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compact unitary Shimura varieties

By ANA CARAIANI and PETER SCHOLZE

Abstract

The goal of this paper is to show that the cohomology of compact unitary
Shimura varieties is concentrated in the middle degree and torsion-free,
after localizing at a maximal ideal of the Hecke algebra satisfying a suitable
genericity assumption. Along the way, we establish various foundational
results on the geometry of the Hodge-Tate period map. In particular, we
compare the fibres of the Hodge-Tate period map with Igusa varieties.
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1. Introduction

Let G/Q be a reductive group. The real group G(R) acts on its associated
symmetric domain X = G(R)/Ko, where Ko, C G(R) is a maximal compact
subgroup. For any congruence subgroup I' C G(Q), one can form the locally
symmetric space

Xr=T\X.

We assume that X is compact and that I" is torsion-free. Then Matsushima’s
formula, [Mat67], expresses the cohomology groups H(Xr,C) with complex
coefficients in terms of automorphic forms 7 on G, and the (g, K )-cohomology
of their archimedean component 7.} A computation of (g, K )-cohomology
then shows that the part of cohomology to which tempered representations
contribute is concentrated in the middle range gy < i < go + lp (cf. [BWS80,
Th. II1.5.1}); here lp = 1k G — 1k K« and qo = %(dimX —lp).

In particular, if [ = 0, then tempered representations occur only in the
middle degree qp. This happens when the X1 are complex algebraic varieties,
e.g., when G gives rise to a Shimura variety.

The motivating question of this paper is to establish a similar result for
the cohomology groups H'(Xt,F,) with torsion coefficients. In this context,
it is difficult to formulate the analogue of the temperedness condition, which
is an analytic one. We learnt the following formulation from M. Emerton.
Recall that for any system m of Hecke eigenvalues appearing in H*(Xt, Fy), one
expects to have a mod ¢ Galois representation py, (with values in the Langlands
dual group). One may then put the condition that py, is irreducible, and ask
whether this implies that qg < i < g9 + lp. In particular, a result of this type

! In the noncompact case, this is still true and is a theorem of Franke, [Fra98].
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for G = GL,, (where lp > 0) is important for automorphy lifting theorems in
the nonself dual case as in work of Calegari-Geraghty, [CG, Conj. BJ.

In the present paper, we deal with this question in the case where Xt is
a Shimura variety (so that lp = 0). More precisely, we will consider the case
where GG is an anisotropic unitary similitude group of dimension n for some
CM field F with totally real subfield F* C F. We assume that I contains
an imaginary quadratic field. Assume, moreover, that G is associated with a
division algebra over F’; i.e., it is one of Kottwitz’s simple Shimura varieties,
[Kot92a].2 Our main theorem is the following.

THEOREM 1.1. Let m be a system of Hecke eigenvalues appearing in
H'(Xr,Fy). Then there is an associated Galois representation

p : Gal(F/F) — GLq(Fy).

Assume that there is a rational prime p such that F' is completely decom-
posed above p, and

Pm 18 unramified and decomposed generic
at all places of F' above p. Then i = qq is the middle degree.

Remark 1.2. The first part of the theorem can be deduced from [Schl5al,
but we give a different proof in this paper. We will make use of the Hodge-Tate
period map again, but this time in a p-adic context with p# ¢ (whereas [Sch15a]
worked in the situation p = £). We note that this should make it possible to
understand the behaviour of py, at places above £.

Remark 1.3. It is a formal consequence that the Z,-cohomology localized
at m is concentrated in degree qp, and torsion-free, if the conclusion of the
theorem holds true.

Remark 1.4. The condition that py, is decomposed generic is defined be-
low. It follows from a suitable “big image” assumption. However, note that if
pm 18 a generic sum of characters, there will still be a prime p as in the theorem,
so that our result also applies to many reducible representations.

Remark 1.5. We prove the result under a slightly weaker assumption de-
pending on the precise signature of G. In particular, if the signature of G is
(0,n) at all except for one infinite place, e.g., in the Harris-Taylor case, we
only need the existence of one finite prime v of F' at which py, is unramified
and decomposed generic.

2We also allow the complementary case where G is quasisplit at all finite places, under
a small extra assumption (cf. Section 5.1), so that our main result also covers cases where
nontrivial endoscopy occurs.
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Remark 1.6. In the Harris-Taylor case (i.e., G is of signature (1,n — 1)
at one infinite place, and (0,n) at the other places), there has been previous
work on this question, notably by Shin, [Shil5], restricting attention to the
cohomology that is supercuspidal modulo ¢ at some finite prime p, by Emerton
and Gee, [EG15], making suitable assumptions on py, at f-adic places, and by
Boyer, [Boy17], under a condition very closely related to our condition.

Remark 1.7. Lan and Suh, [LS12|, prove that if the level is hyperspe-
cial at ¢ and one takes cohomology with coefficients in the local system L
corresponding to a suitably generic algebraic representation £ of GG, then the
whole ¢-adic cohomology groups H(Xt, L¢) for i # go vanish. This behaviour
cannot be expected in our situation, as at least all even cohomology groups
H?(Xr,F,) are nonzero, so it is necessary to localize at some maximal ideal
of the Hecke algebra.

Remark 1.7.1. An argument involving the Hochschild-Serre spectral se-
quence and Poincaré duality shows that the theorem also holds when F, is
replaced by a nontrivial (Hecke-equivariant) coefficient system.

Remark 1.8. Let F' be a CM field and II be a conjugate self-dual regular
algebraic cuspidal automorphic representation of GL,(Ar). Then II will be
obtained by base change from an automorphic representation m on a unitary
group, which contributes to the cohomology of a compact unitary Shimura
variety (see, for example, [HT01], [Shill], [Car12]). In this situation, 7 con-
tributes only to the middle degree cohomology, and the proof relies on generic-
ity rather than temperedness. In fact, concentration in middle degree is proved
simultaneously with the Ramanujan-Petersson conjecture (at finite places) for
IT as above, using the template of [HT01] rather than appealing to [BWS80].
These results rely on the fact that the local components of cuspidal automor-
phic representations of GL,, are generic, and they follow by combining the
classification of unitary generic representations of GL,, due to Tadic (and the
bounds of Jacquet-Shalika) with the Weil conjectures. While temperedness is
an analytic condition, genericity can be formulated modulo .

Let us define the critical notion of being decomposed generic.

Definition 1.9. Let L be a p-adic field with residue field Fy, £ # p. An
unramified representation

p: Gal(L/L) — GLy,(Fy)

is decomposed generic if the eigenvalues {\1,...,\,} of p(Frob), where Frob €
Gal(L/L) is an arithmetic Frobenius, satisfy \;/\; € {1,q} for all i # j.
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The main consequence of this definition is that any characteristic 0 lift of
p is a direct sum of characters (i.e., “decomposed”), and the associated repre-
sentation of GL, (L) under the local Langlands correspondence is a generic3
principal series representation; cf. Lemma 6.2.2.

The rough idea. Let us now explain the idea of our proof. In very rough
terms, the idea is to work at a fixed prime p # ¢ and look at the projection
from the Shimura variety S, which is a moduli space of abelian varieties (with
extra structures), to the corresponding moduli space M of p-divisible groups
(with extra structures),

7:8 > M*

One could then analyze the cohomology of the Shimura variety in terms of a
Leray spectral sequence. Note that the fibres of 7 should be a moduli space
of abelian varieties with a trivialization of their p-divisible group, which are
essentially the Igusa varieties of [Man05]; cf. also [HT01]. This means that one
can compute the fibres of Rm,Zy in terms of the cohomology of Igusa varieties.
The alternating sum of the Q/-cohomology groups has been analyzed in depth
by Sug Woo Shin, [Shi09], [Shil0].

An important property of the situation is that the Hecke operators away
from p act trivially on M, so the passage to the localization at m can already be
done on the sheaf RmJFy. This makes it possible to use geometry on M. More
specifically, in the actual setup considered below, (the localization at m of)
Rm.Fy will turn out to be perverse (up to shift), and thus is concentrated
in one degree on the largest stratum where it is nonzero. In that case, (the
localization at m of) Rm.Z; will be concentrated in one degree and flat. Thus,
not much information is lost by passing to the alternating sum of the Q-
cohomology groups. Specifically, we will use this argument inductively to show
that (RmyZ¢)m is trivial on all strata except the O-dimensional stratum, which
will then give the desired bound.

Unfortunately, the moduli space M of p-divisible groups does not really
exist, or at the very least has horrible properties. This makes it hard to exe-
cute this strategy in a naive way. In April 2011, [Sch11], one of us realized (in
the Harris-Taylor case) that there should be a Hodge-Tate period map, which
would make a good substitute for 7.° The idea here is that if C'/Q, is a com-
plete algebraically closed nonarchimedean field with ring of integers O¢, then

3Recall that a generic representation is one that admits a Whittaker model; see, for
example, Section 2.3 of [Kud94].

“This idea is also behind [Sch13b] and was also mentioned to one of us (P.S.) by
R. Kottwitz.

®We learnt that L. Fargues had also been aware of the Hodge-Tate period map in some
form.
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by [SW13, Th. B], p-divisible groups over O¢ are classified by pairs (T, W),
where T' is a finite free Zy-module, and W C T'®z, C' is a subvectorspace, the
Hodge-Tate filtration. In particular, p-divisible groups with a trivialization of
their Tate module are classified by a Grassmannian, at least on (C, O¢)-valued
points. Now, even if the moduli space of p-divisible groups is not a nice object,
one can replace it by this Grassmannian, which is manifestly a nice object. It
turns out that with this modification, the argument outlined above works.

The precise ideas. Let us now be more precise. We work adelically, so for
any compact open subgroup K C G(Ay), we have the Shimura variety Sk,
which is a quasiprojective scheme over the reflex field F. For the moment,
we allow an arbitrary Shimura variety. Recall that these are associated with
Shimura data, which consist of a reductive group G/Q and a G(R)-conjugacy
class X of homomomorphisms % : Resc/rGm — Gr, subject to the usual
axioms. Then

Sk(C) = GIQ\(X x G(Af)/K).

Associated with any h, one has a minuscule cocharacter p=puy, : G, — Ge.
The reflex field E' C C is the field of definition of the conjugacy class of u. With
any cocharacter i, one can associate two opposite parabolics P, and Pﬁtd, and
there are two corresponding flag varieties Flg ,, and FISGti over F/, parametrizing
parabolic subgroups in the given conjugacy class. The association h — up —
Pj‘;bd defines the (holomorphic) Borel embedding X — FlSthiM((C). There is also
an antiholomorphic embedding X — Flg ,,(C) defined using P, .

Fix any prime p, and p|p a place of the reflex field E. Denote by Sk the
rigid-analytic variety, or rather the adic space, corresponding to Sk ® g Ej, and
similarly for #¢q ,. Our first main result refines the theory behind the Hodge-
Tate period map from [Schl5a], which can be regarded as a p-adic version of
the (antiholomorphic) Borel embedding.

THEOREM 1.10. Assume that the Shimura datum is of Hodge type. Then
for any sufficiently small compact open subgroup KP C G(A?), there is a per-
fectoid space Siv over E, such that

SKp ~ @SKPKP.
Ky

Moreover, there is a Hodge-Tate period map
THT : SKp — 3‘70#,

which agrees with the Hodge-Tate period map constructed in [Schlba] for the
Siegel case, and is functorial in the Shimura datum.

Moreover, we prove a result saying that all semisimple automorphic vector
bundles come via pullback along wg.



THE GENERIC PART OF THE COHOMOLOGY OF SHIMURA VARIETIES 655

The idea here is to chase Hodge tensors through all constructions, which
is possible by using Deligne’s results that they are absolute Hodge, [DMOS82],
(and also satisfy a compatibility under the p-adic comparison isomorphism,
[Bla94]), and the results on relative p-adic Hodge theory of [Sch13c|. The
details appear in Section 2. As stated above, one should think of g, as a
(substitute for the) moduli space of p-divisible groups with extra structure and
trivialized Tate module.

Next, we want to identify the fibres of wyr with Igusa varieties. First,
we have to define a natural stratification on #¢g ,, which corresponds under
mhr to the Newton stratification (pulled back from the special fibre through
the specialization map). Recall that the Newton strata are parametrized by
the finite subset B(G, 1) C B(G) of Kottwitz’ set B(G) of isocrystals with
G-structure.

THEOREM 1.11. Let G be a reductive group over Q,, and let v be a con-
Jugacy class of minuscule cocharacters. There is a natural decomposition

b
QEG,M = |_| fﬁqﬂ
bEB(G,u~1)
into locally closed subsets ﬂﬁl&w. The union
b=v’

is closed for all b € B(G, u~Y); in particular, 96%# is open when b is the basic
element of B(G,u™1).

Thus, the closure relations are exactly the opposite of the closure relations
of the Newton stratification on the Shimura variety;% this change of closure
relations is related to a subtle behaviour of w7 on certain higher-rank points
of the adic space.

To give an idea of what the stratification looks like, we recall the example
of the modular curve. In that case, the flag variety is just P!. The whole
ordinary locus of the modular curve is contracted to P}(Q,), and the Hodge-
Tate period map just measures the position of the canonical subgroup on this
locus. The supersingular locus is mapped onto Drinfeld’s upper half-plane
0? = P\ P}(Q,) in a way best understood using the isomorphism between the
Lubin-Tate and Drinfeld towers. Thus, in this case the relevant stratification
of P! is simply the stratification into P1(Q,) and Q2. We caution the reader
that in general, the strata ﬂf%,# are quite amorphous, and it happens that
some nonempty strata have no classical points. The reason is that if b is basic,
then ﬂ\ﬂé’ ., agrees with the admissible locus in the sense of [RZ96], which does

5We note that we do not prove that the closure of a stratum is a union of strata, so the
term “closure relations” is meant in a loose sense.
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not admit a nice description, but whose classical points agree with the explicit
weakly admissible locus. If G is a nonsplit inner form of GL5 and u corresponds
to (1,1,0,0,0), one can verify that all classical points of .Z#¢g , are contained
in the basic locus, while there are many other nonempty strata.

The proof of this theorem relies on certain recent advances in p-adic Hodge
theory. First, to define the stratification on points, we make use of the clas-
sification of G-bundles on the Fargues-Fontaine curve; by a recent result of
L. Fargues, [Farlba], they are classified up to isomorphism by B(G). Here,
we construct a G-bundle on the Fargues-Fontaine curve by starting with the
trivial G-bundle and modifying it at the infinite point of the Fargues-Fontaine
curve. To construct the modification, we have to relate the flag variety #lq
to a Schubert cell in a Bi-affine Grassmannian as studied in [Weil4]; however,
for our applications, the theory of [Weil4] is not necessary.

Finally, to check the closure relations, we use recent results of Kedlaya
and Liu, [KL15], on the semicontinuity of the Newton polygon for families of
p-modules over the Robba ring.

Now we can relate the fibres of mgr to Igusa varieties. From now on, we
assume that the Shimura variety is of PEL type (of type A or C), and compact,
with good reduction at p. Pick any b € B(G, u~!). Corresponding to b, we can
find a p-divisible group X over ]?p equipped with certain extra endomorphism
and polarization structures. We consider the following kind of Igusa varieties.

PROPOSITION 1.12. There exists a perfect scheme Ig® over IF‘p that is a
moduli of abelian varieties A with extra structures, equipped with an isomor-
phism p : A[p>] = X,.

One can identify Ig® with the perfection of the tower Y, . = lim fﬁant’m
of Igusa varieties constructed by Mantovan, [Man05].

In particular, the étale cohomology of Ig® agrees with the étale cohomology
of Igusa varieties.

Let us also mention the following proposition. Here, YIb{ C Ik @ F,,
b€ B(G, u~ ') denotes a Newton stratum of the natural integral model .7 of
the Shimura variety Sk at hyperspecial level.

PROPOSITION 1.13. Fiz a geometric base point & € /f. There is a
natural map
" ~
TN (SR T) = To(Qy)
corresponding to a Jy(Q,)-torsor over Ylb{ that above any geometric point para-
metrizes quasi-isogenies between A[p™] and Xy respecting the extra structures.

Remark 1.14. Here, W{’mét is the pro-étale fundamental group introduced
in [BS15]. For normal schemes, it agrees with the usual profinite étale funda-
mental group of SGA1. However, Newton strata are usually not normal, and
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in fact the homomorphism to J,(Q,) often has noncompact image. For exam-
ple, if b is basic, then the image is a discrete cocompact subgroup of J,(Q,),
related to the p-adic uniformization of the basic locus as in [RZ96]. Thus, the
formalism of wlpmét is crucial for this statement.

Restricted to the leaf €}, C .72 (the set of points where A[p>°] = X,), the
map 71 (€5, ) = Jp(Qp) takes values in a compact open subgroup of J,(Q,) and
then corresponds to the tower of finite étale covers — % considered

by Mantovan.

ant,m

There is a close relation between the fibres of 7z over points in ﬁqu u and
the perfect schemes Ig?; note, however, that the former are of characteristic 0
while the latter are of characteristic p. Roughly, one is the canonical lift of
the other, except for issues of higher rank points. In any case, one gets the
following cohomological consequence.

THEOREM 1.15. Let T be any geometric point of ﬁbe,M C Flgy. For any
L # p, there is an isomorphism

(Rrpr7./0" L)z = RT(1gb, 7./ 4" 7)
compatible with the Hecke action of G(A%).

We recall that the alternating sum of the Qp-cohomology of Igusa varieties
has been computed by Sug Woo Shin, [Shi09], [Shil0]. His results are presented
in Section 5 and combined with the (twisted) trace formula.

The final ingredient necessary for the argument as outlined above is that
Rmpr.Fy is perverse. Obviously, Rmyr.F, should be constructible with respect
to the stratification

Flan= || Z,
beB(G,u—1)

However, as the strata are amorphous, it is technically difficult to define a
notion of perverse sheaf in this setup. We content ourselves here with proving
just what is necessary for us to conclude. Specifically, we will prove that the
Kp-invariants of the nearby cycles of Rryr.[F, are perverse for any formal
model of Z#lg, and sufficiently small compact open subgroup K, C G(Q,).
Choosing these formal models correctly will then make it possible to deduce
that the cohomology is concentrated in one degree on the largest stratum where
it is nonzero.

Remark 1.16. Heuristically, the reason that Rmgr.[F, is perverse is that
mgr is simultaneously affine and partially proper (i.e., satisfies the valuative
criterion of properness). In classical algebraic geometry, this would mean that
mgr is finite, and pushforward along finite morphisms preserves perversity. In
general, partially proper implies that Rmgr. = Rmgr, so assuming that there
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is a Verdier duality that exchanges these two functors, one has to prove only
one of the two support inequalities defining a perverse sheaf. This inequality is
precisely Artin’s bound on the cohomological dimension of affine morphisms.

Remark 1.17. The fact that the closure relations are reversed on the flag
variety is critical to our strategy. Namely, our assumption on py, ensures that
the cohomology should be “maximally ordinary,” and this makes it reasonable
to hope that everything comes from the p-ordinary locus. In our setup, the
p-ordinary locus inside the flag variety is the closed stratum and 0-dimensional.
In the naive moduli space of p-divisible groups, the p-ordinary locus would be
open and dense (cf. [Wed99]), and the inductive argument outlined above would
stop at the first step.

Remark 1.18. Recently, L. Fargues, [Farl6], has conjectured that to any
local L-parameter, there is a corresponding perverse sheaf on the stack Bung
of G-bundles on the Fargues-Fontaine curve, thus realizing the local Lang-
lands correspondence as a geometric Langlands correspondence on the Fargues-
Fontaine curve. We conjecture that the perverse sheaves Rmpr.Q, on Fla
are related to these conjectural perverse sheaves on Bung via pullback along
the natural map /g, — Bung, by some form of local-global compatibility.
In the Harris-Taylor case, one can be more explicit, and this was the subject
of [Sch1l].
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Notation and conventions. A non-archimedean field K is a topological
field whose topology is induced by a continuous rank 1 valuation (which is
necessarily uniquely determined, up to equivalence). We denote by O C K
the subring of powerbounded elements, which is the set of element of absolute
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value < 1 under the rank 1 valuation. If, in the context of adic spaces, K
is equipped with a higher rank valuation, we denote by K+ C Ok the open
and bounded valuation subring of elements that are < 1 for this higher rank
valuation.

We have tried our best to make our signs internally consistent, although
the reader may often feel the presence of unnecessarily many minus signs. As
regards slopes, we observe the following. We use covariant Dieudonné theory.
Usually, this sends Q,/Z, to (Z,, F' = p) and ppe~ to (Z,, F' = 1); this is,
however, not compatible with passage to higher tensors. The underlying reason
is that in the duality between covariant and contravariant Dieudonné theory,
there is an extra Tate twist; for this reason, we divide the usual Frobenius by p,
which gets rid of this Tate twist. Thus, the covariant Dieudonné module for
ppee is (Zp, F = p~1) in our setup, and one sees that the Frobenius operator
does not preserve the lattice; in general, the associated Dieudonné module
will have slopes in [—1,0]. However, in the passage from isocrystals to vector
bundles on the Fargues-Fontaine curve, the isocrystal (Q,, F = p™1) is sent to
the ample line bundle O(1), so the slope changes sign once more, and in the
end the usual slope of a p-divisible group agrees with the slope of the associated
vector bundle on the Fargues-Fontaine curve. We feel that any confusion about
signs on this part of the story is inherent to the mathematics involved.

As regards cocharacters (and associated filtrations), we have adopted what
we think is the standard definition of the cocharacter ; = up corresponding to
a Shimura datum {h}; for example, in the case of the modular curve, u(t) =
diag(t, 1) as a map G,,, — GLg. This has the advantage of being “positive,” but

—! instead;

the disadvantage that virtually everywhere we have to consider u
e.g., with this normalization, it is the set B(G,u~!) that parametrizes the
Newton strata. We feel that on this side of the story, it might be a good idea

to exchange p by p~', but we have stuck with the standard choice.

2. Refining the Hodge-Tate period map

In this section, we work with a general Shimura variety of Hodge type and
we prove that the Hodge-Tate period map from the corresponding perfectoid
Shimura variety factors through the expected flag variety.

2.1. Recollections on the Hodge-Tate period map. Let (G, X) be a Shimura
datum, where X is a G(R)-conjugacy class of homomorphisms

h: Res(c/RGm — GRg.

Recall that (G, X) is a Shimura datum if it satisfies the following three condi-
tions:
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(1) Let g denote the Lie algebra of G(R). For any choice of h € X, its compo-
sition with the adjoint action of G(R) on g determines a Hodge structure
of type (—1,1),(0,0),(1,—1) on g.”

(2) h(i) is a Cartan involution of G*4(R).

(3) G has no factor defined over Q whose real points form a compact group.

The second condition implies that the stabilizer of any h is compact modulo
its center.

A choice of cocharacter h determines, via base change to C and restriction
to the first G,, factor, a Hodge cocharacter u : G,, — G¢. This allows us to
define two opposite parabolic subgroups:

td L . .
Py = {g €G] th_)rgo ad(u(t))g exists}
and

P,:={g €| }gr(l) ad(u(t))g exists}.

The Hodge cocharacter p defines a filtration on the category Rep¢(G) of finite-
dimensional representations of G on C-vector spaces. Indeed, the action of Gy,
on Repe(G) via p induces a grading on Repe(G), and we take Fil®*(u) to be
the descending filtration on Repc(G) associated with this grading. Concretely,
Fil?(u) is the direct sum of all subspaces of type (p/,q’) with p’ > p. The
parabolic Pstd can equivalently be defined as the subgroup of G stabilizing
Fil*(p). The opposite parabolic P, can be defined as the stabilizer of the
opposite, ascending filtration Fils(p), where Fil,(p) is the direct sum of all
subspaces of type (p/,¢’) with p’ < p. Both conjugacy classes of parabolics are
defined over the reflex field £ of the Shimura datum, which is the minimal
field of definition of the conjugacy class {u}. Note that

M,, := Centg(p)

is the Levi component of both parabolics.

The two parabolics determine two flag varieties FlsGt’CL and Flg , over E
parametrizing parabolics in the given conjugacy class. The choice of a base
point h allows us to identify FISCE{L (C) ~ G(C)/Pstd (C). There is an embedding

&X%H%@L

called the Borel embedding, defined by h — Fil®(up). It is easy to see that the
Borel embedding is holomorphic. (There is also an embedding

X <= Flg ,(C),

"Here, an action of C* on a C-vector space is said to be of type {(p:,q;)} if the vector
space decomposes as a direct sum of subspaces on which the action is through the cocharacters
zy z  PizTA,
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which is antiholomorphic, defined in the natural way from the opposite filtra-
tion File(p).)
Let K C G(Ay) be a compact open subgroup. Let

Sk (C) == GQ\(X x G(Af)/K).

When K is neat (so, when K is small enough), Sk (C) has the structure of an
algebraic variety over C (by a theorem of Baily-Borel) and has a model Sk
over the reflex field £ [Mil90].

Ezample 2.1.1. Let g > 1, and let

g

(Vo) = (Q%, ¢ ((aq), (b)) = Y _(aibgri — agribi))

=1

be the split symplectic space of dimension 2g over Q. Let G = GSp(V,1). The
hermitian symmetric domain X is the Siegel double space. Fix the self-dual
lattice A = Z29 in V. For every h € X, the Hodge structure induced by py,
on V has type (—1,0),(0,—1) and V(=10 /A is an abelian variety over C of
dimension g.

For K C G(A £) aneat compact open subgroup, the corresponding Shimura
variety S 7 1s the moduli space of principally polarized g-dimensional abelian
varieties with level-K-structure. It has a model over the reflex field Q. It
carries a universal abelian variety A and a natural ample line bundle w given
by the determinant of the sheaf of invariant differentials on A. The flag variety
Fléy i parametrizes totally isotropic subspaces W C V.

We say that a Shimura datum is of Hodge type if it admits a closed embed-
ding (G, X) < (G, X) for some choice of Siegel data (G, X). A consequence of
this is that the associated Shimura variety Sk (for some neat level K) carries
a universal abelian variety, which is the restriction of the universal abelian
variety over S - Ome can regard Sk as a moduli space for abelian varieties
equipped with certain Hodge tensors; cf. below.

Let (G, X) be a Shimura datum of Hodge type, and let (G, X) be a choice
of Siegel data for which there exists an embedding (G, X) < (G, X). Fixing

such an embedding gives rise to closed embeddings Flgf) — Flgts). By [DelT1,

Prop. 1.15], there exists some compact open subgroup K C G(Af) with K =
KNG(Ay) such that there is a closed embedding of the corresponding Shimura
varieties over F,

SK‘—>SR®QE.

Let p be a prime number. We will consider compact open subgroups of
the forms K = K? x K, C G(A?) x G(Qp), where K? and K, are compact
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open. Fix a place p of £ above p. Let #q , be the adic space associated with
Flg,, ®g Ey. The following is part of Theorem IV.1.1 of [Sch15a}.8

THEOREM 2.1.2.

(1) For any sufficiently small tame level KP C G(A?), there exists a perfectoid
space Sir over Ey, such that

Skv ~ @(SKPKP ®F Ep)ad.
Kp

(2) There ezists a G(Qp)-equivariant Hodge-Tate period map
THT : SKp — 97*/2.

(3) The map wyr is equivariant with respect to the natural Hecke action of
G(A%) on the inverse system of Sk and the trivial action of G(A%) on
ﬂﬁéﬁ.

Recall that the Hodge-Tate period map, [Sch15a], [SW13], has the follow-
ing description on points: for A/C an abelian variety of dimension g, the Tate
module of A admits the Hodge-Tate decomposition:

0 — (Lie A)(1) = TpA ®z, C — (Lie A¥)" — 0.

A point x € Sg kr(C,CT) corresponding to A/C together with a symplectic
isomorphism T, A = Z29 (and extra structures) is mapped to the point g7 ()
€Flg ;(C, C7) corresponding to the Hodge-Tate filtration Lie(A)cC C?9.

We note that one can think of the Hodge-Tate period map as a p-adic
analogue of the Borel embedding. The goal of this section is to prove the
following theorem.

THEOREM 2.1.3.
(1) The Hodge-Tate period map for Sk» factors through Flg ., and the result-

mng map
THT : SKp — fﬁgw
is independent of the choice of embedding of Shimura data.
(2) Fix some p in the given conjugacy class, defined over a finite extension of

E. The tensor functor from Rep M, to G(Q,)-equivariant vector bundles
on Skr given as the composition

fp : Rep M, — Rep P, — {G(Qp)—equivariant vector bundles on F#q ,}

RN {G(Qp)—equivariant vector bundles on Sk»}

8The setup is slightly different, but the proof works verbatim.
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s isomorphic to the tensor functor

foo : Rep M, — Rep P;td — {automorphic vector bundles on Sk}

— {G(Qp)—equivariant vector bundles on Sk»}.

The isomorphism is independent of the choice of Siegel embedding and
equivariant for the Hecke action of G(A?).

Remark 2.1.4. One may avoid choosing p by replacing Rep M,, with the
category of G-equivariant vector bundles on the space of cocharacters in the
conjugacy class of u. Note that after fixing any pu, this space identifies with
G/M,, and so G-equivariant vector bundles are identified with representations
of M,,. We leave it as an exercise to the reader to reformulate the theorem and
its proof in this more canonical language.

Let us first recall how the tensor functor f. is defined: any representation
§ of M), determines a representation of Pﬁtd by making the unipotent radical
act trivially. Now, starting with a representation of Pﬁtd, we can define an
automorphic vector bundle on Sk as in Section IIT of [Mil90], provided that
the level K is sufficiently small: first, there is an equivalence of categories

§ = W(E)

between RepC(PEtd) and the category of Gg-equivariant vector bundles on
Flscfflu. (The functor in one direction is taking the stalk of the vector bundle
above the point corresponding to p.) Then restriction along the image of the
Borel embedding gives a G(R)-equivariant vector bundle on X. Passing to the
double quotient defining the Shimura variety

Sk(C) =G(Q)\ (X x G(Af)/K)
over C defines the automorphic vector bundle

V(€)== G(Q) \ (W(E) x G(Af)/K).

The automorphic vector bundles V(&) are algebraic and, when the representa-
tion ¢ is defined over a finite extension E’ of E, V(&) is also defined over E’.

Remark 2.1.5. Proving that the automorphic vector bundles descend to
the reflex field makes use of an intermediate algebraic object between Sk and
F ISthL, called the standard principal bundle (see Section IV of [Mil90]), which
is a G-torsor over Sk. See the proof of Lemma 2.3.5 for more details.

In particular, f, is defined in an analogous way to f, except that it uses
the Hodge-Tate period map in place of the Borel embedding. The appear-
ance of the opposite parabolic P, in this picture forces one to look only at
representations inflated from the common Levi M,,.
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2.2. The p-adic-de Rham comparison isomorphism. For an abelian vari-
ety over C, its image under the Hodge-Tate period map is determined by the
Hodge-Tate filtration on Hélt(A, Qp) ®q, C. The Hodge-Tate period map as a
map of adic spaces Sg»r — f£@7~ is defined via a relative version of the Hodge-
Tate filtration, which is a filtration on the local system given by the p-adic étale
cohomology of the universal abelian variety over Sk, tensored with the com-
pleted structure sheaf of the base. In fact, the Hodge-Tate filtration is defined
more generally; see Section 3 of [Sch13d] for a construction of the Hodge-Tate
filtration for a proper smooth rigid-analytic variety over a geometric point.

