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Universal hierarchical structure of
quasiperiodic eigenfunctions

By SVETLANA JITOMIRSKAYA and WENCAI LiU

Abstract

We determine exact exponential asymptotics of eigenfunctions and of
corresponding transfer matrices of the almost Mathieu operators for all
frequencies in the localization regime. This uncovers a universal struc-
ture in their behavior, governed by the continued fraction expansion of
the frequency, explaining some predictions in physics literature. In addi-
tion it proves the arithmetic version of the frequency transition conjecture.
Finally, it leads to an explicit description of several non-regularity phenom-
ena in the corresponding non-uniformly hyperbolic cocycles, which is also
of interest as both the first natural example of some of those phenomena
and, more generally, the first non-artificial model where non-regularity can
be explicitly studied.

1. Introduction

A very captivating question and a longstanding theoretical challenge in
solid state physics is to determine/understand the hierarchical structure of
spectral features of operators describing 2D Bloch electrons in perpendicular
magnetic fields, as related to the continued fraction expansion of the magnetic
flux. Such structure was first predicted in the work of Azbel in 1964 [Azb64].
It was numerically confirmed through the famous butterfly plot and further
argued for by Hofstadter in [Hof76] for the spectrum of the almost Mathieu op-
erator. This was even before this model was linked to the integer quantum Hall
effect [Tho84] and other important phenomena. Mathematically, it is known
that the spectrum is a Cantor set for all irrational fluxes [AJ09] and, more-
over, even all gaps predicted by the gap labeling are open in the non-critical
case [AJ10], [AYZ]. Both were very important challenges in themselves, even
though these results, while strongly indicated, do not describe or explain the
hierarchical structure, and the problem of its description/explanation remains
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open, even in physics. As for the understanding the hierarchical behavior of
the eigenfunctions, despite significant numerical studies and even a discovery
of Bethe Ansatz solutions [WZ94], [ATW98] it has also remained an impor-
tant open challenge even at the physics level. Certain results indicating the
hierarchical structure in the corresponding semi-classical /perturbative regimes
were previously obtained in the works of Sinai, Helffer-Sjostrand, and Buslaev-
Fedotov. (See [HS89], [Fed13], [Sin87], and also [Zhi91] for a different model.)

In this paper we address the latter problem by describing the universal
self-similar exponential structure of eigenfunctions throughout the entire lo-
calization regime. We determine explicit universal functions f(k) and g(k),
depending only on the Lyapunov exponent and the position of k in the hierar-
chy defined by the denominators g, of the continued fraction approximants of
the flux «, that completely define the exponential behavior of, correspondingly,
eigenfunctions and norms of the transfer matrices of the almost Mathieu opera-
tors for all eigenvalues corresponding to almost every phase; see Theorem 2.1.1
Our result holds for all frequency and coupling pairs in the localization regime.
Since the behavior is fully determined by the frequency and does not depend
on the phase, it is the same, eventually, around any starting point, so it is
also seen unfolding at different scales when magnified around local eigenfunc-
tion maxima, thus describing the exponential universality in the hierarchical
structure; see, for example, Theorems 2.2 and 2.4.

While the almost Mathieu family is precisely the one of main interest in
physics literature, it also presents the simplest case of an analytic quasiperi-
odic operator, so a natural question is which features discovered for the almost
Mathieu would hold for this more general class. Not all do; in particular,
the ones that exploit the self-dual nature of the family H) ,¢ often cannot
be expected to hold in general. In case of Theorems 2.1 and 2.2, we conjec-
ture that they should in fact hold for general analytic (or even more general)
potentials, for almost every phase and with In|A| replaced by the Lyapunov
exponent L(FE) (see footnote 4), but with otherwise the same or very similar
statements. The hierarchical structure theorems 2.2 and 2.4 are also expected
to hold universally for most (albeit not all, as in the present paper) appropri-
ate local maxima. Some of our qualitative corollaries may hold in even higher
generality. Establishing this fully would require certain new ideas since so far
even an arithmetic version of localization for the Diophantine case has not been
established for the general analytic family, the current state-of-the-art result
by Bourgain-Goldstein [BG00] being measure theoretic in «. However, some

!This paper supplants our earlier preprint entitled “Asymptotics of quasiperiodic eigen-
functions.” The latter preprint is not intended for publication.
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ideas of our method can already be transferred to general trigonometric poly-
nomials [JL]. Moreover, our method was used recently in [HJY] to show that
the same f and g govern the asymptotics of eigenfunctions and universality
around the local maxima throughout the a.e. localization regime in another
popular object, the Maryland model.

Since we are interested in exponential growth/decay, the behavior of f
and g becomes most interesting in the case of frequencies with exponential
rate of approximation by the rationals. In general, localization for quasiperi-
odic operators is a classical case of a small denominator problem and has been
traditionally approached in a perturbative way: through KAM-type schemes
for large couplings [Sin87], [FSW90], [Eli97] (which, being KAM-type schemes,
all required Diophantine conditions on frequencies) or through perturbation
of periodic operators (Liouville frequency). Unlike the random case, where,
in dimension one, localization holds for all couplings, a distinctive feature of
quasiperiodic operators is the presence of metal-insulator transitions as cou-
plings increase. Even when non-perturbative methods, for the almost Mathieu
and then for general analytic potentials, were developed in the 1990s [Jit99],
[BGOO], allowing to obtain localization for almost every frequency throughout
the regime of positive Lyapunov exponents, they still required Diophantine
conditions, and exponentially approximated frequencies that are neither far
from nor close enough to rationals remained a challenge, as for them there
was nothing left to perturb about or to remove. Moreover, it has become clear
that for all frequencies, the true localization threshold should be arithmetically
determined and happen precisely where the exponential growth provided by
the Lyapunov exponent beats the exponential strength of the small denomina-
tors. Thus the most interesting regime — the neighborhood of the transition
— required dealing with the exponential frequencies not amenable to pertur-
bations/parameter removals, adding a strong number theoretic flavor to the
problem. The precise second transition conjecture was stated for the almost
Mathieu operator [Jit95]. Our analysis provides also a (constructive) solution
to the full arithmetic version of the transition in frequency and explains the
role of frequency resonances in the phenomenon of localization in a sharp way.

The almost Mathieu operator (AMO) is the quasiperiodic Schrédinger
operator on ¢%(Z):

(Hxapu)(n) =u(n+1)+u(n —1) + 2Xcos 2m(6 + na)u(n),

where A is the coupling, « is the frequency, and 6 is the phase.

It is the central quasiperiodic model due to coming from physics and
attracting continued interest there. First appearing in Peierls [Pei33], it arises
as related, in two different ways, to a two-dimensional electron subject to a
perpendicular magnetic field and plays a central role in the Thouless et al.
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theory of the integer quantum Hall effect. For further background, history,
and surveys of results, see [MJ17], [Dam17], [Jit07], [Las05] and references
therein.

The Almost Mathieu operator has a transition from zero to positive Lya-
punov exponents on the spectrum at |[A| = 1 (the critical coupling) leading
to the conjecture, dating back to [AA80], that it induces a transition from
absolutely continuous to pure point spectrum. For Diophantine «, this was
proved in [Jit99]. The result was extended to all a, 6 for |A| < 1 (the sub-
critical regime) in [Avi08], solving one of the Simon’s problems [Sim00]. For
the supercritical regime (|A| > 1), it is known however that the nature of the
spectrum should depend on the arithmetic properties of « [Gor76], [AS82].

Set
(1) B = p(a) = limsup ndni1 an,

n—00 dn
where % are the continued fraction approximants of .

For any irrational number «, we say that the phase 6 € (0, 1) is Diophan-
tine with respect to « if there exist x > 0 and v > 0 such that
(2) 126+ kalle/z > 7
for any k& € Z\{0}, where ||z||[r/z = dist(z,Z). Clearly, for any irrational
number «, the set of phases that are Diophantine with respect to « is of full
Lebesgue measure. The conjecture in [Jit95] states that for a-Diophantine
(thus almost every) 6, H) o satisfies Anderson localization (i.e., has only
pure point spectrum with exponentially decaying eigenfunctions) if || > e
and has, for all @, purely singular continuous spectrum for 1 < |A| < e?.2

For 5 = 0, this follows from [Jit99]. A progress towards the localization
side of the above conjecture was made in [AJ09] (localization for |A| > e9”, as
a step in solving the Ten Martini problem) and in [YZ13] (in a limited sense
for |A| > Ce?). The method developed in [AJ09] that allowed one to approach
exponentially small denominators on the localization side was brought to its
technical limits in [LY15a], where the result for [A| > e2” was obtained.

Lately, with the development of Avila’s global theory and the proof of
the almost reducibility conjecture [AvilO], it has become possible to obtain
non-perturbative reducibility directly ([AFK11], [HY12], [YZ13]), allowing one
to potentially argue localization for the dual model by duality, as was first
done in a perturbative regime in [BLT83], avoiding the localization method

2 The original conjecture is slightly stronger in that it allows for not just polynomial, but
any subexponential approximation of 26 by ka. The same goes for our proof, with obvious
modifications. We choose to present the result, and thus also present the conjecture, for a
slightly stronger Diophantine case in order to slightly simplify the argument.
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completely. This was done recently by Avila-You-Zhou [AYZ17] who proved
the full singular continuous part of the conjecture and a measure-theoretic (i.e.,
almost all ) version of the pure point part. (See also [JK16], where a simple
alternative way to argue completeness in the duality argument was presented.)
The measure-theoretic (in phase) nature of the pure point result of [AYZ17]
is, in fact, inherent in the duality argument. In contrast, our analysis provides
a direct constructive proof for an arithmetically defined set of a-Diophantine
0, thus proving the full arithmetic version of the conjecture.

Our method can be used to also obtain precise asymptotics of arbitrary
solutions of H) ,9p = E¢, where E is an eigenvalue. Combined with the
arguments of Last-Simon [LS99], this allows us to find precise asymptotics of
the norms of the transfer-matrices, providing the first example of this sort
for non-uniformly hyperbolic dynamics. Since those norms sometimes differ
significantly from the reciprocals of the eigenfunctions, this leads to further
interesting and unusual consequences; for example, exponential tangencies be-
tween contracted and expanded directions at the resonant sites.

From this point of view, our analysis also provides, as far as we know,
the first study of the dynamics of Lyapunov-Perron non-regular points, in a
natural setting. An artificial example of irregular dynamics can be found in
[BPO7, p. 23], however it is not even a cocycle over an ergodic transformation,
and we are not aware of other such, even artificial, ergodic examples where the
dynamics has been studied. Loosely, for a cocycle A over a transformation f
acting on a space X (Lyapunov-Perron), non-regular points € X are the ones
at which Oseledets multiplicative ergodic theorem does not hold coherently in
both directions. They therefore form a measure zero set with respect to any
invariant measure on X.3 Yet, it is precisely the non-regular points that are of
interest in the study of Schrodinger cocycles in the non-uniformly hyperbolic
(positive Lyapunov exponent) regime, since spectral measures, for every fixed
phase, are always supported on energies where there exists a solution poly-
nomially bounded in both directions, so the (hyperbolic) cocycle defined at
such energies is always non-regular at precisely the relevant phases. Thus the
non-regular points capture the entire action from the point of view of spectral
theory and so become the most important ones to study. One can also dis-
cuss stronger non-regularity notions: absence of forward regularity and, even
stronger, non-exactness of the Lyapunov exponent [BP07]. While it is not
difficult to see that energies in the support of singular continuous spectral
measure in the non-uniformly hyperbolic regime always provide examples of
non-exactness, our analysis gives the first non-trivial example of non-exactness

3 Although in the uniformly hyperbolic situations this set can be of full Hausdorff dimension
[BS00].
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with a non-zero upper limit (Corollary 2.13). Finally, as we understand, this
work also provides the first natural example of an even stronger manifestation
of the lack of regularity, the exponential tangencies (Corollary 2.14). Tangen-
cies between contracted and expanded directions are a characteristic feature of
non-uniform hyperbolicity (and, in particular, always happen at the maxima
of the eigenfunctions). They complicate proofs of positivity of the Lyapunov
exponents and are viewed as a difficulty to avoid through, e.g., the parameter
exclusion [BC91], [You97], [Bjel5]. However, when the tangencies are only
subexponentially deep, they do not in themselves lead to non-exactness. Here
we observe the first natural example of ezponentially strong tangencies (with
the rate determined by the arithmetics of a and the positions precisely along
the sequence of resonances).

