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Abstract

We prove nontrivial bounds for general bilinear forms in hyper-Klooster-
man sums when the sizes of both variables may be below the range con-
trolled by Fourier-analytic methods (Pélya-Vinogradov range). We then
derive applications to the second moment of cusp forms twisted by char-
acters modulo primes, and to the distribution in arithmetic progressions
to large moduli of certain Eisenstein-Hecke coefficients on GL3. Our main
tools are new bounds for certain complete sums in three variables over fi-
nite fields, proved using methods from algebraic geometry, especially ¢-adic
cohomology and the Riemann Hypothesis.
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1. Introduction

1.1. Statements of results. A number of important problems in analytic
number theory can be reduced to nontrivial estimates for bilinear forms

(1.1) B(K,a,B) :ZZamBnK(mn)

for some arithmetic function K and complex coefficients (ay,)m>1, (Bn)n>1- A
particularly important case is when K : Z — Z/qZ — C runs over a sequence
of g-periodic functions, which are bounded independently of ¢, and estimates
are required in terms of q.

In dealing with these sums, the challenges lie (1) in handling coefficients
(am), (Br) which are as general as possible; and (2) in dealing with coefficients
supported in intervals 1 < m < M and 1 < n < N with M, N as small as
possible compared with ¢. In this respect, a major threshold is the Fourier-
theoretic range (also called sometimes the Pélya-Vinogradov range), where M
and N are both close to ¢'/2
in logarithmic scale, so that applying the completion method and even best-

, and especially when they are slightly smaller

possible bounds for the Fourier transform gives trivial results.

In particular, when dealing with problems related to the analytic theory
of automorphic forms, one is often faced with the case where K(n) is a hyper-
Kloosterman sum Klg(n;q). We recall that these sums are defined, for k > 2
and a € (Z/qZ)*, by

g D (M),

1, TR EZL/QZ q
T1Tp=a

Klg(a; q) =

A deep result of Deligne shows that |Kly(a;q)| < k@ for all a € (Z/qZ)*.
For any integer ¢ coprime to ¢, we also denote by [xc]* Kl the function a
Kl (ca; q).

There are several intrinsic reasons why hyper-Kloosterman sums are ubig-
uitous in the theory of automorphic forms:

— they are closely related, via the Bruhat decomposition, to Fourier coeffi-
cients and Whittaker models of automorphic forms and representations,
and therefore occur in the Kuznetsov—Petersson formula — see, for in-
stance, the works of Deshouillers and Iwaniec [DI83], Bump-Friedberg—
Goldfeld [BFGS88] or Blomer [Blo13]);

— the hyper-Kloosterman sums are the inverse Mellin transforms of certain
monomials in Gauss sums, and therefore occur in computations involving
root numbers in families of L-functions (as in the paper of Luo, Rudnick
and Sarnak [LRS95));

— the hyper-Kloosterman sums are constructed by iterated multiplicative
convolution (see Katz’s book [Kat88] for the algebro-geometric version
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of this construction), which explains why they occur after applying the
Voronoi summation formula on GLj.

Our main results provide new bounds for general bilinear forms in hyper-
Kloosterman sums that go beyond the Fourier-theoretic range; see Theorems
1.1 and 1.3 below. To illustrate the potential of the results, we derive two
applications of these bounds in this paper. Both are related to the third
source of hyper-Kloosterman sums described above, but we believe that further
significant applications will arise from the other perspectives (as well as from
other directions).

1.2. Bilinear forms with Kloosterman sums. We will always assume that
the sequences o and 3 have finite support. We denote

1/2
lalli=>"laml, ez = (3 laml?)

m m

the ¢! and ¢? norms.
Our main result for general bilinear forms is the following;:

THEOREM 1.1 (General bilinear forms). Let g be a prime. Let ¢ be an
integer coprime to q. Let M and N be real numbers such that

1< M < NgY*, ¢M* < MN < ¢*/*.

Let N C [1,q — 1] be an interval of length |N|, and let @ = (m)m<y and
B = (Bn)nen be sequences of complex numbers.

For any € > 0, we have
(12)  B((xc"Kl, o, 8) < o[l Bll2(MN)2 (M™% + (MN) T go),
where the implied constant depend only on k and €.

Remark 1.2. The bilinear form is easily bounded by Ha||2H,8H2(MN)%,
which we view as the trivial bound; a more elaborate treatment yields the
bound of Pélya-Vinogradov type (cf. [FKM14, Th. 1.17])

1 1 1 1 1
(13) B([xd" Kly . 8) < 2| 82(MN)? (g% + M3+ N~ 3¢5 logg),

which improves the trivial bound as long as M > 1 and N > ¢!/2 log? q.
We then see that for M = N, the bound (1.2) is nontrivial as long as M =
N > ¢*'/2* which goes beyond the Fourier-theoretic range. In the special case
M = N = ¢*/2, the saving factor is g~ 1/64+<,

When g is the characteristic function of an interval (or more generally, by
summation by parts, a “smooth” function; in classical terminology, this means
that the bilinear form is a “type I” sum), we obtain a stronger result:
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THEOREM 1.3 (Special bilinear forms). Let g be a prime number. Let ¢
be an integer coprime to q. Let M, N > 1 be such that

1<M<N?, N<gq MN<g/?

Let o = (am)m<mr be a sequence of complex numbers bounded by 1, and let
N C [1,q — 1] be an interval of length | N|.
For any € > 0, we have

M2N5)—1/12

(14)  B([xd" Kl o 1y) < el [lafy*M7N x e

where the implied constant depend only on k and €.

Remark 1.4. (1) A trivial bound in that case is ||a||i/2||a||%/2M1/4N,
which explains why we stated the result in this manner. When M = N,
we see that our bound (1.4) is nontrivial essentially when M = N > ¢3/7,
which goes even more significantly below the Fourier-theoretic range. In the
special case M = N = ¢'/2, the saving is ¢~ 1/24t¢.

(2) For k = 2, a slightly stronger result is proved by Blomer, Fouvry,
Kowalski, Michel and Mili¢evi¢ [BFK*17, Prop. 3.1]. This builds on a method
of Fouvry and Michel [FM98, §VII], which is also the basic starting point of
the analysis in this paper.

(3) If & and B are both characteristic functions of intervals, a stronger
result is proved by Fouvry, Kowalski and Michel in [FKM14, Th. 1.16] for
a much more general class of summands K, namely, the trace functions of
arbitrary geometrically isotypic Fourier sheaves, with an implied constant de-
pending then on the conductor of these sheaves. (For M = N, it is enough

there that MN > ¢3/%, and for M = N = ¢*/2, the saving is q_1/16+€.)

1.3. Application 1: moments of twisted L-functions. Let f and g be fixed
Hecke-eigenforms (of level 1 say). A long-standing problem is the evaluation
with power-saving error term of the average

5 X HIex1DLeex1/).
X (mod q)
where y runs over Dirichlet characters of prime conductor q. When f and g
are nonholomorphic Eisenstein series, the problem becomes that of evaluat-
ing the fourth moment of Dirichlet L-series at 1/2. This was studied, for
instance, by Heath-Brown [HB81] and by Soundararajan [Sou07], and it was
solved by Young [Youll]. For f and g cuspidal, this question was studied
by Gao, Khan and Ricotta [GKR09] and, with different methods, by Hoff-
stein and Lee [HL]. Recently, the problem was revisited in full generality by
Blomer and Mili¢evi¢ [BM15] and by Blomer, Fouvry, Kowalski, Michel and
Mili¢evi¢ [BFK*17]. This last work solved the problem when one of the two
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forms is noncuspidal. The general bilinear bound of Theorem 1.1 (for k = 2) is
the final ingredient to the resolution of this problem in the case where f and g
are cuspidal.

THEOREM 1.5 (Moments of twisted cuspidal L-functions). Let g be a
prime number. Let f,g be cuspidal Hecke eigenforms (holomorphic forms or
Maass forms) of level 1 with respective root numbers €(f) and €(g) (equal to
+1). If f and g are either both holomorphic forms or both Maass forms, as-
sume also that (f)e(g) = 1.

Let 6 < 1/144. If f # g, we have

1
vla)

2L(f ®g,1)
¢(2)

where L(f ® g,1) # 0 is the value at 1 of the Rankin—Selberg convolution of f
and g, and the implied constant depends only on f, g and §.
If f = g, then there exists a constant By € C such that we have

(1.5) > L(fex,1/2)L(g® x,1/2) = +0(g7°),

mod q)

b 2 _ 2L(sym*f, 1) o -5
(1.6) sD(q)X(g;dq)IL(f®><,1/2)| =@ (logq) + Bf +O(q™°),

where L(sym?f,s) denotes the symmetric square L-function of f, and the the
implied constant depends only on f and §.

Proof. In [BFK'17, §7.2], Theorem 1.5 (which is Theorem 1.3 in loc. cit.)
was shown to follow from a certain bound on a bilinear sum of Kloosterman
sums; cf. the statement of [BFK*17, Prop. 3.1]. That bound is exactly the
case k =2 and ¢ = 1 of Theorem 1.1. O

Remark 1.6. (1) The assumption on the root number in Theorem 1.5 is
necessary, since otherwise the special values vanish and the sums are identi-
cally 0.

(2) Tt is well established that an asymptotic formula with a power saving
error term for some moment in a family of L-functions typically implies the
possibility of evaluating asymptotically some additional “twisted” moments,
in this case those of the shape

1

) X(Z L(f ®x,1/2)L(g ® x, 1/2)x({/'),

mod q)

where 1 < ¢,/ < L are coprime integers that are also coprime with ¢ and
L = ¢" for some fixed absolute constant n > 0.

Using such a formula for f = g, we may apply the mollification method and
the resonance method and obtain further results on the special values for this
family of L-functions (estimates for the distribution of the order of vanishing
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at s = 1/2, existence of large values, for instance). This will be taken up in
the forthcoming paper [BFK™]| jointly with Blomer, Fouvry and Mili¢evié.

1.4. Application 2: arithmetic functions in arithmetic progressions. In our
second application, we use the bound for special bilinear forms when K = Klg
to study the distribution in arithmetic progressions to large moduli of certain
arithmetic functions that are closely related to the triple divisor function.

THEOREM 1.7. Let f be a holomorphic primitive cusp form of level 1 with
Hecke eigenvalues Af(n), normalized so that |Af(n)| < da(n). Forn > 1, let

(Ar*1)(n) =Y Ap(d).

d|n

For x > 2, for any n < 1/102, for any prime q < /20 for any integer a
coprime to q and for any A > 1, we have

1 x
Apx1)(n) — — Apx1)(n) < =(logz)™4,
g(f )(‘D(q)g(f ) q( )
n=a (mod q) (n,g)=1

where the implied constant depends only on (f,n, A).

When f is replaced by a specific nonholomorphic Eisenstein series, we
obtain as coefficients (A; x 1)(n) = (d2 x 1)(n) = dz(n), the triple (or ternary)
divisor function. In that case, a result with exponent of distribution > 1/2 as
above was first obtained (for general moduli) by Friedlander and Iwaniec [FI85].
This was subsequently improved by Heath-Brown [HB86] and more recently
(for prime moduli) by Fouvry, Kowalski and Michel [FKM15b].

The approach of [FKM15b] relied ultimately on bounds for the bilinear
sums B(Kls, o, 3) when both sequences v and 3 are smooth. Indeed, as al-
ready recalled, a very general estimate for B(K, a, 3) was proved in that case
in [FKM14]. Here, in the cuspidal case, the splitting da(n) = (1 x 1)(n) is not
available and we need instead a bound where only one sequence is smooth,
which is given by Theorem 1.3. (We could of course also use Theorem 1.1,
with a slightly weaker result.)

The functions n — d3(n) = (1 x1x1)(n) and n — (Af x 1)(n) are
the Hecke eigenvalues of certain noncuspidal automorphic representation of
GL3,q, namely the isobaric representations 1 H 181 and 7y H 1. The meth-
ods of [FI85], [HB86], [FKM15b] and of the present paper can be generalized
straightforwardly to show that the n-th Hecke eigenvalue function of any fixed
noncuspidal automorphic representation of GL3 q has exponent of distribu-
tion > 1/2 for individual prime moduli. Extending this further to cuspidal
GL3 g-representation is a natural and interesting challenge.

Theorem 1.7 is proved in Section 5.
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1.5. Further developments. We describe here some possible extensions of
our results, which will be the subject of future papers.

1.5.1. Extension to other trace functions. A natural problem is to try to
extend Theorems 1.1 and 1.3 to more general trace functions K. In [FM9§],
Fouvry and Michel derived nontrivial bounds as in Theorem 1.3 (type I sums)
when Kl is replaced by a rational phase function of the type

K(n) = {eq(f(”)) if n is not a pole of f,

0 otherwise,

where ¢ is prime, eq(x) = exp(2m%) and f € Fy(X) is some rational function
that is not a polynomial of degree < 2. They proved bounds similar to The-
orem 1.1 (type II sums) for K given by a quasi-monomial phase, defined as
above with

f=aX%4+bX

for some a,b € Fy, a # 0 and d € Z — {0,1,2}. While both cases relied on
arguments from algebraic geometry, they were different from, and far simpler
than, those involved in the present work.

It is plausible that the methods developed in the present paper would allow
for an extension of Theorems 1.3 and 1.1 to many of the families of exponential
sums studied in great details in the books of Katz (in particular, in [Kat88],
[Kat90]). Other potentially interesting variants that could be treated by the
methods presented here are bilinear sums of the shape

ZamBnK((mdn)ﬂ), d> 1 fixed.

Again the case where K is a hyper-Kloosterman sum (possibly including mul-
tiplicative characters) seem particularly interesting for number theoretic ap-
plications. (See, for instance, the recent work of Nunes [Nun].)

1.5.2. Extension to composite moduli. In this paper, we have focused our
attention on bilinear forms associated to functions K that are periodic mod-
ulo a prime ¢. This is in some sense the hardest case, but nevertheless it
would be very useful for many applications to have bounds similar to those of
Theorems 1.3 and 1.1 when the modulus ¢ is arbitrary, or at least squarefree.

For instance, Blomer and Mili¢evi¢ [BM15, Th. 1] proved the analogue of
the asymptotic formula in Theorem 1.5 with power saving error term when the
modulus ¢ admits a factorization ¢ = ¢1qo where ¢; and g9 are neither close
to 1 (excluding therefore the case when ¢ is prime, which is now solved by
Theorem 1.5) nor to ¢*/2. This excludes the case when ¢ is a product of two
distinct primes that are close to each other; it would be possible to treat this
if a version of Theorem 1.1 for composite moduli were available.
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Another direct application would be a version of Theorem 1.7 for general
moduli ¢. This would immediately imply the following shifted convolution
bound: there exists a constant § > 0, independent of f and h, such that for
all N > 1 and h > 0, we have

Y- (Apx1)(n)da(n+h) <5 N2,

n<N
where the implied constant is independent of h. We refer to the works of
Munshi [Mun13a], [Mun13b] and Topacogullari [Top16] for related results.

Other potential applications are to problems involving the Petersson—

Kuznetsov trace formula (the first of the three items listed in the beginning of
this introduction) as well as to the study of arithmetic functions (like the
primes) in arithmetic progressions to large moduli, as suggested by Theo-
rem 1.7.

1.6. Structure of the proofs. We now discuss the essential features of the
proofs of our bounds for bilinear sums, in the more difficult case of general
coefficients a and 3. Several aspects of the proof are not specific to the case
of hyper-Kloosterman sums. In view of possible extensions to new cases, we
describe the various steps in a general setting and indicate those that are
currently restricted to the case of hyper-Kloosterman sums.

Let ¢ be a prime, and let K be the g-periodic trace function of some ¢-adic
sheaf F on Aiﬂq, which we assume to be a middle-extension pure of weight 0,
geometrically irreducible and of conductor ¢(F). We think of ¢ varying, while
the conductor ¢(¥F) is bounded independently of ¢q. (For the case of hyper-
Kloosterman sums, the sheaf & = Kl is the Kloosterman sheaf, defined by
Deligne and studied by Katz [Kat88].) We denote by v a fixed nontrivial
additive character of F,.

The problem of bounding the general bilinear sums B(K, «, 3), with non-
trivial bounds slightly below the Fourier-theoretic range, can be handled by
the following steps.

(1) We consider auxiliary functions K and R, of the “sum of product”
type, defined by
2
K (r,5,\,b) = 6(As) [ K(s(r + b)) K(s( + bi12))
i=1
and
R(r, A\, b) := Z K(r,s,\,b),
seFy
where 7, s and X are in F, and b = (b1, ba, b3, bs) € F;l.
Building on methods developed in [FM98] (also inspired by the work
of Friedlander-Iwaniec [FI85] and the “shift by ab” trick of Vinogradov and
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Karatsuba), we reduce the problem in Section 2 to that of obtaining square-
root cancellation bounds for two complete exponential sums involving K and
R. Precisely, we need to obtain bounds of the type

(1.7) > K(r,s,0,b) < ¢"/2,
r (mod q)

for s € F, as well as generic bounds

(1.8) > R(r,\b) <q,
r (mod q)
(1.9) ST R A B)R(r N, b) = 6(\, N)g? + O(¢*?).
r (mod q)

Here, “generic” means that the bounds should hold for every A € F, pro-
vided b does not belong to some proper subvariety of A%. Of course, the implied
constants in all these estimates must be controlled by the conductor of &, but
this can be achieved relatively easily in all cases using general arguments to
bound suitable Betti numbers independently of q.

We will obtain the bounds (1.7), (1.8) and (1.9) from Deligne’s general
form of the Riemann Hypothesis over finite fields [Del80]. A crucial feature is
that we can interpret the functions K and R themselves as trace functions of
suitable f-adic sheaves denoted K (on A7) and R (on A®) respectively. We call
the latter the sum-product transform sheaf associated to the input sheaf &, to
emphasize the structure of its trace functions and the “4ab” trick.

Using the Grothendieck—Lefschetz trace formula and Deligne’s form of the
Riemann Hypothesis, we see that the bounds will result if we can show the
following properties of these sheaves:

— the sheaf representing r — K(r,s,0,b) is geometrically irreducible and
geometrically nontrivial;

— the sheaf Ry with trace function r — R(r,\,b) is geometrically irre-
ducible, and R, p is not geometrically isomorphic to Ry p if A" # A.

This is a natural and well-established approach, but the implementation of
this strategy will require very delicate geometric analysis of the ¢-adic sheaves
involved.

(2) The first bound (1.7) is proved in great generality in Section 3 using
the ideas of Katz around the Goursat—Kolchin—Ribet criterion (see [Kat90,
Prop. 1.8.2]) following the general discussion of sums of products by Fouvry,
Kowalski and Michel in [FKM15¢|. Indeed, it is sufficient that the original
sheaf F with trace function K be a “bountiful” sheaf in the sense of [FKM15c,
Def. 1.2], a class that contains many interesting sheaves in analytic number
theory (in particular, Kloosterman sheaves).
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(3) To prove that the sheaf representing r — R(r, A, b) is geometrically
irreducible is much more involved. As a first step, we prove (also in Section 3)
a weaker generic irreducibility property, where both b and A\ are variables.
Indeed, using Katz’s diophantine criterion for irreducibility [Kat96, §7]), it
suffices to evaluate asymptotically the second moment of the relevant trace
function over all finite extensions F a of Fy, and to prove that

1
(¢ Z [R(r,0,b; qu)|2 = q*(1+ o(1)),
4 (r,b)Eng
1
G 2 ROABFW?=g'(1+01),
(T,A)GFjd

as d — 400. Again, the methods are those of [FKM15c| and require only that
J be a bountiful sheaf.

(5) The next and final step is the crucial one and is the deepest part of
this work. In the very long Section 4, we show that one can “upgrade” the
generic irreducibility of R from the previous step to pointwise irreducibility
of the sheaf deduced from R by fixing the values of A and b, where only b
is required to be outside some exceptional set. This step uses such tools as
Deligne’s semicontinuity theorem and vanishing cycles. It requires quite precise
information on the ramification properties of X and R. At this stage, we need
to build on the precise knowledge of the local monodromy of Kloosterman
sheaves K/, which is again due to Katz [Kat88]. We will give some indications
of the ideas involved in Section 4.

Notation. We write d(x,y) for the Kronecker delta symbol. For any prime
number ¢, we assume fixed an isomorphism ¢ : Q, — C. Let ¢ be a prime
number. Given an algebraic variety Xg,, a prime £ # ¢ and a constructible
Q-sheaf F on X, we denote by t5 : X(F,) — C its trace function, defined
by

ty(x) = o(Tr(Frop, | I2)),

where F, denotes the stalk of F at . More generally, for any finite extension
Fa/F,, we denote by tg(-; F a) the trace function of F over F a, namely,

ty(z; Fpa) = L(Tr(Frx,qu | F2)).

We will usually omit writing ¢; in any expression where some element z of
Q, has to be interpreted as a complex number, we mean to consider ¢(z).

We denote by ¢(F) the conductor of a constructible ¢-adic sheaf F on Aiﬂq
as defined in [FKM15a] (with adaptation to deal with sheaves that may not
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be middle-extensions). Recall that this is the nonnegative integer given by

c(F) =rank(F) + [Sing(F)|+ > Swan.(F) + dim HS(AIE, F),
z€Sing(F)
where Sing(F) C PY(F,) is the set of ramification points of F and Swan,(F)
is the Swan conductor at x.
For convenience, we recall the general version of the Riemann Hypothesis
over finite fields that will be the source of our estimates.

PRroprosSITION 1.8. Let F, be a finite field with q elements. Let F and G be
constructible £-adic sheaves on Aiﬂq that are geometrically irreducible, mized of
weights < 0 and pointwise pure of weight 0 on a dense open subset. We have

S tg(as Fotg(w: Fy) <, 1/,
z€F,

unless F is geometrically isomorphic to G, and

> lts(@:Fo)* = a+ O(v/a).

zeFy

The implied constants depend only on the conductors of F and G.

