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Vertical perimeter versus
horizontal perimeter

By AssAF NAOR and ROBERT YOUNG

Abstract

Given k € N, the k’th discrete Heisenberg group, denoted H§k+17 is
the group generated by the elements ai,b1,...,ak,br,c, subject to the
commutator relations [ai,b1] = -+ = [ak,bx] = ¢, while all the other
pairs of elements from this generating set are required to commute, i.e.,
for every distinct 4,5 € {1,...,k}, we have [a;,a;] = [bs,b;] = [ai, b;] =
[ai,c] = [bi,c] = 1. (In particular, this implies that ¢ is in the center
of H;k"'l.) Denote & = {al,b17a1_17b1_1,...,ak,bk,alzl,bgl}. The hori-
zontal boundary of Q@ C H2*T! denoted 9y, is the set of all those pairs
(z,y) € Qx (HZ* Q) such that ™1y € S,. The horizontal perimeter of
Q is the cardinality |OhQ2| of Oh€2; i.e., it is the total number of edges incident
to Q in the Cayley graph induced by &;. For t € N, define 9 to be the
set of all those pairs (z,y) € Q x (H2F™ \ Q) such that 2 'y € {c",¢™'}.
Thus, |0LQ)| is the total number of edges incident to 2 in the (disconnected)
Cayley graph induced by {c',c™¢} C HZ*™!. The vertical perimeter of Q
is defined by |0.Q| = /> oo, [04Q|2/t2. Tt is shown here that if k& > 2,
then |8, < +|0n82|. The proof of this “vertical versus horizontal isoperi-
metric inequality” uses a new structural result that decomposes sets of
finite perimeter in the Heisenberg group into pieces that admit an “in-
trinsic corona decomposition.” This allows one to deduce an endpoint
Wt — Ls(L1) boundedness of a certain singular integral operator from
a corresponding lower-dimensional wh2 Ly(L2) boundedness. Apart
from its intrinsic geometric interest, the above (sharp) isoperimetric-type
inequality has several (sharp) applications, including that for every n € N,
any embedding into an Li(p) space of a ball of radius n in the word metric
on HS that is induced by the generating set &5 incurs bi-Lipschitz distortion
that is at least a universal constant multiple of \/logn. As an application
to approximation algorithms, it follows that for every n € N, the integral-
ity gap of the Goemans—Linial semidefinite program for the Sparsest Cut
Problem on inputs of size n is at least a universal constant multiple of

Vlogn.
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1. Introduction

We shall start by formulating the main result that is obtained here in
the discrete setting, since this is the setting that is needed for applications
to approximation algorithms and metric embeddings. However, we shall soon
thereafter proceed to describe the corresponding (and equivalent) continuous
setting, which is where it is most natural to carry out the bulk of the ensuing
proofs.

For every k € N, the k’th discrete Heisenberg group, denoted HZ¢*!, is
defined via generators and relations as follows: The 2k 4+ 1 generators are
denoted ay,by,...,ay, by, c. Recalling that the commutator of g, h € HZ*+1 is
denoted [g, h] = ghg~'h™!, the defining relations of H?**+! are the requirements
that ¢ = [al,bl] = ... = [ak,bk] and [ai,aj] = [bi,bj] = [ai,bj] = [ai,c] =
[bi,c] = 1 for every distinct i,j € {1,...,k}. In particular, since ¢ commutes
with all of the generators, it belongs to the center of H2**!. The set &) =
{a1, b1, al_l, bl_l, ..., ag, by, a,;l, b,;l} is a symmetric generating subset of H2++1,
and it therefore induces a left-invariant word metric on H2**! which we denote
by dy : H2F1 x H2F+1 — [0,00). A standard concrete realization of H2¢*! is
the group of all £ + 2 by k£ + 2 matrices with integer entries of the following
form (and usual matrix multiplication):

(1)

1 21 a9 ... xg z
ZIk+2+Z xz‘El,z‘+1+Z YiEji1 otz B o
0 yr—1 i=1 j=1
. 1 Yk
O ... ... ... O 1
Here Iy, is the (k+2) x (k+2) identity matrix and {E;; : i,j € {1,...,k+2}}

is the standard basis of My, o(R). While it is beneficial to keep in mind the
above concrete realization of H2**! it will later be convenient to work with
a different realization of HZ*+!1 and moreover the initial part of the ensuing
discussion (including all of the main results and applications) can be under-
stood while only referring to the above abstract definition of H2**! through
generators and relations.

Definition 1 (Discrete boundaries). Given Q C H2*+1  the horizontal
boundary of € is defined by

(2) Y {(:c,y) € Qx (]I-}I?“‘~'1 ~ Q) caxly € Gk} .
Given also t € N, the t-vertical boundary of Q is defined by
(3) oLQ def (x,y) € Q x (]I-]I%k+1 ~ Q> caxly € {ct,c*t}} .
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The horizontal perimeter of ) is defined to be the cardinality |0nQ| of its hor-
izontal boundary. The vertical perimeter of ) is deﬁned to be the quantity

(4) 0,0 % (Z WQP)

Remark 2. It may be instructive to restate some of the concepts that were
introduced in Definition 1 through the following graph-theoretic descriptions.
The Cayley graph that is induced by a symmetric subset ¥ = 7! of a group
G will be denoted below by X5 (G). Recall that this is the graph whose vertex
set is G and whose edge set is Fx(G) = {{g,gd} g€ G N o€ E}.
In particular, X5(G) is connected if and only if ¥ generates G. With this
(standard) terminology, the horizontal boundary d,(2 is the edge boundary of
Q in the Cayley graph X, (H2**1), i.e., those pairs (z,y) € H2+1 xH2k+1 such
that {z,y} € Eg, (H2**1), 2 € Q and y ¢ Q. In the same vein, the t-vertical
boundary 9L is the edge boundary of  in the Cayley graph X {Ct7c—t}(H%k+1).

The vertical perimeter as defined in (4) is a more subtle concept, and in
particular, it does not have a combinatorial description that is analogous to
those of Remark 2. The definition (4) was first published in [66, §4], where the
isoperimetric-type conjecture that we resolve here also appeared for the first
time. These were formulated by the first named author and were circulating
for several years before [66] appeared, intended as a possible route towards
the algorithmic application that we indeed succeed to obtain here. The basic
idea is that because c is equal to each of the commutators {[a;, b;]}F_;, if the
horizontal boundary of  is small, i.e., it is “difficult” to leave the set €2 in
the “horizontal directions” {afEl bjEl f 1, then this should be reflected by the
“smallness” of the sequence {]859\}75:1 that measures how difficult it is to leave
Q in the “vertical directions” {¢**}£2,. That this smallness should be measured
through the quantity |6,)], i.e., the £5 norm of the sequence {|9¢Q|/t}22,, was
arrived at through trial and error, inspired by functional inequalities that were
obtained in [8], [66], as explained in [66, §4]; see also Section 1.3 below.

THEOREM 3. For every integer k > 2 and every finite subset Q C HZF+1,
we have [0,9] < 1|09

Asymptotic notation. In Theorem 3 as well as in what follows we use the
following standard conventions for asymptotic notation. Given «, 3 € (0, 0),
the notation o < 3 and 3 2 o means that o« < yf for some universal constant
Y € (0,00). The notation & < $ stands for (¢ < B) A (B < «). If we need
to allow for dependence on parameters, we indicate this by subscripts. For
example, in the presence of an auxiliary parameter 1, the notation o Sy f3
means that o < y()B, where y(1) € (0,00) is allowed to depend only on ,
and similarly for the notation o 2y, B and o =y, 3.
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The “vertical versus horizontal isoperimetric inequality” of Theorem 3 is
sharp up to the implicit universal constant, as exhibited by considering the case
when 2 is a singleton. (See also Remark 23 below.) In fact, this inequality
has qualitatively different types of sets (2 that saturate it. Namely, for every
m € N, there is a finite @ C HS for which |{j € N : Z?]:;jl_l |0iQ|% /12 <
|0n2|?/m}| < m; this follows from an examination of the sub-level sets of the
embeddings that are discussed in the paragraph following Theorem 6 below.
We shall later see that by a simple argument the case k = 2 of Theorem 3
implies its statement for general £ > 2. The case k = 2 is therefore the heart
of the matter, and moreover all of our applications of Theorem 3 use only this
special case. For these reasons, the discussion in most of the introduction will
focus on k = 2, but our ensuing proofs will be carried out for general k because
they derive structural results that are of interest in any dimension and do not
reduce directly to a fixed dimension.

Remark 4. Note the restriction £ > 2 in Theorem 3. The case k = 1
remains an intriguing mystery and a subject of our ongoing research that will
be published elsewhere. This ongoing work shows that Theorem 3 fails for
k = 1, but that there exists ¢ € (2, 00) such that for every Q C H?, we have

0.0

~ 1
) (Z%5F) <10
=1 U2

A simple argument shows that sup,cy |05€2]/+/s < v|0n(?| for some universal
constant y > 0. Hence, for every t € N, we have

Lle (1L (1o (1011 i
3 < 3 \ < \ q
<\ ) el <) (i)

This implies that the left-hand side of (5) is bounded from above by a universal
constant multiple of |0,9Q|%/9|9,Q|'~2/9. Therefore (5) is formally weaker than
the estimate |0, < |0h€2| of Theorem 3. It would be interesting to determine

the infimum over those ¢ for which (5) holds true for every Q@ C H2, with
ongoing work indicating that it is at least 4. It should be stressed, however, that
all the applications of Theorem 3 that are obtained here (i.e., the algorithmic
application in Section 1.1 and the geometric applications in Section 1.2) use
the case k = 2 of Theorem 3, and understanding the case £ = 1 would not yield
any further improvements. So, while the case kK = 1 is geometrically interesting
in its own right, it is not needed for the applications that we currently have in
mind.

1.1. Sparsest Cut. The Sparsest Cut Problem is a central open question
in approximation algorithms that has attracted major research efforts over the
past decades. A remarkable aspect of this natural and versatile optimization
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problem is that it admits a simple to describe algorithm that was proposed
in the mid-1990s by Goemans and Linial, yet while this specific algorithm re-
ceived close scrutiny by many researchers and to date it is still the best-known
approximation algorithm for the Sparsest Cut Problem, despite major efforts
it remained unknown for many years how well this algorithm can perform in
general. Here we settle the longstanding open question of determining (up to
lower order factors) the approximation ratio of the Goemans—Linial algorithm.
Modulo previously published reductions, this is a quick consequence of The-
orem 3. In fact, the statement of Theorem 3 was initially conjectured as a
possible route towards this algorithmic application.

Fix n € N. The input of the Sparsest Cut Problem consists of two
n-by-n symmetric matrices with nonnegative entries C = (Cj;), D = (D;j) €
M, ([0, 00)), which are often called capacities and demands, respectively. The
goal is to design a polynomial-time algorithm to evaluate the quantity

I nis OZ
(6) OPT(C, D)% min  ZDeAxWlni ) G
GCACL,n} D (i) eAx ({1,....n}~A) Dij

In view of the extensive literature on the Sparsest Cut Problem, it would
be needlessly repetitive to recount here the rich and multifaceted impact of this
optimization problem on computer science and mathematics; see instead the
articles [61], [72], the surveys [106], [75], [19], [90], Chapter 10 of the monograph
[35], Chapter 15 of the monograph [80], Chapter 1 of the monograph [99], and
the references therein. It suffices to say that by tuning the choice of matrices
C, D to the problem at hand, the minimization in (6) finds a partition of the
“universe” {1,...,n} into two parts, namely, the sets A and {1,...,n} \ A,
whose appropriately weighted interface is as small as possible, thus allowing for
inductive solutions of various algorithmic tasks, a procedure known as divide
and conquer. (Not all of the uses of the Sparsest Cut Problem fit into this
framework. A recent algorithmic application of a different nature can be found
in [78].)

It is NP-hard to compute OPT(C, D) [105]. By [29] there exists g > 0
such that it is even NP-hard to compute OPT(C, D) within a multiplicative
factor of less than 1+¢q. If one assumes Khot’s Unique Games Conjecture [56],
[57], [109], then by [21], [59] there does not exist a polynomial-time algorithm
that can compute OPT(C, D) within any universal constant factor.

Due to the above hardness results, a much more realistic goal would be
to design a polynomial-time algorithm that takes as input the capacity and
demand matrices C, D € M,([0,00)) and outputs a number ALG(C, D) that is
guaranteed to satisfy ALG(C, D) < OPT(C, D) < p(n)ALG(C, D), with (hope-
fully) the quantity p(n) growing to oo slowly as n — 0o. Determining the best
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possible asymptotic behaviour of p(n) (assuming P # NP) is an open problem
of major importance.

In [77], [7] an algorithm was designed, based on linear programming
(through the connection to multicommodity flows) and Bourgain’s embedding
theorem [15], which yields p(n) = O(logn). An algorithm based on semidefi-
nite programming (to be described precisely below) was proposed by Goemans
and Linial in the mid-1990s. To the best of our knowledge this idea first ap-
peared in the literature in [43, p. 158], where it was speculated that it might
even yield a constant factor approximation for the Sparsest Cut Problem; see
also [75], [76].

The Goemans—Linial algorithm is simple to describe. It takes as input
the symmetric matrices C' = (Cj;), D = (D;j) € My([0,00)) and proceeds to
compute the following quantity:

def , Sty 251 Cigllvi — vz

7 SDP(C,D) = in ,
( ) ( ) (fuh..,,l)n)ENEGn Z;L:]_ Z;L:]_ D””'Ul — 'U]H?'éz
where
def n\n 2
NEG, < {(v1,...v) € (R")" : [|v; — ;%
< i — ka% + [Jug — UjH%g for all 4,7,k € {1,... ,n}}
Therefore NEG,, is the set of n-tuples (v1,...v,) of vectors in R™ such that
({v1,...,vn},vy) is a semi-metric space, where v,, : R” x R" — [0,00) is
defined by
n
def
Vo = (.Tl, cee 7$n)7y = (yl) .. 7yn) S Rna V?’L(xuy) é Z(x]_y])2 = Hx_yH%g
=1

A semi-metric space (11,d) is said (see, e.g., [35]) to be of negative type if
(m, \/&) embeds isometrically into a Hilbert space. So, NEG,, can be described
as the set of all (ordered) negative type semi-metrics of size n. The evaluation
of the quantity SDP(C, D) in (7) can be cast as a semidefinite program (SDP),
so it can be achieved (up to o(1) precision) in polynomial time [46]. One has
SDP(C, D) < OPT(C, D) for all symmetric matrices C, D € M,([0,0)). See,
e.g., [80, §15.9] or [90, §4.3] for an explanation of the above assertions about
SDP(C, D), as well as additional background and motivation. The pertinent
question is therefore to evaluate the asymptotic behavior as n — oo of the
following quantity, which is commonly known as the integrality gap of the
Goemans-Linial semidefinite programming relaxation (7) for the Sparsest Cut

Problem: (o det . OPT(C, D)
ot €, DeM, ([0,00)) SDP(C, D)’

C,D symmetric
Since pg|(n) can be computed in polynomial time, we have p(n) < pgL(n);

the algorithmic output ALG(C, D) in this case is simply SDP(C, D). The above
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mentioned Goemans—Linial conjecture was that pgL(n) = O(1). This hope
was dashed in the remarkable work [59], where the lower bound pgL(n) 2
/loglog n was proven. An improved analysis of the ideas of [59] was conducted
in [64], yielding the estimate pg(n) 2 loglogn. An entirely different approach
based on the geometry of the Heisenberg group was introduced in [69]. In
combination with the important works [23], [24] it gives a different proof that
limy, o0 peL(n) = oo0. In [25], [26] the previously best-known lower bound
pcL(n) = (logn)® was obtained for an effective (but small) positive universal
constant J.

Despite these lower bounds, the Goemans—Linial algorithm yields an ap-
proximation ratio of o(logn), so it is asymptotically more accurate than the
linear program of [77], [7]. Specifically, in [20] it was shown that pgL(n) <
(logn)%, and this was improved in [4] to pgL(n) < (log n)%“(l). See Sec-
tion 10 below for additional background on the results quoted above. No other
polynomial-time algorithm for the Sparsest Cut problem is known (or con-
jectured) to have an approximation ratio that is asymptotically better than
that of the Goemans—Linial algorithm. However, despite major scrutiny by
researchers in approximation algorithms, the asymptotic behavior of pg(n)
as n — oo remained unknown. Theorem 5 below resolves this question up to
lower-order factors.

THEOREM 5. For every integer n > 2, we have /logn < peL(n) <
(log )z o),

Since the upper bound on pgp(n) in Theorem 5 is due to [4], our con-
tribution is the corresponding lower bound, thus determining the asymptotic
behavior of pg(n) up to lower order factors.

1.2. Embeddings. For p € [1,00], the L, (bi-Lipschitz) distortion of a sep-
arable metric space (171, d), denoted ¢,(1,d) € [1,00], is the infimum over
those D € [1,00] for which there exists an embedding f : 11 — L,(R) such
that d(z,y) < | f(x) — (3) 1@ < Dd(z,y) for every .,y € M.

Recall that dyy : H? x H? — NU{0} denotes the left-invariant word metric
that is induced by the generating set &5 = {al,afl,bl,bfl,ag,agl,bg,bgl}.
For every r € [0, 00), denote the corresponding (closed) ball of radius r centered
at the identity element by B, = {h € H3 : dy (h,1) < r}. It is well known
(see, e.g., [11]) that |B,| < 7% and dw(1,c") < /7 for every r € N. By [69,
Th. 2.2], the metric dy is bi-Lipschitz equivalent to a metric on HJ that is
of negative type. We remark that [69] makes this assertion for a different
metric on a larger continuous group that contains HY as a discrete co-compact
subgroup, but by a simple general result (see, e.g., [18, Th. 8.3.19]) the word
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metric dyy is bi-Lipschitz equivalent to the metric considered in [69]. A well-
known duality argument (see, e.g., [90, Lemma 4.5] or [25, §1]), which to the
best of our knowledge was first derived by Rabinovich in the 1990s, establishes
that for every n € N, the integrality gap pgi(n) is equal to the supremum of the
L; distortion ¢1(X,d) over all n-point metric spaces (X, d) of negative type.
Therefore, in order to establish Theorem 5 it suffices to prove the following
theorem.

THEOREM 6. For everyr > 2, we have ¢1(B,,dw) < v/logr < \/log|B,|.

The new content of Theorem 6 is the lower bound ¢1 (B, dw) 2 /logr.
The matching upper bound c;(B,,dw) < +Iogr has several proofs in the
literature; see, e.g., the discussion immediately following Corollary 1.3 in [66]
or Remark 7 below. The previously best-known estimate [26] was that there
exists a universal constant & > 0 such that c1(B,, dy) > (logr)®.

Remark 7. Theorem 6 also yields a sharp result for the general problem
of finding the asymptotically largest-possible L; distortion of a finite doubling
metric space with n points. A metric space (177, d) is said to be K-doubling
for some K € N if every ball in 7717 (centered anywhere and of any radius) can
be covered by K balls of half its radius. By [63],

(8) (M, d) < +/(log K) log |M|.

As noted in [47], the dependence on [171| in (8), but with a worse depen-
dence on K, follows by combining [6] and [104]. (This dependence on K
was improved in [47].) The metric space (HJ,dy ) is O(1)-doubling because
|B,.| < r% for every 7 > 1. Theorem 6 shows that (8) is sharp when K = O(1),
thus improving over the previously best-known construction [71] of arbitrarily
large O(1)-doubling finite metric spaces {(1;,d;)}52, for which ¢; (1M1, d;) 2
\/(log |11;])/ loglog |1M;|. Probably (8) is sharp for all K < |171|; conceivably
this could be proven by incorporating Theorem 6 into the argument of [50],

but we shall not pursue this here. Theorem 6 establishes for the first time the
existence of a metric space that simultaneously has several useful geometric
properties yet poor (indeed, worst-possible) embeddability properties into Lj.
By virtue of being O(1)-doubling, (HJ, dyy) also has Markov type 2 due to [36]
(which improves over [93], where the conclusion that it has Markov type p for
every p < 2 was obtained). For more on the bi-Lipschitz invariant Markov
type and its applications, see [9], [91]. The property of having Markov type 2
is shared by the construction of [71], which is also O(1)-doubling, but (H3, dy)
has additional features that the example of [71] fails to have. For one, it is a
group; for another, by [73], [74] we know that (HJ, dy ) has Markov convexity
4 (and no less). (See [70], [86] for background on the bi-Lipschitz invariant
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Markov convexity and its consequences.) By [86, §3] the example of [71] does
not have Markov convexity p for any finite p. No examples of arbitrarily
large finite metric spaces {(1;,d;)}5°, with bounded Markov convexity (and
with the associated Markov convexity constants uniformly bounded) such that
c1(M, d;) 2 +/log |M;| were previously known to exist. Analogous statements
are known to be impossible for Banach spaces [87], so it is natural in the con-
text of the Ribe program (see the surveys [91], [10] for more on this research
program) to ask whether there is a potential metric version of [87]; the above
discussion shows that there is not.

Remark 8. It was proved in [65] that for every p > 2, there is a doubling
subset D, of L,(R) that does not admit a bi-Lipschitz embedding into L,(R)
for g € (1,p), and furthermore there is py > 2 such that D,, does not even admit
a bi-Lipschitz embedding into L;(R) for p > py. By substituting Theorem 6
into the proof of this statement in [65], we see that it actually holds true with

po = 2.

The following precise theorem about L; embeddings that need not be bi-
Lipschitz implies Theorem 6 by considering the special case of the modulus
w(t)=1t/D for D > 1 and t € [0, c0).

THEOREM 9. Fixr > 2 and a nondecreasing function w : [0,00) — [0, 00)
such that w(s) < s for all s = 0. Then there exists a mapping ¢ : B, — L1(R)
that satisfies
9  VayeB,  w(dw(zy) S 0@ - ¢l @ < dw(z,y)

if and only if
2r 2

(10) / @) G5 <.
1

The fact that the integrability requirement (10) implies the existence of
the desired embedding ¢ is due to [108, Cor. 5]. The new content of Theorem 9
is that the existence of the embedding ¢ implies (10). By letting r — oo in
Theorem 9, we see that there is ¢ : H> — L1(R) that satisfies

(11) Vo,yeZ’,  w(dw(z,y) S o) — dW)lo.m < dw(z,y)
if and only if

(12) /100 W) g <1,

g3

In [26] it was shown that if ¢ : HJ — L;(R) satisfies (11), then there
must exist arbitrarily large ¢ > 2 for which w(t) < t/(logt)®, where & > 0 is
a universal constant. This follows from (12) with § = 1,
possible constant for which this conclusion holds true. This positively answers

which is the largest
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a question that was asked in [26, Rem. 1.7]. In fact, it provides an even better
conclusion, because (12) implies that, say, there must exist arbitrarily large
t > 4 for which

t
w(t) S .
\/(logt)loglogt
(The precise criterion is determined by the integrability condition (12).) Fi-
nally, by considering w(t) = t!=¢/D for ¢ € (0,1) and D > 1, we obtain the
following noteworthy corollary.

COROLLARY 10 (Lp distortion of snowflakes). For every ¢ € (0,1), we

have ¢q (Hg,d%{ﬂ = ﬁ

The fact that we have ¢ (X, d*~¢) < 1/4/€ for every O(1)-doubling metric
space (X, d) follows from an argument of [68]. (See also [95, Th. 5.2]). Corol-
lary 10 shows that this is sharp. More generally, it follows from Theorem 9
that for every r > 2 and € € (0,1), we have

1
1—e)\ _ .
c1 (Br,dw ) = min {\/g, \/logr} .
1.3. An endpoint estimate. An equivalent formulation of the case k = 2
of Theorem 3 is that every finitely supported function ¢ : HY — R satisfies the
following Poincaré-type inequality:

[e's) 2 %

<Zt12< > |o(ne) —d>(h)\) ) SN |etho) — b(h)|
t=1 heH} heH;, 0€62

Wy (|#har) = o(h)| + @ (hb1) — ()]

heHs

+ | b (has) — b(R)] + [ d(hba) — d(B)]).

See Lemma 28 below for a simple proof of this equivalence. One direction is
immediate, because Theorem 3 is nothing more than the special case ¢ = 1g
of (13). Furthermore, by a straightforward convexity argument that appears
in Lemma 29 below, the estimate (13) has a vector-valued version that asserts
that for every finitely supported function ¢ : H% — L1 (R), we have

(14)

(32 5 Joloet) - ot

heH3,

Ly (R)

2\ 3
LI(R))> S Y Y |etho) — ()|

heH5 0€62

Next, as explained in Lemma 43 below (mimicking an argument that appears
in Section 3.2 of [66]), the vector-valued inequality (14) formally implies its
local counterpart, which asserts that there exists a universal constant o« > 1
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such that for every n € N and every ¢ : HY — L1(R), we have
(15)

(S (5 ot -], )) 5 5 5 foirer- 000

heB, heByn 062

Li(R)

To deduce Theorem 9 from (15), suppose that r > 2, that w : [0,00) —
[0,00) is a nondecreasing function satisfying w(s) < s for all s > 0, and that
the mapping ¢ : B, — L;(R) satisfies (9). For notational convenience, fix
universal constants 3 € (0,1) and vy € (1,00) such that for every ¢t € N,
we have Bvt < dy(ct,1) < yvt. Since w(s) < s for all s > 0, the left-
hand side of (10) is at most log2r. Hence, it suffices to prove Theorem 9 for
r > 1+ max{«,y}, where o is the universal constant in (15). Denote n =
|min{r/(1+7v),(r —1)/a}]. It € {1,...,n%} and h € B,,, then dyy (hct, 1) <
n+yvt < (1+vy)n < r, and therefore we may apply (9) with z = hct andy = h
to deduce that Hd)(hc )= &), ®) 2 wldw(ch, 1)) > w(Bv/t). Consequently,

(16)

P 1t2<hEZ‘B ”d) (1) ’Ll(R)>2
f:’B nl*w ( 2 122/%1‘”(5\/7)

=1
n2
7“@“ w(s)? B2(r/2)1? T w(s)?
= p%n'? s> ds,
£ s3 max{(1+v)12, &2} /; e
2

where the second inequality in (16) uses the fact that w is nondecreasing, the
penultimate step of (16) uses the change of variable s = Bm, and for the
final step of (16), recall that B < 1 and the definition of n. Recalling that
3,v > 0 are universal constants, it follows that

2r 2 2r 2 ﬁ 2
/ w(s) ds :/ w(s) ds—|—/2 FvaF w(s) ds
1 1

53 Br 53 s3
2max{1+vy, Oc}

2
t2<heZB Hd) hc B ’LﬂR)) ’

where the final step of (17) uses (16) and that w(s) < s for all s > 0. By
our choice of n, we have ho € By,+1 C B, for h € By, and 0 € S. So,
[d(ho) — &(h)|lL,(r) < dw(ho,h) =1, by (9). The right-hand side of (15) is
therefore at most a universal constant multiple of |Byy,| - [S2] < (an)b < 7S,
Hence, by combining (17) with (15) we obtain that the desired estimate (10)
indeed holds true.

(17)
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We have thus shown that all of the new results that were stated above
follow from Theorem 3. The bulk of the ensuing discussion will therefore be de-
voted to the proof of Theorem 3. Prior to doing so, we shall now conclude the
introduction by explaining the analytic context of inequality (13) and describ-
ing some interesting (and likely quite challenging) questions that remain open.

Fix ¢ € [2,00). A Banach space (X, || - || x) is said to be uniformly convex
if for every e € (0, 1) there exists & € (0, 1) such that ||z + y||x < 2(1 — ) for
every x,y € X that satisfy ||z||x = ||y||x = 1 and ||x—y||x > e. If one can take
d 2 x €7 here, then (X, ||-||x) is said to have a modulus of uniform convexity of
power-type ¢. An important theorem of Pisier [102] asserts that in the setting
of uniform convexity (of Banach spaces), power-type behavior is automatic;
i.e., every uniformly convex space admits an equivalent norm whose modulus
of uniform convexity is of power-type ¢ for some ¢ € [2,00). By [66], for every
EeN, p>1andq>2if (X,|-]|x) has a modulus of uniform convexity of

power-type ¢, then every finitely supported mapping ¢ : HZ¥T! — X satisfies
¢
(Z t1+( > [e(ner) - ¢<h>Hx>

1
) q
t=1 heH;IcH

S M RO R

hEH%k_‘—l 0eSy,

LSRN

(18)

The special case of (18) when X = R and p = ¢ = 2 is due to [8], where
the quadratic nature of the inequality allows for its proof using representation
theory. The general case of (18) was proved in [66] using a semigroup argument
that relies on vector-valued Littlewood—Paley—Stein theory. We remark that
both [8] and [66] treat only the case k = 1 of (18) but the proofs in [8], [66]
carry over effortlessly to general k € N; alternatively, a simple argument shows
that one can formally deduce (18) for any k£ € N from its validity for k£ = 1, as
explained in Lemma 32 below.

