Annals of Mathematics 187 (2018), 65-156
https://doi.org/10.4007 /annals.2018.187.1.2

A regime of linear stability for the
Einstein-scalar field system with
applications to nonlinear Big Bang
formation
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Abstract

We linearize the Einstein-scalar field equations, expressed relative to
constant mean curvature (CMC)-transported spatial coordinates gauge,
around members of the well-known family of Kasner solutions on (0, co) x
T3. The Kasner solutions model a spatially uniform scalar field evolving in
a (typically) spatially anisotropic spacetime that expands towards the fu-
ture and that has a “Big Bang” singularity at {t = 0}. We place initial data
for the linearized system along {t = 1} ~ T2 and study the linear solution’s
behavior in the collapsing direction ¢ | 0. Our first main result is the proof
of an approzimate L? monotonicity identity for the linear solutions. Using
it, we prove a linear stability result that holds when the background Kasner
solution is sufficiently close to the Friedmann-Lemaitre-Robertson-Walker
(FLRW) solution. In particular, we show that as ¢ | 0, various time-
rescaled components of the linear solution converge to regular functions
defined along {t = 0}. In addition, we motivate the preferred direction
of the approximate monotonicity by showing that the CMC-transported
spatial coordinates gauge can be viewed as a limiting version of a family
of parabolic gauges for the lapse variable; an approximate monotonicity
identity and corresponding linear stability results also hold in the para-
bolic gauges, but the corresponding parabolic PDEs are locally well posed
only in the direction ¢ | 0. Finally, based on the linear stability results,
we outline a proof of the following result, whose complete proof will ap-
pear elsewhere: the FLRW solution is globally nonlinearly stable in the
collapsing direction ¢ | 0 under small perturbations of its data at {t = 1}.
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1. Introduction

This is the first of two papers in which we derive a new approximate
monotonicity identity for two Einstein-matter systems and use it to prove
linear and nonlinear stability results for cosmological' solutions featuring Big
Bang singularities. By a “Big Bang” singularity in a spacetime, we roughly
mean a spacelike hypersurface such that the solution exhibits curvature blowup
along the entire hypersurface. In particular, our nonlinear result constitutes a
proof of stable curvature blowup along a spacelike hypersurface for an open set
of solutions. We now briefly summarize the nonlinear result, which is proved?
in our second paper [59]; see Theorem 8.1 for a precise statement and [59] for
an even more detailed statement.

THEOREM 1.1 (Stable Big Bang Formation for near-FLRW solutions;
rough version). Consider initial data for the Finstein-scalar field system given

!By “cosmological,” we mean that the spacetime manifold M has compact Cauchy hyper-
surfaces and that the Ricci curvature of the spacetime metric g, verifies RicaBXO‘Xﬁ >0
for all timelike vectors X*. For the Einstein-scalar field system, this Ricci curvature con-
dition is always verified by solutions because Einstein’s equations imply that Ric,, =
Ty — %(gfl)"‘BTo‘ggW and because the energy-momentum tensor T,, of a scalar field
verifies the strong energy condition.

*More precisely, Theorem 1.1 is a special case of the results of [59]: in [59] we prove an
analog of Theorem 1.1 for the stiff fluid matter model. Theorem 1.1 follows as a special case
in which the fluid’s vorticity is zero; see Section 1.1 for further clarification of this point.
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on the manifold® X1 = T3, which we identify with a Cauchy hypersurface of
constant time t = 1, d.e., ¥ = {1} x T3. If the data are close in a suit-
able Sobolev norm to the data of the Friedmann-Lemaitre-Robertson- Walker
(FLRW) solution (see Section 1.3), then there exists a system of constant
mean curvature-transported spatial coordinates (t,z', 2%, x3) such that the per-
turbed solution exists for (t,x) € (0,1] x T3. Like the FLRW solution, the per-
turbed solution’s Kretschmann scalar RiemaﬂV‘SRiema[gwg blows up like t™* as
t | 0. Moreover, the solution exhibits asymptotically velocity term dominated
(AVTD) behavior, which means that near t = 0, the dynamics are dominated
by time derivative terms (that is, the spatial derivative terms in the equations
become negligible), and certain t-rescaled components of the solution converge
in a monotonic fashion to reqular functions of x as t | 0. In particular, as
t | 0, the solution is asymptotic to a solution of the VID equations, which are

obtained by setting all spatial derivative terms equal to 0 in the Finstein-scalar
field equations (expressed relative to the CMC-transported spatial coordinates

gauge).

See Section 1.3 for further discussion of Theorem 1.1, Section 1.7 for a
summary of our linear results, and Section 1.5 for a discussion of the relation-
ship between the various results.

In addition to deriving stability results, we also identify a new one-para-
meter family of parabolic gauges for the lapse function, which, like the well-
known constant mean curvature (CMC)-transported-spatial coordinates gauge,
leads to a formulation of the equations exhibiting the key structural features
that allow us to prove the main results. For our purposes here, none of the
gauges that we employ are manifestly superior. The parabolic lapse gauges
are more general/flexible in that one does not need to construct* a CMC
hypersurface to employ them. However, in the present context, they are a bit
more unwieldy to use. For this reason, most of our results here rely on CMC
foliations of spacetime. However, it is conceivable that the parabolic gauges
will be useful in future studies of cosmological spacetimes. For this reason, in
Section 10, we provide these gauges in detail and re-derive our linear results
relative to them. We stress that all of the gauges under consideration lead to
a formulation of the equations exhibiting infinite speed® of propagation. The

3Throughout, T" := [—, n]™ (with the ends identified) is an n-dimensional torus.

4For a general spacetime, such a CMC hypersurface does not exist. However, CMC
hypersurfaces do exist for the spacetime solutions studied here; see [59] for a proof of this
fact.

®The fundamental (gauge-independent) dynamic variables in the Einstein-scalar field equa-
tions propagate at a finite speed. It is only our description of them that involves an infinite
speed.
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infinite speed is fundamental for our analysis since our approach is based on
synchronizing the singularity across a spacelike hypersurface of constant time;
in a purely hyperbolic gauge involving a time coordinate t, it is not generally
possible to ensure that a blowup-hypersurface (should one exist) is of the form
{t = const}.

1.1. The Einstein-scalar field equations. In the present article, we restrict
our attention to the study of the Einstein-scalar field equations

1
(1.1a) Ric,, — §Rgm/ =T,
(1.1b) (") DuDgo =0

with data given on the Cauchy hypersurface ¥; = {1} x T3. Above and
throughout, Ric denotes the Ricci tensor of the spacetime® metric g, R =
(g7 1)*Ric,ps denotes the scalar curvature of g, D denotes the Levi-Civita

connection of g, and T denotes the energy-momentum tensor of the scalar
field ¢:

1
(1.2) T,, =D,¢D,¢ — iguy(g_l)aﬂDacﬁDw-

The scalar field is a simple matter model that has been well studied in mathe-
matical general relativity in the context of asymptotically flat spacetimes; see
[21], [23], [22], [20], [18], [19]. In our complementary article [59], we study the
Finstein-stiff fluid system, where a stiff fluid has sound speed equal to unity
(that is, equal to the speed of light). The stiff fluid model is more general in
the sense that it reduces’ to the scalar field model when the fluid’s vorticity
vanishes. Due to our gauge choices (which we explain in detail below), one
should identify the “data hypersurface” ¥; with a surface of constant time 1.
We will study the behavior of solutions as ¢ | 0. The singular behavior that we
will uncover occurs along ¥, which will be identified with a surface of constant
time 0.

Although our results apply when the initial Cauchy hypersurface is T3,
they can easily be generalized to the case of n spatial dimensions, that is, to
the case of T™ for n > 1. We anticipate that similar results might also hold
for some other matter models with special properties and, in the case of very
high spatial dimensions, for the Einstein-vacuum equations; see the discussion
in Section 1.9.

5By “spacetime,” we mean a four-dimensional time-orientable manifold M equipped with
a Lorentzian metric g of signature (—, +, +, +).

It reduces for scalar fields with a timelike gradient and under an exactness condition tied
to the fluid velocity and enthalpy per particle; see [58] for further discussion on this point.
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1.2. Paper outline.

e In the remainder of Section 1, we summarize our linear and nonlinear sta-
bility results, discuss their relationship, and provide context by discussing
prior work.

e In Section 2, we introduce some notation and conventions that we use
throughout the article.

e In Section 3, we provide the Einstein-scalar field equations in CMC-trans-
ported spatial coordinates. We then linearize the equations around members
of the (generalized) Kasner family.

e In Section 4, we provide the norms and energies that we use in our analysis
of linear solutions.

e In Section 5, we prove an approximate monotonicity identity for linear so-
lutions. The identity lies at the heart of all of our results.

e In Section 6, we use the approximate monotonicity identity to derive mildly
singular energy estimates for linear solutions in the case that the Kasner
background is nearly spatially isotropic.

e In Section 7, we use the mildly singular energy estimates to prove a linear
stability result for nearly spatially isotropic Kasner backgrounds.

e In Section 8, we use the results of the previous sections to outline a proof of
the nonlinear stability of the FLRW solution near its Big Bang singularity;
complete details are located in [59].

e In Section 10, we introduce a family of parabolic lapse gauges and re-derive
our linear results in these gauges.

1.3. The FLRW solution and preliminary context for the results. A quin-
tessential example of a Big Bang spacetime is the FLRW solution (referred to
in Theorem 1.1) to the Einstein-scalar field system, which plays a prominent
role in cosmology in view of its spatially isotropic nature. It can be expressed
in the well-known form

3
(1.3) grLrw = —dt” + grLrw,  grLrw = /%) (da')?,
i=1
2 3
PFLRW = 3 Int, (t,z) € (0,00) x T".

One can compute that the Kretschmann scalar Riem“’BV‘SRiemamg of grLRW
blows up like t™* as t | 0. That is, the FLRW solution has a Big Bang
singularity at t = 0.

Theorem 1.1 shows that like the FLRW solution, perturbed solutions also
exhibit the same kind of curvature blowup. We provide the complete proof of
Theorem 1.1 in the companion article [59] (for the Einstein-stiff fluid system).
The proof is part of a “five-step program” encompassing the results of both pa-
pers, which we summarize in Section 1.5. Some key steps in the program are of
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independent interest and hold in a more general context than the form in which
they are used in the proof of Theorem 1.1. In this article, we identify such a
more general context and give rigorous proofs of those key steps that remain
valid. In particular, here we study a large family of linearized versions of the
Einstein-scalar field equations, where the backgrounds around which we lin-
earize have been well studied in the mathematical general relativity literature.
For each linearized system, we derive the aforementioned approrimate mono-
tonicity identity for the linear solutions. Specifically, we linearize the equations
around members of the family of generalized Kasner solutions, which are ex-
plicit spatially homogeneous (that is, non-z-dependent) solutions whose unique
spatially isotropic member is the FLRW solution. For generalized Kasner so-
lutions, the spacetime metric is of the form g = —dt ® dt + S5_, t24 wl @ wl,
where the g7 are constants verifying certain constraints and the w! := w!dz®
are a set of three g-orthogonal one-forms on T3. In particular, relative to stan-
dard coordinates {z%},=123 on T3, we have wé = wédaz“, where the wg are
constants and det(w!) # 0. See Section 1.6 for more details regarding these
generalized Kasner solutions. Here we only note that for brevity, we will often
refer to these (nonlinear) Einstein-scalar field solutions as Kasner solutions.
This breaks with the traditional convention, which reserves the label “Kasner
solution” for Einstein-vacuum solutions. A fundamental aspect of the Kasner
backgrounds (around which we linearize) is that, like the FLRW solution, they
have Big Bang singularities at t = 0 (aside from some exceptional cases). In
addition to deriving the approximate monotonicity identity, we also use it to
prove a linear stability result for a subset of the Kasner backgrounds, specifi-
cally those that are nearly spatially isotropic (that is, for near-FLRW Kasner
backgrounds). Before further describing the five-step program and how our lin-
ear/nonlinear stability results fit into it, we first provide context that clarifies
the significance of Theorem 1.1.

e Although the data we consider fall under the scope of the Hawking-Penrose
“singularity” theorems® [40], [50], Theorem 1.1 goes beyond the soft con-
clusion of geodesic incompleteness provided by those theorems in that it
shows that the incompleteness is due to curvature blowup along the hy-
persurface {¢ = 0}. As such, the solutions of Theorem 1.1 exhibit Strong
Cosmic Censorship-type behavior, by which we mean that the solution vari-
ables cannot be extended as C? tensorfields beyond the boundary portion
{t = 0} of the maximal development of the data. This is the first result of
this type for Einstein’s equations that does not involve symmetry or ana-
lyticity assumptions on the data.

8More precisely, see [70, Th. 9.5.1] for a version of “Hawking’s theorem” that can be
applied to the initial data considered in Theorem 1.1.
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e The AVTD behavior proved in Theorem 1.1, though predicted via heuris-
tic arguments for the scalar field model in [13] and for the stiff fluid in
[11], had not previously been shown in solutions without symmetry, except
under the assumption of spatial analyticity [7]; see Section 1.8 for further
discussion on these works. Moreover, as we describe below, the solutions
from Theorem 1.1 are such that at each fixed spatial point x, its asymp-
totic behavior is Kasner-like, by which we mean that its limiting behavior is
well described by fields that are related to members of the aforementioned
Kasner family. The belief that the “end states” should, at each fixed x,
be Kasner-like was part of the heuristics given in [11], [13]. More precisely,
the authors in [13] assumed that all spatial derivative terms in the evolu-
tion equations become negligible near the singularity {¢ = 0}. The authors
then argued that the spacetime metric should asymptotically behave like
—dt @ dt +S3_, 2@l (2) ® w! () near the singularity, that is, like Kas-
ner solutions in which the exponents and one-forms are x-dependent. See
just below Theorem 1.4 for further comments on the asymptotic behavior
of solutions to the linearized equations.

e The monotonic behavior of the solution as ¢ | 0 was also predicted in [11],
[13] and in fact is accounted for by the authors’ posited asymptotic form of
the metric —dt?+323_, 2@l () @w! (). This existence of an interesting
set of spatially analytic solutions to the Einstein-scalar field and Einstein-
stiff fluid systems exhibiting this kind of monotonic asymptotic behavior
was rigorously shown in the aforementioned work [7]. Like the heuristic
arguments given in [11], [13] and the rigorous results of [7], our proof of
the monotonic behavior (via the approximate monotonicity identity and its
consequences) relies on the particular structure of the scalar field and stiff
fluid matter models; see Section 1.8 for further discussion on this point.

1.4. Initial value problem formulation of the Einstein equations and gauges.
Before further discussing our results, we first discuss some basic issues concern-
ing the initial value problem for the (nonlinear) Einstein-scalar field system
(1.1a)—(1.1b) and our gauge choices. The fundamental results [35] and [17],
which are respectively by Choquet—-Bruhat and Choquet-Bruhat + Geroch,
showed that the system (1.1a)—(1.1b) has an initial value problem formula-
tion in which sufficiently regular data give rise to a unique maximal globally
hyperbolic development.® The rest of our discussion here is adapted to the
setup of the present article, where the initial Cauchy hypersurface is T3. The
“geometric data” (for the nonlinear equations) consist of the following fields

9Roughly, this is the largest possible classical solution to the Einstein-scalar field equations
that is uniquely determined by the data.
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on T3: (g, %;j, %, “). Here, Y;; is a Riemannian metric, %;; is a symmetric
two-tensor, and % and %) are a pair of functions. A solution launched by the
data consists of a four-dimensional time-oriented spacetime (M, g), a scalar
field ¢ on M, and an embedding T3 <% M such that 1(T3) is a Cauchy hy-
persurface in (M, g). The spacetime fields must verify equations (1.1a)—(1.1b)
and be such that *g = %, *k = %, *¢ = %, L*Nd) = O, where k is the
second fundamental form of ¢(T?) (our sign convention is given in (3.1)), N¢
is the derivative of ¢ in the direction of the future-directed normal N to +(T?),
and * denotes pullback by ¢. Throughout the article, we will often suppress
the embedding and identify T3 with ¢(T?).

It is well known (see also Proposition 3.1) that the data are constrained
by the Gauss and Codazzi equations, which take the following form for the
Einstein-scalar field system:

(1.4a) OR — 92 0kb 4+ (%)% = 2T(N,N)|ps = %2 + V%V ,.%,
a a X 0
(1.4b) V%% = OV, %, = —T(N, 52717 = —%v %,

Above, T(N, N) = TaﬁNaNﬁ, V denotes the Levi-Civita connection of g,
9R denotes the scalar curvature of %, and indices are lowered and raised with
% and its inverse. Equations (1.4a)-(1.4b) are known, respectively, as the
Hamiltonian and momentum constraints.

As is well known, to obtain a hyperbolic formulation, an elliptic-hyperbolic
formulation, or a parabolic-hyperbolic formulation of equations (1.1a)—(1.1b),
suitable for studying the initial value problem, one must impose gauge choices.
As we mentioned at the beginning, there are two gauges in which we are able
to derive our main results. The first is the well-known CMC-transported-
spatial-coordinates gauge, which we recall in detail in Section 3. In this gauge,
the spacetime metric g is decomposed into the lapse n and the Riemannian
3-metric g on ¥ := {(s,7) € (0,1] x T3 | s =t} as follows:

(1.5) g = —nldt® + gabdx“d:ub.

The spatial coordinates!® {z%}4=1,2,3 are called “transported” because they are
constant along the integral curves of the vectorfield N = n~19,, which is the
future-directed unit normal to ¥;. The basic variables to be solved for in the
nonlinear equations are g;;, ki; 1= —%nfl&ggzj, n, and ¢. The hypersurfaces
> have mean curvature %kaa that is constant, that is, that depends only
on t. To achieve this, n must verify an elliptic PDE on ;. Hence, this
gauge leads to an elliptic-hyperbolic formulation of the equations. Above and

0Technically, the spatial coordinates are only locally defined on T3, even though the

coordinate partial derivative vectorfields 0; := % can be globally defined so as to be smooth.
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throughout, kij = gmkaj denotes the (mixed) second fundamental form of
the constant-time hypersurface ;. We normalize the time coordinate so that
k% (t,r) = —t~1, and we identify ; with the initial Cauchy hypersurface. To
be admissible under this setup, the initial mixed second fundamental form must
verify %? = —1. See Section 3 for a more detailed discussion of this gauge. In
particular, we provide the corresponding constraint and evolution equations in
Proposition 3.1. Until Section 10, we will work with CMC-transported spatial
coordinates gauge.

The second gauge suitable for our purposes is a one-parameter family
of gauges that is in many ways like the CMC-transported spatial coordinates
gauge, except that the elliptic CMC lapse equation is replaced with a parabolic
evolution equation for n that is well posed in the past direction; see Section 10
for the details. Gauges for Einstein’s equations involving parabolic equations
have been considered in the general relativity literature for several decades. For
example, in the work [10], the authors introduced a family of gauges in which
the lapse solves a parabolic equation, and they suggested that such gauges
should lead to efficient and accurate numerical simulations. We also point
out the work [68] on the Euler-Einstein equations under the equation of state
p = c2p, where p is the fluid pressure, p is its proper energy density, and the
constant ¢, verifies 0 < ¢s < 1. In [68], the authors introduced the separable
volume gauge, which is a parabolic gauge that can be viewed as a Lorentzian
version of inverse mean curvature flow. They posited that the separable volume
gauge should be useful for proving rigorous theorems concerning the behavior
of inhomogeneous cosmological solutions near a spacelike singularity. Their
main result was geometric: they identified a set that is invariant under the
flow of their equations and conjectured that it is the past attractor of the flow.
Interestingly, well-posedness for the equations studied in [68] is not known
because their principal part is not of any standard type. In the work [38],
the authors slightly modified the equations of [68] to produce a system of
transport-diffusion equations, which they showed to be well posed. Readers
can also consult [39] for a discussion of local well-posedness for the Einstein
equations under various gauge conditions involving a parabolic equation for
the lapse.

1.5. The five-step program. We now summarize the five-step program men-
tioned in Section 1.3. In particular, we briefly introduce our linear results and
explain in what sense they are tied to/constitute an extension of the proof of
Theorem 1.1 given in [59].

(1) (Approzimate monotonicity identity). In this article, for all Kasner back-
grounds, we first establish an approximate monotonicity identity for so-
lutions to the linearized equations. More precisely, we derive an integral
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identity for solutions in which, due to some special cancellations, some
unfavorable integrals are shown to be equal to favorably signed integrals,
up to error terms. See Theorem 1.2 for a rough summary of the inte-
gral identity and Theorem 5.1 for the precise statement. The favorably
signed integrals encourage some of the linear solution variables to decay as
t } 0, that is, chronologically towards the Kasner background’s Big Bang.
The monotonicity is indeed only approximate in the sense that some of
the unsigned error terms in the integral identity compete against the fa-
vorably signed integrals. It turns out that for nearly spatially isotropic
backgrounds (that is, for near-FLRW backgrounds), the favorably signed
integrals are sufficiently strong to absorb most of the unsigned error terms,
which is crucial for the next step.

(Mildly singular energy estimates at the lowest order for near-FLRW back-
grounds). Next, for nearly spatially isotropic Kasner backgrounds, we
use the approximate monotonicity identity from Step (1) to establish an
energy estimate and elliptic estimates for solutions to the linearized equa-
tions. The elliptic estimates are needed to control the lapse, which verifies
an elliptic equation in CMC gauge. If we were to instead use the parabolic
lapse gauge mentioned above, then the elliptic estimates would be replaced
with parabolic energy estimates; see Section 10. These estimates are at the
level of the nondifferentiated linearized equations. A key aspect is that the
energy can blow up at the mild rate t—“" as ¢ | 0, where ¢ > 0 is a universal
constant and the constant 11 > 0 is a measure of how nonspatially-isotropic
the Kasner background is. In particular, n = 0 for the FLRW background;
see (1.9b) for the precise definition of 1. Because of the energy blowup
and because of the precise structure of the t-weights in the energies (see
Definition 4.4), the energy estimate is not in itself sufficient to establish
linear stability results that are consistent with the nonlinear stable blowup
result provided by Theorem 1.1. Another key aspect of the energy estimate
is that its proof crucially relies on the approximate monotonicity identity
from Step (1). Without the combined strength of the cancellations and fa-
vorably signed integrals provided by the identity, we would have only been
able to establish a more severe energy blowup-rate of t~¢ as t | 0, where
C is a large constant. Such a severe energy blowup-rate would not have
been sufficient for establishing the linear stability of the solution (see Step
(4) for clarification on this point), which in turn would have prevented us
from controlling the nonlinear error terms that we encounter in the proof
of Theorem 1.1. See Theorem 1.3 for a rough statement of the energy
estimate and Theorem 6.1 for the precise statement.

(Mildly singular energy estimates up to top-order for near-FLRW back-
grounds). Next, we establish energy estimates and elliptic estimates for
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the linear solution’s higher spatial derivatives. Specifically, we show that
the higher-order energies verify the same bounds as the base-level energy
from Step (2). Since the Kasner backgrounds are spatially homogeneous,
this step is analytically trivial though conceptually important, as will be-
come clear in Step (4). Again, see Theorem 1.3 for a rough statement of
the higher-order energy estimates and Theorem 6.1 for the precise state-
ment. We emphasize that these energy estimates do not incur any loss of
derivatives, which is of course crucial for closing the nonlinear problem.
(Linear stability and AVTD behavior). Next, still within the class of nearly
spatially isotropic Kasner backgrounds, we prove linear stability using the
energy estimates and elliptic estimates from Step (3). In particular, we
use the energy estimates for the linear solution and its higher-order spa-
tial derivatives to establish improved estimates for the linear solution at
the lower derivative levels, including convergence results consistent with
the AVTD behavior stated in Theorem 1.1. In fact, this step constitutes
a proof of the linear solution’s AVTD behavior, which is a result that
does not directly follow from the singular energy estimates of the previous
step. This step incurs a loss of derivatives, roughly because in deriving
the convergence results and proving the AVTD behavior, we “put all spa-
tial derivative terms on the right-hand side” of the evolution equations.
Thus, from the perspective of regularity, it is critically important that we
have been able to independently establish the non-derivative-losing energy
estimates from Step (3). It is also critically important that the energy
blowup-rate t~™ from Step (3) is mild for nearly spatially isotropic Kas-
ner backgrounds; the mild blowup-rate results in the following: many of
the spatial-derivative-involving terms in the linearized equations are inte-
grable in time near the singularity, which is the key to establishing linear
stability. By integrable in time, we are roughly referring to the fact that
/. slzt sPds < C, whenever p > —1, uniformly for ¢t € (0, 1]; the integrabil-
ity in time of the error terms is one of the main analytical aspects of the
solution’s AVTD behavior.
(Control of nonlinear error terms). To prove Theorem 1.1, we must simi-
larly establish the following results for solutions to the nonlinear equations:
(I) an approximate monotonicity identity;
(IT) a priori energy estimates and elliptic estimates up to top-order; and
(III) improved/AVTD estimates at the lower derivative levels.
In the usual fashion, we rely on a bootstrap argument to accomplish this.
Most aspects of the proofs of (I)—(III) are similar to the linear analysis.
The new feature is that we must also control the nonlinear error terms. It
turns out that given the framework we have established in Steps (1)-(4),
the nonlinear terms are not too difficult to control. The main thing that
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needs to be checked is that in all of the estimates, the “borderline” error
terms (borderline in the sense of their blowup-rate as ¢ | 0) generated by
the nonlinear interactions can either

(i) be absorbed into the favorably-signed integrals generated by the ap-

proximate monotonicity identity from Step (1) or

(ii) are multiplied by a coefficient that remains L*°-small as ¢ | 0.
This allows us to prove that the energy blowup-rate in the nonlinear prob-
lem is also mild, roughly at worst =%, where § > 0 is small whenever the
data are near the FLRW data. The detailed proofs are located in the com-
panion article [59]. In Section 8, we outline all of the main ideas and show
how to control several representative nonlinear error integrals, including a
borderline one. All of the main ingredients needed to control the nonlinear
terms and to prove the theorem are provided by Steps (1)—(4).

1.6. The (generalized) Kasner solutions. Before further discussing our re-
sults, we first formally introduce the Kasner solutions. They can be expressed
as

3
(1.6) g=—dt*+g, g=)> t*(da’)?, ¢=Alnt, (t,z)€ (0,00)x T?,
=1

where the constants ¢; are called the Kasner exponents and A > 0 is a constant
denoting the value of 0;¢ at t = 1. Note that we have the following identity
(in a slight abuse of notation):

(17) tlz:lj - —diag(Q1aQ2aQS)-

The exponents ¢; and A are constrained by the equations

3

=1
3

(1.8b) g =1-4A%
=1

(1.8a) corresponds to our gauge condition k% (t,x) = —t~! while (1.8b) is
a consequence of the gauge condition k% (t,z) =
constraint equation (1.4a).

—t~! and the Hamiltonian

Remark 1.1. For convenience, in (1.6), we have written the Kasner metric
in diagonal form. The diagonal form is a specific case of the more general
form —dt? + 33_, ?7w! @ w! mentioned in Section 1.3 (where the w! are, by
assumption, orthogonal with respect to the Kasner metric itself). The diagonal
form can always be achieved by a change of spatial coordinates.
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Exceptional cases aside, the Kasner solutions have Big Bang singularities
along the past boundary {t = 0} where their Kretschmann scalars blow up
like! ¢=%. In our study of solutions to the linearized equations, an important
role is played by the constants gyax > 0 and 0 <1 < \/g defined by

(1.9a) qMax := max{qi, g2, g3},

(1.9b) qu—zg( 7) _g—A?

As we have mentioned, many of the results in this article hold only for nearly
spatially isotropic Kasner backgrounds, that is, when all three ¢; are near 1/3.
It is important to note that it is not even possible to have all three ¢; > 0 in
the absence of matter due to the Hamiltonian constraint. The nearly spatially
isotropic assumption is equivalent to n being small. The analytic relevance of
n is: for Kasner metrics (1.6), the trace-free part of the second fundamental
form /’4:’J of ¥; (see (3.1)), defined by k:lj = k:l - fk:“ I" = k:Z] + %t‘llij
(where I"; = diag(1,1,1) denotes the identity transformatlon), verifies (with

Wf; = éab@ijifaii%bj)
(1.10) kg =nt™L.

