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Geometric properties of the
Markov and Lagrange spectra

By CARLOS GUSTAVO MOREIRA
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Abstract

We prove several results on (fractal) geometric properties of the classical
Markov and Lagrange spectra. In particular, we prove that the Hausdorff
dimensions of intersections of both spectra with half-lines always coincide,
and we may assume any real value in the interval [0, 1].

1. Introduction and statement of the results

Let a be an irrational number. According to Dirichlet’s theorem, the
inequality |a — §| < q% has infinitely many rational solutions %.
. . . _ B 1
improved this result by proving that |« q\ < NP

rational solutions 2 for any irrational o and that v/5 is the largest constant
that works for any irrational a. However, for particular values of «, we can

Hurwitz

also has infinitely many

improve this constant.

More precisely, if we define k(a) := sup{k >0 | [a—2| < L, has infinitely

kq?
many rational solutions £} = limsup,_, ., (g —p))™1), we have k(a) > /5

for all o € R\ Q and k (15/%) = V/5.

Definition 1. The Lagrange spectrum is the set L = {k(a) | o € R\ Q,
k(o) < 400}

The Hurwitz-Markov theorem determines the first element of L, which is
V5. This set L encodes many diophantine properties of real numbers. The

study of the geometric structure of L is a classical subject, which began with
Markov, proving in 1879 ([Mar80]) that

V221
Lﬂ(—oo,3):{k1:\/5<k2=2\/§<k3:5<"'},
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where ky is a sequence (of irrational numbers whose squares are rational)
converging to 3; more precisely, the elements k,, of LN(—00, 3) are the numbers
the form /9 — ;%, where z is a positive integer such that there are other
positive integers z,y with < y < z and z? + y? + 22 = 3xyz. This means
that the “beginning” of the set L is discrete.

This is not true for the whole set L. Indeed, M. Hall proved in 1947
([Hal47]) a result on sums of continued fractions with coefficients bounded
by 4: if Cy = {a = [0;a1,a2,...] € [0,1]|ay, < 4¥n > 1}, then Cy + Cy =
{z+ylz,y € C4} = [V/2—1,4(v/2—1)]. This implies that L contains the whole
half line [6,+00). In 1975, G. Freiman ([Fre75]) determined the biggest half
line [¢, +00) that is contained in L: he proved that

2221564096 + 2837481/462
“= 491993569
This half-line is known as Hall’s ray.
These last two results are based on the study of arithmetic sums of regular

= 4,52782956616 . . . .

Cantor sets, whose relationship with the Lagrange spectrum will be explained
below.

Since the best rational approximations of an irrational number are its
convergents (from its continued fraction representation), it is not surprising
that k(a) is related to the continued fraction of . In fact, if the continued
fraction of « is

1
a = [ag;ai,az,...] = ag + 1
a + ————
az + .
then we have the following formula:
k(o) = limsup(a, + Bn),
n—oo
where a, = [an; ant1, ant2,...] and B, = [0;a,-1,an—2,...,a1]. This follows
from the equality
1 1
‘a ] = 5 Vn € N.
Gn Qn(anJrIQn + qn71> (an+1 + 5n+1)qn

This formula for k(«) implies the following alternative definition of the
Lagrange spectrum L, due to Perron ([Per21]): let ¥ = (N*)Z be the set of
all bi-infinite sequences of positive integers. If § = (ap)nez € 2, let o, =
[an; Gty Gnto, ... | and By, = [0;an—1, an—2,...] for all n € Z. We define

f(0) = ao+ Bo = |ag; ar,az,...] +[0;a_1,a_2,...].

Then, if o0: ¥ — ¥ is the shift map defined by o((an)nez) = (an+1)nez, the
Lagrange spectrum is equal to L = {limsup,,_,. f(c"6),0 € X}.
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In this context we can also define the Markov spectrum.
Definition 2. The Markov spectrum is the set

M = {sup f(c"0),0 € £}.
nez

It also has an arithmetical interpretation (see [Per21]), namely,

M = inf x, -1 z,y) = ax® + bry + cy®, b? —dac = 1}.
(0l @)™ fa) y+ ey }

It is well known (see [CF89]) that M and L are closed sets of the real line and
L C M. In particular, M also contains the Hall’s ray [c, +00). Freiman also
proved in [Fre75] that this is the biggest half-line contained in M.

In this paper, we study the geometrical behaviour of L and M between 3
and c. Consider the function d : R — [0, 1] defined by d(t) = HD(LN(—o0,1)),
where HD denotes Hausdorff dimension. (See [Fal86] for the definitions and
basic properties of the notions of dimension used in this paper.) We will prove
the following results about the Markov and Lagrange spectra:

THEOREM 1. Given t € R, we have
d(t) = HD(L N (—o0,t)) = HD(M N (—o0,t))
= dim(L N (—o0,t)) = dim(M N (—o0,t)),

where dim denotes upper box dimension. Moreover, d(t) is a continuous non-
decreasing surjective function from R to [0,1], and we have
(i) d(t) = min{1,2D(t)}, where D(t) := HD(k~'(—00,t)) = HD(k~!(—00, t])
is a continuous function from R to [0,1);
(ii) max{t € R | d(t) =0} = 3;
(iii) there is 6 > 0 such that d(v/12 — &) = 1.

This theorem affirmatively solves Problem 3 of [Bug08]. It also gives
some answers to Problem 5 of the same paper: The continuous function d(t) =
HD(L N (—o00,t)), which coincides (for ¢ > 0) with ¢(1/¢), in the notation of
[Bug08], is a Cantor stair function; it is constant in the connected components
of the complement of L N (—oo,t1], where t; := min{t € R | d(t) = 1} <
V12 — § < /12. Notice that LN (—o0,t1] is a compact set with zero Lebesgue
measure, and so with empty interior. On the other hand, we have the following

COROLLARY. d(t) is not a Holder continuous function.

Proof. Suppose by contradiction that d(t) is Holder continuous with expo-
nent a > 0. By the previous theorem, there is ¢ > 0 such that 0 < d(3+¢) < a.
Since d(t) is constant in connected components of the open set R\ L, the func-
tion d maps the set LN (—o00, 3+ ¢], whose Hausdorff dimension is d(3+¢) < a,
to the nontrivial interval [0, d(3+4¢)]. This is a contradiction, since the image of
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any set of Hausdorff dimension smaller than « by a Hélder continuous function
with exponent « has zero Lebesgue measure (and indeed Hausdorff dimension
smaller than one). O

Remark 1. The proof of Theorem 1 does not give any estimate on the
modulus of continuity of d(t). However it is possible to give such an estimate
by modifying the proof. See the discussion at the end of Section 6.

The proof of Theorem 1 is based on the idea of approximating parts of the
spectra from inside and from outside by sums of regular Cantor sets. Theorem 1
uses techniques developed in a joint work with J. C. Yoccoz about sums of
Cantor sets that implies that the sum of two non-essentially affine regular
Cantor sets have Hausdorff dimension equal to the minimum between one and
the sum of their Hausdorff dimensions. This result will be discussed in the
next section. The other results are Theorems 2 and 3 below.

In [Bug08] Bugeaud defines, for ¢ > 0, the sets

Exact(c) = {a € R| ‘a - %' <z for infinitely many (p, q) € Z x N* but,

for every € > 0, | — %‘ < Cq‘—f has only a finite number of
solutions (p, q) € Z x N*}
and

Exact/(c) = {a € R| for every € > 0,

a— %’ < % for infinitely many
(p,q) € Z x N* but ‘a - %‘ <z has only a finite number
of solutions (p,q) € Z x N*}.
Clearly Exact(c) UExact/(c) = k=(c™1).
THEOREM 2. We have

. T / .
(1:1_% HD(Exact(c)) = }:I_I)I(l) HD(Exact'(c)) = 1.

