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The marked length spectrum
of Anosov manifolds

By CoLIN GUILLARMOU and THIBAULT LEFEUVRE

Abstract

In all dimensions, we prove that the marked length spectrum of a Rie-
mannian manifold (M, g) with Anosov geodesic flow and non-positive cur-
vature locally determines the metric in the sense that two close enough
metrics with the same marked length spectrum are isometric. In addition,
we provide a new stability estimate quantifying how the marked length
spectrum controls the distance between the isometry classes of metrics.
In dimension 2 we obtain similar results for general metrics with Anosov
geodesic flows. We also solve locally a rigidity conjecture of Croke relat-
ing volume and marked length spectrum for the same category of metrics.
Finally, by a compactness argument, we show that the set of negatively
curved metrics (up to isometry) with the same marked length spectrum
and with curvature in a bounded set of C*° is finite.

1. Introduction

Let (M, g) be a smooth closed Riemannian manifold. If the metric g admits
an Anosov geodesic flow, the set of lengths of closed geodesics is discrete and is
called the length spectrum of g. It is an old problem in Riemannian geometry to
understand if the length spectrum determines the metric g up to isometry. In
1980, Vigneras [Vig80| found counterexamples in constant negative curvature.
On the other hand, we know that the closed geodesics are parametrised by the
set C of free-homotopy classes, or equivalently the set of conjugacy classes of
the fundamental group 71 (M ): for each ¢ € C, there is a unique closed geodesic
v of g in the class ¢. The first examples of manifolds with Anosov geodesic
flow are the negatively curved closed manifolds. We can thus define a map,
called the marked length spectrum, by

(1.1) Ly:C— R Ly(c) :=Ly(ve)
where, if 7 is a Cl-curve, £4(7y) denotes its length with respect to g.
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We recall the following long-standing conjecture stated in Burns-Katok
[BK85] (and probably considered even before):

CONJECTURE 1. [BK85, Prob. 3.1| If g and gy are two negatively curved
metrics on a closed manifold M , and if they have the same marked length spec-
trum, i.e., Ly = Ly, , then they are isometric; i.e., there exists a smooth diffeo-
morphism ¢ : M — M such that ¢*g = go.

Note that if ¢ : M — M is a diffeomorphism isotopic to the identity, then
Ly+g, = Lg,. The analysis of the linearised operator at a given metric gg is
now well understood, starting from the pioneering work of Guillemin-Kazhdan
|GK80|, and pursued by the works of Croke-Sharafutdinov [CS98|, Dairbekov-
Sharafutdinov [DS03| and more recently by Paternain-Salo-Uhlmann, [PSU14],
[PSU15| and the first author [Guil7al. It is known that the linearised operator,
the so-called X -ray transform, is injective for non-positively curved manifolds
with Anosov geodesic flows in all dimensions, and for all Anosov geodesic flows
in dimension 2. These works imply the deformation rigidity result: there is no
1-parameter family of such metrics with the same marked length spectrum.

Concerning the non-linear problem (Conjecture 1), there are only very
few results; in dimension 2 and non-positive curvature, a breakthrough was
done by Otal [Ota90] and Croke [Cro90] who solved that problem.! It was
extended by Croke-Fathi-Feldman [CFF92| to surfaces when one of the met-
rics has non-positive curvature and the other has no conjugate points. Katok
[Kat88| previously had a short proof for metrics in a fixed conformal class, in
dimension 2, and his proof can be easily extended to higher dimensions. Be-
side the conformal case, for higher dimension the only known rigidity result
is due to Hamenstadt [Ham99|, based on the celebrated entropy rigidity work
of Besson-Courtois-Gallot [BCG95]. She showed that if two negatively curved
metrics g and gg on M have the same marked length spectrum and if the Anosov
foliation of go is C, then Voly(M) = Voly (M). Thus, as L, determines the
topological entropy, the results of [BCG95| imply Conjecture 1 when gg is a
locally symmetric space. For general metrics, the problem is largely open. We
refer to the surveys/lectures of Croke and Wilkinson [Cro90|, [Will4] for an
overview of the subject. The main difficulty to obtain a local rigidity result is
that the linearised operator takes values on functions on a discrete set and is
not a tractable operator to obtain non-linear results.

Conjecture 1 actually also makes sense for Anosov geodesic flows without
the negative curvature assumption.

Our first result is a local rigidity statement that says that the marked
length spectrum parametrises locally the isometry classes of metrics. As far

!Otal’s work was in negative curvature and Croke’s paper in non-positive curvature.
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as we know, this is the first (non-linear) progress towards Conjecture 1 in
dimension n > 3 for general metrics.

THEOREM 1. Let (M, go) be

o cither a closed smooth Riemannian surface with Anosov geodesic flow,
e or a closed smooth Riemannian manifold of dimension n > 3 with Anosov
geodesic flow and non-positive sectional curvature,

and let N > 3n/2 4+ 8. There exists € > 0 such that for any smooth metric g
with the same marked length spectrum as go and such that ||g — gollo~ (ary <€,
there exists a diffeomorphism ¢ : M — M such that ¢*g = gq.

We actually prove a slightly stronger result in the sense that ¢ can be
chosen to be in the Hélder space OV with (N,a) € N x (0,1) satisfying
N + o > 3n/2+ 8. Note also that e > 0 is chosen small enough so that the
metrics g have Anosov geodesic flow too. This result is new even if dim(M) =
2, as we make no assumption on the curvature. If dim(M) > 2 and g is
Anosov, the same result holds outside a finite-dimensional manifold of metrics;
see Remark 4.1. This implies the following result supporting Conjecture 1:

COROLLARY 1.1. Let (M, gg) be an n-dimensional compact Riemannian
manifold with negative curvature, and let N > 3n/2+8. Then there exists € > 0
such that for any smooth metric g with the same marked length spectrum as go
and such that [|g — gollon(ary < €, there exists a diffeomorphism ¢ : M — M
such that ¢*g = go.