We again stress that the parameter 1 drives the blowup-rate of our L2-based
energies for the linear solutions as ¢ | 0; see, for example, inequality (1.12)

1.7. Rough statement of the main linear results and further discussion.
In this subsection, we summarize the main linear results of this paper. We
start by summarizing the approximate monotonicity identity; see Theorem 5.1
for the precise statement. The proof is based on combining a collection of
integration by parts identities in suitable proportions and judiciously using
the constraint and lapse equations, which in total yields the cancellation of
dangerous terms and the emergence of favorable ones.

THEOREM 1.2 (The approximate monotonicity identity; rough version).
Consider the Einstein-scalar field equations, written relative to CMC-trans-
ported-spatial coordinates (see Proposition 3.1), linearized (see Proposition 3.2)
about any member of the Kasner family (1.6), and with initial data given at

1One can compute that in terms of the Kasner exponents from (1.6), the Kretschmann
scalar Riemaﬁ'yéRiemagn,g is equal to

3
4t_4{2q1 > qqu+qu—2Zqz}_ 445 -
i=1

1<i<j<3 1<i<j<3



78 IGOR RODNIANSKI and JARED SPECK

time 1. Then with “Potential Terms’ denoting the linearized lapse and its
spatial derivatives, the spatial derivatives of the linearized scalar field, and the
spatial derivatives of the linearized spatial metric; with “Solution” denoting the
Potential Terms together with the linearized second fundamental form and the
time derivative of the linearized scalar field; and with “Data” denoting quan-
tities determined by the initial data, we have the following schematic identity,
valid for t € (0,1]:

(1.11) /]Solution|2d9:: Data dz
Et E1

t
- / 571 / |Potential Terms|? dz ds
s=0 s

t
+ / s! Error termsdz ds.
s=0 Ys

Next, we roughly summarize the energy estimates that follow as a con-
sequence of Theorem 1.2. See Theorem 6.1 for the precise statement of the
energy estimates.

THEOREM 1.3 (Mildly singular energy estimates without derivative loss;
rough version). Consider the linearized equations from the statement of The-
orem 1.2. Let 1 > 0 be as defined by (1.9b). Then there exists an energy
E(Total) (t) for the linear solution (see (4.6e) for the precise definition), whose
square has the strength of the left-hand side of (1.11), and constants C' > 0
and ¢ > 0 such that the following estimate holds for t € (0,1] whenever the
Kasner background is nearly spatially isotropic (that is, as long as n is suffi-
ciently small):

(112) @ﬁ(Total) (t) < C’éa(Total) (ﬂ(l)t—cﬂ'

Moreover, the higher-order spatial derivatives of the linear solution verify sim-
ilar energy estimates featuring the same blowup-rate t—N.

Finally, we roughly summarize our linear stability results, whose proof
relies on the energy estimates of Theorem 1.3. See Theorem 7.1 for the precise
statement.

THEOREM 1.4 (Linear stability; rough version). Let N > 2 be an inte-
ger. Consider a Kasner solution (1, g;j, I::ij, ¢) (where 1 is the Kasner lapse),
and let n be as in Theorem 1.3. Consider data (at time 1) for the linearized
(about the Kasner solution) system with enough regularity so that the norm
S Frame);N (see Definition 4.3) is initially finite, that is, (prame);n(1) < 0o.

Let (v, h;j, Kij,go) be a solution to the linearized (about the Kasner solution)
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equations of Proposition 3.2, where v is the linearized variable correspond-
ing'? ton — 1, hij is the linearized variable correspondmg to gij — Gij, Klj

s the linearized variable corresponding to l{:’j — k:zj, and ¢ 1s the linearized

variable corresponding to ¢ — gb Then there exists a Kasner footprint state
(see below for further discussion) such that the linear solution converges to-
wards it as t | 0. Specifically, there exist a symmetric type (g) tensorfield
hRegular € H oL (T3) (the norms || - ||HF]yrIame are defined by (4.2)), a type (})

Frame

tensorfield Kpang € HY-L (T3) wverifying (KBang)?, = 0, and constants C > 0

Frame

and ¢ > 0 such that ifn is sufficiently small, then the following estimates hold"3
fort € (0,1], (1,5 = 1,2,3):

C _
(1133) HVHHN—2 < ;fjﬂ(F‘rame);N(l)tél/3 Cn:

(1.13b) Ht_QQj hij + 21H(t)(KBang)ij - (hRegular)ij HN-1
< C'fjﬁ(Frame);N(1>1’L2/3_Cn (if ¢; = Qj),

(1.130) t_quhij + ‘_ .tz(qi_Qj)(KBang)ij - (hRegular)ij
qi — 4y HN-1
< Cy(Frame);N(l)tz/gim (lf 4 7 Qj),
(1.13d) |65 = (Kiang)' |y < CFrrameysn ()E3,
(1138) Htat(P - \I/BangHHNfl < Cy(Frame);N(l)t2/3icna
(113f) ||6190 - ln(t)ai\pBangHHN—Z < Cy(Frame);N(l)'

We now explain the significance of the above convergence estimates, start-
ing with (1.13a). We first recall that in studying the nonlinear solution, we de-
compose the spacetime metric as g = —n?dt®dt+ g and that v is the linearized
variable corresponding to n — 1. Hence, (1.13a) shows that at the linear level,
the perturbation of the lapse converges to 0; that is, the lapse itself converges at
the linear level to the Kasner state n = 1. To further explain the convergence
results stated in Theorem 1.4, we first explain what we mean by a “Kasner foot-
print state.” Specifically, we mean a collection of variables (v, Eij, K’ K'j, @) de-

fined by V= Oa Eij = til(KBang)i]a Eij =-2 1n< )t2qj (KBang) +t2qJ (hRegular)ij
if 49 = d4j, hij = _qz-&- t2a (KBang) + 1 245 (hRegular)z] if qi 75 qj, atSO =
75_1\I’Baung7 and 81(15 ( )a \I]Banga where (hRegular)zja (KBang) 3 and \I’Bang are

12See the beginning of Section 3.3 for further discussion on the linearization procedure
and the linearized variables.
130n the left-hand sides of (1.13b)—(1.13c), we do not sum over i or j.
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functions (of ) on T3. Note that the above definitions of the Kasner footprint
states are obtained by setting the terms inside the norms on the left-hand sides
of the estimates of Theorem 1.4 equal to 0. Roughly, Theorem 1.4 shows that
the solutions to the linearized equations of Proposition 3.2 are asymptotic to a
Kasner footprint state (v, ﬁi]-, Eij, ¢) as t | 0. Note that the Kasner footprint
states are generally not solutions to the linear equations of Proposition 3.2.
For this reason, we will now explain why one might expect them to emerge as
the “end states” of linear solutions and why the t-behaviors stated on the left-
hand side of the estimates of Theorem 1.4 can be saturated. We will give two
explanations, the first being completely heuristic and the second one rigorously
illustrating the saturation of the t-behavior. First, one can easily check that
given any (sufficiently regular) functions (hRregular)ij, (KBang)i j» and WUpapg on
T3, the corresponding Kasner footprint state is a solution to a truncated ver-
sion of the linear equations of Proposition 3.2 in which all spatial derivative
terms are set equal to 0. The truncated linear equations are linear analogs of
the VTD equations mentioned at the end of the statement of Theorem 1.1.
Thus, Theorem 1.4 shows that linear solutions converge towards solutions of
the linear VT'D system, which is quite natural since our proof of Theorem 1.4
relies on showing that spatial derivative terms become negligible as ¢ | 0.

Our second explanation concerning the end state behavior of linear solu-
tions is through the notion of variations of one-parameter families of Kasner
solutions. For the sake of illustration, we only consider a one-parameter fam-
ily of Kasner spatial metrics and mixed second fundamental forms. That is,
for convenience, in this part of the discussion, we ignore the scalar field by
setting it equal to 0; this will not have any substantial effect on the main
ideas behind our discussion. Specifically, we consider the o-parametrized
family (where o € R) defined by §;j[o] := diag(t?@1[ $2Qz2[o] 42@sla]) and
lofij[oc] = —t~ldiag(Q1[od, Q2]«], Q3[]), where the Q;[«] are a one-parameter
family of Kasner exponents.!* We assume that Q;[0] := ¢;, where the ¢; are
constants. For each fixed o, (gi;[«], K ;lo]) is a solution to the nonlinear Ein-
stein equations of Proposition 3.1 (where the lapse is identically 1 and the
scalar field is identically 0). Thus, (g;;[«], K ;l]) can be viewed as a family of
diagonal Kasner solutions that vary from “point to point,” that is, that vary
with «, in analogy with the x-dependent Kasner-type behavior of solutions to
the nonlinear equations near singularities that was predicted in [11], [13]. To
more fully explain the results of Theorem 1.4, we must also account for the
following additional degrees of freedom: for each fixed «, we can perform a

The Q; must verify the constraint conditions (1.8a) and (1.8b), but this is not important
for our discussion here.
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change of spatial coordinates. We can account for this freedom by introduc-
ing a one-parameter family of invertible matrices M";[«] (not depending on )
that represent a change of spatial coordinates at each fixed «. From these
considerations, we see that a general picture of a family of Kasner solutions
varying from point to point can be captured by a one-parameter family of

Kasner solutions (g;;[c], k:ij[oc]) of the form!®

(1.14) gij[o == M ] M (o] Gap[od],

(1.15) K jlod == (M) [o] MY (o] k% o]

In what follows, we will use the notation Q}[0] := d%Qi[ocH“:o, and we use

similar notation for other quantities that depend on . We now compute that
(1.16) ¢'[0] = M [0] - g'[0] - M[0] + (M") '[0] - g[0] - M[0] + M T [0] - g[0] - M’ [0],
(1.17)  K'[0] = M~Y0] - K'[0] - M[0] — M~1[0] - M'[0] - M~[0] - k[0] - M 0]

+ MHo] - k[o] - M'[0],

where

(1.18) §[0] = diag(t>1, 1292 ¢243),

(1.19) §'[0] = 2In(t)diag(t*" Q1 [0], 1*™=Q5[0], 1 Q5[0)),
(1.20) k0] = ¢~ diag(q1, 42, 43),

(1.21) }[0] = —t~ ' diag(@4[0], Q5[0], @4[0)).

In (1.16)—(1.17), T denotes matrix transpose and - denotes matrix multipli-
cation. We now compare the above computations with the results of Theo-
rem 1.4. The key point is to observe that the variations ¢'[0] and k'[0] solve
the linearized Einstein equations, where the background spatial metric and
second fundamental form (about which the equations are linearized) are re-
spectively §[0] and k[0]. Indeed, one way to obtain the linearized equations is
by differentiating a one-parameter family of nonlinear solutions with respect
to the parameter; see Section 3.3 for further discussion on this point. Thus, to
each one-parameter family g;;[o], k:ij[oc] of the form (1.14)—(1.15), there exists
an associated variation ¢'[0] and £'[0] that solves the corresponding linearized
equations. Thus, the variations ¢'[0] and k’[0] are special (spatially homoge-
neous) examples of the Kasner footprint states stated in Theorem 1.4. To

5For fixed , the form g;;[a of the Kasner spatial metric given by (1.14) is equivalent to
the form Z?:l 291! @ w’ mentioned in Section 1.3.
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further connect with the results of Theorem 1.4, we will investigate the struc-
ture of the variations. From (1.17), (1.20), and (1.21), it follows that tk’[0] is
a 3 x 3 matrix with constant entries. The key point is that this agrees with
the fact that the limiting field Kgang from Theorem 1.4 does not depend on t.
Moreover, from (1.16), (1.18), and (1.19), we see that the entries of the matrix
¢'[0] are sums of two kinds of terms: pure power-law terms proportional to
factors of type tP (where p is a constant), which come from the factors of g[0]
in (1.16), and similar power-law terms that are multiplied by a factor of In(¢),
which come from the factor of ¢’[0] in (1.16). This agrees with the limiting be-
havior of h;j as t | 0 shown by the estimates (1.13b)—(1.13c). To summarize,
our consideration of one-parameter Kasner families led us to conclude that
all variations ¢’[0](¢) and k’[0](t) are spatially homogeneous Kasner footprint
states that are solutions to the linearization of the Einstein equations about
the Kasner solution (§[0](£), £[0](¢)). The results of Theorem 1.4 show that for
near-FLRW backgrounds, all linear solutions are asymptotic to xz-dependent
Kasner footprint states whose time behavior at each fixed x is similar to the
time behavior of one of the variations. Similar results hold for the scalar field,
as is shown by the estimates (1.13e) and (1.13f). In total, the above picture is
closely aligned with the vision of [13], [11], in which the end state of nonlinear
solutions was posited to be a family Kasner-like solutions parametrized by the
spatial point x.

Consistent with the nonlinear stable blowup result provided by Theo-
rem 1.1, we could also extend the linear stability results of Theorem 1.4 to apply
when the background solutions are near-FLRW as measured by a Sobolev norm
(and hence are spatially dependent). We do not provide such an extension here
because it would significantly lengthen the paper without contributing substan-
tially to the main ideas. A related issue connected to the nonlinear problem is
that in our proof of the existence and curvature blowup aspects Theorem 1.1,
we do not rely on having precise knowledge of the solution’s “end state” (that
is, the asymptotics near {t = 0}) in advance; it suffices to control the differ-
ence between the perturbed solution and the FLRW solution. Put differently,
in proving Theorem 1.1, we could derive the sharp asymptotics/convergence
results as ¢t | 0 as a separate argument, after we have already shown that the
solution exists for (t,x) € (0,1] x T? and that the Kretschmann scalar blows
up as t | 0. For this reason, our proof of Theorem 1.1 would allow for the
following margin of error: the proof would go through if we controlled the dif-
ference between the perturbed solution and any near-FLRW Kasner solution
rather than the perturbed solution and the FLRW solution.

1.8. Previous work on singularities. Previous work has provided related
results showing the stability of singular solutions to the Einstein equations
in various contexts, but only under under symmetry assumptions that reduce
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the problem to the study of 1+ 1 dimensional PDEs!6 [25], [42], [56], [57].
There also is a body of work that provides the construction of (but not the
stability of) singularity-containing solutions to select nonlinear Einstein-matter
systems, but only under the assumption of symmetry [41], [51], [43], [8], [16],
[63], [14], [1] and/or spatial analyticity [7], [27]. Readers can also consult [2]
for a more general well-posedness result for singular initial value problems that
applies to a class of symmetric hyperbolic quasilinear systems in more than
one spatial dimension. More precisely, in [2], the authors prescribe Sobolev-
class asymptotics featuring singular behavior. The main result of [2] is the
existence of a Sobolev-class solution that realizes the singular asymptotics.
We note, however, that [2] does not treat Einstein’s equations. A related
approach to studying Big Bang singularities involves devising a formulation
of Einstein’s equations that allows one to solve a Cauchy problem with initial
data given on the singular hypersurface {t = 0} itself;'” see, for example, [9],
[26], [48], [49], [65], [66], [67]. In some cases, these works included a proof that
the singular solutions exhibit AVTD behavior. Readers can consult [53] for a
precise comparison of these results as well as an extension of them to prove the
existence of singular solutions to the Einstein-vacuum equations with Gowdy
symmetry.18

In contrast to the regular Cauchy problem studied here and in the com-
panion article [59], the above works are based on prescribing the asymptotics
as t | 0 and then constructing a solution that achieves those asymptotics. Most
of those works are based on solving a Fuchsian PDE system that is singular
at {t = 0}. We now describe some aspects of the Fuchsian approach. A repre-
sentative work is [1], in which the authors construct singular solutions to the
Einstein-vacuum equations'® with T? symmetry under the polarized or half-
polarized condition. In Section 9, we provide a simple model problem suggest-
ing that results similar to those of [1] might also hold for the Einstein-scalar
field system without symmetry assumptions. The Fuchsian PDEs?" treated

18 There also are stable singularity formation results in the class of spatially homogeneous
solutions (in which case the equations reduce to ODEs); see [54] or [69] for an overview.

17This method is based on formulating the equations in terms of a rescaled metric, confor-
mal to the physical spacetime metric, in such a way that the rescaled metric remains regular
throughout the entire evolution. As such, this method can be viewed as an extension of
Friedrich’s conformal method [36], [37].

8Gowdy solutions are a subset of the T2-symmetric solutions characterized by the van-
ishing of the twist constants (gfl)““,eaﬁWXO‘YﬁDu/X” and (gfl)’”‘/ea;;WX“YﬁDu/Y”,
where € is the volume form of g and X and Y are the Killing fields corresponding to the two
symmetries.

9More general Fuchsian systems in one spatial dimension are also treated in [1].

208pecifically, the PDEs are the T?-symmetric polarized or half-polarized Einstein-vacuum
equations in areal coordinates with the singularity at {t = 0}.
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in [1] are of the form
(1.22) A,z u)tdpu 4+ AL (t, z, u)tdpu + B(t, x,u)u = f(t,z,u),

where u is the array of unknowns, A% and B are symmetric matrices (the energy
estimates rely on the symmetric hyperbolic framework), and f is an array, all of
which verify a collection of technical assumptions. The analysis in [1] is based
on splitting the solution as u = ug + w, where ug is the “leading order” part
and w is an error term that one would like to show is small compared to ug as
t } 0. Animportant technical assumption made in [1], which is used for deriving
energy estimates, is that for small w, one can split A°(¢, z, up+w) = AY(x, up)+
A(t, 2, ug + w), where Ag(x, up) is symmetric positive definite, and the map
w — AY(t,r,up + w) maps certain time-weighted Sobolev spaces into other
time-weighted Sobolev spaces. There are various methods for constructing wg.
The most relevant way in the context of the present article is to choose ug to
be a prescribed solution to a truncated “VTD version” of (1.22) in which the
spatial derivative terms are discarded. This approach is complementary to the
one taken in the present article and [59], in which we show that AVTD behavior
dynamically emerges in solutions to the nontruncated equations. From the
VTD system and (1.22), one computes that the error term w solves an “error
equation” depending on up. The main result of [1] is that under suitable
additional assumptions, there exists a solution w to the error equation that
becomes small relative to ug as t | 0 and that w is unique within appropriate
time-weighted Sobolev spaces. The main idea of the proof is to derive uniform
a priori symmetric hyperbolic energy estimates for a sequence {w,, }52; of error
equation solutions on intervals of the form [t,,, 8]. More precisely, the w,, solve
a standard symmetric hyperbolic Cauchy problem (to the future) with 0 initial
data at time ¢,. Here, 8 > 0 is a small constant and {¢,}52; is a sequence of
times decreasing to 0. A key aspect of the analysis in [1] is that the authors
were able to close their estimates by inserting time weights by hand into the
energies. More precisely, in the approach of [1], one derives energy estimates for
t~Pw,, where ¥ is a diagonal matrix whose nonzero entries are well-chosen
negative powers of ¢ that are allowed to depend on z (that is, P = P(x)).
Another aspect of the approach of [1] is that the energies are weighted by an

—KtY . e
Kt , where k and 7y are positive constants.

additional overall scalar factor of e
The time weights must be chosen to be compatible with the nonlinearities in the
sense that the nonlinear error integrals arising in the energy estimates must be
controllable. When successfully implemented, this leads to controlled energy
growth towards the future (away from the singularity) in a neighborhood of
the singularity. In particular, for well-chosen t-weights (as we illustrate in
Remark 9.1, there is some freedom in choosing them), one can derive uniform

estimates for the {w,}>2, showing that the weighted energies cannot grow too
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fast towards the future; see Section 9 for a very simple linear model problem.
Then through a standard limiting procedure, one can produce a solution w
to the error equation that exists on the interval (0, ], and it is unique within
suitable time-weighted Sobolev spaces.

Although the Fuchsian approach furnishes the existence of a set of solu-
tions with singularities, it is inadequate for treating the true stability problem
of solving down towards {t = 0} starting from Cauchy data for u given along
a hypersurface {t = const} with const > 0. One difficulty that we encounter
in our study of the Einstein equations, which we stressed at the beginning, is
that in order to synchronize the singularity across space, one cannot work with
a purely hyperbolic formulation of the equations such as the one afforded by
wave coordinates; gauges involving an infinite speed of propagation, such as
the elliptic and parabolic ones for the lapse employed in the present article and
in [59], seem essential. Hence, our approach to proving stability lies outside of
the standard Fuchsian framework, which applies only to hyperbolic equations.
Moreover, the Fuchsian strategy of inserting suitable time weights by hand into
the energies is not sufficient for deriving our stability results because some of
the terms in the equations are too singular to be treated in this fashion; see
our discussion in Section 1.9 for further discussion on this point, where we
highlight similar difficulties that would arise in an attempt to extend our ap-
proach to prove stability results for far-from-FLRW solutions. For near-FLRW
solutions, our approach is viable only because of the cancellations that occur in
our approximate monotonicity identity, which are tied to the special structure
of the Einstein-scalar field system in our gauges.

The scalar field and stiff fluid matter models have some special properties
that we exploit in deriving our results. We describe some of these properties
in more detail in Section 1.9. In particular, we expect that our approximate
monotonicity /stability results do not hold for general matter models. Actually,
as we now explain, for certain fluid models, Ringstrém obtained rigorous results
showing that solutions behave in a drastically nonmonotonic fashion. In [55],
Ringstrém studied fluids verifying the equation of state p = c?p, where the
constant ¢, verifies 0 < ¢; < 1 and physically represents the speed of sound.
For the Euler-Einstein equations with a sub-stiff equation of state (that is,
with 0 < ¢5 < 1), he showed that spatially homogeneous solutions with Bianchi
IX symmetry?! generically (that is, for non-Taub solutions) have limit points
in the approach towards the singularity that must be either vacuum Bianchi
type I (that is, vacuum Kasner), vacuum Bianchi type VII, or vacuum Bianchi

Z'Members of the Bianchi symmetry classes are spatially homogeneous, and hence the
corresponding solutions depend on only a time variable. For a precise definition of these
symmetry classes and the others that we mention, readers can consult [24].
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type II. In particular, Ringstrom’s work showed that a sub-stiff fluid has a
negligible effect on Bianchi IX solutions near the singularity. Furthermore, he
showed that almost all such solutions are oscillatory in the sense that there
are at least three distinct limit points, which stands in stark contrast to the
approzimately monotonic behavior of our linear solutions and the nonlinear
solutions in [59].

Ringstrom’s work [55] also applied to the Einstein-vacuum equations in
Bianchi IX symmetry and thus yielded the first examples of the oscillatory
behavior conjectured in the work [44] of Belinsky, Khalatnikov, and Lifschitz
(BKL). Specifically, in [44], the authors gave heuristic arguments suggesting
that general solutions to the Einstein-vacuum equations containing incomplete
timelike geodesics should exhibit highly oscillatory behavior near the bound-
ary where the geodesics terminate. Moreover, their arguments suggested that
the boundary should be a spacelike singularity. These so-called “BKL con-
jectures”?? have been seminal in stimulating the investigation of solutions to
Einstein’s equations near singularities. However, as we now explain, despite
Ringstrom’s work, there is immense controversy surrounding the conjectures.
First, they are false as stated because of, for example, the existence of Taub so-
lutions, which develop a Cauchy horizon?? rather than a true singularity. One
might be tempted to weaken the conjectures by replacing the phrase “general
solutions” with “generic solutions.” However, Luk has constructed [45] a class
of solutions to the Einstein-vacuum equations without symmetry assumptions
such that the boundary of the maximal development contains a null portion
along which the metric remains C° but its Christoffel symbols blow-up in L2
His examples, which are stable in a certain sense, contradict the BKL vision of
spacelike singularities. Moreover, outside of the class of spatially homogeneous
solutions, there are currently no examples of Einstein-vacuum solutions that
are rigorously known to exhibit the kind of oscillatory behavior near a singu-
larity conjectured in [44]. In total, given the present-day state of knowledge,
it is not clear to what extent the vision of BKL is realized in Einstein-vacuum
solutions.

In the opposite direction, we recall the aforementioned work of Belinsky
and Khalatnikov [13], who were the first to suggest the existence of nonspatially
homogeneous approximately monotonic singular solutions to the Einstein-scalar
field system. In a later article [11], Barrow argued that fluids verifying the

*?The statements in [44] are somewhat vague, and thus it is imprecise to refer to them as
“conjectures.”

ZRoughly, a Cauchy horizon is a boundary along which the solution remains regular but
beyond which it cannot be continued uniquely as a solution due to lack of information for
how to continue.
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equation of state p = c2p (where c; is a nonnegative constant) should induce a
similar effect if and only if ¢5 = 1; he referred to the mollifying effect of a stiff
fluid as quiescent cosmology. The first rigorous construction of such solutions
without symmetry was provided by the aforementioned work of Andersson and
Rendall [7]. They constructed a family of spatially analytic solutions to the
Einstein-scalar field and Einstein-stiff fluid systems that have Big Bang singu-
larities and that exhibit approximately monotonic behavior near them. Their
proof was based on a two-step process. In the first step, they constructed a
family of spatially analytic solutions to VI'D equations, which were obtained
by throwing away the spatial derivative terms from the Einstein-matter equa-
tions.?* In the second step, they constructed spatially analytic solutions to
the Einstein-matter equations by writing the true solution as a solution to the
VTD equations plus error terms that were shown, by Fuchsian analysis, to
go to 0 as t | 0. The results of [7] were extended to higher dimensions and
other matter models in [27]. The family of solutions constructed in this fashion
is large in the sense that its number of degrees of freedom coincides with the
number of free functions in the Einstein initial data. However, since the results
are based on prescribing the asymptotics near the Big Bang within the class
of spatially analytic solutions, they are not true stable singularity formation
results. In particular, the work left open the possibility that the map from the
set of spatially analytic asymptotic states realized in [7] to the set of Cauchy
data (say at ¢ = 1) might be highly degenerate in the sense that it cannot
be extended as a map (with reasonable properties) between more physically
relevant function spaces such as Sobolev spaces; see, however, the discussion
in Section 9. The primary ingredient needed to upgrade the work of Ander-
sson and Rendall to a true stable singularity formation result corresponding
to solving a regular Cauchy problem is a suitable statement of linear stabil-
ity, strong enough to control the nonlinear terms. Our linear stability result
(Theorem 7.1) provides this missing ingredient in the near-FLRW case.

1.9. Comments on other matter models, higher dimensions, and the anal-
ysis of far-from-FLRW -solutions. The scalar field and stiff fluid matter models
have two important properties, described in the next paragraph, that allow us
to prove the stability results of the present paper and those of [59]. We antici-
pate that other matter models with similar properties might allow for proofs of
similar results. Readers can consult [27] for a class of candidate matter models,
where the authors used Fuchsian techniques to construct families of nonspa-
tially homogeneous solutions with Big Bang singularities to various nonlinear

24In [7], the Einstein equations were formulated relative to a Gaussian coordinate system
in which the spacetime metric takes the form g = —dt? 4+ gupda®dz®.
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Einstein-matter systems. We note that the authors’ construction also applied
to the Einstein-vacuum equations in ten or more spatial dimensions and thus
yielded rigorous examples of the nonoscillatory and nonspatially-homogeneous
solutions that were heuristically argued to exist in [28]. The existence of these
spatially inhomogeneous Kasner-like vacuum solutions is relevant for the dis-
cussion three paragraphs below.

