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A proof of Onsager’s conjecture

By PHILIP ISETT

Abstract

For any a < 1/3, we construct weak solutions to the 3D incompressible
Euler equations in the class C;Cy that have nonempty, compact support
in time on R x T3 and therefore fail to conserve the total kinetic energy.
This result, together with the proof of energy conservation for o > 1/3 due
to [Eyink] and [Constantin, E, Titi], solves Onsager’s conjecture that the
exponent a = 1/3 marks the threshold for conservation of energy for weak
solutions in the class L{°Cy. The previous best results were solutions in the
class C;C< for a < 1/5, due to [Isett], and in the class Li C% for o < 1/3 due
to [Buckmaster, De Lellis, Székelyhidi], both based on the method of convex
integration developed for the incompressible Euler equations by [De Lellis,
Székelyhidi]. The present proof combines the method of convex integration
and a new “Gluing Approximation” technique. The convex integration part
of the proof relies on the “Mikado flows” introduced by [Daneri, Székelyhidi]
and the framework of estimates developed in the author’s previous work.
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Part 1. Introduction

In this work, we consider weak solutions to the 3D incompressible FEuler
equations (posed on a periodic domain), which we write using the Einstein
summation convention and in divergence form as

(1) o' + V;(vivt) + Vip = 0, Vvl =0.
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For continuous velocity and pressure fields v : RxT3 = R3, p : RxT? — R, being
a weak solution to (1) is equivalent to (1) holding in the sense of distributions,
or to the equations

d
(2) dt/gv(t,:r) dx = /8Q v(t,z)(v-n)dS + /{mp(t,x)ndS,

3) /aﬂ o(t,z) - n(z) dS = 0

holding (as continuous functions of ¢+ € R) for all smooth subregions Q C T3,
where n = n(z) is the inward unit normal vector field on the boundary 0f2,
and dS = dS(x) is the surface measure on the boundary. Equations (2)-
(3) express the balance of momentum and balance of mass for the portion of
an incompressible fluid occupying the region €2, and they are equivalent to
(1) holding pointwise for solutions that are continuously differentiable. More
detailed discussions of the concept of a weak solution and its physical meaning
can be found in [DLS13a.

For C! solutions to (1) on a periodic domain, one can prove that any
solution on a time interval I is uniquely determined by its values v(to, z) at a
single initial time ¢o € I, and that the total kinetic energy := [1s 5|v[(¢, z)dx
is a constant function of time (i.e., v conserves energy). However, the simple
proofs of these results do not apply to weak solutions and, in fact, it has
been known since the startling discovery of Sheffer [Sch93] and later works
of [Shn97], [Shn00] that general distributional solutions to (1) in the class
v E L%z (R x R?) may fail to be unique, may fail to conserve energy, and may
even have compact support or have strictly decreasing total kinetic energy.

A longstanding open question has been to determine what degree(s) of
regularity must be assumed to guarantee uniqueness or conservation of energy
for weak solutions to (1). A folklore conjecture is that uniqueness should
fail when v € C* is replaced by v € C;C¢ for some a < 1. Regarding the
conservation of energy, one has the following conjecture, which originates from
a 1949 paper by the physicist and chemist Lars Onsager [Ons49]:

CONJECTURE 1 (Onsager’s conjecture, positive direction). If a > 1/3,
then (on a periodic domain and a time interval I), every weak solution to (1)
that satisfies the Holder condition

lw(t,x + Az) —v(t,z)| < C|Az|*  for allt € I,Ax € R
for some C > 0 must satisfy the conservation of energy (i.c., [rs 5|v/*(t,z) dx
is constant in time).
CONJECTURE 2 (Onsager’s conjecture, negative direction). For every a <
1/3, there exist (periodic) weak solutions to (1) that satisfy (1) (in other words,
v € LPCY) such that the conservation of energy fails (i.e., [ps 3|v[*(t,z)dx
fails to be constant in time).
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Onsager’s interest in the possibility of Conjecture 2 came from an effort
to explain the primary mechanism driving “anomalous dissipation of energy”
in turbulence in terms of “energy cascades” that are modeled by the advective
term present in the incompressible Euler equations rather than the viscosity
that is present in the Navier-Stokes equations. He asserted that Conjecture 1
was true to emphasize that, if anomalous dissipation of energy were indeed
possible for solutions to the Euler equations, one would have to consider so-
lutions with low regularity. (Onsager’s notion of “weak solution” was based
on an equivalent definition in terms of Fourier series.) For further discussion
of Onsager’s conjecture and its significance in turbulence theory, we refer to
[DLS13al, [ES06], [BT13], [Shv10]. See also [CSF12] and the references therein
for work on model equations for the energy cascade in the Navier-Stokes equa-
tions.

Following the proof of a slightly weaker version of Conjecture 1 by [Eyi94],
the positive direction of Onsager’s conjecture was proven by [CET94] using a
very short argument. The sharpest result available, obtained in [CCFS08],

1/3
3’/0(N) N C’,gLfC (on
1

either T" or R™) where B;/c ?ZN) denotes the closure of CZ° in the Besov space
1/3
B

3,00°
servation in Conjecture 2 may also hold in the endpoint case o = 1/3, and

[Eyi94], [CCFS08] provide examples that suggests that fluctuations in kinetic
energy should indeed be possible for o = 1/3. We refer also to [DR00], [Shv09],
[I016a], [CLFNLS15], [RRS16] for extensions of these results and alternative
proofs.

The first results towards the negative direction of Onsager’s conjecture
came in a breakthrough series of papers by De Lellis and Székelyhidi [DLS13b],
[DLS14] wherein the authors proved that the failure of energy conservation in
Conjecture 2 is possible for solutions in L{°C% if @ < 1/10. To achieve this
result, the authors adapted a method known as “convex integration” — which

proves conservation of energy for solutions in the class L} B

This result allows for the possibility that the failure of energy con-

has its origins in the work of Nash on constructing paradoxical C! isometric
embeddings [Nasb4] — to the (very different) setting of the incompressible
Euler equations (1). (See the survey [DLS15] for a thorough discussion.) Their
method involves explicitly constructing the velocity field v by adding a series of
increasingly high frequency, divergence free waves that are specially designed
as perturbations of a family of stationary solutions to 3D Euler known as
“Beltrami flows.” See [CDLS12], [Chol3] for extensions to dimension 2.

/3

. |
Functions in By’

have, roughly speaking, 1/3 of a derivative in the spatial variables in
a sense measured by an L? type norm, rather than the supremum type bound in (1). See

[CCFS08] for a precise definition.
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In [Ise13a], the author introduced improvements to the convex integration
scheme of [DLS13b], [DLS14] and established Conjecture 2 in the range o <
1/5. (See also [BDLS13], [BDLIS15] for a shorter proof that includes a result
on the existence of anomalous dissipation.) A central theme of the above
improvements concerns how to deal with the transport of high frequency waves
in the construction by a low frequency velocity field, and the importance of
improved estimates for the advective derivative 9; + v - V as part of improving
the regularity of the scheme. In [Isel3a], the author also presented a conjectural
“Ideal Case Scenario” that would imply Onsager’s conjecture, and investigated
the potential for convex integration to achieve this scenario if the method could
be sufficiently improved.

Another direction of research aimed at improvements towards Conjec-
ture 2 in weaker topologies was initiated by the work of Buckmaster [Bucl5],
who constructed CtC’%/ 5~¢ solutions that fail to conserve energy such that for
almost every t € R, the velocity field has Onsager critical spatial regularity
u(t,-) € C;/ e, Using a more involved construction, Buckmaster, De Lellis
and Székelyhidi [BDLS16] improved this result to obtain continuous solutions
in the class v € L} /3 (which means that (1) holds with o = 1/3 — ¢
not for all ¢ € I, but with a constant C(¢) depending on time such that
J;1C(t)|dt < 00). A possible target of this direction of research suggested in
[BDLS16] could be to obtain solutions in a class such as v € L?C;};/?’_e, as this
class would be borderline with the L? type spaces L;?’B;{c ?;(N) in which one is able
to prove energy conservation as in [CET94], [CCFS08|. However, obtaining im-
provements in the uniform topologies Ly°CS — with respect to which Conjec-
ture 2 is formulated above — appears to be far out of reach of these methods.

Our main theorem is the following, which implies a complete solution to
the negative direction of Onsager’s conjecture, Conjecture 2.

THEOREM 1. For any o < 1/3, there is a nonzero weak solution to in-
compressible Euler in the class®

v e O (R x (R/Z)%),p € CIG(R x (R/Z)?)

such that v is identically O outside a finite time interval. In particular, the
solution v above fails to conserve energy.

The strategy of proof for Theorem 1 will be to construct an iteration
scheme that establishes the key estimates of the Ideal Case Scenario conjec-
tured in [Isel3a, §§10, 13]. As in the previous works on Onsager’s conjecture
described above, a large part of this iteration scheme will be based on the

*We write f € Cyf, if there exists C > 0 such that |f(t + At,z + Az) — f(t,z)| <
C(|At] + |Az|)® uniformly in ¢, z, At, Az.
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method of convex integration. We will rely, in particular, on the framework of
estimates developed in [Isel3a], which had been designed originally to poten-
tially achieve the Ideal Case Scenario.

One of the main difficulties in convex integration is how to control the
interference terms that arise when different high frequency waves in the con-
struction interact with each other through the nonlinear term in the equation.
Following a suggestion of P. Constantin, the idea in [DLS13b], [DLS14] that
turned out to be key for addressing this difficulty was to find a way to design
high frequency waves in the construction using “Beltrami flows” — a certain
family of stationary solutions to 3D incompressible Euler. A version of these
Beltrami flows (modified to be well adapted to the ambient velocity field of
the construction) also played a key role in the proof in [Isel3a], but in that
treatment they suffered a deficiency that controlling the high frequency inter-
ference terms between Beltrami flows required very sharp cutoffs in time that
ultimately limited the regularity of the construction to 1/5 rather than 1/3.

A key idea in the convex integration part of this work, which comes from
a recent paper of Daneri and Székelyhidi [DS16], is to use Mikado flows as an
alternative to Beltrami flows to build the waves in the construction. Mikado
flows (see Section 11 below) are stationary solutions to Euler built by adding
together “straight-pipe” flows supported in disjoint cylinders that point in
multiple directions. The key difference between Mikado flows and Beltrami
flows is that a Mikado flow on its own does not generate unacceptable error
terms over a sufficiently long time scale, even when it is made to be well adapted
to the ambient velocity field as was done in [DS16]. The main difficulty in using
Mikado flows to improve the regularity of solutions is that there seems to be
no way to control the interference terms that arise when distinct Mikado flow-
based waves interact with each other over the time scale one requires to improve
the regularity. For the h-principle application in [DS16], it was sufficient to use
only a single Mikado flow-based wave, and so no interaction terms were present;
however, to produce solutions using an iterative convex integration scheme,
one requires an unbounded number of waves, since the time scale during which
each high-frequency wave remains coherent shrinks to zero as the frequencies
become large. To improve on the regularity 1/5, one must be able to control
the interference between these waves over a sufficiently long time scale.

Our new method to address this difficulty of distinct wave interference is
the following. Applying convex integration directly would mean generating a
sequence of Euler-Reynolds flows (v, p, R) ) (see Definition 2.1 below), where
the kth error in solving the Euler equation, called R(y), tends to 0 uniformly
and has compact support in time contained in an interval (say, [0,1]). Given
(v,p, R) (i), we first find a new Euler-Reynolds flow (7, p, f{)(k) that is an ac-
ceptably small perturbation of the original (v, p, R)) obeying essentially the
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same estimates, such that the new error R decomposes as a sum R = SRy
such that the R are supported in short time intervals that are well separated
from each other. After this procedure (which we call a “Gluing Approximation
technique”), we can apply convex integration to (7, p, R)(k) by using a single
Mikado-flow based wave to eliminate each R; up to a small error that is con-
sistent with the Ideal Case Scenario. The distinct Mikado flow-based waves
will not interact at all in the convex integration due to their supports being
well separated in time.

The challenge of this technique is to construct the (9, p, ];?)(k) such that
all of the desired estimates will hold over the desired time scale (which is fairly
long). Our method for proving the existence and necessary estimates for the
new (9, p, R) exploits a special structure in the linearization of the Euler and
Fuler-Reynolds equations to achieve this goal. This important structure is
highlighted in more detail towards the end of Section 7 below.

With the confirmation of Onsager’s conjecture in the standard formulation
of Conjecture 2 now completed by Theorem 1, we note that there are several
natural generalizations of Conjecture 2 that have been considered in previous
work and remain interesting open questions. Most immediately, Conjecture 2
should extend as well to dimensions d > 2 and to general, nonperiodic domains
including the whole space. Our proof extends readily to dimensions d > 3, but
leaves open the case® d = 2 due to the lack of a suitable replacement for
Mikado flows. Our proof also does not produce finite energy solutions? in R?
due mainly to analysis related to the Gluing Approximation technique. Further
open questions include the extension of Onsager’s conjecture to more general
fluid equations including active scalar equations and the Boussinesq equation
considered in [CFG11], [Shv11], [IV15], [TZ18], [TZ17] and a version of On-
sager’s conjecture for the steady state Euler equations considered in [LS15],
[CS14], [Shv18].

Acknowledgments. We thank S.-J. Oh for his discussions during the final
preparations of this work. We also thank the anonymous referees for their
recommendations for the final version of this paper. The work of the author is
supported by the National Science Foundation under Award No. DMS-1402370
and DMS-1700312.

3The best result recorded for the two-dimensional case is the existence of (1/10—¢)-Holder
solutions given in [CDLS12]. However, the main observations in [CDLS12] can be used to
extend all of the results and arguments based on Beltrami flows on C’tl,f_é and LICY?™¢
solutions in dimension 3 (e.g., [Isel3a], [[O16b], [BDLS16]) to the two-dimensional setting.

“See [IO16b] for a construction of (oA

e solutions on R® with compact support and

exposition of the additional issues arising in constructing solutions in the nonperiodic setting.
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1. Organization of paper

The main lemma of the paper is stated as Lemma 2.1 below after some
preliminary general notation introduced in Section 2. In Section 3, we intro-
duce the three main sublemmas of the paper (The Regularization Lemma, the
Gluing Approximation Lemma, and the Convex Integration Lemma) and show
that they imply the main lemma. Section 4 contains the proof of the Regu-
larization Lemma. The proof of the Gluing Approximation Lemma occupies
Sections 5-10.5. The proof of the Convex Integration Lemma occupies Sec-
tions 11-17.6. The proof of Theorem 1 using the main lemma is then given
in Section 18. The appendix provides proofs or statements of analytical facts
that were used in the proofs of the main sublemmas of the paper.

2. Notation and preliminaries

If x € R, we will write (z)+ = max{z,0}. We will make use of the
following “counting inequality,” which is stated as Lemma 17.1 in [Isel7] and
can be shown by induction on m:

m m
(2.1) Z(xi_y)_l’_ < (sz—y) for all z1,x9,...,2m,y > 0.
i=1 i=1 +
We will use the Einstein summation convention to sum over indices that are
repeated; for example, Vjvj = Z?:l Vjvj is the divergence of a vector field v.
Indices are raised or lowered to distinguish covariant and contravariant indices
as in the conventions of invariant index notation. The summation convention
will be used only to pair a raised index and a lowered index. We will write S
to denote the subspace of R? ® R? consisting of symmetric (2, 0) tensors.

For partial derivatives, we will distinguish between multi-indices and first
order indices by writing a multi-index in vector form. For instance, if @ =
(a1,az2,a3) is a multi-index of order |@| = 3, then Vi = V,, V4, Vg, is the
corresponding third-order partial derivative. In contrast, V, without a vector
symbol denotes the first order, ath partial derivative. The full derivative of a
tensor will be denoted using a superscript; for example, V¥ f refers to the full,
kth derivative of a function f, which takes values in the k-fold tensor product
of (R3)*.

In what follows we will refer to functions f : R x T®> = R or f: T3 — R,
but the discussion in this section generalizes immediately to vector fields and
tensor fields taking values in R”.

For functions f : RxT? — R, we will use the following notation to describe
their time support

supp, f := {t € R : supp f N {t} x T3 # 0}.
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For simplicity, we refer to a function f : R x T2 — R of space and time as
smooth if all of its spatial derivatives are continuous on R x T3 (which implies
f € NMizo CiC¥(R x T3)). We will write C* or C®°(R x T3) = >0 C*(R x T?)
to refer to the usual class of infinitely differentiable functions. The distinction
between the two can be safely neglected in reading the argument since all the
functions involved that are required in the course of the proof to be “smooth”
will in fact be C'°°; however, the higher differentiability in time will not be as
important.

If f: T3 — R, we will write u = A~!'f to mean the unique function
u: T3 — R solving

Au = (1-1l)f, /IP?’ u(z)dr =0,

where Iy f = |T3|7! s f(2)dz is the average value of f.
Given a subset S C R and 7 > 0, we will denote its 7-neighborhood in R
by

N(S;m)={t+t : teS || <1}

If f: T3 — R is continuous and 0 < o < 1, we denote its homogeneous Holder
seminorm by

(2.2) [fla = Il = sup  sup |[f(z+h) — f@)|
z€T3 heR3\ {0} |h|«

For integers k > 0, a function belongs to f € C* if f € C¥(T3) and || V¥ f|| 4«
is finite. The mean value theorem leads to the following interpolation inequal-
ity:

PROPOSITION 2.1. If f : T2 = R is C' and 0 < o < 1, then

(2.3) 1l Sa IV FIIE N 15

Part 2. The main lemma and sublemmas

To state the main lemma, we first recall the concept of an Euler-Reynolds
flow from® [DLS13b] and define the notion of frequency-energy levels that will
be used in our paper.

Definition 2.1. A vector field v* : R x T3 — R3, function p : R x T3 —
R and symmetric tensor field R : R x T — S satisfy the Euler-Reynolds

®In [DLS13b] the definition is given in an equivalent form where R is required to have 0
trace d;0 R’ = 0 pointwise.
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equations if

ot + Vj(vjvﬁ) +Vip = VjRjZ,
Vjvj =0

on R x T3. Any solution to the Euler-Reynolds equations (v,p, R) is called an
Euler-Reynolds flow. The symmetric tensor field R7¢ is called the stress tensor.

Our notion of frequency energy levels will be based on the one introduced
in [Isel7], but simpler in that we do not assume control over the pressure gradi-
ent or over the advective derivative of R. This simplification ultimately arises
due to a special feature of the Gluing Approximation technique summarized
in Lemma 3.2 below, which is that the stress tensor R arising from the Gluing
Approximation technique turns out to exhibit a suitable estimate on its advec-
tive derivative even if the starting Euler-Reynolds flow does not satisfy such
a bound. This feature of the argument will also allow us to circumvent the
use of the mollification on the flow technique introduced in [Isel7, §18], which
would otherwise have been needed within the convex integration part of the
proof.

Definition 2.2. Let (v, p, R) be a solution of the Euler-Reynolds equation,
and let £ > 3 and e, > er > 0 be nonnegative numbers. We say that (v, p, R)
have frequency-energy levels bounded by (Z,e,,er) to order L in CY if their
spatial derivatives V¥v and V¥R of order k are continuous for all ¥ < L and
the following estimates hold

(2.4) VF0[|co < EFel/? foralll <k <L,
(2.5) IVFR||co < ZFep  forall 0 <k < L.
The main lemma of our paper states the following

LEMMA 2.1 (The main lemma). Let L = 3 and n > 0. There exists a
constant C depending only on n such that the following holds. Let (v,p, R)
be any solution of the Fuler-Reynolds equation with frequency-energy levels
bounded by (Z, ey, er) to order L in C°, and let J be an open subinterval of R
such that (recalling the notation of Section 2)

supp, v Usupp; R C J.

~

—_
—

—

Define the parameter = = Z(e,/eg)'/?. Let N be any positive number obeying

the conditions

(2.6) N > max{Z", (e,/er)"?}.
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Then there exists a solution (vi,p1,R1) of Euler-Reynolds with frequency-
energy levels bounded by

R M2 12
(2.7) (2, e, ep) = (CNE,logEeR, (1og5)5/2”NR>
such that
(2.8) supp, vy Usupp, Ry € N(J;E e 1/2)
and such that the correction V.= v; — v obeys the bounds
(2.9) [Viico < ClogZ)!/2eif?,
(2.10) IVV o < CNE(log E)1/2e)/?.

Lemma 2.1 will follow from a combination of three main sublemmas that
we will describe in Section 3. The proof of Lemma 2.1 assuming these sublem-
mas will be included at the end of Section 3.

3. The main sublemmas

Here we state the three sublemmas that together will imply our main
lemma, Lemma 2.1.

LEMMA 3.1 (The Regularization Lemma). There is an absolute constant
Co such that the following holds. Let (vo,po, Ro) be an Euler-Reynolds flow
with frequency-energy levels bounded by (2, e,,er) to order 3 in C° such that
supp; vo Usupp, Ry C J. Define N := (ey/eg)/2. Then there exists an Euler-
Reynolds flow (v, p, R) such that supp, vUsupp, R C J that obeys the estimates

3.1 VEullco < CoNE=3+gkel/2 k=1, 5,
( C v

3.2 VFR||co < CoN2D+Zker k=0,...,5,
( c

(3.3) lv — vollco < Coeld?.

Furthermore, one can arrange that v, R € (i>o C;C¥ are smooth.