The localization-for-the-exponential-regime method of [AJ09] consists of
different arguments for non-resonant (meaning sufficiently far from jg, on the
corresponding scale) sites and for the resonant ones (the rest). It is the resonant
sites that lead to dealing with the smallest denominators and that necessitate
the |A| > e'9? requirement in [AJ09]. Here we start with the same basic setup
and only technically modify the non-resonant statement of [AJ09]. However
we develop a completely new bootstrap technique to handle the resonant sites,
allowing us to get to the transition and obtain the fine estimates. The es-
timates from below (which coincide with our estimates from above) are also
new. In general, the statements that are technically similar to the ones in the
existing literature are collected in the appendices, while all the results/proofs
in the body of the paper are, in their pivotal parts, not like anything that has
appeared before.

The key elements of the technique developed in this paper are robust and
have made it possible to approach other scenarios. As such, in the upcoming
work we prove the sharp phase transition for Diophantine o and all 8 and
establish sharp exponential asymptotics of eigenfunctions and transfer matrices
in the corresponding pure point regime [JL18]. Moreover, our analysis reveals
there a universal reflective-hierarchical structure in the entire regime of phase-
induced resonances, a phenomenon not even previously discovered in physics
literature. Thus while in this paper we develop a complete understanding of
frequency induced resonances, in [JL18] we develop new methods motivated
by the ideas of this manuscript to obtain a complete understanding of phase
induced resonances. In other follow-up works we determine the exact exponent
of the exponential decay rate in expectation for the Diophantine case [JKL] and
study delicate properties of the singular continuous regime, obtaining upper
bounds on fractal dimensions of the spectral measure and quantum dynamics
for the almost Mathieu operator [JLT], as well as potentials defined by general
trigonometric polynomials [JL].
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Except for a few standard, general (e.g., uniform upper semicontinuity)
or very simple to verify statements, this paper is entirely self contained. The
only technically involved fact that we use without proving it in the paper is
Lemma 3.1 [BJ02], but this is not even necessary if we replace In|\| by the
Lyapunov exponent L(E) throughout the manuscript.*

2. Main results

Let
0
(3) H A0+ ja) = A0+ (k- 1)a)A@ + (kK —2)a)--- A(0)
j=k—1
and
(4) A_y(0) = A (0 — ka)

for k > 1, where A(0) = (E*Q’\fOSQ’“Q Bl). The (k-step) transfer matrix is
called Ay. As is clear from the definition, it also depends on 6 and FE, but
since those parameters will be usually fixed, we omit this from the notation.

Given a € R\Q, we define functions f,g: ZT — R™ in the following way.
Let 5” be the continued fraction approximants to . For any & < k < 24
define f(k), g(k) as follows.

Case 1: qgﬂ > %” or k> qn. If bg, <k < (+1)g, with £ > 1, set

(5) f(k?) _ e—|k—£qn|ln|>\\f? +€—|k—(€+1)qn|ln|>\\7;?+1

and

(6) g(k) = eflkffqnllnlquﬁi:l 4 e Ik=(t+1)an| lnw$7
Ty Tey1

where for ¢ > 1,

In qn+1 In¢
e e L

Also set 7 =1 for convenience.
If%"gkz<qn,set

(7) f(k) — e*kln‘M + e*|k7qn|]n|)\|7ﬂl1
and
®) g(k) = kAL

4 In fact, In|)| is being used in this paper as a shortcut for L(E).
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8
Case 2: q2, | <% and % < k < min{gy, 24*}. Set

2
(9) fk) = e7HA
and
(10) g(k) = eI,

Notice that f,g only depend on « and A but not on 6 or E. Here f(k)
decays and g(k) grows exponentially, globally, at varying rates that depend on
the position of k in the hierarchy defined by the continued fraction expansion
of a; see Figures 1 and 2.

Ty
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A | 3 T4
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Figure 1.
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Figure 2.
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We say that ¢ is a generalized eigenfunction of H with generalized eigen-
value F if

(11) H¢ = E¢ and |¢(k)| < C(1+ [k|).

Our first main result is that in the entire regime |\| > e”, the exponential
asymptotics of the generalized eigenfunctions and norms of transfer matrices
at the generalized eigenvalues are completely determined by f(k), g(k).

THEOREM 2.1. Let o € R\Q be such that |\ > €. Suppose 0 is
Diophantine with respect to a, E is a generalized eigenvalue of Hy o9 and ¢

is the generalized eigenfunction. Let U(k) = ((;fk(f)l)). Then for any € > 0,

there ezists K (depending on A, «, C’,E and Diophantine constants k,v) such

that for any |k| > K, U(k) and Ay satisfy

(12) FkDeH < [[UE)] < £k
and
(13) g([kDe =M < || Ag| < g(|k[)e .

Certainly, there is nothing special about k = 0, so the behavior described
in Theorem 2.1 happens around an arbitrary point & = kg. This implies the
self-similar nature of the eigenfunctions: U(k) behave as described at scale ¢,
but when looked at in windows of size g, qr < ¢,—1 will demonstrate the same
universal behavior around appropriate local maxima/minima.

To make the above precise, let ¢ be an eigenfunction, and let U(k) =

<¢¢(ﬁ)1)>‘ Let I/ = (<145, $2q;] for some 0 < ¢1,62 < 1. We will say ko is a

(k §1,52
local j-maximum of ¢ if [|U(ko)|| > ||U(k)|| for k — ko € IZ ,. Occasionally,
we will also use the terminology (j,<)-maximum for a local j-maximum on an
interval Igyg.
We will say a local j-maximum kg is non-resonant if

1120 + (2ko + k)a|r/z >

—1”

for all |k| < 2¢;—1 and
K
(14) 1126 + (2ko + k)a||r/z > T
for all 2Qj—1 < |]€’ < 2Qj'
We will say a local j-maximum is strongly non-resonant if
K
(15) H29—|—(2k‘0+k‘)a||R/Z > W
for all 0 < |k| < 2g;.
An immediate corollary of Theorem 2.1 is the universality of behavior at
all (strongly) non-resonant local maxima.
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THEOREM 2.2. Given € > 0, there exists j(e) < oo such that if kg is a
local j-mazimum for j > j(€), then the following two statements hold:
If ko is mon-resonant, then

- ||U (ko + s)|| Is|
(16) Flsleell < o < f(|s])efle
U (ko)
forall2s e Il ., |s| > 5.
If kg is strongly non-resonant, then
- |U (ko + s)|| Is|
(17) Flsleell < ot < f(|s])efl®
U (ko)

for all 2s € I!

S1,82°
Remark 2.3.

(1) For the neighborhood of a local j-maximum described in Theorem 2.2, only
the behavior of f(s) for gj_1/2 < |s| < ¢;/2 is relevant. Thus f implicitly
depends on j but through the scale-independent mechanism described in
(5), (7) and (9).

(2) Actually, a modification in our proof us allows to formulate (16) in The-
orem 2.2 with the non-resonant condition (14) only required for 2¢;_; <
|k| < g;j rather than for 2¢;_1 < |k| < 2¢;.

In case B(a) > 0, Theorem 2.1 also guarantees an abundance (and a
hierarchical structure) of local maxima of each eigenfunction. Let kg be a
global maximum.?

We first describe the hierarchical structure of local maxima informally.
We will say that a scale nj, is exponential if In Injy+1 > Clny, - Then there
is a constant scale 7y and thus a constant C' := ¢p,41 such that for any ex-
ponential scale n; and any eigenfunction, there are local nj-maxima within
distance C' of ko + sgn;, for each 0 < [s| < e“"io . Moreover, these are all
the local nj,-maxima in [ko — "o, kg + ¢“"i0]. The exponential behavior of
the eigenfunction in the local neighborhood (of size ~qnj0) of each such local
maximum, normalized by the value at the local maximum is given by f. Note
that only exponential behavior at the corresponding scale is determined by
f and fluctuations of much smaller size are invisible. Now, let n;, < nj, be
another exponential scale. Denoting “depth 1”7 local maximum located near
ko + an, io o by banjo, we then have a similar picture around banjo; there are
local n;-maxima in the vicinity of banjo + 8qn;, for each 0 < [s] < e M .
Again, this describes all the local gn;, -maxima within an exponentially large
interval. And again, the exponential (for the n;, scale) behavior in the local

SIf there are several, what follows is true for each.
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Global maximum

L b b1
N
E ba1 b2
: Windpw 1
b_g b_1 k‘o bl bQ
Local maximum of depth 1 Local maximum of depth 1

Figure 3. Hierarchical structure of an eigenfunction.

neighborhood (of size “n,, ) of each such local maximum, normalized by the
value at the local maximum, is given by f. Denoting those “depth 2” local
maxima located near banjo + any, qny, by banjo an; s We then get the same pic-
ture taking the magnifying glass another level deeper and so on. At the end we
obtain a complete hierarchical structure of local maxima, which we denote by
i being

seeesn

: 13 b)) 1
R E— with each “depth s+ 1”7 local maximum banjO anj,

in the corresponding vicinity of the “depth s” local maximum banj0 g e
and with universal behavior at the corresponding scale around each. The qual-
ity of the approximation of the position of the next maximum gets lower with
each level of depth, yet the depth of the hierarchy that can be so achieved
is at least j/2 — C; see Corollary 2.7. Figure 3 schematically illustrates the
structure of local maxima of depth one and two, and Figure 4 illustrates that
the the neighborhood of a local maximum appropriately magnified looks like
a picture of the global maximum.
We now describe the hierarchical structure precisely. Suppose
K

(18) 112(0 + ko) + kallg/z > e

for any k£ € Z\{0}. Fix 0 < ¢, e with ¢ + 2¢ < 1. Let n; — oo be such that
Ingn, 11> (s+2€) In|A|gy,. Let ¢; = (Ingy, +1 —In|an;|)/In|X|g,, —e. We have

¢j > e for 0 <ay, < ¢S Nan;  Then we have
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Local maximum of depth 1

bi11
b1,1,-1 by 1o

br21 biao

bi,—2 b1,—1 b1 b1 b1,2

Local maximum of depth 2 Local maximum of depth 2

Figure 4. Window 1.

THEOREM 2.4. There exists ng(a, A\, k,v,€) < oo such that for any jo >
G1> >k g, gk, and 0 < an, < e = 0,1, K, for all

0 < s <k, there exists a local n; -maximum banjo e,

. + I::Sl for all 0 < s < k such that the following hold:

on the interval

An . Qp o yeeeyQmy s
n]O’”]l’ dny

(I) ’banjo - (ko + anjOanO” S Qﬁ0+17
(IT) for any 1 < s < k, |banj .
0

lenaan' - (ban PreZon

Ap . )| <
Js R PR P + njs dnjs )1 =

dio+s+15
(III) Zf 2($ - banjo ’a"jl a~~~7anjk )
for each s =0,1,...,k,

€ Itjk,l and |x - banjo 7a"j1""’a"jk,| Z Ano+k> then

19 seelml < )l
(19) fs)e ™™ < sty vty |

1 Js

< flas)e™!,

where T = | — ba,, . an. ...an. | 1S large enough.
Jo Js

10
Moreover, every local nj -mazimum on the interval
+ [_ee In Aqnjs ’ 66 In )an].s]

QAn . sQn, . N s 779
mjoAng seenlng

s of the form banj0 a an;. for some n, -

Mg 90y

J1

Remark 2.5. By (I) of Theorem 2.4, the local maximum can be determined
up to a constant Ko = ga,+1. Actually, if kg is only a local n; + 1-maximum,
we can still make sure that (I), (II) and (III) of Theorem 2.4 hold. This is the
local version of Theorem 2.4; see Theorem 7.3.
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Remark 2.6. Here gp,41 is the last scale at which phase resonances of
0 + koo still can appear. Notably, it determines the precision of pinpointing
local nj,-maxima in a (exponentially large in gy J'o) neighborhood of kg for any
jJo. When we go down the hierarchy, the precision decreases, but note that
except for the very last scale, it stays at least iterated logarithmically® small
in the corresponding scale g

Thus for x € b, CR— + [—CJ; Inj, » %qnjs], the behavior of ¢(x) is

Jjo’ Js
described by the same universal f in each gy, -window around the correspond-

ing local maximum by, 4, .. .a, 5 = 0,1,...,k. We call such a structure

Jo J Js
hierarchical, and we will say that a local j-maximum is k-hierarchical if the
complete hierarchy goes down at least k levels; for a precise definition, see

Section 7. We then have an immediate corollary.

COROLLARY 2.7. There exists C = C(a, A\, k,v,€) such that every local
nj-mazimum in (ko —e° I Alan; | o4 es 10 \/\Ian] is at least (j /2 — C)-hierarchical.

Remark 2.8. The estimate on the depth of the hierarchy in the corol-
lary assumes the worst case scenario when all scales after ny are Liouville.
Otherwise the hierarchical structure will go much deeper. Note that a local
nj-maximum that is not an n;41-maximum cannot be k-hierarchical for k > j.

