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The triviality of the 61-stem in the stable

homotopy groups of spheres

By GuozHEN WANG and ZHOULI XU

Abstract

We prove that the 2-primary 7e; is zero. As a consequence, the Kervaire
invariant element 05 is contained in the strictly defined 4-fold Toda bracket
(2,04,04,2).

Our result has a geometric corollary: the 61-sphere has a unique smooth
structure, and it is the last odd dimensional case — the only ones are
81,53 8% and S,

Our proof is a computation of homotopy groups of spheres. A major
part of this paper is to prove an Adams differential ds(Ds) = Bs. We prove
this differential by introducing a new technique based on the algebraic and
geometric Kahn-Priddy theorems. The success of this technique suggests
a theoretical way to prove Adams differentials in the sphere spectrum in-
ductively by use of differentials in truncated projective spectra.
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1. Introduction
In 1904, Poincaré proposed the following famous conjecture:

CONJECTURE 1.1. Let M be a closed 3-manifold. If M is simply con-
nected, then M is homeomorphic to the 3-sphere.

This is the celebrated Poincaré conjecture. It was proved by Perelman
[38] in 2002, using geometric analytic methods. Note that a closed 3-manifold
is simply connected if and only if it is homotopy equivalence to the 3-sphere.

This conjecture can be generalized to higher dimensions as the following
question:

Question 1.2. Let M be a closed n-manifold. Suppose M is homotopy
equivalent to S™. Is M homeomorphic to S™?

The answer turns out to be yes for all dimensions. For n = 4, it was
proved by Freedman [14] in 1982. For n > 5, it was proved by Smale [45]
in 1962, using the theory of h-cobordisms, by Newman [37] in 1966, and by
Connell [13] in 1967. The statement Smale proved assumes further that the
n-manifold M admits a smooth structure, while the statement Newman and
Connell proved does not require such a condition.

In summary, we have the following theorem:

THEOREM 1.3 ([45], [37], [13], [14], [38]). Any closed n-manifold that is
homotopy equivalent to S™ is homeomorphic to S™.

We can also generalize this question into the smooth category.

Question 1.4. Let M be a closed n-manifold. Suppose M is homeomorphic
to S™. Is M diffeomorphic to S™?

For n = 3, the answer is yes. It is due to Moise [34] that every closed
3-manifold has a unique smooth structure. In particular, the 3-sphere has a
unique smooth structure. For n = 4, this question is wildly open.

For higher dimensions, Milnor [31] constructed an exotic smooth structure
on S”. Furthermore, Kervaire and Milnor [23] showed that the answer is not
true in general for n > 5.

Since the answer to Question 1.4 is not true in general, there come two
natural questions:

Question 1.5. How many exotic structures are there on S™?
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Question 1.6. For which n’s does there exist a unique smooth structure
on S™7

Kervaire and Milnor reduced Question 1.5 to a computation of the stable
homotopy groups of spheres. In fact, Kervaire and Milnor constructed a group
O, which is the group of h-cobordism classes of homotopy n-spheres. The
group ©,, classifies the differential structures on S™ for n > 5. This group 6,
has a subgroup G)l;f’ , which consists of homotopy spheres that bound paralleliz-
able manifolds. The relation between ©,, and m, (the n-th stable homotopy
group of the spheres) can be summarized by the following theorem:

THEOREM 1.7 (Kervaire-Milnor [23]). Suppose that n > 5.
(1) The subgroup O is cyclic, and has the following order:
1, if n s even,

|er| = 1or2, ifn=4k+1,

222921 _1)B(k), if n = 4k — 1.

Here B(k) is the numerator of 4Boy/k and Bsy is the Bernoulli number.
(2) Formn # 2 (mod4), there is an exact sequence

0 obr O, T/ J 0.

Here m,/J is the cokernel of the J-homomorphism.
(3) For n =2 (mod4), there is an exact sequence

P

0 ebr O, T/ J 7./2 er 0.

Here the map ® is the Kervaire invariant.

Remark 1.8. In the first part of Theorem 1.7, the case n = 3 (mod4)
depends on the computation of the order of the image of the J-homomorphism.
The case n =1 (mod 4) depends on the Kervaire invariant in dimension n + 1.
The computation of the image of the J-homomorphism at 4k — 1 stems is a
special case of the Adams conjecture. The proof was completed by Mahowald
[27], and the full Adams conjecture was proved by Quillen [41], Sullivan [46],
and by Becker-Gottlieb [8].

For Question 1.6, it is clear from Theorem 1.7 that, for n = 4k + 3 with
k > 1, the smooth structure on the n-sphere is never unique. For n = 4k + 1
with k& > 1, the answer depends on the existence of the Kervaire invariant
elements. In 2009, Hill, Hopkins and Ravenel [17] showed that the only dimen-
sions in which the Kervaire invariant elements exist are 2, 6, 14, 30, 62 and
possibly 126. That is, in other dimensions, the Kervaire invariant map

ﬂ'n/JLZ/Q
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in part (3) of Theorem 1.7 is always zero and the group 62’11 is Z/2. Therefore,
the only odd dimensional spheres that could have a unique smooth structure
are S1,83,65 613 629 G61 and S12°. Further, the cases S'3 and S can be
ruled out by May’s [29] 3-primary computation of the stable homotopy groups
of spheres.

For dimension 61, we have the main theorem of this paper.

THEOREM 1.9. The 2-primary w1 = 0, and therefore the sphere S®! has
a unique smooth structure.

We postpone the proof of the first claim of Theorem 1.9 to Section 2 and
present the proof of the second claim now.

Proof. In [5], Barratt, Jones and Mahowald showed that the Kervaire
invariant element 65 exists. The second author gave a new proof in [54]. By
Theorem 1.7, this implies that ©F = 0.

At an odd prime p, the first nontrivial element in the cokernel of J is (y,
which lies in the stem 2p? — 2p — 2. (This is proved in Section 4 of [42].)
This value is 82 if p = 7. For p = 3 and p = 5, the table in Appendix A3
of Ravenel’s green book [42] shows that the cokernel of J in dimension 61
vanishes. Therefore, the cokernel of J in dimension 61 vanishes at all odd

primes.
Combining the first claim of Theorem 1.9 with Theorem 1.7, this proves
the second claim of Theorem 1.9. O

There is an important corollary of our theorem, regarding the Kervaire
invariant element 05 € mgo.

COROLLARY 1.10. The Kervaire invariant class 05 € mgo is contained in
the strictly defined 4-fold Toda bracket (2,04,04,2).

Proof. We first check this 4-fold Toda bracket is strictly defined. In [54],
the second author showed that §7 = 0. Note that the 3-fold Toda bracket
(2,04, 04) is contained in mg; = 0. Therefore, this 4-fold Toda bracket is strictly
defined. In the Adams E3 page, we have a Massey product

(ho, h3, b3, ho) = hZ,

because of the Adams differential do(hs) = hoh3. Then the theorem follows
from Moss’s Theorem [35, Th. 1.2]. O

Remark 1.11. When computing stable stems, it is crucial to understand
Toda brackets decompositions of multiplicatively indecomposable classes. A
theorem of Joel Cohen [12] says that any classes in the stable homotopy groups
of spheres can be decomposed as a (matric) Toda bracket starting only from
the classes that correspond to the Hopf maps. However, in practice, it is
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usually hard to find such a description. For the Kervaire invariant class 65,
our Corollary 1.10 gives the first known Toda bracket of it. Note that 64 was
known to have multiple Toda bracket decompositions using the Hopf maps.
By a theorem of Barratt, Jones and Mahowald [4], if 65 has order 2 and
2 = 0, then 6 exists and has order 2. It is proved by the second author [54]
that 05 has order 2. Our Toda bracket of 65 in Corollary 1.10 therefore leads
us to consider the Toda bracket (65,2, 64) in 793, which is in a much lower stem
than 6 itself. Using obstruction theory as Barratt-Jones-Mahowald did in [5],
one can show that if the Toda bracket (65,2, 6,) contains zero, then g exists.
The Toda bracket of 85 in Corollary 1.10 has also been very helpful in ongoing
work of Isaksen and the authors of extending computations of stable stems.

For dimension 125, we have the following proposition:

PROPOSITION 1.12. The sphere S'° does not have a unique smooth struc-
ture.

Proof. This proof uses the Hurewicz image of tmf (the spectrum of topo-
logical modular forms). See [7], [16] for computations of the homotopy groups
of tmf.

Let {w} € my5 be the unique homotopy class detected by w in Adams
filtration 9. It is known that both ® € my and {w} are detected by tmf,
that is, they map nontrivially under the following map:

.50 — 1 tmf.

We have that *{w} # 0 in ma5tmf. Therefore, ®*{w} # 0 in m1255° and it
lies in the cokernel of J. This shows that S does not have a unique smooth
structure. O

Therefore, we have the following corollary:

COROLLARY 1.13. The only odd dimensional spheres with a unique smooth
structure are S*,S%,5° and SO .

For even dimensions, since the subgroup O is always zero, we need to
understand the cokernel of the J-homomorphism.

In [32], Milnor states that up to dimension 64, the only dimensions where
the n-sphere has a unique smooth structure are n = 1,2,3,5,6,12,61 and pos-
sibly n = 4. This observation is based on the computation of 2-primary stable
homotopy groups of spheres up to the 64 stem by Kochman and Mahowald
[25] from 1995. Recently, Isaksen [20] discovered several errors in Kochman
and Mahowald’s computations, and he was able to give rigorous proofs of
computations through the 59 stem. One major correction is that, instead of
having order 4, 7sg is of order 2 and is generated by a class in the image of J.
Consequently, we have the following theorem:
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THEOREM 1.14 (Isaksen). The sphere S°® has a unique smooth structure.

Proof. Tt is clear from Theorem 1.7 that @g:’é = 0. Ravenel’s computa-
tion [42] shows that the cokernel of J in dimension 56 vanishes at odd primes.
Recent computation of Isaksen [20] shows that the cokernel of J in dimen-
sion 56 vanishes at the prime 2. Then this theorem follows from part (2) of
Theorem 1.7. U

The technique used by Kochman and Mahowald [25] is quite different
from the classical technique used by Barratt, Bruner, Mahowald, May and
Tangora [29], [28], [6], [49], [47], [50], [10] through dimension 45, and the
motivic technique used by Isaksen and the second author [20], [21] through
dimension 59. For more details of known techniques, see Section 2.

Based on Isaksen’s computation, we give rigorous proofs regarding mgo
and mg1. Besides the classical technique of Toda brackets, one of our proofs
relies heavily on the transfer map from the infinite real projective spectrum to
the sphere spectrum. The success of this technique suggests a theoretical way
to improve our understanding through a bigger range.

Combining our computations with the previous knowledge of 7., we have
another corollary of the main theorem.

COROLLARY 1.15. For 5 < n < 61, the only dimensions that S™ has a
unique smooth structure are n =5,6,12,56 and 61.

Proof. The range for n < 19 was known to Kervaire and Milnor. For even
dimensions between 20 and 60, it is straightforward to check that at p = 2,
the only dimension in which the cokernel of J vanishes is 56. Note that the
Kervaire invariant 6, exists in dimension 30. In fact, Barratt, Mahowald and
Tangora [6] showed that 73 is Z/2, generated by 64. Therefore, we need to
consider odd primary computations in this dimension. May [29] showed that
at the prime 3, the cokernel of J in dimension 30 is Z/3, which implies that
539 does not have a unique smooth structure. Combining with Theorems 1.9
and 1.7 and Corollary 1.13, this completes the proof. O

Remark 1.16. Recent work of Behrens, Hill, Hopkins and Mahowald [9]
shows that the next sphere with a unique smooth structure, if exists, is in
dimension at least 126.

Based on our current knowledge on m,, we have the following conjecture:

CONJECTURE 1.17. For dimensions greater than 4, the only spheres with
a unique smooth structure are S°, S, S'2, 856 and SO

The rest of this paper is organized as follows. In Section 2, we give a brief
review of the stem-wise computation of 7, with a focus on the prime 2. We com-
pare the known techniques. We reduce mg; = 0 to three Adams differentials.
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From Section 3 through Section 10, we present the proof of the hardest
differential d3(D3) = Bs. In Section 3, we summarize the strategy of our
technique and explain how we organize the details of the proof in Sections 4
through 10. The intuition behind part of this proof is included in Appendix II,
which is Section 14.

We present the proof of the other two differentials in Sections 11 and 12.
The targets of these two differentials detect certain homotopy classes. We use
the theory of Toda brackets to show that these homotopy classes must vanish.

Acknowledgement. The authors would like to thank Mark Behrens for
introducing and suggesting this problem and for many helpful conversations.
The authors would like to thank Dan Isaksen for discussing and sharing lots of
his computations. We are also especially indebted to him for his very careful
checking of our proofs. Any errors that remain are not his fault. The authors
thank Agnes Beaudry and Peter May for helping edit and reorganize this paper.
Both have read more drafts than they care to remember. We would also like
to thank Paul Goerss and Jesper Grodal for their support. Finally, we owe a
great debt of gratitude to Mark Mahowald for his tenacious exploration of the
stable stems and his generosity in sharing his ideas with us.

2. The stable homotopy groups of spheres

The computation of the stable homotopy groups of spheres is a long stand-
ing and very challenging problem in algebraic topology. We will first give a
brief review of the history from the stem-wise point of view and then talk about
some recent progress.

After the geometric computation of the first three stems [18], [15], [53],
[39], [43], Serre [44] did the computation of m, for n < 9 with the aid of the
Serre spectral sequence and the Eilenberg-Maclane spectra. Serre also showed
that these stable groups are finite in positive stems, so we can compute them
one prime at a time. Afterwards, at each prime, Adams [1] constructed the
Adams spectral sequence whose Es-term encodes the information that we could
obtain via primary cohomology operations. The Adams spectral sequence gives
an upper bound on 7,, and therefore determining the Adams differentials be-
comes a major method in computing the stable homotopy groups. Generalizing
Adams’s idea, Novikov constructed the Adams-Novikov spectral sequence us-
ing the complex cobordism spectrum.

There is another method using the EHP sequence, which computes the
unstable homotopy groups inductively. Using this method, together with the
Toda bracket operations, Toda [51] succeeded to do the computation of m,, for
n < 19.

It turns out that the Adams-Novikov spectral sequence is more successful
at odd primes than at the prime 2. In the 1980’s, using the Adams-Novikov
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spectral sequence, Ravenel [42] computed up to the 108-stem at the prime 3,
and the 999-stem at the prime 5. Previously, the computation was due in-
dependently to Nakamura [36] and Tangora [48] up to the 103-stem at the
prime 3, and to Aubry [3] up to the 760-stem at the prime 5.

At the prime 2, the Adams spectral sequence is still the most efficient
way. In [29], May constructed the May spectral sequence, which converges
to the Fs-page of the Adams spectral sequence. This works at all primes.
In particular, May computed 7, for n < 28 at the prime 2. In the 1960’s,
using the Adams spectral sequence, and with the aid of the technique of Toda
brackets, Barratt, Mahowald and Tangora [6] determined the differentials in
the Adams spectral sequence up to the 45-stem. About one and a half decades
later, Bruner [10] discovered a gap in [6] and proved a new Adams differential
in the 38-stem. Bruner’s differential therefore corrected the result of w37 and
msg, and along with that corrected some relations in the stable homotopy ring.

In 1990, based on the Atiyah-Hirzebruch spectral sequence of the Brown-
Peterson spectrum, Kochman [24] made an algorithm and implemented it into
computer programs. In this way, he produced a table of 7, up to the 64-stem.
However, his method is not completely reviewed by others due to its complex-
ity, and his result is not fully accepted by the experts. In 1995, Kochman and
Mahowald [25] made a few corrections to [24], in the range from 52 to 64. A
tentative chart of the Adams spectral sequence is included in the appendix of
[24] and [25] without proofs. Note that the Adams differentials in this chart
are deduced from the stable homotopy groups, not the other way around.