Since two C%-conjugate Anosov geodesic flows that are close enough have
the same marked length spectrum, we also deduce that for gy fixed as above,
each metric g that is close enough to gy and has geodesic flow conjugate to that
of gg is isometric to g. This also leads us to ask the following natural question:
For gy a fixed negatively curved metric, is there a neighborhood of gy such
that each metric in this neighborhood with the same length spectrum as gg is
isometric to go? This question is closely related to the question of finiteness
of isospectral metrics asked by Sarnak in [Sar90], and at the moment we are
unable to answer it.

To prove these results, a natural strategy would be to apply an implicit
function theorem. The linearised operator, denoted I and called the X-ray
transform on tensors, consists in integrating 2-tensors along closed geodesics
of go (see Section 2.5). It is known to be injective under the assumptions of
Theorem 1 by [GK80], [CS98], [PSU14|, [PSU15|, [Guil7al, but as mentioned
before, the main difficulty in applying this to the non-linear problem is that I,
maps to functions on the discrete set C, and it seems unlikely that its range
is closed. To circumvent this problem, we use some completely new approach
from [Guil7al that replaces the operator I by a more tractable Fredholm one,
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which is constructed using microlocal methods in Faure-Sjostrand [FS11] and
Dyatlov-Zworski [DZ16]. This new operator, denoted by Il and related to
the variance of Anosov flows, plays the same role as the normal operator I3/
that is strongly used in the context of manifolds with boundary. On the other
hand, Il is not constructed from I5. The additional crucial ingredient that
allows us to relate the operators I and Il is a “positive Livsic theorem” due
to Lopes-Thieullen [LT05]. We manage to obtain a sort of stability estimate
for the X-ray operator with some loss of derivatives that is sufficient for our
purpose. A corollary of this method is a completely new stability estimate for
the X-ray transform on divergence-free tensors that quantifies the smallness of
a divergence-free symmetric m-tensor f € C*(M;S™T*M) (for m € N,a > 0)
in terms of the supremum of its integrals ﬁ /. ” f over all closed geodesics vy of
go; see Theorem 5.

Combining these methods with some ideas developed by Croke-Dairbekov-
Sharafutdinov [CDS00] and the second author [Lefl19] in the case with bound-
ary, we are able to prove a new rigidity result that has similarities with the
minimal filling volume problem appearing for manifolds with boundary and is
a problem asked by Croke in [Cro04, Question 6.8].

THEOREM 2. Let (M, go) be as in Theorem 1, and let N > 5 + 2. There
exists € > 0 such that for any smooth metric g satisfying ||g — gollcn < €, the
following holds true: if Ly(c) > Lg,(c) for all conjugacy class ¢ € C of m (M),
then Volg(M) > Volg (M). If, in addition, Voly(M) = Volg, (M), then there
exists a diffeomorphism ¢ : M — M such that ¢*g = go.

Again, in the proof, we actually just need g € CN® with (N, a) € Nx(0,1)
satisfying N 4+ a > n/2 + 2. This result (but without the assumption that g
is close to gg) was proved by Croke-Dairbekov [CDO04| for negatively curved
surfaces and for metrics in a conformal class in higher dimension (by applying
the method of [Kat88]). Theorem 2 is the first general result in dimension
n > 2 and is new even when n = 2 as we do not assume negative curvature.

Next, we get Holder stability estimates quantifying how close are metrics
with close marked length spectrum. In that aim we fix a metric go with Anosov
geodesic flow and for g close to gy in some CV (M) norm, define

L(g) € £2(C), Llg) =7+
90
We are able to show (here and below, H*(M) is the usual L?-based Sobolev
space of order s € R on M) the following:

THEOREM 3. Let (M, go) satisfy the assumptions of Theorem 1 and let
N > 3n/2+ 8. For all s > 0 small, there are a positive v = O(s) and a
constant C > O such that the following holds: there exists € > 0 small such that
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for any CN metric g satisfying ||g — gollen iy < €, there is a diffeomorphism
¢ close to Id such that

16*9 = gollr-1-+ary < Cllg = gollEiars 11£09) — Ul ),

where 1(c) := 1 for each ¢ € C.

We note that this Holder stability estimate is the first quantitative es-
timate on the marked length rigidity problem. It is even new for negatively

curved surfaces where the injectivity of g — L, (modulo isometry) is known
by [Cro90], [Ota90].

We conclude by some finiteness results. On a closed manifold M, we
consider for v; > vy > 0, 0y > 0 and Cy > 0 the set of smooth metrics g with
Anosov geodesic flow satisfying the estimates (2.2), where the constants C, v
verify C' < Cy, v € [v,v1] and dg(Es, Ey,) > 0 if dg denotes the distance
in the Grassmannian of the unit tangent bundle SM induced by the Sasaki
metric. We write A(vg, 11, Co, 6p) for the set of such metrics. This is a closed
set that consists of uniform Anosov geodesic flows. For example, metrics with
curvatures contained in [—a?, —b?] with a > b > 0 satisfy such a property
[K1i82, Th. 3.2.17]. In what follows, we denote by R4 the curvature tensor of g.

THEOREM 4. Let M be a smooth closed manifold and let vy > vy > 0,
Co > 0 and g > 0. If dimM = 2, for each sequence of positive numbers
B := (Bg)ken, there are at most finitely many isometry classes of metrics g
in A(vg, v1, Co, 0y) satisfying the curvature bounds |V§Rg\g < By and with the
same marked length spectrum. If dim M > 2, the same holds true if in addition
g have non-positive curvature.

Restricting to negatively curved metrics we get the following finiteness
results (new if dim M > 2):

COROLLARY 1.2. Let M be a compact manifold. Then, for each a > 0 and
each sequence B = (By)ken of positive numbers, there are at most finitely many
smooth isometry classes of metrics with sectional curvature bounded above by
—a? < 0, curvature tensor bounded by B (in the sense of Theorem 4) and the
same marked length spectrum.

We remark that the C°° assumptions on the background metric gg in all our

results and the boundedness assumptions on the C* norms of the curvatures in

Theorem 4 can be relaxed to C* for some fixed k depending on the dimension.?