The first important property of the scalar field and stiff fluid matter mod-
els is simply that they allow for the existence of spatially isotropic and nearly
spatially isotropic Kasner solutions to the Einstein-matter system. We re-
call that nearly spatially isotropic Kasner solutions have second fundamental
forms with trace-free parts that blow up at the rate nt~!, where 1 is small
(see (1.10)), and that this blowup-rate ultimately leads to the mild energy
blowup-rate (1.12). We now contrast this against the case of the Einstein-
vacuum equations in three spatial dimensions. In vacuum, we have A = 0 in
(1.8b), and thus (1.9b) and (1.10) imply that the trace-free part of the Kas-
ner second fundamental form blows up at the rate \/gt_l. Combining this
blowup-rate with the methods of this paper, one would only be able to derive
energy estimates in the spirit of (1.12) showing that the energy blows up like

1=V a5 ¢ 4 0. Unfortunately, such a bound for the energy does not appear
to be useful for controlling error terms in the nonlinear problem. In fact, an
energy blowup-rate of =<V2/3 seems to be insufficient even for proving linear
stability results of the type proved in Theorem 1.4; see the next paragraph for
further discussion on this point. The second important property of the scalar
field matter model is that its time derivatives do not appear in the evolution
equations for the metric (equations (3.7a)—(3.7b)) nor in the elliptic PDE for
the lapse (equation (3.10)). This property is closely tied to the fact that the
characteristics of the scalar field agree with those of the Einstein field equations
(that is, the characteristics for the Einstein-scalar field system are precisely the
null hypersurfaces relative to g). This property plays a critically important
role in allowing us to prove our stability results because to close our estimates,
we rely on the fact that spatial derivatives are small compared to time deriva-
tives, at least at the lower derivative levels. Although the stiff fluid matter
model exhibits similar good properties, fluids verifying the sub-stiff equation
of state p = ¢2p with 0 < ¢s < 1 do not enjoy these properties, even if the
fluid is irrotational (roughly because the sound cones are necessarily distinct
from the gravitational null cones in the sub-stiff case). This is consistent with
the oscillatory behavior for solutions to the Euler-Einstein system observed by
Ringstrom [55] in the Bianchi IX symmetry class when 0 < ¢s < 1 ; see the
discussion in Section 1.8.

We now further explain some of the obstacles to deriving stability results
for the Einstein-scalar field system in the far-from-FLRW case (e.g., when 1 is
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no longer small in the linear problem). Although our methods could be used
to obtain estimates for solutions to the linearized systems, they do not seem to
be strong enough to allow for a proof of linear stability or stable blowup in the
nonlinear problem. Our goal is to highlight why, for parameters corresponding
to far-from-spatially isotropic Kasner backgrounds, our methods do not allow
us to prove that |tk ;| remains uniformly bounded over the interval ¢ € (0, 1],
where « is the linearized second fundamental form variable. In the nonlinear
problem, the same difficulty would arise, and it is tantamount to not even
being able to recover (in the context of a bootstrap argument) the blowup-rate
of t! exhibited by the trace-free part of the second fundamental form of a
Kasner metric. In the nonlinear problem, such a bad estimate would lead (by
a Gronwall estimate) to energy estimates that are drastically worse than (1.12):
the top-order energies would be allowed to blow up faster than data xt~¢ for all
constants C' > 0, where “data” denotes a term that is controlled by the initial
data. Consequently, our entire approach to linear and nonlinear stability would
break down, and in the nonlinear problem, we would not even be able to show
that the solution exists near {¢ = 0}. To explain the source of the difficulty,
we first explain how we prove the uniform boundedness of |tk ;| in the nearly
spatially isotropic case. The main idea is that we can use the evolution equation
for k! ; (see (3.16b)) and the mildly singular energy estimates of Theorem 6.1
to prove (see (7.1a)) the estimate \8t(t|<ij)\ < data xt~1/3=, The key point is
that the right-hand side is integrable in time over the time interval (0, 1] for n
small. That is, if ] is small, then we can express ¢k’ ; as an integral of O (K’ ;)
and use the time-integrability to obtain the desired bound [tk’;| < data. In
contrast, if 1 is large, then the bound lﬁt(tKij)] < data x t~1/3= does not
imply the time-integrability of |0, (tk ;)|; and thus our approach does not work
in its current form.

Finally, we make some comments on extending our stability results to
higher dimensions. For brevity, we limit our discussion to the Einstein-scalar
field and Einstein-vacuum systems. For the Einstein-scalar field system in
any number of spatial dimensions, we expect that the proofs of our linear
and nonlinear stability results (in the near-FLRW setting) would go through
without any significant changes. Moreover, in the case of the Einstein-vacuum
equations in n spatial dimensions with n sufficiently large, there exists a class
of Kasner solutions for which it might be possible to prove sufficiently strong
versions of linear stability (similar to the linear stability results of the present
paper), suitable for deriving nonlinear stable blow-up results like those proved
in [59]. As we mentioned above, the existence of (but not the stability of)
nonspatially homogeneous solutions to the Einstein-vacuum equations with
Big Bang singularities has already been shown in [27] when n > 10. We
now provide some motivation for our speculation on the existence of stable
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Einstein-vacuum singularities. First, we note that it is possible to derive an
approximate monotonicity identity for the linearized (around a vacuum Kasner
solution) Einstein-vacuum equations that parallels the results for the Einstein-
scalar field model provided by Theorems 5.1 and 10.1. More precisely, the
approximate monotonicity identities of Theorems 5.1 and 10.1 remain valid in
the vacuum case; just set the scalar field and its amplitude A equal to 0 in
the equations. However, one faces the difficulty that in vacuum, the trace-free
part of the Kasner second fundamental form has large size (1 —1/n)/?t"1, a
fact that follows from the vacuum Kasner exponent constraints:

n n
(1.23) > ai=1, dg=1
=1 =1

The expression (1 — 1/n)'/2t~1 suggests that the energy blowup-rate for solu-
tions to the linearized Einstein-vacuum equations becomes worse as n — oo,
which seems to be an obstacle to proving stable blowup. Nonetheless, it might
be possible to overcome this difficulty, at least in a certain regime. The main
idea is the following observation: the proof of the energy blowup-rate can be
somewhat sharpened compared to the proof that leads to inequality (1.12).
More precisely, many of the error terms that contribute to the blowup-rate
of the energy can be controlled by the eigenvalues of the second fundamental
form?® and its trace-free part. In particular, a more careful analysis, not car-
ried out in this article,26 shows that most error terms in the energy estimates
that involve the second fundamental form can cause the energies to blow up
at worst like < data x t~°%, where ¢ > 0 is a universal constant independent
of n and « := I{l%lx{|ql|} Moreover, it is not difficult to see that there exists a

family of vacuum Kasner solutions such that « | 0 as n — oco. However, there
are a few anomalous terms in the energy estimates that could in principle lead
to a blowup-rate that is worse than data x t~°*, and these terms are there-
fore a potential obstacle for proving stability. If one were able to sufficiently
control the anomalous terms, then we expect that one would be able to prove

that Kasner solutions with o sufficiently small?”

are linearly and nonlinearly
stable in a neighborhood of the Big Bang by using the methods of the present
article and those of [59]. We note that for fixed large n, only a small portion of
the vacuum Kasner solutions could in principle be shown to be stable through

this approach. If the argument goes through, then it would also be interesting

Z53pecifically, we mean the version of the second fundamental form with one index up and
one down.

26See the proof of inequality (6.5) regarding the role that the eigenvalues play in deriving
energy estimates.

2TOne can think of 1/n as a parameter that one would like to choose to be sufficiently
small to close the estimates.
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to discover the threshold value of n beyond which the stable Kasner solutions
exist; it is conceivable that the threshold value n > 10 from [27], which is
sufficient for the existence of nonspatially homogeneous solutions, is not large
enough to imply their stability.

1.10. A related instance in which monotonicity led to global results. We
now describe the work [5] by Andersson and Moncrief, in which they proved
global existence results for the Einstein-vacuum equations using techniques
that have some overlap with the ones used in the present article and in [59].
In the next paragraph, we compare and contrast the approach of [5] with that
of the present work. We first describe their result in more detail. In [5], the
authors proved a future-global existence theorem (that is, in the expanding di-
rection) for perturbations of spatially compact versions of FLRW-like vacuum
spacetimes in 1 4+ m dimensions for m > 3. The background solutions were of
the “continuously self-similar” form —dt? + 7;—227, where the spatial metric
”;n_zl% where Ric is the Ricci curvature
of 7. Readers can also consult [4], [52] for proofs of the results of [5] in the case

verifies the Einstein condition Ric = —

m = 3, where unlike in [5] and the present article, the latter two works rely on
curvature-based energies constructed from the Bel-Robinson tensor. Anders-
son and Moncrief made some technical assumptions on «, notably one®® that
they called being “stable.” This condition states that the eigenvalues of the
operator h;; — —Ayh;; — 2R, ®hqp, which appears in linearized versions of the
evolution equations, are nonnegative. Here, h;; is a symmetric type (g) tensor
and R, b is the Riemann curvature tensor of 7. In our proof of nonlinear stable
blowup [59], terms like 2Riajbhab also appear, but we are able to treat them as
lower-order nonlinear error terms. That is, we do not have to work with com-
binations such as —A,h;; — 2Riajbhab; see Section 8.9 for an overview of how
we handle nonlinear error terms. In [5], the authors also proved that a rescaled
version of the perturbed spatial metric converges to an element of the moduli
space of v. In the case m = 3, the Einstein condition implies that + has con-
stant negative sectional curvature, and Mostow’s rigidity theorem implies that
the moduli space is trivial. Hence, the rescaled solution in fact converges to the
background solution. In contrast, in our nonlinear results [59] and in the linear
convergence results of Theorem 7.1, the family of possible end states (corre-
sponding to the asymptotic behavior of the solution near the Big Bang) is much
larger. In the nonlinear problem, the family of course includes members of the
Kasner family (1.6). However, as we described below Theorem 1.4, even for

28The authors also made additional assumptions. Specifically, they assumed that either
the moduli space of v is trivial or that v is contained in an integrable moduli space of Einstein
structures.
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the linear problem, it also includes?® a much larger family of “z-dependent”
Kasner-like states. As Andersson and Moncrief stated in [5], their work is
closely related to the Fisher—Moncrief work [34], in which the authors carried
out the linear stability analysis. Specifically, in [34], Fischer-Moncrief found
a reduced Hamiltonian description of the Einstein-vacuum flow (see also the
works [29], [31], [32], [33], [30], [34], [47], [46], [6] for related results) that applied
to a family of spacetimes containing CMC hypersurfaces. Their Hamiltonian
was the volume functional of constant-time hypersurfaces ¢, where, as in the
present article, the >; were CMC hypersurfaces. They showed that the Hamil-
tonian is monotonic along the flow of their reduced equations, that its critical
points are precisely the continuously self-similar metrics —dt?+ %v mentioned
above (where v verifies the Einstein condition), and, crucially for the linear
stability analysis (on which global existence result [5] relied), that its second
variation is positive definite when + is stable in the sense described above.
The analysis in [5] has some features in common with the present work,
including its reliance on CMC foliations to reveal monotonicity and its focus on
studying the solution at the level of the metric. Moreover, the energies for the
spatial metric and second fundamental form defined in [5, §7] are reminiscent
of the metric energies that we use in the present article (see (4.6a) and (8.2a)).
However, the energy identities of [5, §7] do not involve subtle cancellations of
the type that we observe in deriving the approximate monotonicity identities
of Propositions 5.2 and 10.3. A related fact is that in [5], Andersson and
Moncrief were able to close their proof by bounding the lapse in terms of the
second fundamental form via standard elliptic estimates. In contrast, to control
the lapse, we rely on the approximate monotonicity identities and the AVTD-
type estimates described in Step (4) of Section 1.5. Another notable difference
is that unlike our work here, the results of [5] are based on spatial harmonic
coordinates; see Remark 5.3 for additional comments about those coordinates.

2. Notation and conventions

In this section, we summarize some notation and conventions that we use
throughout the article.

2More accurately, we do not rigorously prove that the family includes z-dependent end
states. However, we recall here the work [7] described in Section 1.8, in which Andersson
and Rendall constructed solutions with end states that are analytic in = (with nontrivial x
dependence). Based on their work, our results here, and the results of [59], we expect that
it might be possible to remove the analyticity assumption (perhaps only in the near-FLRW
regime), which would yield new information about the set of achievable end states; see also
Section 9.
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2.1. Indices. Greek “spacetime” indices «, 3, --- take on the values 0, 1,
2,3, while Latin “spatial” indices a,b,--- take on the values 1,2,3. Repeated
indices are summed over (from 0 to 3 if they are Greek, and from 1 to 3 if they
are Latin). We use the same conventions for primed indices such as a’ as we do
for their nonprimed counterparts. When working with the nonlinear equations
in CMC-transported spatial coordinates gauge or the parabolic lapse gauges,
spatial indices are lowered and raised with the Riemannian 3-metric g;; and
its inverse ¢g/. When working with the linearized equations, we will always
explicitly raise and lower indices with the background Kasner 3-metric g;; and
its inverse G%.

2.2. Spacetime tensorfields and 3;-tangent tensorfields. We denote space-
time tensorfields T,...,/""#™ in bold font. In the nonlinear equations, we
denote the g-orthogonal projection of Ty,...,,/"* "*™ onto the constant-time hy-
persurfaces 3; := {(s,z) € R x T* | s =t} in nonbold font: T, _, “*"*". We
also denote general ¥;-tangent tensorfields in nonbold font.

2.3. Coordinate systems and differential operators. We often work in a
fixed standard local coordinate system (x!, 22 23) on T3. The vectorfields
0j = % are globally well defined even though the coordinates themselves are
not. Hence, in a slight abuse of notation, we use {01, d2,095} to denote the
globally defined vectorfield frame. We denote the corresponding dual frame
by {dz',dx?, dz3}. As we described in Section 1.4, the spatial coordinates can
be transported along the unit normal to X, thus producing a local coordinate
system (20, 2!, 22, 2%) on manifolds-with-boundary of the form (7', 1] x T3, and
we often write ¢ instead of V. The corresponding vectorfield frame on (T, 1] x
T3 is {0o, 01, 02,03}, and the corresponding dual frame is {d2?, dzt, da?, dz3}.
Relative to this frame, the Kasner metrics g are of the form (1.6). The symbol
0y, denotes the frame derivative 8%“ and we often write 0; instead of dy and
dt instead of dz". Most of our equations and estimates are stated relative to
the frame {8"}/1:071,2,3 and dual frame {dxu}uzo,m,?)'

We use the notation df to denote the spatial coordinate gradient of the
function f. Similarly, if © is a YX;-tangent one-form, then 9© denotes the
Y;-tangent type (g) tensorfield with components 9;0; relative to the frame
described above.

IfI = (n1,n2,m3) is a triple of nonnegative integers, then we define the
spatial multi-indexed differential operator 9y by 0y := 07" 9,205°. The nota-
tion |I'| := ny + ng + n3 denotes the order of I .

Throughout, D denotes the Levi-Civita connection of g. We write

m
Oy
(21) DTy, = 9, Ty, M 4 Y T T, b1 Ottt

Vn
r=1
n

_ « M1 o
E :FV VTTVl"'Vr—laVr+1"'Vn
r=1
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to denote a component of the covariant derivative of a tensorfield T (with
components T, ...,/ "#™) defined on (T, 1] x T3. The Christoffel symbols of g,
which we denote by I‘“Al,, are defined by

1
A
(2.2) L), =5

We use similar notation to denote the covariant derivative of a >;-tangent

tensorfield 7' (with components 7, ™)

(g—l))\o {augou + &/g;w - 8crg,uz/} .

with respect to the Levi-Civita
connection V of the Riemannian metric g. The Christoffel symbols of g, which
we denote by I‘ji ;> are defined by

7 1 ia
(2.3) Fj k= 59 {8jgak + ak.gja - aagjk} .

2.4. Integrals and L? norms. Throughout this subsection, f denotes a
scalar function defined on the hypersurface ¥; = {(s,2) € Rx T3 | s = t}. We
define

(2.4) fdx = / f(t, 2t 2%, 2%) da.
N T3

Above, the notation “ [rs f dz” denotes the integral of f over T3 with respect
to the measure corresponding to the volume form of the standard Fuclidean
metric E on T3, which has the components E;; = diag(1,1,1) relative to the
coordinate frame described in Section 2.3. All of our Sobolev norms are built
out of the (spatial) L? norms of scalar quantities (which may be the components
of a tensorfield). We define the standard L? norm || - || ;2 over ¥; as follows:

(25) Il = Wl )= ( f, 7 d:c)w.

For integers N > 0, we define the standard H" norm ||- ||z~ over X; as follows:
1/2

(2.6) 1l =l = [ 3 (o]},

|I1<N

2.5. Constants. We use C and ¢ to denote positive numerical constants
that are free to vary from line to line. If A and B are two quantities, then we
often write

(2.7) A<B

to indicate that “there exists a constant C' > 0 such that A < CB.” We write
A = O(B) to indicate that |A| < CB. Some of the constants C' and ¢ in our
estimates are allowed to depend on the parameter N which, roughly speaking,
represents the number of times that the equations have been differentiated
with spatial derivatives.
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3. The Einstein-scalar field equations in CMC-transported spatial
coordinates and the linearized equations

In this section, we provide a standard formulation of the Einstein-scalar
field equations relative to CMC-transported spatial coordinates. We then lin-
earize the equations around a Kasner solution (1.6).

3.1. Preliminary discussion. We begin by stating some basic facts con-
cerning the formulation of the equations. The fundamental unknowns are
g,k,n, and ¢, where g and n are as in (1.5), and k is the second fundamental
form of the hypersurfaces ;. More precisely, the ¥;-tangent type (g) tensor-
field & is defined by requiring that following relation holds for all vectorfields
X,Y tangent to Xy

(3.1) g(DxN,Y) = —k(X,Y),

where D is the Levi-Civita connection of g and

(3.2) N :=n"19,
is the future-directed normal to 3;. It is a standard fact that k is symmetric:
(3.3) E(X,Y) =k, X).

Let V denote the Levi—Civita connection of g. The action of the Levi-Civita
connection D of g can be decomposed into the action of V and k as follows:

A~

(3.4) DxY = VxY — k(X,Y)N.

Remark 3.1. (The mixed form of k verifies equations with favorable struc-
ture and the meaning of 0,k j.) When working with the components of k, we
will always write it in the mized form k' ji= gmkaj with the first index upstairs
and the second one downstairs. The reason is that the nonlinear evolution
and constraint equations verified by the components &’ ; have a more favorable
structure than the corresponding equations verified by k;;. For this reason,
throughout the article, we use the notation aakij = aa(kij).

3.2. The Einstein-scalar field equations in CMC-transported spatial coor-
dinates. In the following proposition, we formulate the Einstein-scalar field
equations (1.1a)—(1.1b) relative to CMC-transported spatial coordinates.

ProOPOSITION 3.1 (The Einstein-scalar field equations in CMC-transported
spatial coordinates). In CMC-transported spatial coordinates normalized by

(3.5) kS (t,x) = —t 1,

the Einstein-scalar field system comprises the following equations.
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The Hamiltonian and momentum constraint equations are respec-
tively

2T (N,N)
(3.62) R — k%K + (k%)° = (n710:9)% + g™ Vad Vo,
——
t—2
(3.6b) Vaok® — Vik® = —n"10,¢V,,
~—— N—————’
0 _T(N7ab)
where R denotes the scalar curvature of g;;.
The metric evolution equations are
(3.7a) Agij = —2ngiak?;,
(3.7b) Oik'; = —g"*VaVjn + n{Ricij + 5‘}/ k' =g VeV }
~—_———
—t=1 —T*+(1/2)I,T

where Ricij denotes the Ricci curvature of g;; (see (3.22)), Iij = diag(1,1,1)
denotes the identity transformation, and T = (g_l)o‘BTaﬁ denotes the trace
of the energy-momentum tensor (1.2).

The volume form factor /detg verifies the auxiliary equation®
—1
(3.8) 9, In (' /detg) = = —.
The scalar field wave equation is
_DNDN¢ _kaaDN¢
1
(3.9) —n 7O (nT10,0) 497V Vo = En—latqs —n gV, nVyo.
The elliptic lapse equation® is
(3.10) 9"V Vy(n— 1) = (n = D{R+ (k%)? —g"Va6V36 |
——
t—2
+ R~ g""VaVio + (k)" — 0e(k%) .
—_— ————

0

The gauge condition (3.5) and the constraint equations (3.6a)—(3.6b) are pre-
served by the flow of the remaining equations if they are verified by the data.

39This equation, which we do not use in the present article, is implied by (3.7a) and the
CMC condition k% = —t~ .

31Below, when we linearize the equations, we will view n — 1 as a linearly small quantity.
Hence, we prefer to write (3.10) as an equation in n — 1.
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Proof of Proposition 3.1. It is well known that the constraint equations
(3.6a)—(3.6b) follow from (1.1a); see, for example, [70, Ch. 10], and note that
our k has the opposite sign convention of the one in [70]. It is also well known
that equations (3.7a)-(3.9) follow from (1.1a)-(1.1b); see, for example, [62,
§6.2] or [64, §10 of Ch. 18]. To derive (3.10), we take the trace of (3.7b) and
use the CMC condition k% = —t~!. The preservation of the gauge condition
and constraints is a standard result that can be derived from a straightforward
modification of the argument presented in [3, Th. 4.2]. O

3.3. The linearization procedure and the linearly small quantities. In our
linear analysis, we work with the “linearly small quantities” defined just below
in Definition 3.1. In the definition, g denotes the (Riemannian) 3-metric from
Proposition 3.1, kij denotes its mixed second fundamental form, ¢ denotes

the 3-metric of the Kasner solution (see (1.6)), kZ] denotes its mixed second
fundamental form (see (1.7)), and similarly for the other quantities. Before
stating the definition of the linearly small quantities, we first make some re-
marks about how one can linearize the equations of Proposition 3.1 around a
given solution. There are two ways that this can be achieved. Both approaches
lead to the same system of linear PDEs but conceptually are somewhat dif-
ferent. The first way, which is manifestly invariant, is through the notion of
one-parameter family of solutions to the equations, similar to our discussion
below Theorem 1.4. That is, one can consider an «-parametrized family of
solutions (n[a], g[a], k[a], ¢[a]) to the nonlinear equations of Proposition 3.1
such that (n[0], g[0], k[0], ¢[0]) is the background solution around which one
would like to linearize. We set n'[a] := “Ln[a] and similarly for the other
variables. One can then differentiate the nonlinear equations with respect to
o and set o« = 0 to deduce that the variations (n'[0], ¢’[0], £'[0], ¢’[0]) solve a
system of linear PDEs whose coefficients depend on (n[0], g[0], k[0], #[0]). The
system thus obtained is the linearization of the Einstein-scalar field equations
in CMC-transported spatial coordinates gauge about the background solution
(n[0], g[0], £[0], ¢[0]).

The second way to derive the linearized system is to perform a first-order
Taylor expansion of the nonlinear equations of Proposition 3.1 about a given
solution, in our case a Kasner solution (1, g, iﬂ, <Z>), where 1 is the Kasner lapse.
Equivalently, in the nonlinear equations, one decomposes the nonlinear spatial
metric g;; as gij = gij + hij (where hy; is the “linearly small” metric perturba-
tion) and similarly for the other solution variables and then discards all terms
that are quadratic or smaller in the perturbation variables (where the deriva-
tives of the perturbation variables are also considered to be linearly small).
After one discards the quadratic-or-higher-order small terms and accounts for
the fact that the background Kasner solution is a solution to the nonlinear
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equations, what remains is a system of linear PDEs whose coefficients depend
on the Kasner solution. This is the approach that we take in the proof of
Proposition 3.2. Though seemingly less invariant than the first approach, it is
straightforward to see that it yields the same linear PDE system.

Having made these remarks, we now define the linearly small “perturba-
tion variables” that play a role in our derivation of the linearized equations.

Definition 3.1 (Linearly small quantities). We define (for a,b,i,j = 1,2, 3)
(3.11a) hij := gij — Gij,
‘ 1.
(3'11b) (h)Falb = igzc {aahcb + abhac - achab} )

1 °ab ce °e a
(B.11¢) PR = —25"G0.05hay + 70T,

i 1ias 1, 0 Liae
(3.114d) (h)RIClj = —§g“g6f868fhja + §gef8j(h)1“e’f + §g’“gjbgef6a(h)l“ebf,
(3.11f) o= -9,
(3.11g) v:i=n-—1

Remark 3.2 (Justification of Definition 3.1). The main point is that for
solutions to the nonlinear equations that are near the Kasner solution (1.6),
all of the quantities defined in Definition 3.1 are linearly small in the sense
described above Definition 3.1.

Remark 3.3. Below and throughout, T denotes the trace-free part of the
>-tangent tenor T

Remark 3.4. Note that k is trace-free, that is,
(3.12) K = K.

(3.12) follows from definition (3.11e), the CMC condition k% (t,x) = —t~!, and
the fact that k%, (t,z) = —t~ 1.

3.4. The linearized Einstein-scalar field equations in CMC-transported spa-
tial coordinates. In the next proposition, we use the procedure described just
above Definition 3.1 to linearize the equations of Proposition 3.1 around a
given Kasner solution (1.6).

PROPOSITION 3.2 (The linearized Einstein-scalar field equations in CMC-
transported spatial coordinates). Consider the equations of Proposition 3.1
linearized around a Kasner solution (1.6). The linearized equations in the
unknowns (v,h, Kk, ), which are functions of (t,x) € (0,00) x T3, take the
following form (see Definition 3.1 for the definitions of some of the quantities).
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The linearized constant mean curvature condition is
(3.13) k*, = 0.

The linearized versions of the Hamiltonian and momentum con-
straint equations (3.6a)—(3.6b) are

(3.14a) 2R — 2(th) (1) — 2480, + 2A%v = 0,
(B14b)  Bultkt) = —Adip — T2 (tRY) + TS 1k,

(3.14c) §70a(tk'y) = —AG Dap — G IT (th%) + gD Sy (HR ),

where the constant 0 < A < /2/3 is defined by (1.8b).
The linearized version of the lapse equation (3.10) can be expressed
in either of the following two forms:

(3.152) QA(typ) + 2(th%) (tKV, ) = 12§70, 0y + (2A% — 1)v,

(3.15b) 25%0,0,v — v = t?(VR,

Equation (3.14a) can be used to show that (3.15a) is equivalent to (3.15b).
The linearized versions of the metric evolution equations (3.7a)-
(3.7b) are

(3.16a) Orhij = =2t (th") ) hia — 2t Gia (tK}) — 2t~ Gia (th%))V,
(3.16b) Bi(tk';) = —t§"0,9;v — t 1 (tk';)v + tMRic’ .

The linearized version of the scalar field wave equation (3.9) is
(3.17) —0y(t0y ) + t§P0u0pp = —Adyv + At 1.

Remark 3.5 (An alternate approach). One could adopt an alternate ap-
proach to the proof of our stability results in which the product n=19;¢ is
treated as an independent quantity. In such an approach, one would not gen-
erate terms in the equations that depend on the time derivative of the lapse.
This would simplify some aspects of the analysis. For example, upon lineariz-
ing the equations under the alternate approach, one would not generate the
term 0y v, which appears on the right-hand side (3.17). The alternate approach
would not have any substantial effect on our main results. For example, notice
that 0;v does not appear in the approximate monotonicity identity stated in
Theorem 5.1 (though, under the approach of this paper, d;v does play a role
in its proof). The alternate approach is closer in spirit to the approach that
we take in [59] in our study of the Einstein-stiff fluid system, in which we avoid
having to treat the time derivative of the lapse in the evolution equations.
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Remark 3.6. Equation (3.14b) is the linearized version of the constraint
Vok% = —n~10;¢V,¢, while equation (3.14c) is the linearized version of V&,
= —n"10;¢¢"*V 6. We use both of these equations when deriving estimates.

Remark 3.7 (Propagation of L? regularity). In deriving the equations of
Proposition 3.2, we have linearized a version of the Einstein-scalar field sys-
tem written relative to a dynamic system of coordinates that is adapted to
the nonlinear flow. It is for this reason that our approximate monotonicity
identity for linear solutions, which we derive below in Proposition 5.2, should
be viewed as providing relevant information about the L? regularity of the
nonlinear solution. In particular, the proof of Proposition 5.2 can be modified
in a straightforward fashion to yield a coercive integral identity for the nonlin-
ear equations, consistent with well-posedness relative to the CMC-transported
spatial coordinates gauge.