For about two decades, much of our knowledge regarding m,, in the range
from 45 to 64, relied on [25]. Recently, by comparing the motivic Adams
spectral sequence and the classical Adams spectral sequence, Isaksen [20] gave
rigorous proofs to all but one Adams differentials up to the 59 stem. The
exception was later proved by the second author [21] based on Isaksen’s motivic
computation. Along with a few corrections to some relations in the stable
homotopy ring, Isaksen proved a new Adams differential in the 57-stem, which
was not included in [25]. This also corrects 756 and 757 as we used in the proof
of Proposition 1.12.

In the range beyond the 59-stem, Isaksen [20] also proved a few differen-
tials. The part that Isaksen did not fully understand can be summarized in
his Adams F, chart [19], which we include in the following page.

Note that we do not include elements in filtration higher than 16. Those
elements are detected by the K(1)-local sphere, and are not relevant to our
proof. Here we use dashed curved lines to denote some known nontrivial 2, n
and v-extensions. Note that because of differentials unknown to Isaksen, the
actual E,.-page beyond the 59-stem is a subquotient of what is shown in this
chart.
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Now we reduce the first claim of Theorem 1.9, i.e., mgy = 0, to three
Adams differentials.

Proof. 1t is proven in Theorem 3.1 (and this is the crux of the paper) that
d3(Ds) = Bs
and therefore
d3(h1D3) = h1Bs.
It is proven in Theorem 12.1 that
d5(A/) = h1B21.

It is proven in Theorem 11.1 that the element gz must be killed by some Adams
differential.
There are no elements left in the Fo-page of the 61-stem. g

It is clear that these differentials also settle mgg.
COROLLARY 2.1. The 2-primary meo is Z./4, generated by &5.

Proof. The elements g3 and d3l are the only elements left, and there is a
hidden 2-extension between them. The element g detects ¥ € mog. Therefore,
the 2-primary group 7o is Z/4, generated by &°. O

3. Intuition and the proof of the differential d3(D3) = B3

We have developed a general method to prove a differential in the Adams
spectral sequence of the sphere spectrum. The strategy can be summarized in
three parts:

(1) Using the algebraic Kahn-Priddy theorem, we pull back a differential in
the Adams spectral sequence of the sphere spectrum to one in the Adams
spectral sequence of the suspension spectrum of RP°.

(2) Using our knowledge of the cell structure of RP> and the algebraic Atiyah-
Hirzebruch spectral sequence, we deduce the Adams differential in RP°
from one in a certain HFs-subquotient of RP*°.

(3) Using our knowledge of the Adams spectral sequence of the sphere spec-
trum, and the cell structure of this HF9-subquotient, we reduce the com-
putation of the Adams differential in this HFs-subquotient to that of a
product (or more generally a Toda bracket) in a lower stem of the stable
homotopy groups of spheres.

Intuitively, an HFs-subquotient of a CW complex is a subquotient to the
eyes of mod 2 homology, in a sense that will be made precise in Definition 4.1.

The technical heart of the paper, explained in Sections 3-10, is to apply
this method to prove Theorem 3.1.

THEOREM 3.1. We have the Adams differential: d3(Ds) = Bs.
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With notation to be explained, here is a “road map” of the proof.

Ext(S°) Ext(XCn)
Ext(P) Ext(X)
Ext(P2) Ext(PZ) Ext(X)
Bs By [14]
V\ T AN
d3\ N dy N
Ds h3[16]
Gl6 By [14]
L. M
d3\ N < L (;4 h = ~
hyhshs[22] h3[16]
GA[;6L B [14] By [14]
A ~
AN N ~N
AN N ~
d AN d4 N N d4\
RN N h3[16]

hyihghs 22— h1h3h;[22]
hihshs[22] is a cycle.

The first part of this “road map” describes seven Adams spectral sequences
and maps among them; the second part describes certain Adams ds or dy
differentials in the 61-stem of each of the spectral sequences and maps in the
Adams Es>-page among the sources and targets of these differentials.

Notation 3.2. All spectra are localized at the prime 2. Suppose Z is a
spectrum. Let Ext(Z) denote its Adams Es-page.

For spectra, let S° be the sphere spectrum and P{° be the suspension
spectrum of RP°. In general, we use Pff*k to denote the suspension spectrum
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of RP™"*/RP" 1. Recall that we have the James periodicity for the stunted

projective spectra:

(k) P£L+k ~ P::%;b(@)

where ¢(k) = 2¥%) and

—1, k=0 mod 8,
0, k=1,
0, k=2,
k 1, k=3,
Y(k) = L§J+ 0. k=4,
1, k=5,
0, k=6,
0, k="7.

For example, ¢(7) = 2¥(7) = 8, hence we have PE ~ ¥8p5 ~ y16p7.

The spectrum X is a quotient spectrum of P2 and X is a subspectrum
of X. The spectrum C7 is the cofiber of € 1, and X'*Cn turns out to be
a subspectrum of X. The precise definitions of the spectra X and X can be
found in Definition 5.1.

For sources and targets of these differentials, we use the following way to
denote the elements in the Adams Ea-page of Py° and its HFs-subquotients.
One way to compute Ext(Pf®) is to use the algebraic Atiyah-Hirzebruch spec-
tral sequence.

Ey = @22 Ext(S™) == Ext(Pf°).

Notation 3.3. We denote any element in Ext(S™) to be a[n], where a €
Ext(S°), and n suggests that it comes from Ext(S™). We will abuse notation
and write the same symbol a[n] for an element of Ext(P7°) detected by the
element a[n| of the Atiyah-Hirzebruch F.-page. Thus, there is indeterminacy
in the notation a[n] that is detected by Atiyah-Hirzebruch Eo, elements in lower
filtration. When a[n] is the element of lowest Atiyah-Hirzebruch filtration in
the Atiyah-Hirzebruch E-page in a given bidegree (s,t), then a[n] also is a
well-defined element of Ext(Pp°). Sometimes we will need to be precise about a
particular element of Ext(Py°) detected by a[n]. We will use the notation a[n]
to denote a particular choice, and we must provide a definition that specifies
a[n] in this case. We use this same notation for all HFs-subquotients of Pf°.
There will not be any confusion on the index n since any HFs-subquotient
contains at most one cell in each dimension.

Remark 3.4. In [52], we computed the Adams Es-page of Pf® in the range
of t < 72 by the Lambda algebra. This Lambda algebra computation gives
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us a lot of information on the algebraic Atiyah-Hirzebruch spectral sequence.
In particular, there is a one-to-one correspondence between the differentials
in the Lambda algebra computation and differentials in the algebraic Atiyah-
Hirzebruch spectral sequence.

Remark 3.5. Despite the indeterminacy in Notation 3.3, there is a huge
advantage to it. Suppose f: Q — Q' is a map between two HI[F-subquotients
of Py°, which is a composite of inclusion and quotient maps. Suppose further
that there exists an element a[n] that is a generator of both Ext®!(Q) and
Ext®(Q’) for some bidegree (s,t). (This implies both @ and @’ have a cell
in dimension n.) We therefore must have that, with the right choices, a[n] in
Ext®!(Q) maps to a[n] in Ext>!(Q’). This property follows from the naturality
of the algebraic Atiyah-Hirzebruch spectral sequence:

PExt(S?) @ Ext(S?)
i€l iel’
Ext(Q) Bxt(Q)
a[n] t a[n].

Ezample 3.6. As an example, the group Ext>%(X) = Z/2® Z/2 © 7./2,
is generated by hi[16], h1hshs[22] and hohghs[23], as explained in Table 6 in
Section 9. The element h3[16] is uniquely determined by our notation, since
it has the lowest Atiyah-Hirzebruch filtration. In fact, the 16-skeleton of X is
»14Cn. The inclusion map specifies the element h3[16] in Ext>%4(X) as the
image of the element h3[16] in Ext>64(X14Cn).

Ext(2Cn)

Ext(X)

h3[16] 1 h3[16].

As a comparison, the element hjhshs[22] in our notation does not spec-
ify a unique element in Ext3’64(X ). In fact, suppose A and B are elements
in Ext3%(X), which are detected by h3[16] and hihzhs[22] in the algebraic
Atiyah-Hirzebruch spectral sequence of X. The element A + B is therefore
also detected by hihshs[22]. Our notation hihshs[22] in Ext®%4(X) does not
distinguish the elements B and A + B.

It turns out that making a choice for hjhshs[22] is essential to our proof.
In fact, we use a four cell complex X?? (see Definition 5.6) to specify such
a choice. The complex X?? is an HF,-subcomplex of X and contains a cell
in dimension 22, but not in dimension 16. The group Ext3®(X??) = 7/2,
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generated by hihshs[22], as explained in Table 4 in Section 8. We denote the
image of hyhzhs[22] in Ext3%4(X?2) to be hihshs[22] in Ext?4(X):

Ext(X?2)

Ext(X)
hl h3h5 [22] P h1 h3h5 [22] .

Now, we explain the main steps of the proof for the Adams differential
d3(D3) = Bs.

(1) Step 1: We establish a d4 differential in the Adams spectral sequence of
»Cn:

d4(h3[16]) = By[14].
This is stated as Theorem 7.1 and proved in Section 7.
(2) Step 2: Using the inclusion map ¥'*Cn — X, we push forward the Adams

dy differential in Step 1 to an Adams d4 differential in X:
d4(h3[16]) = By[14].

This is stated as Theorem 8.1 andN proved in Section 8.
(3) Step 3: Using the inclusion map X — X, we push forward the Adams dy4
differential in Step 2 to an Adams dy differential in X:

d4(h3[16])) = By[14].

This is stated as Theorem 9.1 and proved in Section 9.
(4) Step 4: We show that the chosen element hihghs[22] (as explained in Ex-
ample 3.6) is a permanent cycle in the Adams spectral sequence of X. This
is stated as Theorem 9.2 and proved in Section 9.
Combining with Step 3, we have an immediate Adams dy differential
in X:

dy(h1hahs[22] + h3[16]) = By[14].

This is stated as Corollary 9.3.
(5) Step 5: Using the quotient map P?* — X, we pull back the Adams d4
differential in Step 4 to an Adams d3 differential in P?3:

ds(h1hshs[22])) = G[6].

This is stated as Theorem 10.1 and proved in Section 10.

(6) Step 6: Using the inclusion map P23 — PP° and the transfer map P — S?,
we push forward the Adams d3 differential in Step 4 to an Adams d3 dif-
ferential in S°:

dg(Dg) = Bg.
This is our main theorem and is proved in this section.

We have several comments before we dive into the details of the proofs.
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Remark 3.7. Step 1 is the origin of all our differentials. It follows essen-
tially from a relation in the stable homotopy groups of spheres: there is a
nontrivial n-extension from hj to Bj.

Remark 3.8. Intuitively, the most mysterious step is Step 5. The intuition
behind such an argument is explained in detail in Section 14, which is Appen-
dix II. But note that the intuition is irrelevant to our proofs. For the proof,
when we pull back a dy differential, the preimage of the source must support
a do, ds or dy differential. To get the d3 differential as claimed in Step 5, we
rule out all other possibilities.

Remark 3.9. Logically, the most complicated step is Step 2. The intuition
seems straightforward: we push forward a d4 differential to get a d4 differential.
But note that we need to show that the image of the target survives to the
FE4 page; i.e., it is not killed by a do or ds differential. It turns out in the
corresponding bidegrees, there are ten elements that have the potential to
support a ds or ds differential. To rule out these possibilities, we will show
in Section 8 that nine elements out of the ten are permanent cycles, and the
other one supports a dy differential so it is irrelevant. Our way to show that
these elements are permanent cycles is by showing they are permanent cycles
in some HIF9-subcomplexes of X. For this purpose, in Section 5, we study the
cell structure of X, as well as its several HFs-subcomplexes.

Remark 3.10. The intuitive reason why this method works is due to the
geometric and algebraic Kahn-Priddy theorems. It is because of Step 6 that
we can reduce the computation of an Adams differential in S° to one in P°,
and further to one in a lower stem of S°.

In the rest of this section, we prove Step 6. Recall that we have the
Kahn-Priddy Theorem [22], stated as follows:

THEOREM 3.11. The transfer map P — S° induces a surjection on
homotopy groups in positive stems.

We also have the algebraic Kahn-Priddy Theorem due to Lin [26].
THEOREM 3.12. The transfer map also induces a surjection:
Ext®(P®) — Ext*Hb+1(50)
fort—s>0.

Now we prove Step 6.

Proof. For the purpose of the differential d3(D3) = Bs, we check the two
tables in the appendix of [52]. See [52] for more details of the Lambda algebra
notation we used here. We rewrite Ext(®!) as Ext(®**(=%)) to indicate that it
is in stem ¢ — s.
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The element Ds is in Ext*61+4(S0) = 7Z/2. Checking the table for Py°,
we have that

Ext3013(P) = Z/2, generated by (22) 21 11 7,
Ext30113(P2) = (Z/2)?, generated by (22) 21 11 7,
(23) 22 13 3.
The element 21 11 7 lies in
Ext33913(8%) = Z/2, generated by hihshs.

Therefore, the element hihshs[22] maps to Ds.

The element Bj is in Ext™09t7(S%) = Z/2. Checking the table for Py°,
we have that

Ext509t6(ppey = (Z/2)%, generated by (6) 24 7 11 15 15, (20) 559777,
Ext%0t6(p2) = (2/2)*, generated by (6) 247111515, (200559777,
(22)359777, (23)1323577.
In the table for the transfer, we have that the element (20) 559 7 7 7 (with
certain choice) maps to 0. Due to the algebraic Kahn-Priddy Theorem, we must
have the element (6) 2 4 7 11 15 15 maps to Bs. The element 2 4 7 11 15 15
lies in
Ext55416(8Y%) = 7Z/2, generated by G.

Therefore, the element G[6] maps to Bs.

EXt3’6l+3(P123) EXt3’61+3(P100) EXt4’61+4(SO)
hihshs[22] hihshs[22] Dy

EXt6’60+6 (P123) EXt6’60+6 (Ploo) EXt7’60+7 (SO)
Glo] Gl6]+ Bs.

Note that in both Ext(P{°) and Ext(P??), the elements hihghs[22] and
G[6] are uniquely determined by our notation, since they have the lowest
Atiyah-Hirzebruch filtrations in their bidegrees.

In the Adams spectral sequence for S°, the element B3 survives to the
FEs-page: there is no element that could kill B by a do differential. Therefore,
the Adams d3 differential in P??

ds(h1hshs[22]) = G[6]
in Step 5 (Theorem 10.1) implies the Adams d3 differential in S°:
ds(Ds) = Bs. O
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4. HFs-subquotients for CW spectra

In this section, we introduce the definitions of HIFs-subcomplexes and
HTF5-quotient complexes for CW spectra. We also discuss an important HIFo-
subcomplex of P in Theorem 4.7.

Definition 4.1. Let A, B, C' and D be CW spectra, and let ¢ and ¢ be maps
Ao B, B

We say that (A,14) is an HFy-subcomplex of B, if the map ¢ induces an injec-
tion on mod 2 homology. We denote an HFs-subcomplex by a hooked arrow
as above.

We say that (C, q) is an HF3-quotient complex of B if the map ¢ induces
a surjection on mod 2 homology. We denote an HF3-quotient complex by a
double headed arrow above.

When the maps involved are clear in the context, we also say A is an
HFy-subcomplex of B and C' is an HIFy-quotient complex of B.

Furthermore, we say D is an HIFs-subquotient of B if D is an HIFs-
subcomplex of an HFs-quotient complex of B, or an HFs-quotient complex of
an HFo-subcomplex of B.