Consequently,
lim HD(k~1(t)) = 1

t—o00

and
lim HD (k™! (—o0,t)) = lim D(t) = 1.

t—o0

This solves affirmatively Problem 4 of [Bug08].
We also prove a result on the topological structure of the Lagrange spec-
trum L.

THEOREM 3. L' is a perfect set, i.e., L' = L.
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The proof of this theorem uses the fact that an element of the Lagrange
spectrum associated to an infinite sequence 6 is accumulated by infinitely many
sums of the type ay + B, which is not necessarily true for elements of the
Markov spectrum. The question of whether M” = M’ is still open.

There are still some important questions left on the structure of the
Markov and Lagrange spectra. For instance,

(1) Consider the function dj,. : L' — R given by

dioc(t) = B HD(L N (t —&,t +¢)).

Is djoc a non-decreasing function?

(2) Describe the geometric structure of the difference set M \ L.

(3) As before, let t; = min{t € R | d(t) = 1} < V12. Is it true that
t; = inf int L? This would imply that int(L N (—o0,v/12]) # (), which in
its turn implies that int(C2 4+ Cy) # ), where

Cy ={a=10;a1,a2,...] €0,1]|a, <2Vn >1}.

We should mention that, in relation to question (2), there are some pro-
gresses in recent preprints by the author and C. Matheus: in [MM18a]| and
[MM17], the authors describe the intersections of M\ L with the maximal inter-
vals not intersecting L containing the first examples v = 3.11812017815993 . ..
and aso = 3.293044265 - - - by Freiman of elements in M \ L. These intersec-
tions have positive Hausdorff dimensions (which coincide with the Hausdorff
dimensions of certain regular Cantor sets we describe in these works). In
[MM18b], the authors exhibit a regular Cantor set diffeomorphic to Cy (and
so with Hausdorff dimensions larger than 0.53128) near 3.7096998597502 con-
tained in M \ L. And, in [MM18a], they prove that the Hausdorff dimension
of M\ L is smaller than 0.986927 and indicate, using heuristic estimates, that
this Hausdorff dimension is smaller than 0.888.

In relation to question (3), the question whether int(Cy + C2) # () was
posed in page 71 of [CF89].

Acknowledgements. 1 would like to thank Yann Bugeaud, Aline Gomes
Cerqueira, Carlos Matheus, Thlio Carvalho and Yuri Lima for helpful com-
ments and suggestions that substantially improved this work.

2. A dimension formula for arithmetic sums of regular Cantor sets

We say that K C R is a reqular Cantor set of class C*, k > 1 if

(i) there are disjoint compact intervals Iy, Ia, ..., I, such that K C 1U---UI,
and the boundary of each I; is contained in K;

(ii) there is a C* expanding map ¢ defined in a neighbourhood of I;UloU- - -UI,
such that ¢(/;) is the convex hull of a finite union of some intervals I
satisfying
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(ii.1) for each j, 1 < j <r, and n sufficiently big, ¥"(K N I;) = K;
(ii.2) K= Ny ™" (LHULU---UL).
neN

We say that {I1, Is,..., I} is a Markov partition for K and that K is defined
by .

Let K be regular Cantor sets of class C? defined by the expansive func-
tion 1. It is a general fact, due originally to Poincaré that, given a periodic
point p of period r of 1, there is a C? diffeomorphism h of the support in-
terval I of K such that ¢ = k= 0 4" o h is affine in h='(J), where J is the
connected component of the domain of ¢" that contains p. We say that K is
non-essentially affine if " (x) # 0 for some z € h™'(K).

In [Morl6], we use the Scale Recurrence Lemma of [MYO1] in order to
prove the following:

THEOREM. If K and K' are reqular Cantor sets of class C? and K is
non-essentially affine, then HD(K + K') = min{HD(K) + HD(K"), 1}.

This result will be a central tool in the proof of Theorem 1.

3. Regular Cantor sets defined by the Gauss map
The Gauss map is the map g: (0,1] — [0, 1] given by

o) = {2y =L

—|Vax e (0,1].
_Jvee©.1]
It acts as a shift on continued fractions: if a,, € N* for all n > 1, then

9([0;a1,as,as3,...] =[0;az2,as3,a4,...].

Regular Cantor sets defined by the Gauss map (or iterates of it) restricted
to some finite union of intervals are closely related to continued fractions with
bounded partial quotients. We will often consider such regular Cantor sets
associated to complete shifts. A complete shift is associated to finite sets of
finite sequences of positive integers in the following way: given a finite set
B = {B1,52,...,Bm}, m > 2, where 5; € (N*)"7, r; € N*, 1 < j < m and
does not begin by §; for i # j, the complete shift associated to B is the set
Y(B) c (N*)N of the infinite sequences obtained by concatenations of elements
of B:

Y(B) = {(ag,a1,a2,...) | aj € BYj e N}.

Here (and in the rest of the paper), we use the following notation for concate-
1 (2 (m;)

nations of finite sequences: if a; = (a; 7, a o Q

Gy ), then (ap, a1, as,...)

means the sequence

(a(()l)aa(()2)’ e 705(()m0)7a§1)5a§2)7 s 7agm1)vaé1)’a§2)7 s ?agm2)’ c )
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In some cases, when there is no ambiguity, we will write agaias -+ and also
aév to represent the concatenation of IV copies of «. In some cases some of the
«; are finite sequences and some cases are single numbers, which are viewed as
one-element sequences. Associated to X(B) is the Cantor set K(B) C [0, 1] of
the real numbers whose continued fractions are of the form [0;7v1, 72,73, .- -],
where v; € B for all j > 1. This is a regular Cantor set. Indeed, if a; and
b; are respectively the smallest and largest elements of K (B) whose continued
fractions begin by [0; 5], for 1 < j < m, and I; = [a}, b;], then K(B) is the

m
regular Cantor set defined by the map + with domain |J I; given by ¥|r, = g',
j=1

1<j<m.
We have the following:

PROPOSITION 1. The Cantor sets K(B) defined by the Gauss map asso-
ciated to complete shifts are non-essentially affine.

Proof. Let B = {B1,B2,---,Bm}, B; = B 05, 09y € (N 1 <
j < m. For each j < m, let x; = [0;5;, 55, Bj,...] € I; be the fixed point of
Y|r; = g'7. Notice that, since 3; does not begin by g; for i # j, the z;,1 <
J < m are all distinct. Moreover, according to the classical theory of continued
fractions, if p,(j)/q,(j) = [0; bgj),bgj),...,bg)] for1<j<m,1<k<rj, we
have I; C {[0; 8j,a], a > 1} and #|7,(x) is given by
¢z — p)
V@) = —5—75
_qu—lx + prj—l

(see the appendix); so z; is the positive root of qg)_lxg + (qg) - pf,i)_l):n —pg)
(since x; is the fixed point of ¥|r;).

For each j < m, since 1| 1; is a Mdobius function with a hyperbolic fixed
ajac+bj
cjw—l-d]-
such that a;jo(¢] Ij)oaj_l is an affine map. If we show that the Mobius functions
a1 0 (Y|1,) o a! is not affine, then we are done, since the second derivative of

a non-affine Mobius function never vanishes.

point z;, there is a Mobius function a;(z) = with a;(z;) =z, () =1

Suppose by contradiction that ay o (¥|r,)oa; ! is affine. Since a0 (¢|7,) 0
ozfl is also affine, these two functions have a common fixed point at oo, so
ayl(o0) = —di/cy is a common fixed point of 9|7, and |s,, which implies
that a7 ' (00) is a common root of qf,illxz + (qﬁ}) —pﬁ,ill)x —pg) and qﬁzlle +
(qg) - pg)_ )z — pg). Since these polynomials of Q[z] are irreducible (indeed
their roots x1 and x5 are irrational because their continued fractions expansions
are infinite), they must be associates in Q[z], and so their remaining roots x;

and x9 must coincide, which is a contradiction. O
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COROLLARY 1. For every pair of sets B, B’ of finite sequences of positive
integers,
HD(K(B) + K(B')) = min{1,HD(K (B)) + HD(K(B’))}.