We denote by FV the dual of a constructible sheaf F; if F is a middle-
extension sheaf, we will use the same notation for the middle-extension dual.
Let 1 (resp. x) be a nontrivial additive (resp. multiplicative) charac-
ter of F,. We denote by £ (resp. £,) the associated Artin-Schreier (resp.
Kummer) sheaf on A%;q (resp. on (Gp)F,), as well (by abuse of notation) as

their middle extension to P%q. The trace functions of the latter are given by
ty(v;Fpa) = T/J(TTqu/Fq (z)) ifze€Fu, ty(oo;Fu)=0,
ty(z;Fpa) = X(NTqu/Fq (x)) ifxe qud, tx(0;Fya) =ty (00; Fpa) =0

(which we denote also by 14(z) and by x,q(), respectively). For the trivial
additive or multiplicative character, the trace function of the middle-extension
is the constant function 1.

Given A € Fa, we denote by £y, the Artin—Schreier sheaf of the character
of F a defined by x w(Trqu/Fq()\x)).

If ¢ > 3, we denote by x2 the Legendre symbol on F,.

If X, is an algebraic variety, ¢ (resp. x) is an f-adic additive character of
F, (resp. f-adic multiplicative character) and f : X — Al (resp. g : X —
Gn) is a morphism, we denote by either Ly sy or Ly(f) (resp. by Ly or
£L.(g)) the pullback f*L, of the Artin-Schreier sheaf associated to 1 (resp.
the pullback g*£, of the Kummer sheaf). These are lisse sheaves on X with
trace functions x — ¥ (f(z)) and x — x(g(x)), respectively. The meaning of
the notation Ly(f), which we use when putting f as a subscript would be
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typographically unwieldy, will always be unambiguous, and no confusion with
Tate twists will arise.

Given a variety X/F,, an integer £ > 1 and a function c on X, we denote
by Ly (cs'/*) the sheaf on X x A' (with coordinates (z,s)) given by

s Lp(e(a)t)
where « is the covering map (z,s,t) — (z, s) on the k-fold cover
{(z,5,t) € X x Al x Al | tF = s}

Given a field extension L/F), and elements a € L* and € L, we denote
by [xa] the scaling map x — ax on A}, and by [+/3] the additive translation
x +— x + (. For a sheaf F, we denote by [xa]*F (resp. [+a]*F) the respective
pull-back operation. More generally, given an element v = (¢ %) € PGLy, we
denote by v*F the pullback under the fractional linear transformation on P!
given by

ar +b
cx+d

We usually omit mention of any necessary base change to L if the matrix

involved is in PGLy(L) for some extension L/F,,.

We will usually not indicate base points in étale fundamental groups;
whenever this occurs, it will be clear that the properties under consideration
are independent of the choice of a base point.

As mentioned above, a large portion of our argument is valid for a more
general class of functions K than hyper-Kloosterman sums. We now state
the definition of the relevant class of sheaves, which is a slight extension
of [FKM15¢c, Def. 1.2]. Let § be a middle-extension sheaf on Al of rank
k > 2, which is pure of weight 0. Let U = A — Sg denote the maximal open
subset where G is lisse, and let ¢(G) be the conductor of §. Let F be either G
or the extension by zero to A! of §|U.

Definition 1.9. We say that F is bountiful (resp. bountiful with respect to
the upper-triangular Borel subgroup B C PGLg) if

— The geometric and arithmetic monodromy groups of the lisse sheaf F|U,
or equivalently of G|U, coincide and are equal either SLj if £ > 3 or to
Spi. Accordingly, we will say that F (or §) is of Sp or SL type.

— For any nontrivial element v € PGLy(F,) (resp. in B(Fy)), the sheaf v*§
is not geometrically isomorphic to § ® £ for any rank 1 sheaf £.

— If F is of SL-type, there is at most one £ € PGLy(Fy) (resp. £ € B(F,))
such that we have a geometric isomorphism

£5~G" L
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for some rank 1 sheaf £. If the element & exists, it is called the special
involution of F. It is exactly of order 2 and in the Borel case, is of the

shape
(-1 bs
5?—( 1)-

Remark 1.10. We take this occasion to address a minor slip in [FKM15c]
pointed by one of the referees: the original definition of a bountiful sheaf
should have required the rank of the sheaf to be > 3 in the SL case, since SLo
should be viewed as a symplectic group in this context (because its standard
representation is self-dual). Correspondingly [FKM15¢, Th. 1.5] should include
this condition as well. This has no impact on applications since the resulting
corollaries all included that condition in their statement.

Remark 1.11. Another difference with [FKM15¢] is that we allow the pos-
sibility that F be the extension by zero of § and do not require that F be
necessarily a middle extension. It is immediate that the results of [FKM15c]
that we use extend to this slightly more general class of sheaves: the arguments
there are either performed on a dense open subset where all sheaves involved
are lisse, or only depend on the bound |¢g(z)| < rank(z) for a middle-extension
sheaf G (see, e.g., [FKM15c, p. 21, proof of Prop. 1.1]). We refer to Remark 4.7
for a justification of this change in the definition of [FKM15c|.

The Kloosterman sheaves K¢, (defined here as extension by zero of the
Kloosterman sheaves on Gy,) are examples of bountiful sheaves. They are of
Sp-type if k is even and of SL-type if k is odd (cf. [Kat88, FKM15c]), and
in that case, there is a special involution given by ¢ = (7' ,), and indeed
*XKly, ~ K¢ . All this will be recalled with references in Section 4.2.

Acknowledgements. We acknowledge the deep influence of E. Fouvry on
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2. Reduction to complete exponential sums

In this section, we perform the first step of the proof of Theorems 1.3
and 1.1: the reduction to estimates for complete sums over finite fields. The
two subsections below are essentially independent; the first one concerns special
bilinear forms (“type I,” as in Theorem 1.3) and the second discusses the case
of general bilinear forms (“type II,” as in Theorem 1.1).

2.1. Special bilinear forms. We follow the method of [FM98], as general-
ized in [BFK"17, §6.2]. Let ¢ be a prime number, and let ¥ be a bountiful
sheaf on A%?q (with respect to the Borel subgroup). Let k > 2 be the rank of
F and c(¥) its conductor.

We fix some ¢ € F and denote K. = [xc]*K. We consider the special
bilinear form

B(K.,a,N) = ZZ am K (cmn)
m<M,neN

where N is an interval in [1,q — 1] of length | N | and o = () m<yr With
(2.1) 1< M < N2 N<gq, MN < >

Remark 2.1. The condition MN < ¢3/2 is somewhat restrictive. It arises
from the estimate of the possible “bad” parameter b. (See the proof of The-
orem 2.4 below.) However, for MN > ¢°/2, other methods lead to nontrivial
estimates for these bilinear forms (e.g., the bound (1.3)).

Given auxiliary integral parameters A, B > 1 such that
(2.2) 2B<q, AB<N, AM <gq,

we have

B(K., o, N) = ABZZ > am > Kc(m(n+ab))

A<a<2Am<M n+abeN
B<b<2B

A ZZ Zam Z K.(am(an +b)).

A<a<2Am<M n+abeN

B<b<2B
We get
B(K.,a,N) <. — AB ZZ v(r,s) Z m K (s(r + b)),
r (mod q) B<b<2B
s<2AM
where

v(rs)= 32> laml

A<a<2A, m<M, neN
am=s, an=r (mod q)
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and (my) B<b<2p are some complex numbers such that |n,| < 1. We have clearly

Zy(r,s) < AN Z |t |-

T,8 m<M

We also have

2
Dvrs)t= 3 > lamllaml.
r,s a,m,n,a’ ;m’n’
am=a'm’
a’n=an’ (mod q)
Observe that, once a and m are given, the equation am = a’m’ determines
a’ and m’ up to O(¢%) possibilities; furthermore, for each such pair (a,m) and
each n € N, the congruence a'n = an’ (mod ¢) determines n’ uniquely, as n’
varies over an interval of length < ¢. Therefore we get

Z v(r,s) <<Z\am\2 Z Z 1<<5q€ANZ\am\2

namn

am=a'm’
a’n=an’ (mod q)

where we have used the inequality |c, ||| < |m|? + o |?.

We next apply Holder’s inequality in the form

Sy v S mKo(s(r + b))]

r (mod q) B<b<23
1<s<2AM
1 1
< (X vl 9)* (X vr9?)’
7,8 7,8

4

N

)

3 1 1
< F(AN)i el Zllel3 (30| D0 mKe(s(r+1b))
§ 'B<b<2B

< (3| X mEs(r+b))

$ 'B<b<2B
4

N

)"

Expanding the fourth power, we have

(2.3) Dol mE(s(r+0)

s 'B<b<2B

4
< Y[R (K, b AM)|,
beB

where B denotes the set of tuples b = (b1, b2, b3, bs) of integers satisfying B <
bi<2B (i=1,...,4), and

(2.4) S(Ke, b AM) = > HK (r+ ) Kc(s(r + bis2)).

r(mod q) =1
1<s<2AM

This is a sum over r and s of a product of four values of the trace function K,
which we will later specialize to hyper-Kloosterman sums. At this stage, we
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have proved the bound

N3/4
e
(25)  Bl.aN) < ¢z

a2 el (32 bi b))
beB

for any € > 0, where the implied constant depends on € and on the conductor
of .

To continue, we first define the “diagonal” in the space of the parameters
b € B. We recall that sheaves of Sp-type or of SL-type were introduced in
Definition 1.9.

Definition 2.2. Let V2 be the affine variety of 4-uples
b= (bl, ba, bs, b4) S A%‘q
defined by the following conditions:
— if F is of Sp-type, then for any i € {1,...,4}, the cardinality
Hi=1,...,4 | bj = b}
is even;
— if F is of SL-type, then for any ¢ € {1,2}, we have
{i=1210b;=bi}| —{j=3,4 ] bj =bi}| =0.
We now denote by B4 the subset of tuples of integers b € B such that
b (mod q) € VA(F,).

Since k > 2 and 2B < ¢ (by (2.2)), we have |B2| = O(B?). For b € B4,
we estimate X(K., b; AM) trivially using the bound |K(cx)| < c(F). The
contribution to (2.3) of all b € B satisfies
(2.6) > IS(Ke, by AM)| < AB*Mq,

beBA
where the implied constant depends only on the conductor of F.

In Section 3, we will establish two estimates concerning the contribution
of b & B2, For the first argument, we fix the value of s with 1 < s < 24AM
and we average over T.

LEMMA 2.3. For b € B\B2 and any s € F, we have

2
S I Eels(r + b)) Ke(s(r + biga)) < g2,
r (mod q) i=1

where the implied constant depends only on c(F).
In particular, for any subset B’ C B\BA, we have
(2.7) > [S(Ke by AM)| < AM|B'|q"?,
beB/

where the implied constant depends only on c(F).
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This result gives a saving of a factor ¢'/2 over the trivial bound. We refer
to Section 3.1 for the proof.

The second argument is much deeper, and we can only bring it to comple-
tion for hyper-Kloosterman sums. We apply the discrete Plancherel formula
to complete the sum with respect to the variable s. (See, for instance, [1K04,
Lemma 12.1 and following].) Recall that v is a fixed nontrivial additive char-
acter of F,. For any function L: F, — C, define

S(L,b,A) = > R(L,7,\b)
reFy

with
(2.8) R(L,7m, A\, b) Z P(As) H s(r+b;))L(s(r + biy2)).
SEF><
Then, observing that for any ¢ € F ', we have
(2.9) R(K¢r, A, b) =R(K,r,\/c,b), (Kc,b A) = (K b,\/c),
and the completion yields the bound
S (K., b; AM) < (log q) max |S(K, b, \)|,

AEF,

where the implied constant is absolute.
Taking F to be the Kloosterman sheaf with trace function K = Kl, we

will obtain an additional saving of ¢%/2
the cancellation in the completed variable s, leading to a net saving AMgq

in comparison with Lemma 2.3, from
1/2

THEOREM 2.4. Let k > 2, and let K = Kl,. There exists a codimension
1 subvariety VP24 c A4Fq containing V2, with degree bounded independently of

q, such that for any \ € F, and any b ¢ VP*4(F,), we have
E([xc]* Klg, by AM) < qloggq
for any c € F;. The implied constant depends only on k.

This follows from Theorem 4.11 in Section 4.

Now, assuming Lemma 2.3 and Theorem 2.4, we can conclude the proof
of Theorem 1.3. Indeed, set

BPMd — BN {bec B | b(modgq) € VP*4(F,)}, B =B\BPad

Since VP24 has degree bounded in terms of k only, independently of g, we have
|BPad| = Op(B?). (In fact, |BP*| < (deg VP*4)|B|3 by the so-called Schwarz—
Zippel Lemma.)
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Thus, applying Theorem 2.4 for b € B8 the bound (2.7) from Lemma 2.3
for b € BPad — B2 and finally (2.6) for b € B2, we obtain

> [S (%" Ky, b; AM)| < (B'q + AB*Mg'/? + AB*Mg)(log ).
beB

Upon choosing
1 2 1
A=M"3N3, B=(MN)s,

(which satisfy (2.2) by (2.1)), we see that the first and third terms in paren-
thesis coincide and are equal to (M N )4/ 3¢, while the second term is equal
to

(MN)3q x (MNq=3/2)1/3 < (MN)*3q

by (2.1). Therefore we deduce from (2.5) that

B([xe]" Klg, 0, N) < e (AN? el llexl3 By

AB

i1 M?2N5\ -1/12
<ne @l lall3 M IN (=) T
q
This proves Theorem 1.3, subject to the proof of Lemma 2.3 and of The-
orem 2.4.

2.2. General bilinear forms. We now consider the situation of Theorem 1.1.
Again we begin with a prime ¢ and a bountiful sheaf F on A%q with respect
to the Borel subgroup. Let k > 2 be the rank of F and c(¥) its conductor.

Given M, N > 1 satisfying

(2.10) 1< M < N4, ¢"* < MN < ¢4,

an interval N C [1,q — 1] of length |N| and sequences ¢ = (n)m<as and
B = (Bn)nen, we consider the general bilinear form

B(K.,a,B) = ZZ am Brn K (emn).

m<M,neN

We begin once more as in [FM98], [BFK'17]. We choose auxiliary pa-
rameters A, B > 1 satisfying (2.2). The argument of [BFK™17, §5.5] leads to

the estimate
(2.11)

“ 1/4
|B(Ke, 0, B)2 < [l BIBIZ (N + = (AN)YAM2 (3 57 (K, b AM)|) )

AB 5
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for any € > 0, where the implied constant depends only on ¢(¥F) and ¢, and
where

SE(E b AM) = Y Y HK (s1(r +bi)) Ke(s2(r + b))

r (mod q) 1<s1,50<AM =1
51782 (mod q)

Ke(s1(r + biy2)) K c(s2(r + biyz2))

for b running over the set B of quadruples of integers (b1, by, bs, by) satisfying
B < b; < 2B. Note that, in the case K = Klg, we now have a sum, over the
three variables (7, s1, s2), of a product of eight hyper-Kloosterman sums.

We will estimate the inner triple sum over r, s1, so in different ways de-
pending on the value taken by b.

First, for b € B2 (as defined in Definition 2.2), we use the trivial bound
from |K(cx)| < ¢(F) and obtain

(2.12) > (Ke, b AM)| < A’ B2 M?,
beBA

where the implied constant depends only on c(¥).
We next have an analogue of Lemma 2.3, where we sum over the variable r
for fixed (s1, $2):

LEMMA 2.5. For b€ B\B® and any s1, s2 € F; with s1 # s2, we have

2
Ko(s1(r + b)) K o(so(r + b;
(219 r(r%);iq)i:l—[l (s1(r + b)) Ke(s2(r + b))

Ko(s1(r + big2)) Ke(s2(r + biga)) < ¢*/%,

where the implied constant depends only on c(F).
In particular, for any subset B’ C B\B>, we have

> ISP (K, by AM)| < (AM)?[B']q'2,
beB’

where the implied constant depends only on c(F).

This is proved in Section 3.1.

Finally, we use discrete Fourier analysis. We detect the condition s; #
s9 (mod q) using additive characters:

1—-= Z eq(A(s1 —s2)) =

q A (mod q)

1 1 if s; #s2in Fy,
0 otherwise.



432 EMMANUEL KOWALSKI, PHILIPPE MICHEL, and WILL SAWIN

We further complete the sums over s; and sy using additive characters.
For any L: F;, — C, we define

G(Lv)\b)\%b) = Z R(L7T7>\17b)R(Lvra)‘2ab)7
r (mod q)

where R(L,r, A\, b) is the sum defined in (2.8). Then let

1
E(L7b7)\17)‘27):e(La)\la)\27b)_7 Z G(L7A1+)\7)\2+)‘7b)
q)\(modq)

Observing, as in (2.9), that for ¢ € F; we have
S(Ke, b, A, Ae) = S(K, At/e, Az /e, b),
the completion leads to the bound

Y7 (K., by AM) < (logq)? max  [S(K,b, A\, Ao)|
A1, 2€F,
for any ¢ € F, where the implied constant is absolute.
We must now assume as before that F = X/}, is the Kloosterman sheaf of
rank k with trace function K = Kl;. We will prove below our final bound:

THEOREM 2.6. Let k > 2, and let K = Kly. There exists a codimension
1 subvariety VP24 A%‘q containing V2, with degree bounded independently of

q, such that for any b & Vbad(Fq) and every distinct A\, A2 € Fq, we have
(2.14) 2(Klg, b, A1, Ao)| < ¢%/2,

where the constant depends only on k.

This follows from Theorem 4.11 in Section 4. In fact, the subvariety Vbad

is the same as in Theorem 2.4.
Assuming these results, we conclude the proof of Theorem 1.1 in the same
manner as in the previous section. For

BPd — BN {bec B | b(modgq) € VP*4(F,)},  BE™ =B\BPad

we have the estimate |BP#d| = O (B?) since VP24 has degree bounded inde-
pendently of q.

We apply Theorem 2.6 for b € B&", the bound (2.13) of Lemma 2.5 for
b € Bbad — BA and finally (2.12) for b € B2, This gives

SIS ([xc]* Kly,, by AM)| < (log q)*(B*¢** + A*B3M?¢"/? + A2 B*M?q),
b

where the implied constant depends only on k.
We select

N|=

A=qsM 3N2, B=q sM2N3,
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which satisfy (2.2) by (2.10). Then AB = N and the first and third terms on
the right-hand side are equal to (M N)2g. The second term is (MN)gqg <
(M N)2q by (2.10). Therefore we have

ST IS#([x]* Klg, b AM)| < (MN)?q(log q)?,
b

and consequently we obtain from (2.11) the bound

. q
[B([xd]" Kl e, B) < [l BIBIB (N + T (AN A0r'/2q /(M N)2)
5 11
< @l BIBIZ(N + (MN)Fq3)
_ _3 1
< ¢ |alBIBIEMN (Mt + (MN)~5q%),

for any € > 0, where the implied constant depends only on k£ and ¢.
This concludes the proof of Theorem 1.1 modulo the proof of Lemma 2.5
and of Theorem 2.6.

Remark 2.7. As in [FM98] it is possible to apply the Holder inequality
that leads to (2.11) with higher exponent than 2l = 4. Doing this leads to
sums involving products of the shape

l
(rys1,82) = [T K (s1(r + 0:)) K (s2(r + b)) K (s1(r + bi1) ) K (s2(r + bit1))

=1

for
b = (bl, .. '7bl7bl+17 .. .,bgl) E]B,23]2l.

Except for heavier notational complexity, some of the arguments of this
section (and of the next) do carry over and (assuming that (2.10) holds), one
obtains for [ > 3 and M N > q7/8 the bound

1
|B(Kly, o, B)2 < ¢l 3IBIBMN (M~ + (¢4 (M N)~5) 7053 ).

This bound is only interesting when [ = 3 and yields a nontrivial estimate
in the range

MN>Q%+5, 0>0

compared with M N > q%H in Remark 1.2.

In order for the Holder inequality with higher exponents to give better
estimates, one needs to improve the lower bound on the codimension of the
variety V}Dad C A%«lq in the corresponding generalization of Theorem 2.6. At
the moment, we only know that this codimension is at least 1, but if one could
prove that this variety has codimension 2, one could take [ = 5 and obtain a

nontrivial bound in the range M N > q%+5.
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The best possible result that might be achieved using this method would
be if V}Oad had codimension /. This would lead to nontrivial bounds as long as

MN > it 550,
Although we expect that the codimension of V}’ad is indeed [, this seems a diffi-
cult geometric problem when [ is large. (Indeed, the method used in Section 4
do not seem to be sufficient, as they amount to “estimating” V; by showing
that it is a subvariety of another variety whose codimension we estimate, and
one expects that the codimension of this auxiliary variety is exactly 1.)

By taking [ very large, we thus see that the limit of the method is the
range M N > q%+5. Interestingly, this is the same range achieved in [FKM14,
Th. 1.6] for the case where av and 3 are both smooth.

D. Bejleri, A. Christensen, B. Kadets, C.-Y. Hsu and Z. Yao have verified
some of the claims in this remark while pursuing a research project during the
2016 Arizona Winter School.

3. Bounds for complete exponential sums

In this section we use methods from ¢-adic cohomology to prove Lem-
mas 2.3 and 2.5, and we make the first steps towards Theorems 2.4 and 2.6.
The proof of these last two theorems will be finished in Section 4.

All results in this section apply for bountiful sheaves (with respect to the
Borel subgroup). Thus we fix a prime ¢ and such a sheaf F on A%q. We denote
by K the trace function of &, and by Sing(F) C P(F,) the set of ramification
points of F.

For any finite extension Fa/Fy, for b € (Fa)*, A € Fa, and (r,s) €

F,a X F 4, we denote

2
K(r,5,X,b;Fga) = Up_,(\s) [T E(s(r+b:); Fpa) K(s(r + biga); Fpa).
i=1
For d = 1, we write simply K(r, s, A\, b) = K(r,s, A\, b; F,).

3.1. One variable bounds. The next proposition is a restatement of Lem-
mas 2.3 and 2.5, where the variable ¢ € FqX is taken to be equal to 1; since we
may replace s by cs (resp. (s1,82) by (¢s1,c¢s2)), this implies the case where
c € F is arbitrary.

PROPOSITION 3.1. Assume q # 2. Let V2 C A%q be the affine variety
given in Definition 2.2. For all b = (b1, by, b3, bs) € F,* — VA(F,) and for all

X
q

(3.1) > K(r,5,0,b) < ¢/

reF,

s, 81, 89 € F, with s1 # so, we have



BILINEAR FORMS WITH KLOOSTERMAN SUMS 435

and

(32) Z K(’I“, 81,0, b)K(’l“, SQaOab) < q1/27
reFy

where the constant implied depends only on the conductor of F.

