was then successfully applied
in the context of quiver varieties by Crawley-Boevey and van den Bergh in
[CBVdBO4]. In [Sch16] Schiffmann computed the number of stable Higgs bun-
dles on a curve over a finite field (for ¢ sufficiently large, which was later recti-
fied in the follow-up paper with Mozgovoy [MS14], [MS20]) and thus obtained a
recipe to compute the Poincaré polynomials of twisted character varieties in the
case with no marked points. The formula of Schiffmann was shown to imply the
conjectural formula of Hausel and Rodriguez-Villegas by the author in [Mel20].

The case with marked points appeared to be more difficult. In particular,
there was no known way of obtaining Macdonald polynomials by counting
bundles of some sort. In this paper we prove the conjecture of Hausel, Letellier
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and Rodriguez-Villegas, and in the process we find such an interpretation of
Macdonald polynomials.

In simple terms, the “baby version” of our approach is the result (see
[Mac95]) that the number of partial flags over a finite field preserved by a fixed
nilpotent matrix is given by the Hall-Littlewood polynomial; see Corollary 2.13
for a precise statement adopted to our notation. We think of a vector space
with a nilpotent operator as a special case of a vector bundle with a nilpotent
endomorphism. Counting flags is analogous to counting parabolic structures
at marked points.

In Theorem 5.5 we show how the answer to the problem of counting triples
vector bundle + nilpotent endomorphism + parabolic structure is formulated
in terms of Macdonald polynomials. As a bi-product, in Corollary 5.12 and
Theorem 5.15 we obtain a purely local interpretation of Macdonald polyno-
mials by counting nilpotent matrices over the power series ring, which is also
interpreted as counting points in the affine Springer fiber over a constant nilpo-
tent matrix (Section 5.7).

1.3. Plan of the paper. An expert reader who knows Mozgovoy-Schiff-
mann’s paper [MS14] well and believes that it extends directly to the parabolic
case is advised to concentrate on Sections 3, 4 and 5, where the results on
counting bundles with nilpotent endomorphism and the affine Springer fiber
(Section 5.7) are shown.

In Section 2 we summarize definitions related to symmetric functions and
Hall algebras, mostly to fix notation, but also to remind the reader on how to
count flags fixed by a nilpotent matrix and obtain Hall-Littlewood polynomials.

In Section 6 we study abelian categories of coherent parabolic sheaves
and coherent Higgs parabolic sheaves. We compute the Euler pairing, prove
Serre duality, and explain the Harder-Narasimhan theory. Some results of this
section can also be found in the literature in slightly different formulations.

In Section 7 we proceed in the way parallel to Mozgovoy-Schiffmann
[MS14] to obtain an analogue of Hua’s formula for the number of indecompos-
able parabolic bundles (Corollary 7.4) and a formula for the number of stable
Higgs bundles (Corollary 7.9). We do not need the number of indecomposable
parabolic bundles, but we include this result for completeness. Finally, we ob-
tain the Poincaré polynomials of our moduli spaces in Theorems 7.10 and 7.12.

1.4. Main ideas. We say a few words about intuition behind this paper.
The formula of Hausel, Letellier and Rodriguez-Villegas expresses the gener-
ating function of mixed Hodge polynomials as follows:

k
(L) (¢—1A—t)Log | S WY (g t,00) [ ArlXisq, T | .
AEP =1
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The summation goes over the set of partitions A. For each partition, QELV is
a certain explicit rational function in ¢, ¢t and the Frobenius eigenvalues of the
curve Y. Then we have the modified Macdonald polynomials H [Xi; q,t], each
evaluated in it own group of variables. Schiffmann’s formula (without marked
points, for a different invariant instead of the mixed Hodge polynomial and
after a change of variable) looks similar:

> Mg t,00)TP
AeP

(g—1)(1 —t)Log

Here the function Q§Ch(q, t,04) is a deformation of the function QI/\{LV(q, t,06)
(see [Mel20]). To prove the conjecture we try to make sense of the individ-
ual term for each partition. In Schiffmann’s work each term Q5%(q,t,04)
corresponds to the weighted number of vector bundles with nilpotent endo-
morphism, where the generic type of the endomorphism (i.e., the Jordan form
of its matrix over a generic point of X) is specified by A\. Now we make a guess
that the corresponding term for the parabolic case is given by

k
(1.2) Q5 (g,t, 00) [] Br[Xis 0. ]

i=1
At first, this guess seems surprising: using a physical analogy, the marked
points do not interact with one another! Using SAGE [Sagel6] we counted
some numbers of parabolic bundles with endomorphism for P! over the field
of two elements, and the computations showed that the guess might be right.

Then the idea of the proof goes as follows: Suppose we know that some-
thing like (1.2) holds with some unknown functions instead of Macdonald poly-
nomials. Then we can try to use some of the properties that uniquely deter-
mine Macdonald polynomials to show that the unknown functions are indeed
the Macdonald polynomials. Here we use the fact that Macdonald polynomi-
als are uniquely identified by orthogonality with respect to the modified Hall
scalar product, together with upper-triangularity with respect to the modified
monomial basis. For instance, orthogonality is shown by a direct computa-
tion of the total number of triples bundle + parabolic structure + nilpotent
endomorphism in the case of P! with two marked points.

So the problem is reduced to showing that the factorization of the form
(1.2) holds. For this we look at the marked points where the nilpotent en-
domorphism degenerates. We show how the endomorphism together with the
underlying bundle can be “straightened” in finitely many ways to obtain a
new bundle with endomorphism, this time non-degenerate at a given point.
Then the counting problem of all endomorphisms can be reduced to counting
non-degenerate endomorphisms. For each non-degenerate endomorphism we
need to count in how many ways it can be “de-straightened” to obtain all
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degenerate endomorphisms. As it turns out, this last count does not depend
on the curve or locations of marked points, and we arrive at the formula of the
right shape (1.2).

In applications we do not fix the Jordan form, so we obtain the follow-
ing generating series for the number of non-positive! parabolic bundles with
nilpotent endomorphism:

k
(1.3) > BN g t,00) [ [ B X 0, 1)
AFn =1

1.5. Kernel strictness. It is crucial for us to restrict counting in the affine
Springer fiber to what we call kernel strict elements, Definition 3.6. Geomet-
rically, points of the affine Springer fiber correspond to bundles over a disk
together with a trivialization over the punctured disk and an endomorphism ¢
whose Jordan form over the punctured disk is given by a prescribed constant
nilpotent matrix. The condition of kernel strictness geometrically means that
the subbundle ker # is required to be trivialized over the disk. It turns out that
Schiffmann’s truncation on the moduli stack of vector bundles interacts nicely
with this condition because a bundle with nilpotent endomorphism 6 belongs
to the truncation if and only if the subbundle ker 8 does; see Proposition 5.3.
So in a way, kernel strictness is precisely the idea that makes both local and
global computations manageable.

1.6. Topological quantum field theory. The shape of (1.3) and the expres-
sion inside Log in (1.1) hints on the existence of a kind of topological quantum
field theory (TQFT) behind our theory. Here we a sketch a construction that
may be thought of as such a theory. To a suitable truncation 7 on the cate-
gory of coherent sheaves Coh(X) on a curve ¥ of genus g over a finite field we
associate the category Coh”(X) of all sheaves that belong to the truncation.
Consider the category Nilp™(X) of pairs (£,60) where £ is an object of Coh”
and 6 : &€ — £ is nilpotent. For each pair (£,6) and each point s € ¥ we can
evaluate (£,0) at s and obtain an object 6(s) of the category Nilp(x) whose
objects are pairs consisting of a vector space and a nilpotent endomorphism.
Now we think of (£,6) as being picked at random, and we are interested in
the joint distribution of the values 0(s1),...,6(sk). A function from the iso-
morphism classes of objects of Nilp(x) to C will be called observable. Having
a k-tuple of observables f1,..., fr we can define their correlation by

(fiseeos fi) = > S1(0(s1)) - fr(B(sk))-

(£,0)ENlp™ (D) /~

1A bundle is non-positive if it does not possess any subbundles of positive degree; see Sec-
tion 5.1.
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This defines a correlation tensor. What we see is that

(i) Locations of the points si, ..., s; do not matter.

(ii) There is a fusion product % on the space of observables so that two ob-
servables f, g sitting in different points can be replaced by f * g sitting in
one point without changing the correlation functions. In particular, we
have

(frooo s fe) = (frx-* fa).

From the point of view of Hall algebra (Section 2.5) it is natural to identify the
space of observables with the space of symmetric functions so that the value
of the observable corresponding to a symmetric function f on an nilpotent
matrix of Jordan type A is given by the scalar product with the Hall-Littlewood
polynomial (f, Hy\[X;q]). From (1.3) we see that the fusion product must be
dual to the coproduct defined on symmetric functions by

Af{/\ :ﬁ)\®ﬁ)\.

It is straightforward to identify the resulting Frobenius algebra structure on the
space of observables with the Frobenius algebra structure on the Grothendieck
K-group of equivariant vector bundles on the Hilbert scheme of C? where the
product is the tensor product. It would be very interesting to understand
deeper why this is true.

In a purely topological quantum theory the value of the theory on a surface
of higher genus can be obtained from the values on 1-, 2- and 3-punctured
spheres by pair-of-pants decompositions. This clearly fails in our theory.

1.7. Search for a combinatorial interpretation. The fact the Hall-Little-
wood polynomials count partial flags respected by a nilpotent matrix can be
shown purely combinatorially. Recall that the Schur polynomial sy can be
written as a sum Y 27 where z = (z1,...,2y) denotes the variables and the
sum goes over the set of Young tableaux, which are labelings of the set of cells of
A by numbers between 1 and N satisfying some inequalities for neighboring cells
in the horizontal and the vertical direction. Then there is a g-deformation of
this formula that produces Hall-Littlewood polynomials. Now we only enforce
the inequalities in the vertical direction, but count every tableaux with weight
qinv(T)

advised to read [HHLO5], where a formula for Macdonald polynomials is given

, where inv(7') is the number of inversions. For details, the reader is

in a similar way. In that formula we also sum over tableaux, but now we do not
enforce any inequalities neither in horizontal, nor in vertical direction. Each
tableaux comes with a weight, which is a monomial in two variables ¢ and t.
Setting ¢t = 0 one obtains the Hall-Littlewood polynomials. In the case of Hall-
Littlewood polynomials it can be shown that each tableaux corresponds to a

inv(T)

cell in the Schubert decomposition of the partial flag variety, and ¢ counts
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the number of flags in the cell that are respected by the nilpotent matrix. Thus
a natural guess would be that for our counts in the affine Springer fiber one
can try to match cells of the corresponding affine Schubert decomposition with
terms in the formula for the Macdonald polynomials in [HHLO05]. This is an
interesting topic for further investigation.

1.8. A speculation. Most results of Section 3 can be extended to other
local rings, such as the ring of p-adic integers Z,. Thus it would be interesting
to see if we can obtain a parallel theory if we replace the curve over a finite
field by a number field. What would be the Macdonald polynomials for the
primes at infinity, i.e., for k = R and k = C?

2. Hall algebras and symmetric functions

2.1. Symmetric functions and lambda rings. There are two ways to see
symmetric functions (in infinitely many variables): one as functions, as in
[Mac95], another as operations in lambda rings. Choose a base ring R. A

symmetric function F of degree d in zi, zo,... is a collection of polynomials
Fn € Rlz1,...,2N] (N € Z>g) of degree d invariant under the Sy-action and
satisfying

Fy_1(z1,.--,28-1) = Fn(21,. .., 28-1,0).

The symmetric functions form a commutative graded ring, which we denote
Sym[Z], where Z stands for the sequence of the variables Z = (z1, 22,...). We
can consider symmetric functions in several sequences of variables Z1, ..., Zg,
which we denote Sym|[Zy, ..., Z;]. We naturally have

k
Sym[Z1, ..., Z) = Q) Sym|[Z].
=1

Let us recall the notation

en(21,22,...) = Z Ziy o Ziy,  he(21,22,...) = Z Ziy Zips

1< i 1< i
n
pn(z1,22,...) = g z.
i

For any sequence (in particular, for any partition) u = (u1,. .., tm), we set

hy = H s,
i=1

and similarly for e and p. We have

PROPOSITION 2.1. The ring Sym|[Z] is isomorphic to the polynomial rings
Rley,ea,...] and R[hy, ho,...] via the natural maps e; — e;(z1,22,...), hi —
hi(z1, z2,...). IfQ C R, then Sym|Z] is isomorphic to R[p1,pa,...] in a similar
way.
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Next we define lambda rings. The definition is simpler when Q C R, so
let us assume that this is the case. A lambda ring structure on R is a collection
of homomorphisms p,, : R — R (n € Z() called Adams operations satisfying

pilz] =z, pulpm([r]] = Dmn[z] (m,n € Z=o,z € R).
It is customary to use square brackets for these operations. A ring together
with a lambda ring structure is called a lambda ring. For two lambda rings
R, R’ a lambda ring homomorphism is a ring homomorphism ¢ : R — R’ such
that for all n € Z~o and all z € R we have ¢(p,[z]) = pn[p(z)]. Suppose R is
the ring of polynomials or rational functions or power series or Laurent series
in some variables x1, 2, . ... Then the usual lambda ring structure is defined by
pnlzi] = 2.
This, of course, depends on the choice of generators of the ring. The trivial
lambda ring structure on any ring R can be defined by
plr]=z (z € R).

Note that we have used the letters p, both for the power sum symmetric
functions, and for the operations in the lambda ring. This is explained by the
following construction. Let F' € Sym[Z] and x € A where A is some lambda
ring containing the base ring R. We define the plethystic action of F on x as
follows: Using Proposition 2.1 write F' = f(p1,p2,...) and then set

Fla] = f(pi[z], p2la], -.).
Then we have py[z] = pyp[z], which justifies the abuse of notation. This oper-
ation satisfies the following properties:
(FG)[x] = Fz]Glz], (F+G)lx] = Flz]+ Glz], Az]=A
2.1) (F,G € Sym[Z],A € R,z € A).

We equip Sym[Z] with the usual lambda ring structure. In particular, we have

Pulpm (21, 22, .. )] = Pmn(21,22,...) (m,n € Z=o).
We finally make another abuse of notation by identifying Z with the sum
Z =p1(z1,292,...) = Zzi,
i
which is justified by the following identity:
pnlZ] = pn(21, 22, ).

We have

PROPOSITION 2.2. The lambda ring Sym[Z] is the free lambda ring over
R generated by Z. This means that for any lambda ring A containing R and

any element x € R there exists a unique lambda ring homomorphism . :
Sym[Z] — A which acts identically on R satisfying p(Z) = x.
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Proof. For any such ¢,, we necessarily have ¢, (p,[Z]) = pn|z]. Thus such
@z is unique. To prove existence define ¢, by the rule ¢, (F) = Flz| for all
F € Sym[Z]. By (2.1) this is a ring homomorphism. To show that it is a
lambda ring homomorphism we consider any F' € Sym[Z] and n € Z~o. Let
F = f(p1,p2,-..). We have

PulF] = f(Pn, P20, -+ -)-
Therefore

@z (pnlF]) = f(pnlz]; p2nla], .. .)
= pulf(p1lz] p2z], . . .)] = pulF[2]] = pulea (F)]. O

When our base ring R is itself a lambda ring with a non-trivial lambda
ring structure, then we define a lambda ring structure on Sym|[X] in such a
way that the inclusion R C Sym[X] is a lambda ring homomorphism. Then
Proposition 2.2 extends to this situation. The only difference is that we should
require A to contain R as lambda subring, and in the proof we have

0z (PulF]) = pulf](Pnlz], p2n[2], - . )
= pnlf(p1lz], p2lz], .. .)] = pu[F[2]] = pnlpa(F)],

where p,,[f] means that we apply p,, to the coefficients of f, which are elements
of R.