Definition 3. If = (b1,b2,...,bp—1,by), then ,Bt = (b, bp—1,...,b2,b1).
Given a set of finite sequences B, we define B! := {3', 3 € B}.

PROPOSITION 2. For any finite set B of finite sequences, HD(K(B)) =
HD(K(BY)).

Proof. This follows from ¢,(8) = ¢,(5%) for all 8 (see the appendix of
[CF89] on properties of continuants) and from the fact that, if [, =

) )
Wl = “O e i) (1"
’ (_qg—)lx +P1(£1)2 (—qg—)ﬁ +P,(£1)2

satisfies (q,(lj))2 < Y1) < 4((],(3))27 since

1 1 () ) 1
=~ < — — < |g; iz —p; | < —=. O
2~ D+, &

COROLLARY 2. For every set B of finite sequences of positive integers,
HD(K(B) + K(B!)) = min{1,2 - HD(K(B))}.

4. Fractal dimensions of the spectra

We recall that the Lagrange spectrum is given by L = {{(f), 0 € ¥},
where ¥ = (N*)Z and, for 8 = (an)nez € =, €(0) := limsup,_, oo (an + Bn),
where o, and 3, are defined as the continued fractions ay, :=[an; an+1, Gnt2, - - -]
and S, = [0;an_1,an—2,...], while the Markov spectrum is given by M =
{m(0),6 € ¥}, where m(8) = sup{a, + Bn, n € Z}.

Given a finite sequence o = (a1, ag, ..., a,) € (N*)", we define its size by
s(a) := [I(«)|, where I(«a) is the interval

{x € [07 1] ’ T = [07 aip,az, ... 7an704n+1]7 Ap41 2 1}

If we take pop = 0, g0 = 1, p1 = 1, 1 = a1 and, for k > 0, pgio =
ak+2Pk+1 + Pk and Qg2 = Gg42qk+1 + Gk, then I(«) is the interval with ex-
tremities [0;a1,ag,...,a,] = pn/qn and [0;a1,a9,...,an—1,a, + 1] = %
and so
_|Pn Dnt+DPn-1| 1
s(a) = |— — = ,
G Gt -1l @n(dn + qn-1)
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since pngn—1—pn_1qn = (—1)""1. We define r(a)) = |log s(a)~! | which controls
the order of magnitude of the size of I(a)). We also define, for r € N, P, =
{a=(a1,az2,...,an) | (o) > r and r((a1, az,...,an-1)) < 7r}.

Write ¥ = ¥~ x ¥F, where ¥~ = (N*)Z- and £+ = (NN, and let
o: ¥ — 3 be the shift given by o((an)nez) = (an+1)nez. We will work with a
one-parameter family of subshifts of ¥ given by ¥; = {§ € ¥ | m(8) < ¢} for
t € R. (In fact we will take ¢ > 3.) Note that ¥; is invariant by transposition
and by o.

Note that if 8 = (an)nez € X, then ay, + By > an > ay for every n,
and so m(0) > sup{a,,n € Z}. So, if m() < t, we have a, < |t| for all
n € N. Given t € [3,400) and r € N, let T := |t| and C(t,r) be the set {a =
(a1,a2,...,ay) € P | Ky N I(a) # 0}. Here Ky := {[0;7]|y € m4+(X¢)}, where
my: Y — X7 is the projection associated to the decomposition ¥ = ¥~ x ¥,
Since 3 is invariant by transposition and by o, K; is invariant by the Gauss
map g and M N(—oo,t) C (N*N[1,T])+ K+ K;. We define N(t,r) := |C(t,7)],
where | - | denotes cardinality. Notice that if r < s, then N(¢,7) < N(¢,s) and,
if t < ¢, then N(t,r) < N(t,r).

For any finite sequences «, 5 and any positive integers k1, ko < T, we have
r(aBkike) > r(a)+r(5) (see the appendix), so if C(t,r) = {a1,ag,...,a,} and
C(t,s) = {p1,B2,...,Bs}, we may cover K; by the T?uv = T?>N(t,r)N(t,s)
intervals I(o;fjkikz), 1 < i <wu, 1 <j <w, 1 < ky,ko <T, which satisfy
r(a;Bjkiks) > r+s for all 4, j, k. Replacing, if necessary, some of these intervals
by larger intervals I(7y) in P, s, we conclude that N (t,r+s) < T?N(t,r)N(t,s)
and so

log(T?N(t,r + s)) < log(T%N(t,r)) + log(T?N(t,s)) V r, s.

This implies that

o1 2 ! 2 o1
A —log(T°N(t,m)) = nf — log(T°N(t,m)) = lim - log(N(t,m))
exists. We will call this limit D(¢) (which coincides with the (upper) box
dimension of K3, as follows easily from its definition). Notice that D(t) is a
non-decreasing function. We will see in the proof of Theorem 1 that D(t) is
continuous and that HD (k™! (—c0,t)) = D(t).

LEMMA 1. D(t) is right-continuous: given tg € [3,400) and n > 0, there
is & > 0 such that for to <t < t+ 6, we have D(ty) < D(t) < D(t+ ) <
D(to) + 7.

Proof. If for every t > tg, r large, w > D(tyg) + n, then we would

have D(to) > D(to)+n, contradiction. (Indeed C(¢,r) C C(s,r) for t < s and,
by compacity, C(to,r) = Nit, C(t,7).) O
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LEMMA 2. Giwent € (3,400) andn € (0, 1), there are 6 > 0 and a Cantor
set K(B) defined by the Gauss map associated to a complete shift ¥>(B) C X
such that X(B) C ¥;_s and HD(K(B)) > (1 —n)D(t).

Since the proof of this lemma is somewhat technical, we will postpone it
to Section 6.

LEMMA 3. Given a complete shift X(X) C ¥ (where X is a finite set of
finite sequences of positive integers), we have

HD(¢(2(X))) = HD(m(X(X))) = dim(£(X(X)))
= dim(m(2(X))) = min{2 - HD(K (X)), 1}.

Proof. Let T be the largest element of a sequence in X. First of all we
clearly have

((X(X)) Cm(%(X))
¢ U (a+g(KX)+g (KX)),

1<a<T
1<i,j<R

where R is the length of the largest word of X, so
HD(4(2(X)) <HD(m(X(X)) < min{2 - HD(K (X)), 1}.

Let € > 0 be given. We will show that there are regular Cantor sets K, K’
defined by iterates of the Gauss map with HD(K),HD(K’) > HD(K (X)) —¢
such that K + K’ C 4(3(X)) € m(X(X)). Since, by the dimension formula
stated in Section 2, HD(K + K') = min{HD(K) + HD(K’),1} > min{2 -
HD(K(X)),1} — 2¢ and € > 0 is arbitrary, the result will follow.

Given a positive integer n, let X = {(y1,7%2,..., )|y € XVj <n}. We
have ¥(X") = X(X) and K(X") = K(X). Replacing X by X" for some n
large, we may assume without loss of generality that for any A C X (resp. A C
X*') with |A] < 2 (resp. |A!| < 2), we have HD(K (X \ A)) > HD(K (X)) —¢
(resp. HD(K (X' \ AY)) > HD(K (X?!)) —e = HD(K (X)) — ¢).

Order X and X! in the following way: given 7,5 € X (resp. 7,7 € X?),
we say that v < 7 if and only if [0;~] < [0;7].