If X =R and ¢ = 2, then (18) says that every finitely supported ¢ :
H2k+1 — R satisfies the following estimate for every p > 1:

(£5( 5, foo)-eor)’)

t=1 heH2k+1
1
p\P
S XX loto o)
heHZF 1 0€6y

Thus, the equivalent formulation (13) of Theorem 3 (when k = 2) is the end-
point case p =1 of (19). Equation (18) asserts that the following operator is
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bounded from WP (HZ+1: X) to £,(¢,(HZ*1; X)):
(20)
1

V€ WEPHZH X), V(h,t) € HF XN, Td(h,t) ﬁ(qp(iu;t)—q>(h)).

t2 "
Here, WP (H2*+1: X) denotes the (discrete) X-valued Sobolev space on HZ2F+!
that is induced by the generators &y, i.e., the space of all ¢ : HZ**! — X for
which the following semi-norm is finite:

1
def p\?P
sz (2% oo - e,
heHzF+! 0€6y,
Also, £,(£,(H2*+1; X)) is the space of all a : H2**1 x N — X for which the
following norm is finite.

def [ P\ i
ol (5 ( 5 o))
t=1 \ pepzh+l

Our result is that when k > 2, T is actually bounded from W1!(HZ*+1; R)
to fo(¢1(H2*+1;R)). This assertion suffices for the geometric and algorithmic
applications that are established here, but since our proof relies heavily on the
fact that we are dealing with real-valued functions, the availability of such an
endpoint estimate in the vector-valued setting remains an elusive open question
that is stated explicitly below. This question is important because its positive
solution would probably involve the introduction of a markedly new approach
that is likely to be valuable elsewhere.

QUESTION 11. Fiz q > 2. Suppose that X is a Banach space whose
modulus of uniform converity has power-type q. Does there exist k = k(X) € N
for which the operator T that is defined in (20) is bounded from WH1(H2++1; X)
to £,(01(HZ1; X))? Does k = 2 suffice here?

Remark 12. In Remark 4, we described our ongoing work on the case k = 1
of Theorem 3, which can be rephrased as follows in terms of the operator 1" that
is defined in (20). By Lemma 28 below, the isoperimetric-type inequality (5)
is equivalent to the assertion that there exists ¢ > 2 for which 7' is bounded
from WHL(H2; R) to £,(¢1(H3;R)). Also, as we described in Remark 4, if T' is
bounded from W1 (H3; R) to £,(¢; (H2; R)), then necessarily ¢ > 4. Thus, even
though by [66] we know that T is bounded from W1P(H3;R) to ¢5((,(H3;R))
for every p > 1, at the endpoint p = 1 the operator T is unbounded from
WHLHZ; R) to fo(¢1(H2;R)), but the infimum over those ¢ > 2 for which T
is bounded from W1 (H3;R) to £,(¢1(H3;R)) is finite (and is at least 4). We
have evidence that suggests that this infimum is equal to 4, but at present we
do not have a proof of this statement. Regardless, the above results already
establish that in three dimensions the boundedness of T' exhibits a somewhat
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curious jump discontinuity as p — 1. This phenomenon has some geometric
applications of independent interest (to dimensionality reduction) that we will
present in forthcoming work.

If one could somehow construct a Banach space X for which Question 11
has a negative answer, then given that we establish here that this question
has a positive answer when, say, X = ¢, for p € [1,2] and ¢ = 2 (this follows
from (14), since ¢, is isometric to a subspace of Li(R), by [53]), it would then
be interesting to characterize intrinsically the class of Banach spaces for which
the answer to Question 11 is positive. (At present, the answer to Question 11
is unknown when X = ¢, for some p € (2,00) and ¢ = p.) In a related vein,
we ask the following intriguing question.

QUESTION 13. Let Fy denote the class of all those Banach spaces X into
which H3 does not admit a bi-Lipschitz embedding.! Could Ty be described
using intrinsic geometric properties?

By [22], [69] (see Remark 15 below), Fy contains all the Banach spaces that
admit an equivalent uniformly convex norm. By [23], i also contains all the
Li(w) spaces. Due to these results, a natural guess for an answer to Question 13
would be that Fy coincides with the Banach spaces that have finite cotype; see,
e.g., [81]. If true, this would be a remarkable geometric result, since (by the
Maurey—Pisier theorem [82]) it would mean that the existence of a bi-Lipschitz
embedding of H? into a Banach space X implies that every finite metric space
embeds into X with bi-Lipschitz distortion 1+ ¢ for every € > 0. As a concrete
example of a classical Banach space for which it is unknown whether or not it
belongs to Jy, consider the Schatten—von Neumann trace class Sy (the space of
all operators on /5, equipped with the nuclear norm; see, e.g., [111, §II1.G]). We
suspect that S; € Fy, and that moreover any embedding of B,, into S; incurs
bi-Lipschitz distortion that is at least a universal constant multiple of v/log n.
However, for this strengthening of Theorem 6 to hold true, one would need to
find a way to prove it without relying on an isoperimetric-type inequality as
we do here. The proofs in [23], [24], [26] that H® does not admit a bi-Lipschitz
embedding into L;(R) also rely on special properties of real-valued functions
through the reduction to questions about subsets of finite perimeter in the
continuous Heisenberg group. (See Section 2 below.) So, perhaps even as a
step towards Question 13 in its full generality, it would be of great interest to

'One could also consider classes of Banach spaces that are defined the same way but
with H replaced with H2**! for each k € N. The currently available evidence suggests that
the resulting classes of Banach spaces do not actually depend on k, but this has not been
proven. For simplicity and concreteness, we restrict the discussion here to k = 1, but all of
the questions could be studied for general k as well.
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devise an approach that applies to mappings that take value in S; rather than
Li(R).

By a fundamental theorem of Ostrovskii [98], X € Jy if and only if the
bi-Lipschitz distortion of any embedding of B,, into X tends to oo as n — oo.
The following question asks for a quantitative refinement of this assertion,
motivated by similar dichotomic phenomena that occur in metric embedding
(see [84], [85], [91], [86], [3]); by [8] (in combination with Pisier’s renorming
theorem [102]), its answer is positive when X admits an equivalent uniformly
convex norm (see [73], [66] for different proofs of this fact), and by [26] its
answer is also positive when X = L;(R).

QUESTION 14. Suppose that X € Fy. Does this imply that there exists
0 = 0(X) > 0 such that any embedding of B, into X incurs bi-Lipschitz
distortion at least (logn)®?

Roadmap. The introduction contained a description of the new results
that are established here, but we did not yet present an overview of the ideas
that go into our proof of Theorem 3. In particular, we did not yet explain
how the fact that the underlying Heisenberg group is of dimension at least
5 becomes relevant to the proof of Theorem 3, despite the fact that this di-
mension had no role whatsoever in the precursor [66] of this result, i.e., its
,-version (19) for p > 1. The reason why we are postponing these (impor-
tant) explanations is that, even though the discrete setting that was described
above is needed for applications, our proof of Theorem 3 actually takes place
in a continuous setting that requires the presentation of additional concepts
and basic facts. We therefore postpone the overview of the steps of the proof
of Theorem 3 to Section 4, which follows Section 2, where various concepts re-
lated to the continuous Heisenberg group are presented, and Section 3, where
initial reductions are performed, including a reduction of Theorem 3 to its
continuous counterpart. With this groundwork in place, it becomes more nat-
ural to explain the ideas of our proof in Section 4. Since many readers may
be familiar with the (standard) continuous setting, those who wish to see the
proof overview can read Section 2.2, which defines the vertical perimeter in
the continuous setting, then skip to Section 4 on first reading, though prior to
doing so we recommend familiarization with the notation in Section 2.3 since it
treats the (somewhat less-standard) notion of intrinsic Lipschitz graph, which
has a central role in our proof.

In Section 5 we derive, as a crucial new ingredient of our proof of The-
orem 3, a special case of the (continuous counterpart of) the vertical-versus-
horizontal isoperimetric inequality of Theorem 3. It is important to stress that
this argument of Section 5 is the only place where the assumption k£ > 1 is
used in our proof of Theorem 3. The remaining steps of the proof work for
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Heisenberg groups of any dimension, yielding structural information that will
be used in future work also when k = 1.

Section 6 contains definitions and basic facts related to (local) intrinsic
corona decompositions, which are structural properties of sets in the continuous
Heisenberg group (existence of certain well-behaved multi-scale covers) that
will be used to deduce our isoperimetric-type inequality in its full generality
from the special case established in Section 5. In Section 7 we prove that sets
that admit an intrinsic corona decomposition satisfy the desired isoperimetric-
type inequality.

In Section 8 we state Theorem 57, which is a technical structural result
asserting that any subset F of the continuous Heisenberg group such that F,
the complement of £ and the boundary of E are all locally Ahlfors regular,
admits a suitable local intrinsic corona decomposition. Thus, by the results
of Section 7, such sets satisfy the desired isoperimetric-type inequality. To
apply this fact, in Section 8 we also show how to decompose a cellular set (see
Section 2.1.6) of finite perimeter in the continuous Heisenberg group into parts
that are locally Ahlfors regular as above, in such a way that if we sum up the
isoperimetric-type inequalities that follow from Theorem 57 for each of these
parts, then we obtain the desired inequality for the initial cellular set.

As part of the basic reductions that are contained in Section 3, a sim-
ple approximation argument shows that it suffices to treat cellular sets. (See
Lemma 40 below.) Therefore, Section 8 implies that it remains to prove The-
orem 57, i.e., to construct a local intrinsic corona decomposition for every set
that satisfies the above local Ahlfors-regularity (i.e., for the set itself, its com-
plement, and its boundary). This construction is performed in Section 9, thus
completing the proof of Theorem 3.

We conclude this article with Section 10, which contains further historical
background on the Sparsest Cut Problem, as well as descriptions of directions
for future research (some of which we will pursue in forthcoming works).
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2. The continuous setting

In what follows, it will be beneficial to allow only one exception to the
convention for asymptotic notation that was described after Theorem 3. Specif-
ically, since throughout we will fix an integer k£ € N and many constant factors
do depend on k, in order to not overburden the notation we shall allow the
notation <, 2, =< to coincide with <g, 2k, <g, respectively. Nevertheless, our

main application is when £ = 2, so in this case the implicit constant factors
are in fact universal constants.

2.1. Definition of continuous Heisenberg group. Fix k € N. In light of
the matrix realization (1) that we chose in the introduction for the discrete
Heisenberg group H2**! an obvious way to define the continuous Heisenberg
group H2?*+1 is that H?**! consists of all those matrices as in (1), but now
with the entries x1,...,zg, y1,- .., Yk, 2 allowed to be arbitrary real numbers.
This would work just fine in the ensuing discussion, but for notational con-
venience we prefer to consider a different realization of the Heisenberg group
that arises by identifying the above real matrix group with its Lie algebra
via the exponential map and taking the Baker—Campbell-Hausdorff formula
as the definition of the group product. We shall now describe the continuous
Heisenberg group in this (standard) way and proceed to adhere exclusively to
this specific realization in what follows.

Fix a Hilbertian norm || - || on R**!  Also fix an orthonormal basis
Xi,..., Xu,Y1,..., Y3, Z of R?*1 g0 that every h € R¥*1 can be written as
h=YF X, +35  B;Yi+vZ for some «1,..., %, B1,---,Br, Y € R. De-
note x;(h) = o, yi(h) =B for all i € {1,...,k} and z(h) =7; i.e., x1,..., Tk,
Yl Yk, 2 2 R 5 R are the coordinate functions corresponding to the
basis X1,...,Xg, Y1,...,Y, Z. We shall also write z(h) = S5, 2;(h)X;,
y(h) = 8 wi(h)Y; and 7t(h) = x(h) +y(h) (thus (Z) = 0). In what follows,
we shall canonically identify the span of {X1,..., X, Y1,..., Y} with R?* so
that the mapping 7t : R2**1 — R2* is the orthogonal projection onto the first
2k coordinates.

For every u,v € R**1 write w(u,v) = S35, (wl(u)yz(v) — yz(u)xz(v)),
ie., w(u,v) is the standard symplectic form on R2* applied to the vectors
mt(u), (v). In particular, w(X;,Y;) = —w(Y;, X;) = 1, and for every two basis
elements u,v € {Xy,..., Xk, Y1,..., Y%, Z} such that {u,v} # {X;,Y;} for all
i€{l,...,k}, we have w(u,v) = 0. The (continuous) Heisenberg group H?"+1
is defined to be the group whose underlying set is R2**1  equipped with the
following product:

def (’LL, U)

(21) Yu,v € H*+ uw = u+v+ @ 5 Z.
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It is straightforward to check that this turns H2**! into a group whose identity
element is the all-0 vector 0 € H?**1 and the inverse of h € H?**1 is —h. The
resulting group is isomorphic to the real matrix group (with usual matrix
multiplication) that we described above. Indeed, consider the isomorphism
that assigns to every h € R?**! the following upper triangular k + 2 by k + 2
matrix:

1 x1(h) z2(h) ... xx(h) w(h)
0 1 0 ... 0 y1(h)
h) < ,
) 0 yg-1(h)
: 1 yk(h)
0 1

where
k
wih) S () + 5 D (Wily).
i=1

The discrete Heisenberg group H2**! can now be realized as the sub-
group of H?*1 that is generated by {X1,..., Xy, Y1,...,Y:}. Note that the
z-coordinate of an element in HZ**1 is either an integer or a half-integer. From
now on, we shall work exclusively with this specific realization of HZF+1.

In order to avoid confusing multiplication by scalars with the group law of
H?+1, for every h = Y% o X+ 58 BiYi+vZ € H* ! and t € R, it will be
convenient to use the exponential notation h* = S5 to X;+5°5_ 1B,V +tyZ.
One directly computes from (21) that for every i € {1,...,k} and s,t € R,
we have [X?,Y!] = Z% where we use the standard commutator notation
[u,v] = wou~tv™! for every u,v € H**!1. Given a subset A C H?**! we
shall denote its linear span by (A). Thus, (h) = ({h}) = {h' : t € R} is the
one-parameter subgroup generated by h € H2F+1,

2.1.1. Horizontal derivatives. If f : H?**!1 — R is smooth, then for every

i € {1,...,k}, its horizontal derivatives in directions X;,Y; are defined by
setting for every h € H2++1,
def Of 1 of
X, f(h) L — Zyi(h) 2L
f(h) o1, (h) = Swi(h) 5~ (h) and
def Of 1 af
Y f(h) % “z(h) 2L ().
700 oy + S S

These are differential operators corresponding to left-invariant horizontal vec-
tor fields on H2**1 so they are left-invariant. That is, if we let pg be the left
action p,f(h) = f(g~th) for all g € H?**1 then {X;}¥ | and {V;}} | commute
with pg.
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The horizontal gradient of f is then defined as follows:

ef
Vhe B* M, Vyf(h) € (Xif(h),..., Xpf(h),Yif(h),...,Yif(h)) € R?".
Thus, for p € (0, 00|, the p-norm of the horizontal gradient of f is given by

: :
Vs g = (32 (X P + \nf(hnp))

_ < .

2.1.2. Lines and planes. From now on denote H def (X1, 0 X, V1,0, V)

of 1 f

() ~ 5uilh + e

S 5 (h)

[l

8yz

= m(H?*+1). This 2k-dimensional linear subspace H is called the subspace of
horizontal vectors. If U C H is an affine hyperplane in H (thus U is a translate
of a linear subspace of H of dimension 2k—1), then we call V = n~}(U) C H2*+!
the vertical plane lying over U.

A horizontal line in H?**+1 is a coset of the form w(h) for some w € H?*+!
and h € H. If u € H?**! then P, = uH is called the horizontal plane centered
at u. Equivalently, P, is the union of all of the horizontal lines that pass
through u. We can write

(22) P, = {hZZ<“>+7°”(”<“%’”“”’ he H} .

(See Section 9.4.1.)

The term plane in H?**! will always stand for either a vertical plane or a
horizontal plane. By (22), any plane in H?**! is an affine hyperplane in R?*+1,
Since w is nondegenerate on H, for any affine hyperplane Q C R?**1 either Q
is vertical or there is a unique v € H?**! such that Q = P,. Every plane P C
H2k+1 separates H24*! into two half-spaces, which we denote by Pt and P~.

2.1.3. The Carnot—Carathéodory metric. Suppose that a,b € R satisfy
a < b If y: [a,b] — H?**! is a curve such that the coordinate functions
{z;0v}r |, {yioy}F ., z oy are all Lipschitz, then the tangent vector y'(t) €
H2*+1 is defined for almost all ¢ € [a,b]. We say that vy is a horizontal curve if
Y'(t) € Py for almost every t € [a, b]. Equivalently, for y to be horizontal, we
require that y~'y’ € H almost everywhere The length of a horizontal curve

v: [a,b] — HZ*! is defined to be £(y f |(y'(t))|| dt = ¢(mtoy). Note that
segments of horizontal lines are hor1zontal curves. Since [X?, V] = Z* for
every i € {1,...,k} and s,t € R, any two points in H?**! can be connected by

a horizontal curve consisting of segments of horizontal lines. We can therefore
define the Carnot—Carathéodory distance between any two points v, w € H2F+!
by

d(v, w) % inf {¢(v): v :[0,1] — H** is horizontal, y(0) = v, y(1) = w}.
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See, e.g., [45], [89] for more on this metric; it suffices to recall that there exists
C € [1,00) such that

k

(23) Vh e H*' d(0,h) <) |wi(h |+Z lyi(h)|+41/]2(h)| < Cid(0
=1

and

(24) YheH 2 4(0,h) > |n(h)|.

In what follows, for every r € (0,00), we shall denote by B, C H2*+!
the open ball in the metric d that is centered at 0, i.e., B, = {h € H2**! .
d(h,0) < r}. For every Q C H?**! the Lipschitz constant of a mapping
[ — R relative to the metric d will be denoted by || f||rip). For every
€ (0,00), the s-dimensional Hausdorff measure that is induced by the metric
d on H?*+1 will be denoted below by #°. Note that it follows from (23) that
H25+1 is a metric space with Hausdorff dimension 2k + 2. One checks that d
is a left-invariant metric on H?**! and that the Lebesgue measure is a Haar
measure of H2*+1, Thus #2¥*2 is proportional to the Lebesgue measure. Also,
for every h € H?**! and r € [0, 00), the open ball of radius 7 in the metric d is
hB, = B(h).
If h € H?**!1 and v € H \ {0}, then the horizontal line h(v) is a geodesic.
Consequently,

(25) d(h, hU) = dguc (n(h),n(hv)) = ”vHa

where dgyc(+, ) denotes the Euclidean metric that is induced by the Hilbertian
norm || - ||. Furthermore, by the classical isoperimetric inequality for curves
in R?, one can show (e.g., [89]) that

Vr e (0,00), d(O, Z”TQ) = 2717,

2.1.4. Isometries and scaling automorphisms. The isometry group of H2*+1
acts transitively on H?**! by left-multiplication. There are also many isome-
tries that fix the identity element 0. Any element v € H?**! can be written
uniquely as v = hZ' for some h € H and t € R. If f: R?* — R?* is a Eu-
clidean isometry that leaves the symplectic form w invariant, then the map
hZt — f(h)Z! is an isometry of H?**!. The group consisting of isometries of
this type is isomorphic to the unitary group U(k), and it acts transitively on
the unit sphere in H.

Another important class of automorphisms of H?**1 is the following family
of scalings. For every t € (0,00), define s, : H?*+1 — H2¢+! by

k k k k
5,5(2 o X1 + Z B:Y; —H/Z) def Ztqul + ZtBiYi + 2y Z.

=1 i=1 i=1 i=1
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It is straightforward to check that s; is an automorphism of H?**1, that it sends
horizontal curves to horizontal curves, and that if v is a horizontal curve, then
U(sioy) = tl(y). It follows that s; acts as a scaling of the Carnot—Carathéodory
metric, i.e., d(s;(u),s:(v)) = td(u,v) for all u,v € H2k+1,

Remark 15. Analogously to Question 13, one can consider the class F of
those Banach spaces X into which the continuous Heisenberg group H? does
not admit a bi-Lipschitz embedding. By [69], [22], F}; contains all the Banach
spaces that have the Radon—-Nikodym property (RNP) hence, in particular, all
the reflexive Banach spaces and all the separable dual Banach spaces. (See,
e.g., [13, Ch. 5] for these assertions, as well as much more on the RNP.) By
[23], F5 also contains all the Li(p) spaces. We ask whether X € J implies
that also Li(p; X) € F5; if true, this would be a beautiful strengthening of
[23]. We also do not know whether F% contains all the noncommutative L;
spaces (see, e.g., [103]), but since the Schatten—von Neumann trace class S;
has the RNP (since S; is separable and it is the dual of the space of all the
compact operators on /o, equipped with the operator norm), by [69], [22] we
do know that S; € F. (Recall that it is unknown whether or not S; belongs
to Fy.) Since H3 is bi-Lipschitz equivalent to a subset of H?, we trivially have
Fuy C FE. This inclusion is strict because by [12] we know that H? (indeed,
any locally-finite metric space) admits a bi-Lipschitz embedding into a Banach
space Z with the RNP. (In fact, one can take Z to be the ¢ direct sum of the
finite dimensional spaces {¢ }°° |, so Z can even be reflexive.) By considering
the re-scaled copies s;(H3) C H? as t — 0T, one sees that if X belongs to
Fu, then for any nonprincipal ultrafilter U, the ultrapower X' belongs to J%;
see, e.g., [49] for ultrapowers of Banach spaces. By [17], X' has the RNP if
and only if X admits an equivalent uniformly convex norm. Hence, it follows
from [69], [22] that F; contains all the Banach spaces that admit an equivalent
uniformly convex norm. (Different proofs of this fact were obtained in [8],
[73], [66].) As in Question 13, it is natural to ask for an intrinsic geometric
characterization of the class Fj;. We chose to highlight Question 13 rather than
this continuous variant due to its local nature, i.e., because by [98] the balls B,
embed with distortion Ox (1) (as n — o0) into a Banach space X if and only
if X € Fy. In other words, membership in Fy is determined by the geometry
of finite subsets of the Banach space in question while membership in FF is an
inherently infinite dimensional property.

2.1.5. Measure and perimeter. If E C HZ25+! has smooth or piecewise
smooth boundary, then JF has Hausdorff dimension 2k + 1. In this paper
we will primarily deal with sets £ C HZ**! such that #?*T1(0F) < oo or
surfaces A C H2?*+1 of topological dimension 2k + 1 such that #2¥+1(A) < oo;
such surfaces include the boundaries of the cellular sets that are introduced in
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Section 2.1.6 below and the intrinsic Lipschitz graphs that are introduced in
Section 2.3 below. In Section 9.2, however, we will need to work with limits of
cellular sets in order to apply a compactness argument. The boundaries of such
limits can be more complicated, and therefore we will need in Section 9.2 the
more sophisticated notion of Heisenberg perimeter. See [38] for the definition
of this notion, which is also recalled in [23], [26]. We will not need to work
here with this definition directly, so it suffices to state that as in [38] one
associates to every measurable subset £ C H2?**! a measure Perg that is
called the perimeter measure of E and has the properties that are stated in
Propositions 16, 17, 18 and 19 below, all of which are proven in [38].

PROPOSITION 16. There exists ¢, € (0,00) such that if E C H?**1 has
piecewise smooth boundary and U C H**1 is an open set, then Perg(U) =
Ckgf2k+1(U N 8E)

PRrROPOSITION 17. The perimeter measure is scale-invariant in the sense
that for any E C H?**1 any open set U and any t € (0,00), we have
Per,, (g (5¢(U)) = t** Perp(U).

If Perg(B) < oo for every ball B C H***!, we shall say that E has locally
finite perimeter.

PROPOSITION 18. If E C H?**! has locally finite perimeter, then Perg(U)
S HHYU N OE) for every open set U C H2F+L,

Finally, the following compactness result appears in [42, Th. 1.28] and [38,
Th. 2.10].

PROPOSITION 19. Let {E;}2, be a sequence of measurable subsets of
H2*1 such that for every ball B C H?***1 we have sup;cy Perg, (B) < oc.
Then there exists a subsequence {i,}°°; C N and a measurable E C H2k+!
such that limy o0 1, = 1 in L°(#?*+2) and Perg(U) < sup,cy Perg, (U)
for every open U C H2*+1,

2.1.6. Cellular sets. Recall that the discrete Heisenberg group HZ**! is
the subgroup of H2?**! generated by {Xi,Y1,..., X, Y%}. The unit cube
[—3,3]%"1 is a fundamental domain for the left action of H2*! on HZ+1,
Its translates tile H?**! by parallelepipeds and give H2**! the structure of
a polyhedral complex t2*1. In what follows, we call this complex the unit
lattice and say that a subset of H?**! is cellular if it is the union of closed
(2k + 1)—cells of the unit lattice.

If E C H?**! is measurable and satisfies #**+1(0E) < oo, then E can
be approximated by scalings of cellular sets. To justify this (well-known, but

not easily quotable) fact, we need to recall the following relative version of
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the isoperimetric inequality for H2**!1. Below, and in what follows, given
E C H?*1 we use the notation E¢ = H?**+1 <\ E. Also, throughout the ensuing
discussion it is convenient to use the following standard notation for normalized
integrals. If p is a measure on H***! and U C H?*! is p-measurable with
w(U) > 0, then for every f € Li(U), write

][deudéfu(lU)/deu-

LEMMA 20. There is Ay, € (0,00) such that if E C H?**1 is measurable
and r € (0,00), then

2k+1
(26) %2k+2(E ) Br) . %2k+2(EC N Br) 2k+2 < ,r.gf2k+l (aE ) BAkr)
%2k+2(3r)2 ~ Fe2k+2 (BAkr)

Proof. The Poincaré-Sobolev inequality on HZ**! (see [48] or equation (2.5)
in [26]) asserts that there exists Ax € (0,00) such that every smooth f :
H2k+1 5 R satisfies

2kt1

2k+42 2k+42
(£, 1) - 1 aesz azeezg)
(27> By x By

Srf Vsl @),

BAkr !
The desired estimate (26) follows by applying (27) when f is a smooth approx-
imation to 1g. O

LEMMA 21. Let E C H**! be a measurable set. Suppose that #**T1(0E)
< 00. Then for every p € (0,00), there is a set F' = F, with the following
properties:

® 51/0(F}p) is a cellular set,
° %2k+1(an) 5 c7€2k+1(8E'),
o H*T2(EAF,) < p#*1(OF).

Here, AAB % (AN B)U (B~ A) is (as usual) the symmetric difference of

A, B C HZ++1,

Proof. 1t suffices to prove Lemma 21 when p = 1. Indeed, for general
p € (0,00), apply the case p = 1 of Lemma 21 with E replaced by s;,,(E) to
construct a cellular set Fp, and then take F' = s,(Fp). Consider the following

set of cells in the unit lattice T2F11:

2k+2
c¥ {c e g0 nE) > (%2(0)} :

Write F' = (Joee C. Then F is cellular by design, and we shall next show that
I satisfies the remaining two desired properties.
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Let A C 72%*1 be the set of cells that intersect OF. Then #**+1(9F)
= |A|. For each C' € 12**! let hg € C be the center of C. If C € A, then
C is adjacent to a cell D € t2**! with [{C,D}NC| = 1. Let r = diam(C)
= diam([—3, 3]***1), and let B = By, (h¢) = heBay, so that C U D C B.
Then #?**2(E N B) > #*+%(C)/2 < #*7*2(B) and #?***2(E°N B) >
F#*+2(D)/2 < #*+2(B). Lemma 20 therefore implies #*T1(OEN B, (he))
> 1. Since the balls {Baa,,(hc)}oersr cover H2#+1 with finite multiplicity,
it follows that

FHFTUOE) 2 > #* 1 (0E N Boa,r(he)) 2 |Al < #2441 (OF).

CeA
Next, by the definition of F, for every C' € t2**1, we have
min {#*2(ENC),#*2(E N C)} = #HFT(EAF)NC),
and also we trivially have
Fe2k+2(C
max {#**(E N C),#*(ENC)} > 2()

Consequently, if we denote B = B, (h¢), then

%2k+2(E N B) . &762k+2(EC 0 B) > %2k+2(E N C) . %2k+2(Ec N C)
W2k+2(c)

2
and, using Lemma 20 (and recalling that r = diam([—%, %]2’““) = 1),

> #* P (EAF)NC) -

2k+1
HMHOE N By,y) 2 # P ((EAF)NC)* 2 Z #P2(EAF)NC).
These estimates imply that
HRVOE) 2 Y. #H*THOE N Bopyr(he))

Cer2h+l
> > #FP((EAF)NC) =#H*T2(EAF). O
Cer2ktl
For future use, we shall record the following lemma, which is a consequence
of Lemma 21.