Proof of Proposition 3.2. We first note that (3.13) follows from (3.12).
We will derive three more equations in detail. The remaining equations can
be derived using similar arguments and we omit those details. The overall
strategy is to consider the equations of Proposition 3.1 and to expand the
Riemannian metric g as an order 0 “Kasner term” and a perturbation term
as follows: g¢i; = gij + hij, and similarly for (tkij, ¢,n). We then discard all
terms that are quadratic or higher-order in the perturbations, which yields the
proposition. Since this proof features the spatial metrics g and g, to avoid
confusion, we will denote the components of the inverse Kasner spatial metric
by (§~')¥ rather than §%.

As our first detailed example, we derive (3.17). We start by expanding
the scalar field wave equation (3.9) as follows:

(On)

n

(3.18)
(n—1)
t

—0;(tds0) + ntg™V, Vyp = ———td¢p — t8;¢ — ntg®®V o nVyo.

Using (3.18), we compute that

(3.19)
— 0y(t0sp — A) + tg0,0pd + t(n + 1)(n — 1)g?* V4 Vo)
_4lr - Y _ 4om
+n?tg™T 7, 0,0 + (nt_l)(t(?tqb — A)

n—1

— (On) (tdyp — A) + (O4n) t0sp — tg®0yndyd — (n — 1)tg™*0yndyo.

n



LINEAR STABILITY FOR THE EINSTEIN-SCALAR FIELD SYSTEM 101

We now discard the quadratically small terms, that is, the term
t(n+1)(n — 1)g"Va Vo

and the terms on the last two lines of (3.19), which, in view of Definition 3.1,
yields (3.17).

Next, we derive equation (3.16b). To this end, we expand the evolution
equation (3.7b) for kij as follows:

n—1

(3.20) O (th';) = —tg"*0a05m + tg"“T L ;0pm — (tk';)
+ tRicij +t(n — I)Ricij — tng™ 0 $0; .
From (3.20), we compute that

n—1

(3.21) 0, {th'; —th';} = —t(§57")"*0a0jm —

—t{g" — (g7 1)} 0u0jn + tg"'T L ;04m

n—1

(th';) + tRic’,

(tk'; — thk';) + t(n — DRic’; — tng™0,¢0;¢.

Next, we note that it is straightforward to see that in Definition 3.1, (h)l“ai p 18
the linearization of the Christoffel symbol T, (see (2.3)) around the Kasner
solution, and similarly for (MRic? ; and (MR. We have obtained the latter two
linearizations from the standard expression

(3.22) Ric'; = g"0,T,% — g"0cL )%, + g*T 4T 0 — g*T 4T

for the Ricci curvature of g in terms of its Christoffel symbols (2.3) and the
definition R := Ric?,. From these facts and Definition 3.1, it follows that the
linearly small terms in (3.21) are the term on the left-hand side, the first two
terms on the right-hand side, and ¢("Ric? ;j» which we obtain from linearizing
the third term tRic? ; on the right-hand side of (3.21). Discarding the remaining
terms, we obtain the linearized equation (3.16b) as desired.

As our final example, we derive the linearized Hamiltonian constraint
equation (3.14a). We first expand equation (3.6a) to deduce

(3.23) 2R — (tk%)(tk%) + 1 = (t0:0)* — 2(t0yp)*(n — 1)
+ 2D 097 n 17 + £ 0u010.

Using (3.23), the CMC condition tk%, = —1, the identity (tk%)(tk?,) = 3, ¢2,
and the exponent constraints (1.8a)—(1.8b), we compute that



102 IGOR RODNIANSKI and JARED SPECK

(3.24)
~ 3
2R — 2tk — th%)(th",) + 1> ¢ — A
=1

=0
= 2A(t0sp — A) — 2A4%(n — 1)
+ (t0yp — A)? — 4A(n — 1) (10 — A)(t0sp + A) — 2(n — 1) (t0sp — A)*
2 1
+ (”nﬂ(ta 6)*(n — 1) + t*g** a0 0.
With the help of Definition 3.1, we see that the linearly small terms in (3.24)
are the two terms on the first line of the right-hand side, the term

2(the, — the,)(¢k.)

on the left-hand side, and the term t2()R obtained from linearizing the first
term t2R on the left-hand side. Discarding the remaining terms, we obtain the

linearized equation (3.14a) as desired. This completes our proof of Proposi-
tion 3.2. O

4. Norms and energies

In this short section, we define the norms and energies that play a role in
our analysis of linear solutions.

4.1. Pointwise norms. We will use the following two norms.

Definition 4.1 (Pointwise norms). Let T' be a type (7") X;-tangent ten-
sor with components Tbl...b:y”am- Then |T'|prame denotes the following norm

(involving the components of T relative to the transported coordinate frame):

(41&) |T|125‘rame: Z Z Z Z) by-- bsl o

a1=1 am=1b1=1

|T'|; denotes the g-norm of T, where g is the background Kasner spatial
metric from (1.6):

’ /

(41b) |T‘3 = .&aqa’l t '.&ama’m (gil)blbl T (gil)bn "Tbl._,bslmamerl.._b:lmam.

4.2. Sobolev and Lebesgue norms. In our analysis, we will use the Sobolev
norms || || m and the Lebesgue norm Il L2 defined below in Definition 4.2.

Frame

The norms || - ||ym  are “less geometric” than the energies of Definition 4.4

Frame
because their definition involves the components of tensorfields relative to the
transported coordinate frame rather than invariant quantities. The norms

|- llg»  are important for the proof of linear stability (see Theorem 7.1).

Frame
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Definition 4.2 (Sobolev and Lebesgue norms). Let T' be a type (') X4-
tangent tensorfield with components Tblmb:l"'am. We define

42) Tl =Tl ()= > |[0rT()
\T|<Mm

5
e Framell L2

where || f]| ;2 is defined in (2.5), I denotes a spatial coordinate derivative multi-
index (see Section 2.3), and

(4.3) (DT, 0 = D (T, ™).

We sometimes use the notation ||7| Lz in place of Tl HO
We also define the Lebesgue norm

(4.4) 1Tl 22 = 1Tz (8) = |72, )l
where |T'(t,-)|; is defined in (4.1b).

r2’

Remark 4.1. If T is a scalar function, then we often write |T'| instead of
|T|Frame OF |T'|g, ||T|| 7 instead of HT||H£4 , and ||T"]| ;2 instead of || T'|| 2

Frame

or ||T||z2 since for scalar functions, there is no danger of confusion over how
g9
to measure the size of T

Definition 4.3 (Solution norms). The specific norms that are most relevant
for the linear solutions under study are as follows:

(45)  Hmamor(®) = el + 100l + 0ol

2
N L P S o v
p=0

4.3. Energies. Our monotonicity identities and our energy estimates in-

volve the following energies for the linearized variables.

Definition 4.4 (Energies). For t € (0,1], we define &yjetric)(t) > 0,...,
E(Total);e(t) = 0 as follows:

(4.6a) ERnio®) 1= [ 1163+ 100 da,
(4.6b) Seaan 1) = [ (1900)° + |19l
(4.6¢) Tt (®) 1= | 10V}

(4.6d) 82 ooy (8) 1= /E Ve,

(4.6e) Erotalyo(t) 7= Elbcatar) (t) + ELapse) ()

+ (1 - A2)@@(2Lapse) (t) + eCg)(%\/letric) (t)’
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where the constant 0 < A < 1/2/3 is defined by (1.8b) and 0 is a small positive
constant that we choose below when we derive estimates for éa(QTot al);e(t)‘

We will also use up-to-order M energies. Specifically, we view the en-
ergy g(QTotal);e defined in (4.6e) as a functional of k, Oh, Opp, D, Ov, Vv (that is,

(g)(%I‘otal);e = <§’(2Tota1);e[|<, Oh, Oy, D, 0v,Vv]), and we define
(4.7) é”(QTotal);e;M(t) = Z é;%rotal);e[afK,aafh, 010y, 005, 007V, OpV](L).
\I|<M

In Lemma 4.3 below, we compare the strength of the energies to the
strength of the norms. Its proof is straightforward and amounts to tracking
powers of t. We first provide the following lemma, whose simple proof we omit.

LEMMA 4.1 (Basic properties of the spatial part of the Kasner metric).
Letn > 0 be as defined in (1.9b). The components gij of the Kasner spatial
metric (see (1.6)) and the components g* of its inverse verify the following
estimates for (t,z) € (0,1] x T3, (4,5 = 1,2,3):

(4.8) [Gij] < 82570,
(4.8b) 1§9] < ¢72/3=n,

Furthermore, the 3 x 3 matrices §;; and G have the following positive
definiteness properties:

(4.9a) {23+ L XX < G, XOXP < 237Ms,, X0 X0 VX € R3,

(4.9b)  £7AIEMGUL G < GUEE < PTG, V¢ € R?,
where 84 and 6% are standard Kronecker deltas.

Furthermore,
(4.10) Budij = —2t " Gia(th), 0,67 = 2t~ (th),

where tlofij = —diag(q1, g2, q3) (see (1.7)).

Before comparing the strength of the energies and the norms, we first
provide the following simple elliptic estimate, which will allow us to derive
estimates for the top-order derivatives of the linearized lapse.

LEMMA 4.2 (Top-order estimate for v). If v verifies equation (3.15a),
then the following>? elliptic estimate holds:

(4.11) [0%VIl 2 < 1247 = 1||[VIl2 + 24 t0epl| 2 + Q‘tm_{]”tKHLg'

32We note that ||0%v||?, = fEt GG 04000 v dux.

L2 —
g
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Proof. We multiply equation (3.15a) by 2§/ 0.0V, integrate by parts
over % (relative to the Euclidean volume form on ¥;), and use Cauchy-Schwarz
97005Vl 12 SN10%V| 2.

g
O

and Young’s inequality as well as the simple estimate

LEMMA 4.3 (Energy-norm comparison lemma). Let N > 0 be an integer,
and let 1 > 0 be as defined in (1.9b). Under the assumptions of Lemma 4.2,
there exist constants®> C > 0 and ¢ > 0, depending on 0, such that the following
comparison estimates hold for the norm #(prame);n (t) defined in (4.5) and the
total energy & totalyo;n (t) defined in (4.7) on the interval t € (0, 1]:

(4.12&) g(Total);e;N(t) < Ct_cny(Frame);N(t)’
(412b) y(Frame);N(t) < Ct_cng(Total);e;N(t)‘

Proof. Lemma 4.3 follows easily from Lemma 4.1, Lemma 4.2 (which al-
lows us to bound the top-order linearized lapse term t4/3 || v|| n+2 from (4.5)
in terms of the other linear solution variables), and the definitions of the quan-
tities involved. (]

5. The approximate monotonicity identity

5.1. Statement of the approrimate monotonicity identity. The next the-
orem provides the approximate monotonicity identity that lies at the heart
of the linear stability of near-FLRW Kasner solutions. Unlike the results of
Sections 6 and 7, the identity is valid for all Kasner backgrounds.

Remark 5.1 (Monotonicity-coaxing terms and error terms). The favorable
“monotonicity-coaxing terms” are the negative definite spacetime integrals on
the third through fifth lines of the right-hand side of (5.1). The last line of (5.1)
features unsigned error integrals that compete against the negative definite in-
tegrals. In Theorem 6.1, we show that for near-FLRW Kasner backgrounds,
the unsigned integrals can be absorbed into the negative definite integrals,
except for one error integral whose coefficient is controlled by the parameter 1.

THEOREM 5.1 (The approximate monotonicity identity). For any con-
stant © > 0, solutions to the linearized equations of Proposition 3.2 verify the
following identity for t € (0,1]:

(5.1) / (tdrp)? + \t@golg dx + / \t@v\g] dr + (1 — A?) / v2dx
P pI I

1
0 tk|? fthzd—/ d
+/Et|.<g+4\a\gx [ Mida

33 As we have mentioned, C' and ¢ are free to vary from line to line and can depend on N.
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:/ (t8t¢)2+]t8go|§dx+/ |t8v|§dx+(1fA2)/ Vv do
1 ¥ %1

1
0 24 Z|ton2d —/ d
4 /ElyK\g+4\8|gx [ Nids

1 1
—2/ 871/ ]58g0|§dxds—/ 571/ |sav|§dxds
s=t s s=t Ys
1
—/ s_l/ v2dz ds
s=t P
16/1 —1/ |sOh|2 dx d
5 S:ts . sOh|; dx ds
3 1 10 -1
—i—Z/ 3_1/ deds%—GZ/ 3_1/ N dx ds,
i=1 s=t s i—=4 s=t s

where the constant 0 < A < 1/2/3 is defined by (1.8b) and along X5, we have

(5.2a)  Ni = Ni(sk, sk, v) i= —2(sh%)(sK",)v,
(5.2b) Ny = Na(sk, s0p, s0) := —252§%(5k®,)Da0decp,
(5.2¢) N3 = N3(s0p, s0V) 1= —2A5%§ 0000V,
(5.2d) Ny = Na(sk, soh, soh) = —%s%abgijgcf (5k°)0uhaiO oy,
(5.2¢) Ns = Ni(sk, 5k, 5K) = 2Giei (sk;) (57 ) (557,
— 241" (sk",) (5K, ) (5K ),
(5.21) N = Ne(sk, s0h, 50h) := $2gap! G (k) PI0,¢,WD b,
— 2o Slicj)(h)riac(h)rebf
n SQéef(Sli,ac)(h)racb(h)l—webf B 82§ef(Szcb)(h)raac(h)rxebf’
(5.2g) N7 = Ni(sk, sOh, s0v) := 232§ij(sl§:bi)(h)Fa“b8jv
— 2824 (sk?) P00y + 5247 50 (5k,)Dehaidy v,
(5.2h) Ny = Ni(sk, 55, v) = 2japi (sK%) (52,
(5.21) Ny = Ny(s0p, s9v) = 245G 0;0;v,

(5.2j) ./\/10 = /\/’10(3811, Sago) = —2A52§ef(h)1“e“f8ago.

Proof. Below we independently derive the identities (5.3) and (5.8). To
obtain (5.1), we simply add (5.3) to 0 times (5.8). O
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COROLLARY 5.1 (Approximate monotonicity identity for the solution’s
higher derivatives). For any spatial derivative multi-index I (as defined in
Section 2.3), the identity (5.1) holds with k,0h, @,V replaced with, respectively,
afK, aafh, 6f<,p, 8I~v.

Proof. Since the Kasner background metric is spatially homogeneous (that
is, independent of z € T3), the operators Oy commute through the linear
equations of Proposition 3.2. Put differently, the differentiated quantities
05K, 007 h, 07, O7v verify the same equations satisfied by «, dh, ¢, v. Hence,
Theorem 5.1 applies to the differentiated quantities as well. O

5.2. The key integral identity for the linearized lapse and scalar field. The
most important ingredient in the proof of Theorem 5.1 is the following propo-
sition, which provides an integral identity for the linearized scalar field and the
linearized lapse. The proof of the proposition essentially involves combining
several integration by parts-type identities in a manner that replaces dangerous
error integrals with favorable ones.

PROPOSITION 5.2 (The key integral identity for the linearized scalar field
and the linearized lapse). Solutions to the linearized equations of Proposi-
tion 3.2 verify the following identity for t € (0,1]:

(5.3)

/(t@tcp)2+|t8¢|§dx+/ |tav|§,dx+(1—A2)/ Ve — [ Ayde
Yt P St

f/ (Orp) —l—\&p\gdw—i-/ \6v|gdx+(1—A2)/ vide — | Nida
Py

—2/ / |s&p\gda;ds / *1/ \s@v\gdwds
—1 2 -1
— s vedxrds + / s / N dx ds,
/st /25 ; s=t s

where the constant 0 < A < 1/2/3 is defined by (1.8b) and N1, N2, and N3
are defined in (5.2a)—(5.2c).

Remark 5.2. The surprising aspect of the identity (5.3) is the presence of
the spacetime integrals that are negative definite in v and Ov. In Section 10,
we show that a version of (5.3) also holds when the CMC gauge is replaced
with a parabolic lapse gauge.

Proof of Proposition 5.2. The proof involves combining three integration
by parts identities. Throughout, we silently use the identities in (4.10). To
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obtain the first identity, we multiply both sides of the linearized lapse equa-
tion (3.15a) by v and integrate by parts over 3; to deduce that

54) 24 [ (tdp)vde = — / [tOV]2 d + (242 — 1) / V2 do
Yt >t 3t

o [ ke (kb )v da.
pI

The second identity is an energy identity for the linearized scalar field
wave equation. Specifically, we replace t with the integration variable s in
equation (3.17), multiply by —2s0;p, and integrate by parts over (s,x) €
[t,1] x T3 (we stress that ¢ < 1) to deduce that the following identity holds for

€ (0,1]:

(5.5) / (t04p)? + |tD[2 da:
P
—/ (Drp)? —Hacp]gdw
—2/ / \s&p]g—i—ngab(slc%cb)@a(p@Ccpdxds
s=t

1
—2A/ / (sOpp) Oy dx ds+2A/ 5_1/ (50sp)v dx ds.
s=t J X s=t s

Next, we multiply equation (3.17) by v to obtain the following identity:

(5.6)  (t9ho)dhv = Dy (tDypv) — %Aat(w) v, B + At N2,

To obtain the third identity, we now replace ¢t with the integration variable s in
equation (5.6), multiply by 2A, and integrate by parts over (s,z) € [t,1] x T3
to deduce that

1
(5.7) 72A/ / (sOp)Oyv dx ds
s=t s

=24 Orpvdr + Az/ v2dx
21 Z1

24 [ (t0p)v de — A2 / V2 dz
Et Zt

1 1
—2A/ 871/ $2G% 0,00V dx ds —2A2/ 871/ v2dx ds
s=t s s=t s

:/ |8v|§dm+(1fA2)/ Vdr+2 [ kb vds
1 1 ]

_/ ‘t@‘v‘% dr — (1 — AQ)/ v dx — 2/ (tli:“b)(tha)V dx
Zt Et Et

1 1
—2A/ s_l/ $2G%0,00yv dx ds —2A2/ 8_1/ v2dz ds,
s=t s s=t s
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where to obtain the second equality, we substituted the right-hand side of (5.4)
for the integrals 24 [5, dypv dx and 24 [, (t0;p)v dr. We now use the identity
(5.4) with ¢ replaced by s to substitute for the integral 24 [y, (sd¢p)v dz in the
last spacetime integral on the right-hand side (5.5). Finally, we substitute the
right-hand side of (5.7) for the next-to-last spacetime integral on the right-hand
side of (5.5). In total, these steps lead to the identity (5.3). O

5.3. An energy identity for the linearized metric variables. In the next
proposition, we derive an energy identity for the linearized metric solution
variables.

PRrROPOSITION 5.3 (Energy identity for the linearized metric variables).
Solutions to the linearized equations of Proposition 3.2 wverify the following
identity for t € (0, 1]:

1 1
2 2 2 2
(5.8) /t|t|<§+4\t6h|§dm—/ |K|§+4|8h]§dx

1
1
—1/ 5_1/ |sOh|? dx ds
2 s=t s g
10 1
—i—Z/_tsl g N; dzx ds,
i=4 " 5= s

where Ny, ..., N1 are defined in (5.2d)—(5.2j).

Remark 5.3. (No need for spatial harmonic coordinates.) Proposition 5.3
shows, in particular, that we can derive energy estimates for solutions to Ein-
stein’s equations®* directly in CMC-transported spatial coordinates. Remark-
ably, we have not seen this observation made in the literature. Previous authors
(see, for example, [3], [5]) have instead chosen to impose the spatial harmonic
coordinate condition ¢*V,Vyz? = 0 to “reduce” the Ricci tensor R;j of g to
an elliptic operator acting on the components g;;. That is, in spatial harmonic
coordinates, we have R;; = —% 9%0,0bgij + fij(g,0g), which eliminates the last
two products on the right-hand side of (3.11d) and leads to a simpler proof
of a basic L?-type energy identity. In the proof of Proposition 5.3, we handle
these two products through a procedure involving integration by parts and the
constraint equations; see equations (5.16) and (5.17). The spatial harmonic
coordinate condition, though it might have advantages in certain contexts, in-
troduces additional complications into the analysis. The complications arise
from the necessity of including a nonzero “shift vector” X* in the spacetime
metric g: g = —n2dt? + gop(dz® + Xdt)(da? + XPdt). To enforce the spatial

34 Although the proposition addresses only the linearized equations, essentially the same
argument can be used to derive a similar energy identity for the nonlinear equations.
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harmonic coordinate condition, the components X’ must verify a system of
elliptic PDEs that are coupled to the other solution variables.

Proof of Proposition 5.3. The proof involves combining a collection of in-
tegration by parts identities. Throughout, we silently use the identities in
(4.10). To begin, we use the evolution equation (3.16b) to deduce that

(5.9) Oh([tx[F) = =2t gicg® (the) (1" ) (t)) + 2t Gij g™ (k") (¢ ) (£67,)
+ 2ga" (tc%) {15005 — 7 v (th?)) + tMRict; } .

Note that we can express the first line of the right-hand side of (5.9) as

(510) =26 g (k) (11 ) (E6) + 26 Gy (tD ) () (1)

because the terms corresponding to the pure trace part of k cancel. Further-
more, since equation (3.13) implies that k = K, we can express the second
product on the second line of the right-hand side of (5.9) as

(5.11) —2t712G05 6" (tk%) (tRY))v = —23ap9" (sk%) (s v.

Similarly, using the evolution equation (3.16a), we deduce that3®

1 1
(5.12) Zat(ﬁyamg) = 7t\8h]§+tgbc G (tk)DehaiO phy
1
+ thab GG (tke)DhaiO phy
Loab 69 50 0uhg;Of {—2thye(tkS) — 2tdpe(EKS;) — 2tdpe(tkS
+ 29 aiVf {_ bc( j) - gbc( K j) - gbc( j)V} .

For convenience, in the remainder of this proof, we denote terms that can
be expressed as perfect spatial derivatives by “---.” These terms will vanish
when we integrate the identities over T3. We now use equation (3.14b) and
differentiation by parts to express the first product on the second line of the
right-hand side of (5.9) as

(5.13)
GGG (EK%) DDV = 2457 D (1K) D5V + -
= —2At§ij8ig06jv
— 25D @, (452 )0y + 265 WD b (4k) ;v

¥ We recall that |0h; = GG G DehaiOf hayj.
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Next, we use equation (3.11d) to express the third product on the second
line of the right-hand side of (5.9) as

(5.14)
2tgang” (t6%) MRI”; = —tg" g (t6%)0.0shja
+ tgang™ g (1) 00 by + t(tx%) g 0, T .

Next, we use differentiation by parts to express the first product on the
right-hand side of (5.14) as

(5.15) —tG7 G (tk%) 00 hja = 13" §% Do (%) Dphje + - - .

Next, we use equation (3.14c) and differentiation by parts to express the
second product on the right-hand side of (5.14) as

(5.16) tgand” <! (tx%)8;, L 2
= _tgabéijgefaj(tKai)(h)pebf 4.
= At 9,0 T
a7 (tR) T, L L — b7 579 (0PI, T b
Y

Next, we use equation (3.14b) and differentiation by parts to express the
third product on the right-hand side of (5.14) as

(5.17)  t(tx%) g7, = —tg°T 9, (k%) WD b, 4
= Atg°T 9y WD b, + tgef (the,) ML 2, T b,
- t.éef (ti%ac)(h)racb(h)rebf +e

Combining (5.9)—-(5.17) and carrying out straightforward computations,
we deduce that
(5.18)

au(tx3) + 7o lon)
_ %ﬂamg + %té“bifj G0 (th.) e haiOhuy
= 207 o (R (067 (07, + 267 G (R ) (67, ) (1)
+ ti)abf]eféij (t]iCj)(h)Fiac(h)Febf . tf]abfjeféij (tlg{:‘lc) (h)Fz‘cj (h)Febf
170 (k) 02,000 2y — g (th) £,
— 209 (1) Ly 0pv + 249 (th%) V05 — 1975 ()i

— 24t 89,00,V — 2Gang” (sk%) (sk;)v + 245 WD 0y + - - .
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To conclude (5.8), we have only to replace ¢ with the integration variable s in
the identity (5.18) and to integrate by parts over (s, z) € [t,1] x T3, where we
stress that t < 1. O

6. Mildly singular energy estimates without derivative loss for the
linearized equations

In the next result, Theorem 6.1, we use the approximate monotonicity
identity of Theorem 5.1 to derive energy estimates for solutions to the linearized
equations. A central aspect of the estimates is that the energies can blow up
as t | 0. Consequently, the energy estimates by themselves do not yield a
proof of linear stability. However, for near FLRW backgrounds, the blowup-
rate is mild (see (6.2)), which is a key ingredient in our subsequent proof of
linear stability (see Theorem 7.1). We stress that if our proof of Theorem 6.1
had relied on more standard energy identities rather than the approximate
monotonicity identity of Theorem 5.1, then the outcome would have been a
much worse energy blowup-rate, which in turn would have obstructed our proof
of linear stability. In Theorem 6.1, we consider only the case of near-FLRW
Kasner backgrounds, though it is possible to derive (perhaps very singular)
energy estimates in the case of a general Kasner background.

THEOREM 6.1 (Mildly singular energy estimates without derivative loss
for solutions to the linearized equations). Consider a solution to the linear
equations of Proposition 3.2 corresponding to the data (x(1),h(1),0:p(1),0¢(1))
(given on 1 = {1} x T3), where v(1) is determined by the elliptic PDEs
(3.15a)—(3.15b).  There exist a small constant 0, > 0 and constants C >0
and ¢ > 0 such that if n > 0 is sufficiently small (see definition 1.9b) and
S Frame);0(1) < oo (see definition (4.5)), then the base-level total energy
S(Total)e, (t) defined in (4.6e) verifies the following inequality®® for t € (0,1]:

(6'1) @@(QTotal);e* (t) < C@@(?Total);ﬁ* (1)

1 1 1/t
_68* /S:t s /Es |36h]§ clguds—6/8:ts1 /ES ]38g0|§ dx ds

Past-favorable sign Past-favorable sign
o / 9 1t
—= 5~ s0v edxds—f/ 371/ v2 dx ds
6 s=t s ‘ |g 2 s=t s
Past-favorable sign Past-favorable sign

36The explicit numerical constants on the right-hand side of (6.1) are not sharp, but that
is not important when 1 is small.
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1
+ a /—t s_lg(?I‘otal);S* (8) ds

Error integral that can create blowup

In addition, if N > 0 is an integer and the solution norm #(mame);n(t)
defined in (4.5) verifies (mame):n(1) < 00, then the up-to-order N energy
E(Total)so,;N (1) defined in (4.7) verifies the following inequality for t € (0, 1]:

(62) éa(Total);B*;N(t) < Céa(Total);B*;N(l)t_m'

Furthermore, if N > 0 is an integer and #(prame);n (1) < 00, then there

exist constants C' > 0 and ¢ > 0 such that the following inequality holds for
t € (0,1]:

(63) <5ﬂ(Frame);N(t) < Cy(Frame);N(l)t_cn'

Remark 6.1. Theorem 6.1 should be viewed as being relevant for estimat-
ing the solution’s high-order derivatives in the nonlinear problem, while Theo-
rem 7.1 below should be viewed as being relevant for estimating its low-order
derivatives; see Section 8 for further discussion.

Remark 6.2. The proof of Theorem 6.1 essentially amounts to combining
an intricate collection of integration by parts identities in the right way (this
step was carried out in Theorem 5.1) and absorbing various integrals into fa-
vorably signed integrals. Certain aspects of our proof somewhat remind us
of arguments used in [12], in which Bartnik gave a new proof of the positive
mass theorem of Schoen—Yau [60], [61] and Witten [71]. His proof was sim-
pler than the previous proofs but was valid only under the assumption that
the metric is near-Euclidean and required the use of spatial harmonic coor-
dinates. Like our proof, Bartnik’s involved expressing the scalar curvature of
the Riemannian 3-metric in terms of Christoffel symbols, integrating with re-
spect to the measure corresponding to the Euclidean metric, and absorbing all
of the unsigned quadratic terms into favorably signed quadratic terms (whose
coefficients happened to be sufficiently large).