As we will need to work with higher tensors in our analysis of Hodge type
Shimura varieties, our goal in this section is to give a construction of the relative
Hodge-Tate filtration in the case of a proper smooth morphism 7 : X — S of
smooth adic spaces over Spa(K, Ok ), where K is a complete discretely valued
field of characteristic 0 with perfect residue field k of characteristic p. This
will be done in a way that also clarifies its relationship to the relative p-adic-
de Rham comparison isomorphism.

The following sheaves on X, are defined in [Schl3c]: the completed
structure sheaf @X, the tilted completed structure sheaf @Xp,, the relative
period sheaves IB%:{R y and Bgr x as well as the structural de Rham sheaves

OIB%;;R y and OBgr x. We recall some of their definitions: the tilted integral

+
XP
of (’);} /p with respect to the Frobenius morphism).

structure sheaf OF, is the (inverse) perfection of @} /p (i.e., the inverse limit

Definition 2.2.1.
(1) The relative period sheaf IBBCTR’ y is the completion of W(@;b)[l /p] along
the kernel of the natural map 6 : W(@}b)[l/p] — Oy.

2) The relative period sheaf Byg_ x is B —11, where ¢ is any element that
; dR,X
generates the kernel of 6.

Lemma 6.3 of [Sch13c] shows that £ exists pro-étale locally on X, is not
a zero divisor and is unique up to a unit. Therefore, the sheaf Byr x is well
defined. When X = Spa(C, O¢), we recover Fontaine’s period ring Bqg ¢ from
this construction. By construction, the relative period sheaf Bqr x is equipped
with a natural filtration Fili]B%dR x = §iIB%IR7 » With grOIB%dR v =0x.

We define the sheaf OIBXR y as the sheafification of the following presheaf.
If U = Spa(R, R") is affinoid perfectoid, with (R, R") the completed direct
limit of (R;, Rj), the presheaf sends U to the direct limit over ¢ of the com-
pletion of

(R ©wmW (R)) [1/p]
along ker 6, where
0 : (Rf ©w W (R)[1/pl = R
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is the natural map. We set OBgr x := (’)IB%;R X[gfl] as before. The structural

de Rham sheaves (’)IB%((;{) are equipped with filtrations and connections
+ +
VOB ¢ = 0BGy @0y k.

We have an identification (OIB%SE))VZO = IB%E;PF{).
We now recall the relative p-adic-de Rham comparison isomorphism for a
proper smooth morphism 7 : X — S of smooth adic spaces over K.

THEOREM 2.2.2 ([Sch13c, Th. 8.8]). Assume that R'm.JF, is locally free
on Sprost for all © > 0.2 Then, for all i >0, Riw*zp is de Rham in the sense
of [Sch13c, Def. 7.5], with associated filtered module with integrable connection
given by R'mqr«Ox (with its Hodge filtration, and Gauss-Manin connection).
In particular, there is an isomorphism

Rm.Zy x ®7, 5 OBar,s ~ R'Tar«Ox ®04 OBar.s
of sheaves on Sproet, compatible with filtrations and connections.

Moreover, we need to recall the two different IB%CTR—local systems associated
with R'm,Z,. The first one, which is closely related to étale cohomology, is
given by

_ pi_ 7 + ~ pi +
M= R'mZpx @  Bigs= RmBag x-
The other one, which is closely related to de Rham cohomology, is given by
My = (R'mar«Ox ®05 OB ¢)V =0

Note that the definition of My did not make use of the Hodge filtration. The
relation between these two lattices is given by the following proposition, which
reformulates the condition of being associated.

PROPOSITION 2.2.3 ([Sch13c, Prop. 7.9]). There is a canonical isomor-
phism
M ®@g+ Bgr,s = Mo Qp+  Bgr,s.

dR,S dR,S

Moreover, for any j € Z, one has an identification
(M N FilVMy) /(M N FilV M) = (Fil 7 R'mqr.Ox ) @05 Os(5)
C gI‘jMo = Riﬂ'dR*OX Rog @5(])

In particular, My C M.

9This condition is verified if m is algebraizable and has been announced in general by
Gabber. Another proof will appear in a forthcoming version of [Weil4]; the idea is to use
(the new version of) pro-étale descent to reduce to the case where S is w-strictly local, in
which case one can redo the finiteness argument over a geometric point. With Q,-coefficients,
it has also been announced by Kedlaya-Liu.
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In particular, we get an ascending filtration on
0 A N
gr'M = R'm7Zy, x ®%,.5 Os
given by
Fil j(R'mZyx ®; _Os) = (MNFiVMp)/(Fil'M N Fil/M).
P,

Here, Fil_; = 0, and Fil; is everything. We call this filtration the relative
Hodge-Tate filtration.

COROLLARY 2.2.4. For all j > 0, there are canonical isomorphisms
gt (Rimlyx ®;  Os) = (g1! R'map.Ox) ®o5 Os(—j)-

Proof. This is immediate from Proposition 2.2.3 by passing to graded
pieces. O

In particular, one sees that
Fﬂo(RiTr*ZnX ®ZP s @s) = Riﬂ'*OX Rog @S-
This map can be identified.

PRrOPOSITION 2.2.5. The first filtration step Filg of the relative Hodge-
Tate filtration is given by the natural map

Rim(’)x 04 @S — Riﬂ’*@x = Riﬂ’*sz ®s @S,
b} P,S
which is injective.

We note that in [Schl5a], only the first step of the Hodge-Tate filtration
was used (for ¢ = 1), and it was defined as the natural map

Rim.Ox ®og @5 — Riﬂ'*@x.

Proof. We have to identify the image of My — gr’™. This can be done
after @p+ S(’)B(J{R g, as this operation preserves gr’. Now note that
dR, ’

Mo ®py. OBjp s = R'mar«Ox ®o5 OBJg g

and
Meg: OBJi ¢ = R'mar-OBYy y,
by the relative Poincaré lemma. The map My — M is induced by the natural
inclusion Ox — OIBIR’ y» Which commutes with the natural connections.
Passing to gr’ on the side of M replaces the relative de Rham complex of
OIB%:{R’ y with just Ox, as the differentials sit in positive degrees. We note that
the composite Ox — OBIR, x = Ox is the natural inclusion, as

Ox =g’ OB, y = (Ox @y W(OF,))/(ker ),
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using the map 6 : Ox Q) W(@;b) — Ox, which is Ox-linear. It follows
that the map

+ 0
M ®B§R,s OBjr ¢ — gr'M
agrees with the map
Ride*OX ®OS O]B(—;R,S — le*@X

which projects R’ far.Ox — R'f.Ox — R'f.Ox and then extends OBJj ¢-
linearly. Thus, its image is given by the image of R’ f,Ox ®og Os — R f,0x.
By the identification of the graded pieces of the relative Hodge-Tate filtration,
this map has to be injective, giving the result. O

2.3. Hodge cycles and torsors. Let
(G, X) = (G, X)

be an embedding of Shimura data, as in the previous section, where G =
GSp(V,v). Let

Ve .— @ Ve ® (VV)®8.
r,seN
By Proposition 3.1 of [DMOS82], the subgroup G of G is the pointwise stabi-
lizer of a finite collection of tensors (s,) C V&.
As above, the embedding of Shimura data determines an embedding of
Shimura varieties defined over F:

SK‘—>»§[(®QE-

Let A be the abelian scheme over Sk obtained by pulling back the universal
abelian scheme over the Siegel moduli space. Let 7w : A — Sk be the projection.
The first relative Betti homology of A, i.e., the dual of R'72"Q, defines a local
system of Q-vector spaces Vp on Sk (C). Since the Betti cohomology of an
abelian variety parametrized by X x G(A¢)/K gets identified with V', Vg can
be identified with the local system of Q-vector spaces over Sk (C) given by the
G(Q)-representation V' and the G(Q)-torsor

X x G(Af) /K = GQ\(X x G(Af)/K) = Sk(C).

Corresponding to the G(Q)-invariant tensors (s, ), we get global sections (sq,p)
C Vg. Moreover, these are Hodge tensors for the Hodge structure on Betti
homology, since they are G-invariant and, in particular, invariant under the
action of any h € X.

LEMMA 2.3.1. The G(Q)-torsor
X x G(hp)/K = G@\(X x G(hy)/K) = Sk(C)
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can be identified with the G(Q)-torsor sending any U C Sk (C) to

{B:V xU=Vgly | B(sa) = Sa,B}-

Proof. This follows from the fact that G C GL(V) is the closed subgroup
that is the stabilizer of the s,. O

Now assume that (G, X) < (G, X’) is a second symplectic embedding,
where G/ = GSp(V”,1)). As for any representation of G, there is a G-invariant
idempotent e € V® such that V' = eV®. Using e, any G-invariant tensor
s, € (V)® can be transferred to a G-invariant tensor in V®. Moreover, one
also has an identification

Vi = eVy,
compatibly with their natural Hodge structures. We will generally assume that
e belongs to the family s, by adjoining it if necessary.

Let Vg = (R'7qr«O.4)Y be the first relative de Rham homology of A.
This is a vector bundle over Sk equipped with an integrable connection V.
The base change to C can be defined directly: We have to specify an analytic
vector bundle Vi o over Sk (C), which corresponds to the algebraic vector
bundle Vgr c. (Here, we make use of the equivalence of categories between
algebraic vector bundles equipped with a flat connection with regular singular
points and analytic vector bundles equipped with a flat connection [Del70].)
Then the relative de Rham comparison isomorphism over C gives rise to an
isomorphism

Vir,c = Vs ®0 Os,(0);
compatible with the connection.

In particular, the global sections (sq,5) C V5 give rise to horizontal global
sections (Sq.dr) C (Vgﬁ,c)@)a which are necessarily algebraic, i.e.,

(Soz,dR) - V(?R(C'

The following lemma appears in work of Kisin [Kis10], based on Deligne’s result
that Hodge cycles on abelian varieties are absolute Hodge, [DMOS82].

LEMMA 2.3.2. The tensors sq dr in VSQRC are defined over E.

Proof. We sketch Kisin’s proof here. We work with each connected com-
ponent of Sk individually. Let x be the generic point of one such component,
with function field k (containing E), and choose a complex embedding of its
algebraic closure & — C. Let A, be the corresponding abelian variety over k.
Let sq.p . be the fiber of s, g over z. Let sqarz € Hig(Az)® ®, C be the
image of s, . under the de Rham comparison isomorphism. (This is also the
fiber of sq.ar over z.) Let a2 € HY (Az i, Qp)® be the image of s, g, under
the comparison between Betti and p-adic étale cohomology.
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Note that by definition (Sq,dRr,z;Sape) is @ Hodge cycle. By Deligne,
[DMOS82], it is an absolute Hodge cycle. This means that s, qr, is defined
over R, and it remains to show that the action of Gal(k/k) on it is trivial. For
this, it is enough to check that the Gal(k/k)-action on s, p, is trivial, since a
Hodge cycle is determined by either its de Rham or étale component.

For this latter statement, consider the f(p—torsor over Siegel moduli space
given by @ i S RPR); where f(;) runs over open compact subgroups of f(p.

Fixing a k-point Z of this tower above x, the Gal(%/r)-action on H} (Az.z, Qp)

is induced by the map Gal(k/k) — K, describing the action on Z. There

is an analogous K,-torsor over Sk defined by l'&lK/ Skr K- This fits into a
P

commutative, Kj,-equivariant diagram

Skr — S'Kp

||

SK —_— Sf{.

Taking for 7 a lift to Sk», we see that the action of Gal(i/k) on Hi (Azz, Qp)
factors through a map

Gal(k/k) = K, C G(Qy).

Since the tensors sq p . are G(Qp)-invariant, the Galois action on these tensors
is trivial as well. ([

Remark 2.3.3. If (G,X) — (G',X’) is a second symplectic embedding
with G’ = GSp(V’,¢’), and e € V® is an idempotent with V/ = eV ®, as above,
then applying Lemma 2.3.2 to the embedding G < GSp(V & V', ¢ @& '), one
sees that the isomorphism

/ ~ [
Vir,c = €drVar ¢
is defined over E.

There is also a Q,-local system V, over Sk defined by restricting to Sk
the first relative p-adic étale homology of the family A. There are families of
Hodge tensors (sq,p) C VI;@ coming from the comparison between Betti and
p-adic étale homology (over C). By the argument in Lemma 2.3.2, the s, , are
also defined over the reflex field E.

Choose a cocharacter p in the conjugacy class X, which is defined over
some finite extension E'/E. We will base change everything to E’ from now
on, but drop E’ from our notation. Recall that Pjtd can be identified with the
parabolic subgroup of G that stabilizes the descending filtration induced by
w on a faithful representation V' of G. We can define a Pjtd—torsor Par over
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Sk as the torsor of frames on the vector bundle V4g that respect the Hodge
filtration. More precisely, for any U C Sk, we have

PdR(U) = {ﬂ : VdR‘U SV 0¥0) Oy ‘ 5(8047(1[{) = S5, ® l,ﬂ(Fﬂ.) = Fﬂ;},

where Fil* on V4r is the Hodge filtration and F il; on V is the descending
filtration defined by u. The existence of one such isomorphism S follows from
the fact that the comparison between Betti and de Rham cohomology respects
the Hodge filtrations and matches the Hodge cycles s, with s, qr.

LEMMA 2.3.4. The P/jtd—tarsor Par over Sk is independent of the choice
of symplectic embedding G — GSp(V, ).

Proof. Considering a second symplectic embedding G < GSp(V’, '),
there is a G-invariant idempotent e € V® such that V' = eV®. This de-
termines a Hodge tensor ep in Vg, and by Lemma 2.3.2 a tensor eggr in V?R.
This defines an isomorphism of vector bundles Vip =~ edRfo’R by Remark 2.3.3,
which respects all the Hodge tensors s, qr and which respects the Hodge fil-
tration on the two vector bundles (because eqr is a Hodge tensor). This gives
a map of P;td—torsors Par — Plr, and any such map is an isomorphism. [

From the above Pjtd—torsor Par and from the projection P, — M, we
get an M,,-torsor Mggr over Sk via pushout:

MdR = PdR Xpﬁtd M#.

Since Pyr is independent of the choice of symplectic embedding, so is Myg.
This M,,-torsor corresponds to trivializing the graded pieces of the Hodge fil-
tration on Vygr individually. By the Tannakian formalism, Mgg is equivalent
to a functor from finite-dimensional representations of the Levi subgroup M,
to vector bundles on Sk.

LEMMA 2.3.5. The M, -torsor Mqr encodes the tensor functor
foo : Rep M, — {automorphic vector bundles on Sk}
in the statement of Theorem 2.1.3.

Proof. By construction, the tensor functor corresponding to Mgg factors
through the inflation map Rep M,, — Rep Pstd.

It remains to see that the functor corresponding to P/jtd maps a represen-
tation of Pﬁtd to the associated automorphic vector bundle on Sg. This is es-
sentially the definition of automorphic vector bundles, as given by [Mil90]. For
this, note that Pyr and the map Pﬁtd — G define by pushout a G-torsor Gqr
over Sk, which parametrizes frames of V4gr respecting the Hodge tensors s, gr
(but not necessarily respecting the Hodge filtration). This is what Milne calls
the standard principal bundle. Since it was constructed from a Pﬁtd—torsor,
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G4r is equipped with a canonical map to the flag variety Flsc'jfiu ~ G/P,. We
have a diagram

Sk Gar FIZS,.

Proposition 3.5 of [Mil90] proves that automorphic vector bundles are obtained
by pullback from Flg , to Gar followed by descent to Si. We note that Theo-
rems 4.1 and 4.3 of [Mil90] show that the diagram is algebraic and has a model
over the reflex field F. O

We now work with the local system V, determined by the relative p-adic
étale cohomology of A. This is a local system of Q,-vector spaces over Sk.
@fter pulling it back to the adic space Sk, we can think of it as a locally free
Qp-module on (Si)prost-

Regard P, as a group object in the pro-étale site of Sk by sending U to
P,(Os, (U)); we emphasize that we are using the completed structure sheaf
in this definition. We can now define a P,-quasitorsor &2, on the pro-étale
site of Sk from the Hodge-Tate filtration on V), ®@p @SK as follows. For U in

(SK)proét> set

Zp(U) = {8 :Vp @, Osiclv =+ V ®g Osclu | Blsap ® 1)
= $o ® 1, B(Fils) = File(1)},

where Fily on V, ® @SK is the relative Hodge-Tate filtration and File(p) is the
ascending filtration determined by p on V.

LEMMA 2.3.6. The object &), over Sk 1is a P,-torsor.

Proof. Similarly to &), one can define a G-quasitorsor ¥, over the pro-
étale site of Sk, by removing the condition on filtrations. The latter is the
pushout of a G(@p)—torsor on the pro-étale site of Sk given by looking at
isomorphisms between V, and V ®q, Qp respecting all tensors. This is a
torsor since, for example, it admits a global section over the perfectoid Shimura
variety Sk». In order to prove that &7, is a torsor, we note that the type of the
Hodge-Tate filtration on V), ®g, @SK is a discrete invariant, so it is constant on
each connected component of Si. Therefore, it suffices to check the statement
above classical points.

Thus, let © € Sk (L, Or) be a point defined over a finite extension L of E,
with completed algebraic closure C'. We may pick a point of Myr(C) above z,
which amounts to trivializing all Hodge cohomology groups (compatibly with
the tensors). Then the Hodge-Tate decomposition reads

Vpa ®q, C 2PV, @ C(—j) =V aC,
j
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where V' = @;V; is the weight decomposition according to the action of u,
and we are using any fixed choice of p-power roots of unity in C' in the second
isomorphism. Under this isomorphism, the Hodge-Tate filtration on the left-
hand side is taken to File(u1), as desired.

The fact that s, can be identified with s, under the Hodge-Tate isomor-
phism is proved in [Bla94]. O

As before, this torsor is independent of the choice of symplectic embed-
ding.

LEMMA 2.3.7. The P,-torsor &) is independent of the choice of symplec-
tic embedding.

Proof. This uses the same idea as the proof of Lemma 2.3.4. Let (V)
be a symplectic embedding of G, which defines the P,-torsor &,. For another
symplectic embedding G' — GSp(V’,¢’), we define a P,-torsor &7, analogously.
We can relate the two symplectic embeddings given by (V,1) and (V') via
a G-invariant idempotent e € V®, with p-adic realization e, € VI(?. The tensor
ep defines an isomorphism of vector bundles

Vll) ® @SK ~ ep(Vf’ ® @SK),

which matches the tensors s, , € V,;® with tensors in V.

Moreover, e, respects the Hodge-Tate filtration on the two vector bundles.
Indeed, e, is the image of eqr under the p-adic-de Rham comparison isomor-
phism. At points of Sk corresponding to abelian varieties defined over number
fields, this follows from [Bla94]. Since both e, and eqr are horizontal sections,
the result extends over all of Sk after checking it at such a point in every con-
nected component of Si. The definition of the relative Hodge-Tate filtration
in terms of the p-adic-de Rham comparison isomorphisms then ensures that e,
respects the Hodge-Tate filtration, and the isomorphism induced by e, gives a
map of P,-torsors &, — @I’,, which has to be an isomorphism. O

The P,-torsor &7, defines a G-torsor ¥, by inflation along the map P, —G.
For any U € (Sk)prost,

G (U) = {B:V, ®g, Osiclv =V ®g Osclv | Blsap ®1) = sa @ 1}.

The perfectoid Shimura variety Sg» can be regarded as a K-torsor in (Sk )proct -
From the moduli description of Sk», we see that ¥,(Sk») has a canonical sec-
tion, given by the trivialization of the p-adic Tate module of the universal
abelian variety A over Sk», which by definition respects the tensors (sq,p).

The map P, — M, defines an M,-torsor .#, by pushout. This can be
described as a sheaf on (Sk)pro¢t as follows:

My(U) = {5 : gre(Vy@Osye )l = gra(1)(V @0, Osy)|v | B(sap®1) = sa@1}.
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As in the complex case, the existence of &7, determines a map ¥, — Fq .,
which is independent of the choice of symplectic embedding G < GSp(V, )
by Lemma 2.3.7. Here, we abuse notation by writing %/, for the sheaf on
(SK)pro¢t sending U to Fg ,(U). This and the given section of ¢,(Sk») define
an element of #q ,,(Sk»), i.e., a map of adic spaces

THT : SKp — yfg#.
By functoriality of this construction (for G' and for G := GSp(V,)), we have

the commutative diagram of adic spaces

SKP E— Sf(p

|

Tl —— Tl .

Therefore, the Hodge-Tate period map for Sk» factors through this canonical
map Skgr» — FLq . This proves the first part of Theorem 2.1.3.

The second part of Theorem 2.1.3 will follow from the next lemma and
from the comparison isomorphism between de Rham and p-adic étale co-
homology.

LEMMA 2.3.8. The M,-torsor .#, encodes the tensor functor

fp : Rep M, — {G(Q,) — equivariant vector bundles on Sk»}
in the statement of Theorem 2.1.3.

Proof. This is immediate from the definitions. [l

We now compare the two M,-torsors, Mgr and .#,. For this, we first
consider a Pitd—torsor Par over Sk, which will be the sheaf on (Sk)prost
defined by

Zar(U) = {8 : Var ®0s, Oslv =V &g Osylv | B(saar ® 1)

= 54 ® 1, B(Fil*) = Fil*(u)},
where Fil® is the Hodge-de Rham filtration on Vggr. It is easy to see from the
definitions that Z4r is the pullback of Pyr from Sk (ringed with Og, ) to
(SK)pro¢t (ringed with Os,.). We can define .#4qr by pushout. This is also a
sheaf on (Sk)pro¢t, Parametrizing isomorphisms

gr*(Var ® Os,) = gr* (1) (V @ Osy)

that map the tensors s, qr to So. Again, .Zgr is the pullback of Mgr from
SK to (SK)proét-

PROPOSITION 2.3.9. There is a canonical isomorphism Mqr = M, of
M,,-torsors on (Sk)prost, independent of the choice of symplectic embedding.
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Proof. The determinant representation GSp(V,v) — G,, gives rise geo-
metrically to the Tate motive and is independent of the choice of symplec-
tic embedding. Using this, both torsors map to the torsor of trivializations
Os,. (1) = Os,.. Now, for any j € Z, there is the isomorphism

grj (Var ®(95K ©3K) = gr; (Vp ®Qp ©SK )(4)

coming from the relative p-adic-de Rham comparison isomorphism, Corol-
lary 2.2.4. One gets a similar comparison for VSIQR and VZ‘? , and we know
by [Bla94] that all tensors s, qr resp. Sa,p are matched at points defined over
number fields, and thus globally.

Using these isomorphisms as well as the trivialization @SK (1) = @SK, one
writes down the isomorphism .#Zgr = .#,. To check that it is independent of

the choice of symplectic embedding, one argues as before. ([

As mentioned above, Proposition 2.3.9 implies the second part of Theo-
rem 2.1.3, once we use the Tannakian formalism in Lemmas 2.3.5 and 2.3.8 to
reinterpret .#gr and .#, as tensor functors

Rep M,, — {G(Q)) — equivariant vector bundles on Sg»}.

3. The Newton stratification on the flag variety

We start with some motivation. Assume that the Shimura varieties Sg
are of Hodge type and that K = KPK, C G(Ay) is a compact open subgroup
such that K, is hyperspecial. This means that G extends to a reductive group
over Z, and that K, = G(Z,). Then (at least if p > 2) the Shimura variety
Sk admits an integral model .#x by [Kisl0]. Moreover, as in Section 1.4
of [Kisl7], we can define a Newton stratification on the special fiber of .k
in terms of the Kottwitz set B(G,u~!) (whose definition we recall below).
Pulling this stratification back along the continuous specialization map, we
get a stratification on Sk, which in turn can be pulled back to the perfectoid
Shimura variety to get a Newton stratification Skr = | Jpep(a,u—1) Sb.,. There
is a unique closed stratum, corresponding to the basic locus and a unique open
stratum, corresponding to the p-ordinary locus.

Our goal in this section is to define a stratification on the flag variety

b
ng,,LL - |_| ﬂgG’u,
beB(G,u~1)
such that the following properties are satisfied:
(1) on points of rank one, S%, = WﬁlT(fEl(’;#);
(2) all ﬁﬂla ., are locally closed subspaces of the adic space FLq i, in the topo-

logical sense;
(3) the basic stratum is open, and the p-ordinary stratum is closed.
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We will define this stratification independently of the one on the Shimura
variety, using relative versions of the Fargues-Fontaine curve [FF14] and a
classification result for vector bundles with G-structure over this curve, due
to Fargues, [Farl5a]. We will reinterpret vector bundles over the curve as
¢-modules over the Robba ring, a la Kedlaya-Liu [KL15], and use their results
to conclude that the strata we define are locally closed. In Section 4.3, we will
see that this is compatible with the stratification pulled back from the special
fiber, in the sense described above, for compact Shimura varieties of PEL type.

Throughout this section, our notation will be purely local, so fix a prime p
and a connected reductive group G over QQ,. Moreover, we fix a conjugacy class
of cocharacters u : G,, — G@p, defined over the reflex field E/Q,. Often, we
will assume that p is minuscule, meaning that in the induced action on the Lie
algebra of G, only the weights —1, 0 and 1 appear. However, for the moment,
w is allowed to be arbitrary.

3.1. Background on isocrystals with G-structure. We recall here the defi-
nition of the sets B(G) and B(G, p), originally due to Kottwitz [Kot85]. We
start with B(G). Let L := W(F,)[1/p]. Let o be the automorphism of L in-
duced by the pth power Frobenius on I_Fp. There is an action of G(L) on itself
by o-conjugation, defined by g + hgo(h)~! for g,h € G(L). Then B(G) is de-
fined to be the set of o-conjugacy classes of elements b € G(L). (We note that
instead of working with » here, we could work with any algebraically closed
field of characteristic p, as Kottwitz shows that the definition is independent
of this choice.)

One can reinterpret this definition in terms of isocrystals with G-structure.

Recall the following definition.

Definition 3.1.1. An isocrystal over IF‘p is a pair (V, ¢) consisting of a finite-
dimensional L-vector space and a o-linear automorphism ¢ of V. The height
of an isocrystal (V, ¢) is the dimension of V over L.

An isocrystal with G-structure is an exact tensor functor

Repg, G — {Isocrystals JFp 1.

For G = GL,, /Qp, the set B(G) is in bijection with the set of isomorphism
classes of isocrystals of height n over F, via b+ (L™, bo). For general G, this
extends to a bijection between B(G) and isomorphism classes of isocrystals
with G-structure.

The Dieudonné-Manin classification shows that B(GL,) is in bijection
with a corresponding set of Newton polygons, via the slope decomposition of
the isocrystals. More precisely, any isocrystal (V, ¢) over IF‘p is isomorphic to
a unique isocrystal of the form

Ve @)\:S/TEQ V)\@nAa
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where A = s/r runs through rational numbers written in primitive form with
r > 0, the n) are nonnegative integers, almost all zero, and

1
V= | L', o

S

p

The subspaces V/\@"A C V are uniquely determined and referred to as the
subspace of slope A.

For a general reductive group G, an element b € B(G) is determined by a
version of the Newton polygon and an additional finite datum encoded in the
Kottwitz invariant. In the following, fix a splitting of G@p and, in particular,
a maximal torus T C Gg,, and let X,(G) = X.(T) be the corresponding
cocharacter lattice, which comes with a dominant chamber.

Let us first recall the Newton map

v:B(G) = (X.(G)® Q)L

Here, T := Gal(Q,/Q),) is the absolute Galois group of Q,, and (X.(G)®Q)dom
is the set of dominant rational cocharacters. If we let D be the (pro-)algebraic
torus with character group Q, the latter set can be identified with the set of
conjugacy classes of Hom(]D)@p, GQp)’ on which I' acts naturally.

To construct the Newton map, Kottwitz assigns to any b € G(L) a slope
homomorphism v, € Hom(Dy,Gr). In the case of G = GL,, this gives the
slope decomposition of the corresponding isocrystal; in general, it is defined by
the Tannakian formalism. Changing b by a o-conjugate does not change the
conjugacy class of vy, and (thus) this conjugacy class is invariant under o.

However, the Newton map is not, in general, injective. In fact, v} is
trivial if and only if b is in the image of the natural injection H'(Q,, G) <
B(G). Here, one can identify the Galois cohomology group H'(Q,,G) with
the isomorphism classes of exact tensor functors

Repg, G — {Qp—vector spaces}.

Such tensor functors embed fully faithfully into the category of isocrystals with
G-structure, via sending a Q,-vector space W to W ®q, L with the induced
Frobenius from L.

For this reason, Kottwitz also constructs a map

K B(G) — Wl(G@p)p.

For G = GL,,, this map is defined by b — x(b) = val,(detb) € Z. In general,
there is a unique natural transformation B( ) — mi( )r of set-valued func-
tors on the category of connected reductive groups over Q, with this property.
(Kottwitz defines his map in terms of the center of the Langlands dual group.
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See Section 1.13 of [RR96] for more on the definition using the algebraic funda-
mental group.) Again, we abbreviate m(G) = m(Gg,). Moreover, according
to Theorem 1.15 of [RR96], the natural transformation B( ) — m1( )r fits into
a commutative diagram

B(G) —— (X.(G) ® Q)T

J |

m(G)r — m(G' ®Q,

where the lower horizontal arrow is given by averaging over all Galois conju-
gates. Then Kottwitz proves that

(v, %) : B(G) = (Xi(G) ® Qaom x m1(G)r

is injective.

The set (X.(G) ® Q)},,, admits a partial ordering. Under this ordering,
we say that v < v/ if v/ — v is a nonnegative Q-linear combination of positive
coroots. This defines a partial ordering on B(G), where we say b < V' if v, < vy
and k(b) = k(b').

Now, recall that we have fixed a conjugacy class of cocharacters u : G,,, —
G@p. The set of conjugacy classes of cocharacters of G@p is in bijection with
the set X.(G)dom- There is a natural map X.(G)dom — (X«(G)®Q)L,,, given
by averaging over all Galois conjugates:

-
=50 > W

veGal(E' /Qp)
for E' large enough. Let z° be the image of p in 71 (G)r.

Definition 3.1.2. The subset B(G, u) C B(G) of u-admissible elements is

the subset of elements b for which v, < i and k(b) = p’.

In fact, we will really be interested in B(G, u~'), where p~! denotes a
dominant representative of the inverse of u.

3.2. The Fargues-Fontaine curve. The goal of this subsection is to define
the (adic) Fargues-Fontaine curve and discuss some of its properties. For this,
we start with some background on the curve as in [FF14] and [Weil4], and we
then compare with constructions of Kedlaya and Liu [KL15].