Suppose that the maximum of m(3(X)) is attained at

0="(..,7-1,9,...), i € XVi€L

in a position belonging to the sequence 7y. Let X* = X\{min X, max X},
(XH* = X\ {min X, max X'}. Essentially, K(X*) and K((X*)*) will be the
required Cantor sets, but first we have to control the positions where the lim sup
is attained (the idea is somewhat similar to the proof that Hall’s theorem
([Hal47]) on sums of continued fractions with coefficients bounded by 4 implies
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that the Lagrange spectrum contains [6, +00)) and which words can appear in
the beginning of the elements.
For each positive integer m, let C™ be the set of sequences

(' .. a’Y—m—27’Y—m—17’~Y—m7'~Y—m+17 DRI
5/—1)5/07'71) B 7:}’m—17:)’m77m+1a’)/m+27 <. )7
where 7, € X* for k > m + 1 and 7}, € (X')* for k < —m — 1. Then, for m

large enough, there is >0 such that for each § € C™, sup(ay, + B,) = m(0) is
attained only for values of n corresponding to the piece

T = (Y=ms Y=m+41s - - s V=1,70s V15 - - - » Ym—1, Ym))
of § and, if n does not correspond to the piece 7, then o, + 3, < m(8) — 7.
Indeed, if it is not the case, we may assume without loss of generality that
there is a sequence (my) tending to +o0o0 and, for each k, %) e c™k and ny
corresponding to a piece v, gy, with r(k) > my, such that oy, 05+ 8, () >
m(0*)) —1/k. Since %) converges to 8, m(8*) converges to m(f) and, by
compacity, if Vi denotes the size of the sequence

3/07 ﬁ/lv cee a;?mk717;}(/mk7’7mk+17 VY425 - - - ”Yr(k)—la

then (oVk (%)) has a subsequence that converges to some

é: ("'7&—17’3/07;717"') € Z(X)a

with 4; € X* for all i > 0, such that sup(a,, + 5,) = m(@) = m(é) is attained
for some n corresponding to the piece 4g. This is a contradiction, since m(é)
is the maximum of m(%(X)) and, changing 41 by min X or max X, we strictly
increase the value of m(é) Notice that the same argument shows that for any
0 € C™ and 0" € ¥(X™*), we have m(8*) < m(@) —n (for m large enough).

Now, fixing m with the above properties and 7(°) € X such that (7(©)! e
(X!)*, we may associate to each z = [0;71(2),y2(z),v3(z),...] € K(X*) an
element ©(x) € C™ given by

Q(.’I}) = (""7(0)77(0),’?7ma;?7m+17'"75’717&0)5’17"'7’3/771717’3/771’71(11)7’72(37)7“')
= (77(0) (0)77771(3"%72(3})7"')'

For each position n corresponding to the piece 7 of ©(x), we write g,(z) =
an(O(x)) + Bn(O(x)); in fact £,(O(x)) does not depend on x so, for distinct

values of n, the functions g,, are distinct rational maps of . This implies that,

i

except for finitely many values of x, the values of g,(x) for these values of
n are all distinct. Let z# = [O;’y#,’yf,’yf, ...] be one of these values. Since
sup(ay, + fn) = m(O(x)) is attained for values of n corresponding to the piece
7 of ©(x7), let ng be the position in 7 for which m (0 (%)) = ay, (O(z)) +
Bro (©(2#)). For N large enough, taking 7# = ((y(O)V 7, 7#,72#, e ,fy#,), the
following holds: if @ = (..., y_2,7_1, 77, Y1, Y2,...), with v, € X*, (v_x)! €
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(XH)* for all k > 1, writing 7% = (@_pn,,...,0_2,0_1,00,01,02, .-, AN,),
where @ is in the position ng of 7, we have
m(0) = [@o; @1, 2, . -, ANy, Y1, V25 V35 - - - |
+ 0@ 1, 2,..., 0N, 715725 -8t
It follows that, defining
K :={[aop;a1,a2,...,Gn,, 71,72,73, -+ )| € X* V5 > 1}

and
K= {[0;a-1,a0, .. @y, 0 Dy e (X)W > 13,
we have K + K’ C £(X(X)). In order to show this, given
x = [o;a1,a2, ..., ANy, V1,72:73, - - -] € K
and
y=[0;a_1,a_9,... ,E,Nl,%t,vét,yét, ...]e K,

and defining, for each positive integer m,

7 = (’77,71”77,11—17 e ,7137#”71’72’ coes Ym);

we have
(0" (z,y)) = m(O(z,y)) =z +y
for
O (z,y) = (... 7fy(O)’,Y(O)’T(l)ﬂ-(?)’7(3)7 )
and

A~

@(l‘, y) = ( e 77§a7§>717 7-#7'71a727'73a s )

Indeed, there is a sequence of positions (si) with s corresponding to the
piece () of ©*(x,y) such that o°*(0*(x,y)) converges to 0" (O(z,y)), so
o, (0% (z,y)) + Bs, (©"(z,y)) converges to

g (O(2,9)) + B (B, y)) = m(O(,y)) =z +y

and, in particular, £(©*(z,y)) > m(©(z,y)) = z+y. On the other hand, there
are increasing sequences (my) and (rx) such that the position my corresponds
to the piece 7(") in ©*(x,y) and am, (% (x,9)) + Bm, (O (x,7y)) converges to
(©*(z,y)). Now, if |my, — s, | has a bounded subsequence, then there is b € Z
such that o (©*(z, %)) has a subsequence converging to o?(0(z, %)), so

(O (2, y)) = lim(am, (0% (2, 9)) + B, (O (2,y))) < m(B(x,y)) =z +y.
On the other hand, if |my —s,, | is unbounded, there is ¢ € Z and a subsequence
of o (©*(x,y)) that converges to o¢(8*), where 8" is an element of X (X™*),

but in this case we would have £(©*(x,y)) < m(0*) < m(6(z,y)) — n, which
is a contradiction.
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Finally, notice that K and K’ are diffeomorphic respectively to K (X*)
and K((X%)*), so

HD(K) =HD(K(X™)) > HD(K (X)) — ¢
and

HD(K') = HD(K ((X")*)) > HD(K(X")) — e = HD(K (X)) —e. O

5. Proofs of the main results

Proof of Theorem 1. Applying Lemma 3 to the complete shift X(B) ob-
tained in Lemma 2, we get that, for any n > 0, there is § > 0 such that

min{2(1 —n)D(t),1} < min{2HD(K(B)),1} < HD(L N (—o0,t — J])

<HD(LN(—o00,t)) <HD(M N (—o00,t))
< dim(M N (—o0,t))
< min{2- HD(K}),1} < min{2- D(t),1}
(since
(3(B)) C LN(—o0,t—0], LN(—o0,t) C MN(—o0,t) C (N*N[1,T])+K;+ K
and D(t) is the upper box dimension of K;), and so, if d(¢) := HD(LN(—o0, t)),
we have
d(t) = HD(M N (—o0,t)) = dim(L N (o0, t))
= dim(M N (—o0,t)) = min{2 - D(¢),1}.

In order to conclude the proof of the first assertion of (i), it is enough
to show that HD(k~!(—o0,t)) = D(t). In the notation of Lemma 3, let = €
K,y € K'. For each z = [0; a1, 9, ...] € K(X*), define

A(Z) = Ar,y(z) = (alla T(l)) Qal, 7—(2)7 a3, 0y, a5, 31, 7(3)7 A, ...,04), 7(4)7

Q25,26 « - - Oé5!,T(5), CIEa 7a7“!77—(r)7a7‘!+17 cee >
and h(z) = [0; A(z)]. As before, we have k(h(z)) = x + y. On the other hand,
given any p > 0, we have |z — 2’| = O(|h(z) — h(2')|'7?) for |z — 2| small, so
HD(k~Y(z +y)) > HD(K (B*)) > HD(K(B)) — €. As before, we get
HD (k™! (—o00,t)) > HD(k™!(—o00,t — §])
>HD(k ' (z 4+ y)) > HD(K(B)) —¢ > (1 —n)D(t) — e.