Proof of Theorem 6.1. To prove the theorem, we will use the following
pointwise estimates for the integrand terms Nj, i = 1,2,...,10 defined in
(5.2a)—(5.2j):

n

2
0"

(6.4) V3| < 2fskly|sklglv] < n6lsk|? +
2
(6.5) Ny < (g + 2n> |03,

2
(6.6) N3] < \s&plg + Azlsé?v]g < ]s&p\g + §|38v|§,
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11 )
(6.8) O|N5| < Cnb|skl?,
(6.9) 0| NG| < Cno|sonl3,
1 2 2
(6.11) O[Ns| < n6|sk|? + Cnov?,
(6.12) O|Ns| < CB|sdypl; + CBsOVI3,
1
(6.13) O|N1o| < Ee|s8h|§ + C8|sdy|?.

All of the above estimates except for (6.5)—(6.7) are straightforward conse-
quences of the Cauchy-Schwarz inequality relative to the metric ¢ and simple
estimates of the form |ab| < (1/2)da® + (1/2)571b? for appropriately chosen
constants 0 > 0. To derive (6.5) and (6.7), we use the fact that the eigenvalues
of tlc%"j are > —QMax > — {% +n}, where qax is defined in (1.9a). To derive

the second inequality in (6.6), we use the simple inequality A < \/g .
We now claim that there exist constants C' > 0 and ¢ > 0 such that the
following estimate holds when 6 > 0:

(6.14) / (t0rp)” + [t} da +/ tov|3 dz + {1 — A% - H}/ v da
3t X 0 e
1
+0{1 —T]}/ ’tK|§d$+ Ze/ |t(9h|§d$
Et Et
< [ @p2 el [ ovEar+{1- a2+ 3 [ v
P X1 0 =
1
+e{1 +n}/E IKI?,dﬂHZ@/E (ORI dz
1 1
1 1
_ {, —Cn —Oe}/ 5‘1/ [s0|3 dx ds
3 s=t s g
1 1
_ {g _ Ce} /S:t 5! /E [0V [2 da ds
N 1
(o) [ [ s
s=t s

1
-0 {1 —Cn}/ s*l/ |sOh|2 dx ds
6 s=t s g

1
—i—cn@/ 3_1/ |8K|§dxds.
s=t ¥s
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To obtain (6.14), we simply substitute the estimates (6.4)—(6.13) into the
approximate monotonicity identity (5.1) and keep careful track of the coeffi-
cients. For example, the coefficient — {3z — Cn — CG} found in front of the

integral f st Js. |sagp\2dx ds on the rlght hand side of (6.14) comes from
adding the coefficient —2 on the third line of the right-hand side of (5.1) to the
coefficient 2 + 2n from (6.5), the coefficient 1 from (6.6), and the coefficients
CO from (6.12)-(6.13). Note that for i = 4,...,10, the terms N; from (5.1)
are multiplied by 0.

Next, from definition (4.6e), we deduce the following simple bound for the
last integral in (6.14):

(6.15) cne/ / |sk|Z da ds < cn/ 5™ Erogalyo (5) ds.

The desired inequality (6.1) now follows from definition (4.6e), the identity
(1.9b), and the estimates (6.14) and (6.15), and from first choosing 6 := 6, to
be sufficiently small and then choosing n to be sufficiently small in a manner
that depends on the fixed choice of 0,.. We stress that the estimate (6.15) is
precisely what generates the last error integral on the right-hand side of (6.1).

To deduce inequality (6.2), we first use (6.1) and Gronwall’s inequality to
deduce

(616) éa(gl‘otal);e*( ) < C@@(Total) (1)t7

Next, we recall the following fact noted in the proof of Corollary 5.1: the 0p-
differentiated linear solution variables solve the same equations as the nondif-
ferentiated linear solution variables. Thus, the energy of the Jr-differentiated
linear solution variables verifies an analog of the estimate (6.16). Summing
these estimates for |I| < N and appealing to definition (4.7), we arrive at
(6.2).

Inequality (6.3) then follows from (6.2) and Lemma 4.3. O

7. Linear stability for near-FLRW Kasner backgrounds

In this section, we state and prove Theorem 7.1, which is our main linear
stability result. The theorem shows

(i) that for nearly spatially isotropic Kasner backgrounds, the lower-order
derivatives of the linear solution enjoy improved estimates with respect to ¢
(i.e., involving less singular powers of ¢) compared to the energy estimates
of Theorem 6.1; and

(ii) that various time-rescaled components of the solution variables converge
ast | 0.

As we outline in Section 8, the improved behavior is essential for prov-
ing the nonlinear stable blow-up results of [59]. The proof of the theorem is
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essentially based on revisiting the linearized equations and treating them as
transport equations with derivative-losing error terms that we control with
the energy estimates of Theorem 6.1. Elliptic estimates for the lapse also play
a role. The main difficulty is finding a suitable order in which to prove the
estimates. In essence, this amounts to finding effective dynamic decoupling.

THEOREM 7.1 (Linear stability). Assume the hypotheses and conclusions
of Theorem 6.1. Let N > 2 be an integer and assume that ||h||L% (1) < o0
and & (Frame);n (1) < 00 (see definition 4.5). There eist constants O > 0 and
¢ > 0 such that ifn > 0 is sufficiently small (see definition 1.9b), then the linear
solution to the equations of Proposition 3.2 verifies the following estimates for
t e (0,1]:

(71&) ”8t(tK)HHg;ie < Cy(Frame);N(lﬁ_l/g_cna
(71b) HtKHHg;nlm < Cy(Frame);N(l)v
1 _
(7.10) I, < C{Iklsg,, D+ - Fsrano (D] 290,
c 2/3—
(71d) ||8h”HN*1 < y(Frame);N(l)t CT]’

Frame n

(716) ||at(tat<10 - AV)HHN*l < Cy(Frame);N(l)t_l/g_cn’

(7.1f) [t0pll -1 < CH Frame);n (1),

(7.19) 06132 < CFmrameyr(D) {1+ | (O]}
(7.1) Vi < CF eramen (DE.

(7.1) IVl v < O orameyn (D271,

(713) liv-s < = Ao (5.

Convergence. There exist a symmetric type (g) tensorfield hregular €

HY L (T3), a type (1) tensorfield Kpang € Hivo L (T3) verifying (Kpang)®, = 0,

and a function Upang € HN=Y(T3) such that the following estimates hold>" for
t € (0,1]:

(7.2a) Ht_2qj hij + 21n(t)(KBang)ij — (PRegular)ij

HN-1

< C%Frame);N(l)tQ/sim (lf q; = C.Ij)a

370n the left-hand sides of (7.2a)—(7.2b), we do not sum over i or j.
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(7.2b) 1724 hij + p— tQ(Qi_qj)(KBang)ij — (PRegular)ij s
< O Erameyy (NP (if g; # q5),
(7.2c) % = Kpangl yv-1 < CFmvameyv (D271,
(7.2d) [£019 = UBangll yv—1 < C-Fprameyv (E/2 7T,
(7.2e) 18 = In()0WBang || gy 2 < C(Bramey:n (1),
and
(7.3a) IhReguiar = AW gy—1 < CFprame)sn (1),
(7.3b) 1K Bang = k() -1 < C-Fprameyiv (1),
(7.3¢) ¥Bang — 0ep(D)ll -1 < C-H Frame),n (1)

In addition, the same estimates hold in the case n = 0 with all factors of
% replaced by 1+ Int.

Before proving the theorem, we first make some remarks.

e Just below the “rough” Theorem 1.4 (which is a recap of Theorem 7.1),
we gave a detailed explanation of why the convergence results of Theo-
rem 7.1 are natural. Furthermore, we highlighted the connection between
the convergence results stated in the theorem and the heuristic statements
made in [11], [13] concerning the asymptotic behavior of solutions to the
nonlinear equations near singularities.

e The improved behavior in ¢ provided by (7.1a)—(7.1j) is of critical impor-
tance in closing the nonlinear problem; see Section 8.

Proof of Theorem 7.1. We give the proof only in the case 1 > 0. The
case 1 =0 can be handled by straightforward modifications of the case n>0.
Throughout the proof, we silently use Lemma 4.1, Lemma 4.3, and the ¢-weights
inherent in Definition 4.3.

Proof of (7.1h) and (7.1i)). We commute equation (3.15b) with dy, mul-
tiply by d;7v, and integrate by parts over X to deduce the elliptic estimate
(7.4) 100Vl g2 + 1107Vl 2 < C2|07 " R]| 2.

From (3.11c) and (6.3), we deduce that whenever |I|
||(9f(h)R||Lz < Ct_4/3_c‘15ﬂ(prame);N(1). The estimates (7
readily follow.

< N — 1, we have
.1h) and (7.1i) now
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Proof of (7.1a). We first deduce from equation (3.16b) that
(7.5) [10e(tk)|| pv— < CEE=N ||| gasr + Ot | v|| g1 + Ct\|<h>Ric||H§,1 .
Frame rame

From (3.11d), (6.3), and (7.1i), we conclude that the right-hand side of (7.5)
is < O Frame) N(l)t_l/?’_crl as desired.

Proof of (7.1b), (7.2¢), and (7.3b). We set f(t) := tKij(t, -), where we are

viewing f as a scalar HV~1(T?)-valued function of ¢. From (7.1a), we deduce
that for 0 < s <t <1, we have

£ () = F($)ll g1 < C (27N = 27N) Hpameyv (1).

From this bound and the completeness of HY~1(T3), it follows that if n is
sufficiently small, then limy o f(t) exists as an element of HY~1(T3). We de-
note the limit by (Kpang)® ; = f(0). Moreover, the previous estimate yields
I f(t) = fO)] g1 < C’y(prame);N(l)tQ/:"*C”. The estimates (7.2¢) and (7.3b)
follow from this bound, while (7.1b) follows from (7.2c), (7.3b), and the bound
f(l) < y(Frame);N(l)'

Proof of (7.1c) and (7.1d). We give the details only for (7.1c) since the

proof of (7.1d) is essentially the same. To proceed, we first split tk%; into its
pure trace and trace-free parts and use equation (3.16a) to deduce that

(7.6)
O (t723hy;) = —zfl(ﬁ/%m)(tliaj) — 273G (k%) — 263G (Lh)v.
From equation (7.6), we deduce that
(7.7)
10 W), < O ekl Rl + O gl svamelll

Frame

+ Ct75/3|§|Frame|tl;|Frame||‘v||L2-
From inequality (6.3), we deduce that the right-hand side of (7.7) is

< Cﬂt_l Ht_2/3hHL%m + C%Frame);N(l)t_l_cn'

me

Using this estimate and integrating (7.7) in time, we deduce that

C

(7.8) 2 bl e (1) + Etsﬂ(Frame);N(l)t_m

Frame

(@) < [I1Allrz

Frame
1
v [ s Py, (5)) ds.

From (7.8) and Gronwall’s inequality in the quantity t_2/3HhHL§, (t), we
conclude the desired inequality (7.1c).
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Proof of (7.1j). We need only to revisit the proof of (7.1i) and use the
fact that the improved estimate (7.1d) allows us to deduce that whenever

[I| < N — 2, we have [|0; "R > < gy(Framo);N(m—?/?’—m.
Proof of (7.1e). We first deduce from equation (3.17) that
(7.9) 10 (t0r 0 — AV)|| gn—1 < Ct||§0u0pp|| -1 + Ct || V|| -1

From (6.3) and (7.1i), we deduce that the right-hand side of (7.9) is < the
right-hand side of (7.1e) as desired.

Proof of (7.1f), (7.2d), and (7.3c). The existence of the limiting tensor-
field Upang and the three estimates under consideration follow from inequal-

ities (7.1e) and (7.1i) by the same reasoning we used to prove (7.1b), (7.2¢c),
and (7.3b).

Proof of (7.1g) and (7.2e). From (7.2d), we deduce
||8t {890 —In ta\IIBang}HH}]X*Q < Cjﬂ(F‘rame);N(l)til/Sicn‘
Integrating from time ¢ to time 1, we find that

)

< Cy(Frame) N(1)7

)

H&p —In ta\I’BangHHé\i;ie < Cy(Frame) N(l)t2/3_crl + Ha@HHﬁ;ﬁe (1)

which yields (7.2e). (7.1g) then follows from (7.1f), (7.2e), and (7.3c).

Proof of (7.2a), (7.2b), and (7.3a). Throughout this paragraph, we do
not use Einstein’s summation convention for i or j. Recall that §;; = t?%, that
t(k’l) = —¢;, and that the off-diagonal components of these tensorfields are 0.
Multiplying equation (3.16a) by ¢t~2% we deduce the equation 8;(t 2% h;;) =
—2t*1+2(qi*%‘)(t|<ij) + 2¢;6;5t~!v. From this equation, the estimates (7.1i) and
(7.2c), and the simple estimate |g; — ¢;| < 2n (see (1.9b)), we deduce that for
1,7 =1,2,3, we have

1 .
(7.10) Hat {t2qj hij —2 (/ s~ 1+2(¢i—4;) ds) (KBang)Zj}
s=t HN-1
< Cy(Frame);N(l)t_l/g_m‘

When 1 is sufficiently small, the existence of the limiting tensorfield com-
ponents (hRegular)ij and the estimates (7.2a), (7.2b), and (7.3a) follow from
(7.10) and (7.3b) by the same reasoning we used to prove (7.1b), (7.2c),
and (7.3b). O
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8. Summary of the proof of the nonlinear stability of the FLRW
Big Bang singularity

Recall that the FLRW metric is grrrw = —dt? + t2/3 323 (dz')? (see
(1.3)). In this section, we outline the proof of Theorem 8.1, which yields the
nonlinear stability of FLRW solution’s Big Bang singularity. Our discussion
will provide a detailed overview of the central role that the monotonicity identi-
ties and linear stability results play in the nonlinear problem. For complete de-
tails in the context of the Einstein-stiff fluid system, we refer the reader to [59].

Remark 8.1. In [59], we formulated the equations and estimates in terms
of time-rescaled solution variables. Here, to keep the discussion short, we do
not introduce such time-rescaled variables. This changes the appearance of
various equations and estimates compared to [59], but not their content.

8.1. Norms and energies. We start by introducing the norms and energies
that we use to control the nonlinear solution. In our analysis, we view the
unknowns to be the solution variables n, g;;, Kt ;j»¢ appearing in the nonlinear
equations of Proposition 3.1. Note that the pure trace part of k° ; 1s controlled
by the CMC condition k%, = —t~! and thus we only need to derive estimates
for its trace-free part k' -

Definition 8.1 (The pointwise norm |-|4). Throughout this section, we use
the pointwise norm |- |4, which is defined by replacing the background Kasner
metric ¢ with the metric g on both sides of (4.1b).

Definition 8.2 (Solution norms). To control the nonlinear solution, we rely
on norms®® belonging to the following family:

+ 199 zrar

H, ggame Frame

(81)  Frrameynr(t) = [th]

+t723 g - grLRw | g+ 12/ Hg_l - gEﬁRWHHM

Frame
2
ol a0l + S P = 1] s
p=0
To control the norms (8.1), we will use the energies provided by the next
definition. The energies for the nonlinear solution are tied to approximate
monotonicity identities for the nonlinear solution in the same way that the

energies of Definition 4.4 for the linear solution are tied to the approximate
monotonicity identity of Theorem 5.1.

38More precisely, in [59], our high-order solution norms do not directly control

llg — gFLRWHL%m L or Hgf1 - g;ﬁRw ||L% , but that detail is not important for the ensuing

m rame

discussion.
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Definition 8.3 (Energies). Let I be a spatial derivative multi-index (as
defined in Section 2.3), let M > 0 be an integer, and let 6 > 0 be a constant.

We define the energies g(Metric);f(t) >0,. .., ETotal)e;m () > 0 as follows:
5 o ozl 2
(8.2a) £(Metric);f(t) = /Et ‘talk . + 1 ’ta@lg‘g dx,
(8.2b) 82 (D) = /E (t0,076)? + n?[t00;0|2 dx,
t
2 __ 2
(8.20) 2 et = /E |to0yn; da.
(82d) (gi(zLapse) (t) = /E ’(91-'(71 - 1)‘2 de,
t
2 @2 2
(826) éa(Total);e;f(t) T éa(Scalar);f(t) + (g)(BLapse);f(t)
L o 2
+ géa(Lapse);f(t) + eg(Metric);f(t)’
2 __ 2
(8.2f) Elrotanoar(t) == Y g(Scalar);f(t)'
\T1<M

We clarify that on the right-hand side of (8.2a),

t0079

Y 12901 g8 9,0 90i01 0 g
g_ 99’9 e079aiOfOrgbj-

Remark 8.2. Note that our energies do not directly control the terms

t2/3 g — 9grLRW || ar or +—2/3

H I gEﬁRW‘ Y which are featured in the

Frame
norm (8.1). Therefore, control of these terms does not directly follow from the
energy estimates described below and instead requires a separate argument
based on the metric evolution equation (3.7a); we will avoid further discussion

of this issue here.

As in our proof of Theorem 6.1, in order to close the energy estimates for
the nonlinear solutions, we have to make a suitable choice of 8 > 0. Here we
note that the same choice of

(8.3) 0:=0,

that we made in the proof of Theorem 6.1 is also sufficient in our study of
nonlinear solutions. The reason is that 8 needs to be adapted only to handle
various integrals in the approximate monotonicity identity that are generated
by linear terms in the equations; quadratically small nonlinear terms do not
affect the viability of the choice 8 := 6,, but rather generate error integrals
that we explain how to control in Section 8.9.

8.2. The nonlinear stability of the FLRW Big Bang singularity. In this
subsection, we state our main nonlinear result, namely Theorem 8.1. In the
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rest of Section 8, we will explain the main ideas behind the proof of the theorem.
We refer the reader to [59] for complete details in the case of the Einstein-stiff
fluid system. We note that in Remarks 3.5 and 8.1, we pointed out some minor
differences between the approach outlined here and the approach taken in [59].

THEOREM 8.1 (Stable Big Bang Formation for near-FLRW solutions).
Consider initial data (as described in Section 1.4) for the Finstein-scalar field
system given on the Cauchy hypersurface X1 = {1} x T3 that verify the CMC
condition °k%, = —1, where Okij = (k‘ij)|21 is the mized second fundamen-
tal form of 1. Assume that N > 8 and that>® Frame);N (1) < €2, where
S (Frame);N 15 defined by (8.1) (see also Remark 8.3). There exist constants
C > 0 and ¢ > 0 such that if € is sufficiently small, then the perturbed solu-
tion to the Einstein-scalar field system in CMC-transported-spatial-coordinates
gauge (that is, to equations (3.6a)—(3.10)) ewists for (t,x) € (0,1] x T3 and
verifies the norm bound

1 —Cy\/E
(84) y(Frame);N(t) < §Et \[
Moreover, the Kretschmann scalar verifies the pointwise bound
2
(8.5) t4Riem°‘5'y6Riema5ﬂ,5(t, x) — 2—(7) < Ce.

In particular, Riemo‘BV‘SRiemaﬂvg blows up like t—* as t | 0. Moreover, there
exists a type (%) tensorfield Kgang € HN=Y(T3) such that the following conver-
gence results for components holds for t € (0,1], (i,7 =1,2,3):

(8.6a) I — 1] -2 < Cetd/37eVE
(8.6b) Ht/@ij — (KBang)' jHHN_l < Cet?/3—evE,
. 1 .
(8.6¢) | oane)'s + 375 <=
where Iij := diag(1,1,1) is the identity transformation. Similar convergence

results hold for other solution variables, in analogy with the convergence results
for the linear solution proved in Theorem 7.1; see [59] for precise statements
in the context of the Finstein-stiff fluid system.

Remark 8.3. In Theorem 8.1, we formulated our near-FLRW data as-
sumption as a smallness condition on the norm .#(game);n(1). We could have

)

instead formulated a “more geometric” near-FLRW assumption by making

39Note that S (Frame); N (1) is assumed to be quadratically small compared to the amplitude
¢ featured in the estimate (8.4). This assumption is nonoptimal and could be improved with
further effort; we have aimed for a clean presentation rather than for optimizing powers of ¢.
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assumptions only on the “geometric data” from Section 1.4, which does not
include the lapse. We could have then derived the smallness of #(frame); ~(1)
as a consequence of the assumptions on the geometric data (essentially by de-
riving elliptic estimates for the lapse along »; by using equation (3.10)); for

convenience, we have avoided doing this.

Remark 8.4. As stated, Theorem 8.1 applies only to data with constant
mean curvature. However, this restriction is not necessary: in [59], we show
that for perturbations of the FLRW solution, it is always possible to find a
CMC hypersurface 3] near ¥;. One can then use CMC-transported coordi-
nates gauge starting from the “data” induced on Xf. Alternatively, one could
employ the parabolic lapse gauges described in Section 10 starting from near-
FLRW data on 31; these gauges do not require the initial Cauchy hypersurface
to have constant mean curvature.

8.3. Outline of the proof. We now outline the main steps in the proof of
Theorem 8.1. In the remainder of Section 8, we will provide additional details
about the most important aspects of the proof.

(1) (Big picture) The main step in the proof of the theorem is to derive the
a priori estimate (8.4) for the “high-norm” #(grame);n(t), which shows, in
particular, that it remains finite for ¢ € (0, 1], even though it can blow up
ast | 0. It then follows as a standard result for elliptic-hyperbolic systems
(see [3]) that, as a consequence of the a priori norm estimate, the solution
must exist for (t,z) € (0,1] x T3.

(2) (High-norm bootstrap assumption) We use a bootstrap argument to obtain
the desired estimates for the norm .#(mame). v To this end, we let (7', 1] be
any time interval on which the solution exists, where 0 < T' < 1. We make
a bootstrap assumption for #(grame);n(t) for t € (T',1]; see Section 8.4.
The bootstrap assumption weakly captures the fact that the perturbed
solution is near-FLRW. By the remarks made in Step (1), to prove the
existence result of Theorem 8.1, it suffices to derive the a priori estimate
(8.4) for A prame);n (t) for t € (T,1], which is a strict improvement of the
bootstrap assumption; by a standard continuity argument, this justifies the
bootstrap assumption, shows that the solution exists for (¢,z) € (0,1] x T3,
and shows that in fact, the norm estimate (8.4) holds for ¢ € (0,1]. To
obtain the desired a priori norm estimate, we will derive energy estimates
via a nonlinear analog of Theorem 6.1, that is, a result showing that ap-
propriately defined nonlinear energies can blow up at most in a very mild
fashion as t | 0. We carry this out in Step (7). The intermediate steps
stated below are mostly in service of Step (7).

(3) (“Strong” low-norm bootstrap assumptions) We make stronger bootstrap
assumptions at the low-order derivative levels for ¢ € (T, 1], i.e., bootstrap
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assumptions that involve less singular behavior in ¢ than what is afforded by
the bootstrap assumptions for the high-norm #{gyame);n (t). These stronger
bootstrap assumptions are key ingredients for controlling error terms in the
energy estimates, for exhibiting the AVTD nature of the solution (that is,
that the spatial derivative terms in the equations are negligible near the
singularity), and for proving the convergence results such as (8.6a)—(8.6c¢).
Although we do not explicitly state such stronger bootstrap assumptions
in this paper, we note that they are essentially nonlinear analogs of the
estimates that we proved in the linear stability results of Theorem 7.1.
The existence of a T' € (0,1) such that the solution exists and verifies
the high-norm and low-norm bootstrap assumptions on (7', 1] follows from
standard local well-posedness for elliptic-hyperbolic systems; see [3].
(Improvements of the low-norm bootstrap assumptions) As an intermediate
step, we derive improvements of the strong low-norm bootstrap assump-
tions from the previous step, thereby closing this portion of the bootstrap
argument. By improvements, we mean estimates that are strictly stronger
than the estimates afforded by the low-norm bootstrap assumptions. This
step is tantamount to justifying the AVTD nature of the solution. We state
several of the resulting estimates in Section 8.7. In this paper, we do not
provide details behind this step since the desired estimates can be obtained
by using arguments similar to the ones that we used in proving the linear
stability results of Theorem 7.1, but with the added complication that one
must control the nonlinear error terms. We will, however, explain how to
bound some representative nonlinear error terms that arise in the energy
estimates; see Steps (6)—(7). As in the proof of Theorem 7.1, the proofs in
this step incur a loss of derivatives.

(Approximate monotonicity identity) To obtain the desired energy esti-
mates, the key starting point is an approximate monotonicity identity, that
is, a nonlinear analog of Theorem 5.1; recall that for linear solutions, the
approximate monotonicity identity provided by Theorem 5.1 is the main
ingredient that we use to derive the mildly singular energy estimates of
Theorem 6.1. In this article, we do not derive an approximate monotonic-
ity identity for the nonlinear equations because the derivation would be
very similar to the proof of Theorem 5.1 but would be rather lengthy due
to the presence of many nonlinear error integrals. It turns out that these
nonlinear error integrals have only a small effect on the dynamics in the
sense that their presence is compatible with the proof of a mild blowup-
rate for the nonlinear energies, similar to the (at most) mild blowup of
the linear solution’s energies guaranteed by Theorem 6.1. In the next two
steps, we highlight some key representative nonlinear error integrals and
overview how we can handle them.
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(6) (Bounds for nonlinear error integrals) In Sections 8.8 and 8.9, we highlight
three representative nonlinear error integrals, which appear in the approx-
imate monotonicity identity described in the previous step, and bound the
error integrals in terms of the energies. The improved estimates at the low
derivative levels from Step (4) are crucial for this.

(7) (A priori energy estimates) Recall that by using the approximate mono-
tonicity identity for linear solutions, we were able to show that they verify
the estimate (6.1), which is the integral inequality for linear solutions’ en-
ergies that we used to establish the mild energy blowup-rate (6.2). In
the present nonlinear context, an analog of the integral inequality (6.1)
also holds, but the right-hand side features all of the nonlinear error in-
tegrals generated by the previous two steps. In Section 8.5, we outline
the derivation of the nonlinear energy integral inequalities that result from
accounting for the nonlinear error integrals. We then use Gronwall’s in-
equality to obtain the desired a priori energy estimates on the bootstrap
interval (T, 1] and sketch a proof of how the energy estimates allow one
to derive strict improvements of the bootstrap assumption for the norm
Frame);n (t) made in Step (2). In particular, this yields the desired
a priori estimate (8.4).

(8) (Additional information) Having derived improvements of both the low-
norm and high-norm bootstrap assumptions, to complete the proof of the
theorem, we need only to derive the curvature blowup result (8.5) and
convergence results such as (8.6a)—(8.6c). We omit these details since they
can be essentially be proved as part of Step (4), that is, by using derivative-
losing arguments similar to the ones we gave in the proof of the linear
stability results of Theorem 7.1.

8.4. Bootstrap assumptions. Let T € (0,1) be a “bootstrap time” such
that the solution classically exists on (7', 1] x T* and obeys the following boot-
strap assumption, where the norm #(frame);n(t) is defined in (8.1):

(87) tSﬂ(l-‘ﬁrame);N(t) < et_ca te (Ta 1]

In (8.7), € and o are two small positive bootstrap parameters that are con-
strained, in particular, by 0 < /e < 0 < 1. We will adjust the allowable
smallness of € and o throughout the course of the analysis. In particular, we
will later impose a condition of the form c\/e < o for a large constant c; see
just below inequality (8.11). One can think of ¢ as a rough bound for the
maximum possible size of t/;:, in analogy with the role that the parameter n
played in driving the energy blowup-rates of Theorem 6.1. (Recall that 1 is
equal to t times the norm of the trace-free part of the background Kasner met-
ric’s second fundamental form.) Note that our smallness assumption for o is
reasonable in the sense that tk is small for perturbations of the FLRW metric.
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Note also that (8.7) allows for the possibility that #(mame);n(t) blows up as
t | 0, consistent with the estimates for the linear solutions that we derived in
Theorem 6.1. In Corollary 8.2, we sketch a proof that for near-FLRW data,
the following bound holds:

1
(88) y(Frame);N(t) < igtic\/gv te (Ta ”7

which is a strict improvement of the bootstrap assumption (8.7) for e suffi-
ciently small. Deriving (8.8) is the main technical step in the proof of Theo-
rem 8.1.