LEMMA 3.2 (The Gluing Approximation). For any Cy > 1, there exist
positive constants C1 > 1 and oy € (0,1/25) such that the following holds. Let
(v,p, R) be a smooth Euler-Reynolds flow that satisfies the estimates (3.1)-
(3.2) for Cy and supp, v Usupp, R C J. Define 2 := NEZ = Z(ey/er)'/?. Then
for any 0 < § < 6, there exist
e q constant Cy5 > 1;

e a constant 6 > 0;
e a sequence of times {t(I)};ez C R; and
e an Euler-Reynolds flow (0, p, R), R= Srez Rr
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that satisfy the following support restrictions:

(3.4) supp; o U supp; R C N (J% —16171/2> ’

(3.5) 2~ 15(log B) 22 Les 2 < ¢ < d(log B) 22t V2,

(3.6) supp, Ry C {t(I) - g,t(l) n g} ,

(8.7) U Ul D)+ 6] N [H(I") = 0,(I') + 6] = 0
I I'#I

and the following estimates:

~ 1/2
(3.8) 5= vllco < Crey?,
(3.9) IV 5| co < C1EFel/?, k=1,2,3,
(3.10) sup |[VFR;||co < CsN*=2+EFlogZer, k=0,1,2,3,
I

(3.11)  sup ||[V¥(0; + 7 - V)R1|lco < Cs(log E)*2el/?Eker,  k=0,1,2.
I

LEMMA 3.3 (The Convex Integration Lemma). There exists an absolute
constant by such that for any C1,Cs > 1 and §,n > 0, there is a constant
C = CN'U757(11706 for which the following holds. Suppose J is a subinterval of R
and (v, p, R) is an Euler-Reynolds flow, R = Y"1 Ry, that satisfy the conclusions
(3.4)~(3.7) and (3.9)~(3.10) of Lemma 3.2 (with (9, R) replaced by (v, R) ) for
some (E,ey,er), some 6 > 0 and some sequence of times {t(I)}rez C R.
Suppose also that

(3.12) 01[[Vollco < bo-

Let N >max{Z", (e,/er)"/?}. Then there is an Euler-Reynolds flow (vy, p1, R1)
with frequency-energy levels in the sense of Definition 2.2 bounded by

61/261/2
(3.13) (F,elr€R) = (0N~,log ek, (log = >5/”NR>
such that
(3.14) supp, v1 Usupp, Ry € N(J;E e 1/2),
(3.15) vy — v]jco < C(log Z)V/2e/?.

Proof of Lemma 2.1. It is now straightforward to show that Lemmas 3.1,
3.2 and 3.3 together imply Lemma 2.1. Indeed, suppose that (vo, po, Ro) and J
are the Euler-Reynolds flow and time interval in the hypotheses of Lemma 2.1,
and let V and n be the parameters given in the lemma. Apply Lemma 3.1 to
this (vo, po, Ro) to obtain (vg1, po1, Ro1) obeying the conclusions of that lemma
for the constant Cy. Let C1, dg be the constants in Lemma 3.2 associated to Cj.
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Choose § > 0 such that § < dy and C10 < by, where by is the absolute constant
in Lemma 3.3. Apply Lemma 3.2 with this value of ¢ to the (vg1, po1, Ro1) above
to obtain an Euler-Reynolds flow (9, , R) together with parameters 6, Cy and
{t(I)}1ez that satisfy the conclusions Lemma 3.2. Observe also that (3.5) and

(3.9) imply
01Vo]lgo < C16 < bo.

We may therefore apply the Convex Integration Lemma 3.3 to (9, p, R) with the
parameter N to obtain an Euler-Reynolds flow (v1,p1, R1) and a constant C
satisfying the conclusions of that lemma. Note that this constant C depends
only on n since Cj is an absolute constant and C}, and therefore § and Cjs
depend only on Cy. The correction V' = v1 — vg induced by this combination
of lemmas satisfies (using Definition 2.2 in the last line)

V = (v —v9) = (v1 — ) + (0 — vo1) + (vo1 — vo),

IVlco < AoCs(log 2)2el? + Cretl? + Cpeld?,
(3.16)  [[VV]lco < [[Vorllco + [[Vvolloo < CNE(log E)2el? + Zel/2.

The C° term is bounded by Cy(log 2)1/26}%/2 with Cp some constant, as stated

in Lemma 2.1. The lower bound (2.6) on N implies er/? < Nellq/Q, so the

right-hand side of (3.16) is bounded by C NZ(log 2)1/26%2 for some constant
C' (depending on n) that we can take to be the one whose existence is asserted
in Lemma 2.1. Since the containment (2.8) follows from (3.14), we have proved
all the conclusions of Lemma 2.1 for the above (v1,p1, R1). O

Part 3. The gluing sublemmas

In this part of the paper, we prove the two lemmas, Lemmas 3.1 and 3.2,
related to the Gluing Approximation procedure.

4. The regularization step

Here we prove the Regularization Lemma 3.1. This lemma is important for
the Gluing Approximation procedure, as the Gluing Approximation Lemma 3.2
loses spatial regularity. We note that the loss of spatial regularity in the
Gluing Approximation Lemma 3.2 is inherent to the gluing argument and is
distinct from the separate loss of spatial regularity that occurs during the
Convex Integration Lemma 3.3, which is addressed by a different mollification
technique.

We start by recalling the following quadratic commutator estimate. Proofs
of this statement can be found in [CDLS12, Lemma 1] or [Isel3b, Prop. 5.3].
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PROPOSITION 4.1. Letne€ C*®(R") satisfy [z n(h)dh =1, (1+|h|*)n(h) €
LY(R™), and define n.(h):=e "n(h/e). If f,g€ C*(R™), then for all 0 < k< oo,
we have

(4.1) IV¥(ne % (fg) — (e * ) (e * 9)) | corny Sk €IV fllcoeny |V gllcorn)-

With Proposition 4.1 in hand, the proof of Lemma 3.2 goes as follows.
Given (vg,po, Ro) as in Lemma 3.1, set v = 71 *x vg and p = 7 * po, and
then e = 21 = N"127! = (¢, /e) /22!, By writing the Euler-Reynolds
equations in divergence form

vl + V;(vhvh) + Vipo = ViRY, Vv =0,

we see that (v, p, R) satisfies the Euler-Reynolds equations with a new stress
given by

A . . ”
(4.2) R = [7e * Ué"?e * vé — Tle * (Uévg)] + 7e * R% .
The term 7 * R/ is easily seen to obey the desired estimate (3.2). For example,
il il Ske— Fk—
IV 2ne % RY || co = ||[VFne ¥ VERY || co i EFE2%er = NFEF2ep, k>0,

while for k < 2, we have | VFn, * R%lHCo = [|ne * VkR%lHCo < ||VkRél||Co.
Let Q7 denote the commutator term in (4.2). By (4.1), we have

1Qcllco S €(IVuolize < EE%, = eg.
Also, if V, Vy, is any second partial derivative operator, we have

Vi Viu QL' = e # (Vi Vo e # v — e % (V, Vo)
+ ne * (Vi Ug)ne s (Vpyvh) — me * (Vblvgvbzvé) + similar terms.

From this expression and (4.1), our control on ||[V3up||co gives us the desired
bound (3.2)

IVEF2Q1 oo Sr €7 (V%00 )l o | Vool + 1V w0I0)

<, NFEk+2¢p.

The desired estimate for |VQ¢|co follows by interpolating

1/2 1/2
IVQ:llco S 1QE2IVZQcl -

The proof of (3.1) follows similarly to the bounds for n. * R%Z above.

Finally, (3.3) follows from |[vg — e * vo||co < €]|Vuollco < 6%2.
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5. Proof of gluing approximation: Outline

Sections 6-10 below are devoted to the proof of the Gluing Approximation
Lemma 3.2. The construction of the new Euler-Reynolds flow (o, p, R) is de-
scribed in Sections 6-8. Section 9 contains preliminary facts that will be used
in the estimates in the proof of Lemma 3.2. The main estimates of the gluing
construction are carried out over Sections 10.1-10.4. These estimates are then

applied in Section 10.5 to establish that the (9, p, R) defined in Sections 6-8
does indeed satisfy the estimates claimed in Lemma 3.2.

6. The gluing construction

We now begin the proof of the Gluing Approximation Lemma 3.2. In
this construction, we will use the notation < for constants that are allowed to
depend on the Cy of Lemma 3.1, while we will write <; if the constant depends
on the ¢ given in Lemma 3.2.

Let (v,p, R) be the given Euler-Reynolds flow. We desire a new Euler-
Reynolds flow (v, p, R) such that the new stress R can be decomposed as a
sum R = >~ 1 Ry in which each piece is localized in time to a time interval that
is smaller than the natural time scale of the construction |supp, Rr| < |0] <
Ele, V2 1t is also important that the gap between these supports is compa-
rable to the natural time scale of the construction: dist(supp, Ry, supp; Ry/) >
=-1le, /2 (although we will ultimately miss this goal by a small margin).

Since we need R = 0 to vanish in the gaps between the intervals supporting
each Ry, our new solution v has to solve the Euler equations within those gaps.
Thus, we construct v by solving the Euler equations on many time intervals
of length 80 and gluing the solutions together with the following partition of
unity construction.

We introduce the velocity increment y* and the pressure increment p, so
that the new solution will be given by #¢ = v’ +¢*, 5 = p + p. The pair (3¢, p)
must satisfy the equation

Oy’ +vIVyt + Vit + Vi(yyt) + Vi = VR — v; R

6.1 ,
( ) ijj =0.

For each I € Z, set to(I) = 80 - I. Define (uf,ps) to be the unique clas-
sical solution to the incompressible Euler that satisfies the initial condition
ub(to(I), ) = v'(to(I), ), where v' is our given Euler-Reynolds flow. Tt is well
known (see Theorem 2 below) that, for any o > 0, if § times the C** norm of
the initial data is sufficiently small, then u4 is well defined and remains smooth
on the interval [to(I) — 86, to(I) + 86]. (Our 6 will be larger than the reciprocal
of the C1® norm of the initial data, but we will nonetheless be able to prove
existence.)
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Define yfﬁ and pr so that uf = ve—i-yf and py = p+p;. Then (yf,m) solve
Dyt + vV iy + yi Vv + Vilyiyh) + Vo = =V, R,
(6.2) V,yl =0,
yr(t(I),x) = 0.

Now choose a partition of unity in time (n7(t));ez with the following proper-
ties:

96 96
supp; 771(75) c {tO(I) - ?,to(l) =+ ?} ,
76 76
=1 ifte[t -2 40 7}7
(6.3) ni(t) o(f) = 5 to(d) + 5
supp, ny Nsupp, ny =0 if [ —I'[ > 1,
Zm(t) =1 forallteR
1
and
dk &
(6.4) Sup sup SEm @ SO k=012,

An easy way to construct such a partition of unity is to start with the rough
partition of unity given by characteristic functions x1(t) = 14, (1)—46,t0(1)+46] (t)>
and then regularize it by mollification to obtain n; = g * x7, with ¥y(t) a
smooth mollifier, [ 1p(t)dt = 1, with support in [¢| < §. Now set

y' = Zmyf, p= 2771151-
I I
From (6.2) and (6.3), one sees that 3 is divergence free and satisfies
Oyt + IV iyt 4+ Vot + V(i yh) + Vi

©5) = Z nr Oy + > e Vi yie + vl i)
: I

+ Z y[?/l) ijﬂ-

For each I, we will choose a symmetric anti-divergence for yf, by which we
. 74 ep .
mean a symmetric tensor r}° verifying

(66) V; T'I = y[
Now set t(1) = to(I) + 460 = (80) - I + 40, and define
0 , .
Ry = Lyny—o4ny+oyr (D) (17 = r150) + e (VY71 + v74197)

(6.7) Gl
— 1Yy + Y1 Yie)-
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Comparing with (6.5) and using the identities 77(t) = ly(p)4o.en)—0n7(t) —
Ly(r—1y+o,4(—1)—a)M7—1 (t) and nr(1 —nr) = nrre + nr-1nr, we see that our
goal equation (6.1) holds for 3¢ and R¥* = ¥, RJI[ provided that (6.6) holds
for all 1.

As for 6, we choose 6 = §(log é)_zE_legl/Q so that equality holds for the
upper bound in (3.5). However, the lower bound, which strengthens condi-
tion (3.7), will be important in the proof of Lemma 3.3.

It is now apparent that the containment (3.4) holds using the condition
d < dyp < 1/25, as yr = 0 for all I such that supp, n; intersects the comple-
ment of N(J;= te, Y 2). This fact follows from uniqueness of classical solu-
tions to incompressible Euler (see Theorem 2 below) and the assumption that
supp; R C J, which implies that v’ already solves the Euler equations outside
of J x T3. Also, the conditions (3.5)—(3.7) are apparent from the construction
above once we show that the y; and r; are well defined on the supports of
the ny.

Our construction is now complete except that we have not proven that
y% exists on the required interval for the above formulas to be well defined,
and we have not defined or proven the existence of the tensors r}[ verifying
(6.6). We discuss the construction of r}[ in the following section. We will then
address the existence of y{ in Section 8.

7. Constructing a good anti-divergence

In this section, we discuss our construction of a symmetric anti-divergence
for the yf of the gluing construction in Section 6. The construction will involve
an operator R7‘ that we define as follows. Recall that any smooth vector field
on T" has a “Helmholtz decomposition” such that

U' = HU + TI,U* + VAT [V, U,

1
MU = ¢
(71) ()U ‘Tn‘ - U ClZC,
V/HU! =0, HU dx = 0.
’]I‘n

Given a smooth vector field U on T", R7*[U] is the smooth, symmetric (2,0)
tensor on T" defined by

(7.2) RIU] = A~V (VHUI + VIHUY) + 6 ATV, UY).
Then R7¢ is an operator (of order —1) that satisfies, for all U € C°°(T™),
(7.3) VRIUT = (1= )U*,

RINU)(x)dx = 0.
'ﬂ‘n



888 PHILIP ISETT

In particular, R7¢ inverts the divergence operator when restricted to integral 0
vector fields. (Other inverses for the divergence can be chosen that would be
equivalent for our purposes. This choice has the advantage of having a simple
formula.)

Using the operator R above, one can find a solution to (6.6) by taking
r}[ equal to R/‘[y;]. Indeed, by the conservation of momentum for Euler and
Euler-Reynolds, y; has integral 0, so we have Vﬂ%ﬂ [yr] = yr. However, the
best estimate one has in general for this solution is ||R*[ys]llco < llyzllco,
which leads to an estimate for the Ry in (6.7) of the form

) -
(7.4) IRrllco = llmp(t)r + -+ leo S 101 yilloo + -+

Let us assume now that we are able to prove a bound of the order ||yz||co < 6}1{2,
which is essentially the best estimate we can hope for from (6.2) if we neglect
the pressure term. Making this assumption, the right-hand side of (7.4) is still
even larger than

|Rilleo < Zelf2eff” + -

< ep should be the
same size as the original stress ||R7¢||co, so (7.4) is missing the mark by an
enormous factor.

One can do better if one uses the evolution equation for y¢. Indeed, writing

(6.2) in divergence form, one has

However, our goal estimate for ||Rp||co is that ||Rr|co

Oryy = =Vl i + yjo* + R 4 pro?),
t A A .
(75)  yi(t,@) =V, . [y7 (7)o" (7) + ¥ (1)’ (7) + R (7) + pr(7)6"]dr.
If we take the integral in (7.5) as a definition for r}[ and substitute into (7.4),
this construction of an anti-divergence leads to a much better estimate of the
form

(7.6) [Rrllco S llyrlleollvllco + -+,

as the integration over time cancels with the large time cutoff factor in (7.4).
Unfortunately, this bound is still way off the mark ||R;||co S er that we
desire, as the bounds we have are of the order |lys||co < 6%2 and |[v]|co < 1.
Another problem with the construction of (7.5) is that it does not lead to a
good estimate on the advective derivative |[(9; + 0 - V) Ry||co.
A natural attempt to address the latter problem is to obtain r}[ by solving
a transport equation, for instance by solving

(0 + 0" Vi) Vri" = (0 +v'Vi)yl,

7.7 ,
(.7 P (1), z) = 0.
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In this way one effectively integrates in time over trajectories to obtain rf[,
as opposed to formula (7.5), which integrates in time at a fixed point z. Of
course, (7.7) is not a well-defined evolution equation for 77 I However, as was
observed in [Isel7], in certain cases one can find solutions to (7.7) by solving
another evolution equation related to (7.7) by commuting the divergence and
using R above to invert. Here we will follow a similar approach while taking
advantage of the evolution equation for yf—.

Commuting v - V in (7.7) with V; and using (6.2), the equation we want
to solve (7.7) becomes

Vil(0 +v'Vi)r]] = Vo' Virl — yi Vo' = V;(ypyh) — V,(p167) - ViR

We therefore construct 7"}[ as a sum of two parts that solve the following system
of equations:

=l o
(7.8) (8t + vivi)zj = —ny§ —]3[5][ — Rje,
(7.9) (@ +v'Vi)p) = RINVVi(pf + 24°) — i Vi),

(7.10)  pf(t(1),2) = 2 (H(I), ) = 0.
Existence of a solution to (7.9) will follow as in the arguments of [Isel7] pro-
vided y; remains regular.

At this pomt it is quite unclear that our method has any hope of obtaining
a solution 77 ‘ that approaches our desired estimate. Indeed, one of the terms
in the estimate for p; from (7.9) is

y .
(7.11) lprllco < 161110 +v - V)p7 o < 10]IIR[y; Viv®lllco + -+
The trivial estimate for (7.11) is
] i —_ 1/2
IR i Vio'lllco < llrlleal|Polleo < Zey/?el

while a better estimate comes by writing ||[R¥*V;[ytv%]|lco < llyrllcollv]lco +
- < 6%2 +--- (pretending for the moment that the Oth order operator RV
is bounded on C?). Substituting this bound into (7.4), one obtains the same

Y2 4 ... from (7.6) that we concluded was insufficient

estimate ||R;l|co S ep
when we considered the construction in (7.5).

The key idea for handling this difficulty is to exploit a special structure in
the term R7¢[ytV,;v’] and the incompressible Euler and Euler-Reynolds equa-
tions that allows one to prove a much better estimate. Specifically, we observe
that the estimates available for y; and v, even taking into account the incom-
pressibility, cannot by themselves yield any estimate stronger than the bound
< 6%2 + --- noted above. The key to obtaining an improved estimate will

be to bound this term through a dynamical approach that takes advantage
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of the structure of the evolution equation for y; derived from the incompress-
ible Euler and Euler-Reynolds equations. This structure leads ultimately to
an essentially ideal bound on the resulting Ry, and holds also for the simi-
lar linearized Euler term A~!'V,[y}V;v] that appears as part of the pressure
increment py in (7.8). The calculations used to estimate these terms are pre-
sented in the proof of Proposition 10.2 in Section 10.1 (see the proof of (10.3),
k =0) and in Section 10.4 (see the proof of (10.37)).

8. Existence considerations

We now address the existence and well-definedness of the solutions to
equations (6.2) and (7.8).

The classical local well-posedness theory for incompressible Euler yields
the following result:

THEOREM 2. Let tg € R and ug : T — R™ be a smooth divergence free
vector field. Then there exists a unique open interval JCR containing to
such that there emists a solution u : J x T™ — R" to the incompressible Euler
equations that is smooth u € (x> C;CF and for all T* € oJ endpoints of j,
we have

(8.1) limsup ||Vu(t)|co = 0.
t—T* te]

Furthermore, the u® above is unique among solutions to incompressible Euler
with the reqularity Vu € C°(J x T™).

See, for example, [BF76], which gives a lower bound for the time of existence
depending on the C'* norm of the initial data.

Theorem 2 therefore provides, for each I, a unique interval of existence j]
and a unique smooth solution (u%,ps) on Jr x T3 to the incompressible Euler
equations that realizes the (smooth, divergence free) initial data u%(to(I),z) =
v (to(I), z).

It follows that yf = u§ — v’ and p; = pr — p are well defined and smooth
on J; x T3 (since v’ and p are also smooth on that domain). From this,
one has from the theory of regular transport equations (Proposition A.1 in
the appendix) that there is a unique solution z}[ to (7.8), (7.10) that is also
smooth and well defined on J; x T? (since the velocity v and all the terms on
the right-hand side of (7.8) are smooth and well defined on that domain). The
initial value problem (7.9)—(7.10) for p; has of the form

(O +v-V)p) = RV Vi(pi) + 27,

8.2 . .
52 Pl (D), @) = pily (),
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where p%o = 0 and Z° are smooth on J; x T3. The well-posedness of equa-
tion (8.2), called a transport-elliptic equation due to the presence of R, has
been considered in [Isel7]. It follows from the analysis there (see Theorem 4 in
the appendix below) that there exists a solution p; to (7.9)—(7.10) on J; x T3
that is smooth.

The well-definedness of our construction now follows from Propositions 8.1

and 8.2 below.

PROPOSITION 8.1. If 21 and py are smooth solutions to (7.8), (7.9), (7.10)
on Jr x T3, then the tensor r}e = pjlé—l—zfe is a symmetric anti-divergence for y¥.
That is, equation (6.6) is satisfied on Jp x T3.

PROPOSITION 8.2 (The gluing proposition). Let o = 1/17 and Cy be as in
the assumptions of Lemma 3.2. Then there exists g € (0,1/25) depending on
Coy and there exist implicit constants depending on Cy such that for oll I € Z
and for 6y = dp(log é)_QE_leﬂl/Q, we have

[to(I) — 860, to(I) + 86] C Jr,
(8.3) IV yrllco § N2 e,
[V 1o S EONED Ebel?,
IV prllco + 1V¥2rllo < NED+Eke,

IV prll e + 1VF 21| g S EXNG=2+ ke,

where the above estimates hold uniformly in I for t € [to(I) — 86y, to(I) + 86)]
and k=0,1,2,3.

Proposition 8.1 on the equality of er}[ = yf is not immediate, but rather
relies crucially on the fact that both vector fields yf and v! are divergence free.

We give the following proof:

Proof of Proposition 8.1. Taking the divergence of (7.8), (7.9), relabeling
indices and summing gives

V(0 + v'Vi) 21 = =V, (it + pré’t + R
V(0 + vivi)pﬁ = VjRjg[VaviVir}b AV
= VRV, [Vavirgb — ytot]
(78 Vi[Vav'rdt — yiot] = (1 — Tp) V; [Vao'rd — i’

= Vﬂ)iviT}Z - y}Vjvz,
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Vil(@ +v'Vi)r]] = Vo' Vir] — g7 Vo' = V;(yjyt + pid’ + R')
(8t + UZ’V@)V]'T’}‘Z = (8t + vjVj)yf.
The vector field f* :er}[—yf is thus a smooth solution to (9;+v - V) ff=0

with initial data f*(to(I), ) = 0. By uniqueness, f* is identically 0 and Propo-
sition 8.1 follows. O

We now turn to the proof of Proposition 8.2.