Let F be a comﬁlgti algebraically closed nonarchimedean field of charac-

teristic p, e.g., F' = F,((t)). Let O C F be its ring of integers, i.e., the subring
of powerbounded elements. Fix w € F with 0 < |w| < 1; different choices will
give rise to the same objects. First, we define the Fargues-Fontaine curve as
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an adic space. Let
y(O,oo) = Spa(W(OF)v W(OF)) \ (p[w] = 0) )

where W(OpF) is endowed with the (p, [w])-adic topology. As in [Weil4], this
space admits a natural continuous map

Q- y(O,oo) - (07 OO),
sending any point z € V(g0 to

 log|[w](@)]
() = Tog (@)

where Z is the maximal generalization of z, which corresponds to a continuous

€ (0, 00),

rank-1-valuation on W (Op) taking nonzero values on [w] and p. For any
interval I C (0,00), we let Y1 C Ygo0) be the interior of a'(I). In the
following proposition, we use some terminology from [SW13].

PROPOSITION 3.2.1. For any closed interval I = [s,r] C (0,00) with
r,s € Q, the space

V1 = Spa(Ri Rrlerh

s a sheafy affinoid adic space, where Rgff}# is the p-adic completion of the
integral closure of
p ="
W(Op) | ———
( F) [wl/r] Y p
; ; p [wl/s} [S,T‘} — [S,T‘],-i— -
inside W(Op) =i [1/p], and R Ry " [1/p]. More precisely,

RE{;’T] is preperfectoid in the sense that RELE’T]@@QPK is a perfectoid K-algebra

for any perfectoid field K/Q,.
In particular, Y(o,o0) i an honest adic space.

Proof. The identification
Vr = Spa(REﬁ’d,Rgﬁ’TH)

follows from the definitions. By [KL15, Th. 3.7.4], it is enough to show that
RE{?’T] is preperfectoid; cf. [KL15, Th. 5.3.9]. One can also argue as follows.
Let K/Qp, be any perfectoid field. We can consider the auxiliary space Z =
Spa(W(OF)[1/p], W(OF)), where we endow W (Op) with the p-adic topology.
As on Y(g,x), P is topologically nilpotent, one gets a map V(g o) — £, which
is an open embedding, and one can thus consider ); as a rational subset of Z.
As the base change of Z to K is perfectoid, or more precisely W (O F)®ZpK is a
perfectoid K-algebra, and the property of[be}ing a perfectoid K-algebra passes

to rational subsets, one finds that also R ;’T ®@pK is a perfectoid K-algebra.

]



THE GENERIC PART OF THE COHOMOLOGY OF SHIMURA VARIETIES 679

The space )(g,) has an action of ¢, defined by taking the lift of the
Frobenius on Op. This p-action is properly discontinuous, as can be seen by
observing that « is equivariant with respect to the ¢-action if one lets ¢ act
through multiplication by p on (0,00). Therefore, the following definition is
sensible.

Definition 3.2.2. The adic Fargues-Fontaine curve is y Xr = y(o,w)/wz.

After defining the scheme version of the curve, we will discuss more pre-
cisely in which sense this is a curve.

Often, we will be in the situation where we start with a complete alge-
braically closed nonarchimedean field C' over Q,, and take F' = C”, the tilt of C.
In that case, there is a natural map 6 : W (Op) — O¢, which induces a natural
(C, O¢)-point of Vg o), and thus of X, which we denote by oo € Xr(C,O¢).
In fact, oo is a closed point of Xr with residue field C. We will denote the
inclusion

i : Spa(C,O¢) — Xp.

The completed local ring of Xr at oo can be identified with the ring of peri-
ods B(J{RC, which is the ker #-adic completion of W(Op)[1/p]; cf. also Defini-
tion 2.2.1. Note that B§R7C is a complete discrete valuation ring, as expected
for the completed local ring of a curve.

There is a close relationship between vector bundles on Xz and isocrystals.
Recall that L was defined as W (F,)[1/p]. A choice of an embedding F, — Op
gives a structure map Yo o) — Spa(L, Or). If (V, ¢y) is an isocrystal, one can
thus pull it back to a vector bundle on Yo o) with a ¢-linear automorphism;
by descent, this gives a vector bundle on Xr. We denote the resulting functor
by V — E(V).

THEOREM 3.2.3 ([FF14]). The above composition of functors induces a
bijection between isomorphism classes of isocrystals and isomorphism classes
of vector bundles on Xp.

Remark 3.2.4. In fact, Fargues-Fontaine prove this result for the scheme
version of their curve, which we introduce below. However, by a GAGA result
proved in [KL15] and [Farl5b], this is equivalent to the stated result for the
adic curve.

It is important to note that this functor from isocrystals to vector bundles
is not an equivalence of categories; there are nonzero maps between vector
bundles of different slope, in general.

To define a scheme version of the curve, we define a natural line bundle
Ox, (1) on Xp, which we regard as ample.



680 A. CARAIANI and P. SCHOLZE

Definition 3.2.5. For any d € Z, let Oy, (d) be the line bundle correspond-
ing to the isocrystal (L,p~%).

Remark 3.2.6. This construction induces a map Z — Pic Xp. It follows
from Theorem 3.2.3 that this is an isomorphism. Using this identification, one
can define the degree of any vector bundle on X'z by looking at the determinant
line bundle. This gives rise to a notion of slopes of vector bundles and a Harder-
Narasimhan filtration. We warn the reader that if an isocrystal V is sent to
the vector bundle £(V'), then the slopes of V' and £(V) differ by a sign.

Now we define a scheme
Xp = Proj (&420H° (Xp, Ox,.(d))) .

There is a natural map of locally ringed topological spaces Xr — Xp. In par-
ticular, there is a natural functor from vector bundles on Xz to vector bundles
on Xr. This functor is an equivalence of categories; cf. [KL15] and [Farl5b].
The following theorem summarizes some of the properties of Xp.

THEOREM 3.2.7 ([FF14]). The scheme X is a reqular, noetherian scheme
of Krull dimension 1 with field of constants Q. All residue fields of Xr at
closed points are algebraically closed complete extensions C' of Q, with C’"=F.
For any closed point x € Xp, Xp\ {x} is the spectrum of a principal ideal do-
main.

Fargues, [Farlba], has recently extended the classification of vector bun-
dles to a classification of G-bundles for any reductive group G over Q,. As it
is technically easiest for us to do so, we define G-bundles on X (or Xr) using
the Tannakian perspective.

Definition 3.2.8. A G-bundle on X (or Xr) is an exact tensor functor

ReprG — Bunx, = Buny,.

Using the functor from isocrystals over ]Fp to vector bundles on the Fargues-
Fontaine curve, we get a natural functor from isocrystals with G-structure to
G-bundles on Xr. We denote this functor by b +— &.

THEOREM 3.2.9 ([Farlbal). The functor from isocrystals with G-structure
to G-bundles on Xp induces a bijection on isomorphism classes.

In other words, any G-bundle on Xz is isomorphic to & for a unique
b e B(G).

Next, we discuss the relationship between vector bundles on the Fargues-
Fontaine curve and p-modules over the Robba ring. The Robba ring is the
ring of functions defined on a small unspecified annulus Vg ).
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Definition 3.2.10. The Robba ring is the direct limit

R = lim H'(V(o,], Oy, ,y)-

One can make this more explicit; cf. [KL15, Def. 4.2.2]. The space of
global sections R, = H O(y(o,r], Oy) can be identified with the inverse limit of

the Banach algebras 7@55#74] as s runs over (0, r], and thus it acquires a structure

of Fréchet algebra. Let

n>0

Then R} can also be described as the Fréchet completion of

W (OF) <wpl/r> P} = { Z [en]p” | e € F,cnw™™ — O}

b n>—oo

along the norms max,{|c,@™/*|} for s € (0,7]. When 7/ < 7, there is a natu-
ral inclusion map R} — T\’,’I}/ coming from restriction of global sections. The
p-action on Yo o) sends Y, ;) isomorphically to Vi, ,r) and Yo, isomorphi-
cally to V(o pr- Therefore, ¢ induces isomorphisms 7@[;,4 = 7%5?‘/ Pr/Pl and
7~2”F = 7~271;/p , and thus an automorphism of R .

We note that the Robba ring is the ring of functions defined on some
small punctured disc of unspecified radius around the point Spa(F,Op) of

Spa(W (Or), W (OF)).

Definition 3.2.11. A p-module over R is a finite projective R p-module
M equipped with a -linear automorphism.

Remark 3.2.12. As Rp is a Bézout domain (cf. [KL15, Lemma 4.2.6]),
any p-module M is finite free as R p-module.

THEOREM 3.2.13 ([KL15, Th. 6.3.12]). There is an equivalence of cate-
gories

{Vector bundles on Xp} ~ {@—modules over ﬁp} .

The proof is based on the observation that any ¢-module over Ry is
defined over 7@% for r small enough. This can be turned into a p-module over
Y0,,] and then be spread to a p-module over all of Vg ) via pullback under
Frobenius. By descent, this gives a vector bundle over Xr.
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3.3. The relative Fargues-Fontaine curve. In this subsection, we extend
the constructions to the relative setting. Here, our basic input will be a per-
fectoid affinoid algebra (R, R*) of characteristic p.!° Let @ be a pseudouni-
formizer of R. Define

Y(0,00) (B, RT) = Spa(W (RT), W(RT)) \ (p[w] = 0).
Many constructions carry over to this relative situation. In particular, there is
still a continuous map
a: y(O,oo) (R7 R+) — (07 OO)

defined in the same way. Again, we let Y7(R, R*) C V(g,00)(R, RT) denote the
interior of the preimage a~!(I) for any interval I C (0, 00). Proposition 3.2.1
extends to the relative setting.

PROPOSITION 3.3.1. For any closed interval I = [s,r] C (0,00) with
r,s € Q, the space
Yi(R, RY) = Spa(Ry", RIy™H)
s a sheafy affinoid adic space, where R;’gf is the p-adic completion of the
integral closure of

1/s
Wl o p @
WD [
inside W (R™) [[w]f/r], [w;/s]} [1/p], and RE;’T] = R;’gf[l/p].ll More precisely,

RE,‘;’T] is preperfectoid in the sense that ”R,E;’T]@QPK is a perfectoid K-algebra
for any perfectoid field K/Q,.

In particular, Y o) (R, RT) = U; Yi(R, R") is an honest adic space.
Proof. The same arguments as for Proposition 3.2.1 apply. O
Again, there is a totally discontinuous action ¢ of Frobenius.

Definition 3.3.2. The relative Fargues-Fontaine curve X (R, RT) is the
quotient V(g ) (R, RT)/¢”.

As before, there is a line bundle Oy (g r+)(d) for any d € Z, and one can
form the scheme

X(R) = Proj (®4z0H° (X (R, R"), Ox(g g+ (d))) 12

This comes with a map of locally ringed topological spaces X(R, RT) — X (R),
and one has a relative GAGA result.

10We will not fix a perfectoid base field inside R, although one can always find one.
" One can check that RE;’T] depends only on R, and not on R™.
12 A5 notation suggests, this does not depend on RT.
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THEOREM 3.3.3 ([KL15, Th. 8.7.7]). The pullback functor from wvector
bundles on X (R) to vector bundles on X (R, R™) is an equivalence of categories.

Moreover, we can define 72% as the inverse limit of the Banach algebras
ﬁg’r] as s runs over (0,r] and the relative Robba ring Ry as the direct limit
of the Fréchet algebras 7@% over r > 0. Again, a p-module over Ry is a finite
projective R p-module M equipped with a p-linear automorphism.

THEOREM 3.3.4 ([KL15, Ths. 6.3.12, 8.7.7]). There is an equivalence of
categories

{Vector bundles on X(R, R+)} o~ {gp—modules over 7%3} .

3.4. The mized characteristic affine Grassmannian. Our goal in this sec-
tion is to construct an isomorphism between the flag variety #(g, and the
Schubert cell corresponding to p in the B;fR—Grassmannian for G, assuming
that p is minuscule. This is an analogue of a classical statement about the
usual affine Grassmannian.

Throughout this section, G is a connected reductive group over Q. First,
we define the version of the affine Grassmannian that we will consider.
Let (R, R") be a perfectoid affinoid algebra over @Q,, in the sense of [KL15,
Def. 3.6.1].> One has the surjective map 6 : W(R’*) — R*, whose kernel
is generated by £ € W(R™) not a zero divisor. Then IB%:;R’ r is defined as the

¢-adic completion of W (R**)[1/p], and Bar r = Bl z[¢"!]. We note that, as
notation suggests, these rings are independent of the choice of R™T.

iy Bt . .
Definition 3.4.1. Let Gr,®™ be the functor associating to any perfectoid
affinoid Q,-algebra (R, RT) the set of G-torsors over Spec IB%:{R p trivialized
over Spec Byr, g, up to isomorphism.

We refer to [Weil4] for a more thorough discussion of this object, in the
case G = GL,,.

If (R,R") = (K,K") where K is a perfectoid field, then By r is a
complete discrete valuation ring, abstractly isomorphic to K[[¢]]. In that case,
one sees that N

Cro™ (K, K+) = G(Bar,x)/G (B -
In particular, assume that K = C is algebraically closed, and fix an embedding
Q, — C. Then, using the Cartan decomposition

GBaro)= || GBIRe)ME 'CBR)
NEX* (G)dom

131f R contains a perfectoid field, this agrees with the definition of [Sch12], and this case
would suffice for our discussion here.
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(where the induced embedding Q, < By . is used to define p(€) for a cochar-
acter p: Gy — Gg, ), we can associate an element of p(z) € X(G)dom to any

point of z € GrgCTR(C, O¢). This is the decomposition into Schubert cells.'*

Now, we fix a conjugacy class i of cocharacters G,, — GQp’ defined over E.
In the following, we assume that R is an E-algebra. Any choice of representa-
tive 1 : G — Gg, in this conjugacy class determines an ascending filtration
Fils (1) on Repg, G where Fil,, (u) is the direct sum of all subspaces where p
acts through weights m/ > —m.'® Let Flq ) E be the rigid-analytic flag vari-
ety parametrizing all such filtrations. The choice of ;1 identifies Fq , = G/P,,
where P, C G is the stabilizer of Fils(u).

Definition 3.4.2. Let GerR C GrgIR ®q, F be the subfunctor sending
a perfectoid affinoid F-algebra (R, R*%) to the set of those G-torsors over
Spec IB;{R p trivialized over Spec Bgr g whose relative position p(z) is given
by u for all x € Spa(R, R™).

PropoOSITION 3.4.3. There is a natural Bialynicki-Birula map

+
TG " GI"G — ‘/EGLH

where we regard Flq,,, as a functor on perfectoid affinoid E-algebras.

Proof. By the Tannakian formalism, it is enough to prove this result in
the case G = GL,,. In that case, erte w=(ki,...,k,) as a tuple of n integers,

ki > ko > --- > k,. The functor GrG parametrizes BdR p-lattices A C Bir g
i.e., finite projective submodules such that A[1/¢] = Big z- Any such lattice
gives rise to a filtration on R™ by setting

Fil,y " = (Bl )" 0 €™ A) /(€8 )" NE™A).

Using the fact that a finitely generated R-module M for which dim¢(,) M ®pr
C(x) is the same for all 2 = Spa(C(x), O¢(s)) — Spa(R, R") is finite projective
(cf. [KL15, Prop. 2.8.4]), one verifies that R"/Fil,,R™ is a finite projective
R-module for any m.

Note that FilgR" is an increasing filtration, where the rank of Fil,, R"
is given by the largest 7 such that k; > —m. The same type of filtrations is
parametrized by Flq ,,, as desired. O

1 We have inserted a slightly nonstandard sign in p(€)~".
'50ne reason the minus sign appears here is for consistency with the global definitions,

where type (p, q) refers to characters z — 27 Pz~ 9.
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LEMMA 3.4.4. Assume that p is minuscule and that (R,R") = (K,K™),
where K/E is a perfectoid field. Then
+
Ty Groit (K, K¥) = Plg (K, K ™)

s a bijection.

Proof. Recall that BIR, i 1s a complete discrete valuation ring with residue
field K. By the Cohen structure theorem, we may choose an isomorphism
Bix x = K[[¢]]. This identifies

Crein (K, K) = G(K ((€)/GURTE])),

and the Bialynicki-Birula morphism becomes the Bialynicki-Birula morphism
for the usual affine Grassmannian for G/Q,. This is known to be an isomor-
phism; cf., e.g., [NPO1, Lemme 6.2]. O

THEOREM 3.4.5. Assume that i is minuscule. Then the Bialynicki-Birula
morphism

B+
TG GI"Gd;‘ — feG#
18 an isomorphism.

Proof. In the proof, we will use the Tannakian formalism. This interprets

Bt . . .
Gr,*" as the associations mapping any V' € Rep G to a lattice Ay C V @ Bggr,

compatibly with tensor products and short exact sequences.
First, let us check injectivity of 7. Thus, take two (R, R™)-valued

points x,y € Grg;ﬁ‘ (R,R™) that are sent to the same point of . ,. We have
to show that the éorresponding lattices Ay, Ay, agree for all V' € Rep G. But
at any point z € Spa(R, R") with completed residue field K(z), Lemma 3.4.4
implies that

A B, =A Bz k-
Vi Opt Bark(z) T M OBl PR K (2)

One concludes that Ay, = Ay, by applying the following lemma to all ele-
ments of Ay, and Ay,,.

LEMMA 3.4.6. Let A be a finite projective IB%;{R p-module and a € A®@p+
’ dR,R

Bar g any element. Assume that for all z € Spa(R, R") with completed residue
field K(z), a € A@pr  Bi: K(»- Thena € A.
dR,R )

Proof. We may choose m > 0 minimal such that a € £~™A and assume
m > 0 for contradiction. Then a induces a nonzero element a of the finite
projective R-module ¢~™A/¢~™ LA, By assumption, the specialization of @
to K(z) vanishes for all z € Spa(R, RT). But an element of R vanishing at all
points of Spa(R, R") is trivial, as R is reduced. O
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Now, to prove surjectivity, we first observe that Grg;‘* is in fact a sheaf
for the pro-étale topology used in [Sch13c].'® More precisely, we allow covers
Y = Spa(S,ST) — X = Spa(R,R") that can be written as a composite
Y — Yy — X, where Y — Y{ is an inverse limit of finite étale surjective maps
and Yp — X is étale. This pro-étale topology of perfectoid spaces is defined
in [KL15, §9.2]. The descent result we need is [KL15, Th. 9.2.15]. Indeed,
using the Tannakian formalism, it is enough to prove that one can glue finite
projective IB%;;R p-modules in the pro-étale topology. As BSFR r is E-adically
complete with £ not a zero divisor and BIR, r/& = R, a standard argument
reduces us to gluing finite projective R-modules, which is precisely [KL15,
Th. 9.2.15].

Thus, we see that it is enough to construct, for any representation V of G,
a BIR—local system My C V ® Bgr on the pro-étale site of F¥q ,, compatibly
with tensor products and short exact sequences, which maps to the correct
filtration under the Bialynicki-Birula morphism. Indeed, by pullback, this will
induce a similar IB%IR—local system on the pro-étale site of Spa(R, RT) for any
(R, R")-valued point of .#; ,, which by the descent result above gives an
(R, RT)-point of Grg%.

Now note that any representation V' of G gives rise to a filtered module
with integrable connection (V@ Oz, ,,id®@V,Fil_,), where Fil, is the univer-
sal ascending filtration parametrized by #lq , (so that Fil_, is a descending
filtration). Because p is minuscule, this filtered module with integrable connec-
tion satisfies Griffiths transversality (with the same proof as in the complex
case; cf. [Del79, Prop. 1.1.14]). Now [Sch13c, Prop. 7.9] constructs a corre-
sponding IB%(J{R—local system My C V ® Bgr on the pro-étale site of F#¢¢ ,, and
this construction is compatible with tensor products and short exact sequences.
One verifies that the induced filtration is correct, finishing the proof. O

3.5. Vector bundles over X and the Newton stratification. The goal of this
subsection is to define the Newton stratification on Flg ,, where G/Q, is a

reductive group and p is a conjugacy class of minuscule cocharacters, defined
over the reflex field E. The idea is that, given a (C,O¢)-point of Flg, , =

Grg‘i‘}, one can modify the trivial G-bundle over X, along oo to obtain a new
G-bundle over X, and therefore (by Fargues’ theorem) an element of B(G).
Fix any perfectoid affinoid (R, RT) over Q,. We recall how to construct a
vector bundle over X(R’, R°t) from a BIR, g-lattice in Bijp 5. First note that,
by GAGA for the curve, it is enough to define a vector bundle on a scheme
version X (R’) of X(R’,R°T). Let Z be the image of the canonical closed

1Tt is also a sheaf for stronger topologies as used in [Weil4], but we do not need this here.



THE GENERIC PART OF THE COHOMOLOGY OF SHIMURA VARIETIES 687

immersion

iso : Spec R — X(R’).
Then Spec IB%;{R r is the completion of X (R’) along Z. Moreover, Spec Bar,r
can be identified with the fiber product of Spec ]B%(J{R r and the complement of
Z over X(R’).

THEOREM 3.5.1 ([KL15, Th. 8.9.6]). There is an equivalence between the
category of vector bundles over X(R’) (or over X(R’, R°t)) and the category
of triples (My, Mo, 1), where M, is a vector bundle on X (R*)\ Z, My is a vector
bundle over Spec IBB;{RR, and v is an isomorphism between M |spec Bar.r and
Ms|spec B arr- LThis equivalence is compatible with tensor products and short
exact sequences.

In particular, one gets a functor from IB(TR g-lattices in By p by gluing it
to the trivial rank n vector bundle on X (R’)\ Z.

COROLLARY 3.5.2. For any perfectoid affinoid Qp-algebra (R, RT), there
1 a natural map

+
£ Grng(R7 RT) = {G—bundles over X(R’, R"*)}.

Proof. If G = GL,,, this follows from the discussion above. In general, it
follows from the Tannakian formalism. O

In particular, consider the case where (R,R") = (C,0O¢), with C/Q,
complete and algebraically closed, and O¢c C C its ring of integers; more-
over, fix an embedding @p — (. Using Fargues’ classification of G-bundles,
Theorem 3.2.9, one gets a composite map

+
b(-) : Grod®(C,0¢) — B(G) : =+ b(E(x))

classifying the isomorphism class of the associated G-bundle £(x). We will
need to know the following compatibility between p and b.

ProOPOSITION 3.5.3. Let G be any reductive group over Q, and p any
conjugacy class of cocharacters (not necessarily minuscule). For any x €

Bt ) _

Grgii (C, Oc) with b= b(E(x)), one has b € B(G, p b.

Proof. Unraveling the definition of B(G, u~'), we have to prove two sepa-
rate statements. The first statement is 1, < p~1 as elements of (X.(G)®Q)% ..

This reduces to the case of G = GL,, by [RR96, Lemma 2.2]. In that case, the
statement is the following.

LEMMA 3.5.4. Let & be a vector bundle of rank n over X, together with
a trivialization outside the point co. Its relative position from the trivial bundle
on X is measured by a cocharacter pu(€) of GLy,. Let ve € (X4 (GLy) ®Q)dom
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be the Newton polygon of €, with slopes {\; | € = @; Ox_, (\i)}. One has the
inequality

ve = p(&);

i.e., “The Newton polygon of £ lies above its Hodge polygon.” 7

Proof. We adapt the original argument in [Kat79]. By considering exterior
powers of vector bundles, it suffices to check that

(1) the Newton and Hodge slopes match for the top exterior power of £, and
(2) the first slope of the Newton polygon of £ always lies above the first slope
of the Hodge polygon of £.

The fact that the Hodge and Newton slopes match in the case of line
bundles on Xrrc is a direct verification: The modification £ is given by the
lattice & ®0,, B:{R,C = ¢ 9Bygr,c for a unique d € Z and, in fact, u(€) =
d € X,(GL1) = Z in our normalization. The resulting line bundle is given by
O (d), which is of slope d, as desired.

For the second part, up to twisting, we may assume that the first slope of
the Hodge polygon is 0; in particular, all Hodge slopes are nonnegative. This
implies that

(Bfio)" C € Box, Binc-

This, in turn, implies that the trivialization of £ away from co extends to an
injection OSL(C» — £. We have to show that all slopes of £ are nonnegative,
so assume for contradiction that there is a quotient & — Ox_, (A) with A <O0.
This induces a nonzero map O}l(cb -0 X (A). On the other hand, there are
no nonzero maps Ox_, = Ox_, (A) by [FF14]. O

The other part of the condition b € B(G, u~!) concerns the Kottwitz map

and is given by the following lemma.
+

LEMMA 3.5.5. The composition Grg‘f‘(C, O¢c) — B(G) =% m(G)r is
constant and equal to —p1°.

Proof. We note that the map in question is functorial in (G, ). We first
reduce to the case where G has simply connected derived group by making a
central extension G — G (cf. [Kot85, 5.6]); picking any lift /i of u, the resulting
map

BIR BIR
Gr o (C, O¢) = Greii(C, 0c)

"We remind the reader that the correspondence between isocrystals and vector bundles
on X reverses slopes, so that this statement translates into (€)' € B(GLy, u(€)), which
is equivalent to b(£) € B(GLy, u(&)™h).
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is surjective, as follows from the Cartan decomposition, so it is enough to prove
the result for (G, f1).

Now if G has simply connected derived group G, then T = G/G%" is a
torus for which 71(G)r — m1(T')r is an isomorphism; thus, we are reduced to
the case of a torus.

If G = T is a torus, we may find a surjection T — T, where T is a
product of induced tori Resg/qg,Gm. Arguing as before, we are reduced to the
case of T, and then to the case T = Resg/q,Gm. In that case, (T = Z
(cf. [Kot85, Lemma 2.2]), which is torsion-free, so it is enough to identify the
image in m(Gy,) = Z under the norm map Normg q, : T — G,,. Finally, we
are reduced to the case G = G,,,, which is part of Lemma 3.5.4. ([

O

Now fix a minuscule p as above, defined over E. The inverse of the
isomorphism 7, in Theorem 3.4.5 gives rise to a composition

+
€ : Flgu(R, RY) — Gro™ (R, R*) — {G—bundles over X(R’, R°*)}.
Definition 3.5.6. The map
| Pl — B(G)

sends any (C,C")-valued point z € Fg ,(C,C*T), where C is a complete
algebraically closed extension of £ and CT C C is an open and bounded
valuation subring, to the isomorphism class of the associated G-bundle £(x),
which by Theorem 3.2.9 is given by an element of B(G).

For any b € B(G), we let 9@%# C Hlgq,, be the subset of all points with
image b.

One easily checks that this map is well defined as a map on |Fg |,
i.e., is independent of the choice of complete algebraically closed extension of
the residue field at any point. We remark that by definition a higher rank
point has the same image as its maximal, rank 1, generalization, and therefore
the map factors over the maximal hausdorff quotient of |#¢g ,|, which can
be identified with the topological space ﬁfgf’;k underlying the corresponding

Berkovich space.

PROPOSITION 3.5.7.

(1) The map b(-) : | Flg | = B(G) is lower semicontinuous.
(2) The image of the map b(-) : |Fla,| — B(G) is contained in the set of
p~t-admissible elements B(G, u=t).

Remark 3.5.8. In [Raplh, Prop. A.9], based on the discussion here, it is
proved that in fact the image of | #¢ | — B(G,p™!) is all of B(G, u™1).
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Proof. The second part follows from Proposition 3.5.3 above. For the first
part, by the definition of the partial ordering on B(G) and the fact that the
Kottwitz map is constant by the second part, it remains to prove semicontinuity
of the Newton map. We may pick an affinoid perfectoid space Spa(R, R™)
with a map to F#¥q, , that is a topological quotient map by using a pro-étale
cover. It is then enough to show that the composite map |Spa(R, R")| —
| #la | — B(G) is lower semicontinuous. But semicontinuity of the Newton
map can be checked on representations of G (cf. [RR96, Lemma 2.2]), so pick
a representation of G. We get a corresponding vector bundle over X (Rb, R”).
Now, the result follows from Theorem 7.4.5 of [KL15], using Corollary 3.3.4.

(|

COROLLARY 3.5.9. The strata ﬁﬁ%# are locally closed in Flq,. More
precisely, the stratum corresponding to the basic element is open in Flg ,, and

the strata
=b . _ b’
ﬁEG’“ = |_| Fle
b=’
are closed.
Proof. This follows immediately from Proposition 3.5.7. (]

4. The geometry of Newton strata and Igusa varieties

In this section, we will return to the global setup, but will in addition
assume that the Shimura datum (G, X) is of PEL type and has good reduction
at p. This means that they will admit smooth integral models that are moduli
spaces of abelian varieties equipped with polarizations, endomorphisms and
level structure. Our goal is to understand the fibers of the Hodge-Tate period
map

THT : SKp — yfgﬂu

defined in Theorem 2.1.3 in terms of the Igusa varieties introduced by Manto-
van, [Man05].

We start with some preliminaries on p-divisible groups, which recall mate-
rial from [SW13] as well as a construction of Chai and Oort. We then express
the Newton strata in Si» in terms of Rapoport-Zink spaces and Igusa varieties,
in the spirit of [Man05].

4.1. Preliminaries on p-divisible groups. We recall the notions of Tate
module and universal cover of a p-divisible group as used in [SW13], together
with some of their properties. Let Nilp be the category of Z,-algebras on
which p is nilpotent. If R is a p-adically complete Zy-algebra, let Nilp}} be
the opposite category to the category of R-algebras on which p is nilpotent.
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A p-divisible group G can be thought of as an fpqc sheaf on Nilp}) sending an
R-algebra S to li_ngg[p"](S).

Definition 4.1.1.

(1) The fpqe sheaf T,(G)(S) = lim G[p"](S) on Nilpy’ is called the (integral)
Tate module of ~g .

(2) The fpqc sheaf G(S) = Y&lp: 955G G(S) on Nilp% is called the universal cover
of G.

We note that T,(G) is a sheaf of Z,-modules, while G = T,,(G)[1/p] is a
sheaf of Q,-vector spaces. We can canonically identify

1,6 = %om(Qp/Zp, g), Q = %Om(Qp/Zpa g)[1/p].
PROPOSITION 4.1.2.

(1) If G is connected, then it is representable by an affine formal scheme with
finitely generated ideal of definition. If Lie G is free of dimension r, then

G ~ Spf Rl[x1,...,x,]].

(2) If p: G1 — Go is an isogeny, then the induced morphism p : Gi — Gy is an
isomorphism.

(3) If R is perfect of characteristic p, G is connected and Lie G is free of
dimension r, then

G ~ Spf Rllay/"™ ..., al/7~]).

(4) If R is perfect of characteristic p, G is connected and Lie G is free of
dimension r, then

T,G ~ Spec Rl[ai/?™, ... aX?™ ||/ (21, ..., 20).

Proof. The first part is proved in [Mes72]. The remaining results are
proved in [SW13]: the second and third parts in Proposition 3.1.3 and the
fourth part follow from the first part, the third part and the short exact se-
quence of sheaves on Nilp}) given by

0T, =G —G—0.

(This short exact sequence is a restatement of Proposition 3.3.1 of [SW13] in
the case when G is connected: the Tate module is the closed subfunctor of G
given by pullback along the natural map G — G — projection onto the last
coordinate — from the zero section in G.) |

The universal vector extension EG of G is a crystal on the nilpotent crys-
talline site of R defined in [Mes72]. Its Lie algebra Lie EG can be made into a
crystal on the crystalline site of R by [BBMS82], which we will denote by M(G).
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If G is a p-divisible group over F,, the Dieudonné module D(G) is obtained
by evaluating the crystal M(G) on the PD thickening W(F,) — F,. Then
D(G)[1/p] is an isocrystal over L, as defined in Section 4. Here, the Frobenius
wg on D(G)[1/p] satisfies

D(G) € ¢g(D(G)) € p~'D(9),

and pyg is the Frobenius usually considered.'® We will call a p-divisible group
G over ]Fp isoclinic if the corresponding isocrystal has only one slope. If this
slope is given by —A\, we say that G is isoclinic of slope A, so that ppye is
isoclinic of slope 1.