LEMMA 22. Suppose that E C H**t1 is a measurable set such that
H*H (B, NOFE) < oo for all v € (0,00). Then for any open set U C HF+1,
we have Perg(U) < #*+H(U N OE).

Proof. First, consider the case #***1(0F) < co. By Lemma 21, there
is a sequence {Fy-:}22; of scalings of cellular sets such that lim; ,o 1 F,: =
1g in LP¢(#?+2) and #?*+1(0F;) < #?*+1(OF) for every i € N. Since
by Proposition 16 we have Perp _, (H**1) < #2**1(0F,-:), it follows that

Perp, (H2F+1) < #2HL(OE). So, by Proposition 19 we have Perp(H?*+1) <

7 ~
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#H>**+1(QE) < 0o. By Proposition 18 we thus have Perg(U) < #2T1(U N OE)
for every open set U C HZ++!,

For the general case, for every i € N, let E; = B;NE. So lim; .o 15, = 15
in L°¢(#%+2). By the validity of Lemma 22 in the special case #**+1(9F)
< oo that we just established, Proposition 19 implies F has locally finite
perimeter. So, by Proposition 18 we have Perg(U) < #***+1(U N OF) for
every open set U C HZ¢+1, O

2.2. Vertical perimeter. The vertical perimeter of a subset of the Heisen-
berg group was introduced in [66]. If E C H?**! and s € R, then for every
p € R, denote

D.EY EAEZY C H?H
If U, E C H?**! are measurable, then define v(E): R — R by setting for all
pER,
def H*FT2UNDLE)
20

_ 219/(] () — 1p(2277")

Note that V7 (E) is left-invariant in the sense that V,i7(gE) = vy (E) for every
g € H?**1, When U = H?**! it will be convenient to use the simpler notation
Vigze+1(E) = V(E). The vertical perimeter of E is then defined to be the
quantity

w(E)(p)

(28)
d%2k+2(.fc) )

o0 3
W) = ([ atBerap)
—0o0
Remark 23. The following inequality and example may shed some light
on the behavior of the vertical perimeter. If E C HZ?**! is measurable and
s € R, then there is a geodesic ys from 0 to 72" with l(ys) =< 2%. We can
connect each point h of E to a point of EZ? by a translate of yg, and if
hZ?* € E AEZ2ZS7 then hyg crosses OF. It follows from these observations
that
FH2HL(OE)d(0, Z2*)
28
#H?*+1(OF). For an example where this bound is

(29) v(E)(s) S H*HOE).

Thus, [[V(E)($)l| Lo (r)
sharp, consider the box

Cp = [=r, 1 x [, 7]

= {h i€ B max {Jei(B)], [y (R - k(B [ye ()], /]2(R)]} < 7“}

for some r € (0,00). A straightforward computation shows that

B 2sp2k if 25 <
Vs eR, v(Cr)(s) < {712;+2 95>

AN N
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So, ¥(C,)(s) has a maximum of roughly r2**1 < #?+1(9C,) near s = logyr
and exponentially decaying tails. In general, V(E)(s) measures the “bumpi-
ness” of OF at scale 29, so the vertical perimeter of E can include contributions
from many different scales.

For ease of future use, we record some elementary properties of the vertical
perimeter function.

LEMMA 24. Suppose that A, B,U C H?***! are measurable sets of finite
measure. Then

(1) v(A4) =v(A9)

(2) W(A) =v(B)| <V(AA B),

(3) V(AN B) <Vp(A) +9(B),

(4) V(s:(A))(p) = t**T1¥(A)(p — logy t) for every t € (0,00) and every p € R.

Proof. The first property follows from the fact that Dy A = D, A¢. For the
second property, note that since the Boolean operation A is associative and
(28)

2°[v(4)(0) —¥(B)(0)| = || 10pa] e,
< #H*2(D,AAD,B)
= #*+2((AA B) AAZY A BZP))
= #?*+2(D,(A A B)) = 2°Y(A A B)(p).

9

commutative, we have

~[[10.5]

Ll(gg2k+2)

For the third property, it suffices to show that D,(ANB) C (BND,A)UD,(B).
To this end, fix h € Dy(AN B). If ]{hZ*QQP,h} N B| = 1, then h € Dy(B),
as required. Otherwise either {hZ 2 h} C B or {hZ 2 h} N B =
The latter case cannot occur because it implies that hZ _22p, h ¢ AN B, and
therefore h ¢ Dy(A N B) in contradiction to our choice of h. It remains to
consider the case {hZ2*" h} C B, but then the assumption h € Do(AN B)
implies that also h € D, A, as required. Finally, the fourth property holds since
for every (t,p) € (0,00) x R, we have

2 (5,(A) A (50(4)227))

V(ﬁt(A)><p) = 20
Fp2k+2 <5t(A) A sy (Azfzgﬂ’)) 5Z€2k+2(5t(Dp—1og2t(A)))
o 20 - 20

t2k+23€2k+2 D._ A
- 2(p o-tony ) = t*M1G(A) (p — logy t). O
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2.3. Intrinsic Lipschitz graphs. One of the key ideas in the present work
is that surfaces in the Heisenberg group can be approximated by intrinsic
Lipschitz graphs. These were introduced by Franchi, Serapioni, and Serra
Cassano [40] as a natural class of surfaces in the Heisenberg group that are
analogues of Lipschitz graphs in Euclidean space. David and Semmes proved
[30] that a set in Euclidean space is uniformly rectifiable if it has a certain
decomposition (a corona decomposition; see Section 6 below) into pieces that
can be approximated by Lipschitz graphs. In Section 6 below we will define a
similar intrinsic version of this decomposition for surfaces in H2**1,

We recall the definitions of intrinsic graphs and intrinsic Lipschitz graphs,
which are due to [40]. Let V C H?**! be any vertical plane; typically, we take
{h € H?**1 . 2.(h) = 0}. Let W = V* be the orthogonal complement of V,
i.e., the horizontal line through the origin that is perpendicular to V. Suppose
that U C V and that f: U — W is any function. Then the intrinsic graph of
f is defined to be the following set:

T Y fuf(u): ueU}.
Below, any such set is called an intrinsic graph over U. It is often convenient
to discuss intrinsic graphs of real-valued functions, which is achieved by iden-
tifying W with R. Specifically, if w € W is a vector of unit Euclidean length
and f : U — R, then we slightly abuse notation by denoting

(30) FdeEf wwf ™ ueU}.

Since the unitary group U(k) acts transitively on the unit sphere of R?*, if
I is any intrinsic graph, then there exists an isometric automorphism of H2*+1
that takes T' to an intrinsic graph over U C {h € H?**! . z3(h) = 0} of the
form T’ = {’UX,{(U) : v € U}. If, in addition, we have U = V = {h € H?:*! .
zx(h) = 0}, then I' bounds two half-spaces {vX}: v €V A t > f(v)} and
{vX!: veV A t< f(v)}, which we refer to below as I'" and I'". (The
superscripts + and — will be used interchangeably and are not intended to
indicate the sign of the inequality.)

If V C H?**! is a vertical plane and W = V', then denote the orthogonal
projection onto W by Projy, : R?**1 — W. For every A € (0,1) define the
following double cone:

Coney (V) & {h € B ||Projy, (h)|| > Ad(0, )} .
When V = {h € H?**1 . 2;(h) = 0}, we shall use the simpler notation

Coney = Conex({h e H2HL . g4(h) = 0})
= {h e H*™ ¢ |y ()| > Ad(0, 1)} .
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If U CV and I' € H?*! is an intrinsic graph over U, then we say that I’
is an intrinsic Lipschitz graph over U if there exists A € (0,1) such that for
every h € T, we have (hConey(V)) NT' = @. In this case we say that I' is
an intrinsic A-Lipschitz graph. Correspondingly, I'" and '™ are then called
intrinsic A-Lipschitz half-spaces.

We warn that this definition is different from the definition of the Lipschitz
constant of an intrinsic Lipschitz graph that is given in [41], but we believe
that the above modification is more natural in the present context. One reason
for this is that the above definition leads to Theorem 27 below, which is a
sharp Lipschitz extension statement that is an intrinsic version of the classical
nonlinear Hahn-Banach theorem [83]. (See also [110] or [13, Lemma 1.1].)

In the concrete setting V = {h € H?*+1 . z,(h) = 0}, given A € (0,1)
and an intrinsic graph I', the requirement that (hConey) NT' = & for all
h € T is the same as the requirement that for every wi,ws € I', we have
|xg(wy) — zg (w2)| < Ad(wy, ws).

LEMMA 25. If h € H?***! and T is an intrinsic A\-Lipschitz graph over
U CV, then hT' is an intrinsic A\-Lipschitz graph over some set U’ C V.

Proof. Let f: U — R be such that I' = {vX,{(v) cveU}, and let vg € V,
to € R be the unique elements such that h = voX;iO. Then

vehl = {th,f(v) NS U}
= {’U()XIZO’UX]{(U) RS U} = {Uothoy’“(”)X]{(v)Ho NS U}.
If v = vovZt¥ ) then v = vo_lv/Z*tOyk(“t?l“/). So, by setting
U {vgvZtove®) ;4 e U}
and defining f': U' — R by
Vo' e U, (@) def (vo—lvfzftoyk(vo_lv’)) T to,

we conclude that AL is the intrinsic graph of f’ over U’. Since the metric on
H25+1 is invariant under translation, hI' is also A-Lipschitz. O

Remark 26. If A € (0,1) and I' = I'y is an intrinsic graph of a function
f 'V — W as above, then there is no relationship between the requirement
that I' is an intrinsic Lipschitz graph and the requirement that f is a Lips-
chitz function between the corresponding subsets of H?**1 (equipped with the
Carnot—Carathéodory metric); see Remark 3.13 in [41].

A variant of the following extension result is Theorem 4.25 of [41], with
the difference being that in [41] this is obtained with a weaker bound on the
Lipschitz constant of the extended graph. Control on the Lipschitz constant of
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the extension will be important for us in Section 9.6 below, so we will include
a proof of Theorem 27 here, while also taking the opportunity to state it in
a sharp form. The important property for us will turn out to be the weaker
assertion that if the Lipschitz constant of I' is small, then the Lipschitz constant
of the extended graph [ is also small.

THEOREM 27. Fiz A € (0,1) and a vertical plane V. C H?*+1. Write
W = VL. Suppose that @ # U CV and that f : U — W is a function such
that I' = I'y is an intrinsic A-Lipschitz graph over U. Then there exists an

intrinsic A-Lipschitz graph over V', denoted f, such that T C T.

Proof. We may assume without loss of generality that V = {h € H?**! .
xp(h) = 0} and W = (X}j). Due to Lemma 25, by applying a translation we
may suppose that 0 € T".

The double cone Cone), consists of two halves, which we denote by Cone;f
and Cone, . Namely,

Coney def {h e H2L: zy(h) > 7\d(0,h)}
and
Coney © [h:e H**: 21(h) < —Ad(0,h)} .
Thus Cone, = (Cone;\k)*l7 and for all g,h € H**1 we have g € hCone;\F if

and only if h € gCone, . Define

=4 def
rt+< U hCone;\r.
hel

We claim that T def AT+ satisfies the desired conditions.

Observe first that we have
(31) Coney" - Cone,” C Cone;' .
Indeed, if hy,hy € Cone), then z1(h1) > Ad(0,h1) and z1(h2) > Ad(0, hs).
Thus,
x1(hiha) = x1(h1) + 21 (h2) > ?\(d(O, hy) 4+ d(0, hz))

(32) = A(d(0,h1") +d(0,h2)) = Ad(hi', ha) = Ad(0, hyhs).

By the definition of Cone;’, (32) means that hihy € Cone;, thus completing
the verification of (31). A key consequence is that

(33) rt. Coney” C It
We claim that T is an intrinsic graph, that is, that for any v € V,

¢, teR: vXj e} CR
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is a half-line. First, we show that ®, # &. Since 0 € T', it suffices to show that
vX} € Cone;\r when ¢ is sufficiently large. For every ¢ € R, we have

(25

(34) d(vX},0) < d(0,v) +d(v,vx}) Z d(0,0) + 1.

Since zg(vX}) =t, it follows from (34) that

t> 1%al(o v) = xk<vX,Z) > Ad(vX};,O).

Thus there exists ¢ > 0 for which vX! € Coney, C T't. Hence @, # .
Similarly,

(35) It € (—o0,0), vX}, € Cone; .
Next, we claim that ®, # R. In fact, we show that for all h € T,
(36) hConey, NTF =

By (35), this implies the claim.
Suppose that w E hCone, NTT; then there is an A’ € T such that w €
Cone)\ We have h~tw € Cone, , so w “lh e Cone)\ and therefore

h=w-w 'h € K'Coney - Cone;” C h'Coney".

Since h,h’ € T, this contradicts the underlying assumption (since f is an
intrinsic A-Lipschitz function) that (h'Coney) NT' = @.

Since Xj € Cone) for s > 0, by (33) we see that if t € ®,, then vX/ ™ =
(vXE)Xp € Tt - Conef CTH, ie., t+s€®, Thuste ®, = [t,00) C P,
Since ®, is an open nonempty proper subset of R, this shows that &,

(¢ (v),00) for some ¢(v) € R. Consequently, I = Ty, i.e., T is an intrinsic
graph over V.

If h = uX]™ €T, then uX{™"* € hCone; for all s > 0 and uX;™** ¢
hCone; for all s < 0. Equation (36) then implies that h € T, so T D T".

It remains to prove that [ is an intrinsic A- Lipschitz graph. To this end,
the goal is to show that if h1, hy € F then ha ¢ h1Cone,. Because hy € F for
every € > 0, there is a p € I such that d(p,h1) < e. Let g € ' be such that
p € gConey . Using (31) we therefore have

(37) pConey C gConej - Cone;” C gConey” cTT.

Since this holds for every € > 0, we have thone;\r C I'". Since I't is an
open subset of H?**1 and hy is assumed to be in its boundary f, it follows
from (37) that ho ¢ hiConey . By the same reasoning with the roles of hy and
hs reversed, we also see that

I ¢ haCone;i = hy (Coney ) ' = ha ¢ hyConej .

Since hyConey = (h1Coney) U (h1Coney ), this concludes the proof that hy ¢
h1Coney. O
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3. Initial reductions

The purpose of this section is to present simple reductions between various
questions so as to set the stage for the main steps of the proof of Theorem 3.
In Section 3.1 below we shall relate various inequalities for functions on the
discrete Heisenberg group. Some of these reductions were already quoted in
Section 1.3 to deduce Theorem 9 (and hence also all of the new results that
were stated in the introduction) from Theorem 3. The arguments in Section 3.1
are for the most part due to [66], except that in [66] they were carried out only
in the special case K = 1. This was done because when [66] was written the
relevance of the assumption £ > 2 in Theorem 3 was not known, and it was
therefore believed that all of the Heisenberg groups {H2*+1}2° | have identical
roles in the present context. Since it turns out that the underlying dimension
does play a role, for completeness we include in Section 3.1 an explanation
of the straightforward modifications of the arguments in [66] so as to obtain
the desired statements for general k¥ € N. Section 3.2 shows via a partition
of unity argument that in order to prove Theorem 3 it suffices to prove a
certain (singular) Sobolev-type inequality on the continuous Heisenberg group.
Again, the argument is included for completeness, but it follows steps that
were carried out in [66] for the special case k = 1. Section 3.3 is devoted to
reductions that take place entirely in the continuous setting. We first show
that in order to establish the Sobolev-type inequality of Section 3.2 it suffices
to prove an isoperimetric-type inequality on the continuous Heisenberg group
that is analogous to its discrete counterpart that we stated in Theorem 3; this
step is a quick application of the coarea formula. We conclude Section 3.3 by
establishing the technical (but convenient) statement that it suffices to prove
the desired continuous isoperimetric-type inequality for cellular sets.

3.1. Reductions in the discrete setting. We shall start by presenting simple
arguments that allow one to relate various inequalities on the discrete Heisen-
berg group. For ease of reference in future work, we shall present our state-
ments in a form that is more general than what is needed here (but the proofs
of the more general case are identical to the special case that we will use).

3.1.1. From sets to functions. The following lemma explains how certain
isoperimetric-type inequalities, as in Theorem 3 or in (5), are equivalent to
certain functional inequalities. This step is a standard and simple application
of the classical co-area formula, in combination with convexity.

LEMMA 28. Fiz k € N, a sequence {w;}52; C [0,00), C € (0,00) and
q € [1,00). The inequality

[

(38) (Zwtramrf)q < ClonQ
t=1
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holds true for every finite Q C HZETL if and only if every finitely supported
¢ : HZF+L 5 R satisfies

(39) (im( > ]¢(hZf)—d><h>])q)q<§ > |0ho)—d(h)|-

t=1 heHZF heHZF ! 0€6y

Proof. The estimate (38) is nothing more than the special case ¢ = 1q
of (39). Conversely, to show that (39) follows from (38), suppose that ¢ :
H2*+1 — R is finitely supported, and for every u € R, denote Q, = {h €
H2*+1 . ¢(h) < u}. Since ¢ is finitely supported, €2, is finite if u < 0 and
H2k+1  Q,, is finite when u > 0. In both cases (38) holds true with Q replaced
by Q,, and therefore (39) holds true with ¢ replaced by 1q, for every u € R,
ie.,

1

[e’e] q\ g
(ZW( > \1{¢(hzm<u}—1{¢(h><u}'>)

t=1 2k+1
heH,

(10) o
<5 X Y [Meno<n — Lipm<u)

heHzF+! 0€6y,

The right-hand side of (39) is equal to the integral of the right-hand side
of (40) with respect to u. Hence, it suffices to use the triangle inequality in ¢,
to conclude as follows:

COX Y [etho) - o)

heH2H+! o€y

o) oo N
2/ wt( Z ‘1{¢(th)<u}_1{¢’(h)<u}‘> du

— 00 h H2k+1
eH? .
o0 [e'e) q\ q
> (Zm( > / L pnzeyu) - 1{¢<h><u}!dU> )
t=1 heHZE+! ¥ 70

1
q

:<iwt< 3 ‘d)(th)—q>(h)Dq>. O

t=1 heH%kJrl

3.1.2. From real-valued to vector-valued. The following lemma is another
simple use of convexity that shows that certain real-valued functional inequal-
ities are equivalent to the analogous inequalities for functions that take value
in an Ly(u) space.

LEMMA 29. Fiz k € N, a sequence {w;};2; C [0,00), and p,q € (0,00)
withp < q. Suppose also thatm € (0,00) is such that for every finitely supported
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¢ : H21 — R we have
(41)
1

n(iw( > ]¢(hzt)—¢<h>]p>g>q<( > Zi¢<ho)—¢(h>)”>’l’

t=1 heHzk+1 heHzZk+! 0€6y,

Then also for every measure space (8,u) and every finitely supported ® :
H24+Y — L, (1), we have

n(?jlwt&e%w |2 (hz) — @ (n) ipw)) )
(42) : )
) <h€§“+1 cr;k ”q)(hc) - (I)(h) ip(}t)) p'

Proof. For p-almost every s € 8, the function ¢, : H%k“ — R given by
d,(h) = ®(h)(s) is finitely supported, and therefore by (41) we have

p
Lp(w)

> > |@(ho) - a(h)

heHZF 1 0€6,

-/ = %

hEsz-‘_l [USIGPR

af (el %

t=1 heH;kH

>n<§m( > )@(hzt)—¢.)<h>|”du<a>)’q’>

¢,(ho) = ()| du(s)

D
q

¢, (nz") - q»(h)\”) ) dn(s)

r
q

heHZF
o 1\ g
t P i
—n<Zwt< > |e(rzt) - ) L()) > ,
t=1 heHZF+1 Pt
where in the penultimate step we used the triangle inequality in £,/,; recall
that ¢ > p. O

3.1.3. From global to local. The proof of the following lemma follows the
steps of a proof that appears in Section 3.2 of [66]. We include the details
because [66] makes an analogous statement only when X is uniformly convex,
k =1 and p > 1, while here we need to use the case X = L1(R), k > 2 and
p = 1. The argument below is a straightforward adaptation of the argument
in [66].
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LEMMA 30. Fiz k € N, a sequence {w¢}72, C [0,00), p,q € [1,00) and

K € (0,00). Let (X, ||-||x) be a normed space such that every finitely supported
¢ HZF+ 5 X satisfies

(Sl % otz -olr)')

(43)

<K( > z\)cb(ho)—wh)(\;)‘l’.

heHZF ! 0€6,

Then there is a universal constant ¢ € N (¢ = 21 works here) such that for
every f: HZ1 — X and every n € N, we have

(44) 1
(”zwt( 5 Hf(hf)—ﬂmu;)p)q k(¥ 3 -l )"
t=1 heB, heBc, 0€6

Before proving Lemma 30, for ease of later reference we record the follow-
ing general estimates.

LEMMA 31. Let T" be a finitely generated group, and fix a finite symmetric
generating set ¥ CT'. Let py : T' x I' = [0,00) denote the left-invariant word
metric that is induced by ¥ on I' and for every n € N, denote by Bx(n) =
{y € T': px(g,1r) < n} the px-ball of radius n centered at the identity
element 1p € T'. Then, for every p € [1,00), every n € N, every metric space
(M, dm), and every finitely supported function ¢ : T — 1M, we have

(Z 5 > dnz(d)(iﬁy),q)(x))p);

$€F| E(n) yEBx(n)

1

(45) .

< n(%@gg dm (d(x0), d)(x))p) :

Also, if T' has polynomial growth, then, fixzing r € N and «, 3 > 0 such that
1
04
theorem [44]), we have

1 p
(w Z dnl(d)(x)ad)(y)) >

z,y€Bx(n)

m" < |Bx(m)| < Bm” for every m € N (such «,p,r exist by Gromov’s
(46)

6TOC2B2 ,
< |Bs(3n)| .
b 2n<Bz(3n) oes > dm(b(x0), ¢(x))

Proof. The proof of (45) is essentially contained in the proof of Lemma 3.4
in [66], even though [66, Lemma 3.2] is stated for the special case I' = H?. We
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briefly recall the simple argument. For every y € Bx(n), fix 01(y),...,0,(y) €
YU{1r} such that y=01(y) - - - 0 (y). Then, denoting y;(y) =01 (y) crj 1(y)
for every j € {1,...,n}, by the triangle inequality we have

V(z,y) € Tx Bs(n), dm(b(zy )<de< (zv5() (y))7¢<$1/j(y)))-

By the triangle inequality in £,(I"), this 1mphes that

1

(Z 3 dm(¢<xy>,¢<x))”> ’

z€l’ yeByx(n)

é (Bz( e (y)m)(my)))p);
-3 £ Sanlotenn)o))

1
P

(BE |Zmaxdm( 0), d(z ))p> :

thus concluding the proof of (45).
The proof of (46) is essentially contained in the proof of Lemma 3.2 of

[66], which is itself a generalization of an inequality of Kleiner [62, Th. 2.2] that
treats real-valued mappings and p = 2. Indeed, even though [66, Lemma 3.2]
is stated for the special case I' = H2, up to the final sentence of the proof
of [66, Lemma 3.2] the argument is valid in any finitely generated group T,
and the penultimate step of the final displayed equation in the proof of [66,
Lemma 3.2] gives that

1

) BsCn)| BsGm) 1 B
SO T e R ], (P )

z€Bx(3n)

Proof of Lemma 30. Fix n € N. By translating f we may assume without
loss of generality that Y ,cp., f(z) = 0. Let &, : HZ**! — [0,1] be a cutoff
function that is %—Lipschitz (with respect to the word metric dy ), is equal to
1 on Bs;,,, and vanishes outside Bg,. Consider the finitely supported mapping
$bpn = Epf  HZFFT 5 X We claim that the following two estimates hold true:

(S 52 10 - )

heBy,

(S

(47)

q

o) - ui0l,))

heHZF !
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and
(48)

1

(5 S lotor-oumf) s £ 5 frow-swf?)

heszH €S heBo1, 0ES

The estimates (47) and (48) imply the desired inequality (44) by an application
of (43) to dp.

Suppose that h € B,, and t € {1,...,n%}. Since dy (0, Z%) < 4n (see, e.g.,
[14]), we have h,hZ' € Bs,, and therefore ¢(h) = f(h) and $p(hZ') = f(RZY).
This immediately implies (47). Next, since §&,, is %—Lipschitz and takes values
in [0,1], for every o € &, and h € H2**! we have

|0 (ho) = bu(h)| . = || En(ho) (F(ho) = £(1)) + (En(ho) = En(h)) F(1)
< &a(ho) | f(ho) = F(R)]|  + |Enlho) = Ea(h)| - | £(R)]|

<0 = s+ 3 ]

X

Therefore, by the triangle inequality in £,(B7, x &) we have

(¥ % H%(ho)—%(h)“i)’l’

hGsz+1 [USIGR

w (X [t - auml )’

h€37n O'EGk

(3, Z b sl) S 3 o)

heBr, 06y, heBr,

where the first step of (49) holds true because ¢, is supported on Bg,. To
deduce (48) from (49), and hence also to conclude the proof of Lemma 30, it
suffices to note that

;( 3 ||f(h)\|§()’l’< 1(|317n| > IIf(g)—f(h)H%)p

heB7, n g,h€B7p,
1
P
sk( DS IIf(hG)—f(h)||§<> |
hEBanUEGk

where the first step follows from Jensen’s inequality since > ,cs, f(x) =0, and
the final step is an application of (46), using the fact [11] that |B,,| < m?++2
for every m € N. (]
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3.1.4. From low dimension to high dimension. Lemma 32 below is of lesser
importance for the present purposes. We shall use it only to show that the
case k = 2 of Theorem 3 implies the general case k € {2,3,4,...,} with the
stated dependence on k (otherwise the ensuing proof yields a worse asymptotic
dependence on k as k — 00). Below, a mapping ¢ : X — Y between two
abstract sets X and Y is said to be finitely supported if there exists a point
y € Y such that ¢(z) = y for all but finitely many z € X, i.e., |6~ (Y~ {y})| <
oo. This is a slight (and harmless) departure from the more common use of
this term when Y is a Banach space, in which case one requires that y = 0.

LEMMA 32. Fiz k,m € N with m < k, a sequence {w¢}2; C [0,00),
q €[1,00) and B € (0,00). Let X be a set and K,L : X x X — [0,00) be two
symmetric functions such that K(z,z) = L(z,x2) = 0 for all x € X. Suppose
that for every finitely supported mapping ¢ : HZ™ ! — X we have
(50)

B(ézut( 3 K(¢<h2t>,d><h>))q>;< S L(d(ho), b(h)).

heHZ™ ! heH™ ! 0€6m

Then for every finitely supported mapping ® : HZ*T1 — X we have
(51)

1
00 q\ a
if(zwt< > K(cp(hzt),cp(h))> ) < >0 Y L(®(ho), 0(R)).
Lt heHzF heHZk+1 0€B),

Proof. For every A C {1,...,k} denote G4 = {XF', Y };ca C . Let
G4 <H2**! be the (normal) subgroup of HZ**! that is generated by &4 and
let {g;(A)}52, C H2*+1 be representatives of the distinct left-cosets of G4 in
H2+1 If |A] = m, then G, is isomorphic to HZ™*!. Therefore, for every
A C{1,...,k} with |[A] = m and every j € N, an application of (50) to the
mapping (h € G4) — ®(g;(A)h) shows that

q

00 q
B( we| Y K(Q(gj(A)th),<I>(9j(A)h))>)

(52) t=1 heG 4
< Y Y L(®(gi(A)ha), B(g;(A)h)).
heGy 0€6 4

Observe that
(53)

(e 9]

Y Y L(@(g(Aho) Blgi(An) = Y Y L(d(ho), B(h),

J=1heG 4 06y h€H§k+1 0eG 4
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and, by the triangle inequality in £,

j=1 \t=1 heG 4
(54) > (Zwt(z > K(‘P(gj(A)hzt%@(gj(A)h))> )q
t=1 j=1heGy
:<Zwt( > K(e(hz') (h))) >q
t=1 heH2F+1

By summing (52) over j € N and using (53) and (54), it follows that
(55) 1
<Zwt< > K(® (hzt),cp(h))) ) < Y S L(®(ho), @(h)).

heHZF ! heH2k+1 0€6 4

By summing (55) over all those A C {1,...,k} with |A] = m, we obtain the

o(2) (S 5, e o) )

(56) heH2F 1

g(:l__ll) S 3 L(®(ho), 0(R)),

hesz"'l 0€Sy,

where we used the fact that for each o € &, the number of A C {1,...,k}
with |A| = m that contain o is equal to ( :1__11) The desired estimate (51) is
the same as (56). O

Suppose that we have already proved Theorem 3 when k = 2, i.e.; that
10,9 < 0,9 for every finite 2 C HJ. By Lemma 28 this implies that for every
finitely supported ¢ : HY — R,

x 2 3
(Z ( > |o(nzt) ¢<h>|) ) <Y S [bho) — b(h)].
t heHs heHS 0€62

Due to Lemma 32, it follows that for every integer k > 2 and every finitely
supported ® : HZ*+1 5 R,

(i;( > |e(hzt) —a(n) Dz’)é

t=1 heH;k«Fl

Z Z'(I)hcr ‘

h€H2k+1 [USGPR

w\»a



VERTICAL PERIMETER VERSUS HORIZONTAL PERIMETER 209

By (the trivial direction of) Lemma 28, it follows that [0,Q| < £[0n| for every
finite Q C HZ**+1; i.e., the conclusion of Theorem 3 holds true with the stated
asymptotic dependence on k as k — oo. This shows that in order to prove
Theorem 3 we can from now on ignore the dependence on k.