9. Preliminaries for the gluing proposition

In this section we prepare for the proof of The gluing proposition 8.2 by
introducing some notation and preparatory lemmas. If T' is an operator acting
on functions (or tensor fields) on T2 (or R3), then

IT|| == inf{A : ¥ f € C®(T°), |Tfllcors) < Allfllcocrs)}

will denote the operator norm of T', regarded as a bounded operator on C°(T3).
If Tf = K * f is a convolution operator® with kernel K

K« f(z) = / fx+ WK R)dh, T
RS
then we have a bound
(9.1) 1K || < [[K|p1 (ws)-

We will use this inequality only in cases where K is a Schwartz function on R3.

We will employ the Littlewood-Paley decomposition of continuous func-
tions (or tensor fields) with the following notation. Choose a radially symmet-
ric, Schwartz function y : R — R whose Fourier transform ¥ (&) has compact
support in the ball of radius 2 in frequency space @3, and such that x(§) =1
for all |¢] < 1. Then [gs x(h)dh = 1. For q € Z, set x<4(h) = 237x(29h), so
that X<q € C°(Bga(R?) and fps x<q(h)dh = 1.

Definition 9.1. For any continuous f : T2 — R”, we define

Pegf @) = [ | fla+h)x<y(h)dn
Puf (@) = Py (x) = Pegma /@) = xy * (@),
Xg = X<q — X<g—1-

We will also use the notation Py, 4,1/ := P<g, f—P<q, f and Pxgf = Py_2449f-
With this definition, we have P, f = Pz P, f.

5The standard definition for convolution involves f(x — h) rather than f(x 4 h), but this
minor difference will not be important.
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Observe that x, defined above is Schwartz and

supp Xq C {2971 < [¢] < 2771},
Xq(l') = 23qX0<2q5U)-

Every continuous tensor field f on T2 has a decomposition that converges
weakly in D":

(0.2) @) =Thof + 3 Puf(e).

q=0

The sum here extends only over ¢ > 0 because the T3-periodicity causes F,f
to vanish for ¢ < 0.

We will employ the following (standard) Littlewood-Paley characterization
of the C® seminorm. (See the appendix for a proof.) This estimate implies
that (9.2) converges absolutely in C? for f € C°.

PRrROPOSITION 9.1. For all 0 < o < 1, there exist implicit constants de-
pending on a such that for all f € C°(T3),

(0.3) 7l 3y S 5P 2y o S 1oy
q

Moreover, the inequality sup ez 29| Pyfllco S |V fllco holds in the case a = 1.

The proposition applies as well to tensor fields on T?. The above Little-
wood-Paley characterization of the C* seminorm will help us to control C®
seminorms of the solutions to our transport equations when combined with the
following well-known commutator estimate. (See the appendix for a proof.)

ProprosITION 9.2 (Littlewood-Paley commutator estimate). If 0<a <1,
then there is an implicit constant depending on « (and the dimension n) such
that for any smooth vector field w € L*°(R™) and for any smooth function
f € L>®(R™), we have

(9-4) lu- VP f = Fy(u- V)lcomny Sa 27 *Vullcogn)ll fllga @ny-

In what follows, all implicit constants in the notation < are allowed to
depend on the parameter Cy in the bounds assumed in Lemma 3.2, but not
on d. Propositions 9.1-9.2 will be employed only for the particular choice of
a = 1/17 of Proposition 8.2 or &« = 1. (Any other choice of a € (0,1) would
also suffice.) If an implicit constant depends on the parameter §, we will write
o

With these preliminaries in hand, we are now ready to begin the proof of
Proposition 8.2.
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10. Proof of the gluing proposition

We now prove Proposition 8.2. The analysis draws some inspiration from
the methods in [Ise13b].

We start by defining a dimensionless norm for (yr, pr, z7) that controls all
the quantities we wish to control in Proposition 8.2. We denote this norm by
A(t). The norm also depends on I, but we will suppress this dependence for
simplicity of notation.

Definition 10.1. For a« = 1/17, we define the dimensionless norm A(t) :
Jr—R by

1 ‘7 0
.7 T (Z l ||C )
(Z IVFpr(t ”00 + || VFz (¢ )HCO>

k‘ 2)+':k
1 V397 ()] o N IV2pr()[| e + VP21 ()] ¢
SaN=3 el B '

The definition of A(t) and the interpolation inequality (2.3) imply the
following bounds for t € J;:

IV 51 () lco + BV yr(#)| o S NED02Rel%h(), b =0,1,2,3,
(10.1) IV¥prllco + [V 21llco + E7*(IV 1l ge + 1VF21 ]| )
< NE=2v=Zkeq(t), k=0,1,2,3.
The following proposition is our main estimate on the growth rate of A(t).
PropoOSITION 10.1. There exists a constant By depending on Cy such that

for allt € Jr,

10.2 A(t) < Bi(log =)2=el/?
(10.2) (t) < Bi(log £)“Ee,

/t (1 + A(r))2dr
to(I)

Our main proposition for the Gluing Lemma, Proposition 8.2, follows
quickly from Proposition 10.1 by the following argument:

Proof of Proposition 8.2. For simplicity, consider the case I = 0 so that
to(I) = 0, and restrict to t > 0. Set H(f) = 1+ A([B1(log Z)*Zey/*] ~#). Then
H(t) is continuous on the appropriate rescaled interval J and, after changing

variable, (10.2) gives the estimate

Ht) <1+ /(fH(%)Zd%.
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It follows by Bihari’s inequality (i.e., the nonlinear Gronwall inequality) that
HEH <(1—-1)"" forallfel .

Returning to A(t), we obtain 1 + A(t) < 2 for all ¢ € J; such that 0 < ¢ <

1
2B;

the same range. Set Jp in Proposition 8.2 to be dg = ﬁ and let 0y :=

(log é)_QE_leﬂl/Q. One analogously obtains the same estimate for —¢ in

do(log é)—25—1€;1/2 be as in that proposition. Then all of the estimates in
Proposition 8.2 follow directly from (10.1) for ¢ € J; N [to(1) — 860, to(1) +
86p). In particular, sup{||Vyr(t)||co : t € Jr N [to(I) — 8o, to(I) + 86]} is
finite, so the maximal open interval of existence J; must therefore contain
[to(I) — 800, to(I) + 86p]. (Otherwise one contradicts (8.1) of Proposition 2
using [|[Vur(t)|lco < [[Vyr(t)||co + [[Vo(t)||co.) The case of general I # 0 is
equivalent to the I = 0 case by a translation in the time variable, so we have
finished proving Proposition 8.2. U

We now continue to the proof of Proposition 10.1.

10.1. Estimates for the pressure increment. We start by estimating the
pressure increment pr, which appears in both equation (6.2) and equation (7.8).
The bounds we obtain are as follows, with implicit constants as usual depending
on Cy:

PROPOSITION 10.2 (Pressure Estimates). Fort € Jy,

(10.3) IV () |co < NE=2D+ =M 10g Zep(1 + 4())?, k=0,1,2,3,
(10.4) Z=|V*p1(1)| e S NED+EF log Zep(1 + A(1))%, k=0,1,2,3,
(105)  [IV* 151 (8)]|lco S NF=2+(2el/2) log 22 e} (1 + A()%,  k =2.3,
(10.6)

2 VB (1)l e S NE2D+(2el/2) log EERe)* (1 + A())%, k=2,3.

~

We start with the £ = 0 case of (10.3), namely,
1Pr(t)lco < log Eer(l + A(1))*.

Proof of (10.3), k = 0. Taking the divergence of (6.2), and using the fact
that both v* and yf are divergence free, we have

Vo[v! Vil + Volyl V'] + VeV (yiyh) + Apr = =V VR,
pr=—207"V[y;Vjo'] = ATV lypy] - ATIVV, R
We can then decompose p; = —2pr 1 — pr2 — pr3 as
(10.7) pra = AV [yv,
(10.8) Pra+prs = ATV VSlylyt + ATV, R
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We start by estimating (10.8) as follows. Choose § € Z such that 297! < E< 20,
Then by (9.2), we have

P12+ P13 =pra2rL+prsL+Preg + Pr3H,

(10.9) Pror + pran = A7V Pegyiyt + RYY,
(10.10) Prom +bram = Y ATVVP[ylys + R
q>q

The operator acting on low frequencies is bounded on C by

q
ATV Vi Peyll < ST IATIVV, B
q=0

q
(10.11) <S> 1=(1+q) SlogE,
q=0

where we used (9.1) and the fact that A~'V,V;P, = K, * are convolution op-
erators whose kernels K, (h) = 239K (27h) are rescaled Schwartz functions sat-
isfying the same L' bound. This scaling is due to the multiplier for A~1V,V;
being homogeneous of degree 0. From (10.11), we now obtain

1P12r + Pracllco SlogE (erh(t)? + er) <logEer(1 + A(t))%

For the high-frequency term, we apply Py = P, ¢421 5 = P~y and use ce
control to obtain

|1 20 + Prsmllco <D IAT VoV Pegll|Pylyiys + Bl o
>4
(9.3) ) .
< D 27lygys + B e
>4
< D273 (eph(t)? + er)
q>q

Ser(l+A(1))2

The term pr; in (10.7) is similar to the problematic term that we encountered
in equation (7.9). For this term, we start with a similar decomposition
(10.12) pr1 =prar + P,

prar = A7'VeP<glyp Vo',

DIaH = Z Aflvépq[yfvjvg]-

a>q
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For the high frequency term, we can estimate

pram < S ATV Py |1 Py} V0| o
q>q
<3279 Py lyivV 0"l o
q>q
< S0 27127 ViV 0| oo
q>q
“2(|Vytlleo | Vollco + lyzllco | V3]l co)

“222e12e}{*A(t) < enh(t).

[1]

AN N

[

In the second line, we used an argument similar to the proof (10.11) to bound
the L' norm of the kernel for the convolution operator, but in this case the
scaling gains an inverse of the frequency 27 since the multiplier for the operator
is —1-homogeneous rather than 0-homogeneous.

The low frequency term requires more delicate analysis, as we know al-
ready that the bound

— _— y é
I1pr1Lllco < ATV PVl lyjv" |l co

is not sufficient.
First we decompose v into high and low frequencies

PIAL = DPIALL + PIALH,
DIALL = A_1Vgpgg[y;VjP§qu,
(10.13) PIALH = Z A‘1V5P§4[y}VquvZ].

>4

Using that y; is divergence free, we estimate the LH term by

Ipracmllco < IIATVeP<g Vil [lyr Pyv®llco
>4

(10.11) 12 B
S D (A+d)(en A2 Volleo)
>4

For the LL term, we use the following technique, closely related to the estimates
for pressure increments in [Isel3b]. Namely, we decompose this term into
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frequency increments of the form

prace = Y AT'VPpa[y]ViPeqiav’] + ATV Py [y Vi Pypav']
qg=—1
G—1
= Z DI 1LqA + PI1LgB-
qg=-—1

(10.14)

For the first type of term, we use that P§q+1ve is restricted to frequencies at
most 2972 to write

AT P [V Pegirv] = ATV Py [Pegaay] Vi P<g v
That is, the higher frequencies of y; cannot contribute to the P, projections
of the product. ‘ -
By Proposition 8.1, we have that y} = V,;r{. By substituting, we then
have
IPrazqallco < ATV ePyi|[[|P<g+aVirf llco | Vi P<gs1v'll o

S 27 P<graVill lIrtlleo[Volleo

S22 (Gh()Zel,
(10.15) IPrazgallco S (logE)terA(t).

For the second term in (10.14), we use that ij} = 0 and the same frequency
restrictions to write

Prizes = ATV P<y[yiV; Pyi1vt] = ATV P,V [y} Pyiav’]
= A7V P<V[(PgraVirf ) Pysav’].
From this identity, we conclude
1Pr1LqBllco < |1AT'VeP< V|| [|P<qsaVill llrrllco || Pysrv®fico
S 2+ @)2924(8)27 |Vl co
(10.16) < (24 Q)2A(1)Ee? = (2 + q)(log 2) " Lerh(t).
Substituting these estimates into (10.14) gives

g—1

1Pracclleo S Y (24 q)(log 2)lerh(t)
q=—1

(10.17) < (1+§)*(log2) terh(t) < logEephl(t).

We remark that the above estimates can also be derived without the use of
frequency localization of Fourier transforms of products by starting with the
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terms in a different form such as

ATV Pya[y]VP<giv’] = ATV Py Vilr Vi P<g 1]
— ATV P [V V j Peg 0.

With inequality (10.17) we have concluded the proof of (10.3) for k =0. O

We now move on to derivatives of order 1 < k < 3.

Proof of (10.3). Note that (10.3) for k = 1 follows from the k = 0, 2 cases
by the interpolation inequality ||V f|lco < |[fLel|V2f[t. Also, the k = 3
case of (10.3) is the same as the k = 2 case of (10.5), which will be proven
shortly. Thus we consider only the case of k = 2 derivatives at this point.

Let V31 as = Vai Va, be a partial derivative operator of order 2. We use

the same decompositions and the same calculations as in the & = 0 case. For
example,

2 =~ 2 — 2 — 2 —
vahazpl - _2va1,02p1’1 - vahazpm - va17a2p153‘

Taking two derivatives of (10.9), we have

V2, asPraclco S (1+ @IV (wiyD)llco + V2Rl co
< log 2 (Z%eph(t)* + E%eR)
< logZ=2%er(1 + A(t))%

> [

Similarly, for (10.10) one has

V2, abr2rllco SO 27 V2 (yly)) + V2R pe
>4

SE(IVilleallyrllco + 1V Yzl eIV Yzl co
14
+ 1l eallV?urllco + IV Rl )

The point in the above 1nequahty is that the estimates for y; and R do not
start to see factors of = or NZ until going beyond the second derivative. Above
we interpolate between the |a| = 2,3 cases of (3.2) to bound ||[VZR| 4.
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Applying V2 Las = Va, Va, to (10.13) and commuting the partial deriva-

tive through gives

IV?prazalloo < D IATVeP<a Vil IV (yrPav”)llco

q>q

SA+9 )] ( > IIV“yIHcoHVquvllco>

q>q \ a+b=2

SA+q) 27 < > IIV“nycoIIVb“vlco)

q>q a+b=2

q>q a+b=2

<(1+4) <Z2 > S 2t ATl

< (1+ Q)= 123 % h(t)el/?

~

IV?priLmllco < log 2 E2erh(t).

Here we use that no powers of N appear in the estimates (3.1) for v until after
the third derivative. Similarly, we obtain

IV?Prazqalloo < (log 2)'E%erA(t),
IV?Praceslico S (2+ @) (log Z)"'Zeph(t),
IV25racsllco S log EE2eph(t)

by applying V,, Vg, to the formulas that led to the proof of the bounds (10.15),
(10.16), (10.17), and noting that each derivative costs a factor |V| < ZE,
|[V|? < Z? in the estimates, since we do not consider derivatives beyond
V271l co, [ V21l co, [ V30| co. (See also Section 10.4 below, where an analo-

gous term is treated in detail.) O

Proof of (10.4). This inequality follows by interpolating (10.3) and (10.5).
O

Proof of (10.5). Let Vz be a partial derivative operator of order k + 1;
ie., Vg =V, Ve,V itk =20r Vg =V, Vy, Ve, Vg, if B = 3. Recall the
decomposition py = —2pr1 — pr2 — pr,3 in (10.7)-(10.8). Using the divergence
free condition on y; and v, we have

pr1 = A" (ng V v )

Write Vg = V4, V4, Vs, where V; is a lower order partial derivative operator
of order |a| =k —1 > 1.
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Using the decomposition of (10.12), the low frequency part can be bounded by
(10.18)
IVaprizlico < [V, Va A~ Pegll [Vl Ve Vivlco
SA+d) > IVl [Vl go

B+vy=k—1
SA+Q) Y (NODEHRa) (N0 5 0e))?)
BH+y=k—1

<logENE-2rzel 22kl 24(1)

(which is enough for (10.5)). Meanwhile, the high frequency part can be
bounded by

(10.19)
Vabrin = Va Vay A ' VaPy(VeyiVioh)
q9>q
- Z Va, VGQA_lpququ(véyi'Vjvé)v

q>q

IVapramlico < 1 Vay Vay A7 Pagl| 1Py Va(V ey V0l co
q9>q

S 27 Va Ve Vo' | g
q>q

SET > 1Va, VeyiVa, Viv'|| ¢
|@1|+|az|=k—1
~_ . ’
SE Y (Ve Vailleal Va Vo llco
|@1|+|az|=k—1

+IVa, Veyillco | Va, Vv [l ga)

[

< g« ( Z éo‘[ﬁ“‘il'_l)*EH‘ﬁe%QH(t)][J/\T\(Eﬂ_Q)*EHl@6711/2])
|@1|+|d2|=k—1

< NE=2rgZel/22ke )2 ().

Performing the analogous computations for pro = A_I(ngf}vjyf) = pror +
Pr2H gives

IVabraclloo S A +a) > IV Pyrllco [V il co

pty=k-1
S+4d) S (NOD+248e)2h() (N0 D+ 276/ %A(t))
B+vy=k—1

INE

log E N2+ 51/ 22hel/2f(#)2,
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IVabramlco S 27U Val[Vey, Viyill o

q>q
5 é—a < Z i [ﬁ(7_1)+51+76%2ﬁ(t)] [N(B_1)+El+66}%/2ﬁ(t)])
y+B=k—-1
21) _
< N(k’—2)+:e%25ke%2ﬁ(t)2

As for pr3 = A_IVngRjz = P13+ Pr,3H, we have the bounds (recalling that
N = (ev/eR)l/Q)
IVapraclico < | Va Va, A~ Pegll|VaV; VR | o
S A+ PIVEFIR] o
S (1+ (j)ﬁ(k_l)+3k+leR < logéEei/QN\(k_Q)*Eke}f,

IVaprarllco <D IVay Vay A Pgll| Py Va Vi Ve R o
q>q
<D 27|V, VeRY| fa
q>q
5 éfaéaﬁ(kfl)+5k+1€R < 5611/2]/\?(]672)"'5166}%/2,

These bounds complete the proof of (10.5). O

Proof of (10.6). The k = 2 case follows by interpolation from (10.5), so we
need only consider the case k = 3. By the Littlewood-Paley characterization of
C* (Proposition 9.1), it suffices to show that for all partial derivative operators
Vg of order |@| =4 and all g € Z, we have

(10.20) 1P, Vapillco < 2795 N (Zel/?) log 223l * (1 + (1))

We use the same decomposition (10.7)—(10.8) as in the proof of (10.5) above.
Again writing Vi = V4, V4, Va,
PVapra = AT PV a(Veyi Vo)
= A7V, Vi, Pag By Va [ Veyi V0t),
1P Vapiilleo S 1A Va, Vay Pyl HPqu[ng;Vjvl]HCo
S 27Va[Vey Vo'l g

<27 N ViVt VYot e,
Bl+11=2
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P,V abrillco
ST Y (Ve VeVt oo + V5V erdllcnll Vev o' )
|Bl+e1=2
< g-aa Z éa[]’\7(|5|71)+E(1+|5|)611Q/2ﬁ(t)][ﬁ(\a*2)+5(1+|51)611}/2]
|bl+a1=2

< 2 B NEel /2236l h(t).
Performing the same computation for FP,Vzpro = A*IPqu(ng}ijg) gives
1PV apr 2|l co
<279 N (IVeVeyll el VaViytlico + 1VV eyt oo VeV iy g

|bl+l21=2

S27 Y éa[ﬁ(v—lng(lﬂ)e%?ﬁ(t)][ﬁ(6—1)+5(1+ﬁ)€g25(t)]
y+B=2

< 2795 NEe)/*E2e ) *A(t)%.

Similarly, we have
P,Vapr3 = A"V, Vay Pag P,V ad;0 R,
1P, Vaprslloo S (1P Vadi0e R co,
S 27 VIR
<2 MEN(N2Ehep) = 2712 NEel/25%e )2
Combining these three estimates gives (10.20) and hence (10.6). O

We have now proven Proposition 10.2. With estimates for the pressure
in hand, we turn to the evolution equations (6.2), (7.8), and (7.9) for yr, 21
and py.

10.2. Estimates for the velocity increment. The main result of this section
is the following array of estimates for the velocity increment yf:

PROPOSITION 10.3 (velocity estimates). For all t € Jr and for all multi-
indices @ with 0 < |@| < 3 and for all q € Z, the following estimates hold:

(10.21)  [Vayr(t)llco S N2+ glall/2 100 Z Zel/2

i

/ (Ut A(r)dr
to (1)

(10.22) E7%|V3(t)] g S NZ3ep/*log EZel/?

)

/t (1 + A(7))2%dr
to(I)

(10.23)
10 + 07V + 13V ) Vayr (D) eo S NU2+Ee 2 10g 2 2el/2(1 + A(2))?,
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a0y N@FOVi UV E a0l
S 2 RN e logEEe/P(1+A(1)*  if a] =3.

Observe that (10.23) implies (10.21) by the standard estimates for trans-
port equations (Proposition A.1). Similarly, (10.22) follows from (10.24) and
Proposition A.1 using Proposition 9.1.

We write the evolution equation (6.2) (using ijg = 0) for y¢ in the form

(10.25) (00 +u]Vj)yp = —ypViu = Vpr — VR
The vector field u§ =of + yf appearing above satisfies the estimates

(10.26)
IVaurllco + 0 Vaurllga S N3l 214 4(2), 1< a| <3.

We now prove the estimate (10.23).

Proof of (10.23). Applying V3 to (10.25) and commuting gives an equa-

tion

(10.27) (@ +uV)Vay; = Y cap VuiVeViys - Lgs,
1Bl+le=lal

(10.28) — ValyiVivt] — VaVipr — VaViRY.