Proof. This follows from the techniques surveyed in [FKM15c|. Precisely,
for fixed s € F; and b ¢ VA(F,), the sum in (3.1) is of the type discussed
in [FKM15¢, Cor. 1.6] with k =4, h = 0, the 4-tuple

Y= (78717 e 7"}/874) € PGLQ(Fq)4

bi .
'7872-:(8 Sll>,Z:1,...74

and (if F is of SL-type) the 4-tuple
o = (0i)i=1,..4 € Aut(C/R)*,

such that

where
01 =09 =1dg, 03=04=c¢, c¢=complex conjugation.

If F is of Sp type, the fact that b is not contained in V2 (F,) implies that
the tuple v is normal in the sense of [FKM15¢, Def. 1.3].

Similarly, if F is of SL-type with rank(F) = r > 3, and b ¢ VA(F,), the
pair of tuples (v, o) is r-normal, including with respect to the special involution
&g of F, if the latter exists. Indeed, because g # 2, Vs,iVs, ]1 is not an involution
unless b; = b; and so can only be equal to {5 if b; = b;. This means that
conditions (2) and (3) of [FKM15¢c, Def. 1.3] are equivalent in our situation.
Thus the bound (3.1) follows from [FKM15c, Cor. 1.6].

We now consider the bound (3.2), with h = 0, k = 8, the 8-tuple

Y= (751,1, <oy Vs1,4y Vso,ly e v e 3V8274)
and (in the SL-type case) the 8-tuple

o = (Id¢,Idc, ¢, ¢, ¢, ¢, 1dc, Idc).

For s1 # sy and b ¢ VA(F,), the 8-tuple v is normal for F of Sp,-type
while for F of SL,-type with r > 3, the tuples (v, o) are again r-normal (also
possibly with respect to the special involution &7, if it exists). Indeed, the
fact that s; # s9 implies that the multiplicities involved in checking [FKM15c,
Def. 1.3] are either multiplicities from the 4-tuple associated to si, or from
that associated to sz, and we are reduced to the situation in (3.1). Hence we
obtain (3.2) by [FKM15¢c, Cor. 1.6]. O

By definition, the bound (3.1) gives Lemma 2.3, and (3.2) gives Lemma 2.5.
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Remark 3.2. In the case of hyper-Kloosterman sums (K = Kly), the state-
ments we use are special cases of the bounds stated in [FKM15c, Cors. 3.2, 3.3].

3.2. Second moment computations. We now consider second moment av-
erages. These estimates will be used in the next section to prove irreducibility
of various sheaves.

For any finite extension F 4 /F,, any b € (qu)4 and r € Fa, we define

(3.3) R(r, A\, b;F ) = > K(r,s,A\,b;F ).

SEqu

Note that, as a function of A, this is the discrete Fourier transform of s —
K(r,5,0,b;Fa).
LEMMA 3.3. Suppose that the b;, 1 < i < 4, are pairwise distinct in F.
For any d > 1, we have
1

(34) (q%)2 STS IR A B F )P = ¢ + O(¢?),
q NS

where the implied constant depends only on the conductor of F.
If F is of SL-type and admits the special involution

(3.5) €= (‘01 (f) ,

then we have

1
S R F o )R(r, =\ b F ) = 0(¢7?),

(3.6) -
(¢%) rAEF g

where the implied constant depends only on the conductor of F.

Proof. We abbreviate simply ¢ = ¢ , and K(z) = K(z;F ) in the
computations. Opening the squares in the left-hand sides of (3.4) and (3.6)
and averaging over )\, we obtain

¢ ® Y [K(r,s,0,b;F )

r,sGqu

4
=q " Y JTIEG+0))

T,sEquizl
4
—t Y S TLIKGG )P+ o)
rEqu sEqu i=1
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and
a® Y K(r,s,0,b;F)K(r,—s,0,b;F )
r,sEqu
2
g > LK +b:)K(s(r+ biya)) K (—s(r +b;)) K (—s(r + bi12))
r,sEF 4 1=1
Y Y K6+ b RGr )
T'EFd seF dl 1

b0, i=1,..4
X K(—s(r+b))K(—s(r+bi+2)) + O(1)

respectively, where the implied constant depends only on the conductor of F.

Since £*F is geometrically isomorphic to the tensor product of the dual
of F with a rank 1 sheaf £, by assumption, it follows that K (—z) = x(z)K ()
for some function x with |y(z)| = 1 for all  such that F is lisse at . Hence
the last sum is equal to

_ 2
g > > Ls H (s(r+b3))* K (s(r + biy2))” + O(1),
reF @ seF q@ =1
r+b;7#0, i:1,...,4

where
HX (r+0i))x(s(r + bit2))

is the trace function of a rank 1 sheaf. Using the relation &*F ~ FV @ £, we
see that the conductor of £ is bounded in terms of the conductor of & only.

We proceed to evaluate the sum over s using again [FKM15¢c]. (More
precisely, the final estimates follow from the extension to all finite fields of
these results, which is immediate.)

Tr4b; = 0 1/

In the Sp-type case, since the r + b; are pairwise distinct for 1 < ¢ < 4,
the 8-tuple

For each 1, let

’Y == (77‘—‘,—[)17 L) 77’{'4—1)45 77"—‘,—1717 [ 777"—‘,—()4)
consists of four distinct pairs (v, ); by [FKM15C Cor. 1.7 (1)], it follows that
for each r distinct from the —b;, for 1 < i < 4, we have

> H K ((r +b:)s)]” = g + O(¢"?),
sGqu =1

and summing over r gives (3.4).
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In the SL-type case with r = rank(F) > 3, the components of the pair of
8-tuples

Y = (77"-}—()1’ L a’YT‘+b47 77‘+b15 L 777‘-1474)’
o = (Idc,Id¢, Ide, Idc, ¢, ¢, ¢, ¢)
satisfy the final assumption of [FKM15c, Cor. 1.7 (2)], and hence
4
> TTIE(r +b)9)P = ¢* + O@*)
SEqu =1

also follows if r + b; is nonzero for each i. We therefore derive (3.4) again.
Finally we prove (3.6): Recall we are in the SL-type with the special
involution ¢ as in (3.5) and with the pair of 8-tuples

Y= (77’+b17 coe sy Vr4bys Vr4bro - - - 771“+b4)7
o = (Id¢,Idg, ¢, ¢,1dc, Idc, ¢, ¢).

This pair is r-normal with respect to £ (because the multiplicity of any element
in the tuple is either 0 or 2). Arguing as in the proof of [FKM15¢c, Th. 1.5]
(pp. 20-21, loc. cit.), we deduce that for each r distinct from the —b; for
1 < i< 4, we have

2
S L) [T K(s(r + b)) K (s +bis2)). < ¢,
seF 4 =1
q
where the implied constant depends only on the conductor of F. U

Finally, we consider one more averaging over the r and b variables in the
case when A = 0.

LEMMA 3.4. For any d > 1, we have

SN IR, 0,6 F ) = ¢f + O(¢7?),

1
d\5
(Q) (r,b)Gde

where the implied constant depends only on the conductor of F.

Proof. By a change of variables, we see that the sum is given by

Y| Y [T P Ko Fy)

b1,b2,b3,b4 scF* =1
d

2

= Y |C(K,s,ssFa)PC(K, s, s;F )|,

/ X
s,s'e€F
b qd
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where C(K, s, s'; F 1) denote the correlation sum

C(K,s,8;Fp) =q % Y K(sb;Fu)K(s'b;Fa)
beF 4
q

=q¢ > K((s/s")b;F 1)K (b; F a).
bEqu

By assumption, the sheaf F is geometrically irreducible and is such that
[x(s/s")]*F is geometrically isomorphic to F if and only if s = §’. Therefore
by the usual application of the Riemann Hypothesis (see Proposition 1.8), we
have

C(K,s,5';F ) =6(s,s") +O(q~?),

where the implied constant depends only on the conductor of F. It follows that

Z ‘G(Kv S, 5/; qu)|2‘e(K, S,, N qu)|2 = qd + O(qd_d/2) + O(qu—4d/2)

s,s/eFXd
q
= ¢*+0(¢"?),

where the implied constant depends only on the conductor of F. O

4. Irreducibility of sum-product transform sheaves

The goal of this long section, which is the most difficult of the paper, is
to prove Theorems 2.4 and 2.6. In the whole section, we fix a prime ¢ and a
nontrivial additive character 1) of F,. We also fix an integer k > 2. We will
also assume that ¢ is sufficiently large depending on k. In particular, unless
stated otherwise, we always assume that

q>k>=2.

We first begin by outlining the argument. The 7-variable function K and
its sum R associated to the trace function of a sheaf F are first interpreted as
trace functions of suitable sheaves in Section 4.1. The goal is then to prove that
various specializations of these sheaves, which we call sum-product sheaves, are
geometrically irreducible. This we can do when F is a Kloosterman sheaf. To
do so requires quite delicate properties of these sheaves, which are recalled in
Section 4.2. It also requires some relatively general tools, which are stated
for convenience in Section 4.3. The argument splits in two parts, depending
on whether we specialize with A\ = 0 or with A # 0, and these are handled
separately in Sections 4.4 and 4.5.
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4.1. Sum-product sheaves. Let F be an Q,-sheaf on A%q, lisse of rank
k and pure of weight 0 on a dense open subset, and mixed of weight < 0
on A'. (Examples of this include the extension by zero of a lisse and pure
sheaf from an open subset or the middle extension of a lisse and pure sheaf

[Del80, Cor. 1.8.9].)
On the affine space A7 = A2 x A! x A* with coordinates denoted
(1,5, A\, b), we define the projection pa3 : A" — Al by

p2,3(r, 8, A\, b1, ..., by) = As
and morphisms f; : AT — Al for 1 <i <4 by
(4.1) filrys, A\ by, ..., bg) = s(r+b;).
Let X be the Q/-sheaf on A7 defined by
2
(4.2) K =p5 3Ly @ @(f:ff D fi25FY).

The sheaf X is a constructible Q,-sheaf of rank k* on A7, pointwise mixed
of weights < 0. It is lisse and pointwise pure of weight 0 on the dense open set
Uy that is the complement of the union of the divisors given by the equations

{s(r+b;))=p} forpeSyandi=1,...,4,
where Sy is the set of ramification points of ¥ in A'. The trace function of X is
tac(r,s, A, b) = K(r,s,\, b)

for (r,s,\,b) € Ux(Fy).
Now we consider the projection 732 : A7 — A6 given by

7 (r,5,\,b) = (1, A, b),

and the compactly-supported higher-direct image sheaves Riﬂ!(Q)fK. Since the
fibers of 7(2) are curves, these sheaves are zero unless 0 < i < 2.

LEMMA 4.1. Assume that the sheaf F is bountiful with respect to the Borel
subgroup.
(1) For 0 < i< 2, the sheaf Riﬂ'!(2)fK on A%q is mized of weights < i.
(2) Let V2 be the subvariety of A* given in Definition 2.2. The sheaves
R07r.(2)96 and R27T,(2)5C are supported on Al x Al x VA,
(3) For'(r, A b) such that b ¢ V2, the geometric monodromy representation

of the sheaf X, xp does not contain a trivial subrepresentation on a dense
open subset of A where it is lisse.
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Proof. The first part is an application of Deligne’s main theorem [Del80,
Th. 1]. For the second part, by the proper base change theorem, the stalk of
Riw!@)fK at x = (r,\,b) € A is
2
Hi(AE  Ly(sn) @ @E[X(T +0)]"K @ [x(r + bit2)]"KY),
1=
where s is the coordinate on Al.
This cohomology group vanishes for i = 0 and any x. For i = 2 and = ¢
VA, its vanishing is given by [FKM15c, Th. 1.5] using (only) the assumption
that F is bountiful in the sense of our definition.
For the last part, we first consider a closed point # = (r, A\, b). Then the
vanishing of the stalk
2
HZ(Ag . Loy ® QX+ b)]"K @ [x(r + bir2)]"KY)
i=1
of R27T!(2)JC implies that the geometric monodromy representation of X, »p
has no trivial subrepresentation where it is lisse (by the co-invariant formula
and the semisimplicity that holds because the sheaf is pure of weight 0). The
statement then extends to all points by Pink’s Specialization Theorem [Kat90,
Th. 8.18.2]. O

The sheaf RIWI(Q)IK, which is mixed of weights at most 1, is almost the sheaf
we want to understand. However, some cleaning-up is required to facilitate the
later arguments. Precisely, recall (see [Del80, Th. 3.4.1 (ii)]) that a lisse sheaf
that is mixed of weight < w is an extension of a lisse sheaf that is pure of
weight w by a mixed sheaf of weight < w — 1. Thus the following definition
makes sense:

Definition 4.2 (Sum-product sheaf). Let F be a bountiful sheaf on A%q,

and let K be the sheaf (4.2) and R = R17r!(2)fK. Consider the stratification
(Xi)1<i<m of A%q such that

— X is the maximal open subset of A% on which R is lisse;
— for i > 2, X; is the maximal open subset of A%\ (X;U---UX;_1) on which
R is lisse.

We define the sum-product transform sheaf R* associated to F as the con-
structible sheaf given as the sum over X; of the maximal quotient of R|X; that
is pure of weight 1 extended by zero to all of A%q, so that R*|X; is the maximal
quotient of R|X; pure of weight 1.

For any (A, b) € A®, we denote by R} p the pullback of R* to the affine line
given by the morphism r — (7, A\, b), and we call R} b & specialized sum-product
sheaf.
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By construction, the sum-product sheaf is punctually pure of weight 1. A
first property of this sheaf is as follows:

PRrROPOSITION 4.3. For any d > 1, we have

SN Jtge (r,0,b;F a) 2 = ¢ + O(¢¥?).

( 5
(r,b) €F5

Proof. Since
28 (7“, 07 b, qu) = tﬂ?(ra 07 ba qu) + 0(1)7

by construction, it is enough to prove that

SN [tr(r,0,b6;F a)|* = ¢ + O(¢™?).

(r, b)GF5

(q5

Let V2 be the subvariety of A* of Definition 2.2. We have

ST RE0.BF)P = Y > |R(r,0,b;F )
(r )GFi (rb)EFz
bZVA(F )
+ > IR(r,0,b;F )%
(r,b)EFZd
bevA(qu)

Since VA has codimension 2 and R(r,0, b; qu) < ¢% the second sum is
bounded by < ¢°¢. On the other hand, the first sum equals

o> ltr(r 0,6, F ).

(r,b)EFi 4
besz(qu)

By the same argument, we get

SN Jtr(r, 0,5 F )P = YN Jta(r,0,b;F a)]* + O(¢°?),

(rb)€F?, (rb)eF?,
bQVA(qu)
and the result then follows from Lemma 3.4. O

The following lemma is a fairly standard one:

LEMMA 4.4. Let F1 and Fo be two lisse £-adic sheaves on a smooth geo-
metrically connected scheme X/F,. Assume that F1 and Fy are both pure of
some weight w and that for any d > 1 and any = € X(qu), we have

tg, (73 Fpa) = tg, (v, F pa) + O(qd(w_l)/2),
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where the implied constant is absolute. Then the semisimplifications of F1 and
F9 are isomorphic.

Proof. By the Chebotarev density theorem, it suffices to prove that the
trace functions of F; and F5 actually coincide (see, e.g., [Lau87, Prop. 1.1.2.1]).
After applying a suitable Tate twist, we may assume that w = 0. Let d > 1,
and let © € X(F ). Denote by (a;) (resp. (0;)) the (complex) eigenvalues of
the Frobenius at x relative to F a on F3 (resp. F3). By assumption, for any
integer k > 1, we have

doaf =3 65 +0( ).
( J
We multiply this by z* and sum over k > 1, getting

S s = S G

- 1— oz 7

where R(z) is holomorphic for |z| < ¢*/2. Comparing poles, we deduce that
the a;’s are a permutation of the 3;’s, hence the result. O

We deduce from this an important duality property.
LEMMA 4.5. For b= (b1, by, bs,by) € A%, let b = (b3, by, by, by). For any
X and b ¢ V2, the arithmetic semisimplifications of 923\7/17 and R*—AB(U are

isomorphic on any dense open subset where ﬂ%j\’b is lisse.
Proof. Let U be a dense open subset where R, is lisse. We will check

that the sheaves fRf\’vlv, and R* | ;(1), which are both pure of weight —1, satisfy

the conditions of the previous lemma. Indeed, let d > 1 and z € U(F ) be
given. We observe that

tre (2:Fga) =tg_, ;(;F ) +O(1) = —R(z, -\, b) + O(1)

= —R(x,\,b) +O(1) = tg, , (x;Fa) + O(1)
= tgg;b(x; Fa) +O(1).

Since R ;, is pure of weight 1 on U, we have further that

l— 1 _
tfR’)‘\Yb('x; qu) = ?tf}{lb(l’; qu) = Etﬂzt%g (IL‘, qu) + O(q d)‘

The conclusion now follows. O

4.2. Properties of Kloosterman sheaves. We will study the sum-product
transform of the Kloosterman sheaves. We first summarize the basic properties
of the Kloosterman sheaves, which were originally defined by Deligne.
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PRrROPOSITION 4.6 (Kloosterman sheaves). Let ¢ > 2 be a prime number,
£ # q an auziliary prime number and ¢ a nontrivial (-adic additive character
of Fy. Let k > 2 be an integer.

There exists a constructible Q,-sheaf Kt} = Kby p on Pll_;‘q with the fol-
lowing properties:

(1) For any d > 1 and any v € G (F ), we have

k—1
(o Fye) = Ko Fye) = o T et
(2) The sheaf Kty is lisse of rank k on Gy,.
(3) On Gy, the sheaf Kty 1, is geometrically irreducible and pure of weight 0.
(4) The sheaf Xty y, is tamely ramified at 0 with unipotent local monodromy
with a single Jordan block.
(5) The sheaf Kty j, is wildly ramified at oo, with a single break equal to 1/k,
and with Swan conductor equal to 1.
(6) There is an arithmetic isomorphism

fKQ/,,k, ~ [z — (—l)kac]*fK&/,’k

and, in particular, Xly ;. is arithmetically self-dual if k is even.

(7) If k > 2, then the arithmetic and geometric monodromy groups of Kty j
are equal. If k is even, they are equal to Spy, and if k is odd, then they
are equal to SLy.

(8) The stalks of Kty ) at 0 and oo both vanish.

(9) If v € PGLo(F,) is nontrivial, there does not exist a rank 1 sheaf £ such
that we have a geometric isomorphism over a dense open set

’y*fK&ﬁ’k ~ :K&/;,k ® L.

Proof. All this is essentially mise pour mémoire from [Kat88]. The sheaf
Kl is the sheaf denoted Kl, (¢)((k —1)/2) in [Kat88, 11.0.2]; precisely, prop-
erties (1) to (5) are stated with references in [Kat88, 11.0.2], property (6) is
found in [Kat88, Cors. 4.1.3, 4.1.4], and the crucial property (7) is [Kat88,
Th. 11.1, Cor. 11.3]. The sheaf constructed in [Kat88] is on G,,, and we ex-
tend by zero from G,, to P!, making property (8) true by definition. The last
property is explained, e.g., in [FKM15c, §3, (b), (c)]. O

Remark 4.7. (1) As a matter of definition, one possibility is to define K¢y,
as k-fold (Tate-twisted) multiplicative convolution of the basic Artin—Schreier
sheaf £, namely,

Kty = (w5 L) (k= 1)/2),
see [Kat88, 5.5].
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(2) Katz has also shown (see [Kat88, Cor. 4.1.2]) that property (1) char-
acterizes K/y  as a lisse sheaf on Gy, up to arithmetic isomorphism.

(3) It might seem more natural to define Xy as the middle extension
from G,, to P! of the sheaf constructed by Katz. However, the property of
being a middle extension is not preserved by tensor product, so we would not
be able to use directly any of the properties of middle-extension sheaves when
studying the sum-product transform sheaves. On the other hand, having stalk
zero is preserved by tensor product, and it will turn out that this property
simplifies certain technical arguments.

COROLLARY 4.8. For k > 2, the sheaf Kty . is bountiful with respect to
the full group PGLg; it is of Sp-type if k is even, and of SL-type if k is odd.
In the second case, Kly . has the special involution (_01 (1)) Moreover, the
conductor of Ky, 1. is bounded in terms of k only.

Proof. This is clear from Proposition 4.6 using the definition of bountiful
sheaves and of the conductor of a sheaf. O

For convenience, we will most often simply denote X/, = K/ . since we
assume that v is fixed.

The following lemma computes precisely the local monodromy of K/
at co. This is a special case of a formula of L. Fu [FulO, Prop. 0.8] (which
also describes K/}, as a representation of the decomposition group, not just the
inertia group).

LEMMA 4.9. Assume q > k > 2. Denote by 1; the additive character
x — Y(kz) of Fy. Then, as representations of the inertia group I(co0) at oo,
there exists an isomorphism

Kty ~ [x — I‘k]*(LXI2<3+1 ® L),

where we recall that X2 is the unique nontrivial character of order 2 of F .

Proof. According to the remark in [Kat88, 10.4.5], we have an isomorphism

Kby, ~ [z — xk]*(Ld;)

as a representation of the wild inertia subgroup P(oc) C I(00). On the other
hand, by [Kat88, §1.18] and [Kat90, Th. 8.6.3], an I(oco)-representation that is
totally wild with Swan conductor 1 is determined, up to scaling, by its rank
and its determinant. (That is, if two such representations 71 and 79 have same
rank and determinant, then there exists a nonzero ¢ such that mp o~ [xc]*m;.)

Since det K¢} is trivial (see Proposition 4.6(7)), it is sufficient to check that
the determinant of the I(oo)-representation [z — xk]*(LX’S“ ® L) is trivial.

But for any multiplicative character y, we have a geometric isomorphism

det([z — ¥ (L) ® L))~ x5t
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and this is geometrically trivial if y = X’;H. (This follows, e.g., from the Hasse—
Davenport relations as in [Kat88, Prop. 5.6.2] or from the block-permutation
matrix representation of an induced representation, similarly to the argument
that appears later in Lemma 4.15.) O

Finally, we can state our main theorem concerning the sum-product sheaves
associated to Kloosterman sheaves.

THEOREM 4.10 (Irreducibility of sum-product sheaves). Let k > 2 be an
integer. Let £ be a prime # q, and let R* be the £-adic sum-product transform
sheaf of Xt over Fy.