Remark 8.5. Recall that in Theorem 8.1, we are assuming that N > 8. In
[59], we show that this is sufficient to allow for closure of all nonlinear estimates
at all orders.

8.5. Statement of the main a priori energy and norm estimates. In Propo-
sition 8.1, we state the integral inequalities verified by the energies. In Corol-
lary 8.2, we use use the integral inequalities to derive a Gronwall estimate for
the energies, which leads to the improvement (8.8) of the norm bootstrap as-
sumption and completes the main step in the proof of Theorem 8.1. Following
this, we devote the rest of Section 8 to sketching the main ideas behind the
proof of Proposition 8.1.

PROPOSITION 8.1 (Integral inequalities verified by the energies). There
exist constants C' > 0 and ¢ > 0 such that if the bootstrap assumption (8.7)
holds for t € (T,1] and if € and o are sufficiently small, then the following
analog of the linear energy inequality (6.1) holds for0 < M < N andt € (T, 1]:

(89) g(zTotal);e*;M(t) < g(QTotal);G*;M(l)

1
+ CE/ S_lg(QTotal);G*;M<8> ds

=t

Borderline term

1

Nonborderline term

-+ Similar error integrals not treated here
+ Negative definite spacetime integrals, similar to those in (6.1).

COROLLARY 8.2 (Main a priori energy estimates). Assume that N > 8.
Consider the energy & totatye, ;v (t) defined in (8.2f) and the norm & mamey;n (t)
defined in (8.1). Assume that & (Frame);n (1) < 2. (See footnote 39 regarding
this assumption.) There exists a constant C' > 0 such that under the bootstrap
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assumption (8.7), the following a priori estimate holds for t € (T, 1] whenever
e and o are sufficiently small:

(810) S(Total);e*;N(t) < C52tic\/g~

Moreover, the following estimate holds for t € (T, 1]:
1
(811) y(Frame);N(t) < igt_cﬁa

which is an improvement of the bootstrap assumption (8.7) whenever c\/e < 0.

Discussion of the proof. We refer readers to [59, §13] for the complete
details of the proof. Here we only sketch the main ideas. First, we note
that it is straightforward to establish comparison estimates in the spirit of
Lemma 4.3. The comparison estimates show, in particular, that (8.11) fol-
lows from combining the energy estimate (8.10) with estimates for the terms

23 |lg — grvrwll gy and 23 g7 = gl

R which are featured in
the nonlinear norm (8.1) but which we do not disci?sm here. These additional
terms are also the reason that the amplitude on the right-hand side of (8.11)
is O(e) rather than O(g?). The proofs of the comparison estimates rely on
estimates for the coordinate components g;; and g". Specifically, they rely
on the estimates (8.18a) stated below, which do not follow directly from the
bootstrap assumption (8.7) and thus require an independent proof (along the
lines of the proof of the estimate (7.1c) for linear solutions).

To derive the energy estimates stated in (8.10), one can use inequality (8.9)
to establish the following estimates by a straightforward argument based on

Gronwall’s inequality and induction in M for 0 < M < N:
(8.12) Elrotanyo,n (t) < CE™VE te(T,1].

We now further comment on two aspects of the estimate (8.12). First, it is
only the first “Borderline” term on the right-hand side of (8.9) that can cause
& (Total);0.; (t) to blow up as ¢ | 0; the “Nonborderline” term on the right-hand
side of (8.9) is harmless in the sense that the function s~/ 3-¢VE ig integrable
over the interval s € (0,1] whenever ¢ is sufficiently small. Second, we note
that the exponent on the right-hand side of (8.12) is t~°VZ due to some terms
that we have not discussed here, that is, the terms “Similar error integrals not
treated here” from (8.9); if not for the omitted terms, the exponent could be
improved to t~“. (This is a minor remark that has no substantial bearing on
the main results.) O

“ONote that we did not include such terms in the norms (4.5) for linear solutions.
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8.6. A convenient frame and dual frame. In the ensuing discussion, we
will find it convenient to perform some computations relative to the frame*!

{e A)}?élzl and dual frame {#'(4)}3_,, whose elements are defined as follows:
(8.13) el =1t%0a, 0'A) = ¢/3dxA,

The appeal of the frame {e’( A)}?ﬁlzl is that it is orthonormal as measured by
the background spatial metric grrrw = $2/3 Zg’zl(dmi)Q, and, as we explain
in Section 8.7, it is approximately orthonormal for the perturbed metric g (in
a sense that we make precise via the estimate (8.19)). The perturbed metric
and its inverse can respectively be expanded?®? relative to the dual frame and
frame as follows:

(814) g = gABQI(A) X HI(B)’ g_l = gABel(A) & el(B)v

where gap = g(e/(A),e’(B)) and gA8 = =10’ ¢'(B)). We remark that in
[59], instead of working with the “time-rescaled” frame and dual frame (8.13),
we work with solution variables that are rescaled with respect to powers of t;
see Remark 8.1.

The connection coefficients 4o p of the frame relative to g are determined
by the equation??

819 Ve el = S Pravac

where, since the vectorfield commutators [e/( A) e’( B)] vanish, we have®*

1
(8.16) VACE = 5 {elaygoB) + €(p)(9a0) — €(cy(948)} -

For use below, we note the following standard expression for the Ricci
curvature of g (in type G) form):

Ric = RiCABe'(A) ®6 P,

where
s A AE F AE F
(8.17) Ricy = g*" 9" el oy (verB) — 9 9 el (vBOP)
AFE F _DH AE F _DH
+ 9 9“F 9" " verpvEns — 9 9T " vErDYCHB-
41 (8.13) and the remainder of Section 8, 94 := MLA, with {{EA}A:1,273 denoting the

transported spatial coordinates. Moreover, 05 is still the coordinate partial derivative multi-
indexed operator defined in Section 2.3.

42Throughout this subsection and the next one, we use Einstein’s summation convention
for uppercase Latin indices.

“3Recall that V denotes the Levi-Civita connection of g.

“We are using here the standard notation X (f) to denote the derivative of the scalar
function f in the direction of the vectorfield X.
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8.7. Improved AVTD-type estimates at the lower derivative levels. As we
mentioned in Steps (3) and (4) of Section 8.3, to prove Proposition 8.1, we
need to derive improved estimates at the lower derivative levels. By improved,
we mean that they are less singular as ¢ | 0 compared to the estimates afforded
by the bootstrap assumption (8.7). In the context of the linear problem, we
derived such estimates in Theorem 7.1. For brevity, we will take for granted
here that we can derive similar estimates for the nonlinear solution, effectively
postponing the discussion of the nonlinear error terms until Section 8.9, when
we discuss them in the context of energy estimates. Specifically, we will take
for granted that the following pointwise coordinate component estimates hold
for t € (T,1] whenever |I| < N — 3 in (8.18a)(8.18b), 1 < |[I| < N — 3 in
(8.18¢), and 4,j = 1,2,3:

(8.18a) ‘81‘ {gij — (grLrw)ij }| S VEt/57oVE,

07 {9" = (grirw)7}| S VEtT25eVE,

}
2
(8.18b) 81-’ {taws - \/;} SJ £,
(8.18¢) ]af¢ < et TevE,

Note, for example, that (8.18b) is an improvement over the bootstrap assump-
tion (8.7) in that (8.7) and Sobolev embedding would yield only the bound
‘8f {t@tqzﬁ — \/% H < et™¢°, which, due to the singular behavior of the right-
hand side as t | 0, is inadequate for treating the borderline integral that we
control in (8.32). Similarly, for e sufficiently small, the factors of #2/3-¢V% and
t2/3-¢VE in (8.18a) are improvements® over the factors of t2/37¢% and t~2/3-¢°
that would follow from (8.7) and Sobolev embedding. We refer readers to [59]
for proofs of analogs of (8.18a)—(8.18c¢) in the context of the Einstein-stiff fluid
system. The estimates stated in (8.18a) are analogs®® of the estimates (7.1c)
and (7.1d) from the linear problem while the estimates (8.18b) and (8.18¢) are
respectively analogs of (7.1f) and (7.1g).

Contracting inequalities (8.18a) against the frame/dual frame, we find that
they are approximately orthonormal relative to the metric g in the following

“Note that the amplitude factors of v/ in (8.18a) are worse than the amplitude factor of &
that would follow from (8.7) and Sobolev embedding. This is an artifact of some inefficiencies
in our proof and is not important for our main results; the t-dependent factors of 2/3=eve
and t~2/37¢V% in (8.18a) are what matter.

“Note that the estimates stated in (8.18a)—(8.18c) are of pointwise type while the esti-
mates of Theorem 7.1 are in terms of Sobolev norms. This is a minor point in the sense that
we can obtain pointwise estimates from Sobolev estimates via Sobolev embedding (at the
cost of a few derivatives).
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weak sense (for t € (T,1] and || < N — 3):

(8.19) 07 {94 — 5,43}) < Ve,

AB AB —
Op {g"? =P} S,
where 645 and §48 are standard Kronecker deltas.

In Section 8.9, when we bound some representative energy error integrals,
we will use the following simple consequences of the above estimates:

(8.20) Vlgl oo (8) S E71/370V5,
(8.21) 1061y o (£) S t7H/370VE,

To prove (8.20), we first note that (8.18a) with |I'| = 1 implies that

(8.22) ace| S 1A,

where in deriving (8.22), we have incurred three factors of ¢~1/? relative to the

estimate (8.18a), one for each contraction against a frame vector belonging to
{e’(A)}fg:l. We therefore deduce from (8.19) and (8.22) that

(8.23) \’Y’ﬁ = g*Pg P (g yacpvBpr S ETHITVE,

which yields (8.20). To obtain (8.21), we note that (8.18c) with || = 1 implies
that

(8.24)

e/(A)fb‘ Stml/EmevE,

where in deriving (8.24), we have incurred a factor of t~1/3 relative to the

estimate (8.18c) due to the contraction against the frame vector belonging to
{el(A)}?A:r We therefore deduce from (8.19) and (8.24) that

2 _9/3—
(8.25) 0612 = g4 (el gy d)e( )b S t2/3VE,

which yields (8.21).
For future use, we also note the following relations, which follow in a
straightforward fashion from the definitions of the quantities involved:

(8.26) 'QABQCDQEF(Saf'YACE)(Saf'YBDF)‘ = ’Saﬂ

z < c’saafg(j.

8.8. Identifying some representative nonlinear error terms. In Section 8.9,
we will bound three representative nonlinear error integrals and explain how
they contribute to the terms on the right-hand side of the energy integral
inequality (8.9). In the present subsection, as a preliminary step, we commute
some of the nonlinear Einstein-scalar field equations with the spatial derivative
operator J5 (as defined in Section 2.3) and identify the representative nonlinear
terms that lead to the error integrals.
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First, we commute the evolution equation (3.7b) with dy. Using (8.17),
we see that relative to the frame/dual frame (8.13), the commuted equation
takes the form

(8.27) 0y (t0r k") = g g“F gPHycppdrvEHE + -

where, for illustration, we have kept only one representative nonlinear product
generated by the right-hand side of (8.17).

Similarly, we commute the scalar field wave equation (3.19) with 9y (as
defined in Section 2.3) and, for illustration, retain two products generated by

terms on the last two lines of (3.19), which yields
(8.28)
2\ (0-

— 19" (0a07n) Do+ - - .

Note that in writing down (8.27)—(8.28), we have ignored various linearly small
products in the equations. Those terms are of crucial importance for deriving
an analog of the approximate monotonicity identity from Theorem 5.1 and for
this reason, they are not part of the nonlinear error term analysis that we are
currently conducting.

8.9. Bounds for some representative nonlinear error integrals and a proof
sketch of Proposition 8.1. Recall that in Theorem 5.1, we derived an approx-
imate monotonicity identity for linear solutions, which was the main step in
deriving the energy integral inequality for linear solutions stated in (6.1). In
the nonlinear problem, the analog of inequality (6.1) is the energy integral
inequality (8.9) provided by Proposition 8.1. The main difference between the
linear estimate (6.1) and the nonlinear estimate (8.9) is, of course, the presence
of nonlinear error integrals, which arise in the nonlinear analog of the approxi-
mate monotonicity identity. Ultimately, the nonlinear error integrals generate
terms that appear on the right-hand side of the nonlinear energy integral in-
equality (8.9). In this subsection, to keep the discussion short, we consider only
three representative error integrals generated by the quadratic nonlinear terms
highlighted in Section 8.8. Our main goal is to show that the corresponding er-
ror integrals (which are cubically*” small) are bounded by the right-hand side of
(8.9). In view of the above remarks, it follows that the discussion in this subsec-
tion constitutes a proof sketch of Proposition 8.1. We note that the improved
estimates at the lower derivative levels from Section 8.7 are essential for control-
ling the error integrals, especially the borderline one that we control in (8.32).

4TSome of the error integrals that we treat here are similar to other error integrals that
are generated by integration by parts. For example, cubic error integrals similar to the one
in (8.33) arise from the nonlinear analog of (5.15).
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8.9.1. A nonborderline error integral involving the scalar field. We start
by explaining how the error term tg“b(&ﬁfn)am on the right-hand side of
(8.28) contributes to the right-hand side of (8.9). Revisiting the proof of
Proposition 5.2, we see that in the analog of the integral identity (5.3), the
error term generates the following spacetime integral (where we are assuming
that 1 < |I'| < M < N):

1
(8.29) / 3 / 59°(8a071) (050 (50407) daz ds.

Using (8.21), Definition 8.3, and Cauchy-Schwarz relative to g, we bound the
magnitude of the integral in (8.29) as follows:

(5.30) < [ W00l 4) [ 1590pnllsdpo de ds

§1/3- 2
N/ [ Total) 6*,1( s) ds.

We now simply observe that the right-hand side of (8.30) is bounded by the
nonborderline error integral on the right-hand side of (8.9), as desired.

8.9.2. A borderline error integral involving the scalar field. We now ex-
plain how the error term (t@tgb \[ ) ©rm) o4 the right-hand side of (8.28)

contributes to the right-hand side of (8.9). For the same reasons given in
Section 8.9.1, this error term generates the error integral

(8.31) / o1 / S (satqﬁ \[ ) (07n) (0,07 ¢) dx ds.

Using (8.18b) and Definition 8.3, we bound the magnitude of the integral in
(8.31) as follows (where we are again assuming that 1 < |I| < M < N):

1
(8.32) g/ 51 satqs—\F
s=t 3 L

1
—1 p2
sce L:t § (gd(Total);G*;f(S) ds.

Note that the right-hand side of (8.30) is bounded by the borderline error
integral on the right-hand side of (8.9), as desired. We stress that the avail-
ability of the small coefficient ¢ is crucial since, in the Gronwall estimate for

(2Tota1);e*;f’ the right-hand side of (8.32) can cause g(2Total);9*;M(t) to blow up
like t7¢ as t | 0. Note also that for this argument, it is crucial that the singu-
lar integrand factor on the right-hand side of (8.32) is not worse than s~!; a
1-C¢ would radically alter the Gronwall estimate

and would prevent us from deriving an improvement of the norm bootstrap

(s) /E |07n||s0;07¢| dx ds

slightly worse factor of type s~
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assumption. For this reason, the “lossless” AVTD-type estimate (8.18b) is
critically important for the proof of nonlinear stability.

8.9.3. A nonborderline error integral involving the metric. Finally, we will

consider the effect of the error term gA¥¢CF ¢PH YcrpOryEHB on the right-

hand side of (8.27). Revisiting the proof of Proposition 5.3, we see that in
the analog of the metric energy identity (5.8), the error term generates the
following spacetime integral:

1 ~
(8.33) /_t/ 9P 9" gP M verp(s07vprB) (s07k) du ds.

Using (8.20), (8.26), Definition 8.3, and Cauchy-Schwarz relative to g, we
bound the magnitude of the integral in (8.33) as follows (where we are again
assuming that 1 < ]f\ <M <N):

1
(8:34) < [ [ Pl lsory
S [ Mlalle (4182,

—1 3—c 2
N/ [3mevEg (Total) 0.:0 r(s)ds.

Like the right-hand side of (8.30), the right-hand side of (8.34) is bounded by
the nonborderline error integral on the right-hand side of (8.9), as desired. This

’s@ﬂ%’g dx ds

completes our discussion of the three representative nonlinear error integrals
and finishes our proof sketch of Proposition 8.1.

9. Comments on realizing “end states”

The linear stability results of Theorem 7.1 show that for some time-
rescaled versions of the linear solution variables, there is a well-defined map
from their “initial state” along the data hypersurface 3 to their “end state”
along Yo. For example, the estimate (7.2d) exhibits this fact for t0yp, in which
case the end state is Wpapng and the map is from HYN to HN-1. Tt is natural to
inquire whether or not one can realize a given end state (more precisely, one in
which time derivative terms in the equations are dominant) by finding suitable
initial data that lead to it. Although we do not give a proof that one can
“realize all end states in which time derivative terms dominate” in solutions
to the linearized equations of Proposition 3.2, we do point to some evidence in
this direction by discussing some relevant results in a simplified context. Our
discussion here is closely connected to the work described in Section 1.8 in
which authors used Fuchsian methods to construct singular solutions to various
Einstein-matter systems under symmetry or analyticity assumptions. In this
section, we consider a model equation in 1 4+ 1 dimensions, obtained from the
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linearized scalar field equation (3.17) in the case § = grLrw = t¥/° 33_, (da?)?
by dropping the linearized lapse terms and making the symmetry assumption
that the solution depends only on ¢ and a single spatial variable 2! € T. We
have made the symmetry assumption only to shorten the presentation; the ar-
guments we sketch below remain valid without it. For convenience, in the rest
of this section, we will write z instead of z!. We caution that ignoring the lapse
and its elliptic PDE is tantamount to sidestepping new difficulties not found
in the standard Fuchsian framework, which applies to hyperbolic equations.
Specifically, our model equation in ¢ = (¢, x) on the domain (¢t,z) € (0,1] x T
is

(9.1) — 0y (tdyp) + t/30%p = 0.

The methods of [14], [15] (see also the many other related works cited in
Section 1.8), can be used to show that given an asymptotic expansion for the
end state of the form IntW;(z) + Wo(x) (where the ¥; have sufficient Sobolev
regularity), one can construct a solution ¢ to (9.1) existing on a slab of the
form (0, 1] x T such that

(9.2) o=tV (z) + Ya(z) + R(t, x).

Furthermore, there is a suitably strong t-dependent Sobolev norm on the time
slices ¥ such that the norm of the remainder term R vanishes as ¢ | 0. In
particular, R becomes negligible relative to IntW;(z)+ Wy (z) as t | 0. We now
sketch the proof of these phenomena by following the approach outlined in
Section 1.8. We note that our analysis involves much simpler ¢ weights in the
energies compared to the weights of [14], [15] because we are treating a simple
linear scalar equation. We recall that the overall strategy of the proof is to
construct a sequence of standard initial value problems that approximate the
“singular initial value problem with vanishing Cauchy data for R given along
Y0.” To begin our sketch of a proof, we use equation (9.1) and the ansatz (9.2)
to deduce the following equation for R(t, z):

(9.3) —O(tOR) + t30?°R = —t'/3 Intd? W, (x) — t1/302 Wy ().
We now derive an estimate for the energy &[R](t) > 0 defined by

(9.4) E2R](t) = /E (t30,R)? + (0,R)? da.

A straightforward integration by parts argument, based on multiplying equa-
tion (9.3) by t~ /39, R, yields that for 0 < t; < t; < 1, we have

to
L2}/s (1+1Ins)s™ /3 ds

=t

L B =1},

(95) EIR](ta) < ERI(11) +{|

aiqfl‘

.

82\112]

< E[R](tr) + C {||o2w1]

.

aﬁq@‘
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where p is a constant chosen to be slightly smaller than 2/3. Inequality (9.5)
is the main ingredient that one needs to deduce the desired existence result
and estimates for R. Note that the estimate (9.5) loses one derivative relative
to ¥y and Wy. In a detailed proof of the desired results (see the methods of
[14]), one considers a sequence {R, }72 of solutions to (9.3), where R,, has 0
Cauchy data on ¥, (and thus &[R,](t,) = 0) and is a classical solution on
[tn,1]. Here, {t,}>2, is a sequence of times in (0, 1] that decreases to 0 as
n — oo. An argument similar to the one used to prove (9.5) yields that for
m < n, we have

(9.6) Jm Ry~ Ru)(t) < C{|

65\1/1]

.

63\1/2)

L (=),
It follows from (9.6) that for any € > 0, {R,,}°, is Cauchy in the norm*®

f= sup {6720, f(t) |2 + 1102 f (D) 2}
te(e,1]

and thus converges*” to the desired solution R.

Remark 9.1. We could have instead derived energy estimates by multi-
plying equation (9.3) by t~F9;R for any choice of P € [1/3,5/3), and a sim-
ilar argument would yield a uniform bound for the energy [s, (t¥ OR)? +

(t1/327P 0:R)? dx for t € (0,1]. We could even have allowed P to mildly depend
on z. This illustrates the freedom (mentioned in Section 1.8) in choosing viable
t-weights in the Fuchsian approach.

It is not difficult to modify the above arguments so that they apply if one
includes the semilinear term® ¢'/3(9,¢)? on the right-hand side of (9.1); this
term is a model for the kinds of semilinear terms that one finds in the Einstein-
scalar field system. It would be interesting to know to what extent the argu-
ments can be extended to apply to the full linearized system of Proposition 3.2
and the full nonlinear Einstein-scalar field system in three spatial dimensions.
The framework of [2] provides a possible starting point for establishing such
an extension. However, that framework applies only to symmetric hyperbolic

“8Higher-order energy estimates for the sequence {Rn}5Lo can be obtained in a similar
fashion.

49Tn the fully detailed construction of the analog of R for the nonlinear problems treated
in [14], [15], the authors extend the R, to be 0 on [0, ¢,) and show that this extension implies
that R, is a weak solution on an interval [0, d).

%0More precisely, when the term ¢/ 3(0.)? is present, one can show that the remainder
term R exists and verifies estimates similar to the ones derived above on a small slab (0, 5] x T,
where & > 0 depends on a Sobolev norm of ¥; and ;. This argument requires higher-order
energy estimates because of the nonlinearity.
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Fuchsian systems and thus it would need to be modified to treat the Einstein-
scalar field system in gauges involving an elliptic or parabolic lapse PDE.

10. Parabolic lapse gauges

In this section, we introduce a new family of gauges for the Einstein-
scalar field system. We show that a version of the approximate monotonicity
identity also holds in solutions to linearized (around the Kasner backgrounds)
versions of the corresponding equations; see Theorem 10.1. We also show that
mildly singular energy estimates without derivative loss hold for the linear
solutions when the Kasner backgrounds are nearly spatially isotropic; see The-
orem 10.2. Using these results, one could also prove linear stability results
when the Kasner backgrounds are nearly spatially isotropic, that is, an analog
of Theorem 7.1. However, for brevity, we do not explicitly provide such a re-
sult here; given the results of Theorems 10.1 and 10.2, one could prove linear
stability by making minor modifications to the proof of Theorem 7.1.

The gauge that we study in this section involves a parabolic equation for
the lapse variable n that depends on a real parameter A. The mildly singular
energy estimates of Theorem 10.2 are valid for near-FLRW Kasner backgrounds
when 2 < A < co. As we will see, for A > 0, the parabolic lapse PDEs are locally
well posed only in the past direction, that is, for ¢ decreasing. Formally, A = oo
corresponds to the CMC lapse equation. However, our proofs in this section
are somewhat different compared to our proofs in CMC gauge and do not allow
us to directly recover the CMC gauge results by taking a limit A — oco.

10.1. Chotice of a gauge and the corresponding formulation of the Einstein-
scalar field equations. In formulating the nonlinear Einstein-scalar field equa-
tions in the new gauge, we continue to use transported spatial coordinates and
to decompose g = —n2dt® + ggdz®da® as in (1.5).

10.1.1. Fizing the gauge. We now fix the lapse gauge.
Definition 10.1 (Choice of a parabolic lapse gauge). Let A # 0 be a real

number. We now impose the following relation, which fixes the lapse gauge:
(10.1) Atn—1) =tk + 1.
Remark 10.1. Note that the CMC-transported spatial coordinates gauge

of Section 3 corresponds to A = oo.

10.1.2. Formulation of the FEinstein-scalar field equations. We now pro-
vide the (nonlinear) Einstein-scalar field equations relative to the gauge (10.1)
with transported®! spatial coordinates.

5By “transported,” we mean in the sense described below equation (1.5).
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PRrROPOSITION 10.1 (The Einstein-scalar field equations in the gauge (10.1)
with transported spatial coordinates). Under the gauge condition (10.1) and
with transported spatial coordinates, the Finstein-scalar field system consists of
the following equations.

The Hamiltonian and momentum constraint equations are

respectively
2T(N,N)

(10.2a) R—kYE +  (K%)? = (n7199)? + ¢®Vad Vo,

——

t=2{A=1(n—1)—1}>

(10.2b) Vok® — Vik% = -n"10,6V;0,

N—— ~—_——

A1t=1Vin —T(N,8;)

where R denotes the scalar curvature of g;;.
The metric evolution equations are

(10.3a)  Ovgij = —2ngiak",

(10.3b) k', = —g"*V,Vjn + n{Rici ¥ kK VA }
N—— N—— —
= AT (n—1) -1}k =T, +(1/2)I'; T

where Ricij denotes the Ricci curvature of gij, Iij = diag(1,1,1) denotes the
identity transformation, and T := (g_l)o‘BTaﬁ denotes the trace of the energy-
momentum tensor (1.2).

The volume form factor /detg verifies the auziliary equation®?

(10.4) &y n (71 /detg) = (1 - A—l)”T_l.

The scalar field wave equation is

—DyDyo
(10.5) —n 10 (n10k) + gV Vo
—k%, Dy

1
= 2n_l {1 —An— 1)} D —n " Lg®V V.

2This equation, which we do not use in the present article, is implied by (3.7a) and the
gauge condition (10.1).
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The parabolic lapse equation is

(10.6) ?\_1%875(71 —1) + ¢g*V,Vy(n — 1)
= (n— 1){%2(1 ~ AT+ R— g™V}

1 1
+ATA = 2)5(n — 1)% + A‘Qt—Q(n — 13+ R— ¢g®V,0Vo.

When A > 0, the gauge condition (10.1) and the constraint equations (10.2a)—
(10.2b) are preserved by the past flow of the remaining equations if they are
verified by the data.

Remark 10.2. We are primarily interested in the gauge (10.1) when A > 2
since our main results rely on this inequality. Note that when A > 0, the
parabolic equation (10.6) is locally well posed only in the past direction.

Remark 10.3 (Data for the lapse). In order to solve the equations of Propo-
sition 10.1, we must prescribe the lapse along the initial Cauchy hypersurface
¥;. That is, n|y, is not determined by the geometric data; see Section 1.4 for
discussion of the geometric data. This is in contrast to the CMC-transported
spatial coordinates gauge, in which n|y, is determined by the geometric data
via the elliptic PDE (3.10). A natural choice in the context of proving the non-
linear stability of the FLRW solution’s Big Bang singularity would be n|s, = 1.

Proof of Proposition 10.1. The proposition can be proved by making sim-
ple modifications to the standard arguments that yield Proposition 3.1. ([

10.2. Linearizing around the Kasner solutions. In the next proposition,
we linearize the equations of Proposition 10.1 around a Kasner solution (1.6).
See Section 3.3 for some remarks on the linearization procedure.

PRrROPOSITION 10.2 (The linearized Einstein-scalar field equations in the
gauge (10.1) with transported spatial coordinates). Consider the equations of
Proposition 10.1 linearized around a Kasner solution (1.6). The linearized
equations in the unknowns (v, h,K, ), which are functions of (t,z) € (0, 00)x T3,
take the following form (see Definition 3.1 for the definitions of some of the
quantities).