Another interesting corollary of Theorem 2.1 is

THEOREM 2.9. Let o € R\Q be such that |\| > €@ and 8 is Diophantine
with respect to . Then Hy o9 has Anderson localization, with eigenfunctions
decaying at the rate In |\ — 5.

This solves the arithmetic version of the second transition conjecture in
that it establishes localization throughout the entire regime of (a, A) where
localization may hold for any 6 (see the discussion in the introduction) for an
arithmetically defined full measure set of 6.

We note that Theorem 2.9 cannot be upgraded to all # in the regime
|\ > e [JS94], so exclusion of a certain arithmetically defined set where the
spectrum must be singular continuous is necessary. There is a conjecture about
where in this regime the transition in 6 happens [Jit95], but we do not explore
it in this work. The sharp transition in 6 for Diophantine « will be established
in the follow-up work [JL18]. Also, it could be added that, for all 8, H 4 has
no localization (i.e., no exponentially decaying eigenfunctions) if |\| = e; see
Appendix A.1.

Sfor most scales even much less
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Remark 2.10. Theorems 2.1 and 2.9 cover the optimal range of («, A) for
almost every 6. For Theorem 2.9, even though some 6 have to be excluded
[JS94], we do not claim the Diophantine condition on 6 is optimal. At the
same time, exponentially strong #-resonances (exponentially small lower bound
in (2) instead of a polynomial) will make Theorem 2.1 false as stated, no
matter how small the exponent, and they would require differently defined f
and g. In [JL18] we obtain f’ and ¢’ that govern the exponential behavior of
eigenfunctions and transfermatrices for all 6 throughout the entire pure point
regime corresponding to Diophantine a.

Let 9 (k) denote any solution to Hy 401 = E1 that is linearly independent

with respect to ¢(k). Let U(k) = (wl(pk(ﬁ)l)). An immediate counterpart of (13)

is the following
COROLLARY 2.11. Under the conditions of Theorem 2.1 for large k, vec-
tors U(k) satisfy

(20) g(kDe== " < | (k)| < g(Ik])es.

Thus every solution is expanding at the rate g(k) except for one that is
exponentially decaying at the rate f(k).

It is well known that for F in the spectrum, the dynamics of the transfer-
matrix cocycle A is non-uniformly hyperbolic. Moreover, F being a general-
ized eigenvalue of H) , ¢ already implies that the behavior of Ay, is non-regular.
Theorem 2.1 provides precise information on how the non-regular behavior
unfolds in this case. Previously, a study of some features of the non-regular
behavior for the almost Mathieu operator was made in [FK08]. We are not
aware though of other non-artificially constructed examples of non-uniformly
hyperbolic systems where non-regular behavior can be described with such
precision as in the present work.

The information provided by Theorem 2.1 leads to many interesting corol-
laries, which will be explored elsewhere. Here we only want to list a few im-
mediate sharp consequences.

COROLLARY 2.12. Under the condition of Theorem 2.1, we have

(i) limsupy_,o 7111”];4’“” = lim supy,_, 7111”%(“” =1In|\[;

(ii) Tim infy_yoe 2UAEL = Jim ing, o WIUTGI 1,1y — gy

(iii) outside an explicit sequence of lower density zero,”

In||A In ||U
lim In || | — lim In |[U()]| = In A
k—o0 k k—o0 k

"It will be clear from the proof that the sequence with convergence to the Lyapunov
exponent contains q,,n =1,....
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Therefore the Lyapunov behavior for the norm fails to hold only along
a sequence of density zero. It is interesting that the situation is different for
the eigenfunctions. While, just like the overall growth of ||Ax| is In |\ — 8,
the overall rate of decay of the eigenfunctions is also In|A| — 5, they however
decay at the Lyapunov rate only outside a sequence of positive upper density.

That is,
COROLLARY 2.13. Under the condition of Theorem 2.1, we have
(i) Tim supy, o —UEO =1 |A];
(ii) lim infy_0o —ITOI — 15 |\ - 8;

iii) there is an explicit sequence of upper density 1 — L2 8 along which
D q pp yl—3 g

In|A]?
—In||U(k
tim —2HT®N
k—o0 k
(iv) there is an explicit sequence of upper density %hﬁ/\' 9 along which
—In||U(k
lim sup —nflUk)] <lIn|A[.
k—o0 k

The fact that ¢ is not always the reciprocal of f also leads to another
interesting phenomenon.
Let 0 < 3 < § be the angle between vectors U(k) and U (k).

COROLLARY 2.14. We have

(21) lim sup o _ 0
k—o00 k
and
lnék
22 liminf — = —3.
(22) it = =0

As becomes clear from the proof, neighborhoods of resonances ¢, are the
places of exponential tangencies between contracted and expanded directions,
with the rate approaching —f along a subsequence.'® Exponential tangencies
also happen around points of the form jg, but at lower strength. This means,
in particular, that A with k ~ ¢, is exponentially close to a matrix with the
trace e A=Ak,

The rest of this paper is organized in the following way. We list the def-
initions and standard preliminaries in Section 3. We also include there the

81t will be clear from the proof that the sequence contains [Z],n=1,....

9As will be clear from the proof, this sequence can have lower density ranging from 0 to

%hﬁ 5 depending on finer continued fraction properties of a.

071 fact the rate is close to 71n((]]++1 for any large n.
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non-resonant regularity statement. While similar to the corresponding state-
ments in [AJ09], [LY15a], [LY15b], it differs in enough technical details that
a proof is needed for completeness. We present this proof in Appendix B.
Section 4 is devoted to the bootstrap localization argument, establishing sharp
upper bounds for the resonant case. Section 5 is devoted to the lower bounds.
In Section 6 we prove the statements about eigenfunctions: (12) of Theo-
rem 2.1, and Theorems 2.2 and 2.9. In Section 7, we will prove the hierarchical
structure, Theorem 2.4 and Corollary 2.7. In Section 8, we study the growth
of transfer matrices and prove (13) of Theorem 2.1. The remaining corollaries
are proved in Section 9.

3. Preliminaries

Fix a € R\Q such that S(a) < oo. Unless stated otherwise, we always
assume \ > e (for A < —e®, notice that Hyop= H_/\,a79+;), 0 is Diophantine
with respect to  and F is a generalized eigenvalue. We a2lso assume ¢ is the
corresponding generalized eigenfunction of H) , 9. Without loss of generality
assume |(0)|? + [¢(—1)|> = 1. Let ¥ be any solution to H) 4% = E linear
independent with respect to ¢, i.e., [1(0)|? + [(—1)|> = 1 and

(23) P(=1)1p(0) = $(0)y(~1) = c,
where ¢ # 0.

Then by the constancy of the Wronskian, one has
(24) Sk + 1)k — o)k + 1) = c.

We also will denote by ¢ an arbitrary solution, so either ¥ or ¢. Thus for any
k, m, one has

(25) ( (p(i(_/i;'ri)l) ) _ Ak(9+ma)< (p(ig”z)l) )

The Lyapunov exponent is given by

. 1
(26) L(E) = lim k/R/ZInHAk(G)HdG.

k—o0

The Lyapunov exponent can be computed precisely for E in the spectrum of
H) o9 We denote the spectrum by ¥y ,. (It does not depend on 6.)

LEMMA 3.1. [BJ02] For E € ¥, and X\ > 1, we have L(E) =In \.

Recall that we always assume E/ € X , so by upper semicontinuity and
unique ergodicity (e.g., [Fur97]), one has

1
(27) InA= lim sup —Inl|A4%(0)];
k—ro0 0ER/Z k
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that is, the convergence in (27) is uniform with respect to 6 € R. Precisely, for
all e > 0,

(28) |4k (0)] < e A9 for k large enough.
We start with the basic setup going back to [Jit99]. Let us denote
Pi(0) = det(Rjo x—1)(Hxa0 — E)Rjo p—1))-
It is easy to check that

_( Pu®) —Pia(0+0)
(29) Ar(0) = ( Pea(®) —Prslt + o) )

By Cramer’s rule for given z1 and zo=z1+k—1, withy €l = |11, 23] C Z,

one has
_ Py,—y(0 + (y +1a)
(30) |GI($17y)|_‘ Pk(9—|—w104) 3
P, —x (04‘%’10&)
1 — Yy—x1
(3 ) |G1(y,x2)| ‘ Pk(0+1)10£)

By (28) and (29), the numerators in (30) and (31) can be bounded uniformly
with respect to 6. Namely, for any € > 0,

(32) ‘Pk(e)’ < 6(ln)\Jrs)k
for k large enough.

Definition 3.2. Fix 7 > 0, 0 < § < 1/2. A point y € Z will be called
(1,k) regular with ¢ if there exists an interval [z1,x2] containing y, where
r9 = x1 + k — 1, such that

Gz 20] (U, T3)| < e Tlv=il and ly — x;| > 0k for i =1,2.
It is easy to check that
(33> gO(.’B) = _G[xl,x2]<m17‘r)(p<x1 -1) - G[l‘l,xg](x7x2>90(x2 + 1)7
where x € [ = [z, 22] C Z.

Definition 3.3. We say that the set {01, ,0k11} is e-uniform if

il |z — cos 276 e
(34) max ~ max H — :
re[~LIi=loktl, G, | cos 2m0; — cos 2m0;|

Let Ay, = {0 € R| Py(cos2m(0 — L(k — 1)a))| < e**+V7} with k € N and
r > 0. We have the following lemma.

LEMMA 3.4 ([AJ09, Lemma 9.3]). Suppose {01, -+ ,0k41} is €1-uniform.
Then there exists some 0; in the set {61,--- ,0k41} such that 6; ¢ Agnr—c if
€ > €1 and k is sufficiently large.
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Proof. Straightforward calculation. O

We say 0 is n-Diophantine with respect to « if, for some k > 0,v > 1, the
following hold:

(35) "20 + kaHR/Z > qi’/
for all |k| < 2¢, and
(36) 1126 + ka|p/z > ﬁ

for all 2¢, < |k| < 2¢n41.
Define b,, = ¢}, with S <t < 1; t will be defined later. For any k > 0, we
will distinguish two cases with respect to n:

(i) |k — £gn| < by, for some ¢ > 1, called n-resonance;
(ii) |k — £gy| > by, for all £ > 0, called n-non-resonance.

For the n-non-resonant y, let ng be the least positive integer such that
Aqn—n, < dist(y, gnZ). Let s be the largest positive integer such that 4sg,—pn, <
dist(y, ¢nZ). Notice that ny < C(a).

The following theorem is similar to a statement appearing in[AJ09] with
modifications in [LY15a], [LY15b]. We present a proof in Appendix B.

THEOREM 3.5. Assume \ > ¢P(@) . Suppose either

(i) bn <ly| < Cbpt1, where C > 1 is a fixed constant and 6 is n-Diophantine
with respect to a; or
(ii) 0 < |y| < gn, and 6 satisfies (35).
Then for any € > 0 and n large enough, if y is n-non-resonant, we have
y is (In X + 81n(8Gn—no/Gn—no+1)/tn—no — €+ 48Gn—n, — 1) regular with § = 1.

Remark 3.6. If 6 is n — 1-Diophantine with respect to «, then (35) holds.

Remark 3.7. In the non-resonant case, for any € > 0,% <t < 1, one has
In A+ 8In(S¢n—ng/In—no+1)/Gn-no > In A —8(1 — )3 — e > 0. In addition, we
have In A + 8 In(5¢n—no/qn—no+1)/dn—no > In A — 2¢ if ¢ is close to 1.

Remark 3.8. In the present paper, we only use Theorem 3.5 with C' =
50C%, where Cy is given by (37); see the next section.

4. Bootstrap resonant localization

In this section we assume 6 is n-Diophantine with respect to «. Clearly,
it is enough to consider k£ > 0. In this section we study the resonant case.
Suppose there exists some k € [b,, b,41] such that k is n-resonant. Then we
have b1 > 4. For any € > 0, choose n = &, where C' is a large constant
(depending on \, «).
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Let
In A
. cma(i+ |22 )),
(37) =214 [
where |m] denotes the smallest integer not exceeding m.
For an arbitrary solution ¢ satisfying Hp = Fy, let

ri? = sup |@(jgn +7gn)l,
Ir|<10n

where || < 500*1771—:1.
Fix 1 satisfying (23), and write

n __ ,n,
Ry =r;
and
n __ n,d)
Ty =1

739

Since we keep n fixed in this section, we omit the dependence on n from the

notation and write rf, R;, and r;.

Note that below we always assume 7 is large enough.'! In the next lemma

and its variant, Lemma 4.2, we establish exponential decay of the eigenfunc-

tions at non-resonant points, at the nearly Lyapunov rate, with respect to the

distance to the resonances.