If q is sufficiently large with respect to k, there exists a closed subset VP24
A4Fq containing V2, of codimension 1 and of degree bounded independently of q,
stable under the automorphism (by, by, bs,bs) — (bs, by, b1, b2), such that for all
b = (b1, by, b3, by) not in VP2, the following properties hold:

(1) for all X\, the specialized sum-product sheaf R p s lisse and geometrically

irreducible on a dense open subset of A';

(2) for all \, there does not exist a dense open subset U of Al such that RiplU

18 geometrically trivial;

(3) if X\ # XN, then there does not exist a dense open subset U of A' such that

fRi,b|U is geometrically isomorphic to R’)‘\,7b|U .

(4) for all A1, A2,bq, by, the dimensions of the stalks of the sheaf Ry, p, and
the dimensions of the cohomology groups

Hé(Alfqv :RMJH)
and '
Hé(Alfqv ZR/\LIH ® :R)\2,b2)
are bounded in terms of k only — in particular, independently of q for k
fixed.

After some preliminaries, the proof splits into two cases: the case A = 0
in Section 4.4 and the case A # 0 in Section 4.5.

First, let us recall how this theorem implies our desired Theorems 2.4
and 2.6.

THEOREM 4.11. Let k > 2 be an integer. Let R(r,\,b) be the function
on AS(F,) defined in (3.3). For any b € F;L — VPad(F) and any \, N € F,
we have

Z R(r7 )\7 b) << q7
reF,

3" R( A B)R(r N, B) = 6\ N)g? + O(¢*?),
reFy

where the implied constant depends only on k.
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Proof. Tt is sufficient to prove the theorem when ¢ is sufficiently large
with respect to k, since we can handle any finite set of primes by replacing the
implied constant by a larger one using trivial bounds for the sums.

First of all, note that by the proper base change theorem and the Grothen-
dieck—Lefschetz trace formula, we have
(4.3) to(r,\,b) = — > tx(r,s,\,b) = —R(r, A, b)

scFy
for b ¢ VA(F,), where the implied constant depends only on k. Since R is
mixed of weights < 1 and of rank bounded in terms of k£ only, we have

ta(r, A, b) < ¢'/7
for b ¢ VA(F,).
We begin the proof of the second bound. Thus let b € Ffll — Vhad(F,) (in
particular, b ¢ V2(F,)) and A, X' € F, be given. First, we have

R(r,\,b) = R(r, -\, b),
where b = (b3, by, b1, by) € Fj — vbad(F,). Thus the relation (4.3) and the

Grothendieck—Lefschetz trace formula imply that
2

3" R(r, A\ b)R(r, N, b) = Z(—nm«(mq | Hé(Alfq,RA7b®ﬂQ_)\,75)).

reFy =0
Let T = Ry\p ® R_)\,j) and F* = :Ri,b ® :R*—)\’,B' Since R is mixed of weight
< 1, the tensor product sheaf F is mixed of weight < 2, so the i-th compactly
supported cohomology group with coefficient in F is mixed of weight < ¢ + 2
by Deligne’s Theorem [Del80].

The dimension of these cohomology groups are bounded in terms of k only
by Theorem 4.10 (4). Thus we have

ST R A BR(r, N, b) = Te(Fry | Wan) +0(¢%?),
reFy
where W), y is the subspace of weight 4 in Hf(Alf JF) = HCQ(UE, F), and the
q
implied constant depends only on k. (Here U is any dense open set where J is

lisse.)
By definition we have a short exact sequence

0 —G§——-F—3F" —0

of lisse sheaves on U where G is mixed of weights < 2. Taking the long co-
homology exact sequence and again applying Deligne’s Theorem, we see that
Wi = W5y, where WY ), is the subspace of weight 4 in HCQ(UE7 F).

By the coinvariant formula, we have

HE(UE, F) = (?%)m(qu)(—l),
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so it is sufficient to prove that the weight 2 part of the ﬂl(qu)—coinvariants
of F* has dimension §(\, \’') and that the action of Fr, is multiplication by ¢
when A = ).

The sheaves Rj ,, and R}, , are geometrically irreducible by Theorem 4.10(1);
in particular, they are arithmetically semisimple. By Lemma 4.5, we have
arithmetic isomorphisms

R = RVp(-1), T = RS, @ R (-1)

on U. Again by geometric irreducibility of R} , and R}, ;,, the monodromy
coinvariants of that tensor product is one-dimensional if R} ,, and R}, , are ge-
ometrically isomorphic and is zero otherwise. By Theorem 4.10(3), the sheaves
are geometrically isomorphic if and only if A = ). In that later case the space
of (geometric) coinvariants of Rj , ® Rf\,vb is one-dimensional, generated by the
trace, and Fr, acts trivially on it; therefore Fr, acts by multiplication by ¢ on
F*.

The argument for the first bound is similar but simpler. We work with
the cohomology groups H. é(Alfq, R,p), which are mixed of weights <1+ 1. It

is sufficient to show that the weight 3 part of H> (AlF , R p) vanishes, and thus
q

it is sufficient to show that the weight 1 part of the monodromy coinvariants of
R p vanishes. Because R* is the weight 1 part of R, this is the same as showing
that the monodromy coinvariants of R j, vanish. But R}, is irreducible and
nontrivial as a monodromy representation, by Theorem 4.10(2) (3), so it has
no coinvariants. U

4.3. Preliminaries. In this section we collect a number of results and def-
initions that we will use in the proof of our results. At first reading, it might
be easier to only survey the statements before going to the next section.

We will derive the irreducibility statement of Theorem 4.10 for A # 0 from
the second of the following criteria:

LEMMA 4.12. Let Xo and Yy be normal varieties over Fy. Let f : Yo — Xo
be a smooth proper morphism whose fibers are curves and whose geometric
fibers are geometrically connected. Let Dy C Yy be a divisor. Write X, Y
and D for the corresponding varieties over Fy.

For a lisse Qg-sheaf F on Yo — Dy, consider the three following conditions:

(1) the sheaf F is geometrically irreducible and pure of some weight;

(2) for the generic point n of X, there exists a point z of D, defined over the
function field k(n) of X such that there exists an irreducible component of
multiplicity 1 of the restriction of the monodromy representation of F, to
the inertia group at z whose isomorphism class is preserved by the action
of the Galois group of k(n) by conjugation on representations of the inertia

group;
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(3) the divisor D is finite and flat over X, and the function

x Z (Swany (F @ FV) + rank(F @ F))
YyEYr—Dy

1s locally constant on X.
Then the following statements are true:

(a) if (1) and (2) hold, then for all x in a dense open subset of X, the restric-
tion Fy, = F|(Yz — Dy) to a fiber Yy — D, is geometrically irreducible;

(b) if (1), (2) and (3) hold, then for all x in X, the restriction F|(Yy — D)
to a fiber Y, — X, is geometrically irreducible.

Proof. We assume that conditions (1) and (2) hold. Let " be the generic
point of Y. By [GR71, V, Prop. 8.2], the natural homomorphism 71 (n") —
m1(Y — D) is surjective. Since it factors through the natural homomorphism

T (Yy — Dy) = m (Y = D),

it follows that the latter is also surjective. In particular, condition (1) shows
that the restriction of F to Y, — D, corresponds to an irreducible representation
of m (Y, — Dy). Thus F,, = F|(Y;, — D,;) is an irreducible lisse sheaf on Y, — D,,.

Consider now a geometric point 7 over 7, the geometric fibers Y and Dy
and the pullback J5 of J, to (Y — D). We will show that condition (2) implies
that 5 is irreducible.

Indeed, the representation of 1 (Y; — Djy) corresponding to F is semisim-
ple because it is the restriction to a normal subgroup of an irreducible, hence
semisimple, representation. Let

gjﬁ = @ nle
el
be a decomposition of this representation of m(Y; — Dy) into irreducible sub-
representations, where n; > 1 and the V; are pairwise nonisomorphic. The
quotient
G =m (Y, — Dy)/m(Yys — Dy)

is isomorphic to the Galois group of the function field x(n) of X since f has
geometrically connected generic fiber. It acts on the set {V;} of irreducible sub-
representations of Fy. Since J, is an irreducible representation of w1 (Y, — D)),
this action is transitive. Hence, for any point y of D,, defined over x(n), the
restriction of J,, to the inertia group at y has the property that it is a direct
sum of n = 3" n; subrepresentations that are G-conjugates (but not necessarily
irreducible or even indecomposable). In particular, any irreducible subrepre-
sentation of the inertia group whose isomorphism class is fixed by G appears
with multiplicity divisible by n. By condition (2), this means that n = 1, so
that 5 is irreducible.
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By Pink’s Specialization Theorem (see [Kat90, Th. 8.18.2]), it follows
that F, is geometrically irreducible for all x in some dense open subset, which
gives (a).

Now assume further that condition (3) holds. For a closed point z € X,
the fiber &, is geometrically irreducible if and only if the cohomology group
H2((Y — D)x,ﬁp F, ® FY) is one-dimensional, by the coinvariant formula for
the second cohomology group on a curve (see, e.g., [Kat88, 2.0.4]) and the fact
that J,, being pure by condition (1), is geometrically semisimple (see [Del80,
Th. 3.4.1(iii)]). Equivalently, by the proper base change theorem, the special-
ized sheaf J, is geometrically irreducible if and only if the stalk of R?fi(F@JF")
at x is one-dimensional. Condition (3) and Deligne’s semicontinuity theo-
rem [Lau81, Cor. 2.1.2] imply that the sheaf R%f;(F ® FV) is lisse on X. Since
it has rank 1 at all closed points in an open set, by what we proved before,
it has rank 1 on all of X, which means that &, is geometrically irreducible
for all closed points z in X. By Pink’s Specialization Theorem (see [Kat90,
Th. 8.18.2]), ¥, is geometrically irreducible for all points in X. (]

Remark 4.13. Our proof of condition (1) below generalizes to quite general
(bountiful) sheaves, but the proofs of conditions (2) and (3) involve careful
calculations that depend on specific properties of the Kloosterman sheaves.
This means that our results do not easily generalize to other sheaves.

However, condition (2) is a “generic” condition that should hold for a
“random” sheaf. Thus it should be possible to prove it in a number of dif-
ferent concrete cases. The last condition (3) is more subtle; although it is
always true on a dense open subset (hence is generic in that sense), the closed
complement where it fails will usually have codimension 1. However, it should
often be possible to explicitly compute that subset and to use this information
for further study; for instance, cf. Remark 2.7.

In this paper, we will only use the second criterion of Lemma 4.12 in the
proof of Theorem 4.10 to show that for all b outside of a proper subvariety,
the specialized sheaves fRi,b are geometrically irreducible for every nonzero .
However, the first criterion might be useful in other applications. (In the first
draft of this paper, we used it to deal with sum-product sheaves where A\ = 0,
but we later found a simpler argument to deal with this case.)

To verify the first condition of the lemma, we will use Katz’s diophantine
criterion for geometric irreducibility (compare [Kat96, Lemma 7.0.3]).

LEMMA 4.14 (Diophantine criterion for irreducibility). LetY be a normal
variety over Fy, U CY a dense open subset and F a sheaf on Y that is lisse
on U. Assume, moreover, that F|U is pure of some weight w and that F is
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mized of weights < w on'Y. Then F|U is geometrically irreducible if

1 W
—amy 2 te)? = ¢ (1 +0(1))
1 yeY (F )

as d tends to infinity.

Proof. Using a Tate twist, we may assume that w = 0. Let n be the
dimension of Y and D =Y — U. We have

RIS \tg<y>|2—qid > f g X Il

T yey (F ) yEU(F 1) yeD(F )

The second sum is bounded by O(q~%) = o(1) using our assumption on the
weights of ¥ on Y (and the reduction to w = 0), and hence the assumption
implies that

P o sy —1
yeU(F )

as d — 4o00. On the other hand, the Grothendieck—Lefschetz Trace Formula
and the Riemann Hypothesis imply that

> lta(y)? = Te(Frr , | H'(Yg,, F ©F)) + O(q""1/2),
yeU(F q)

and therefore

q?lzd Y. s =T(Frr , | HZ"(Vg,, T ©F7)(n)) +o(1).

yeU(F )

By the semisimplicity of F (see [Del80, Th. 3.4.1 (iii)]) and the coinvariant
formula

Hgn(yfqa F® gj\/) = (35@ gjv)ﬂ'(qu)(_n)v
we deduce by combining these formulas that the geometric invariant subspace
of F ® FV is one-dimensional, which by Schur’s Lemma means that F is geo-
metrically irreducible. O

We will use the following lemma from elementary representation theory
to describe the local monodromy of tensor products of Kloosterman sheaves.

LEMMA 4.15. Let G be a group and E an arbitrary field. Let H be a
normal subgroup of G of finite index. Consider the usual action o -V = o(V)
of G/H on E-representations of H, where x € H acts on (V') by the action
of o txo on V.
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For any finite-dimensional E-representations Vi,...,V, of H, we have a
canonical isomorphism

n n
®IndgVi ~ ED Ind$ (V1 ® ®02(VZ))
=1 (02,.,00)€(G/H)" 1 =2
Proof. We proceed by induction on n. The case n =1 is a tautology. For
n = 2, we need to prove that
Indf Vi @ Indf Vo~ @@ ndf (Vi ® o(V2)).
ceG/H
To see this, first apply the projection formula
Ind% (Vi ® Resf Ind%, V5) = Ind% V; ® Ind$ V3
and then the fact that
Resg Indf; Vo = @ o(Va),
ceG/H

which follows from the definition of induction. (See, e.g., [Kow14, Props. 2.3.15,
2.3.18] for these standard facts.)

We easily complete the proof for n > 3 by induction using the case
n=2. [l

As a corollary, we now obtain the local monodromy at infinity for the
sheaves X, » p. To state the result, we recall from the introduction the notation
Ly (cs'/*) for a variety X/Fy, an integer k > 1 and a function ¢ on X: this is
the sheaf on X x Al (with coordinates (x,s)) given by

Ly (es™®) = aLope(mynys
where « is the map
X x Al - X x Al
(1) = (,").
LEMMA 4.16. Assume q > k > 2, and denote by 1; the character x —
Y(kx). Fizr b, X such that v+ b; # 0 for all i. Let (r+ b))% be a fized k-th
root of r + b; in Fy.

Then the local monodromy at s = oo of XK, \p is isomorphic to the local
monodromy at s = oo of the sheaf

Lyoe® P %(((T + 1) F 4 G+ b))V
(4.4) €2,¢3,Ca €My,

— G+ b3)F = Ca(r + b4)1/k>81/k>,

where py, is the group of k-th roots of unity in F,,.
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More generally, for fivred X\ and b, for any algebraic variety Ug,, let f :
U— Al — {~by,...,—bys} be a morphism, and assume there are morphisms
r; + U —> Al such that [x +— 2¥] or; = [z +b;] o f. Assume that k is odd or
that there exist a constant ¢ and a function g on U such that rirarsrs = cg>.
Then the local monodromy of the sheaf (f x Id)*Kyp on U x Al along the
divisor U x {oc} is isomorphic to the local monodromy of the sheaf

Ly ® @ Ly ((r+ Cara — Gars — Gara) s'/*)
G2,03,Ca €y,

along U x {oo}

Proof. We have

2

:Kr,)\,b = L¢()\S) & ®[X(T + bi>]*fK€k & [X(T + bz‘+2)]*fK€>€/,
i=1

so that it is enough to treat the case A = 0. Furthermore, the first statement is
the special case of the second where U is a single point (the second assumption
holds with ¢ = rirorsry, g = 1), so it is enough to handle the second case. By
definition, we have

2
(f x1d)* Knp = (f x 1d)* Q)i Kl @ fi oK)
i=1

2
= R ((f x 1) 5, @ (f x 1A)* f,15K0Y) |
=1

where f; is the map (r, s) — s(r +b;).
Let o : A' — A! be the morphism ¢ — t*. By Lemma 4.9, the local
monodromy of K¢, at oo is ay (ka+1 ® L?f))’
2

Let V = A —{—by,...,—bs}. For each i, we have the Cartesian diagram

(u,t)—r;(u)t

U x Al Al

J{IdU Xa J{a

d .
U x Al fxdda Vx Al T, Al

By proper base change, this implies that the local monodromy at oo of
(f xId)* fFXK¢ly is the same as the local monodromy at oo of

(Idy x a)« (LX§+1 (rit) ® le(rlt)) .

In terms of representation theory, this means that the local monodromy
representation at oo is induced from the normal subgroup H of G = 71 ((U x
Gm)Fq) corresponding to the covering Idy x a (which we will simply denote
a by slight abuse of notation).
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The quotient group G/H is naturally isomorphic to the Galois group of
the covering, which is isomorphic to p;, by the homomorphism sending a root
of unity ¢ € p;, to the maps (s,t) — (s, (t). One checks easily that the action
of ¢ on representations of H is given by

C-LXSH = LX];H’ Cﬁi& = [XC]*ﬁi

Hence by Lemma 4.15, the local monodromy at oo of X, o is isomorphic
to that of

@ Oy (Lx}2€+1(r1t) ® L’L/;(Tlt) ® Lx§+1(r2t) ® Lzﬁ(gzrzt)
€2,(3,C4€Epy,

D L1 ryt) © B i—omst) © Bt (rat) © Li(gurat))
~ @ Oy (LX§+1 (T1T2T3T4t4)£;q])(7“1t + CQT'Qt — Cg’r‘gt — C4’I”4t)) .
(2,(3,C4EM,

If k£ is odd, then X’;“ is trivial. Otherwise X§+1 = x2. Since r1,...,74 are
nonvanishing on U, the sheaf £, (ryrorarat?) is lisse on U x G,,, € U x Al
By assumption, we have rirarsry = cg?, so rirorsrat* = c(gt?)?, and thus
Ly, (r17or3rat?) is geometrically trivial on U x Gyy,. Therefore we may ignore
that term, and we obtain (4.4). O

The following lemma about Kloosterman sheaves will prove useful to com-
pute the monodromy at r = oo of sum-product sheaves.

LEMMA 4.17. Let R be a strictly Henselian regular local ring of charac-
teristic ¢ > 2 with fraction field K and mazimal ideal m. Assume that q 1 k.

(1) Ifa € R— {0} and b € m, then we have
a* Kty =~ (a + ab)* Ky,
where we view a and a + ab as maps Spec(R) — Alfq.
(2) If a € K* is such that a=! € m, and b € R, then we have
a* Kl ~ (a+ b)"Kly,
where we view a and a + b as maps Spec(R) — Plfq.
Proof. (1) There are two cases: either a € m or a € R*. If a € m, we first
observe that as 1+b € R*, the ideals (a) and (a+ ab) are the same, and hence
Z =a"1({0}) = (a + ab) 7' ({0}) C Spec(R).

Let U be the open complement of Z in Spec(R). Let j be the open immersion
U — Spec R. As K/}, is zero at 0 according to our definition, both a*X/¢; and
(a 4 ab)*XK/{y, are zero on Z. Thus a*K/ is the extension by zero of j*a*XK/y,
and (a + ab)*X/y is the extension by zero of j*(a + ab)*X{l. So it is sufficient
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to check that j*a*X/l is isomorphic to j*(a+ab)*XKl, on U, and then applying
J1 gives the isomorphism on Spec R.

As Kty is lisse on Gy, the sheaves j*a*K/y, and j*(a + ab)*K/{, are both
lisse on U. We next check that these two sheaves are isomorphic as lisse sheaves
on U, or equivalently that they are isomorphic as representations of 71 (U).

First, a and a + ab, viewed as maps from Spec(R) to Alfq7 both factor

through the étale local ring at 0. So on the complement U of the inverse image
of zero, both maps factor through the generic point.

By Proposition 4.6(4), the local monodromy representation associated to
XK/l at 0 is tame, hence it factors through the tame fundamental group

ﬂ-i = lgn I‘l‘n(Fq)7
(n,q)=1

(see, e.g., [Mil80, Exams. 1.5.2(c)]) corresponding to coverings obtained by
adjoining n-th roots of the coordinate with (n,q) = 1. To show that a*X/¢j
and (a 4+ ab)*X/{, are isomorphic on U, it is therefore enough by the Galois
correspondence to prove that, for any n with (n,¢) = 1, the pullbacks under a
and a+ab of the covers obtained by n-th roots of the coordinate are isomorphic.
But 1+ b is a unit and R is a strict Henselian local ring, so that R contains an
n-th root of 1+ b, and the equation

(a+ab)” = a*/™(1 4+ b)'/"

gives such an isomorphism.

On the other hand, if a € R*, then a+ab € R*. Hence both a and a+ ab,
as maps from Spec(R) to Alf , send the special point to a point y € G,,.
Therefore the pullbacks a*ﬂ(ﬁkqand (a + ab)*XK/{, are both locally constant on
Spec(R) and hence correspond to representations of m(Spec(R)). These are
all trivial since 71 (Spec(R)) is trivial for R strictly Henselian (see, e.g., [Mil80,
Ex. 1.5.2(b)]), and since a*X/j, and (a + ab)*K{) have the same rank, they are
isomorphic.

(2) Assume now that a=! € m. Then

a+b b

u= =14 - € R",
a a

and hence (a +b)~! =u~'a™! € m. So both a and a + b (now viewed as maps
Spec(R) — Plfq) send the special point of Spec(R) to co € P!. Furthermore
the inverse image Z C Spec(R) of co € PlF is the same under both maps,
since multiplying by a unit does not change whether a function is infinite at a
point. Because the sheaves a*K/¢, and (a + b)*K¢, are 0 on Z and lisse on the
complement U = Spec(R) — Z, they are both the extensions by zero of their
restrictions to U, so it is enough to check that they are isomorphic on U as
lisse sheaves, or as representations of the fundamental group w1 (U).
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As representations of the fundamental group, both sheaves are pullbacks
of the local monodromy representation of K¢;. By Lemma 4.9, the local mon-
odromy of X/, at oo is isomorphic to that of the sheaf

[J) — l‘k]*(LXSJrl & LJ;)’
where ¢(z) = ¥ (kz). It is therefore enough to show that the pullbacks of this
sheaf along a and a + b are isomorphic.
Let C, = Spec(R[a"Y*]) and C,qp, = Spec(R|[(a + b)~V*]), viewed as
étale covers of U. Then, because u = (a + b)/a € R* is a unit congruent to 1

modulo m (and k is coprime to ¢), there exists a k-th root (say v) of u in R*
that is congruent to 1 modulo m. The two covers are isomorphic via the map

Ca+b — Ca

induced by y — vy. Let f : C, — U be the covering map. We then have

a*([x — xk]*(LXz;H ® L)) = fi ((al/k)*LXSH ® (al/k)*[,d;),

(a+0)"([x = 2M. (L @ L)) = £, ((val/k)*axéﬂ ® (va'/*)* L ;).

