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Dynamical spectral rigidity among
Zo-symmetric strictly convex
domains close to a circle

(Appendix B coauthored with H. Hezari)

By Jacopro DE Simol1, VADIM KALOSHIN, and QIAOLING WEI

Abstract

We show that any sufficiently (finitely) smooth Zg-symmetric strictly
convex domain sufficiently close to a circle is dynamically spectrally rigid;
i.e., all deformations among domains in the same class that preserve the
length of all periodic orbits of the associated billiard flow must necessarily
be isometric deformations. This gives a partial answer to a question of
P. Sarnak.

1. Introduction

In this paper we study a problem motivated by the famous question of M.
Kac [12]: “Can one hear the shape of a drum?” More formally: let Q C R?
be a planar domain, and denote by Sp(Q) = {0 < Ao <A\ < < A <---}
the Laplace Spectrum of Q with some specified boundary conditions (e.g., one
can consider Dirichlet boundary conditions!). In other words, Sp(Q) is the
set (with multiplicities) of positive real numbers A that satisfy the eigenvalue
problem

Au+ N =0, u = 0 on 0f.

Given a class M of domains and a domain ) € M, we say that  is spectrally
determined in M if it is the unique element (modulo isometries) of M with
its Laplace Spectrum: if Q,Q" € M are isospectral, i.e., Sp(Q') = Sp(Q),
then Q' is the image of by an isometry (i.e., a composition of translations
and rotations).
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'From the physical point of view, the Dirichlet eigenvalues A correspond to the eigenfre-
quencies of a vibrating membrane of shape €2 that is fixed along its boundary.
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The question of Kac can be thus formulated as follows, assuming we have
fixed a class of domains M:

INVERSE SPECTRAL PROBLEM. [s every €2 € M spectrally determined?

If M is the space of all planar domains, the answer is well known to be
negative; see, e.g., [7], which generalizes some results previously obtained for

2 However, all known

compact manifolds without boundary (see [23], [24]).
examples of domains that are not spectrally determined are not convex; more-
over, they are bounded by curves that are only piecewise analytic (e.g., plane
domains with corners). On the other hand, Zelditch proved in [26] that the
inverse spectral problem has a positive answer when M is a generic class of an-
alytic Zg-symmetric convex domains (i.e., symmetric with respect to reflection
about a given axis).

The problem for nonanalytic domains is substantially more challenging. In
the C'*° category, Osgood—Phillips—Sarnak [16], [15], [17] showed that isospec-
tral sets are necessarily compact in the C* topology. Sarnak (see [22]) also
conjectured that an isospectral set consists of isolated domains. In other words,
(C*°-close to a C"*° domain there should be no isospectral domains, except those
that can be obtained by an isometry. A weaker version of this conjecture can
be stated as follows: a domain 2 is said to be spectrally rigid in M if any
C'-smooth one-parameter isospectral family (Qr)rj<1 € M with Qp = € is
necessarily an isometric family. We can then ask: “Are all C*° domains spec-
trally rigid?”

The problem of spectral rigidity is in principle much simpler than the
inverse spectral problem; yet it turns out to be extremely challenging. Hezari—
Zelditch (see [11]) provided a result in the affirmative direction: let Qg be
bounded by an ellipse €; then any one-parameter isospectral C'°°-deformation
(Qr)mg that additionally preserves the Zs X Zs symmetry group of the ellipse
is necessarily flat (i.e., all derivatives have to vanish for 7 = 0).3> Popov—
Topalov [21] recently extended these results (see also [20]).

Further historical remarks on the inverse spectral problem can also be
found in [11] and in the surveys [25] and [27].

1.1. The length spectrum and its relation with the Laplace spectrum. There
is a remarkable relation between the Laplace spectrum of a domain and a dy-
namically defined object that we now proceed to define. The length spectrum

*Remarkably, Sunada (see [23]) exhibits isospectral sets (i.e., sets of isospectral manifolds)
of arbitrarily large cardinality.
3Results of this kind are usually referred to as infinitesimal spectral rigidity.
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of Q is defined as the set
L£(€Q) = N{length of all closed geodesics of Q} UN{lpq},

where lpn denotes the length of the boundary 092 and N = {1,2,...}. By
closed geodesic of 1 above we mean a periodic trajectory of the billiard flow
(i.e., geodesic flow in the interior of © with optical reflections on 992).
Andersson-Melrose (see [1, Th. (0.5)], which generalized earlier results
in [3], [6]) showed that, for strictly convex C'*° domains, the following relation
between the singular support of the wave trace and the length spectrum holds:

(1.1) sing supp (t > Z exp(il; t)) C ££(Q)u{0}.