2The smoothness assumptions come from the fact we are using certain results based on
microlocal analysis; it is a standard fact that only finitely many derivatives are sufficient for
microlocal methods.
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2. The marked length spectrum and its linearisation

2.1. Marked length spectrum. We consider a smooth manifold M equipped
with a smooth Riemannian metric g. We let 71 (M) be the fundamental group
of M and C be the set of conjugacy classes in 71 (M). It is well known that C
corresponds to the set of free-homotopy classes of M. Assume now that the
geodesic flow ¢; of g on the unit tangent bundle SM is Anosov. We will call
Anosov manifolds such Riemannian manifolds and let

A= {g € C®(M;S1T*M);g has Anosov geodesic flow}.

Along the paper, S™1T*M denotes the bundle of symmetric tensors of order m
on M, and S?rT *M denotes the Riemannian metrics on M. We recall that ¢
with generating vector field X is called Anosov if there exist some constants
C > 0 and v > 0 such that for all z = (z,v) € SM, there is a continuous
flow-invariant splitting

(2.1) T.(SM) =RX(2) ® E,(2) ® Es(2),

where Es(z) (resp. Ey(2)) is the stable (resp. unstable) vector space in z, which
satisfy

22) |dipe(2) £lpu(z) < Ce™[€l: V> 0,8 € Ey(2),

‘th(Z)'g‘wt(z) < Ce_u‘tl‘ﬂz Vi <0,§ € Eu(z)

Here the norm is given in terms of the Sasaki metric of g. By Anosov structural
stability [Ano67], [AILMMS6], A is an open set. In particular, a metric g € A
has no conjugate points (see [K1i74]) and there is a unique geodesic v, in each
free-homotopy class ¢ € C. We can thus define the marked length spectrum of
g by (1.1).

It will also be important for us to consider the mapping g — L, from the
space of metrics to the set of sequences. In order to be in a good functional
setting and since we shall work locally, we fix a smooth metric g9 € A and
consider the metrics g in a neighborhood U, of go in CN(M;S2T*M) for
some N large enough and that will be chosen later. We can consider the map

(2.3) L:Uyy —17(C), L(g)(c) = Ij?;((cc)),
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which we call the gg-normalized marked length spectrum. We notice from the
definition of the length that £(g) € [0, 2] if g < 2gp, justifying that £ maps to
2°(C).

PROPOSITION 2.1. The functional (2.3) is C? near go if we choose the
C3(M; SiT*M) topology. In particular, there is a neighborhood

Uy, C C3(M; SIT*M)
of go and C = C(go) > 0 such that for all g € Uy,,
(2.4) 1£(g) = 1= dLgy(9 = 90)le=(c) < Cllg = gollEsary-

Proof. Let M := Sy, M be the unit tangent bundle for go and Xy the
geodesic vector field. We use the stability result in the work of de la Llave-
Marco-Moryion [dILMMS86, App. A| (see also the proof of [DGRS18, Lemma
4.1]), which says that there are a neighborhood Vy, in C?(M;TM) of X, and
a C? map X € Vx, — Ox € CY%(M) such that for each X € Vx, and each
fixed periodic orbit vx, of Xy, there is a closed orbit yx freely-homotopic to
vx, and the period £(vx) is C? as a map X € Vx, — {(yx) € Rt given by

lx)= | Ox.
Yxq
In particular, we see that X € Vx, — £(vx)/¢(7x,) is C? and its derivatives
of order j = 1,2 are bounded:
[ £(vx )/ L(vx0) o2 < Sup | 0x | c2co < C
X0

for some C' depending on Vx, but uniform in yyx,. Now we fix ¢ € C and
choose the geodesic v.(go) for go as being the element vy, above, and we take
Uy, as a small neighborhood of gg in the C3 topology. The map X : g €
Uy, — Xy € C*(M;TM) is defined so that X, is the geodesic vector field
of g, where we used the natural diffeomorphism between M = S, M and
SgM = {(z,v) € TM;g,(v,v) = 1} obtained by scaling the fibers to pull back
the field on M. It is a C* map between the Banach space C3(M;S2T*M)
and C?(M;TM). Thus the composition g —> £(vx,), which is simply the map
g~ Ly(c), is C% on Uy, and the second derivative is uniformly bounded in Uy, .
The inequality (2.4) follows directly. O

2.2. The X-ray transform. The central object on which stands our proof is
the X-ray transform over symmetric 2-tensors, which is nothing more than the
linearisation d£ that appeared in Proposition 2.1. It is a direct computation,
which appeared already in [GKS80], that for h € C3(M; S*T*M)

1 Lgy(c) . .
(@(o0)1)(@) = g [ Bt o). 30
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where ~.(t) is the geodesic for go homotopic to ¢ and 4.(¢) its time derivative.
This leads us to define the so-called X-ray transform on 2-tensors for go,

I§° : C3(M; S*T* M) — £>(C),

2.5 Lgo(c)
( ) Igoh(c) = Lgl(c)/o h’yc(t)(;)/c(t)ﬂ;yc(t))dt'

Note that if ¢y is the geodesic flow for gg (the flow of X, ), this can be rewritten

as

: / ) (e
Z 9
Lgy(c) Jo i

where z € 4, is any point on the closed orbit. Here, for m € N, we denote by

I$h(c) =

7, the natural continuous maps (for all £ € NU {oc})
T 2 CHMS™T*M) — CH(SM), f o (), f) (@, v) = f(a) (@),

where we now use SM as a notation for the unit tangent bundle for gg. More
generally, if we define the X-ray transform on SM by

1 Lgq (<)
(2.6) 1% : COSM) = £2°(C),  I®h(c) = / O b)) dt
Lgo (C) 0
with z € ~., we will also define the X-ray transform on m-tensors to be the
operator (for m € N) defined on CO(M; S™T*M) by

2.7 90 .= 197 .
m m

When the background metric is fixed, we will remove the gg index and just write
I),, I instead of 199, 190, There is also a dual operator acting on distributions

Tms : CT°(SM) — CT°(M; S"T*M), (Tmst, ) = (u, 70, f),

where (-, ) denotes the distributional pairing.
Let H*(SM) (vesp. H*(M;S™T*M)) denote the L?-based Sobolev space
of order s € R on SM (resp. on m-tensors on M). We note that for all s € R,
the following maps are bounded:
(2.8)
mr, HS(M; STT*M) — H*(SM), Ty : H3(SM) — H*(M;S™T*M).