It is therefore sufficient to prove that

(al/k)*LX12v+l ® (al/k)*LJ) o~ (val/k)*llxgﬂ ® (val/k)*LJ).
Indeed, since ¢ # 2 and v is a unit, we first have

(al/k)*LX;chl ~ (val/k)*LX;cﬂ
since v is a unit. Furthermore, since v — 1 = w belongs to m, we get
(val/k)*illz o~ (al/k)*Ld; ® (wal/k)*il&.

Now we claim that the second factor is trivial on R[a~'/*], which concludes
the proof. Indeed, w is in the ideal generated by a~! (by the power series
v=14+0bk"ta" 4+ ---), s0 wa'/* is in the ideal generated by a~*~1/k and

thus in the maximal ideal of R[a~'/*]. Hence it sends Spec R[a~/*] to a

neighborhood of 0 in AlF , where £ ) s lisse and hence locally trivial, so the
q
pullback (wal/k)*5¢ is trivial. O

We will need some simple facts about hypergeometric sheaves in the sense
of Katz [Kat90] — more precisely, about a particular hypergeometric sheaf.

Definition 4.18. For k > 2 an integer, we denote by Hjy_1 the middle
extension to A! with coordinate ¢ of the f-adic sheaf on G,, given by

Hior = [€ = €57 FTy(L 5 (2'/F)),
where j : G,, — Al is the open immersion, and we recall that ¥ (z) = 1 (kz).

It is important for later purpose to note the following lemma:
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LEMMA 4.19. The sheaf Hyp_1 is a multiplicative translate of a hyperge-
ometric sheaf of type (k — 1,0) in the sense of Katz. More precisely, it is
geometrically isomorphic to

Hyp_pye (i {xIX* =1, x # 1}:0),

with the notation of [Kat90, 8.2.2, 8.2.13]. The inertia representation of Hy_1
at infinity is absolutely irreducible.

We thank the referee for giving a proof that is simpler than our original.

Proof. Since both Hj_; and hypergeometric sheaves are middle-extension
sheaves (recall that k > 2), it is enough to prove the isomorphism after restric-
tion to G,,. We compute

j*f}ckfl — [5 S g—l]*]*FTd)(L ~(xl/lc))
~ [€ — & F Ty (i Hyp (1 {xIx* = 1}:0))  [Kat88, 5.6.2]
~ [€— & Hyp e (L 03 {x # 1, X* =1}))  [Kat88, 5.6.2]
~ Hyp(_1yx (!, ¥; {x#l X" =1}0),

where ~ always denotes geometric isomorphisms.

The last assertion now follows from [Kat90, Th. 8.4.2(6)], which shows
that the inertia representation at oo is of dimension k£ — 1 with unique break
1/(k — 1) and [Kat88, Prop. 1.14], which shows that such a representation of
the inertia group at oo is absolutely irreducible. O

We will need some properties of the local monodromy at co of Hjy_1. To
state them, we need the following definition:

Definition 4.20. Let K be a local field, and let o be an automorphism of
K. Let n > 1 be an integer, and let m be a uniformizer of K. We say that o
is a reparametrization of order n if o(m) is a uniformizer of K such that

o(r) = m (mod ™).

Note that since an order n reparametrization acts on K, it also defines
an outer automorphism of the Galois group of K: each extension & of o to
a separable closure K of K gives an automorphism of Gal(K/K), and the
ambiguity in the possible choices of this extension amounts to conjugating &
with an element of Gal(K /K), so that the corresponding outer automorphism
of the Galois group is well defined. This outer automorphism defines an action
of o on the set of isomorphism classes of representations of the Galois group.
More abstractly, o defines an automorphism of the category of finite étale
covers of Spec(K) by pullback, and hence acts on the category of étale sheaves
on Spec(K), which is equivalent to the category of Galois representations.
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LEMMA 4.21. Assume that ¢ > k > 2.

(1) The local monodromy representation at infinity of Hy_1 is invariant under
reparametrizations of order 2.

(2) The local monodromy representation at infinity of Hy_1, restricted to the
wild inertia group, is a direct sum of pairwise nonisomorphic characters
with multiplicity 1. The tame inertia group acts transitively on these char-
acters.

(3) Let a1, g be elements of an algebraically closed extension of Fy such that
the wild local monodromy representation at infinity of [xaq]*Hi_1 and
[xao]*H—1 have a common irreducible component. Then oy = .

Proof. The integer ¢ is coprime with 2(k — 1) since ¢ > k > 2. By
[Ful0, Th. 0.1(iii)] (which is more precise), we derive isomorphisms of I(co)-
representations

(4.5)
H—1j1(00) = FTy (L 52 %)) 1(0)
~ FT¢ IOC(OO, 0)([t — tk]*[w}) ~ [t — —tk_l]*(ﬁ¢((k_1)t) ® £X2)7

where FTy loc(-,-) denotes Laumon’s local Fourier transform functors (see,
e.g, [Kat90, 7.4]).

To prove (1), it is therefore enough to prove that for any additive charac-
ter n and any multiplicative character x, the local monodromy representation
at oo of [t — tF71], (£, ® £,) is invariant under reparametrizations of order 2.

Let V denote this representation. Let R be the strict henselization at
o0, let K be its field of fractions, and let m be a uniformizer of R. Let g :
Spec(K) — Spec(K) be the map corresponding to ¢ — t*~1. A representation
obtained from V by applying a reparametrization of order 2 is of the form
o*V = (¢71).V, where o is an automorphism K such that o(7) = 7 (mod 7?).
We view o and o~! as automorphisms Spec(K) — Spec(K).

Let W = £, ® £y; we have V ~ ¢,V and hence (c™H.V = 7,W, where
T=0"1o g. There exists an automorphism o7 such that 7 = g ooy, and o7 is
a reparametrization of order k. We can see this in coordinates by solving the
equation

Ul(t)k_l _ O'_l(tk_l) _ 75k—1 + a1t2(k—1) 4.
with
ai
k—1
Thus 0*V =~ g,(01,+W) and, in particular, we obtain ¢*V ~ V|, provided W is
invariant under reparametrizations of order k. In fact, we will show that both

ol(t) =t+ R

L, and £, are invariant under any reparametrization o of order k£ > 2, which
will be enough.
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For multiplicative characters, this amounts to saying that for d coprime
to ¢, the covering Spec(K (7~ /%)) — Spec(K) is invariant under o1, which is
clear because if we write o1(7) = m + br? for some b € R, we get

oy (m) "V = 77141 4 )~ 14

and (1 + br)~Y¢ € K. For additive characters, this amounts to proving that

1

the Artin—Schreier covering with equation y¢ — y = 7~ is invariant, and this

follows because the equation

is solvable in K.
(2) By (4.5), the local wild monodromy representation of Hy_1 at oo is
isomorphic to

k—
[t = =t (Ly(r-1yp))-
It is equivalent to study this after pulling back by any tame cover. In particular,
after pulling back along the map ¢ — t*~1, we have to deal with

(4.6) D Luer-n,

61971:1
which is indeed a sum of one-dimensional characters. They are pairwise non-
isomorphic. (If we have, say, an isomorphism Loypert-1)t) = Lop(ea(k—1)1) a8
representations of the wild inertia group, then Ly, _¢,)k—1)) is tamely ram-
ified, which means that §; = &3 since otherwise Ly ((¢, —¢,)(k—1)¢) 18 @ nontrivial
additive character sheaf with Swan conductor 1.)

Since Hjy_1 is an irreducible representation of the full inertia group at
infinity (Lemma 4.19), the tame inertia group acts transitively by conjugation
on the set of characters in (4.6). (The direct sum of any subset of the characters
that is stable under the tame inertia group would define an inertia-invariant
subspace.)

(3) Let L/F, be an algebraically closed extension. We use the same no-
tation Hy_; and £ for the sheaves base-changed to L so that, for instance,
[xa]*Hy 1 and Ly gy are well defined for o and g € L*.

Adding a multiplicative shift to the computation of (2), the pullback along
[t — —t*~1] of the local wild monodromy representation of [xa]*H,_; at oo is
isomorphic to

D Low-ven-
gk—lza
If the local wild monodromy representations of [xay]*Hg_1 and [xag]*Hy_;
at oo have a common irreducible component, then one of the additive characters
appearing in one of the two sums must also appear in the other, so there exists 8
such that a1 = Bk_l = Q9. O
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The following lemma is quite standard but we include a proof for lack of
a suitable reference:

LEMMA 4.22. (1) Let Ur, be a dense open subset of a smooth projective
curve Cr,, and let F be an (-adic sheaf on C. Assume that F is lisse and
pure of weight w on U, that it has no punctual sections, and that, viewed as
a representation of the geometric fundamental group of U, it has no trivial
subrepresentation.

Then the subspace of weight < w + 1 of HI(C’E,?) is equal to

D (3#/3%),

zeC-U
where I, is the inertia group at x and JF3 is the stalk at the geometric generic
point of F.

(2) Let 7 : C — X be a smooth projective morphism of relative dimension 1
over Fy, and let I be an {-adic sheaf on C. Assume that F is lisse and pure of
weight w on e open subset U C C. Assume that for all x € X in some dense
open subset, F|Cy has no punctual sections and that, when F|Cy, is viewed as
a representation of the geometric fundamental group of U,, it has no trivial
subrepresentation.

On the dense open set where R'7,.F is lisse, let (leff")<w+1 be the max-
imal lisse subsheaf of R'm,F of weight < w + 1. Then for any point x in the
dense open subset where R'm,F is lisse, we have an isomorphism

R'm); = D (G107 /(F1Ca)).
y€Cy—Uy
where (F|Cy)5 is the stalk at the geometric generic point of the restriction of
to Cy.

Proof. (1) Let j : U — C denote the open immersion. Because F has no
punctual sections, the natural adjunction map F — j,5*F is injective. Let G
be its cokernel. Then we have a long exact sequence
(4.7) cee—> HZ(CE,CF) — HZ(C’fq,j*j*S—'“) — HZ(CE,S) —

By assumption on F, we have
0 v s ek _ O/rr_ -k _
H(C,,«5"F) = H (Ug,,j*F) = 0.
Since G is supported on C — U, its cohomology vanishes in degree above 1, and
hence we deduce a short exact sequence
0— H%(Cg,.9) = H'(Cg,. F) = H'(C, j.j"F) — 0.

Because j,j*F is the middle extension of a lisse sheaf pure of weight w,
a result of Deligne implies that its cohomology group H 1(qu, J«J*F) is pure
of weight w + 1 (see [Del80, Ex. 6.2.5(c) and Prop. 6.2.6]). Therefore the
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weight < w + 1 part of Hl(CFq, J) is the same as the weight < w + 1 part of
HO(CE, §). Since the sheaf G is punctual, we have

HCg, 9= @ %= D (G:J"Ds/T=

zeC-U zeC-U
(by definition of G). We also have

(" F)z = T,
and [Del80, Lemma 1.8.1] shows that this space is of weight < w, so that all
of HO(qu, 9) is the weight < w + 1 part of HI(C’E, F), as claimed.

(2) Denote again by j : U — C the open embedding. We want to
apply (1) fiber by fiber. First (since pushforward does not commute with
arbitrary base change), we let U; denote a dense open subset of X such that
the adjunction map

Flr = (U1) = jug* FloH(Uh)
is injective. (The existence of such a dense open set follows from [Del77,

Th. Finitude, Th. 1.9(2)], applied to the morphism j over the base X.) Let G
be the quotient sheaf. Then we again take the long exact sequence

- — R'1.F — R'nyjuj*F — Rm,§ —> - -

The fiber over any x € U; of this exact sequence is the same as the ex-
act sequence (4.7) for the fiber curve C,, again using [Del77, Th. Finitude,
Th. 1.9(2)]. In particular, for any point 2’ € Uy (closed or not), we have

B (FIC) /(FICw)y) = (R7.G)
yer/fU
Thus (1) shows over any closed point 2’/ € U; that the weight < w + 1 part
of (R'7,F), is the image of (R°7,G), in (R'7,F),. Over a possibly smaller
dense open set Us C Uy where R'7,S and R'7,F are both lisse, this implies
that the maximal weight < w + 1 lisse subsheaf of R'7.F is R°7,.G. Then for
an arbitrary x € Us, we have
(R'mF)5 " = (R'm.9). = @ ((FIC)7 [(FICh)yp).
yECz—Uw
If z is the generic point, it is necessarily contained in the dense open

subset Us. If not, we can replace X by the closure of  in X and apply the
same argument, obtaining the same identity (because the direct sum

B (FIC)2 /(FICa)y)
yeCs—Us

depends only on the fiber over z, and the same for (R'7,.F)s%*!, since taking
the weight < w + 1 part commutes with restriction to a closed subscheme.) O
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The next lemma will be useful to bound in terms of ¢ the degree of the
subvariety Vb3 for A = 0, by showing that this variety is defined over Z[1/¢].

LEMMA 4.23. Let X and Y be separated warieties of finite type over
Z(1/0). Let f: X =Y and g : X — A be morphisms. Let ps : Gy x X — X
be the second projection.

There exists an f-adic complex K on'Y such that, for any prime q # ¢
and any additive character ¢ of F,, we have

R(f o p2)iLy(tg) = K|Yr,.
Proof. We denote by ¢ a coordinate on G,,. As R(f op2)i = RfiRpa), it
is sufficient to prove that there exists a complex K’ on X with
Rp2 Ly g = K'| X,

for all ¢ # ¢ and all 1, as we can then take K = RfiK’.
Let p) denote the second projection G,, x A — Al. By the proper base
change theorem, we have

Rpa1Loytg) = 9" RD2) Lopiar)
for any ¢ # ¢ and 1, so it is sufficient to find a complex K* on Alz[1 /] with
RpiyLyia) = K*|Ap,
for all ¢ # ¢ and all v, and to define K’ = g*K*.

By the above reduction we may assume that X = Alz[l /0] and write po
for ph. Let j : G, — A! be the open immersion and i : {0} — Al the
complementary closed immersion. Then Rpg Ly () is the Fourier transform
of j1Q, (as extension by zero commutes with pullback and tensor product).
The existence of an f-adic complex on Alz[l /0] that specializes to FT,j1Q, =
Rp2 Ly 1) in each positive characteristic g # £ is a special case of Laumon’s
homogeneous Fourier transform (see [Lau03, Th. 2.2]). In this special case,

L. Fu (see [Ful6, Lemma 3.2]) showed that we can take the complex to be 7. Q.
U

Finally, we can prove the last part of Theorem 4.10.

PROPOSITION 4.24. For all A1, 2 € Fy,bi,by & VA(Fq), the dimensions
of the stalks of the sheaf R and the dimensions of the cohomology groups

Hci(AFq7 fR)q,bl)v Hg(qu’ ‘{RM,IH X fR}\mbz)
are all bounded in terms of k only.

Proof. We deal with the second of these cohomology groups. Fix A1, Ag
in F,, b;,by ¢ V2(F,). By construction of R and by interpreting sheaf-
theoretically the definition of the hyper-Kloosterman sums, there exist an affine
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variety Vz and maps f : V — Alz andg : V — Alz such that, for any prime g,
we have

(:R)\l,bl ® :R/\2,b2>’A%‘q = Rf!g*L¢[2]'

(See also Lemma 4.27 below for this construction.)
By the Leray spectral sequence, it is enough to bound the sum of Betti
numbers

Z dim H (Vg Lo(g)):

where V is the inverse image in V of either a line or a plane. Since (V, f,g)
are defined over Z, a suitable bound is given by the estimates of Bombieri and
Katz for sums of Betti numbers. (See the version of Katz in [Kat01, Th. 12].)

A similar argument applies to Hé(Alfq, Rap)- O

Finally, we need a lemma on inertia groups that is probably well known
but for which we do not know a convenient reference.

LEMMA 4.25. Let m: A% — A% be the projection on the first four coor-
q q

dinates. Let 7: P* x P! — P* be the analogue projection. For any divisor D
in P4, the induced homomorphism from the inertia group at the generic point
of #~Y(D) to the inertia group at the generic point of D is surjective.

Proof. Let R (resp. R') be the étale local ring of D (resp. of #71(D))
at its generic point, and let K (resp. K') be its field of fractions. Then the
inertia group Ip of D is the Galois group of K and the inertia group Iz-1(p)
of #71(D) is the Galois group of K’. If the homomorphism Ii-ypy — Ip of
profinite groups is not surjective, then its image is contained in some proper
open subgroup of Ip. By the Galois correspondence, this means that there
exists some finite étale covering £ — K without a section whose pullback to
K’ admits a section.

We will show that every finite étale covering £ — Spec(K') whose pullback
to K’ admits a section already has a section over K, implying by contradiction
that the homomorphism is surjective, as claimed.

Let E — Spec(K) be such a covering, and let s’ be a section of the pullback
to K’. The section s’ is defined over K’ = R/[t~!], where ¢ is a uniformizer of R
(and hence also a uniformizer of R'). Because R’ is the étale local ring of the
generic point of 7-1(D), it is the étale local ring of the generic point 7 of the
special fiber AL. Because the section s’ is necessarily defined over some finitely
generated subring of R'[t~!], and R’ is the limit of the rings of functions on all
étale neighborhoods of 7, the section s’ is defined over the ring of functions on
some étale neighborhood X — A}% of n, after inverting t. The equations for s’
over this ring describe a map s: X — {t = 0} — E over Spec(R).
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The image of X in A}% contains a Zariski neighborhood of 7, which con-
tains all but finitely many closed points of the special fiber. Hence it contains
the image of some section of the projection 7 : AL — Spec(R). Let Y be the
pullback of X along that section. Then there is a morphism Y — {t = 0} — F,
and Y is an étale cover of Spec(R), so it contains a copy of Spec(R), hence
there is a map Spec(R) — {t = 0} — E, which means that F admits a section
over Spec(K) = Spec(R) — {t = 0}. O

4.4. Irreducibility of sum-product sheaves for A = 0. We now begin the
study of sum-product sheaves in the case A\ = 0. We always assume that q > k.

We denote by Ry—¢ (resp. R3_,) the pullback i*R (resp. i*R*) for the
inclusion i of A® in A® such that i(r,b) = (r,0,b), and similarly we define
K=o-

The main result of this section establishes that for ¢ large enough, and
for generic values of b (i.e., outside some proper subvariety V**d c A4Fq), the
sheaf R}_ ; is geometrically irreducible.

The strategy is as follows:

(1) A key observation (Lemma 4.27) is that, by homogeneity, R3_, is defined
over Z[1/¢]. In particular, this implies that for ¢ large enough, the sheaf
Ri—p is not wildly ramified.

(2) In Proposition 4.28, we use this fact together with the diophantine criterion
of irreducibility (Lemma 4.14) and the the mean square average asymptotic
formula of Proposition 4.3 to prove that R}_ , is generically geometrically
irreducible.

(3) In Proposition 4.29, we conclude and show, using (1), that V%3 is in fact
defined over Z[1/4].

LEMMA 4.26. Let Z be the subvariety of A x A* defined by
(4.8) {(r,b, 1,9, 23,24) € AP x A* | 2F = (r+ by), i=1,...,4},
and let Z C AP be the image of the subvariety of Z defined by the equation
r1 4+ 22 — x3 — x4 = 0 under the projection
(r,b, 21,22, x3,74) € Z = (r,b) € A”.
(1) The image Z is closed and irreducible. )
(2) Let U be the dense open complement of the union of Z and of the divisors
given by the equations r = —b; in A®. The sheaf Ra—g is lisse on U.

(3) On any dense open subset V. C U where R3_, is lisse, the monodromy
representation of R_, factors through m (U).

Proof. (1) The projection Z — AP is finite because Z is defined by ad-
joining the coordinates 1,2, 3,24 to A5, and each satisfies a monic poly-
nomial equation. Thus the closed subvariety of Z defined by the equation



BILINEAR FORMS WITH KLOOSTERMAN SUMS 465

21 + 29 — x3 — x4 = 0 is also finite over A®, and hence its image 7 is closed.
Moreover, Z is the projection of the subvariety of A? with equations

:Uf:r—i—bi, 1<e<4,

T1+ T2 —x3 — x4 =0,

and hence this subvariety is isomorphic to the divisor in A® with coordinates
(z1,x2,x3,24,7) given by the equation x1 + x9 — x3 — 4 = 0. In particular, it
is irreducible, and therefore its image Z is also irreducible.

(2) This will use Deligne’s semicontinuity theorem [Lau81]. Precisely,
as we already observed, the sheaf Ky—_g is lisse on the complement of the
divisors given by the equations » = —b; and s = 0 in AS. We compactify the
s-coordinate by P! and work on

X =(A'xP*x AYn{(r,s,b) | (r,b) €U}

By extending by 0, we view Ky—¢ as a sheaf on X that is lisse on the
complement in X of the divisors s = 0 and s = co (because U is contained in
the complement of the divisors r = —b; and thus X is as well). Let

@ X —U

denote the projection (r,s,b) — (r,b). Then (® is proper and smooth of
relative dimension 1 and Ry—o|U = R17r>(k2)fK.

Since the restrictions of Ky—g to the divisors s = co and s = 0 are zero,
this sheaf is the extension by zero from the complement of those divisors to
the whole space of a lisse sheaf. Deligne’s semicontinuity theorem [Lau8l,
Cor. 2.1.2] implies that the sheaf Ry—¢ is lisse on U if the Swan conductor is
constant on each of these two divisors.

On s = 0, the Kloosterman sheaf has tame ramification, hence any tensor
product of Kloosterman sheaves has tame ramification. Thus Xy—g has tame
ramification at s = 0 and, in particular, the Swan conductor is zero, which is
constant.