-

The commutator term in line (10.27) is bounded by (using |¢] = |d@| — |b] <
jal —1)

(10.26)
(10.29) |(10.27)]|co <

s ¥ [NB=3)+glblel/2(1 4 A(t)INUA-D+ 2D 2 g4y

) Bl>1
Bl+la=lal
X (|b]-1— ar(jel+1— ) =lal 1/2
s ¥ [RO-1-2s §A1-21y o ] mel/ 22021+ ()2
Bl+la1=lal
(2.1)

(10.30) < NUA=2+gel/2gldl /21 4 f(t))?

The first term in line (10.28) is bounded by

(10.31)

IValyiViollleo S S IVayilleol VaVjvt| co
1Bl+le=1al
< ¥ [ﬁ<\b|—2>+5\b\6}%/2ﬁ(t)] [R(Ie+1=3) glel+1,1/2]
1Bl+|e1=lal

< NUal-2)4z1/2=al /2
<N Ee,/ “E%ey “A(1).
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The other terms in (10.28) are bounded by

(10.3),(10.5) R i ql 1/2
IVaVirllco < log=Eel/2NUA=2+zlale /2 (1 4 f(t))?
V3V R oo < NUAHI=D1glalt1e, < Nla-2+zel/2gal L2 0

Proof of (10.24). For |d| = 3, we apply P, to (10.27)-(10.28) to obtain
(10.32) (0 + ujV;)PyVays = W}V P,V gy — PylulV;Vayf]

(10.33) + Y PV VeVl - Ly,
1Bl+e1=lal
(10.34) — P,Vi[yiV,0vt] — VgV — P,VV,; R,

By Proposition 9.2, the commutator term in line (10.32) obeys the bound

1(10.32)[|co < 27 Vur || col|Vayfll e

(10.26) ~ s
< 2702l /2 (1 4 A(1))|[ECNEI e A(t)]

< 272 NEel 22 (1 + A(t))?.
Following the proof of (10.30), the term (10.33) obeys (for |a| = 3)
110.33)[co S D° 27V VeV il eal s

|bl-+lc1=1a
$27° S (IVpulllealVeVinillco + V5ugllco | VeV il ga) 1 s
1Bl-+lal=al
<2 Y N PI=3)2lblel/2(1 4 [L(t))][]/\7(‘5]_1)+E(|51+1)e}%/2ﬁ(t)]1‘g‘>1
1Bl-+lel=a]

< 27 ECNEel 2236 (1 + (1))
Modifying the proof of (10.31) as in the previous computation gives the bound
j —agBa NH(3-2) 1= 1/2=|a| 1/2
1P, ValyiV ! co S 27 *E(NG-2+ 2l 22l el (1)),
The other two terms in (10.34) are bounded by

(10.6) 1/2 1/2
|P,VaViprllco < 27%E%logE NZel/?23e,{* (1 + A(t))?,

1P, VaV iR co S 27| VAR pe S 2—aqaaN<4—2>+: €R,
< 92— aq—uN 61/2”363
This estimate concludes the proof of (10.24). O

We now proceed to estimate the components of the anti-divergence r}[ =

p]I[ + z}é.
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10.3. Estimates for the anti-divergence I: zy. The main result of this sec-
tion and the following one is the following array of estimates for the components
z}ﬁ and p]IE of the anti-divergence r}f = P[ + zﬂ We use the notation ¢ to

denote the integer ¢ € Z such that 2971 < = < 24,

PROPOSITION 10.4 (Anti-Divergence Estimates). For all t € Jy, and for
all multi-indices @ with 0 < |d@| < 3 and for all ¢ € Z with q > G, the following
estimates hold:

(10.35)

IVazr(®)llco + [ Vapr(t)llco S NUA-21+=le (log 2)*Zey/?

/t (1 + h(r))2dr|,
to(I)

(10.36)

R t

E V3 ()]l o + V21 () o) S NEP2(log E)°Ee)/? /t(l)(Hﬁ(T))QdT ,
0

(10.37)

ID:Vazi(t)l|co + | DiVapi () [ co S NUT=2+ 2106 (log 2)°Ze)/? (1 + A(t))?,

(10.38)

| D PV azr(t)||co + [[DiPyVapr(t)| co
< 27MECNZ32(log 2)%2el/2(1 + () if |d| = 3,

where Dy is the operator Dy := (0; +v-V) and é = ep/(log E 561/2).

As in the discussion following Proposition 10.3, note that (10.37) implies
(10.35). The bounds (10.35) and (10.38) imply (10.36) as follows. From (10.38)
and Proposition A.1, we have

27 sup 2°9(]| P Vaz1(t)llco + 1P,V api (t)llco)
>4

< N2%4(log 2)*Ze)/? . lal =3

/t (1 + h(r))%dr
to(1)

On the other hand, in the range ¢ < §, we have 29 < 29 < 22, and

S-a sup 2°7(|[ P, Va1 (1) lco + | Py Vapr (£l o)
9>9q

S IVazr(®)llco + [Vapr()llco, lal = 3.

Thus (10.38) together with (10.35) imply (10.36) by the characterization of C*
in Proposition 9.1.

In this section, we address the estimates (10.37) and (10.38) for z;. The
proof of (10.37) and (10.38) for p; will be given in Section 10.4 below.
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Proof of (10.37) for z;. Applying Vz to (7.8) gives

(10.39) O+ 0'Vi)Varl = 30 V' VaVie s,
B+a=1al
(10.40) — Valypyil = Vapro’* — VaR'".

The commutator term of line (10.39) is bounded by (using | = |a@| — |b] <
jal —1)

i 14
1(10:39)lco S D° IVEvilleollVaViztlleo - gy
[bl+121=a]
< Y W(|5|—3)+E|E|e11)/2} [NUA-D+gle+1g5()] - 1
[6l+|e1=|al
S Y N2 121
Bl-+la=lal

21 )
(10.41) < NUd=2+zel/ 22l e (1),

b|>1

o1 Eey *E7eA ()]

Using ep = log::ev/ the first term in (10.40) is bounded by

IValyryillee S Y- IVayillool | Veyrlico
Bl-+lcl=a]

< Y []/\7(‘5‘_2)+E|g|e}%/2ﬁ(t):| [ﬁ(la—2)+5|516}%/25(t)}
l-+lel=lal

< NUa=2)+zlal e b g (4)?

< RU-24 2 10 B2 261

The other two terms are bounded by

, (10.3) __ R
IVaprd"|co < NUID+ElllogSep(1 + A(t))?
< N2+ 20 1og 2)22el/26(1 + A(1))?
IVaR"||co < NUd-2+zlale
< NUa=2)+zlal logéEe}/Qé.

Combining these estimates gives (10.37) for z;. O
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Proof of (10.38) for z;. Take |d| = 3 and apply P, to equation (10.39)-
(10.40) to obtain

10.42 Oy + v'V,;) P, Va2l = viV, P,V azr — P,[v'V,;Vazs
q I q q

, y
(10.43) + 2 gV VeV Ly,
[b]+|e1=]al
(10.44) — P,Valyyi) — PVap18’* — PV R
We estimate (10.42) using Proposition 9.2 by
1(10.42)||co < 27|V vllcol|Vazr | g
(10.45) [1(10.42)]|co < 27 9Zel/220 N a2+ 2242,
We estimate (10.43) by
_ i 14
10043)l0 S Y 2V Vi e - 1y
[b]+[el=|a]
3 . y : y
$27% 3 (IVp'lleallVaVier oo + IV lleollVaVizg [l ga) - sy
l6l+la1=1a
<27 Z o [N(Ib\—1—2)+5|b|e11}/2} [N(|a+1—2)+5|a+15ﬁ(t)] .1“;'21’
|bl+|e1=|al
(10.46)
1(10.43)]|co < 295 N2+ 51221 24(¢).
Similarly, the first term of (10.44) is bounded by
, B . y
1P, Valyryilllco $27°0 > IVyiVeyr llee
l6l+lal=1al
<270 Y Za [ﬁ(\b\—QHElble}{Qﬁ(tﬂ {ﬁ(\a—2)+5|516}{2ﬁ(t)}

Bl+1a1=lal
< g-oaZa A2+ gl ()2

< 272 N2+ 100 Z Zel /221 24(1)2.
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Finally, the latter two terms of (10.44) are bounded by
1P,V apré™|lco S 27| Vapi | ¢

(10.4) . ~ )z a
2 y-ouz g E N2+ 21 4 4(1)

5 2faq§a(10g 2)2563)/2N(|6|*2)+E‘6|é(1 + ﬁ(t))27
|PaVaR leo 27| VaR™ |

< 2—aq§aﬁ(\5l—2)+5\5|6R
< 27E og 5 Zel /2N A2+ Zlalg,

This estimate concludes the proof of (10.38) for z;. O

10.4. Estimates for the anti-divergence I1: pr. In this section, we establish
the estimates (10.37)—(10.38) for ,0][4.

Proof of (10.37) for pr. Let Vz be a partial derivative operator of order
0 < |d| < 3. Applying V3 to (7.9), we obtain

(10.47) (0 + vivi)va'py = ) Z 0675,5ngiV5vip§€ . 1‘5‘21
1B]-+/c1=lal
(10.48) + ViRV ' Vir®] + VR [yt V).

Repeating the proof of the estimate (10.41), the commutator term in (10.47)
is bounded by

1(10.47)[|co < NUa=2+Zel/22la4(1).
Let f1¢ := VR [V,v'V;r%] denote the first term in (10.48). Using V;v¢ = 0,
we have

F* = RIViValVau'r’]).
Letting ¢ € Z be as in the pressure estimates of Section 10.1 (201 < 2 < 29),
we decompose fif = fig + f}f, where
[ = RIViP<i[ValVav'r']),
(10.49) =Y RIVPVaVeurd).
>q

In frequency space, the Oth order operator R7¢V; is represented by a Fourier
multiplier mip 7t

A .é P —~,

RIVIUI() = myy (U (E), € €R?,
such that mgbg (&) is homogeneous of degree 0 and smooth away from the origin.

This fact follows from the formulas (7.1) and (7.2), from which we observe
that the corresponding Fourier-multiplier for R7¢ is smooth away from the



910 PHILIP ISETT

origin and homogeneous of degree —1. Repeating the proof of (10.11), this
observation allows us to bound

IRV Peyll S (1+4) S log 2,
¢ = ;
11 llco SlogZ Y [IVEVav'llcol Verzlco
|b]-+|¢l=lal
SlogE Y []/\?(\5\—2)+E|g|+1611}/2][]/\f\(|a—2)+5|51éﬁ(t)]’
1B+ 1= al
gt < ==,1/2 a7(ld-2)+ =ldl 2
1 f7 lco S log=Z2e,/“N EMen(t).
Meanwhile, the high-frequency term in (10.49) can be estimated by
1= RIV, Py PV [Var'r)
q>q
Iffllco S D7 IRV iPag| 1Py [ValVav'r§]l|co
qa>q
<D 27 ValVar il e
qa>q

~ 4 T

lbl-+lal=1al
—a Z éa[]/\f\(|b|—2)+5‘b|+1811}/2][]/\7(|5|—2)+E|aéﬁ(t)]7
|bl+|c1=lal

£ llon < Zel/ 2N A2 2He(r)

<

[1]

ViVat'll¢alVertlico + V5Vat' oo [Verl ¢a)

LA
[

We now turn to the second term in (10.48), which we call g/ := ViR [y V0],
which is the dangerous term discussed in Section 7. In proving the pressure es-
timate (10.3), we have already encountered a term pr; with a similar structure.
The term ¢7* will be estimated by similar techniques. We start by decomposing

gt = g]L[ + g%, where
" , ,
(10.50) g = VaRI Pyt Vi),
y . .
gi = Y VaRI P yi V',
a>q

We treat ngé as follows using P, = Py, Fy:
y . 4
g1 = Y R Pg[VaPylyi V'],
q>q
lgrllco S D IR Pegllll Py Valyi Vi)l co
q>q
<2727 Valy; Vi)l e

>4
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N
[I})
[1}7
Q

> UVl VaVir leo + IVzurlloo [VaViell ga)
|bl-+|1=lal

<2z Z éa[]’\?(\b\—QHE'g‘e}{zﬁ(t)][JV(‘E"”*E'E'“e}/Q]
|b+|e1=al

< BN+ glal /2 eL2 )

< NUa=2)+=lale b g (4)

< log E=Zel/2N(a-2+=lalzf 1)

qu the low frequency part in (10.50), we further decompose into g%é = giﬁL +

9]L€H7 where

(10.51) g1, = VaR P<gly;ViP<q'],
(10.52) gin = Y VaR P<gly; ViPp'].
>q

We estimate the latter term gJLfH using V;y% = 0 to obtain
y , A
g = R P<qVilValyi Pp']),

y y .
lgLellco S D NR P<gVill [ Valyr Pyv®]l| co
>4
SlogZ2 ) Y (IVaurlleol| Py Vav®||co
@>d [ +]cl=a]

SlgE3Y > IVaurlloo 2V Ve o)

9>4|5|+|1=lal
Slog227 Y IVrlleo [ VVa?| co
|bl+]21=lal
SlogZ22 Y [ﬁ<|6|72)+5\6‘\6;/2ﬁ(t)]W(\aﬂfsngaﬂe}/a
bl+|e1=|a]
< log £ 2T N(A-D+ lal+1e12 12 1)

<logZ NUd=2+gldlepa(t)
i 22 1/2 5 (|d]—2) 4 =] ~
lgillco < (log 2)*Sey/2N1T=20 =l e (1),

Our technique to estimate the term giEL in (10.51) is to first decompose into
frequency increments:

qg—1
i¢ il il
(10.53) 9L = D Ihrga T Ihrgn:
g=-1

, . .
Thrqn = VaRI Py [yiViP<g0"],
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i y A b
gjLLqB = VaR’" P<qly;ViPy+1v7].

As in the estimates for (10.14), observe that P<,v® and P,y1v are restricted
to frequencies |¢] < 2972, The Littlewood-Paley components of y; supported
in |¢| > 2975 thus cannot contribute to the P,1 projection of the products
above, and we have

(10.54) Tirqn = VaR?' Pyya[PeqisyiViP<'),
(10.55) 91145 = ViR P<g[P<qi39;ViPyi10").

From Proposition 8.1, we have that y} = Var?i. Substituting, we obtain the
bound

y . .
g7 Lqallco S IR Pyl I ValP<gi3yi ViP<qv®] o
<277 N [VpP<grsytllcol| VaVivllco
|bl-+]21=lal
$270 Y ([P<grsVaVirfllco | VaVivllco
|bl-+]21=]a]
$277 3 |[P<giaVall [Varfillco | VaVivllco
|b]-+|c1=la]
<2t ) 2a[ N (B1-2)+ 2ol 2 (1) [N (E+1-9)+ gle+1 /2]
|6l+|&1=a]
(10.56)

y U
197 1qallco S Sey/*NUA=2+ =20 es(2).

Using that V;y% = 0 and again applying Proposition 8.1, we estimate (10.55)
by

gjLL)LqB = R P<yViVa[P<y3Varf Pyy10”]
y .
97 Lgnllco S IR P<Vill >~ |[P<g3Vall [Vrillco | Pya Vvl co,
il +lel=la]
S@2+q) D 2Vl 279 VV | eo]
i +lel=la]
<S@2+q Y [ﬁ(\g\—2)+5|5\gﬁ(t)][ﬁ(lé‘l+1—3)+gla+1€11)/2]’
Bl+1a=a
(10.57)
0 — 1/2 (3] —2). o] ~
gt sllco S 2+ q)Zel/ > N2 2lel ().
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Summing the bounds (10.56) and (10.57) in (10.53) gives
'
g7z lleo S Z (2+ q)Eey/ N2 2l24 ()
qg=-—1

<(14¢)°%= 1/2N(|a\ D+eldlen(t)
< (log 2)?Zel/2NUa-2+ =l g4(1).
This estimate concludes the proof of (10.37) for p%e. O
We now prove the estimate (10.38) for p;s

Proof of (10.38) for p;. Let Vz be a partial derivative operator of order
|d| = 3, and let P,, ¢ € Z be a Littlewood-Paley projection with ¢ > q.
Applying P, to (10.47)—(10.48), we have

(10.58) (8 +v'V)P,Vapl' = v'V,P,Vapit — Py[v'V;iVapl']

(10.59) + Z czg.elalVy' V~V1p1] B>1
|Bl-+]a1=]a|
(10.60) + VaRI P, [V 0’ Vir§¥] 4+ VaRI P, [yi V).

Repeating the arguments leading to (10.45) and (10.46) but with p; in place
of zy, we obtain

[1(10.58)|co < 9—aqZaT, 1/2N(|5\*2)+:|5| (L),
1(10.59)[|co < 2 aq:a:elﬂN(la\ 2+zlalen(t).

To bound the first term in (10.60), we use that Vo' = 0 and P, = PyyP; to
write

VaRjKPq [Vavivir?b] = RjEVz‘ququé’[vavlr?b]

VR Py [V 0 V%] || co
SRV Pegll |1 PgValVav'r$] | co
S D PV VaVa o

lbl-+lal=1al

$S27% > IVt VaVar'| e
lbl+|e1=al

<27 3 (Vg PlleaIVaVar'lloo + IV lloo I VaVav'llea)
|6l +lel=lal

<27 Z éa[ﬁ(\g\—2)+5|g|éﬁ(t)][]/\7(|51_2)+E|51+1€11)/2]’
|bl+lc1=1a

IVaRI P,V 0!V ir®] || co < 2795 Eel/2 N 1a-2+ gldlag ().
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To bound the second term in (10.60), we use that = < 24 < 27 to obtain
VaRIP,[yiV0'] = R Pey P,V a[yi Vin?),

IVaR PyfyVin"llloo < IR Pegllll P Valyr Viv']llco
< 27927 Valyr Vo'l g
SElgm i} Yo (IVillealVaViollco + Vil oo VaVio | ¢a)
[b]+]el=]a]
D éa[]/\]\(|g|*2)+5‘g‘€}%/2ﬁ(t)][ﬁ(‘a+1*3)+5|a+1e})/2]
e
~lg-aage N(al-2)r 501 /25 o 1/2 1)

AN
[1h

[1h

IZANRZA

9—aqza £(ld]—2)+ EmeRﬁ(t),

V&R P,y Vi) || co < 27%92% log 2 Zel/2NA=2)+Zlal ().
This bound concludes our proof of (10.38) for p;. O

Having now proven Propositions 10.3 and 10.4, we are ready to complete
the proof of the Gluing Approximation Lemma 3.2.

10.5. Proof of the Gluing Approximation Lemma. In this section, we prove
the Gluing Approximation Lemma 3.2 using the results of Sections 8-10.4.

Observe that Proposition 10.1 follows immediately from Propositions 10.3
and 10.4 and the definition 10.1 of A(¢). Proposition 8.2 has also been proven,
as it follows from Proposition 10.1 by the argument following the statement of
Proposition 10.1. Thus, the time interval [to(1) — 86, to(I) + 86y is contained
in the time interval of existence .J;, and the gluing construction is well defined.
Furthermore, recall from the proof of Proposition 8.2 from Proposition 10.1
that the dimensionless norm A(t) associated with each index I satisfies A(t) < 1
for t € [to([) — 890,t0(]) + 890].

In what follows, set J; = [to(I) — 80, to(I) + 86p]. We claim the following
estimates:

PROPOSITION 10.5. Let i, o = vf +y¢ and 13" = pi + 23° be as defined
in Sections 6-8. Then

10.61 sup | VFyl|co < NE=2+2kel/2 0 | —0,1,2,3,
Ylleo < R
teR
(10.62)
supsup || V(8 + - V)yrllco < logéEeimﬁ(k_Q”Eke%Q, k=0,1,2,
I tedr
(10.63)

sgp Su}) V(0 + 7 - V)ri]lco < (log2)2Eel/2NGF—2+2ke | =0,1,2.
teJr
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Proof. The bound (10.61) follows from the definition y* = 3;nry% of
y* and the estimate (8.3). To obtain (10.62), let Vs be a partial derivative
operator of order |@| = k < 2. Then

O+ 0'Vi)yp = (O + 0" +y))Viyl + ' Vayt — yiViyl,
(10.64)  Vz[(0r + 5'Va)yf] = Val(0 + 'V + yiVo)yf] + Val(y' — yi) Vayl)-

The first term on the right-hand side of (10.64) is equal to the sum of the
terms in line (10.28). For these terms, we established a bound

IVa[(0: + vV + 1i V) gl co S log EZel2N 1=+l 1/2(1 4 f(1))?
< log EEel/2N -2+ glal /2,

The other term in (10.64) is bounded by

IVal(y' =y Vaillloo S D- IV lleo + IV59i leo) IVaViytllco

|b]-+c1=]al
< Y W(IEI—?MEIEIG}%/?][ﬁ(\a—mglé‘lﬂe%z]
|b]-+cl=]al

< Ee}{?ﬁ(lﬁ\—lhglﬁ\e}f < Ee}}ﬂﬁ(lﬁ'l—?ﬂglﬁle}f.
To obtain (10.63), we compute
(&5 +0- V)T[ = (Bt + vivi)[pfg + Z}Z] + yivir%
(10.65) Va0 + 7 - V)ri) = Va[(8; + v’ V)i + Valy' Vird].

The first term on the right-hand side of (10.65) is equal to the sum of the
terms in lines (10.40) and (10.48). For these terms, we proved a bound

Va0 + 0'Vi)rillco < (logE)2NA=2+zel 2212 (1 4 4(1))?