2.2. Plethystic exponential and zeta functions. Next we demonstrate one
application of lambda ring techniques. A plethystic exponential is defined as
the following formal series of symmetric functions:

Exp[Z] = Zhn[Z] = exp (Z p”?[LZ]> = H %
n=0 n=1 n=0 v

It satisfies the multiplicativity property
Exp[Z + Z'] = Exp[Z] Exp[Z'],

which is an identity of formal series of elements of Sym[Z, Z']. Using the ap-
proach of the previous subsection we can make sense of Exp|z] for any element
x in any lambda ring A provided that the infinite series makes sense.

Let X be an algebraic variety over F,. By a theorem of Dwork [Dwo60],
there exist numbers ay,as,...,a,, € Q and by,bs,...,b, € Q such that for
any k € Z~q, we have

m m/

X (Fpe)l =) af = 0

i=1 i=1
Let A = Q[x1,...,Tm, Y1,-- -, Ym] with the usual lambda ring structure. The
numbers a;, b; define a ring homomorphism ¢ x : A — Q, which is not a lambda



174 ANTON MELLIT

ring homomorphism. Consider the element

m m’

X:in—ZyieA.
i=1 i=1

Then we have an identity for all k € Z~o:

[ X (Fgr)| = ox (pi[X])-
The zeta function of X is defined by the following infinite product:

M= T s € QIT]
z€X/Fq

Here x goes over the set of closed points of X, and for each z, we denote
by degx the degree of the residue field of x over IF,. We have the following
alternative ways to write it:

(x(T) = exp (Z W) = px (exp (Z ])’"”[ZA'/])) = ox Exp[TA],

n=1 n=1

where the Adams operations act on T' by p,[T] = T". We have

PROPOSITION 2.3. Let ) be an element in a lambda ring A'. Then we have

II Explpace« YT = ox Exp[TXY).
zeX/Fq

In the right-hand side we evaluate Exp in A® A'[[T]] and then apply ox to the
components in A.

Proof. By Proposition 2.2 it is enough to assume A’ = Sym[Z] and ) =
Z = z1+29+---. Then by multiplicativity of Exp it is enough to assume A’ =
Q[z], Y = z. In this case the homomorphism sending 7" to 2T is a lambda ring
homomorphism, so we obtain the desired identity from the following identity
we have already established:

1

zeX/Fq
Remark 2.4. We will abuse the notation by writing the identity in Propo-
sition 2.3 as follows:
H Exp[pdegm[yTH = EXP[TXy]'
zeX/Fy
The reader should remember that to make sense of this identity one needs to
first evaluate the right-hand side with

m m’
XZZ%—ZZ/@GA,
i=1 =1

treating x;, y; as formal variables, and only afterwards specialize to the Frobe-
nius eigenvalues.
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2.3. Reproducing kernels. Another useful property of the plethystic expo-
nential is that it is a reproducing kernel for the Hall scalar product. Suppose
we have a scalar product F,G — (F,G) on Sym[X] such that functions of
different degrees are orthogonal. This is the same thing as a having a scalar
product on the degree d part of Sym[X] for each d. Choose any basis of Sym[X]
indexed by partitions (ay)rep so that degay = |\|. Let (5))rep be the dual
basis. The reproducing kernel is the infinite sum

(2.2) > alX]B[Y),

AEP

viewed in the completion of Sym[X, Y]. The basic property of the reproducing
kernel is that it does not depend on the choice of basis. One can use this idea
in the following way. Suppose sequences of symmetric functions ae = ())rep
and e = (Bx)aep satisfy degay = deg 8y = |A|, and suppose the sum (2.2)
is equal to the reproducing kernel. Then we can conclude that a, and (. are
dual bases, i.e., (ax, Bu) = i u-

Recall that the Hall scalar product on Sym[X] is defined by

(hyyma) = un - (A €P),

where m) stands for the monomial symmetric function, which is the sum of
all monomials whose ordered list of exponents is A. Using infinite product
expansion one can show that

Exp[XY] =) hy[X]ma[Y],
\eP

thus Exp[XY] is the reproducing kernel for the Hall scalar product. Using
another expression for Exp, for instance in terms of the power sum functions,
it is easy to show that (px,p,) = 0 when A # p and calculate (py,py). In
this way we can easily obtain the so-called Cauchy formulas for other families
symmetric functions and other scalar products.

2.4. Macdonald polynomials. The set of all partitions is denoted by P.
Denote by My resp. M<) the subspace of symmetric functions spanned by
my, with g = A resp. p < A. Recall that

k k
LA e Y m< Y N (k=12,...).
=1 =1

For a partition A\, we denote the conjugate partition by \.
We will use the modified Macdonald polynomials. Our base field is Q(q, t),
which we endow with the usual lambda ring structure.
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Definition 2.5 ([GH96]). Macdonald polynomials H[X;q,t] € Sym[X]
are unique symmetric functions satisfying

Hy(t-1)X] e Mxy,  Hy(g—1)X] € Mzy,  H1]=1.
Remark 2.6. Directly from the definition we deduce the two special cases
en ] _ n [5)

enl71]  hn )

o] ]

enli] ]

From the defining property of the Schur functions we deduce specializations

Hy[X;q.1) =

Hin[X;q,1) =

A 1 A [1qu}
BXiqq =0 (reP).
s )
Using reproducing kernels it is easy to see that for any S € Q(q,t) and
any F,G € Sym[X], we have
(F[X],G[SX]) = (FISX], G[X]).
The ¢, t-scalar product is defined as follows:
(FIX], G[X])gs := (F[X], Gl(g — 1)(1 = ) X]).
We have
PropoSITION 2.7. The Macdonald polynomials are orthogonal with re-
spect to the q,t-scalar product
Proof. Suppose (H), E[#)%t = (0. This implies
(HA[X], Hl(g = D1 = 1) X]) = (Hal(g — 1)X], Hu[(1 = ) X]) # 0.
We have Hy[(¢ — 1)X] € M<y. Hence it is a linear combination of e, with
v = . Using e,[—X] = (—1)"h,[X] we deduce that H,[(1 — ¢)X] is a linear

combination of h, with v > A. Hence u > A. Since the pairing is symmetric,
we also have p <= A. Therefore \ = p. O

Since the Hall pairing is non-degenerate, we have (ﬁ WH z) # 0 for any
partition A. There is an explicit formula

(ﬁ)\vﬁk)q,t = z\(q,t) = H(q“ — tl+1)<qa+1 _ tl),
a,l

where the notation [],, should be understood as follows: The product goes
over all cells of the Young diagram of A. For each cell, we consider the corre-
sponding hook of A, and we denote its arm- resp. leg-length by a resp. [ (see
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[Mac95], [GH96]). We will use this shorthand notation for arms-legs products
throughout the paper.

COROLLARY 2.8. The family of modified Macdonald polynomials is uniquely
determined by the orthogonality property (Hx,Hy)q: # 0 for A # p, normal-
ization H\[1] =1 and any of the two upper-triangularity properties:

Hy[(t—1)X] € M<y,  Hi[(g—1)X] € M<y.
By specializing ¢t = 0 we obtain a version of Hall-Littlewood polynomials:
HA\[X;q) = HA[X;q,0].

They can also be defined by setting ¢ = 0 in Definition 2.5. They are orthogonal
with respect to

(FX], G[X])q = (F[X], Gl(g — 1)X]),
and an analogue of Corollary 2.8 holds for them. We have

X X
H(n)[X;Q] = Ij[(n)[X;qvt] — En [Q—l} _ I, [1_(1}

en 1]l

Hl"[X;Q] = hn[X]

2.5. Hall algebra. Let A be an abelian category. We assume A is em-
bedded as a full abelian subcategory closed under extensions, subobjects and
quotient objects into a possibly larger abelian category where all the higher
Ext groups are defined, for instance using injective resolutions. Recall that
for any two objects Y, Z € A, the abelian group Ext!(Y,Z) classifies exact
sequences

(2.3) 0525 X%y 50

up to the natural action of Aut(X). The stabilizer of a pair (f, g) is identified
with the set Hom(Y, Z). The category is said to be finitary if Hom(X,Y") and
Ext!(X,Y) are finite sets for all X,Y € A. If A is finitary, the Hall algebra
Hall(A) is defined as the free Q-vector space on symbols [X] for X € A modulo
relations

[X]=[Y] if X=2Yin A
The Hall algebra is endowed with a coproduct
AlX] =) [X/Z)@ (2],
ZCX

which makes sense if X has only finitely many subobjects. If this is not the
case, we can still define A on a completion of Hall(A), for instance on the
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vector space of all functions on the isomorphism classes of objects of A. There
is also a product

1
Y] [Z] = W EGEX%%Y,Z)[XQ,

where X¢ denotes the middle object X in the short exact sequence correspond-
ing to €. There is a natural non-degenerate pairing

([X], [Y]) = [Tso(X, Y)I,

where Iso(X,Y) € Hom(X,Y) is the set of all isomorphisms from X to Y.
For X,Y,Z € A, the number of pairs (f,g) such that f € Hom(Z, X), g €
Hom(X,Y) and the sequence (2.3) is exact can be calculated in two ways as

(AlX], Y] @ [2]) = ([X], [Y] * [Z)).

The coproduct is obviously co-associative. To see that the product is associa-
tive we can use the fact that the product is dual to the coproduct and the
pairing is non-degenerate.

Remark 2.9. There are different conventions on defining Hall algebras;
for instance, see [Rin90] and [Gre95]. Usually one deals with the space of
functions on isomorphism classes of objects that is naturally dual to our space
of formal linear combinations. Because of the duality, the product and the
coproduct switch places and the self-pairing of a single object is given by
m. Moreover, some extra powers of ¢ are sometimes introduced. We

chose our convention so that it directly reflects questions of counting.

A result of Green ([Gre95], [Rin96]) providing a deeper relation between
* and A can be stated as follows:

THEOREM 2.10. For any X,Y € A, we have

| Ext! (X1, Ys)|
A(] X Y X Y-
= 3 [ Homx, v (i) i) @ (1) 3]
provided Ext?(X1,Y3) wvanish for all X1,Ys in the sum above. We have used
Sweedler notation AX] = Y [X1] ® [X2] meaning that the sum is a weighted
sum over pairs (X1, X2), and similarly for Y.

2.6. One-loop quiver. Let A be the category of nilpotent representations of
one-loop quiver over a finite field k; i.e., the category of pairs (V, 6) where V is
a finite-dimensional vector space over k and 8 : V' — V is nilpotent. Although
the Hall algebra of this category is known (e.g., see [Mac95]), we reproduce its
computation here for several reasons. One reason is to make exposition self-
contained. Another reason is that this computation is the ¢ = 0 specialization
of our result on counting vector bundles with a nilpotent endomorphism, so
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the reader may be interested in comparing the two, and possibly find a better
unifying approach to them. A third reason is that this is a nice example of a
computation that lets the reader to get accustomed to some techniques before
we go into more difficult computations.

The category A is finitary and hereditary (i.e., all the higher Exts vanish),
with vanishing Euler form

x(X,Y) = dim Hom(X,Y) — dim Ext!(X,Y) = 0.

In particular, by Theorem 2.10 we know that Hall(A) is a bi-algebra. By
the Jordan form theorem, the complete set of isomorphism classes is given by
{[Ny] : A € P}, where for each partition A\, we denote by N the nilpotent
matrix acting on the vector space kl* with Jordan blocks of sizes |, X, ...
for X' the conjugate partition. Using duality and the fact that transposition of
matrices does not change the Jordan form, we have that for all X,Y,Z € A,
the number of short exact sequences

0-Z7Z—-X—->Y—=0
equals to the number of short exact sequences
0—-Y —->X—>272-—0.

Thus Hall(A) is a commutative and co-commutative bi-algebra.
Denote

JRU o S AP\ B
B = 2 vl

Then we have (F(z),[X]) = z9™X for any object X € A. Since the Euler
form vanishes, we have for any X, Y € A,

xt! : :
(X0 Y], () = o A Am Xy — (B ) (Y], B())

Hence
(2.4) AFE(z) = E(z) ® E(2).
Another property of F(z) is

PRrROPOSITION 2.11. Let |k| = q. Then we have

(B(u), EW) = Bxp | ]

Proof. We have

(Blu). B(0)) = ()" Y e = Nylun),
n AFn

=0
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where for a finite field of size ¢, we write

N o 1 TdimX
T) = T _— = _—
D=2 T T~ 2 Taw)|
n= n eA/N
Let us show that
T

The proof is explained in a more combinatorial way in [RV07]. Consider the
abelian category G of pairs (V,7) where V is a finite-dimensional vector space
and n € Aut(V). Write
TdimX
Cll)= 2 Tawro)
XeG/~

An isomorphism class of an object of dimension n in G is the same thing as a
conjugacy class of a matrix in GL,(F,;). So we obtain

Go(D)=>_T" Y =) T"=—1
Z(9) 1-T
n=0  geGLy(Fy)/~ n=0
by the orbit-counting theorem. On the other hand, by the Jordan theorem,
1 egx
(2.6) T =G = [ Ngewa(T*%),

zeGL1 /Fq

where the product is over the set of closed points of the scheme GL; /F,. Note
that there is a unique collection of power series Ny (T) satisfying the equation
above for all ¢ where ¢ runs over the set of prime powers. So it is enough to
check that (2.5) satisfies (2.6). We have

1
[I 5 = Sonm (@) = Expllg— D7)
zeGL; /Fq

By Proposition 2.3 this implies that for any element X in any lambda ring, we
have

[I Explpaes:[XT)] = Expl(¢ - 1)XT].
z€GLy /Fy

In particular, for X = we obtain

1
q—1’
Tdeg(z) 1
I Ex [qdeg(ﬂﬁ)—l} =T 0
zeGLy /Fq
Choose N > 0, and for any X € A, define

N N
In([X]) = I3 ([x]) = ([X],HE(%)> - (ANHXL@E@») .

i=1
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This is a polynomial of degree dim X, which by commutativity of Hall(A) is
symmetric in z;. Setting zy = 0 produces Iy_;. Thus there is a symmetric
function in infinitely many variables that specializes to Iy for any N. We
denote this symmetric function by I([X]). Thus we obtain a map

I : Hall(A) — Sym|[Z],

where Sym[Z] denotes the ring of symmetric functions in (21, 22,...). More
explicitly, we have

V)= S mlZI{Vi CVac o C Vi
Ardim V
=V:0V; CV,,dimV;/V;_1 = N\ }|.
Equivalently, (I([V,0]), h,) is the number of partial flags of type u fixed by 6
for any sequence p = (1, ..., uk).