A/ €Sp(Q)

Indeed, the above inclusion holds for nonconvex C*° domains in arbitrary
dimension (see [19, Th. 5.4.6]). Moreover, under generic conditions (see Re-
mark 2.10 for more details) it can be shown that the above inclusion is indeed
an equality and the Laplace Spectrum determines the length spectrum.

It is natural to pose the same questions as above in this dynamical setting.
We say that  is dynamically spectrally determined in M if it is the unique
element (modulo isometries) of M with its length spectrum.

INVERSE DYNAMICAL PROBLEM. Is every 2 € M dynamically spectrally
determined?

All counterexamples to the inverse spectral problem mentioned earlier
also constitute counterexamples to the inverse dynamical problem. Likewise,
at present, there is no known counterexample realized by convex domains.
Moreover, the above mentioned result by Zelditch (in [26]) also holds in the
dynamical context. In the case of sufficiently smooth convex domain, the prob-
lem is open and presents the same challenges as the inverse spectral problem.
Let us now define the dynamical notion corresponding to spectral rigidity: we
say that a domain Qo € M is dynamically spectrally rigid in M if any C'-smooth
one-parameter dynamically isospectral family (€2;)|;j<; C M is necessarily an
isometric family. We can now present our result, which will be more precisely
stated in Section 2.

MAIN RESULT. Let M be the set of strictly convexr domains with suffi-
ciently (finitely) smooth boundary, axial symmetry and that are sufficiently
close to a circle. Then any 2 € M is dynamically spectrally rigid in M.

1.2. Related prior results. The problem of isospectral deformations of man-
ifolds without boundary were considered in some early works on variations of
the spectral functions and wave invariants.
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Let (M,g) be a compact boundaryless Riemannian manifold. A family
(QT)MSI of Riemannian metrics on M depending smoothly on the parameter
|7] < 1is called a deformation of the metric g if go = g. A deformation is called
trivial if there exists a one-parameter family of diffeomorphisms ¢, : M — M
such that ¢g = Id, and g, = (p;)* go. For each homotopy class of closed
curves in M, consider the infimum of g-lengths of curves belonging to the
given homotopy class. The length spectrum L(M,g) is defined as the union
of these lengths over all homotopy classes. The inverse spectral problem in
this setting is to show that two metrics with the same length spectrum are
isometric.

Likewise, a deformation (gr)|-|<1 is said to be isospectral if £(M,g,) =
L(M,g). We say that a Riemannian manifold (M, g) is spectrally rigid if it
does not admit nontrivial isospectral deformations.

Guillemin—Kazhdan in [8] showed that any negatively curved surface is
spectrally rigid among negatively curved surfaces. This result has been later
extended to compact manifolds of negative curvature in [5]. Remark that an
open question is whether one can generalize the result of [8] to hyperbolic
billiards.

Our result is an analog of [8] for Zs-symmetric convex domains close to a
disk.

It is also worth mentioning that for such systems there is a partial solution
of the inverse spectral problem due independently to Croke [4] and Otal [18],
which can be stated as follows: any negatively curved manifold is uniquely
determined by its marked length spectrum.*

Another example of deformational spectral rigidity appears in de la Llave,
Marco and Moriy6n [14]. Recall that one can associate to a symplectic map
a generating function. Then, for each periodic orbit, one can define the cor-
responding action by summing the generating function along the orbit. This
value of the action is invariant under symplectic coordinate changes. The union
of the values all these actions over all periodic orbits is called the action spec-
trum of the symplectic map. In [14], it is shown that there are no nontrivial
deformations of exact symplectic mappings B, 7 € [—1, 1], leaving the action
spectrum fixed, when B; are Anosov’s mappings on a symplectic manifold.
One of the reasons for symplectic rigidity in [14] is that all periodic points of
B are hyperbolic and form a dense set.

Outline of our paper. In Section 2, after introducing the necessary objects,
we give a formal statement of the main result. In Section 3, we reduce any

4The marked length spectrum is given by the collection of lengths of closed geodesics paired
with their homotopy type.
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family (€27)|<; of axially symmetric domains to a normalized family (QT)ITISI
by rotations and translations, so that they share the same symmetry axis
and their boundaries share a common point on this axis; we then restate our
main result for normalized families (see Theorem 3.2). In Section 4, we prove
the existence of maximal symmetric periodic orbits of period ¢ and rotation
number 1/q for any ¢ > 1, i.e., axially symmetric g-gons of maximal perimeter.
If a family (§2;);<; is isospectral, then to each orbit of this type we can
associate an isoperimetric functional {q , that vanishes in the direction of the
perturbation. Using these linear functionals (€ 4)q>1 we define a linearized
isospectral operator Tq (see (4.6)) and reduce the main result to the claim
that this operator Tq is injective (Theorem 4.9). In Section 5, we introduce
a modification of Lazutkin coordinates designed to study the behaviour of
To and we prove Theorem 4.9 using the modified Lazutkin coordinates and
some explicit computations that we obtain in Appendix B, which is joint with
H. Hezari. In Section 6, we outline the proof of a generalization of our result
to domains that are not necessarily close to a circle. In Section 7, we add some
remarks on the challenges that we expect when trying to prove our result in
a more general setting. In Appendix A, we derive required properties of the
modified Lazutkin coordinates.