< (log B)2=el/2 N al-2)+ glal s,
The other term in line (10.65) can be estimated by

IValy'Virllleo S Y. IVl leoIVaVirs|l co

1Bl+1a1=lal
< Y (N2l R d-Ds 2l
Bl+let=lal

— 1/23(lal— —|a| ~ —_ ~r(lal— —|Gl|
< BN gl < 212192 gl

The proof of Proposition 10.5 is now complete. U
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Using the formulas
ot =o' + o,
. " , ,
Rr = Yoo (D (] — ) + i1 (7y1 1 + Y7091

¢ j l
— N1+ (YT + YY)

(10.66)  DiRy = 1y g o () (r] — 1) + np(®)De(r) = 17 )]
(10.67) + (e + ) WIYEe + vl 0

(10.68) + ?71771+1(5ty}3/§+1 + yf}ﬁtyﬁl + 5ty}+1y§ + y}+15ty§)
(10.69) — (i + ) (VYL + i)

(10.70) — "7[77[+1(5ty}y§ + y}ﬁtyf + Ety}+1y§+1 + y}+1ﬁty§+l)7
(10.71) Dy = (8;+7-V)

from (6.7) in Section 6 and applying the bounds of Proposition 10.5, we obtain
the following estimates:

PROPOSITION 10.6. Uniformly int € R, for Dy as in (10.71), we have
(10.72) IVED||co < EFel/2, k=1,2,3,
(10.73)  sup |[V*R[|co <s N#2D+=F1ogZen, k=0,1,2,3,
I

(10.74)  sup||[V*DyR;[|co <s (log E)?Zel/2N*-D+2F 10gZ e, k=0,1,2.
1

Proof. To obtain (10.72), we use
150 o + [I9Fy [l oo S BFel/? + NE2eghey(? < 2hel/?, k=123,
For (10.73), let Vz be a partial derivative operator of order |G| = k < 3. Then

IVaR;|lco S lInfllco Sup IVarillco+ Y. sup||Vzyrllco sup Veyr|lco
|| +|¢1=]al

<s (log 2)256,}}/2N(|6‘_2)+E|5|§ + N(|‘7|—2)+E|55\6R
<s ]OgéN(|5\—2)+E|5|€R'

For (10.74), let Vz be a partial derivative operator of order |d| = k < 2. We
estimate Vz D, R by

IV7(10.66)||co < Sl}p[”n/f/”COHVamHCo + o[ VaDerll o]
<5 [(log B)2=el/212N (a1 -2)+ 5lal 2

<5 (log 2)32el/2N =2+ =ldle .
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[Va(10.67)|[co + [|V7(10.69) || co

Ss (log2)*Eey/ >~ sup||Vyyrllco sup [|Vayrlleo
161+ 1= a]
<s (log 2)25611)/2]’\[\(|6\72)+E|6\6R’
IV&(10.68)|co + [[Va(10.70) [ co

N sup | Vgyrlico sup [VeDeyrllco
Bl-+Ia1=a]

< Y (N2 20l log B Zel 2N -2 =l L)
1Bl-+le1=1al

&= 1/273(d—2)+ =l
<log=Zel/2NUd=2+Zldle

Combining these bounds proves (10.74) and finishes the proof of Proposi-
tion 10.6. 0

From Proposition 10.6, we have established the estimates claimed in the
Gluing Approximation Lemma 3.2 (noting that N(@-2+ = 1 in (10.74) for
|d| < 2). As we have already discussed the proof of the support properties
in Sections 6-8 (see, in particular, the discussion at the end of Section 6), we
have finished the proof of Lemma 3.2.

Part 4. The Convex Integration Sublemma

In Sections 11-17.6 below, we prove the Convex Integration Lemma 3.3.
The proof of the lemma is a combination of the framework of estimates in
[Isel7] with the construction of Mikado flows in [DS16]. We start by introduc-
ing some notation that will be used in this section.

For this proof, the notation X <Y will mean that there exists a constant
C'such that X < CY, and this constant C'is allowed to depend on the constants
Cy and Cs and ¢ provided in the assumptions of Lemma 3.3 (which are the
conclusions of Lemma 3.2). If a constant depends on the parameter n > 0, we
will write <,,. We will write X < CpY for an inequality involving a constant
Cy that is an absolute constant that is not allowed to depend on C1,Cs or 7.
The value of Cy may change from line to line.

As opposed to the proof of Lemma 3.2, in this proof the notation ||f||co
will refer to the C° = C’gx norm in both the time and space variables.

If A= Ag € R¥3 is a 3 x 3 matrix, we will let |A| denote the Frobenius

?7j:1(Ag)2)1/2. In general, for any tensor field,

it is implied that the Frobenius norm is taken pointwise whenever we write a

norm of A, namely, |[A| = (

norm such as the C° norm.
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11. Mikado flows

We recall the construction of Mikado flows from [DS16].

Let F C Z2 be a finite set of integer lattice vectors. Then there exists
a collection of points (pf)fer in T? and a number rg > 0 such that if £; =
{ps+tf : t € R} C T3 denotes the periodization of the line passing through
ps in the f direction, and if Ns({f) = {X +h : X € T3, h € R3,|h| < 6}
denotes the closed d-neighborhood of /¢, then

(11.1) Naro(£7) (1 Napo(€5) =0 forall f,f €F, f# f.

For each f € F, choose a function ¢¢(X) : T — R of the form ¢;(X) =
gr(dist(X, £f)) such that gy = gs(d) is a smooth function with compact sup-
ported in supp g5 C {ro < d < 2rp} and

(11.2) / Yr(X)dX =0,
T3
1

Then 97(X) is a smooth function on T3 whose level surfaces are concentric
periodic cylinders with central axis £¢. From the orthogonality between Vi)
and f and (11.1), one has that the vector fields u? = (X)f¢ are divergence
free and have disjoint support

(11.4) Vb (X)ff =0,
(11.5) supp ¥y N suppwf = forall f,f €T, f+#f.
Combining (11.4) and (11.5), one has that any linear combination
ut =y (X)f°
fer

is a stationary solution to incompressible Euler with 0 pressure (i.e., V,u’ = 0
and V;(u/u’) = 0). Solutions constructed as above are termed Mikado flows
in [DS16].

Letting e; denote the ith standard basis vector in Z2, we will fix our finite
set [F to be

(11.6) Fi={e;+e; : 1<i<yj<3}

and use ¥y to denote the above chosen 1. Note that the cardinality of F is
|F| = 6.

12. The coarse scale flow and back-to-labels map

Let (v,p, R) be the Euler-Reynolds flow given in Lemma 3.3. Let v, =
ne * v be a mollification of v in the spatial variables, where 7, : R? — R is
a standard smooth mollifier (k) = ¢ 3n(h/e) with compact supported in
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suppne(h) C {|h| < €}. The positive number ¢ < 1 will be chosen later in the
proof in Section 16 below. Regardless of the choice of € > 0, one has that

[Vel[co < Aol V| co,

with Ag = [|m|/z1®s) an absolute constant, which will later be set to Ag =1
by taking n > 0.

Associated to v. we define the coarse scale flow as the map P4(t,x) :
R xR xT?® — R x T? by

Dy(t,x) = (t + 5, PL(t, 7)),
d

(12.1) Ot o) = vi(@u(t2)), i=1,2.3,

Dy(t,x) = (t, z).

Then ®, is the flow map of the four-vector field 9; + v - V on R x T?, and it
satisfies @5 0 &y = &, o for all s,s" € R. In particular, for all s € R, &, is a
bijection on R x T3 with inverse map ®_,.

Let (t(I));ez be as in the assumptions of Lemma 3.3. For each each
t(I) € R, we define the back-to-labels map 'y starting at ¢(I) as the (unique,
smooth) solution to

(at + Uévi)rj(t, SU) = 0,

Tr(t(I),x) = x.
One can regard I'; as a map I'; : RxR? — R3 with the symmetry (¢, 24¢) =
T;(t,z) + ¢ for all £ € Z3, which holds due to the integer periodicity of v. and
uniqueness of solutions to the transport equation. From this symmetry, we can

also think of I'; : R x T3 — T? as a map on the torus.
Recall that Lemma 3.3 assumes that

8| Vvllco < bo,

where by is an absolute constant that remains to be chosen. We will later
choose some by < 1, so that the estimates of the following proposition hold:

PROPOSITION 12.1. There exists an absolute constant Cy such that if
0||Vvllco < 1, then for allt € [t(I) —0,t(I)+ 6] and 0 < e <1,

(12.2) IVl < Co,
(12.3) 1(8; + ve - V)Vl co < Col|Vol|co,
(12.4) VT —1Id || o < Cof||V|co.

Moreover, VI'[(t,x) is invertible at every point, and the inverse matriz Vfl_l
satisfies the same estimates (12.2)—(12.4) when restricted to t € [t(I)—0,t(1)+0).
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Proof. The equation for VI'y is
(0 +vV)Val} = ~Vau,Vil],
Vo I5(t(D), z) = 1dF = 6%,

For |s| < 0, let ®; be as in (12.1) and || - || denote the Frobenius norm. Using
(12.5), we have

(12.5)

3
*HVTIH (@5 = > (VID)5(®5)[(9: + ve - V)(VI1)G](@s),

a,k=1
d
dSHVFIH2(‘1>s(t(I)7w))‘ < Col[Voell ol VT2 (@s),

Gronwall = [T 2(®,(¢(1), ) < | 1d [} @IVeleotl < | 1 o lIVvlcald
sl Volloo < 1= [ VE]*(@s(t(1), 2)) < CF.
Since ®4(t(I),-) maps {t(I)} x T3 onto {t(I) + s} x T3, (12.2) follows. Then
(12.3) follows from (12.5) and (12.2). To obtain (12.4), write

VFI(q)s(t(I%x)) —Id= VF[(CI)S(t(I),SU)) - VFI(‘I’O(t(I)’l“))

and then apply (12.2), (12.3) and |s| < 6.
To see the invertibility of VI'7, let ¥}* be the unique matrix-valued solution
to the initial value problem

(8t+vV) VUYE,

(126) YE (D), ) = 1dj.

Then Y} = (VF;l)g is also the unique inverse to VI'7, as we have
(0 + VIV (VI DEY] = =V VaulY + VI FV Yy =0,
(VI)aYy (1), ) = 1d;.

The proof of the estimates (12.2)-(12.4) for (VI';1)¢ proceed exactly as for
VT, but using (12.6). O

13. Ansatz for the correction

We now explain the ansatz for the correction. The ansatz used here is
equivalent to the one in [DS16] with the only significant differences being the
presence of time cutoffs and the use of multiple waves.

The new Euler-Reynolds flow (vi,p1, R1) in the conclusion of Lemma 3.3
will have a velocity field of the form v; = v+ V. The correction V is a sum of



A PROOF OF ONSAGER’S CONJECTURE 921

divergence free vector fields V; indexed by J = (I, f) € Z xF. The integer part
I € Z will specify the ¢(I) € R around which V; is supported in time, while
the index f € IF will correspond to the direction in which V; takes values.

Vi= Z Vfa Vgi:O forall J € Z x F.
JEZXF

The leading order term in each V;, J = (I, f) € Z x F, has the structure of a
Mikado flow (as described in Section 11), but rescaled to have a large frequency
A € Z and made to move along the coarse scale flow by composition with the
back-to-labels map

Vi =Vj+ovy,
(13.1) Vj(t:2) = ol (t,2)s (L1 (t2)), T = (I, f).

The leading order term XO/J is divergence free to leading order in the large
parameter A, as we will have

(13.2) ViV (AL (8, 2))] = 0.

The lower order term (5Vf will be chosen such that Vf is exactly divergence
free.
More precisely, the amplitude vﬁ in (13.1) will have the form

(13.3) 5 = ey (bt 2) (VT YL

for functions e}/2(t) and v;(t,z) to be described shortly. The identity (13.2)
follows from this ansatz thanks to the presence of (VI';') and (11.4). The

function e}/ 2(t) is required to satisfy
(13.4) supp; ey 2(t) C [t(I) — 0,¢(I) + 0).
To correct the ansatz (13.1) and ensure the divergence free condition, for

each f € F, choose a smooth (2,0) tensor field Q?ﬁ : T3 — R3 ® R3 such that
Q?ﬁ is anti-symmetric in o, 3, and
(13.5) Va2’ (X) = vp(X) £,
(13.6) Q%% (X)dX = 0.

T3
One can take for instance Q?ﬁ = VYA 7] - VP ATy, f]. The existence
of this choice relies on the fact that v ;(X) f¢ is divergence free and has integral
0 on T3.

‘We now define
(13.7)

Vi = ATV [(VITHA(VET e 2 (07,95 (AT, T =(I,f) € ZxF.
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The Vf above is divergence free because it is the divergence of an antisymmetric
tensor. (The tensor within the brackets is antisymmetric in a, £ because Q?’B =

—Q?a is antisymmetric in «, 8.) Expanding the divergence in (13.7) and using
(13.5), one sees that V¥ has the form (13.1) for

(13.8) Vf = 005,507 (AT)),
(13.9) 00505 = AV (VIT DA (VT ey (87 (¢ o).

14. The error terms

Let (v,p, R) be the given Euler-Reynolds flow obeying the assumptions
of Lemma 3.3. The new Euler-Reynolds flow (v1,p1, R1) will have the form
vn=v+V,pr =p+ P, and R{e that satisfies

ViR = 8V + V[V + Viul £ VIVE 4 eIt 4 R
We will define mollifications ve and R, to approximate v and R. Recall also

the decomposition V¢ = ¥ Vf + 6V{. In terms of these, the new error lee
will be composed of terms that solve

(14.1) R{" = R} + RSf + RY + R},
(14.2) Rl = (o) — o)V + VI (0" = of) + (R — RI"),
(14.3) ViR = 0,V + oIV, VE+ VIV 0,
(14.4) RY = S 6VIVE+VIevE +ovievE,
J,K€ZxF
(14.5) ViR =V, | Y vivi+Ppsit+ R
JEZXF

Note that we used VjVj = 0 to obtain (14.3). Note also that (14.4) is sym-
metric in j,¢ due to the double sum over Z x F. In order to obtain (14.5),
a key cancellation comes from the fact that supp VN supp Vi = 0 for all
J,K € ZxTF,J # K, which eliminates all the cross terms in the product. This
disjointness of support follows from (11.5), (13.4) and (3.7).

The amplitudes v5 in (13.1)~(13.3) and the correction P to the pressure
will be chosen such that
(14.6) S Wb+ Pt RIC = 0.

JELXF

In this way, the “low-frequency” part of (14.5) will cancel out, and (14.5)
becomes (using (13.1),(13.3))

(14.7) ViRl = 3 V(Wi ~ )], J = (1, f).
JEZXTF
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15. The algebraic equation

In this section, we specify how the e}/Q(t), ~(t,z) and P above are chosen
so that (14.6) is satisfied.

From Lemma 3.3, there is a decomposition R = Y ; Ry with supp; Ry C
[t(1) =8, ¢(I)+%]). We will define R* = .+ R’ by mollifying only in the spatial
variables, and hence we obtain an analogous decomposition Rge =57 Rﬁ,
with leli = 1) * RJI‘Z supported in the same time intervals supp, leli Ct(I) —
g t(I) + §).

Writing P = "7 Pr, equation (14.6) now reduces to choosing v; and Py
such that for all I € Z,

(15.1) S Wb+ Pt + Ry =0
JEIXF

We take Py = —ey(t), and (15.1) reduces to

A I B , ”
S ol =ert) S AAVITVAVIT e = () - RY..
JelIxF JelIxTF

Assuming that we can divide by es(t), this equation will hold if for all I € Z ,
we have

_ ; — ; 74
(15.2) > W (VETDLVE S = 0 e

JEIXF

ef = —er()7'RY..

To ensure that the above division is well behaved, we choose e}/ 2(t) to have
the form

(15.3) 6}/2(15) = [KCslog = er]"*ng /s *t Lis(r)—36a.0(r)230/4(t)-

In the above formula, Cs is the constant in the upper bound (3.10), 7/5(7)
is a standard mollifying kernel in the time variable supported in |7| < g,
L4(1)—36/4,¢(1)+36/4] 18 the characteristic function of [t(1) — 360/4,t(I) + 30/4],
and K is a large constant to be determined shortly. Note that the support
restriction (13.4) is satisfied by the above formula.

From the support property of Ry, and (3.10) (which holds also for Ry ),

we have
(15.4) lerllco < K1

Applying (VI'7) to (15.2), it suffices to have that for all I € Z and all (t,z) €
[t(I) — 0,t(I) + 6] x T3,

(15.5) S G f = (VIDL(VI)(6°0 + &), J=(I,f)€ZxF.
Je{I} xF
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At each point (¢,z), the right-hand side belongs to the space S C R? ® R? of
symmetric (2,0) tensors. From our choice of F in (11.6), the following claims
hold:

(15.6) The tensors (fjfe)f@g form a basis for S,
1 . .
Zpipl it
(15.7) > ' f 57t
feF

Viewing the right-hand side of (15.5) as a perturbation of 67¢, we assume 7(2[ f
will have the form

1
(15.8) Vgt ) = 7 7Tawn (t,z) + (1,5 (t, ),
(15.9) > ag = [(VT1)L(VT ), — Idi1d;)6,
feFr
(15.10) ST b = (VIDL(VT)hed.
feF

Inverting to solve for b(; sy and a(r sy (Which is possible by claim (15.6)), we
have the following bounds:

(15.11) lair,pllce < Co(L+ VTl co) [(VIr) = 1d][ o
(12.4)

(15.12) < Cof||V| o,

(15.13) 1,5 llco < CollVTr||Gollexllco
(15.4)

(15.14) < CoK 1.

We choose K to be an absolute constant such that the last term is bounded
by 207!, The right-hand side of (15.12) is bounded by Coby where by appears
in the bound (3.12). We now choose by to be an absolute constant such that
(15.12) is at most 20~!. With these choices, we can take the positive square
root in (15.8) to define ~y7, which then solves (15.5) thanks to (15.7).

Note that we have now represented the coefficients v;(t, ) = (7 f)(t, )
in the form

(15.15) ’)/(I,f)(t,l‘) Z’)/f(vrj,e?]),

where v : K — R is one of six smooth functions (y¢) rer that are defined on an
appropriate, compact subset K C R3*3 x S containing the range of (VI'f,&;)
and that are bounded by supz |y(-)| < 1.

The construction is now entirely specified except for the definitions of v,
and R, and the choice of the large parameter A € Z. The choices of these terms
will be governed by the estimates we need to prove. We start by defining v,
and R..



A PROOF OF ONSAGER’S CONJECTURE 925

16. The coarse scale velocity field and stress tensor

Following [Isel7], the regularization of R/ will have a double mollifica-
tion structure R := 5. * n. * R*. The double-mollification structure will
play a role in the advective derivative bounds of Proposition 16.1 below. The
mollifying kernel 7. has support in |h| < € and satisfies the vanishing mo-
ment condition [gs h*ne(h)dh = 0 for each co-ordinate a = 1,2,3, so that
|R—ne* R||co < Coe?||V2R|| o holds.” We may also take 1 even and nonneg-
ative for convenience.

The choice of € here is dictated by the bound on R — R, which is given by

IR = Rellco < IR = e * Rl|co + [[ne  [R — ne  R]|co
< Coe?||V?R||co,
(3.10) R

|R—=Relco < €’log= =2ep.

(Recall that constants in the < notation can depend on the Cy and Cjs in the
hypotheses of Lemma 3.3.)

Take ¢ = e to have the form ep = cRN_1/2E_1, where cr is a small
constant chosen to imply

(16.1) IR — Re||co < logZ

€R
500N
This choice leads to the estimates

(16.2) IVFR oo <p logE NE=2+/28ke

(which are the same as those in [Ise17] except for the appearance of logZ). To
prove (16.2), use (3.10) for 0 < k < 2 and write VFnxn.xR = [VF 240 ]« V2R
for k > 2.

To define v, consider the error term

Ritor = 2207 = o)V 4 V30 =)

= Z I — ) vJ —i—vJ(v —wv )]wf()\Fj(t x)), J=(1,f),

which is part of Rg\f[ in the mollification term (14.2). Note that vf} is not well
defined until VI'; is chosen; however, the term v; = v;(VI'r, 1) in ’Uf} that
involves VI's is a priori bounded by a constant |vs[co < supy; < 1. From

"A proof of this statement, which is well known, can be found in [Isel7, §14].
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(15.3) and (13.3), we obtain an a priori bound
2 1/2
sup v oo 5 (10g 2)!/2elf”,

y = 1/2
HRg\/I,mHCO S v — U6H00(10g5)1/26R/
< 222e1/2(log ) 12642,

assuming our mollifier satisfies the same vanishing moment condition as in the
R, case.

Take € = €, to have the form ¢, = ch_l/QE_l, with ¢, is a small constant
such that

, /2,12

] —=\1/2 v

(16.3) IR illco < (logE)Y ﬁ'
This choice of € and inequality (3.9) lead to the bounds
(16.4) [V 0|l o g NE=2+/25kel/2,

These are the same bounds as those satisfied by the v in [Isel7, §15] in the
case of frequency energy levels of order L = 2 of the main lemma in that paper.
This coincidence is due to how we have chosen the same values of ¢, and er as
in that paper.

With the above choices, we obtain the following estimates for the advective
derivative of R.:

PROPOSITION 16.1. Let D; = 0; + v, - V denote the coarse scale advective
derivative operator. Then

(16.5) IVEDiRe|lco Sk (log E)*NF—D+/22 el e,

We deduce this proposition from [Isel7, Prop. 18.6]. The proof of that
proposition is where the double mollification structure of R, is used to control
higher order derivatives.

Proof. Define RI* = (logZ) "3RI’ Then R satisfies the bounds
IVR|o < EPep, k=0,1,2,
V(8 +v - V)R||co < ZFel2ep, k=0,1.

These are the same estimates as those assumed on R/‘ in [Isel7, Def. 10.1] in
the case of frequency energy levels to order L. = 2. Moreover, we have chosen
the mollification parameters €, and e to be the same as in [Isel7, §§15, 18.3]
for the case L = 2. Thus the estimates of the L = 2 case of [Isel7, Prop. 18.6]
(which are the same as (16.5) without the logarithmic factor) apply to R. We
note that [Isel7, Prop. 18.6] involves only the spatial mollification of R (not
the mollification in time along the flow) and that the proof does not involve
estimates for Vp. U
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Having specified the mollification parameters and proven bounds on v,
and R, we now turn to estimating the terms in the construction.