Let us now explain the notion of solenoidal injectivity of the X-ray trans-
form. If V denotes the Levi-Civita connection of gy and o : @ T*M —
S™HT* M the symmetrisation operation (defined to be a projection), we define
the symmetric derivative D := ooV : C*®°(M; S™T*M) — C®(M; S™1T*M).
The divergence operator is its formal adjoint given by D* f := —Tr(V f), where
Tr: C°(M; S™T*M) — C*°(M; S™2T*M) denotes the trace map defined by
Tr(q)(viy ... vm—2) = Y11 q(es, €,01, ..., Um—2), if (e1,...,ep) is a local or-
thonormal basis of TM for go. If f € C**(M; S™T*M) with (k,a) € Nx(0,1),
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there exists a unique decomposition of the tensor f such that
(2.9) f=f+Dp, D'f*=0,

where f* € CHY(M;S™T*M) and p € CF1¥(M; S 1T*M) (see [Sha94,
Th. 3.3.2]). The tensor f* is called the divergence-free part (or solenoidal
part) of f. It is direct to see that for each f € C*(M;S™T*M), we have
w1 Df = X, f and that for u € C¥(SM) with k > 1, we have I(Xu) = 0 if
X = X, is the geodesic vector field for go on SM. This implies that for £ > 1,

Vf e C¥M;S™T*M), In1(Df)=0.

Thus in general it is impossible to recover the exact part Dp of a tensor f from
I, f. We now recall some results about solenoidal injectivity of I,,,, defined as
the property

(2.10) ker I, N C*°(M; S™T*M) Nker D* = 0.

PROPOSITION 2.2. Let (M, go) be a smooth Riemannian manifold, and
assume that the geodesic flow of gy is Anosov. Then I, is solenoidal injective
in the sense of (2.10) when

(1) m=0 orm=1 (see [DS03, Th. 1.1 and 1.3|);
(2) m € N and dim(M) = 2 (see |Guil7a, Th. 1.4]);
(3) m € N and go has non-positive curvature (see [CS98, Th. 1.3]).

The case (2) with m = 2 was first proved in [PSU14, Th. 1.1]. We no-
tice that similar results have also been obtained in the case of domains with
strictly convex boundary in R" in relation with spectral rigidity. For example,
de Simoi-Kaloshin-Wei [dSKW17, Th. 4.9] prove an injectivity result similar to
Proposition 2.2 for domains with Z? symmetry close to the circle; the billiard
dynamic is of course very different from our case. More generally, we refer to
the books of Petkov-Stoyanov [PS92], [PS17|, where a variety of topics relat-
ing the length spectrum and the Laplace spectrum of a billiard problem in a
domain of Euclidean space is discussed.

3. The operator II and stability estimates

In this section, we briefly review the results of the paper |Guil7a| and, in
particular, the operator II defined there. As before we assume that (M, gg) has
Anosov geodesic flow and let X = X be its geodesic vector field.

3.1. The operator Il. Since X preserves the Liouville measure p, the opera-
tor —i X is an unbounded self-adjoint operator on L%(SM) := L?(SM,du). The
L?-spectrum is then contained in R, and the resolvents Ry ()) := (=X £ )~}
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are well defined and bounded on L?(SM) for Re(\) > 0; they are actually
given by the converging expressions

ReiG) = [N, R05G = [

—00

In [FS11|, Faure-Sjostrand (see also [BLO7|, [DZ16]) proved that for Anosov
flows, there exists a constant ¢ > 0 such that for any s > 0,7 < 0, one can
construct a Hilbert space H"™*® such that H*(SM) C H™® C H"(SM) and
—X — X : Domyrs(X) — H"® (with Domyrs(X) := {u € H"*; Xu € H"*})
is an unbounded Fredholm operator with index 0 on Re(A) > —cmin(|r], s);
for —X + A, the same holds with a Sobolev space H®" satisfying the same
properties as above. Moreover, —X =+ \ is invertible on these spaces for Re(\)
large enough, and the inverses coincide with Ry (A) when acting on H*(SM)
and extend meromorphically to the half-plane Re(\) > —cmin(|r|,s), with
poles of finite multiplicity.

An Anosov geodesic flow is mixing [Ano67|, and R4 () has a simple pole
at A = 0 with rank-1 residue operator ([Guil7a, Lemma 2.5]). One can then

write the Laurent expansion?

31)  Re(\) = % + Ry+O(N), R_(\) = —1%“ _ Ry + O,

where Ry, Ry : H*(SM) — H"(SM) are bounded. The operator II is then
defined by

(3.2) I := Ry + R,
The following theorem was obtained by the first author in [Guil7a]:
PROPOSITION 3.1 (|Guil7a, Th. 1.1]). The operator
I : H*(SM) — H"(SM)

is bounded, for any s > 0,r < 0, with infinite dimensional range, dense in the
space of invariant distributions C; °°(SM) = {w € C™°(SM); Xw = 0}. It is
a self-adjoint map H*(SM) — H™*(SM), for any s > 0, and it satisfies

(1) for all f € H5(SM), XIIf = 0;

(2) for all f € H*(SM) such that X f € H*(SM), IXf =04

If f € H(SM) with (f,1);2 = 0, then f € ker I if and only if there exists a
solution w € H5(SM) to the cohomological equation Xu = f, and u is unique
modulo constants.

3Up to assuming that the Liouville measure y is normalised to have mass 1.
“In [Guil7al, it is shown that IIX f = 0 if f € H*t'(SM), but this implies the result by
a density argument and the approximation result [DZ19, Lemma E.47].
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We also add the following property:
(3.3) 1 =0

which follows directly from Ri(A)1 = £1/X. The link between the X-ray
transform I and the operator II is rather unexplicit and given by the Livsic
theorem [Liv72|. For instance, if f € C°°(SM) is in the kernel of the X-ray
transform, i.e., If = 0, then we know by the smooth Livsic theorem that
there exists u € C>°(SM) such that f = Xu and thus IIf = I[IXu = 0 by
Theorem 3.1(ii).