LEMMA 4.1. Let k € [jqn, (j + 1)gn] with dist(k, ¢,Z) > 10nqg,. Suppose

either
(i) Js] < 48C% bZZI and bpy1 > L& or
(ii) j =05

then for sufficiently large n,
lo(k)| < max {rf exp{—(In X — 2n)(d; — 3ngn)},

rfo exp{—(In A — 20)(dj1 — 3ng.)}

where dj = |k — jqn| and dj11 = |k — jgn — qnl-

(38)

Proof. The proof builds on the ideas used in the proof of Lemma 9.11 in
[AJ09] and Lemma 3.2 in [LY 15a]. However it requires a more careful approach.
We first prove case (i). For any y € [jgn + ngn, (7 + 1)gn — ngn], apply (i)

of Theorem 3.5 with C' = 50C,. Note that in this case, we have

InA+38 ln(SQn—no/qn—no—l—l)/Qn—no -n= In A — 277

" The required largeness of n will depend on «, 0, C in (11) and € whenever ¢ is (implicitly)

present in the statement.



740 SVETLANA JITOMIRSKAYA and WENCAI LIU

Thus y is regular with 7 = In A — 2. Therefore there exists an interval I(y) =
[z1,22] C [jgn, (J + 1)gn] such that y € I(y) and

) 1
(39) dist(y. 01(y)) = 7 1(¥)] = dnno
and
(40) |G 1) (Y, m3)| < e—(InA=2m)ly—al -y — 1 9

where 0I(y) is the boundary of the interval I(y), i.e., {x1,z2}, and |I(y)] is
the size of I(y) N Z, i.e., |I(y)] = 22 — 21 + 1. For z € 91(y), let 2’ be the
neighbor of z, (i.e., |z — 2| = 1) not belonging to I(y).

Ifxo+1<(j+1)g —ngn or x1 —1 > jqn + ngp, we can expand @(xg+ 1)
or p(z1 —1) using (33). We can continue this process until we arrive to z such
that z4+1 > (5 + 1)gn — g or z — 1 < jqn + Ngn, or the iterating number

reaches Lqu” |. Thus, by (33),
n—no

(A1) k)= > Gk, 21)Gre) (21 22) - Griar) (26 Zs01)(2541)s

5;2;41€01(2])

where in each term of the summation one has jg, +ng, +1 < z; < (j +1)gn —
ngn—1,1=1,...,s, and either zs41 ¢ [jgn+nqn+1, (J+1)gn—ngn—1], s+1 <
L%{%J, ors+1= qu%noj. We should mention that zs11 € [jgn, (J + 1)gn).
2qn
dn—ng

If 2511 € [Jqn, Jqn + 1], s +1 < | |, this implies

(i) <77

By (40), we have

|G 1y (b, 21)Greary (215 22) -+ Grary (25 Zs41) (2441
< Tfe_(ln A=2n)(|k—21]+> "7, |2j—2it1])

(42) < 1P o= (I A=20)(Jh—2es1 |~ (1)

e (

<

—(In A=2n)(d; —2ngn—4—22)
TL—’IIO .

<rre

Q.-G

If zo41 € [( + Dan — 10, ( + D)an], s +1 < qu%’fmJ, by the same arguments,
we have
Gy (ks 21)Greany (21, 22) - - - Gran) (2, 2s11)9(2541)]

—(In A=2n)(djt1-2ngn —4— ;24m)
n—no .

(43)

< Tiae
Ifs+1= LqQ&J, using (39) and (40), we obtain
TL*TLO

Gy (ks 21)Greany (21, 22) - - Grar) (2, 25+1)9(2541)|

—(In A=27)gn—n | 22— |
<e im0 |20, )]-

(44)
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2qn
Notice that the total number of terms in (41) is at most 2L"”*"0J and dj, dj11 >

10nqy. By (42), (43) and (44), we have

lp(k)| < max {r}oe—(ln A=2m)(d;=3nan) | o= (0 A=20)(dj41-314n)

(45)

—(In A—=2n)qn
max e .
pe[jqn7(j+1)qn}{ \go(p)|}}

Now we will show that for any p € [jgn,(j + 1)gn], one has |o(p)| <
max{r?,r¥,;}. Then (45) implies case (i) of Lemma 4.1. Otherwise, by the
definition of 7, if |p(p')| is the largest one of |p(2)], z € [jgn + 10ngn + 1,

(J + L)an — 10ng, — 1], then |o(p")| > max{r, 77 ,}. Applying (45) to ¢(p)
and noticing that dist(p’, ¢,Z) > 10nq,, we get

o(p))] < e TIAZ20mn max (€ 1+ Jo(p)|}-

This is impossible because |p(p')| > max{r?,r¥, }.

Now we turn to the proof of case (ii). Notice that in proving case (i) of
Lemma 4.1, we only used case (i) of Theorem 3.5. Using case (ii) of Theorem 3.5
instead, we can prove case (ii) of Lemma 4.1 by the same reasoning. In order
to avoid repetition, we omit the details. O

Lemma 4.1 is sufficient for our current purposes, but for the purposes of
Section 7 we will need a similar statement that allows for shifts and reflections.
For B € Z, let r}"{(B) = supj, <10y |9(B £ (jgn +7¢n))|- For y € [B + jg, £+
NGn, B=E (5 +1)gn Fnan], let ng be the least positive integer such that 4¢,_p, <
dist(y — B, g,Z), and let s be the largest positive integer such that 4sg,_n, <
dist(y — B, ¢nZ). Since we only used the appropriate regularity of the non-
resonant g, the proof of Lemma 4.1 also establishes the following lemma.

LEMMA 4.2. Suppose that for any y € [B+jqn£n0qn, B+ (5 +1)gn Fnan],
y is (INX + 810(5¢n—ny/Gn—no+1)/dn—ny — & 48Gn—n, — 1) regular with § = ;.
Let k — B € £[jqn, (j + 1)g,] with dist(k — B, g,Z) > 10nq,. Suppose either

(i) 5] < 48C.225L and byyy > %, or
(ii) 7 =0.
Then for sufficiently large n, we have
p(k)| < max {14 (B) exp{—(In A — 2n)(d; — 31gn)},
rfi2(B) exp{—(In X = 2n)(dj 11 — 3nga)} },

where dj = |k — B F jqn| and dj41 = |k — B F (j + 1)qn|.

(46)

By Theorem 3.5 , Lemma 4.1 is a particular case of Lemma 4.2, when
B =0 and the sign is a 4+. Going back to this case, we will prove
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LEMMA 4.3. For1<j < 460*1)7]—:1 with byy1 > %, the following holds:

(47) rf < max{r}oﬂ q"jl exp{—(In X\ — Cn)gn}}.

Proof. Fix j with 1 < j < 460*1”(;—;1 and |r| < 10nq,. Set I1,Is C Z as
follows:

=l Lyanl o — L] ~ 11,
Iy =ljan — Lyanl G+ Dan — Lyan] ~ 1.

Let 6,, = 0 + ma for m € I; U Iy. The set {0, }mer,ur, consists of 2gy,
elements.

By arguments similar to those in Lemma 9.13 in [AJ09] or Theorem 3.1
in [LY15al, one has {6,,} is % + ¢ uniform for any € > 0. Since our
case is slightly different, we prove it as Theorem B.5 in Appendix B. Com-
bining with Lemma 3.4, there exists some jg with jo € I; U Iy such that
0]‘0 §Z AQqnfl,ln)\filnq";:;n_lnjfn'

First, we assume jo € Iy. Set I = [jo — qn + 1,50 + qn — 1] = [z1, 22].
In (32), let € = 1. Combining with (30) and (31), it is easy to verify

Ing,yq1—Inj _ )

)| < e(ln>\+7I)(2Qn_1_‘an+T—$i‘)_(QQn_l)(ln)‘_ 2am

|G1(ign + 1, ;i

Using (33), we obtain

. . o
(48) lpGign +7)| < > %Tfreann‘@(x;)‘e ljantr—ai|n X,
i—1.2

where 2] = z1 — 1 and 2, = z9 + 1.
Let d;- = |x; — jgqn|, i = 1,2. It is easy to check that

(49) an + 1 — @il + di, jan + 7 — 2|+ diny > g — |1
and
(50) ljgn +7 — x| + d;‘:tZ > 2qn — |r|.

If dist(x;, ¢gnZ) > 10nqy,, then we bound ¢(x;) in (48) using (38). If dist(z;, g Z)
< 107¢y, then we bound ¢(z;) in (48) by some proper r;. Combining with (49)
and (50), we have

7"}0 < max {r}pﬂ an+1 exp{—(In X — Cn)g.},

r;-p%;—,Jrl exp{—(In X — Cn)qn}, 7’3&2 qnfl exp{—2(In A — CW)Qn}}-
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However,

cannot happen, so we must have
(51)

7 ¢ Adn+1
ry < max{r:,,

S exp{=(nA = Coan} i q"j“ exp{—2(In A — Cn)gn}}-

In particular,

(52) rf <exp{—(In\ -5 —Cn)g.} max{rfil rfﬂ}.

If jo € I, then (52) holds for j = 0. Let ¢ = ¢ in (52). We get
[6(0)],|¢(—1)| < exp{—(In A — 8 — Cn)qn};

this is in contradiction to |¢(0)[? + |¢(—1)|> = 1. Therefore jo € I3, so (51)
holds for any .
By (25) and (28), we have

o(k1) o (I X+e) |k —ka| o(k2)
’(sf)(kl—l))”zc ' H(w(iﬁz—l)>H'

This implies

(53)

7o <17y exp{(In A+ Cn)gn},
and thus (51) becomes

(54) 7 < max{riy P esp{- (0 = Co)an)

forany 1 < j < 46C’*b71—:1. O
For solutions ¢ and 1, we can also get a more subtle estimate.

THEOREM 4.4. For1 <j < 10% with b1 > %, the following holds:

(55) rj <rj_iexp{—(In\ — C’n)qn}q?rl.

Proof. Let ¢ = ¢ in Lemma 4.3. We must have

(56) rj < max{rji qn;Ll exp{—(In X\ — Cn)gn}}

forany 1 < j < 460*1)71—;1.
Suppose that for some 1 < j < 101)’;—:1, the following holds:

(657) 1 <rjiq qn;rl exp{—(InX = Cn)gn} < rjr1exp{—(InX -3 - Cn)gn}.
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Applying (56) to j + 1, we obtain

(58) e < max{r, i} P ep{=(n A~ Cilan}.
Combining with (57), we must have

(59) rj+1 < rjpeexp{—(InA — 8 — Cn)g}-
Generally, for any 0 < p < (Cy +1)j — 1, we obtain

(60) Tjtp < Tjtpr1exp{—(InA = 8 — Cn)gn}.
Thus

(61) T(cot1)j = riexp{(In A — 8 — Cn)Ciign}-

Clearly, by (53), one has
rj 2 exp{—(In A+ Cn)jgn}.
Then
(62) rc.+n; 2 exp{((Cs = 1) In A = Cuf = Cn)jgn}-
By the definition of C,, one has
(Ci = 1)In A —C.8 > 0.

Thus (62) is in contradiction to the fact that |¢(k)| < 1+ |k|.
Now that (57) cannot happen, from (56), we must have

(63) rj < rj_lq"; Lexp{—(In X\ — C)gn}. O

THEOREM 4.5. For 0 < j < 8% with by > %", the following holds:

(64) R; < Rjsyexp{—(In A — Cn)ga} 2L
Jj+1
Proof. If j = 0, then (64) holds directly by (55) (applying it with j = 1)
and (24). Now we consider j > 1. Let ¢ = % in Lemma 4.3. Then (54) also
holds for R; with j > 1; that is,

(65) R; < max{Rjﬂ;”jll exp{—(In X\ — Cn)gn}}.

Suppose that for some j > 1,

(66) Ry < Rja 5557 oxp{ = A = Cnaa}.

Applying (65) to j — 1 and taking into account (66), one has

(67) Rj_l S Rj_g an—i-l eXp{—(ln)\ — Cn)qn}.
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Iterating j times, we must have

j
aqn . .
(68) Rj < Ro— +1 exp{—(In X\ —Cn)jagn} < Roexp{—(In X\ — 5 —Cn)jgn}.

(j+ 1!
Similarly, iterating (55) j times, we have
(69) rj <roexp{—(InA = 3 = Cn)jgn}.
Equations (68) and (69) contradict (24). This implies (66) cannot happen.
Thus we must have (64). O

5. Lower bounds on decaying solution in the resonant case

In this section we assume 6 is n-Diophantine with respect to a. We will
study the lower bound on ¢ for the resonant sites. Recall that b1 > %" in
this case.

THEOREM 5.1. Let 7 = H (¢E@(gff)1)) H Suppose 1 < j < 817*;—:1 with
buy1 > L. Then we must have
(70) fj > Lnfl ei(ln)ﬁks)q”fj_l.
J

We first list two standard facts.