3.2. From continuous to discrete. Our goal here is to show that Theorem 3
follows from a certain (singular) Sobolev-type inequality on the continuous
Heisenberg group that is stated in Corollary 34 below. Once this assertion is
established, we will henceforth focus our attention entirely on considerations
that take place in the continuous setting. The proof of the following lemma is
a simple adaptation of the steps of a proof that appears in Section 3.3 of [66].

LEMMA 33. Fir k € N and W : [1,00) — [0, 00) that satisfies ||W| 1, (1,00)
= [[°W(s)ds < co. Define a sequence {w;}{2; by setting

def s+1
VteN, wy = / W(s) ds.

Fiz also C € (0,00) and p,q € (0,00) with p > 1. Let (X,| - |x) be a normed
space such that every smooth and compactly supported function ® : H2F+T — X

(oL

satisfies

q

d(hZ') — <I>(h)H‘; d5‘€2k+2(h)>g dt)

<C</
H2k+1

Then every finitely supported function ¢ : HZF1 — X satisfies
(58)

(S 5 Jot)-elt)')

t=1 heH2k+1

(57) 1
p dc7€2k+2(h)>p.

2k (X)

Vud(h)

§(C+IIWH%1<1,oo)>< PN H¢<hc>—¢<h>Hi)p-

heHZF 1 o€y

Proof of Lemma 33. Suppose that ¢ : H2**!1 — X is finitely supported.
We shall show that there exists a compactly supported smooth function & :
H2*+1 — X that satisfies the following two estimates, which immediately imply
the desired inequality (58) via an application of (57):
(59)

(o

Vid(h)

o) (2 5 Jowo)- o)’

heH2k+1 0€6y,
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and
(Sl 2 ot -emlr)’)’
t=1 heHzF+!
(60) < ( /1 h W(t)( /H ewzty - am; d%’zk*z(h))pdt) q

+\|wuél(1,oo)( > ZH¢<ho)—¢<h>H§)”.

heHZF+! 0€6y,

Since H%kﬂ is a co-compact lattice of H?**! from now on we can fix a
compactly supported smooth function x : H?**! — [0, 1] such that

> x(gth) =1

ge]HI%k+1
for all h € H2**1, Define
def —
Vhe ML o)=Y x(g ') f(9).

geH§k+l
If we denote the support of ¢ by S = supp(dp) C H2*+! C H?*+! and the
support of x by T' = supp(x) C H2*+1 then the support of ® is contained in
ST. Hence @ is compactly supported.

Fix m € N such that T NH2*+! C B,,. Note that m depends only on k
(through the choice of the bump function ¥, which is fixed once and for all).
Arguing identically to the proof of equation (56) of [66] (which uses the triangle
inequality in €zk(X), i.e., the assumption p > 1), we see that

6V vYgeEM s [Veam s X [o(s2) - dlo)|

z2€DBom

p
e

Hence, since the assumption on x implies Ug er2i ! gT = H21 we deduce that

1
p 2k+2 P
dFe+2(p
</H+ VER gy ) 1 )>
(2 [ [uem
gGH%’“"'l 9T

(X3 e -ewl)

96H2k+1 ZEBQm

(2 5 [etwo-eml;)"

heH;kJrl 0ES,

®(h)

1
p 2k+2 P
2400 d# (h))

This completes the justification of (59).



VERTICAL PERIMETER VERSUS HORIZONTAL PERIMETER 211

To prove (60), by arguing identically to the proof of equation (64) in [66],
while using (45) in place of the use of [66, Lemma 3.4], we see that for every
t € Nand s € [t,t + 1], we have
(62)

(= Jowm-enl) ([

2k+1
heHy,

o(hz*) — (). de?f%“(h));

PN IEE ¢<h>H§)’l’.

hEsz-‘—l [USIGPR

The desired estimate (60) now follows by raising (62) to the power ¢, multiply-
ing the resulting estimate by W(s), integrating over s € [t, ¢+ 1] and summing
over t € N. O

The following corollary is the special case p = 1, ¢ = 2, X = R and
W(s) = 1/s? of Lemma 33 (combined with Lemma 32 so as to obtain the
stated dependence on k).

COROLLARY 34. In order to establish Theorem 3 it suffices to prove that
forany k € {2,3,...,}, every finitely supported smooth function f : H?**1 - R
satisfies

([ (L 1r0z9 - rmiases=m) 5 )é
< [ Il a2,

3.3. Reductions in the continuous setting. By Corollary 34, all of the new
results that we stated in the introduction follow from Theorem 35 below, which
answers Question 4.1 in [66] positively when the dimension of the underlying
Heisenberg group is at least 5. Note, however, that [66, Question 4.1] ignored
the role of this dimension, so the forthcoming work that we discussed in Re-
mark 4 shows that [66, Question 4.1] actually has a negative answer when
kE=1.

THEOREM 35. Fiz k € {2,3,...,}. If f: H***1 — R is smooth and
compactly supported, then

</°OO (/H?kﬂ [f(hZ") = f() dge2k+z(h))2 ;1;)%

(63)
< / IV ()l A7C*2(h).
H2k+1

Theorem 35 follows from an isoperimetric-type inequality that is stated
in Theorem 36 below. It relates the vertical perimeter (recall Section 2.2) of
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a set to the measure of its boundary. Suppose that E C H?**! is measurable
and #H*H(OE) < co. It is not clear a priori that ||[V(E)]||L,m) is necessarily
finite, but the following theorem shows that it is at most a constant multiple
of #?**1(9F) when the dimension of the underlying Heisenberg group is at
least 5.

THEOREM 36. If k € {2,3,...,} and E C H?**! is measurable, then
IV(E) | Lyr) S HP*H(OE).

We shall now explain how Theorem 36 implies Theorem 35. To do so,
we will need the following well-known coarea formula; see, e.g., [37, Th. 2.3.5]
r [1, Th. 3.3].

THEOREM 37. Let f: H***1 — R be a smooth, compactly supported func-
tion, and for u € R, let B, = {h € H?**1 . f(h) < u}. Then the following
inequality holds true:

(64) / HH(O,) du < / V5 (1) | o dFE2H2 (1),
— 0 H2k+1 1

When k£ > 2 and ¢ = 2, the following lemma shows that Theorem 36
implies Theorem 35.

LEMMA 38. Fiz k € N, ¢ € [1,00) and C € (0,00). Suppose that
V(B L,m) < CH?*+1(OF) for every measurable E C H**1. Then every

smooth and compactly supported f: H?***t1 - R satisfies

<Aw(4%Humﬁf—ﬂmd%%”mﬁqﬁi);

SO [ IVarmlge 4260,
H2k+1

Proof. If f: H?**! — R is measurable, then
/ \f(hzt) — f(h)| d#H*2(h) = / H*T2(B, A E,ZY) du.
H2k+1 — 00

Hence, by the triangle inequality in L,(R) and the substitution ¢t =2%%, we have

(65)
(/ (/]I-]I?k+1 [f(hZ") = f(h)] d3€2k+2(h))q titg ) 7

1
dt \u
2k+2 t
/ /36 (E. AEZ)tHg)

1

HAH2(E,AE,ZY) T @) [
/ (/ ( = )ds> du(—)/ o ()l ) du-
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Now, by applying the assumption of Lemma 38 to each {E, },cr, we conclude
the proof of Lemma 38 by combining (65) with the following estimate:

[ B @i g o [ a7 08

64)
<O VafWlle 7). D
H2k+1

2k

Theorem 39 below is nothing more than Theorem 36 in the special case
of cellular sets; recall Section 2.1.6. We prefer to state Theorem 39 separately
because we shall next prove that it implies Theorem 36 in full generality. Once
this is done, we can devote the rest of the discussion to the proof of Theorem 39.

TuEOREM 39. If k € {2,3,...} and F C H**! is a cellular set, then
[V(F) | Loy S #H*HH(OF).

The special case k € {2,3,...} and ¢ = 2 of the following lemma shows
that Theorem 36 in full generality is a consequence of (its special case) Theo-
rem 39.

LEMMA 40. Fiz k € N, ¢ € [1,00), and C € (0,00). Suppose that
IV(F)| 1, ) < CH?* L(OF) for any cellular set F C H***'. Then |[V(E)| 1, )
< (C+ D#HPHL(OE) for any measurable E C H2*+1,

Proof. Suppose that E C H?**! is a measurable set satisfying #***+1(0F)
< 0o. Fix i € Z, and denote p = 2°. By Lemma 21, there is a set F,, C 2k+1
such that its re-scaling s1,,(Fp) is cellular, #**™1(0F,) < #**™(0F), and
HIT2EAF,) < p#* 1 (OF) = 2ig?*+1(9E). Using Lemma 24 and the
assumption of Lemma 40 applied to s/, (F}), we see that

V() |2y = 0** V(510 (Fo)) |y () < COH A (D51, (Fp))
= CH* TV (QF,) < CH*HL(OE).
If t € R satisfies t > 4, then by Lemma 24.(2), we have

(67
HEN) — (R0 < WEL B & P ELE)

(66)

,S 2i7tg€2k+l(aE).
Hence,
V(B 24 (i,00) < IVED) 2 (1,00) + IV(E) = V(Ep) | 14 1,00)

(66)A(67) _—
< (C+D)#H*THOE),

Since this is true for any ¢ € Z, we have

19(B) ,m) = 1im_[9(E) |, 1) S (C + 1)H+ (D). 0

~
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4. Proof overview

By the reductions in Section 3, we know that in order to prove Theorem 3
it suffices to prove Theorem 39. Here we shall sketch in broad strokes the steps
of the proof of Theorem 39. The proof uses “intrinsic corona decompositions”
in the Heisenberg group to reduce the desired bound to a bound on pieces
of intrinsic Lipschitz half-spaces; recall Section 2.3. Each of these intrinsic
Lipschitz half-spaces is bounded by the intrinsic graph of a function defined
on a vertical plane. We slice the vertical plane into cosets of H? and bound
the vertical perimeter of the intrinsic half-space using an Ls inequality for
functions on these cosets. In essence, our argument “lifts” an Lo inequality
for functions on H3 to a formally stronger endpoint L; inequality on HZ2¢*1,
The assumption that k& > 1 arises from this lifting process. When k& = 1 the
vertical plane is 2-dimensional, so we cannot relate the question to a functional
inequality on H?, and therefore this strategy does not work. However, the
bound on the vertical perimeter of intrinsic Lipschitz half-spaces (Section 5)
is the only step of our proof that fails for the 3-dimensional Heisenberg group;
when k£ = 1, we can still use intrinsic corona decompositions to reduce to the
case of intrinsic Lipschitz half-spaces, but the desired inequality fails for these
half-spaces.

Intrinsic Lipschitz half-spaces. To prove Theorem 39, we first establish
a version of Theorem 36 for intrinsic Lipschitz half-spaces. Specifically, in
Section 5 we prove that, provided k£ € {2,3,...,}, for every A € (0,1), if
E C H?**! is an intrinsic A-Lipschitz half-space (recall Section 2.3), then for
every point p € H***1 and every radius r > 0, we have
F2k+1

< .
Ly(R) ~ 1 —A

(68) .0 (B)]

When, say, A € (0, %), the estimate (68) is in essence the special case of The-
orem 36 for (pieces of) intrinsic Lipschitz half-spaces. This is so because, due to
the isoperimetric inequality for the Heisenberg group [100], the right-hand side
of (68) is at most a constant (depending on k) multiple of #2**1(9(B, N E))
whenever #2%+2(B,. N E) > r?*2 ie., provided that the intrinsic Lipschitz
half-space E occupies a constant fraction of the volume of the ball B,. The
estimate (68) will be used below only in such a nondegenerate situation.

Our proof of (68) relies crucially on a local Lo-variant of (63) for H3 that
was proven in [8] using representation theory; see Theorem 42 below for a pre-
cise formulation. We leverage this lower-dimensional functional inequality to
deduce (68) as follows: Suppose that OF is an intrinsic Lipschitz graph over a
2k-dimensional vertical plane V' C H?**1: that is, 0F =T ¢ for some function
f:V — Rasin (30). The function f does not have to be Lipschitz with
respect to the Carnot—Carathéodory metric, but a computation that appears
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in Section 5 shows that the restrictions of f to cosets of copies of H? in V are
in fact Lipschitz with respect to the Carnot—Carathéodory metric. This allows
us to use the quadratic inequality of [8] for each of these “fibers” of f, and by
combining the resulting inequalities (using an application of Cauchy—Schwarz)
one arrives at (68). It is important to stress that this proof does not work for
functions on H? because it relies on slicing V into copies of H?. When V C H?3,
V' is two-dimensional and can be sliced into vertical lines, but there is no ana-
logue of the quadratic inequality of [8] that we use here for vertical lines in H?.

Intrinsic corona decompositions. In order to apply (68) to more general
sets, we use intrinsic corona decompositions in the Heisenberg group. The full
definitions will appear in Section 6, and a qualitative description appears be-
low. Corona decompositions are an established tool in analysis for reducing the
study of certain singular integrals on R™ to the case of Lipschitz graphs, start-
ing with seminal works of David [31], [32] and Jones [51], [52] on the Cauchy
integral and culminating with the David—Semmes theory of quantitative recti-
fiability [30], [33]. Our adaptation of this technique is mostly technical, but it
will also involve a conceptually new ingredient, namely, the use of quantitative
monotonicity to govern the decomposition.

A corona decomposition covers OF by two types of sets, called stopping-
time regions and bad cubes. Stopping-time regions correspond to parts of OF
that are close to intrinsic Lipschitz graphs, and bad cubes correspond to parts
of OF, like sharp corners, that are not. The multiplicity of this cover depends
on the shape of OF at different scales. For example, 0F might look smooth
on a large neighborhood of a point x, jagged at a medium scale, then smooth
again at a small scale. If so, then z is contained in a large stopping-time region,
a medium-sized bad cube, and a second small stopping-time region. A cover
like this is a corona decomposition if it satisfies a Carleson packing condition
(see Section 6) that bounds its average multiplicity on any ball.

Section 7 establishes that Theorem 36 holds when OF admits a corona
decomposition. We proceed as follows. The vertical perimeter of 0F comes
from three sources: the bad cubes, the graphs that approximate the stopping-
time regions, and the error incurred by approximating a stopping-time region
by an intrinsic Lipschitz graph. By the Carleson packing condition, there
are few bad cubes, and they contribute vertical perimeter on the order of
#HP*HLOF). Using (68), we argue that the intrinsic Lipschitz graphs also
contribute vertical perimeter on the order of #2*+1(9F). Finally, the difference
between a stopping-time region and an intrinsic Lipschitz graph is bounded by
the size of the stopping-time region. The stopping-time regions also satisfy a
Carleson packing condition, so these errors also contribute vertical perimeter on
the order of #?**1(QE). Summing these contributions, we obtain the desired
bound.
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Not every set with finite perimeter admits a corona decomposition, even
in R™, but we show that the boundaries of cellular sets can be built out of
pieces that admit such decompositions. (A similar technique for surfaces in R"
was used in [112].) We start by showing that in order to establish Theorem 39
it suffices to prove that for every r > 0, we have [[Vp, (E)||,®) < r?*™ under
the additional assumption that the sets E/, £, OF are r-locally Ahlfors-regular.
That is, #**2(uB, N E) x p**2 < #?*+2(vB, \ E) and #***1(wB,NOE) =<
p?**1 for all p € (0,7) and (u,v,w) € Ex E°xJE. To see this reduction, recall
that in Theorem 39 we are given a cellular set F' C [H2k+1 Any such set is
Ahlfors-regular on sufficiently small balls. We argue that F' can be decomposed
into sets that satisfy the desired local Ahlfors-regularity. The full construction
of this decomposition is carried out in Section 8, but we remark briefly that it
amounts to the following natural “greedy” iterative procedure. If one of the sets
F, F<, OF were not locally Ahlfors-regular, then there would be some smallest
ball B such that the density of F', F'© or OF is either too low or too high on B.
(It is actually convenient to work here with “cellular balls” here rather than
Carnot—Carathéodory balls so as to maintain the inductive hypothesis that F'is
cellular, but we ignore this technical point for the purpose of the overview; see
Section 8.) By replacing F' by either FUB or F'\. B, we cut off a piece of 9F and
decrease #?*+1(OF). Since B was the smallest ball where Ahlfors-regularity
fails, F, F<,0F are Ahlfors-regular on balls smaller than B. Repeating this
process eventually reduces F' to the empty set. We arrive at the conclusion of
Theorem 39 for the initial set F' by proving the (local version of the) theorem
for each piece of this decomposition, then summing the resulting inequalities.

Finally, in Section 9, we arrive at the main technical step of the decompo-
sition procedure: showing that if E, £, and OF are Ahlfors regular, then OF
admits a corona decomposition (Theorem 57). This is the longest section of
the proof, but it follows the well-established methods of [30], [33]. We start by
constructing a sequence of nested partitions of OF into pieces called cubes; this
is a standard construction due to Christ [27] and David [32] and only uses the
Ahlfors regularity of 0F. These partitions are analogues of the standard tilings
of R™ into dyadic cubes. Next, we classify the cubes into good cubes, which are
close to a piece of a hyperplane, and bad cubes, which are not. In order to pro-
duce a corona decomposition, there cannot be too many bad cubes; i.e., they
must satisfy a Carleson packing condition. In [30], [33], this condition follows
from quantitative rectifiability; the surface in question is assumed to satisfy a
condition that bounds the sum of its (appropriately normalized) local devia-
tions from hyperplanes. These local deviations are higher-dimensional versions
of Jones’ B-numbers [51], [52], and the quantitative rectifiability assumption
leads to the desired packing condition. In the present setting, the packing
condition follows instead from quantitative nonmonotonicity. The concept of
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quantitative nonmonotonicity of a set £ C H2**! (see Section 9.1) was defined
in [25], [26], where the kinematic formula for the Heisenberg group was used to
show that the total nonmonotonicity of all of the cubes is at most a constant
multiple of #**1(9F). This means that there cannot be many cubes that
have large nonmonotonicity. By a result of [25], [26], if a surface has small
nonmonotonicity, then it is close to a half-space. Consequently, most cubes
are close to a half-space and are therefore good. (The result in [25], [26] is
stronger than what we need for this proof; it provides power-type bounds on
how closely a nearly-monotone surface approximates a hyperplane. For our
purposes, it is enough to have some bound (not necessarily power-type) on the
shape of nearly-monotone sets, and we will deduce the bound that we need by
applying a quick compactness argument to a result from [24] that states that if
a set is precisely monotone (i.e., every horizontal line intersects the boundary
of the set in at most one point), then it is a half-space.)

Next, we partition the good cubes into stopping-time regions by using an
iterative construction that corrects overpartitioning that may have occurred
when the Christ cubes were constructed. If @ is a largest good cube that has
not been treated yet and if P is its approximating half-space, we find all of the
descendants of () with approximating half-spaces that are sufficiently close to
P. If we glue these half-spaces together using a partition of unity, the result
is an intrinsic Lipschitz half-space that approximates all of these descendants.
By repeating this procedure for each untreated cube, we obtain a collection
of stopping-time regions. These regions satisfy a Carleson packing condition
because if a point x € OF is contained in many different stopping-time regions,
then either x is contained in many different bad cubes, or z is contained in good
cubes whose approximating hyperplanes point in many different directions. In
either case, these cubes generate nonmonotonicity, so there can only be a few
points with large multiplicity. In fact, this cover satisfies a Carleson packing
condition, so it is an intrinsic corona decomposition.

5. Isoperimetry of intrinsic Lipschitz graphs

In this section, we bound the (local) vertical perimeter of intrinsic Lips-
chitz graphs in H?**!, provided that k& > 2. This is the only place in the proof
of Theorem 39 in which the assumption that k£ > 1 is used; see Remark 44
below. Specifically, we will establish the following proposition.

PROPOSITION 41. For every integer k > 2 and every A € (0,1), if E C
H25+1 s a A-Lipschitz half-space, then for every point p € H?***1 and every
radius v > 0, we have

742]64’1
< .
Ly(R) ~ 1 —A

(69) .0 (B)]
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Before proving Proposition 41, we shall state Theorem 42 below for ease of
later reference. It follows from [8, Th. 7.5], where it is proven using represen-
tation theory. A generalization of this result (namely, an L,, version for every
p € (1,00) as well as more general target spaces) follows from [66, Th. 2.1],
where it is proven using different methods than those of [8].

THEOREM 42. For every Lipschitz function f : H3 — R and every r €
(0,00), we have

2
r f(h) = f(hz™

Remark 43. The statement of [8, Th. 7.5] actually treats smooth functions,
asserting that there exists a universal constant C' € [1,00) such that for every
smooth f : H3® — R, we have for every r € [1,00),

2 —t 2
// ‘f(h)_;(hZ )‘ d7¢4 () dt
1 r

S [ Ivari aem).

Ber

(71)

When f is Lipschitz but not necessarily smooth, it follows that

r2 f(h)—f hZt ?
(12) Vre[l,00), /1 f’ t2< ) A7 (h) dt < [ £117;p -

Indeed, convolve f on the left with a smooth nonnegative function of arbitrarily
small support and integral 1. The result is a smooth function with the same or
smaller Lipschitz constant that approximates f in Lo (B,). Applying (71) to
the resulting function and using the fact that the integrals appearing in (71)
are over compact sets, we obtain (72). By scale-invariance, (72) implies (70).
Indeed, if » > 0 and ¢ € (0,r), apply (72) with r replaced by r/e and f
replaced by h — f(s-(h)), change the variable to i’ = s.(h), and let ¢ — 0 in
the resulting inequality.

Proof of Proposition 41. Denote V = {h € H?**! . z,(h) = 0}. By
applying an isometric automorphism and using Lemma 25, we may assume
that p = 0 and that FE is bounded by an intrinsic Lipschitz graph I' over V| say,
I'={vX ,{ @ ye V'} for some continuous function f: V' — R. The Lipschitz
condition implies that |xg(w1) — xg(w2)| < Ad(wq,ws) for all wy,ws € T.

We shall identify H? with the subgroup (X,Y7, Z) < H?**!; importantly,
H? commutes with Xj,. We shall also denote the linear subspace

(Xo,..., Xp—1,Y2,...,Y) CH
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by G. Then V = GHS3 in the sense that for each v € V, there are unique
elements ¢ € G and h € H? such that v = gh. For every g € G, define
fy : H3 — R by setting f,(h) = f(gh) for every h € H?.

Fixing g € G, for every hi,hy € H? if we denote wy = gth,fg(hl) and
wo = gth,{g(hz), then by the definition of I' we have wy,wy € I'. Moreover,
xk(gh1) = z(gh2) = 0 since g, hi,ha € V, so xp(w1) = fg(h1) and xp(w2) =
f4(h2). Hence, by our assumption on f we have

| fg(h1) = fg(h2)| = |z (w1) — zx(w2)] < Ad(w1, w2)

= Ad (X0 x [ ))

(73) _ }\d (ng(hl)hhX]{g(hl)hZX]{g(hﬂ_fg(hl))

(23)
< MCrd(hns ha) + [f, (1) — o (ho)])

where C}, is the constant in (23). This simplifies to give that

) = fy(h2)| S T2 o)

Note that this is not quite the condition that f, is %-Lipschitz, because the
metric d is the metric on H?**! rather than the metric dgs on H3. By (23),
hOWGVGI", st(hl, h2) = d(hl, hg) for all hl, h2 S Hg, SO ||fg||Lip(]HI3) 5 }\/(1 —)\).
By Theorem 42, we therefore have

(74)

,',.2
Vr e (0,00), / ][
0 - NH3

Every u € H**! can be written uniquely as u = ghX! with g € G,
h € H?, and t € R. Indeed, necessarily g = SV 2 (u) X; + Z?:z yj(w)Yj, h =
21 (u) X1 + 1 (w) Y1 + (2(u) + 2 (w)yr(u) /2) Z and t = zp(u). Since G, H?, (X})
are orthogonal subspaces of R?**1 for every s € R we have

#*+2 (BN (EAEZ?))

= or
1 e s
= 28/@/1513 /OO lE(ghX};) —1E(ghX]t€Z—22)

-1, (ghX}) dt dgt* (h) d#e* =3 (g)

1 oo
1p, (ghX};) dt d7e* (h) dae?—3(g).

2
dt< A

Syl = fy(n2 )| 4 0) g < e

VB, (E)(s)

For every (g,h,t) € G x H? x R, we have n(ghX}) = g + z1(h)X1 +
y1(h)Y1 + tX}, where 7t: H?**1 — R2* is the canonical projection. By (24),
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this implies that if d(0, ghX}) < r, then ||g|| < r and || < r, so
d(0,h) = d(g, gh) < d(g,0) + d(0, ghX}) + d(gh X, gh) < |lgll + 7+ [t| < 3r.

Hence 15, (ghX!) < 15,(g9)1p,,(h). A substitution of this point-wise inequal-
ity into (75) gives

0105 [, | s =3

-1p,(9)1p,, (h) dtdate‘*(h) dae?k= 3( )

2k+1 ][ ][
NG J Bs,.NH?3

dg€4( dgg?k‘ 3( )
where o« = o, = 81#?*=3(B, N G)#*(B, N H3). Now,

fo(h) = fo (hZ7%)

logy T
/ Vg, (E)(s)?ds
2
d
m s [(f . o =gy ()] e a-2(g))
Akt 2 agy At ok s
(78) <rikt ][mG / ]imH ~ Jy (n27)[ 4t (n) 5 a5 g)
<)\2 4k’+2

where in (77) we used (76) and the change of variable t = 225, in (78) we
used Jensen’s inequality, and in (79) we used (74). Also, the trivial bound
U, (B)(s) < 2F2(B,)[2° < 174422 gives

> * ds
(80) / g, (E)(s)%ds <y r4k+4/ = = pAk+2.
logy log, T 2
The desired estimate (69) now follows by combining (79) and (80). 0O

Remark 44. Note that Proposition 41 used the assumption that £ > 1
crucially. The above proof would not work for k¥ = 1 because an analogue of
Theorem 42 does not exist for 1-dimensional vertical slices of H?, while for
k > 2 we succeeded by slicing H?**! into copies of H®.

6. Corona decompositions

In this section we shall formulate a definition of a corona decomposition
of a subset of H?**!. This definition mimics the analogous notion of a corona
decomposition of a subset of R, as defined by David and Semmes [30]; see
also [33, Ch. 3]). Here we need a local variant of this definition, but the key
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conceptual difference with the Euclidean case is the utilization of intrinsic Lip-
schitz graphs. Other differences occur in the ensuing proofs: Some of them are
of a more technical nature, arising from geometric peculiarities of the Heisen-
berg group that differ from their Euclidean counterparts, but conceptually new
issues arise as well, such as the use of (quantitative) monotonicity methods [24],
[26] for the purpose of constructing the desired decomposition.

Definition 45 (local Ahlfors regularity). Suppose that C,r, s € (0,00). We
shall say that a Borel subset A C H?**1 is (C,r)-Ahlfors s-regular if for every
x € A and and p € (0,7], we have

/r,S

rel < 3€S<Bp(x) N A> S Crd.
This terminology is shorthand for what one would normally refer to as A being
r-locally Ahlfors s-regular with constant C, but since we need to state this often
in what follows, we prefer to use the above nonstandard shorter nomenclature.
In fact, it will be convenient to introduce the following convention for even
shorter terminology. Whenever we are given E C H?**1 and we say that F is
(C,r)-regular it will be understood by default that E is assumed to be (C,r)-
Ahlfors s-regular with s = 2k + 2. When we say that 0F is (C,r)-regular
we mean that OF is assumed to be (C,r)-Ahlfors s-regular with s = 2k + 1.
When we say that (E, E€,0F) is (C,r)-regular we mean that E, E¢ are both
(C,r)-Ahlfors (2k + 2)-regular and also OF is (C, r)-Ahlfors (2k + 1)-regular.

Definition 46 (local cubical patchwork). Fix K, s,r € (0,00) and n € Z for
which 2" < r < 271, Suppose that A is a Borel subset of H2**1. A sequence
{A;}_ of Borel partitions of A is said to be an s-dimensional (K, r)-cubical

patchwork for A if it has the following properties:

(1) For every integer i < n and every @ € A;, we have

22’ . 22’3 )
(81) %< diam(Q) < K2* and % < #H(Q) < K2%.