THEOREM 2.12. The map I is an isomorphism of bi-algebras with pairing,
where the coproduct on the ring of symmetric functions is defined by sending
the power sum p, to p,R14+1®p, for alln > 0 and the pairing is the g-modified
Hall pairing (F,G)q = (F[(q¢ — 1)X],G[X]). We have I([N)]) = Hx\[Z;q] for
every partition \, where Hy[Z;q] is the t = 0 specialization of the modified
Macdonald polynomial Hy\[Z;q,t].

Proof. For any XY € A, we have

In([X]*[Y]) = ([X] ®[Y],A (HE(Zz)>> = IN((XDIn([Y])
by (2.4). Hence we have
I([X] = [Y]) = I(IXDI([Y]).

We identify Sym[Z] ® Sym[Z] with the ring Sym[Z, Z'] of symmetric functions
in two sets of variables Z, Z’. Then the coproduct on symmetric functions can
be written as AF[Z] = F[Z + Z']. For any X € A, we have

N N
(Ii}""’ZN ®IJZV17“'7ZN> (A[X]) = <[X],HE(Zz)HE(Z;)>
i=1 i=1

= Ln([X]) (21,05 2N, 21, - 2.
Thus
I(A[X]) = AI([X]).
So we have shown that I preserves product and coproduct. Then we calculate
I(E(u)) as follows:

N N oV
In(BE(u)) = <AN1E(U)7®E(%)> = [[(E(w), E(z:)) = Exp [2:111 :

i=1 i=1 q—1
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uz
e — B[22
(Bw)) = Exp | 5
The coefficients of series of the form I (Hf\i 1 E(ul)) are the symmetric func-
tions hy, [q%} In particular, they span Sym[Z]. Therefore I is surjective.
Since I preserves the degree and the dimensions of degree n parts of Hall(.A)
and Sym|[Z] are both given by the number of partitions of size n, we deduce
that I is an isomorphism. So we know that the coefficients of series of the form
Hi]\il E(u;) span Hall(A). In order to verify that I preserves the pairing it is
enough to consider the following for all X € A:

N
([XLHE(W)> = I([X])(u1; ... un),
i=1

N N '
(WXD»I (H E(w))) - (I([XD,EXp [Zqz_lub
=1 q g

= I([X]))(u1,...,un).
So we have shown that I preserves the pairing.

Finally, let us show I([N)]) = H\[Z;q|. So far we know that I([N,]) are
orthogonal with respect to the ¢-deformed Hall scalar product, which is the
t = 0 specialization of the g, t-deformed Hall scalar product. The normaliza-
tion condition (I([NVa]), hn) = 1 is evident. So it is enough to show that I([Ny])
satisfy one of the two upper-triangularity properties obtained by specialization
t = 0 from the corresponding properties for the modified Macdonald polyno-
mials (see Corollary 2.8). The matrix Ni» is a single Jordan block. For each
w there is exactly one flag of type u fixed by Nin. Therefore I(Nyn) = h,[Z].
For any partition A, we have

1(A)
mlZ] =1 ( [][Vin]
i=1
Note that for each object (V) appearing in Hi(z)‘l) [N, ] we have
I(A) I(A)
dim Ker 6% < Z dim Ker kai = Z min(\;, k).
i=1 i=1
This implies

H[lei],[Nu] #£0 = pu=xN A=,

therefore

(I(NuD)[(q = 1) 2], ha[2]) = (I(INu]), halZ])g # 0 = A =4,
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so the expansion of I([N,])[(¢ — 1)Z] in the monomial basis contains only
monomials m) with A < g/, which is precisely one of the upper-triangularity
properties of the modified Macdonald polynomials, which does not change
under specialization t = 0. U

COROLLARY 2.13. The number of partial flags of type u fized by Ny over
Fq equals to (HA\[Z;q], hu[Z]).

3. Linear algebra over the power series ring

3.1. Notation. For any commutative ring R and m,n € Z>q, we denote by
Mat,xn (R) resp. Mat, (R) the module of m x n matrices resp. n x n matrices
over R. We denote by GL,(R) the group of invertible matrices, i.e., matrices
g € Mat,(R) such that detg is invertible in R. For a field k, we denote by
k[[z]] the power series ring and by k((z)) the field of Laurent series. When k
is clear from the context, we denote

K =k((z)), R=Kk]x]].
The degree of a matrix g € GL,(K) is defined as deg g = orddet g where the
order ord(f) for f € K\ {0} is the degree of zero of f. For N > 0, we denote by
Mat>""(K) the set of matrices whose entries have poles of order at most N.
We write
GL! (K) = GL,(K) N Mat,(R),

GLz"Y(K) = CL,(K) N Mat=""(R).
We denote by GL, 4(K), GL ,(K), GL%;N(K) the corresponding subsets of
matrices of degree d. We define the affine Grassmanian as

é\rn(k) = GLn(K)/GLn(R)a

—~+ —~>-N = —~+ —~>-N
and similarly Gr,, (k), Gr,,  (k), Gr, 4(k), Gr,, 4(k), Gr,, 4, (k). Note that all
these are right quotients. Sometimes it is convenient to consider left quotients
too, which we will indicate by subscript L, e.g.,

Gry (k) = GL,(R)\ GL, (K).

Of course, the left and the right quotients can be identified by the transposition.
The set of GL,,(R)-conjugacy classes of nilpotent matrices is denoted as

ﬁll\pn(k) = {0 € Mat,(R) nilpotent}/{0 ~ gfg™' : g € GL,(R)}.

3.2. Basic facts. Recall that R is Noetherian, which means that every
submodule of a finitely generated module is finitely generated. Also R is a
principal ideal domain, which implies that every finitely generated torsion-free
module is free. When dealing with matrices over R we will use the following:
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PrROPOSITION 3.1 (Hermite normal form). For any M € Mat,,«xn(R),
there exists g € GL,,(R) such that the matriz M' = gM is upper triangular
(M ;=0 fori>j).

PROPOSITION 3.2 (Smith normal form). For any M € Mat,,xn(R), there
exists g1 € GLy,(R) and g2 € GL,(R) such that M' = g1 Mgs is diagonal
(Mj; =0 fori#j) and ord Mj 4 ;, > ord M.

In both normal forms the orders of the diagonal entries ord MZ’Z do not
depend on the choices of g resp. g1, g2.
We have

. . -+ —~>-N .
PrROPOSITION 3.3. Ifk is finite, then Gr, 4(k), Gr, 4 (k) are finite sets
foralln,d, N. Every equivalence class in (/irn(k) can be represented by a matrix
whose entries are Laurent polynomials.

Proof. This is well-known, but for convenience of a computationally in-
clined reader we give an explicit proof. We have that multiplication by =V gives
a bijection é\ri;N(k) = é\r:,d—f—Nn(k) so it is enough to consider é\r:;d(k). We
start with a matrix g € Mat, (R) and let g; denote the i-th row:

91
g= :
9n
Applying Hermite normal form, Proposition 3.1, to the transpose of g we see
that any point of (/in can be represented by a lower-triangular matrix. More-
over, we can assume the diagonal entries are monomials ", ..., ™. We have
> m; = d, m; > 0, so the number of possibilities for the tuple (mq,...,my)
is finite. Now suppose g is in such form. The subset of matrices h € GL,(R)
such that gh is again in this form is precisely the set of lower-triangular ma-
trices of power series with 1 on the diagonal. It is clear that multiplying by
such h is equivalent to adding to each a;; an arbitrary series from t"k|[[¢].
Summarizing, the complete set of invariants of g modulo GL, (k[[t]]) is the
integers myq,...,my and the elements a;; € k[[t]]/t"k][[t]] for i > j. So the
set of possibilities is finite. We give an explicit formula of its size. Let ¢ = |k]|.
Then we have

o (e e
Do tGr ) = YD g
d=0 ml,...,mn:O

A=t —gt) - (1—gmTht)
3.3. Normal form of a nilpotent matriz. We need to classify nilpotent
matrices over R up to conjugation by GL,(R).
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First note that a matrix over R is, in particular, a matrix over K, and
nilpotent matrices can be transformed into Jordan form over any field. The
sizes of Jordan blocks form an invariant of a matrix. We prefer to consider a
slightly different version of this:

Definition 3.4. Let 6 be a nilpotent n X n matrix over a field. Its type
type(0) is defined as a partition type(d) = (A\y > Ao > ---), where \; =
dim Ker #® — dimKer#*~!. The type of a matrix over R is defined as the
corresponding type over K, or equivalently by \; = rank Ker #° —rank Ker "1,
where we have that Ker#® is free for every i. The set of GL,(R)-conjugacy
classes of nilpotent matrices of type A is denoted by ﬁll\p a(k) C ﬁﬂ\pn(k)

For instance, if § = 0, then we have type(f) = (n). In general, if we
transform 6 to the Jordan form over a field, then the sizes of the blocks are
given by the conjugate partition type(6)’.

To every nilpotent § € Mat, (R) we associate the kernel filtration

R" = Ker6® D Kerf' D Kerf! O --- .
We have an exact sequence
(3.1) 0 — Ker 0¥ — Ker 0! — Im 6|, gr+1 — 0

for every k. Therefore Ker §*+1 / Ker 6* is free, and so the exact sequence splits
for every k. Thus we obtain that any nilpotent matrix can be conjugated to a
block-upper-triangular form, which we call a kernel form:

0 bip O13 -+ Oim
0 0 a3 - O
(3.2) 0= S S : )
0 0 0 - Opim
0 O o .- 0

with blocks of sizes A1, Ag, ..., Ay, where A = type(f) and 6; ;41 has maximal
rank A;qq for all q.
Then we have a mild strengthening of this:

PROPOSITION 3.5. For any nilpotent 6§ € Mat,(R), there exists g €
GL,(R) such that 09 = gOg~! is in the kernel form as above with each 6; ;11
upper-triangular.

Proof. We may assume 6 is already in a kernel form. Then we will apply
a block-diagonal matrix g with blocks g1, g2,...,gm. So 0; ;41 is transformed
to giei7i+1g;+11. We see that in order to achieve the result we can start with
gm = Id and then choose ¢m—1,9gm—2,... one by one, at each step applying
Proposition 3.1 to transform 6; ;1 into a Hermite normal form. U
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Next we allow transformations by matrices in GL, (K) that are not com-
pletely arbitrary:

Definition 3.6. Let 6 € Mat,(R) be a nilpotent matrix. A matrix g €
GL,(K) is kernel-strict if it restricts to an isomorphism

Kerf = (Kerghg~ ) NR".

1

For instance, if both 6 and gfg~" are in the kernel form, then kernel-

strictness means that g has block form

gii1 912
0 g22
with g11 € GLy, (R).

For a partition A, we denote by IN) the matrix composed of blocks V; ; of
sizes \; x A; with all blocks zero except

Nijp1 = Id)\i+1
vt O(Ai—%+1)><>\i+1

We call it the standard nilpotent matriz of type A. We then have the following
result:

LEMMA 3.7. Let 0 € Mat,(R) be nilpotent of type type(d) = A. Then
there exists a kernel-strict g € GL,(K) such that gg~' = N\. We have that
d = deg g does not depend on the choice of g, and d > 0. There exists a bound
N (A, d) depending only on A and d such that g can be chosen in GLi;N(A’d).

Proof. We may assume that 6 is already in the form of Proposition 3.5.
Then we conjugate 0 by a block-diagonal matrix A with blocks hq, ho, ..., hy, so
that 0; ;11 becomes h;0; ;4 1h, +11. We will have each h; upper-triangular matrix
in Maty, (R)NGL), (K). First we set hy = Idy,. Then let ha be the top A2 x A2
block of 01 2. Proceeding in this way we will define h; to be the top A\; X \;
block of h;—160;_1;, which is an upper-triangular A\;_; x A; matrix so that its
lower (A\; — Aj—1) X A; block is guaranteed to be zero. As a result we obtain
a block-diagonal matrix h such that * = hOh~! is in the kernel form with
blocks HZZ-H = Ni,iJr]_:

0 Nia 675 07

0 0 Nag eg,m
gl = : :

0 0 0 Ni—1m

0 0 0 0

Let d = orddeth. We have h € Mat,(R) and h~' € z7¢Mat,(R).
Therefore 6" € =% Mat,(R). Next we conjugate 6h by block upper triangular
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matrices f satisfying f;; = Idy,. Pick 4, j with ¢ < j—1 and a A\; x A\; matrix C.
Let f be such that f; ; = C, all the diagonal blocks are identity, and the rest
are zero. Then conjugation by f does the following: It takes a block row j,
multiplies it on the left by C and adds it to the block row i. Then it takes the
block column ¢, multiplies it on the right by C and subtracts it from the block
row j. Thus we can turn to zero the blocks Gﬁm with ¢ < m — 1 modifying only
blocks 92}}7]‘ with j < m. Proceeding in this fashion for each j = m,m —1,...,
we will turn GZ]- to zero modifying only blocks Hﬁ’j, with 7/ < j, so that the
blocks with j > j remain zero.

In the end we set g to be the product of A and all these matrices f so that
we obtain glg~' = N). The matrix g is block-upper triangular with g1 =
hi,1 = Idy,, hence it is kernel-strict. We have deg g = degh = d > 0. The poles
of 6" have orders bounded by d. Thus we can bound the maximal order of the
poles of the matrix C' in the above procedure at each step independently of 6.

Finally, let us show that d does not depend on the choice of g. Suppose
9,9 € GL,(K) are kernel-strict matrices such that gfg=! = ¢’0¢g'~' = Nj.
Then h = ¢’g~! is kernel-strict and commutes with Ny. Hence h must preserve
the kernel filtration, which means that h is block-upper-triangular. Denote the
diagonal blocks of h by h;. We have that h;N; ;11 = N;;4+1hi+1. In particular,
the set of entries of h;41 is a subset of the set of entries of h; for each 7. We
have h; € GL)y, (R) because h is kernel-strict. Thus all entries of h; are in R.
Applying the same argument for h~! we see that all entries of h;l are also
in R. Therefore h; € GLjy,(R), so its determinant has order 0. The deter-
minant of h is the product of the determinants of h;, so we have degh = 0.
Therefore deg g = degg'. O

Definition 3.8. We define the degree of nilpotent § € Mat, (R) as deg g in
the above construction. Thus we obtain a function deg : Nilp,,(k) — Z>o.

COROLLARY 3.9 (of the proof). Let 6 € Mat,(R) be nilpotent of type A
and 0(0) € Mat,, (k) its specialization. The following conditions are equivalent:
(i) 6 ~ Ny in Nilp, (k);
(ii) type(6(0)) = A;
(i) deg® = 0.

Proof. Clearly (i) implies (ii). To show that (ii) implies (iii) we note that,
in general, (Ker 6°) ®g k C Ker 6°(0), so type(8(0)) = type# implies equality
of dimensions, and hence equality (Ker#%) ®g k C Ker #*(0). Thus if § is in a
kernel form, then 6(0) is too. In particular, the diagonal entries of 6; ;41(0) in
the above proof are non-zero. Thus the diagonal entries of ~A(0) in the proof of
Lemma 3.7 are non-zero. Therefore d = orddet h = 0.

To show that (iii) implies (i), we note that h € Mat,(R) in the proof
of Lemma 3.7, so orddeth = d = 0 implies h € GL,(R). Hence we have
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0" € Mat, (R). This shows that the matrices f involved in the construction
are also in GL,(R). Therefore g € GL,(R)). O

Definition 3.10. A nilpotent matrix 6 satisfying the conditions of the
above corollary is said to be non-degenerate.