LEMMA 5.2 ([Sim85)). Let A',A%... A" and B', B2 ... ,B™ be 2 x 2
matrices with || [[52 A7 < Ce® for some constant C and d. Then

1(A" + B") - (A" + BY) — A" AY|| < Ce™ <H(1+C6_dHBjH) - 1> :
j=1

LEMMA 5.3. For any € > 0 and large n, the following hold:

(71) 1Ay, (8 + 4na) — Ag, (6)]] < —— e A+2)an
n+1
and
1
- -1 In A 4€)qn
) 4510+ aue) - A7)0 < et

Proof. We only prove (71) for simplicity. By the DC approximation (see
(150) in Appendix B), we have

1

lgnallr/z <
n / q

n+1

This implies

C
[ A0 + gnar) — A(D)]| < ~
gn+1
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Applying Lemma 5.2 and (28), one has

dn
(73)  ||Ag, (0 + gna) — Ay, (0)]] < emAFe)n ((1 Y > B 1) .

Using the fact |e¥ — 1| < ye¥ for y > 0, we obtain

qn dn
(H C) _1§qn<1+ C) 1n(1+ C)
gn+1 gn+1 gn+1

EC QTL'

gn+1

Combining this with (73) completes the proof. O

LEMMA 5.4. Forany(0 < j < 8%—:1—1, one of the following two estimates
must hold:

(74) i 2 e g,
or
1 1
75 Figafig > (1— ——)(1 — 72
Proof. Suppose
(76) Tjy1 < %6_(IHA+6)qnfj'

Let U; = <¢8(;:i)1)). Then for n > 0, one has

Uj = Ag.(0+ (G = Dgna)Uj1.
Denote B = A, (6 + jgner). Notice that det B = 1. We have

(77) B4+ (IrB)B+1=0.
Case 1: TrB < :_j , where
YTi+1
1 1
[ —
v 10(+1)

Applying (77) to Uj, one has
(78) B?U; + (Tt B)BU; + U; = 0.
Notice that U;y1 = BUj; thus

1.
[(Tr B)BU;|| < —75.

2

Therefore we have
1

1
B2U; >(1—7>~-:77
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This is impossible. Indeed, from the following estimate,
|Ujre = B2Uj|| < [|Ag, (0 + (5 + 1)gna) = Ag, (0 + jgne)|| |[Uj1]]
1

dn+1

< e(ln )\Jr%s)qn

Tj+1

1
< - =
=100+ 1)
where the second inequality holds by (71) and the third inequality holds by
assumption (76), combining with (79), one has

9
80 U, =Fil9> — T,
However, by (55) and (53),
Gni1 2(In A—C7n)
7 < — T —anA=CN)an 5.
TG DG +2) !
This is in contradiction to (80).
Case 2: It remains to consider
(81) TTB> 4
TTj+1
From (77),
(82) BU; + (Tt B)U; + B~'U; = 0.
First by assumption (76), one has
_ 1 _
75 — T
=100 +1)
Then
BUj|| = Fiy1 < —2 —J
H JH J+l = ’YTj—‘,—l 10((7 + 1)2
1
<|(TrB)U;|| ———.
Thus by (82), we have
1
B7'Uj|| > (1 — ———)||(Tr B)U;
1 7
83 >(1— — —J
) = oG i
(84) > (1 o 1 5 l] + ]‘e(h’l)\-'1-&:)[]”%:]'7
107 +1)*" gn+1

where the second inequality holds by (81) and the third inequality holds
by (76).
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By (72), the following holds:

U1 = B < [145,1(0 + (G = Dana) = AL 10 + jane)l] (|5
Se(ln)\Jr%e)qn 1 7.
dn+1

1B~ U],

1
 —
~10(j + 1)
where the third inequality holds by (84).

Putting (83) and (85) together, we have
1

(85)

i1 = |[Uj|[ =2 (1 - m)HB_lUJ’H
| 1 7
>(1—- . )2 (1 - ; 2 ~.j :
10(5 + 1) 10(j +1)2" 741
This implies (75). -

Proof of Theorem 5.1. We can proceed by induction.

Set 7 = 0 in Lemma 5.4. By (55), the second case (75) cannot happen;
thus Theorem 5.1 holds for j = 1.

Suppose (70) holds for p = j — 1; that is,

(86) ,i:j—]_ Z dn+1 6_(1n>\+6)qnfj_2-

g—1
We will show that (70) holds for p = j. Let us apply Lemma 5.4 to p = j — 1.
If (74) holds for p = j — 1, the result follows. Otherwise by (75), we have

i 1, 1
72 10j) ( 10]'2)”*1@_2
1 1
>(1 (1 — s )y DL o= (4 e)an

T 105 10727771 -1
> fj_Ian&-le_(ln)\—i-a)qn’

where the second inequality holds by (86). O

6. Decaying solutions. Proof of (12), Theorems 22, 24 and 29

In this section the dependence on n will play a role, so we go back to the

i, 7} notation. We first give a series of auxiliary facts. Recall footnote 11.

THEOREM 6.1. Assume 0 is n-Diophantine with respect to a. For any
. b, . "
1<5< 10(1—:1 with bpy1 > %, we have
=N o —EJqn N~ =N ,EJdn
rje <rj <rje
and
7N o —€jdn SN ZNEJqn
rje < T < rie .
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Proof. For any € > 0, we choose 7 small enough. Using (55) j times, we
have

J
ri < q?Tl exp{—(In\ —€)jgn}.

Similarly, using (70) j times, we have

J
~ q .
2 ?Tl exp{—(In A + £)jgn}-
By the Stirling formula and (53), we obtain the theorem. O

THEOREM 6.2. Assume 0 is n-Diophantine with respect to «. Assume
Jgn <k < (j+1)gy, with0 < j < 81)7(;—:1, bay1 > L and k> 4. We have

(87) U (k)| < max{e—lk—jqnl In /\7:}1’ e~ 1k=(+1)gn|In /\7:}1“}66% 7

(38) U] 2 max{e kil G hm A, e,
In particular, we have

(89)  NUM)I| < max{erFmlnAng, emlem(Danlindzn,  yeeld],

(90) U (k)|| > max{elk=ian/mAzn o=lh=(i+Dannrzn 3 o=elk]

Proof. (89) and (90) just follows from (87), (88) and Theorem 6.1. Thus
it suffices to prove (87) and (88). Clearly, by (53), one has

U (R)I| 2 mascfe ksl nAjm, oG Donl gy oan

This implies (90) by Theorem 6.1.

We now turn to (89). If |k — jgn| < 10nq, or |k — (5 + 1)gn| < 10ngy,,
the result follows from Theorem 6.1 and (53). If |k — jg,| > 10ng, and
|k — (7 4+ 1)gn| > 10ngy, it follows from Lemma 4.1, Theorem 6.1 and (53). O

8

THEOREM 6.3. For g7 < k < % let ng be the smallest positive integer
such that gn—ny < k < gn—ng+1- SUppose jqn—n, < k < (j+1)qn—n, with j > 1.
If 0 is k-Diophantine with respect to a for k =n —ng and k =n — 1, then

(91) |U(K)|| < maX{ef\k*jqn_nolln/\f]rn—n07 ef\k*(ﬁl)qn_nol1n/\f;7:1nc)}esk
and
(92)  ([U(R)|[ > max{e™F7onalImAZEn0 e m U DIz [In A Fo e ek,

Proof. Set tg = 1 — %. Let t = to in the definition of resonance, i.e.,
by, = Qfﬁ
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Case 1: k < quoanJrl‘ In this case, one has
t
In—noy <k < @041

The result holds by Theorem 6.2.

Case 2: k> quo—no—i-l' Then

In q,,— In g™
7 Sexpl—(In A — dnmetl Al _o)jg, )

n—ng An—ng
< eXp{_(ln)‘ - (1 - tO)/B - €)an—no}
<exp{—(In A —2¢)jgn—n},
where the third inequality holds by the definition of t3. Noting that k <
dn—ng+1, ON€ has . .
7" > exp{—jign—no(In A +€)}.
Similarly,
exp{—(j + )an—no(In A+ )} <7 < exp{—(j + 1)gn—no(In A =€)}
Thus in order to prove Case 2, it suffices to show
(93) 67(1n)\+6)k < HU(k)H < ef(ln)\fs)k'
The left inequality holds by (53).

We start to prove the right inequality. For any y € [ek, k] or y € [g, — k,
qn — €k], let nj be the least positive integer such that A4y —py < dist(y, gnZ),
and thus n{ > ng. Let s be the largest positive integer such that A5G —p) <
dist(y, gnZ).

Set I1, I, C Z as follows:

Iy =[=5Gn—ny> $tn—n; — 1],

I=[y = stn—ny,y + $Gu—ny — 1],
and let 0; = 6 + jo for j € I U Io. The set {0;}crur, consists of 484y,
elements. By case (ii) of Theorem 3.5, y is (In A\ + 8ln(sqn,na/qn,ngﬂ)/qn,né)
— &, 43%—% — 1) regular with § = i. Notice that

(5 + Ve > 01 2 2010
Thus we have
In A+ 8In(8Gp—ny /Gn—ngy+1)/dn—ny 2 A = 8(1 —t9)f — €
>In A\ — 2e.

This implies that for any y € [ek, k] or y € [¢, — k, ¢, — €k], there exists an
interval I(y) = [x1,x2] C [0, ¢n] with y € I(y) such that

. 1
(94> dlSt(ya 81(:[/)) > §ann6
and
(95) |Gy (g, )| < e WmA=ly=ail 1 — 1 9,
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For any y € (k,q, — k), let s be the largest positive integer such that sg,_n, <
dist(y, gnZ), and set I, Is C 7Z as follows:

L= {_{SqngnoJaSQn—no - {ng—noJ - 1} )

o= [ e~ |] 1]

By the same reason, (94) and (95) also hold for ng = ny.
Arguing exactly as in the proof of Lemma 4.1, with (39) replaced with
(94) and (40) with (95), we obtain
(96)
[|U(Ek)|| < max{rgexp{—(In A—2¢)(k—3¢ck)}, 7] exp{—(In A—2¢)(g,—k—3¢ck) }},

where 7; = max|,|<ioc [|U(jgn +7k)|| with j = 0,1. Using that £ < 4, one has
[UR)|| < e~ tnA=ok,
This implies (93) and thus the theorem. O

Remark 6.4. The assumption that 6 is n —ng Diophantine with respect to
«a is sufficient for the proof of Case 1. The assumption that 6 satisfies (35) is
sufficient for the proof of case (ii) of Theorem 3.5, and therefore for the proof
of Case 2. Then by Remark 3.6, the assumption that 6 is n — 1 Diophantine
with respect to « is sufficient for the proof of Case 2.

8
Remark 6.5. Suppose we only consider ¢ < k < c¢g, with ¢ < % in
Theorem 6.3. Then Theorem 6.3 still holds if we only have (11) for function

(k) on [—cqy, 2¢qy,] for some ¢ > 0.

In order to prove (12), it suffices to prove the following theorem, which is
a stronger local version of (12).

THEOREM 6.6. Let o € R\Q be such that |\| > @), Suppose E is a
generalized eigenvalue of Hy ¢ and ¢ is the generalized eigenfunction. Let

Uk) = ((sz(ﬁ)l)). Then for any € > 0,k > 0,v > 1, there exists ny (depend-

ing on o, E, k,v,e'? )such that, if § is n-Diophantine with respect to o with
Diophantine constants k,v for some n > ngy, we have that U(k) satisfies

(97) F(kDe™ I < U k)| < f(k)e ™
for % < |k| < 45t

Proof. It remains to collect several already proved statements that cover
different scenarios.

2The dependence on E is through the constant C' in (11).
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8 8
Case (i): %’; < gy For & < k < 4q),, the result follows from Theo-

rem 6.2. For 4¢°,, < k < 2% (97) follows from Theorem 6.3. (Notice that
now k > 2qy,, so ng = 1.)

8
Case (ii): qn, < %L

Case (ii.1): & <k < min{gn, 25 }. If ¢ = gn—1 + gn—2, then g, > %
By the proof of Case 2 in Theorem 6.3 (by Remark 6.4, the assumption that
0 is n-Diophantine is enough), for any ¢,—1 < k < min{g,, #5=}, one has

|¢(k‘)| < e—(ln)\—a)k'

This leads to
|¢(l€)‘ < ef(ln/\fe)k

for 2 < k < min{g,, £} This also implies (12).
If o = jgn—1 + qn—2 with j > 2, we have & > ¢,,_1. By Case 2 in The-
orem 6.3 (by Remark 6.4, the assumption that 6 is n-Diophantine is enough)

again (with n +1 —ng =n — 1), we obtain (97).