On the other hand, Lemma 4.16 gives a formula for the local monodromy
representation at s = 0o as a sum of pushforward representations from the tame
covering © +— zF. Since the Swan conductor is additive and since the Swan
conductor is invariant under pushforward by a tame covering (see, e.g., [Kat88,
1.13.2]), it follows that

Swanoo (KT,A:O,IJ)

— Y Swane (Lw (((r+b0)Y* + o + by)M*
(2,63,04 €,

—(3(r+ b3)1/k — CQ(r+ b4)1/k> t)) = k?’,
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by definition of U, since the Swan conductor of Ly, is 1 for a # 0. This is
constant, and therefore we deduce that Ry—q is lisse on U.

(3) The restriction R}_,|V is a quotient of R|V, and both sheaves are lisse
on V; since the monodromy representation of R|V factors through 7 (U), the
same holds for R*|V. O

We can now deduce the main result of this section. We first show that Ry—g
is defined over Z. Intuitively, this is because its trace function is independent
of the choice of additive character 1 used in the definition of the Kloosterman
sheaf. Indeed, let ¢'(z) = 1 (Ax), for some A € F;, be any nontrivial additive
character of F, and let

Klpo(z) = q T (' % %) () = Klp(Ma)

be the Kloosterman sums defined using ¢/ instead of 1. We then have, with
obvious notation, the equality

R‘W r, 0 b ZHKlk ¢/ 7‘ + bz‘))Klk’W(S(T +bi+2))

s =1

2
= T K\ s(r + b)) Kl (Ms(r + big2)) = R(r,0,b)

s =1

by making the change of variable s — s, so that (r,b) — R(r,0,b) does not
depend on the choice of .

The following lemma is a geometric incarnation of this simple computa-
tion:

LEMMA 4.27. For any prime £, there erxists an (-adic sheaf R on
AZp g such that, for any prime q # £, we have

:RuniV’A%q = Ry—o,

where Ry—q is defined using the Kloosterman sheaf Xy} for any nontrivial
additive character ¢ of Fy.

Proof. Let X; C GEF! be the subvariety over Z with equation
Ty T =1,

and let
f1 : X1 — Al

be the projection (z1,...,x,t) — t. For any prime ¢ # ¢ and any 1, we then
have an isomorphism

j{fkﬂp ~ Rfﬁrlﬁ¢($1 + -4 x)
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of sheaves on Aiﬂq (up to a Tate twist). Let X be the variety in G2F x AS
(over Z[1/¢]) defined by the equations

k
H.Ti,j:S(’l“+bi), 1 <1<4,
j=1

and let fo : X5 — A® be the projection
fo(z11, . 2ok, 7y 8,0) = (1,b).

By definition, it follows that for all ¢ # ¢, we have
k
Roco = RIS 2Ly (3 (@1 + w25 — 735 — 70))-
j=1

Let X C G2~1 5 AS be the variety over Z[1/¢] with equations
ai--oq g = B(r+by),
Qg1 agk = B(r + ba),
as1- sy = B(r+bs),
Q41 Oy ) = B(T + 54).

The morphism X9 — Gy, X X given by

€1,2 T4,k S
<$171,...,$4’k,7ﬂ,s,b)H (xl,lv( PRI T k 7b)>
x1,1 x1,1 13171

is an isomorphism over Z[1/¢]. In coordinates (z1,1,z) of G, X X, we have

k
> (w15 + @25 — 235 — wa) = 11219(),
j=1
where g : X — A! is the morphism

k k

(@12, Qa7 8,0) > 1Y a1+ ) (ag;—asj— ).
j=2 j=1

Similarly, the projection fo is f o py in the coordinates of G,, x X where
f: X — A® is the projection (a12,...,4%,7,8,b) — (r,b) and ps is the
second projection G,, x X — X. Thus we get

Ramo = R*¥73(f o pa) 1Ly (tg(x))

on A%q for all ¢ # /.

We can now apply Lemma 4.23 to the variety X, to Y = A® and to
f X — Y. We deduce the existence of a complex K on A%[l /0] such that,

for q # ¢,
R(f o pa)Ly(tg(z)) = K|Ag,,
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S0
Ra=o| A%, = R*¥73(f 0 pa)1Ly(tg(x)) = H**(K)|AR,,
and we can take RV = F(4F=3(K), O

ProproOSITION 4.28. For any sufficiently large prime q, the specialized
l-adic sum-product sheaf R_, is geometrically irreducible for all b in an
open dense subset of A%q.

Proof. We will show that RY_ ,, is geometrically irreducible at the generic
point. By Pink’s Specialization Theorem [Kat90, Th. 8.18.2], this will imply
the result on an open dense subset. We compactify A* (resp. A%) in P* (resp.
P* x P'), and we compactify the projection 7: A> — A? using the analogue
projection 7: P4 x P! — P4,

Let W be the stalk of R}_, at the generic point of A® and let p: G —
GL(W) be the corresponding representation of the Galois group

G = Gal(F, (b,7)/F, (b.7).
This representation is irreducible since the sheaf R}_, on AS is geometrically
irreducible by an application of Lemma 4.14 and Proposition 4.3.
It is then enough to prove that the restriction of g to the normal subgroup

G1 = Gal(F,(b,r)/F,(b)(r))

is also irreducible, since this will show that the fiber of R}_, over the generic
point of A is geometrically irreducible. Note that G/G1 = Gal(F,(b)/F,(b)).

The quotient G/G; acts on the set W of Gj-invariant subspaces of W.
Assume that the action of G; on W is not irreducible. Then there is some
nonzero proper Gi-invariant subspace, which cannot be G-invariant, so the
action of G/G1 on W is not a trivial action.

Since the tame geometric fundamental group of A* is trivial (see, e.g.,
[Org03, Th. 5.1] — using the fact that the tame fundamental group is inde-
pendent of the choice of compactification, as explained in loc. cit., and the fact

that the tame fundamental group of A! is trivial), the action of G/G; on W
must be ramified at some codimension 1 point of A* or wildly ramified at oo,
in the sense that the inertia group (resp. wild inertia group) at such a point
acts nontrivially.

Let D be divisor in A* where the action of G/G; is ramified. Denote
by Ip the corresponding inertia group and by Iz-1(p) the inertia group of the
divisor #71(D). We have the commutative diagram

Ii-1(p) G GL(W)

L] |

ID E— G/G1 E— Sym(W)
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By Lemma 4.25, the homomorphism on the left is surjective. Since Ip acts
nontrivially on W, it follows that Iz-1(p) acts nontrivially on W. Hence RY_ is
ramified at the pullback of some codimension 1 point of A%, or wildly ramified
at co. By Lemma 4.26(3), the monodromy action of R3_, on some dense open
set V' where it is lisse factors through 71 (U). Since R3_,|V is a quotient of
Ra—o|V/, it follows that Ry—q is either ramified at the pullback in A® of some
codimension 1 point of A% or wildly ramified at oo.

However, if ¢ is sufficiently large, the sheaf Ry_g is not wildly ramified at oo
because it is defined over Z (by Lemma 4.27) and hence can only have wild
ramification at finitely many primes (as can be seen by applying Abhyankar’s
Lemma [GR71, Exposé XIII, §5] as in [Kat80, Th. 4.7.1(i)]).

Furthermore, by Lemma 4.26(2), the sheaf Ry is lisse outside the com-
plement of the union of the subvariety Z defined in that lemma and the divisors
given by the equations » = —b; in A®. So the only codimension 1 points where
the sheaf is ramified are the generic points of these divisors. The divisors
with equation r = —b; are clearly irreducible, and the same is true of Z by
Lemma 4.26(1), so they each contain a single codimension 1 point; thus we
will obtain a contradiction if we show that none of these divisors is a pullback
from A% under the map (r,b) +— b.

It is clear that the divisors with equation r + b; = 0 are not pullbacks
from A% Recall that the divisor Z was defined as the (closed) projection
of the subvariety with equation z; + 2o — x3 — x4 of the subvariety Z of A°
given by (4.8), and (from Lemma 4.26 (1)) that it is irreducible. This means
we will be done if we check that Z is not a pullback from A* when ¢ is
sufficiently large. For instance, note that (r,b) = (0,1,1,(—1)* 3%) is in Z, as
the image of (1,1, —1,3,0,1,1,(=1),3%); if Z is a pullback from A*, we must
have also (—1,b) = (—1,1,1,(—=1)¥,3%) € Z, but this is not the case since the
corresponding equations for (z1,...,x4) to be in Z impose

1 =22 =0,
I‘§ =-1+ (_1>k7
ok =—1+ 3%,

and to be in Z we should have a solution with r3 = —x4, hence
(—1+ (=" = (-1)*(-1+3") e F,.
This equation holds only for finitely many primes gq.

PROPOSITION 4.29. Fiz a prime {. There exists a hypersurface V>4
A%[l/f]’ containing V>, that is stable under the automorphism b — b

N 0O

(b3, b4, b1,b2) of A%, and such that, for any sufficiently large prime q, the spe-
cialized L-adic sum-product sheaf RY_q, over Fg is geometrically irreducible
for all b outside V4.
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Proof. First we see by Proposition 4.28 that, for a given ¢ sufficiently
large, the sheaf RY_,, is geometrically irreducible for all b outside of some
subvariety of codimension > 1 over Fy.

To construct the exceptional subvariety over Z[1//], we denote by o :
A} — A} the automorphism (r,b) — (r,b). We define the f-adic sheaf
F = RV @ (Id x 0)*R™Y, where R™V is the sheaf on Z[1/¢] constructed
in Lemma 4.27. This is a constructible sheaf on A%U/e]' Setting 7 to be the

projection (r,b) — b we define & = R?>mJ, a constructible f-adic sheaf on

4
Aznje-
Let U C A%[l/ﬂ be the maximal open subset where € is lisse. Let
H > A* — U be any codimension 1 closed subscheme of A%[l /4] containing
the complement of U. Then let

vhad — VAU H U e (H).

It is clear that VP24 is stable under o. We will now show that, for any ¢ > k
distinct from £, the specialized sheaf R} _ , over F, is geometrically irreducible
for b outside VPad,

Let such a ¢ be given, and fix b € F ¢ VP*(F,). We claim that the
specialized sheaf R}_ ;, is geometrically irreducible if and only if the weight 4
part of the stalk H? (Alf , Fp) of 8|A%q at b is one-dimensional. If this is so,
then we are done: since qmixed lisse sheaves are successive extensions of pure
lisse sheaves, the rank of the weight 4 part of € on the open set where it is lisse
is constant. The first part of the argument has shown that this weight 4 part
is of rank 1 on some dense open set, so we know it has rank 1 on the open set
where it is lisse.

The proof of the claim is similar to the argument in the proof of Theo-
rem 4.11 above. If Uy is a dense open subset on which JF is lisse, we have

Hc2<Alfq7 fTrb) = (grbf])ﬂ'l(Ub)<_1)7

so the weight 4 part of the stalk is isomorphic to the weight 2 part of the
coinvariants of J 5. This weight 2 part is isomorphic to the coinvariants of the
maximal weight 2 quotient of JF, which is R5_, ® [Id x o]*R}_,. By Lemma 4.5
(and the geometric simplicity of the sheaves), we have a geometric isomorphism

*V ~ *
A=0,b — R)\:()j,

on any dense open set where the sheaf is lisse. So the weight 4 part of
HCQ(AlE’ Fp) is the same as the coinvariants of Ricop @ fRK\;O,b, which is just
the endomorphisms of R}_, as a geometric monodromy representation. Since

1o is geometrically semisimple, the dimension of this space is 1 if and only
if the representation is geometrically irreducible. O
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4.5. Irreducibility of sum-product sheaves for A # 0. This section is de-
voted to the study of the irreducibility of sum-product sheaves for A # 0. We
always assume that g > k > 2.

Using Lemma 4.12, we want to show that if b ¢ V2, then Rp is geometri-
cally irreducible for all A # 0. This is the most delicate part of our argument.
The strategy is as follows:

(1) We show that for b ¢ V2, the sheaf R} is geometrically irreducible on A2
this gives the first condition in Lemma 4.12.

(2) Let 0 =(0,0,0,0); we compute explicitly the wild part of the monodromy
at infinity of Ry g for A # 0.

(3) We show that the wild part of the monodromy at infinity of Ry p is inde-
pendent of b (for A # 0) and thus is known by the previous step; this should
be understood intuitively from the fact that for any b = (by, ba, b3, by), the
map r +— (r,r,r,r) approximates the map r — (r+by, 7+ ba,r + b3, 7+ by)
as r — 00.

(4) We extend the computation to RJ ,; this leads to a verification of the
second condition of Lemma 4.12.

(5) Finally, we check the last condition of this lemma.

In all of this section, we fix a tuple b & VA(F,).

LEMMA 4.30. For any b & V2(F,), the sheaf R on A? is geometrically
wrreductble on the open subset where it is lisse.

Proof. The result follows from Lemma 4.14 and (3.4), as in the beginning
of the proof of Proposition 4.29. O

LEMMA 4.31. The following properties hold:

(1) the sheaf Ry is lisse on the complement U of the union of the divisor with
equation A = 0 and of the divisors with equations r = —b; for 1 <1 < 4;

(2) the generic rank of Ry is k*;

(3) the generic rank of Ry—op is at most k3.

Proof. First we prove that Ry, is lisse on U. Let
iU A x Gy,

and

j:A?x G = A x Pl x G,
be the canonical open immersions, and let J~<b = 751X be the extension by 0
of Kp. Write 7 for the projection (r,s,\) = (r,A) on Al x P! x G,,. Let
7=x0j, W=a1U) and W = 7=}(U) so that W is the preimage of W
under j. Also denote by my the restriction of m to W.

We note that Ky is lisse on the complement of s = 0 in W and vanishes
on the divisor s = 0. Similarly, X is lisse on the complement of the smooth
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divisor {s = 0} U {s = oo} in W. Moreover, we have
Ro|U = R'myn(Kp) = R (K| W),

where the point is that we write the restriction of Rp to U as a higher direct
image of the restriction of a sheaf lisse outside a smooth divisor.

We next claim that the Swan conductor of K is constant along the two
divisors s = 0 and s = co. Indeed, recall that

2

Kp = ﬁw()\s) & ®(fl*g<£k ® fzi2j<€>€/) = 'C‘d)(/\s) ® 3,
i=1

say. Along the divisor s = 0, the pullbacks fX/; and f{;QIKEZ are tamely
ramified since the Kloosterman sheaf K/ is tamely ramified at 0 and s —
(7 + b;)s fixes 0 and oco. Since Ly (ys) is unramified along s = 0, we see that
Kp is tamely ramified and, in particular, has constant Swan conductor equal
to zero.

On the other hand, the Kloosterman sheaf X/ is wildly ramified at oo
with unique break 1/k, so the tensor product § above has all breaks at most
1/k at oo (again because f; fixes co as a function of s). Since k£ > 2 and the
single sheaf £y has rank 1 and is wildly ramified at oo with break 1 (recall
that A # 0 in this argument), the sheaf Kp has unique break 1 at co. Since
the rank of Kp is k%, the Swan conductor at s = co of K}, is the constant k%.
This establishes our claim.

It follows from the above and Deligne’s semicontinuity theorem [Lau81,
Cor. 2.1.2] that the sheaf Ry (Kp) is lisse on U. As we observed, this is the
same as the restriction of Ry to U, and hence Ry is lisse on U.

Now we consider the rank estimates. By the propre base change theorem,
the stalk of R over z = (r, \,b) € A2 x (A*\ V2) is Hcl(AlF ,F), where
q

2
T = Lysn) @ QX (r +b:)]* Kby, @ [X (1 + biya)]"KEY)).
i=1
We recall from Lemma 4.1 that the 0-th and 2-nd cohomology groups of F
vanish, so that the rank of the stalk of R at x is minus the Euler—Poincaré
characteristic of the sheaf whose cohomology we consider. The Euler—Poincaré
formula for a constructible sheaf on Al gives

X(Alfq,?) =rank(F) — Y Swan,(F) — ) drop,(F),

zePl zeAl

where drop, (%) is the generic rank of F minus the dimension of the stalk at x.
(See, e.g., [Kat12, p. 67] and the references there, or [Full, Cor. 10.2.7].)
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Since we normalized the Kloosterman sheaf X/, to have stalk 0 at 0, so
does ¥, and the above formula becomes

x(A%q,&") =— Z Swan, (F) — Z drop, (F).
zeP! z€Gm
(2) In the generic case A # 0 and r + b; # 0, the rank is equal to k*
since the sheaf F is then lisse on G, tame at 0, and has unique break 1 with
multiplicity k% at infinity.
(3) If A = 0 (and b generic), then we get generic rank < Swans (F) < k3,
since F (for A = 0) has all breaks < 1/k at oo and rank k. O

We now consider the local monodromy of Rp in terms of the r variable for
A # 0. First we deal with the singularity r = —b;.

LEMMA 4.32. On the open set where \ # 0, the sheaf Ry has tame rami-
fication around the divisors r = —b; for 1 <i < 4.

Proof. Let O be the ring of integers in a finite extension of Qg such that the
sheaves K/y and L()s) have a model over O, in the sense of [Kat88, Remark
1.10], and let w be a uniformizer of O. Then Ry has a model over O and we
have

Swan_y, (Rp) = Swan_s, (Rp/w)
for any i (see, e.g., [Kat88, Rem. 1.10]). Thus we reduce to ¢-torsion sheaves.

We will show that the torsion sheaf Rp/w is trivialized at —b; after pull-
back to a covering defined by adjoining n-th roots of r + b;, for some n coprime
to ¢. This implies that Rp/w is tame at —b; and hence gives our claim.

We fix A # 0, and we now view f; as a morphism A! x A! — Al
given by (r,s) +— s(r + b;). Over the étale local ring at 0, the sheaf K¢ is
isomorphic (by Proposition 4.6(4)) to the extension by zero of a lisse sheaf U
on G,, corresponding to a principal unipotent rank k representation of the
tame fundamental group

(n,q)=1
of G,,. Hence fX/{; and f;U are isomorphic after pullback in an étale neigh-
borhood of the divisor D with equation s(r + b;) = 0 in A2

The sheaf U/w corresponds to a representation of the monodromy group
of an étale Kummer covering of G,,, defined by adjoining the n-th root of
the coordinate for some n coprime to g. Therefore fU/w corresponds to a
covering of A2, ramified over D, obtained by adjoining the n-th root of s(r+4b;).
It follows that, if we adjoin the n-th root of r + b;, the cover defining f;U/w
becomes isomorphic to the cover obtained by adjoining the n-th root of s of
order coprime to gq. Consider the map

g: A2 — A?
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with g(t, s) = (" —bj, s). Then because of this isomorphism of covers, g* fU/w
is locally isomorphic to ¢g*[(r, s) — s]*U/w = [(t, s) — s]*U/w. From now on,
we will write s*U/w for [(¢,s) — s]*U/w.

The sheaf g*fFXK/{} is lisse on A% away from the lines s = 0 and t = 0.
We claim that ¢g*f*XK/, restricted to the open set ¢ # 0, may be extended
to A? as a sheaf K¢, in such a way that K¢, is lisse away from the line
s = 0 and isomorphic to s*U/w on the line ¢ = 0. This is an étale-local
condition, and it may be checked in an étale neighborhood of the line ¢ = 0.
In fact, since it depends only on the restriction to the open set ¢ # 0, it may
be checked on the complement of the line ¢ = 0 in an étale neighborhood of
itself. In such a neighborhood, we have the two aforementioned isomorphisms
G Kl = ¢* ffU/w = s*U/w. The existence of the desired extension is
obvious for s*U/w and hence holds for ¢g* f;K/;. We next denote by 9%2 the
extension by zero to A? of the restriction of XK}, to the complement of the line
s=0in A2,

We have
9 Ko/ = g Lypne) /w0 @ g [i Kl Jw @ Q) g* f7 Kby, [ w.
J#i
Let
K3 = 9" Lyrs)/ @ @ KO @ ®g*fjﬂ<£k/w
J#i

be the same tensor product but with the g* f&/;/w term replaced with J¢9.
Then ng is lisse on A2 away from the line s = 0 and the lines t" — b; = —b;
for j #i.

The sheaf lei](g is lisse in an étale neighborhood of 0, by a proof similar
to the proof in Lemma 4.31 that X is lisse. Indeed, 9{2 is lisse near t = 0 away
from s = 0 and s = 0o, and tamely ramified at 0, so by Deligne’s semicontinuity
theorem [Lau81, Cor. 2.1.2] it suffices to check that the Swan conductor of X9
at oo is constant. The three Kloosterman sheaves all have breaks at oo strictly
less than 1, and the same is true of XY because for t # 0, it is a Kloosterman
sheaf and at ¢ = 0 it is unipotent and tame. Thus tensoring with £y \,), all
the breaks become 1 and the Swan conductor is constant.

So the local monodromy at t = 0 of le.‘Kg is trivial. But, by construc-
tion, the sheaf 9(2 is isomorphic to ¢*Xp/w away from t = 0, so the local
monodromy of

R'mg*Kp/w = [t — t" — b;]*R'mKp/w = [t > t" — b;]*Rp/w

around ¢ = 0 is also trivial. Thus Rp/w has trivial local monodromy after
adjoining the n-th roots of the uniformizer, and it is tamely ramified, as desired.
O



BILINEAR FORMS WITH KLOOSTERMAN SUMS 475

It remains to compute the local monodromy at oo. For this purpose,
we will use the theory of nearby and vanishing cycles. Since this theory is
likely to be unfamiliar to analytic number theorists, Appendix A gives a short
introduction, with some explanation of its relevance for our purposes.

LEMMA 4.33. Let A # 0 be fized in a field extension (possibly transcen-
dental) of Fy. Let X be the blowup of P x P! at the point (r,5) = (00,0).
Consider the projection X — P given by (r,s) v r. Let F be the extension
by zero of the sheaf Xxp on A% to X, and let G be the extension by zero of
Kxo on AZ.

(1) The nearby cycles sheaves of F and G over r = oo are locally isomorphic

at all s # oo in P! and at each point of the exceptional divisor of X.

(2) The nearby cycles sheaves of F and G over r = oo have the property that
the stalk of RVYJF at s = 0o, as a representation of the wild inertia group,
can be split into summands

015---,0m,

and the stalk of RVSG at s = 0o, as a representation of the wild inertia
group, can be split into summands

/ /
015--+50m

such that, for all i, the representations o} and o; of the wild inertia group
are isomorphic up to order 2 reparametrizations, in the sense of Defini-
tion 4.20.