17. Estimates for the construction

In Sections 17.1-17.6, we prove all the required estimates for Lemma 3.3.
The concluding Section 17.6 reviews where each conclusion of Lemma 3.3 has
been proven.

17.1. Estimates for low-frequency terms in the construction. In this sec-
tion we prove estimates for the low frequency terms in the construction, namely,
(VIy), (Vfl_l), V7, €1, and the amplitudes v; and v 3.

ProprosITION 17.1. The following estimates hold for the back-to-labels
map:

(17.1) [VF(VTD)|lco + [VE(VTT Y| co Sp NED+22F for all k > 0,
(17.2)
IV¥Dy (V1) ||l co + [|[V¥D(VI Y | co Sp NED+/22k 1612 for all k> 0.

Proof. The estimates (17.1) and (17.2) for VI'; follow from Propositions
17.3 and 17.5 of [Isel7]. There the estimates are performed for a solution £; to

(17.3) (O +ve - V)& =0,
(17.4) &I, x) = &(x),

where the initial data é 1 is linear with |Vé 1| < Cp. Each component F’f of I'y
therefore falls into the framework of those estimates. Alternatively, one can
adapt the proof of those estimates for the system (12.5) while modifying the
dimensionless energy for V& [Isel7, Def. 17.1] to involve Frobenius norms of
the matrix VI'; and its derivatives. We note that the proof of these estimates
does not require control over Vp, which had been assumed in [Isel7] for the
purpose of controlling second order advective derivatives.

The estimates (17.1) and (17.2) for (VI';!) can be deduced from those for
VTI'; by taking spatial derivatives of the equations

(VL) (VI =1d,
Dy(VI[Y) = =(VI DV )|V

and using the bound ||[VI';!|lco < Cy of Proposition 12.1. (The second equa-
tion comes from applying D; to the first.) Alternatively, since the evolution
equation (12.6) for VI';! has the same form as equation (12.5) for VI (ex-
cept for the minus sign and order of matrix multiplication), one obtains (17.1)
and (17.2) for (VI‘I_l) by applying the proof of [Isel7, Props. 17.3, 17.5] to
equation (12.6). O
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The remaining low frequency building blocks of the construction can be
estimated as follows:

PropPOSITION 17.2. The following estimates hold for all k > 0:

(17.5) sup IV erllco Sp NF—2+/22F,

(17.6) sup IV¥Dyerllco <p (log E)2NE-D+/2gk+1c1/2,
(17.7) sup [V o S NETD+2EE,

(17.8) Sup IV*Divslico Sk (log E)>NE-D+/22kHel/2,
(17.9) Sl}pHVkaHCo v (log S)V2Nk=1+/22k 1/2
(17.10) Sup [V Dryfloo Sk (log 2)°/ 2N D22k ey 2 2,
(17.11) §U%||Vk5vj,aﬁ\lco <p A"L(log 2 )1/2Nk/2~k+1 1/2

o
(17.12) iu%\|vk5t5vJ,aﬁ\\co <k A (log E)P2NF2ER 22002,
»

In the proof of Proposition 17.2, the implicit constants in the < notation
will in general depend on k, but we will omit this dependence.

Proof of (17.5)-(17.6). Recall that 51 =—e; (t)R]Iﬂ. From formula (15.3),
we have that el_l(t) is a constant in time on the support of Ry., which is
contained in [t(I) — 0/2,t(I) + 0/2], and on that domain satisfies a lower
bound supye(y(1)—o/2,4(1)+6,/2] le; ()] < (logé)*legl. The bound (17.5) now
follows from (16.2), and similarly (17.6) follows from (16.5) and Etejf =
—e; ' (t)DyRI*. O

Proof of (17.7)—(17.8). Recall from Section 15 (in particular, (15.15))
that v; = 7,5 takes the form v;(t,x) = ~v7(VI,er), where vy belongs
to a set of six smooth functions whose domains are a compact subset K of
R3*3 x S. We have already shown in Section 15 that ||v;[co < supz~y < 1.
Now let Vz be a partial derivative operator of order |a@| =k > 1. We will use
Or~vs to denote a derivative of v in the R3%3 argument, and O:vr to denote
a derivative of v¢ in the S argument. Set p = (VI'y, ). Using the chain rule
and product rule, we can expand Vgzv; = Vz[v£(VI'1,€)] in the form

Valv(Vinenl = > > oo v(p H (V1) ﬁ

m4m/<k pz =1 Jj=1
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The innermost sum is restricted to certain multi-indices indices such that
ST bl + Z;T”:,l |¢;| = k. We now estimate this term by

IVarslleco S S0 <HN(51-—1)+/2E|51-> (H NUg1- 1+/2~|c1|>
=1

m+m/<k

(2.1)
< Nk=1)t/2%k

Similarly, for Dy, = OpysDi(VI[) + 0.7 Die, we can express

(17.13)
VaDevg= > Z LM 4 (p) (H Vi (VI I] Vajff) VeDy(VTy)
m+m’<kb =1 j=1

(17.14) +Y Do  y(p) (H Vi (V) I1 Vajf) VeDie,

m+m/<k gf’g
where the summation runs over certain multi-indices with -7, ‘EZ’+ZT:’1 &5 |+
|é] = k and empty products are equal to 1. These terms can be bounded using

(17.1)~(17.2) and (17.5)(17.6) by

1A7.13)llco S

D (H N Bl /2B ﬁ |c]|—1>+/25|c3-|]> NUA=D) /22l 12

mtm'<kpzz \i=1 J=1
2.1) (k=1)1 =k+1,1/2
SN = e,

1(17.14) |0 < (log )

3 Z(H N B -1 /2205 ﬁ |cj|1>+/25|c3~|]> NUE-D+/2 141 1/2
J=1

m+m/<kp b, =1

2.1
(5) (log B)2Nh=D+/2gk+161/2

This estimate concludes the proof of (17.7)—(17.8). O
Proof of (17.9)-(17.10). Recall from (13.3) that

v = e} 2 () (t, 2) (VT YL 2.
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Let V3 be a partial derivative of order k. Then

Vavh= > e (s Vi VAVITar,
(17.15) VaDwh = S el (s VYT
(17.16) + Z e)*(t)ez 5 VD1 VeAVIT .

(17.17) + 3 t)¢z5:V17VeDi (VI o f*.
b+ 1=k

From formula (15.3) and (3.5), we have the following bounds on e}/ 2(75):

ley*(®)lco S (log B)/2e}/?,

(17.18)
H@tel/z(t)HCO <0 M (log2)2e ) 12 < (log B)5/25e1/2¢ 1/2

Applying these bounds and those of (17.5)—(17.8) gives

1/2 —
IVavslleo S ler?llce 32 IVl V(YT o
Bl+le=k
1/2 b|— =[b| a- =|¢
< ||61/ llco Z [N bI=D+/25 bl v (d=1)+/2g]d)
|bl+|e1=k
(log )1/2 1/2N(k 1)+/2~k

Similarly, we obtain the advective derivative estimates using (17.1)—(17.2),
(17.7)—(17.8) and (17.18):

IVa(17.15) o S 3 110y lleol| Vs llco I V(YT | o
|Bl+|e1=k
< (log 2 )S/QN(k D+/22k, 1/2 |IVa

a
(17.16)[lc0 S S ller*lloolIVeDevsllco V(¥ T o,
1B+ le1=k

1/2 - _
V1710 S 3 Nler oo I VDV Yl o[ Vel co,
|b+|c1=k

|Va(17.16)||co + || Va(17.17)||co

< (log 2)Y2%e} 1/2 3 (10g3)2[N(\5\—1)+/25|E|][N(\a—1)+/25|a1]
Bl-+lel=k
(log )5/2N(k 1)+/2~k 1/2 0
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Proof of (17.11)—(17.12). Recalling formula (13.9) and commuting in the
advective derivative, we have

5005 = AUV [(VT YAV e > ()7 (t, 2)],

(17.19)  Dudvl e = A VD (VI (VI 75t o)), e (1))
(17.20) ATV DV Y7t 2)dier > ()]
(17.21) — ATV (VI (VT ey (D (¢, ).

Let Vz be a partial derivative of order |@| = k. Then from the product rule,

¢
Vadvy asllco

1y 1/2 _ _
SA ey lloo > IVa, (VT Yol Va, (VT Y oo 1 Va, v llco
|@1|+|d2|+|d3|=k+1
3
<A el co 3 [ v a1+ /2@l

|@1|+|d2|+|d@s|=k+1i=1
2.1)
—1y,1/2 _ _
< A e 2| co NI D4/2gh 4

< A (log é)l/QNk/QEk“e}%/z.

Similarly, we estimate the terms (17.19)—(17.21) by applying Proposition 17.1
and the bounds (17.7)—(17.8):

[Va(17.20)]| co

_ 1/2 _ _

<A Drey %o > 1V, (VT oo Vay (VT D ol Vagvalleo
|1 |+|d2|+|as|=k+1

(17.18) R

< A M(log B3Pl 2l NF2Ek

~

[Va(17.19)]co

_ 1/2 - _ _
<A e lleo > IVa, De(VT Do Vay (VT o1 Va1l co
|@1]+|d@2|+|as|=k+1
_ 1/2 — — -
+27 eyl o > 1V, (VT )lleo | Vay (VI ) o[ Vay Divallco

|@1|+|d2|+|d3]|=k+1

3
< A7 et llco (log 2)°Ee/? [T NOF-D+/251%]

=1

< AL (log g)1/2+2€}{25611}/2N(k+1—1)+/2Ek+1
< A (log 2)5/2Nk/23k+2e11/2e}{2.
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For the commutator term, we sum over multi-indices with |dy|+- - -+|ds| = k+1
and |dy| < k:

_ 1/2
1V2(17.21)lco S A le}?[|co

Y. IVa,VavelleolIVa, (VET Yol Va, (VI Yool Vay v lloo.

do,...,a3

3
IVa(17.21)lco S A7 Yle} | coZel? S [ NUaI-D+/2Zlal

@0,nonyd3 1=0

< A log é)l/ze}{QEe}/QNk/QEkH.
This bound completes the proof of (17.11)—(17.12). O

Our next task will be to estimate high frequency terms, including the
correction V.

17.2. Bounds on the correction. We now proceed to estimate the compo-
nents of the high frequency correction V¢ =3 Vf +4 Vf defined in Section 13.
In the process, we prove the estimate (3.15) and verify the estimates implied
by (3.13) and (2.4) for the new velocity field.

The bounds for high frequency term involve the choice of the parameter A,
which we now describe. Consistent with the frequency level in (3.13), we
assume that A will take the form

A= B)\NE.

The parameter B) is the last parameter that remains to be chosen. Unlike
all of the constants chosen previously, the choice of By will depend on the
parameter 7 in the assumptions of Lemma 3.3.

To be more precise, there will be a large constant B that remains to be
chosen depending on (Cp,C1,4d,n), and By will be chosen from the interval
B, € [EA, 2?,\] in order to ensure that A\ € Z is an integer. Since By and B)
are equal to within a factor of 2, we can ignore the distinction between them
and think of B) as the last constant parameter that remains to be chosen.

The bounds we obtain for the correction are as follows:

PROPOSITION 17.3 (Correction Estimates). The following bounds hold for
0<k<3:

(17.22) Sp IV¥Vllco S (BANE)F (log 2)1/2}/?,

(17.23) sup [[V¥6Vy oo < (BANZ)*'2(105 2) e},
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(17.24) IVEV |0 S (BANE)*(log )1/2e?,
(17.25) supp; V' C U[t([ —6,t(I)+ 0.
I

Furthermore, the bound (3.15) holds, and the estimates implied by (3.13) and
(2.4) hold for vi =v+ V.

Proof. Let Vz be a partial derivative of order 0 < |@| < 3. Recall from
(13.1) that V¥ = v41;(ATy). First observe that

VaVi= > Y V0™ (LA™ [ Vi (VI)),

0<m<la| 5 i=1

where the sum ranges over a set of multi-indices such that |b| +m + Y7, ||
= |d|, and the empty product equals 1 in the case m = 0. Using (17.1) and
(17.9), we obtain

IVaVillco S (logE)V/2ep/? 3 ZN(|5“1)+/QE|5|/\’”H[N(|5i‘—1)+/25|5i‘]

0<m<lal 4z i=1

g(logé)l/Ze}%/Q Z ZN(|6|—m—l)+/QE\5|,m)\m

0<m<lal pé

< (log )1/2¢ 2 3o S NlalEmeD2gld-m gy NEym

0<m<|d| Eg
< (log 8)12e)/*(BANE)l.

Note that the worst terms occur when all of the derivatives in Vz[v5 #(AL7)]
fall on the high frequency function (A'r), in which case each derivative
costs a factor of By\NZ=. This case corresponds to m = |d| and |G| = 0 for all
i =1,...,m in the above estimate.

Recalling formula (13.8), we treat §V§ = 5U§7QBQ?B()\FI) similarly:

VadVi= > 3 Vivsapd™ QS AL )A™ [] Ve, (VI)),

0<m<l|a| p¢ i=1
IVadVilleo S A'Zep? 3 Y[/l )\mH[N(|5i|*1)+/25\5z‘|]
0<m<]al b,c =1
SA=l? Y (ByNEym N E-m)/25(d-m)
0<m<|a

< A'Ze)/*(BNE)
< (BANE)d-15e1/2,
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As before, the worst terms in Vﬁ[&)f}’ aﬂQ?B (AI'7)] occur when every derivative

hits the high-frequency function Q?ﬂ (AI'7), each time costing a factor of A.

The bound (17.24) follows by adding (17.22)—(17.23), summing over V =
DY, Vi + 0V, and noting that at most |F| = 6 of the V; and §V; are nonzero
at any given time, and that the V; contribute the dominant term.

The support property (17.25) is clear from the formula (13.7) using (15.3),
which implies (13.4).

To check that the new bounds (2.4) are satisfied for (3.13), observe that
for all 1 < |a| <3,

Va1 = Vauv + V3V,
IVavillco S Elel/? 4+ (log 2)/2(BANE) e}/

(17.26) < (BANE)(log 2 eg)!/?,
where we used that N > (e,/eg)'/?. Note that (17.26) coincides with the
bounds required in (17.22)—(17.23).

To check that (3.15) holds, note that (3.15) is equivalent to the k = 0 case
of (17.24). The bound here is independent of B) (and independent of ). [

We now begin estimating the error terms, beginning with the terms that
do not involve solving the divergence equation.

17.3. Stress terms not involving the divergence equation. In this section,
we begin estimating the terms in the new stress R; determined by (14.1).
We start with the terms (14.2) and (14.4), which do not require solving the
divergence equation.

PROPOSITION 17.4. There exists a constant By such that for all By > By,
the following bounds hold:

1/2 1/2

(17.27) [Barllco + [ Rslico <log= 6010?\}; ’

12 172
(17.28) [|VaRaslco + [Vaslloo S (BANE)Tlog 2= 1< Ja <3,

(17.29) supp; Ry Usupp; Rg C | J[t(I) — 6, (1) + 6].
I

Proof of (17.27)-(17.29) for Rg. From the formula (14.4) and Proposi-
tion 17.3, we have

R = N oVIVE+VIoVE +6VIevE,
J,KeZXF



A PROOF OF ONSAGER’S CONJECTURE 935

| Rslloo < [(BANZ)™ (log 2)"/*Ze ) (log 2) /ey
+ [(BANZ) ™ (log £)'/*Eey{ ]
< (B\NE) 'ElogZep.
Here we used that the number of nonzero terms is bounded by |F|?> = 36 at
any ¢ glven time. For By a sufficiently large constant, this term is bounded by
log = Tooan - The term RJ will obey a similar bound, from which (17.27) will

follow. As for the derivatives of Rg, again the term involving V; dominates
the term quadratic in §V;, and we have

IVaRS o S > SupHVgéVJllcoSt}p(HVa‘o/JHco+\|Va6VJHco)
Bl+121=lal

S Y (BWNE)IE(0g 2) e [(BANE) T (l0g £)2e})
lbl-+la=lal
<logE (BANE)1=ep.

This bound suffices for (17.28). The support property (17.29) follows from
(13.8)-(13.9) and (13.4). O

Proof of (17.27)—(17.29) for Rys. Recall the following formula from (14.2):
(17.30) R = (0 — o))V VI — oY) + (R — RIY).

In lines (16.1) and (16.3), the parameters e and €, for R. and v, were chosen
such that

= €ER
— R, <logz ——,
HR R HCO = log 500N
1/2 1/2
. . ° o . e’U e
073) S )V V0 h)len < OogB) ST
o1/2
(17.32) v = velleo S —

To complete the proof of (17.27), we use (17.23) to bound the remaining lower
order term by

RYjp= Y (07 —vl)oV)+ V] —uf),
JEZXTF
el/2

IR alloo S S [(BANE) ™' E(log )¢ ).

For B, sufficiently large, this term also satisfies the estimate (17.31). Thus the
C? estimate (17.27) holds using also our previous bound || Rs||co < log Z 15y
We now move on to proving (17.28).
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Let V3 be a partial derivative operator of order 1 < |G| < 3. We start by
estimating

IVa(R* — RE)|lco < |VaR" | co + [ VaRZ[lco

B2 ) ]
S, IOg = (ev/eR)(|a|*2)+/QE\a|eR

+log & NU@-2+/25ldle
N > (ev/eR)l/2 = S logé N(|5\_2)+E|5\€R
a = 7l—lal ER
>1= <loo= NldzlalZE
jal > < log -

Let Rﬁ,v = Rﬂf]’vl + Rﬁ}w denote the term in (17.30) involving (v — v). By
(17.32) and (17.24), we obtain

(17.33)

il
IVaRis,llco < lv—vellcol|VaVllco

+ Y (IVaolleo + IVivelloo) VeVl ool < s

Bl+la=lal

61/2 N .
(17.34) < 1 (log 2)V/2(B\NE)lTel/?

Y (e
(17.35) Bl+lc1=a]

bl— —|D| —\|& = 1/2
+ NUF=2428Plel/2)[(ByNE) I (log B) 26?15

al—=|@ = 1/2 Bl—
(17.36)  (17.35) < BY=l(10g ) /2e}/%e}/ ) S NGB
1Bl+|1=al
B R ol/2,1/2
(17.37)  (17.35) < (BANE)l(log 5)1/2%,

In the last line, we note that the largest term in (17.36) occurs when |b| = 1
and |¢] = |@] —1 > 0. Combining (17.34) and (17.37), we obtain (17.28) for
Ry, which finishes the proof of (17.28) for Ry;. O

17.4. Stress terms involving the divergence equation. In this section, we
bound the terms (14.3) and (14.5), which compose the remaining part of the
new stress Ry defined in (14.1). The bound we obtain is the following:
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PROPOSITION 17.5. There exists a constant By (depending on Cy, C1,d,n)
such that for all By > B, there exist symmetric tensors RJTZ and lef that solve

(17.38) ViR = 0,V + oIV VE+ VIV,
(17.39) ViR =V;| Y Vivi+ Pt + R
JEZXF

and satisfy the following bounds:

R e1/261/2
(17.40) | Brlleo + [ Rallco < (log )2 =,
R 61/261/2
(17.41) [V*Rrllco + [V*Rallco < (BANZ)"(log 2)*2=—F, 1<k <3,

supp, Rt Usupp; Ry C U[t(I) —6,t(I)+ 9.
1

The key to the estimates will be a set of crucial cancellations that arise
thanks to the ansatz of Section 13 combined with Proposition 17.6 below (which
is inspired by calculations in [DS16]), which gains cancellation while inverting
the divergence equation for high frequency right-hand sides.

Proof. From Section 13, we can expand the correction V¥ in the form

V=3 (vhus (L) + 60005  (AT1) ).
J

Substituting into the transport term (17.38) and using
(0 + vV )l r(AL)] =0,
(& + V)7 (L) =0,

we can write the transport term in the form

(17.42) (17.38) = > (uf y1os (AT1) + uf 105057 (AT))
J

(17.43) uf ;= (Dl + vV 00),

(17.44) U 1o = (Di0] 05 + 607 45V 00).

For the term (17.39), we recall (14.7) and use the orthogonality condition
v V[ r(AL7)] = 0 from (13.2) to obtain

(17.39) = > VP53 (ML) — 1))
JELXF

(17.45) = > V[l (AT - 1).
J

Observe that the terms (17.42) and (17.45) all have the form u‘w(AI'7) for some
smooth u* and some smooth w : T? — R that has integral 0 ((11.2), (11.3) and
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(13.6)). Applymg Proposmon 17. 6 below, we have that for any D € Z., there
exist tensors RT 7> R{F Jaf and R’ H.J that solve

V; RTJ = (1 — Ho)[uf ;s (AT1)],

)

\Z; RTJa,B (1 HO)[“?J BQa (AL'7)],

)

YR} ;= (1 —o)[ufy (W3 (ATy) — 1)),
?

¢
UnH,J =V [U ”J]

and that obey the estimates

(17.46)
k| ok —1 —1a7—D/2 [ Vaur,s|lco
sup/\ VR o <p (A" + B, N SUp =
0< H JHC ( A )O§|6|§D+5 Nlal/2=ldl
sup A~ k||VkR lco <p A"+ BIN"P/2) gup —Hv(iuf"]aﬁﬂco
0<k<3 T, Jap ~ A 0<|2|<D+5 Nlal/2=lal
(17.47)
V-
sup \HIVER oo Sp (7 + By NP2) s IVaUL e
0<k<3 o<la<p+5 NId/2Eldl

supp; R, Uq g supp; R7 jop U supp; Ry, g
Ct(I)— 0,¢(I) +6), Je{l}xF.

Our goal for these estimates is to gain a factor of A™! in the bound for each
stress term. We choose D € Z, such that N~P/2 < N~12-1. By the assump-
tion N > Z7 in Lemma 3.3, it suffices to take D > 2(1 +n~1). With this
choice, the B;lN*D/2 term above can be absorbed into the A~! term.