Case (ii.2): ¢, < k < 241, In this case (97) follows directly from Theo-
rem 6.3 (with n + 1 — ng = n), because ng = 1, so that the fact that 6 is n
Diophantine can guarantee both Cases 1 and 2 of Theorem 6.3. ]

Proof of Theorem 2.2. The proof follows that of (97) by shifting by ko
units and Remark 6.5. O

Proof of Theorem 2.9. Assume 6 is Diophantine with respect to a. First
by the definition of (), for any large n and any ¢, one has

fEL < 6—(1n)\—,8—s)€qn'
Combining with the definition of f(k) and (12), we have
(98) [$(R)] < emmAmAmk,

We therefore established that every generalized eigenfunction decays exponen-
tially, which by Schnol’s Theorem [Ber68] implies the localization statement.

By the definition of 5(«) again, there exists a subsequence ¢y, of g, such
that

(99) Gnyt1 > e(B=E)an,,

By Theorem 2.1 (or Theorem 6.1) and the definition of 77, for any k£ > 0,
we have

(100) 1U(gny )| > eI P4,
Thus (98) and (100) imply that the decay rate is just In A — S. O
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7. Hierarchical structure

As we have already established Theorem 2.9 we know that each general-
ized eigenfunction decays exponentially so has a global maximum. Assume its
global maximum (see footnote 2) is at 0 and ¢ is normalized by ||¢|.c = 1.
Note that then €' in (11) is equal to 1 and so all dependence of the largeness
of n on E (see footnote 12) disappears. Theorem 2.1 provides, for sufficiently
large n, plenty of local n-maxima in the vicinity of ag,, but determined only
with eg, precision. In the next theorem we show that this precision can be
improved all the way to an n-independent constant. We have

THEOREM 7.1. Fiz w,v,e. Then for sufficiently small €, there exists
no(k, v, A, a, €,€) such that if 6 is k-Diophantine for all ng < k < n with
Diophantine constants k,v and 227109 5 1y X with € > 0. Then

qn
(101) sup NU(K)|| = sup U (k)|
k€[jgn—€qn+eqn,jqn] k€ljgn—Ko,jqn]
and
(102) sup |UK)|| = sup UK,
kE[jgn,jan+eqn—eqn] k€[jgn,jgn+Ko]

where Ko = @po+1-

Proof. We first give the proof of (101). Let kg € [jgn — €qn, jqn] be such
that

U (ko)|| = sup [|U (k)]
k€[jgn—eqn,jqn]

By (55), (70), (87) and (88), one has
U (ko)l| = sup TR
k€[jgn—€gn+eqn,jqn]

Suppose (101) does not hold, i.e., kg € [jgn — €Gn, jqn — Ko].

Now we will reflect the elements in [jg, — €qn, jgn] at %qn. That is, for
any element k € [jqn, — €qn, jqn], let k' = jg, — k. Then k' € [0,eqy].

Choose n' such that b,y < k{ < byy11 (where k{, = jgn—ko). Then n’ > ny.

Case 1: k{ is n’-non-resonant, i.e., dist(k(, ¢,sZ) > b,. Let n{, be the least
positive integer such that 4qn/_n6 < dist(k(), ¢vZ). Let s be the largest positive
integer such that 4sq,_,; < dist(k(, g Z). Set Iy, Is, I C Z as follows:

Iy ==y s Sy — 1],
I= [kO - Sq'n,’—n{) + 1, ko + SQn’—n6]7
I =k — SQn!—nl» ko + G/ —ny — 1.

Notice that I} and I are reflections of each other about %qn.
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By the Diophantine condition on 6 with respect to «, for any ko €
Iy (kb € 1) and ki € I, we have

1120 + (k1 + ko2)al|r/z = [120 — ks + jgno + kra|lryz
> 1120 + (k1 — ky)allr/z — [ljgner/z

J
> 120 + (k1 — kb)) —
(103) — H ( 1 2) HR/Z qn+1

> 1120 + (k1 — Kp)al|ryz — e 1A

1
> 5\’29 + (k1 = Ky)allryz > —&»
Gy
where the last inequality holds by the fact |k1], |k5| < Cybpry1 so that we can
apply Lemma B.2.
For any ko € Iy and k1 € I1 (k1 + kb # 0 by the construction of Iy, I5), we

also have
(k2 — k1)allryz = || — ko + jana — killryz
> [|(—k1 — K)ol |r/z — ligned |k /z
(k1 + ko) |z — e~ A

1 C
> §H(k1 + ky)al|lr/z > prog

n/

(104)

Y

where the last inequality holds by the fact |k1], |ky| < Cybyi1 and ky — kb #
Gn'Z so that we can apply Lemma B.3.

By Theorem B.4, (103) and (104), we have that kg is (ko,In A — 5 — ¢)
regular, where ko = 4sq,_,; — 1. Let Ir = [z1,22] C [jign — 26qn, jqn]-

By (33), we have

k k

[b(ko)| < eI (g (an)| + |@(ao)]) < e NI U (o).

Similarly,
9(ko — 1)] < e8| [U (ko) |

The last two inequalities imply that

—(InA—B—¢g) k0
1U (ko)l| < e~ A7790 |[U (ko )|
This is impossible.

Case 2: k{, is n-resonant, i.e., |k — lgy/| < by for some ¢. From (103)
and (104), we know that the small divisor condition does not change under
reflection at %qn. Following the proof of (54) and replacing Lemma 4.1 with a
combination of Lemma 4.2 and Theorem B.4, we have

£}’ < exp{~(In A — § — )g ) max{r}7}.
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where )
rf = sup |6(jgn — (Cqu +raw))].
|r|<10e
This contradicts the fact that kg is the maximal point because |k{,— q,/| < b.
This completes the proof of (101).

Now we turn to the proof of (102). Let kj € [jgn, jgn + €qn] be such that

|Uk)l[ = sup  [[UK)]]-
k€ljgn,jan+eqn]

Suppose the theorem does not hold, i.e., ki € [jgn+ Ko, jgn +£¢s]. In this
case we shift the elements in [jg,, jgn + €gn] by —jgn. That is for any element
k € [qn, jan + €qn], let k™' =k — jg,. Then k™ € [0,eq,]. Then (102) holds

by the same proof, only replacing all ¥’ with &"™'. O
We restate the result of Theorem 7.1 as a more convenient

THEOREM 7.2. Fix k,v,e. Then for sufficiently small €, there exists
no(k, v, A\, a, €,€) such that if ko is a local (n+1)-mazimum, 0 is k-Diophantine
for all ng < k < n with Diophantine constants k,v, and

Ingy,i1 —Iny
In

> eln .

Then

(105) sup U (k)] = sup U (k)]
ke[k0+an*EQn+5‘In7k0+(j+1)q'n] ke[k0+an*K0,k0+an+K0]

where Ko = qpq+1-

Proof. By shifting the operator by kg units, we can assume kg = 0. The-
orem 7.1 still holds if 0 is a local (n + 1)-maximum by Remark 6.5. O

We will now formulate a local version of the hierarchical structure The-
orem 2.4. Fix 0 < ¢,e with ¢ + 2e < 1. Let n; — oo be such that In Inj+1 =
(6 +2€) In |A|gn,. Let ¢; = (Ingn;+1 —Infan,|)/ In|A[gn; —€. ¢; > e for 0 < ap; <

sIn|A|gn
e i,

THEOREM 7.3. Suppose ko is a local (nj, +1)-mazimum. Suppose 8+ koo
is Diophantine with respect to o (with Diophantine constants k,v). Then there
exists no(a, A, k, v, €) < 0o such that for any jo > ji1 > -+ > ji, nj, > no + k,
and 0 < ap; < 6gln|>\‘q"jz‘,z' = 0,1,...,k for all 0 < s < k, there exists a
local nj, -mazimum banj g, sesng, O the interval b“njo @ LT I:Zfl for
all 0 < s < k such that the following holds:

(1) ’banjo — (ko + anjOan0)| < Qig+1;
(IT) for any 1 < s <k,

. ey -
Mg

yeesm (ban- ,Qm an 1 "‘aananSM S Qﬁ0+s+1;

|ba . Oy
i " Js Jo i s

J0O J1
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(IT1) if 2(z — by S I;Z’fl, then for each s =0,1,...,k,

s etn; )
Mo 1Ay e odngy

ez |U ()]
(106) f(xs)e < [l

J1 Js

< flag)el™s,

where 3 = |x — by an. | s large enough.
Js

. ,An -
TLJO7 n]11 ’

Moreover, every local nj, -mazimum on the interval
+ [—66 In )\qnjs ’ 66 In /\q"js ]

ba - An . yee,Qn
LY T RANELY S IR AR ALY U

is of the form ba"jo R

an, for some ap;_ .
Proof. Let fig = ng(k, 31, \, a, €, ¢/10) be given by Theorem 7.2.12 As long

as
(107) (Ingny1 — Inlayn|)/qn > 2eln|A|

with 0 < ¢,e < 1, where 0 < |an| < %42+, Theorem 7.2 (upon shifting by ko
units) implies that there exists a local n-maximum b,,, on the interval b, + 1t
such that

(108) ban, — (anGn + ko)| < Ko = Gag+1-

Now let n; be such that Ingn,+1 > (¢ + 2¢)In|Agn,,7 = to,to + 1,...,7 for
some 0 < ¢,e < 1. By (108), one has that there exists a local nj, maximum
banj0 = Qn qn;, + ko + Knjg with \Knjo\ < K.

Now we will prove that for 0 < s < k, there exists

— Qn, Qn; — < K = ¢j .
|banj0 7anj1 IRRELIN an]s qnjs banjo ’anj1 a~~-7an]~s_1 | — s Qro+s+1

Notice that 2% ; K; < 4K},. We will now prove Theorem 2.4 by induction
on s. By the assumption, one has

K

(109) H20+2k0+ka||R/Z > W

for any k € Z\{0}.

Y3Here 3v can be easily relaxed to (1 + €)v.
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First we prove the case s = 1. By the Diophantine condition on 6 (109),
we have that for [(| < gy +1, the following holds:

(110)
126 + (2ba,,, +O)llryz > [[20 + (2ko + £+ 2Ky, ) |ryz — (1200, Gnj, @l |r /2

- K B 2anj0
2 @Ro + 1AV o
> K _ —eln/\qnj
~ |max{ Ky, {}|*
- K
~ | max{ Ky, (}|?""

Therefore 6 + banj0 a is Ny + 1-Diophantine with respect to a with parameters
3v, k, and by Theorem 7.2 again, there exists a local n; -maximum such that
banj0 an; = Ongy dnj, + banjo + K, with \Knj1| < K1 = ¢jy+2. This completes
the first step.

Assume the theorem holds for s = k—1. It suffices to show that it holds for
s = k. By the Diophantine condition on 6 (109) again, we have for [¢| < g, 41,
the following holds:

k—1
199+ @by, o, + 00l 2 120+ Cho 42 Kool
Ss=
k—1
- Z |12an;, qn,;, /2
s=0
. k—1
> 2ay,. e
F Wy 2 el

K
Z _ e €dn
| max{K;_1,(}* Z:%
K

> 3
| max{Kj_1,(}|”"

Thus 6 + ban Q.

rameters 3v, k, and by Theorem 7.2 again, there exists a local n;_;-maximum

such that ba, .a, = G, veting Knj with | K, | <
» ]1 yeeny @ ]k JO ) J1 EREES} Jk k Ik

K, = qn0+k+1 Th1s implies (IT) holds for s = k. Thus we complete the proof
of (I) and (II).
(IT1), as well as the moreover part, follows from Theorem 2.2 directly. [

« is ng + k-Diophantine with respect to a with pa-

G0 an, ;

"Jk Qn]k + ban

Proof of Theorem 2.4. Since kg is a local nj, + l-maximum for every j,
Theorem 2.4 follows from Theorem 7.3 directly. U
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Theorem 7.3 describes a hierarchical structure around every local (n;,+1)-
maximum.

We will say that a local nj,-maximum is k-hierarchical if there exists € > 0,
Jo > j1 > -+ > ji with nj,41 > e and, for each s =0,1,...,k, a collection
of local nj,-maxima, {banjo S } such that

Jir

(I) all local (n;,, €)-maxima in

[ Anjo gy anj, _fIngs ,banjo ang s anj, . ey ]
are given by {banj o 20y eeesln A } with all possible choices of n,,;
1 s— Js s
(IT) if 2(z — banjo an, ,4..,anjk) € Izi’“, then for each s = 0,1,...,k,
ary el < TNy pesin,
U (ban, an,, v, )]

where x5 = |z — b an. | is large enough.
Js

An . QAn ;...
n]Oy n]l’ )

Proof of Corollary 2.7. Clearly, bq,,, of Theorem 7.3 form the col-
lection required for the definition of k-hierarchy, so it remains to estimate the
number of levels of the hierarchy; that is, find & such that n;, > fig+k. Clearly,
k=j/2— |no/2| works. O

yeeyAng

8. Growth of transfer matrices. Proof of (13)

Assume that 0 is Diophantine with respect to « in this and the following
section.