2. Definitions and statement of results

We now provide more precise definitions of the objects introduced in the
previous introductory section in the billiard table setting.

Denote by D" the set of strictly convex open planar domains 2 whose
boundary is C"! smooth.® For each domain ) € D" denote by pq the radius
of the curvature of the boundary 9€2. We will always consider the underlying
class of domains M C D" for® » > 2. By convention, we set the positive
orientation of 92 to be counterclockwise.

By definition, geodesics in a bounded planar domain are geodesics (straight
lines) that get reflected at the boundary according to the optical law “angle
of reflection = angle of incidence.” Such geodesics are often called broken
geodesics. In particular,

Definition 2.1. A closed geodesic in € is a (not necessarily convex) polygon
inscribed in 9€) such that at each vertex, the angles formed by each of the two
sides joining at the vertex with the tangent line to 0S2 are equal. The perimeter
of the polygon is called the length of the geodesic.

SWe use the superscript with r because the associated billiard map is C” (see Section 4).
5The fact that the boundary is at least C® guarantees that the (broken) geodesic flow is
complete (see, e.g., [9]).
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Definition 2.2. The length spectrum of a domain 2 is the set of positive
real numbers

L£(Q) = N{length of all closed geodesics of Q} UN{lpq},
where lgq is the length of the boundary 0f).

Let us introduce the notion of a deformation of a domain. Recall the
standard notation T' = R/Z.

Definition 2.3. We say that (Q:)-<; is a C! one-parameter family of
domains in M if Q; € M for any |7| < 1 and there exists

y:[-1,1] x T' — R?

such that ~(7,§) is continuously differentiable in 7 and, for any 7 € [—1,1],
the map 7(7,-) is a C"! diffeomorphism of T! onto dQ,. The function 7 is
said to be a parametrization of the family.

Notational Remark. We adopt the following typographical conventions
for parametrizations. The symbol 7 is always used to denote different ele-
ments of the family .. The symbol £ denotes an arbitrary parametrization
of the boundary of some domain 2. The symbol s always denotes arc-length
parametrization of the boundary of some domain 2. In Section 5 we introduce
the Lazutkin parametrization of the boundary of a domain : it is always
denoted by the symbol x.

Definition 2.4. A family (Q:)7<; is said to be isometric (or trivial) if
there exists a family (J;)|;<; of isometries J; : R? — R? (i.e., composition of
a rotation and a translation) such that 0, = Q. A family (2;),<; is said
to be constant if Q, = Qg for all |7| < 1.

Remark 2.5. For a given family (Q);<;, the parametrization ~ is, of
course, not unique. In fact, v and 7 parametrize the same family (Q),<; if
and only if there exists a C'! family of C™*! circle diffeomorphisms & : [—1, 1] x
T! — T', such that 5(7,&) = ~(r,&(r,€)). We call two parametrizations
equivalent if they correspond to the same family of domains. Furthermore,
notice that we do not consider families that differ by a time re-parametrization
to be equivalent.

We now proceed to define the main object of our work: families of isospec-
tral domains.

Definition 2.6. A family (£2;)/;<; is said to be dynamically isospectral” if
L(Q;) =L(Q) for any 7,7 € [-1,1

—

"In the literature this notion is also known as length-isospectrality.
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Equipped with the above definition, we can define the dynamical spectral
rigidity of a domain §2.

Definition 2.7. A domain 2 € M is said to be dynamically spectrally rigid
in M if any dynamically isospectral family of domains (£2;);<; in M with
Qo = Q is an isometric family.

We are going to show that if r is sufficiently large, any domain that is
sufficiently close to a circle and axially symmetric is dynamically spectrally
rigid in this class of domains. We now proceed to define the class.

Definition 2.8. We say that Q is Zgs-symmetric (or axially symmetric) if
there exists a reflection of the plane R : R? — R? such that RQ = Q. Denote
by 8" the set of all Zy-symmetric domains in D",

To introduce the notion of closeness to a circle, recall that a closed curve
is a circle if and only if its curvature is constant.

Definition 2.9. Let Q2 € D" of perimeter 1 parametrized in arc-length by ~,
and let D be a disk of perimeter 1 that is tangent to  at the point s = 0,
parametrized in arc-length by vp. For § > 0, €2 is said to be d-close to a circle if

v = llgr+ < 6.

A domain 2 € D" of arbitrary perimeter is said to be d-close to a circle if its
rescaling of perimeter 1 is d-close to a circle.