Remark 4.2. Note that our definitions of HIFs-subcomplexes and HF,-
quotient complexes are not necessarily subcomplexes and quotient complexes
on the point set level. Our definitions should be thought as in the homological
or homotopical sense. Here is a motivating example of why we use these
definitions. The top cell of the spectrum P} splits off, therefore there is a
map from S to P} that induces an injection on mod 2 homology. This is an
HTFy-subcomplex in our sense. However, on the point set level, the image of
the attaching map is not a point, therefore S3 is not a subcomplex of P} in
the classical sense.

Remark 4.3. It follows directly from Definition 4.1 that if (A,4) is an HFo-
subcomplex of B, then the cofiber of ¢ is an HFo-quotient complex of B, which
we sometimes denote as B/A. Dually, if (C,q) is an HFs-quotient complex
of B, then the fiber of ¢ is an HFs-subcomplex of B.

The following lemma is useful in constructing HIF9-subquotients.

LEMMA 4.4. Suppose (A,1) is an HFy-subcomplex of B. Let C be the
cofiber of i. Let (D, j) be an HFy-subcomplex of C. Define E to be the homo-
topy pullback of D along B — C. We have that E is an HFy-subcomplex of B.
Moreover, A is an HFy-subcomplex of E with quotient D.

Dually, suppose (C,q) is an HF3-quotient complex of B. Let A be the
fiber of q, and let (F,p) be an HFy-quotient complex of A. Define G to be the
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homotopy pushout of F along A — B. We have that G is an HF3-quotient
complex of B. Moreover, C is an HFy-quotient complex of G with fiber F'.

Proof. This follows from the short exact sequences of homology induced by
the following commutative diagrams of cofiber sequences and diagram chasing;:

A——sF —=D

b

A > B—»C,

o

Fe—s G —=C. O

We first study the spectrum PP. For attaching maps, we abuse notation
and refer to a homotopy class by its detecting element in the Fi-page of the
Atiyah-Hirzebruch spectral sequence. We use similar notation as in the alge-
braic case in Notation 3.3. The readers who are familiar with the notation of
cell diagrams from [5] should compare with the cell diagrams in Remark 4.8
for the intuition of the following Lemmas 4.5, 4.6 and Theorem 4.7:

LEMMA 4.5. There is an HF-subcomplex of P} with a 3-cell and a 5-cell
that forms ¥3Cn.

Proof. Firstly, by the solution of the Hopf invariant one problem, the top
cell of P} splits off. It follows that S3 is an HFs-subcomplex of P}, and
therefore an HFg-subcomplex of P.

Secondly, we consider the HFs-quotient complex P /S3. We claim the
top cell of P /S splits off. We prove this claim by showing the attaching map
is homotopic to zero. In fact, the following composition is trivial:

St - pl/s® — 54,

where the second map is the quotient map. Otherwise, we would have a non-
trivial

Sq' : H'(PY/S%) — H*(P{/S°),
which we do not. This shows that the attaching map factors through P?.

P}/S3.
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The group m4(PZ) is generated by n?[2] and v[1]. However, the element 1?[2]
is killed by n[4] in the Atiyah-Hirzebruch spectral sequence of Pit/S3. The
element v[1] does not detect the attaching map either, since otherwise we
would have a nontrivial

Sq*: H'(PP/S%) — H*(P/S),

which we do not. Therefore, the attaching map S* — P{t/S? is trivial, and S°
is an HFa-subcomplex of P} /S3.

Now we pull back S° along the quotient map P} — P} /S3. We claim that
we have ¥3Cn as an HFy-subcomplex of P}:

93— 330 Sf
53¢ P} P} /S5,

In fact, by Lemma 4.4, we have an HFs-subcomplex of P} with nontrivial H?
and H°. Since there is a nontrivial

S¢* - H*(PY) — H(PY),
we must have ¥3C7 as the HFy-subcomplex. U

LEMMA 4.6. If we quotient out the HFg-subcomplex X3Cn in PP, then
the 6-cell splits off. Therefore, S® is an HFy-subcomplex of PP /¥3Ch.

Proof. We claim that the attaching map S° — P;'/S? is trivial.

In fact, the group 75(Py/S%) = Z/2, generated by n[4]. To compute it,
note that the Ej-page of the Atiyah-Hirzebruch spectral sequence of P{/S? is
75(SY) @ 75(S?) © 75(S*) = Z/8 © 7Z/2, generated by v[2] and n[4]. We have
the following Atiyah-Hirzebruch differentials:

v[2] =2v[1],
2v[2] —4v[1],
4] —4v[2] = 7°[2).
Therefore, the element n[4] is the only one left in the E.-page.
Since we have

Sq® =0: HY(P}) — H*(PY),
we must have
Sq¢* =0: HY(PP/x3Cn) — HS (PP /x3Cn).

Therefore, the attaching map is not detected by n[4], and it is trivial. This
proves that S® is an HFy-subcomplex of PP/¥3C1. O
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THEOREM 4.7. There is an HFo-subcomplexr Y of PP consisting of the

3-cell, 5-cell and the 6-cell, which is the pullback of S® along the quotient map
P§ — P§/33Cn.

230 Y 56

|

¥3Cn———s PP —= P} /¥3Cn
Proof. This follows directly from Lemmas 4.3 and 4.6. g

Remark 4.8. The cell diagrams of the cofiber sequences in Theorem 4.7

are the following:
© ©
2 2
© (%)
n n
©

9 n n

E

5. Some HIF>-subquotients of P*

()

[\

In this section, we discuss the cell structures of certain HFs-subquotients
of PP°. All of them turn out to be HF3-subcomplexes of a nine cell complex
X. The existence of these HFs-subquotients is used extensively in the proofs
in Sections 8, 9 and 10. For illustration purpose, we include the cell diagrams
of these HFs-subquotients. The definition of cell diagrams is reviewed in Sec-
tion 13, which is Appendix I.

We define the nine cell complex X.

Definition 5.1. Recall that the 15-skeleton of PZ is Pif = S'4v S15. The
complex X is defined to be the cofiber of the inclusion map S < P2, i.e.,
X fits into the cofiber sequence

St5c PE X.
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We also define the 22-skeleton of X to be X. In other words, X fits into the
cofiber sequence

S15¢ P X.
Now we establish the following lemmas on the cell structure of X:
LEMMA 5.2. There is a quotient map X —» S16.

Proof. There is a quotient map P] — S°, since the bottom cell splits
off. By James periodicity, this gives a quotient map P% — S'6. Since the
14-skeleton of X is S'*4, we have a quotient map to its cofiber PZ:

SHMC s X — Pfg’

Pre-composing the quotient map P — S1¢ with the quotient map X — P2,
we get the desired quotient map X —» S16. O

LEMMA 5.3. We have S'7 as an HFy-subcomplex of)? and of X.

Proof. We claim that the top cell of the 17-skeleton of X splits off, and
therefore S'7 is an HF3-subcomplex of X and X.

The 16-skeleton of X is »14Cn because of the nontrivial S¢?. The group
m16(314Cn) is generated by 2[16]. Note that in the Atiyah-Hirzebruch spectral
sequence, the element 1?[14] is killed by n[16]. Therefore, it follows from James
periodicity that the attaching map is trivial. O

Now we define some HFy-subcomplexes of X. The relationships among
the HIF5-subcomplexes are summarized in Remark 5.12. The reader should
compare with the cell diagrams in Remark 5.13 for the intuition of the following
definitions:

Definition 5.4. We define X2 to be the 20-skeleton of X, and X% to be
the fiber of the following composition:

X0 5 X — s SI6,
Note that the composition is a quotient map, and therefore X?0 is an HF»-
subcomplex of X20.

Definition 5.5. Quotienting out the 16-skeleton of X , we have the HFs-
quotient complex PZ. We define X22 to be the pullback of ¥V along the

quotient map X — P2Z?. Note that by Theorem 4.7 and James periodicity,
Y10V is an HFs-subcomplex of P22

SHCOp— X2 6y

o

MO X PE =%19Pf,
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Definition 5.6. We define X?2 to be the fiber of the following composition:
X2C > X — s SI6

Note that the composition is a quotient map, and therefore X?? is an HF»-
subcomplex of X?22.

Definition 5.7. We define X2 to be the 21-skeleton of )/(2\2, and X?! to
be the 21-skeleton of X?2.

Remark 5.8. Note that S is an HFy-subcomplex of X?!. In fact, the
19-skeleton of X2 is §'9 v S, The attaching map S'® — S is trivial since
w4 = 0.

Definition 5.9. The top cell of P{ splits off due to the solution of the Hopf
invariant one problem. By James periodicity, this implies that the top cell of
PE splits off. Therefore, S?3 is an HFy-subcomplex of P3.

We define X23 to be the pullback of $?* along the quotient map X — PZ:

»onC X2 S
s CnS X PE =%1p].

Definition 5.10. We define X3 to be the fiber of the following composition:
XBC o X — = SI6

Note that the composition is a quotient map, and therefore X?3 is an HIF»-
subcomplex of X?23.

Remark 5.11. We do not know if the top cell of X?3 splits off. If not,
then the attaching map is detected by a nontrivial homotopy class in 7g. Since
homotopy classes in mg have Adams filtration at least 2, Ext(X?3) splits as a
direct sum of Ext(S') and Ext(523) in either case.

Remark 5.12. In the following diagram we summarize the relationships
among the HIF9-subcomplexes defined in Definitions 5.4-5.7, 5.9 and 5.10. For
the name convention, we have been using the notation X", not to be confused
with the n—skeleton of X, to indicate a kind of “n—skeleton” to the eyes of
mod 2 homology, and the notation X" to indicate “adding” the 16-cell to X™.
The cases for n = 23 do not necessarily follow this convention, since we do not
know if the top cell of X?3 splits off:
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P}
XBC o XBC_, ¢ X

X2C . xnC L ¥

J

SWC - X2C ., xoc o X

X200 o X0, X

In Section 8, we need to show certain elements in Ext(X) are permanent cycles.
We will show that these elements are permanent cycles in the corresponding
HFFy-subcomplexes and use the naturality of Adams spectral sequences and
the algebraic Atiyah-Hirzebruch spectral sequences to show that they are per-
manent cycles in X. The intuition of finding these HFs-subcomplexes is due
to the rearrangement of the cell diagram of X. Following the cell diagram, one
could reconstruct X layer by layer. Firstly, consider the cells in the bottom
layer: S v S17v §19. Secondly, attach the cells in the next layer: the ones
in dimension 16, 18 and 21. Lastly, attach the cells in dimension 20 and 22.
Any HIFs-subcomplex consists of a collection of cells, such that for each cell
contained in this collection, any cells in lower layers that this cell is attached
to are also contained in this collection. The reader should compare this with
the cell diagrams in Remark 5.13:

Remark 5.13. For readers who are familiar with the notation of cell di-
agrams from [5], we include the cell diagrams as illustrations of the HIFs-
subcomplexes we defined. The definition and some examples of cell diagrams
are explained in Appendix I.
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Here the dashed lines in X2 and X23 mean some possible attaching maps, as
explained in Remark 5.11.

For the cell diagram of X, note that we have a nonzero S¢® on H 14(55 ).
However, £*Co is not an HFs-subquotient of X ; therefore we do not draw
the attaching map o. The nonexistence of the HFy-subquotient is due to the
existence of the attaching map 2, which is proved in Theorem 5.14.

By Remark 5.8, we have S'9 as an HFs-subcomplex of X2!. The cofiber
X2 /819 is therefore a two cell complex with cells in dimension 14 and 21. We
have the following theorem:

THEOREM 5.14. The complex X?'/S'Y is Y14Cv?, where Cv? is the cofiber
of V2.

This theorem implies the following corollary:

- COROLLAR/&_’\S.L’). The complex LY4Cv? is an HFy-subquotient of X?!,
X2t X2 gnd X22.

In the rest of this section, we prove Theorem 5.14. Note that since
76 = Z/2 is generated by 12, the complex X?2!/S19 is either X14Cv? or St4v.S2L.
Theorem 5.14 and Corollary 5.15 are used in several proofs in Section 6. How-
ever, the proofs in Section 6 do not depend on these results. In fact, if the
complex X 2! /S19 were §'4v §2! the proofs in Section 6 would be strictly much
easier. The reader should feel free to skip the proof of Theorem 5.14: knowing
either case could be true is good enough for the proofs in Section 8. Since this
theorem may be of other interest, we include the proof of Theorem 5.14 for
completeness.

To prove Theorem 5.14, we first consider the spectrum CP}, which is the
suspension spectrum of CP3. As we will explain in Example 13.5, the top
cell does not split off and is attached to CP? via 2v[2]. We have a standard
quotient map P/ — CP?, which is induced by the quotient map on the space
level. Then pre-composing it with the inclusion map, we have a map

q: P — CP}.
Recall that in Theorem 4.7, we showed that there exists a three cell complex Y,

which is an HFs-subcomplex of Pf.

THEOREM 5.16. The composition

$3c >y - ps % cp?

is trivial, therefore the composition

vy ps % cp?
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maps through PS. Furthermore, the composition
SPC——~ pS ——~CP}

is nontrivial and is detected by v[2] in the Atiyah-Hirzebruch spectral sequence
of CP}.

Remark 5.17. We have the following commutative diagram:

vy ps % cpg.

.

Py

J

S5 z S?

In other words, the cell diagrams of the composition Y — CP} can be described
as follows:

©)

Proof. The first claim of Theorem 5.16 follows from the fact that 73(CP})
= 0. In fact, in the E;-page of the Atiyah-Hirzebruch spectral sequence of CP},
there is only one candidate that lies in the degree that converges to ms: n[2].
However, because of the attaching map in CP?, we have an Atiyah-Hirzebruch
differential

1[4] — n[2].

Therefore, m3(CP}) = 0.
For the second claim, we first show that the composition

S pS —— CP}
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maps through S2. This follows from the fact that 75(CP}) = Z/2, generated
by v[2]. In fact, because of the attaching maps in CP{, we have the Atiyah-
Hirzebruch differentials

1[6] —2v[2],
2[6] —4v|2],
n[4] —°[2],
which leave v[2] as the only nontrivial element in the Atiyah-Hirzebruch Eo-

page that converges to 75(CP}).
Next, we consider the following commutative diagram of cofiber sequences:

2v[2]

S5 CPicC CP} S6.
A A
| T T |
\ \
95 2 gbc P 6
Since the composition
S5¢ Py CP} S6

is trivial, it maps through the quotient P8/S% = S%. Since the map PS — CP}
induces an isomorphism on H, so does S% --» S%. Therefore, we can choose
it to be the identity map. To make the left square commute, we must identify
the map S° — CP} as v[2] modulo the indeterminacy 2v[2]. Therefore, the
composition

S5¢ CP? CP}

is nontrivial, and detected by v[2] in the Atiyah-Hirzebruch spectral sequence
of CP}. 0

Proof of Theorem 5.14. We show that there is an attaching map v? in X!,
Firstly, we have a quotient map

P8, » CP3,,

which is induced by the quotient map RP?? — CP3! on the space level and
James periodicity. It maps through 716X since 7_;(CP3;) = 0. In fact, in
the Atiyah-Hirzebruch spectral sequence of CP?;, we have a differential

1[0] — n[-2],
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which kills the only nontrivial element n[—2] in the E;-page:

S-lc PS, no6xX

|

CcP3,.