Remark 3.1. In the study of the X-ray transform on a manifold with bound-
ary, it is natural to introduce the normal operator I*I. It satisfies X I*Iu = 0
for any u € C*° and I"I Xu = 0 if u vanishes on the boundary. For closed man-
ifolds, the operator II is the replacement of the operator I*I used for manifolds
with boundary (e.g., in [PU05|, [Guil7b], [SUV17, Lef19]). It is also related to
the variance of Anosov flows with respect to Liouville measure, which appears
in the study of mixing.

3.2. The operators Il,,. For m € N, we introduce the operator I, :=
TmsIm, mapping C°(M; S™T*M) to C~°(M;S™T*M). In |Guil7a], the
first author studied the microlocal properties of II,, by using, in particular, the
works [FS11], [DZ16].

PROPOSITION 3.2 ([Guil7a, Th. 3.5, Lemma 3.6]). The operator 1L, is
a pseudodifferential operator of order —1 that is elliptic on solenoidal tensors
in the sense that there exists pseudodifferential operators Q, S, R of respective
order 1, —2, —o0 such that

QI,, = Id + DSD* + R.

Moreover, for any s > 0, lIn}, «+ H=*(M;S™T*M) Nker D* — H™*(SM) is
bounded. When restricted to

{f e HP(M;S™T*M); f € ker D*, (7, f, 1) r2(sar) = 0},
it is injective if I, is solenoidal injective in the sense of (2.10).
This results implies the following stability estimate:

LEMMA 3.3. Assume that I, is solenoidal injective in the sense (2.10).

For all s > 0, there exists a constant C' > 0 depending on go, s such that for all
fe H*(M;S™T*M) Nker D*,

(3.4) £l s ary < CUMmy, fll -5 ary + Kmm fr 1 p2sanl)-

°In Lemma 3.6 in [Guil7a], there is a typo: for the injectivity of IIz},, one needs to act
on distributions vanishing on constants.
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Proof. This is actually a consequence of Proposition 3.2. We know that
there exist pseudodifferential operators @, S, R of respective order 1, —2, —00
on M such that

QIL,, =1d+ DSD* + R.
For each f € H™%(M;S™T*M) with D*f = 0, we have IIn; f € H *(SM) by
Theorem 3.2. Then then exists C' > 0 (which may change from line to line)
such that for all such f,

£l < CURUm fll s+ + | RF || r-+-1)
< O dlmy fllgr-s + |Rf | gr-s-1)
< (||, flla-s + [ RF o),

where we used (2.8) and the boundedness of pseudodifferential operators on
Sobolev spaces. The proof now boils down to a standard argument of functional
analysis. Assume (3.4) does not hold. Then, one can find a sequence of tensors
fn € H=5(M; S™T*M) Nker D* such that || f,||g-s—1 = 1, and thus

L= (| fallz=s-1 = (0, foll m-s + (7m0 fo, 1) 22]),

i.e., II7%, fr—noo 0in H% (and thus, in particular, in H=*~!) and (r}, f,,, 1) 12
— 0. Since R is compact and (f,)nen is bounded in H~7!, we can assume
(up to extraction) that Rf, —n s v € H=5~1. By the previous inequality, we
deduce that (f,)nen is a Cauchy sequence in H—*~! which thus converges
to an element f € H ~Y(M;S™T*M) N ker D* such that ||f||g-s1 = 1
and (7}, f,1);2 = 0. The operator Iz} : H*"! — H—*"! is bounded
by Proposition 3.2 so 7}, f, —=nooeo 0 = Il7), f, and it is also injective on
ker D* N {f; (m, f,1)2 = 0} so f = 0. This is a contradiction. O

Remark 3.2. With a bit more work, we can actually get a better estimate
with a —(s 4+ 1/2) Sobolev exponent on the left-hand side of (3.4).

4. Proofs of the main results

As before, we fix a smooth Riemannian manifold (M, go) with Anosov flow.
We shall consider metrics g with regularity CN® for some N > 3, a > 0 to be
determined later and such that ||g — go||cn.e < € for some € > 0 small enough
so that ¢ also has Anosov flow.

4.1. Reduction of the problem. The metric go is divergence-free with re-
spect to itself: D*gy = —Tr(Vgg) = 0, where the Levi-Civita connection V and
trace Tr are defined with respect to gg. By a standard argument, there is a slice
transverse to the diffeomorphism action (¢, g) — ¢*g at the metric go; here ¢
varies in the group of CV 14 diffeomorphisms on M homotopic to the identity.
We shall write Diffév’o‘(M ) for the group of CN®(M) diffeomorphisms homo-
topic to the identity Id, with N > 2,a € (0,1). Since L(¢*go) = L(g0) = 1
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for all ¢ € Diffév Jrl’O‘(M ), it suffices to work on that transverse slice to study
the marked length spectrum. This fact is classical and probably goes back to
[Ebi68| but we still provide a proof for the sake of completeness. (A proof is
also written in [CDS00, Th. 2.1] for the case with boundary.) We recall that
go is assumed to be smooth.

LEMMA 4.1. Let N be an integer > 2 and o € (0,1). There exist € > 0
and C > 0 such that for any g satisfying ||g — gollov.e < €, there exists a
unique ¢ € DifféVH’O‘(M) close to Id in the CNTL topology such that ¢*g is
divergence-free with respect to the metric gy and

1¢*9 — gollowa < Cllg — gollonea-
Moreover, the map g — ¢ is smooth.