Since 1 and ¢ are arbitrary, HD(k~!(—o0,t)) > D(t). For the reverse inequal-
ity, let w € k~!(—00,t). We have limsup,,_,.(an(w) + Bn(w)) = k(w) < t,
so there is ng € N such that n > ny = au(w) + Bu(w) < t. This

implies that k=!(—00,t) C Unen(97™(Ky)), where g is the Gauss map, so
HD(k~!(—o00,t)) < D(t). Thus we have HD(k™!(—o00,t)) = D(t).
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Recall that, by Lemma 1, D(t) is a right-continuous function. Thus we

have
D(t) = HD(k™!(—o0,t)) <HD(k™!(—00,]) < Jim, HD (k™! (—00, 5))
:SEIR’_D(S) = D(t).

Then HD(k™!(—o0,t]) = HD(k~!(—o0,t)) = D(t), and we conclude that
d(t) = min{2HD(k~!(—o0,t)),1} = min{2HD(k~!(—o00,]),1}.

Finally, D(t) is left-continuous (and so is continuous) since, by Lemma 2,
given t € [3,400) and n € (0,1), there is 6 > 0 such that D(t — §) >
HD(K(B)) > (1 —n)D(t), so Sl_igl_D(S) = D(t).

In order to conclude, notice that for each positive integer m,
Y({2172,212™F22}) C S5, 9 m

(notice that [2;1,1,1,...] +[0;2,1,1,1,...] = 3), so D(3 +¢) > 0 for every
€ >0 and, since ¥ 5 = {1,2}%,

D(V12) = HD(K /55) = HD(K({1,2})) = HD(C2) = 0,53128... > 1/2

so, since D(t) is continuous, there is 6 > 0 such that D(v/12 —9) > 1/2, and
thus we have

d(v12 — §) = min{2 - D(v12 — §),1} = 1. O

Remark. It follows from the above proof and from the general estimates
of fractal dimensions of regular Cantor sets of Chapter 4 of [PT93] that there
is a constant C' > 0 such that, for each positive integer m, D(3 + 27™) >
HD(K ({212m2,21%2m™+22})) > C/m. This gives another proof of the fact that
the functions D(t) and d(t) are not Holder continuous.

Proof of Theorem 2. Given m > 2, let
Cpm ={a=10;a1,a2,as,...] € [0,1]|lax < mVk > 1}.

M. Hall proved in [Hal47] that C4+Cy = {a+8|a, B € Cs} = [V2—1,4(v/2-1)].
On the other hand, we have lim,, ,., HD(C),) = 1. In fact, Jarnik proved in
[Jar29] that

1
HD(Cn) > 1= ¥ > 8.

m - log

Now let ¢ > 7 be given. Let m = [t| — 3. There are n € {m + 2, m + 3}
and a = [0;a1,a9,as,...],8 = [0;b1,b2,b3,...] € C4 such that t = n + a + 3.
For each r > 1, let 7(") and #(") respectively be the sequences

(m + 17 b2r—17 b27‘—27 veey b27 b17 n,ai,az,...,0a2r—-2,a2r—1,M + 1)

and
(m+ 1)b27‘ab27'717° : 'ab2)b17n7a17a27' ey G2r—1, Q2r, M + 1)
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Now consider the maps h, h : Cy, — [0, 1] given by
B(Z) = ﬁ([ov C1,C2,C3, .- ])

= [0;c11, 7, a1, 7@, €3, 4, 05, 31, 7P,
CryCy ey Caty P o, es, 7O e, 70, Critty -«
and
h(z) = h([0;c1,c2,c3, .. .])
= [0y c11, 7Y, car, 73 e3, ¢4, 05, 30, 7P,
cr,C8y .y, 7Y co, o en, 7O L ,crg,%(r),cﬂﬂ, o]
It is easy to see that k(h(z)) = t for every z € Cp,. Moreover, since [zg;
x1,T2,T3,T4,...| s increasing in xg, x2, x4, ... and decreasing in z1, 3, x5, . . .,
we have

h(z) € Exact(t™") and h(z) € Exact’'(t7}).
On the other hand, given any p > 0, we have |z — 2/| = O(|h(z) — h(2')|'~?)
and |z — /| = O(|h(z) — h(z")|*=P) for |z — 2| small, so HD(Exact(t~!)) >
HD(C,,) and HD(Exact'(t~1)) > HD(C,,). Since lim,, .o HD(Cy,) = 1, we
are done. O

Proof of Theorem 3. Let x € L'. Consider a sequence x,, converging to x,
Tn € L, x, # x. Choose 9™ ¢ 3 such that z, = K(Q(”)). Let 0 = (bgn))jez,

and assume bg-n)
that the x, are not in Hall’s ray). We have z,, = lim supjﬁoo(agn) + ﬁj(-n)).
Given § > 0, there exists ng € N large such that n > ng = [((0™) — z| < 6,
and there are infinitely many j € N such that ]a§~n) + B](-n) —x| < 6. Let N =
[6=1]. Given such a pair (j,n), consider the finite sequence with 2N + 1 terms
(byi)N, b;ri)NH, cel bgn), . ,bg.i)N) =: 5(j,n). There is a sequence S such that
for infinitely many values of n, S appears infinitely many times as S(j,n), j €
N; i.e., there are j1(n) < j2(n) < --- with lim; o (ji+1(n) — ji(n)) = co and
S(ji(n),n) = S for all ¢ > 1 for all n in some infinite set A C N.
Consider the sequences 3(i,n) for i > 1, n € A given by

N () (n) (n)
Bli,n) = (bji(n)+N+1’ bji(n)JFNJFQ’ T bji+1(n)+N)‘

< 4 for all j for all n (which is possible since me may assume

There are (i1,m1) and (ig,ng) for which there is no sequence v such that
B(i1,n1) and B(iz, ng) are concatenations of copies of 7, otherwise z,, would
be constant for n € A. This implies that, taking

B = {B(i1,n1)B(i2, n2), Biz,n2)B(i1, 1)},

K(B) is a regular Cantor set so, as in Lemma 3, ¢(K(B)) contains a regular
Cantor set K with d(x, K) < 20. O
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6. Proof of Lemma 2

Let 7 = 1/40. Since t > 3, we have D(t) > 0, and so we may choose 19 € N
large such that, for r > r, |w — D(t)| < §D(t). Let By := C(t,r) and
Ny := N(t,r0) = |Bo|. Let k = 8NZ[2/7]. Take B = {8 = 1B2--- B | Bj €
Bo,1<j<kand K;NI(B)#0}.

Given 8 = B1fo---Br € B (with 8; € By, 1 < i < k), we say that
j, 1 < j < k, is a right-good position of 3 if there are elements S(5) =
8102 - - -5j,1ﬁ§s)ﬁ§i)1 e B,(:), s =1,2, of B such that we have the following in-

equality of continued fractions: [0; Bj(l)] < [0; B;] < [O;ﬁ]@)]. We say that j is a

left-good position if there are elements ) = 8{85) .. 1) ) 5, 1855 By,
s = 3,4, of B such that [0; (5](-3))t] < [O;ﬁ;‘f] < [0; (6§4))t]. Finally, we say that
j is a good position if it is both right-good and left-good.

We will show that most positions of most words of B are good. Let us
first estimate |B |. It follows from Lemma A.2 of the appendix that, for § € B,
5(8) < (2¢770)F < e~*(r0=1)  Moreover, since N (t, k(ro — 1)) > %ek(”o_l)D(t),
{1(B); B € E} is a covering of K; by intervals of size smaller than e #("o—1)
and the function h : B — C(t, k(ro — 1)) defined by h(8) = h((B182...Bk)) =
(B1B2...Bj), where j = min{i ;¢ < k and r((f152...06i)) > k(ro — 1) } is

onto, we have

~ 1
|B| > ﬁek(rofl)D(t) > 2 ekro=2)D(t) since k is large

>2 e(l_T/2)r°kD(t), since rq is large

< 9 (0= (1+7/2)rokD()

> 2Nk, since N{(t, rg) < e(1+5)PWro.