Unfortunately, we do not have an explicit complete classification of nilpo-
tent matrices. However, we have

COROLLARY 3.11. Suppose k is a finite field. Then the set of GL,(R)-
conjugacy classes of nilpotent matrices over R of type A and degree d is finite
for all A and d.

Proof. By Lemma 3.7, any nilpotent matrix 6 of type A and degree d can
be obtained as g~ ! Nyg with g € GLTZL’;N(A’C}‘)(K). Multiplying g on the right by
elements of GL,,(R) produces equivalent matrices, so the number of nilpotent
matrices of given type and degree does not exceed the number of elements of
C/}\ri;D()\’d)(k), which is finite by Proposition 3.3. O

3.4. Classification data. Let k be a finite field. As we mentioned earlier,
we do not have an explicit classification of nilpotent matrices over R, but we
can. choose a classification in the sense explained below. For each element of
Nilp,,(k), we first pick a representative §. Let A = typef, d = degf. Let
Z(0) denote the centralizer of 6 inside GL,(R). Then we pick an orbit of
the group Z(N)) x Z(0) naturally acting on the set of g € GL,(K) such
that gfg~' = Ny, ¢ is kernel-strict and the order of poles of g is as small as
possible, as in Lemma 3.7. The choice of such an orbit for some representative
of each conjugacy class will be called a classification data for k. We write
the orbit as My := Z(Ny)geZ () for some gy € GL,(K). When ¢ is another
representative of the same conjugacy class so that 8’ = hfh~! for h € GL,(K),
we set Mg = Myh~'. Note that this set does not depend on the choice of h and
satisfies the same properties for 6’ as My does for 0; i.e., for any g € My, we
have that gf'g~! = N,, g is kernel-strict, and My forms a single orbit under
the action of Z(Ny) x Z(6'). We have

PRrROPOSITION 3.12. Choose a classification data for k. For any nilpotent
0 € Mat,,(R), the group Z(Ny) resp. Z(0) acts freely on My on the left resp.
on the right. The sets Z(Nx)\My, My/Z(0) are finite.

Proof. The first claim is clear. The second claims follows from Proposi-
tion 3.3 and the fact that the following natural maps are injective:

Z(N3)\My — GL, (R)\ GLZ () = Gry, " (o),
My/Z(0) — GLZ, VOV (K) /GLL(R) = Gy (K). O

The ratio of the two sizes will be important later.
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Definition 3.13. Given a classification data over a finite field k the weight
of a nilpotent matrix # € Mat, (R) is defined as the ratio

[Mo/Z(0)]

Welght 0 = m .

Clearly, it does not depend on the choice of representative of [f] € ﬁﬂ\pn(k),
and thus we obtain a function weight : Nilp,, (k) — Qx¢.

Remark 3.14. It will be shown later that weight does not depend on the
choice of a classification data, but we do not have a direct proof of this.

Remark 3.15. The weight can be interpreted as the commensurability in-
dex [Z(Ny) : gZ(0)g™!] for any g € M.

4. Modifications of vector bundles

4.1. Affine Grassmanian. Geometrically, points of the affine Grassmanian
G/‘r\rn(k) parametrize all vector bundles of rank n on the disk Specy equipped
with a trivialization on the punctured disk Speck. The points of the positive
part é\r: (k) parametrize all subbundles of rank n of the trivial vector bundle
of rank n on the disk Specg.

4.2. Extension and restriction of vector bundles. Here we remind the reader
how local modifications to a vector bundle can be described in terms of the
affine Grassmanian.

Let ¥ be a smooth complete curve over a subfield of k, and let s be a
closed point of ¥ with residue field k. Let £ € Bun(X) of rank n. Let O
denote the local ring at s and (/9\5 the completed local ring at s. Since X is
smooth, we can identify O, with R = k[[x]]. We can also choose a trivialization
& ®p, R =2 R" Then for any element [g] € (/ﬁ:(k)L, the extension of & is
defined as follows: For any open U C X, we set

£9(0) = {5(U) ifs ¢ U,
{fe&(U\{s}): gf eR"} ifseU.

The restriction of £ is defined using g~ for [g] € é\rz (k). For any open U C X,
we set

£(U) = {E(U) %fs ¢ U,
{fe&U\{s}): g7 'f€eR"} ifsecU.
We have

PRrROPOSITION 4.1. For any vector bundle £ with a choice of trivialization
as above at a closed point s with residue field k and [g] € Gr,t(k) resp. [g] €
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~+
Gr,, (k)r, we have that &, resp. £9 are vector bundles equipped with natural
embeddings

E,CE resp. E£CEY,

which are isomorphisms on ¥\ {s}.

Proof. 1t is straightforward to check that £;,£9 are sheaves. To see that
they are vector bundles, we use the fact that g can be represented by a ma-
trix of rational functions on X, which provides a trivialization of £9, &£, on a
neighborhood of s. O

The constructions of £9 and &, are universal in the following sense:

PROPOSITION 4.2. For £, F € Bun(X) of rank n and s a closed point of
31 with residue field k, let ¢ : £ — F be an embedding such that 90|2\{s} s an
isomorphism. Then we have

(i) For a choice of trivialization of £ at s, there are a unique [g] € Gr,, (k)L
and an isomorphism £9 = F so that ¢ factors as & — 9 = F.

~+
(ii) For a choice of trivialization of F at s, there are a unique [g] € Gr,, (k)
and an isomorphism £ = Fy so that ¢ factors as £ = Fg — F.

Proof. Standard. O

4.3. Extension and restriction with poles. If g in the previous subsection
has poles, we can still construct extension and restriction of £, but their relation
with & is slightly more complicated:

Definition 4.3. Let £ be a vector bundle of rank n with trivialization at s,
and let [g] € Gr:(k)L resp. [g] € Gr:(k) be represented by a matrix g with
poles of order at most IN. Then we define

£9=E(-N)*"9 resp. & =E(N)

xNg»
where E(N) = £ 1dn regp. E(—N) = &,n1q, are the positive resp. negative
twists of £ at s.

Proposition 4.2 is generalized as follows:

PROPOSITION 4.4. For £, F € Bun(X) of rank n and s a closed point of
¥ with residue field k, let ¢ : E(=Ns) — F be an embedding such that |5 (s}
s an isomorphism. Then we have

(i) For a choice of trivialization of € at s, there are a unique [g] € Gr
and an isomorphism £9 = F so that ¢ factors as E(—Ns) — £9 = F.
€

(ii) For a choice of trivialization of F at s, there are a unique [g]
and an isomorphism & = Fy so that ¢ factors as E(—Ns) = Fy(—Ns)
— F.
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5. Counting vector bundles with nilpotent endomorphisms

Let ¥ be a smooth complete curve over [F,. Although we are mostly
interested in the category of coherent sheaves Coh(X), some of the statements
below make sense for an arbitrary abelian category A, so we formulate them
in this generality.

5.1. Truncations. When we count vector bundles we need a suitable trun-
cation of the category of vector bundles. The properties that we require of such
a truncation are as follows:

Definition 5.1. Let A be an abelian category, and let 7 be a property of
objects of A. We call it a suitable truncation if it is closed under subobjects
and extensions, i.e., for any short exact sequence in A,

0—>A—B—C—0,

the following holds:

(i) if B satisfies 7, then A satisfies 7;
(ii) if A and C both satisfy 7, then B satisfies 7.

For a suitable truncation 7 on A, we denote by A" the full subcategory of
objects of A satisfying 7. If 7 is a suitable truncation on Coh(X), then we write
Bun”(X) for the intersection Coh” (¥) NBun(X). Note that the property of be-
ing a torsion-free sheaf is itself a suitable truncation, so Bun™(X) = Coh (%),
where 7/ means “satisfies 7 and is torsion-free.” A basic example of 7 is < 0,
where we say that A € Coh(X) satisfies < 0, or A is non-positive, if and only if
for every subobject B C A, we have deg B < 0. Note that this implies torsion-
free. Note that our notion of truncation is dual to Schiffmann’s. Schiffmann’s
truncation > 0 is closed under extensions and quotients. However, the prop-
erty of being a vector bundle is not closed under quotients, so our notion is a
little more convenient. We collect here a couple of useful properties:

ProrosiTION 5.2. If A= B® C in A, then A satisfies 7 if and only if
both B and C satisfy T.

Proof. Straightforward. O

PROPOSITION 5.3. Let A € A, and let 6 : A — A be nilpotent. Then A
satisfies T if and only if Ker 0 satisfies 7.

Proof. If A satisfies 7, then Ker 6 is a subobject of A, so it satisfies 7. To
prove the other implication, note that we have a short exact sequence for each
k> 0:

(5.1) 0 — Ker#* — Ker 0! — Im 6|, gr+1 — 0.
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Here Im 6% |k, ge+1 C Ker 6, so we can inductively deduce that Ker ¥+1 satisfies
7 for all k. g

5.2. Counting. Let X be a smooth complete curve over F, and 7 a suitable
truncation. Since we want to count bundles, we assume the following:

Definition 5.4. A suitable truncation 7 is locally finite if the number of
isomorphism classes of bundles of rank n and degree > d satisfying 7 is finite
for all n and d.

For instance, 7 = “< 0" satisfies this property. Denote by Bun]; (X) the
category of pairs (£,60) where £ € Bun” (X) and 6 : £ — £ nilpotent.

Let the rank of £ be n. The global type type(f) is defined to be the
partition of size n with entries type(f); = rank Ker #* — rank Ker§'~!, i =
1,2,.... This coincides with the type defined earlier for 8 viewed as a matrix
niln(2) the full
subcategory of Bun; (X) of pairs (£, 6) such that type# = A resp. rank & = n.

over the field of functions on ¥. Denote by Bunj (%) resp. Bun

For s a closed point of ¥, we also have type 6(s) as the type of 6 restricted to
the fiber of £ over s. We introduce the following counting functions:

= deg&

Q5 (1) = Z TAUt(E,0)| € Q((t)),

(€,0)eBunf (X)/~
t~ deg &

() = 2 [Aut(,0)] ZQT

(£,0)€Bun], . (2)/~

Let S = (s1,s2,...,S%) be a collection of distinct closed points of 3 of degrees
dy,dg,...,d,. We can incorporate the types of 6(s;) into our count in the
following way:

= deg &

T d;
Qf s[Xes 1] = > TAut(E, 0] 1 Hthpe6 o[ Xisa%]
(€,0)eBunj} (X)/~

and

g[Xeit] = ZQ [X.: ).
AFn

The result is a symmetric function in & infinite groups of variables X1, Xo, ...

., Xy where X; = (z1,2;2,...) with coefficients in Q((¢)). Here we use a
version of Hall-Littlewood polynomials obtained by ¢t = 0 specialization of the
modified Macdonald polynomials (see Section 2.4):

H\[X;q] = Hy\[X;q,0].
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By Corollary 2.13, the Hall-Littlewood polynomials have the following
interpretation: If M is a nilpotent matrix over F, of type A, then we have

Hy)[X;q] = ZmM[X] |{partial flags of type p preserved by M }|.
puEn

Thus we obtain another interpretation of 7 , 4(t) as follows: Let p =

(,u(l), .. .,M(k)) be a collection of partitions, one for each marked point. A
parabolic bundle of type p is a pair (&,f) of a bundle £ and a collection f =
(fi,--., fx), where f; is a partial flag of type u(¥) in the fiber £(s;) for each i.
Denote the category of parabolic bundles of type g by Bun(X; S, 4). Denote by
Bun]; (X; S, p) the category of parabolic bundles with nilpotent endomorphism

(€,1,0) such that & satisfies 7. Then we have

(5.2)
k t= deg&
O3 s[Xes 1] = Z H i [ Xi] Z —_—
, | Aut(&, £, 6)]
p=(pD),..pR)) =1 (€,£,0)€Bun] (S;5,)/~
type =X

The main result of this section is to show

THEOREM 5.5. For a smooth complete curve ¥/Fq, a locally finite suitable
truncation T, a collection of k closed points S C X of degrees dy,...,dr and
a partition A F n, we have the following factorization of the weighted number
of parabolic bundles of rank n satisfying T with a nilpotent endomorphism of
type A:

k
OF 5[ Xest] = Q3 (t) [ [ HalX05 ¢, %],
i=1

where Q2% (t) is the corresponding number without parabolic structure.
The following subsections are devoted to a proof of this theorem.

5.3. Existence of a factorization. We first show that the theorem holds
for some unknown functions in place of the modified Macdonald polynomials.
This subsection is devoted to a proof of the following, where we first assume a
choice of a classification data for all finite fields, and then show that the result
is independent of the choice:

THEOREM 5.6. For any smooth complete curve ¥ over Fy, a locally finite
suitable truncation T, a partition X\ and a sequence of points S, we have

k
3slXes 1] = 95(0) T By g (X324,
=1
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where F) 4[X;t] = %AAQ[[)I(;? and
2ql™
CrglXit] = > 19 weight(n) Higpe (o) [X; ql-
[ €Nilp, (Fg)

Proof. We first assume a choice of a classification data as in Section 3.4 for
all finite fields F,. We will proceed by induction on k. Let S" = (s1,...,Sk—1)
and s = s; with degs = d. Let k be the residue field of s. We can choose an
identification of k with F 4 and therefore a classification data for k.