THEOREM 8.1. Let A(j) = ||Ajq.||. Assume jg, < k < (j + 1)g,, with
0<j5< 48C*b"“, bor1 > % and k> 4. We have

an

(112) [ 4x]| < max{e "=IaAA(G), em B UHDRIAAG 4 1)}k,

(113) | Ak]| > max{e”FImImAA (), ek UFDanlnA (5 4 1)pemek,
Proof. Let U(k)= (wq(pk(ﬁ)l)). By Last-Simon’s arguments ((8.6) in [LS99]),

one has

(114) 1Akl = 4T (0)]] = ¢ | Axll-

Then (112) holds by (114), (53) and (38). Equation (113) holds directly by (28).

O

THEOREM 8.2. Assume 1 < j < SbZ—:l and b1 > L. Then

(115) It o—ejan < A(j) < TELesian,
" "
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Proof. We first show the left inequality. Clearly
(116) 14kl = [|U(R)]] 7
Thus by (89) and (112), for any jg, < k < (j 4+ 1)g, with j > 0 and k > 2,

we must have
rnaX{ercquMln/\A(j)7 ef|k7(j+1)qn|ln)\A(j + 1)}65k

(117) , .
> (max{e_|k_7q"| In )\7;;;7 e—\k—(]+1)qn| In Af?—i—l})_le_ak'

Let .
_ Ingyi1 —In(j +1)
2In A

ko= (j+ 1)gn
One has kg > 2. Thus

1
T b (a B » )+ 1\2
maX{e |ko ]qnlln)‘f'r," e ko (J“Fl)Qn“n)\,r."fL } S T‘T'L ]7 esko‘
. A g An+1
n

Combining with (117), we have

(118)

1

3

max{e” F0ImIAA () e~ RomGFNaIMAA(j 4 1)} > -qf11> T (7f) e
J
This implies that either
(119) A(G) = ean ) 1emeho,
or
(120) AG+1) > ]q’:ﬂl (7 q) " Leho.
Notice that by (64) and (114), we have
Qnﬂ

(121) A(j +1) > A(j)elmA==) :
n+1
By (119), (120) and (121), we obtain the left inequality of (115).

Now we turn to the proof of the right inequality of (115). By (8.5) and
(8.7) in [LS99], we have

(122) AT O)I1* < [|Ak*m(k)* + [ Al 7,
where
(123) m(k) < CY ! -

Z 14,

If £ > C,jg, with j > 1, by (98) we have

1 Ax]| > U (k)7
> e(lnA—B—e)k
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and by (28) we have
A(]) < e(ln/\-i-e)jqn'

This implies

(124) Akl > A(j)e T *

If jgn < k < Cujign with j > 1,let jogn < k < (jo+1)gn with j < jo < Cyj.
By (113) and (121), we have

(125)

[|Ak|| > A(jo) max {e|kj0qn|ln)\7 o~ Ik=(io+1)gn|In A an 1n)\j0+1} o—Eiodn

gn+1
1
11\ 2 4
L (B21) s

dn+1
1
1) 2 .
> (252) e

gn+1
Thus by (124) and (125), we have
126 m(jgn) < — ~5e ™.
(126 ) = 546

7T PAG)?
Thus by (6.1), we obtain
(127) A(j) < Tt gean,
JT;
This implies the right inequality of (115). O

Theorems 8.1 and 8.2 imply the following theorem directly.

THEOREM 8.3. Assume jg, <k < (j + 1)g, with 0§j§6b’;zl, b1 > %
For k > q,,, we have

(128) || Ag|| < max {e—k—jqnllnA qﬁzl ’ e—k—(j+1)qnllnkq_z+1} Pl
" Tj+1
and
—lk—jqn n+1  —|k—(j+1)gn|In A dn+1 —elk|
(129)  ||Ax]| > max {e [k=jan|InAZREL o —[k=(j el ekl
gy (J+ D

and for L < k < q,, we have

- —|k— An+1
(130) |Ag|| € max {6 |k|1n>\7€ |k—gn|In A ;{l }65|k|
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and

(131) | Ag|] > max {€_|k|1n)\76—k—¢1n|ln)\%’b:1} o—<lkl
1
8
THEOREM 8.4. For any ¢) < k < L let ng be the smallest positive

integer such that ¢n—ny < k < @n-ng+1. Suppose jn—n, < k < (j 4+ 1)gn—no+1
with 7 > 1. Then the following hold:

(132)
i —no+l  _|k—(i —ng+1
| Ag|| < max elkjmkmﬂmA%;fgr’e |k U+D%mlnk%%f$;}6§k

Ty Ti+1

and

(133)
=2 0 ,’:n no
J Jj+1

Proof. As in the proof of Theorem 6.3, we split into the same two cases:
Cases 1 and 2. Case 1 can be done directly by Theorem 8.3. For Case 2, as in
the proof of Case 2 of Theorem 6.3, it suffices to show that

(134) e(ln/\—e)k < HAkH < e(ln)\—i-a)k’
which follows directly from (93), (116) and (28). O

Proof of (13). The arguments are similar to the proof of (12) and consist
of collecting the already proved facts, with the same cases.

8 8
Case (i): %”8 < gnyq- For & < k < 4q),,, the result follows from Theo-

rem 8.3. For 4¢?,, < k < 252 (13) follows from Theorem 8.4. (Notice that
now k > 2¢,, and thus ng = 1.)

8
Case (ii): ¢, < %

Case (ii.1): L <k < min{g,, 25}, If ¢ = gn—1+ gn—2, then g1 > %
This is Case 2 of Theorem 8.4. By (134), for any g,—1 < k < min{gy, %"},
one has

HAkH > e(ln)\fs)k.
This leads to
||Ak;|| > e(ln)x—a)k

for & < k < min{g,, 24~ }. This also implies (13).
If ¢n = jgn-1 + qn—2 with j > 2, then & > ¢, ;. (13) follows directly

from Theorem 8.4. (Notice that now n+1—ng=mn —1.)

Case (ii.2): ¢, < k < 25, In this case (13) follows directly from Theo-
rem 8.4. (Notice that now n+ 1 —ng =n.) O
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9. Proof of the corollaries

Proof of Corollary 2.12. Due to (28), (i) follows from (iii). By Theo-
rem 2.1, to prove (iii) it is enough to show that for any ¢ > 0, sufficiently
large n and eq, < k < gn, we have

(135) e(ln)\—C’e)k < g(k’) < e(ln)\—I—C’e)k'

Let m < mn+ 1 be such that ¢,,/2 < k < gm+1/2. If ¢ < k, we are in Case 1

of the definition of g with m < n — 1. Notice that £g,, > €¢n > €q¢my1, which
I9m+1

leads to = o-— being small. Then (135) follows from (6). If gn/2 < k < gm,
then (135) is automatic by the definition of g.
It remains to establish (ii). First by (98), we must have

Inl||A
(136) timinf AR S
k—o00 k
Let jix = g5, +1], where sequence g, is given by (99). Then
. Anj+1
9(jkGny,) = ’;’;k
Ik
_ln an+1 M .
= e(ln)\ ang, * any, Man Ang+1
S e(ln )‘_IB+CE)]ank .
Combining with Theorem 2.1, we must have
Inl||A
(137) timinf PR g,
k—o00 k

(ii) holds by (136) and (137).

O

Proof of Corollary 2.13. (i) follows from (iii), and (ii) follows from (98
and (100). To establish (iii), we only need to show that for any eq, < k
_ B .
dn = 31p x40 — €4n;
e—(ln/\-i—Ce)k: < HU(k)H < e—(ln)\—Ce)k‘

Let m < n + 1 be such that ¢,/2 <k < gm+1/2.

Case 1: m < n—1. Then by Theorem 2.1, the statement is not immediate

only in Case 1, but then it follows from (5) and (7) since in that case, r}* <
—(In A—¢e)lgm,
e .

Case 2: m = n or m = n + 1. In this case we have qu <k <qgn-—
%qm — &qpm, and qu <k< qu“. Then the statement holds by Theorem 2.1
and, in Case 1, (7).

To prove (iv) it suffices to show that for any g, — %qnj +eqn; <k <
qn; — €qn;, we have

HU(k)H > e—(ln)\—cs)k



UNIVERSAL HIERARCHY OF QUASIPERIODIC EIGENFUNCTIONS 763

where ¢, is a subsequence satisfying (99). Indeed, under this assumption we
are in Case 1 of the definition of f and the second addend dominates in (7)
leading to the statement. ([

Remarks.

o If we take for g,, a subsequence with any bounded away from zero expo-
nential growth, we still get non-Lyapunov behavior on intervals of the form
[@n), — Cny, + €Qny s Any, — €4ny,] for some ¢ < %

e In fact, in all the arguments 3 can be replaced with In g,+1/qn.

Proof of Corollary 2.14. First by (24), one has

. _ 1
(138) ITEU K] sin by, = 3.
Combining with (114), we have
(139) ! < sindy <
————— <sgindp < ————.
2([U ) Al U (R Al

We first prove (21). Clearly, it suffices to show
In o
(140) lim sup 1% > 0.
k—o0 k
Let kj = L%qnﬁlj, where the sequence gy, is given by (99). By Theorem 2.1,
we must have
Uyl < e=mr=2)
and
||Akj|| < e(mA+e)k;
Combining with (139), we must have
(141) O, > e kn.
This implies (140) and also (21).
Now we verify (22). By the definition of f(k), g(k), for any large k, we
have

(142) Flk)g(k) < elFFelk,
Then by (139) and Theorem 2.1 again, one has
1
(143) lim inf 2% > _ g,
k—oo k

Let k;j = gn;. One has

(144) f(kj)g(kj) = dnjt1-
Combining with (139) and Theorem 2.1 again, we get

. Indg,
(145) ]lggo P —p.
Equation (22) follows directly from (143) and (145). O

Proof of Corollary 2.11. This follows directly from (13) and (114). O
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Appendix A. Gordon arguments for \ < e
PROPOSITION A.1. The almost Mathieu operator
(H)aou)(n) =u(n+1) +u(n —1) + 2Xcos 27(6 + na)u(n)
has no localized eigenfunctions if |\ < .1

Proof. Otherwise, there exists a solution {u(n)}nez of Hy 4 ou = Eu such
that

(146) u(n)| < Ce>m,
where ¢ > 0. Without loss of generality, assume that the vector (JZ(_O%J is
unit.

Let ¢(n) = (u?éi)l)). For simplicity, denote ¢ = ¢(0). By the definition

of f(«), there exists a subsequence g of ¢, such that

(147) gk lryz < e~ P~ D,
Denote B = A, (0). Then we have

(148) B2+ (Tt B)B+ 1 =0.

Case 1: If Tr B < ¢4, then one has either ||B%p|| > 3 or ||By|| >

$e72¢Gr . By (146), we must have ||[B2p|| > 1. This is impossible. Indeed, from
the following estimate:
10(2G1) — B?¢l| = 1|44, (0 + dver) — Az (O)]] 1lo(an)]]
< Ce%aike—f)cdk
< 6—3051@’

where the first inequality holds by (71). Then

- 1
lp(2an)l = 5

contradicting || (24 )|| < Ce™10¢x,

Case 2: If Tr B > €% then from (148), it is easy to see that either
||Be|| > Le*@ or ||B~1p|| > €2 holds. By (146) again, we must have
||B~Yp|| > $e2¢@k. By (72), the following holds:

(=) — B~ ol =147,/ (0 — Gre) — AZHO)]] [l

< e%cdk'

11 ,0calized here means exponentially decaying. One can exclude any decaying solutions
for |\| < €?[AYZ17] but not for |\| = ¢’[AJZ18].
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Thus 1
o=l > ¢
This is also impossible. O
Appendix B. Uniformity

We start with some basic facts. Let % be the continued fraction approx-
imants to . Then

(149) V1 <k < gui1,dist(ka, Z) > |gno — pp
and
1 1
(150) 5 <Ay = |gna — ppl < )
n+1 n+1

LEMMA B.1 ([AJ09, Lemma 9.7]). Let « € R\Q, x € R and 0 < ¢y <
qn — 1 be such that |sinm(z + loor)| = info<y<q,—1|sinm(z + la)|. Then for
some absolute constant C > 0,

n—1
(151) —Clng, < Z In|sin7(z + fa)| + (¢gn — 1) In2 < C'lngy,.
1=0,040,

We now prove

LEMMA B.2. For any l|i|,|j| < 50C.byy1, if 0 is n-Diophantine with re-
spect to a, then the following estimate holds:

(152) In|sin7(20 4 (j +i)a)| > —C'Ingy,.