Now, let us estimate the number of words 3 € B such that at least k/20
positions of 3 are not right-good: we have at most 2* choices for the set of
the m > k/20 positions which are not right-good. Once we choose this set of
positions, if j is such a position and 31, B2, ..., 8;-1 € By are already chosen,
there are at most two (the largest and the smallest) choices for 5; € By such
that for some 8 = B182---B8j-18;Bj+1- - Br € B, the position j is not right-
good. If j is any other position, we have of course at most Ny = |By| possible
choices for §;, so we have at most 2™ - Nf ™™ < 2’“/20N39k/20 words in B with
this chosen set of m positions that are not right-good. Therefore, the number
of words 8 € B for which the number of positions that are not right-good is at
least k/20 is bounded by 2% . 2/20.. Négk/m = 921k/20 . N&gk/%. Analogously,
the number of words 3 € B for which there are at least k/20 positions that

are not left-good is also bounded by 221%/20 . Négk/zo‘
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This implies that for at least
’B| _9.921k/20 Nolgk/zo > 2N(§1_T)k _ 91+21k/20 N019k/20 > Nél—T)k

words of B, the number of good positions is at least 9k/10. Let us call such
an element of B an ezcellent word.

If 3= p18s--- B € B (with 8; € By, 1 < j < k) is an excellent word,
we may find [2k/5] positions i1,i2,...,i[2/51 < k With i1 > is + 2 for all
s < [2k/5], such that the positions i1,i1 + 1, i2,42 + 1,...,ifar/5], f2n/5] + 1
are good. Since k = 8N§[2/7], we may takej, := igp/, for 1 < s < 3N§
(notice that 3NZ[2/7] < ?Ngm/ﬂ = 2k/5), so we have jsy1 — js > 2[2/7]
for all s < 3N§, and the positions js, js + 1 are good for 1 < s < 3N§.

Now, the number of possible choices of (ji, jo, ... ,j3N02) is bounded by

(31@02) < 2% and, given (j1,Ja,. .. ,j3Ng), the number of choices of

(5jl’ﬁj1+1> s ’ﬁj3N§’ﬁj3N§+1)

2
is bounded by Ny . So, we may choose j1,ja. . ., Jgnz With ja1 — s > 2[2/7]
for all s < 3Ng, and words Birs Biv+15 B> Biat15 - - .,ﬁ53N2,B53N2+1 € By such
0 0

that the set X := {8 = p182--- Bk € B excellent | js,js + 1 are good posi-
P ~ (1-7)k

tions and 5, = f;,, Bj,41 = Bj,41Vs < 3NG} has at least Mo — > Nél_%)k
2k.N, 0

elements, as Ny and k are large.

Since Ny = |Bo|, there are N¢ possible choices for the pairs (ﬁjs, /Bjs+1).
We will consider, for 1 < s <t < 3NZ, the projections Tsp: X — Bgf_js given
by met(B1B2- - Br) = (Bis+1, Bist2,-- -, B5,). We will show that the images of
many of these projections are large.

For each pair (s,t) with 1 < s <t < 3N such that

g0 (X)] < N{T10TGe3e)

we will exclude from {1,2,...,3N2} the indices s,s + 1,...,t — 1. Let us
estimate the total number of indices excluded: the set of excluded indices is
the union of the intervals [s,t) (intersected with Z) over the pairs (s,t) as
above. Now we use the elementary fact that, given a finite family of intervals,
there is a subfamily of disjoint intervals whose sum of lengths is at least half
of the measure of the union of the intervals of the original family. We apply
this fact to the above intervals [s,t). Suppose that the total number of indices
excluded is at least 2NZ. By the above fact, we may find a disjoint collection
of intervals [s,t) as above whose sum of lengths is at least N&. Let us call P
the set of these pairs (s,t). Since j; —js > 2(t — s)[2/7]Vt > s, the sum of

(Gt — js) for (s,t) € P is at least 2NZ[2/7]. Since for each pair (s,t) € P we
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have |75 +(X)| < Nélfloﬂ(jt*js), we get

(1=107) >° (e—Js) o
NO(1—2T)k < |X| < N, (s;D€P .Ng#{zneéhsdt)\f(s,t)ep}

< Né1—107)-2N3(2/T] 'N(])C—2N§|—2/T.|

Y

since we have at most Ny choices for 3; for each index 7 that does not belong to

the union of the intervals [js,]j;) associated to these pairs (s,t). However, this
2

is a contradiction, since this inequality is equivalent to NSOTNO [2/71 < Nng,

which cannot hold, because 27k = 167 NZ[2/7] < 207 NZ[2/7]. So, the total

number of excluded indices is smaller than 2/Ng.

Now, there are at least NZ + 1 indices that are not excluded. We will
have two non-excluded indices s < t such that 85, = 5, and 35,11 = B5,41.
We claim that, for B := 7, +(X), the shift ¥(B) satisfies the conclusions of the
statement. o

Indeed, since s and t are not excluded, we have |B| > NélflOT)(Jtﬂs).
Moreover, by Proposition A.1 of the appendix, for every o € B, we have

‘I(a)‘ = s(a) > (2(T + 1)267"0)_(jt—js) > e_(jt_jS)(T0+UOg(2(T+1)2)])_
So, the Hausdorff dimension of K(B) is at least
(1 —107) log Ny (1 —107)ro (1- Z)D(t)
ro + [log(2(T +1)2)] = 7o+ [log(2(T + 1)?)] 2
> (1—=127) D(t) > (1 —n)D(t).

On the other hand, if k= It —Js, M1 = Bj8+1 = Bth and v := Bjt = Bjs,
all elements of B are of the form 182083 - -+ 8;_;72, where v1, 82, 83, ..., B;_,
v2 € By and there are 71,7/, 75,75 € Bo with [0;75] < [0;72] < [0;+4] and
[05 (71)"] < [0574] < [0; (77)"] such that

I(V1B2Bs - By_yv2m) N Ky # 0, (V) BBz Bi_yv2m) N K; # 0,
I(v2y1B283 -+ By _170) N Ky # 0,  I(v2v18283 -+ By_175) N Ky # 0.

We will show that this implies the existence of § > 0 such that ¥(B) C ¥;_;.
Let vf = (c1,¢2, ..., ¢m, ), with ¢; € N* for all j <my, and vy = (d1,ds, . .., dp,)
with d; € N* for all j < mo. Let 182083 - - '5];,_1’72 € B, where [503 - - 'Bé—l =
ajaz---as with a; € N* for all j < m. We want to estimate three kinds
of sums of continued fractions. The first one are sums of continued fractions
beginning by [aj;ajt1,...,am: Y2, V1. -] + [0;a5-1,...,a1,7%,7%,...]. Let us
assume, without loss of generality, that

ty.
sz-i-ﬁ%—j(aj-i-l: -5 A, 72) < Qm1+j—1(aj—1> <. al, 71)7

the other case, when the reverse inequality

Gmr4i—1(aj=1, -, a1,Y)) < Gmgtin—i (@41, - - -, Gy Y2)
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holds, is symmetric. Assume also that
[aji a1, @ms 2] < lagsajet, - am, 13);
otherwise we change +4 by 4. This allows us to exhibit § > 0 such that, for
any 0% e {1,2,.... T, 1 <i<4,
[aj; @it s @, Y2, 0] + (05051, -, 01,91, 75,0%))
<laj;ajs1,. .., am,'yé,Q(g)] +[0;a5-1, ... ,al,yf,'yé,ﬁ(4)] — 0.
Indeed, by Lemma A.1 of the appendix,

[a]a aj-‘rlu o 70’777,7’)/57@(3)] - [(1], a’j-i-l) ey a’rﬁ7727Q(1)]
1

T+ )T + 2)Gmotriin—j (@15 - Gy Y2)?