The linearized parabolic gauge condition (10.1) is

(10.7) tk% = A"1v,

The linearized versions of the Hamiltonian and momentum con-
straint equations (10.2a)—(10.2b) are

(10.8a) ) . 2(téab)(t.<ba) — 2A(t8yp) + 2(A2 — A Y)v =0,
(10.8b) Da(tx) =AN"10;v — Adip — “”Fa"b(ti:bi) + (")Fabi(tlgf“b),
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(10.8c¢) G0, (txt,) = A 1G10,v — AG 0,
- éab(h)raic(tlzcb) + gab(h)racb(ti%ic)'

The linearized version of the lapse equation (10.6) can be expressed
in either of the following two forms:

(10.92)  2A(t0pp) + 2(th%) (tk%,) = A~ 1ty
+ £25%0,0,v + (242 — 1 — A1)y,
(10.9b) AL + 250,07 — (1 - ALy = 1200R,

FEquation (10.8a) can be used to show that (10.9a) is equivalent to (10.9b).
The linearized versions of the metric evolution equations (10.3a)-
(10.3b) are

(10.10a) Orhij = =2t (th" ) hig — 267 Gia (%) — 26 Gia(th) v,
(10.10b) Au(tc';) = —t§™0,0;v — (1 — At (tk;)v + tMRic’ .

The linearized version of the scalar field wave equation (10.5) is
(10.11) —0y(tDyp) + t§P 0,0 = — AV + A(1 — A"t Ly,

Proof. The proof is essentially the same as that of Proposition 3.2, and we
therefore omit the details. We point out that in the gauge (10.1) (and therefore
in Proposition 10.2 too), the linearly small quantities are the same as the ones
from Definition 3.1, except that tk%, := tk% —tk% = A~1(n—1) = A~v is now
linearly small rather than completely vanishing as it did in Proposition 3.2. [

10.3. Energies and norms. In our analysis of solutions, we will use the
energies and norms featured in the next two definitions. These controlling
quantities lead to slightly different estimates for the lapse compared to the
CMC gauge. The main point is that we are no longer able to obtain control of
the highest-order analog of ||0?V|| 2 because of the nature of parabolic energy
estimates. We are, however, able to control a spacetime integral of the highest-
order analog of §%v, which is provided by the highest-order analog of the first
term on the second line of the right-hand side of (10.28).

Definition 10.2 (Energies). In terms of the energies defined in Defini-
tion 4.4, we define the following energy & ammost Total);e(t) > 0 for ¢ € (0,1]:

3

(10'12) g(QAlmost Total);e(t) = éa(QScalar) (t) + @(0(2Lapse) (t) + eg(QMetric) (t)

As in Theorem 6.1, 0 is a small positive constant that we will choose below in
order in to obtain the desired energy estimates.

We will also use an up-to-order M energy. Specifically, we view the energy
&(Almost Total);p defined in (10.12) as a functional of k,0h, dyp, dp, v (that is,
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éD(Almost Total);0 — (g(Almost Total);G[Kv Oh, 815()07 8907 V])a and we define

(10.13)

@@(2Almost Total);0; M (t) = Z g(%&lmost Total);e[ava 88fh7 8t8f907 881:*(,0, afv] (t)
|T|<M

Definition 10.3 (Solution norms). In terms of the Sobolev norms of Defi-
nition 4.2, we define the solution norms

(10.14)  Hparavotic mrameyr(B) = il + [0kl + [0l ar

1
20l + 3 P V]| rarss
p=0
Remark 10.4. Note that (parabolic Frame);0 controls one derivative of v
while &(Almost Total);o does not.

10.4. The approzimate monotonicity identity. We now state our approx-
imate monotonicity identity theorem for solutions to the linear equations of
Proposition 10.2. The theorem is a direct analog of Theorem 5.1 in the CMC
gauge.

THEOREM 10.1 (The approximate monotonicity identity in the parabolic
lapse gauge). Assume that the parabolic gauge parameter verifies N # 0. Then
for any constant © > 0, solutions to the linearized equations of Proposition 10.2
verify the following identity for t € (0,1]:

(10.15)
/ (t01)? + 10 o + {4 + - A / V2 da
3t g 2 s,

1
+9/ |tK|§+*|L‘3h|§dm+/ N, dx
N 4 2,
:/ (0up)* + 1210 d + {A2+1>\—1<1—)\—1)}/ V2 da
31 2 oh

1
2 2
+e/2 K3+ londe+ [ Mide
1 1
1 1
—2/ s_l/ |38g0\?]dxds— (1+ 20271 —?\_1)/ 3_1/ |58V|§da}ds
s=t s s=t s
1
—{1—7\72}/ 871/ v2dzx ds
s=t Ys
1 1
— 26/5=t 571 /Es \sah\g dx ds

4 1 12 1
—i—Z/ts_l/z./\/}dazds—l-ez:/ts_l/z./\fida:ds,
=2 /8= s =57 5= S
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where the constant 0 < A < /2/3 is defined by (1.8b) and along ¥4, we have

(10.16a) = N1(s0yp, V) := —2A(s0p)V,

(10.16b) — No(sk, sk, v) = —2(1 — A—l)(siia V(5K ),

(10.16¢) N3 = Ni(sk, s0p, s0p) 1= —252§% (sk®,)0aecp,

(10.16d) = Ni(s0p, s0Vv) := —2A329“b8a<p8bv,

(10.16e) = N (sk, sOh, sOh) = —;529“bg“gcf(slocec)aehaiﬁfhbj,

(10.16f) Nis = Ni(sk, sk, 5K)
= 24ie ™ (sk%) (5K ) (559,) — 2016 (5K2) (35 ) (),
(10.16g) Ay = N7(sfc, sh, s0h)
— %G, bgw‘gm(slia )Mpe (b
— g2 a bgefg”(slgﬂcj)(h)Fi“c(h)Fe s
5270 (sk,) L, (UL — 52T (she,) L2, 0
(10.16h) N = Ni(sk, s9h, s9v)
— 282§ij(81§:b')(h) T,%0:v — 2S2§ij(sliab)(h)rabiajv
+ ng”gef(sk“ )OehqiOfV,

(10.161) No = No(sh, sk, v) = 2(1 = A1) gang™ (k%) (52,
(10.16j) Nio = Nio(s0¢p, s0v) := 2A5%5" 9;00;v,

(10.16k) N1 = Ni11(s0h, s0yp) = —2A82§ef(h)f‘e“f8agp,
(10.161) Niz = Niz(s0h, sdv) := 20" "tg% (L 2,0, v.

Remark 10.5. The terms N; defined in (10.16a)—(10.161) have different
definitions than their counterparts from Sections 5 and 6.

Proof of Theorem 10.1. We will derive the identities (10.17) and (10.22)
below using independent arguments. To obtain (10.1), we simply add (10.17)
to 0 times (10.22). O

As in the proof of Theorem 5.1, the most important step in the proof
of Theorem 10.1 is an energy identity for the linearized scalar field and lapse
that simultaneously yields favorably signed (to the past) integrals for both
variables. We provide this identity in the next proposition.
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PROPOSITION 10.3 (The key integral identity for the linearized scalar field
and linearized lapse in the parabolic lapse gauge). Assume that the parabolic
gauge parameter verifies A # 0. Then solutions to the linearized equations of
Proposition 10.2 verify the following identity for t € (0, 1]:

(10.17)

/ (t0rp) + 110l dr + {42 + A7 (1 A7) / Vir+ [ Mde
N 2 N N

_/ (Brp) +t2|890|gdx+{A2—l- 1a 7\*1)}/ Vidz+ [ Nide
31

—2/ / \s&p\gda:ds— (1—=A / _1/ ]38v\gdxds
*2)/ 571/ v dx ds
s=t s

+Z/ Ndxds

where the constant 0 < A < \/2/3 is defined by (1.8b) and the terms N1, Na,
N3, and Ny are defined in (10.16a)—(10.16d).

Proof. The proof has some features in common with our proof of Propo-
sition 5.2, but other aspects of it are different. Again, the main idea is to
combine three integration by parts identities in the right way. Throughout,
we silently use the identities in (4.10). To obtain the first identity, we divide
equation (10.9a) by ¢ and then replace ¢ with the integration variable s, mul-
tiply by (1 —A~!)v, and integrate by parts over (s,z) € [t,1] x T (we stress
that t < 1) to deduce that

1
(10.18) 4\—1(1—)\—1)/ v2 dx
2 o
1
= A1 —7\*1)/ v2 da
2 o)
1
*1)/ 371/ ]sc‘)v]gd:vds
s=t s
1
+(2A2—1—7\_1)(1—?\_1)/ 3_1/ v2 dzx ds

—2A(1—A / / (sOrp)vdxds

_1)/ 3_1/ (sl%“b)(SKba)vdxds.
s=t s
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To obtain the second identity, we replace ¢t with the integration variable s
in equation (10.11), multiply by —sd:¢, and integrate by parts over (s,x) €
[t,1] x T3 (we again stress that ¢ < 1) to deduce that

(10.19) / (torp)? + t°|0¢l2 da

p

= [ @) +10¢2ds
Y1
1 .
—2/ 371/ ]s&p@+s2§“b(skcb)8agoaccpda;ds
s=t s
1
- 2A/ / (sOpp)0yv dx ds
s=t s

1
+2A(1 — 7\71)/ 571/ (sOwp)vdx ds.
s=t s

Next, we multiply equation (10.11) by v to obtain the following identity:
1
(10.20) (t0sp)0rv = Oy (tspv) — 5Aat(v?) — v, 00 + A(1 — AtV

To obtain the third identity, we replace ¢ with the integration variable s in
equation (10.20), multiply by 24, and integrate by parts over (s, z) € [t,1] x T3
to deduce that

(10.21) — 24 | (tOpp)vdx + A2/ v2dx
3t 3t

= —2A 8tgm/das+A2/ v2 dz
21 E1

1
+ 2A/ / (sOpp)Orv dx ds
s=t s
1
— QA/ 3_1/ $2G% 0,0y v dx: ds
s=t s

1
—2A2(1—7\_1)/ 5_1/ v2 dz ds.
s=t s

Adding (10.18), (10.19), and (10.21), and noting the cancellation of the inte-
grals £24 [L, Js., (s040)0yv da ds and £2A(1 — A1) JL, st s, (sOwp)v dx ds,

s

we arrive at the desired identity (10.17). O

In the next proposition, we derive an energy identity for the linearized
metric solution variables. It is a direct analog of Proposition 5.3.

PROPOSITION 10.4 (Energy identity for the linearized metric variables in
the parabolic lapse gauge). Assume that the parabolic gauge parameter verifies
A #£ 0. Then solutions to the linearized equations of Proposition 10.2 verify the
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following identity for t € (0,1]:

1 1
2 2 _ 2 2
(10.22) /Et [tK[3 + S 1tOR] dx = /21 KI5+ 10h[3 da

1
—%/ 5_1/ ]s@h@dmds
s=t Ys
1
—27\*1/ 371/ \sav\gdxds
s=t s

>

i=5 s=t

st / N dx ds,
s

where the constant 0< A<4/2/3 is defined by (1.8b) and the terms N, ..., N12
are defined in (10.16e)—-(10.161).

Proof of Proposition 10.4. We repeat the proof of Proposition 5.3 and take
into account the few differences between the linearized equations of Proposi-
tion 3.2 and the linearized equations of Proposition 10.2. In particular, the
identity (5.18) holds in the present context, but with the next-to-last term

—2t " G,0% (tl::ai)(t ij)v multiplied by the factor 1 —A~! (coming from the sec-
ond term on the right-hand side of (10.10b)) and two additional terms: (i) the
term 27\*1t\8v|§ coming from the analog of the step (5.13) and the presence of
the term A~19;v on the right-hand side of equation (10.8b), and (ii) the cross
term —2?\*1t§€f(h)Feaf8av coming from the analog of steps (5.16) and (5.17)
and the presence of the term A~19;v on the right-hand side of equation (10.8b)
and the term A~1§%*9,v on the right-hand side of (10.8c). O

10.5. Mildly singular energy estimates without derivative loss for the lin-
earized equations in the parabolic lapse gauge. In this subsection, we use the
approximate monotonicity identity provided by Theorem 10.1 to derive mildly
singular energy estimates for the linear solution when the Kasner background
is nearly spatially isotropic. The results are contained in Theorem 10.2, which
is a direct analog of Theorem 6.1. We provide the proof of Theorem 10.2 in
Section 10.5.2.

THEOREM 10.2 (Mildly singular energy estimates without derivative loss
for solutions to the linearized equations in the parabolic lapse gauge). Consider
a solution to the linear equations of Proposition 10.2 corresponding to the data
(k(1), h(1),0p(1),00(1),v(1)) (given on X1 = {1} x T3). Assume that the
parabolic gauge parameter verifies A > Ag, where Ag > 2. There exist constants
Or, > 0, M, >0, Cy, >0, cn, > 0, and P\, > 0 (depending on Ao) such that if
0 <m <y, and if the solution norm ¥ parabolic Frame)0(t) defined in (10.14)
verifies y(Parabolic Frame);O(l) < 00, then the energy éo(Almost Total);0,, (t) defined
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in (10.12) verifies the following inequality for t € (0, 1]:
(10.23)

2 2
éa(Almost Total);0x, (t) < C(7\0 ég(Almost Total);0x, (1)

1
_Pxoe)\o/ tsl/; ’S@h‘g dx ds
5= s

Past-favorable sign

1
—P;\O/ 371/ |58<p\§da:ds
s=t Ys

Past-favorable sign

1 1
—P;\O/ 571/ |58v|§ dx ds —P;\O/ 571/ v2dzrds
s=t ZS s=t s

Past-favorable sign Past-favorable sign

1
—1 2
+ CaoM / . S @(d(Almost Total);e)\o (S) ds
s=

Error integral that can create energy blowup

Furthermore, the following estimate holds for t € (0,1]:

(1024) (g{}(Almost Total);0x, (t) < C(7‘\0@({)(Alrnost Total);0, (1)t70)\0n‘

Also, if N > 0 is an integer and the solution norm #parabolic Frame);N (t)
defined in (10.14) verifies #(parabolic Frame);N (1) < 00, then for t € (0,1], the
energy éo(Total);e)\O;N(t) defined in (4.7) verifies the following estimate:

Cig

y(Parabolic Frame);N(l)t_c)\On if n 75 0,
(10.25)  &(Total);oy,;n () < { k '
C’)\ofy(Parabolic Frame);N(l)(l + |1Ht|) ifn=0.

In addition, if N > 0 is an integer and .#(parabolic Frame);N (1) < 00, then
the following inequality holds for t € (0,1]:

(10.26)
Ckoy —CapM i
T < (Parabolic Frame);N(l)t 0 ifn 7é 0,
y(Parabolic Frame);N(t) < { ! .
C)\ofjﬁ(Parabolic Frame);N(l)(l + | lnt|) iftn=0.

Remark 10.6. See the estimate (10.45) for more a more precise inequality
that shows how the constants in the estimate (10.23) depend on Ag and on
each other.

10.5.1. Preliminary estimates and identities for the proof of Theorem 10.2.
In our proof of Theorem 10.2, we use the following comparison lemma, which
can be proved by using arguments similar to the ones we used to prove Lemma
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4.3 (except that clearly we no do not use the elliptic estimate provided by
Lemma 4.2); we omit the simple proof.

LeEMMA 10.5 (Parabolic energy-norm comparison lemma). Let N > 0
be an integer, and let 1 > 0 be as defined in (1.9b). There exist constants
C > 0 and ¢ > 0, depending on 0, such that the following comparison es-
timates hold for the norm #(parabolic Frame);N(t) defined in (10.14) and the
energy & totaly;o;n (1) defined in (4.7) for t € (0,1]:

(10.27&) g(Total);B;N(t) < Ct_cny(Parabolic Frame);N(t)7

(1027b) ‘5ﬂ(Parabolic F‘rame);N(t) < Ctim(g)(Total);O;N(t)'

We will also use the following simple parabolic energy estimate, which can
be used to derive top-order L? estimates for the linearized lapse variable.

LEMMA 10.6 (Parabolic energy estimate for v). There exists a constant
C > 0 such that if n > 0 (see definition 1.9b) and if the parabolic gauge pa-
rameter verifies A > 1, then solutions v to the linear parabolic equation (10.9a)
verify the following inequality for t € (0, 1]:

(10.28)

?\_1/ \tav\gdxgrl/ V]2 da
Et Z:1

1 4 1
—/ s_l/ ]3282\/]3 dxds — A1 (7 - 211)/ 3_1/ ]s@v\g dx ds
s=t s 3 s=t s

1 5 2 1
+C’/ 3_1/ (sk%)(sk",) dxds—i—C/ 8_1/ (s0pp)? dz ds
s=t ES s=t Es

1
+C’/ 3_1/ v2 dz ds.
s=t s

Proof. Integrating by parts over [t, 1] x T3 (we stress that ¢ < 1) we deduce
(without using any equation)

(10.29)
7\_1/ |tav|§dx:>\—1/ v da
Zt Z1
1 o
—27\_1/ 3_1/ |38v|§+32§ab(skcb)8avacvdxds
s=t s

1
+2 / / 5§ 0.0 v(N" 59y v) da ds.
s=t s

Using equation (10.9a) to substitute for the product A='sd;v in the last inte-
grand on the right-hand side of (10.29) and integrating by parts over ¥4 on
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2
the resulting integrand product {éef 868fv} , we deduce

(10.30)
A o2 de = 7\*1/ v da
Ez Z:1

1 .
—27\_1/ 5_1/ |88V|§+52§ab(skcb)6avacvd$ ds
s=t s
1
—2/ 5_1/ ]5282v|§dxds
s=t s
1
—(24% -1 - 7\71)/ 571/ v(s26% 0.04v) da ds
s=t s
1
+4A/ 871/ (satgo)(s2§ef868fv) dx ds
s=t s
1 5
+4/ sil/ (sk%)(sk%) (529 0.05v) da ds.
s=t s

Arguing as in the proof of (6.5) (in particular, using the fact that the eigen-
values of tk? j are > —QMax = — {% + n}), we estimate the second integral on
the right-hand side of (10.30) as follows:

1 o
(10.31) —2A~! / o1 / 15OV[2 + 5257 (sh,) v Oy da ds
s=t s

4 1
< -t (7 —211)/ 3_1/ ]s@v\g dx ds.
3 s=t s

Using the simple estimate A < \/g, Young’s inequality, and the simple esti-

mate |G 0.0,v| 2 < |0*V| 12, we deduce that the four integrals on the third
g

through sixth lines of the right-hand side of (10.30) are collectively bounded by

1
(10.32) < 7/ 5_1/ ]5282v|§ dx ds
s=t s
1 1
+C’/ 8_1/ V2dazd8—|—0/ 5_1/ (s0pp)* dx ds
s=t s s=t Ys
1 s 2
wo [ [kt st
s=t s

dx ds.
The desired inequality (10.28) now follows easily from (1.9b) and (10.30) and
inequalities (10.31) and (10.32). O
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10.5.2. Proof of Theorem 10.2. We first note that the following pointwise
estimates hold for the integrand terms N;, i = 1,2,...,12 defined in (10.16a)—
(10.161), where the constants C' > 0 are independent of A > 1 and 6:

< A
S A2 i1 oA

(10.34) o] < (1= A" molskl2 + (1= A7) 3+

(t00)? + {47 + A1 - A b2,

(10.33) Y 1

2
(10.35) N3 < (f + 2n> [

3
AN —24%2 41
(10.36)  |Ni| < { } |s9l3 + {+} |sOVI3,

A—2+44 A
1 1 5
10.37 ON;5 < (6 + §n> 0[sOh|j,

BINs| < CnG\SK]?],
6|N7| < Cnb|sonl?,

|| < C(1— A" "mB|sk|Z + C(1 — A~ nov?,

(10.37)

(10.38)

(10.39)

1

(10.40)  OJNK| < 01sDA[3 + COlsdv]3,
(10.41)

(10.42) 0| Nio| < CO|sdp|? + CO|sOV,
(10.43)

1
9‘/\/-11’ < 1788’58}7/‘3 + C9’8830|§,

(10.44) B|N12| < %A*le\sah\g + CN10]s0¢[3.
The estimates (10.33)—(10.44) can be derived by using essentially the same
reasoning that we used to prove (6.4)—(6.13), and we therefore omit the details.
Note, however, that the N; have different definitions in (10.33)—(10.44) than
they do in (6.4)-(6.13).

We now claim that there exist constants C' > 0 and ¢ > 0 such that the
following estimate holds when 8 > 0 and A > 1:

(10.45) A (127 /(ta )2 d +/ tdp|? d
R vEEre T e W S

1 1
+7A—1(1—)\—1)/ v2dx+e/ |t|<\§da:—|——9/ [toh2 da
4 Zt Et 4 Zt

A2
<11 0p)2d
= { * A2+}17\1(1—)\1)}/21( o) de

+/ |0l; da: + {2A2 + §>r1(1 — A*l)}/ v2 dx
21 4 21
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2 1 2
+ e/ k|2 da + fe/ Oh)? da
AN —8A2% + 4 o
— { ST = 1] CB}/ / \s&p]gdxds
1 A2 -1 —1 2
—<(A=2) +20A" —CO / s / |sOv|; dz ds
s=t s
1
- {1 A2 01— A—l)ne —(1- A—l)ﬂ / 5—1/ v2 dz ds
1 ].
-0 7—7\ ——Cn \s@h\ dx ds
9 s= t g

+{C(1=A""me + Cne) /S:t 5! /E |52 dz ds.

To obtain (10.45), we simply substitute the estimates (10.33)—(10.44) into the
approximate monotonicity identity (10.15) and keep careful track of the coef-

ficients.
Next, we note that by (1.9b), if 2 < Ag < A and 1 is sufficiently small in
a manner that is independent of Ag, then the factor % in front of the

integral fslzt s7! [y, \sagolg dx ds on the right-hand side of (10.45) is uniformly
positive (with a lower bound that does depend on Ag) and increases to 3 as
A — oo. From this observation and definition (10.12), we see that if 2 < Ag <A,
then the desired estimate (10.23) follows from (10.45) by first choosing 0 := 6,
to be sufficiently small in a manner that depends on Ag and then choosing n
to be sufficiently small in a manner that depends on Ag and 0,,. The estimate
(10.24) then follows from (10.23) and Gronwall’s inequality.

Our next goal is to prove the estimate (10.25) for 5(Tota1);e;\0;N<t)- As a
first step, we will use the estimate (10.24) to control the top-order terms in
& (Total);05, ;0 (see definition (4.7)) that are not present in the definition (10.13)
of & Almost Total): 070> namely, the term éa(aLapse)( ) defined in (4.6¢). To this
end, we insert the estimates implied by (10.24) into the last three integrals on
the right-hand side of (10.28), carry out straightforward computations, and
use Lemma 10.5 at t = 1, thereby deducing that

O —CpM i
(10.46)  &(Total;0y,0(t) < " Pasabolic Framey(1)f 0 ?fn 7
C?\(r;ﬂ(Parabolic Frame);O(l)(l + ‘ lnt‘) ifn=0.

Next, we note that since the dp-differentiated quantities 07k, d9rh, Orp, O5v
verify the same linear equations as their nondifferentiated counterparts (for
reasons similar to the ones given in the proof of Corollary 5.1), it follows that
the energy of the dr-differentiated linear solution variables verifies an analog of

the estimate (10.46). Summing these estimates for |I'| < N and appealing to
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the definition (4.7) of @Q(Total);exo;N(t)a we arrive at the desired estimate (10.25).
Finally, we note that inequality (10.26) follows from inequality (10.25) and
Lemma 10.5. This completes the proof of Theorem 10.2. U

Acknowledgments

The authors thank Mihalis Dafermos for offering enlightening comments
on an earlier version of this work. They also thank the anonymous referees
for providing valuable feedback that helped improve the exposition. IR grate-
fully acknowledges support from NSF grant # DMS-1001500. JS gratefully
acknowledges support from NSF grant # DMS-1162211, from NSF CAREER
grant # DMS-1454419, from a Sloan Research Fellowship provided by the Al-
fred P. Sloan foundation, and from a Solomon Buchsbaum grant administered
by the Massachusetts Institute of Technology.

References

[1] E. AMEs, F. BEYER, J. ISENBERG, and P. G. LEFLOCH, Quasilinear hyperbolic
Fuchsian systems and AVTD behavior in T2-symmetric vacuum spacetimes, Ann.
Henri Poincaré 14 no. 6 (2013), 1445-1523. MR 3085923. Zbl 1272.83009. https:
//doi.org/10.1007 /s00023-012-0228-2.

[2] E. AMES, F. BEYER, J. ISENBERG, and P. G. LEFLOCH, Quasilinear symmetric
hyperbolic Fuchsian systems in several space dimensions, in Complex Analysis
and Dynamical Systems V, Contemp. Math. 591, Amer. Math. Soc., Providence,
RI, 2013, pp. 25-43. MR 3155675. Zbl 1320.35193. https://doi.org/10.1090/
conm/591,/11824.

[3] L. ANDERSSON and V. MONCRIEF, Elliptic-hyperbolic systems and the Einstein
equations, Ann. Henri Poincaré 4 no. 1 (2003), 1-34. MR 1967177. Zbl 1028.
83005. https://doi.org/10.1007/s00023-003-0120-1.

[4] L. ANDERSSON and V. MONCRIEF, Future complete vacuum spacetimes, in
The FEinstein Equations and the Large Scale Behavior of Gravitational Fields,
Birkhauser, Basel, 2004, pp. 299-330. MR 2098919. Zbl 1105.83001. https:
//doi.org/10.1007/978-3-0348-7953-8_8.

[5] L. ANDERSSON and V. MONCRIEF, Einstein spaces as attractors for the Einstein
flow, J. Differential Geom. 89 no. 1 (2011), 1-47. MR 2863911. Zbl 1256.53035.
https://doi.org/10.4310/jdg/1324476750.

[6] L. ANDERSSON, V. MONCRIEF, and A. J. TROMBA, On the global evolution
problem in 241 gravity, J. Geom. Phys. 23 no. 3-4 (1997), 191-205. MR, 1484587.
Zbl 0898.58003. https://doi.org/10.1016/S0393-0440(97)87804-7.

[7] L. ANDERSSON and A. D. RENDALL, Quiescent cosmological singularities,
Comm. Math. Phys. 218 no. 3 (2001), 479-511. MR 1828850. Zbl 0979.83036.
https://doi.org/10.1007/5002200100406.


http://www.ams.org/mathscinet-getitem?mr=3085923
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1272.83009
https://doi.org/10.1007/s00023-012-0228-2
https://doi.org/10.1007/s00023-012-0228-2
http://www.ams.org/mathscinet-getitem?mr=3155675
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1320.35193
https://doi.org/10.1090/conm/591/11824
https://doi.org/10.1090/conm/591/11824
http://www.ams.org/mathscinet-getitem?mr=1967177
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1028.83005
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1028.83005
https://doi.org/10.1007/s00023-003-0120-1
http://www.ams.org/mathscinet-getitem?mr=2098919
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1105.83001
https://doi.org/10.1007/978-3-0348-7953-8_8
https://doi.org/10.1007/978-3-0348-7953-8_8
http://www.ams.org/mathscinet-getitem?mr=2863911
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1256.53035
https://doi.org/10.4310/jdg/1324476750
http://www.ams.org/mathscinet-getitem?mr=1484587
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0898.58003
https://doi.org/10.1016/S0393-0440(97)87804-7
http://www.ams.org/mathscinet-getitem?mr=1828850
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0979.83036
https://doi.org/10.1007/s002200100406

8]

[15]

[16]

LINEAR STABILITY FOR THE EINSTEIN-SCALAR FIELD SYSTEM 151

K. ANGUIGE, A class of plane symmetric perfect-fluid cosmologies with a
Kasner-like singularity, Classical Quantum Gravity 17 no. 10 (2000), 2117-2128.
MR 1766545. Zbl 0967 .83041. https://doi.org/10.1088,/0264-9381/17/10/306.
K. ANGUIGE and K. P. Tob, Isotropic cosmological singularities. I. Polytropic
perfect fluid spacetimes, Ann. Physics 276 no. 2 (1999), 257-293. MR, 1710663.
Zbl 1003.83027. https://doi.org/10.1006/aphy.1999.5946.