Given a p-divisible group G over F,, we can use the isocrystal D(G)[1/p]
to construct a vector bundle £(G) over the Fargues-Fontaine curve X for any
complete algebraically closed nonarchimedean field F' O IF‘p.

Example 4.1.3. If G = Q,/Zy, then D(G) = L with g = 0, and £(G) =
Oxp. If G = ppeo, then D(G) = L with pg = p~lo, and £(G) = Ox,(1).

On the other hand, one can use the schematic version of the Fargues-
Fontaine curve to build a vector bundle corresponding to a p-divisible group
over Oc/p, where C' is any complete algebraically closed extension of Q, with
ring of integers O¢/p. Define Aqs to be the p-adic completion of the PD
envelope of the surjection W (0O%) — O¢/p and Bl := Auis[1/p]. If G is a
p-divisible group over the semiperfect ring O¢/p, then its Dieudonné module
is a finite projective Agris-module M (G) obtained by evaluating M(G) on the
PD thickening Aeis — Oc/p. Then M(G)[1/p] is a B, -module equipped
with a Frobenius-semilinear map ¢g. Recall (cf. [FF14]) that the schematic
Fargues-Fontaine curve can also be defined as

—d
Xe» = Proj <@d20 (B;is)(p " ) )

We associate to G the vector bundle E(G) on Xc» corresponding to the graded
module

—nd
Baxo (M(G)[1/p))"" .
THEOREM 4.1.4.
(1) For any p-divisible group G over Oc/p, there exist a p-divisible group H

over IF,, and a quasi-isogeny
p:HXFp(Qc/p%g
181f one uses the usual Frobenius on contravariant Dieudonné theory, then our conven-

tion corresponds to defining covariant Dieudonné theory as the literal dual of contravariant
Dieudonné theory, i.e., without a Tate twist.
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(2) The functor G — E(G) from p-divisible groups over O¢/p up to isogeny
to vector bundles on X is fully faithful, with essential image the vector
bundles whose slopes are all between 0 and 1.

(3) Let G be a p-divisible group over Fp. Then GAGA for the curve identifies
E(G) with E(G).

Proof. The first two parts are Theorem 5.1.4 of [SW13]. The last part is
clear. 0

We now specialize to p-divisible groups over a perfect field k. (Since every
p-divisible group over O¢/p is quasi-isogenous to one defined over F », if we are
interested in understanding quasi-self-isogenies, it is enough to restrict to this
case.) Let G, G’ be two isoclinic p-divisible groups over k. Our goal is to define
an “internal Hom” p-divisible group Hg g/ over k satisfying the following two
properties:

(1) the Tate module T),(Hg,g/) can be identified with the sheaf J#om(G,G’);
(2) the Dieudonné module D(Hg g)[1/p] is equal to

Hom(D(G)[1/p], D(G")[1/p])=",

where the latter denotes the internal homomorphism in Dieudonné modules

and we are taking the slope < 0-part.

In a talk of C.-L. Chai at the Faltings conference 2014, we learnt that
a p-divisible group satisfying these properties has been defined by Chai and
Oort. We explain their construction below.

We define Hg g/ as an inductive system of finite group schemes. For each
n > 1, consider the commutative group schemes of finite type over k defined as

Hy, = Hom(G[p"],G'[p"])-
For m > n, there are natural restriction maps
Tmmn * Hm — Hn

that restrict a homomorphism G[p™] — G'[p™] to G[p"] C G[p™]. The kernel
ker r,,, C Hm is a closed subgroup scheme. As we are working over a field,
one can form the quotient ’H%m) = Hy,/ker 7y, n, which is a subgroup scheme

of H,. As m increases, they form a descending chain.

LEMMA 4.1.5. The subgroup scheme H%m) stabilizes for m > 0; let H), =

’H%m) for m sufficiently large. Then Hl, is a finite group scheme over k.

Proof. We may assume that k is algebraically closed. First, we claim
that H;m) is a finite group scheme for m > 0. It is enough to see that
%%m)(k:) is finite. By Dieudonné theory, one sees that Hom(G,G’) is a finite



694 A. CARAIANI and P. SCHOLZE

free Zy-module, independent of the algebraically closed field k. In particular,
the image My (k)oo C Hp(k) of

Hom(G,G") — H, (k)

is finite and independent of k. Now the sequence of H,, X3, (Hn \ Hn(k)oo)
forms a cofiltered system of quasicompact schemes with affine transition maps
and with empty inverse limit. It follows that one of the schemes is already
empty, showing that the image of H,,(k) — H,(k) agrees with the finite set
H (k) oo-

Now, the ”H%m) form a decreasing sequence of finite group schemes over k.
As such, they are eventually constant, e.g., by looking at their order. U

We define ¢, : Hp, — Hn41 to be the map given by pre-composition with
the multiplication by p map G[p"T!] — G[p"] followed by composition with the
inclusion G'[p"] < G'[p"*1].

LEMMA 4.1.6. The maps t, : "y — Hng1 send H;, into H, . The
colimit

H=Hgg =limH,

is a p-divisible group over k with H[p"] = H.,.

Proof. From the commutation between ¢, and 7,,,, one infers that ¢,
sends H;, into H,,,,. First, we check that ¢, : H;, — H, ., is injective with

image H;,,,[p"]. Let S be any k-scheme. If f : G[p"]s — G'[p"]s induces the
trivial map

g™ s - Gl"s L G'p"s < G,

then f = 0 as the first map is surjective and the last is injective; this proves
injectivity of t,. Now let f : G[p"t]s — G'[p"T!]s be a map killed by p”,
which for any m > n lifts fppf locally to a map f, : Gp" )]s — G [p™ . Tt
follows that f factors uniquely as

Glp"Ms 2 Glp"s L G'pMs = G s

for some g : G[p"] — G'[p"], as f has image in the p™-torsion, and kills
p"G[p" ] = Glp]. Similarly, any lift f,, : G[p™ s — G'[p™ s of f is killed
by p™, which implies that f,, factors uniquely through a map g¢,, : G[p™] —
G'[p™], which necessarily lifts g. This shows that H;, = M, [p"].

Moreover, we need to see that p : H,,; — H,,, has image H; by
the above, it follows that the image is contained in H/; the resulting map
Hy 1 — Hj, is in fact the map rp41,. By construction of the #;,, the map
Tn+1,n 18 indeed surjective, finishing the proof. O
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LEMMA 4.1.7. The Tate module T,Hg g can be identified with the sheaf
Hom(G,G").

Proof. The Tate module T,Hg g is the inverse limit of Hg g/ [p"] ~ H,,
with respect to the 1,41, maps. This, by definition, is the same as the inverse

limit of the projective system of H,’s with respect to the 7,41, maps, which
is the sheaf s#om(G,G’). O

LEMMA 4.1.8. The Dieudonné module D(Hg g)[1/p] is equal to

Hom(D(G)[1/p], D(G')[1/p])=°,

where Hom(D(G)[1/p],D(G")[1/p]) is the internal homomorphism in Dieudonné
modules and we are taking the slope < 0-part.

Remark 4.1.9. Note that the statement only depends on G and G’ up to
quasi-isogeny. Chai and Oort prove Lemma 4.1.8 by directly computing the
relative Frobenius on Hg g/ in terms of the relative Frobenius on conveniently
chosen G and G’. We give a different proof below. Also, Chai-Oort give an
integral version of Lemma 4.1.8.

Proof. Let Hp be a p-divisible group over k with rational Dieudonné mod-
ule
Hom(D(G)[1/p], D(G")[1/p])=".
First, we construct a natural map
Hp — Hg,g = Hom(G,G")[1/p].
In order to construct such a map, it is enough to construct a functorial map on
R-valued points, where R is f-semiperfect in the sense of [SW13, Def. 4.1.2],
as Hg g, like the universal cover of any p-divisible group, is represented by a
formal scheme that is locally of the form Spf S, where S is an inverse limit of
f-semiperfect rings.
Thus, let R be f-semiperfect, with associated B, (R). Then by [SW13,
Th. A], we have
Hg o' (R) = Homg(G,G")[1/p]
= Homps(y (D(G) ® Bl (R), D(G') @ Bl (R))

= (Hom(D(G)[1/p], D(G')[1/p]) ® By (R))*=
and
= (Hom(D(G)[1/p], D(G")[1/p])=" © BL (R))*~".
Now the obvious inclusion
Hom(D(G)[1/p], D(G")[1/p))=* € Hom(D(G)[1/p], D(G")[1/p])
induces the desired map Hp — 7:[g7g/.

Hp(R) = Homp(Qy/Zy, Hp)[1/p] = (D(Hp) ® B (R)*™
=1
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To check that this is an isomorphism, it suffices by the same argument to
check on R-valued points, where R is f-semiperfect. Thus, it remains to see
that

(Hom(D(9)[1/p], D(G")[1/p]) ® BLio(R))*~
= (Hom(D(G)[1/p], D(G")[1/p])=* ® BL;(R))*~".

For this, it suffices to see that for any Dieudonné module D with only positive
slopes,

(D ® By (R))*~ =0.
For this, using the Dieudonné-Manin classification, we have to see that there
are no elements r € Acis(R) with p®p®(x) = x, where a,b > 0 are positive
integers. Note that ¢ preserves the p-adically complete ring Aqis(R); on the
other hand, the equation on x implies x = p™%™®(x) for any m > 1, so that

x is infinitely divisible by p, which implies = 0. (|

COROLLARY 4.1.10. Assume that G and G’ are isoclinic.

(1) If the slope of G is strictly greater than the slope of G', then Hg g vanishes.

(2) If the slopes of G and G’ are equal, then Hg g is an étale p-divisible group.

(3) If the slope of G is strictly less than the slope of G', then Hg g is a connected
p-divisible group.

COROLLARY 4.1.11. IfG and G’ are isoclinic and the slope of G is strictly
less than the slope of G and Hg g has dimension r, then the sheaf 7#om(G,G")
1s representable by the scheme

Spec kl[zy/?" .. al PN, ay).
Proof. This follows from Proposition 4.1.2 and Corollary 4.1.10. (]

4.2. Rapoport-Zink spaces of PEL type. In this section, we introduce the
Rapoport-Zink spaces of PEL type that we will consider, and we recall some
of the results we will need. In close analogy to the EL case treated in [SW13],
we define a local avatar of the Hodge-Tate period morphism, mapping the
infinite-level Rapoport-Zink space to Z#g .

We first introduce PEL structures, as in [RZ96], with several simplifying
assumptions that will be verified in the global case that we want to consider.
Fix a finite-dimensional, semisimple algebra B over Q,, endowed with an anti-
involution *, and a finite left B-module V' equipped with an alternating bilinear
form

() Vg,V —Q
such that (bv, w) = (v, b*w) for all v,w € V, b € B. The data so far define an
algebraic group G over Q,, whose values over a Q)-algebra R are

G(R) ={(g,¢c) € GLgr(V ® R) x R* | (gv, gw) = c(v,w)}.
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We refer to ¢ : G — G, as the multiplier character of G. We make the general
assumption that G is connected, which amounts to excluding type D in the
classification.

Moreover, we assume that the data are unramified. More precisely, we
assume that B is a product of matrix algebras over unramified extensions of Q,
and admits a x-stable maximal Z,-order Op C B, which we fix. Moreover, we
assume that there is an Opg-stable lattice A C V', which is self-dual under (-, -);
again, we fix such a lattice A. These data define a reductive group Gz, over
7y, via

G(R) ={(9:)) € GLopar(A® R) x R | (gv, gw) = A(v, w)}.

Now also fix a conjugacy class of cocharacters u : G, — G@p such that in
the induced weight decomposition of V@p, only weights 0 and 1 appear,

Vg, = Vo @ VA,

and Ao u : Gy, — Gy, is the identity morphism. This implies, in particular,
that the subspaces Vj and V; are totally isotropic. We let £/Q), be the field of
definition of p. Finally, we fix an element b € G (L), satisfying the compatibility
be B(G,n ). Set E:=E- L.

Note that the condition b € B(G, u~!) together with the condition on the
weights of © on V' imply that the slopes of b on V are in [—1,0]. In particular,
in our (nonstandard) normalization of the covariant Dieudonné module, there
is a p-divisible group X over I_Fp whose rational Dieudonné module is given by

(V®g, L,bid®0));

then Xj is uniquely determined up to isogeny, and its universal cover Xb is
uniquely determined. By functoriality, X is equipped with an action ¢ : B —
End(Xb) and with a symmetric polarization (i.e., an anti-symmetric quasi-
isogeny to its dual), with induced Rosati involution being compatible with x*
on B.

Write D = (B, *,V, (-,-),b, u) for the rational data. For the integral data,
write D™ = (Op, *, A, (-,-), b, 11).

Definition 4.2.1. The Rapoport-Zink space 9 pins of PEL type associated
to D" is the functor on Nilp%pE sending an O ,-algebra R to the set of isomor-
phism classes of pairs (G, p), where G is a p-divisible group over R equipped
with an action of Op and a principal polarization whose induced Rosati in-
volution is compatible with * on Opg, such that the Og-action satisfies the
determinant condition (see 3.23 in [RZ96] for a precise formulation), and

p:Xpxg R/p—G xprR/p
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is a quasi-isogeny compatible with the Opg-action and the polarization, up to
an automorphism of fiye g/p-

The following combines Theorem 3.25 and Section 3.82 of [RZ96]. In our
unramified situation, and excluding type D, we may allow p = 2.

THEOREM 4.2.2. The functor Mpine is representable by a formal scheme
that locally admits a finitely generated ideal of definition. Moreover, Mpint is
formally smooth.

We let Mpint 1= (ﬂﬁpmt)%d be the adic generic fiber associated to the
formal scheme (representing) Mpine. The adic generic fiber is taken in the
sense of Section 2 of [SW13], Proposition 2.2.1 of loc. cit. gives a fully faithful
functor

M — M2
from formal schemes over O that locally admit a finitely generated ideal of
definition to adic spaces over Spa(Q;,0), and
?J)T%d = mad XSpa((’)E,OE) Spa(E, OE)

Then Mpine agrees with the adic space corresponding to the usual rigid-
analytic generic fibre of Mpins.

For each n > 1, one can define a cover Mpint ,, of Mpint that parametrizes
full level n structures. More precisely, define the compact open subgroups

Ko:={9e€G(Q) | gA = A}
and
K,={9€Ko|g=1 (modp")}.
Let Mpin,, be the functor on complete affinoid (E(Cpn),(’)E(Cpn))—algebras
parametrizing Op-linear maps
A/p" = Gl (R, BY)

that match the pairing (-,-) on A with the one induced by the polarization on
G[p"]. Here, note that the second pairing takes values in j,», but using the
fixed primitive p™-th root of unity (,n € E((pn), we can identify ppn = Z/p™.
Then by Lemma 5.33 of [RZ96], the Mpin: ,, are finite étale covers of Mpin.
We can also define an infinite-level version of these Rapoport-Zink spaces.

Definition 4.2.3. Let Mpunt o, be the functor that sends a complete affi-
noid (E(Cpoo),OE(Cpm))—algebra (R,R™") to the set of triples (G, p,a), where
(G,p) € Mpit(R, RT) and

a:A— T,G2(R,R")

is a morphism of Op-modules such that the following conditions are satisfied:



THE GENERIC PART OF THE COHOMOLOGY OF SHIMURA VARIETIES 699

(1) The pairing (-,-) on A matches the pairing on 7,G induced by the polar-
ization. More precisely, the diagram

aRo

A®z, A T,G2Y(R, RT) @z, T,G24(R, RT)

ml l

z Ty 2R, RT
: (17Cp,Cp2,..,) ( pHp )77 ( ) )

commutes, where the right vertical map is the pairing induced from the
polarization, and the lower map is defined using the fixed p-power roots of
unity in the base field E((pee).
(2) The induced maps
d
A — T,G6,°(C, Cch)

are isomorphisms for all geometric points Spa(C,C™) of Spa(R, RT).

Recall that we have the quasi-logarithm map defined in Section 3 of [SW13],
which induces a map of sheaves on complete affinoid (E, O 3)-algebras (R, RT):

logy,  (X)3(R, R) = D(X,)[1/p] @1 R.

If (R,R") = (C,C™) is a geometric point, then the image of T,G24(C,C™)
®z, C under glogy, can be identified with (Lie G)" ® C.

The arguments in Section 6 of [SW13] give the following theorem. (The
case of Rapoport-Zink spaces of EL type is Theorem 6.5.4 of [SW13]. We
remark that [SW13] follows the conventions on b and p in [RZ96], which differ
from our conventions here.)

THEOREM 4.2.4. The functor Mpin: o, is representable by an adic space
over Spa(E(Cpoo), OE(( oo)). The space Mpint o, 15 preperfectoid, and
p b

M'Dint ~ lm/\/l int
,00 Din ne
s

Moreover, there is the following alternate description of Mopint o, which
depends only on the rational data D. The sheaf Mpn: o, is the sheyaﬁﬁcatz‘on
of the functor on complete affinoid (E(gpm, (’)E(Cpoo))—algebms sending (R, R™)
to the set of B-linear maps

Vs (R)2(R, RY)
that match the pairing (-,-) on V with the polarization on (Xb)%d (up to the
fized choice of p-power roots of unity, as above) and that in addition satisfy
(1) the image of V ®q, R in D(Xy)[1/p] ®1 R is totally isotropic under the

pairing (-,-) induced by the identification D(Xp)[1/p] ~V ®q, L;

?
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(2) the quotient W of D(Xp)[1/p] ®1 R by the image of V ®q, R is a finite
projective R-module, which locally on R is isomorphic to Vi ® R as a
B ®q, R-module;

(3) for any point Spa(C,CT) of Spa(R, RT), the sequence

0=V = (X)24(C,CT) = WerC =0
15 exact.

Proof. To see that Mopint o, is representable by a preperfectoid space, we
will show that it is a closed subfunctor of the Rapoport-Zink space at infinite
level M, for the p-divisible group Xp, which is defined in Section 6.3 of [SW13].
Recall that the space M, only keeps track of deformations of Xj,, without the
Op-action or the polarization. By abuse of notation, let us actually denote by
M the base change of this space to Spa(E(Cpoo), OE(CPOO))'

We claim that the natural (forgetful) map Mpint o, — My is a closed
embedding. We follow Theorem 3.25 of [RZ96]. Let G be the universal
p-divisible group over M. The conditions that the Op-action and the po-
larization lift to quasi-isogenies on G depend only on preserving the Hodge
filtration on D(G)[1/p], by Grothendieck-Messing theory, so these are closed
conditions. They correspond to restricting to a closed subset of the image
of the Grothendieck-Messing period morphism. On the other hand, the con-
dition that a quasi-isogeny be a genuine isogeny on the adic generic fiber is
an open and closed condition. (This follows in the same way as Proposi-
tion 3.3.3 of [SW13], which is the special case of a quasi-isogeny from the
p-divisible group Q,/Z,. In the general case, the key observation is that
{e} — Hom(G[p"], G2 [p"])?]d is an open and closed embedding when {e} cor-
responds to the trivial isogeny and n € Z>;.) Finally, the condition that the
trivialization « of (Tpg)%d be Opg-linear and respect the polarization is closed.

The first part of the theorem now follows from Theorem 6.3.4 of [SW13],
which shows that M, is preperfectoid and Proposition 2.3.7 of loc. cit., which
shows that a closed subspace of a preperfectoid space is preperfectoid.

For the second part, let Mp o, be the functor defined by the rational data.
There is a natural map of functors Mpint o, = Mp oo For (R, R*) a complete
affinoid algebra over (E((pe), OE((poo))’ let (G,p,a) € Mpint (R, RT). The

quasi-isogeny p gives an identification X; ~ G. The map from the rational
Tate module of G to its universal cover, precomposed with the trivialization «,
gives a map

V = (Xp)24(R,RY).
By construction, this map will respect the polarization and the B-action. The
first condition is satisfied because the image of V ®q, R in D(X;)[1/p]®1 R can
be identified with (Lie V)V ®R. (See the proof of Proposition 7.1.1 of [SW13].)
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The compatibility between the pairing (-,-) on V' and the polarization on G
imply that (Lie G¥)Y @ R is totally isotropic under (-,-). The second condition
is satisfied because W can be identified with Lie G ® R. The third condition
follows from [SW13, Prop. 3.4.2(v)].

We also recall the functor M/ defined in Section 6.3 of [SW13] (which
again, we base change to Spa(E (Cp=), O i Cpm))): this parametrizes maps

V = (X)24(R, RY)
that satisfy

(1) the quotient W of D(Xp)[1/p] ®L R by the image of V ®q, R is a finite
projective R-module, of the same rank as that of V7;
(2) for any geometric point Spa(C,CT) of Spa(R, RT), the sequence

0=V = (X)24(C,Ct) = WerC—0

i1s exact.

Lemma 6.3.6 of [SW13] shows that M, — M/, and we have a commutative
diagram of adic spaces

M'Dint’oo EE— Mpyoo

[

Moo —— M.
The bottom map is an isomorphism, and the vertical maps are closed embed-
dings.

It remains to see that the top map is surjective. For this, note that there
is a p-divisible group G over Mp , obtained by restriction from M. The
integral Tate module (Tpg)%d is identified with the lattice A C V, which is
stable under Op and self-dual under (-, -). The p-divisible group G is equipped
locally on Mp o with a quasi-isogeny on the special fiber to X;. The first
two conditions on the image of V ®g, R ensure that the B-action and the
polarization on D(X;)[1/p] ®1 R preserve the Hodge filtration of G, so that
they define quasi-isogenies on G. The fact that these quasi-isogenies are genuine
isogenies follows from the fact that they preserve the integral Tate module. [J

From now on, we identify Mpint o, =~ Mp o, so the moduli problem only
depends on the rational data D.

Recall that Fq , is the flag variety over Spa(E,Og) parametrizing fil-
trations on Rep G of the same type as the ascending filtration corresponding
to the cocharacter . On the faithful representation V' of G, p induces the
decomposition

Vg, =V ® Wi,
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and the ascending filtration is given by
Fil_l,H(V@p) = V] and Filo,u(V@p) = Vg,

In the case we are considering, we can be more explicit: .#{,, parametrizes
B-equivariant quotients W’ of V ®g, R that are finite projective R-modules
such that

(1) the kernel of the map V ® R — W' is totally isotropic under (-,-); and
(2) locally on R, W' is isomorphic to Vo ® R as B ®q, R-modules.

PRrOPOSITION 4.2.5. There is a local Hodge-Tate period map
THT MD,oo — 96@7;“

sending an (R, R")-valued point of Mp ~ given by a map V — (Xb)%d(R, R™)
to the quotient of V ®q, R given as the image of the map

V ©q, R = D(X)[1/p] @1 R.
The local Hodge-Tate period map is G(Qy)-equivariant.

Proof. The proof is exactly the same as the proof of Proposition 7.1.1
of [SW13]. O

Recall that, by Theorem 3.5.9, we have a stratification of %/, by locally
closed strata indexed by elements of B(G,u~!) and that we have fixed an
element b € B(G, ™ 1).

PROPOSITION 4.2.6. The local Hodge-Tate period map factors through
W%T tMp oo — yﬁl&’w

Proof. It suffices to check this on Spa(C,O¢)-valued points. Thus, we
have a p-divisible group G/O¢ with extra structures, equipped with a quasi-
isogeny G xo, Oc/p — X XF, Oc¢/p. Moreover, there is a trivialization
TG ®z, Qp = V compatible with all extra structures, and we have the Hodge-
Tate filtration

0 — Lie  ® C(1) = TG ®z, C — (Lie §¥)" @ C — 0,

where Fil_; = Lie G ® C(1) and Fily = T,G ®z, C.
Let £ be the G-bundle on X, corresponding to the image of G under

. . . BT
mgr and the identification Fq , = GrGfﬁ‘. Let &y be the vector bundle on
Xc» corresponding to £ and the faithful representation V'; note that p is still
minuscule as cocharacter into GL(V). Then &y is constructed from the B, -

lattice = in V ®q, Bgr,c inducing the above filtration on V ®q, C' under the
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Bialynicki-Birula map. Explicitly, if £ € IB%(J{R ¢ 1s a generator of the maximal
ideal, then the lattice =, C V ®q, Bqr,c satisfies

+ = —1lp+
V ®q, Birc CECV ®q,{ Bire

and
2/(V ®q, Bir,c) = Lie G & C.

Then v is the modification of the trivial vector bundle V' ®q, (Qch at the
point co by the lattice =.

In the case of a one-step filtration, one can construct the vector bundle
&y directly: it is the unique vector bundle on X, that fits into the diagram
of coherent sheaves

0—0Ox_, ®q, V Ey ioox(Lie G ® C) —— 0

|

0 OXCI; ®Q, V— OXF‘F,C(l) ®Q, V — oo (V ®Qp C(-1)) — 0.

But then the proof of Proposition 5.1.6 of [SW13] shows that &y is the vector
bundle attached to the p-divisible group G x o, O¢/p, which is quasi-isogenous
to Xp XF, Oc/p.

By unraveling the Tannakian formalism behind the construction of the
G-bundle £ and keeping in mind the fact that X; together with the B-action
and polarization determine b, we see that £ ~ &, as G-bundles, as desired. [

Remark 4.2.7. The same proof, without keeping track of the polarization,
also works in the case of Rapoport-Zink spaces of EL type to show that the
local Hodge-Tate period map defined in Proposition 7.1.1 of [SW13] factors
through 336?;7“.

Remark 4.2.8. We have defined the Hodge-Tate filtration in Section 2 in
terms of the p-adic étale cohomology of a universal family of abelian varieties. If
A/Oc¢ is an abelian variety and G = A[p*°], then Proposition 4.15 of [Sch13d]
shows that the Hodge-Tate filtration on T,G ®z, C is compatible with the
filtration defined in Section 2, so the local and global Hodge-Tate period maps
are compatible.

Definition 4.2.9. Define the sheaf Autg(X;) on Nilp}y = | by

(Fp)
Autg(X)(R)
={ac AutB(X@R), B € Aut(fip~ r) | a respects the polarization up to 5}.

LEMMA 4.2.10. The sheaf Autg(Xb) is representable by a formal scheme
over Spf W(F,), locally of the form Spf W(R) for a perfect ring R.
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Proof. Forgetting all extra structures defines a closed embedding, so it is
enough to show representability of Aut(gi) for any p-divisible group X over F,.
We may assume that X is completely slope divisible, i.e., that it is isomorphic
to a direct sum of slope divisible isoclinic p-divisible groups X;, defined over
a finite field, for ¢ = 1,...,r, with nonincreasing slopes. Then Aut(X) is
a closed subfunctor of the product of two copies of JZom(X;,X;)[1/p] over
i,7 €{1,...,r}withi > j, via sending an automorphism to the endomorphism,
and its inverse. Each of the factors can be identified with the universal cover
of the p-divisible group Hx, x;. Therefore, each of the factors is representable
by a formal scheme over Spf W(IF,), by Proposition 4.1.2.

For the final statement, it is enough to see that

Auta(Xp)(R) = Aute(Xy) (R/p)

and that if R is of characteristic p, then Frobenius induces a bijection of
Aut(Xp)(R). Both statements follow from the similar properties of universal
covers of p-divisible groups, for which see [SW13, Prop. 3.1.3]. O

In fact, one can give a more precise description of Autg(gb). As usual,
we denote by
p € X*(G)dom

the half-sum of the positive roots.

PROPOSITION 4.2.11. Let Jy(Qp) be the locally profinite set J,(Q,) made

into a formal scheme over W (F,); i.e., the sections over U C J,(Qp) are

continuous maps U — W (F,). There is a natural map

Aute(Xy) — Jy(Qp)

all of whose fibres are isomorphic to
SpEW (Fy) [y - g™ ],
where d = (2p, vp).
Remark 4.2.12. Let us illustrate this result in the case X = ppeo x Q,/Zp,

without extra structures. Then there are no maps pye0 — Q,/Zp, so Autg(Xp)
has lower triangular form; more precisely,

_ QX 0
Aut(Xy) = ,Tp/ .
(Xp) ( i Q)
In this case, Jp(Qp) = Q) x Q,, and the projection
Autg(Xb) — Jb(@p)

is given by the diagonal elements. The fibres are given by the unipotent part
fipe = SpEW (Fy) [['/77]).
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Proof. 1t is enough to prove the results for Autg(gib) as a formal scheme
over [y, as all structures lift uniquely to W (F,) by rigidity of perfect rings.
We first consider the case when X; has an unramified EL structure. By stan-
dard Morita arguments, one can reduce to the case when the EL structure is
given by (F,O), with F//Q, an unramified extension and G = Resg/q, GLn.
If (B,0p) is an unramified PEL datum and B = [[; B; is its decompo-
sition into simple factors, then X; decomposes as [[; X;; and Autg(ib) =
[T Autg, (sz) Similarly, when B ~ M (F') is simple, the equivalence of cat-
egories between p-divisible groups with (B, Op)-EL structure and p-divisible
groups with (F,Op)-structure means that it suffices to compute Autp(Xp).
See [Ham15, Section 4.1] for more details on this reduction step.

If = Qp, then G = GL, and we are considering quasi-self-isogenies
of p-divisible groups, without any extra compatibilities. Since Xj is com-
pletely slope divisible, we can write it as X, = ®!_;X;, where the X; are
isoclinic p-divisible groups of strictly decreasing slopes \; € [0, 1]. Using Corol-
lary 4.1.10(1), we see that Aut(X,) takes the lower triangular form

Aut(X7)
HXQ X4 Aut (Xg)

Aut(X,) =

ﬁXW',Xl ﬁxrxz Aut(§§:)

Moreover, Corollary 4.1.10(2) implies that Aut(X;) = Aut(X;)(F,); as

7(Qy) = Aut(E)(F,) = [ Aut(E0)(F,).
=1

we see that projection to the diagonal defines a map

Aut(Xp) = J5(Qp).

The structure of the fibres now follows from Corollary 4.1.10(3) and Proposi-
tion 4.1.2(3). To check that d = (2p, v3), we count dimensions. More precisely,
for ¢ > j, ﬁXi,Xj is representable by Spf Fp[[:ri/poo, .. ,xégw]], where d; ; is
the dimension of Hx, x;- If the height of X; is m;, then Lemma 4.1.8 implies
that the slope of Hx, x; is A; — A; and its dimension is d; ; = m;m; (A; — \;).

On the other hand, by making the root data of GL,, explicit (cf. [Ham15,
App. A]), we can compute the contribution of the slopes A;, Aj to (2p, v). The
positive roots of GL,, (corresponding to the Borel subgroup given by the upper
triangular matrices) are

Rt ={er —elk,l e {1,...,n},k <1}
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We also have
l/b:()\1,...,Al,...,)\r,...,)\r).

mi mr

The contribution coming from A;, \; to (2p,13) is precisely m;m; (A\j — \;)
=d; ;.