>
(
and

‘[0; aj_1,. .. a1, 7475 0W] = (05051, . .. 7a17’Yf,’Y§,Q(2)]‘

1
<
Qm1+m2+j71(ajfla Lo, an, 7{’ 73)2
1
< )2
(Fmy+1my+j—-1(aj-1,- .., a1,71))
< ! 3
(Fm2+1qm2+ﬁl—j(aj+17 <. 7a'7‘71772))

1
< .
T 2T+ 1)(T + 2)gmytm—j (@415 - - - Gy 72)?
(Here we use that mgy is large; (F),) denotes Fibonacci’s sequence, given by
Fy=0,F = 1,Fn+2 = Fn+1 + F,, for all n > 0)
So, the inequality holds with
1 < 1
(T + 1)20matmatm) = 2T + 1)(T + 2)gmytin—j (Qj+1, - - -, Gy 72)?

On the other hand, I(y2718283 - - B;_,74) N K¢ # 0, so there are 0®) and
such that (Q(4))t72716263 e 6,;_17§Q(3) € Y, and thus

[aj;aj+1a v 7aﬁ17ryévQ(3)] + [O;a’jflv v 7a177§’7§’ﬁ(4)] <t,
which implies that, for any 8% € {1,2,...,TW,i=1,2,
[aj; Ajily--- 7aT7L7727Q(1)] + [07 Aj—1y---, CLl,’Y%,’Y%,Q(g)] <t—24.

The other two kinds of sums of continued fractions we want to estimate
are sums of continued fractions beginning by

[dj;dj+17"')dm27’yl7"'] + [O;djflv’"adlvaﬁ’u"'aala’y{%"]
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and, symmetrically, sums of continued fractions beginning by

. t .
[0;Cjg1s vy Cmys Voo -+ ) F[Cj5Ci—1, - 1,1, .., G, Y2, - e

We have

t
ng—j+m1 (dj+17 cee 7dm2771) S qj—1+ﬁ’b+m1 (dj—17 cee 7d17 Ayyy -+« 5 A1, P)/l)

(Indeed, m/(m1 + mg) is large when n and 7 are small, depending on T'.)
Assume that [dj;djq1, ..., dmy,71) < [dj5djqt, ..., dmy, 1] (Otherwise we
change 7] by ~{.) Since I(v2y16283- - B;_17271) N Kt # 0, estimates anal-
ogous to the previous ones imply that, for any () € {1,2,..., TN i=1,2,
we have

[dj;djsts - dimys 71, 0]+ [05dj1, oy diyay -y an,7E, 75,00 <t — 6.

This implies that the complete shift 3(B) satisfies the conditions of the
statement, which concludes the proof of the lemma. O

As we said before, this proof does not give any estimate on the modulus
of continuity of d(t). Indeed, in the beginning of the proof of Lemma 2, we
used the fact that u(r) = log(T?N(t,r)) is subadditive in order to guarantee
the existence of ry € N large such that, for r > ro, \w — D(t)| < $D(t).
(Recall that D(t) = limy—e0 = log(T2N(t,m)) = limp o0 = log(N(t,m)).)
However, this gives no estimate on rg. Consider, for instance, the function
v(n) given by v(n) = 2n for n < My and v(n) = n+ My for n > My, where M)
is a large positive integer. It is subadditive, increasing, lim, o v(n)/n = 1 but
v(Mp)/My = 2, and My can be taken arbitrarily large. However it is possible
to adapt the proof in order to give an estimate on the modulus of continuity
of d(t), using an idea of [FMM18].

Given € > 0 (which we may assume to be smaller than % < 1017%)5;2)7 we
want to obtain ¢ € (0,1) as an explicit function of € such that D(t — ) >
D(t) — e. Of course there is no loss of generality in assuming D(t) > . We
may also assume that 7' = [t] < 4 +e !/log2 (and thus t < T + 1 < 37 1)
since, by the proof of Theorem 2, if [t| > 4+¢71/log?2 > 14, for m = [t| —4 >
max{9,e71/log 2}, we have D(t — 1) > HD(C,) > 1 — m > 1—¢ (and so
D(t—1) > D(t) —e¢).

Under these hypothesis, we will apply the conclusions of Lemma 2 for
n = e. In its proof, in this case, it is enough to assume rq > 1/72 and that, for
k=8N(t,m0)%[2/7], % < (1 —1—7'/2)% (indeed, assuming the
above bounds for t, it is not difficult to check that, except for this inequality
relating N(t,r9) and N(¢,k(ro — 1)), the claims in other parts of the proof
of the lemma that use the assumptions that g and k are large are satisfied
provided rg > 1/72).
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We define a sequence (cy)y>0 recursively by co=[-] and, for every n>0,
2 2
cnt+1 = 8N(t,cp) - (cn —1).

We claim that for some integer so < (1 + %) log(4/¢), we will have

log N (¢, cs,) - (1 n z) log N (¢, csy+1) _ (1 N z) log N(t, k(cs, — 1))’
2 Cso+1 2 k(csy — 1)

with k = 8N (t,cs,)?[2]. Indeed, if it is not the case, then

log N(t,cnt1) _ (1 N T)—l log N (%, cn)
- 2 Cn

Cs

Cn+1
for 0 <n < (1+2)log(4/e), and so, for M = [(1+42)log(4/¢)], we would have

-M
log N (t,cpr) < <1 N z) log N(t, o) < (e/4) - log N (t, co)
CM 2 CO CO
since (1+§)_(1+%) < e~ 1. On the other hand, it follows by Lemma A.3 that, for
every m > co, N(t,m) < (T + 1)%e™ < €*™ (recall that ¢y = [1] = [1%9]),
and so % < (e/4) - log Nit.co) £/2. This leads to a contradiction

co
(t) < log(TzN(t,m))

since, for every positive integer m, ¢ < D and, in particular,

W>E—21;T%TZ€/2, sincecMZC()ZlS#andT<3/s.
Now let rg = c,. By the previous discussion, the proof of Lemma 2 works
for this ro (and k = 8N (t,9)?[2/7]) so, for
1 < 1 S 1
(T+ 1)2(m1+m2+ﬁz) - (T+ 1)2k~max{|ﬁ|,ﬁ€0(t,m)} = (T+ 1)2k.r0/10g27

we have D(t—0) > (1—e)D(t) > D(t) —e. We will now give an explicit positive
lower bound for ¢ in terms of €. In order to do this we define recursively, for
each integer n > 0 and z € R, the functions 7 (z,n) and T (n) by T (z,0) = =z,
T(z,n+1) = 7@ and T(n) = T(1,n). We have, for every n > 0,
2 3 en
Cng1 = 8N(t,¢,)?[=](cn — 1) < 8t . Z ¢, < €®
T T

since, for every n > 0, ¢, > ¢g > %2 = % and N(t,c,) < e*n, therefore

ro = €5y < T (c0,250) =T ( (%21,250) and

To 2 2 To
2log(T'+1)- k- —— =16log(T + 1) - N(t R

3 TO 0

< 161og(3/e) - el . = . ¢
< 1610g(3/2) -0 2 10 < e,

SO
1 —2log(T+1)-k-ro/log2 —ee"0 1
6 > = e 8 0 g >e >

= (T + 1)2k0/log2 m.
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Finally, since 2* > k2 for every k > 4, it follows by induction that, for every

n >4, T(n) > (n+1)° for every n > 0. Indeed, T (4) > 21¢ > 56 and, for n > 4,
Tn+1)>270 >T(0)? > (n+1)2 > (n+2)5.