Consider any (€, 6) € Bun],(X2) of type A\. We first choose a trivialization
at s so that # ® O, gives a nilpotent matrix, which we denote by 6, and write

1
=S
Z(N\)\Mp.|’
sz, [ZNA\Mo
where the quotient is finite by Proposition 3.12. Note that we have a natural
bijection Z(Ny)\Mpy, = GL,(R)\ GL,,(R)My,, so we can write

1
1= _
[g}eGLn<R)\ZGLn(R>Mes |2 (NA)\Mo,|
Each [¢] above is a point on é\rn(k) L, S0 we can apply the construction of bun-
dle £9. Since ghsg~! € Mat,(R), we have that § uniquely induces a nilpotent
endomorphism #9 on £Y9, and since g is kernel-strict, we have that Ker 89 is
isomorphic to Ker . By Proposition 5.3 this implies that & satisfies 7 if and
only if £9 does. Moreover, we have type#9 = X\ and type69(s;) = typed(s;)
for all ¢ < k. Let us denote the full subcategory of Bun}(X) consisting of pairs
(F,0') such that type’'(s) = A by Buny (X). We then have

1 1
b= 2 ZON] 2= TAGED)

[9]€GLn (R)\ GLy, (R) Mg, (F,0')eBun’l /~
0:(£9,09)—(F,0")

1 1
-2 _TAut(F, ) 2 | Z(NA\Mo, |

(F.,0")eBuny / [9]€GLn (R)\ GLn (R) Mo,
©:(£9,09) =3 (F,0")

Let us choose a trivialization of F at s for each (F,6’) in the sum above
such that the matrix of 6/ ® O, is N, A- By part (i) of Proposition 4.4 the pairs
([g], ¢) in the above summation are in bijection with the corresponding subset
of embeddings £(—N's) < F where N is the order of the pole of g. The relevant
subset can be described as those embeddings whose matrix at s is in Mp,. By
part (ii) of the same proposition we can identify it with the corresponding
subset of pairs g,, where ¢ : £ = F, and [g] € My, GL,(R)/ GL,(R). Thus
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we obtain

1 1
Y ARED e T

(F0/)EBunf /~ [g]€Mp, GLn(R)/ GLn (R)
Wi(€.0)=(Fg.0))
Now summing over all (£,60) and using the equality deg & = deg F — ddegb;
gives

t~ deg F k—1 o
sl Xert] = Z TAW(Z.0)| H Hiypeor(s)[Xi5 47 1CF 0 [ X 1],

(F,0")eBuny / i=1
where
td deg 05 thpe 0(s) [Xa qd]
Crolil= 3 IxwEa) 2 Z(Na)\My|
(£,8)eBunj (X)/~ [9)eMp, GL,(R)/ GLn(R) s

$:(€,0) = (Fq,00)

— Z td degnthpe n(0) [Xv qd] Z #
—— |Z(N)\)\Mn| a ]Aut(5,9)|

[n]€Nilp, (k) (5,9)6B1N1n>\(2)/~

lg]eMy GLn(R)/ GLn (R) bi(€,0) 3 (Fy 0,)

Since (.7-"9,9’9) satisfies T for all g above, the second summation always pro-
duces 1. So we obtain

CrolX;t] = >

[n]€Nilp,, (k)
lgleM;, GL,(R)/ GLn(R)

For each [n], the set M, GL,(R)/GL,(R) is in bijection with M, /Z(n), which
is finite by Proposition 3.12. Thus we finally arrive at

C]-',@’ [Xv t] = Z gddesn Weight(n)thpe n(0) [Xv qu
[n]€Nilp, (k)

gddes nthpe n(0) [Xv qd]
| Z(NX)\Mp|

which does not depend on F, 8. So we have

Cro[X;t] = Cy g X5,

where
CoglXstl = > 48 weight(n) Hyype o) [X; -
[n]€Nilp, (Fy)
Write

Cogllit] = ) 987 weight(n).
[n]€Nilp, (k)
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We have that C) 4[1] € 1 + tQ[[t]] because by Corollary 3.9 the only degree 0
class is Ny, and its weight is clearly 1. From the following counts,

OF 5[ X1, X t] = QN g[X1, .., Xppm15 8]y ga [ Xis ¢,

OF o[ X1, Xpm1s 8] = Q¥ g[ X1, -, Xio138]C) ga[ 1527,
where
y—degF Bl
AN o[ X1,. ., Xpo15t] = Z TAwt(F, 0| H Higpeor(s) | Xi3 4%,
(F,0")eBuny /~ i=1
we obtain
C) g X; 1]

O o[ X4, ..., X t] = Q% o[ X1,..., Xp 1 t]| =————.
)\’S[ 1, ) ka] )\75[ 1, y NAf—1) ]C/\yqd[l;td]

So the desired factorization holds by induction. O

COROLLARY 5.7 (of the proof). We have that weight @ for a nilpotent
matriz 0 € Mat,(R) over a finite field k does not depend on the choice of
classification data.

Proof. Let ¥ = Pl/k, k = 1,5 = 0, 7 = “< 0.” Let [y] € Nilp,(k),
typen = A degn = d. Note that the only bundle of degree 0 satisfying 7 is
the trivial bundle. All endomorphisms of the trivial bundle are constant, so
all pairs (F, ') of degree 0 are equivalent to the pair (O, Ny). By following
the proof of Theorem 5.6 we obtain

Z 1 B weight n _ weight
| Aut(€,0)] | Aut(Opi, Na)l - 2a(q)

(£,0)eBuns’(P1)/~
deg g:_dv [90}:[77}

where z)(q) is the size of the centralizer of Ny in GL, (k). Thus we have

1
ightn = _
weignt n Z)\(Q) Z<O ‘ Allt((c;, 0)| )
(£,6)eBuny” (P1)/~
deg E=—d, [6o]=[n]
which indeed depends only on k, A and [n], but not on the choice of the clas-

sification data. O

5.4. Computation on P! with 2 marked points. In this subsection we com-
pute Qi(zo’oo) (PHY[X,Y;t] over k = F,, i.e., the weighted numbers of vector
bundles on P! with no positive degree subbundles with nilpotent endomor-
phism and parabolic structures at 0 and co. A vector bundle over P! is a
direct sum of line bundles. Let the multiplicities of the line bundles be given
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by a composition gy + -+ - + t, = n with g; > 0 and the negative degrees of
the line bundles by numbers 0 < d; < do < -+ < d,y, so that

E=0(=d)" @ ® O(—dy)".

We will decompose matrices below into blocks of sizes p1, ..., t, so that an
n x n matrix M corresponds to matrices M;; with 1 < ¢,7 < m of shapes
pi X pj. The automorphisms of £ are block-upper-triangular. In the diagonal
blocks we have arbitrary invertible constant matrices. In the off-diagonal block
i,J we have arbitrary p; X pu; matrix of polynomials of degree < d; — d;. Thus
we have

m
| Aut(&)] = []1GL, (k)| [ [ gers =40

i=1 i<j
A nilpotent endomorphism 6 of £ is again given by block-upper-triangular
matrix with block sizes ui, ..., tun. In the diagonal blocks we have arbitrary
nilpotent constant matrices. In the off-diagonal block i, j we have arbitrary
i X g matrix of polynomials of degree < d; — d;. If we specify A = 6(0) and
B = 0(x0), then we specify the diagonal blocks, which must coincide, and the
highest and the lowest coefficient of each of the off-diagonal block. Thus the
number of nilpotent endomorphisms with given A and Bis [ [, j gtitts(di—di=1)
Let @, be the set of pairs of nilpotent block-upper-triangular matrices A, B sat-
isfying A;; = B;; for all i. The total contribution of £ to QT%,((]O,OO) (PH[X,Y; 1]
is given by the following expression:

2o dipi C, [X,Y],
where
Z(AvB)eQu thpeA[X; q]thpeB[Y; q]
H;ll | GL,, (k)| Hi<j q2Hiti

Notice that | GLy, (k)| [[;; ¢"*7 = [P, where P, is the parabolic subgroup of
GL, (k) consisting of block-upper triangular matrices. We have that P, is the

C,[X,)Y] =

stabilizer in GL,,(k) of the standard flag of type p. Therefore we can rewrite
C,[X,Y] as follows:

Z(A,B,F)ERH Hiype A[X: ¢/ Hiype B[Y 5 4
| GLn(K)[TL;; g"e ’

where R, is the set of triples (A, B, F') such that A, B € Mat,, (k) are nilpotent,
F is a flag of type u, A, B preserve F' and the actions of A and B on the
associated graded space with respect to F' coincide. All such triples can be
obtained as follows: We split the sum according to the types of A and B. Let
type A = A, type B = v. Then A = gN,¢g~ ', and the number of g giving the

CM[va] =

same A equals z)(q), which is the centralizer of Ny in GL, (k). Similarly we
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write B = hNuh_l. Let F) , denote the set of flags of type i preserved by Ny.
Then C,[X,Y] is rewritten as follows:

CM[X7 Y] = Z C,u,)\,uH/\[X; Q]HV[Y; Q]7
A\,vkn

where

{F1 € Py, F2 € Fup, g1, 92 € GLn(K) @ g1 F1 = golh, *}|
2 (0)20(q)| GLa (k)| [T, ; q#i%

Here * means the following condition: the actions induced by g1 Nxg; L and

Cupw =

92N, gy 1 on the associated graded with respect to g1 F1 = ¢goF5 must coin-
cide. This is equivalent to the condition that the associated graded of NN
on Fi must coincide with the associated graded of g;° ! 92NLgy 191 on Fy. Let
g =9 Lgy. Clearly, the number of pairs g1, ¢> producing the same ¢ equals
| GL,,(k)|. This cancels | GLy (k)| in the denominator. The condition on g is
that it must send F» to Fj, and on the associated graded it must conjugate
the action of N, to that of Ny. The number of g with the same associated
graded equals ], j q"*i | which cancels out with the corresponding product in
the denominator. For each Fy € F) ,, denote by ri(F1) = type Nx|(m), /(7).
and by x(F1) the sequence of partitions (£1(F1), . .., km(F)). Similarly define
K(Fz):
ZFIEF/\,M, FeFy H;il Zr(F1); (Q)

w(F1)=kK(F2)

2 (q)zu(q)

We will use the explicit description of the Hall algebra of nilpotent matrices
over a field given in Theorem 2.12. The ¢-deformed scalar product

(HA[Z:q), Hy[Z;q])q
precisely equals z)(q) if A = v and vanishes otherwise. So we have
ZFl €L 4, F2€F, H?ll(Hn(Fl)i [Z; Q]v HK(FQ)i [Z; Q])q
2 (9)z(q)
(ZFleFML ®zni1 Hn(Fl)i [Z; 4], ZFgeFl,,M ®?i1 HH(FQ)i 1Z; Q])q
(@) 20 (q) '
In particular, we see that C), », = C, x.,(q) is a rational function of ¢. Note

that > p cp, . Qs Hu(),[Z; q] is precisely the uy, pa, . . ., pim-degree part of
the m — 1-st iterated coproduct in the Hall algebra applied to H\[Z;q] and

C/M\,V =

CNJ\,V =

similarly for the term with v. So we can evaluate C,[X,Y] as follows: Begin
by writing

H\[X;q|H)\[Z; q]
/\XH:L Z,\(Q) '
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Apply the coproduct in the Z component m—1 times and extract the u1, o, . . .
.., bm-degree part. Denote the result by L;. Replace X by Y, and denote
the result by Ly. Then C,[X,Y] is given by (L1, L2),.
By Cauchy formula we have the following identities:

5 HAZ g AXid) _ {ZX} ~ Y hy [qX }mA[Z].

AP 2(9) -1 {= -1

In particular, we see that the sum is group-like, which allows us to compute
the coproducts, and we can pass from polynomials H) to the more manageable
hy and my. Thus we obtain

X v =1 3 m e mia S |

i=1 \ AFpy; v

q

S DT

Now we can finish the calculation:
Q<O Pl X Y D dzﬂz X Y: dz/h XY
Z 10,000 = Zt = S [ il
d,p 1=1

A pair (d, p) is encoded by an infinite sequence kg, k1, ..., where k; = p; if
j = d; for some 7 and k; = 0 if j is not in d. Summation over such sequences
can be written as an infinite product

[ |25 = T [t XY]
§=0 k=0 q—1 j=0 q—1
XY
- [ 50  mo [
Xp Zt Xp 1)(1 — t)
So we have
= XY
00 (PYHY[X,Y;t] = Exp [—}
;) n(000 (P Y5) TR )

5.5. Upper-triangularity. We are ready to identify the unknown functions
F) 4 X;t] with Macdonald polynomials. Note that we do not even know that
the dependence on ¢ is given by a rational function.

PROPOSITION 5.8. For any partition A, we have

Frqlitl=1 and Fyg4[(¢—1)X;t] € M<y.
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Proof. The first claim is clear from F) 4[X;t] = Cc,iq[[)ftt]]
;gL

second claim notice that typef(0) > type6 for any [0] € ﬁil\p(lﬁ‘q), which
follows from the fact that dim Ker 6%(s) is an upper-semicontinuous function

To show the

of s for all . Thus we see that C) 4 is a linear combination of Hall-Littlewood
polynomials H,[X;q] with v = X, or equivalently v/ < \'. By Definition 2.5,
for each such v we have

HV[(q - 1)X7Q] S Mj,,/ (@ Mj)\/. O
Now we are ready to complete the proof

Proof of Theorem 5.5. By the computation in Section 5.4 and Theorem 5.6,
in the case of P! we have

XY
EXp{(q—-lxl-—t>

In particular, we see that the operator Sym[Z] — Sym[Z] defined by

G = Y O () Py g[Z5t)(Fy g[ X t], G[X])gu
AEP

} - Z Qfo(t)FA,q[X§t]FA,q[Y;t].
AEP

is the identity operator. Therefore F) , span the space of symmetric functions.
Since the number of F) , of degree d equals to the number of partitions, we
conclude that F) , form a basis of Sym[Z] over the field of Laurent series in ¢.
We substitute F,[X;t] into the operator above and obtain

1
ONp 20
Q)
By Proposition 5.8 and Corollary 2.8 we conclude that for all partitions A,
F)‘»q = ﬁ)"q

(FA,q[X5 t]7 Fu,q[X§ t])q,t =

Notice that we have also obtained a proof of the following identity for ¥ = P!
Qfo(t) = % O
(Hx, H)) gt
COROLLARY 5.9 (of the proof). When ¥ = P'/F, and S = (s1,...,sk)
a collection of points of degrees dy, ..., d, we have

001y, 4] — T15 ) Ha[Xi; g%, %]

)\75[ o t] = o .
(Hx, Hy) gt

When g > 0 we use a result of Schiffmann [Sch16], which says that there
exist explicit functions Q4 € Q(q,t)[o1,...,094] such that for any smooth
complete curve 3 /F, of genus g with zeta function

10— 0T) - g0 'T)
R (R (= N
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we have
<0
Q)_\ (t) = Qg)\(q,t,dl, e ,O'Qg).
We denote by o the collection o = (071, ...,0y).

COROLLARY 5.10. Let g > 0. For any smooth complete curve ¥£/F, and

S =(s1,...,8k) a collection of points of degrees dy,...,dy, we have
k
Qi% [(Xet] = QQJ\(q? t,o) H H)\[X; qdi,tdi],
i=1

where 4 x and o; are defined above.

5.6. Further results. Comparing Theorems 5.6 and 5.5 we obtain a follow-
ing formula for the weighted count of nilpotent matrices over F,[[t]]. Recall

CA,(I [X7 t] = Z tdean Weight(n)H‘cype n(0) [Xa Q],
[n]€Nilp, (Fq)

and we have
C&q [X ) t]

CxqlL;1]
We can determine the function C) 4[1;1]:

= H)\[X;q,t].

PROPOSITION 5.11. The function Cy 4[1;1] is given by

1
C)HQ[l;t] = H 1— th—a—17

a,l

1£0
where the product is over the arm- and leg-lengths a,l of the hooks of A with
1 #0.

Proof. By Corollary 3.9 we have that C) ,[X;t] has a unique term with
typen(0) = A, and this term has coefficient 1. Thus we have

(5.3) Org[X5t] = HA[X;q] + (Hu[X;q] 1 v = M),

where by ( ) we denote the linear span of a given set of elements. Recall
(|[GH96])

Hy\[X;q,1] ="M, {

X _ X _
1 _t—l;q’t 1:| = tn(/\)—H)\I'])\ [maqat 1:| )

where Jy is the integral form Macdonald polynomial [Mac95] and n(\) is the
sum of the leg lengths of hooks of A\. The integral form is defined by

IAX; g8 = [[(1 = ") PAX; 4, 1],
a,l

where
P/\[X;q’t] = m)\[X;qvt] + <ml/ v = )\>
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Thus we have

Hy[(t—1)X;q,t] = H(tlﬂ —q)my+ (my, 1 v 2 N).

a,l

Since Definition 2.5 is symmetric, if we interchange ¢ and t simultaneously
replacing A by X, then we obtain

H)[(g—1)X;q,t) = ex(g.t)my + (my, : v < N),
where ¢)(q,t) = HaJ(an — t!). Substitution ¢ = 0 gives

Hy[(g — 1)X;q] = ex(g, 0)my + (my, 1 v 2 N).
So (5.3) implies

Chgllg — 1) X354 = exlg, 0)my + (my, v 2 X').