The case of a general unramified extension F'/Q, follows in the same way,
by working in the category of p-divisible groups with Op-action instead. Let
d = [F : Qp]. The theory developed in Section 4.1 can be extended to define an
internal homomorphism in the category of p-divisible groups with Og-action.
If G is a p-divisible group with Op-action, its rational Dieudonné module D(G)
decomposes as D(G) = ®,.0,,w(#,)D(G)r. Choose an embedding 79 : Op —
W(F,) and let Dp(G) := D(G)r,. The analogue of Lemma 4.1.8 holds for
Dr and homomorphisms of p-divisible groups with Op-action, with the same
proof (but replacing ¢ by ¢? and embedding F into B;is via 19).19 The
structure of Aut F(Xb) can now be deduced in the same way. The dimension
computation is also analogous to the one above. Let X, = @]_;X;, with the
slope of the F-isocrystal attached to X; being equal to A; (here, 0 < \; < d,
and \;/d is the slope of X; as a p-divisible group) and X; having height m;
as a p-divisible group with Op-action, i.e., height dm; as p-divisible group.
The dimension of the p-divisible group with Op-action corresponding to the
Op-linear homomorphisms between X; and X; is d; ; = mym; (A; — A;). On
the other hand, the positive roots of Resy/q, GLy are

R+:{eT,k—eT7l|k,l6{1,...,n},k<l,7‘:Fc—>@p}

and

mi mr
The contribution from slopes A;, A; is again d; j = mym; (Aj — \;).

We now consider the case when X; has an unramified PEL structure.
Recall that we are assuming that the PEL datum is of type (AC). By similar
Morita-theoretic arguments as above (cf. [Ham15, Cor. 4.5]), we can write
(B,0p,*) = [1:(Bi, Op,, %) as a product of simple PEL data. On the level of

YFor p-divisible groups with Op-action, there is a more restricted notion of p-divisible
Op-module; the requirement is that the two actions of Op on the Lie algebra agree.
This condition cannot be formulated for a p-divisible groups with Op-action up to quasi-
isogeny, and in fact for p-divisible groups with Op-action up to quasi-isogeny, every-
thing works very similarly to the case of p-divisible Op-modules. For example, note that
B(F,GL,) = B(Qp, Resp/q, GLy).
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quasi-self-isogenies we get
1
Autg(xb) = <H Autg, (Xm‘)) — H Autg, (Xb,i);
i i

where (Hl Autg, (Xbﬂ-))l is a closed subfunctor of the product, defined by the
condition that the similitude factors on each term are the same. The group G
is defined similarly, as the closed subgroup ([]; G;)! < []; Gi- The similitude
factor on Autg, (Xbi) defines a map

Autg, (Xp,) = Q)

that will factor as
AutGi (Xbl) - Jbi (Qp) — %7

where the latter map is the natural similitude morphism on J,,. We see that

the result for all G; implies the result for G, so we can assume that G is simple.
We reduce to one of the following three cases:

(1) X is a p-divisible group with (F, Op)-EL structure, where F'/Q, is unram-
ified;

(2) Xp is a p-divisible group with (F,Op,*)-PEL structure, where * is the
identity on F’;

(3) X, is a p-divisible group with (F, Op, x)-PEL structure, with Q, C F* C F
unramified extensions, * an automorphism of order 2 and F+ = F*=1,
The first case was already dealt with above. The second case corresponds to

G = GSp,, /OF with n even, while the third to G = GU,,/Op+.

We explain the computation of Autg(ib) in the case of G = GSp,, /OF.
As before, d = [F' : Qp], and we write X;, = @]_; X, with each Xj isoclinic
of slope \; € [0,d] as p-divisible group with Op-action, and the A; in strictly
decreasing order. The fact that X is equipped with a symmetric polarization
means that d — A; is also a slope of Xj, occurring corresponding to the same
height m; as A\;. As before, the restriction of an automorphism of Xb to the
graded pieces XZ of the slope filtration defines the map

Aut(Xp) = Jo(Qp).

The fibres of this map can be computed at the same time as the dimension,
and we concentrate on the dimension in the following. We can write

e P
b LA

m1 mr

with \; + A\p11-; = d, m; = my41—,;. Using the same choices as in [Ham15,
App. A] and recalling that ¢ : G — G, is the multiplier character, the positive
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roots of G = GSp,, /OF are

Rt ={erx—enlk<le{l,...,n/2},7: F = Q,}
U{erkters—clk#1€{l,....,n/2},7: F = Q,}
U{2e,x —clk € {l,...,n/2},7: F — Q,}.

We compute the contributions coming from slopes A;, A; to both the dimension
of Autg(Xp) and to (2p,1v5) and check that they are the same.

(1) If XN >N > %, then the contribution to the dimension of Autg(Xp) is, just
like in the EL case, d; j = mym;(\j — A;) and it matches the contribution
from %, % to (2p, 1) by the same argument. Using the polarization, this
also takes care of all cases with g >N >\

(2) If \j > % > d — \;, with ¢ # j, then the contribution to the dimension
of Autg(Xb) is mym;(X; + A\j — d). This is given by the dimension of the
internal Hom Op-module between XY and X; if j < 4, computed as in the
EL case, which by the compatibility with the polarization also pins down

the quasi-isogeny between X}/ and X;. This matches the contribution from
%, 1— % and %, 1- % to (2p, 1), using the fact that (c,vp) = 1.

(3) If A\ > %, the contribution to (2p, ) from %, 1— % is %(2)\1—@.
This is also the dimension of the part of H#ome, (XY, X;)[1/p] that is com-
patible with the polarization. Indeed, the polarization induces an involu-
tion on #omo, (XY,X;)[1/p], and we can compute the dimension of the

part fixed under the polarization using Lemma 4.1.8: the slope is 2% -1,
mi(mi+1)
—a
The case G = GU,, is similar and left as an exercise. O

and the height of the fixed part as a p-divisible Op-module is

Remark 4.2.13. In view of the theory developed in Section 4.3 and Corol-
lary 4.3.9 in particular, the dimension of Autg(ib) should match the dimension
of central leaves inside the Newton stratum corresponding to b on the special
fiber of a corresponding Shimura variety. This indeed agrees with the dimen-
sion of central leaves as computed by [Ham15, Cor. 7.8].

Note that there is an action of AutG(Xb) on Mp, .. We let Autg(Xb)%d be
its adic generic fiber over Spa(L, Op,). Then the action of Autg(ib)%d on Mp
extends to an action on Mp . The map W%T tMp oo — g‘\ZbG, . 1s equivariant
for this action with respect to the trivial action on the target. We would like
to say that wip : Mp o — 9?2;7“ is an Autg(gb)%d—torsor. However, we
have only defined the target as a locally closed subspace of #{g ,. Also, the
condition of being a torsor includes the condition that the map is surjective
locally in some specified topology. It is probably necessary to use some of
the fine topologies from [Weild| here. Thus, we content ourselves with some

int
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more basic information. Recall that Mp o is preperfectoid and lives over

the perfectoid field F((pye)"; thus, one can form a perfectoid space M\D,oo as
in [SW13, Prop. 2.3.6]. The product

-/T/l\D,oo XSpa(L,0r) Autg (Xb)%d

exists in the category of adic spaces, and is still a perfectoid space, by the local
structure of the automorphism scheme. On the other hand, the space

MD,oo X g, MD,oo C ./\/lpjoo XSpa(E,Oé) MD,oo

is preperfectoid (as proved in [SW13, Prop. 2.3.7], this condition passes to
closed subsets), so again we can pass to a perfectoid space

(Moo X 16, M o)
PROPOSITION 4.2.14. The action map
MD oo Xspa(r,0p) Auta(X)20 = (Mp oo X 21, MD oo)"
s an isomorphism of perfectoid spaces.

Proof. Let (R, RT) be a perfectoid affinoid algebra over .20 We have to
construct an inverse map

(Mp oo X 514, Mpoo) (B, BT) = (Mp oo Xspa(r,0p) Auta(Xp)2) (R, RY).

Given an element of the source, we have (after localization on Spa(R, R"))
two p-divisible groups Gy, Go over Rt 2! equipped with quasi-isogenies to X
over R*/p, and trivializations of the Tate module on the generic fibre. In
particular, we get an isomorphism of the Zp-local systems given by the Tate
modules of G; and Go over R, in other words an isomorphism G; p = Go . We
need to check that this isomorphism extends to R™, as one can then compose
this isomorphism with the given quasi-isogenies to X, over R*/p to get a self-
quasi-isogeny of Xy, as desired. In this regard, we observe the following lemma,
which is a non-noetherian version of a result of Berthelot, [Ber80].

LEMMA 4.2.15. Let R' be a Zy-algebra that is integrally closed in R =
RT[1/p]. Let G, H be p-divisible groups over R*. Assume that the Newton
polygon of G is independent of s € Spec(R™ /p) and that the same holds true
for H. Let fr: Grp — Hpg be a morphism of p-divisible groups over R. Then
fr extends, mecessarily uniquely, to a morphism f : G — H of p-divisible
groups over RT if and only if for all geometric rank 1 points Spa(C,O¢) of
Spa(R, R"), the base change fc : Go — He extends to a map fo, : Go, —
Ho

[oR

20Tn the proof, we are really only using that R™ C R is bounded and that this property
passes to rational subsets.
21'Here, we use that RT C R is bounded.
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Proof. For each n > 1, we have to check that the map G[p"|r — H[p"|r
extends to R*. Both schemes G[p"], H[p"] in question are affine and finite
locally free over RT. Thus, the question whether this morphism extends is the
question whether a matrix with entries in R has entries in RT. As

R" ={f € R|VzeSpa(R,R") : |f(z)| <1},

we can reduce to the case of a point, i.e., R = K is a complete nonarchimedean
field, and K+ C K is an open and bounded valuation subring. We may also
assume that K is algebraically closed and rename C = K, CT = K'. By
assumption, the map extends to O¢. Let mp, C O¢ be the maximal ideal;
it is also contained in C*. Then C*/ mo, C Oc¢/mp,, is a valuation subring.
Finally, we are reduced to the following lemma. O

LEMMA 4.2.16. Let 'V be a valuation ring of characteristic p with quotient
field K. Let G, H be p-divisible groups over V with constant Newton polygon.
Then the map

Hom(G,H) - Hom(Gk, Hg)
s a bijection.

Remark 4.2.17. Using this lemma, one can remove the noetherian hypoth-
esis from the main result of [Ber80]; i.e., the same fully faithfulness result holds
true for any integral domain R in place of V. Indeed, to check whether a ho-
momorphism over K extends to R, one has to check whether certain matrices
over K have entries in R, which can be checked on valuation rings.

Proof. The map is clearly injective. For surjectivity, we have to check as
above that certain matrices with coefficients in K have entries in V. Thus, we
may assume that K is algebraically closed.

Observe that it is enough to prove the result up to quasi-isogeny. Indeed,
if f: G — H becomes divisible by p over K, then G[p]x C Gk is killed by f,
whence its flat closure G[p] C G is killed by f, which shows that f is divisible
by p.

Now, e.g., by the Dieudonné-Manin classification, both G and Hg admit
a quasi-isogeny to a completely slope divisible p-divisible group G, Hy (defined
over ]l_?p C V). We may assume that these quasi-isogenies are genuine isogenies;
then we may take their flat closures over V and divide G, resp. H, by them;
thus, we may assume that Gx and Hg are completely slope divisible. Then
by [0Z02, Prop. 2.3], G and H are themselves completely slope divisible. As
V is perfect, both G and H decompose as a direct sum of their isoclinic pieces
(cf. [0Z02, Prop. 1.3]); thus G = G xg, V, H= Hoxg, V.

Finally, we use that the Dieudonné module functor on V is fully faithful;
cf. [Ber80]. Thus, as G and H come via base extension from F,,, it remains to
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show that if (D, ) is any isocrystal over F,, then

(D @w@,/m WV)L/PDT = (D @, pm W)L/
We may assume that D = D) is simple of slope A = s/r. In that case, we have
to prove
W(V)[L/p]? =P = W(K)[1/p]” ="

Clearly, the left-hand side is contained in the right-hand side. If s # 0, then the
right-hand side is 0, as follows by looking at the p-adic valuation of any nonzero
element. We are left with the case s = 0, where r = 1. But W(K)[1/p]¥=! =
Q, C W(V)[1/p]#=1, finishing the proof. O

Using Lemma 4.2.15, we only have to check the result on geometric rank 1
points. But now, by [SW13, Th. B], p-divisible groups over O¢ are equivalent
to pairs (T, W), where T is a finite free Z,-module, and W C T ®z, C is
the Hodge-Tate filtration. Thus, it remains to check that the Hodge-Tate
filtration is preserved, but this is true since we started with an element of the
fibre product

(MD,oo X PG, Mpyoo)(R, R+). (]

We also have the following surjectivity result.

LEMMA 4.2.18. Let C/E'(Cpoo) be a complete algebraically closed extension
with ring of integers O¢. Then the map

Tt Mpoo(C, Oc) = Fl ,(C,0¢)
18 surjective.

Proof. Given z € ﬂEbG’u(C, Oc¢), we get (corresponding to the represen-
tation G — GL(V) and using [SW13, Th. B]) a p-divisible group G/O¢ with
trivialized Tate module, which by functoriality comes equipped with an action
of Op and a principal polarization. To give a point of Mp o(C,O¢), it re-
mains to construct a quasi-isogeny p over O¢/p. For this, note that the proof of
Proposition 4.2.6 gives an identification between the G-bundle &g correspond-
ing to G, and the G-bundle &, corresponding to the point x. By assumption,
T € ﬁﬁl’G?M(Q Oc¢), so there is an isomorphism of G-bundles &, = &,, which
gives an isomorphism of G-bundles &g = &;,. Using Theorem 4.1.4, this gives
the desired quasi-isogeny. O

Using these results, we can compute the dimension of the strata ﬁf%’ u C
Flg,,,. Here, we define the dimension as the Krull dimension, i.e., the length
of the longest chain of specializations.

PRrROPOSITION 4.2.19. Let K be a complete nonarchimedean field with ring
of integers Ok and residue field k. Let X be a partially proper adic space over
Spa(K,Ok). Then the dimension of X is equal to the mazximal transcendence



712 A. CARAIANI and P. SCHOLZE

degree of k(x) for x € X, where k(x) is the residue field of the ring of integers
Ok (z) in the completed residue field K(z) at x.

Remark 4.2.20. Recall that a map f : X — Y of analytic adic spaces
is partially proper if for any complete nonarchimedean field K with ring of
integers O C K and open and bounded valuation subring K+ C K (so
K* C Ok), the map

X(K7K+) — X(K¢ OK) XY(K,OK) Y(Kv K+)

is a bijection. This is the analogue of the valuative criterion for properness in
this setup.

Proof. As X lives over Spa(K,Ok), it is analytic, and thus any point
generalizes to a rank 1 point. It is thus enough to prove the more precise
assertion that for any rank 1 point x, the dimension of the closure m is
equal to the transcendence degree of k(z). But the closure {z} gets identified
with the Zariski-Riemann space for k(x)/k (using partial properness), whose
dimension is equal to the transcendence degree of k(x)/k. O

PROPOSITION 4.2.21. Let K be a complete nonarchimedean field with ring
of integers Ok and residue field k. Let f : X — 'Y be map of partially proper
adic spaces over Spa(K, Ok), and fix a rank 1 point x € X, with imagey € Y.
Let X, = X xy {y} be the fibre of f over y. Let mx C X, @Y CY and

mxy C Xy be the respective closure. Then
dim [z}~ = dim [y} + dim {2} "
Proof. Let k(x) and k(y) have the same meaning as in Proposition 4.2.19.

Then the statement translates into the additivity of transcendence degrees for
the extensions k(x)/k(y)/k. O

PROPOSITION 4.2.22. For any complete nonarchimedean field K /Oy, the
space

Aute(Xp)* XSpa(0.0,) SPa(K, Ok)
is partially proper over Spa(K, Ok), of dimension (2p, ).

Proof. The adic generic fiber is partially proper by Lemma 4.2.15. (A
quasi-self-isogeny respecting extra structures over Spa(C,O¢) will also re-
spect the extra structures when it extends to Spa(C,CT) by the injectiv-
ity of the map in Lemma 4.2.16.) For the claim about the dimension of
Autg(Xp)2d XSpa(0,0,) SPa(K, Ok), it is enough to consider a connected com-
ponent, all of which are by Proposition 4.2.11 given by

Spa(Op ey, a1 Oplley™™ 2P N)) Xspao.0,) SPA(K, Or).
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To compute the dimension, we may assume that K is algebraically closed. Then
K is perfectoid, and by tilting we can assume that K is of characteristic p. In
that case, the space is topologically the same as

Spa(Opl[x1, . wdl], Oplla1, - - wal]) Xspa(o,.0,) SPa(K, Ok).

But this is the d-dimensional open unit disc over K. O
PROPOSITION 4.2.23. The dimension ofﬂﬁg’u is equal to (2p, ) —(2p, V).

Proof. Both #lg, and Mp  are partially proper adic spaces defined
over Spa(E,OE) of dimension (2p, ). Pick any rank 1 point x € Mp
such that the dimension of {z} is (2p,u), and let y € ﬁﬂé’“ be its image.
Let § be a geometric point above y, corresponding to a completed algebraic
closure C' of K(y), and pick a lift of § to Mp o, using Lemma 4.2.18. Then
Proposition 4.2.21 shows that

(2p, 1) < dim {y} + dim Mp s -

But dim Mp o, = dim Mp 5, and using Proposition 4.2.14 and the choice
of y, one has

dim Mp o g = dim Aut(Xp)™ Xgpa(0,.0,) SPa(C, Oc).
The latter has been computed in Proposition 4.2.22, showing the inequality
dim fﬂau > dim {y} > (2p, 1) — (2p, ).

For the converse, pick any rank 1 point y € F#lg,. As before, one sees that
dim Mp ooy = (2p, %), so pick a rank 1 point € Mp , Whose closure is of
dimension (2p, vp). Applying Proposition 4.2.21, we see that the dimension of
the closure of z in Mp ., is at least dim {y} + (2p,13). On the other hand, the
dimension of the closure of z is bounded by dim Mp o = (2p, p). This shows
that

dim@ < <2P, :U’> - <2,0, Vb>’
which (as y was arbitrary) proves the other inequality. O

4.3. A product formula. We now return to our global setting, where we
want to study the Hodge-Tate period map wgr : Sxr — F¥a. Recall that we
are restricting to the case when the Shimura datum (G, X) is of PEL type.

More precisely, we fix global PEL data as follows; cf. [Kot92b, §5]. Let B
be a finite-dimensional simple Q-algebra with center F', and let V' be a faithful
finitely generated B-representation. Let % be a positive involution on B, and
let F* = F*=1. On V, we fix a nondegenerate Q-valued alternating form (-, -)
such that (bv,w) = (v,b*w) for all v,w € V and b € B. Let G/Q be the
algebraic group whose R-valued points are

G(R) ={z € Endpgr(V ® R) | zz* € R*}.
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We assume that G is connected; under the classification of [Kot92b], this
amounts to excluding type D. Finally, we fix a *-homomorphism h : C —
Endpgr(V ® R) such that the symmetric real-valued bilinear form (v, h(i)w)
on V ® R is positive-definite. Note that h induces a map, denoted in the same
way, h : Resc/r — GRr and, in particular, a Shimura datum.

We need to assume that these data are “unramified” at p. More precisely,
we assume that Bg, is a product of matrix algebras over unramified extensions
of Qp, and fix a maximal Z,)-order Op C B; we assume that x preserves Op.
Finally, we assume that there exists a Z,)-lattice A C V' that is self-dual under
(+,-) and stable under Op, and we fix such a A. Using these data, we can define
a connected reductive group GZ(p) over Z,) with generic fibre G as

Gz, (R) = {z € Endo,er(A® R) | 22" € R*}.

We fix the hyperspecial maximal compact open subgroup K, = GZ(p> (Zy)
C G(Qp).

Let KP C G(A’}) be a compact open subgroup, and fix a place p|p of E.
As in [Kot92b], one can define a moduli space of abelian varieties with extra
structures .y, » over Opy C E. In most cases, the generic fibre Sk, x»/E of
Sk, Kv is the Shimura variety corresponding to (G, {h}); in general, however,
the Hasse principle for the group G fails, and it consists of |ker!(Q, G)| copies
of this Shimura variety. Thus, the notation of this section conflicts slightly
with the previous notation for Shimura varieties of Hodge type.

Let F, be the residue field of Opy. The special fiber Sk k» XOp, F,
admits a Newton stratification by locally closed strata y}}p v indexed by b €
B(G, ™ 1); cf. [RRI6]: A point = € Sk, ke X0y, Fq gives rise to a p-divisible
group with extra structure, which can be translated into an isocrystal with
G-structure, and is classified by an element b € B(G). By [RR96], this element
actually lies in B(G, u~1).

One of the main results of [Man05] is a decomposition of the Newton
stratum 5”}’(1) v into the Rapoport-Zink space OM® and the Igusa variety Ig’
corresponding to b. Thus, we first recall these two objects. From the last
section, we already know the Rapoport-Zink space.

For b € B(G, 1), choose a completely slope divisible p-divisible group
X over Fq with extra structures giving rise to the o-conjugacy class b, as
in [Man05, §3]. Let Diyp be the integral data corresponding to the base
extension of B,V,0Op, A to Z,, and (p,b). Then Dy, is of PEL type, and
we consider the corresponding Rapoport-Zink space O := Mp,..,» Which
lives over O, where E is the completion of the maximal unramified extension
of Ej.

Next, we want to introduce the Igusa variety.
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Definition 4.3.1. We let Ig®/Spec F, be the functor sending an F,-algebra
R to the set of isomorphism classes of pairs

{(A,p) ’ Ae prKp(R), p: A[poo] 5 X, Xf, R},

where A € S, i»(R) is an abelian variety equipped with extra structures (and
satisfying the determinant condition) and the isomorphism p is compatible with
the extra structures; as usual, it is only supposed to preserve the polarization
up to a scalar, i.e., an automorphism of iy~ g.

Remark 4.3.2. This definition is different from the Igusa varieties defined
in [Man05], and we will explain their relation below.

PROPOSITION 4.3.3. The functor Ig® is representable by a scheme.

Proof. It is enough to prove that the map Ig® — SKpyKr XO0p, IF‘q is rel-
atively representable. Let A be the universal abelian variety over g, k.
Then we are considering the inverse limit of the schemes parametrizing iso-
morphisms A[p"] = X,[p"] compatible with extra structures, each of which is
representable. O

From the definition of Ig®, it is evident that the group of automorphisms
of X respecting the extra structures acts on it. However, next we ~give an
alternative description of Ig® that shows that the larger group Autg(Xp) acts
on Ig’.

LEMMA 4.3.4. For an Fy-algebra R, Ig®(R) can be identified with the set
of isomorphism classes of pairs (A,p), where A € Sk kv(R) is an abelian
variety considered up to p-power isogeny (respecting the extra structures) and

p: A=) =X, Xf, It
is a quasi-isogeny (respecting the extra structures).

Proof. Each element (A, p) of Ig°(R) determines a pair (A,p) as in the
statement of the lemma.
Conversely, given A € Yk, k»(R) with a quasi-isogeny

p:Ap>®] 5 X, Xz, R,
we can find a unique abelian variety A’ with extra structures equipped with a
p-power isogeny to A, such that A[p™] gets identified with Xp; i.e., the induced
quasi-isogeny

o APp™®l S X, Xg, R
is an isomorphism. Then (A4’,p') defines a point of Ig?(R), as desired. O

COROLLARY 4.3.5. The formal group scheme Autg(Xb) acts canonically
on IgP. Moreover, Ig® is perfect; i.e., the Frobenius map is an automorphism.
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Proof. The first part follows from Lemma 4.3.4 by acting on p (noting
that quasi-isogenies of Xj are the same as automorphisms of Xb).

For the second part, we have to see that for any Fq—algebra R, the Frobe-
nius of R induces an automorphism of Igb(R). But pulling back under Frobe-
nius induces an equivalence on the category of abelian varieties up to p-power
isogeny (as Verschiebung gives an inverse up to multiplication by p). Similarly,
pullback under Frobenius induces an equivalence on the category of p-divisible
groups up to quasi-isogeny, showing that the datum of p is preserved. ([

Now we recall the more classical objects; for more details, see [Man05].
The leaf €° corresponding to X, is the subset of the locally closed stratum
5”}’% K» XF, Fq where the fibers of the p-divisible group A[p™] at all geometric
points are isomorphic to Xp:

G = {r € S | Aulp™] xua) (D) = X x5, 72}

This is a priori defined only as a subset of Y;’(p Kr XF, Fq, but Proposition 1
of [Man05] shows that €? is a closed subset and defines a smooth subscheme
of y}’(p Kp XF, F ¢ when endowed with the induced reduced structure. We note
that contrary to the objects defined so far, €° depends on the choice of X,
within its isogeny class.
Recall that
Xp = Bi=1 X,

where the X; are isoclinic p-divisible groups of strictly decreasing slopes A; €
[0,1]. Let Gy be the p-divisible group of the universal abelian variety <7/ f, rc»
restricted to €°. Then Gy, is completely slope divisible, with slope filtration

0CGp1 C- - CGbr =G

with Qé := Gt.i/Gp,i—1 isoclinic of slope \;. The Op-action on G and the polar-
ization respect this filtration, so that each Qg is endowed with an Opg-action
and there are induced polarizations gg — (QZ)V for all 4, j with A; + A\; = 1.

Definition 4.3.6. The (pro-)Igusa variety is the map
Ptans = €
that over a €*-scheme S parametrizes tuples (pi)i—, of isomorphisms
pi Gy Xgr S 5 Xi Xgpee 7, S

that are compatible with the O pg-actions on g,§ and X;, and commute with the
polarizations on G and X, up to an automorphism of ji,~ g.

Remark 4.3.7. A version of these Igusa varieties is considered in [Man05][;
see also Section II of [HTO01] for the case of one-dimensional p-divisible groups.
Rather than trivializing the whole isoclinic p-divisible group gg, one trivializes
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the Gi[p™] for some positive integer m. More precisely, let ﬂl\l}[ant’m be the
moduli space of isomorphisms on €°-schemes S

pim  Glp™] = Xalp™] Xz, S,

that (fppf locally) lift to arbitrary m’ > m and that respect the extra struc-
tures. Proposition 4 of [Man05] shows that the underlying reduced subscheme
of fl\l}[am’m is a finite étale and Galois cover of €°.

In view of the theory developed in Section 4.1, we can identify the set
of endomorphisms of X;[p™], which lift to arbitrary m’ > m, with the p™-
torsion in the étale p-divisible group Hx, x,. Now consider the intersection of
the scheme-theoretic images of the automorphisms of X;[p™**] inside the auto-
morphisms of X;[p™] (under the natural restriction map). By Lemma 4.1.5, the
images of .o/ut(X;[p"*]) < aut(X;[p™]) will stabilize for large enough k, giv-
ing rise to an open and closed subscheme of the finite étale scheme Hx, x, [p™].
This shows that fﬁam’m — € is a quasitorsor under an étale group scheme.
From [Man05, Prop. 4] (which produces sections over a finite étale cover), it
follows that they are actually torsors. In particular, we see that fl\k}[
actually already reduced.

Thus, the scheme

ant,m 18

b 1 b
jMant - 1&11 jMant,m
m

is a pro-étale cover of €°.

Note that, as Ig® is reduced, the natural map Ig? — Sk, kv factors over
Ig® — %*. Moreover, as any homomorphism between p-divisible groups pre-
serves the slope filtration by Corollary 4.1.10, we see that any isomorphism
Gy, &2 X, induces isomorphisms Qé = X;, and thus there is a natural map
Igb — 7

ant*

PROPOSITION 4.3.8. The perfect scheme Ig® is the perfection of ,ﬂﬁ
via the natural map Ig® — fl\l}[am.

ant?

Proof. Let (#Y,.)P! be the perfection of £, .. Then we claim that
the p-divisible group G, over € becomes canonically isomorphic to X; when
pulled back to (S, )P". Recall that G, has a slope filtration

0CGh1 C- - CGbr =G

with gg := Gb.i/Gp,i—1 isoclinic of slope A\;. Moreover, when pulled back along
Pons — €0, each G becomes trivialized to X;.

The existence of the slope filtration on G, means that we have integers
0<t, < <ty <ty <s,suchthat fori=1,...,r,

(1) the slope A\; = ti.

5
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(2) the quasi-isogenies
S

F s
ek Goi = (Goi) ™",

where F' is the Frobenius isogeny, are genuine isogenies;

(3) the induced maps
TG G
are isomorphisms.

The inequalities between the t; imply that 57; acts nilpotently on Gp;_1. Re-
peated iterations of
FS ( —S)
o (Gpi)Y ) — Gy
can be used to construct canonical splittings Gi < Gy ; over (A, )P
Thus, G decomposes canonically into G; X -+ X G, over (ﬂﬁant)perf, and
this is trivialized to X; x - -+ x X,. = X, as desired. O

We remark that J,(Q,) C Aut(X,) acts on Ig?. However, only a certain
submonoid of J,(Q,) acts on fl\’}[am; Mantovan, [Man05], does however con-
struct a canonical action of J,(Q,) on the étale cohomology of %, .. From
Proposition 4.3.8, it follows that the étale cohomology of ff/[ant is also the étale
cohomology of Ig®, on which we have a natural action of Jp(Qp). We leave it
to the reader to verify that this is the same action as the one constructed by
Mantovan.

COROLLARY 4.3.9. The map Ig® — €° is faithfully flat.

As the map is obviously a quasitorsor under the automorphisms of X
respecting the extra structure, this implies that it is in fact a torsor under
this group. Note that € is smooth, while the scheme of automorphisms of X,
is a highly nonreduced object like SpecI_Fp[[Xll/poo, . ,Xcll/poo]]/(Xl, oo, Xa).
The fact that a torsor under this group over something smooth is a perfect
scheme forces the smooth directions of the base to match with the nonreduced
directions of the group, so that one can deduce that the dimension of %°
is d = (2p,1), for example by looking at the transitivity triangle for the
cotangent complex.

Proof. As 7, is a cofiltered limit of smooth schemes along affine tran-
sition maps, its Frobenius morphism is (faithfully) flat, and thus Igb — Jﬁamt
is faithfully flat. We have already seen that ,ﬂl\l}[am — ¢* is faithfully flat, so
we get the result. ([

As Ig? is a perfect scheme, it lifts uniquely to a flat p-adic formal scheme
over W(IF;) = O, which we denote by Ig%é. As a moduli problem on Nilpg)é,
it parametrizes abelian varieties up to p-power isogeny in ¥, kr, equipped
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with an isomorphism of A’[]TOJ] with (the canonical lift of) Xy, respecting all
extra structures.

One can also describe this deformation of Ig® to mixed characteristic dif-
ferently. For this, fix a lift (X;)p, of X; up to quasi-isogeny (with its extra
structures) to O, where O is the ring of integers of some complete nonar-
chimedean field K/FE; in other words, pick a point (Xj)o, € MP(Ok). This
is possible (with K = E), as P is formally smooth. One gets the following
lemma.