This implies that T([1/e]) > (1/£)® > 1601/e? > [150] = [ L] = ¢o (recall
that 0 < e < 1/7), 50 T (co, 2s50+3) < T(T([1/€]),250+3) = T (|1/e]+250+3),
and, since so < (1 + 2)log(4/e), we have

[1/e| +2s0+3 <3+ [1/e] +2 (1 + %) log(4/¢)
<3+1/et2(1+ %) log(4/¢)

80 161
=3+1/z+2(1+ ?) log(4/2) < — log(4/).

and therefore
1 1 1

0> T (co, 250 + 3) = T(|1/e] + 2s0 + 3) = T([ X 1og(4/2)])

Appendix A. Basic facts and estimates on continued fractions

We will prove here some elementary facts on continued fractions used in
the previous sections. We refer to [CF89] for the facts used but not proved
here.

Let x = [ag; a1, a2, as, ...| be a real number, and let
Pn Pn
- 77:[(10;@17@27"'7@71]
dn’ neN 4n

be its sequence of convergents.
n

We have, for every n € N, ppy1gn — pngns1 = (—1)",

Qp4+1Pn + Pn—1

T = [00;01,02, - -+, Qpn, Upt1]| = )
[ e ] Qni1qn + gn-1
and so
Pn—1 — Gn—1T
Qpyl1 = ——————
dn® — Pn
and
Pn (_1)n
r——= 55
dn (an+1 + /Bn+1)Qn
where
dn—1
Bn+1 = — = [O, An, Gn—1,0n—2,- - - 7a1]'
qn
In particular,
e
dn (an+1 + 5n+1)qu21
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Recall that, given a finite sequence o = (ay,aq,...,a,) € (N*)", we define
its size by s(a) := |I(«)|, where I(«) is the interval

{x 6 [07 1] ’ T = [07 al? GQ, st 7an7 ()[n+1], O[’fl"rl 2 1}7
whose endpoints are p, /g, and %, r(a) = |logs(a)~!| and, for r € N,
P, ={a=(a1,a2,...,a,) | r(a) > r and r((a1,a2,...,an—1)) <7}
Since 1 = Prol =1 "the n-th iterate of the Gauss map restricted to

dnT—Pn
the interval I(«) is given by

-1 -1 qn® — Pn
1o (®) = g"(07 ) = ol = AP
LEmMA A.1. Ifag,a1,a2,..., by, byi1, ... are positive integers with

An—1, Oy g1, bpy b1 < T and ay # by,

then
|[a0; a1,0a2, ..., Qp, Ant1, An42, - - } - [ao; aip,az, ..., b’n7 bn—&-l: bn+27 .. ”
1
> 5
(T4 1)(T+2)q?
where ¢n, = qn(a1,ag, ..., a,).
Proof. Let
T = [a0;a17a27--'7an7an+17an+2a-~]
and
y = lao;a1,a2,...,an-1,bn,bnt1,bnyo,.. ]
We have
TG I T I SO ) e b e
n (@) qn—1 + -2’ n(Y)n—-1+ qn—2’
and so

Oén($)pn71 + Pn—2 _ an(y)pnfl + DPn—2
an(x)anl + gn—2 (079 (y)anl + @n—2

|z —y| =

(O‘n(x) — Qp (y))(pn—1Qn—2 - pn—2Qn—1)
(o (2)gn—1 + gn—2)(an(Y)qn-1 + gn—2)

(an (@) — an(y))(=1)" 2
(an(x)Qn—l + %—2)(%1(1/)%—1 + Qn—2)

|an(z) — an(y)|
 (an(@)an-1+ dn-2)(@n(Y)an-1 + n-2)
We have |, (z)] = an, |an(y)] = b, and ap, # by, so
1,12
T+1 T+2 T+2

|an(x) - an(@/)’ > [LT + 1] - [0§ LT+ 1]
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Moreover,
n(T)gn—-1+ qn—2 < (1 + an)qn-1 + Gn—2 = qn + qn—1 < 2¢n
and
n(Y)gn-1+ gn-2 < @ (Y)(@n-1+ @n—2) < an(y)an < (T +1)gn,

and so
1 B 1 -
T+2 2¢, - (T+1)g, (T+1)(T+2)¢2

LEMMA A.2. If a = aqas - - apy and B = biby - -- b, are finite words, then

55(@)s(8) < s(aB) < 25(a)s(5).

Proof. By Euler’s property of continuants (cf. Appendix 2 of [CF89]), we
have

|z —y| >

Qern(aB) = Qm(a)Qn(B) + mel(a1a2 cee amfl)anl(beii ce bn)
and then
Gm()qn(B) < @man(aB) < 2qm(a)gn(B).
From the left inequality, we have
1
s(aB) =

dm-+n (O‘B) [Qm—f—n(a/B) + Qm+n—1(a/6)]
1

4m () qn(B) [gm () gn(B) + @m () gn-1(8)]
2

Im () qn (B) [am (@) + gm—1()] [gn(B) + @n-1(5)]
1 1

" 4m (@) [gm (@) + gm—1(a)] ¢ (B) (40 (B) + gn—1(B)]
=2s(a)s(B),

where in the second inequality we used that

2qm (@) qn(B) + 2qm (@) gn-1(8) > gm()qn(B) + @m()gn-1(8)
+ @m-1()qn(8) + gm—1()gn-1(B)
<~ Qm(a)Qn(ﬁ) + Qm(a)Qn—l(/B> > Qm—l(a)%z(ﬁ) + Qm—1<a)Qn—1(6)u
which is obviously true. For the other inequality, proceed analogously:
1
HOB) = e inl@B) e (@B) + dmsn 1 (0B)]
1 1

> 2 Im () an(B) [gm+n(aB) + @min—1(af)]
1 1

72 4u(@)aa(B) [gm(@) + Gm1()] [3(B) + gn1(B)]

<

<
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as

Qm+n(a/8)+Qm+n—1(a ) < [ m(a) + Qm—l(a)][Qn(ﬁ)‘i‘Qn—l(/B)]
= gm-1()Gn-1(8) + gm-1(a)gn—2(8) < gm-1(a)gn(8) + gm-1(a)gn-1(8)
<~ Qn—l(ﬁ) + Qn—Q(/B) < C_In(ﬁ) + Qn—l(ﬂ)a

where ¢,—1(8) = qn—1(b2b3---by) and Gn—2(8) = qn—2(b2b3---by—1), and the
last inequality is true, since we have G,—1(8) < qn(8) and Gn—2(8) < ¢n-1(5).
This concludes the proof. ([l
LEMMA A.3. Ifa = (a1,a2,...,an) € (N*)" belongs to P, and1 < a; <T
for 1 < j <mn, then s(a) > ((T +1)%e")~!
Proof. We have r(ay,az,...,an,—1) <7, SO

T

S((Zl, ag, ... aan—l) = (Qn—l(Qn—l + Qn—Q))il >e 7,
and thus

s(@)™t = qn(gn + @n-1) < (Tqn-1+ @n—2) (T + 1)gn—1 + qn—2)
< (T + 1)qn 1 (T + 1)(%1—1 + QR—Z)
= (T +1)*gn-1(Gn-1 + @n—2) < (T +1)%¢"
s0 s(a) > (T +1)%") ! O

PROPOSTION A.1. Let r, k be positive integers and «;,1 < i < k finite
sequences that belong to P. and whose elements are bounded by T'. Then, if
a =iy ay, we have s(a) > (2(T +1)%e")7*.

Proof. For 1 <i < k we have, by Lemma A.3, s(a;) > ((T +1)%¢")~L. So,
using Lemma A.2, we get
k—1
s(a) = s(arag - - ag) > B s(aq)s(ag) - - s(ag)

1)kt 2 =1k 2 _ry—k
>(§) (T + 12e7) ") > (2T +1)%) %, O
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