Proof. We will apply the inverse function theorem in Banach spaces. Con-
sider the map CNTL(M; TM) 3 V = ey := x s exp,(V(x)) € Diffg 1 (M)
(where the exponential map is taken with respect to gp); it is a well-defined
smooth diffeomorphism for V' € Uy, a small CV*+1-% neighborhood of the zero

section, onto a neighborhood of the identity in DifféVH’a(M). We define

Uy x ONY(M; S?°T* M) — ON=Le(M; S2T* M),
1 -
(Vi f) = Dg,(ey-(g90 + f))-

We want to solve locally the equation F1(V(f), f)=0. Note that e, (go + f) €
CNYM;S?°T*M) if V e CN*tLe (M, TM). However, there is a subtle problem
here coming from the fact that Fy is not smooth in a neighborhood of (0,0)
but only differentiable. This would not prevent us from applying the inverse
function theorem, but the regularity of the map f — ¢ = ey () would only
be C'. Indeed, if we take f # 0, then g := go + f € CN¥(M; S?T*M), and for
each smooth vector field Wy, Wa,

(4.1) (ev9)e(W1,W2) = ge,, (o) (dey ()W, dey () W2)

so that differentiation with respect to V' of the divergence of (4.1) falls into the
space CN=2(M; S2T*M) but not in CN=1e(M; S>T*M). However, remark
that

(4.2) evyo Dy ocey =D .,

*
g

Therefore, we rather consider

Thus, solving D} e}, (f + go) = 0 is equivalent to solving D} , (f + go) = 0.

€v 90

. Uy x ON(M; S?2T* M) — ON=Le(M; S?T* M),
2 -
(V7 f) = D:V*go(f + g0)7
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and we want to solve Fo(V(f),f) = 0 in a neighborhood of (0,0). Since
go is smooth, the map Fj is smooth. Since dey = Id (because the differen-
tial of the exponential map exp, at 0 is the identity), we see from (4.2) that
dvFz0,0) = dvFi(0). As a consequence, by the implicit function theorem,
solving Fo(V'(f), f) = 0 in a neighborhood of (0,0) amounts to proving that
dv F1(9,0) is an isomorphism. The differential of Fy at (0,0) is given by

dv Fi(00)Z = Dj,(Lz90) = 2D, Dy, (Z%),

for Z € CN+tLe(M;TM), where f : TM — T*M is the musical isomorphism in-
duced by the metric gg, and this maps CN T4 (M; TM) — CN=be(M; S2T*M).
But Dy Dy, is an elliptic differential operator of order 2, and its kernel is the
kernel of Dgy,, which in turn reduces to 0 by ergodicity of the flow: indeed,
if Z € ker Dy,, then Z is a Killing field and X7 (Z*) = 0, thus the 1-form
Z% vanishes identically. As a consequence, Dy Dy, - CNFTLe (M T*M) —
CN=L(M;T*M) is an isomorphism. By the implicit function theorem, there
exist a neighborhood U C Uy and a smooth map f — V(f) mapping

CN(M; S*T* M) — CNTLY(M; S2T* M)

such that Fo(V(f),f) = 0 for all f € U; ie., F1(V(f),f) = 0. Moreover,
V(f) is the unique solution to Fy(V, f) = 0 in this neighborhood, and we set
¢ := ey(p). Note that if || f||on.e is small enough, |V (f)|lcy+1.a < Ol f[lena
for some C' > 0 depending on gg, and ||¢ — Id||[onvt1.a < C/fllon.e as well.

Thus for f =g — go, [|¢0°9 — gollcve < Cllg — gollove if [|[g — gollgn.a is small
enough, and C' > 0 depends only on gg. O

We introduce f := ¢*g—go € CN¥(M; S>T* M), which is, by construction,
divergence-free and satisfies || f||ov.o < . Our goal will be to prove that f = 0,
if 0 is chosen small enough and L, = Lg,.

4.2. Geometric estimates. We let g, gy be two C3-metrics with Anosov
geodesic flow.

LEMMA 4.2. Assume that Ly(c) > Lg,(c) for each ¢ € C. If 7. denotes the
unique geodesic freely homotopic to ¢ for go, then

185 = [ w0,

Ve

Proof. We denote by . the g-geodesic in the free-homotopy class ¢. One
has

[ mi=[ ma- [ ma=Ey00) - Lu(e)
c Ve Ye
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where Eg(v.) = fogo g% y(Ye(t), Ye(t))dt is the energy functional for g.
By using Cauchy-Schwartz, E g(ve) > L (’y) /g (e), and since . is freely-
homotopic to ¢, we get £g(ye) > £4(v.). Since Ly()) > Lg,(7e) by assumption,
we obtain the desired inequality. ([l

Next, we can use the following result:

LEMMA 4.3. There exists € > 0 small such that if ||g — gol|co < € and
Voly (M) < Volg, (M), then with f := g — go,

. 2
[ wt i< S,

Proof. Let g, := go + 7f with f € C3(M;S*T*M). A direct computation
gives that [y, Try,(f)dvolg, = [q,, 75 fdp. Then the argument of [CDS00,
Prop. 4.1] by Taylor expanding Vol, (M) in 7 directly provides the result. O

Finally, we conclude this section with the following:

LEMMA 4.4. Assume that I§° f(c) > 0 for all ¢ € C. Then, there exists a
constant C' = C(go) > 0 such that

(43) 0< [ w3t du< C(1I1£) = e + 1/ I2san)

where du is the Liouville measure of go and g = go + f as above.

Proof. For the Anosov geodesic flow of gg, the Liouville measure is the
unique equilibrium state associated to the potential given by

J"(2) = =0y (det dpi(2)| g, (»)) li=0

(the unstable Jacobian). By Parry’s formula (see [Par88, Paragraph 3|), we
have
(4.4)

WF € CO(SM),  lim — / Fn
Ye

T—oo N(T) el L (e)< Vol SM)
where, as before, 7, is the gop-geodesic in ¢ and N(T') is the constant of nor-
malisation corresponding to the sum when F' = 1. The first inequality in (4.3)
then follows from that formula and the assumption I3° f > 0. For the second
inequality in (4.3), we use Proposition 2.1 with the fact that dLq, f = %Iéqof to
deduce that there exists C(gg) > 0 such that

(4.5) 15° flle ey < 211£(9) = Lllesee) + Cg0)lI F1IEs-
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Thus, for any T' > 0, we get

1 Ju
N(T) > el I f(e) <5 fllese
(4.6) ¢€C,Lg, (c)<T
< 2[|£(g) — L= (c) + Cl90)lI FlIEs,
and the left-hand side converges to W Jsps 75 f dp by Parry’s formula (4.4),
which is the sought result by letting 7" — oc. ]

We note that in the previous proof, the approximation of [q,, 75 f by
I£° f(c) could also be done using the Birkhoff ergodic theorem and the Anosov
closing lemma to approximate [q,, 73 f by some I3 f(c) for some ¢ € C so that
Ly, (c) is large.