We now set Ry = Y5 Ry, + 3 jap RY: o5 and Rj; = ¥, Ry ;. Then Ry
and Ry solve (17.38) and (17.39) respectively, since (using that V* in (13.7)
is the divergence of an antisymmetric tensor)

VR MY (1)@ vt 4+ iV V4 VIV
= (1 —To)[8V: + V; (V! + VIl)]]

(13 7) atvg +v (U]Ve+ VJ ) (1738),

17.45
ViRE VY (11 Y Vel (WD) — 1)]
JEZXF

Z Vil UJ”J ¢f()\rl) - 1)]

JEZXTF

ULD) (17.39).
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To prepare to bound Rt and Ry, we first bound ur s, ur jo3 and ug, ;s using
(17.9)—(17.12):

IVaur,sllco Sja IVaDwhlloo + D> IV lloo I VeVl co
|b]+|e1=lal

Sja (log= 2)5/2 N(lal-D+/2glal+1,1/2, 1/2
+ 3 [(logE)Y2NWI-D+/22h) [(10g 2) /2N A= D+/220],
Bl+a1=1a

IVaur,sapllco Siar 1VaDiov]apllco + ) > “vﬁdvg,aﬁl‘covavjfoco
|b|+|c1=]al
g A (log =2 2)5/2 Nlal/2zlal+2,1/2, 1/2
+)\_2 Z [(log )1/2N|b‘/2"|b|+1”(10g )1/2N‘€|/2”|51+1]
|b|+|c1=]al
(17.48) = [IVaur,sllco + IVaur,jasllco Sial N1/l [(10g 2)5/251/2 1/2]

IVaurglloo S Y. IIVzvslleo|Vavllco
|bl+|a1=lal+1
Sia logé Z [N(\E\—1)+/2E|E|e}%/2][N<\a—1>+/25|6|e}%/2]
|bl+le1=al+1
(17.49) <jaf log E Nlal/2glaltle
From (17.48) and (17.49) we obtain
(17.50)
[Vaur, sl co ||V6UT,Ja6HCO 5/22, 1/2 1/2
0§|§\123+5 Nlargld Ogls\lipDﬁ Nlal/2zlal S (t0g =) n
V= ~
(17.51) sup  INVausllco o <y logEZep.

0<|a|<D+5 Nldl/2z]dl

Combining (17.46)—(17.47) with (17.50)—(17.51) and using our choice of
D above, A = ByNE, and the universal bound on the number of v; and dv g
that are nonzero at any given time, we obtain

- ] = 1 2
(17.52) sup A HIVF R oo Sy (BANE) L (log £)%/2Ze %ey]
(17.53) Oiiggxkuv’mﬁnco <, (BANZ) ! log EZep.

We finally choose the parameter By sufficiently large so that (17.40) holds (and
such that A = ByNZ is an integer). The other estimates in (17.41) now follow
from (17.52)—(17.53) and A = ByNE. O
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17.5. Proof of Proposition 17.6. In this section we prove Proposition 17.6
below, which was used to bound the error terms in Section 17.4. The implicit
constants in this section will depend on the D introduced below.

PROPOSITION 17.6. For every integer D > 1 and for any smooth w :
T? — R with [s w(X)dX =0, there ezists C = Cp,, such that if u’ is smooth

and satisfies supp, u* C [t(I) — 0,t(I) + 6] and
Vaul|co

17-54 = o= =] < H7
( ) 05|§|Lgf)3+5 Nldl/2zlal =

then there exists a symmetric tensor field Q7° in the class C;C2(R x T3) such
that

V@ = (1 —Tlp)[u'w(AL' )],
(1755  sup AH[VFQleo < Cpu(h + ByINPIA) R,
0<k<3

(17.56) supp; Q7° C [t(I) — 0, t(I) + 4].
Moreover, one can arrange that (Q depends bilinearly on u and w.

To prove the proposition, as in calculations of [DS16], we will expand w

in a Fourier series to reduce to the case where w(X) = ¢ ¥ and then sum

over m # 0. The case of w(X) = €™ will be handled as in [Isel7] using
a nonstationary phase argument with nonlinear phase functions. We remark
that the nonstationary phase technique in [DS16] based on the earlier [DLS13b]
is different in that it proves estimates directly for Q7 = R7¢[u w(AI';)] that
gain a factor of A€ rather than A%

To prepare for the proof, we start by stating estimates for the phase
functions m - 'z (¢, x).

PROPOSITION 17.7. Let m € Z3\ {0} and &,(t,x) := m -T';. Then for
tet(l)—0,t(I)+ 0], we have

(17.57) IVaVémlloo Sjap lm|N =D+ =1,
(17.58) I 1V&ml ™ lco S lm| ™t
Proof. If we view &,(t,2) as a map from R x R3 — R3, then &,,(¢,2) is
the unique solution to
(815 + Ugvj)fm =0,

The gradient of &, (¢, z) then satisfies the equation
(17.59) (O + VIV )Vl = Vvl V&,

Vi&n(t(I), z) = m.
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Then the vector field V&, obeys the same transport equations as the functions
V¢ used in [Isel7] in the case of frequency-energy levels of order L = 2. From
[Isel7, Prop. 17.4], we obtain

(17.60) Enil&nl(®@,(H(1), ) < eO=0 B By [, (1), ),
(17.61) Eylénltz) = Y = 2AN-E-D4v,ve, %,
o<l <M

where ®; is the coarse scale flow map defined in Section 12. For |s| < 6, we
have Eeql,/2|s| < 1 and the initial data satisfies Ep[&n](E(]),z) S |m|, from
which the bound (17.57) follows using (17.60)—(17.61).

To obtain (17.58), let ps denote the point p; = ®4(t(I),z). Then for
|s| <9,

V&2 (@o(0(1),2)) = ~2VEn| ™ (02) V(02 DV i ).

d ) (17.59) )

25 Vénl T (@s(t(D),2))] S IVvelloo [ VEm| ™ (@s(t(1), 7)),
Gronwall =  |V&n|2(@s(t(1),2)) < eCollVrelcolsl e, 1=2(¢(T), ).

From ||Vue||cols| <1 and |[VEn|72(t(D), ) = |m| 72, we have || |[V&n|2|lco <

~

|m|~2, implying (17.58). O
As a step towards proving Proposition 17.6, we now state

PropPOSITION 17.8. Under the assumptions of Proposition 17.6, if m €
73\ {0}, then there exists a (complex-valued) symmetric tensor field Q¢ =

QLR xT? - S®C such that
(17.62) ViQl = (1 Tl)[u‘e? ™),

(17.63) sup (|m|N) M [VaQullco < Cpu(A !+ BY' NP2 H
0<|a|<3

supp; QIS C [t(I) — 0,¢(I) + 0.

Moreover, one can take QI to depend linearly on u’.

Proof. Following [Isel7, §26], we write our solution using a parametrix
expansion of the form

D

(17.64) Qjﬁ — Q{KD) + 5%2)7 Q]D) _ 27T)\ Z 2miNEm ]Z

We explain first the case D = 1, where the method reduces to writing

(17.65) Q" = (2mA) e gll 1 QY.
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After we choose a smooth symmetric tensor q{f) that solves ingmq{f) = uf

pointwise, the first term in (17.65) will be a good approximate solution to
Vijg = ¢Mmyl. The remainder term Qﬂ is then chosen to eliminate the
error by solving VjCNQ{f) =—(2r\)~! 2“”\§mV q( )= e2miNmy b jQ{f). This
last equation can only be solved exactly when the original e?™**émyf has in-
tegral 0; otherwise, one obtains a solution to (17.62) involving the projection
(1 — ). ‘

For D > 1, we repeat this process to determine a sequence of qgﬁ) and ufk,)

such that ufo) = ! and

(17.66) iV iEm @y = U1
ufyy = =270 ' V,ql,

onall of Rx T3 for all 1 < k < D. To'construct a good solution to the
underdetermined equation (17.66), we set qgﬁ) = (jje(Vém)[u(k_l)], where ¢ =
@*(p)[u] is a map with the following properties:

(17.67) 7' e C®°(R3\ {0} x R?) as a map taking values in S ® C,
(17.68) @"*(p)[u] is linear in v and homogeneous of degree -1 in p,
(17.69) ip;@ (p)[u] = u*  for all (p,u) € R®\ {0} x R3.

One can construct such a map ¢ by decomposing
uf =l +uf, uf =p|*(u-p)p’

and then setting ¢7‘(p)[u] = —i(qf + qﬁ[), where qﬁe = |p|7%(u - p)é?* and
= Ip|~2(p7uf —i—'uipe). With this construction, ¢ is symmetric, one has
ijig =u and quﬁz = u‘ﬁ, and properties (17.67)—(17.69) all hold.

We now begin estimating the above parametrix. By (17.68), the map
(jjg(p) [u] can be written in the form cjjz(p)[u] = qge(p)u“, where the cj{f(p)
are homogeneous of degree —1 in p and smooth away from 0. Then q{ﬁ) =
q_gé(V§m)u‘(lk_1). We use the homogeneity of the derivatives of @‘(V&,,) to

write

|a

Val@ (V)] =Y 0@ (Vém) Hvazvsm

r=0 a; i=1

|a]

Vém
= ZZ |VEm|™ (14r) ar—ﬂ <\V§m ) H Va. Vi,

r=0 a; i=1
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where the sum ranges over a family of multi-indices with }; |@;| = |d@]. Using
(17.57)—(17.58), we have

|a]

IValad (Vén)llco Sjay YD lml =0+ Sup LA IH NI 2l ),

r=0 a;

(17.70)

IVal@ (Vém)lllco Spa Im| = NUa=D+/2ll < ylal/2zlal,

By induction, we now prove the following estimates for q{é) = qgf (Vﬁm)u‘(lk_l)
and ufk,) = —A‘lvquﬁ):

(17.71)

IVaglyllco S N~E"DENEARZIA R for all 0 < || < D—k+4, 1<k<D,
(17.72)

IVaufpllco S By'N-F2NVIPZIH forall 0 <|a| <D -k+3, 0<k<D.

As a base case, note that (17.72) holds for k = 0 (without the By factor)
because ||[Vau(gllco = [[Vaullco < Nld/2Zla g for all 0 < |@ < D+ 5 by
definition of H in (17.54). Now for k > 1, suppose (17.72) holds for k — 1
(without the By'if k—1=0). Thenif0<|d| < D—k+4=D—(k—1)+3,
we have
IVadllco s S IVHE (TEmlcol Vot les
|bl+|c1=lal
> [N|B’|/25\5|][Nf(k71>/2N|a1/2E\aH]
lbl-+la1=lal
< N—=D/2 ylal/2zldl g

Then for ufk) = —(27r)\)_1quZ£) and 0 < |@| < D — k + 3, we have

_ y
[Vaugmllco <A~ IVaVjaillco
= (B)‘NE)_1N_(k_1)/2N(|a‘-H)/QE(W‘H)H
< B;lN_k/QNl‘i'/QE"ﬂH,

To estimate the parametrix in (17.64) we write, for 0 < |d| < 3,

D | r
r TINEm il
(17.73) aQ (D)= 2.2 2Ny e NS Vel )H[vgivgm],
k=1r=0 b, & i=1
where the multi-indices in the summation satisfy r + || + 3 |b;] = |@]. In the

extreme case where all the derivatives hit (), note that even for k = D, (17.71)
provides bounds on at least |@| < 3 derivatives. The worst term is the case
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r = |d| where all the derivatives hit the phase function, each costing a factor
of A\|V&n| < Ajm/| in the estimate. The bound we attain (using N~*=2)/2 < 1)
is
, D |d| r . .
||V&’Q€ZD)HCO 5 Z Z )\—1+7‘[N_(k_l)/QN‘a/2E|E|H] H[|m|N|bz|/QE‘bl‘]
k=17r=0 i=1
|d]
5 AL Z )\TN(|E|—T)/QE\E|—r’m|'rH
r=0
|a|
< ANyl Z(B/\NE)T—lfflN(lﬁ'\—r)/led'\—TH
r=0
(17.74) <A H(ImN) A,

The remainder term @{g) in (17.64) is defined to be
(17.75) Qlp) = R [ Nmup)].

Since eQWi)‘ﬁmufD) = e2mAEmyt VjQ{KD) (which can be seen by induction on
D), we see that Q7% in (17.64) solves the divergence equation (17.62) using
(7.3). To estimate QV(D), we use that R7‘ is a bounded operator on CO(T?).
This boundedness can be proven as in the bounds of Section 10.4 by estimating

IR¥Ulllcogrs) < IR IV llcoges)

o0 o0
14 il —
IR <D IR PISDY 27951
q=0 q=0

Thus, as before in (17.73)-(17.74), if 0 < |d@| < 3, using (17.72) we have that

. [l | ,
r=0  zp i=1
. |al r . .
||V5Qzé)||co < Z Z )\T[B)TlN_D/QNla/QE‘aH] HHm|N\bi|/25|bi|]
=0 zp; i=1

|al
< B/\—lN—D/2)\|cT\ |m‘\dl Z Z(B)\NE)T*WN(|5|*7")/25‘5|*7"H’

r=0zp,
=it @ p—1A7—
(17.76) Va0l lleo S (mIN@ By IN-P/2 8,
Combining (17.74) and (17.76) gives (17.63). It is also clear from (17.75) and

the construction of Qp) that supp, Q(p) U supp, CNQ(D) C supp,u C [t(I) — 6,
t(I) + 6]. This containment together with the previous discussion of (17.62)

concludes the proof of Proposition 17.8. U
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We are now ready to prove Proposition 17.6.

Proof of Proposition 17.6. Let w : T3 — R be smooth and have integral 0
as in Proposition 17.6 above. Then the Fourier series

(1777) W(X) — Z d)(m)e2m'm-X
m##0

converges absolutely in C°(T?) and, since w is real-valued and smooth, the
coefficients obey

(17.78) &(=m) =o(m), |@(m)| Sw [m|~*.
For each m € Z3, choose a solution Q4 to V;Q¥¢ = (1 — Ilp) [e?™*™ 144 that
obeys the conclusions of Proposition 17.8, and set
. 1 . 4 . .y
(17.79) Q=5 Y (emQi+a(-mQy).
meZ3\{0}

Then Q7" is real-valued by (17.78) and belongs to C;C2 (R x T?) by the following
estimate:

(17.80)
sup ANVaQllco S Y [@(m)lIml* sup (|m|N)T¥|VaQumllco
0<|d@|<3 mezZ3\{0} 0<|al<3
(17.81) <N lom)|jmPOAT + BN TP H
meZ
(17.78)
(17.82) < W BN

Thus Q7 satisfies (17.55)—(17.56). Taking the divergence of @’ in (17.79) and
using that u is real-valued,

(17.83)
1

vajf ——

5 30 (@0m)(1 = o)™ ™ 1) 4 (=) (1 — Tg)fe 2 L)),

mezZ3
(17.84)  V,Q" = (1= Tho)( > @(m)e?™™ Oyl ) = (1 - Thp) u'w(AT1)].
mezZ3
This calculation concludes the proof of Proposition 17.6. U

17.6. Concluding the proof of the Convex Integration Lemma. In this sec-
tion we conclude the proof of Lemma 3.3 by indicating where in the course of
the proof the various conclusions of the lemma have been shown. The constant
bp whose existence is asserted by the lemma was chosen following lines (15.11)—
(15.14). The choices of by and K there assure that the square root used to
define the coefficients - is well defined and bounded from below. The bounds
implied by (3.13) and Definition 2.2 for the new velocity v; = v + V were
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proven in Proposition 17.3. Inequality (3.15) for the velocity correction was
also proven in Proposition 17.3. The bounds implied by (3.13) and Defini-
tion 2.2 for the new stress Ry = Ry + Rs + R + Ry follow from the bounds
in Propositions 17.4 and 17.5.

To check the statement (3.14) regarding the growth of support, observe
that (3.4) and (3.6) imply

supp, R C N(J;37 2 e, V2 | [t(1) — 2710, ¢(1) + 2710 .
1

Technically, statement (3.14) may not hold if we define e}/ 2(15) by formula

(15.3) for all I € Z. However, we can replace e}/z(t) by 0 for I such that Ry is
equal to 0 without affecting the proof. Modifying the construction in this way,
recalling from Lemma 3.2 and (3.5) that 6 < 505*16171/2 < 25*15*1651/2, and

letting Z be the subset of Z such that Ry # 0, we have

supp, V Usupp; R1 C U [t(I) — 6,t(I) + 0] C N(supp, R;2716)
IeT

g N(SUPpt R7 50—13—1651/2) g N(N(J, 3—15’—1651/2); 50_15_1651/2)
= supp; V Usupp; R1 C N(J,; 5_1651/2).

Since supp, v C N(J; 3_15_16171/2), we also have supp, v1 = supp, (v + V) C
N(J;E te, Y 2), which confirms the containment (3.14) and hence concludes
the proof of Lemma 3.3.

18. Proof of the main theorem

In this section we give a proof of Theorem 1 based on Lemma 2.1. We
follow the algorithm for computing regularity in the presence of double expo-
nential frequency growth developed in [Isel7].

For the base case of the iteration, we will use the previous convex integra-
tion result of [Isel7], since Lemma 2.1 of the present paper does not include
any inputs that would guarantee the nontriviality of the solution. The final
solution is then constructed by iteratively applying Lemma 2.1.

Let o* < 1/3 be given. We introduce a parameter 4, 0 < § < 1/4, that will
be chosen close to zero depending on «*. Our proof will lead to the following
result, which immediately implies Theorem 1:

THEOREM 3. For any 0 < 0 < 1/4, there exists a weak solution (v,p) to
the incompressible Euler equations with nonempty, compact support in time in
R x T3 such that v € Ciup € CZ‘;‘ whenever

(18.1) —(%—5a><1+g>+g+@<g+6><0.
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Note that the left-hand side of (18.1) is bounded by —3 + 22 + O(9).
Thus, given o* < 1/3, we can always choose d > 0 so that (18.1) is satisfied
for a« = «*, and Theorem 1 now follows.

18.1. Regularity parameters. We start by introducing a few parameters.

The parameter 6 € (0,1/4) is fixed. We introduce a parameter ¢, which we
é

set equal to € := 5. We introduce a third parameter 7, which we set equal
ton =15 = 3%. We also define a parameter r := ?—8. The parameters have

already been chosen in such a way that n < ¢ < §, and r is large enough
depending on ¢ and €. We define the constant C), to be the constant from the
conclusion of Lemma 2.1 using the above choice of n > 0.

There will be two large constant parameters. One parameter is called
N(_1). The largest parameter will be called Z; it depends on the 4, €,n above
and will be large compared to N(_p).

There will also be a sequence of parameters (S, €y, k), €g,(x)) that will
represent the frequency-energy level bounds on our approximate solutions. In
terms of these, we define é(k) = E) (e—”)l/z

18.2. The base case: k = -1. The base case will rely on the main lemma
in [Isel7], since this lemma gives information that will be crucial for proving
nontriviality of the solution, and also controls higher derivatives of the Euler-
Reynolds flow to make it compatible with the scheme of the current paper.

Consider first the zero solution to the Euler-Reynolds system (v, p, R)_1 =
(0,0,0). It has frequency energy levels (in the sense of [Isel7, Def. 10.1]) to
order 3 in C? below (E(_1y, €, (—1),€p,(—1)) = (3,1,1). Let e2(t) > 0 be a
smooth function with compact support in R such that e'/2(0) = 1 and

a
sgp ‘jtael/z(t)’ < IO(E(_l)ei{(Q_l))’"e}%/f_l), a=0,1,2.
Let C be the constant in the main lemma (Lemma 10.1) of [Ise17], where we
take L = 3 and N(_y) > 53121) Applying that lemma with the function e/2(t)
above and N(_y) to be chosen, we obtain an Euler-Reynolds flow (v, p, R)(O),
also with compact support in time, with frequency-energy levels to order 3 in
CY (in the sense of Definition 2.2 above) bounded by

1/2
N

For N(_y) sufficiently large, the following inequalities are satisfied in the stage
k=0:

~ e €
18.2 log =1y < (l) ,
(18.2) 85w =\, o

_ - 1
(‘:(0)76'0,(0)’6}2,(0)) = <3CN(—1)7 1, > .
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~ 1 e TE
18.3 B < — (7) ,
(18.3) ® = o)
dre
(18.4) 61§(k)5(k) <1,
—1/2
=n (Cv 4

This choice is possible thanks to our choice of r being large relative to § and e
— for example, when k = 0 the left-hand side of (18.4) is bounded above by
ore <1
Cr0)=0) < ONy)
One obtains (18.3) and (18.5) similarly for sufficiently large N(_y).
Note that inequality (18.2) follows immediately from (18.3) by taking wu
to be the right-hand side of (18.2) in the following elementary inequality

_dre
s

3.

(1+E> <e" forallu>0,7r>0.
T

The last conditions we require on N(_p) are the ones that will ultimately
guarantee that we construct a nontrivial solution. Observe that Lemma 10.1
of [Isel7] guarantees a bound of

(Note that, since we start with v(_;) = 0, the correction V' = V(_;) in this case
is equal to our solution v(y.) For N(_;y sufficiently large, we can guarantee
that

81=e(0)— 19 < /TS [v0) (0, 2) 2 < [[uge) 120
(18.6) = 9 HU(O)HCO'

Finally, let Cy be the constant that in the statement of inequality (2.9) in
Lemma 2.1 (which is the upper bound on the C° norm of the correction). A
sufficiently large choice of N(_;) guarantees that

< = 1/2 1
(18.7) 50000 (log E(0))"/?e o) < o

We now fix N_jy to satisfy the above conditions together with (18.2)-(18.5).

18.3. The sequence of parameters. The goal of the present section is es-
tablish the main properties of the parameters (Z, e,, er) ) that will ultimately
be the frequency energy levels of our sequence of Euler-Reynolds flows. The
value of (Z(g), €y,(0), €r,(0)) is already determined. The remaining values of the
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sequence are governed by the parameters 9, €,7 and a parameter Z according
to the following rules:

1
e 2172
18.8 = :CZ(—”) U
(18.8) 1) = 2P ) CRBZH
e €
18.9 €y = (7) ER (k)
(18.9) ) =\Gp) ) CR)
it
(18.10) CR (k1) = 2().