Secondly, by Theorem 5.16, we have the following commutative diagram:

P56 \ 55
Y ¢ Py CP} 152

LA

g1 id S—l7

where the map v : S2 — S~! is due to the nontrivial S¢* on H=2(CP3,).
Therefore, in the cofiber of the composition

Ye—s P — s 571
2

we have 12 as an attaching map. Since this cofiber is ¥~ X 22 this proves the
attaching map v? in X?!. O

6. Two lemmas on Atiyah-Hirzebruch differentials

In this section, we establish two general lemmas regarding the relationship
of 3-fold Toda brackets and differentials in the Atiyah-Hirzebruch spectral
sequences of certain three and four cell complexes. As examples, we use these
lemmas to prove Propositions 6.3 and 6.4, whose statements will be used in
Section 8.

We recall some facts from the construction of the Atiyah-Hirzebruch spec-
tral sequence. Let X be a complex with at most one cell in each dimension.
Let X™ denote its n-skeleton. Not to be confused with the notation we use
in the rest of this paper, the n-skeleton notation only applies in the next four
pages.

We have the following facts about the Atiyah-Hirzebruch spectral sequence
of X:

(1) The Ej-page is
B = (X5 X570,
As used in the previous two sections, we denote any element in the Fi-page
to be a[s], where « is an element in the stable homotopy groups of spheres
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and s suggests its Atiyah-Hirzebruch filtration. We will abuse the notation
and write the same symbol as| for an element in 7, (X).
(2) The E,-page is

it _ Im (7 ( X/ X577) — m(X3/X571))
" Im(mppq (X5T7-1/X5) — m(Xs/X5-1))’
where the top map is induced by the quotient map

XS/Xs—r N XS/XS—].’

and the bottom map is induced by the attaching map in the cofiber se-
quence

XS/XS—IC Xs-l—r—l/Xs—l Xs+r—1/Xs EXS/XS—l'

(3) The differential
dp: Bt — B
is defined as the following. Let & be a class in m(X*®/X*™"), such that
it maps to afs] € E3! under the projection to the top cell: X®/X57" —
X#/X5"1. We define d,(a[s]) to be the composition of & with the attaching
map X°/ X577 — NXsT /X5

St a XS/XS—T‘ ZXS—T/XS—T'—I.

One can check that this is well defined.
(4) Suppose we have a nontrivial differential in the Atiyah-Hirzebruch spectral
sequence of X:

dslfsz (04[81]) = B[SQL
where a € 7, (X®1/X*71) and 8 € 7,(X®2/X®2~1). This implies that, in
the Atiyah-Hirzebruch spectral sequence of X*1 7!, the element 3[so] is a
permanent cycle. Furthermore, under the attaching map S5 —! — Xs1—-1,
the image of «a[s1] is detected by S[sa].

We have the following lemma to compute differentials in the Atiyah-
Hirzebruch spectral sequence of three cell complexes:

LEMMA 6.1. LetT be a three cell complex with cells in dimensionsty,ts,ts,
where t3 < to < t1. Suppose we have cofiber sequences

11 q ai

PUETOLTE T St YOy,

az

Stac 2 s0p NS,

where Cf is the cofiber of B € T, —4,—1, C7y is the cofiber of v € Tyy—t,—1 and
B, v are nontrivial classes such that 8-y = 0. In other words, the cell diagram
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of T 1is the following:

Suppose the class o € my, satisfies the condition o+ 8 =0 in Tyt —to—1. Then
we have an Atiyah-Hirzebruch differential

diy—t5 (a[ta]) € (e, B,7)[t3]-

If, moreover, a-my, 51 C V- Tytt,—ty N Ttg+t,—ts—1, then we have an Atiyah-
Hirzebruch differential

diy—t5 (aft1]) = (o, B, ) [t3].

Here the indeterminacy of (o, B,7)[ts] is zero in the Ey, _,-page.
Furthermore, in the latter case, if 0 € (a, B,7), then a[ti] is a permanent
cycle in the Atiyah-Hirzebruch spectral sequence of T'.

Proof. Following the condition « - f = 0, at;] survives in the Atiyah-
Hirzebruch spectral sequence of ¥2C3. In fact, this follows from the long
exact sequence of homotopy groups associated to the cofiber sequence

St $C0B — Sh,

By naturality of the Atiyah-Hirzebruch spectral sequence induced by the quo-
tient map T — X?2C 3, we have the differential in the Atiyah-Hirzebruch spec-
tral sequence of T

diy—t, (a[tl]) =0.

Now consider any class in 14, (22CP3) that is detected by aft;]. We
abuse the notation to denote such a class by «ft;]. By the definition of the
Toda bracket («, 3,7), the class ag«(a[t1]) is an element in («, 5, v)[t3]:

«

Sttt . w203 _%2 . »gts,

The indeterminacy of this Toda bracket is o - m¢ ;1 + 77 - Tg4t,—t,- From
the construction of the Atiyah-Hirzebruch spectral sequence, ag.(«[t1]) is also
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a representative for dy, _¢,(a[t1]). The indeterminacy of the target of this dif-
ferential is the image of

iy —ty * oty —ta+15+1 (™) = T, (85%),

which is 7y - T 44, —t,, since it is induced by multiplication by v map. Hence
the first claim.

If oy —45—1 CY Mooty —t I0 T4ty —t5—1, then dy, ¢ (aft1]) and (v, B, 7)[t3]
have a common element with the same indeterminacy. Hence the second state-
ment.

The third statement follows directly from the second one because the
E}, _+,4+1-page is the Es-page for the Atiyah-Hirzebruch spectral sequence of T'.

O

LEMMA 6.2. Let U be a four cell complex with cells in dimensions t1, to,
t3, t4, where tg4 <tz < to < t1. Suppose we have cofiber sequences

Sts v g B B o 9 yigtsy gt

ve sy —Tagh M L yy

q5 as

§ts y Gtac By 5t OERVE NS

where Cf3 is the cofiber of B € w4 —t,—1, the map as : S?2 — XS v NG
is defined component-wise by multiplication by v € Try—t,—1 and 6 € Try—t,—1
maps, and B, 7y, & are nontrivial classes such that -y =20, 8-6 = 0. In other
words, the cell diagram of U is the following:

@)
(t2)
@) |o
(t)

Suppose the class o € my, satisfies the following conditions:
(1) a-B=0in mtg4t;—t—1;

(2) @ my—ty—1 SV Tttty —ty N Tty —ty—15

(3) 0 € (v, B,7) in Tttty —ts—1-
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We then have an Atiyah-Hirzebruch differential
dtl*t4 (O‘[tl]) C <aa B, 5> [t4]'

Furthermore, if the following two conditions are satisfied:
(4) a- Tty —tg—1 = 0 00 Tpopty —t4—13
(5) 6 Thotti—t, = 0 0 Mgty —ta—1,
then we have an Atiyah-Hirzebruch differential
dtl—t4 (Oé[tl]) = <CM, 67 5> [t4]

Moreover, in the latter case, if 0 € («, 3,0), then aft1] is a permanent cycle in
the Atiyah-Hirzebruch spectral sequence of U.

Proof. We consider the following two cofiber sequences:

ST § A o

St U D ",

Both three cell complexes 7" and T"” (with the following cell diagrams) satisfy
the assumptions in Lemma 6.1:

B B

() (t2)
g ()
()

Tl Tl/

By Lemma 6.1, in the Atiyah-Hirzebruch spectral sequence of T”, we have a
differential

dpy—t5(a[t1]) = (e, B,7)[ts] = 0.

The last equality follows from condition (3). Using the naturality for the
quotient map p” : U — T", we pull back a differential in the Atiyah-Hirzebruch
spectral sequence of U:

dtl—ts (a[tl]) = 0.
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By Lemma 6.1, in the Atiyah-Hirzebruch spectral sequence of T, we have a
differential

dtl*tzk (a[tl]) - <O" 67 5> [t‘l]'

Using the naturality of the quotient map p3 : U — T”, we pull it back to get a
differential in the Atiyah-Hirzebruch spectral sequence of U:

diy—t, (aftr]) € (a, B, 6)[ta].

The second and third statements follow directly from the first one, since the
Toda bracket («, /3, ) has zero indeterminacy under conditions (4) and (5), and
the Ey, _t,4+1-page is the Eo-page for the Atiyah-Hirzebruch spectral sequence
of U. U

Now we apply Lemma 6.2 to the complex X?2.

In 739, consider the three homotopy classes a = on5, o’ € {hsco} such
that 2-o/ =0, 0-a’ =0, and o’ = o{d1}. Here we use the notation {a}
to denote the set of homotopy classes that are detected by a, where a is a
surviving element in the E.-page of the Adams spectral sequence. One can
choose o’ = (04,2,¢). Moss’s theorem tells us o/ € {hsco}. We have

2.0’ = 2(61,2,€) = (2,61, 2)c = nflac = 0.

The last equation follows from filtration reasons. From the proof of Lemma 6.5,
we also have o-o’ = 0. Note also that there are indeterminacies in the notation
{d:1} and ns, but for our purpose, any choices work. The reader should compare
with Isaksen’s computations in [20], [19].

PROPOSITION 6.3. In the Atiyah-Hirzebruch spectral sequence of X %2, we
have the following dg differentials:

dg(a[22]) =0,
ds('[22]) = ne[14],

dg (O//[22]) g 77271'44[14] y

where ¢ € Ty5 is detected by hsdy, such thatn- ¢ € (o/,2,1?).
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Proof. The complex X?? satisfies the conditions in Lemma 6.2, with 8 =
2emy,y=nem and 0 = 1% € mg:

@

2

(2D
Ay |»
D

We verify that the classes a and o satisfy conditions (1) through (5), and o
satisfy conditions (1) through (3) in Lemma 6.2.

(1) @-2 =0 in m39. This follows from 2 - n5 = 0.
o -2 =0 in m39. This follows from our definition of «’.
o’ -2 =0 in m39. This follows from 2 - {d;} = 0.

(2) a-my Cm-myo in my1.
o w9 Cm- Ty in Tyy.
o’ g Cn- o in Ty
These follow from the fact that 7o is generated by n?.

(3) 0e <Oé,2,77> in 7yq.
0 € («,2,n) in my1.
0 € (a",2,m) in m43.
These follow from the fact that the Cokernel of J in 74 is contained in
the image of n : myo — m41. In fact, suppose, for example, («,2,7) does
not contain 0. It therefore must contain an element in the image of J.
Therefore, mapping this Toda bracket to the K (1)-local sphere gives a
contradiction, since the class a maps to 0. The cases o/ and o” work the
same way.

(4) Q- T = 0 in T46-
O/ T = 0 in T46-
These follow from the fact that w7 is generated by ¢ and the proof of
Lemma 6.5.

(5) v%- 740 = 0 in mye. This follows from v - w43 = 0 for filtration reasons.

For the targets of these differentials, we apply Lemma 6.2 by computing the
following Toda brackets:

(@,2,0%), (o, 2,0%), (o”,2,07).
For the element o = o5, we have

<J : 7757271/2) :_> U<775727V2> = 775<27 V270> = 775{070-2} =0.
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Note that the last equation holds because in the proof of Lemma 6.5 we have
o%ns = 0. Therefore, by Lemma 6.2, we have the Atiyah-Hirzebruch differential

ds(a]22]) = 0.
For the element o' € {hscp}, we have
<O‘/7 2, 1/2> = <O/7 2, (n,v,m))

:_> <a/727n7 V> -n
C {hsdo} -,

where the last inequality follows from the following Massey product in Ext,
and Moss’s theorem [35, Th. 1.2]:

(hsco, ho, b, ha) = hs(co, ho, h1, ha) = hsdo.

That is, there exists a class ¢ in {hsdo} in 745 such that n-¢ € (o/,2,1?).
Therefore, by Lemma 6.2, we have the Atiyah-Hirzebruch differential

ds(o/[22]) = no[14).
For the element o = o{d;}, we have
(o-{d1},2,v%) D o{{di},2,v?) C o739 C 1°maa.
The indeterminacy of the Toda bracket (o - {d;},2,v?) is
o{di} - w7 +v* mao = o{d1} 77 C 0 w39 C Pag.
Therefore, we have
(o {d1},2,0%) C n’mas.

By Lemma 6.2, we have the Atiyah-Hirzebruch differential
dg(a”[22]) C nPmaq[14]. O

We also apply Lemma 6.2 to the complex X2°/S19. (By Lemma 4.4 and
Remark 5.8, we have S as an HFs-subcomplex of X2°.)

In 741, we consider the homotopy class o = o{hgh2hs}. Note that the
notation {hohahs} has indeterminacy. Since hohohs does not support any
hidden 7-extension in the E..-page of the Adams spectral sequence of S°,
we choose a class in {hghohs} such that its p-multiple is zero. The class
o = a{hghahs} is therefore unique.

PROPOSITION 6.4. In the Atiyah-Hirzebruch spectral sequence of X2/ S,
the element ''[20] is a permanent cycle.
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Proof. The complex X?2°/519 satisfies the conditions in Lemma 6.2, with
B =nenm,y =2€mand & =v € w3:

@

an |
a9

We verify that o = o{hohahs} € m4; satisfies conditions (1) through (5) in
Lemma 6.2.
(1) o{hoh2hs} -2 =0 in m4;. This follows from 2 - m4; = 0.
(2) o{hoh2hs} - w3 C 2 - my3 in my3. This follows from the fact that o is
generated by 7? and that
n? - ma = {0,4{P°hy}} C 2 my3.

(3) 0 € (o{hohohs},n,2) in m43. This follows from o - w36 = 0 in m43. In fact,
since we chose the element in {hohahs} such that its n-multiple is zero, we
have

<O . {h0h2h5}, , 2> D) U<{h0h2h5}, n, 2> Co- 36 = 0.
(4) o{hoh2hs} - 75 = 0 in 746. This follows from 75 = 0.
(5) V- Ty3 = 0 in T46-
We further verify that 0 € (o{hoh2hs},n, ) in m46. Since we chose the element
in {hohz2hs} such that its n-multiple is zero, we have

<U'{h0h2h5}7 7, I/> 2 U<{h0h2h5}7 m, V) = {h0h2h5}' <777 v, U> - {h0h2h5}'ﬂ—12 =0.

The last equation follows from the fact that w12 = 0. Therefore, by Lemma 6.2,
the element «”’[20] = o{hoh2hs}[20] is a permanent cycle in the Atiyah-
Hirzebruch spectral sequence of X20/S19. O

In the rest of this section, we prove the following relation in the stable
homotopy groups of spheres, which was used in Propositions 6.3 and 6.4:

LEMMA 6.5. We have
o -39 C n*maa = {0,7*{g2}}-
Moreover, there is at most one nontrivial o-extension from mwsg to m46; namely,

o*{di} = n*{g2}.
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Proof. The group 39 is generated by classes that are detected by P?h3i,
w, haot, hgdy, hscog and hihghs in the Adams E-page. To prove this lemma,
we check that for each element in the Adams F.-page, o annihilates one class
it detects, with the possible exception of hgdy. For the element h3d;, we show
that there is a possible o-extension from hsd; to IV, and it is equivalent to an
n-extension from higo to N. It is now known that this nontrivial o-extension
does in fact exist, but it is irrelevant to the proofs in this paper.

(1) For P?h3i, we have o - {P?hi} = 0 for filtration reasons.

(2) For u, suppose o - {u} # 0. The only possibility is o - {u} = {dpl} for
filtration reasons. However, this cannot happen, since both {u} and {dyl}
are detected by tmf, and ¢ = 0 in m,tmf: mapping this relation to m,tmf
gives a contradiction. Therefore, o - {u} = 0.

(3) For haot, one class that it detects is v{t}. It follows from v - o = 0 that
g - {hgt} =0.

(4) For hgdy, note that there is a relation in Ext: hsd; = hje;. Following
Bruner’s differential [10, Th. 4.1]

dg(el) = hlt = h%m
we have a Massey product in the Adams F4-page
(han, ha, h1) = hier.