Remark 4.34. We use the blowup X instead of P! x P! because the ar-
gument below would not apply to P! x Pl: for (r,s) = (o0, 0), the function
1/(rs) does not belong to the maximal ideal. See, e.g., [Har77, pp. 28, 29] for
a quick description of blowups.

Proof. (1) Since

2
Kap = Lyprs) ® ®<[5 = (r+ bi)S]*J@k) ® ([3 = (r+ bi+2)5]*9<€z)’
i=1

Kxo = Lyrs) @ é([s — rs}*fKEk) ® ([s — rs]*%é%),
i=1

on A2, the étale-local nature of nearby cycles shows that it is enough to prove
that, for 1 < i < 4, the sheaf [s — (r + b;)s]*K/{ is locally isomorphic to
[s > 78]*Kl; on Al — {0} C P! (with coordinate s) and on the exceptional
divisor D of the blowup.

For points not on the exceptional divisor, we apply Lemma 4.17(2) to the
strict henselization R of the local ring at (0o, s) € X, with a = rs and b = b;s,
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where r and s are now viewed as elements of the field of fractions of R. Note
that r~! belongs then to the maximal ideal m of R (since we are considering
the situation at r = 0o) and s is a unit (since we are outside the exceptional
divisor), hence a~! also belongs to m. Moreover b € R, and therefore we obtain

(a4 b)* Kl ~ a* Ky,

which is the desired conclusion.

The exceptional divisor D is isomorphic to P! by the map (r,s) + s/r~!
= rs. Hence, for all points x on D except the point mapping to co under
this isomorphism, the function rs is a function in the local ring at z, and
we may apply Lemma 4.17(1) to the strict henselization R of the local ring
at that point, with a = rs and b = b;/r. The function 1/(rs) vanishes at
the point mapping to oo, thus is in the maximal ideal, so we may again use
Lemma 4.17(2) with a = rs and b = b;s.

(2) We denote again by R the strict henselization of the local ring at
(00,00) € P! x P! and by m its maximal ideal. We also denote by R the
strict henselization of the local ring at co of P! (with coordinate r), and by my
its maximal ideal. Then 1/r is a uniformizer or R;. Let Ry be the extension of
Ry generated by a k-th root 1/ of 1/r. Let U = Spec Rylp]. Since 1+ b;/r =
1 (modm), there exists y; € By C R with y¥ = 1+ b;/r and y; = 1 (modmy).
We can apply Lemma 4.16 to U, where f is the projection to Spec R; — {oo}
composed with the inclusion Spec Ry —{oo} — A'—{—b1,...,bs} and r; = oy;.
We observe that rirorsrs = o*y1yaysys is a perfect square, as yi, Y2, Y3, Ya
are all units in Rj, hence squares in R; and thus squares in Ry. Hence, by
Lemma 4.16, we have an isomorphism of local monodromy representations

2
[ > 1 (L s © Q) Fr Kb @ f5K0)
=1

~ P Lyny® ng(sl/k@(yl + Cay2 — (3y3 — C4y4)),
(2,03,C4€E My,
where (z) = ¢ (kz) as before.

The complex of nearby cycles is preserved by this pullback to a k-th power
covering, as is the action of the wild inertia subgroup (because the action of
the full inertia group is restricted to the inertia group of the covering, which
contains the wild inertia group).

Since the nearby cycle functor is additive, we have a local isomorphism

[fxId*RYK p~ €D RV (Lw()\s) ®Ly (sl/k9<y1 +Cay2 — C3y3 — C4y4))> )
(2,(3,G4€ 1,

and we handle each term in the sum separately. We will show that, for each
(C2,(3,C4), either the corresponding component has no nearby cycles for any
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b € A* (not only for b ¢ V2), or that its nearby cycles, with the action of
the wild inertia group, are independent of b € A?, up to reparametrizations of
order 2. We consider two cases.

Case 1. Assume that 1+ (2 = (3 + (4. In that case, the element

Y1 + Coy2 — (3Y3 — Caya

1

of R belongs to the maximal ideal. Since o~ is a uniformizer of Ry, the element

o(y1 + Gay2 — (3y3 — Caya)
belongs to Rg. Thus the sheaves

Ly(rs)s Ly (Sl/kg (y1 + oy — Cays — Cava))

both extend to lisse sheaves in an étale neighborhood of (00, c0) away from the
line s = oo.

To check that their tensor product has no vanishing cycles, it suffices (by
Deligne’s semicontinuity theorem once more [Lau81, Th. 5.1.1]) to check that
the Swan conductor is constant. But the breaks at infinity (in terms of s) of

L; (sl/kg (y1 + Gay2 — (3y3 — C4y4))

are all < 1/k, while Ly(ns) has break 1, so the tensor product has all breaks
equal to 1, and we are done.

Case 2. Assume that 1 4+ (o # (3 + (4. Then we have

Y1 +y2C — y3G3 — yala = (1 + G — (3 — Q)d,

where d € Ry satisfies d = 1 (modmy). Let p = od and u = rd* = p*. Then
we have

o(y1 + y2le — y3¢3 — yals) = p(1+ G2 — (3 — ).
So, after pulling back to U (which is also the cover defined by adjoining p), we
are dealing with the sheaf

Loyprs) @ Ly (sl/ku(l +C— G — C4))-

The wild inertia action on the nearby cycles of this sheaf, in terms of the
variable u, can be computed on the pullback to the cover defined by p with
p* = u. Thus it is independent of b € A*, because this formula for the pullback
is independent of b and the cover is also independent of b.

Since 1/r and 1/u are uniformizers of Ry, there is a unique automorphism
o of R; sending 7 to u. Since d = 1 (modmy), it follows that

1 1 9

Pl (mod (1/r)7),
and hence o is a reparametrization of order 2 (see Definition 4.20). This is the
desired result. O
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We will describe the wild part of the local monodromy at r = oo of Ry
using the following data.

Definition 4.35. Let k > 2, and let ¢ be a prime with g { k. We denote by
Sk the multiset of nonzero elements of Fq of the form

(14— G —h,
where (2, (3 and (4 range over u(F,).
We first use this definition to treat the local monodromy for R) g.

LEMMA 4.36. Let A # 0 be fized in a field extension (possibly transcenden-
tal) of Fy. The local monodromy representation of Ry o atr = oo is isomorphic
to that of the sheaf

P [xax " H,,

a€Sy
where Hy_1 is the sheaf defined in Definition 4.18, plus a tamely ramified
representation.

The meaning of the direct sum over the multiset Sy is

b (< ((L+ G — G — G\ Hy,
€2,(3,C4 €My,
14+¢2—(3—C47#0

and similarly below.

Proof. Note that every representation of the inertia group is a sum of a
wildly ramified representation and a tamely ramified representation, as the
wild part is a g-group, so has semisimple ¢-adic representation theory, hence
every representation of the wild inertia group splits canonically into trivial
and nontrivial parts. Thus, because Hy_q is totally wild at co, we concern
ourselves only with the wild summand.

The change of variable

(rys) = (Nr,rs)
is an isomorphism G,, x A — G,,, x Al (with inverse (&, 2) — (V/€, 2€/N)).
In terms of the variables (£, ), the sheaf Ry o becomes the Fourier transform
with respect to ¥ of the sheaf

2
F = Q) Kly, @ Ky,
i=1
on A' with coordinate z, reflecting the trace function identity

Z P(As) HKlk rs)Kly (1s) Z P(xf) HKlk VKl ().

seFy =1 zeFy
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We now need to compute the local monodromy at & = 0 of this Fourier
transform, which we can do using Laumon’s local Fourier transform functors.
Laumon’s results (see, e.g., [Kat90, Th. 7.4.3 and Cor. 7.4.3.1]) give an iso-
morphism

Rxo/(Rx0)o = FTy loc(oo, 0)(F(o0))
of representations of the inertia group at 0, where (R))o is the stalk at 0
and F(o0) is the local monodromy representation of F at oo. Since the stalk
at 0 is a trivial representation of the inertia group, this implies that the wild
summand of the local monodromy is the same as that of FTy loc(co,0)(F(c0)).

Using Lemma 4.9 as in Lemma 4.16, the local monodromy at oo of F is
isomorphic to that of

D L+ G-G-0)
(2,(3,C4 €y, 1k
= D ((a+e-a-cwra)"),

(2,3,Ca €y,

where () = 1 (kz). All triples (Cz, (3, C4) with 14 (o —(3— (4 = 0 give tamely
ramified local monodromy, whose local Fourier transform at 0 is also tamely
ramified (see, e.g., [Kat90, Th. 7.4.4 (3)]), so they do not contribute to the
wild part of the local monodromy.

Otherwise, if @ = (1 + ¢ — (3 — (4)* # 0 is an element of Sy, then we
have the following isomorphisms of local monodromy representations at 0 in
A' with (Fourier) coordinate £, using the definition of the sheaf Hj,_1:

FTy loc(c0,0)(£ () /%)) = [xa™"]* R®y, FTy(L 5 (z'/*))
~ [xa ' R®y, ([€ > € Hym1)
~ [xa e = & Hro1

~ [§ = (/)] Hi-1,0 -

(It is important to note that when composing pullbacks, one applies the left-
most functions first, since this is the opposite order from the usual composition
of functions, where the rightmost is applied first. So ¢ is sent to a~'¢, which
is sent to (a~1¢)~! = a/€.) Since £ = \/r, this concludes the proof. O

We can finally conclude

COROLLARY 4.37. Let XA # 0 be fized in a field extension (possibly tran-
scendental) of Fq. The wild inertia representation of Ryp at v = oo is the
same as that of the sheaf

@ [xa)\_l]*ﬂ-(k_l
a€eSk
plus a trivial representation.
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For the proof, we use the same notation as in Lemma 4.33. Thus, X
denotes the blowup of P! x P! at (00,0) and F and G on X are the extensions
by 0 from A! x Al to X of Kb and Ky o respectively. Let 7 be the proper
map

X —P' xP' — P,
where the second map is the proper projection (r,s) — r.

We need to compute the wild inertia representations at co of Rm,JF and
Rm,.G. To do that, we use the nearby cycles R¥YJF and RVS relative to 7.
These are complexes of sheaves with an inertia group action on the fiber over
oo over X. We know by Lemma 4.33 that RUF and RV are locally isomorphic
away from the point (oo, 00).

The key step is the following sub-lemma:

LEMMA 4.38. Away from (00, 00), the wild inertia group acts trivially on
RUS.

Proof. Let fi(r,s) = rs. By definition, we have
Kro = Lyps) @ [1K0E? @ (fixe, ).

Because we are verifying a local condition away from the line s = co, we may
ignore the factor L)y and consider only the nearby cycles of

K = [iKe2? @ (7K, )22

For any a € Gy, let s, be the map (r, s) — (ar,a™'s). We have fi 05, = f1,
hence s}, K ~ K. The action of s, extends to the blowup X and to the fiber of
X over oo, so it extends by functoriality to the nearby cycles complex RUVXK.
Since s, acts by scaling on the coordinate r of the base local ring, the induced
isomorphism s}, RUK ~ RUXK sends the Galois action on the nearby cycles
complex to its multiplicative translate by «. Since the nearby cycles sheaf
is constructible [Del77, Th. Finitude, Th. 3.2], only finitely many different
irreducible representations of the inertia group can appear in the stalks of R¥XK
as Jordan—Holder factors anywhere on the fiber over co. (On each open set
where RUX is lisse, there is a single representation with finitely many Jordan—
Hoélder factors, and at each other point there is another representation, again
with finitely many Jordan-Holder factors.) By symmetry, if any irreducible
inertia representation appears in the stalks, its multiplicative translates by
a must also appear. But by [Kat88, 4.1.6], any nontrivial wildly ramified
representation has infinitely many nonisomorphic multiplicative translates as
« varies, so the wild inertia group must act trivially on the stalks.

Let I be the wild inertia group. There is an I;-invariants functor from
f-adic sheaves with an action of I; to f-adic sheaves, and an adjoint functor
that views f-adic sheaves as f-adic sheaves with a trivial action of I, giving
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a natural adjunction map (R\IJS)I1 — RWUS. Because I is a pro-q group, the
I;-invariants functor on f-adic sheaves has no higher cohomology. Because
the stalks are Ii-invariant, this map is an isomorphism on stalks away from
(00, 00), hence an isomorphism away from (00, 0), so the wild inertia group
acts trivially on RUG away from (oo, 00). O

Proof of Corollary 4.37. It follows from Lemmas 4.38 and 4.33(1) that the
wild inertia group acts trivially on RUF away from (oo, 00).

Let Z = {(0c0,00)}, and let U be the open complement. Let i be the
closed immersion of Z and j the open immersion of U. We have distinguished
triangles

Rr.jiRVF|\U — Rr,RYF — Rm, i, RYF|Z —

and
Rm,jyiRYS|U — Rm,RYS — Rm.i,RVS|Z — .

The middle terms are the local monodromy representations of Rw,.J and
R7,. S at oo, which we want to compute. The third terms are the stalks of
RYF and R¥S at (0o0,00). The left-hand terms, by the above, have trivial
wild inertia action at co.

Since the representations of the wild inertia group are semisimple (as it is
a pro-g-group acting on an f-adic vector space), this implies that the nontrivial
part of the wild inertia representation on the local monodromy of R7,F and of
Rm,§G are each equal to the nontrivial parts of the wild inertia representation
on the stalks of RVF and R¥YS at (0o,00). By Lemma 4.33(2), the stalks of
RYTF and R¥YS at (00, 00) can be split into summands that are isomorphic as
representations of the wild inertia group up to order 2 reparametrizations, so
the nontrivial parts of the wild inertia representations on Rm,F and Rm,G can
be split into summands that are equal up to order 2 reparametrizations.

Finally, Lemma 4.36 shows that the wild inertia representation at oo of
Rm,G is exactly as claimed in the statement. Since, by Lemma 4.21, any
summand of the local monodromy at oo of Rm,.G (i.e., of Ry o) is preserved by
reparametrizations of order 2, we obtain in fact the same decomposition for
Ry p also. O

COROLLARY 4.39. Let A # 0 be fized in a field extension (possibly tran-
scendental) of Fy. The wild inertia representation of R3p at 7 =00 is isomor-
phic to that of

P [xa/\He s
a€eSk
plus a trivial representation.

Proof. In view of Corollary 4.37 and of the definition of R*, it suffices to
prove that the weight < 1 part of Ry is tamely ramified at r = co. To do this
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we will study the action of the decomposition group at co on the stalk of the
weight < 1 part of Ryp at a generic point of the r-line.

We apply Lemma 4.22(2) to C = A x P! x G,,,, with coordinates (r, s, \),
with its dense open subset U = Al x Al x G,, (with open embedding 7), to
the morphism © : C — A! x G, given by 7(r,s,\) = (r,\) and to the
sheaf F = 51Ky on C. The assumptions of Lemma 4.22 are easily verified using
Lemma 4.1(2) and (3).

Taking x = (r, \) for a generic value of r, the lemma implies that the part
of weight < 1 of

(R'm.F), = H' (771(2),F) = (Rp)

is isomorphic to
KD ) Kaw)o ® KL /(K)o = KL,

since K, p is totally wildly ramified at s = oo and has stalk 0 at s = 0.

Recall that the local monodromy representation of K/ at 0 is unipotent.
Let K be an algebraically closed field extension of Fy containing A, so that over
K the decomposition group representation of K¢ at 0 is unipotent. Hence the
decomposition group representation of

[(r,8) = s(r+ b;)]" Kl

at a point where s = 0 is unipotent (still over K). The decomposition group
representation of Ly, is trivial at a point where s = 0. Hence we con-
clude that the decomposition group over K also acts unipotently on the tensor
)

resentation of the Galois group of the residue field of the generic point z. In

product X, p. Hence the space of inertia invariants Ki(g is a unipotent rep-
particular, the inertia group at r = oo acts unipotently. Because it is unipo-
tent, it must factor through a pro-¢ group and hence be tame. O

We need some last elementary geometric considerations to isolate features
of the local monodromy at oo that will allow us to deduce the irreducibility
and disjointness of the sheaves R p.

LEMMA 4.40. Let k = 2 be given.

(1) If q is sufficiently large, then the multiset Sy contains an element with
multiplicity 1.

(2) If q is sufficiently large, then the group of pu € qu such that uSy = Sk is
trivial if k is even and is reduced to {+1} if k is odd.

Proof. We denote by S, C C the analogue of Sj defined using 1(Q).
We observe that the set of nonzero numbers (; + (3 — (3 — (4, where (; runs

over p(Fy), is the set of k-th roots of the elements of Sy, and similarly for
Sy and ¢; € p,(Q). Moreover, the nonzero element of this form has the same
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multiplicity as its k-th power as an element of Sj. Indeed, there is a bijection
from the set of representations

a=0+CG—0G—
to those of
of = (1+¢G—¢ -0,
given by
(CiyeeeyCa) = (C2/C15C3/Cr, Ca/Cr)

with inverse

(G2, G5, €a) = (5662, €G3, CCh),

where ( is such that o = ((1 4 {5 — (5 — ).

(1) Since any two distinct elements of Sy, are equal modulo ¢ for finitely
many primes ¢, it is enough to check that the set Sy, contains an element of
multiplicity 1 in C. To find an element of Sy, with multiplicity 1, it is sufficient
to find an R-linear map C — R with a unique maximum and minimum
on py. Clearly a generic linear function has this property; e.g., if k is even, we
may take the real part.

(2) We first show the corresponding property for Si. Let T}, be the multiset
of numbers (; + (o — (3 — (4. By the description above, it is enough to show
that the group of complex numbers p such that pTj = T} is equal to py, if £ is
even and to puq, if k is odd.

Consider the convex hull of Tj. It is the difference of two copies of twice
the convex hull of the k-th roots of unity. Since the convex hull of p;, in C is
a k-sided regular polygon, the convex hull of T}, is a k-sided regular polygon if
k is even, and a 2k-sided regular polygon if k is odd. The result is then clear.

To reduce the case of Sy to the complex case, we note that an arbitrary
nonempty finite set S C C or S C F, may only be equal to its multiplicative
translate by p if p is a root of unity. Moreover, ;1S = S, where p is a primitive
n-th roots of unity, if and only if the coefficients of a monic polynomial whose
roots are S vanish in degrees coprime to n. When reducing a polynomial with
algebraic coefficients modulo a prime ¢ large enough, the only degrees that are
zero modulo ¢ are those that are zero in C. Hence, for ¢ large enough, the
same roots of unity stabilize S; as Sh. [l

Finally we can conclude the basic irreducibility statement for sum-product
sheaves when A is nonzero:

PROPOSITION 4.41. For q large enough in terms of k, the sheaf iRj’b is

geometrically irreducible whenever \ # 0 is fized in a field extension (possibly
transcendental) of F, and b ¢ VA.
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Proof. We apply Lemma 4.12(b) to Y = G, x P! where the coordinate
of G, is A and the coordinate of P! is 7 and to the first projection f : ¥ —
X = G,,. We consider the sheaf on Y that is the extension by zero of the
sheaf R on G, x Al. The divisor D is the union of the divisors {r = —b;}
and {r = oo}. If the three conditions of Lemma 4.12 hold, then we obtain our
desired conclusion.

By Lemma 4.14 and (3.4), the sheaf Ry is geometrically irreducible on
Y — D, so that the first condition holds. It is also pure on Y — D by definition.

Next, we will show that the second condition holds by showing that there
exists an irreducible component of multiplicity 1 in the local monodromy at oo
of the restriction of Ry to the fiber of f over a geometric generic point of G,
whose isomorphism class is Galois-invariant.

By Corollary 4.39, the wild inertia representation of R}, at r = oo is
isomorphic to that of @,ecg, [xa/A]*H_1 plus a trivial representation. By
Lemma 4.40(1), assuming g is large enough, some « appears with multiplicity 1
in S;. Take such an «. Let V be the subspace of that local monodromy
representation that is sent to [xa/A]*Hy—1 under this isomorphism.

The irreducible components of the summands [xa/A\]*Hy_;1 as represen-
tations of the wild inertia group are disjoint by Lemma 4.21(3). So we may
characterize V' as the subspace generated by all representations of the wild
inertia group that are isomorphic to wild inertia representations that appear
in [xa/A*Hg_1. Because [xa/A*Hj_; is a representation of the full decom-
position group, that set of isomorphism classes is stable under the action of
the decomposition group, so V is a subrepresentation of the local monodromy
representation as a representation of the full decomposition group. (Here we
work over a large enough finite field so that all of Sj, including «, is contained
in the base field.)

We will show that V, restricted to the inertia group, is irreducible. Re-
stricted to the wild inertia group, it is isomorphic to [xa/A]*Hj_;. By Lemma
4.21(2), the action by conjugation of the tame inertia group on the irreducible
wild inertia subrepresentations of [xa/A|*Hy_1 is transitive. Thus any sub-
space would be a sum of wild inertia characters and would be invariant under
the tame inertia subgroup. So it must contain all the characters or none, and
therefore V is indeed irreducible.

Then the irreducible representation V' occurs with multiplicity 1 because
each wild inertia component in it occurs with multiplicity 1, and its isomor-
phism class is invariant under conjugation by the Galois group because it ex-
tends to a representation of the full decomposition group.

For the third condition of Lemma 4.12, it is enough to show that the
functions

A SWanr (Ri\,b & RK\,/IJ)
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are locally constant on the divisors r = —b; and r = co. By Lemma 4.32, this
function is constant (equal to 0) on the divisors r = —b; for 1 < ¢ < 4. The
Swan conductor is determined by the restriction to the wild inertia subgroup.
By Corollary 4.37, the restriction of Ry p to the wild inertia subgroup is a sum
of terms of the form [xa/A]*Hy_1 plus a trivial representation. Hence the
restriction of R} , ® R;Yb to the wild inertia subgroup is a sum of representa-
tions of the form [xa/A*Hj_1 @ [xB/A*H)_,, representations of the forms
[xa/A*Hi—1 and [xB/A]*H)_, and a trivial representation.