Thus we have

o clg,0) 1
Chgllit] = Il:L—-ﬂq—a—l' O

l(;so
Therefore the complete formula for the weighted count reads
COROLLARY 5.12.

Hy\[X;q,1]

C)\7q[X; ﬂ = Z tdesn Weight(n)thpen(O) [X7 Q] = H l-l;éo(l — th,afl) :

[n)eNilp, (Fq)

As an interesting experiment one may try to make sense of Corollary 5.10
when S is the collection of all points of X: let us count pairs (£, 6) such that
f is nowhere degenerate.

COROLLARY 5.13. For a smooth complete curve Z/Fq and a partition A,
we have
t—deg&
2 mw 1 & — & nilpotent, type(s) = X for all s € X
SEBunSO(E)/N

1
—0yn@t0) [~
9. M\45 b l,—a—1
a0 Ce(ttqg—e1)

Proof. Denote the left-hand side by L. The case of infinite S is reduced
to the case of finite S as follows: Let N > 0 be an integer. If type6(s) # A for
some closed point s € 3 of degree d, then deg& < —d. Hence setting S to be
the set of all points of degree < N gives L up to O(tV):

1
L=Q,.(q.t, oM.
97/\(‘] o) SGE:QS<N C}\quegs[l;tdegs] +0(")
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In the limit N — oo we obtain
1

L=Q ,)\((Lt?J) 5
g sEHE C)\7qdegs|:1; tdegs]

so Corollary 5.12 gives
L= an)\(cbt?(f) H H(l — tldegsq—(a—i—l)degs)?
a,l:l#0 sex

which is equivalent to the required formula. O

Similarly, one can obtain counts for nilpotent endomorphisms with arbi-
trary prescribed types at all points. Of course, for all but finitely many points,
the type should be equal to the generic type. Otherwise the answer is zero.

5.7. Nilpotent affine Springer fiber. Let us interpret Corollary 5.12 in
terms of the affine Springer fiber. We will use k = F,;, R = k[[z]], K = k((z))
and other notation from Section 3. Let A, u be partitions of n. To A we
associate the constant nilpotent matrix Ny. To p we associate the Iwahori
subgroup

Iy = {g € GLn(R) : g(0) € P},
where P, C GL,(k) is the corresponding parabolic subgroup, i.e., the group
of block-upper-triangular matrices with blocks of sizes p1, p2,... . Then the
partial affine flag variety is defined by

Fl, = GL,.(K)/I,.

We have a natural projection FA‘I# — é\rn The affine Springer fiber over a
matrix M € Mat,(R) is defined as the subset of flags respected by M, i.e.,
Spr, (M) = {lg] € Flu : 7' Mg € Lie I},
where
LieI, = {m € Mat,(R) : m(0) € Lie P, }
and Lie P, C Mat, (k) is the subset of block-upper-triangular matrices (not
necessarily invertible).

We would like to interpret the coefficients of the Macdonald polynomial
in the monomial basis as counting points with weights on the affine Springer
fibers. The centralizer of Ny in GL,(K), denoted by Zk(N,), naturally acts
on Spr,(Ny) on the left, and we have a natural identification

Z (N\)\Spr,(Ny) 2 {[g] € Zg(Ny)\ GL,(K)/L, : g"'Nag € Lie I}
= @A,u(k)v
where

ﬁil\p,\#(k) = {0 € Lie I, : nilpotent, typed = \}/{0 ~ gfg~" : g € I,}.
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On the other hand, we have
ﬁil\p)\(k) >~ {9 € Mat,(R) : nilpotent, typed = \}/{0 ~ gfg~' : g € GL,(R)}.
So there is a natural map
7+ Nilp, (k) — Nilp, (k)
whose fiber over [f] can be identified with
Z0)\Fly(k),  Fla(k) = {[g] & GLo(R)/I, : g0 € Lie T},

where Z(0) is the centralizer of 6 in GL,,(R). We see that the set Flg(k) is the
set of flags preserved by 6(0). By orbit counting we obtain

(CrglXsth by X)) = > 9% weight(0)| Fly (k)|
[9)€Nilp, (k)

= ) t98%weight(6) |Z(0)/(Z(0) N I,,)|.
[0eNilp, , (k)

For any 0 € Liel,, let us denote
weight,, () = weight(0) [Z(0)/(Z(0) N 1,,)].

Remark 5.14. Recall the notion of classification data My from Section 3.4.
This is a choice of a Z(N)) x Z(0)-orbit of kernel-strict g with smallest possible
order of pole such that gfg~' = Ny. We define a new weight similarly to
Definition 3.13 by

: _ Mg/ (Z(0) N 1,,)]
weight ) = Tz M|
Similarly to Remark 3.15 we also have that the weight can be interpreted as
the commensurability index

weight,, () = [Z(N)) : g(Z(0) N I,)g ']
for any g € My.
The conclusion is

THEOREM 5.15. For any n and partitions A, u = n and a finite field k of
size ¢, we have a bijection Zx (Ny)\Spr,(Ny) = Nilp, ,(k) and
(.E[)\[X,q,t],h#[X])
Lo piz0(1 — thgmo=t)’

Z tdes? weight, (0) =
[6]€Nilp, ,, (k)

where the product on the right-hand side goes over the arm- and leg-lengths a,l
of the hooks of A such that l # 0.
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6. The category of parabolic sheaves

In this section we study the category of parabolic coherent sheaves; see
[Hei04]. Unfortunately we could not find sufficiently general results with proofs
about this category in the literature, so we build the theory from scratch below.

6.1. Parabolic sheaves. Let X be a smooth complete curve over a field k,
and let S = (s1,s2,...,sk) be a collection of distinct closed points of ¥ of de-
grees di,dg, ...,dg. Let N be an integer. Let Iy = {0,..., N—1}. Throughout
this section we keep ¥ and N fixed, so sometimes we omit them from the no-
tation. For a collection of sheaves F; indexed by vectors i = (iy, ..., i) € 1§,
we define F; for any vector i € Z* by

k

/I:A
]:Z = Fh%N,...,ik%N & @ Z \‘]\JIJ [SJ} )
7=1

where a%b denotes the residue of a modulo b. Denote by §; the vector with
coordinates ¢; ;.

Definition 6.1. A parabolic quasi-coherent sheaf is a collection of quasi-
coherent sheaves F = (F; : 1 € I*) together with morphisms

i Fi— Frs, (i€l jely)
satisfying the following properties:

(i) for any j,j', we have ;1 = p;r@j;
(ii) for any j, the morphism ¢; restricted to ¥\ {s;} is an isomorphism;
(iii) for any j, the N-th iteration <p§v : F; = Figns, = Fi(s;) coincides with
the natural map.

A parabolic coherent sheaf is a parabolic quasi-coherent sheaf whose compo-
nents are coherent. The category Pary g(X) of parabolic coherent sheaves
is defined as the category whose objects are parabolic coherent sheaves and
whose morphisms F — F' are collections of morphisms F; — J3 commut-
ing with all ¢;. Similarly we define the category of parabolic quasi-coherent
sheaves QPary ¢(¥).

The category of parabolic coherent resp. quasi-coherent sheaves is abelian
with component-wise kernels and cokernels. If any F; is a vector bundle, then
all F; are vector bundles and all ¢; are injective. Such parabolic sheaves are
called parabolic bundles. The data of a parabolic bundle is simply the data of
a bundle Fy o = F and a filtration of length N of each fiber F(s;) by vector
<0»

spaces. Note that the condition “F is a parabolic bundle and Fy € Bun isa

suitable truncation in the sense of Definition 5.1. We denote by ParBuny s(X)
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the additive category of parabolic bundles, and by ParBunJSV?S(E) the additive
category of parabolic bundles satisfying Fy € Bun=Y.

The rank and the degree of a parabolic coherent sheaf F € Parg is defined
as the rank and the degree of the corresponding (0, . ..,0)-component. The nu-
merical invariants r; ; called parabolic jumps for i =1,...,kand j=1,...,N
are defined by

deg Fjs, — deg F(i_1s,
rii(F) = J ) U—1)di

Note that for all i, we have
N
Z Ti7j(./7) = rank F.
j=1

The rank, degree and 7r; ; are all additive for short exact sequences.

Any usual sheaf F can be viewed as a parabolic sheaf by setting F; = F
for all 7 € I%, and setting ¢; to be the identity map resp. the natural map
F =F; = Fips; = F(s;) when i < N —1resp. ij =N — 1.

6.2. Iterated construction. Alternatively, one can define the category Parg
by adding one point at a time. We set Parg = Coh(X). Then for any S, let
S’ = (s1,...,8¢-1), 8 = sg. The category Parg is defined as the category of
necklaces of objects of Parg,

o Fnoa(=s) = Fo— = Fyor = Fols) = -+,

where the above sequence is periodic, each map is an isomorphism on X\ {s}
and the composition of any N consecutive maps is the natural map F; — F;(s).

Let R; : Parg — Parg be the functor that sends a necklace F, to F;.
Let I; : Pargs — Parg be the functor that sends £ € Parg: to JF, defined by
Fiyj = € for 0 < j < N with all the maps the identity, except £ — £(s),
which is the natural map. We have natural identifications for all £ € Parg,
F € Parg,

(6.1) Hom(&, R;F) = Hom(L;E, F), Hom(R;F, &) = Hom(F, I,_n41E),

which can be seen from the following diagrams:

- — E(—s) »E—— & — & — -
Fi-1 > Fi > Fig1 r Sit2 P
Fi2 Fi-1 Fi Figr — -+

Ll

— & » E(s)
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The functions R; and I; are defined similarly for quasi-coherent sheaves.
Note that both R; and I; are exact. Hence category QParg has enough injec-
tives. This can be seen by induction because I; preserves injectives and one
can embed any object £ € QParg into the direct sum

N-1
E— @ Ii,NJrl(gi).
1=0

So we define the higher Ext functors on QParg using injective resolutions and
then restrict the definition to Parg. Exactness of R; and I; implies

PROPOSITION 6.2. The natural adjunctions extend to the Ext functors
Ext’ (£, Ry F) = Ext? (L€, F), Ext?(R;F, &) = Ext!(F, ;_n11E)
for all i and j.

6.3. Generators and Euler form. For any ¢, denote by k,; € Parg the
object whose i-th component is the skyscraper sheaf at s and all the other
components are 0.

We have

PropPOSITION 6.3. The category Parg s generated under extensions by
objects of the form Iy(E) for € € Parg: and objects of the form kg; for i =
0,...,N—1.

Proof. For any F € Parg, consider the adjunction map ¢ : IgRgF — F
and take its cokernel G = Coker:. We have that G satisfies RgG = 0. Such
sheaves are simply representations of the Any_1 quiver

0—G1—-—>Gn-1—0,

and each G; is a direct sum of finitely many skyscrapers at s. So G can be
obtained by extensions from objects of the form k,;. Let £ = Im¢. We have
that each map & — &; for 0 < ¢ < N — 1 is surjective. Now consider another
adjunction map ¢/ : £ — IyRy_1E. This map is surjective and its kernel G’
satisfies Ry_1G’ = 0. Thus again it corresponds to a representation of the
An—1 quiver and can be obtained by extensions from k, ;. Then we have that
£ is an extension of IpRy_1€ by G’ and F is an extension of G by £. O

PROPOSITION 6.4. The category Parg is hereditary. Let xs denote the
Euler form on K(Parg). We have

xs({o(€),F) = xs/(€,Fo), xs(ksi, F) = —dpdp it1(F)

for all F € Parg, £ € Parg/, 1 =0,1,...,N — 1.
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Proof. We proceed by induction in the size of S. It is enough to show that
any object £ from the generating set of Proposition 6.3 satisfies Ext/ (€, F) = 0
for any F € Parg and j > 1.

For any £ € Parg:, we have Ext/ (Io(£), F) = Ext’(£, Fy) and vanishes for
7 > 1 by the induction hypothesis.

For the objects k; ;, we use the short exact sequence

0— IZ'+1 (O) — 11(0) — ks,i —0
to obtain the long exact sequence for any F € Parg:
0— Hom(ksyi, ]:) — Hom((’),]:l) — HOm(O,Fi+1)

— BExt!(ky;, F) = Ext' (0, F;) — Ext' (0, Fi1) — Ext®(ks;, F) — 0.
Since O is coming from Coh(X) we can replace F;, F;y1 by their (0,...,0)-
components, which are objects in Coh(X). It is enough to show that the map
Ext!(0,F;) — Ext}(O, Fi;1) is surjective. This will follow from surjectivity
of the following composition:

(6.2) Ext! (O, Fiz1(—s)) = Ext' (O, F;) = Ext}(O, Fis1),

where Fj11(—s) — F;y1 is the natural map. The composition can also be
described as

Ext!(O(s), Fiy1) — Ext} (O, Fi1).

This map is surjective because it is the end of the long exact sequence for
Hom(—, Fi;+1) applied to

0— 0 — 0O(s) = ks — 0.

Thus (6.2) is surjective and Ext? vanishes. The values of the Euler form are
determined from the exact sequences above. O

Next we determine the Euler form:
PROPOSITION 6.5. The Fuler form on Parg is given by

XParg (€, F) = (1 — g) rank £ rank F + rank £ deg F — rank F deg £

_ Zdz Z Ti,j(g)ri,j’(f)-

i=1  1<j<j/<N
Proof. For any £ € Pargs, we have
Tm,((c/‘) 1<k,
rank Ip(€) =rank &, deg Io(E) = deg&, 15;10(E) =<0 i=k,j <N,
rank(£) i=k,j=N.
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For ks ; with j =1,..., N — 1, we have

0 i<kori=k, j ¢&{jj+1},
rankk, ; =0, degks; =0, 75 (ks ;) = ¢ 1 i=kj =j,
—-1 i=kj=5+1
For k, o, we have
0 i<kori=k,j ¢{1,N},

rankkso =0, degkso =d, 75 /(kso) =< 1 i=k j =N,
-1 i=k,j ' =1.

By Proposition 6.3 it is enough to check the formula for objects of the above
three types in place of £ and arbitrary objects in place of F. Inserting the
values into the formula and comparing with Proposition 6.4 we see that the
formula is correct. O

6.4. Serre duality. Finally we have

THEOREM 6.6 (Serre duality). Let D : Parg — Parg be an auto-equivalence
defined by

D(F); = Q5 @ Fn-1)x, 6147

We have the following natural isomorphism for all £, F € Parg:
Ext!'(€, F)* = Hom(F, DE),

where * denotes the dualization over the base field.

Proof. As usual, we proceed by induction on the number of marked
points k. The base case k = 0 is the usual Serre duality. Now suppose we
have the statement for S" = S\ {s}, s = si. Denote the functor D on the
category Parg by Dg. For any F, € Parg viewed as a necklace, we have

Ds(F)i = Dgr(Fign—1)-

For any &£, F € Parg, define
N1 N1
E=P L&) F=ELF).
i=0 i=0

The adjunction maps give us an injection £ — £ and a surjection FoF , SO
we obtain short exact sequences

03E—E—>E -0, 05F -F—F—0.
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Let H(G,G’) be any of the two functors Ext(G,G")*, Hom(G’, DgG). Note that
Dg is exact. Thus we have an exact square

0 —— H(E,F) —— H(E,F) — H(E,F)

0 —— H(E,F) —— HE,F) —— H(E,F)

0 —— H(E,F) — H(E,F) —— H(EF)

0 0 0
and by diagram chasing a short exact sequence
(6.3) 0— H(E,F)— HE,F)— HE F)o HE,F).