By Moss’s theorem [35, Th. 1.2], we have that the Toda bracket (v{n},v,n)
is detected by hie; = hzdy. Therefore,

U'<V{”}7Vﬂ]>:<U7V{”}7V>'77'

By Bruner’s differential and Moss’s theorem, we have that the Toda bracket
(o,v{n},v) is detected by

hige = hze1 = (h3, han, ha).

Since the only element with higher filtration than higo that supports an
n-extension is w, to show that

o - {hsdi} = n*{g2},

we only need to show that

g <V{n}>’/>77> 7& {w}'ﬂ-

Suppose the opposite is true. Multiplying the equation by 7 gives a con-
tradiction, since hsd; does not support hidden n-extension while dyl does.
Therefore, we have

o - {hsdi} = n*{g2}.
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(5) For hsco, by Moss’s theorem, o' = (04,2, ¢) is detected by hscog. We have
<04,2,6> c0 = (94 : <2,€,U> = 94 -0=0.

Therefore, we have the class o/ = (04,2,¢) in {hsco} such that o - o/ = 0.
(6) For hihshs, it detects o = oms. Since v - 15 = 0, we have

0015 = <V707V>775 = V<U7V7775> Cv-myg = 0.
Therefore, we have the class a = ons in {h1hshs} such that o - a = 0.

In sum, we have o - w39 C n%m44 = {0,7?{g2}}. O

7. The cofiber of 5
In this section, we establish Step 1 by proving the following theorem:

THEOREM 7.1. In the Adams spectral sequence of XCn, we have a dy
differential in the 61-stem:

d4(h3[16]) = By[14].
Proof. The cofiber sequence

n

gl15 gl4 i 214077 p 16

gives us a short exact sequence on cohomology
00— H*(slt‘)) 4])) H*(ZMC?]) L> H*(SM) — =0
and therefore a long exact sequence of Ext groups
N .
Ext*~ 11 (515) e Bxtt!(514) — > Ext™(£MC0n) —> Ext*(516),

From this long exact sequence, in Table 1 we have the Adams Fay-page of X14Cn
in the 60 and 61 stems for s < 7.

Firstly, since there is an n-extension from hj to By in S, the class Bi[14]
in Ext(X4Cn) detects zero in m60(3'4Cn), and therefore it must be killed by

s\t —s 60 61

7 Bi1[14]  hihsdo[16]

6 h§g2[16]  hohaga[14]
hohsdo[16]

5 hog2[16]  h2ga(14]
h1g2[16]

4 hoh3[16]

3 h3[16]

Table 1. The Adams Es-page of ©'*C7 in the 60 and 61 stems
for s < 7.
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some element. There are four candidates: h3[16] in filtration 3, hoh3[16] in
filtration 4, and hag2[14], h1g2[16] in filtration 5.

Secondly, the element h3[16] in Ext(%!4Cn) cannot survive. Suppose it
did. We would then have g4(h3[16]) = hi[16], where the image survives in
Ext(S'0). However, the homotopy class detected by h3[16] in Ext(S®) maps
nontrivially to a class in mgo(X.S) because of the same n-extension. This
contradicts the exactness of the long exact sequence of homotopy groups.

Thirdly, the element hogs[14] is a permanent cycle and therefore cannot
kill B1[14]. In fact, the element hogo[14] is a permanent cycle in Ext(S'4). The
image i4(h2g2[14]) = hago[14] must also be a permanent cycle.

At last, the kernel of the map

N T45 — T46

is Z/8 @ 7,/2, generated by an order 8 element detected by hohi and 7{gs}.
Since hohﬁ and higo have filtration 4 and 5, we must have two more surviving
cycles in g1 (X1*Cn) with filtration strictly smaller than 6 besides hogo[14].
The only possibility is hoh3[16] and h1gs[16], since we know h3[16] cannot
survive.

Therefore, the only possibility to kill By[14] is h3[16]. O

COROLLARY 7.2. The elements hoh3[16], hag2[14] and h1g2[16] survive in
the Adams spectral sequence of 1Cn.

Proof. This follows directly from the proof of Theorem 7.1 and filtration
reasons. 0

8. The Adams spectral sequence of X
In this section, based on Theorem 7.1, we prove Theorem 8.1 in Step 2.

THEOREM 8.1. In the Adams spectral sequence of X, we have the differ-
ential

d4(h3[16]) = By[14].

The proof of Theorem 8.1 is summarized as in Table 2. Here the element
hihshs[22] is defined to be the image of hihzhs[22] in Ext(X??). In fact,
the group Ext?%4(X?2) = Z/2 is generated by hihshs[22], as we will show in
Lemma 8.8. Each e represents a nontrivial element in its bidegree. But these
elements are irrelevant to our purpose.

Proof. Firstly, as we will show in Lemma 8.2, the Adams Fs-page of X in
the 60 and 61 stems for s < 7 is as claimed in Table 2. In particular, there are
ten elements in Adams filtration 4 and 5. Secondly, by Lemmas 8.3, 8.4, 8.5,
8.7, 8.8 and 8.10 later in this section, the element B;[14] in Adams filtration
7 cannot be killed by any do or ds differentials from these 10 elements. In
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s\t —s 60 61 status proof HF3-subquotients used
7 Bi[14] e
L) L]
6 hof1[20] e
L) L]
. .
5 . hogo[14] permanent cycle Lemma 8.3 Moy
. h192[16] permanent cycle Lemma 8.3 baisyel)
h1 f1[20] permanent cycle Lemma 8.10 X2
hihsco[21] | permanent cycle Lemma 8.7 X2t
hadq[22] permanent cycle Lemma 8.8 X?2 and )/(:"\2
4 . hoh3[16]
g2[17] permanent cycle Lemma 8.4 ST
f1[21] d2(f1[21]) = h2f1[20] Lemma 8.5 P&
h2h3hs[21] | permanent cycle Lemma 8.7 X2t
hscol22] permanent cycle Lemma 8.8 X22 and X22
3 . h3[16] d4(h3[16]) = B[14]
h1h3hs[22]) | permanent cycle Lemma 8.8  X?2? and X22

Table 2. The Adams FEs-page of X in the 60 and 61 stems for
s <T.

fact, one of these 10 elements in Adams filtration 4 supports a do differential,
and the rest are permanent cycles. Therefore, the element Bj[14] survives to
the F4-page of the Adams spectral sequence of X. Theorem 8.1 follows from
naturality of the Adams spectral sequences and Theorem 7.1. ]

LEMMA 8.2. The Adams FEs-page ofj(v in the 60 and 61 stem for s <7
s as claimed in Table 2.

Proof. Because of the cell structure of X , there exists a cofiber sequence
sU Lo x . p2_ o ongl

This cofiber sequence gives us a short exact sequence on cohomology

0 — H*(PR) ~— H*(X) —= H*($") —0

and therefore a long exact sequence on Ext groups

Exts’t(SM) " Extst (Xv) % EXtS,t(P1262> 4 Eth+l’t+1(ES14).

Note that the Adams filtration of the attaching map a : PZ — XM
is 1. In fact, in its cofiber X , the 16-cell is attached to the 14-cell by 7, which
has the Adams filtration 1. Therefore, the boundary map in the long exact
sequence on Ext groups raises the Adams filtration by 1.

In Section 6 of [52], we explained how to obtain the Adams Fs-page of
Pk from our Curtis table of P{°. In particular, we have the Adams E»-page
of P1262 in the 60 and 61 stem for s < 7.

To compute Ext(X) from the long exact sequence on Ext groups, we also
need to compute the boundary homomorphism

§: Ext™(PZ) — Ext®THiT(n51),
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In fact, in the 61 stem for s < 5, there is only one element hsdy[16] (with
the right choices of other elements) that maps nontrivially: §(hsdo[16]) =
hihsdg[14]. This follows from the naturality of the boundary homomorphism
induced by the inclusion map X4Cn — X , and the fact that

Ext®*+16(5%) = 0 for s < 5,
Ext50+46(89) = 7./2, generated by hyhsd,

Ext®(§1) — > Ext™!(SM0m) > Ext*!(§16) —— Ext*th+1(£514)

L | |

Ext®!(S14) —~ Ext®!(X) — > Ext*(P2) — > Ext*t1t+1(ng14).
Note that the boundary homomorphism ¢ corresponds to differentials in
the algebraic Atiyah-Hirzebruch spectral sequence of X. One can check, using

the naturality of the algebraic Atiyah-Hirzebruch spectral sequence for the
quotient map P — X, that the other elements (with the right choices) map

to zero under the boundary homomorphism §.
This completes the proof. O

The following lemma is a consequence of Corollary 7.2 and naturality of
the Adams spectral sequence.

LEMMA 8.3. In the Adams spectral sequence of Xv, the elements haga[14],
h1g2[16] and hoh3[16] are permanent cycles.

Proof. By Corollary 7.2, the elements hogo[14], h1g2[16] and hoh3[16] are
surviving cycles in the Adams spectral sequence of £'*Cr. In particular, they
are permanent cycles. Since X'4C7 is the 16-skeleton of X , by naturality for
the map

T Cp— j(v,

these elements are also permanent cycles in the Adams spectral sequence
of X. O

LEMMA 8.4. In the Adams spectral sequence of )Nf, the element go[17] is
a permanent cycle.

Proof. By Lemma 5.3, S'7 is an HF-subcomplex of X. Since go is a
permanent cycle in the Adams spectral sequence of S°, by the naturality for
the inclusion map, it is also a permanent cycle in the Adams spectral sequence
of X. O

LEMMA 8.5. In the Adams spectral sequence of)f(v, we have a do differential
da(f1[21]) = g f1[20].
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To prove Lemma 8.5, we need to prove the following lemma:

LEMMA 8.6. We have a quotient map q : P1291 — S20. Moreover, we have
q5(f1[21]) = hoc2[20], where g4 : Ext(Pf) — Ext(S?0) is the induced map on
the Adams Es-page.

Proof. By James periodicity, the quotient map ¢ : P1291 — 520 maps
through P}

q1 q2
Py e PR B 5.

The cell diagram of P is the following:

B SE

In Ext(P3}), we define the element f1[21] to be the image of f1[21] in Ext(S?!)
under the inclusion map i : S?' — P3| ie., f1[21] = i3(f1[21]):

Ext(S521)
iy

Ext(PY) — > Ext(P2) —> Ext(S520)

f1 [21] f —i—hf)lc[j[l;()]i hQCQ [20].

By naturality of the algebraic Atiyah-Hirzebruch spectral sequence, we have
q24(f1[21]) = 0. Therefore, in Ext(Pj;), the element f1[21] 4+ hoc[20] maps to

hoc2[20] in Ext(S%0), i.e.,

qQﬁ(fl [21] + hgca [20]) = h002[20].

Now we consider the cofiber sequence associated to the map ¢:

q1

S92l T PRl = 571y % s 551,

Both elements f1[21] and hoca[20] map to hif1[19] in Ext(3S'). In fact, it
follows from the fact that the 21-cell is attached to the 19-cell by 7, and the 20-
cell is attached to the 19-cell by 2. Note also that there is a relation h%cz =hif1
in Ext. Therefore, the sum f;[21] + hoc2[20] maps to 0 in Ext(XS1?) and must
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come from Ext(PZ) by exactness. By naturality of the algebraic Atiyah-
Hirzebruch spectral sequence, it must come from f1[21], i.e.,

quz(f121]) = f1[21] + hoc2[20].

Combining with
23 (f1[21] + hoc2[20]) = hoe2[20],

we have

q¢(f1[21]) = hoc2[20]. O
Now we present the proof of Lemma 8.5.

Proof. In the Adams spectral sequence of SU, we have a differential

da(hocz) = hi f1.
Now consider the following commutative diagram:

oy g3

X

q4

520

22
P19

7

21 4 20
P19 S )

where g3 is obtained from X by quotienting out its 18-skeleton, g4 is a quotient
map that follows essentially from Theorem 4.7 and James periodicity, and ¢ is
an inclusion map. By Lemma 8.6, the dy differential in S2°,

da(hoc2[20]) = hi f1[20],
can be pulled back to get a do differential in PA}:

da(f1[21]) = hg f1]20].

This differential can be further pushed forward by ¢ and then pulled back by
q3 to get the do differential in X:

d2(f1[21]) = h f1[20].

Note that in Ext(X), elements of lower Atiyah-Hirzebruch filtrations, i.e.,
haga[14] and h1g2[16], have already been shown to survive by Lemma 8.3. [

LEMMA 8.7. The elements hihsco[21] and h3hshs[21] are permanent cy-

cles in Ext(X).

Proof. We consider the HFy-subcomplex X?2!. Since there are only three
cells in X?!, the computation of the Adams Fa-page of X2! in the 61 stem
for s < 5 is straightforward by using the algebraic Atiyah-Hirzebruch spectral
sequence.
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s\61 — stem of X! S21
5) h1h5C0[21] h1h560[21]
haga[14] °
4 h2hshs[21]  h3hshs[21]
fil21]
Table 3. The Adams Es-page of X?! and S?! in the 61 stem

for s < 5.

By Theorem 5.14, the HFy-subcomplex X?! fits into a cofiber sequence:

q21 (77’1/2)

X21 521 520 vV 515

(2D
ORI
a9

Here ¢o1 is the quotient map. We therefore have a long exact sequence of

homotopy groups. Suppose that a € m1(S?!) and that « lies in the kernel of
the map

(n,v?) : w61 (S*") — 761 (S™) & 761 (S™).
Then o must satisfy the following conditions:
n-o= 07

V2 a=0.

We verify that the elements hihsco[21] and h?hshs[21] each detect a class that
satisfies the above condition. In fact, we have that

0€n-{h¥hshs}, 0€n-{hihsco}, and v - m40(S°) = 0.

Therefore, by exactness of homotopy groups, in mg1(X?!), there exist classes
that map nontrivially to mg1(S?!). Furthermore, these classes are in Adams
filtration at most 5. By naturality of the algebraic Atiyah-Hirzebruch spectral
sequence, the classes detected by hago[14] map trivially to mg; (S2!). It follows
that hihsco[21] and h?hshs[21] survive in the Adams spectral sequence of X2!.
In particular, they are permanent cycles. Since X?!' is an HFy-subcomplex
of X , both elements are permanent cycles in the Adams spectral sequence
of X. O
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s\61 — stem of X?2 Xx22 S22
5 hadi22]  hadi[22]  hadi[22]

h1h500[21] h1h560[21]
hogo[14] hogo[14]

h1g2[16]
4 h500[22] h560[22] h500[22]
h2?hshs[21] h3hshs[21]
hoh3[16]
3 hihshs[22] hihshs[22]  hihshs[22]
n3[16]

Table 4. The Adams FEs-page of X22,)/(2\2 and S?? in the 61
stem for s < 5.

LEMMA 8.8. The elements hzd1[22], hsco[22] and hihshs[22] are perma-

nent cycles in the Adams spectral sequence of X.

Proof. For the element hyhzhs[22], we consider the HFa-subcomplex X 22,
since it is defined by the image of hihzhs[22] in Ext(X??). For the elements
had;[22] and hsco[22], we use both of the HFy-subcomplexes X 22 and X2, The
reason we use different HIFo-subcomplexes here is explained in Remark 8.9.

Using the algebraic Atiyah-Hirzebruch spectral sequences and their natu-
rality for the maps

X2C . X2 X

we compute the Adams Fs-page of X?2 and X22 in the 61 stem for s < 5 as
in Table 4.

By Definition 5.6, the complex X?? fits into a cofiber sequence

X22 g §22 a »x2!
29 @3) 2 29
2 n
(2D v

®
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Here ¢ is the quotient map and a is the suspension of the attaching map of the
22-cell in X?2. We have a long exact sequence of homotopy groups associated to
this cofiber sequence. Suppose «[22] is an element in 761 (S%2). Suppose further
that «[22] supports a differential in the Atiyah-Hirzebruch spectral sequence
of X?2. By the construction of the Atiyah-Hirzebruch spectral sequence, the
target of the differential that «[22] supports detects A(«[22]) in the homotopy
groups of lower skeleton, where the map

A 7761(522) — 7T61(EX21)

is the boundary homomorphism in the long exact sequence of homotopy groups.