The following lemma is another key ingredient in the proof of our main
results. It is a positive version of Livsic theorem that was proved by Lopes-
Thieullen [LTO05].

ProprosITION 4.5 (|[LT05, Th. 1]). Let a € (0,1], and let Xo be the geo-
desic vector field of go. There exist a constant C = C(gp) > 0 and B € (0,1)
such that for any u € C*(SM) satisfying

Ve e C, /uZO,

c

there exist h € C*8(SM) and F € C*3(SM) such that F > 0 and u+Xh = F.
Moreover, ||F||cas < C|lul/ce.

4.3. Proof of Theorems 1 and 2. We fix gg with Anosov geodesic flow on
M and assume that either M is a surface or that gy has non-positive curvature
in order to have that I§° is solenoidal injective by Proposition 2.2. Fix N > 3
to be chosen later and « > 0 small. As explained in Lemma 4.1, we take
d > 0 small and € > 0 small so that ||g — gol[c~v.a < € implies that there is
¢ € Diffg ™1 (M) with [[¢*g — gollcv.a < & and D*(¢*g — go) = 0.

We write f := ¢*g—go and assume that Ly, > Lg,. This implies Lg+g > Ly,
thus I3° f(c) > 0 for all ¢ € C by Lemma 4.2. By Proposition 4.5, we know that
there exist h € C#(SM) and F € CP(SM) for some 0 < 3 < a (depending on
go and linearly on «) such that 73 f + Xh = F > 0, with

(4.7) Im2f + Xhlles < Cllma flloa < Cllfllce,

where C' = C(go). Take 0 < s < 8 very small (it will be fixed later), and let
B’ < B be very close to 8. Thus we obtain (for some constant C' = C(go, s, 3)
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that may change from line to line)

(4.8)
1fll-1-s < CM7T5f | -5 + [{75f, 1) 2]) (by Lemma 3.3)

< C(JII(m3 f + Xh)|| g-s + |[{(m5f + Xh,1)2]|) (since IIXh = 0)

< CO||75f + Xh| gs (by Proposition 3.1)

< C|=5f + Xh||1L§”||7r§f + XA} (by interpolation with v = ).
Note that by (4.7) we have a control
(4.9) Im3f + Xhll gor < Climgf + Xhllce < O fllce-

We can once more interpolate between Lebesgue spaces so that

(4.10)
w3 f + Xh| 2 < Cllms f + Xh||}2|msf + Xh|[[2 < Cllms f + Xh|| 2N Fllde.

Next, using that 73 f + Xh > 0, we have

(1) mf+ Xbllp = [ (mif+ Xhdp= [ wfdu
SM SM

We will now consider two cases. In case (1) we assume that Ly, = L, while
in case (2) we assume that Voly(M) < Volg (M). (Recall that we have also
assumed Ly > Lg;.) Combining Lemmas 4.2 and 4.4, we deduce that in case (1),

173 f + XAl < Ol f2s,

while in case (2), we get by Lemma 4.3 that if € > 0 is small enough,
175 f + Xhl[ g2 < Ol f|72-

These facts combined with (4.10) yield

CllflesIFllge case (1),

|73 f + Xhl|2 <
? CllflzlIfIE2 case (2).

Thus we have shown

14v
CIFIEIF Ik case (1),

I Fllaen < M e Wl
CIFIL" Nfllch  case (2),

where C' = C(go, s, 3). We choose a very small and 0 < s € f < a0, j € {a,3}
and Ny > n/2 + j + s. By interpolation and Sobolev embedding, we have

(4.12)

1-0; 0
(4.13) 1fllcs < W fllgmrzvivs < CNFI ==L F 7o
with 0; = % If No > 3n+8, we see that

yi=3(1—-0)1+v)+(1—03)(1—v)>1
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if s > 0 and « are chosen small enough, Thus in case (1) we get, with 4" :=
(14+v)0,/2+ (1 —v)0s,

1 llz=1- < ClFG=r— I F 1y -

Thus if f # 0, we obtain that if || f|| znv, <9,
1< CIFIRE - g < CUA "™ < €O

Since v — 1 + v’ > 0, we see that by taking § > 0 small enough we obtain a
contradiction, and thus f = 0. This proves Theorem 1 by choosing N > Nj.
In case (2) (corresponding to Theorem 2), this is the same argument except
that we get a slightly better result due to the L? norm in (4.12): Ny can be
chosen to be any number Ny > n/2 + 2. To conclude, we have shown that if
lg — gollcve < €for N € Nwith N+« >n/2+2, then Ly > Ly, implies that
either Vol,(M) < Vol (M) and ¢*g = go for some CNV*+1@ diffeomorphism
(thus actually Volg(M) = Volg,(M)), or Voly(M) > Voly, (M). Note that in
both cases, if g is smooth, then ¢ is smooth.

4.4. Stability estimates for X-ray transforms. We next give some new sta-
bility estimates for the X-ray transform. To the best of our knowledge, these
are the first such estimates in the closed setting. In the following, we will
consider the X-ray transform I,,, over divergence-free symmetric m-tensors.