Therefore, on the divisor r = oo, it suffices to check that the Swan con-
ductor of

[xa/ A" Hp—1 @ [xB/A"HGy = [xa/ A" (H—1 @ [xB/a]"FG )

depends only on («, #) but is independent of A € G, and the same property
for a single hypergeometric sheaf [xa/A]*Hj_1. But scalar multiplication does
not affect Swan conductors (since it is just an automorphism of the local field
and hence preserves the wild ramification filtration), and hence these Swan
conductors are equal to the Swan conductors of Hy_1 ® [xB/al*H)_; and
H—1 respectively and thus are independent of A. O

4.6. Final steps. In this final section, we compare different specialized
sum-product sheaves iRib.

We now show distinctness of specialized sum-product sheaves for dis-
tinct A\. We recall that the subvariety VP24 has been defined in Proposition 4.29.
It is defined over Z[1/¢] and stable under b — b = (b3, by, b1, ba).

LEMMA 4.42. For b not contained in V**4(F,), and for \; # Ay in Fy,
the sheaves ijhb and R}, j, are not geometrically isomorphic.

Proof. Let us recall first that, by definition, VP24 contains V2, and there-
fore the sheaves R} ,, are geometrically irreducible for b ¢ ybad,

First assume that A\; = 0 and Ay # 0. (The case A9 = 0 and A1 # 0 is of
course similar.) We will show that the generic ranks of the two sheaves Rg,,
and R}, ,, are different, which of course implies that they are not geometrically
isomorphic. By Lemma 4.31(2) and (3), we have

rank Ry, p = k* > k% = rank R .

Applying Lemma 4.22(2) exactly as in the proof of Corollary 4.39, we see that
the part of weight < 1 of R, s has rank

. rI(0)
dim ﬂC/\:/\Qm’b,
while (by the same argument) the part of weight < 1 of Ry p has rank

dim Ki(zo())’mb + dim Kﬁ(ﬁg,)n,b > dim j<§\(=0()),77,b'
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However the local monodromy representation of Xy ;5 at 0 is independent of A
because X is a tensor product of Kloosterman sheaves defined independently
of A with £()s), which is lisse at 0. So the rank of the inertia invariants is
independent of A also.

Hence there is a larger “drop” in the generic rank when passing from Ry p
to R}, when A is 0, and we deduce that

rank R}, 5 > rank R 4.

Now assume that A; and As are nonzero and distinct. Corollary 4.37 shows
that the wild inertia representation of .‘Rﬁ\l’b at oo is the multiplicative translate
by A2/A1 of the wild inertia representation of IR’)‘%b, which is itself isomorphic
to the wild inertia representation of

P [xar; T Hps.

a€eSy
Since the wild inertia representation of Hj_; is not isomorphic to any non-
trivial multiplicative translate of itself by Lemma 4.21(3), these local mon-
odromy representations are therefore isomorphic only if Sy = (A2/A1)Sk. By
Lemma 4.40(2), this is only possible if A = Ay or if A\ = —A1, and that second
case occurs only if k is odd.

Thus it only remains to deal with the case when k is odd, \; = —\2, and

both are nonzero. We assume that we have a geometric isomorphism

(4.9) b =R

for some A1 # 0, and we proceed to derive a contradiction. This isomorphism,
and the fact that ijhb and R* Arp are geometrically irreducible, implies that
HCQ(AIE — {-b}, R}, p ® R p) is one-dimensional, where we use {—b} to
denote the closed set {—b1, —ba, —bs, —bs}. This cohomology group is the stalk
at A1 of the constructible ¢-adic sheaf

§=R’p(Ry @ g"Ry)(1),

where p : (A' — {-b}) x G, = G, is the projection (r,\) +— A and g is the
automorphism (r, \) — (r, —A) of (Al — {-b}) x G,,.

By Deligne’s semicontinuity theorem [Lau81], the sheaf G is lisse on Gy;
indeed, the Swan conductors are constant functions of A on the ramification
divisors, by an argument similar to that at the end of the proof of Proposi-
tion 4.41. Hence, since the stalk of § at A\ € G,, is one-dimensional, the
sheaf G is lisse of rank 1 on G,,.

By Verdier duality (see, e.g., [KL85, §1, (1.1.3)] and the references there,
and the fact that the dual of a (shifted) lisse sheaf is the shifted dual lisse
sheaf), the dual of the sheaf § is isomorphic to

Rpu(Ry" © g"Ry) =~ p.(FHom(Ry, g*Ry)),
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and the latter is therefore lisse on G,,,. We have a natural adjunction morphism
p pHom(R, g*Rp) — Hom (R, g"Rp).
We tensor with Ry and compose with the canonical morphism
b © Hom(Rg, g"Ry) — g™ Ry,
to deduce a morphism
¢: Ry @p* G — g" Ry,

The restriction to the geometric generic fiber p~1(77) of Al — {—b} x Gy, of
p*GY is

(p*p<Jtom(Ry, " Ry))|p~" (7) = p* (puFHom(Ry, g" Ry )|7),
which is

(p<tom(Ry, g*Ry)); = L(p~" (77), Hom(Ry, g* Ry)[p™ (1))

viewed as a constant sheaf.
The restriction to the geometric generic fiber of the previously described
morphism is a natural homomorphism

Rylp~" (7) @ T(p~" (1), Hom(Ry, 9" Ry)|p~" (7)) — g*Rplp~" (7).

Specifically, we can describe this as the map that sends a section (say s) of R},
over an open subset of p~!(7) and a global section (say f) over p~1(#) of the
sheaf of homomorphisms from R to g*Ry to the image f(s).

This morphism is nontrivial as long as I'(p~1(#), Hom(R, g*R;) [p~ (7))
is nonzero, as any nonzero section must correspond to a homomorphism that is
nontrivial on some open set. The space of global sections is indeed nontrivial
because we saw it is isomorphic to the stalk of G at 7, which is one-dimensional.

Hence ¢j5 is nonzero on the geometric generic fiber. Because Ry and g*Rj
are geometrically irreducible lisse sheaves, and p*G" is one-dimensional, this
implies that ¢ is an isomorphism. Hence ¢ is a geometric isomorphism on any
open dense set U on which g*Ry, p*G, and R}, are lisse.

We have seen that G is lisse on Gy, and we know that Ry is lisse on the
complement of the divisors A = 0 and r = —b;, and the same holds for g*Rj.
So the homomorphism ¢ is a geometric isomorphism on the complement U of
these divisors.

Our next goal is to prove that G is in fact geometrically trivial. For this,
we now specialize the r variable. For r fixed but generic, we deduce from the
above that Ry, is geometrically isomorphic to (" R*)rp ® 9. However, R, is
the restriction to G, of the Fourier transform with respect to ¢ of the sheaf

F= ) [s+> (r+b)s] Kby @ [s — (1 + bisa)s]* K

1<i<2
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on A! with variable s. The sheaf F is lisse on G,,,, with unipotent tame local
monodromy at 0, and with all breaks < 1/k at co. By Fourier transform
theory it follows that R, is lisse on Gy, (see [Kat90, Lemma 7.3.9(3)]), with
unipotent tame local monodromy at co ([Kat90, Th. 7.4.1(1), Th. 7.4.4(3)])
and with all breaks < 1/(k — 1) at 0. (See [Kat90, Th. 7.5.4(5)]; note the
integers ¢, d in the assumption of that reference are not necessarily coprime.)

Pulling-back by g, we see that the sheaf g*R,.3 has the same ramification
properties, and hence also g*ﬂ%ﬁ7b. From this and the isomorphism R, ~
(" R*)rp® G, it follows that § must also be lisse on Gy, tame with unipotent
monodromy at co, and with (unique) break < 1/(k — 1) at 0. But since a
rank 1 sheaf has an integral break, this means that G is also tame at 0, and
since unipotent monodromy in rank 1 is trivial, this means that G is lisse at co.
However, a sheaf on P! that is lisse on P* — {0} and tamely ramified at 0 is
geometrically trivial, so G is geometrically trivial.

We have therefore proved that R; and g*Rj, are geometrically isomorphic.
But this is impossible, since this would imply that

lim sup
d—+o0

11
FWAZFZR(T’A’I” F)R(r, X\, b;F )| > 0
77'6 qd

(since R(r, A\, b;F ja) = tg« (1, A, b; Fa) + O(1) where R} is lisse) and this con-
tradicts the estimate (3.6) for odd-rank Kloosterman sheaves. (]

We can now finally recapitulate and prove Theorem 4.10.

Proof of Theorem 4.10. Let VP24 be the subvariety in Proposition 4.29. It
is defined over Z[1//], and hence its degree is bounded independently of ¢. It is
also stable under b — b by construction. For ¢ large enough, let b & vhad(F,).
Then Rg ,, is geometrically irreducible (by Proposition 4.29), and Rj , is ge-
ometrically irreducible for all A # 0 if ¢ is large enough by Proposition 4.41
since VP24 is defined to contain V2.

The second part of Theorem 4.10 is given by Lemma 4.42, and the third
by Proposition 4.24. ([l

5. Functions of triple divisor type in arithmetic progressions
to large moduli

In this section, we prove Theorem 1.7. Let f be a holomorphic primitive
cusp form of level 1 and weight k. We denote by A¢(n) the Hecke eigenvalues,
which are normalized so that we have [A¢(n)| < d2(n). The method will be very
similar to that used in [FKM15b], and some technical details will be handled
rather quickly as they follow very closely the corresponding steps for the triple
divisor function.
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For any prime ¢ and integer a coprime to ¢, we denote

1
EAfx1,2;q,a) == Z (Afx1)(n) — — Z (Af *1)(n).
= ) —
n=a (mod q) (n,q)=1

5.1. Preliminaries. We first recall several useful results. We begin by stat-
ing the estimates for linear and bilinear forms involving the hyper-Kloosterman
sums Kls(a; q).

PROPOSITION 5.1. Let q a prime number, M,N € [1,q], N an interval
of length N, and (aum)m, (Bn)n two sequences supported respectively on [1, M]
and N. Let a be an integer coprime to q.

Let V and W be smooth functions compactly supported in the interval [1,2]
and satisfying

(5.1) V(@) WO (2) <; Q7

for some Q > 1 and for all j > 0.
Let € > 0 be given.

(1) There ezists an absolute constant Cy > 0 such that we have

m n . e AC 1 q1/2
62 LY Am)V (G () Klsamn: ) < QO MN (- +57)
and
" - 1 IRIE
(5.3) Z)\f(m)V(M) Klz(am; q) < ¢°Q M(W + M1/2)'
(2) We have
) oy 1 g/
(5.4) D> ambuKlz(amn;q) < ¢°llaf2[|B]2(MN) (Ml/z + 7]\/‘1/2)'
m<M,neN
(3) If
1< M<N2, N<gq MN<@?,
we have
1/4
m n ) e C q
(5.5) Z;)\f(m)V(M)W(N) Kla(amn; q) < ¢° Q7' MN (S rss ).

In all estimates, the implied constant depends only on €.

Proof. The bound (5.2) is an instance of the completion method and fol-
lows from an application of the Poisson summation formula to the sum over n,

using the fact that )

Kl(u) < 1, Kl3(0) = W
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(the former because Kl3(-; ¢) is the trace function of a Fourier sheaf modulo ¢,
and the latter by direct computation).

The bounds (5.3) and (5.4) are special cases of [FKM15a, Th. 1.2] and
[FKM14, Th. 1.17]. The bound (5.5) is a consequence of Theorem 1.3 (for
¢ = 1) after summation by parts. O

PROPOSITION 5.2. Let g be a prime number, and let V,W be two smooth

functions compactly supported on ]0,+o0c[. Let K : Z — C be any q-periodic
arithmetic function.

We have
YD K(mn)Ap(m)V(m)W (n)

m,n=1
4! /2 Z Z Af( W(n)

m,n=>1

+ (K(0) - 1/2 )ZZAf m)W (qn)

m,n=1

+3L/2 Z I}'(mn)kf(m)‘?(q%)w(ﬁ)’

q m,n>1 q

where W denotes the Fourier transform of W, V is the weight k Bessel trans-
form given by

(5.6) V(z) = 2mi* /0 C V() T (4t dt

and

Km—1/2ZK u) Klz(mu; q).
(u,q)=1

In particular, if a is an integer coprime with ¢ and K(n) = 0,,—q (mod q)»
then we have

K(m) = Kls(am;q)

1
g2’ q'/?

by direct computations.

Proof. We split the sum into
(5.7) Z(z...>+(z): (Z)
gln ™M n,g)=1 m

The contribution of those n divisible by ¢ is

0) > Ap(m)V(m)W(gn).

m,n=1
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For those n coprime to ¢, we apply the Fourier inversion formula

f(\(O umn
K(mn) = 1/2 1/2 Z K(u ( q )
u (mod q)

( 9)=1
The contribution of the first term is

1/2 Z Ap(m)V (m)W(n) = 1/2 ( Z Ap(m)V (m)W(n)

mn>1 m,n=>1
(n.q)=

= 3 Am)V(m)W(gn)).

m,n>1

For the last term, we apply the Voronoi summation formula to the sum
over m: we have

Z>1)\f(m)V(m)e( m”“) fo ( )(”zm)

for each u (see, e.g., [FGKM14, Lemma 2.2]). Therefore, the total contribution
of the second term in (5.7) equals

- ZZ)‘f W (o2) W) K mom)

m,n=1
(n.g)=1

with

~ 1 — mnu
K(m,n) = —7 Z K(u)e( )
g/ q
(u,q)=1
We finish by applying the Poisson summation formula to the sum over n:
we have

> W(n)f((m,n):;ZW(Z) S (e

(na)=1 (v.0)=1 1
= 1/2 ZW( )Klg (mnw; q)

for each m, so that the total contribution becomes
1 - - /MN A /N
5 > Y Kmn)a (m)V (55)W (=),
q m,n q q
(n7Q):1
where

f(m 1/2 Z K ) Kly(maw; q) = 1/2 Z K (u) Klz(mu; q)
(u,q)=1

for any m. This gives the formula we stated. O
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5.2. Decomposition of E(Af *1,2;q,a). Given any A > 1 as in Theo-
rem 1.7, we fix some B > 1 sufficiently large (to depend on A). Given z > 2,
we set

L:=logz, A=1+L"B,
Arguing as in [FKM15b], we perform a partition of unity on the m and n
variables and decompose E(Af x 1, ;¢,a) into O(log? x) terms of the form

. 1

E(V.Wiga)= 3 NmVmWn) —— > X(m)V(m)W(n),

_ q _

mn=a (mod q) (mmn,q)=1

where V, W are smooth functions satisfying

suppV C [M,AM], suppW C [N, AN],

VO (z), WU () < LBI,
and where
L <MN <z

for some C' > 0 large enough, depending on the value of the parameter A in
Theorem 1.7.
Applying Proposition 5.2 to the first term, we obtain

. my .+, /n
E(V,W;q,a) = 1/2 S Kly(mn; g)Ap(m )V(?)W(g),
m,n=1
and hence it only remains to prove that
MmN\ .~ /N MN 4
(5.8) 1/2 S Kly(mn; g)As(m )V(?)W(E) <a— A

m,n>1

The following standard lemma describes the decay of the Fourier and
Bessel transforms of V' and W':

LEMMA 5.3. Let V,W be as above, and let W, W be their Bessel and
Fourier transforms as defined in (5.6). There exists a constant D > 0 such
that for any x > 0, any £ > 0 and any j > 0, we have

LPi \E
1+aM ) ’

LPi \E
1+aN ) '
Proof. By the change of variable v = 4mw+/xt, we find that

By 2

. 7 00 g2 U du
Viz) = Q/ 7V(167r m)‘]’“*l(“)E

: )1 (w)du.

(5.9) 2V (2) <y MEPI(

(5.10) WO (2) <py NLBj(

1/2(u

87r\f 1672z
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Since Jy—1(u) < (14 u)~'/2, we have
. M
|4 L —F.
@) < G5
On the other hand, applying [KMV02, Lem. 6.1] we obtain the bound

§ M2 (1 4 |log zM|)£LOW)
V(«T) < g z1/2 ( |( M)j|1) (xM)1/4'
€T 2

In particular, if M > 1, then by taking j large enough, we see that V(:v) L | B
MLOE) (zM)~E | which concludes the proof of (5.9) when j = 0. The gen-
eral case is similar, and the proof of (5.10) follows similar lines (using easier

standard properties of the Fourier transform). O

Set
M* = ¢*/M and N* = ¢q/N.
Then this lemma shows that, if 7 > 0 is arbitrarily small, the contribution to
the sum (5.8) of the (m,n) such that

m > 2"2M* or n > z"2N*

is negligible. Therefore, by (5.9) and (5.10), and a smooth dyadic partition of
unity, we are reduced to estimating sums of the type

S N') = Y037 Ap(m)Kls(amn: g)V* (m) W* (n),

mmn>1
where
1/2< M < M*2"?, 1/2< N' < N*z"/?,
and V* W* are smooth compactly supported functions with
supp(V*) C [M',2M’], supp(W*) C [N',2N’]
V() (), W) () < £V

for any j > 0. Precisely, it is enough to prove that

S(M' Ny <4 gL~
Since the trivial bound for S(M’, N') is

S(M',N'y < M'N'L,
we may assume that

gL~A < MIN' < B,
Let us write
r=q¢" M=q' N=g¢, M=q¢", N=¢

so that

* *

M*=¢", N'=¢"
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with
pwr=2—pu vi=1-v, g <p*+n/2, V< +n/2
and
p+v=2-45+o0(1).
Let us write
S(M',N') = ¢"#¥),
Then Proposition 5.1 translates to the estimates

(V) < (V) + ol1),

where

(5.11) (W, V) <+ v +max(—1,1/2 =) (by (5.2)),
(5.12)  7(u, V) </ + v +max(—1/8,3/8 — i/ /2) (by (5.3)),
(5.13) (¢, V) < + vV +max(—p'/2,1/4 -1V /2) (by (5.4)),
(5.14) 7(u', V) < p + V' +max(—1'/2,1/4 — i/ /2) (by (5.4) with

M, N interchanged),
(5.15) (W, V)< +V +1/4— 4 /6 —50/12  (by (5.5), if
o< <2).

(Indeed, note that the conditions v/ < 1 and p/+v" < 3/2 also required in (5.5)
are always satisfied for 7 small enough, since p/ +1/ <3+ (2—68)(-1+n) < 3
and /' =1—-v <1.)

We will prove that if § < 2—16 and 7 is small enough, then we have o(y/, ') <
1—k, where k > 0 depends only on § and 7. This implies the desired estimate.
In the argument, we denote by o(1) quantities tending to 0 as 1 tends to 0 or
q tends to infinity.

First, since

!/ / / / 1 1
WY =1y +v —§<1—|—5—§+0(1)<1,
we may replace (5.11) and (5.12) by

1
(5.16) (W V) <p + 5
/+VI l//
1 ") < 12 v.,.o°
(5.17) T(u',v') 5 +2+8

We now distinguish various cases:

~ if ¢/ < 1 — &, then we obtain the bound by (5.16);
— if

1
V' >2(5+ k) and p > 5—}—(2(54—/@),
then we obtain the bound by (5.14);
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— if v/ < 2(0 + k), we obtain a suitable bound, provided & is small enough,
by (5.17) since then

/ /
Wy V3 1464 0(1) 3
T QL Ed S2 A 2
5 2+8 5 + +/<a+8
~ finally, if 4/ < (26 + k) + 1, then from 4/ 4+ v/ > 1, we deduce that

/

<£+3§5+/€+0(1);

+

1
2Vl>1—45—2l£>§+25—4l12,u,l

provided k is small enough, and so (5.15) is applicable and gives the desired
bound since

1 4 5 7 | T4
/ / / /
T2 b R 1
potv+ g 5 12 12(,u,+v)—|—4+4+0()
7 1 1,1
< —(1 -+ (=42 1
SA48)+ 5+ (5 +25+ k) +o(1)

13 K
=1- 5(1/26 —9) + 1 +o(1).

Appendix A. Nearby and vanishing cycles

Let R be a Henselian discrete valuation ring R with fraction field K. Let S
be the spectrum of R, and denote its generic point by n and its special point
by s. Let 77 be a geometric point over n and 5 a geometric point over s.

For any proper scheme f : X — S, and any prime ¢ invertible on S, the
nearby cycles function RV is a functor from ¢-adic sheaves on X, to the derived
category of f-adic sheaves on X3z equipped with an action of the absolute Galois
group G of K (see, e.g., [DK73, Exp. XIII] for the definition and further
references):

(A1) X, X<l X5
L]
s .3 LR 7.
Given J a sheaf on X and JF, :=i*F and J5 := j*F, the complex RVT is

defined as
RYT =i*Rj,T5.

The mapping cone of the adjunction map *F — RVF is noted R®F and
is called the complex of vanishing cycles; one then has a cohomology exact
sequence arising from the corresponding distinguished triangle

(A.2) o= HY(X5,9) — H'(X5, RYF) - H (X5, ROF) — - - - .

The functor R¥ has several key properties that we use in this paper:



496 EMMANUEL KOWALSKI, PHILIPPE MICHEL, and WILL SAWIN

(1) (See [Lau81, (1.3.3.1)], [DK73, (2.1.8.3)]) For any ¢ > 0, there is a
natural isomorphism of G-representations

(A.3) H'(X7,F) = H' (X5, RVYF).

Since the left-hand side of (A.3) is, together with its Galois action, the local
monodromy representation of the higher-direct image sheaf R'f.F at s, the
nearby cycle complex will enable us to compute the local monodromy repre-
sentation at specific points of some global sheaves obtained by pushforward on
curves.

(2) (See [Lau81, Th 1.3.1.3], [Del77, Th. Finitude, Prop. 3.7]) The functor
RV is defined étale-locally: if two pairs (X — S,F) and (X' — S,F") are
given that are isomorphic in an étale neighborhood of a point x € X, i.e., if
there exist a scheme U over S, a point & € U and étale morphisms making the

diagram
v L ox
g4 L
x L s

commute with ¢(Z) = z, ¢'(Z) = 2’ (say), and if ¢*F ~ (¢’)*F’, then we have
" RYTF ~ (¢')*RYG;

i.e., the nearby cycles complexes are isomorphic in the same étale neighbor-
hood.

This will be useful to compare the local monodromy of a given sheaf on
a given curve to possibly simpler ones on other (also possibly simpler) curves,
which are étale-locally isomorphic and take advantage of some existing compu-
tations of nearby cycles: for instance, the local acyclicity of smooth morphisms
(which handles the case of a lisse sheaf on a smooth scheme) and Laumon’s
local Fourier transform, which describes the nearby cycles that arise when com-
puting the Fourier transform of a sheaf (in other words, the stationary phase
formula).
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