LEMMA 4.3.10. The points of the formal scheme Igl(’gK = Igl(’gE X0, Ok
over R € Nilp(gK are given by the pairs (A, p), where A € S, kv»(R) is an
abelian variety with extra structure, and

p: A[poo] = (Xb)OK Xox R
s an isomorphism compatible with the extra structure. ([l

We will also need a variant of Igusa varieties, where one trivializes A[p]
only up to quasi-isogeny.
Definition 4.3.11. Let X’ be the functor sending R € Nilp?ng , to the set

of pairs (A, p), where A € Zk, k»(R) is an abelian variety with extra structure,
and

p: Ap™®] xr R/p — Xy x5, R/p
is a quasi-isogeny compatible with the Op-action and the polarization, up to
an automorphism of fi,e g/p-

Fix a lift (Xp)o, of X to Ok as above. We define a map of formal schemes
over Ok,
b b b
IgOK XOE m’ — on.
For R € Nilpg , let

(4,0),(G,0") € (Igp, x M")(R).
Thus, A € .Yk, kr(R) is an abelian variety with extra structure, equipped with
an isomorphism
p: AP = (Xp)ox Xok R.
On the other hand, G is a p-divisible group with extra structure over R,
equipped with a quasi-isogeny p’ to X over R/p, which lifts uniquely to a
quasi-isogeny (denoted in the same way)

PG — (Xp)ox Xox R

We get the composite quasi-isogeny G — A[p*>°]. It follows that there is a
unique quasi-isogeny of p-power order A’ — A such that A'[p™] — A[p>] gets
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identified with G — A[p>]. This defines a new point A’ € S, k»(R), which
comes equipped with a quasi-isogeny
p AP =G = (Xp)ox Xox R
and, in particular, a quasi-isogeny to X; over R/p.

LEMMA 4.3.12. The map constructed above induces an isomorphism and
fits into a commutative diagram

Igh, X0, M ———— X
oo om?.

Here, the first vertical map is projection onto the second factor, and the second
vertical map sends (A, p) € X° to (A[p™],p) € M°.

In particular, choosing K = E above, %P is representable by a formal
scheme.

Proof. The diagram commutes by construction.

We now define the inverse of the top horizontal map: suppose we are
given a pair (A’,p') € X°(R). In order to define (G,p’) € MP(R) we just take
(A’[p™], p'). From the quasi-isogeny

P AP = (Xp)ok Xok R,

we find a quasi-isogeny of p-power degree A’ — A such that the induced quasi-
isogeny

p: AT = (Xp)ox xox R
is an isomorphism, so we get (A, p) € Ig%K(R). It is easy to verify that this
construction is inverse to the horizontal map. ([

We would like to say that X° is an Autg(Xb)—torsor over the completion
of Sk, kv along Y}’{p Kr- It is clear that it is a quasitorsor, and it remains to
show that the map is locally surjective in some topology, the naive choice of
course being the fpqc topology.

If this were true, then one could take the pushout along Autg(ib) —
Jp(Qp) to get a Jp(Qp)-torsor over Y}b(pr. This J,(Qp)-torsor can in fact be
constructed, as in the following proposition (which will not be used in the
sequel, but is included as it fits the current discussion).

PROPOSITION 4.3.13. Let S be a scheme over Fp, and let X be a p-divisible
group with extra structure over S. Assume that there is some b € B(G) such
that all fibres of X are quasi-isogenous to Xy (compatibly with extra structures).
Then there is a natural Jy(Qyp)-torsor over S that above any geometric point
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z € S parametrizes quasi-isogenies between Xz and Xy (compatible with extra
structures).

Remark 4.3.14. The J,(Qp)-torsor is to be understood as in [BS15]; more
precisely, there is a sheaf of (abstract) groups on Spe¢¢ corresponding to the
topological group J;(Q,), and we are considering a torsor on Spyq¢ under this
sheaf of groups. If S is connected and locally topologically noetherian and
T € S is a geometric base point, this corresponds to a map

TS T) = Jy(Qp).

This map and the J,(Qp)-torsor only depend on X up to isogeny. We remark
that the displayed map may have noncompact image in general, but the image
is compact in case X admits a slope decomposition (or is isogenous to such an
X); this explains [0Z02, Ex. 4.2], where a p-divisible group over a nonnormal
base is constructed that is not isogenous to one admitting a slope filtration.
We remark that most Newton strata, e.g., the basic one, give such examples:
For the basic Newton stratum, the image of the displayed homomorphism is a
discrete cocompact subgroup of J,(Q)) related to p-adic uniformization.

Proof. We may assume that S is perfect. In that case, we consider the
functor sending any T' € Spro¢r to the set of quasi-isogenies between X7 and
(Xp)7, respecting extra structures. This is a Ju(Qp)-quasitorsor, and we want
to prove that it is a torsor.

First, we check this when S is strictly local, so assume S = Spec R is
the spectrum of a strictly henselian perfect ring R. In that case, we need to
show that there is a quasi-isogeny between X and X, compatible with extra
structures. As there is such a quasi-isogeny over the special point, the result
follows from the following lemma.

LEMMA 4.3.15. Let R be a strictly henselian perfect ring with residue
field k. Then the functor G — Gy from the category of p-divisible groups
over R with constant Newton polygon, up to isogeny, to p-divisible groups over
k up to isogeny is an equivalence of categories.

Remark 4.3.16. In fact, the proof will show that if G and H are p-divisible
groups with constant Newton polygon over R, then there is a constant ¢ de-
pending only on the heights of G and H such that for any homomorphism

Y+ Gy — Hy over k, p©y lifts to a (necessarily unique) homomorphism
G — H; cf. [0Z02, Cor. 3.4].

Proof. Choose an embedding F, < R. Assume for the moment that we
know that any p-divisible group G over R with constant Newton polygon is
isogenous to G g := G XF, R for some p-divisible group Gq over F,,. By the
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Dieudonné-Manin classification, the functor in the lemma is essentially surjec-
tive. To check fully faithfulness of the functor, we may restrict to calculating
Hompg(G, H)[1/p] where G = Go r, H = Hyr. By fully faithfulness of the
Dieudonné module functor over perfect rings (first deduced by Gabber from
results of Berthelot, [Ber80], cf. also [Laul3, Th. D]), it is then enough to check
that for any isocrystal (D, ¢) over Fp,

(D@ W(R)1/p)*~ = (D@ W (k)[1/p)*~".

We may assume that D = D, is simple of slope ); if A # 0, then there are no
p-invariants, and if A = 0, then both sides are equal to Q,.

It remains to see that any p-divisible group G over R with constant Newton
polygon is isogenous to a constant p-divisible group.?? More precisely, choose
a completely slope divisible Go/F, with an isogeny x : G — Gox that one
can assume to be of degree bounded only in terms of the height h of G. Then
we claim that there is a (necessarily unique) quasi-isogeny ¢ : G — Gy g lifting
1, and whose degree is bounded only in terms of h; i.e., there is a constant
¢ = c(h) such that p“y : G — Gy g is an isogeny.

For this, assume first that R is an integral domain, with quotient field K.
By Lemma 4.2.16 (cf. Remark 4.2.17), the functor from p-divisible groups
over R to p-divisible groups over K is fully faithful. We can find an isogeny
Vi Gg — Go i of degree bounded only in terms of h, which then extends
to a map ¢’ : G — Go g of degree bounded only in terms of h. Over k, 9,
and vy, differ by a quasi-isogeny of Gy of bounded degree; correcting ¢’ by this
quasi-isogeny gives the desired quasi-isogeny ¢ : G — G g lifting 1)y, which is
of bounded degree.

In general, let {p;} be the minimal prime ideals of R (which may be
infinitely many);?® then the result holds true over each R/p;, which is still
a strictly henselian perfect ring. Let R C [1; R/pi be the subring of those
elements f = {f; € R/p;} for which f := f; € k is independent of i. Then Ris
another strictly henselian perfect ring, R — R, and there is an isogeny

1/) - G B — GO, R
Indeed, p“i will be an actual isogeny, and then to write down this isogeny, one
has to write down many matrices with entries in R; but one has these matrices
with entries in R/p; for each 4, reducing to the same matrix over k. It remains
to see that ¢ is defined over R, i.e., that some matrices with coefficients
in R have coefficients in R. For each i, R/pZR is a strictly henselian perfect

22(f. [0Z02, Cor. 3.6] in the case where R is the perfection of a noetherian strictly henselian
ring R’ and G is defined over R'.

231f there are only finitely many, e.g., if S is the perfection of a noetherian scheme, one
can argue as in [0Z02, end of proof of Prop. 3.3].
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ring, so ¢z Ipi Rt is uniquely determined; by uniqueness, it must be given by the
base extension of 1/, which is already known to exist. Thus, we finish by
observing that

R={feR|Vi:f modyp; € R/p; C R/p;R}.

To verify the displayed equation, we observe that R — R is a v-cover in the
sense of [BS17], so that by [BS17, Th. 4.1(i)] (applied to £ = Ox),

R={feR|f®l1=1® fc RogrR}.

As everything is reduced, the latter equality can be checked as a system of
equalities in

(R®r R)/pi(R®R R) = R/p:R @, R/piRR,
as desired. O

Now we go back to a general perfect base scheme S. We need to find
a quasi-isogeny between X and X (compatible with extra structures) locally
on Sprest- For any geometric point & € S, we can find such a quasi-isogeny
over Sz. Thus, fixing any n, after replacing S by an étale neighborhood of z
and X by a quasi-isogenous p-divisible group, we can assume that there is an
isomorphism X[p"] = X,[p"]| compatible with extra structure.

In that case, we can look at the Kj-quasitorsor S — S of isomorphisms
Xr =2 (Xp)r compatible with extra structures on the category of perfect
S-schemes T, where K}, C J,(Q,) is the compact open subgroup of automor-
phisms of X, compatible with extra structures. Note that S is representable
by a perfect scheme. We claim that if n was chosen large enough (depending
only on Xj), then this quasitorsor is a torsor; i.e., S — S is faithfully flat.
This will then give the desired quasi-isogeny locally on Sp06; (namely, over the
pro-étale cover S — §).

To show that S is a torsor, we need to see that it is faithfully flat, so we
can assume that S = Spec R is strictly local. We need to show that there is
an isomorphism X = (X,)r compatible with extra structures, assuming that
such an isomorphism exists on p”-torsion for n big enough.

As before, let k be the residue field of R. Then X, and X have isomorphic
p"-torsion; from [Sch13a, Lemma 4.4] one deduces that there is an isomorphism
Y+ Xp =2 X compatible with extra structures, if n was chosen large enough;
moreover, one can assume that this isomorphism reduces to the given one
Xp[p"] = Xi[p"] on p/*-torsion (say, n = 2m is even). From Lemma 4.3.15
and Remark 4.3.16, we see that 1, lifts to a quasi-isogeny ¢ : (Xp)r — X,
such that py : (Xp)p — X and p“~! : X — (X)) are actual isogenies,
where ¢ is a constant depending only on X;,. Then the kernel G C (Xp)g of
p©y is contained in the p?*-torsion; thus, it is the kernel of p©y : (Xp)g[p?>] —
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~

X[p*] =2 (Xp)r[p*] (if m > 2¢, which we may assume). By choosing m large
enough and using Lemma 4.1.5, we may arrange that p“) lies in Hx, x, [p*|(R).
But as R is strictly henselian perfect,

Hx, x, [P°1(R) = Hx, x, [P*](Fp).

It follows that G C (X}) g is constant, G = Gy g, for Gy C X;, with X;,/Go = X,
compatibly with extra structures (as this is true over k). But then p®y factors
over an isomorphism

(Xp/Go)r =X,
where the left-hand side is isomorphic to (Xp)g. This gives the desired isomor-
phism X 2 (X3)z compatible with extra structures. O

Now we go back to the study of Igusa varieties. Let X? := (.’{b)%d be the
adic generic fiber of the formal scheme XP.

Definition 4.3.17. Let X% be the functor that sends a complete affinoid

(E(¢pee), Okc w))—algebra (R, RT) to the set of triples (A, p, @), where (A, p) €
P
X°(R, R*) and
a:A—=T,A

is a morphism of Op-modules such that
(1) the pairing (-,-) on A matches the pairing on 7,.A induced by the polar-

ization and the fixed choice of p-power roots of unity; and
(2) the induced maps

A= T,A%(C,CT)
on all geometric points Spa(C,C™T) of Spa(R, RT) are isomorphisms.

Remark 4.3.18. There are natural maps X° — 9M® and X% — MY, de-
fined by sending an abelian variety to its p-divisible group. We can check on
the level of moduli problems that X%, fits into the Cartesian diagram

xb —— MY,
X — Mb,
therefore it is representable by an adic space.
b d : b
We let (Igp, )" be the generic fiber of the formal scheme Igg,, .
COROLLARY 4.3.19. We have an isomorphism
b yad b~ b
(IgOK)% XSpa(E,OE) Moo — Xoo,K'

In particular, XY is preperfectoid.
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Proof. The first part follows from the decomposition of X% in Lemma 4.3.12
and the cartesian diagram of Remark 4.3.18. The final assertion follows for-
mally from the facts that M2 is preperfectoid and that Igl(’g « 18 locally of the
form W(R)®o, Ok for a perfect ring R, so that (if K is perfectoid) its generic
fibre is a perfectoid space. O

We let /'/VZ’O be the perfectoid space associated with X% as in [SW13,
Prop. 2.3.6]. Let Sk» be the perfectoid infinite-level Shimura variety over Ej.
Let 8%, C Sk» be the locus of those points Spa(K, KT) — Sk» over which
the universal abelian variety over K extends to K+, and defines a point of
y[b(p s» over the residue field of K. This is the preimage under the continu-
ous specialization map of the locally closed subset y[b{p v C IKkr X0p, Fgs
and thus 5}’(,, C Skr is a locally closed subset.

LEMMA 4.3.20. The perfectoid space P maps to S%, by forgetting the

quasi-isogeny p and to MY, by sending (A, p) to (A[p™],p). The induced map
X, = (M X716, Sico)”
s an isomorphism of perfectoid spaces.

In other words,

xb — MY,

[

THT
S?(p > T lap
becomes a Cartesian diagram when one takes points over a perfectoid space.

Proof. Note that the diagram commutes by Remark 4.2.8. Therefore, the
map in the lemma is well defined. We first check the fact that the diagram
is Cartesian on (C, O¢)-points, where C'/ E(Cpoo) is complete and algebraically
closed with ring of integers O¢. A (C, O¢)-point of S;’(p gives rise to a couple
(A, ), where A/O¢ is an abelian variety with extra structures and a : A —
T,A(C,O¢) is an isomorphism compatible with extra structures. A (C,O¢)-
point of M2 gives us a triple (G, 3, p), where G/O¢ is a p-divisible group with
extra structures, 3 : A = T,G(C,O¢) is a trivialization of its integral Tate
module and G xp, Oc/p = X, x5, Oc /p is a quasi-isogeny.

The fact that (A, «) and (G, 8, p) are mapped to the same point of F#g ,
under w7 and W?{T means that the Hodge-Tate filtrations on 7, A ® C' and
T,G®C are identified under the isomorphism foa~!. Now [SW13, Th. B] gives
an isomorphism A[p>®] = G extending the given isomorphism on the generic
fibre. Thus, the given data assemble into a point of X2, and one checks that
these constructions are inverse.
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Now, if (R, RT) is any perfectoid affinoid E (Cpo )-algebra, one gets similar
data (A, a), (G, 3, p) over RT. One has to check that the isomorphism 5o a ™!
between A[p>*]r and Gr extends to RT. This follows from Lemma 4.2.15
above. O

Putting together Remark 4.3.18 and Lemma 4.3.20, we get a diagram with
Cartesian squares (the right one when evaluated on perfectoid spaces)

xb b St

Lo s
HT

mb My~ PG -

4.4. Etale cohomology. Fix a prime £ # p, and consider the map
THT : SKp — ﬁf@}u.
In this final subsection, we use the geometric results established so far to
identify the fibres of F = Rrypr.Z/0"Z with the cohomology of Igusa varieties.
In this section, we make the additional assumption that .k k» is proper over
Ogp. It is known that this is equivalent to asking that G is anisotropic over Q;
cf. [Lanll].

Let C be a complete algebraically closed extension of E (Cpee ), with an open
and bounded valuation subring C* C C, and fix a point z € F# ,(C,CT); we
assume that C'is the completed algebraic closure of the residue field of g,
at the underlying (topological) point. We are interested in understanding the
stalk F, = (R'myr+Z/"7Z),. In this respect, we have the following general
base change lemma.

LEMMA 4.4.1. Let f:Y — X be a quasicompact and quasiseparated map
of analytic adic spaces, and for definiteness, assume that X is either a locally
strongly noetherian adic space or a perfectoid space over Spa(Zy,Zy), and Y
is perfectoid.?* Let x € X be a point with residue field K(x) and open and
bounded valuation subring K(x)*. Let C(Z) be a completed algebraic closure
of K(x) with an open and bounded valuation subring C(z)* C C(z) lifting
K(z)*, giving rise to a geometric point * = Spa(C(z),C(z)*) — X. Let

Yz = (Y xx Spa(C(z),C(z)"))"
be the fibre of Y over &, which is a perfectoid space over C(z). For any sheaf
G of abelian groups on Ye& and all i > 0, the natural map

(R'f.G)z — H'(Yz,G)

s an isomorphism.

24We only need to know that they have well-defined étale sites and that the same holds for
all fibres of f over geometric points. For example, the lemma is also true when one assumes
instead that both X and Y are perfectoid.



THE GENERIC PART OF THE COHOMOLOGY OF SHIMURA VARIETIES 727

Here, and in the following, these statements will also be true for sheaves
of groups and ¢ = 0, 1, and sheaves of sets and ¢ = 0. We will not spell this out.

Proof. Let U; = Spa(Rj7RJ-+) — X be a cofinal system of affinoid étale
neighborhoods of Z; then

Spa(C(z), C(x)") ~ lim Spa(R;, B},

and one has . .
(R'f.G)z =lim H'(Y xx Spa(R;, R}),3).
J

It remains to see that
lim H'(Y xx Spa(R;, Rf),G) = H'(Yz,9).
J

But this follows from Yz ~ lim (Y xx Spa(R;, R})) (cf. [SW13, Prop. 2.4.3]),
where all terms are quasicompact and quasiseparated, and the resulting con-
sequence for étale cohomology; cf. [Sch12, Cor. 7.18].25 O

In particular, we obtain
(R 20"y = H' Sk o, L)L),

Next, we reduce to the case of rank 1 points. For this, we use the following
lemma.

LEMMA 4.4.2. Let X be a quasicompact and quasiseparated analytic adic
space, and for definiteness, assume that X is a perfectoid space.’® Let U C X
be a quasicompact open subset that contains all rank 1 points of X. Then, for
any locally constant sheaf G of abelian groups on X¢ and all i > 0, the natural
map . .

H'(X,G) — H'(U,Q)
s an tsomorphism.

Proof. Let j : U — X be the inclusion. It is enough to prove that
G — Rj,G is an isomorphism. This can be checked on geometric points which,
using Lemma 4.4.1, reduces us to the case X = Spa(C,C™") for some com-
plete algebraically closed field C' with an open and bounded valuation subring
C*t c C. Then U = Spa(C,D") for a different open and bounded valuation
subring Dt C C, containing C. As X is strictly local, the sheaf G is the
constant sheaf associated with some abelian group G. But as any étale cover
of X splits, one has RI'(X,G) = G, and similarly for U, giving the result. [

?5Tn the discussion around [Sch12, Cor. 7.18], the X; are assumed to be strongly noether-
ian; the discussion is also valid if all X, are perfectoid.

26 Again, the lemma, also holds true when X is a strongly noetherian adic space, or when-
ever X has a well-behaved étale site.
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Applying Lemma 4.4.2 to the inclusion Sg» 3 C Sk» , shows that
(R grsZ/0"L) s = (R'Ty7.Z)0" L)z = H (Skv 7, Z/0"Z).

Thus, we will from now on assume that z = Z is a rank 1 point and write
C* = O¢. Now choose b € B(G, 1) such that x € gzg&ﬂ, Ify € Skgry is any
(geometric) rank 1 point, the argument of Lemma 4.2.18 shows that y € S%,.
Thus, S}’(pyx = Skrz XSkp S}’(p C Skr g is a quasicompact open subset with
the same rank 1 points, so applying Lemma 4.4.2 once more, we see that

(R'mpgriZ/ 0" L)y = H (Skp 4, 2/ 0" 7).

Now we apply Lemma 4.2.18 to lift z € 9@[&#(0, Oc¢) to a point z €
M5 (C,0¢), giving rise, in particular, to a p-divisible group (Xp)o. (with
extra structures) lifting X;. Then Lemma 4.3.20 identifies the fibre S}’QJ with
the fibre X(fo’z. This, in turn, gets identified with (Iglé)c)f‘]d by Corollary 4.3.19.
Combining the discussion so far, we see that

(R'ruriZ/ 0" L), = H'((1gh,,)24, 2./ 7).
Next, we pass to the special fibre.

LEMMA 4.4.3. Let X/Fp be a perfect scheme, and let C' be a complete
algebraically closed nonarchimedean field whose residue field contains ]F‘p. Let
Xo. be the flat formal scheme over Spf O¢ that is the unique lifting of X XF,
Oc/p, and let Xo = (%OC)%d be its generic fibre, which is a perfectoid space.
For all i, the canonical maps

HY(X,Z/0"Z) + H'(Xo.,Z/"Z) — H (Xc, Z/("7)
are isomorphisms.

Proof. The question is local on X, so we can assume that X is affine. Then
we can write X = lim X as a cofiltered inverse limit of affine schemes X that
are perfections of schemes of finite type over Fp. One also gets Xo ~ yinj X; o,
so all cohomology groups in question become a filtered colimit over j; thus,
we can assume that X is the perfection of an affine scheme X of finite type.
Then the cohomology of X agrees with the cohomology of Xj.

Moreover, the cohomology of X¢. is the same as the cohomology of its
special fibre X XF, k, where k is the residue field of O¢, which in turn agrees
with the cohomology of X XF, k. Thus, the first map is an isomorphism by
invariance of étale cohomology under change of algebraically closed base field.

Also, under tilting, the étale cohomology of X agrees with the étale
cohomology of X,. We may thus assume that C is of characteristic p. In
that case, one can also form Xy o, = Xo X Spec Fp Spf O¢ and its generic fibre
AXp ¢, which is a rigid-analytic variety over C, with X ~ h&lﬁob Xo,c. Thus,
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the cohomology of X¢ agrees with the cohomology of Ay . Finally, we are
reduced to proving that the map

H' (X000, Z/0"Z) — H'(Xo.c, Z/0"Z)

is an isomorphism. By [Hub96, Cor. 3.5.17], the right-hand side can be com-
puted, in terms of H* ™7 (Xq xg, k, RIYZ/MTZ).

It is enough to see that if Xy is a scheme of finite type over F,, then
the complex of nearby cycles of Xoc = Xo XF, C' is quasi-isomorphic to the
constant sheaf Z/¢("Z. By [DKT73, XIII 2.1.4], we can compute the stalk of
RIWZ/OZ at a geometric point Z as HY ((Xo,0.)z X C, Z/("7Z), with (Xo0,0.)z
the strict henselization of Xo o, = Xo XF, Oc¢ at £. We conclude the proof,
since the map Xo o — Spec O¢ is the base change along the map Spec O¢ —
Spec Fp of the universally locally acyclic map X¢ — Fp. (For universal local
acyclicity, we use the definition of [Del77]. Every scheme of finite type is
universally locally acyclic over a point; cf. [Del77, Th. finitude, Th. 2.13].) O

Thus, we get
(Rimpp 20", = H' (1%, Z./0"7),

where Ig? / Fp is the perfect scheme introduced in Definition 4.3.1. Using Propo-
sition 4.3.8, we finally arrive at the following formula.

THEOREM 4.4.4. For any geometric point T of #lg,, contained in %\El(’;w
there is an isomorphism

(R'mpriZ/0" L) = H' (18", Z/0"Z) = iy H(Aang s L/ L)

It (only) depends on the choice of a lift of T to M%, and is compatible with the
Hecke action of G(A?). O

One can formulate a version of this result where one replaces Z/¢"Z by
the local system corresponding to an algebraic representation &.

5. The cohomology of Igusa varieties

The goal of this section is to compute the alternating sum of cohomology
groups [H(Jg% Q)] as a virtual representation of G(AI}) X Jp(Qp). We will
work with (the Igusa varieties corresponding to) unitary Shimura varieties.
Our setup is similar to that of [SS13] (see Section 5.1 for more detail), and we
intend to prove a version of Theorem 6.1 of [Shill] in this situation.

By Proposition 4.3.8 and since perfection does not change the étale topos,
it is enough to work with the classical objects fﬁamt. By Poincaré duality,
it is enough to compute the alternating sum of the compactly supported co-
homology groups. Sug Woo Shin has derived a formula for the alternating
sum [He( Sy, Q)] as a sum of stable orbital integrals for G' and its elliptic
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endoscopic groups (see Theorem 5.2.3). We reinterpret this formula as the
geometric side of the twisted trace formula and compare it to the spectral side.

5.1. Setup. We assume that F = FT . K is the composition of a totally
real field F© and an imaginary quadratic field K. Let ¢ € Gal(F/F™) be
the nontrivial element. Let G/Q be a unitary similitude group preserving an
alternating hermitian form (, ) on an F-vector space V of dimension n. Let
Splp /p+ denote the set of rational primes v such that every prime of F'* above
v splits in . We make the following further assumptions on F' and G:

(1) FF#Q
(2) the set of rational primes that are ramified in F is contained in Splg)p+;
(3) G is quasi-split at all finite places.

See Section 10 of [SS13] for a discussion of these conditions. The first condi-
tion is needed in order to identify the stable trace formula for Igusa varieties
with the geometric side of the trace formula (avoiding so-called cuspidal sub-
groups). The second condition is imposed to avoid issues with L-packets and
base change for unitary groups.?” The third condition implies that endoscopic
representations will contribute to [H.(#,.., Q)] and is thus in some sense
the hardest case.

Let h : C — Endp(V)gr be an R-algebra homomorphism such that h(z¢) =
h(z)¢ for all z € C and such that the bilinear pairing (v, w) +— (v, h(i)w) is
symmetric and positive definite. Then (F,c,V,(, ),h) is a Shimura datum of
PEL type. The fact that ¢ is an involution of the second kind implies that
the PEL datum is of type (A), according to the classification on page 375
of [Kot85].

The R-algebra homomorphism h induces a homomorphism of algebraic
groups h: Resc/rGpm— Gr. Then (G,{h}) is a Shimura datum as in Section 2.1.
For K C G(Ay) an open compact subgroup, we can define the Shimura variety
Sk, which has a model over the reflex field E. Let © be the Hodge cocharacter
corresponding to h. We follow the slight abuse of notation in denoting by Sk
not the actual Shimura variety, but the PEL moduli problem, which is the
disjoint union of |ker!(G, Q)| copies of the actual Shimura variety. This factor
[ker!(Q, G)| will thus appear in many formulas below.

Also assume that the prime p is unramified in F' and splits in K (so, in
particular, it lies in Splp/p+).

Let p be a prime in the reflex field E of the Shimura datum above the
rational prime p. Let K C G(Ay) be a compact open subgroup that is suffi-
ciently small and has the form KPK,,, such that K, C G(Q)) is hyperspecial.

27 Actually, (2) implies (1).
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The fact that p is unramified in F' means that good integral models %k of Sk
exist over Op,.

We fix a field isomorphism ¢, : Q; = C throughout. If G is a topologi-
cal group, such that every neighborhood of the identity contains a compact-
open subgroup and 2 is an algebraically closed field of characteristic 0, we let
C2°(G) be the space of smooth, compactly supported, 2-valued functions on
G. (Usually they will be C-valued; if they are valued in Qy, then by smooth we
mean locally-constant.) We let Irr(G) denote the set of isomorphism classes of
irreducible admissible representations of G over Q2 and Groth(G) be the corre-
sponding Grothendieck group. For all the groups we consider, we choose Haar
measures and transfer factors as in [Shil0], [Shill].

In particular, if G is an unramified group over a non-archimedean field F,
we choose a hyperspecial maximal compact subgroup K and a Haar measure
such that K has volume 1. We let H"(G(F)) be the subspace of C2°(G(F))
consisting of bi-K-invariant functions, which is an algebra with respect to con-
volution.

5.2. A stable trace formula. In this section, we recall the main construc-
tions and results of [Shil0]. For any open compact subgroup K C G(Ay)
that is hyperspecial at p, we have an integral model .7 /OF,. As described
in Section 4.3, the special fiber of . has a Newton polygon stratification,
in terms of elements b € B(G,p~!). Fix b and also a p-divisible group with
extra structures X,/F, as in Section 4.3. Recall that J,(Q,) is the group of
quasi-self-isogenies of X that respect all the extra structures.

By the Igusa variety ,ﬂl\lj[ant we mean the projective system of }F‘p—schemes
ﬂﬁant’ Kpms Where K? C G(A?) runs over sufficiently small open compact
subgroups and m runs over positive integers. Each of these schemes is a finite
Galois cover of the leaf %), inside Y[b(. Define

[Hc(jlelantﬁQf)] = @(_l)k hgfl Héf(jl\ljlant,l{?,m?(@f)'
k KP.m

Since each of the summands is an admissible representation of G (A?) x Jp(Qp),

we think of [H.( ..., Q)] as a virtual representation in Groth(G(A?) X
Jo(Qp))-

Often, we will fix a finite set S of places of QQ including p, co and all places
at which F ramifies. If we fix a compact open subgroup K* C G(A%) that is a
product of hyperspecial maximal compact open subgroups K, C G(Qy), we let

[He(Atams> Q)7

be the summand of [H.(#Y,.., Q¢)] of those representations that are unram-
ified outside S. More precisely, any element 7 € Groth(G(A?) x Jp(Qp)) can
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be written as a (possibly infinite) sum
™= Z Ny,
i

where m; runs through the irreducible representations of G(A’;) X Jp(Qp) (all
of which decompose into a tensor product), n; € Z, and for each compact open
subgroup K C G(AI}) X Jp(Qp), there are only finitely many 4 for which n; # 0
and 75 # 0. Then we define

pour — E n; ;.
. _KS
it #£0

Let Groth(G(A%) x J»(Qp))° 1 denote the subgroup of Groth(G(A%) x Jy(Qy))

Sur

consisting of those 7 for which m = 72 "". Then there are nondegenerate trace

pairings
Groth(G(A%) x Jp(Qp)) x CZ(G(A}) x Jp(Qy)) — C
and
Groth(G(AR) x Jy(Qp))* ™ x (H™ (G(A®)) ® C2*(G(Asgy\ (py) X J6(Qp))) = C.

Let ¢ € CSO(G(A?) x Jp(Qp)). We say that ¢ is acceptable if it satisfies
the conditions of Definition 6.2 of [Shi09]. The main condition is that ¢ is
a linear combination of functions of the form ¢ x ¢,, where ¢, is supported
on vp-acceptable elements of J;(Qp,). These are those elements § € J,(Qy),
§ = (8;) € [T'—; @ut’(X;), such that any eigenvalues e; of §; satisfy

vp(e;) < vp(ej) whenever A\; > A
(Definition 6.1 of [Shi09]).