For any G’ € Parg/, any i € Z and any G € Parg, we have the following
sequence of natural isomorphisms:

Ext!(I;(¢'),G)" = Ext'(G',G:)* = Hom(G;, Dg/G') = Hom(G, I;_n41(Ds'G'))
= Hom(G, DsI;(G"))

and similarly

Ext!'(G, 1;(G"))* = Hom(G', Dg/Giyn—1) = Hom(I;(G'), DsG').
Applying this to each direct summand of £ resp. F. , for all G € Parg we obtain
(6.4) Ext'(£,6)" = Hom(G, Ds&) resp. Ext'(G,€)* = Hom(E, DsG).

Since these isomorphisms are natural in G, we can fit the two sequences (6.3)
into a commutative diagram

0 — Ext'(£,F)* — Ext'(€,F)" — Ext'(€,F)" & Ext' (£, F)"

I :

0 — Hom(F, Dg€) — Hom(F, Dg&) — Hom(F', Dg€) & Hom(F, DsE'),

provided we show that the two constructions of the isomorphism Ext! (€, F )*
= Hom(]? ., Ds(€)) obtained by use of the two isomorphisms (6.4) respectively
agree. Indeed, then the desired isomorphism Ext!(£, F)* = Hom(F, Ds€) is
uniquely obtained from the diagram.
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Since € and G are direct sums of corresponding objects, it is enough to
compare the following for any 7, j and G, G’

Ext!(I;(9), I;(9))* = Ext! (¢, Ri(1;(G)))" = Hom(R;(1;(G)), Ds'G')
= Hom(Z;(G), Ii-n+1(Ds'G")),
Ext!(Li(G), I;(9))* = Ext! (Rjy n11i(G"), 9)*
= Hom(G, Dg' Rjn-11i(G'))
=~ Hom(I;(G), Ii—n+1(Dg/G")).

Let m = |52 ]. We have R;(I;(G)) = G(ms), | A = —m, Rjin_11;(G")
= G’(—m), so the fact that the two isomorphisms agree follows from commu-
tativity of the diagram

Ext' (G, G(ms))* ——— Hom(G(ms), Dg'/G')

E F

Ext!(G/(—ms),G)* —— Hom(G, Dg:/G'(—ms)).

The fact that the diagram commutes can be shown by induction starting from
the corresponding diagram in Coh(X) and noticing that all the steps in our
construction of Serre duality behave as expected with respect to twists by line
bundles. (]

Note that for any £ € Parg, we have
rank DE = rank £,

k k
deg DE = deg & + rank & <2g -2+ Zdl> - ZdiTi,N,
=1 i=
Ti’j(Dg) = Ti,j_l(g).

6.5. Parabolic Higgs bundles. Strictly speaking, we cannot apply the well-
known results of Gothen and King [GKO05] in our situation because parabolic
sheaves are not sheaves. However, it is quite easy to generalize their results.
Let A be an abelian category and D : A — A any exact endofunctor. Consider
the category Ap of pairs € = (£, 0) where £ € A, § € Hom(&, DE). This is an
abelian category with obvious definitions of morphisms, kernels and cokernels.
We then have

THEOREM 6.7. Suppose A is closed under countable products and has
enough injectives. Then Ap has enough injectives and we have the following
functorial long exact sequence for any € = (€,0), & = (&,0") in Ap:

0 = Hom(Z, &) — Hom(€, &) L% Hom(e, DE')
S Ext!(E,8) - Ext!(€, &) LN il (e, DEY) =
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Proof. The forgetful functor L : Ap — A has an exact right adjoint R
constructed as follows: For any F € A, take

R(F) = (H D'F, shift) ,
=0
where
shift : [[ D'F — D <H le) =[[p*'F
i=0 i=0 =0

is defined as the identity on each component D'F — D(D*"!F) with an
obvious shift of indices. Then any map f : & — F for £ = (£,0) € Ap, F € A
uniquely extends to a morphism (€,0) — (RJF,shift). Its i-th component is
given by D*(f)0'. So we have adjunction

Hom(LE, F) = Hom(E, RF).
Since L is exact, R preserves injectives. For any £ € Ap, the natural map
€ — RLE is an injection, hence Ap has enough injectives. Moreover, the
adjunction extends to all the higher Ext functors
(6.5) Ext!(LE, F) = Ext'(E, RF).
For any £ = (£,0) € Ap, we have a short exact sequence
0= & — RE— RDE — 0,
where the i-th component of the map RE — RDE is given by the difference
Idpig —D'(0) : D'€ — D'€ @ D'IE.
For any F € Ap, we obtain the long exact sequence
0 — Hom(F, &) — Hom(F, RE€) — Hom(F, RDE) —
Applying adjunctions (6.5) we obtain the desired long exact sequence. ([

In the situation A = QPary ¢(%) and D the Serre functor of Theo-
rem 6.6, the category Ap is called the category of parabolic quasi-coherent
Higgs sheaves. The category ParHiggsy ¢(%) of parabolic Higgs bundles resp.
parabolic coherent Higgs sheaves is the full subcategory of pairs (€,0) such
that £ is a parabolic bundle resp. parabolic coherent sheaf. We obtain the
following:

COROLLARY 6.8. The category of parabolic coherent Higgs sheaves has
global dimension 2. For £, F parabolic coherent Higgs sheaves, the Euler form
s given by

xX(&,F) = x(€, ,€)
N
— (2 —2g — Z ) rank £ rank F + Z d; ZTW )7ii(F)
=1 J=1
and we have Hom(F, &) = Ext?(€, F)*
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Proof. By Theorem 6.7, since QParg is hereditary, we have a long exact
sequence

0 — Hom(&, F) — Hom(&, F) — Hom(&, DF)
— Ext! (€, F) — Ext! (£, F) — Ext!(E, DF) — Ext*(€, F) — 0.

This gives the Euler form

where the last equation holds by Serre duality. Using Proposition 6.5 we obtain
the formula for the Euler form. Finally notice that Hom(F, &) is

Ker(Hom(F,£) — Hom(F, DE)) = Ker(Ext! (€, DF)* — Ext!(€, F)*)
>~ Coker(Ext! (€, F) — Ext' (£, DF))* =2 Ext*(£, F)*. O

6.6. Harder-Narasimhan theory. We apply Harder-Narasimhan theory (see
[HN75] or [Bri07]) to the categories ParBuny s(X) and ParHiggsy ¢(2).

Definition 6.9. A stability condition on ParBuny s(X) or ParHiggsy (%)
is a collection of numbers o = (; j), a;; € Rfori=1,...,kandj=1,...,N
satisfying the following condition:

Qi1 > Qo > 2 QN > a1 — d;.

Note that o; ; = 0 is a valid stability condition, which we denote by 0. The
a-degree of £ € Pary g(X) is defined by

k N
deg, & = deg€& + Z Z a; 73,5 (E).
i=1 j=1
Note that deg, & > 0 for all torsion £. The slope of a parabolic bundle & is
defined by
deg, &
Hal€) = rank £’
An object F € ParBuny g(X) resp. F = (F,0) € ParHiggsy () is semistable
with respect to « if it is not zero, and for all non-zero subobjects & C F
resp. £ C F, we have (o (E) < po(F). If the inequality is strict for all proper
subobjects, the object is called stable.

THEOREM 6.10 (Harder-Narasimhan). For any stability condition o and
any £ € ParBuny g(X), there exists a unique filtration (called Harder-Nara-
simhan filtration)

0=&cé&E Cc---CcéEp1CéEn=E
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such that & /&1 is a semistable parabolic bundle for i = 1,2,...,m and the
following holds:

MOc(gl) > /1’06(82/51) > > ,U/a(gm/gm—l)'

An analogous statement holds for arbitrary € € ParHiggsy ¢(X).
max

Let us denote the numbers 14 (€1) resp. pa(Em/Em—1) by pa®*(E) resp.
pIin(£). They have an alternative description:

I (E)ZOglgggua(f), 1 (5)=£§}r;0ua(f)-

Note that for any two stability conditions a, o/, there exists a constant C € R
such that for all objects &,
PP (E) < pIP(E) + C, ™ (E) = pn(E) — C.

Note also the following estimate for any parabolic bundle &:

k
(6.6) po(DE) < pa(E) +29 -2+ ds.
=1

Following Mozgovoy and Schiffmann [MS14] we show
PROPOSITION 6.11. For every stability condition o, suppose an object
& € ParBuny g(X) satisfies one of the following two conditions:

(i) & is indecomposable.
(ii) There exists 0 : € — DE such that (€,0) is semistable.

Then we have
(E) < p(€) + Clrank € — 1), p™(€) > p(€) — Clrank € — 1),
where C =29 — 2+ Y% d;.

Proof. Since we have p™(£) < u(€) < p™*(€) it is enough to show
that p™a*(&) — p™n(£) < C(rank & — 1). Note that the Harder-Narasimhan
filtration for £ has at most rank £ steps and we have

~1
p(E) = pE) = (&) — p(Em/Em—1) = D w&i/Ei—1) — 1(Eit1/Es).
i=1
Thus it is enough to show that each gap u(&;/&-1) — w(&i+1/&) < C. We
have a short exact sequence

3

0=&—=>E—-E/E—0,
and we have

p(Ei/Eir) — p(Eia /&) = ™™ (&) — P (E/E).
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Case 1. Suppose £ is indecomposable. This implies that the short exact
sequence does not split and Ext(€/&;, &) # 0. We have Hom(&;, D(E/&;)) # 0
by Serre duality. Thus, by (6.6),

pM(E) < pM(D(E/E)) < (€€ + C.

Case 2. Suppose (&, 0) is semistable. Then we have that 6 induces a non-
zeromap & — D(E/E;), for otherwise (£, #) would contain a subobject (&;, DE;)
whose slope is larger than that of £. Again, we obtain Hom(&;, D(E/&;)) # 0
and proceed as in Case 1. ([l

7. From bundles with nilpotent endomorphism to Higgs bundles
and character varieties

In this section we generalize methods of [MS14] to the parabolic situation.
This generalization is straightforward once we replace the category of coherent
sheaves by the category of parabolic coherent sheaves. So we skip through
some of the details.

7.1. Consequences of polynomiality. Let 3 /F, be a smooth complete curve,
and let S = (s1,...,5;) be a collection of points on 3(F,). Although some of
the statements will go through for points of arbitrary degree, we restrict our
attention to points of to degree 1 only. Write the zeta function of ¥ as
7 (1=0T)(1- qai_lT)

(1=T)(1—qT) ’
and denote by o the collection ¢ = (01,...,04). Using Corollary 5.9 in the

=(T) =

case if P! or Corollary 5.10 for arbitrary genus, we obtain a function

k
QoilXe; T, q,t,01 =Y Qala,t, o) TN [ HalXi5q,1]
AP i=1
that counts parabolic bundles with nilpotent endomorphism in the following
way. Choose N € Z-o, and let X; = x;1 + --- 4+ x; v. Recall that for any
symmetric function F, the plethystic substitution F[X;] coincides with the
usual evaluation Fn(z;1,2i2,...,2;n) (Section 2.1). For any £ € ParBuny g,
denote

E N
- i,5(€)
w(g) :TrankSt degEHHx: I
7j
i=1j=1
see Section 6.1. We extend the notions of degree, rank and slope to monomials
in T,t,z; ; in the obvious way. From (5.2), we obtain

w(€)
Q[ Xei T, q,t,0] = > TAW(E, )]
(£,0) EParBun%?S’nil (3)/~ ’
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where ParBunjgv?S’nﬂ(E) is the category of pairs (€, 0) with £ € ParBun%?S(E)
and 0 : £ — & nilpotent. Define H by

1
Qg,k[XO;Tacbt?O-] EXp |: Hg k’[X‘aT Qat U]:| :
q—

1
We define the HLV kernel (see [Mell8]) of genus g with k punctures by

N C L
QHLV[X.;T’q’t’J] - E :WTM | |H,\[Xi;q,t],
AEP A1) i=1

where
N)\(u) — H (qa(D) _ utl-i—l(lj))(qa(D)—i—l B U_ltl(D)).
Oex
We also define HEI,;V as a plethystic logarithm so that

1
QHLV[X.;T7 q,t,0] = Exp {(q—l)(l—t)HgI’;V[X.;T’ ¢, t,0]

In the case g = 0, we have

QO,k[XO;T7Q> ] QHLV[XO;T7Q7t]7
1
Ho k[ Xe; T, 0,1 = T Ho i [Xei T, 0, ).
The following is shown in [Mel18]:

THEOREM 7.1. For all g,k € Z>¢, the coefficients of HHLV[X.,T, q,t, 0]

i T and Xo are polynomials in q,t, O'il

Then the proof of Theorem 5.2 in [Mel20] is easily adopted to show the
following:?

THEOREM 7.2. For all g, k € Z>, the coefficients of (1—t)H, [ Xe; T, q,t,0]
i T and Xo are polynomials in q,t, O'iil and we have
(1 —t)Hgx[Xe;T,q,t,0] - HHLV[X.;T,q,t, o] r
Thus we obtain
(7.1) Hy k[ Xe:T,q,t,0] = fHHLV[X.;T,q,t, o] + polynomial part,

where the coefficients of the polynomial part in 7" and X, are polynomials in
t, O'il over Q(q).

2In [Mel20] the variables ¢,t are compared to the variables ¢,z of Schiffmann as follows:
(¢,t) = (z,q). Here we use (q,t) = (g, z) instead, so that ¢ stands for the number of elements
in the field. At the same time our partitions specifying the nilpotent types are conjugate to
those of Schiffmann. We apologize for the inconvenience it may cause.
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7.2. From bundles with nilpotent endomorphism to bundles with arbitrary
endomorphism and indecomposable bundles. The category ParBun%?S(Z) is a
Krull-Schmidt category. In simple terms it means that any endomorphism has
a Jordan form decomposition. Analogously to the proof of Proposition 2.11,
we obtain

w(&E
EXP[H%k[XO;Ta Q7t70]] = Z |Aut((5)g)|
(€,9)€ParBuny g aut (Z)/~ ’

= > w®),

56ParBun§OS )/~

where ParBun?VOS aut () is the category of pairs (£, g) with £ € ParBunjg\,OS(Z)
and g : £ — £ an automorphism. Since any £ is uniquely a direct sum
of indecomposables and any indecomposable is uniquely a base change of a
geometrically indecomposable object, we obtain

Hg,k[XO;Ta(_Iat?O-] = Z w(g)

SEParBunl%OS(E)/N
geometrically indecomposable

Twisting by a line bundle of degree 1 (which always exists) gives an auto-
equivalence of Pary g(X) that for any object keeps the rank and the r;; in-
variants and increases the degree by the rank. Thus we can always reduce the
problem of calculating the number of geometrically indecomposable objects of
given rank and degree to the same calculation for a small enough degree. By
Proposition 6.11 for o = 0 we conclude

PROPOSITION 7.3. For any values of r € Z~g and d € Z, let m be such
that m > (r —1)(29 — 2+ k) + 4. Then we have

k N e
Z H H x:;y ) _ Hg’k[X.; T,q,t,0] Trpdime’
EeParBuny g(2)/~ i=17=1

geometrically indecomposable
rank E=r,deg E=d

where the notation ‘T , means taking the coefficient of the left-hand side viewed
at

as a power series in t and T in front of the monomial T®.