Proof. By the Diophantine condition on 6, (2), one has that there exist
x> 0 and v > 0 such that

(153) min |sin (20 + (j + i)o)| > —.

Jaze[_Qn,QTL} q%
Let ¢;,¢; € Z be such that dist(i, ¢,Z) = |i — ;qn| and dist(j, gnZ) = |7 —£;qn|.
Then |4, |¢;] < 50C,225L + 1. Let i’ = i — ligy and j' = j — £;gy. Then

Z',»j/ € [_Qna Qn]'

If q}ljrtl > %q%”, it is easy to verify that |[(xA,| < q,,%. Combining

with (153), for any |i|, |j| < 50Cybp41, we have

|sinm(20 4 (j + i)a)| = [sinm(20 + (5" + i')a) cosm(¥; + £;) A,

+cos(20 + (j +i')a)sinw(4; + £;) A,
K
> .
— 100gY
(The choice of £+ depends on the sign of g,a — py,.)
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1—t 100C% ,v+2
If qn+1 S K dn

, we also have, for any |i|,|j]| < 50C.by41,
ES
|sin7(20 + (j +i)a)| >

vt(v42) °

(100C,) T gy,

Thus in both cases, we have

154 i In|sinm(20 + (j +i)a)| > —C'ln gy. O
15y |i\7|j|§1?(}g*bn+1n|81n7r( +(j +i)a)| > —Clng,

LeEMMA B.3. Assume |i|,|j| < 50C.byy1, and i — j # qnZ. Then
(155) In|sin7(j —i)a| > —C'lngy,.

Proof. By assumption, [j —i| = lg, + 7 with 0 < ¢ < 1000*17’;—:1 and
0 < r < ¢p. Then by (149) and (150) again, we also have

G = Dallrsz = [Irellrsz = [llanallryz

1 4]
Z -
2Qn dn+1
1 100C% 1
T 2qn quljrtl dn
1
p—
Aqn
This implies (155). O

We are now ready to study the behavior at non-resonant points. For
an n-non-resonant y, as before let ng be the least positive integer such that
Aqn—n, < dist(y, gnZ). Let s be the largest positive integer such that 4sg,—pn, <
dist(y, ¢nZ). Recall that, automatically, ng < C(«). Set I, Iy C Z as follows:

Il — [_Sann()? Sanno - 1]7
I =[y = Stn—ny,y + Stn-—n, — 1.
We have

THEOREM B.4. For an n-non-resonant y, assume that

(156) ~min  In|sin7(20 + (j +i)a)| > —C'lng,
Jiel Ul

and

(157) min  In|sin7(j —i)a)| > —C'lng,.

i#j,j€L1 Ul

Then for any € > 0 and n large enough, we have

y is (In A+ 81n(sqn—ny/@n-no+1)/dn—ne — €;45¢n-n, — 1) regular with § =

W=
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Proof. Without loss of generality, assume y > 0. By the definition of s
and ng, we have 4sq,—n, < dist(y,¢,Z) and 4q,—pn,+1 > dist(y,¢,Z). This
leads to s¢n—ny < @n-no+1- Let 0; = 6+ ja for j € Iy UIy. The set {6;};er,umn
consists of 4sq,—p, elements.

In (34), let x = cos2ma, k = 45¢y,—n, — 1 and take the logarithm. Then

| cos 2ma — cos 2ml;|

In H = Z In | cos 2ma — cos 27|
jENUI,j#i | cos 276; — cos 20| JEN U, j#i

— Z In | cos 2m60; — cos 270;|.
jehUla,j#i

First, we estimate Y ;c7,ur,,ji In | cos 2ma — cos 276;|. Obviously,

Z In | cos 2ma — cos 2m0;|
JeUI2,j#i
= Z In|sinm(a+ 60;)|
JELUI2,j#i
+ Z In|sinm(a —0;)| + (4s¢n—ny, — 1) In2
jelUla,j#i
=3y +X_+ (45¢n-n, — 1) In2.

Both ¥4 and ¥_ consist of 4s terms of the form of (151), plus 4s terms of the

form

In  min |sinm(z + ja)|,
]:071"“)(1”7”0

minus In |sin7(a=£6;)|. Thus, using (151) 4s times for ¥4 and ¥_ respectively,
one has
(158) Z In|cos2ma — cos 2m8;| < —45¢p—n, In2 + Cslngy_p,.
JENUI,j#i
If a = 0;, we obtain
Z In | cos 2m60; — cos 2m0;|
JENUI2, j#i

= > In|sinm(6; + 6;)|

(159) JENUIL,j#i
+ Y Inlsinm(6; — 6;)| + (45¢n—p, — 1) In2
jehUlz,j#i

=Yy + X+ (45¢n-ny —1)In2,

where
Sp= ) In[sinw(20 + (i + j)a)|
jehUla,j#i

Y= Z In|sinw(i — j)a.

JENUI2,j#i

and
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We will estimate ¥y. Set J; = [—s,s — 1] and Jo = [s,3s — 1], which are two
adjacent disjoint intervals of length 2s. Then I; U Is can be represented as a
disjoint union of segments Bj, j € Ji U Js, each of length ¢,—,,. Applying
(151) to each Bj, we obtain

(160)
Y1 > —4sqn-_n,In2 + Z In | sin ;] — CsIn gn_n, — In|sin 27(0 + i),
jeJ1UJ2
where
(161) | sin ;| = min | sin7(20 + (£ 4 i)a)].
teB;

Next we estimate ;¢ s, In|sin TI'éj|. Assume that éj+1 = éj + gn-noa for
every j,j+ 1 € Jy. In this case, for any i,j € J; and i # j, we have
(162) 10; — 0jllr/z > l|gn—noc|r/z-

Applying the Stirling formula, (156) and (162), one has

Z In | sin 27;| > QZln(jAn,no) — Clngy,
(163) jeh J=1

> 2sln — > Clng, — Cs.
dn—ng+1

In the other cases, decompose .J; in maximal intervals T) such that for
J,J+1&T, we have 041 = 0; + gn—n,. Notice that the boundary points of

an interval Ty, are either boundary points of J; or satisfy [|6;]|g 12+ Dnng >

%. This follows from the fact that if 0 < |z| < gn—n,, then

10 + qn—noaHR/Z < ||éjHR/Z + Ap_ng
and

10; + (= + Gn—no)tlr/z > ll20l|R/Z — 16; + Gn—-no¢|r/z

> Ap—pg—1— ”éjHR/Z — Apny-

An—no—l
2

Assuming T, # Jp, then there exists j € T such that Héj”]R/Z >
JAVSE

If T,. contains some j with HéjHR/Z < Bnong

10 )

then

An—n —1 Anfn —1

—_n—no—~ __ _ —n—ng—-

T > —2— Qe =T
JAVS

(164)
> EM_1> f—l,
T4 App, -8



UNIVERSAL HIERARCHY OF QUASIPERIODIC EIGENFUNCTIONS 769

since $qn—ny < Gn-no+1, where |Tx| = b —a + 1 if T,, = [a,b]. For such T}, a
similar estimate to (163) gives

- T,
z In|sinm6;| > \T,Jlni —Cs—Clng,
(165) JET oot
> |Tx|1In i —Cs—Clng,.
dn—no+1

If T, does not contain any j with ||éj‘|IR{/Z < A"flgofl, then by (150),

Z In|sin70;| > —~|T,|In gy, — C|T]

(166) Jet
> |Tx|1In — C|T,|.
gn—no+1
By (165) and (166), one has

(167) > In | sin ;] > 2s1n —Cs—Clngy.
jen dn—no+1

Similarly,

(168) Z ln|sin7réj| > 2sln i —Cs—Clng,.
j€J2 qnfno%»l

Putting (160), (167) and (168) together, we have

(169) Y1 > —48qn—n,In2+4sln

—Cslngp—p, — Clng,.
dn—ng+1

Now we start to estimate ¥_. Replacing (156) with (157), and following the
proof of (169), we obtain,

(170) Y_ > —4s¢n_n,In2 +4sln —Cslngp_pn, — Clng,.
dn—ngo+1
From (159), (169) and (170), one has
(171)

Z In|cos27m; — cos 2m0;| > —4sqp—n, In2
jeLUIz,j#i

+ 8sln —Cslngy_p, — Clngy,.

dn—ng+1
By (158) and (171), we have

max ’33' —Cos 27T0]| < 645‘]717710(_2ln(3/qn—n0+1)/qn7no +5)'

i€l Ul | cos 2m8; — cos 27l

JENMUI,j#i

Combining with Lemma 3.4, there exists some jy with jo € I3 U Is such that

Ojo ¢ A4sqn,nO —1,ln A+2 1H(S/Qn—n0+l)/qnfn0 —e-
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First, we assume jo € Io. Set I = [jo — 25¢n—n, + 1, J0 + 25¢n—n, — 1] =
[x1,z2]. By (30), (31) and (32), it is easy to verify that

Gy, 2| < exp {(In A+ &) (4G1—n, — 1 = |y — 7))
- 43qﬂ—no (hl A+2 ln(S/QTz—no-i—l)/qﬂ—no - 5)}
Notice that |y — x;| > $gn—n,, S0 We obtain

(172)  |Gr(y, zi)| < exp{=(In A +8In(s/qn—ng+1)/dn—no — 26)|y — il }.

If jo € I, we may let y = O or y = 1 in (172). Combining with (33), we get

[9(0)]; |p(=1)| < 65Gn—ny exp{—(In A + 8In(s/Gn—no+1)/An—no — 2€)Stn—no }-

This is in contradiction to [¢(0)|? + [¢(—1)|> = 1. Thus jo € I, and the
theorem follows from (172). O

Proof of Theorem 3.5. In Case (i), (156) and (157) are obtained corre-
spondingly from Lemmas B.2 and B.3. Thus Theorem 3.5 follows from The-
orem B.4. In Case (ii), it is easy to see that (156) and (157) also hold, so
Theorem B.4 applies as well. ([l

Assume b, 1 > 4. For any 1 < j < 48C, b’;zl, we construct I1, Iy C Z as
follows:

= 1]

b= jg. - E%J U+ Dan = Ean -1

Let 0,,, = 6 + ma for m € I; U Iy. Then

THEOREM B.5. Suppose 0 is n-Diophantine with respect to a. Then for

any e > 0, the set {0 }menur, 1S %—l—a-umform for sufficiently large n.

Proof. In (34), let x = cos2ma, k = 2¢, — 1 and take the logarithm. Thus
in order to prove the theorem, it suffices to show that

H | cos 2ma — cos 210, | Z

1 =
. | cos 270; — cos 276, |

In| cos 2ma — cos 270, |

melUla,m#i meliUla,m#i

- Z In | cos 2m8; — cos 270, |

meliUly m#i

1 Iy
§(2qn—1)<nq”;1”+s>.
n
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First, we estimate ",,c1,u1,,mxi In | cos 2ma — cos 276,,|. Obviously,

Z In | cos 2ma — cos 270,y |
mel;Uly m#i

= Z In|sin7(a+ 6]

mel1Ulz,m#i
+ Z In|sinm(a — 0m)| + (2¢n, — 1) In2
melUlz,m#i
=Y +X_+(2¢,—1)In2.

Both ¥4 and ¥_ consist of two terms of the form of (151), plus two terms of
the form

min In|sin7(z + ka)|,
k:17"'7q’ﬂ

minus In|sin7(a =+ 6;). Thus one has

Z In | cos2ma — cos 270, | < —2¢, In2 + C'lng,.
mel Ul m#i

Setting a = 6; and using the first inequality of (151) two times, we obtain

Z In | cos 2m0; — cos 270, |

mel;Ula,m#i

(173) > —-2¢,In2—-Clng,+2 min In|sin7(20 + (m +i)a)|
m,i€l1Ul2

+ min  In|sinw(m —i)al.
melUla,m#i

By Lemma B.2, we also have

(174) min _In|sin7(20 + (m +i)a)| > —C'lng,.

m,i€liUly

By (149) and (150), the corresponding minimum term of

: In | si .
mehnd}l;,m# n|sinw((m —i)a)]

is achieved at jq,. It is easy to check that

(175) min{ln |sinTjg, |} > —lnqnifr1 -C,

‘ > L
since A,, > ST

Putting (173), (174) and (175) together, we obtain

k+1

max max H
ze[—1,1]i=1,...k+1 - .
m=1,m7#i

|z — cos 270, | < (200 —1) (P2ELZRT )

O

| cos 270; — cos 2w, |
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