(2) For every two integers i, < n with ¢ < j, the partition A; is a refinement
of the partition Aj; i.e., for every Q € A; and Q' € Aj, either QNQ' =&
orQC Q.

(3) For every integer i < n, @ € A; and t > 0, we have
(82) #°(0<1iQ) < Kt®2%,

where for every p > 0, we denote

(83)  0Q ¥ {reQ :dz,ANQ)<plU{zec ANQ: d(z,Q) < p}.
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In the above setting, write

n
(84) AY ] A
1=—00
The elements of A (that is, any atom of one of the hierarchical partitions
{A;}7-_ ) are often called Christ cubes. The disjoint union in (84) indicates
that we are slightly abusing notation by considering the elements of A; and
Aj to be distinct for ¢ # j. In other words, if Q € A; for multiple integers
i < n then @ appears in A with that multiplicity, which by (81) can be at
most (2logy K)/s+ 1. We impose a natural partial order on A by saying that
Q,Q € Asatisty Q Q" if and only if Q C Q" and Q € A;, Q' € A, for some
1 < j. Below we shall slightly abuse notation by letting Q € @’ have the same
meaning as @ < @' for every Q,Q" € A. (Note that this can be an actual
abuse of notation only if @ = @’.) For every integer i < n and Q € A;, we
shall define o(Q) = 2¢. (We think of 0(Q) as a surrogate for the “side-length”
of the Christ cube @).) Thus if A contains multiple copies of @, then each such
copy has a different “o-value,” corresponding to those indices i < n for which
Q@ € A;. Under these conventions, the condition (81) becomes the requirement
that for every Q € A, we have
o(Q) o(Q)

(85) e < diam(Q) < Ko(Q) and K < H*(Q) < Ko (Q)?,

and the condition (82) becomes the requirement that for every @ € A and
t > 0, we have

(86) H*(9<10(0)Q) < K17 0(Q)".

While the above definition makes sense for every s > 0, in the present
article we will only consider cubical patchworks of boundaries of open sets of
H2*+1in which case it will be tacitly assumed that s = 2k + 1. Thus given
E C H**! when we say below that {A;}" ___ is a (K, r)-cubical patchwork
for OF C H?**! this will always be understood to mean that {A;}7
(2k + 1)-dimensional (K, r)-cubical patchwork for OF in the above sense.

is a

Christ [27] and David [32] proved that for every C,r,s > 0, there ex-
ists K = K(C,s) such that if a Borel subset A C H**! is (C,r)-Ahlfors
s-regular, then A also admits an s-dimensional (K, r)-cubical patchwork. Note
that the statements of [27], [32] assume global Ahlfors regularity rather than
local Ahlfors regularity; i.e., the results are stated in the case r = diam(A).
Nevertheless, the proofs of [27], [32] work identically for general r: Discard the
cubes that these proofs construct for larger scales (they are irrelevant for the
desired local conclusion), so that the Ahlfors regularity is needed only in the
range of scales in which it is hypothesized to hold true.



VERTICAL PERIMETER VERSUS HORIZONTAL PERIMETER 223

For ease of later reference (specifically, in Section 9 below), we record the
following very simple fact, which follows by contrasting (85) with (86); see
also [33, Lemma 1.3.5].

LEMMA 47 (existence of “approximate centers” for Christ cubes). For
every K,r,s > 0, there ezists ¢ = ¢(K) such that if a Borel subset A C [2k+1

n

admits an s-dimensional (K,r)-cubical patchwork {A;}? __, then for every

Q € A, there is a point xg € Q such that

d(zg, AN Q) > co(Q).

Proof. Choose any ¢ < 1/K?K. Fix Q € A, and suppose for the pur-
pose of obtaining a contradiction that d(x, A \ Q) < co(Q) for every x € Q.
Recalling (83), this means that Oc.q()@ 2 Q. Therefore,

s (85) (86) 1
ML H0(Q) < #° (Decwio)Q) < KeFo(Q)"

By cancelling o(Q)® from both sides, this contradicts our choice of c. 0

The following very important definition is equivalent to Definition 3.9
in [33], though note that the constant C' that appears there differs from the
constant C' that we use below (by a factor that depends only on the parameters
of the given cubical patchwork).

Definition 48 (Carleson packing condition). Fix r,s, K,C € (0,00) and
suppose that {A;}_ _ is an s-dimensional (K, r)-cubical patchwork of a Borel
subset A C HZ*+1 If @ C A is a collection of Christ cubes, we say that @
satisfies the s-dimensional Carleson packing condition with constant C' if for
every Q € A, we have

S o(R)* < Co(Q)".

i
When s = 2k +1 it will be convenient to use below the shorter terminology “D
is C-Carleson” to indicate that @ satisfies the (2k + 1)-dimensional Carleson
packing condition with constant C.

A Carleson packing condition expresses the fact that @ is a “small” set of
cubes. It implies, for instance, that #*-almost every point z € A is contained
in only finitely many elements of X.

Definition 49 (coherent collection of cubes). Fix r,s, K € (0,00), and
suppose that {A;}* _  is an s-dimensional (K, r)-cubical patchwork of a Borel
subset A C H2¢*+1 If & C A is a sub-collection of Christ cubes, then we say
that & is coherent if the following three properties hold true:
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(1) & has a (necessarily unique) maximal element with respect to inclusion;
i.e, there exists a unique cube Q(&) € & such that Q(8) O Q for every
Qes.

(2) If Q € S and Q' € A satisfies Q C Q' C Q(S), then also Q' € S.

(3) If Q € &, then either all the children of @ in {A;}7 __ belong to & or
none of them do; i.e., if 0(Q) = 2¢, then either {Q" € Ajy1: Q' CQ}C S
or {Q €Aiy1: QCQRQINS =2.

Using Definitions 48 and 49, and following [33, Def. 3.13], we formulate
the notion of a coronization, which is a partition of a cubical patchwork A into
“good” and “bad” sets.

Definition 50 (local coronization). Fix K,C,r > 0 and E C H?**!. A
(K, C, r)-coronization of OF is a triple (B, ¢, F) with the following properties.
There exists a (K,r)-cubical patchwork {A;}7__ for OF such that B C A
(the set of bad cubes) and ¢ C A (the set of good cubes) partition A into
two disjoint sets, i.e., BUG = A and BN G = @, and F C 29 is a collection
of subsets of ¢, which below are called stopping-time regions. These sets are
required to have the following properties:
(1) 8 is C-Carleson.
(2) The elements of F are pairwise disjoint and their union is G.
(3) Each & € F is coherent.
(4) The set of maximal cubes {Q(S8) : & € F} is C-Carleson.

Definition 51. If U, V,W C H?**! we define the U-local distance between
V and W by

dy(V,W) € inf {r: (VAW)NU C nbhd,(9V) N ubhd, (8W)},

where we denote nbhd,(A) = {h € H?+1: d(h,A) < r} for every A C H2*+1,

The local distance is not a metric on subsets of H?**1; it only satisfies the
weaker version of the triangle inequality given below.

LEMMA 52. If U, V,W, X CH?***+1  then the following assertions hold true:
(1) du(V,W) =dy(W,V).
(2) If H2k+1 D U D U, then dy(V,W) < dy(V, W).
(3) UN OV C nbhds(0W), where s = dy(V,W).
(4) If r = max{dy(V,W),dy(W, X)} and U" = nbhd,(U), then

dy(V, X) < dy(V, W) + dy (W, X).

Proof. The first two properties follow from the definition. For the third
property, note that if x € UNOV but x ¢ W, then there is a neighborhood of
x that contains points of V' and of V¢ but is disjoint from OW. Consequently
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x e UN(VAW), so d(x,0W) < s, as desired. For the fourth property,
suppose that z € (VA X)NU. Then z € VAW or z € WA X. Without
loss of generality, suppose that x € VAW. Then d(x,0V) < dy(V,W) and
d(z,0W) < dy(V,W). Let w € OW be such that d(z,w) = d(z,0W) < r.
Then w € U’ so by property (3) above, d(w,dX) < dy(W, X) and

d(z,0X) < d(z,w) + d(w,0X)
< du(V, W) + dur (W, X) < dun (V, W) + i (W, X). O

A corona decomposition of a set is a coronization where every stopping-
time region is close to an intrinsic Lipschitz graph. In what follows, if A is a
cubical patchwork for A C H?*+1, then for every Q € A and p > 0, denote

Ny(Q) = nbhd()(Q) and pQ = AN Ny(Q).

Definition 53 (local corona decomposition). Fix K,r,C,A,0 > 0. Given
E C H?**! we say that the pair (E,0E) admits a (K, C, A, 0, r)-corona decom-
position if there is a (K, C,r)-coronization (B,G,F) of OF such that for each
8 € F, there is an intrinsic A-Lipschitz graph I'(8) that bounds a Lipschitz
half-space I'(S), such that for all Q € &, we have

(87) dn,(@)(T7(S), E) < 00(Q).

We say that the pair (E,0F) admits a (K, r)-corona decomposition if for ev-
ery A\,0 > 0, there exists C = C(A,0) such that the pair (E,JF) admits a
(K, C, A, 0,r)-corona decomposition.

The number 4 in (87) is arbitrary; we can replace it with an arbitrarily
large constant at the cost of increasing the Carleson packing constants of the
coronization.

The following covering lemma will be helpful both to construct corona
decompositions and to bound the vertical perimeter of a set with a corona de-
composition. Fix K,r > 0 and £ C H?***!. Suppose that A is a (K, r)-cubical
patchwork of OF. If & C A is a coherent set, we define dg: H?**! — R by

vy e HFTL ds(y) = jnf {d(y, Q)+ o(Q)}-

Denote I'g = d;l(O) C H?*+1. Since dg is an infimum of 1-Lipschitz functions,
it is also 1-Lipschitz.

LEMMA 54. Let & C A be a coherent set, and suppose that 0 <\ < 1—10.
There is a countable set of points {c;}icr C 10Q(8) such that the balls {B; =
By (cy) (i) Yier are disjoint and the balls {3B; = Bsyqy(c,)(¢i) bier satisfy

10Q($) € | J3B;i UT.
icl
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Furthermore, if 0 < p < 1/, then the balls {pB; = Byyd,(c,)(¢i) yicr have
bounded multiplicity with a bound depending on p and .

Proof. Write G = 10Q(S8)\T. Let {¢; }ier € G be a maximal set of points
such that the balls { B; = Byq,(c,)(ci) }ier are disjoint; this set is either finite or
countably infinite. For any v € G, there is an i € I such that By, (,)(v) inter-
sects Bj, so d(v,¢;) < P(ds(v) + ds(c;)). Since the mapping dg is 1-Lipschitz,
it follows that the following estimates hold true:

d(v,c;) < $(2ds(c;) + d(v, i),
%d(%cz’) < 20ds(ci),
d(v, Ci) § 31])d§(ci).

Hence v € 3B;, and thus G C |J;c; 3B;. Next, suppose that pp < 1. If i € I
and v € pB;, then

1 1
ds(v) <dg(c;) < ———dg(v).
5o s(v) < dg(c) o0 s(v)
It follows that there is § = B(p,P) > 0 such that B; is a ball of radius at
least Bds(v) with center in By, (,)/g(v). Since the balls {B;}ic; are disjoint,
the Ahlfors-regularity of H2**! implies that there can be only boundedly many
such balls, and thus only finitely many 7 € I such that v € pB;. O

7. Isoperimetry of sets with corona decompositions

Here we show that Proposition 41 holds not only for intrinsic Lipschitz
graphs, but also for subsets of H?**1 that have a corona decomposition. Specif-
ically, we prove the following proposition.

PROPOSITION 55. Fiz K,C,A,r € (0,00), 8 € (0,555), A € (0,1) and
p € [1,00). Suppose that for every intrinsic A-Lipschitz half-space Tt C H2k+1
every R € (0,00) and every q € H?**1, we have

(88) [oa@ @), < AR

Then for every E C H**1 such that (E,0F) admits a (K,C,A,0,7)-corona

decomposition and any x € H**1 we have

%6, (B)]|

Note that if & € {2,3,...}, then by Proposition 41 the assumption of
Proposition 55 holds true with p = 2 and A < 1/(1 —A). We stated Propo-
sition 55 for general p € [1,00) rather than only for p = 2 in anticipation of

< 2k+1
L, (%) Sk K C(A + 1)7“ .

forthcoming work that treats the case k = 1. In the next sections, we will
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show that surfaces of finite perimeter in H?**! can be decomposed into sets
with corona decompositions and use Proposition 55 to prove Theorem 36.
The proof of Proposition 55 uses the following lemma.

LEMMA 56. Suppose that \p € (0,11—0)7 K,r € (0,00), A € (0,1), 6 €
(0, %) Let E C H**! be a set admitting a (K,r)-cubical patchwork A. Sup-
pose that & C A is a coherent set with mazximal cube M, and let T be a
Lipschitz half-space bounded by an intrinsic A-Lipschitz graph T'. Let {c;}ier

and {Bi}ier be as in Lemma 54. If 8 and I satisfy (87), then

(T* AE)NNy(M) C | J4B; UT.
el
Proof. Let F =T A FE, and suppose that y € F N Ny(M). If dg(y) = 0,
then for every ¢ € (0, 0(M)], there is a @ € § such that d(y, Q) + 0(Q) < e.
Let Q" be an ancestor of @ such that § < o(Q’) < . Since d(y,Q) < ¢, we
have y € N4(Q') and d(y, Q") + 0(Q') < 2¢. By (87), d(z,T') < 00(Q) < 6e.
Since this holds for every e, we have y € T'.
We can therefore suppose from now on that y € F N Ng(M) and that
0 < ds(y) < 50(M). If ds(y) > 2D let A = M. Then y € Ny(A) and
d“"T(y) < 0(A) < 4dg(y). Otherwise, let Q € & be a cube such that d(y, Q) +
0(Q) < 2ds(y), and let A be the ancestor of @ such that dST(y) < 2dg(y) <
0(A) < 4dg(y). Then d(y,A) < 2ds(y) < o(A), so in either case, we have
y € Ny(A) and B < o(A) < 4dg(y). By (87), this implies that
Vds (y)

d(y, OB) < 80(4) < =,

Choose v € IE with d(v,y) < ¥ds(y). Then d(v,y) < o(M), so v € 5M.
Since dg is 1-Lipschitz, we have dg(v) > (1 —)ds(y) > 0. By Lemma 54,
there is ¢ € I such that v € 3B;, and

1 1+ 3y
< < — i) < i)-
dS(y) S 1 _d)dé’(v) X 1 _lb dS(Cz) S 2d8(cz)
Thus
d(es,y) < d(ei,v) + d(v,9) < Bbds () + s (y) < s o).
Hence y € 4B;, as desired. O

Proof of Proposition 55. By re-scaling and translating £ we may assume
that = 0 and r = 1. Let A = {A;})____ be a (K, r)-cubical patchwork for
OFE, and let (B,G,F) be a coronization of OF that satisfies Definition 53. In
particular, B and {Q(S8) : & € F} are both C-Carleson.

Recall that for every s € R, we let DsF = ENAEZ?™. We start by

constructing a cover of DgE. Suppose that s < 0, and let i be the integer such
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that s € (i — 1,i). If 2 € D,E, then any path from z to zZ 2" crosses OF.
There is a path from z to 2772 of length less than 4 - 2%, and this path
intersects OF in a point y such that d(z,y) < 4-2°. If @ € A, is the cube such
that y € @, then x € N4(Q). It follows that

(89) D:EC |J Mi(Q).
QeA;

Due to (89), we can decompose V(E) into terms corresponding to cubes.
For Q € A, we let the Q-component of V(E) be
_ def _
E; = E)(s)1 .
V( ’ Q)(s) VN4(Q)( )(S) {@<25<0(Q)}

Then for each integer i < 0 and s € (i — 1,14], we have

Y V(EQ)(s) = D V(E;Q)(s) =27 Y H*FH(Ny(Q) N DSE).

QeA QEA; QEA;
As @ ranges over A;, the sets Ny(Q) cover DyF with multiplicity that is
bounded by a quantity that depends only on k£ and K, so it follows that

Vs € (—00,0],  V(E)(s)= 3 V(E;Q)(s).

QeA
For any subset § C A and any F CH**! denote Wj(F) o > 0eg V(F; Q).
IfMeAlet Ayy={QeA: QC M}. We claim that
(90> VM € A, HWAM (E)HLP(IR{) Sk,K CA+ 1)G(M)2k+1'

To prove (90), fix M € A. We first separate W)/ (F) into contributions
of bad cubes and stopping-time regions. Let By = Ap N B, and let Fyy =
{SNAy: & F}. Note that Fys consists of coherent collections of cubes,
so that the maximal element Q(7) € 7 is well defined for every 7 € F.
Moreover, the elements of Fjy still satisfy (87) and {Q(S) : & € Fys} is still
C-Carleson. By design we have

(91) Vs e (_0070]7 WAM (E)(S) = W@M (E)(S) + Z WfT(E)(S)
TEeFn
We will prove (90) by bounding each of the terms in (91) separately.
First, we bound |[Wg,, (E)||L,®). If Q € A; and s € (i — 1,i], we have the
trivial bound

%2k+2(N4(Q)) 9i(2k+2)

9 =k, K o5 =k,K U(Q)Qkﬂy

V(E;Q)(s) <

and consequently,

1

©) Qe S ([ EQeras) S @
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Hence,
(93)
(92) 2k+1 2k+1
Wy (B)l,@ < D IVE;Ql,® Sk ., 0@ < Co(M)*H,
QEB QEBs

where the final inequality in (93) is the C-Carleson condition for 3.
Our next goal is to show that

(94) VI € Fu, W3 (B, @) Sk (A+1)0(Q(T))

Let T be a A-Lipschitz half-space such that dy,qe))(T'™", E) < 00(Q(7)).
Denote A = T'T AE. Then DsE = DsAADIT, so Wy (E) < Wy (A) +
Wo (T'F). We shall bound Wy (I'") using (88). Suppose that ¢ € Q(7), and let
R =diam Q(7) +40(Q(7)). Then N4(Q(7)) C Br(q). We claim that for all
s € R, we have Wy (I'")(s) Skx VBu(q)(T)(s). Indeed, if i = [s], then

~

(95) Wy (TH)(s)= > 2772 (Ny(Q)ND,I™).
QETNA;

The sets {N4(Q) : Q € T N A;} have multiplicity bounded by a quantity that
depends only on k and K, and they are all contained in Bg(q). It therefore
follows from (95) that

Wy (1) (5) Sk 275742 (Br(q) N DI = Vg, T)(s),

2k+1

which is the required point-wise estimate. By the assumption of Proposition 55
we deduce that
(96)

(88)
IWs (T |y 2y Soic |80 T,y Sre AR =i Ao (Q(T))

2k+1
Lp(R) ™ '

Due to (96), to establish (94) it suffices to show that [[Wg (A)|L,®) Skx
o(Q(T))* 1. Let p = & (thus 6 < %) and let {¢; }ier € 10Q(T) and {4B; =
Bpdy (e;)(¢i) Yier be the covering constructed in Lemma 54. Let A" = AN
N4(Q(T)). By Lemma 56, A" C | J;e;4B; UT.

For s € R and F C HZ+! let U, F % FUFZ2Y . For every Q € A, define

- det HPFT2(N4(Q) NUsF)
v (Fa Q)(S) - 9s 1{@<23§0‘(Q)}7

and let W4 (F) % > 0eg V(F;Q). Then DyF C UyF, and therefore we have

the point-wise inequality V'(F; Q) < V(F;Q). Importantly, V'(-; Q) is subad-
ditive, i.e., if F,G C H?**!, then V/(F U G;Q) < V(F; Q) + V' (G; Q). Conse-
quently, Wy (A") < Yies W5 (4B;).

Let y = ¢; € 10Q(T) for some i € I, and let B = 4B; = By, ()5(y). As
@ ranges over A; for some j € Z, the sets Ny(Q) cover UsB with multiplicity
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bounded by a quantity that depends only on k, K. Hence, for any s € R, we
have

c7€%+2(USB) < dg(y)2k+2
28 ~ 28 '

(97) 0 < Wz (B)(s) Skx

We claim that if W2 (B)(s) > 0, then 2° > dg(y)/24. Indeed, suppose that
Q € 7 and s € R are such that V(B;Q)(s) > 0. Then 0(Q)/2 < 2° < 0(Q)
and (BUBZ2" )N N4(Q) # @. Let x lie in this intersection. Since z € N4(Q),
we have dy (z) < 50(Q), and since z € BU BZ2", we have

d
) )

Since dg is 1-Lipschitz, it follows that

d(z,y) <

+40(Q).

7 (9) < d (2) + d(r,) < T 4 00(@).

Solving for dg(y), we find that dy(y) < 120(Q) and thus 2° > dz&y). Conse-
quently,

W3 (Bl ) = ( I W4<B><s>pd5)p

082 d‘rfgiy)
1
(97) o0 dg (y)P(2k+2) v
< wINI) < 2k+1
Sk K (/1 ") ops dS) Sdy(y)™ .
082 31

This proves that

W (AL, @) < D IWHAB) | L, ®) Sk Y dg (e)
il iel
The sets {OF N B;}ies are disjoint, and for each i, #?**1(0E N B;) <
dy(c;)**1. Since ¢; € 10Q(7), we have dy(c;) < 116(Q(7)). Therefore,
JFE N B; C12Q(7), and

W (AL, @) Sk D da(ei)?
i€l
= q* 1 (oBN | Bi) < #*1(12Q(7)) < o(Q(7))
i€l

2k+1

Now we correct for the difference between Wy (A’) and Wy (A). Suppose
that @ € J and s € R satisfies 0(Q)/2 < 2° < 0(Q). If in addition @ #
Q(7), then o(Q) < 0(Q(7))/2, and therefore N4(Q)UN4(Q)Z 2" C Ng(Q) C
N4(Q(T)). Consequently, Ny(Q) N DsA = Ny(Q) N D;A". Hence, Vv(A;Q) =
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v(Q; A), and therefore Wy (A) = Wa(A') +V(A; Q(T)) —v(4';Q(T)). So,
(98)
W5 (A) 1, z) = W (4) +9(4; Q(T)) = 9(43 Q7))
%2k+2(N4(Q(y))>
o(Q(7))/2

)2k+1

< Wy (AL, m) + 2 < o(Q(T)

Therefore, for any 7 € F,

[Wa (E)llL, @) < W7 (AL, @) + 1Ws ()L, ®)
(96)A(98)
Sk (A +1)0(Q(S))
This completes the justification of (94).

By combining (94) with the Carleson packing condition on Fys, (91), and
(93), for any M € A,

Way (B)lz, @ < 1Way (B, + D Wr(B)|L,®)
TEFnm

Sk Co(MP* 4 (A+1) > o(Q(7))
TEFnm

2k+1

2k+1

S C(A +1)o(M)*H,
thus completing the proof of (90).

Finally, we bound |[Vg, (E)||,®). Let Mi,..., M, € Ag be the set of
cubes such that Bs N M; # @ for all i € {1,...,m}. The number of such cubes
is bounded by a quantity that depends only on k and K. If Q@ € A and N4(Q)N
B # @, then @ C M; for some i € {1,...,m}, so for every s < 0, we have
Vi, (E)(s) < Sy Wa,, (B)(s). Hence by (90) we have v, (E)HLP(_OO )
C(A +1). On the other hand, if s > 0, then Vg, (E)(s) < 273#?*+2(B;) < 27%,
SO HVBl (E) L,(0,00) < 1, and we conclude that [[Vp, (E)||, @) Skx C(A+1),
as desired. O

Sk.K

8. Decomposing surfaces into Ahlfors regular pieces

In Section 7, we established Theorem 36 for sets admitting a corona de-
composition. In this section and the next section, we will prove it for cellular
sets and show that this implies Theorem 36 in full generality. The following
theorem will be proven in Section 9.

THEOREM 57. Fiz C,r € (0,00). Let E C H?**! be a set such that
(E,E°,0F) is (C,r)-reqular as in Definition 45. Then there ezists K =
K(k,C) € (0,00) such that the pair (E,0F) admits a (K,r)-corona decom-
position as in Definition 53.
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Theorem 57 asserts that local Ahlfors-regularity implies the existence of
local intrinsic corona decompositions. In order to apply this structural state-
ment, in this section we shall prove a further structural result that provides
a decomposition of a general finite-perimeter cellular set into pieces that are
locally Ahlfors-regular.

LEMMA 58. There exists C' = Cy > 0 such that if E C H?**! is a finite-
perimeter cellular set, then one can find n € N, {a;}72) C HZ+1 {5,371 C
[1,00) and a sequence Ey = E, Ex,...,E, = @ of subsets of ]1-]I%Jr1 such that
if we denote B; = Bs,(x;), then the following assertions hold true:

o (E;, ES,0F;) is (C, s;)-regqular for every i € {1,...,n}.
o B, ANE;+1 C B for everyi € {0,...,n—1}.

° Zn 1 2k+1 < <7€2k+1(6E)

o For every p € [1,00), we have

n—1
(99) V(B 12, ) < CH*H1OE) + Y [ (BD), -
i=0 b

Before proving Lemma 58, we now show that Theorem 36 follows quickly
from Theorem 57 and Lemma 58, in combination with the results that we
already proved in Sections 3, 5 and 7.

Proof of Theorem 36 assuming Theorem 57 and Lemma 58. In Section 3
we have already shown that Theorem 36 follows from Theorem 39, i.e., its
special case for cellular sets. So, suppose that ¥ C ]1-]12”CJrl is a cellular set with
HP*HLOFE) < 0o. Let n € N, {8172, {Ei} o, {Bi}I=) be as in Lemma 58.
By Theorem 57 we know that for every i € {1,...,n}, the pair (E;, 0E;) admits

a (K, s;)-local corona decomposition with K < 1. By combining Proposition 41
and Proposition 55 we see that Vg, (E;) S szk+1 for every i € {0,...,n —1}.
Hence,

n—1
V(B o2y S #P1OB) + > (v, (E)
=0

Lp(R)

n—1
S W2k+1(aE) + Z 8?k+1 g c7€2k+1<8E),
i=0
where the first inequality is (99) and the final inequality uses the third assertion
of Lemma 58. O

The remainder of this section is devoted to the proof of Lemma 58. To do
so, we will need some preparatory definitions and lemmas regarding cellular
sets. Recall that E C H2*t! ig cellular if it is a union of translates of the unit
cube Cy = [—3, 3]***! by elements of H2FT!. The set of all translates of Cp
by elements of HZ"™ gives rise to the unit lattice T+, If C' € 12#*1, then

C = h(C)y for some h € H%kﬂ, which we denote h¢.
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For x,y,z > 0, let Cy 4 . be the cuboid [—z, o) x[—y, y]*¥ x [z, 2] C HZF+L,
If h e H%kﬂ and 7 > 0 is an integer, we define the cellular ball BY(h) to be
the set

BY(h) € h- B2 € n(HEINC,,,2)Co.

LEMMA 59. There exists ¢ = ¢ € (0,00) such that for all g € H%kﬂ and
all € N andpe (0, 00),

b Br/c( ) ( )C Bcr( )

° gngH(B ) 2k+2

. %Zk-i-l(a ) 2k:+1
H BD(Q)) 2k+1

Proof. Tt suﬁ‘ices to consider the case that ¢ = 0. The first and second
assertions follow from (23) and the fact that #2**2(B,) < r2k+2,

If D e t2k+1 g adjacent to the cell Cp, then there is a v € Cy N D. Then
v,hf)lv € Cp,s0 hp € Co-Cal = C2. By (21), C2 C Cii,14k/a- Let AC 2kl
be the set of (2k + 1)-cells contained in BY that intersect OB. Each element
of A is adjacent to some cell D such that hp ¢ C, , 2, so if C' € A, then
he ¢ Cr—l,r—l,rz—ri' Then A C Cr,r,rz ~ Cr—l,r—17r2—2kr’ so [A] 2t
Since the boundary of BY is contained in the boundaries of the cells of A, we
have #2%+1(0B(g)) < r?**1. On the other hand, Lemma 20 implies that
#2+1(9BY) > r?+1 This proves the third assertion.

Finally, to bound the vertical perimeter of BY, note that BY consists of
the union of (2r + 1)2* “stacks” of parallelepipeds, i.e., regions of the form
Shn = Uito hZ'Cy for some h € H%kﬂ and some height n < r2. Each such

min{22°

> ) for every

stack is a single, very tall parallelepiped, so V(Sh,)(s) =
s € R. It follows that
: 25 .2
V(B (s) = (2r 4 1% 22T
28
= p2ktl O
Lp(R)

We will need the following discrete version of Ahlfors regularity.