For the element hihshs[22], we consider the homotopy class o = o5 € 39,
which is detected by hihshs in the Eo-page of the Adams spectral sequence of
SY. By Proposition 6.3, the element «[22] is a permanent cycle in the Atiyah-
Hirzebruch spectral sequence of X??. Therefore, by exactness of the long exact
sequence of homotopy groups, there exists a homotopy class in g (X2?) that
has Adams filtration at most 3. This implies the element hihshs[22] survives
in Ext(X??), since it is the only element with Adams filtration at most 3.
In particular, it is a permanent cycle. Therefore, its image in Ext(j(v ), i.e.,
hihshs[22], is also a permanent cycle.

By Definition 5.5, the complex X?2 fits into a cofiber sequence

— / —
x2_ 1 522 . yx2

[\

©

V2

2 @
n
n

-
o

g e ©

Here ¢ is the quotient map and a’ is the suspension of the attaching map of the
22-cell in X22. We have a long exact sequence of homotopy groups associated
to this cofiber sequence. Suppose o/[22] is an element in g1 (5?2).



TRIVIALITY OF THE 61-STEM 547

Suppose further that o/[22] supports a differential in the Atiyah-Hirzebruch

spectral sequence of X?22. By the construction of the Atiyah-Hirzebruch spec-
tral sequence, we have the target of the differential that o/[22] supports detects
A’(a/[22]) in the homotopy groups of lower skeleton, where the map

A’ 161 (S%2) — 761 (DX 2)

is the boundary homomorphism in the long exact sequence of homotopy groups.

For the element hsco[22], we consider a homotopy class o in {hsco} € 739,
such that 2-a/ = 0. Such a class exists, since there is no 2-extension from hscg
in the E-page of the Adams spectral sequence of S°. By Proposition 6.3, we
have a differential in the Atiyah-Hirzebruch spectral sequence of X?2:

ds(a/[22]) = n¢[14],

where ¢ € my5 is detected by hsdp, such that 1 - ¢ € (o/,2,?).

We map this differential to th the Atiyah-Hirzebruch spectral sequence of
X2, Since the 16-skeleton of X2 is 2146'77, we have a differential in the
Atiyah-Hirzebruch spectral sequence of X X22.

da(¢[16]) = ne[14].
This implies the following differential:
dg(a’[22]) = 0.

That is, a/[22] is a permanent cycle in the Atiyah-Hirzebruch spectral sequence
of X22. Therefore, by exactness of the long exact sequence of homotopy groups,
there exists a homotopy class in 7761()/(2\2) that has Adams filtration at most 4.
By naturality of the Adams spectral sequence for the quotient map X2 . § 22
the class that detects o/[22] in Ext()/(2\2) must map nontrivially to Ext(5%2):

—

Ext(X?22) —— Ext(52?)

|

Te(X22) — 7, (S%2).

Since the element hihzhs[22] is already accounted for, by filtration arguments,
the only possibility is that hsco[22] detects o/[22]. In particular, the element
hsco[22] is a permanent cycle in the Adams spectral sequence of )/(2\2 There-
fore, its image in Ext()N( ) is also a permanent cycle.

For the element hsd;[22], we consider the homotopy class o/ = o{d;} €
39, which is detected by hsd; in the F-page of the Adams spectral sequence
of S°. Note that the notation {d;} has indeterminacy, but for our purpose,



548 GUOZHEN WANG and ZHOULI XU

any class in the set {d;} works. By Proposition 6.3, we have a differential in
the Atiyah-Hirzebruch spectral sequence of X 22

dg (a" [22]) C 7727r44 [14].

We map this differential to the Atiyah-Hirzebruch spectral sequence of X2,
Since the 16-skeleton of X22 is »14Cn, we have some dy differentials in the
Atiyah-Hirzebruch spectral sequence of X22 that kil n?m44[14]. This implies
the following differential:

ds(a”[22]) = 0.

That is, a’[22] is a permanent cycle in the Atiyah-Hirzebruch spectral sequence
of X22. Therefore, by exactness of the long exact sequence of homotopy groups,
there exists a homotopy class in 7761()/(2\2) that has Adams filtration at most 5.
By naturality of the Adams spectral sequence for the quotient map X2
S22 the class that detects o{d;}[22] in Ext()/(??) must map nontrivially to
Ext(S5?2). Since the elements hihghs[22] and hsco[22] are already accounted
for, by filtration arguments, the only possibility is hgd;[22]. In particular, the
element h3d;[22] is a permanent cycle in the Adams spectral sequence of X2,
Therefore, its image in Ext(X) is also a permanent cycle. O

Remark 8.9. For the element hsco[22], if we use the HFs-subcomplex X 22
instead of X?22, it would support an Adams dy differential that kills hyhsdo[14].
With the 16-cell, hyhsdo[14] is killed by hsdy[16] in the Curtis table and there-

D

fore is not present in the Adams Es-page of X22.

LeEMMA 8.10. The element hy f1[20] is a permanent cycle in the Adams
spectral sequence of X.

Proof. We consider the HFs-subcomplex X2°. Using the algebraic Atiyah-
Hirzebruch spectral sequence, we compute the Adams Fs-page of X2 in the
61 stem for s < 5. This computation is straightforward: all differentials in this
range follow by the multiplication by two attaching maps.

s\61 — stem of X2V 520

5 ha f1[20]  ha f1[20]
haga[14]

4 92[17] °

3 °

Table 5. The Adams Es-page of X2 and S?° in the 61 stem
for s < 5.
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The complex X?° fits into a cofiber sequence

q" "

820 a 2(519 V, X18)

@

Here ¢ is the quotient map, X '8 is the 18-skeleton of X?° and a”” is suspension
of the attaching map of the 20-cell in X?°. We have a long exact sequence of
homotopy groups associated to this cofiber sequence. Suppose o’[20] is an
element in 761 (S?"). Suppose further that o/”’[20] supports a differential in
the Atiyah-Hirzebruch spectral sequence of X29. By the construction of the
Atiyah-Hirzebruch spectral sequence, the target of the differential that o/”[20]
supports detects A" («[20]) in the homotopy groups of lower skeleton, where
the map

A" 7T61(;922) — 7T61(EX21)

is the boundary homomorphism in the long exact sequence of homotopy groups.
By Lemma 4.4 and Remark 5.8, we have S'9 as an HFy-subcomplex of
X29. We consider its cofiber X20/519:
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a9

X20/Sl9

For the element h; f1[20], we consider the homotopy class o = o{hohahs}
€ my1. Because of Lemma 11.4, h; f1 detects o{hohohs} in the Adams F-
page of S°. By Proposition 6.4, the element o/”[20] is a permanent cycle in
the Atiyah-Hirzebruch spectral sequence of X20/S19.

In the Atiyah-Hirzebruch spectral sequence of X29, we have the differential

d1(a’"[20]) = 0

since the attaching map from the 20-cell to the 19-cell is multiplication by 2
and
2-0/”62'71'41:0.

Using the fact that the 19-cell of the 19-skeleton of X2V splits off, and the
naturality of the Atiyah-Hirzebruch spectral sequences for the quotient map
X?20 — X20/819 the element o/”[20] survives in the Atiyah-Hirzebruch spec-
tral sequence of X?0. Therefore, by exactness of the long exact sequence of
homotopy groups, there exists a homotopy class in g1 (X?%) that has Adams
filtration at most 5. By naturality of the Adams spectral sequence for the
quotient map X2° — S?Y the class that detects o’”/[20] in Ext(X?") must map
nontrivially to Ext(5?Y).

Ext(X?) —— Ext(5?")

ﬂ ﬂ

T (X?20) —— 7,(S%0).

By filtration arguments, the only possibility is hjf1][20]. In particular, the
element hy f1[20] is a permanent cycle in the Adams spectral sequence of X?2°,

Therefore, its image in Ext(X) is also a permanent cycle. O
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9. The Adams spectral sequence of X

In this section, we establish Steps 3 and 4 by proving Theorems 9.1 and
9.2. Combining them together, we have Corollary 9.3.

THEOREM 9.1. In the Adams spectral sequence of X, we have the differ-
ential

d4(h3[16]) = By[14].
The following theorem is a consequence of Lemma 8.8:

THEOREM 9.2. In the Adams spectral sequence of X, the chosen element
hihshs[22] is a permanent cycle. Here h1hshs[22] is defined to be the image of
h1h3h5[22] m EXt(XZQ).

Proof. Since the map X?? < X maps through X, we have that hihshs [22]

in Ext(X) maps to hihshs[22] in Ext(X):

Ext3’61+3(X22) Ext361+3 (j(v) Ext3:61+3 (X)

h1h3h5[22] f h1h3h5[22] e —— h1h5h5[22}
By Lemma 8.8, hihshs[22] is a permanent cycle in Ext(X). Therefore, by
naturality of the Adams spectral sequences, hihshs[22] is also a permanent
cycle in Ext(X). O

From Theorems 9.1 and 9.2, we have the following corollary:

COROLLARY 9.3. In the Adams spectral sequence of X, we have the dif-

ferential
da(h1hshs[22] + h3[16]) = By[14].

In the rest of this section, we prove Theorem 9.1. The idea is to push the
dy differential in the Adams spectral sequence of X into that of X and check
that the element B1[14] is not killed by an Adams dy or ds differential.

Proof. Recall from Remark 5.11 that the Adams Fs-page of X splits as

follows:
Ext(X) = Ext(X) ® Ext(5%3).

Therefore, by Lemma 8.2, we have the Adams Fs-page of X in the 60 and 61
stems for s < 7 in Table 6.

Note that by naturality of the Adams spectral sequences for the inclusion
map XX , and the proof of the Theorem 8.1, no e’s in Adams filtration 4
and 5 can kill By[14]. Therefore, to prove Theorem 9.1, we only need to show
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s\t —s 60 61
7 Bi[14] e
[} [}
hit[23] e
h3x[23]
6 ° °
[ [ ]
[ ] [ ]
hol’[23] [
[}
5 °
[ J [ J
x[23] °
[ ]
[ ]
h3hshs[23]
4 ° °
[ ]
[ ]
[}
[ ]
61[23]
h2h3hs[23)]
3 ° hi[l(ﬁ]
hihshs[22]
hohshs[23]
2 hahs[23]
Table 6. The Adams FEs-page of X in the 60 and 61 stems for

s <T.

that
dz(hihshs(23]) # Bu[14],
ds(hihshs[23]) # Bi[14],
d3(e1[23]) # B1[14].

For the elements h3hshs[23] and h3hshs[23], we will show that
da(hghs[23]) = 0,
ds(hshs[23]) = 0,
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s\t —s 60 61

5 x[23]  h3hshs[23]
[ ]
4 61[23]
h3hshs[23)]
3 ° hohshs[23]
2 hshs[23]
Table 7. The Adams Fs-page of X?3 in the 60 and 61 stems for

s < 5.

which by Leibniz’s rule implies that
da(h3hshs[23]) = h{ - da(hshs[23]) = 0,
d3(hihahs(23]) = hg - ds(h3hs[23]) = 0.

We consider the HFs-subcomplex X 23 in Definition 5.10. Recall that X?? con-
sists of two cells in dimension 14 and 23. Since there is no primary Steenrod
operation connecting them, we have

Ext(X?3) = Ext(S') @ Ext(5%3).

Therefore, we have the Adams spectral sequence of X?? in the 60 and 61
stems for s < 5 in Table 7. In the Adams spectral sequence of X23, we have
da(hshs[23]) = 0, since the target lies in the zero group. If ds(hshs[23]) # 0,
then we must have that ds(hshs[23]) = x[23], since that is the only possibility.
By mapping through the quotient map X?23 — 23, this differential would im-
ply that d3(hshs[23]) = 2[23] in the Adams spectral sequence of S23. However,
in SY we have that d3(hghs) = 0. Contradiction! Therefore, we must have
the differential ds(hshs[23]) = 0 in the Adams spectral sequence of X23, and
therefore also in that of X.

For the element e;[23], suppose we have dg(e;[23]) = B;[14] in the Adams
spectral sequence of X. By naturality for the quotient map X — S%3, we have
d3(e1[23]) = 0 in the Adams spectral sequence of S?3, since the target Bi[14]
maps to zero in the Fo-page by naturality of the algebraic Atiyah-Hirzebruch
spectral sequences. However, this contradicts Bruner’s differential [10, Th. 4.1]
in SY:

d3 (61) = hlt.
Therefore, we must have d3(e1[23]) # B1[14], which completes the proof. [

10. The pull back

In this section, we prove Step 5; based on Corollary 9.3, we prove the
following theorem:
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s\t —s 60 61
7 o[3] o
o] o
0[21] °
0[23] °
0[23] °
6 G[6] e
°[20] o
°[22] o
o[23] o
5 °
4 ° °
3 ° °

hihshs[22]

Table 8. The Adams Es-page of P in the 60 and 61 stems for
s <T.

THEOREM 10.1. In the Adams spectral sequence of PP, we have a d3
differential

ds(h1hshs[22]) = G[6].
Proof. We have the Adams FEs-page of P23 from the Curtis table; see

Table &.
We will show in Lemma 10.3 that

fa(h1hshs(22]) = hihghs[22] + hi[16],

where fy : Ext(P?) — Ext(X) is induced by the composition of the two
quotient maps fi : P2 — P2, fo : P — X. By Corollary 9.3, we have the
differential

d4(h1h3h5[22} + hi[lﬁ]) = 31[14]



TRIVIALITY OF THE 61-STEM 555

in the Adams spectral sequence of X. Therefore, by naturality of the Adams
spectral sequence, the element h1h3hs[22] in Ext(P23) must support a nontriv-
ial do, d3 or d4 differential:

Ext(P¥) — -~ Ext(X)
By [14]
A
|
[ ] d4 :
A
dy, 2<r<4 | :
| hih3hs[22
h1h3h5[22] P %5[]
+hy[16]

From the table of the Adams Fa-page of P23, we have the following three
possibilities:

(1) it supports a nontrivial ds or dy differential that kills one of the elements

o[i] with 20 < i < 23;

(2) it supports a nontrivial dy4 differential that kills one of the elements ][]

with i = 3, 5;

(3) it supports a nontrivial dg differential that kills G[6].

For (1), since these target elements map nontrivially to Ext(X), this would
contradict Theorem 9.1. For (2), from the Curtis table, these two elements
exist in Ext(Pl") for all n > 5. In particular, they exist in Ext(P{3) and map
trivially to Ext(P?%) in the following long exact sequence:

.. — Ext(P}3) — Ext(P?) — Ext(P%) — - - -,

and hence trivially to Ext(X). Since they have the same filtration as B[14],
this would contradict Theorem 9.1.
Therefore, (3) is the only possibility. O

Remark 10.2. The reason we use P23 instead of P?? is that, in the bidegree
(s,t —s) = (5,60) of the Curtis table, the element hsfy[11] is killed by a
[23]. Therefore, in Ext(P#2), the element hsfo[11] is present, and it leaves a
possibility of a nontrivial Adams do differential. We add the 23-cell to make
this go away.

We now prove Lemma 10.3.
LEMMA 10.3. We have
fi(hihshs[22]) = hihshs[22] + hi[16],
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where fy : Ext(PP) — Ext(X) is the homomorphism induced by the composi-
tion of the two quotient maps

f1:PB — P, fo:PH - X.