Combining this with (7.1) we obtain the following formula, which can be
thought of as an analogue of Hua’s formula:
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COROLLARY 7.4. For any values of v € Z~¢ and d € Z, we have

k N ©
rii(E) _ prHLV .
S I =i o),
EeParBuny s(X)/~ i=17=1
geometrically indecomposable
rank E=r,deg E=d

In particular, it does not depend on d.

On the other hand, analogously to the proof of Proposition 2.11 but this
time for A;/F, instead of GL; /BF,, we obtain

q 3 w(&)

2 E 7H X.; T7 » Uy = TA2/C OV

(7 ) Xp q-— 1 9716[ q 13 0-]:| ]Aut(5,9)|
(5,9)EParBunJSV(’)S’e“d(E)/N

where ParBun%OS ond(2) is the category of pairs (€,0) with £ € ParBunJSVOS(E)
and 0 : £ — £ an endomorphism. The last expression can also be written as

Z w(&)|Hom(E, &)
Aut(€ '
EEParBunJS\,?S(E)/N ‘ ( )|
7.3. From bundles with endomorphism to Higgs bundles. By Theorem 6.6
and Proposition 6.4 we have for any £ € ParBuny s(3),

_ |Hom(¢&, &)

Hom(€,&)| = Lom& )l
| Hom(£, £)] |Ext!(E,8)]

|Ext!(&,8)] = ¢¥&¥) | Hom(&, DE)|.

Let ParHiggsy ¢(X) be the category of parabolic Higgs bundles, i.e., pairs (£, 0)
where £ is a parabolic bundle and 6 : £ — DE is called a Higgs field. Denote by
ParHiggs v ¢(X)=" the subcategory of pairs (€, #) such that £ € ParBun]SVOS(E).
From (7.2) we obtain

3 w(€)g¥E)

q . = TA /e o
(7.3) EXp q_ 1Hg,k[X.7T’ q)tuo-]:| - |Aut(5,9)| .

(E,G)EParHiggsJ%,?s (2)/~
7.4. From all Higgs bundles to semistable Higgs bundles. Now we con-

sider the Hall algebra Hall(ParBuny s(X)), viewed as a subalgebra of the Hall
algebra of parabolic Higgs coherent sheaves. The integration map is given by

I : Hall(ParHiggs y () — Q[[(zi,,)i) ;1. T )] I([€]) = w(&)q*E).

PROPOSITION 7.5. Suppose that €, F € ParHiggsy ¢(X) are such that
Hom(F,E) = 0. Then we have
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Proof. From the definition of the product the left-hand side equals
Ext'(&, F
| Ext (&, /)] PEEXEP) T EXFT) (£ ) (F).
| Hom(&, F)|
By the assumption from Corollary 6.8 we obtain Ext?(£, F) = 0 and therefore

| Hom(&, F)|
Thus the result follows. O

|Ext' (&, F) &7 _ g XFOXFT)

PROPOSITION 7.6. Let o be a stability condition, and let r € Z~o. Let
w € R be such that

k
w<—029g—-24+k)(r—1)+ Zai,N.
i=1
Consider the sum
¥ w(€)g¥EE)

QParHiggSN,S(Z)@é,N[X.; T, t] =1+ ‘ Aut(E, 9)| .

(€,0)€ParHiggs y ¢(X)/~
semistable, pa(€) = p

On the other hand, decompose H as follows:
Hg,k[XO; Q7 t) 0-} = Z Hg,k,/.t[XO; Q7 ta 0]7
nER

where Hg 1., contains only terms of slope p. Then we have
q
QParHiggsN’S(E),a,,u[XOQ T, t] = EXP {q_ng,k,u[XO; T, q, t» J] + O(TT+1)'

Proof. Note that for any stability condition «, adding a constant ¢ € R to
all o; ; for some ¢ increases the slopes of all objects by c. So we can assume
that a; ny = 0 for all <.

We apply Theorem 6.10 as follows: for any object £ € ParHiggSJSVOS(Z) of
rank < r, we have a unique filtration

EoCc&EC---CEp=E
such that p™®(£y) > u, all &; are semisimple and

1= (& /&) > p(&2/ér) > .
Since & is a subobject of &£, we also have & € ParHiggs]%?S(E). On the
other hand, suppose any object £ € ParHiggsN,S(E)SO of rank < r has a

filtration as above such that & € ParHiggs]%?S(E). By Proposition 6.11 we
know that p™**(&;/&i—1) do not exceed 0 for i = 1,2,...,m. Because of the
condition «;; > 0 this implies & /&1 € ParHiggsjgv?S(E). Thus we obtain
& € ParHiggsys(%).
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Consider pairings of the form
([E], [Fm] -+ [Fo]) = (A™[E], [Fm] ® - ® [Fol)
for Fo € ParHiggsJS\,?S(E) such that p2™(Fo) > p, each F; € ParHiggsy ¢(X)

(6%
is semistable and p > po(F1) > ... > pa(Fm). By the above reasoning, we
obtain that the pairing is non-zero only if € € ParHiggsJSVOS(E). For any such &,
the pairing is non-zero for a unique m > 0 and unique sequence of objects

Fo,-..,Fm as above and then its value is [/~ | Aut(F;)|. Thus we have

€]
2 | Aut(E,0)]

?GParHiggsﬁ?S (2)/~

_ 5 [Fnl - [P

m 7A
m=0 Fi,..., ?mEParHiggsN’S(E)/N Hi:l ‘ Aut(]ri”

semistable, p > pa(F1) > ... > pa(Fm)

* E & (up to terms of rank > 7).
_ — | Aut(Fo)|
.FoeParnggsK]’S(E)/N
1g ™ (Fo)>p

Note that for each product [F,,]*- - -*[Fo], we have Hom(F;, Fy) = 0 for every
1 < 1’ for slope reasons. Therefore we can apply Proposition 7.5 and obtain

3 w(€)g¥EE) “I1 | 1+ 3 w(F)g¥FF)

Aut(&,0 _ Aut(F
?EParHiggsJ%?S(E)/N ’ ( )| w<p ]:EParHiggSN,S(E)/N ‘ " ( )|
semistable, po(F) = p
w(}'o)qx(]:ofo)
X _— (up to terms of rank > ).
2 | Aut(Fo)|

FoeParHiggsy (%)/~
1 (Fo)>p
The slope p part of the expansion of the left-hand side in the infinite product
is given by Exp [ﬁHg,k,u[X.;T,q,t, a]} by (7.3). On the right-hand side we
see QParHiggsN,S(Z),a,,u [Xo; T, t]' g
Knowing the slope, the rank and the r; ; numbers uniquely determines the
degree of a bundle. So we will drop the ¢ variable from

QParHiggsN,S(E),a,u [X0§ T, t] )

which amounts to setting ¢ = 1. Note that twisting by a line bundle of degree
1 gives an auto-equivalence of ParHiggsy ¢(X) that increases the slopes of all
objects by 1. Thus we have

(74) QParHiggsN’S(E),a,u[XO; T] = QParHiggsNys(E),a,u-l—l[XO; T]
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So we can calculate any coefficient of Qparmiggs; o(5),a, u[Xe; T] by first applying
Proposition 7.6 for y/ = u — m for a big enough m and then using (7.4).

COROLLARY 7.7. The coefficients of Qpartiggsy o(5),a.ulXe; T] are given
by functions in Q(q)[a1, ..., azg]. Thus we can define the Donaldson-Thomas
invariants as coefficients of the generating series

HParnggsN s(X),a [X07 T] LOg [QParHiggsNys(Z),a,u [XO; T” .
We have

HParHiggsN’S( )« [XMT] = lim 7Hg,k o, p— m[X'aT q, 1 U]

m—00 q —
Combining this with (7.1) we obtain

COROLLARY 7.8. Let r € Z~o, d € Z, 735 € Z>g fori =1,...,k, j =
., N. Let « be any stability condition. Then we have

HParnggsN s(X),a [XMT] THEEL[X';T’Q’ 17U]a

where HILV
(mod Z)

oy 1S the sum of the terms of HgI};\/ whose slope 1’ satisfies p = '
Note that in the following situation semistability implies stability over F,,
and the number of automorphisms of such a stable object is ¢ — 1.

COROLLARY 7.9. Let r € Z~o, d € Z, 735 € Z>o fori =1,...,k, j =
., N be such that Zjvzl rij = 1. Let o be any stability condition that is
generic for the data r,d,ree, by which we mean that o;; > o j41, a;N >

ai1 — 1, and for any r',d’,ry, as above with 0 < v' <1 and r;; < r;; for all
1,7, we have

dl_i_Zz 12] 10417]7“1] ?é d+Zz 12] 1 Q57,5
S .

r r

Let
kK N

dim:(29—2+k‘)r27227‘%+2

i=1 j=1
Then the number of a-stable parabolic Higgs bundles € such that
rankE =7, deg€=d, 1;;(E)=ri;

equals
k N

7 H H hei 1Xi] )

i=1j=1

dim

q? HHLV[XO§TaQa17‘70]

which is a polynomial in ¢&' and ..
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7.5. Poincaré polynomials of stable Higgs moduli spaces. The moduli space
of stable parabolic Higgs bundles was constructed by Yokogawa (see [Yok93],
[Yok96]). In the usual definition of a parabolic bundle we have a bundle £ and
a flag

0= g@o C &,1 cC - C (‘:@mi = S(SZ)
with weights

1>a;1> > aim, =0

for each marked point s;. This corresponds to the special case of our parabolic
bundles satisfying r; ; = 0 for j > m; where N is chosen larger than m; for all 4.
The choice of weights is encoded in the choice of stability condition so that
the parabolic degree equals our deg,. One can easily check that the notion of
stability and semistability coincides with the usual one. Our parabolic Higgs
bundles correspond to the usual notion of strict parabolic Higgs bundles, where
the Higgs field has a simple pole at each marked point whose matrix residue
is strictly block-upper-triangular with respect to the parabolic filtration.

It is well known that under the genericity assumptions as in Corollary 7.9
the corresponding moduli space M is a smooth semiprojective variety of di-
mension

k N
dimM = (29 -2+ k)r? = ) rZi +2.
i=1 j=1

By Corollary 1.3.2 of [HRV15] we know that the cohomology is pure; for more
details, see Proposition 3.7 in [GO19]. Without loss of generality we assume
> is defined over a number field F. Then M is also defined over F' and we
can choose a model of M over the ring of integers of F'. Let p be a prime
of F' outside of the locus where the model is singular. By Deligne’s theory of
weights explained in [Del75] we have that the Frobenius acting on the l-adic
cohomology H. ;(E ®p F, Q) has eigenvalues of absolute value q%. Choose an
identification of the residue field of p with IF,. We have the Lefschetz fixed
point theorem, which says

2dim M ' b;
‘M(Fqk)’ = Z (_1)1 Z a?,m?
=0 m=1
2dim M—i

N

where b; = dim HY(M,C) and |a;.m| = ¢
with Corollary 7.9 we obtain

Comparing this formula

THEOREM 7.10. Suppose the rank r, degree d, the parabolic jumps re o« and
the stability condition ae e satisfy the genericity assumptions of Corollary 7.9.
Let M be the moduli space of stable parabolic Higgs bundles with corresponding
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data. Define the Poincaré polynomial by

2dim M ) '
P(M,q)= Y (~1)ig? dim H'(M,C).
i=0

Then we have

dim M 1 1 k N

im HLV . -1 -1 1
P<M7Q):q 2 Hg’k [X07T7q 717q 27"'7_q2]TT71111_[1hri,j[Xi]

i=1j=

7.6. Poincaré polynomials of character varieties. To relate the result for
Higgs moduli spaces to character varieties we recall Simpson’s non-abelian
Hodge theorem for non-compact curves [Sim90]. Let ¥ be a Riemann surface
of genus g and let S = (s1,...,58k) be a collection of k marked points on X.
Fix an integer n > 0 and k conjugacy classes C1,...,C in GL,. Simpson
identifies the moduli space of irreducible representations (%, S) — GL,(C)
with local monodromies around the marked points given by Cfi,...,Cy with
the moduli space of parabolic stable Higgs bundles of rank r of the following
kind (see table on page 746 in [Sim90]). For each i list the eigenvalues of C;
without repetitions,

Vily -y Vim,;-
Assume we have
argv;1 < - < arg vy, -

Denote the multiplicities by 7;1,...,7;m,. Denote
__argui, _ log|vi|
Gd T T T Ty

Then we have to take stable parabolic Higgs bundles £ with jumps given by
r;j. The stability condition is given by «; ;. The Higgs field has simple poles,
0: & — £®N%L(S). The residue matrices of 6 are required to preserve the
parabolic filtration. The action of 6 on the respective graded components
&i.j/&ij—1 is required to have all eigenvalues equal to \/TICM and the Jordan
form the same as the Jordan form of the eigenvalue v; ; part of C;. The degree
is uniquely determined from the condition that deg, & =0,

0=deg, & =degf + Z""i,jai,ja
i.J
SO
degE =d=— Z Ti,500 5.
i,J
Note that if the character variety is not empty, then we have

Tijg __
[T =1
ij
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for determinant reasons. This is equivalent to two conditions:
> rijaig €L, Y rigei;=0.
i, i,

The first condition is equivalent to having d € Z. The second condition trans-
lates into

k
Z res,—g, 116 = 0.
i=1
The theory we have developed only covers the case when resf acts as
zero on each graded component &; ;/&; j—1. This corresponds to the case when
|vi ;| =1 for all 4,5 and C; is the conjugacy class of a diagonal matrix.
The genericity condition for character varieties is formulated as follows
(see [HLRV11]):

Definition 7.11. The data 74, Ve e is generic if we have
k m;
[IITv =1
i=1j=1
and for any 1 <7’ <1 and any collection of numbers r; ; with Z’Jn:ll =7/ for
all ¢ and r;j <r;; for all 7,7, we have

k m; ,

[T1]v 1

i=1j=1

Comparing this definition with the one in Corollary 7.9 we see that the

data 7ee, Vee is generic if and only if the corresponding data re.e, d, (e e is.
Note that the set of generic data with |v; ;| = 1 for all 4, j is Zariski dense in
the set of generic data without this restriction. Thus we can extend our result
from the situation of generic data with |v; ;| = 1 to the general case of generic
data:

THEOREM 7.12. For arbitrary genus g and number of marked points k
and any k-tuple of generic diagonal conjugacy classes C1,...,Cy of GLy, the
Poincaré polynomial

2 dim M ]
P(M,q)= Y (~1)'q2 dim H'(M,C)
i=0
of the corresponding character variety M 1is given by

k m;
dim M _ _1 1
P(M)Q):q 2 HIK;{%V[XMT?q lalaq 27"'a_q2]Tn7HHhm,j[Xi] )
i=1j=1
where 11,752, ..,Tim; are the multiplicities of the eigenvalues of C; for i =

1,...,k
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