By integrating these estimates we conclude that HV(B'E)‘

Definition 60. Fix C,r,s > 0. A set A C H?**! is discretely (C, r)-Ahlfors
s-regular if
pS
o <H(ANB(@)) < Cp°
foralll<p<randallze H%kﬂ such that #*(zCy N A) > 0.
We will use the same convention on dimension as in Definition 45. That
is, if £ C H?**! and we say that E is discretely (C,r)-regular, then it will be
understood that E is discretely (C, r)-Ahlfors s-regular with s = 2k+2. When
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we say that OF is discretely (C,r)-regular we mean that OF is assumed to be
discretely (C,r)-Ahlfors s-regular with s = 2k + 1.

By Lemma 59, a (C,r)-regular set is discretely (C’,r)-regular for some
C" > 0 depending on C and k. Conversely, any union of s-cells of T2¢*!
is locally Ahlfors regular on sufficiently small scales, so if F is cellular and
(E, E<,0F) is discretely (C,r)-regular, then it is also (C’,r)-regular for some
C’ > 0 depending on C and k.

Recall that Lemma 20 is a relative isoperimetric inequality for subsets of
balls in H?**1. By Lemma 59, Lemma 20 also holds (with different constants)
for subsets of cellular balls; i.e., there exists S = S € (1, 00) such that if r > 1
and h € H**! then
(100)

#2+2(E N hBY) - 22 (B N hBY) o _ r#PHH OB N hBS,)
p2kiz (BTD>2 ~ Fp2k+2 (hBE,,)

Proof of Lemma 58. We will construct the {E;}?, inductively, by choos-
ing appropriate cellular balls H; = BE (z;) with r; > 1 and letting

2
(101) Ei+l = ?f2k+2(H¢)'

. 2k+2 .
et {E UH; it 3%42(E; 0 Hy) > 220
2

E; < H; if #%*2(E;n H,;) <

This ensures that E; will be a cellular set for all i € {1,...,n}. By the remark
above, (E;, ES,0F;) is regular if and only if it is discretely regular.

The most important factor in choosing the cellular ball H; is that the
size of OF; must decrease quickly as i increases. Specifically, we claim that
for any finite-perimeter cellular set £ = Fy, we can choose a cellular ball
H = Hy = B[} (z0) = B7(«) so that if By is defined as above, then

(102) #H(OF) 3 (0Fr) = HH (HNOE) - # 1 (HNOEy) 2 12,

Let ¢g > 0 be a large constant to be determined later, and let S be as
in (100). Let r € N be the largest integer such that OF is discretely (co,r —1)-
regular and F, E¢ are both discretely (c(()%“)/(%ﬂ),r — 1)-regular. Since E
is cellular, we can assume r > 10S by taking ¢y to be sufficiently large. Any
ball of radius r can be covered by boundedly (depending only on k) many

balls of radius r — 1, so (F, E€,0F) is discretely (c1,r)-regular, where ¢; =<

(2k+2)/(2k+1)
CO .

If r > diam E, then we can take H to be a ball of radius 2r containing F, so
that £y = @. Since OF is discretely (co,r — 1)-regular, we have #?**1(0F) >
r2*+1 and thus (102) holds. Otherwise, suppose that r < diam E. Then one of
the following conditions holds:

(1) There is € OF such that #**+1(0E N BY(z)) > cor?*+1.
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(2) There is € OF such that #?*+1(9E N BY(x)) < ¢y 'r2ktL.
(3) There is x € F such that #%*2(En B (z)) < c_(2k+2)/(2k+1) 2k+2
(4) There is € E€ such that #?**2(E° N BY(x)) < 06(2k+2)/(2k+1)r2k+2.
We will handle these cases one by one.
If Case (1) holds, take H = BY(x). So, #?***1(H N 0FEy) > cor?**! and
HPHYH N OE) < r2kFL If ¢ is sufficiently large, then this implies (102).
Next, suppose that Case (2) holds. Then #2*+1(9ENBY(z)) < ¢y tr2F 1,
so by (100) we have

mln{%%-i_z(EmBLr/SJ( )) F k+2<ECmBLr/SJ( ))}
7,2k+2

HHFHLOEN B (2)) \ ™7 2w
S 72k <ot

Hence,

+
(103) min {gg2k+2 (E N BLDT/SJ (x)> : Gp2k+2 (Ec N B‘I_jT/SJ (Z’))} S 2k+1 r2k+2
Suppose that 362]‘/’+2(E’F1BL /SJ( )) < qePk+2 (E‘:ﬁBL /5] (aj)) Then by (103),

+
k O k

(104) #*2 (B0 BYg (@) < 6 I k42
By the pigeonhole principle, it follows that there is an integer r. € [53, 5] such
that

Fp2k+1 (EmaBD (x)) < ¢y NG p2k+1

Tx

Let H = BY(z); note that r. > 5. Due to (104), if ¢o is large enough, then
Ey = E~ H by (101). By the regularity of O0F, we have
(105) FHPRTUHNOE) > cgtr2h L.
On the other hand, H N0F; C ENJH, so

(106) FHPFHYHNOE) < 2kil P2 o %Tfk—kl.

The implicit constants above are independent of ¢y, so if ¢g is sufficiently large,
then
%2k+1(HmaE> %2k+l(HmaE1) —1 2k’+1
as desired.
We argue similarly when #(2*+2 (EﬂBL ss)(@ )) > ge2k+2 (ECHBWSJ( ))
In this case, by (103),

2k+2

%2k+2 (Ec mB\_r/SJ( )) < 052k+1

T‘2k+2.
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Choose 7. € [55, | such that
_ 2k+2
%Qkﬂ(ﬁm aBE (x)) < ¢y 2H1 2k

and let H = BY(x). Again, 7* > 5 and if ¢y is large enough, then by (101) we

have Fy = EU H. Then (105) holds as before and H NdE; C E<NJH, so

(106) holds as above. If ¢ is sufficiently large, then (106) implies (102).
Finally, Cases (3) and (4) are symmetric, so we consider only the case that

_2k+2
(107) HM2(EN B () < ¢ 1?2,

—1/(2k+1)
0

Hence there exists p < ¢ r for which

2B (x)) > #*2(E N B (2)).

This implies that BE(CC) intersects OF, say at y € BD($) NOE. If ¢y is suf-
ficiently large, then p < r/4, so BTD/4(y) - BT/Q( x). By the (r — 1)-local
regularity of OF,

2k+1
(108)  #*F(BP(x) NOE) > #* ! (BE(y) N 0E) > ¢! (4) .

On the other hand, by the coarea formula, by (107) there is 7* € [5,r] such
that if H = B-(x), then

2k+2
(109) %Qk—‘rl(H N 8E1) 2k+1 2k}+1

Comparing (108) and (109), we see that (102) holds when ¢ is sufficiently
large.

Applying the above procedure inductively, we obtain {E;}? , and {H; =
BE (x;) ;‘:01 such that

(110)  Vie{0,....n—1},  #*NOE;) — #H* TV OE; ) 2 r2F 1,

Let s; = diam H; < r; 2 1 and B; = By, (x;) for alli € {0,...,n—1}. We claim
that this sequence satisfies the conclusions of Lemma 58. Firstly, each step of
this iteration decreases #2**1(0E;) by a definite amount, so the construction
eventually halts. By (110), we have
-1
%2k+1 (8E) — nz (%2k+1(8E) %2k+1 8E > Z T2k+1 - Z 82k+1
i=0
By construction, there exists C' = C}, € (0, 00) such that (E;, ES, 0E;) is (C, s;)-
regular and E; A E;11 C B; for alli € {0,...,n—1}.
Finally, up to a set of measure zero, for every i € {0,...,n — 1}, either
E,ANFEiv1 = H; N EZC or B;AF;+1 = H; N E;. Since VHZ(EZ) = VHi(Ef),
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Lemma 24 implies that in both cases we have
[V(E:)(s) = 9(Eis1)(s)| < V(E; A Eip)(s)
< Vi (Ei) (s) + V(Hi)(s) < Vg, (Ei)(s) + V(Hi)(s)
for all s € R. Consequently,

n—1

VseR,  [N(E)(s) < Y (s (Ei)(s) + V(Hi)(s))-
i=0
Using Lemma 59, we therefore conclude that there exists C’ € (0, 00) such that

19(E) ., i (o, (B

< C'HFH(OE) + Z HVBi (E))
=0

+ C's 2k+1)

Ly(R)’

9. Constructing corona decompositions

In this section, we prove Theorem 57. Recall that we are given C,r €
(0,00) and E C R?*! such that (E, E¢,0F) is (C,r)-regular. Our goal is,
given A, 0 € (0,00), to construct a (K,vy, A, 0, r)-corona decomposition for the
pair (E,0F), where K is allowed to depend only on k£ and C' and the Carleson
packing constant vy is allowed to depend only on C, k, A, 6.

To start, as we recalled in Section 6, since OF is (C, r)-regular, we may ap-
ply the classical construction of Christ cubes [27], [32] to obtain a (K, r)-cubical
patchwork {A;}ic|iog, »| of OF, where K = K(C, k). The cubical patchwork A
will be used below to build the desired coronization.

We will first give a brief outline of the argument, proceed to introduce the
key concept of monotone and 6-monotone sets, and then prove Theorem 57.
As in Section 6, for every Q € A, we define Ny(Q)) = nbhds)(Q) and
pQ = OE N Ny(Q). The proof follows these steps:

(1) We show that for every ¢ > 0, there are sets Gy, Bo C A such that A =
Go U By, By is Carleson, and for every () € Gy, there is a half-space Pg
with bounding plane FPg such that

dx, @ (P E) < 20(Q).

To prove this, we adapt the results on the stability of monotone sets proved
in [26]. In that paper, quantitative stability results were proved for mono-
tone sets in H?. Similar techniques would lead to a corresponding stability
statement for H2**1, but to keep this paper self-contained we will give a
much simpler nonquantitative proof of the stability of monotone sets in
H?25+1 that suffices for the present purposes.
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(2) We improve the previous result by showing that for all e, there are sets
@, B such that B is Carleson and such that for all @ € @, there is a vertical
half-space VJ with bounding plane V such that

dv, (@) (V3 B) < eo(Q).

This step uses the fact that a horizontal plane in H***1 is not homogeneous.
A horizontal plane is the union of the horizontal lines through a point, so
it has a natural center. The intersection of a horizontal plane with a ball
far from its center is close to a vertical plane, so if F is close to a horizontal
plane P on a ball, then FE is close to a vertical plane on most smaller balls.

(3) For any 1 > 0, we construct a coronization (B, G, F) of OF based on the
sets of good and bad cubes from the previous step. This coronization has
the property that if § € F is a stopping-time region and Q(§) is the maxi-
mal cube of &, then all Q € F satisfy the angle estimate Z(Vg, Vq(s)) <.
As in Chapter 7 of [30], we construct the stopping-time regions by starting
with a maximal cube, then adding descendants of that cube as long as
they satisfy certain conditions. The main difficulty is proving that this
construction does not produce too many stopping-time regions, i.e., that
the maximal cubes of these regions satisfy a Carleson packing condition.

(4) Finally, we show that this coronization is in fact a corona decomposition by
showing that for all & € &, there is an intrinsic Lipschitz graph satisfying
Definition 53. We construct this graph by using a partition of unity to
glue together the different planes Vy as @) ranges over &. This is similar
to the argument in Chapter 8 of [30], with some complications that arise
from the Heisenberg group setting.

9.1. Monotone and d-monotone sets. One of the main tools in this section
is the notion of nonmonotonicity used in [26]. We will review the definition
of nonmonotonicity and state some results relating the nonmonotonicity of
E to the intersections of E with horizontal lines. Note, however, that our
versions of w; and w; count intervals of length between 2/~ and 27, while the
corresponding measures in [26] count intervals of length between &1 and &/
for some 0 < 6 < 1.

Definition 61 (monotone sets). A measurable subset K C R is said to be
monotone if the characteristic function 1 is monotone up to a set of measure
zero. FEquivalently, up to a set of measure zero, K and R~ K are both intervals.
A subset F' C R” is said to be monotone if for almost every line I C R™, the
intersection F' N L is monotone.

We say that a measurable set £ C H?**1 is monotone if for almost every
horizontal line L, the intersection £ N L is a monotone subset of L. We say
that F is monotone on an open subset U C H2**1 if for almost every horizontal
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line L, the intersections EN L NU and E N L NU are both, up to a set of
measure zero, the intersections of L N U with intervals.

We will see in the next section that monotone subsets of R™ and H?2*+!
are, up to a set of measure zero, half-spaces; this generalizes a result that
Cheeger and Kleiner proved [24] for H3.

Let £ be the space of horizontal lines in H2**!, and let £ (B,(z)) be
the set of horizontal lines that intersect B,(z). Let 71 be the unique (up to
constants) measure on L that is invariant under the action of the isometry
group. We normalize 11 so that 1(L(B,(x))) = r2++1.

If U C H?*! and L € £, define

NMy (E, L) = inf {/

1; -1 d#?} . I is a monotone subset of L7 .
L
LNU

The nonmonotonicity of E on B,(z) is defined by

1
111 NM_xE:/ NMp, ) (E, L) dn(L).
(111) B()(E) = 51 ) By (x)(E, L) dN(L)

The normalization by r2**2 makes NM B, (z)(E) be scale-invariant; i.e., we have
NMg,, (0)(5¢(E)) = NMp, (0)(E)

for all t,7 > 0. A set E C B,(x) is said to be d-monotone on B,(z) if
NMBT(x)(E) < 8.

One can express the nonmonotonicity of £ using the kinematic formula.
This formula writes the perimeter of a subset of H?**! as an integral over
the space £ of horizontal lines in H?**!. Recall that, by Lemma 22, if
#H*HL(OFE) < oo, then E has finite perimeter and Perg(U) < #%+1(U N OE)
for any open set U C H?**! If E is a set with finite perimeter, then for
almost every horizontal line L, the intersection F' = L N E is a subset of L
with finite perimeter. Hence there exists a unique collection of disjoint closed
intervals J(F) = {I1(F), I2(F),...} such that F A|JI(F) has measure zero.
The boundary 0| JJ(F) is a discrete set, and the perimeter measure Per(F') is
the counting measure on 9| JJ(F); see [2] or [26] for these basic statements.
This description leads to the following kinematic formula; see [88] or equation
(6.1) in [26]. There is ¢ > 0 such that for any finite-perimeter set £ C H?*+!
and any open subset U C HZF+1,

(112) Per(E)(U) = C/J Per(ENL)UNL)dN(L).

In [26] the perimeter measure is further decomposed as follows into mea-
sures based on the lengths of the intervals in J(E N L). For every L € L and
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j EZ, let

Ci(E,L) ¥ {Ic9(ENL): 2" <length(I) < 2/}

and
Co(E,L)y={I € 9(ENL): length(]) = oo}.

For every j € ZU{oo}, let §;(F, L) denote the set of endpoints of the intervals
in C;(E,L). Let c be as in (112), and let w;(E, L) be ¢ times the counting
measure on §;(E, L). If we let

wy(E)(4) < /J wy(E, L)(4) dn(L)

and
. def W;(E)(A) +w;(E)(4)
@ (B)(A) e A
then
(113) Per(E) = )+ Y wi(E
JEZ

Furthermore, we can use the measures {W;};ezu(s0} to bound the non-
monotonicity of F. If L € L and the intersection £ N L has finite perimeter,
then after changing F on a measure-zero subset, we can partition L into in-
tervals Jp, ..., J,, arranged in ascending order and each with positive length,
so that the J;’s are alternately contained in E and disjoint from E. Suppose
that Jy,Js,... C E. Then Jo,...,J,_1 all have finite length, and there is an
interval J = J; or J = L (depending on whether n is even or odd) such that

NMHMI(E,LK/ 11y — 1| d#;
LﬁU

Zlength 223 w;(E, L)(H* ).
JEZ

(If Ja, Jy, ... C E, then the same inequality holds for either J = J,, or J = @.)

A similar inequality holds for local nonmonotonicity. Let r > 0, x €
H2*+1 q = inf(B,(z) N L), and b = sup(B,(x) N L). If m < M are such that
a € Jpy, be Jy, then

NM3, (; Z length(/J,
=m-+1
For each of these intervals, we have length J; < b —a < 2r, so
[1+logyr]
(114) NMg, (B, L) S Y. 2" -w(E,L)(U).

The following proposition is a simple consequence of the above discussion; see
[26, Prop. 4.5].
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PROPOSITION 62. Fiz C,r > 0. Suppose that E C H?**! and that OF is
(C,r)-regular. For every x € H?**1 if we denote B = B,(x), then

[1+log> 7] o wn(E)(B)
(115) MEE)SC D paE)B)

n=—oo

Proof. Integrating (114) and using the regularity of OF, we find that

g Z]’l—i—logz ] on | 'l/U\n(E)(B) [1+logy 7] on {U\n(E)(B)

n=—oc S

~ H2++2(B) ¢ X r  Per(E)(B)

n=—oo

NMp(E)

Due to (113), we have % < 1 for every n € Z, so the sum in (115)

is typically dominated by the terms where 2™ is close to 7.

9.2. d-monotone sets are close to planes. By [24], every monotone subset
of H? is, up to a set of measure zero, a half-space bounded by a horizontal or
vertical plane. This statement was quantified in [26], showing that d-monotone
sets are quantitatively close to half-spaces. Specifically,

THEOREM 63 (Theorem 4.13 of [26]). There exists a > 0 such that for

all e > 0, if E C By C H3 is measurable and NMp, (E) < %, then there is a
half-space Pt C H? such that

H((EAPY)NBa) _

F4(B.3) ~

While we were motivated by this result, we will not use it in our proof.

E.

Instead, we will use a higher-dimensional qualitative version (Proposition 66
below) that states that as 6 goes to 0, &—monotone sets approach half-spaces.
We will not need a quantitative estimate on the rate of convergence, so we can
avoid the careful estimates necessary to prove Theorem 63.

We will first classify monotone subsets of R” and H?**!. Then, using a
compactness result we will conclude that d-monotone sets are close to monotone
sets. Starting with the Euclidean setting, the following lemma asserts that
monotone subsets of R™ are half-spaces.

LEMMA 64. If FF C R" is measurable and monotone, either #™(F) =0,
H™(R™ . F)=0, or there is a half-space PT™ CR" such that #"(F A P*)=0.

Proof. Breaking (locally) from notational conventions in the rest of this
paper, in the ensuing proof of Lemma 64 all the distances and balls are with
respect to the Euclidean metric on R”.

Suppose that x1, o € R™ are density points of F' and that y is on the line
segment between them. We claim that y is a density point of F. Let ¢ > 0, and
let 0 < r < min{d(z1,y),d(x2,y)} satisfy H" (B, (x;)NF) > (1—e)H"™ (B (z;)).
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Let £p be a line passing through B, 3(r1) and B, /3(z2) such that for almost
every line ¢ parallel to £y, the set F N £ is monotone.

Let A be the set of lines parallel to £y that pass through B, /3(y). Let p be
the Lebesgue measure on A, normalized so that n(A) = 1. Since d(¢y,y) < r/3,
every line £ € A intersects By, 3(w;) for i = 1,2. It follows that every £ € A
intersects B,(z;) in an interval of length at least 2r/3. Let

x 4 {E € A: F N/ is monotone, %1(€ﬁFﬂBr(m1)) > 0,

and 7' (N F (1 By(w2)) > 0}

If £ € X, then the interval £N B, /3(y) lies between £ N B,.(x1) and £ N B;(z1),
so the monotonicity of F' N ¢ implies that #'(¢ N B.(y) N F<) = 0. On the
other hand, if £ ¢ X, then either N B,(x1) or £N B,(x2) is an interval disjoint
from F', and therefore

5‘51(6 NFeN (B(z1) U BT(:BQ))) > 231

By integrating over A, we find that
HEH2(B, (21) O FS) 4+ F02(By () O FC) > 231u(A X)L

so u(A N X) < e. It follows that
H" (B, y3(y) N FF)

H™(Br/3(y))
We have shown that the set of density points of F' is convex. By symmetry,

SHANX) Se.

the set of density points of F'€ is convex. Since these sets are disjoint and their
union is all of R™ except for a set of measure zero, the sets of density points
of F and of F© are either empty, R", or half-spaces. O

Theorem 5.1 of [24] asserts that monotone subsets of H? are half-spaces.
By combining, this with Lemma 64, we will show that the monotone subsets
of H?*+1 are half-spaces.

PROPOSITION 65. If F C H?**1 is monotone, then, up to a set of measure
zero, we have F = @, F = H***1 or F is a half-space bounded by a plane.

Proof. Recall that multiplication on H?**! is based on a symplectic form
w on R%*. We identify R?* with C*¥ so that w(z,w) = Im(3%_, Ziw;). Let
mt: H?+1 — C2F be the abelianization map. We claim that up to measure
zero, F is a half-space of H?**!. (Recall that half-spaces of H?**! coincide
with half-spaces of R?*+1))

If v € CF < {0}, let H, = w *(Cv). This is a subgroup of H?*+! that
is isometrically isomorphic to H®. If h € H?**! and v € C* is a unit vector,
let H(h,v) = hH,. By the left-invariance of the Carnot—Carathéodory metric,
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each such coset is also isometric to H>. Let 8§ be the set of such cosets. Any
horizontal line L € L is contained in a unique element of 8, which can be con-
structed by letting v be parallel to the line 7(L). The set £ of horizontal lines
in H2¥*+1 thus fibers over 8, and the fiber is the set £} of horizontal lines in H?3.

By Fubini’s theorem, if F' C H?**1! is a monotone set, then for almost every
H(h,v) € 8, the intersection F' N H(h,v) is monotone. If F NH(h,v) is mono-
tone, then by [24, Th. 5.1], up to a measure zero set, FNH(h,v) € {@,H(h,v)},
or F NH(h,v) is a half-space in H(h,v). In each case, H(h,v) is a 3-plane in
H2*+1 and F N H(h,v) is monotone not just along horizontal lines but along
all lines in H(h,v).

For almost every line ¢ C H?**! (not necessarily horizontal), the projec-
tion 7t(¢) is a line in C*, and if v € C* is parallel to 7t(¢), then ¢ C H(h,v)
for some h € H?*+1. For almost every such ¢, the intersection F N H(h,v) is
monotone, so F' N /¢ is monotone. By Lemma 64, F' is, up to a measure-zero
set, either empty, all of H2**1, or a half-space, as desired. O

PROPOSITION 66. For any €,p,c > 0, there exists 6 > 0 such that if
F C H**1 s measurable, OF is (c,p)-reqular, and NMp, (F) < 8*F3 then
there is a half-space Pt C H?**! such that
FR2((F A PH)N Bsp)
%2k+2(359)

<e.

Proof. After rescaling, we may suppose that p = 1. If the assertion of
Proposition 66 does not hold true, then there is a sequence {F;}2; of subsets
of H?**1 such that OF; is (c, p)-regular and such that for every i € N, we have
F; C By, NMp, (F;) <7273 and such that for any half-space P+ C H2?*+1,
HFH2((F APY)N Byy;)

H (B )
For every i € N, denote S; = s;(F;). Then S; is (c,i)-regular, so if r > 0,
r € H?**!' and i > r, then #%*TY(B,.(x) N 0S;) < cr? 1. By Lemma 22,
this implies that the sets S; have uniformly locally finite perimeter, so by
Proposition 19, we can pass to a subsequence such that 1g, converges in LllOC

to the characteristic function of some S C HZ**1, We claim that S is monotone.
We have NMp, (S;) = NMp, (F;) < i~2k73 5o by (111),

(116)

/ NMg, (S;, L) dN(L) = i** T2 NMg, (S;) < 1
L(Bi) ¢

Again passing to a subsequence, we suppose that for almost every line L € [,
the intersection LN.S; converges in L°° to LN S and lim; o, NMp, (S;, L) = 0.
That is, there is a sequence I; C L of monotone sets such that

(117)

ziglo HlBiﬁIi - 1BzﬂSiHL1(L) =0.
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For any r > 0, the sets LN B, NS; converge (in L1) to LN B,NS. By (117), the
sets LNB,NI; also converge to LN B,NS. A limit of monotone sets is monotone,
so L NS is monotone. Since this is true for almost every L, we conclude that
S is monotone and thus there is a plane P such that #?***2(S A P*) = 0.
But by (116), we have #2*+2((S; A P*) N By) > e#?+2(By) for all i. This
contradiction completes the proof of Proposition 66. ([

Lemma 67 below shows that when (F, F'¢, 0F) is regular and F is d-mono-
tone, Proposition 66 also implies that F' and P are close in the local distance
(Definition 51), which will be necessary to construct a corona decomposition.

LEMMA 67. Fix C' > 0. For any © > 0, there exists € > 0 such that if
r >0, (F,F,0F) is (C,r)-regular, x € H?**1 and P+ C H**! is a half-space
satisfying
HRH2((F A PY)N By(x))
Fp2k+2 (Br(x))

<&,

then dBT/Q(x)(F7 P+) < %

Proof. Without loss of generality, we suppose that 8 < i. Take any € € R
that satisfies

2k-+1 2k-+1
(118) 0 <& < min 0 , J
O Fe2k+2 (Bl(m)) 2

Suppose that y € (Pt~ F) N B, 5(x). If d(y, P) > 6r, then Bg,(y) € P+ and
thus

HP2((F A PYYN By(x)) = #H2(Bop(y) N F)

(6r)2F+2 (118) 2k+2
= T > e (Br(l‘))

This is a contradiction, so d(y, P) < 0r. Replacing F by H?**! \ F and P+
by P, we find that d(y, P) < 6r for all y € (F . PT) N B, j5(x).

Now suppose that y € (FAPY)N B,y(zx) and d(y,0F) > 6r. Then
denote

Pt N B (y) ifyePT,
| PPN Bg,(y) ifyeP-.
By applying a translation, we may suppose that y = 0. Let R be the plane
through 0 that is parallel (in the Euclidean sense) to P. Orient R so that
RY N By, € A. Recall that for all z € H?**! we have 27! = —z, so
(RT)~! = R™. By the left-invariance of the metric, we have d(0, g) = d(g~*, 0),
so (Rt N Ber)_l = R~ N By,. The inverse map is measure-preserving, so
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FH22(RT N By,) = #*+2(R™ N Bo,) = 1#***2(By,) and thus

%2k+2((FAP+) N Br(a:)) > 3(’2k+2(A) > %2k+2(R+ N B@r)

(118)
>

1
>§3€2k+2(39r) e#H? 2B, (2)).

Again, this is a contradiction, so d(y,dF) < Or. O

9.3. Most cubes are close to a plane. Now we begin the proof of Theo-
rem 57. The first step is to show that if (F, E€, OF) is regular, then most parts
of OF are close to a plane. Specifically,

PROPOSITION 68. For every C,e > 0, there exists K > 0 with the fol-
lowing property. Suppose that r > 0, and let E C H***! be a set such that
(E, E°,0F) is (C,r)-reqular. Let A = {AZ}ZU:O?O;J be a (C,r)-cubical patchwork
for OF. Denote

Go(e) def {Q € A: 3 aplane Py such that dy (q) (Pg,E) < eG(Q)}.

(PéIr is one of the half-spaces bounded by Pg.) If Bo(e) LN Go(e), then
Bo(e) is K-Carleson.

Note that by rescaling, we may suppose that »r = 1. We will prove the
Proposition 68 by showing that most cubes in A have small nonmonotonicity,
then using Proposition 66 to conclude that most cubes are close to planes.
For simplicity of notation, all the implicit constants in this section and the
following sections will depend on C.

First, we decompose NM(F) into pieces based on cubes. Namely, for
every integer j < |log, 7] and Q € A;, denote w(Q) = w;(£)(Q). This counts
segments with an endpoint in @) that have lengths between 0(Q)/2 and o(Q).

LEMMA 69. For any Q € A, we have

> w(@) S o(@*.

Q'eA

Q'CQ
It follows that for any € > 0, the set B(e) def {QeA: wQ)>eo(Q)?,F1} s
O(1/e)-Carleson.

Proof. Suppose @ € A; for some integer i < |logyr|. Then, using the
regularity of OF,

> @)= 3 3 am(@)
Q/EA j:_OOQIEAj
Q'CQ Q'Cq
- EZ: w;(E)(Q) (1%3) Per(E)(Q) < o(Q)?* L.

j=—o00
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This implies that B(e) is O(1/ 5)-Carleson because

1 O_(Q)Qk-H

> oo@prtis Y Ml s ue) s M
Q'eB(e) Q’e@ () Q'eA
Q'CQ Q'CQ Q'CQ

If Q,Q" € A and n > 1, we say that Q and Q" are n-close if

(119) (?((g’)) €27",2" and d(Q, Q") < 2"max{c(Q),c(Q")}.

If § C A, denote
OB {Q € A: Q@ is n-close to an element of §}.