J. BALAKRISHNA, G. DAUES, E. SEIDEL, W.-M. SUEN, M. ToOBIAS, and
E. WaNg, Coordinate conditions in three-dimensional numerical relativity, Clas-
sical Quantum Gravity 13 no. 12 (1996), L135-L.142. MR 1425525. Zbl 0875.
83013. https://doi.org/10.1088,/0264-9381/13/12/001.

J. D. BARROW, Quiescent cosmology, Nature 272 (1978), 211-215. https://doi.
org/10.1038/272211a0.

R. BARTNIK, The mass of an asymptotically flat manifold, Comm. Pure Appl.
Math. 39 no. 5 (1986), 661-693. MR 0849427. Zbl 0598.53045. https://doi.org/
10.1002/cpa.3160390505.

V. A. BELINSKIT and I. M. KHALATNIKOV, Effect of scalar and vector fields
on the nature of the cosmological singularity, Z. Ek‘sper. Teoret. Fiz. 63 (1972),
1121-1134. MR 0363384.

F. BEYER and P. G. LEFLOCH, Second-order hyperbolic Fuchsian sys-
tems and applications, Classical Quantum Gravity 27 no. 24 (2010), 245012,
33. MR 2739968. Zbl 1206.83025. https://doi.org/10.1088,/0264-9381/27/24/
245012.

F. BEYER and P. G. LEFLOCH, Second-order hyperbolic Fuchsian systems. Gen-
eral theory, (2010). arXiv 1004 .4885.

Y. CHOQUET-BRUHAT, J. ISENBERG, and V. MONCRIEF, Topologically general
U(1) symmetric vacuum space-times with AVTD behavior, Nuovo Cimento Soc.
Ital. Fis. B 119 no. 7-9 (2004), 625-638. MR 2136898. https://doi.org/10.1393/
nch /i2004-10174-x.

Y. CHOQUET-BRUHAT and R. GEROCH, Global aspects of the Cauchy problem
in general relativity, Comm. Math. Phys. 14 no. 4 (1969), 329-335. MR 0250640.
Zbl 0182.59901. https://doi.org/10.1007/BF01645389.

D. CHRIsSTODOULOU, Global existence of generalized solutions of the spheri-
cally symmetric Einstein-scalar equations in the large, Comm. Math. Phys. 106
no. 4 (1986), 587-621. MR 0860312. Zbl 0613.53047. https://doi.org/10.1007/
BF01463398.

D. CHRISTODOULOU, The problem of a self-gravitating scalar field, Comm. Math.
Phys. 105 no. 3 (1986), 337-361. MR 0848643. Zbl 0608.35039. https://doi.org/
10.1007/BF01205930.

D. CHRISTODOULOU, The structure and uniqueness of generalized solutions of
the spherically symmetric Einstein-scalar equations, Comm. Math. Phys. 109
no. 4 (1987), 591-611. MR 0885563. Zbl 0613.53048. https://doi.org/10.1007/
BF01208959.


http://www.ams.org/mathscinet-getitem?mr=1766545
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0967.83041
https://doi.org/10.1088/0264-9381/17/10/306
http://www.ams.org/mathscinet-getitem?mr=1710663
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1003.83027
https://doi.org/10.1006/aphy.1999.5946
http://www.ams.org/mathscinet-getitem?mr=1425525
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0875.83013
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0875.83013
https://doi.org/10.1088/0264-9381/13/12/001
https://doi.org/10.1038/272211a0
https://doi.org/10.1038/272211a0
http://www.ams.org/mathscinet-getitem?mr=0849427
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0598.53045
https://doi.org/10.1002/cpa.3160390505
https://doi.org/10.1002/cpa.3160390505
http://www.ams.org/mathscinet-getitem?mr=0363384
http://www.ams.org/mathscinet-getitem?mr=2739968
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1206.83025
https://doi.org/10.1088/0264-9381/27/24/245012
https://doi.org/10.1088/0264-9381/27/24/245012
http://www.arxiv.org/abs/1004.4885
http://www.ams.org/mathscinet-getitem?mr=2136898
https://doi.org/10.1393/ncb/i2004-10174-x
https://doi.org/10.1393/ncb/i2004-10174-x
http://www.ams.org/mathscinet-getitem?mr=0250640
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0182.59901
https://doi.org/10.1007/BF01645389
http://www.ams.org/mathscinet-getitem?mr=0860312
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0613.53047
https://doi.org/10.1007/BF01463398
https://doi.org/10.1007/BF01463398
http://www.ams.org/mathscinet-getitem?mr=0848643
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0608.35039
https://doi.org/10.1007/BF01205930
https://doi.org/10.1007/BF01205930
http://www.ams.org/mathscinet-getitem?mr=0885563
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0613.53048
https://doi.org/10.1007/BF01208959
https://doi.org/10.1007/BF01208959

152

[21]

[28]

[29]

IGOR RODNIANSKI and JARED SPECK

D. CHRISTODOULOU, The formation of black holes and singularities in spherically
symmetric gravitational collapse, Comm. Pure Appl. Math. 44 no. 3 (1991), 339
373. MR 1090436. Zbl 0728.53061. https://doi.org/10.1002/cpa.3160440305.
D. CHRISTODOULOU, Bounded variation solutions of the spherically symmetric
Einstein-scalar field equations, Comm. Pure Appl. Math. 46 no. 8 (1993), 1131-
1220. MR 1225895. Zbl 0853.35122. https://doi.org/10.1002/cpa.3160460803.
D. CHRISTODOULOU, The instability of naked singularities in the gravita-
tional collapse of a scalar field, Ann. of Math. (2) 149 no. 1 (1999), 183-217.
MR 1680551. Zbl 1126.83305. https://doi.org/10.2307/121023.

P. T. CHRUSCIEL, G. J. GALLOWAY, and D. POLLACK, Mathematical
general relativity: A sampler, Bull. Amer. Math. Soc. (N.S.) 47 no. 4
(2010), 567-638. MR 2721040. Zbl 1205.83002. https://doi.org/10.1090/
S0273-0979-2010-01304-5.

P. T. CHRUSCIEL, J. ISENBERG, and V. MONCRIEF, Strong cosmic censorship
in polarised Gowdy spacetimes, Classical Quantum Gravity 7 no. 10 (1990),
1671-1680. MR 1075858. Zbl 1205.83002. Available at http://stacks.iop.org/
0264-9381/7/1671.

C. M. CrAUDEL and K. P. NEWMAN, The Cauchy problem for quasi-linear
hyperbolic evolution problems with a singularity in the time, R. Soc. Lond. Proc.
Ser. A Math. Phys. Eng. Sci. 454 no. 1972 (1998), 1073-1107. MR 1631542.
Zbl 0916.35064. https://doi.org/10.1098 /rspa.1998.0197.

T. DAMOUR, M. HENNEAUX, A. D. RENDALL, and M. WEAVER, Kasner-
like behaviour for subcritical Einstein-matter systems, Ann. Henri Poincaré 3
no. 6 (2002), 1049-1111. MR 1957378. Zbl 1011.83038. https://doi.org/10.1007/
$000230200000.

J. DEMARET, M. HENNEAUX, and P. SPINDEL, Non-oscillatory behaviour in
vacuum Kaluza-Klein cosmologies, Phys. Lett. B 164 no. 1-3 (1985), 27-30.
MR 0815631. https://doi.org/10.1016/0370-2693(85)90024-3.

A. E. FiscHER and V. MONCRIEF, Reducing Einstein’s equations to an un-
constrained Hamiltonian system on the cotangent bundle of Teichmiiller space,
in Physics on Manifolds (Paris, 1992), Math. Phys. Stud. 15, Kluwer Acad.
Publ., Dordrecht, 1994, pp. 111-151. MR 1267072. Zbl 0846.58013. https:
//doi.org/10.1007,/978-94-011-1938-2_9.

A. E. FiscHER and V. MONCRIEF, Hamiltonian reduction of Einstein’s equa-
tions of general relativity, Nuclear Phys. B Proc. Suppl. 57 (1997), 142-161,
Constrained dynamics and quantum gravity 1996 (Santa Margherita Ligure).
MR 1480193. Zbl 0976.83500. https://doi.org/10.1016,/S0920-5632(97)00363-0.
A. E. FiscHER and V. MONCRIEF, Hamiltonian reduction of Einstein’s equa-
tions and the geometrization of three-manifolds, in International Conference on
Differential Equations, Vol. 1, 2 (Berlin, 1999), World Sci. Publ., River Edge,
NJ, 2000, pp. 279-282. MR 1870137. Zbl 0966 . 37047.

A. E. F1sSCcHER and V. MONCRIEF, The reduced Hamiltonian of general relativity
and the o-constant of conformal geometry, in Mathematical and Quantum Aspects
of Relativity and Cosmology (Pythagoreon, 1998), Lecture Notes in Phys. 537,


http://www.ams.org/mathscinet-getitem?mr=1090436
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0728.53061
https://doi.org/10.1002/cpa.3160440305
http://www.ams.org/mathscinet-getitem?mr=1225895
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0853.35122
https://doi.org/10.1002/cpa.3160460803
http://www.ams.org/mathscinet-getitem?mr=1680551
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1126.83305
https://doi.org/10.2307/121023
http://www.ams.org/mathscinet-getitem?mr=2721040
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1205.83002
https://doi.org/10.1090/S0273-0979-2010-01304-5
https://doi.org/10.1090/S0273-0979-2010-01304-5
http://www.ams.org/mathscinet-getitem?mr=1075858
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1205.83002
http://stacks.iop.org/0264-9381/7/1671
http://stacks.iop.org/0264-9381/7/1671
http://www.ams.org/mathscinet-getitem?mr=1631542
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0916.35064
https://doi.org/10.1098/rspa.1998.0197
http://www.ams.org/mathscinet-getitem?mr=1957378
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1011.83038
https://doi.org/10.1007/s000230200000
https://doi.org/10.1007/s000230200000
http://www.ams.org/mathscinet-getitem?mr=0815631
https://doi.org/10.1016/0370-2693(85)90024-3
http://www.ams.org/mathscinet-getitem?mr=1267072
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0846.58013
https://doi.org/10.1007/978-94-011-1938-2_9
https://doi.org/10.1007/978-94-011-1938-2_9
http://www.ams.org/mathscinet-getitem?mr=1480193
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0976.83500
https://doi.org/10.1016/S0920-5632(97)00363-0
http://www.ams.org/mathscinet-getitem?mr=1870137
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0966.37047

[37]

[38]

[39]

LINEAR STABILITY FOR THE EINSTEIN-SCALAR FIELD SYSTEM 153

Springer-Verlag, Berlin, 2000, pp. 70-101. MR 1843034. Zbl 0996.83011. https:
//doi.org/10.1007/3-540-46671-1_4.

A. E. FISCHER and V. MONCRIEF, The reduced Einstein equations and the con-
formal volume collapse of 3-manifolds, Classical Quantum Gravity 18 no. 21
(2001), 4493-4515. MR 1894914. Zbl 0998.83008. https://doi.org/10.1088/
0264-9381/18/21/308.

A. E. FiscHER and V. MONCRIEF, Hamiltonian reduction and perturbations of
continuously self-similar (n + 1)-dimensional Einstein vacuum spacetimes, Classi-
cal Quantum Gravity 19 no. 21 (2002), 5557-5589. MR, 1939933. Zbl 1028.83009.
https://doi.org/10.1088/0264-9381/19/21/318.

Y. FOURES-BRUHAT, Théoréme d’existence pour certains systémes d’équations
aux dérivées partielles non linéaires, Acta Math. 88 (1952), 141-225. MR 0053338.
Zbl 0049.19201. https://doi.org/10.1007/BF02392131.

H. FrRIEDRICH, The conformal structure of Einstein’s field equations, in Confor-
mal Groups and Related Symmetries: Physical Results and Mathematical Back-
ground (Clausthal-Zellerfeld, 1985), Lecture Notes in Phys. 261, Springer-Verlag,
Berlin, 1986, pp. 152-161. MR 0870220. Zbl 1054.83006. https://doi.org/10.
1007/3540171630.-78.

H. FrIEDRICH, Conformal Einstein evolution, in The Conformal Structure of
Space-Time, Lecture Notes in Phys. 604, Springer-Verlag, Berlin, 2002, pp. 1-50.
MR 2007040. Zbl 1054.83006. https://doi.org/10.1007/3-540-45818-2_1.

D. GARFINKLE and C. GUNDLACH, Well-posedness of the scale-invariant tetrad
formulation of the vacuum Einstein equations, Classical Quantum Gravity 22
no. 13 (2005), 2679-2686. MR 2153706. Zbl 1074.83005. https://doi.org/10.
1088/0264-9381/22/13/011.

C. GunNDLACH and J. M. MARTIN-GARCIA, Gauge-invariant and coordinate-
independent perturbations of stellar collapse: the interior, Phys. Rev. D (3) 61
no. 8 (2000), 084024, 17. MR 1791405. https://doi.org/10.1103/PhysRevD.61.
084024.

S. W. HAWKING, The occurrence of singularities in cosmology. I1, Proc. Roy. Soc.
Ser. A 295 (1966), 490-493. MR 0208979. Zbl 0148.46504. https://doi.org/10.
1098 /rspa.1966.0255.

J. ISENBERG and S. KICHENASSAMY, Asymptotic behavior in polarized T?2-
symmetric vacuum space-times, J. Math. Phys. 40 no. 1 (1999), 340-352.
MR 1657863. Zbl 1061.83512. https://doi.org/10.1063/1.532775.

J. ISENBERG and V. MONCRIEF, Asymptotic behavior of the gravitational field
and the nature of singularities in Gowdy spacetimes, Ann. Physics 199 no. 1
(1990), 84-122. MR, 1048674. https://doi.org/10.1016,/0003-4916(90)90369-Y .
S. KicHENASSAMY and A. D. RENDALL, Analytic description of singularities
in Gowdy spacetimes, Classical Quantum Gravity 15 no. 5 (1998), 1339-1355.
MR 1623091. Zbl 0949.83050. https://doi.org/10.1088,/0264-9381/15/5/016.
E. M. LirsHITZ and I. M. KHALATNIKOV, Investigations in relativistic cosmol-
ogy, Advances in Phys. 12 (1963), 185-249. MR 0154735. https://doi.org/10.
1080/00018736300101283.


http://www.ams.org/mathscinet-getitem?mr=1843034
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0996.83011
https://doi.org/10.1007/3-540-46671-1_4
https://doi.org/10.1007/3-540-46671-1_4
http://www.ams.org/mathscinet-getitem?mr=1894914
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0998.83008
https://doi.org/10.1088/0264-9381/18/21/308
https://doi.org/10.1088/0264-9381/18/21/308
http://www.ams.org/mathscinet-getitem?mr=1939933
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1028.83009
https://doi.org/10.1088/0264-9381/19/21/318
http://www.ams.org/mathscinet-getitem?mr=0053338
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0049.19201
https://doi.org/10.1007/BF02392131
http://www.ams.org/mathscinet-getitem?mr=0870220
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1054.83006
https://doi.org/10.1007/3540171630_78
https://doi.org/10.1007/3540171630_78
http://www.ams.org/mathscinet-getitem?mr=2007040
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1054.83006
https://doi.org/10.1007/3-540-45818-2_1
http://www.ams.org/mathscinet-getitem?mr=2153706
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1074.83005
https://doi.org/10.1088/0264-9381/22/13/011
https://doi.org/10.1088/0264-9381/22/13/011
http://www.ams.org/mathscinet-getitem?mr=1791405
https://doi.org/10.1103/PhysRevD.61.084024
https://doi.org/10.1103/PhysRevD.61.084024
http://www.ams.org/mathscinet-getitem?mr=0208979
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0148.46504
https://doi.org/10.1098/rspa.1966.0255
https://doi.org/10.1098/rspa.1966.0255
http://www.ams.org/mathscinet-getitem?mr=1657863
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1061.83512
https://doi.org/10.1063/1.532775
http://www.ams.org/mathscinet-getitem?mr=1048674
https://doi.org/10.1016/0003-4916(90)90369-Y
http://www.ams.org/mathscinet-getitem?mr=1623091
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0949.83050
https://doi.org/10.1088/0264-9381/15/5/016
http://www.ams.org/mathscinet-getitem?mr=0154735
https://doi.org/10.1080/00018736300101283
https://doi.org/10.1080/00018736300101283

154

[45]

[46]

[47]

[48]

[52]

IGOR RODNIANSKI and JARED SPECK

J. Luk, Weak null singularities in general relativity, J. Amer. Math. Soc. (2017),
63pp., published electronically: September 27, 2017. https://doi.org/10.1090/

jams/888.

V. MONCRIEF, Reduction of the Einstein equations in 2 4+ 1 dimensions to a
Hamiltonian system over Teichmiller space, J. Math. Phys. 30 no. 12 (1989),
2907-2914. MR 1025234. Zbl 0704.53076. https://doi.org/10.1063/1.528475.
V. MoONCRIEF, How solvable is (2 4+ 1)-dimensional Einstein gravity?, J. Math.
Phys. 31 no. 12 (1990), 2978-2982. MR 1079245. Zbl 0732.53069. https://doi.
org/10.1063/1.528950.

R. P. A. C. NEWMAN, On the structure of conformal singularities in classical
general relativity, Proc. Roy. Soc. London Ser. A 443 no. 1919 (1993), 473-492.
MR 1252599. Zbl 0810.53085. https://doi.org/10.1098 /rspa.1993.0158.

R. P. A. C. NEWMAN, On the structure of conformal singularities in classical
general relativity. II. Evolution equations and a conjecture of K. P. Tod, Proc.
Roy. Soc. London Ser. A 443 no. 1919 (1993), 493-515. MR 1252600. Zbl 0810.
53086. https://doi.org/10.1098 /rspa.1993.0159.

R. PENROSE, Gravitational collapse and space-time singularities, Phys. Reuv.
Lett. 14 (1965), 57-59. MR 0172678. Zbl 0125.21206. https://doi.org/10.1103/
PhysRevLett.14.57.

G. REIN, Cosmological solutions of the Vlasov-Einstein system with spheri-
cal, plane, and hyperbolic symmetry, Math. Proc. Cambridge Philos. Soc. 119
no. 4 (1996), 739-762. MR 1362953. Zbl 0851.53058. https://doi.org/10.1017/
S0305004100074569.

M. REIRIS, On the asymptotic spectrum of the reduced volume in cosmolog-
ical solutions of the Einstein equations, Gen. Relativity Gravitation 41 no. 5
(2009), 1083-1106. MR 2506547. Zbl 1177.83026. https://doi.org/10.1007/
$10714-008-0693-6.

A. D. RENDALL, Fuchsian analysis of singularities in Gowdy spacetimes be-
yond analyticity, Classical Quantum Gravity 17 no. 16 (2000), 3305-3316.
MR 1779512. Zbl 0967.83021. https://doi.org/10.1088,/0264-9381/17/16/313.
A. D. RENDALL, Theorems on existence and global dynamics for the Einstein
equations, Living Reviews in Relativity 8 no. 1 (2005), 6 pp. Zbl 1316.83008.
https://doi.org/10.12942 /1rr-2005-6.

H. RINGSTROM, The Bianchi IX attractor, Ann. Henri Poincaré 2 no. 3 (2001),
405-500. MR 1846852. Zbl 0985.83002. https://doi.org/10.1007/PLO0001041.
H. RINGSTROM, Strong cosmic censorship in 7T3-Gowdy spacetimes, Ann. of
Math. (2) 170 no. 3 (2009), 1181-1240. MR 2600872(2011d:83095). Zbl 1206.
83115. https://doi.org/10.4007/annals.2009.170.1181.

H. RINGSTROM, Cosmic censorship for Gowdy spacetimes, Living Reviews in
Relativity 13 no. 2 (2010), 2 pp. Zbl 1215.83008. https://doi.org/10.12942/
lrr-2010-2.

I. RODNIANSKI and J. SPECK, The nonlinear future stability of the FLRW family
of solutions to the irrotational Euler-Einstein system with a positive cosmological


https://doi.org/10.1090/jams/888
https://doi.org/10.1090/jams/888
http://www.ams.org/mathscinet-getitem?mr=1025234
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0704.53076
https://doi.org/10.1063/1.528475
http://www.ams.org/mathscinet-getitem?mr=1079245
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0732.53069
https://doi.org/10.1063/1.528950
https://doi.org/10.1063/1.528950
http://www.ams.org/mathscinet-getitem?mr=1252599
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0810.53085
https://doi.org/10.1098/rspa.1993.0158
http://www.ams.org/mathscinet-getitem?mr=1252600
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0810.53086
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0810.53086
https://doi.org/10.1098/rspa.1993.0159
http://www.ams.org/mathscinet-getitem?mr=0172678
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0125.21206
https://doi.org/10.1103/PhysRevLett.14.57
https://doi.org/10.1103/PhysRevLett.14.57
http://www.ams.org/mathscinet-getitem?mr=1362953
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0851.53058
https://doi.org/10.1017/S0305004100074569
https://doi.org/10.1017/S0305004100074569
http://www.ams.org/mathscinet-getitem?mr=2506547
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1177.83026
https://doi.org/10.1007/s10714-008-0693-6
https://doi.org/10.1007/s10714-008-0693-6
http://www.ams.org/mathscinet-getitem?mr=1779512
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0967.83021
https://doi.org/10.1088/0264-9381/17/16/313
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1316.83008
https://doi.org/10.12942/lrr-2005-6
http://www.ams.org/mathscinet-getitem?mr=1846852
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0985.83002
https://doi.org/10.1007/PL00001041
http://www.ams.org/mathscinet-getitem?mr=2600872 (2011d:83095)
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1206.83115
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1206.83115
https://doi.org/10.4007/annals.2009.170.1181
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1215.83008
https://doi.org/10.12942/lrr-2010-2
https://doi.org/10.12942/lrr-2010-2

[64]

[65]

[66]

LINEAR STABILITY FOR THE EINSTEIN-SCALAR FIELD SYSTEM 155

constant, J. Fur. Math. Soc. (JEMS) 15 no. 6 (2013), 2369-2462. MR 3120746.
Zbl 1294 .35164. https://doi.org/10.4171/JEMS /424.

I. RoDNIANSKI and J. SPECK, Stable Big Bang formation in near-FLRW solutions
to the Einstein-scalar field and Einstein-stiff fluid systems, 2014. arXiv 1407.
6298.

R. SCHOEN and S. T. YAu, On the proof of the positive mass conjecture in
general relativity, Comm. Math. Phys. 65 no. 1 (1979), 45-76. MR 0526976.
Zbl 0405.53045. https://doi.org/10.1007/BF01940959.

R. ScHOEN and S. T. YAU, Proof of the positive mass theorem. II, Comm.
Math. Phys. 79 no. 2 (1981), 231-260. MR 0612249. Zbl 0494.53028. https:
//doi.org/10.1007/BF01942062.

A. SHAO, Breakdown criteria for nonvacuum FEinstein equations, ProQuest
LLC, Ann Arbor, MI, 2010, Thesis (Ph.D.)-Princeton University. MR 2753136.
Available  at  http://gateway.proquest.com/openurl?url ver=739.88-2004&
rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:
pqdiss:3410986.

F. STAHL, Fuchsian analysis of $2 x S' and S® Gowdy spacetimes, Classical
Quantum Gravity 19 no. 17 (2002), 4483-4504. MR 1926244. Zbl 1028.83014.
https://doi.org/10.1088,/0264-9381,/19,/17/301.

M. E. TAYLOR, Partial Differential Equations. III. Nonlinear Equations, Appl.
Math. Sci. 117, Springer-Verlag, New York, 1997, Corrected reprint of the 1996
original. MR 1477408. https://doi.org/10.1007/978-1-4419-7049-7.

K. P. Tob, Isotropic singularities and the v = 2 equation of state, Classi-
cal Quantum Gravity 7 no. 1 (1990), L13-L16. MR 1031097. Zbl 0681.53062.
Available at http://stacks.iop.org/0264-9381/7/L13.

K. P. Tob, Isotropic singularities and the polytropic equation of state, Classi-
cal Quantum Gravity 8 no. 4 (1991), L77-L82. MR 1100116. Zbl 0718.53062.
Available at http://stacks.iop.org/0264-9381/8 /L77.

K. P. Tob, Isotropic cosmological singularities, in The Conformal Structure of
Space-Time, Lecture Notes in Phys. 604, Springer-Verlag, Berlin, 2002, pp. 123—
134. MR 2007045. Zbl 1042.83029. https://doi.org/10.1007/3-540-45818-2_6.
C. UcaLa, H. vaN ELsT, J. WAINWRIGHT, and G. F. R. ELLIS, Past attractor
in inhomogeneous cosmology, Phys. Rev. D 68 no. 10 (2003), 103502. https:
//doi.org/10.1103/PhysRevD.68.103502.

J. WAINWRIGHT and G. F. R. ELLIS (eds.), Dynamical Systems in Cosmology,
Cambridge University Press, New York, 1997, Papers from the workshop held in
Cape Town, June 27-July 2, 1994. MR 1448187.

R. M. WALD, General Relativity, University of Chicago Press, Chicago, IL, 1984.
MR 0757180. Zbl 0549.53001. https://doi.org/10.7208/chicago/9780226870373.
001.0001.

E. WITTEN, A new proof of the positive energy theorem, Comm. Math. Phys. 80
no. 3 (1981), 381-402. MR 0626707. Zbl 1051.83532. https://doi.org/10.1007/
BF01208277.


http://www.ams.org/mathscinet-getitem?mr=3120746
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1294.35164
https://doi.org/10.4171/JEMS/424
http://www.arxiv.org/abs/1407.6298
http://www.arxiv.org/abs/1407.6298
http://www.ams.org/mathscinet-getitem?mr=0526976
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0405.53045
https://doi.org/10.1007/BF01940959
http://www.ams.org/mathscinet-getitem?mr=0612249
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0494.53028
https://doi.org/10.1007/BF01942062
https://doi.org/10.1007/BF01942062
http://www.ams.org/mathscinet-getitem?mr=2753136
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:3410986
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:3410986
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:3410986
http://www.ams.org/mathscinet-getitem?mr=1926244
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1028.83014
https://doi.org/10.1088/0264-9381/19/17/301
http://www.ams.org/mathscinet-getitem?mr=1477408
https://doi.org/10.1007/978-1-4419-7049-7
http://www.ams.org/mathscinet-getitem?mr=1031097
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0681.53062
http://stacks.iop.org/0264-9381/7/L13
http://www.ams.org/mathscinet-getitem?mr=1100116
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0718.53062
http://stacks.iop.org/0264-9381/8/L77
http://www.ams.org/mathscinet-getitem?mr=2007045
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1042.83029
https://doi.org/10.1007/3-540-45818-2_6
https://doi.org/10.1103/PhysRevD.68.103502
https://doi.org/10.1103/PhysRevD.68.103502
http://www.ams.org/mathscinet-getitem?mr=1448187
http://www.ams.org/mathscinet-getitem?mr=0757180
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0549.53001
https://doi.org/10.7208/chicago/9780226870373.001.0001
https://doi.org/10.7208/chicago/9780226870373.001.0001
http://www.ams.org/mathscinet-getitem?mr=0626707
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1051.83532
https://doi.org/10.1007/BF01208277
https://doi.org/10.1007/BF01208277

156 IGOR RODNIANSKI and JARED SPECK

(Received: February 19, 2015)
(Revised: July 5, 2017)

PRINCETON UNIVERSITY, PRINCETON, NJ
E-mail: irod@math.princeton.edu

MASSACHUSETTS INSTITUTE OF TECHNOLOGY, CAMBRIDGE, MA
E-mail: jspeck@math.mit.edu


mailto:irod@math.princeton.edu
mailto:jspeck@math.mit.edu

	1. Introduction
	2. Notation and conventions
	3. The Einstein-scalar field equations in CMC-transported spatial coordinates and the linearized equations
	4. Norms and energies
	5. The approximate monotonicity identity
	6. Mildly singular energy estimates without derivative loss for the linearized equations
	7. Linear stability for near-FLRW Kasner backgrounds
	8. Summary of the proof of the nonlinear stability of the FLRW Big Bang singularity
	9. Comments on realizing ``end states"
	10. Parabolic lapse gauges
	Acknowledgments
	References