THEOREM 5. Assume that (M, go) satisfies the assumptions of Theorem 1.
Then for all a > 0, there is B € (0, «) depending linearly on « such that for all
s € (0,8) and for all v € (s/B,1), there exists a constant C > 0 such that for
all f € CYM;S™T*M) Nker D*,

1Fllzz=1-s < C\ T2 £S5 £ G

Proof. The proof is essentially the same as Theorem 1. We use Lemma 3.3.
Then Proposition 4.5 applied with 7, f + || 190 f|| s yields

T + Xh = =7 fllee + F

for some h, F € O such that ||[F||cs < C||f|lce and F > 0. We obtain, as
n (4.8)—(4.11), that for all 0 < o < 1 small, there is 0 < 8 < « depending
on go and linearly on « such that for all 0 < s < 8/ < 3, and for all f €
C*(M; S™T*M) N ker D*,
[f 1] =1 <C(||H7T Fl=s + {7 f, 1) 2])
(7 f + X[ - + [ f + X h, 1) 2])
<C|F |2 + 15 flle=e) TV IF = 1220 Flleoo Iy

<c(
(
1;1/ 1+v
<c(| [ mnsdu + 21 5le) 7 flE
SM
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for some C' depending only on (go, s, 3,5,a), v := s/8’. Using the first in-
equality of (4.6) with I3°f replaced by I%f together with (4.4), we get the
desired result. O

Remark 4.1. Note that v and s can be chosen arbitrarily small in the esti-
mate. In the general case of an Anosov manifold (without any assumption on
the curvature), the s-injectivity of the X-ray transform is still unknown. How-
ever, it was proved in [DS03, Th. 1.5] and [Guil7a, Lemma 3.6| that its kernel
is finite dimensional and contains only smooth tensors. The same arguments
as above then show that Theorem 5 still holds for all f as above with the extra
condition f L kerI,, with respect to the L? scalar product, and similarly for
Theorem 1, if g is not in a finite-dimensional manifold.

4.5. Stability estimates for the marked length spectrum. Proof of Theorem 3.
We will apply the same reasoning as before to get a stability estimate for the
non-linear problem (the marked length spectrum). We proceed as before and
reduce to considering f = ¢*g — g, where ¢ € DncJ?NJr1 (M) and || fllona < 0
with § = Cllg — go||cn.e for some C' > 0 depending only on gg. By Theorem 5
and using (4.5), we have for 0 < a small, 0 < s < o and §, v as in Theorem 5
(in particular, v, o, s can be made arbitrarily small):

£l gr=sm1 < CILIE £S5 ) G2
< C(|1£(g) = Ulgeo + [ £]12a) /2HfH (1-+v)/
<C (||L(g) — 1Hzoo /2”fH (140)/2 Hf||1C3VHfH (14v) /2)
We use the interpolation estimate (4.13), and for Ny > 3n/2 + 8, we get

(414) [l < C (I1£09) = 12N F1G2 + 1 F - F s )

where V= %(l_ea)(1+y)+(1_93)(1_y) > 17 7/ > 07 93 = %7 if
s > 0 and « > 0 are chosen small enough. Assume § is chosen small enough so

that C37~1 < 1/2. Then

1 —ea L oy < ClF = 1SR
< O||f -1 < 5 fll g,

if § > 0 is chosen small enough depending on C' = C(go, s,a, B,v) and N + «
> Ny. The sought result then follows from the previous inequality combined
with (4.14).

4.6. Compactness theorems and proof of Theorem 4. We let M be a closed
smooth manifold equipped with an Anosov geodesic flow. By the proof of
[Knil2, Th. 4.8], the universal cover M and the fundamental group m1 (M) are
hyperbolic in the sense of Gromov [Gro87]. We shall denote by R, the curvature
tensor associated to the metric g and by inj(g) the injectivity radius of g. We
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proceed by contradiction: let (g, )n>0 be a sequence of smooth metrics on M
in the class A(vp,v1,Co, 6p) (defined in the introduction) such that Ly, = Lg,
and such that for each k € N, there is By, > 0 such that [V* Ry |, < By for
all n. We assume that for each n # n’, g, is not isometric to g,s. Since the
metrics have Anosov flow, they have no conjugate points, and thus

inj(gn) = %Icne%l Ly, (c) = %lglelél Ly, (c).

By Hamilton’s compactness result [Ham95, Th. 2.3|, there is a family of smooth
diffeomorphisms ¢,, on M such that g}, := ¢ g,, converges to g € A(vy, v1, Co, 0p)
in the C* topology. (Note that A(vy,v1,Co,0y) is invariant by pull-back
through smooth diffeomorphisms.) Denote by ¢,, € Out(m(M)) the action
of ¢, on the set of conjugacy classes C. The universal cover M of M is a
ball since M has no conjugate points, and 71 (M) is a hyperbolic group, thus
we can apply the result of Gromov [Gro87, Th. 5.4.1] saying that the outer
automorphism group Out(m(M)) is finite if dim M > 3. This implies, in par-
ticular, that there is a subsequence (¢n,)jen such that ¢, (c) = én,,(c) for
all ¢ € C and all j € N, where as before C is the set of conjugacy classes of
m1(M). But ¢}, gn, have the same marked length spectrum as ¢y, go for all j,
thus Ly = Lg» 4, for all j. Since g, — g in C*°, we have Ly = Ly for all
n; ng J (]
j, and by Theorem 1, we deduce that there is jy such that for all j > jg, g;j is
isometric to g. This gives a contradiction.

Now, if dim M = 2, Out(m1(M)) is a discrete infinite group. We first
show that for each ¢ € C, the set of classes (¢, !).(c) € C is finite as n ranges
over N.  We proceed by contradiction and assume that this set is infinite.
Let v, be the geodesic for g, in the class ¢. Then our assumption implies that
Ly, (€) = Ly, (7) = gy (70). Now ¢, () is a g/, geodesic in the class (¢, 1).(c)
with length £y (6,1 (7)) = €g, (7n) = gy (70). We know that there are finitely
many g-geodesics with length less than £4,(70), but we also have

Lyg((¢n1)(0)) < Ly(n (7)) < Ly (67 (7)) (L + €) < Lgo(70) (1 +€),

if ||lg,, — gllcs < e. Thus we obtain a contradiction for n large. The extended
mapping class group® Mod (M) is isomorphic to Out(r1(M)) (see, for example,
[FM11, Th. 8.1]). By [FM11, Prop. 2.8],” if M has genus at least 3, there is
a finite set Cp C C such that if ¢, € Mod(M) is the identity on Cp, then ¢ is
homotopic to Id, while if M has genus 2, the same condition implies that ¢ is
either homotopic to Id or an hyperelliptic involution h. In both cases, we can
extract a subsequence ¢y, such that ¢,, = ¢n,, for all j > 0, and we conclude
as in the higher dimensional case.

SExtended in the sense that it includes orientation reversing elements.
"See also the proof of Theorem 3.10 in [FM11].
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