Any cube that is n-close to ) intersects Noy2.(Q) and satisfies (119). By
Definition 46, if Q € A; and j < 4, then

, , %ZkJrl N2 (Q)
(120) (@' ed;: @NNm(Q #2}| < 2j(2k+1) )

— 2(2k+1)(1 Jj+2n) < 23n(2k+1)‘

If 7 > 4, then
(121) (@ €A QN Nm(Q) # 2| < 22+,
It follows that

i+n
(122) ‘{Q}(n)‘ < Z 93n(2k+1) < n23n(2k+1);
Jj=t1—mn
that is, the number of cubes of A; that are n-close to ) is bounded by a
function of n. Furthermore,

LEMMA 70. For any K,n > 0, there exists L > 0 such that if § C A is
K -Carleson, then $™ is L-Carleson.

Proof. If D1, Dy € A are n-close and if A;, A5 € A are ancestors of
Dy, Dy, respectively, such that o(A;1)/0(A2) € [277,2"], then A; and Ay are
also n-close. It follows that if M € A and Q C M is such that Q € S, then
there is a cube R € & such that some ancestor A of R is n-close to M.
Consequently, we can write

(123) Z O_(Q>2k+1 < Z Z Z O_(Q)QkJrl.

(1) Ae{M}(n) ReS R}(n)
gest €M} BES Qe(R)

But if R € A, then

122
(124) Z O_(Q)2k+1 ( 5 ) n24n(2k+1)0.(R)2k+1'

Qe{R}"
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Since & is K-Carleson,
(123)A(124)

Yo oo@F S S Y ngin@RD g g)2hel

Qes™ AC{M}() ReS
QCM RCA

< n24n(2k+1) Z KO_(A)2k+1
AC{M}m)
(122)
< n22(2k+1)8NKO-(M)2k+1. D
By Lemmas 69 and 70, B(e)(™ satisfies a Carleson packing condition. Let
Gle,n) € {Q e ANB(E)™: o(Q) <27}

Then A N~ G(e,n) = U, A; UB(e)™ is L-Carleson (with L allowed to
depend on n), and every cube in §(e,n) has small nonmonotonicity. The
following lemma is inspired by [26, Prop. 4.5].

LEMMA 71. For all 0 < & < 1, there are 8 > 0 and n € N such that if
Q€ Gd,n) and x € Q,

NMBO‘(Q) (@(E) <e.

Proof. We take n > [logy(1/e)] + 2, so that 27" < ¢/4. In this case, we
shall bound NMBG(QVE(CC)(E) in terms of n and . Suppose that @ € G(5,n)
and z € @, and denote B = By(z), where p = 0(Q)/e < 1/4. Let m =
[logy p] +1 < —1. Then 2™ < 2"0(Q). Proposition 62 states that
(125) NMp(E) S > s

j=—o0

where g; def %. Note that for any j < m, (113) implies that ¢; < 1.

Suppose that j € [m — n,m]. Then
wi(E)B) < Y wi(E)Q).
Q/EAJ‘
Q'NB£o
If @ € Ajand Q' N B # @, then diam Q' < Co(Q’) < C2™ < 4Cp (where C
is the patchwork constant for A). Thus Q" C Bycy1)p(x). Furthermore, Q'
intersects IV /.(Q), so Q' is n-close to Q. Since @ € G(8, N), it follows that
w;(E)(Q") < 80(Q")?**1 < § Per(E)(Q’). Consequently,
wi(B)B)S Y, 8Per(E)(Q)
QIEAJ‘
Q'CBuc41)p(®)

< 8 Per(E)(Bc1)(x)) = 5 Per(E)(B).
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We have thus shown that ¢; < 8 for all j € [m —n,m]. By (125) we therefore
have
mt 9 i gm—n.§gm ]

2J
NMp(E) S ) ;'%’4"2 F'Qj,g + =—+.
j=m—

A 2m 2m 2n
j=—00

Hence, if n is sufficiently large and § is sufficiently small, then NMp(E) < e.
O

Proposition 68 now follows from Lemma 71 and the results on monotone
sets in Section 9.2.

Proof of Proposition 68. Set 0= ﬁl/e By Proposition 66 and Lemma, 67,
there is & > 0 such that if z € OF, 0 <7 < 1, and NMp (y(F) < o243 then
there is a half-space Pt C H?**+! with

Bar
dB%(x)(F,P+) < T
Denote vy = . By Lemma 71, there are 8 > 0 and n > 0 such that if
Q € Q(4,n) and = € @, then NMBW@)(QC)(E) < o2F+3. Thus there is a plane
P such that

2(C+1/e)
04

dp

(B, P7) < (C+1)00(Q) = 20(Q).

9(@) Bioy Lo ® B
Since Ny /.(Q) € B(c41/¢)0(@)(x), this implies that Q € Go(e).

Let ¢ = GQ(6,n), B = AN G. By Lemmas 69 and 70, B is K-Carleson
for some K depending on C. We have seen that G C Gy(e), so Bo(e) C B and
thus By(e) is K-Carleson. O

@) (E, PT)=d

9.4. Most cubes are close to a vertical plane. Having shown that most
cubes are close to planes, we now show that most of these planes are vertical
or nearly vertical.

9.4.1. Planes and angles. Before the next step, we recall some facts about
planes and angles in the Heisenberg group. Recall that H C HZ?**! the sub-
space of horizontal vectors, is the subspace spanned by {X;}¥ | and {V;}%_,.
Recall also that a plane in H?**! is either a vertical plane or the union P, =yH
of all of the horizontal lines passing through a point y € H?**!. The planes in
H25+1 are exactly the planes in R?**! under the identification with H2¢+1,

If P,Q C H?**! are planes, we define Z(P,Q) to be the angle between
P and Q considered as planes in R?**1 (i.e., the Euclidean angle between
their normals). If P is a plane and L is a line (a coset of a one-parameter
subgroup, or equivalently, a line in R?¥*1) that intersects P at a point ¥, we
define Z(P, L) to be the minimum Euclidean angle between L and a line in P
that passes through y; this quantity varies between 0 and 7.

Importantly, the angle between planes is neither translation-invariant nor
scale-invariant. For example, if y € H\ {0}, then P, = yH is a plane through 0.
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If Ly = (Z) is a vertical line, then Z(s;(Py), s¢(Lz)) = Z(s¢(Py), Lz) converges
to zero as t — oo.

Since horizontal planes play an important role in this section, we give two
formulas expressing a horizontal plane in coordinate form. Let 7t: H?*+1 — H
be the abelianization map. If u,p € H?**T! then p € P, if and only if p =
u(m(p) — m(u)). That is, we can write P, as a graph over H:

(126) P,= {p e H2FL: 2(p)=2(u) + w(g,p)} = {hZz(“)‘Fiw(g’h) - he H} )

If » > 0 and w = Y/, then we can write

(127) P, = {p: z(p) = w(u’p)} = {p: z1(p) = _22@)}-

2 T

If P is a plane and = € H?**! denote

o (P) def diuc(1(z), (y)) if P = Py,
' o0 if P is vertical.

By (126), oo(P) is determined by the angle between P and the vertical line

Ly def (Z); specifically,

/(Ly, P) = arctan ((XO? P)> .

LEMMA 72. Let Pt C H?***! be o half-space with boundary P, and let

x € H?**1. There is a half-space V't with vertical boundary such that
1
o (P)

Proof. If P is vertical, then the lemma is satisfied by letting V* = P¥.
If P does not intersect Bj(z), then either By(z) C Pt or By(z) N Pt = .
In this case, we can choose V' to be a vertical plane disjoint from Bj(z) and
choose VT to be one of the sides of V.

We thus suppose that P = P, for some y € H2*+1 and that P intersects
Bi(z), say at w. By translating and rotating, we may suppose that w = 0,
that x € By, and y = Y], where r = &, (P).

If d(z,y) < 2, choose V to be an arbitrary vertical plane through O.
Then the lemma is satisfied because dp, (,)(P*, V") < diam(B(z)) < 1. So,
suppose that d(z,y) > 2, thus 7 < a,(P). Let V = {h € H?**1 . z,(h) = 0}.
By (127) we have P = {p: z1(p) = —2z(p)/r}.

If P* = {p € H?**L . 21(p) = —2z(p)/r}, let VT = {p € H2+L .
z1(p) = 0}. We claim that dp,(P*, V™) is small. If ¢ € (PT A V™) N By, then
|2(¢)] S 1 and |z1(q)| < 2|2(¢)|/r S 1/r. It follows that d(¢q,V) < 1/r and
d(q,P) < 1/r, 50 dp,(2)(P*, V") < dp,(PT,VT) < 1/r, as desired. Likewise,

dp,()(PT, V') S
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if P = {p € H?**!: 2,(p) < —2z(p)/r}, then choose V* = {p € HZ+! .

x1(p) < 0} and again dp, () (P, V') <1/r. O
By applying a scaling to Lemma 72, we find that

COROLLARY 73. For any o > 0, if P* C H?**! is a half-space and
x € H?**1 then there is a half-space V' with vertical boundary such that
dp,@)(PT, V") _ o .
o ~ o (P)

Finally, we will need the following simple lemma.

LEMMA 74. For any p > 1, there exists 0 < § < % such that for any
xr € H?**! and any o > 0, if P, R C H***! are planes such that d(z, P) < 50,

dpy(z)(PT,R") < 80, and &, (P) < po, then a;(R) < 2p0.

Proof. After rescaling and translating, we may suppose that o = 1 and
x = 0. Then o, (P) < p and Z(P, Ly) > arctan(2/p). If & is sufficiently small,
then Z(P, R) is small, so Z(R,Lz) > arctan(1l/p) and thus az(R) < 2p, as
desired. O

9.4.2. Approximating cubes by vertical planes. The goal here is to prove
the following proposition.

PROPOSITION 75. For every 0 < e < 1, there is a set G(¢) C A such that
for every Q € G(e), there is a vertical half-space VQ+ with bounding plane Vg
such that

(128) dy, @) (Vg E) < £0(Q).

Moreover, B LN G(e) satisfies a Carleson packing condition with constant
that depends on €.

Let 1 > 0 be a small number to be determined later. By Proposition 68,
there are a set of cubes Gy = Go(m) € A and a collection of planes {Pg}gea
such that le/n(Q)(Pg,E) < no(Q) for all @ € Gy. The set G = G(e) will
consist of the cubes ) € Gy for which Py is close to vertical. Specifically, if
Q € G, denote

def Mingeq (XI(PQ)
x(Q) =
@7 @
Corollary 73 implies that if x € @), then there is a vertical plane V' such that
(2+C)20(@)? _ o(Q)
w(Fp) 7 etx(@Q)

We will define ¢ = Gy \ B1, where B; o {QeCr: a(Q) <r}arer >0 will
be a quantity depending on € that will be determined later.

(129) dn, (@) (Pg: V") < diz10)00) (PG V') S
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The main difficulty is to prove that B; is Carleson. If Q, R € Gy, we say
that R is a good descendant of Q if R C @ and A € Gq for all A € A such
that R C A C Q. Let G(Q) be the set of good descendants of (), and for every
n € NU {0}, define

G(Q,r) ¥ {ReG@Q): «R)<r}

and
Ga(Q.r) € {R € G(Q,1): o(R) =27"0(Q)}.

Our goal is to bound the size of G(Q, 7).

LEMMA 76. Fix r > 0. Ifn s sufficiently small, then for all Q € Gy and
al R e G(Q,r), every A € A such that R C A C @ is an element of G(Q,T).
Consequently, for all integers m,n = 0,
(130) Gm+n(Q7 T) = U Gn(Rv T’).

ReGm(Q,r)

In fact, there exists 0 < A < 1 depending on r such that for every integer n > 0
we have

(131) Z O_(R)Zk:+1 S }\nG(Q)QkJrl’
ReGH(Q,r)
and thus
Z G(R)2k+l Sﬂ“ O'(Q)QkJrl.
ReG(Q,r)

Proof. To prove the first part of the lemma, let R € G(Q,r) and let
A € G(Q) be the parent of R. We need to show that if 1 is sufficiently small,
then A € G(Q,r), i.e., a(A) <.

By part (4) of Lemma 52, if z € R and n < %, then

dBU(R) (z) (PX7 P}J%r) < dea(R)(fﬂ)(Pler’ E)+ dBQU(R)(m)(PE’ E)
<no(4) +no(R) = 3no(R).
Since a(R) < r, there exists z € R such that o, (Pr) < ro(R). We have

d(xz, Pr) < no(R). By Lemma 74, if n is sufficiently small, then o, (P4) <
2ro(R) and x(A) < oz (Pa)/o(A) <.

For every Q € Gy and n > 0, denote gg e > REGA(Qyr) o(R)*+1. To
prove the second part, we will first show that there is some ng and some n such
that for all @ € Gy, we have

2k+1
o
(132) 9Qno S (Q;
This estimate implies the desired conclusion (131) because for any n > 0, we
have
(130) (132) o(A)2k+L gg.
9Qnino = D, GAme S ( )2 = %".

AeGn(Q,r) AcGn(Q,r)
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Furthermore, for all n > 0,

ReGn(Q,r) ReGR(Q,r)

< C%QkJrl(Q) < CZG(Q)QkJrl_

For every integer n > 0, write n = mno—+1i, where m = [n/ng|. Theni > 0 and
it follows from the above estimates that gg., < 2 ™gg < 202270 g(Q)?F+1.
Hence (131) holds with A = 271/70_ It therefore remains to justify (132).

Let Q € Go. If &(Q) > r, then Go(Q,r) = @ and therefore (130) implies
that G,,(Q,r) = @. So, suppose that «(Q) < r. Let y be the center of Py, i.e.,
P, = Pg. Suppose that & > 0 is such that Lemma 74 holds true for p = r. Let
n€Nand R € G,,(Q,r). We claim that R is close to y if 1 < 27"15. Indeed,
let € R be such that a,(R) < ro(R). Then d(z, Pg) < no(Q) < do(R) and

B, (@) (Po s Pr) < dByy iy (2) (P B) + dyy 1y (0) (Pr s E)
<n(0(Q) + o(R)) < 50(R).

Since oy(Pr) < ro(R), Lemma 74 implies that «,(Pg) < 2ro(R). Let
z € Pg be a point such that d(z,z) < 2d(z, Pg) < 2no(Q). Then d(z,y) =
d(n(z), m(y)) < &z (Pg) + 2no(Q) and

d(z,y) < d(z,2) +d(z,y)
< ap(Pg) + n0(Q) < (48 + 2r)o(R) = 27"(45 + 2r)0(Q).

Consequently, if R € Gp(Q,7), then R C By—ngusi2r10)0(q)(¥); Where §
depends on r. Choose ng (depending on r and C') sufficiently large that
2-10(48 + 2r + C') < 1/(2C). Then

9ome <C Y. #*TUR) < 0(762’”1(@ N Bo) (y)>

2C

RGG”(Q’T)
2%+1 2%+1
o S@PT_ o(@
(20)2k+1 2
which is the desired estimate (132). O

Proof of Proposition 75. By (129), there exists r < 1/¢3 so that if Q € A,
x € @, and P is a plane such that «,(P) > ro(Q), then there is a vertical
plane V such that

0(Q)
R

Let 0 < n < ¢/2 be such that Lemma 76 holds for this choice of r. Let
Go = Go(n) and By = Bp(n) be as in Proposition 68. Denote B; = {Q € Gy :
a(Q) <r}and G =Gy~ By.

dy, (@) (PT,VT) <
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If Q € ¢, then by part (4) of Lemma 52 we have

eo(Q) eo(Q
iy, (B, VE) < duy (B P5) + vy (P V) < 2D 1 21D (),

We claim that A N\ § = By U B; satisfies a Carleson packing condition with
constant that depends on . Since this is true for By by Proposition 68, it
remains only to prove that B; is Carleson.

For all R € A such that o(R) < 1, let F(R) be the parent of R. Recall
that Ay C By, so if R € B1, then there is a smallest natural number ¢ such that
F'(R) € By. Lemma 76 implies that if FV(R) € By, then either F/+1(R) € Bq
or F/*Y(R) € B, so, by induction, F/(R) € B, for all j =0,...,i — 1. That
is, if A = F'""Y(R), then F(A) € By and R € G(A,r).

Let M = {A € A: F(A) € Bo}. Then By = Uaenm G(A,7). By
Lemma 70, M is L-Carleson for some L depending on . If Q € A, R C Q,
and R € By, then either R € G(Q,r) (where we set G(Q,r) = @ if Q € By) or
R € G(A,r) for some A € M such that A C @. Hence, by Lemma 76,

Z O_(R)QkJrl — Z G(R)2k+1+ Z Z O_(R)2k+1

ReBy ReG(Q,r) AEM ReG(A,r)
RCQ ACQ

1
€

Se 0@+ Y oA (L +Do(@F. D

AeM
ACQ

9.5. Constructing stopping-time regions. In this section, we group the
cubes in ¢ into stopping-time regions. We will prove the following propo-
sition. The arguments in this section are based on arguments in Chapter 7 of
[30], except for Lemma 79, which uses nonmonotonicity.

us

PROPOSITION 77. For every 0 < A < 5, if € > 0 is sufficiently small
(depending on N) and if @ = G(e) C A and B = A~ G are as in Proposi-
tion 75, then we can partition G into a set F of stopping-time regions such
that (B, G, F) is a coronization (Definition 50) of OF and

(133) VS € F, VQ e S Z(Vg, Vaes)) <A
The Carleson constants of the coronization will depend only on A, £, C, and k.

For every Q € A, let Sg be the maximal coherent set such that @ is the
maximal cube in 8¢ and such that for all R € Sg, we have Z(Vg, Vo) < A. We
construct such a set by the usual inductive stopping-time argument; we start
by adding @, then for each R € 8¢, we add the children of R to 8 if and only
if they are all in ¢ and all of their approximating vertical planes are A-close
to VQ.

We partition ¢ into such regions by applying this construction repeatedly.
First, let @ be a maximal element of ¢. We add 8¢ to F and remove the
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elements of §g from ¢, then take a maximal element from the remaining
cubes and repeat. By design, this results in a partition of ¢ into coherent
regions that satisfies (133).

The main difficulty is to show that the maximal elements of the stopping-
time regions satisfy a Carleson packing condition. To prove this, we divide
F into three parts. For & € F, let m(§) C & be the set of minimal cubes
in §. These cubes are disjoint, but need not cover Q(&§) because there may
be points that are contained in arbitrarily small cubes. Each element of m(S)
has a child @ such that either Q € B or Z(Vg, Vq(s)) > A. Let mo(S) be the
set of minimal cubes with at least one child in B and let m($) be the set
of minimal cubes with at least one child such that Z(Vg, Vq(s)) > A. Then
m(8) = mo(S) Umi(S). Let

%:{865:%%“( U Q>>
(3)

Qemo

Fp2k+1 Q((S)) }

9

)

N[ —~ =

Q(é’))}

%2k+1
(134) F = {S cTF: 9{3”““( U Q) > 7
Qemi(8)

2k+1
Fy = {cs cTF: 3€2k+1<Q(8) ~ U Q) > W}.
Qem(S)

Then F = FyUF UF,. For every i € {0,1,2} let M; = {Q(8) : & € F}, and
ifReAlet Mi(R)={Q € M,;: QC R} and F(R) ={S € F: Q(S) C R}.
We claim that there are Ky, K1, Ko > 0 depending on A such that M; is
K;-Carleson for each i € {0, 1, 2}.

Firstly, we consider M. For every @Q € A, let F'(Q) be the parent of Q.
For each & € F,let Yy ={Q € B: F(Q) € S} be the set of bad children of
elements of m(8). If Q@ € mo($), then @ has a child D € Y, so

Z G(Q)2k+1 - Z O'(Q)Qk—H.

Qemo(S) QeYsy

Consequently, if & € Fy, then we have

3 0@ = 0(Q(S))

QEYy

2k+1

Because the elements of F are disjoint, the sets {Ys}scs are disjoint subsets
of B, so for R € A,

Z O_(Q)2k+1 — Z Z O_(Q)Qk+1 < Z O_(Q)Zk+1 5 O_(R)ZkJrl‘
QEMo(R) SEFH(R) QeYs SE%

That is, the maximal cubes of Fj satisfy the desired Carleson packing condition.
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Next, we consider Ms. The sets {Us = Q(S) \ Ugem(s) @}ser are pair-
wise disjoint and satisfy #2*+1(Ug) 2 o(Q(8))% ! for all S € Fo. If Q€ A, then

Y o) s Y @ (U

S€F(Q) SeF(Q)

— %2k+1< US> < %2164*1(@) = O—(Q)2k+1,
S€F(Q)

so My satisfies the desired Carleson packing condition as well.

It remains to show that M7 is Carleson. Recall that for every integer j < 0
and Q € Aj, we defined the nonmonotonicity of @ by w(Q) = w;(E)(Q). If
Q € § and £(Vg, Vq(s)) > A, then there are horizontal lines that cross Vg in
the positive direction (i.e., from Vg to V(j ) but cross Vqs) in the negative
direction. We will show that these lines contribute to the total nonmonotonicity
of the stopping time region &, which is defined to be the quantity w(S) =
> oes w(Q). We will then bound the number of cubes in M; in terms of the
nonmonotonicity.

Our first goal will be to prove that most lines that cross Vg also cross 0F.
As in Section 9.4.1, we identify R** with the subspace H = {v € H?**1 .
z(v) = 0} of horizontal vectors. We will use Zy to denote Euclidean angles
between vectors and planes in H.

LEMMA 78. For any Ag > 0 and any 0 < a < b, if € > 0 is sufficiently
small, then the following property holds. Let G = G(e) be a set satisfying
Proposition 75. Fiz QQ € ¢, and let x € N1(Q) be a point such that d(x,Vg) <
3e0(Q). Also, let w € H be a horizontal vector such that Zn(u,(Vg)) > Ag
and u points toward Vg. Let L = zu® be the horizontal line through x in the
direction of u, and let y(t) be its unit-speed parametrization, with y(0) = x.
Then we have

Y((~b0(Q), —a0(@))) C B¢ and  y((a0(Q),b0(Q))) C E.
Proof. suppose that € € (0,00) satisfies
Lasindg 1)
4 4 Tb+1)7
Let f: H?*1 — R be the signed distance to Vo, ie.,
{d(p, Vo) peVy,
~d(p,Vg) peVy.

This is a linear function on HZ**1. If f(p) > eo(Q), then p € Vg and
d(p,Vq) > €0(Q). Hence, if also p € Ny/(Q), then p € E. Similarly, if
7(p) < —0(Q) and p € Ny .(Q), then p € °.

(135) 0 < e < min {

flp) =
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For all t € R, we have 7t(y(t)) = 7t(x) + tu, so

F(v(®) = fl@) + tsin (L (u,m(V)) )
By hypothesis, |f(z)] < 3¢0(Q). Consequently, if ¢ € (a0(Q),bo(Q)), then

F(v(®) > —320(Q) + ac(Q) sin (Zu(u,7(V))) > 2o(Q).

Since v(t) € Nit/0Q)(Q) C Nl/E(Q) it follows that y(t) € E. Likewise,
if t € (=b0(Q), —a0(Q)), then f(y(t)) < —e0(Q) and y(t) € Ny/(Q), so
Y(t) € E°. O

Consequently, each stopping-time region in #; contributes to the non-
monotonicity of E.

LEMMA 79. For any 0 < A < 7§, there exists € > 0 such that if G = G(e)
satisfies Proposition 75 and & € F1, then w(S) =i o(Q(S))?F+1,

~

Proof. Let 0 < ¢ < 1 be as in Lemma 47, so that for all @ € A, there is a
point zg € @ such that B.gqy(rg) NOE C Q. Let 0 < ¢ < ¢/4 be a number
satisfying Lemma 78 for Ag = A/4, a = ¢/4 and b = 2. Note that € can be
taken to be a function of A and C.

For each @ € A, let wg be the restriction of Wi, () (E) to Q, ie.,
the measure defined by wg(A) = Wiy, o(q)(E)(A N Q) for every measurable
A C H* 1. For every § € F, denote Ws = Y ges Wg. Then

(136) H2k+1 Z Wiog, o(Q Q) = Z 'U}(Q) = w(S)

QGS QES

Suppose that A € m(S), and let @ be a child of A such that @ € ¢ and
p &f Z(Vg, Vq(s)) > A. We claim that wg(A) 2 o(A)%*1. To see this, write
o = 0(Q) and og = o(Q(S8)). Let S?*~1 C H be the unit sphere in the space
of horizontal vectors. Let ug € S?~! bisect Vi and Vq(s); Le., let ug € H be

the horizontal unit vector that points into 71(\/63r )N ﬂ(V& S)) and satisfies

| D@

Zn(m(Va), i(uo)) = Zn(m(Vas)), (o)) =

Denote U = {u € S?*71: Zy(u,up) < A/4} and W = Beo(zg). For x € W and
u € U, let L(z,u) be the horizontal line through x in direction u and let y(¢) =
Yeu(t) = zul be its unit-speed parametrization. Then Zy(u, m(Vy)) > % and
d(z,Vg) < eo+d(zg,Vg) < 2¢0, so y((—bo, —ao)) C E€ and y((a0,bo)) C E
by Lemma 78. Similarly, since

d(% VQ(S)) <d(r,zq) + d(xQ, VQ(&)) <eo+e0g < 2604,

Lemma 78 implies that y((—bog, —aos)) C E and y((aos,bos)) C E€. Let
I = [p,q] € R be the maximal interval such that (ac,bc) C I and y(I) C E.
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Then I C [—a0,a0s], and therefore 0 < (b — a)o < ¢(I) < 2a0s5 < Og.
Furthermore, p € [—a0, a0], so y(p) € IF and
A0y (p), 7Q) < a0 + d(w, 1) < F +e0 < T
By our choice of zq, this implies y(p) € Q.
Denote Ly = {L(z,u) : =z € W,u € U}. For each L € Ly, the
intersection £ N L(z,u) contains a maximal interval I of length ¢(I) € (0, 0y)
with one endpoint in A. It follows that

log, o

(137) ws(A) = Z Wi (A) > °C(L2WU) = AL G2RHIN2R=T o f) 2R
i=logy O

Since & € F; and all the elements of m;(§) are disjoint, we have

(136) (137) 2U%+1 2%+1
w(S) > ws U Al 2 Z o(A) > H U A
Aem1(S) Aemy(S) Aemi(S)
134 2k+1
Z o(Q($)" O

Finally, for all R € A, by Lemma 79 we have

(113)

> o(Qs)™ T S Y w(s) < Per(B)(R) < o(R)*H,
so Fq satisfies a Carleson packing condition. This concludes the proof of Propo-
sition 77. 0

9.6. Stopping-time regions are close to Lipschitz graphs. Finally, we prove
that the coronization constructed in Proposition 77 is in fact a corona decom-
position OF by constructing intrinsic Lipschitz graphs that approximate the
stopping-time regions.

PROPOSITION 80. For everym,0 € (0,1), there are € > 0 and A € (0,1)
with the following property. If & C A is a coherent set such that for all Q € §,
there is a vertical half-space VQ+ with bounding plane Vg such that

(138) dN (Q)(V(3_7 E) < EO'(Q) and Z(VQ, VQ(CS’)) <A

1
€

(e.g., a stopping-time region in the coronization constructed in Proposition 77),
then there is an intrinsic Lipschitz graph T' C H?**1 with Lipschitz constant at
most n such that for all Q € §,

dn,)(IF, E) < 00(Q).

We choose A = %. The constant ¢ will depend on 1 and 0, but it will

satisfy € < 1073, Let M = Q(S). We can apply an isometry of H?**1 so that
Viy = {h : H*+L 0 a4 (h) = 0} and V;; = {h € H**! . 24(h) > 0}. Then
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the one-parameter subgroup (Xj) is a horizontal line orthogonal to Vj;. For
y € H?**! we denote L, = y(Xj). Let L+ = {L,: = € H?**!} be the set of
cosets of (Xy) and, for any U C H?**1 let L4 (U) = {L, : u € U} be the set of
cosets that pass through U. If g: L+(U) — R is a function, we let g: U — R
denote the corresponding function g(y) = g(L,) that is constant on cosets.

If V' is a vertical plane such that Z(V, Vys) < 7, then it intersects cosets of
(X}.) transversely, and we define IIy,: H?**! — V to be the projection whose
fibers are the L,’s. That is, we let Iy (y) be the intersection point of L, and V.
Let II = ITy,, be the projection to Vi, i.e., I(y) = ka_zk(y).

One computes that if V' C H?**! is a vertical plane, then for every v € V,
t € R and y € H?+1,

d(y,V)
cos (A(V, VM))

In particular, if V' = Vg for some @ € S, then Z(V,Vg) <A, and therefore
(139) d(y, Ty (y)) < 2d(y, V).
Recall that for p > 0, we define pQ = 0E N Ny(Q).

dwX},V) = [tlcos (Z(V,Var))  and  d(y,TIy(y)) =

LEMMA 81. L+(Ng5(M)) C L+(10M).