Remark 5.2.1. This condition will separate components of J,(Q,) corre-
sponding to different slopes in terms of their p-adic valuation, which in turn is
needed in order to transfer functions from J,(Q,) to G(Q,). See Lemma 3.9
of [Shil0] and Lemma V.5.2 of [HT01] for more details.

Lemma 6.3 of [Shi09] guarantees that the twist of any ¢ by a sufficiently
high power of Frobenius is acceptable.

We recall the set £(G) of elliptic endoscopic triples for G. In fact, we
work more generally: let F be a local or global field of characteristic 0, and
let G be a connected reductive group over F. An endoscopic triple for G is
a triple (H,s,n), where H is a quasi-split connected reductive group over F,
s is an element of Z(H) and n : H — G is an embedding of complex Lie
groups. The triple has to satisfy certain conditions, as in 7.4 of [Kot84]. Let
I := Gal(Q/Q). An endoscopic triple is called elliptic if (Z(H)')° ¢ Z(G).
We will use the notion of isomorphism of endoscopic triples in Section 2.1
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of [Shi10], which is stronger than the one in [Kot84]. We let £°'(G) be the set
of isomorphism classes of elliptic endoscopic triples for G.

Assume that G4 is simply-connected. (This will be the case for G := G,
our unitary similitude group.) We use Weil groups to construct L-groups; then
we can choose an extension of 7 to an L-group morphism 7 : “H — G by
Proposition 1 of [Lan79].

Assume that F is a local field. Given 7, Langlands and Shelstad (see [LL.S87])
define a transfer factor

A H(F)ss,(G,H)—reg X G(F)SS - (Ca

which is canonical up to a nonzero constant.

The fundamental lemma and the transfer conjecture, which are now the-
orems due to Ngo, Waldspurger and others (see [Ng610, Wal97]), assert that
for each function ¢ € C®(G(F)), there exists ¢! € CX(H(F)) satisfying an
identity about the transfer of orbital integrals

SONP (M) = > A(ym,7)e(G,)05M(9).
EC(F)ss/~

(See Theorem 3.1 of [SS13] for an explanation of the notation.) If H, G and 7
are unramified and if ¢ € H™(G(F)), then A can be normalized such that ¢!
can be taken to be 77*(¢), where 7* : H"(G(F)) — H" (H(F)) is the morphism
of unramified Hecke algebras induced from 7 via the Satake isomorphism. In
particular, if ¢ is the idempotent associated to a hyperspecial maximal compact
subgroup, then ¢ can also be taken to be the idempotent of a hyperspecial
maximal compact subgroup.
Let ¢ € C°(G(A%) x Jp(Qp)) be an acceptable function of the form

¢ =11 v, with ¢, € CZ(G(Q)), v # p, ¢p € CZ(Ip(Qp))-
vF£00

Let (H,s,n) € £NQ).
Definition 5.2.2. Let ¢ := ¢H’p¢f¢fo € C°(H(A)), where

e ¢P is the Langlands-Shelstad transfer of ¢P (as described above).

e ¢! is constructed by Kottwitz in Section 7 of [Kot90], where we take the
trivial algebraic representation of G as an input. (This corresponds to the
fact that our local system on fl\’}[ant is Qp.) We give more details in the
case when G is a unitary similitude group below.

e ¢l is constructed in Section 6 of [Shil0]. The function ¢! is the key
construction of [Shil(]; we give more details in Section 5.4 below.

The following is the main result of [Shil0], Theorem 7.2 of loc. cit.
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THEOREM 5.2.3. Let ¢ and ¢! be as above, with (H, s,n) € ENG). Then
tr(qs‘LEHC(Lﬁl\eIanta@f)) = ‘kerl(QvG)’ Z L(G7 H)STeI{(éH)

(H,s,m)
Remark 5.2.4. Shin’s result is in fact valid for any PEL Shimura variety
of type (A) or (C). We recall that

ker'(Q, G) := ker (Hl(Q, G) — HHl(QU, G))

and that Sy is the disjoint union of | ker!(Q, G)| copies of the Shimura variety
for G. Also, (G, H) := 7(G)r(H)"'|Out(H,s,n)|~'. The term ST (¢") is a
sum of stable orbital integrals over (representatives of) Q-elliptic semisimple
stable conjugacy classes in H(Q).

In the case of our unitary similitude group G, the set £(G) only depends
on the quasi-split inner form G,, of G, and in [Shill], Shin gives a concrete
description of a set of representatives for the isomorphism classes in £Y(G,,).
If @ = (n;);_, is a vector with entries positive integers, one can define a quasi-
split group G over Q as in Section 3.1 of [Shill]. Define GLj := [[;_; GLy,,
and let iz : GLz — GL(Z ns) be the natural map. Let

q)ﬁ = iﬁ(q)nla e 7(1)715)7

where ®,, is the matrix in GL,, with entries (®,);; = (—1)"*16; n41—;. Then
G is the algebraic group over QQ sending a Q-algebra R to

Gi(R) = {(\,g) € R* x GLz(F ®q R)|g - ®5 - 'g° = \®;}.
Since G is quasi-split at all finite places, we have
G XQ Af ~ Gn XQ Af,

and we fix such an isomorphism.
The representatives for £(G,,) can be taken to be

{(Gn, Sn,nn)} U {(Gnl,nQa 5n17n277)n1,n2)|n1 +ng=n,n1 =2 ng > 0}7

where (n1,n2) may be excluded if both n; and ng are odd numbers. (See con-
dition 7.4.3 of [Kot84].) Here, s, = 1 € Gy Snymy = (1, (Iny, —Iny)) € Gy
Ny is the identity map and 7, n, : G’mm — Gn is the natural embedding
induced by GL,,, x GL, — GL,,.

If we choose a Hecke character w : A /K* — C* such that w|,x g~
corresponds via class field theory to the quadratic character associated to K/Q,

we can extend 7,, n, to an L-morphism

~ . L L
77n1,"2 . GnlynQ - Gn
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(See Section 3.2 of [Shill] for the precise formula.) By [Shill, Prop. 7.1],
w can be chosen such that the set of primes where w is ramified is contained
in Splp P+ As a consequence, we can use the explicit transfer factors described
in Section 3.4 of [Shill] at all places not equal to p,oco. These are compatible
with the Langlands-Shelstad transfer described above: at unramified places v,
we take
ﬁ:l,ng FHY(GR(Qy)) = HY (G na (Qu)),

making use of the fundamental lemma [Ng610]. Since we have fixed an isomor-
phism G' xg Ay =G, X Ay, we can also think of this as a transfer from G to
G, .n, at places away from p, oo

We also describe the explicit transfer at the place co. The transfer is
as in Section 7 of [Kot90] and uses Shelstad’s theory of real endoscopy and
the Langlands correspondence for real reductive groups; see also Section 3.5
of [Shill] for any unfamiliar notation. Recall that over R, G is an inner form
of the quasi-split unitary similitude group G,. For any discrete L-parameter
va,, for G, with L-packet II(pg, ), define

1
ngﬁ ‘—m Z Gr

m€l(pay)

where ¢, is a pseudo-coefficient for m. When ¢g,, ~ @¢ corresponds to an
L-packet Tlgisc(G7(R),£Y) for some irreducible algebraic representation & of
G, the function ¢, is called a Euler-Poincaré function; we denote it also

by ¢, ¢. The desired function #" will be a precise linear combination of the
Euler-Poincaré functions for L-parameters ¢¢,, for which 7o ¢g, corresponds
to the trivial algebraic representation of G¢. (See 5.11 of [Shill] for the precise
formula.)

For further use, we record a version of Theorem 5.2.3 for the group G.

COROLLARY 5.2.5. If ¢F - ¢, € C°(G(A%) x J,(Qp)) is acceptable, then

tr(¢|[’fHC(‘ﬂl\l;Ianta@f)) |ker Q7 |Z G G )STG (¢n)

Gi

where Gy runs over the set described above and ¢" is obtained from ¢ as in
Definition 5.2.2.

Remark 5.2.6. The constants ((G, G) can be computed explicitly:
1 — o n n
(@ = [OC T =),
7(G)7(G7)~'  otherwise.
5.3. Base change and the twisted trace formula. Let

Gﬁ = R,GS]C/@(Gﬁ XQ lC)
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One can define L-morphisms BCj : “G; — G; and fmm : LGmm — LG,
and there is a commutative diagram of L-morphisms

7
(5.3.1) LGymy —— LG,
JBcnl,n2 JBC,I
¢

L L
Gnyng — “Gp.

In this section, we review the associated base change for the groups Gz
and Gy as well as the twisted trace formula. Let S be a finite set of primes
containing oo, p and all the primes where either the CM field F' or the Hecke
character 1 are ramified. Recall that, by the assumptions in Section 5.1, we
can and will arrange that Sg, C Splp/p+.

We can define a notion of BC-transfer of functions as in Section 4 of [Shill].
If v is a finite place of QQ such that v € S, then the dual map to the L-morphism
BC; defines the transfer

BCG : HY (Gr(Qu)) = HY (Ga(Qy)),

(Case 1) of Section 4.2 of [Shill]. Otherwise, if v € Sy C Splp/p+ then
(Case 2) of Section 4.2 of loc. cit. constructs a BC-transfer ¢, € C°(G7(Qy))
of fi, € CX(G7(Qy)). We remark that if v splits in K (e.g., if v = p), one can
check directly that BC} is surjective. It is also possible to define a transfer f;,
as in Section 4 of loc. cit., making the obvious diagram commutative.

At oo, the transfer is defined in Section 4.3 of loc. cit. Let & be an ir-
reducible algebraic representation of (Gj)c, giving rise to the representation
E of (Gg)c that is just 2 := £ ® & Recall that ¢¢. ¢ is the Euler-Poincaré
function for £. Associated to Z, Labesse defined a twisted analogue of the
Euler-Poincaré function, a Lefschetz function fg.= [Lab91]. The discussion

on page 24 of [Shill] implies that fg, = and ¢¢, ¢ are BC-matching functions.
Define the group

G%— = (Res;c/@ GL1 XRGSF/Q GLﬁ) X {1,(9},

where 0(), g)0~! = (\¢, X% and ¢f = @%gcégl. If we denote by G% and G0
the cosets of {1} and {#} in G}, then G} = G2 U GZ6. There is a natural
Q-isomorphism Gz = G2, which extends to an isomorphism

Gy x Gal(k/Q) 5 G

so that ¢ € Gal(K/Q) maps to #. Using this isomorphism, we write Gz and
Gg0 for the two cosets.

If f € C(Gn(A)) (with trivial character on Ag ), then we define f6
to be the function on Gz0(A) obtained via translation by 6. The (invariant)
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twisted trace formula (see [Art88a], [Art88b]) gives an equality
(5.3.2) 1G9 (£0) = 1G9 f0).

geom spec
The left-hand side of the equation is defined in Section 3 of [Art88b], while the
right-hand side is defined in Section 4 of loc. cit.
Let fg,= and ¢qg. ¢ be as defined above. The following is Corollary 4.7
of [Shill].

PROPOSITION 5.3.1. We have the following equality:
(5.3.3) Leiim(f0) = 7(Ga) "' STE(9),

geom

when ¢ and [ satisfy
¢ =0 b5y, - PGre and f= [ fsq, - fonz
with ¢° a BC-transfer of f° and @55, a BC-transfer of fs .

Proof. We sketch the proof here. First, use Theorem 4.3.4 of [Lab99] to
rewrite the sum of stable orbital integrals on the right as the elliptic part of the
twisted trace formula for Gz0. Then the geometric side of the twisted trace
formula for Gz0 is simplified using similar techniques to those in Chapter 7
of [Art88b]: the key facts are that the Lefschetz function fg . = is cuspidal, so
only f-elliptic elements contribute, and that [F'™ : Q] > 2, so that the only
Levi subgroup that contributes to the geometric side is G0 itself. O

We now explain how to construct our test functions, which is exactly
as in the proof of Theorem 6.1 of [Shill]. We let (f")® be any function
in H"(G,(A%)) and S8\ py Pe any function in C(Gn(Asgyg,y)- We let
& DS () D€ their BC-transfers, as described above. We take ¢, € C(Jp(Qp))
to be any acceptable function and set

(b = ¢S ' ¢Sﬁn\{p} : (bp-

From these test functions, we construct all the other test functions we will
need. First, for each elliptic endoscopic group Gy, we let ¢™ be constructed
from ¢ as in Definition 5.2.2. Let (f""2)% and (f™"2) gy De Obtained
from (f™)% and fgﬁn\{p} by transfer along the L-morphism . We choose f;?

so that BC%( fg) = (ﬁg. (Recall that BC? is surjective at p.) We can define
ffo explicitly as a linear combination of Lefschetz functions for representations
=E(p5) of Gi for which 7 o ¢ corresponds to the trivial representation of G.
(See (6.7) of [Shill] for the precise formula.) Finally, we set

fﬁ = (fﬁ)s : (fﬁ)Sﬁn\{p} : f]? : fg;

By the commutative diagram of L-morphisms (5.3.1), we can apply Proposi-
tion 5.3.1 to f™ and ¢". To check the compatibility, see (4.18) of [Shill] for



738 A. CARAIANI and P. SCHOLZE

primes away from S, (4.19) of loc. cit. for primes in Sg, \ {p}, and compare
the precise formulas for ¢ and fZ. We mention that the formulas for ¢7
and ffo use as input an inner form G of G, over R; in loc. cit. this inner form
has a specific signature (a group of so-called Harris-Taylor type), but here we

work more generally. In particular, the integer ¢(G) appearing there is defined
as 3dim(G(R)/ K A2,).

THEOREM 5.3.2. We have an equality

tr(@lee[He( Atans, Q)]) = [ ker'(Q, G Z€n Il (f79),

where ez = % if i = (%,5) and €5 = 1 otherwise.

Proof. This follows by combining Corollary 5.2.5, Remark 5.2.6, Proposi-
tion 5.3.1 and equation (5.3.2). O

Fix Gz. We now proceed to simplify the spectral side Ié%eg( f76). We need
the following notation from [Shill]: let My be a minimal Levi subgroup of G.
For M a rational Levi of G5 containing M, choose a parabolic subgroup @
containing M as a Levi. The group WGﬁe(aM)reg defined in [Art88b] acts on
the set of parabolic subgroups that have M as a Levi component. The auto-
morphism @510 of G5 preserves M and acts on WGﬁe(aM)reg. By combining
Proposition 4.8 and Corollary 4.14 of [Shill], we have the following expression

for the summands on the right-hand side of Theorem 5.3.2.

ProproOSITION 5.3.3. There is an equality

W
IS0 (f70) = Z' M'yd 6(0;0—1) 0| tr (n — Indgy (TTap)e(f7) 0 A7)
M s
where M runs over the Levi subgroups of Gy containing My and s runs over
the irreducible @glﬁ-stable subrepresentations of the discrete spectrum Rz qisc-

Remark 5.3.4. The subscript £ indicates a possible twist by a character of
AG o corresponding to an irreducible algebraic representation § of G, and A’

is a normalized intertwiner on n — Indgﬁ (ITpr)e. We do not make this precise,
as we will not need these details. We do note that as Il is @glﬂ—s‘cable,
n— Indgﬁ (ITpr)e is G-stable.

5.4. The transfer at p. We recall the construction of the function cbf,, start-
ing from an acceptable function ¢, € C°(J(Q))), as well as the representation-
theoretic counterpart to this construction, Red%.

The group J,(Qp) is an inner form of a Levi subgroup M,(Q,) of G(Qy);
for further reference, we recall their precise definitions, following Chapter 1
of [RZ96]. According to Definition 1.8 of loc. cit., an element b of G(L) is
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called decent if there exists a positive integer s such that

(bo)* = sv;(p)o”,
where sv; factors through a morphism G, — G. By Section 4.3 of [Kot85], any
o-conjugacy class b € B(G) admits a decent representative b; as G is quasisplit,
one can moreover arrange that v; is defined over Qp; cf. [Kot85, p. 219]. Let
My, be the centralizer of v in G, which is a QQ,-rational Levi subgroup. Then b
is a basic element of M} and Jp is an inner form of M.

Fix G5 an elliptic endoscopic group for G. The set SEH(JI,,G, Gg) is
defined in Section 6.2 of [Shi09]; it consists of certain isomorphism classes
(Mg, si,mm) of Gz-endoscopic triples for J,(Qp). The function gbg is con-
structed via transfer from ¢, on J,(Q,) to Mqg.(Q)), followed by a version
of transfer from Mg, (Q,) to G7(Q,). We remark that the latter step makes
crucial use of the acceptability of ¢,; cf. Lemma 3.9 of [Shil0].

There is a representation-theoretic counterpart to this construction. This
is a group morphism

Red?, : Groth(G(Qp)) — Groth(J,(Qp)).

Red% will be defined as the composition of the following maps:

(1) The map

Groth(Gz(Qp) = @  Groth(Mc,(Q,)),

(Ma,87m5)

where the sum runs over Gz-endoscopic triples in S;H(Jb, G,Gj) and the
map on each term is a linear combination of normalized Jacquet functors
(indexed over a finite set of allowed Levi embeddings Mg, — Gi).

(2) The map

Groth(Mg, (Qp)) — Groth(My(Qy)),

which is the functorial transfer with respect to the L-morphism ;. Both

Mg, and M, are (restrictions of scalars of) products of general linear

groups, and the transfer ends up being a normalized parabolic induction.
(3) The map

Groth(My(Qp)) — Groth(J,(Qp)),

which is the Langlands-Jacquet map on Grothendieck groups, defined by
[BadO07].

(See Section 5.5 of [Shill] for the precise definition of these three maps; even
though the case we are considering is slightly more general, the formulas will
be exact analogues.)
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Remark5.4.1. When ri=(n), SEH(Jb, G, G7) has only one element, namely,
(M, 1,id). The morphism Red® consists of a normalized Jacquet functor fol-
lowed by the Langlands-Jacquet map.

We record the relationship between Red% and (;Sg in the following lemma.

LEMMA 5.4.2. For any m, € Groth(Gz(Qp)),

tr Wp(ﬁbg) =tr (Red%(ﬁp» (9p)-

Proof. The statement follows in the same way as Lemma 5.10 of [Shill].
(See also Lemmas 6.3 and 6.4 of [Carl2] for a unitary group with a slightly
different signature.) The idea is that the constructions of both Red% and ¢”
can be broken down into the three steps outlined above and the constructions
in each of these steps are dual to each other. One of the key points is that
the transfer of ¢, from J,(Q,) to Mq.(Qp) can be broken down into transfer
from J,(Qp) to the quasi-split form M;(Q,) followed by transfer from M;(Q,)
to Mg.(Qp). The other key point is the slightly nonstandard transfer be-
tween M. and G, where the desired compatibility follows from Lemma 3.9
of [Shil0]. O

We note that the whole situation decomposes into a product. Namely, let
P1,...,Pm be the primes of F* above p, and fix a decomposition p = wu® in K.
We also denote by p; the place of F' lying over p; in F'*, and v in K, and by p§
the complex conjugate place of F. With these choices, we get a decomposition

GQp = H ReSFpi/Qp GLn XGm.

Here, the projection to the Gy,-factor is the unitary similitude factor, and the
projection to the general linear groups is via the projection

VoeQ =V erF, oV er Fe) > @BV er F,.
% %
The resulting constructions above admit similar decompositions. In particular,

m

b= ((bi)i=1,..m,bo) € B(G) = [[ B(Resg, jq, GLn) x B(Gy),
=1

and J, = [[i% Jb, X Gy,. Also, any irreducible representation m, of G(Q))
decomposes into a tensor product

m
7= @, &0,
i=1
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where 7y, is an irreducible representation of GLy,(F}p,) and 7 is a character of
Q, - A similar discussion applies to representations of

m

Gi(Qp) = [] GLa(F,) x Q.

i=1
LEMMA 5.4.3. Let Wg € Irr(G7(Qp)) be decomposed as
m

no_ n n
T = ®7rpi @ g -
i=1

p: transfers to a generic principal
series representation of GLy(Fy,) and Jy, is a non-quasi-split inner form of

My, . Then

Assume that there is some i such that

Red%(7,) = 0.

Proof. This follows from the explicit description of Red% above, which in-
cludes the Langlands-Jacquet map. If Wﬁ satisfies the above condition, then its
image p in Groth(M(Q,)) will have as My, (F},)-components only generic prin-
cipal series representations. Indeed, to see this, note that by the definition in
Section 2 of [Shil0], for a Gz-endoscopic triple, the L-morphism LMGﬁ — L
is the restriction of the L-morphism 7, », : L Gnying — L@,,. The condition of
being a generic principal series representation can be interpreted on the dual
side and is then easily deduced from this diagram. But if p € Groth(M,(Q,))
has only generic principal series representations as M, (Fp,)-components, then
it lies in the kernel of the Langlands-Jacquet map whenever Jp, is a non-quasi-
split inner form, by the construction of this map following Theorem 3.1 and
Proposition 3.3 of [Bad07]. O

5.5. Generic principal series. Fix test functions

5 € HY(GCn(A®)), fspin) € C(Ga(Asy\ip)):

and let ¢, PSgn\{p} De their base change transfers to G (A®) and Gn(Asy\{p})
as defined in Section 5.3. Let ¢, € C°(J,(Qp)) be any function. Set

¢ = 0" Psy\ (p) Pp-

LEMMA 5.5.1. The trace tr(@|ee[He(Fpan, Qe)]) can be written as a linear
combination of terms of the form

tr (II7)5((f7)%) 0 A%)
o () $5,0 10} (D s\ (0)) © A g}) 1 (Red (1) (0))

where 7'[';? € Rep(G7(Qp)) base changes to H;‘: € Rep(G7(Qyp)), the COfnponent
at p of a 0-stable isobaric irreducible automorphic representation 11" of Gg.
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Moreover, 1" is of the form
" = (n — Indgy Ty )e,

where Iy occurs in the (relatively) discrete part of the automorphic spectrum
of the Levi subgroup M of a parabolic Q C Gz and TI., is cohomological (with
respect to the trivial algebraic representation).

Proof. We follow the proof of Proposition 6.1 of [Shill], in a more general
situation, but without keeping track of endoscopic signs and constants.

First, assume that the function ¢, is acceptable, in which case we can
define the transfers gbg € CX(G#(Qp)). Since the base change map at p is
surjective, we can choose fi' € C°(G(Qp)) that transfers to ¢). Then we also
get the transfers fﬁ € CX(G7(Qp)). We set

1= (I3 iy 1y
By combining Theorem 5.3.2 and Proposition 5.3.3, we can write

tr((ﬁ’LZ[Hc(]l\I;Ianta @4)])

as a finite linear combination on terms of the form tr (Hﬁ( fHoA ), where 17
is a f-stable irreducible automorphic representation of Gj.

Recall that each II” is of the form (n — Indgﬁﬂ M)¢, where Iy occurs in
the (relatively) discrete part of the automorphic spectrum of the Levi subgroup
M of Gz. The fact that II” is 6-stable follows from Remark 5.3.4, and the
irreducibility of TI” follows from the fact IIj; is unitary and that, for general
linear groups, any parabolic induction of a unitary representation is irreducible.
Moreover, the representation IIy; must be isobaric, since it contributes to the
discrete spectrum of M. (This follows from the classification of automorphic
representations occurring in the discrete spectrum of general linear groups
due to Moeglin and Waldspurger, [MW8&9]. See, for example, Theorem 1.3.3
of [Art13] and the discussion below it.) Now the strong multiplicity one result
due to Jacquet and Shalika (the main result of [JS81], see also Theorem 1.3.2
of [Art13]) implies that the string of Satake parameters outside the finite set S
determines ITj;. The parabolic induction II” is also isobaric, because it is
irreducible, and therefore it is determined by (II")°. To check that II7 is
cohomological (for the trivial representation), it is enough to determine the
infinitesimal character of II7 , which can be done using the definition of the
test functions at oo.

Decompose the intertwiner A" as (A")P - A}. Using the fact that 7 is
f-stable and that the base change map at p is injective (since p splits in the
quadratic field KC), we can rewrite tr (Hﬁ( f]f) o A;,) as tr Wﬁ(qbg) for some rep-
resentation 77 in Trr(G#(Qp)) (at least up to a sign). Now, using Lemma 5.4.2,

2
we can rewrite the latter as tr Red%(ﬂ;})(gbp).
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Keeping ¢ fixed, we have a formula for tr(¢|es[He( I, Qr)]) as a finite
linear combination of traces of ¢, against irreducible representations of J,(Q,).
At this stage, we can take ¢, to be any smooth, compactly-supported function
on Jp(Qp), not necessarily an acceptable one. Indeed, recall that the twist of
any such ¢P by any sufficiently high power of Frobenius is acceptable, so the
equality above holds for ¢1(,N) for sufficiently large N. The argument in the
proof of Lemma 6.4 of [Shi09] now proves that the desired equality holds for
every integer N and, in particular, for N = 0. U

COROLLARY 5.5.2. Fiz ¢g, \(p) and ¢p. If II" is a O-stable automorphic
representation of Gz as in Lemma 5.5.1 that contributes to

tr(¢|L€[HC(jl\l;[anta@f)])a
then the transfer of (II")% to G = G,, (via 5ﬁ7*) occurs in

BCS ([Hc(jl\l;[anm@f)]sur) .
Conversely, any G(A%)-subrepresentation of BC® ([Hc(,ﬂﬁant,@[)]sur) is of
the form TI°, where TI = (g, (IT7).
Proof. Since we have fixed ¢g, \(p} and @y, tr(¢|u [He( i, Q)]) can be

written as a linear combination of finitely many terms of the form
tr ((I7)%((f)%) o A%).
We will ignore the sign that comes from the choice of the normalized inter-

twiner A%. Recall that f(7)* is the transfer of (f*)% along 5}‘{ We can therefore
rewrite these terms as

tr (D)) = tr (G (M ((F)7).
Since ¢° is the BC-transfer of (f™)°, we can also write tr(¢|ce[ Heo( Fanss Qe)])

as a linear combination of finitely many terms of the form tr (HS ((fm?° )),

where II° runs over irreducible admissible G(A®)-representations that occur
in BOS([He( A, Qe)]°*). The corollary now follows from the linear inde-
pendence of unramified Hecke characters. O

Remark 5.5.3. A subrepresentation I1° of BC® ([HC(Jﬁant, @g)]s‘“> is of

the form IT5, where IT = (z,(II7) could be obtained from II7 for several different
Gy € &NG). For example, in the Case ST which is discussed in Section 6
of [Shill], the contribution is from an endoscopic group Gy, », but also from
a Levi subgroup M of G.

Our goal is now to construct a Galois representation

ri : Gal(F/F) — GLy(Qy)
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attached to the automorphic representation IT := fﬁ*(Hﬁ) (or rather the auto-
morphic representation of GL,,(Afr) obtained from II by forgetting the simil-
itude factor). We will build this from the Galois representations attached
to regular L-algebraic, essentially self-dual, cuspidal automorphic representa-
tions of GL,,(Ar), where m € Z>,. We will use the notions of L-algebraic and
C-algebraic representations due to Buzzard-Gee [BG14] and note that in the
case of general linear groups these notions only differ by a character twist.

By Lemma 5.5.1, Hzo is cohomological, which implies II” is C-algebraic.
Write II" = ¢ @ II; ® Iy according to the decomposition Gy o (A) = A}XPO X
GL,, (Ar) x GLy,(AF). Each II; is a regular C-algebraic, #-stable isobaric
automoprhic representation of GL,,(Ar). The automorphic representation
IT;| det |(1=7)/2 is regular L-algebraic.

Recall that we have ve chosen an isomorphism ¢, : Qp = C.

THEOREM 5.5.4. There exists a Galois representation
ri : Gal(F/F) — GL,(Qp)

such that for any place q of F,

)Ffss

WD (Ti|Gal(F’q/Fq) ~ Lzlrec (Hi7q| det |(17ni)/2) s

where rec denotes the local Langlands correspondence normalized as in [HT01] 28

Proof. Recall that the representation IT" was constructed as n—Indgﬁ (ITar)
(recall that for us ¢ is trivial) for some automorphic representation Iy, that
is cI>7?L19—stable and that occurs in the discrete automorphic spectrum of some
Levi subgroup M of Gz. This means we can write

I = n— Indg, "™ (M),
where M; is the Levi subgroup of parabolic subgroup @); of GL,, and IIy,
is @;Z_le—stable and occurs in the discrete automorphic spectrum of M;. The
classification of the discrete automorphic spectrum for general linear groups
due to Moeglin and Waldspurger [MW89] together with the fact that IIyy, is
‘I’r_ul O-stable tells us that Iz, can be expressed in terms of regular L-algebraic,
conjugate self-dual cuspidal automorphic representations of (possibly a prod-
uct of ) general linear groups. (We remark that the conjugate self-dual, regular
algebraic case suffices here because Il is @glﬁ—stable and has regular infini-
tesimal character, since TI” has regular infinitesimal character.) The existence

Z8For our purposes, it is enough to know the compatibility up to semisimplification, i.e.,
without identification of the monodromy operator, which is the most subtle part of the local-
global-compatibility.
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of the Galois representation r; and the compatibility with the local Lang-
lands correspondence now follows from the main theorems of [Shill], [CH13]
and [Carl2]. O

Let v be a place of I above a prime g € Splg, /g \ (SU{¢}). Let g, denote
the cardinality of the residue field of v. Let T;, € Z[G(Qq)//G(Z,)] be the
characteristic function of

GL, (O, )diag(wy, - .., @y, 1,...,1) GL,(OF,) x [[ GLa(OF,) x Z} x ZX
55/_/ w;év
inside
G(Qq) = [[ GLa(Fu) x Q) x QF,
w
where w runs over all places of F' lying over q.

COROLLARY 5.5.5. Let I1° be an irreducible admissible G(A®)-subrepre-
sentation of BC*® ([Hc(fl\l}[am, @g)]s‘”). Then there exists a Galois representa-
tion

TS g Gal(F/F) — GL,(Qy)
unramified outside the places above S U {l} and such that for all finite places
v lying above a prime q € Splg g \ (S U {l}), the Frobenius eigenvalues of
rs ¢ match the Satake eigenvalues of 1% at v. More precisely, for every such
prime v, the characteristic polynomial of s (Froby) is given by the image of

X" — Tl,vXnil 4t (_1)iq1i)(i71)/2]vi7vXn7i 4ot (_1)nq1r)z(nfl)/2Tn7v

under the Satake parameter map corresponding to IIS and the isomorphism LZI.

Proof. Choose an automorphic representation II" = ¢ @ I} @ I, of G
as in Corollary 5.5.2. By Theorem 5.5.4, there exist Galois representations r;
associated to the L-algebraic representations II;| det |(1_"i)/ 2,

We recall the definition of the L-morphism (5 from [Shill]. Let ¢ : Z —
{0,1} be the unique map such that e(n) = n (mod 2). On the level of dual
groups @ﬁ, the morphism (5 is induced by the embedding GL; — GL,. We

extend this to an L-morphism using the Hecke character w, via
w € Wi

—N(ni,n —N(ni,n w(w)s(n=m).1, 0
— (w(w) (n1 2)7w(w) (n1 2)7< 0 1 w(w)g(n—TLQ).Inz ed X w

and, if w* is a fixed element in Wy \ Wi,
* @ @71 *
W = (Gnyngs Gnyngs (Pry e @y oca ) X w™

(See loc. cit. for any unexplained notation, though only the definition of ¢ will
matter for what follows.)