Proof. By naturality of the algebraic Atiyah-Hirzebruch spectral sequences,
we have

f1s(h1hshs[22]) = hihshs[22].
We only need to show that

for(h1hshs[22]) = hihghs[22] + hi[16]

Ext(X?2)
|
fiy 23 fy
Ext(Pf°) —— Ext(Py}) Ext(X)
hihshs[22]
hihshs[22] —— hihshs(22] —— —5——
1h3hs[22] 1hsh;[22] S h3[16]
Consider the cofiber sequence that defines X:
15 23 2 15
SHoC Pi; X S,

This gives a long exact sequence of Ext groups:

e Ext(S1) —— Ext(PE) o Bxt(X) 22 Ext(2515) — .
We only need to show that the boundary map A, satisfies
As(hihghs[22] 4 h3[16]) = 0.

In fact, by exactness, the element hihghs[22]+h3[16] must come from Ext(PZ}).
By naturality of the algebraic Atiyah-Hirzebruch spectral sequence, it must
come from hjhzhs[22]; i.e., we must have

fas(h1hshs[22]) = hihshs[22] + hi[16],

which completes the proof.

To show Ag(hihghs[22] + hi[16]) = 0, we consider an HFy-subcomplex W
of X. Since X?? is an HFy-subcomplex of X, we define W to be the homotopy
pull back of X?? along the quotient map fo : P — X. By Lemma 4.4,
we have (W,j) as an HFy-subcomplex of P2 in the following commutative
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diagram of cofiber sequences:

§15¢ 9% X22 a1 »g§l5
b
S15¢ PP x % ngs

As an illustration, the cell diagram of W is the following:

[\

&

¢

an’

We will show in Lemma 10.4 that

® ©

©

A (hihshs[22]) = hohi[15],

557

where A; is the boundary map of Ext groups associated to the cofiber sequence
defining W. Therefore, following the commutative diagram of cofiber sequences

and the definition of the element hjhshs[22], we have

Ay (hihshs[22]) = hoh3[15].

The fact that the 16-cell in P% is attached to the 15-cell by 2 gives us

Ao (h3[16]) = hohi[15].
Therefore, we have
Ay (hihshs[22] 4 h3[16]) = 0,
as claimed.

LEMMA 10.4. Aj(hihshs[22]) = hoh3[15].

Proof. We use the Lambda complex (see Section 7.1 of [40]) to compute
the Fs-page of the Adams spectral sequence in a functorial way. Recall from
[40] that for any spectrum Y, we can construct a differential graded module
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H.(Y) ® A** over the Lambda algebra A**. Differentials in this complex are
generated by
d($) = Eileqi({L‘) X )‘ifl

for z € H,(Y), where Sq’ is the transpose of S¢'.

In our case, we abuse notation to denote the unique generator of H;(Y)
by e;, for any HIF-subquotient of X.

By naturality of the Steenrod operations, we have nontrivial S¢* and S¢®
in the cohomology of W:

S S
HlS(W) g*#0 H19(W) H14(W) g°#0 H22(W)
e j*TN j*TN j*TN

S S
(P 2 (PE) H(PE) 22 B (P

Moreover, in the cohomology of W, we have Sq'S¢?Sq* # 0 on H'. Dually,
we have the following nontrivial operations:

By naturality, we have the following nontrivial operations in H,(X??):
SQi(em) = €21,
Sq2(ex) = ey,
SqS(eg) = e1y.
We claim that in H,(X??) ® A** the cycle
T = e22 ® M A7TA31 + €14 ® M3A19A15
represents the class hihshs[22] in Ext(X?2).

In fact, we can check directly that x is a cycle:
d(e22 @ AMA7A31) = €21 @ AoA1A7A31 + €19 @ Ao A1 A7A31 + €14 ® AT A1 A7 A31
= €14 ® A\t A1A7A31
= e14 ® (M13A15A11A7 + A1 Az A A7 + Az Az A Aas),
d(e14 ® M3A19A15) = €14 ® d(A13A19A15)
= e14 ® (M3A15A11A7 + A1 A7 A 11 A7 + Az A3 A 11 A15).

We compute
AMATA31 = A21A11A7 + Ai3A11 A5
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and check the Curtis table in [49] to see that Ext3?™39 = Z /2, generated by an

element with the leading term A1 A11A7. Since Ext3339 = 72 is generated

by hihshs, we conclude that x represents the class hihshs[22] in Ext(X??).
However, in H,(W) ® A** the element

T = €20 @ A A7A31 + €14 @ Ai3A19A15

is not a cycle anymore: there is one more term in d(x) due to the extra non-
trivial operation

SQZ(€22) = €15.
In fact, we have that
d(z) = d(ea2 @ MA7A31 + €14 @ Az AigAis)
= €21 @ AoA1ATA31 + €19 ® Ao A1 A7A31 + €15 @ AgA1A7A31
+ e14 ® M A ATA31 + €14 @ d(A13A19A15)
= e15 ® AgA1A7A31
= e15 @ A4 13 11 A7,

Therefore, by the definition of the boundary homomorphism A; : Ext(X?2) —
Ext(X51?), we have

A (z) = e15 ® AMaAi3A 117

H*(Sl5) ® A** H*(W) ®Q A** H*(XZZ) ® A**

Xt T

|

e15 @ AMaA13A11A7 = €15 @ A1 13117

We check the Curtis table in [49] to see that Ext®*t45 = 7Z/2 generated
by an element with the leading term AjgAi3A11\7. Since Ext?445 = 7/2 is

generated by hohi, we conclude that e15 ® AigA13A11 A7 represents the class
hoh3[15] in Ext(XS1°). O

Remark 10.5. One can think of the boundary homomorphism in Lemma
10.4 as an algebraic attaching map, and therefore its computation corresponds
to a 4-fold Massey product. In Ext(S°), we have the strictly defined 4-fold
Massey product

hohi = (ha, h1, ho, hihshs)
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with zero indeterminacy. It is straightforward to check this by a Lambda
algebra computation:

(ha , h1 , ho , hihg)
A3 A1 Ao A5 A3
A5 Ao *
A6 *

Here * means the products are zero in the Lambda algebra. Note that the
leading term of hoh3 is A\gAsA3 from the Curtis table for S°. Therefore,

hoh?; - <h27 h17 h’07 h1h3>‘

Then it follows from a relation in Ext: hohi = hoh%hg).

11. A homotopy relation

In this section, we prove a relation in the homotopy groups of spheres.
This relation will lead to an Adams differential that kills the element gz in
the 61-stem. We will explain in Remark 11.2 which element supports the
differential that kills gz. But to prove mg; = 0, all we need is that gz is gone.
We will use certain relations in Ext in the proofs; see [11] for these relations.

THEOREM 11.1. We have the homotopy relation n&> = 0 in mg1. There-
fore, the element gz must be killed by some Adams differential.

Using several lemmas that will be proved later in this section, we present
the proof of Theorem 11.1.

Proof. We first prove the second claim. By [6, Cor. 3.4.2], the permanent
cycle z in the 41-stem detects the homotopy class n&2. It follows that the
element gz detects &>, since g detects %. Therefore, if n&> = 0, we must have
gz killed by some Adams differential.

Now we prove the relation &> = 0. We have a 4-fold Toda bracket for &
(33, pp. 43—-44]:

R € (k,2,n,v) with indeterminacy even multiples of &.

The indeterminacy will be killed after multiplying by 1. We will prove in
Lemma 11.3 that

<7]E2, K, 2) =0 in 75g.
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Therefore,
R = R (K, 2,1, V)
C ((nr?, k,2),m,v)
= (0,1,v)
=V - T58
=0.

The last equation is stated as Lemma 11.7, which we will prove later in this
section. Therefore, we have the homotopy relation

T]ES =0 in 7. O
Remark 11.2. Alternatively, we can show that h;X; must support an

Adams differential, and

dy(h1X1) = g2
is the only possibility. The idea is to consider the Massey product (g%, d3, h1) =
hiWy + g2r in the Adams Ej4-page and to conclude that hyW; must support
a nontrivial differential as g?r does (see Lemma 3.3.49 of [20]), since the sum

is a permanent cycle by Moss’s Theorem. Suppose that hyX; is a permanent
cycle. We have that

hiWi = Ph1X3
= X1(h1, hhs, ho)
= (h1 X1, hihs, ho)

is also a permanent cycle by Moss’s Theorem. We therefore have a contradic-
tion.

We first prove Lemma 11.3.
LEMMA 11.3. We have a Toda bracket (n%?,k,2) = 0 in sg.
Proof. By [20], [19],
T55 = 7,/16 and is generated by an element ps5 in Im J.
Therefore, we have the relation
T]E2I<é =0 in 755.

This follows from the fact that both x and & map trivially to the K (1)-local
sphere. In fact, suppose that &2k is some multiple of ps5. Then mapping the
relation to the K (1)-local sphere tells us the multiple must be zero. Therefore,
this Toda bracket is defined.

By [20], [19],

56 = Z/2 and is generated by nps5 in Im J.
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Therefore, we have the relation
(nR*, k,2) =0.

This follows similarly by mapping the Toda bracket to the K (1)-local sphere.
]

To prove Lemma 11.7, we need the following three lemmas:

LEMMA 11.4. The product o-{hohohs} is nontrivial in w41 and is detected
by hyf1.

Proof. By [28], we have the following two Adams differentials:
d3(h2h5) = hldl and dg(hoCQ) = hlhgdl.

Note that we have a relation hsd; = hie; in Ext. Therefore, we have a Massey
product in the Adams F4-page

(d1, h1, ho) = hohahs
and a Massey product in the Adams Es3-page
(hady, h1, ho) = hiea = i f1.

Note that the second equation is a relation in Ext. Then by Moss’s Theorem
[35, Th. 1.2], we have the following Toda brackets:

({d1},n,2) contains an element that is detected by hohahs,
(o{d1},n,2) contains an element that is detected by hq f1.

Since

o({di},n,2) C (o{d1},n,2),
the product o - {hohahs} is nontrivial and is detected by hq fi. O

LEMMA 11.5. We have the relation ({t},n,v) C o{hohohs} in m4;.
Proof. By [10, Th. 4.1] we have Bruner’s differential
ds(e1) = hqt.
Therefore, we have a Massey product in the Adams Fy-page
(t,h1, ho) = haer = hi f1.

The second equation is a relation in Ext. Therefore, by Moss’s Theorem [35],
we have the following Toda bracket:

({t},n,v) is detected by hi f1.

Note that the Toda bracket ({t},n,v) has no indeterminacy.
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Combining with Lemma 11.4, both o{hohahs} and ({t},n,v) are detected
by hifi. But in the same column of the E..-page of the Adams spectral se-
quence, there are several elements with higher filtration than hj fi;. Therefore,
to prove this lemma, we need to show that their difference is actually zero. We
prove this by multiplying by 7. First note that

n- J{hoh2h5} = 0.

In fact, n{hoh2hs} contains nonzero classes nxk = v{q} and n*{P*h,}. Both
classes are annihilated by o. Next note that

<{t}a m, V>77 - {t}<777 v, 77) = {t}Vz =0.

For the last equation, by filtration arguments, the only other possibility is
that {t}v? = k3. (For reader’s convenience, note that x* = n?&2.) However,
mapping this relation to 7, (tmf) gives a contradiction.

Since all elements of higher filtration than hq f; in the cokernel of J support
nonzero n-extensions, this proves the lemma. 0

LEMMA 11.6. We have a Toda bracket (R, {t},n) = {h1Q2} in mss.
Proof. By [20, Table 20], [19], we have Isaksen’s differential

d3(Q2) = gt.

Therefore, combining with Bruner’s differential [10, Th. 4.1] ds(e;) = hit, we
have a Massey product in the Adams FE4-page

<ga t? h1> = h1Q2-

Note that ge; = 0 in Ext. Therefore, the lemma follows from Moss’s Theorem
[35, Th. 1.2]. Both sides of (%, {t},n) = {h1Q2} have the same indeterminacy
that lies in the image of J. g

Now we prove Lemma 11.7.
LEMMA 11.7. v -m58 = 0.
Proof. By [20], [19],
Tsg is Z/2 @ Z./2, and generated by {h1Qs} and n{P"h;}.
Since by Lemma 11.5,
({t},n,v) C o{hoh2hs} in mg

and by Lemma 11.6,
<E7 {t}777> = {thQ} in 758,
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we have that
v-{hi@Q2} = (& {t} nv
=r{t},n,v)
C Ro{hohahs} = 0.

The last equation follows from the relation that Ko = 0. Therefore, we have
that
V- T58 = 0. ]

12. Another homotopy relation and
the Adams differential d5(A’) = hyBa;

In this section, we prove another relation in the homotopy groups of
spheres. This relation will lead to an Adams differential, which is the only
possibility to kill the element hiBs; in the 60-stem.

THEOREM 12.1. We have the relation nkfss = 0 in wgo. Here 045 is a
homotopy class in w45 defined by Isaksen in Section 1.7 of [20], with an extra
condition that it maps to zero in was(tmf). This implies the Adams differential

d5(AI) = hlBgl.

In Isaksen’s definition, 645 is a homotopy class detected by h3 in the 45-
stem, with indeterminacy containing even multiples of itself and the element
{w}. Our definition of 04 5 is a refinement of Isaksen’s. Since {w} has a strictly
higher Adams filtration than 645, and is detected by tmf, the indeterminacy
of our 645 does not contain the element {w}.

Using several lemmas that will be proved later in this section, we present
the proof of Theorem 12.1.

Proof. We first prove the second claim. By [5, Th. 3.1(i)], the permanent
cycle By detects the homotopy class nfs5. We have the following relation
in Ext:

h1Bg1 = doBy.
Since dy detects k, the permanent cycle h1 By = dgBy detects the homotopy
class nkby5. Therefore, if nkfys = 0, we must have hjBs; killed by some
Adams differential. By Theorem 3.1, we have that

d3(D3) = Bg, dg(thg) = h1Bs.

This leaves the element A’ to be the only possibility to kill k1 Bs; as the source.
Therefore, we have the Adams dj differential d5(A’) = hyBoy.

Now we prove the relation nkfs5 = 0. Recall that there is a strictly
defined 4-fold Toda bracket for xk € w4 with zero indeterminacy:

k= (g,v,1,2).
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It follows that
nk = n{e,v,n,2) € (e, v,1,2)
and that
Nkbys € O45(ne, v, n,2).
We will show in Lemma 12.6 that there is a strictly defined 4-fold Toda bracket
in m5:

p15 € ({Ph1},v,n,2) with indeterminacy even multiples of p15.

We will show in Lemma 12.7 that
p1504.5 = 0 in mg.
Thus
0= p158as = Os5({Ph1},v,n,2).
We will show in Lemma 12.5 that
015(ne +{Ph1}) =0
and in Lemma 12.9 that
(045,{Ph1} + ne,v) = 0 with zero indeterminacy in 7sg.
Therefore,
nkbss = nkbys + p150as

€ Os5(ne,v,m,2) + 045({ Ph1},v,m,2)

=045({Ph1} +ne,v,m,2)

C ((O45,{Ph1} +ne,v),n,2)

=(0,1,2)

=2 7m0 = {0,283}
Note that the three Toda brackets

(77571/77772>7 <{Ph1}?yana2>? <{Ph1}+77‘€7ya7772>

have the same indeterminacy: 2 - 715 = even multiples of p15, which is annihi-
lated by 04‘5.
To prove that nkéy5 = 0, we only need to show that

nkbas # 2R°.

Note that 2> is detected by tmf, while 645 is chosen not to be detected by
tmf. Suppose we have the relation

7]%94.5 = 2%3.
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Then mapping this relation into tmf gives us 2&% = 0, which contradicts the
fact that 2&3 is detected in m,(tmf). Therefore, we must have that

nkbys = 0. O

Now we present the proofs of Lemmas 12.5, 12.6, 12.7, 12.9, and a few
other lemmas that will be needed for the proofs.