Proof. For all h € M, |zg(h)| < eo(M), so every v € Ny/o(M) satisfies
|2k (v)] < (9/2+€)o(M). Therefore d(v, I1(v)) < 50(M) and I(v) € Nig/o(M).
Since TI(v) € Vi, by the first inequality in (138) we have II(v)X;=°™) ¢ E
and H(v)X,;%U(M) ¢ E. Tt follows that there is ¢ € JE N Lyy(,) such that
d(I(v), q) <2e0(M). Then ¢€10M and L,=L,€L(10M), as desired. [

As in Chapter 8 of [30], we will construct I" using the function dg that we
defined in Section 6. The quantity dg(v) measures the amount of control we
have over E near v.

LEMMA 82. If0 < a < 1, and if ¢ > 0 is sufficiently small (depending on
« and C), then for every point v € H**1 and every r € (ads(v), o(M)/ o,
there exists R € S and a vertical half-space V™ = Vi such that dp, () (E, V)
<er/a.

Proof. Suppose that 0 < ¢ < o?/4. Note that adg(v) < o(M)/x by
our assumption on 7, so d(v, M) < dg(v) < o(M)/o? and thus B,.(v) €
Ny—24q-1(M) C N.-1(M).

We first consider the simpler case that r € [ao(M),0(M)/«]. Let V' =
V3. Then

+ + (138) Er
dp, () (E, V") <dy, )(E,VT) < 5G(M)<;,
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Otherwise, if r < ao(M), then by the definition of dg(v), there is a cube
Q@ € & such that d(v, Q) + 0(Q) < r/«. Since 0(Q) < r/a < o(M), @ has an
ancestor A (possibly A = @) such that r/(2x) < 0(A) < r/«. Then d(v, A) <
d(v,Q) < r/a < 20(A), so v € Na(A) and B,(v) C Nayou(A) C© Nyj(A). If
VTt = VX, then
(138) er

(A)(E,V+) < 8(7(A) < —. O

dB,n(v) (Ea V+) <dy o

m]—=

Lemma 82 implies the following lemma, which is a Heisenberg-version of
Lemma 8.4 of [30], showing that M satisfies the intrinsic Lipschitz condition
on scales above dg.

LEMMA 83. If0 < B < 1 and if € > 0 is sufficiently small (depending on
B, A, and C), then for allv,w € 20M such that d(v,w) > B min{ds(v),ds(w)},

we have

(140) |zg(v) — zp(w)| < 2Ad(v, w).

Proof. Let o = min{ﬁ, B}, and let 0 < £ < 2* be a number satisfying
Lemma 82.

If necessary, switch v and w so that dg(v) < ds(w). Let r = d(v, w). Then
r < diam(Nag(M)) < (404 C)o(M) and r = Bds(v), so r € (ads(v), o(M)/«]
and by Lemma 82, there is a vertical half-space V't such that dp, (,)(E, V") <
er/a. Consequently, there are points v/, w’ € V such that d(v,v’) < Ar/4 and
d(w,w") < Ar/4. In particular, d(v',w") < 3r/2.

Since V* = Vi for some R € §, we have Z(V,Vs) < A, so |zx(v') —
zp(w)| < MV, w') < 3\r/2 and |z (v) — 2p(w)] < 57 + |2k (V) — 2 (W)
2Ad(v, w).

In particular, if 'y = dgl(O), then I'y is an intrinsic Lipschitz graph over
II(Ty).

COROLLARY 84. Ifw € T'g and v € 20M, then |xi(v)—zk(w)| < 2Ad(v, w)
and L, N 20M = {w}.

Proof. If v € 20M, then Lemma 83 implies that |z (v) —zk(w)| < 2Ad(v, w).
If v € L, N20M, then d(v,w) = |zi(v) — zx(w)| < 2Ad(v,w), so d(v,w) =0
and v = w. O

We will extend I'g and construct the rest of I' by smoothing M using a
partition of unity. For the rest of this section, we will take « = f = 1072 and
assume that € is small enough that Lemmas 82 and 83 hold.

Let P = 1/50 and let {¢;};c; € 10M be as in Lemma 54, so that the balls
{Bi = Byay(c;)(ci) yier are disjoint, and so that if 4 < p < 50, then the balls
{pBi = Byydy(cs) (i) Yier cover 10M \ T'g with bounded multiplicity. Since d
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is 1-Lipschitz, we have

viel,  qeoB = (1- &) dse) <ds(e) < (1+ ) ds(en).

For each i € I, we have dg(c;) € (xds(c;),0(M)/«], so by Lemma 82 there is
a vertical plane V; such that
€dg (Cz)

(141) dB(iS(ci)(Cz‘)(Vi—i_v E) = d503¢(‘/;+7 E) < o«

LEMMA 85. For all L € L*(10M), let I, ={i € I : 8B, N L # @}, and
let 51, = infyermoons ds(y). If € > 0 is sufficiently small, then

(1) there is an interval Uy, C L such that £(Ur) < by, and such that 20MNL C
Uy, and UiGILLmVi CUy;

(2) if L € L-(10M), g € LN20M and i € Iy, then 81, < dgs(q) < ds(c;);

(3) | =1.

Proof. Let ¢ € LN20M . We claim that LN20M is contained in an interval
of radius Bdys(q) centered at ¢. If p € L N 20M, then Lemma 83 implies that
either d(p,q) < B min{ds(p),ds(q)} or |zx(p) — zk(q)| < 2Ad(p,q) < d(p,q).
But p and ¢ both lie on L, so d(p, q) = |zx(p) — z(q)|, and thus p € Bgy(4)(q)-
Consequently, dg(p) > ds(q) — Bds(q); since this holds for all p,q € L N20M,
it implies that &7 =< dg(q) for all ¢ € L N20M. In fact, we can prove that
L N 20M actually lies in a smaller interval. Suppose that p,q € LN 20M. Let
i € I be such that ¢ € 8B;. Since dg is 1-Lipschitz, we have dg(q) < 2ds(c;)
and thus p € 9B;. Denoting {v} =IIy;(L) = L NV}, we have

(139) (138)
d(p,v) < 2d(p,Vi) < eds(c) =<eds(q) <edr.

Similarly, d(q,v) < €br. Hence, diam(L N 20M) =< £br,. This proves the first
part of condition (1).

To prove the second part of condition (1), suppose that L € L+(10M)
and i € Ir. Let y; € 8B;N L, and let {v;} = IIy;(L) as before. Then d(c;, V;) <
eds(c;) and

(141)
d(vi,yi) < 2d(y;, Vi) < 2d(yi, ¢i) +2d(ci, Vi) < 2d(yi, ¢i) + 2eds(ci).

If € is sufficiently small, then it follows that v; € 17B;, and by (141), there is
some ¢; € L NOFE N20B; such that d(qg;,v;) < edg(c;). It follows that & =<
ds(q;) < dg(c;) and ¢; € 20M, so we have d(v;, L N 20M) < eds(c;) and the
second part of condition (1) holds, and also condition (2) holds. Furthermore
if also j € I, then d(g;, q;) S €dr, < eds(c;) by conditions (1) and (2). So, ¢; €
21Bj, and since the balls {20B;};¢;, form a cover with bounded multiplicity,
this implies that |I| < 1. O
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Next, we define some auxiliary bump functions. Let 6: H?**! — R be
a bump function such that 6(Bsy) = 1, 6 = 0 outside Bgy and such that 6
is smooth and Lipschitz with respect to the Euclidean metric. That is, 6 is a
smooth function considered as a function on R%*! and HBHLip(ZQkH) =< 1. This
condition is needed below because nonhorizontal derivatives of 6 will appear
in some bounds. We denote the Euclidean metric on H2**! by dpye, that is,
deuc(v,v") = |Jv — /|| for all v,0" € R?**1  Note that if p > 0 and vy is a
horizontal path inside By, then 4(y) =<, ¢guc(y). Therefore, if v,v" € By, then
dpuc(v,v") <p d(v,v"). Hence 6 is also Lipschitz with respect to the Carnot—
Carathéodory metric and [[6||y;p(m2e+1) < 1.

For each i € I, define T;: H**1 — R by

Vy € H26H1 Ti(y) < dg(ci)6 (5# (cfly))

dg(c;)

The scaling and translation in the above definition sends B; to By, so T; =
ds(ci) on 5B;, T; vanishes outside the ball 6B;, and [T || 2r+1y < 1.

We will use the {T;};cr to construct a partition of unity on £ L. For
each i € I, we define t,: L+ — R by Ti(L) = (L NV;). Equivalently,
T,(p) = Ti(Ily;(p)). Then T} is a continuous function that is zero outside
L+H(V;N6By).

LEMMA 86. Let T % Y icr T. Then the following assertions hold true:

(1) For all ¢ € 10M, we have T(q) < ds(q).
(2) For alli € I, we have ||T}||ipsB,) S 1-

Hence, the functions {cl)i def TT; el form a partition of unity on L(10M).

Proof. First, we show that T(q) 2 ds(q) for all ¢ € 10M. If ¢ € T'y, then
ds(q) = 0 and there is nothing to prove. So, suppose that ¢ € 10M \ T'y. Let
i € I be such that ¢ € 4B;. Using (141), if € < /2, then d(q, Vi) < ds(ci)/2.
By (139), d(Ily,(q), i) < 2d(q, Vi) + d(q,ci) < 5bds(c;). Thus Ily,(q) € 5B;
and T'(q) > t;(Ily;(q)) = ds(ci) < ds(q). On the other hand, Lemma 85 implies
that for any L € L+(10M), the set I, = {i : 8B; N L # &} has boundedly
many elements, and if ¢ € LN10M, then ds(q) < ds(c;) for each ¢ € I,. Thus
T(q) < ds(q)|IL] < ds(q). This proves the first part of the Lemma 86.

It remains to show that if wy, we € 8B;, then |t;(Iy; (w1)) — T (Iy; (w2))| S
d(w1,w2). The main difficulty is that the map Iy, is not Lipschitz with respect
to the Carnot—Carathéodory metric; it is, however, smooth with respect to the
Euclidean structure on R2*+1,

Let &: H2*1 — H**! be the map &(y) = s4,(c;)-1(c; 'y) that rescales

and translates B; to By. This map sends lines in £ L to lines in L7+, so
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EO 1_[‘/'Z = HE,(Vz) o E, and
(142)

Vwe B T(w) = ds(e)6(E(TTy; (w))) = dis(c0)6 (M) (E(w))).

The projection Il (y;) is a smooth map in Euclidean coordinates. In fact, since
&(V;) is a vertical plane with Z(Vyy, €(V;)) < A and

d(CZ', VL)
dcg)(ci)
the Euclidean derivatives of Il (y;) are uniformly bounded inside the ball By,
and hence the Lipschitz constant with respect to the Euclidean metric of the
restriction of Ilgy;) to By is bounded. That is, for vi,v2 € Bj, we have
diuc (g vy (v1), Hg(v;) (v2)) S dBuc(v1, v2). Because wy, wa € 8B;, we may apply
this with vy = &(wy),va = &(we) € B; to deduce that

dene (e (v;) (E(w1)), vz (E(w2))) S diue (&(wr), E(wz))

d(0,£(V;)) =

Se

(143) d(wi, wy
S d(E'(wl): 5(“)2)) = (dg(c))
Consequently,
(142)A(143) d(wy, w
Yn) ~ )| < ds(el8l e, w < d(wy,we). O

For each i € I, let f;: L+ — R be the function f;(L) = zx(LNV;). Then
fi(p) = zx(I1y; (p)), so f; is constant on vertical lines and

(144) Il ey < 2N

We define f on L+(10M) by
foy = {oE0To) AL e Lo (To),
| Sier (L) fi(L) if L e LE(10M \ Tp).

By Corollary 84, this function is well defined. Let

I def {w e H* . gy (w) = f(w)} = {vX’f(“) HINNS Vs}.

This is an intrinsic graph over Iy, (10M).

LEMMA 87. For all sufficiently small € > 0, the following assertions hold
true:

1) Ifiel, qe10MN8B; and w € L,NT, then
q

(145) lzx(q) — filq)| S eds(q),
(146) zx(q) — fq)| = d(g, w) < eds(q),
(147) ds(w) = ds(q).
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(2) T is an intrinsic Lipschitz graph over 10M with Lipschitz constant at
most 10A.

Proof. 1f g € Ty, then w = ¢, so (145) holds vacuously and (146) and (147)
are trivial. So, suppose that ¢ € 10M \ I'g and that w and ¢ are as above. By
part (1) of Lemma 85, we have

lzx(q) — filg)| = d(q, Iy, (q)) S eds(q)-

Since f is an average of these f;’s, this implies (146). If € is small enough, then
d(q,w) < ds(q)/2, so ds(w) < dg(q). This proves the first part of Lemma 87.

To prove that I' is a Lipschitz graph, let ¢i,¢q2 € 10M and let {w;} =
Ly, NT. By the first part of the lemma, for j = 1,2, we have d(q;, w;) < eds(q;).
We suppose that ¢ is small enough that d(g;,w;) < 1073Ads(g;). Since ds is
1-Lipschitz, this implies dg(q;j)/2 < ds(w;) < 3ds(g;)/2-

We claim that w; and wy satisfy |f(wi) — f(ws)| = |z (w1) — zp(ws)| <
10Ad (w1, w2). We consider two cases depending on whether d(wy, ws) is greater
or less than 1072 min{dg(w), ds(w2)}.

Suppose that dg(w;) < dg(w2) and that 10~ 2dg(w;) < d(w1,ws2). Then

ds(w1) < ds(w2) < d(w, wz) + ds(wr) < 101d(wy, we),
and also d(gj, w;) < 2A - 1073ds(w;) < Ad(w1,w3)/4. It follows that

d(wl, ’LU2)

(148) 5

< d(Qla QQ) < 2d(w17w2)’

and therefore d(q1,q2) > % > digg) > Bds(q1). By Lemma 83 applied to

¢q1 and ¢o, we find

|z (w1) — 2 (w2)| < |zp(q1) — zk(g2)| + dgr, wi) + d(g2, w2)

(140) (148)
< 2Md(q1,q2) + Ad(wr,w2) < HAd(wi,wa),

as desired.

Now suppose d(wy,ws) < 1072 min{dg(w),ds(w2)}. Then wi,wy & Ty
and d(s(wl) = dg(wg); indeed, dg(wl) S [0.99dg(wg),1.01d09(w2)]. Let 6 =
ds(w1), so that 5_X dg (wj_) = ds(q;)-

We bound |f(w;1) — f(w2)| by bounding the behavior of the partition of
unity. Suppose T,(wi) > 0. We claim that w;,we € 8B;. Since T;(w;) =
Ti(HV,- (wl)) 7& 0, we have HVi (wl) € 6B;. Then

) ) (145)A(146)
d(wi, My, (w1)) = [f(w1) = fitw)] S eds(a).
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By part (2) of Lemma 85, we have ds(q1) =< dg(c;), so if € is small enough,
then wy € 7B;. Consequently, dg(w;1) < 2dg(c;) and
dg(wl) < dg(ci)
100 ~ 50
so wg € 8B;. Likewise, if T,(wz) > 0, then wi,ws € 8B;.
Therefore, there are only boundedly many i € I such that T, (w;) # T, (w2),
and by Lemma 86,

d(wl, w2) <

T (w1) — Ti(w2)| < d(wr, ws)
for any such i. It follows that |T'(wy) — T'(w2)| < d(w1,ws).
Let Ad; = di(w1) — di(ws) and Af; = fi(wi) — fi(ws). Since T(w;) =<
dg(u%) = 5
[T (w1) T (w2) — T (w2) T (w1)]
A= T ) wa)
< 8712 ) Tws) — )T awn)] + [T Tan) — Th(w2) )

I ( (w1)d(w1,w2)+T(w1)d(w1,w2))

d(wl, ’u)g)
—s
By (144), we have |Af;| < 2Ad(w1,ws). Hence,

S

|f(wz) = flwn)| = D ba(wr) fi(wr) = di(ws) f
el el
ZAd)z fz wl Zd) w2 Afz
iel el
iel
+ Z |AD;| - | filwr) — fwr)] + Z@i(wﬂmﬂ
iel i€l
<0+> 0 < (wr,wa) 6) + 2Ad(wi, w2) Y di(w2)
il iel

< O(ed(wy,ws)) + Ad(wy, w2),

where in (149) we used (145) and (146) to bound |f; — f|. If ¢ is sufficiently
small, then this implies the desired estimate | f(w1)— f(w2)| < 2Ad(w1,wsz). O

Since I' is an intrinsic Lipschitz graph over II(10M), Theorem 27 implies
that ' can be extended to an intrinsic Lipschitz graph over V}; with no increase
in the Lipschitz constant. We also denote this extension by I', and we let I'"
be the half-space I' = {w € H***1: zp(w) > f(w)}.



VERTICAL PERIMETER VERSUS HORIZONTAL PERIMETER 265

Finally, we claim that this satisfies (87). Let @ € §. By (128), we have
le/e(Q)(VQJ’_’ E) < e0(Q). We claim that

@ Vg, TT) Seo(Q).

Let L € Il(Ng/z(Q)). Suppose that v € LN Vg and w € LNT. By
Lemma 81, there exists ¢ € L N 10Q). By (128) and (139), we have

|[zx(q) — 21 (v)] = d(g, v) < 2d(q, Vg) < 220(Q).
By (146), we have

(150) dy

[Rel

|k (w) — 2(q)] S eds(q) < e0(Q),

50 |zx(w) — 2k (v)] S €0(Q).

We have VQJr NL=[v,00)and TTNL = [w,),soifa€ LN (Vg ATT),
then either a € [v,w] or a € [w,v], depending on the order of v and w. In
both cases, d(a, V) < |zgp(w) — 2 (v)| S €0(Q) and d(a,T") < e0(Q), so (150)
holds. If ¢ is sufficiently small, then Lemma 52 implies

vy (T E) < dny (T, Vg) + dy @ (Vg E) S 20(Q).
If e is sufficiently small, then

dn,)(IF, E) < 00(Q).

This completes the proof of Proposition 80.

10. Historical comments on Sparsest Cut
and directions for further research

Among the well-established deep and multifaceted connections between
theoretical computer science and pure mathematics, the Sparsest Cut Problem
stands out for its profound and often unexpected impact on a variety of areas.
Previous research on this question came hand-in-hand with the development
of remarkable mathematical and algorithmic ideas that spurred many further
works of importance in their own right. Because the present work belongs to
this tradition, here we will put it into context by elaborating further on the
history of these investigations. We will also describe interesting directions for
further research and open problems.

The first polynomial-time algorithm for Sparsest Cut with O(logn) ap-
proximation ratio was obtained in the important work [72], which studied the
notable special case of Sparsest Cut with Uniform Demands; see Section 10.1
below. This work introduced a linear programming relaxation and developed
influential techniques for its analysis, and it has led to a myriad of algorithmic
applications. The seminal contributions [77], [7] obtained the upper bound
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pcL(n) < logn in full generality by incorporating a classical embedding theo-
rem of Bourgain [15], thus heralding the transformative use of metric embed-
dings in algorithm design. The matching lower bound on the integrality gap
of this linear program was proven in [72], [77]. This showed for the first time
that Bourgain’s embedding theorem is asymptotically sharp and was the first
(and very influential) demonstration of the power of expander graphs in the
study of metric embeddings.

An O(y/logn) upper bound for the approximation ratio of the Goemans—
Linial algorithm in the special case of uniform demands was obtained in the
important work [5]. This work relied on a clever use of the concentration of
measure phenomenon and introduced influential techniques such as a “chaining
argument” for metrics of negative type and the use of expander flows. [5] also
had direct impact on results in pure mathematics, including combinatorics and
metric geometry; see e.g., the “edge replacement theorem” and the estimates
on the observable diameter of doubling metric measure spaces in [94]. The
best-known general upper bound pgp(n) < (log n)%”(l) of [4] built on the
(then very recent) development of two techniques: the chaining argument of [5]
(through its more careful analysis in [67]) and the measured descent embedding
method of [63] (through its phrasing as a gluing technique for Lipschitz maps
in [67]). Another important input to [4] was a re-weighting argument of [20]
that allowed for the construction of an appropriate “random zero set” from the
argument of [5], [67]; see [90], [92] for more on this notion and its significance.

The impossibility result [59] that refuted the Goemans—Linial conjecture
relied on a striking link to complexity theory through the Unique Games Con-
jecture (UGC), as well as an interesting use of discrete harmonic analysis
(through [16]) in this context; see also [64] for an incorporation of a differ-
ent tool from discrete harmonic analysis (namely, [54], following [58]) for the
same purpose, as well as [21], [28] for computational hardness. The best im-
possibility result currently known [55] for Sparsest Cut with Uniform Demands
relies on the development of new pseudorandom generators.

The idea of using the geometry of the Heisenberg group to bound pg(n)
from below originated in [69], where the relevant metric of negative type was
constructed through a complex-analytic argument, and initial (qualitative) im-
possibility results were presented through the use of Pansu’s differentiation
theorem [101] and the Radon—Nikodym Property from functional analysis; see,
e.g., [13]. In [23], it was shown that the Heisenberg group indeed provides a
proof that lim,,_, pgL(n) = co. This proof introduced a remarkable new no-
tion of differentiation for mappings into L;(R), which led to the use of tools
from geometric measure theory [38], [39] to study the problem. A different
proof that H? fails to admit a bi-Lipschitz embedding into L;(R) was found



VERTICAL PERIMETER VERSUS HORIZONTAL PERIMETER 267

in [24], where a classical notion of metric differentiation [60] was used in con-
junction with the novel idea to consider monotonicity of sets in this context,
combined with a sub-Riemannian-geometric argument that yielded a classifi-
cation of monotone subsets of H3. The main result of [26] finds a quantitative
lower estimate for the scale at which this differentiation argument can be ap-
plied, leading to a lower bound of (log 7)) on pgy (n). This result relies on a
mixture of the methods of [23] and [24] and overcomes obstacles that are not
present in the original qualitative investigations. In particular, [26] introduced
quantitative measures of nonmonotonicity that we use in the present work.
The quantitative differentiation bound of [26] remains the best bound cur-
rently known, and it would be very interesting to discover the sharp behavior
in this more subtle question.

The desire to avoid the (often difficult) need to obtain sharp bounds for
quantitative differentiation motivated the investigations [8], [66]. In partic-
ular, [8] devised a method to prove sharp (up to lower order factors) non-
embeddability statements for the Heisenberg group based on a cohomological
argument and a quantitative ergodic theorem. For Hilbert space-valued map-
pings, [8] used a cohomological argument in combination with representation
theory to prove the following quadratic inequality for every finitely supported
function ¢ : HZA! — Ly(R):

1
2 2
LQ(R)>
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(151)

In [66] a different approach based on Littlewood-Paley theory was devised,
leading to the following generalization of (151) that holds for every p € (1, 2]
and every finitely supported ¢ : H2*H1 — L, (R):
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for some C'(p) € (0,00). See [66] for a strengthening of (152) that holds for gen-
eral uniformly convex targets (using the recently established [79] vector-valued
Littlewood—Paley—Stein theory for the Poisson semigroup). These functional
inequalities yield sharp nonembeddability estimates for balls in H%kﬂ, but
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the method of (152) inherently yields a constant C'(p) in (152) that satisfies
lim, ,; C(p) = oco. The estimate (15) that we prove here for L;(R)-valued
mappings is an endpoint estimate corresponding to (152), showing that C(p)
actually remains bounded as p — 1. This answers positively a conjecture of
[66] and is crucial for the results that we obtain here.

As explained in Section 5, our proof of (151) uses the H3-analogue of (151).
It should be mentioned at this juncture that the proofs of (151) and (152) in [8],
[66] were oblivious to the dimension of the underlying Heisenberg group. An
unexpected aspect of the present work is that the underlying dimension does
play a role at the endpoint p = 1, with the analogue of (15) (or Theorem 3)
for H? being in fact incorrect; recall Remark 4.

As we recalled above, past progress on the Sparsest Cut Problem came
hand-in-hand with substantial mathematical developments. The present work
is a culmination of a long-term project that is rooted in mathematical phenom-
ena that are interesting not just for their relevance to approximation algorithms
but also for their connections to the broader mathematical world. In the en-
suing subsections we shall describe some further results and questions related
to this general direction.

10.1. The Sparsest Cut Problem with Uniform Demands. An especially
important special case of the Sparsest Cut Problem is when the demand matrix
D is the matrix all of whose entries equal 1,1.e., D = 111 nyxq1,..n) € Ma(R),
and the capacity matrix C' lies in M,,({0, 1}), i.e., all its entries are either 0 or 1.
This is known as the Sparsest Cut Problem with Uniform Demands. In this
case C' can also be described as the adjacency matrix of a graph G whose vertex
set is {1,...,n} and whose edge set consists of those unordered pairs {7, j} C
{1,...,n} for which C;; = 1. With this interpretation, given A C {1,...,n}
the numerator in (6) equals twice the number of edges that are incident to
Ain G. And, since D = 1y n1x{1,..n}, the denominator in (6) is equal
to 2|A|(n — |A|) < nmin{|A|, |{1,...,n} ~ A]}. So, the Sparsest Cut Problem
with Uniform Demands asks for an algorithm that takes as input a finite graph
and outputs a quantity that is bounded above and below by universal constant
multiples of its conductance [107] divided by n. The Goemans—Linial integrality
gap corresponding to this special case is

uni OPT(C’7 1 n o )
P&t (n) = sup {L,.n}x{l,..,n})
cem,({01}) SPP(C 141 nixq1,..n})

C symmetric

The Goemans—Linial algorithm furnishes the best-known approximation ratio
also in the case of uniform demands. We have p%{if(n). < Vlogn by the impor-
tant work [5], improving over the previous bound p@if(n) < logn of [72]. As
explained in [25], the present approach based on (fixed dimensional) Heisen-

berg groups cannot yield a lower bound on p&rﬁif(n) that tends to oo as n — oc.
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The currently best-known lower bound [55] is p@if(n) > exp(cy/loglogn)
for some universal constant ¢ € (0,00), improving over the previous bound
pdif(n) > loglogn of [34]. Determining the asymptotic behavior of piif(n)
remains an intriguing open problem.

10.2. A sharp upper bound on pgL(n). The o(1) term in the bound pgL(n)
< (log n)%+0(1) that is stated in [4] is %, i.e., pgL(n) < Vlognloglogn.
This specific lower-order factor can be reduced with more technical work; see
the discussion in Section 6 of [4]. To the best of our knowledge, the question
of removing the o(1) term altogether was not previously investigated, since the
pressing issue was to determine the correct power of log n. Now that Theorem 5
is established, it is worthwhile to revisit this matter to obtain the sharp upper
bound pgL(n) < Iogn. We conjecture that this estimate is indeed valid,
and we expect that its proof should follow from a more careful application of

available methods. We postpone this investigation to future work.

10.3. Sharp stability of monotone sets. We already asked above what is
the sharp dependence in the quantitative differentiation statement (stability
of monotone sets) of [26]. This is a challenging open question whose need was
circumvented in the present context by adopting the strategy of aiming for the
functional inequality (15) rather than for a sharp structure theorem for sets of
finite perimeter in H2**! that shows that they are approximately a half-space
on a macroscopically large scale. The advantage of our approach is that it
relies on a corona decomposition in which the approximation is by an intrinsic
Lipschitz graph rather than a half-space, i.e., we avoid the need to “zoom in”
all the way to the scale at which the boundary resembles a half-space. Intrinsic
Lipschitz graphs can be much less structured than half-spaces, but we control
them using cancellations (in a lower dimension) that can be captured through
a decomposition of each H3-slice into irreducible representations. Regardless of
any application to embedding theory, sharpening the bound of [26] on the sta-
bility of monotone sets is an interesting question in geometric measure theory.

10.4. Hardness. Proving NP-hardness of approximation for the Sparsest
Cut Problem remains elusive if one wishes to prove inapproximability within
any constant factor. (Such UGC-based hardness of approximation is available
due to [59, 21].) This is a longstanding open question that seems to be very
challenging. We speculate that the hardness of approximation threshold for
Sparsest Cut is ©(y/logn), but we do not see a path towards such a statement
even under the UGC.

10.5. Further questions related to quantitative rectifiability and singular
integrals. It would be interesting to explore the impact of the methods of
the present article on other questions related to quantitative rectifiability and
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singular integral operators. In future work we will investigate how an ap-
plication of these ideas to R™ rather than the Heisenberg group yields a new
perspective on classical results such as the Jones Travelling Salesman Theorem
[52], and we believe that there is scope for additional applications of the use
of quantitative nonmonotonicity to govern hierarchical partitioning schemes as
well as the type of “induction on dimension” that is used here to pass from Lo
bounds to their L; counterparts (in a higher dimension).

Added in proof. The questions that are raised in Remark 4 are resolved
in our forthcoming manuscript [97]. Specifically, it is shown in [97] that when
k = 1, the estimate (5) holds for ¢ = 4 and does not hold for any ¢ < 4.
Various applications of these statements are described in [97].
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