746 A. CARAIANI and P. SCHOLZE

The character @ satisfies woo(2) = (2/2)%/? for some odd integer §, since
Weo : C* — C* extends the sign character on R*. The character of GL,, (Ar)
defined by | det ](”i_”)ﬂw(NF/,C o det)*(»=™) is L-algebraic, since ((n — n;) +
e(n —n;)8)/2 € Z, so it corresponds to a character g; : Gal(F/F) — Q.

Let IT := Gy, iy (IT7). Write IT = ¢ @ T1°, according to the decomposition
G(A) = AX x GL,(Ap). Set

I = I;| det | 1 7"/2| det | /20 (N © det)= ("),
By the definition of (,, n, +, We get the identity
) det |(1=7)/2 = — Indglﬁzl car,, (MY @ TI9) .

The representation on the right-hand side is L-algebraic, and normalized par-
abolic induction is compatible with this notion and with the local Langlands
correspondence rec, so the term on the left-hand side, 19| det |(1*")/ 2 is also

L-algebraic, with corresponding Galois representation rps , = @?:17’@- & €;
(matching via rec). One checks directly that the relationship between II° and
s ¢ 18 as in the statement of the theorem. O

Remark 5.5.6. Essentially, rps , is constructed from the Galois representa-
tion associated to the C-algebraic representation IT” compatibly with the trans-
fer of representations from G to G along the L-morphism (5. Let p = T2 pi
be the decomposition of p into prime ideals of F. If we set II := Eﬁ*(Hﬁ) and

m

II, = <® Hm) ® ILp0,
i=1

then II,, and rigs ¢|qayz, /F,,) are related via the geometric normalization of the

local Langlands correspondence for every ¢ = 1,...,m. This is a consequence

of the local-global compatibility at p; in Theorem 5.5.4. In particular, if for

some 1%

TS | Gal(Fy, /) = Xil @ @ Xin

decomposes as a direct sum of characters such that for all a # b, Xi,aX;bl is not
the cyclotomic character, then II,, is a generic principal series representation
of GL,,(Fy,).

In the following, we fix a Galois representation
r: Gal(F/F) — GL,(Qy)
that is unramified outside S U {¢}, and we restrict attention to the summand
BOP([Ho( s Q) ™)S™ 0f BOS ([Ho( I Q)5 ™)

coming from representations IT° as above, with TS e ST
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The following theorem is the key result of this section. Recall that we have
fixed a prime p|p of the reflex field F, so that we have embeddings £ — C,
E — E, — @p. For convenience, let us fix an isomorphism ¢, : @p = C
compatible with the embedding of FE.

THEOREM 5.5.7. For each prime p; of F, let
S; = {7 : F — CJip o 7 induces p;}.

Assume that for each i, S; contains at most one T for which p-q: is nonzero,
where G has signature (pr,q;) at 7 : F — C. Moreover, for each i for which
S; contains some T for which prq; is nonzero, assume that

TGal(Fy, /Fp,) = Xi,l @@ Xin

decomposes as a direct sum of characters, such that for all a # b, Xi,aXi_bl 1S
not the cyclotomic character.
Then, if b € B(G, ™) is not p-ordinary,?

BCP([He(Htant> Q)17 ) = 0.

Proof. Assume the contrary. Then there is some 6-stable isobaric auto-
morphic representation II” of G as above, with IT := fﬁ* (Hﬁ) contributing to
BOS([He( I > Qe)]° ™) and such that 711, = r. The component Hg of II"
at p comes from a unique representation 77? € Irr(G7(Qp)) via base change.
We may decompose

m
- @ o
i=1
according to
m
Gi(Qy) = [ GLa(F,) x Q-
i=1
By the assumption on r and the local-global compatibility in Remark 5.5.6, we
know that 7T;ii transfers to a generic principal series representation of GLy,(F},)
for all ¢ for which S; contains some 7 with p;q¢; # 0. By Lemma 5.4.3,
Red%(ﬂg) = 0 as soon as Jp, is not quasisplit for some such 4, so that in
this case there is no contribution by Lemma 5.5.1.

It remains to see that if b € B(G, 1) is not u-ordinary, then there is
some ¢ for which S; contains some 7 with p,q¢; # 0, such that Jp, is not
quasisplit.

We can decompose

m

n= ((Mi)izl,...,maNO) : Gm — G@p = H( H GLn,@p) X Gm,@p )
=1 Fpi%QP
29Tt might be more accurate to write p~!-ordinary.
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let G; = Res Fp./Qp GL,,. Then u; is a conjugacy class of minuscule cocharacters
of GG;, and we have a decomposition
m
B(G,p~) =[] B(Gi i ),
i=1

as the G,, factor plays no role here. In each factor GLnQp? 1 has the form
t — diag(t,...,t,1,...,1)

with ¢ occurring p, times, and 1 occurring ¢, times, where 7 : F' — Qp =C
is the corresponding complex place. In particular, for each 4 for which S; does
not contain any 7 with prq; # 0, p; is central, which implies that B(Gj, p; D)
has precisely one element. If there is exactly one such 7, then denoting by p; -
the corresponding component of p;, one sees that

using the relative B(H/L) = B(L, H) for a reductive group H over a p-adic
field L.3° Now the result follows from the next lemma. O

LEMMA 5.5.8. Let L be any p-adic field, and let
p: Gy — GL, @ t— diag(t,...,t,1,...,1)

be a minuscule cocharacter with n — q occurrences of t and q occurrences of 1.
Then there is exactly one element b€ B(GL,, /L, n=1) for which Jy is quasisplit,
namely the p-ordinary element represented by diag(w=1,..., @ 1,1,...,1),
with n — q occurrences of the uniformizer w of L, and q occurrences of 1.

Proof. By the choice of u, we know that for any b € B(GL,, /L,u™ 1),
the slopes \; satisfy —1 < A\; < 0. If some slope A is nonintegral, then Jj is
not quasisplit, as it contains a factor that is a general linear group over the
division algebra of invariant A (mod 1) over L. Thus, if Jj is quasisplit, then
all slopes are equal to 0 or —1; from the equality x(b) = —u one deduces that
slope —1 occurs with multiplicity n — ¢, and slope 0 with multiplicity ¢, which
corresponds to the p-ordinary element b = diag(ww™!,...,@ 1,1,...,1). For

this b, J, = GL,,_4 x GL, is quasisplit. O

5.6. Simple Shimura varieties. In this section, we sketch how to adapt
the arguments above for Kottwitz’ simple Shimura varieties as in [Kot92al.
This includes the case of Shimura varieties that admit g-adic uniformization
for some rational prime ¢ distinct from p and ¢. In that case, our main result
is related to level-raising results, as shown in [Thol4].

3080 far, we were only using the case L = Q, and did not include this in the notation.
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Recall that F' = F'™ - K. Assume that we have a PEL datum of the form
(B,*,V,{(, ),h), where B is a division algebra with center F', V is a simple
B-module, and # is an involution of the second kind. Then the corresponding
Shimura varieties Sk are proper, and the group G has no endoscopy. Assume
that B is split at all places over p, in which case the constructions and results
of Section 5.4 carry over. However, Theorem 5.2.3 simplifies considerably.
We follow Section 6 of [Shil2], where it is assumed that p is inert in F'*; this
assumption is not necessary for our purposes. As above, let GG, be a quasi-split
inner form of G over Q and fix an isomorphism G, ~ G over Q,.

PROPOSITION 5.6.1. Let ¢ = ¢P¢, € C(G(AY}) x Jp(Qp)), with ¢, an
acceptable function. Then

t2(@ e He(Aant> Q) = [ ker'(Q, G)|u(G, G) ST (¢).

Proof. The other terms in the stable trace formula vanish by Lemma 7.1
of [Shil0]. (]

We can now combine this with the stable trace formula for the Sk, which is
Theorem 6.1 of [Art89] and which is simplified in our situation as in Proposition
6.3 of [Shil2], also making use of Lemma 5.4.2 for G,,(Q,) ~ G(Qp). We get

Red?, ([H(Sk,Q)]) = e - d(GRr) - [He(Ftant> Qo).

where £, d(GR) are certain nonzero constants. Again, we appeal to Lemma 6.4
of [Shill] to extend a trace identity from acceptable ¢, to all ¢, € C2°(J,(Qp)).
We combine this with Matsushima’s formula, which gives a description of
[teH (Sk, Q)] in terms of automorphic representations of G. We get an ana-
logue of Corollary 6.12 of [Shil2].

COROLLARY 5.6.2. We have the following equality in Groth(G(A%}) x

Jo(Qp)):
e Ho( P )] = (~1)1O S () 2] [Red?, ().
s

The sum runs over admissible representations 7y of G(A) such that s,
is an automorphic representation of G for some representation 7, of G(R) that
is cohomological for the trivial algebraic representation. The coefficients c(7)
are related to the automorphic multiplicity of 7mo.

In this case, the existence of Galois representations is also known, as the
stable base change of such 7 to GL, has been established by Shin in the
appendix to [Goll4]. As before, for a Galois representation

r: Gal(F/F) — GL,(Qy),
we restrict attention to the summand [H.(#Y, ., Q¢)]» of
[Hc(jl\l;[ant’ @5)]
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coming from representations 7 as above, with rr , = r.
We get the following analogue of Theorem 5.5.7, which is proved in the
same way.

COROLLARY 5.6.3. For each prime p; of F' above p, let
S; = {1 : F — C|ip o T induces p;}.
Assume that for each i, S; contains at most one T for which prq; is nonzero,

where G has signature (pr,q,) at 7 : F' — C. Moreover, for each i for which
S; contains some T for which prqr is nonzero, assume that

TGal(Fy, /Fy,) = Xi,1 D D Xin
decomposes as a direct sum of characters, such that for all a # b, Xz’,aXi_bl 1S

not the cyclotomic character.
Then, if b € B(G, ™) is not p-ordinary,

[Hc(jle[anta Qﬁ)]r =0.

6. Torsion in the cohomology of unitary Shimura varieties

In this final section, we give a precise formulation and proof of our main
result. We start by formulating and proving the critical perversity result.

6.1. Perverse sheaves on the flag variety. Consider the Hodge-Tate period
map
THT SKp — yf@ﬂu
for a compact Hodge type Shimura variety. In this section, we would like to
make precise in which sense Ry, is perverse.3!
Recall the following result on preservation of perversity under nearby cy-

cles.

THEOREM 6.1.1 ([I194, Cor. 4.5]). Let K be a complete discretely valued
nonarchimedean field with ring of integers O and completed algebraic closure
C with Oc C C, and let £ be a prime that is invertible in Og. Let X be
a scheme of finite type over Or. Let Xo, be the base-change to O¢, with
geometric generic fibre j : Xz = Xo, ®o, C = Xo, and geometric special
fibre i : X5 — Xo.. Let F be a perverse Fy-sheaf on X;) = X X, K. Then
RY.F = i*Rj..7 | x, is a perverse sheaf on Xs.

Moreover, nearby cycles in the scheme setting agree with nearby cycles in
the formal/rigid setting. More precisely, we have the following result.

31 As we are far from a finite type situation, we avoid talking about Q-sheaves. We could
talk about Z/¢" Z-sheaves, but in that case the notion of perversity is slightly subtle as Z/¢"Z
is not a field. For our applications, the F,-case is enough.
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THEOREM 6.1.2 ([Hub96, Th. 3.5.13]). Let the situation be as in Theo-
rem 6.1.1. Let &, be the associated rigid-analytic variety over K, considered
as an adic space, with base change Xj to C. There is a natural morphism of
sites X : Xy gy — (X5)er, given by lifting an étale map Y — X5 to an étale map
of formal schemes over O¢, and then taking the generic fibre.

Let 24 be the pullback of F under Xz — Xg. Then

RA(F%|x,) 2 RY.Z.

In our situation, it is hard to give a direct definition of perversity of
Rrpgr.Fy. However, the above properties suggest that at least for every formal
model X of the flag variety .#{ ,, the nearby cycles R¢x Rmy7.F, should be
a perverse sheaf on the special fibre X5 of X. This is still not true, as G(Q))
acts on Rmyr.F¢; one can only hope for the Kj-invariants to be perverse for
any sufficiently small K, C G(Q,). Thus, we work with the equivariant sites
introduced in [Sch15b, §2].

First, note that Rwgr.F, is a canonically a complex of sheaves on the equi-
variant site (Fq ,,/G(Qp))st. More precisely, one has the map of equivariant
sites

w7/ G(Qp)  (Skv/G(Qp))st = (Flau/G(Qp))et,

and one can look at R(mg7/G(Qyp))eé«Fe, and this pulls back to Rr g,y under
the projection (Fla )se — (Fau/G(Qp))és. To check the latter statement,
note first that by passing to slice categories, using [Sch15b, Prop. 2.9], one may
replace G(Qp) by any compact open subgroup K, C G(Qp), and then one can
pass to the limit using [Sch15b, Prop. 2.8].

Now take any étale U = Spa(A, A°) — FLq . By [Schl5b, Cor. 2.5], the
action of K, extends to a continuous action on U if K, is sufficiently small. Let
il = Spf(A°) with special fibre {; = Spec(A°/p). Then K, acts trivially on &l
if K, is sufficiently small, by continuity of the K,-action and finite generation
of A°/p. It follows that any étale map to s lifts to a Kp-equivariant étale
map to Up, (where C' = C,), giving a natural morphism of sites

Avyr, + U/ Kp)et — Us et
PROPOSITION 6.1.3. Let
THT : SKp — yg@#

be the Hodge-Tate period map for a compact Shimura variety of Hodge type
and any sufficiently small compact open subgroup KP C G(AZ}). Letx € Flg,
be a geometric point. Then there exists a neighborhood basis of affinoid étale
neighborhoods U = Spa(A, A°) of x in Flg,, such that, denoting 4 = Spf(A°),

Ry i« (R(ma7 /G(Qp))Fo) v, /1, [(20, 1))
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is a perverse sheaf on Uz for any sufficiently small pro-p compact open subgroup
K, C G(Qp).

Proof. By [Schl5a, Th. IV.1.1(i)], one can find some affinoid étale (in
fact, open) neighborhood U of x such that Sk»y = Sk» Xz, U is affinoid
perfectoid and equal to the preimage of an affinoid étale Sk, kr v — Sk, kv
for any sufficiently small K. These properties will then also be true for any
étale V' — U that factors as a composite of finite étale maps and rational
embeddings, and such V are cofinal. Thus, fix any U with the stated properties.

Let

THT,U * SKP7U - U= Spa(A, Ao)
be the restriction of mg7r. As mgyr is partially proper, so is myry. If K, is
sufficiently small, g7 17 is Kp-equivariant, and induces a map

TrHT,U/Kp : SKP,U/Kp — U/Kp
Also,
(R(rur/G(Qp))sFo)lu/k, = Bruru) K« Fe,
and by [Sch15b, Prop. 2.12], there is an equivalence of sites (Sk» v/Kp)st =
SK,K»Uét-

Now any Sx,x»,v = Spa(Rk, k.U, R%pr’U) has its natural integral model
Sk, kr U = Spf(R}’{pr’U), with inverse limit Gxry = Spf(Ry, ;r), where
Skr.u = Spa(Rkr.v, R%EU). We get a map of formal schemes

THT * 6[(p7U — 4.
Modulo p, we get a map of schemes
TaT, - Skrus — Us,
with Sgr s = Spec(R%mU/p), and s = Spec(A°/p). But L is of finite type
over Fp,, and Gg» s = 1&1 K Sk, Kkr,U,s in the category of (affine) schemes. It
p

follows that mpr g, factors over a map

THT Ky, * Ok, krUs — Us

(of affine schemes of finite type over F,) for any sufficiently small K,. We
claim that gk, 4, satisfies the valuative criterion of properness. If K is an
algebraically closed field with a rank-1-valuation ring V' C K, and we are given
a V-point of U, together with a lift of the corresponding K-valued point to
a K-valued point of &k, k» v,s, we need to show that this K-valued point is
in fact V-valued. We may lift the K-valued point of &g, x» s to Skr s (as
all transition maps are finite and surjective). We may then find a complete
algebraically closed extension C'/Q), with residue field K and a (C, O¢)-valued
point of Sk» 7 specializing to this K-valued point of Sx» 7s. Let CT C O¢ be
the preimage of V' C K. Then the image of the (C, O¢)-valued point of Sk» i/
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under Ty is a (C, O¢)-valued point of U that extends to a (C, CT)-valued
point. As mypy is partially proper, it follows that we get a (C,C™)-valued
point of Sk» 7, which specializes to a V-valued point of Gx» 75 and thus of
Sk, kr,U,s, as desired.

Thus, Ty K, u, is a map of affine schemes of finite type over F, that
satisfies the valuative criterion of properness; i.e., it is finite.3? Now consider
the following diagram, where we have base-changed some spaces and maps to
algebraically closed fields:

THT,Ug/Kp

(SKP,U,ﬁ/Kp)ét (Uﬁ/Kp)ét
SK,,KP,U,ﬁ,ét Avy/ K
)\G’KPKP,U\L
Sk, KkrUsét Us g

THT,Kp,Us

We are interested in the pushforward of F; from the upper left to the lower right
corner, computed via the upper right corner. We may equivalently compute
it via the lower left corner. In that case, the first pushforward is perverse by
Theorems 6.1.1 and 6.1.2, up to the shift (2p, u) = dim Sk, kr,v. But T K, 51
is finite, so it also preserves perversity under pushforward. O

We will need the following consequence, which is a statement purely about
the cohomology of Igusa varieties. For the statement, let S be a finite set of
primes such that K? = K¢K S where K¥ C G (A? ) is a product of hyperspecial
maximal compact open subgroups, and K% C G(AY). Let

T = Z[G(AS)/ /K]

be the abstract (commutative) Hecke algebra of K*°-biinvariant compactly sup-
ported functions on G (A}? )

COROLLARY 6.1.4. Fiz a mazimal ideal m C T, and among all b €
B(G, 1) with the property that the m-torsion

H'(1g", F¢)[m] # 0
for some i € 7, take some b with d = (2p,vy) minimal. Then H*(Ig®,Fy)[m] is

nonzero only for i = d.

32Thus, we are in the somewhat curious situation that w7 g, is ind-finite, but mgrv has
fibres of positive dimension.
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The idea is that the sheaf (Rmy7.F¢)m is concentrated on a subset of
dimension (2p, 1) — d by assumption. Thus, ffﬂl& . 1s one of the largest strata
where (Rmy7«F¢)m is nonzero. But as this sheaf is (up to shift) perverse, one
concludes by observing that on the largest stratum where a perverse sheaf is
nonzero, it is concentrated in one degree. However, as the notion of perversity
is defined via nearby cycles, we need to rewrite this argument slightly.

Proof. As
Hi(Igb7F€) = thi(jl\l;[ant,maFf%

where the transition maps are split injective (namely, projections are given by
averaging operators over compact open subgroups of J;(Q,)), and the terms on
the right are finite-dimensional, we see that the m-torsion is nonzero precisely
when the m-localization is nonzero. Thus, we may work with the localization
at m instead.

Now Rmyr.F, (in fact, the G(Qp)-equivariant version R(mpr/G(Qp))stFr)
is a sheaf of Tg-modules, as the Hecke operators away from p act trivially
on Flg,. We may thus form the localization (Rrp7.F¢)m. We claim that
(RmpgrsF¢)m is concentrated on the union .7 (Z;i of yﬁg# over all b’ with
(2p,vy) > d (which is a closed subset of Fg ).

Indeed, if y € Fq,,, does not lie in 96(2;’62, then it lies in ﬁé%y 4 for some
b with (2p, ) < d. Now Theorem 4.4.4 computes the fibre of Rrpyr.F, at
any geometric point above y as RF(Igb/,Fg). We may pass to localizations at
m in this statement, and thus the assumption of the corollary shows that the
localization of (Rwy7.Fy)m at y vanishes.

Next, we claim that for any affinoid étale U — F#¥ , with formal model ,
equivariant under K, with trivial action on l;, the nearby cycles

RAyy i, (R(maT/G(Qp)iFo)m) U,/ K,

are supported on a closed subset of s of dimension (2p, ) —d. Indeed, the sheaf
is supported on the closure in { of the preimage UZ? C U of ffg’d“ C Hlgpu-
But U2% C U is a closed subset of dimension < (2p, i) — d, and then the same
is true for its closure in : If z € i, is a point whose closure is of dimension e,
then the closure in U of any lift £ € U of x will have at least dimension e (as
the specialization map is specializing).

Recall that RAy/ g« (R(mur/G(Qp))«Fo)lu,/k,[(2p, )] is perverse. It fol-
lows that the same is true for its localization

(B i, (R(T T [ G(Qp))«F o) [0 /16, [(20, 1))
= BAv/i,s (B(mar/G(Qp))«Fo)m) vy /1, [(205 1)]
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at m. This sheaf is supported on a scheme of finite type of dimension (2p, ) —d.
It follows that the localization

(BAw s, (B(mrr /G(Qp))oFim) vy ¢, ) |z

at any geometric point £ € iz whose closure is of dimension (2p,u) — d is
concentrated in degree d.

Now pick b as in the statement, and choose a rank 1 point y € ﬂqu u
with dim {y} = (2p, u) — d, and a geometric point 7 above y. One has an
identification

(RTETF)my = RT(Igb, Fy)m.

On the other hand, choose a cofinal system of affinoid étale neighborhoods
U; = Spa(R;, R}) — Flg,, of § as in Proposition 6.1.3, with formal models 4(;.
Let z; € 4l; s be the specialization of ¥, which is a geometric point of ; ;. If ¢
is large enough, the dimension of the closure of z; will be equal to (2p, u) — d:
One needs to arrange that the image of Rf — Oy — k(y), where K(3) is
the completed residue field at g, with ring of integers Ok (5 and residue field
k(y), contains a transcendence basis. Also, choose compact open subgroups
K,; C G(Qp) that act on U; and trivially on ; s, such that the K, ; shrink
to 1.
In that situation, we know that for all large enough 4,

(B« (Rt /G(Qp))sFo)n) |0,/ 56,.:) |

is concentrated in degree d. Finally, we conclude by observing that
(RWHT*]FZ)I‘H,? = hg (RAUi/Kp,i* ((R(WHT/G(QP))*]FE)N) ‘Ui,ﬁ/Kp,i> |501 U

6.2. A genericity assumption. In our main theorem, we impose a generic-
ity assumption at some auxiliary prime. In this section, we briefly study this
genericity condition.

Definition 6.2.1. Let L be a p-adic field, and let
7:Gal(L/L) — GL,(F,)

be an unramified, continuous representation, with £ # p. Then p is decomposed
generic if the eigenvalues \1,..., A, of p(Frob) satisfy \,/A\, € {1,q} for all
a # b, where Frob is an arithmetic Frobenius and ¢ is the cardinality of the
residue field of L.

We note that this condition actually only depends on the semisimplifica-
tion of p, but it also implies that p is semisimple. In particular, if

p:Gal(L/L) — GL,(Qp)
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is a continuous representation, the condition that the reduction p be decom-
posed generic is unambiguous.

LEMMA 6.2.2. Assume that
p:Gal(L/L) — GL,(Qp)

s a continuous representation such that the reduction p is decomposed generic.
Then p decomposes as a sum p = @, xi of characters, and Xq/Xp is not the
cyclotomic character for any a # b.

In particular, the representation of GL,,(L) corresponding to p is a generic
principal series representation.

Proof. We may conjugate p into GL,, (O ) for some finite extension K C Qy.
Writing p = @7, X;, we may further conjugate p into the matrices in GL,,(Ok)
that are diagonal modulo a uniformizer @w of Ok. Now we try to conjugate p
into the matrices which are diagonal modulo higher powers of w. By standard
calculations in deformation theory, the relevant obstruction groups are given
by

Hl (Gal(i/L)v Ya/Yb)

for a # b. But if
X : Gal(L/L) — F}

denotes the unramified character sending Frob to A, then it is well known that
HY(Gal(L/L),Xy) = 0

if A\ € {1,q}. By assumption, it follows that all relevant obstruction groups
vanish.

The final statement follows because X, /X, is not the cyclotomic character.
O

6.3. Conclusion. Finally, we can tie everything together and prove our
main theorem.

Let us recall the relevant Shimura varieties. We fix a compact Shimura
variety of PEL type, associated with PEL data (B, *,V, (+,-)) of type A satis-
fying one of the following assumptions. In both cases, F = F . K is a CM
field with totally real subfield F'* containing an imaginary quadratic field K.

Case 1. Assume that B is a central division algebra over F', and V = B
is a simple B-module.

Case 2. Assume that B = F, F* # Q, the corresponding group G is
quasi-split at all finite places, and if a rational prime ¢ is ramified in F', then
F/FT* is split at all places above q.
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In both cases, let Splp/p+ denote the set of rational primes ¢ such that
every place of F'* above ¢ splits in . Moreover, fix a finite set S of primes such
that ' and G are unramified outside S, and pick a sufficiently small compact
open subgroup K = KgK® C G(As) = G(Ag) x G(AJSC) such that K is a
product of hyperspecial maximal compact open subgroups K, C G(Q,). In
Case 2, we assume that S C Splp,p+. Finally, take some rational prime £. We
will consider the following abstract Hecke algebra

T = ® Z[G(@q)//Kq]-

q€Splic /o \(SU{e})
THEOREM 6.3.1. Let m C T be a mazimal ideal such that
H'(Sg,Fp)m # 0
for some i € Z.

(1) There is a (unique) semisimple continuous Galois representation
pm 2 Gal(F/F) — GL,(Fy)
unramified outside the places above SU{l}, such that for all finite places v
lying above a prime q € Spli /g \ (S U{f}), the characteristic polynomial
of pm(Froby) is given by the image of
X" Ty, X"+ 4 (_1)iq1i](i—1)/2Ti’vXn—i 4 (—1)"613("_1)/2Tn,v

under a fized embedding T /m < Fy, where q, is the cardinality of the
residue field at v and

Tiw € ZIG(Qq)/ /Ky

is the characteristic function of

GL,(OF,)diag(@y, ..., @y, 1,...,1) GLn(OF,) x [ GLn(OFR,) x Z}
W w#v
mnside

G(Qq) = [[ GLa(Fu) x Q;,

where w runs over all places of F lying over the same place of K as v.

(2) Assume that there is some rational prime p € Splg g \ (S U {£}), split as
p = uu® in K. Assume there is a prime p|p of E such that the following
condition involving the primes p;lu of F', i = 1,...,m, and the sets S; from
Theorem 5.5.7 holds true. For any i, there is at most one T € S; such that
prqr # 0; if there is such a T € S;, then pm is decomposed generic at p;.
Then

H'(Sk,Fo)m #0
only for i = dim Sk .
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Before giving the proof, let us explain in two examples how condition (2)
can be ensured, thus connecting it with the conditions stated in the introduc-
tion.

Remark 6.3.2. Assume that there is a prime p that is completely decom-
posed in F' and such that py, is unramified and decomposed generic at all places
above p. Using Chebotarev, there are then many such p, and we can assume
that p & SU{¢}. In that case, all sets .S; in (2) have just one element, and we
see that the desired condition is satisfied.

Remark 6.3.3. Assume that the signature of G is (0,n) at all except for
one infinite place. Moreover, assume that there is some finite prime v of F' such
that pn is unramified and decomposed generic at v. By Chebotarev, there are
then many such v that are moreover decomposed over the rational prime p
of Q, with p ¢ S U {¢}.33 In particular, p needs to be split in K. There is
just one 7 for which prq; # 0, and by choosing the prime p of the reflex field
correctly, one can arrange that this 7 appears in S; for p; = v. We see that
condition (2) applies.

Proof. We write out the argument in the more involved Case 2.

For part (1), pick any p € Splc/g \ (S U {¢}). Then K = K,KP is
decomposed. There is a Hochschild-Serre spectral sequence relating

H'(Sk»,Fy)

and H*(Sk,Fy).3* In particular, it follows that if 7 is minimal with H*(Sx, Fy)m
= 0, then

Hi(SKpaFﬁ)m 7é 0.
Thus, there is some b € B(G, = 1) such that

H(Ig", Fo)m # 0
for some i € Z; otherwise we would have
(Rrp7«Fo)m = 0,
and hence
RT'(Skr,Fo)m =0
by the Leray spectral sequence for myr : Sk» — Flg,. Now pick some
b€ B(G, =) with d = (2p,1}) minimal such that for some i € Z,

H' (1%, Fy)m # 0.

33In Chebotarev’s theorem, only places with residue field F, contribute to the Dirichlet
density.

34Here and in the following, all cohomology groups are étale cohomology groups after base
change to an algebraically closed field.
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In that case, this group is nonzero exactly for ¢ = d by Corollary 6.1.4. Taking
invariants under a pro-p-compact open subgroup of J,(Q,) (which is an exact
operation), this implies that

Hi(jl\l/)lant,mv Fé)m

is nonzero at most for ¢ = d; if m is large enough, it is nonzero if 1 = d. It
follows that the cohomology with Z,-coefficients is concentrated in the middle
degree and flat, and thus the Q-cohomology

Hi(fl\};[ant,mv Zg)m ® @é

is nonzero for i = d. By Poincaré duality (and applying the same discussion
with the “dual” set of Hecke eigenvalues), the same holds true for compactly
supported cohomology. We have a decomposition

[Hc(jl\ljlanm@f)]sur - [Hc(jl\l;[antv@f)]flur + [Hc(jl\ljlantv @2)]Sur,m

according to systems of Hecke eigenvalues lifting m, or a different set of Hecke
eigenvalues modulo ¢, and by concentration in one degree, the first summand
is nonzero in the Grothendieck group, and its base change BC? is still nonzero.
It follows that there is some II® as in Lemma 5.5.1 whose Hecke eigenvalues
lift m. Then Theorem 5.5.5 implies that there is a Galois representation rygs g,
whose reduction is the desired Galois representation pp.

Now, we deal with part (2). We choose p and p as guaranteed in the
statement. It is enough to prove that H'(Sg,Fy)y is nonzero only for i >
dim Sk ; the other bound follows by Poincaré duality (and the result for the
“dual” ideal, which satisfies the same hypothesis). Now a Hochschild-Serre
spectral sequence shows that it is enough to prove that

H (Skr,Fo)m =0

for i < dim Sk. As above, we take some b € B(G,u~!) with d = (2p,1)
minimal such that

H'(Ig", Fp)m #0
for some ¢ € Z. We get concentration in middle degree in this case, and hence

the argument above shows that there is some Galois representation r lifting
pm with

BOP([He(tant> Q)7 )r # 0.
But by Lemma 6.2.2 and the assumptions on p, p and pn,, the hypothesis
of Theorem 5.5.7 are satisfied. Thus, if b is not p-ordinary, we arrive at a

contradiction. It follows that b is u-ordinary.
In that case, (2p, u) = (2p,vp) = dim Sk, so Corollary 6.1.4 shows that

H (Ig" F)m
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vanishes for i < dim Sk for all b € B(G, u~'). Thus, (Rimyr«F¢)m vanishes
for i < dim Sk, and the result follows by applying the Leray spectral sequence
for myr : Skr — QEG,M- O
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