LEMMA 12.2. In the Adams FEs-page, we have a Massey product
hiz’ = (h3ga, ho, Phy).

Proof. In Proposition 4.19 of [49], Tangora showed that we have a May dg
differential
de(Y) = hggz
Here we follow Isaksen’s notation [20] for names of the elements in the May
spectral sequence. Then combining with the fact that hyz’ = Y Phy in the
May Fgs-page, this lemma follows from May’s convergence theorem [30]. g

LEMMA 12.3. We have the relation
{Ph1} - {hsdp} = 0 in ms4.
Proof. First note that the Toda bracket
(2,04, k) is detected by hsdp.

This follows from the Adams dy differential da(hs) = hoh3 and Moss’s theorem.
Note that to apply the Moss’s theorem here, we need to use the fact that
04k = 0, which is obtained by filtration reasons.

We compute the product {Ph;}(2, 04, k) next:

{Ph1}(2,04,k) = ({Ph1},2,04)k
C (k{Ph1},2,04)
= (°R,2,0,)
2 n’R(n,2,64)
=1°(2,04,%) C n’ms1 = 0.

In other words, both { Phi}(2, 04, k) and 0 are contained in the same Toda
bracket
<773E, 2, 94> .
Therefore, their difference must be contained in the indeterminacy of this Toda
bracket, which is
N°F - 31 + mou - Ou.

It is clear that n3E -m31 C 7737r51 = 0. Recall that
moq4 = 7/2 ® Z/2 and is generated by nony and npa3 in the Im J.
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Multiplying by 64, both products are zero. This is due to the fact that nns64 =
0 (see Lemma 4.1 in [5]) and filtration reasons. Therefore, we have achieved
that

{Ph1}<2, 04, H> =0.

Then, from the fact that 2{Ph;} = 0 and filtration reasons, the product
of {Ph1} and all elements in the E,-page of higher filtration than hsdy are
zero. Therefore, combining with the fact that the Toda bracket

(2,04, k) is detected by hsdy,
we have the homotopy relation that
{Ph1} - {hsdp} = 0 in 754. O

LEMMA 12.4. The permanent cycle hix' in the 54-stem detects the homo-
topy class 04.5{Ph1}.

Proof. By Lemma 12.2 and Moss’s theorem, we have that
hi2’ detects an element in the Toda bracket (o%0y,2,{Ph1}).
Recall that Barratt, Mahowald and Tangora [6] showed that
hggg detects o26y.
We have the relation that
04(c%,2,{Phy}) C (6%64,2,{Ph1}).
Since also
04(c%,2,{Ph1}) C -9y =0,
which we showed in the proof of Lemma 12.3, we have that
0 € (0%04,2,{Ph1}).

Note that one can also show directly that (02,2, {Ph;}) = 0.

Recall that Isaksen [20] showed that hiz is a surviving permanent cycle,

and it detects both 13045 and equally nebys. Therefore, hyx’ must detect a
nontrivial homotopy class in the indeterminacy of the Toda bracket

(0%04,2,{Ph1}).
The indeterminacy of this Toda bracket is
020, - mo + ma5 - {Phy}.
First note that
70 = 7Z/2 and is generated by n{Ph;}.
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Since no? = 0, we must have that
20, - w10 = 0.

Next note that 2{Ph;} = 0, and the generators of m45 can be chosen to be the
following:

015 € {hi}, n{g2}, {hsdo}, {w}.
We have that
{w} - {Ph1} = 0 for filtration reasons.

We also have that
{Ph1}-n{g2} € (1,2,80)n{g2}
=1(2,80,{g2})n
=1*(2,80,{g2})
C nmse = 0.

Note that here we use the fact that 80{g2} = 0. Then combining with
Lemma 12.3 the fact that

{Ph1} - {hsdp} =0,
the only possibility is that
hiz' detects the homotopy class 04.5{Ph1}. O
LEMMA 12.5. In w54, we have a relation 045(ne + {Ph1}) = 0.

Proof. The element dgg? is the only element in the 54-stem of the Eo-

page with higher filtration than hiz’. It detects the homotopy class KRZ,

which is also detected in the Hurewicz image of tmf. Since 6,5 is chosen not
to be detected in the Hurewicz image of tmf, and hiz’ detects both nef, 5 and
{Ph1}045, we must have a relation

94.5(776 + {Phl}) = 0. O
LEMMA 12.6. We have a strictly defined 4-fold Toda bracket
p15 € ({Ph1},v,n,2) in 715,

with indeterminacy 215 given by even multiples of p15, where p15 is a generator
of the Im J in m15.

Proof. We first check that this 4-fold Toda bracket is strictly defined. It
is clear that
(r,n,2) C7ms =0.
In the Adams Es-page, we have that

(Phy, ha, hi) = Ph% = h3dp.
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The element h%do is killed by the Adams d3 differential
ds(h2hy) = h3d.
Therefore,
0 € ({Phi},v,m).

It is straightforward to check the indeterminacy of this 3-fold Toda bracket is
zero. Therefore, this 4-fold Toda bracket is strictly defined.

We next check the indeterminacy of this 4-fold Toda bracket. The inde-
terminacy is contained in the union of the following:

({Phi},v,m2),  ({Phi},75,2),  (mi3,m,2).

Note that 75 = 0,715 = 0,m3 = 0, 7o is generated by 772 and 7g is generated
by v2. We have

({Phi},v, 772> 2 ({Pha},v,mn =0.
{Phl} '1/2 Ev-mo=0.

Therefore, the indeterminacy is 2m15.

Now we multiply this 4-fold Toda bracket by n?:

<{Ph1}vVﬂ7> 2>772 = {Ph1}<’/77772a772> = {Ph1}€

The 4-fold Toda bracket € = (v, n,2,n?) is strictly defined with zero indeter-
minacy. The homotopy class { Phy }e is detected by the surviving cycle Phjco.
We have a nontrivial extension:

172p15 S {Phlco}.
Therefore, we must have that the 4-fold Toda bracket
({Ph1},v,n,2) contains p15 or p15 + nk.

To eliminate the second possibility, we multiply this 4-fold Toda bracket
by %. Note that
R{Phi} C ma9 =0,
(R,{Ph1},v) = 0 with indeterminacy {0, 0,4} in m3s.
In fact, in the Adams Fs-page, we have the Massey product
(g, Ph1,ha) = 0 in Adams filtration 9.

The homotopy classes that survive in w33 with filtration higher than 9 are
detected by the K(1)-local sphere. Since the class & maps trivially to the
K (1)-local sphere, we must have that

(R,{Ph1},v) contains 0.
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Then it is straightforward to check the indeterminacy is
R-m3+ w0 - v = {0,004}

Now we have that
RU{PhaY,v,0,2) € (7, (Phi},v),m,2)
= ({0,064}, 7,2)
= the union of (0,7,2) and (v04,n,2)

22-7T35.

Note that 2 - 735 is detected in the K (1)-local sphere. Since the class & maps
trivially to the K (1)-local sphere, we have that

®({Phi},v,n,2) =0.
On the other hand, it is clear that
nkk # 0 and is detected by hidgg

and that
P15k € (8,20,0)k = 8(20,0,F) C 835 = 0.
Here by Moss’s theorem, the relation
p15 € (8,20,0)

follows from the Adams differential do(hg) = hohg and the Massey product in
the F5 page

(h3, hohs, h3) = h3hy with zero indeterminacy.
Therefore, the 4-fold Toda bracket
({Phi1},v,n,2) contains p5. O
LEMMA 12.7. We have the relation p15045 = 0 in meo.
Proof. We first claim that
p1504 = 804.5.

In fact, they are both detected by the surviving cycle h3hsdy (see Tangora [47]).
However, there is one more element w in higher filtration in the F..-page, so
the two classes might differ by that. Since

n°0y =0, and n*{w} #0,

their difference is not {w} and hence must be zero. Note that one can also
show this by mapping the relation into tmf.
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Then we have that

p1504.5 C (8,20,0)045
C (8045,20,0)
=

p1594,20,0)
= 0 with zero indeterminacy.
The last equation is proved by the second author as Lemma 2.4 in [54]. O
LEMMA 12.8. We have a Toda bracket in moq:
({Ph1} + ne,v,0) = 0 with zero indeterminacy.

Proof. We consider the two brackets ({Phi},v,0) and (ne,v, o) one-by-
one. For the first bracket, in the Adams Fs-page we have the Massey product

with zero indeterminacy in Adams filtration 6. Since there is no surviving class
in Adams filtration 7 or higher, it contains zero. For filtration reasons and the
fact that m3 = 0, the indeterminacy of the first bracket is

{Phl} -m1 +m3 -0 =0.

Therefore,
({Ph1},v,0) = 0 with zero indeterminacy.

For the second bracket, we have that
(ne,v,0) 2 e(n,v,0) Ce-ma=0.

Therefore, it contains 0. Again, by filtration reasons and the fact that w13 = 0,
the indeterminacy of the second bracket is

ne-m1 +ms3-o0=0.

Therefore,
(ne,v,o) = 0 with zero indeterminacy.

Summing these two relations, we have that
({Ph1} + ne,v,0) = 0 with zero indeterminacy. O
LEMMA 12.9. We have a Toda bracket in mss:
(045, {Ph1} 4+ ne,v) = 0 with zero indeterminacy.
Proof. First, by Lemma 12.5, we have the relation
045 - ({Ph1} +ne) = 0.

Therefore, this Toda bracket is defined.
Recall that

the cokernel of J in 755 is Z/2 and is generated by {hi1Q2}.



572 GUOZHEN WANG and ZHOULI XU

The indeterminacy equals
045 - m3+ w5 - v =0.

The relation 755 - ¥ = 0 follows from filtration reasons. As a side remark, one
can actually prove that

{h1Q2} is indecomposable.

This can be shown by the Adams-Novikov filtration of this element. See Isaksen
[20] for details.

In [20], Isaksen showed that the permanent cycle hih3Q2 cannot be killed
by r1. The only other candidate to kill h1h3@Q9 is h?hg, which is obviously a
permanent cycle: it detects n?ng. Therefore,

h1h3Q2 is a surviving cycle, and detects o{h1Q2}.
By Lemma 12.8, we have that
(045,{Ph1} +ne,v)o = 045({Ph1} + ne,v,0) = 0.
Therefore,
(045,{Ph1} 4+ ne,v) does not contain {h1Q2},

and hence it is 0 with zero indeterminacy. O

13. Appendix I

The theory of cell diagrams is very helpful when thinking of finite CW
spectra. We use them as illustration purpose in Section 5. In this section, we
recall the definition of cell diagrams from [5]. We also include several examples.

Definition 13.1. Let Z be a finite CW spectrum. Then a cell diagram for
Z consists of nodes and edges. The nodes are in one-to-one correspondence
with a chosen basis of the mod 2 homology of Z and may be labeled with
symbols to indicate the dimension. When two nodes are joined by an edge,
then it is possible to form an HIFs-subquotient

Z,/Z” — STL \/f em,

which is the cofiber of f with certain suspension. Here f, the attaching map,
is an element in the stable homotopy groups of spheres. For simplicity, we do
not draw an edge if the corresponding f is null.

Suppose that we have two nodes labeled n and m with n < m and that
there is no edge joining them. Then there are two possibilities.
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The first one is that there are an integer k, a sequence of nodes labeled
n;,0 < ¢ < k, withn =np < n; < --- < ni = m, and edges joining the
nodes n; to the nodes n;y1. In this case we do not assert that there is an
HTFFs-subquotient of the form above; this does not imply that there is no such
HT5-subquotient.

The second possibility is that there is no such sequence as in the first
case. In this case, there exists an HFs-subquotient that is a wedge of spheres
StV S™m.

Remark 13.2. In [5]’s original definition, they use subquotients instead of
HTFy-subquotients.

Ezxample 13.3. Let f be the composite of the following two maps:

2 g0 i o
—_— HT],

where the second map 7 is the inclusion of the bottom cell. Consider the cofiber
of f: Cf, which is a three cell complex with the following cell diagram:

®

©

It is clear that the top cell of C'f splits off, since n? can be divided by 7. So
we do not have to draw any attaching map from the cell in dimension 3 to the
one in dimension 0. Note that the cofiber of n? is in fact an HFs-subcomplex
of C'f. One could think this as the indeterminacy of cell diagrams associated
to a given CW spectrum.

Ezample 13.4. Let X; = P{. The cell diagram of X is the following:

()
"G

V)
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As a comparison, let Xo = C2 A Cn, where C2 and Cn are the cofibers of
2 and 7. Then the cell diagram of X5 is the following:

(1)
dio

We give a more interesting example.

Example 13.5. Consider the suspension spectrum of CP3. It consists of
three cells: one each in dimensions 2, 4 and 6. It is shown in [2] by Adams that
the secondary cohomology operation W, which is associated to the relation

Sq*Sq' + S¢*Sq' Sq® + Sq* Sq* = 0,
is nonzero on this spectrum. In other words, there exists an attaching map
between the cells in dimension 2 and 6, which is detected by hghso in the 3-stem
of the Adams E.-page. Note that hgho detects two homotopy classes: 2v, 6v.
Their difference is 4v = 13, which is divisible by 1. Therefore, we have its cell
diagram as the following:

@

14. Appendix II

This section is about intuition. We summarize and explain the major ideas
of how we think of the “road map” of the proof of the differential ds(D3) = Bs,
especially of Step 4. The “zigzag” part of the explanation is crucial if one wants
to generalize this method to other Adams differentials.

We try to prove an Adams d3 differential in Ppe:

ds(h1hshs[22]) = G[6].

The element G supports a differential [20], [19] in the Adams spectral

sequence of SY:
d3(G) = Phgdy.
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From the computation of the transfer map, we have that
Phsdy[6] maps to Ba;.
It is shown in [20] that d3(B3) # Bai. Therefore, the only possibility is that
G|[6] supports a dy differential in P{.

Checking the bidegree gives us the only element there: hsi[5]. This argument
can be summarized in the following diagram:

Ext(S%) <—— Ext(Pf) —— Ext(P®) —— Ext(S°)

Ph5d0 [6] <— Ph5d0 [6]  —— Ph5d0[6]  E— Bgl

A
\
d3 : hsi[5]
\ A
| ds |
\ !
G[6] <— G[6] + G[6] 1 Bs.

Remark 14.1. The above argument implies that in the Adams spectral
sequence of P2, we have a differential

dy(G[2]) = hsi[l].
This differential in the mod 2 Moore spectrum is not obtained by a zigzag.

The Curtis table shows that
hsi[5] is killed by Bj[14].

Note that the element By in Ext(S°) is a surviving cycle.

This zigzag suggests that if the element G[6] were going to survive in the
Adams spectral sequence of P2, then it would jump the Adams filtration by 1
to the element Bj[14] in the Adams spectral sequence of PZ. This is the first
half of the intuition of Step 4: we reduce the Adams ds differential in P2 to
an Adams d4 differential in PZ.

The second half of the intuition is related to the source element hqhghs[22].
The Massey product hohi = (ha, h1, ho, h1hshs) and the nonzero Steenrod
operation Sq'Sq*Sq* on the 15 dimensional class in H*(PZ}) suggest that we
should have a differential

hihshs[22] kills hohd[15]

in the Curtis table of P®°. However, the element hoh3[15] is killed by h3[16]
in the Curtis table because Pllg is a suspension of the mod 2 Moore spectrum.
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Therefore, if we remove the 15-cell in PZ}, we can “separate” the two elements
hihshs[22] and h3[16]. To do this, we take the cofiber of the inclusion of the
15-cell to get the spectrum X, and we reduce the Adams d4 differential in P
to an Adams d4 differential in X.

It is therefore clear that the n-extension from h3 to B; gives us the dy
differential in X, since the 16-cell is attached to the 14-cell by 7.
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