The constant C), above is the constant associated to the parameter n by
Lemma 2.1, with n = % specified above. We also define the sequence

1/2
o = \5/2(¢ -4
(18.11) Ny = Z(logEs))” (e;)(k) R.(k)’

Our choice of Z will be specified later in line (18.18).
The following proposition will ensure that the iteration proceeds in a well-
defined way for sufficiently large choices of Z.

PROPOSITION 18.1. Let (Eg), €y,(0), €R,(0)) be parameters that satisfy con-
ditions (18.2)(18.5) of Section 18.2, with e, (o) > er (o) and eg ) < 1 < Z(g).
There exists Zy such that for all Z > Zy, the sequence determined by (18.8)—
(18.10) and (18.11) satisfies conditions (18.2)—(18.5) for all k > 0 and also

1

L L P
(18.12) (GR)(k) < 2V
(18.13) Ny > Efy-

The case k = 0. For Z sufficiently large depending on e, (g), €g (), We can
ensure that (18.12) holds for & = 0. Also, (18.13) is an immediate conse-
quence of (18.5) and the definition (18.11) of N(y. Thus we may assume the
proposition holds for £ = 0. We now prove the proposition for stage k+1. [

Proof of (18.3) and (18.2) for k + 1. Observe that

()~ () <2 (2),
k1) \ oy oy k1) \ o (k+1)_~(k+1) er/ gorn)’

(11>
[1]

T€ 145€ re
- 6“)7? A € \* -5 ’
= — = |C,Ze (—) = (—) Ze
(k+1) (eR (k1) CER(k) \ g *) (k)] er’ () R, (k)
<C,Z'"% (e”)lt’se_? s
=~ en ®) [eR’(k)H(k)]-

By our choice of r, the power to which Z is raised in the last line is negative,
and likewise the energy ratio (e,/egr)(y) is raised to a positive power. The
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energy ratio term is therefore at most 1, and the constant term is bounded
by r~" for sufficiently large Z. The last term in brackets is at most 1 by the
induction hypothesis on (18.4). Finally, as noted previously in Section 18.2,
inequality (18.2) follows from (18.3). O

Proof of (18.4) for k 4+ 1. Observe that

145
dre l—m 5

e — (&) 2 —(H-i dre
e ey =CpZ 1 (—) e Yled i Em-
R,(k+1)—(k+1) n er’ () R, (k) R,(k)—(k)
The last product involving ep ) and =) is at most 1 by the induction hy-
pothesis on (18.4). Applying the induction hypothesis of inequality (18.12)
and 5e < 1 gives

dre 52re

fre g dre —25+40°r€

R (k1) Skt S CnZ7 Tep gy
For Z large enough, the constant term is bounded by 1, and the power to
which ep (r) is raised above is positive by the choice of r, which gives the
inequality. (]

Proof of (18.5) and (18.13) for k+1. As before, (18.13) follows from (18.5).
To prove (18.5), observe that

. ey \~1/2 5
S(k+1) (7) €R, (k)

€R7 (k+1)
1t5e¢ n —e/2 s H1+9)
€\ 2 5 - _ €y s R, (k)
= |C Z(—U) el = {Z 1/2 (—) e?
[ n er’ i) R,(k)—(k) er’ () R, (k) 76

%)(135)”§€6<n+5+6>[ea = ]
(24 (k) Rv(k) R7(k)_'(k) :

By our induction hypotheses on (18.5) and (18.12), the last term in brackets
is at most

<ozt

1/2 5
5 = € 1/2 —3

€R
Using this bound and noting that (e,/er)x) is raised to a negative power by
the choice of 7 gives

[1]

—-1/2
n (6—v> 0 < (C )"Z"*‘Seé(_nﬂs)
R,(k) = :
k41 e/ g ag) SR n R,(k)
Since we chose 1 < d, we see that Z is raised to a negative power and ep 1)
is raised to a positive power in the above estimate. For large Z, the constant
term is at most 1 and the estimate follows. O
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Proof of (18.12) for k4 1. By the induction hypothesis on (18.12) and

using (18.10) and € = %, we obtain
1/2 < :
eR (k+1) GR (k‘) 7( ) ) )

= 737573055

(1) _ s .

R,(k+1)"

18.4. Iteration of the main lemma. We now prove Theorem 1 by repeated
iteration of Lemma 2.1.

Let (’U(O),p(o),R(O)) be the Euler-Reynolds flow constructed in the base
case of Section 18.2, and let (o), €y,(0), €r,(0)) be its associated frequency-
energy levels, which satisfy the assumptions of Proposition 18.1. Let I(g) be a
bounded, closed interval containing supp, v(g) U supp; R(q)-

We construct a sequence of Euler-Reynolds flows with supporting time
intervals J(;) and frequency-energy levels bounded by (), €y (x), €r,k)) as
follows. For k > 0, apply Lemma 2.1 with the parameter 7 chosen in Sec-
tion 18.1 and taking N to be the N(;) defined in (18.11). Note that the
parameter N satisfies the admissibility conditions Ny, > (e /e R7(;€))1/ 2 and
Nuy = E?k) by Proposition 18.1. Lemma 2.1 then yields an Euler-Reynolds
flow (v(k-+1),p(k+1), R(k+1)) such that

(18.14) SUpPy (k1) USuppy Rer1) S Jpn) = N (Jryi Egye 7%2)
and such that the frequency energy levels of (v(j41), P(k41)> R(k+1)) are bounded

by

145
) - _ ~ €R,(k
(Elky» €,k €R. () = (CnZ(log =w)* *erin By, (08 Egry Jer k- Z()> ‘

By inequality (18.2) of Proposition 18.1, we have E’(k) < E(k41) and 6;7(’6) <
€y,(k+1), and we also have en (k) = ER,(k+1)- We may therefore regard

(V(kt1)s Pkt 1)s B(ks1))
as an Euler-Reynolds flow with frequency energy levels below
(E(k+1)» Co,(k+1)s €R,(k+1) )

allowing the induction to continue in a well-defined way. Lemma 2.1 also gives
the following estimates for V(z) := vpy1) — vy

s 2 1/2
(18.15) [Viylloo < Co(log 2y /2 eR/(k:)’

—_ 1/2
(18.16) IV Vi lloo < CoNigyEqwy (log Eqy) el .
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18.5. Continuity and nontriviality of the solution. We claim that the se-
quence of velocity fields v(;) converges uniformly to a limit that is a nontrivial,
continuous weak solution to the Euler equations. Indeed, from (18.15) we have
that for all £ > 0,

(18.2) . /e, \2 1/2
Vs llco < Co (€R>(k+1)€R,(k+l)
(1812) _ . 1_3s S 1=4
<Y zies k2+1) <6y +6 1624&5))( 2 )7
o 1 1
(18.17) Vik+nlleo < CoZ™5ep -

Using eg (k4+1) < %eR’(k), we can at this point choose Z large enough depending
on Cy (= the constant in inequality (2.9)) and e R,(0) such that

o 11 3
(18.18) I;)COZ Chk) < 00"

It follows that v(y) converges uniformly to a continuous velocity field v.
If we choose the integral 0 normalization for py) = A*lvijg,ﬁ) —

A_IVng(vgk)vfk)), then since Ry — 0 uniformly, we have that p(;) con-
verges weakly in D’ to the pressure p = —A_IVng(vjve). One sees by testing
the Euler-Reynolds equations for (v(xy, p(x), F(x)) against smooth test functions
that the pair (v, p) form a weak solution to the incompressible Euler equations.

To see that v is not the 0 solution, compare the lower bound (18.6) on
lv)|lco to the upper bound

3

e.9]
1
o= wiolos < IVoyllen + 32 IViksnlles < 555+ 755 = 01

which follows from (18.7) and (18.17)—(18.18). It now remains to show that v
has compact support in time and satisfies the regularity stated in Theorem 3.

18.6. Regularity and compact support in time of the solution. We now
show that the incompressible Euler flow v defined in Section 18.4 above belongs
to the class v € Cf,,p € C?% for all a that satisfy inequality (18.1). The
time regularity theory of [Isel3b] shows that if 0 < a < 1 and (v,p) is an
incompressible Euler flow in the class v € C}Cy, then v € Oy, and p € Ct2, 5 for
all 0 < 8 < «. It therefore suffices to show that v € CyCY for the stated range
of a.
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Interpolating (2.9) and (2.10) gives the following bound on the C;C< norm
of each correction:

- \a = 1/2
Vi lleres < C(NgZEw)* (log Egy)" 2‘51%/,(@

o = \Ba [ €y z a —a = 1/2
< CZ%[(logEp) 2 (eR)(k: e E ) log E )" 26R/,(m

~

[N]])

= 5atl (€ 1_5a
= CZ%log= 2 (—v) €3 1y 20,
(log Z(1y) er gy (o) =0

(1s19) Molcic 02 o ey

—Q
cze = mm \gp )
Next define the following sequence of parameter vectors:

log er
Yy = | log(ev/er)

log = *)

The evolution rules (18.8)—(18.10) can be rephrased as

—logZ 146 0 0
log(Cy2) —5 1+4e 1

We call the 3 x 3 matrix appearing on the right-hand side of (18.20) the
“parameter evolution matriz” as in [Isel7], and we denote this matrix by Tj.
Since Ty is lower triangular, the eigenvalues of Ty are the diagonal entries
(1+d,e= g, 1). For large k, the Y(x) are (projectively) concentrated near the
eigenline corresponding to the largest eigenvalue, (1 + d), which is spanned by
the eigenvector

(18.21)
-(1+9) 0 0 0
Yy = ) € NS[T5 — (140)[]=NS | =6 —1-3 0
246 -5 3+35 =4

More precisely, let (14,1, 11) be an eigenbasis for Ts corresponding to the
eigenvalues (1 + d,€,1). In terms of this basis,

(18.22) (k) = C, () Y+ F Ce(kyPe + C1 )t

and [~log Z,log Z,log(CZ)]" = uitby + uethe + uihr. In this basis, (18.20)
transforms to

(18.23) Cy (kt1) = Ut + (14 0)eq iy,

(18.24) Ce,(k+1) = Ue + €Ce (k)

(18.25) C1,(k+1) = U1 + C1 (k)-
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From (18.24) and (18.25), one obtains by induction a linear upper bound of
(18.26) [Ce,0) |+ lex,al < TE[([uel + [u]) + lee o) 4 le10)-

As for (18.23), we claim that u4 > 0 and

(18.27) cr > (L+0)fey >0 forall k.

To prove the claim, we use the fact that [1,0,0] is a (1 4 §)-row-eigenvector:
[1,0,0][T5 — (1 +6)I] = 0. It is therefore invariant under the projection to the
1+ ¢ eigenspace:

(Ts —el) (15 —1I)

(18.28) [1,0,0] = [1,0,0] | f= 55
Applying [1,0,0] to (118.22) and using (18.21) and (18.28), one obtains u; =
187 and ¢ (k) = — R From this calculation, the claim (18.27) follows

(1+9) (1+3)
from (18.23) by induction.

We now turn to the estimate (18.19). Let E, ;) denote the right-hand
side of the upper bound of (18.19). Then using (18.22) and (18.26),

(1829) log Ea,(k) = [1/2 - (504, 1/2, a]¢(k),
(18.30) l0g By () = ¢4, [1/2 — 601, 1/2, 0]ty + Oa z([K]).

The O(-) term above grows linearly in k& with an implied constant that depends
on «, Z,Cy. The assumption (18.1) on « in Theorem 3 is exactly the condition
that

(18.31) [1/2 = da,1/2, alibs = — (% ~da) (1+ g) + g ta (; +3) <0,

Using (18.27), (18.19) and (18.30) we obtain a double-exponential decay for
the C;Cy norms of V:

Vi llcuoe _ "

(sza‘ < By <e ca(146)"+0a, z (|K])

The constant ¢, above is a positive number that depends on «, Z and the initial

(Z, e, er)(0)- With this bound, we obtain the desired regularity v € C;Cg for
our solution.

We now prove the compact support in time for the solution. By (18.14), it

) - 1/2 \_1 ~1/2 —1/2-1

suffices to show that the series Z%’:O(H(k)evv(k)) =270 €R (0 (ev/eR)(k) Ek)

converges to a finite value. As in the analysis from (18.29) to (18.31), it suffices
to check that

21/2,—1/2, —1]iy, = % (1+ g) - g - (g +3) <o.

This calculation concludes the proof of Theorem 3.
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Appendix A.

In this appendix, we gather several general analysis facts that have been
used throughout the proofs of Lemmas 3.1-3.3. We start by proving Propqsi—
tion 9.1, which is the well-known Littlewood-Paley characterization of the C'*
seminorm. We refer to Section 9 for notation.

Proof of Proposition 9.1. Let HfHBgo = supg 24| P, fllco denote the
Littlewood-Paley version of the seminorm. To see that ||f[|z0 = Sa [|fllge;
we use that [z, xq(h)dh = 0 to write o

Puf (@) = [ fla = mxg(hdh
= [ (Flw—h) = f@))xg()dh,

]Rn
[Py f ()] < 1l /Rn 1A% Ixq(R)ldh Sa 271 £l ¢a-

Multiplying by 2°? and taking a supremum over z and g gives | f|| 50

£l
To prove || fllga S| fllge s let 2 € T, h € R", h # 0. Choose q € Z

such that 29! < |n| < 29. Using the decomposition (9.2) and that IIyf is a
constant, we have

fla+h) = f(z) =) [Pof(x +h) = Pyf (@)] + D _[Pof(x + h) — Pyf ()],

~Q

q<q q>q
S IPf(@+h) = Pof(@)]| <> 2/Pyfllco
q>q q>q
<232 f]l g,
>q ’
O<a)=  Sa2Uflse < BOIflp -

For the low-frequency part, apply the Mean Value Theorem and P, = P, F;
to obtain

Z[qu(x +h) — qu@)]

q<q

< DIV P flleo

q<q
< B D IV PPy fllco
q<q
< B IV Pl 1Py f o
q<q
Sa B> 2027 fl| gy ]
9<q
(<D= Salbl2 gy  <IA|fllge - O
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We next prove the commutator estimate of Proposition 9.2.

Proof of Proposition 9.2. Let u € L*°(R™) be a smooth vector field and
f € L*(R"™) be a smooth function. Then for all z € R",

u- VP f(x) — Fylu-Vf(z)
0
ort Jp

— / u' (z + h)aiif(x + h)xq(h)dh

— u(x)

o+ h)xq(h)dn

— [ (i) - wi(ath) 2

o @+ B)x(h)dh

R

= [ i) i+ 1) 3 [+ )~ F)]xg(R)dn
e

Using that v € L>*(R"), f € L>(R") and x4 is Schwartz, we may integrate by
parts in h to obtain

u-VFf(x) = FPylu- Vf(z)

(A.1) _ : ; A
— [ @) — e+ W)+ ) — £(@) VxR

(A.2) + [ Vi@ + B+ B) - f@)x(h)dn
We estimate the terms on the right-hand side by
[(A-2)] < [[Vullcol[ £l ¢ /Rn A% [xq(R)dh

S 27 Vull ol fll e

(A1) = /]R

(A< [FullosllFln [ xR dh
< 27| Vuloll o 0

Proposition A.1 below lists some standard facts about nonsingular linear
transport equations.

/0 Vi + ah)h“da} (F(a + ) — f(2))Vixg(R)dh,

ProOPOSITION A.1. Let tg € R and J be an open interval in R contain-
ing tg. Let u : J x T™ — R™ be a smooth vector field and g : J x T" — R be
a smooth function; i.e., u € C;C¥ g € C,CF for all k > 0. Let fo: T" — R
be smooth. Then there exists f : J x T" — R such that f € C1(J x T"),
f€Nk>o CyCF is smooth in the spatial variables on J x T", and f satisfies

Or+u-V)f=g on J x T",

(A-3) f(to,z) = fo(x) for x € T™.
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Furthermore, f is unique among solutions to (A.3) in the class f € C1(JxT"),
and f satisfies

t
(A.4) LF®)llco < [l follco + ‘/t lg(T)llcodr|  forallt € J.

Proof. We only sketch the proof of (A.4). Let (t,x) € J x T™. Let ~(-) :
J — T™ be the unique solution to the ODE Z—Z(T) = u(r,y(7)) with v(¢) = =.
Then for any f € C(J x T") solving (A.3) and 7 € J, set (1) := f(7,7(7)).
Then %1/}(7’) = g(7,7v(7)) for all 7 € J and ¥(to) = fo(v(to)). Integrating
from to to ¢, we have that |1(t)| = |f(t,z)| is bounded by the right-hand side
of (A.4). O

Our proof of the Gluing Approximation Lemma relies on the following
proposition concerning existence of regular solutions to the transport-elliptic
equation 8.2. Recall that S C R? ® R3 denotes the space of real symmetric
(2,0) tensors.

THEOREM 4. Let J be an open subinterval of R and tg € J. Let v :
J x T3 — R? be a smooth vector field v € Nk>0 C;CF that is divergence free
Vvt = 0. Let Po - T3 — S be smooth and Z : J x T2 — R3 be a smooth
vector field Z € (>0 C;CF.  Then there exists p : J x T" — S such that
p € CHJ x T3), p € N> CLCE is smooth in the spatial variables, and

(0 +v- V) = R V' Vi(p™) + 2°),

P (to. ) = pf ().

Proof. The proof of Theorem 4 proceeds by modifying the work in [Isel?,
§827.1-27.3]. There the analysis specialized to the case of p{f = RH[U] and

7% = (9, +v-V)U for some vector field U with spatial integral 0 (which suffices
for the applications of the present paper). The proof in [Isel7, §§27.1-27.3]

(A.5)

assumes estimates on v and Z that are uniform in time and emphasizes the
a priori estimates on the solution. Here we outline how to adapt the proof
to an arbitrary open time interval and focus on the proof of existence for the

solution. ' '
Set pgé) (t,z) = pif(x), and define p{ﬁﬂ) to be the unique solution to
w6 (O 40 - V)p{isny = RV Vat' Vilpff)) + 2],

14 il
p€k+1)(t07$) = p} ().
Observe that the functions p{i) . J x T3 — S are well defined on all of J x T3

and are smooth in the spatial variables: p(x), Op) € Ni>0 C;CF. We claim
that for every compact subinterval J C J and every L € Z, the sequence Pk)
is Cauchy in C,CE(J x T3).
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Let J be an compact subinterval of J. We claim that for all L > 0,
the sequence p(, is Cauchy in CiCE(J x T3). Let L > 1 be given. Choose
parameters 71, A > 0 such that

(A7) [VF*ol|co < AFF7Y forall 0 < k < L.

For any p: J x T" — § in the class (x>0 C;C¥, define the weighted energy

1=y y » f Mty

K=1j=1|d|=K
For B > 1 to be chosen later and smooth p : J x T? — S, define the seminorm

HPHX = sup e—Bffl‘t_to\EL{p(t)]l/@
teJ
Let T be the map such that p11y = T'[p(r)], which is defined by solving (A.6).
We want to show that 7' is a contraction on CtWL 4 if one takes the appropriate
norm. Let p, 5 : JxT? — S be smooth (2,0) tensor fields. Then differentiating
equation (A.6) for the difference T'[p] — T'[p] and commuting using (A.7), one
obtains that for all 1 < |a@| < L and all t € J,

[0 +v - V)ValT[p] — T[p]lll L4 (1)

(A.8) < C‘5|A“i|7_'_1(EL[p — Y4+ EL[T[p] — T[p)MY).

The computation follows as in the a priori estimate in [Isel7, Props. 27.1, 27.2].
A key input in this estimate is the fact that VR¢ acts as a bounded operator on
L*(T?), which follows from the Calderon-Zygmund theory on R? as discussed
in [Isel7, Prop. 6.2].

Applying (A.8) and using (in a nonessential way) that V;v¢ = 0,

B [T1p](1) — TI()]

L 3

=3 Y S A @ro VATl - T )
K=1jt=1|a|=K

d -

GEL[TIR0 - T
L our Balp— A+ BTl - TRl Y B [Tl - 7]

(A9) < Cor (Eulolt) — p(0)] + EL[Tlol(t) ~ TIA(0)),

BTl - 717100

dt
_ =1y - ~
< Cpr LAt BTIl ) — G4 + I T00) - TIAllI%)-
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In line (A.9), we applied Young’s inequality with the exponents i + % = 1.
Integrating the above estimate from t = ¢y and observing that Er[T[p](to) —
T[p](to)] = 0, we obtain

BL[Tlp)(8) ~ T/0)] < TEet 10l(o — g1k + |T16] — 71514,

_ CL _ Cr _
_ 4 ~L _ 4 ~L _ 4
16 - I < llo — Al + T2 ITle] - TIAl

Choosing B large enough, the last term in (A.10) can be subtracted from both
sides and we obtain that

(A1) ITle) ~ TlAllx < 5l fllx.

(A.10)

It is also true that for all ¢ € J,
(A.12) [Tl ) — Tt 2)) = 0.
T3

Equation (A.12) follows from the following conservation law, which uses V;v* =
0 and (A.6):

Combining (A.11) and (A.12), we see that T" is a contraction on the space of
CyW LA tensor fields p : J x T? — S when this space is endowed with the norm
ol = sup,5 | Jpn p(t, x)dz| + ||pl|x . In particular, the sequence p{f;) is Cauchy
in C;Wr* and hence Cauchy in C;CE~! on J x T3 by Sobolev embedding.
Since J was an arbitrary compact subinterval of J containing ¢y and L was
also arbitrary, we conclude that p{f:) converges to a limit p that exists on all
of J x T? and is smooth p € Nk>0 C;CF. Tt also follows that p solves the
initial value problem (A.5) (as a distribution), from which we also have that

p < Cl(J X T3) and 8,5/) S ﬂkZO CtC!; O
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