We denote by Dj (resp. 85) the set of domains in D" (resp. 8") that are
d-close to a circle. We are finally able to state the main result of this paper.

MAIN THEOREM. Let r = 8; there exists § > 0 such that any domain
Q2 € 85 is dynamically spectrally rigid in Sf.

Remark 2.10. It turns out that the Laplace spectrum generically deter-
mines the length spectrum. More precisely, assume that the following generic
conditions are met:

(a) no two distinct periodic orbits have the same length;
(b) the Poincaré map of any periodic orbit of the associated billiard ball map
(see (4.1)) is nondegenerate.

[13

Then we can replace the “C” symbol in (1.1) with an “=" sign. (See [19,
Ch. 7]; indeed the same result holds in arbitrary dimension, and one can even
drop the convexity assumption in the case of planar domains.)

In view of the above remark, our Main Theorem has an immediate rephras-
ing in terms of the spectral rigidity problem.
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COROLLARY. Let r =8, and let Sg C 85 be the set of domains in 8§ that
satisfy the generic assumptions listed in Remark 2.10. There exists § > 0 such
that any Q € 8% is spectrally rigid in 8.

In other words, finitely smooth Zs-symmetric convex domains close to a
circle are generically spectrally rigid.

Remark 2.11. Hezari, in a recent preprint (see [10]), using the method of
this paper combined with wave trace invariants of Guillemin—Melrose and the
heat trace invariants of Zayed for the Laplacian with Robin boundary condi-
tions, shows that one can generalize the Dirichlet/Neumann spectral rigidity
claimed in the above corollary to the case of Robin boundary conditions. (See
[10] for the references.)

3. A preliminary reduction

It is natural to introduce a notion of normalization, which allows us to re-
state our result in a simpler manner; this will be accomplished in Theorem 3.2.
Let Q € 8"; in the case that {2 admits more than one axes of symmetry, let
us choose (arbitrarily) one of such axes and refer to it as the symmetry axis
of Q. Since the domain 2 is convex, its symmetry axis intersects 02 in two
points. Choose (arbitrarily) one of such points: we refer to it as the marked
point of 0L); the other point will be referred to as the auxiliary point of 0€2.
From now on, whenever we consider a domain €2, we assume that a choice for
the symmetry axis, the marked point and the auxiliary point has been made.
Observe that once they have been chosen for {2, then, by continuity, they are
unambiguously determined for any element of the family (£2)/-<;. Further-
more, we also assume that the parametrization v of the family (£2;)/;<; is such
that v(7,0) is the marked point of 2.

Definition 3.1. A domain Q € 8" is said to be normalized if the marked
point of 9 is at the origin of R? and the auxiliary point lies on the positive
r-semi-axis. A family (€2;)|-|<; is said to be normalized if Q; is normalized for
any |7| < 1.

Naturally, given a family (€2;)|,<i, We can always use isometries to con-

struct an associated normalized family (£2:)-<; as follows:

e translate each domain so that the marked point of 9€2; is at the origin of R2.
e rotate the domain around the origin so that the auxiliary point of 02, lies
on the positive horizontal semi-axis.

We call (2)-1<1 the normalization of the family (€2;),<1. Since (2:)-<1 is
a C' family, we gather that (QT)\Tlﬁl is also a C! family. Observe that, as each
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Q. is obtained from Q; via an isometry, we have £(Q,) = £(Q,). In particular,
(£27)}r|<1 is a dynamically isospectral family if and only if so is (€27 )|-<1-
We can now give an equivalent statement of our Main Theorem as follows:

THEOREM 3.2. Let r = 8; there exists § > 0 such that if (Qr)7<1 is a
normalized, dynamically isospectral C* family of domains in 8§, then (Qr)|71<1
1 a constant family.

We now proceed to set up yet another equivalent statement of our Main
Theorem, which will be stated as Theorem 3.4.

Given a parametrization v of a family (Q)|;<; in 8", we define the infin-
itesimal deformation function

n’Y(T7 5) = <87'7(7—7 g)? N’Y(T7 §)>7

where (-, ) is the usual scalar product in R? and N, (7, &) is the outgoing unit
normal vector to 92, at the point v(7,&). Observe that n is continuous in 7
and n(r,-) € C"(T',R) for any 7 € [~1,1]. By the normalization condition
of (€:)r<1, we conclude that n,(7,-) is an even function, i.e., n,(1,§) =
n(7, =§), and ny(7,0) = 0 for any 7 € [—1,1].

LEMMA 3.3. Let (€2;)7<1 be a family of domains in D", and let ~(7,§)
be a parametrization of the family. Then
(a) for any Ot~h6’f' parametrization 5(1,€) = v(1,&(7,€)), we have ny (T, £) =
n(7,&(7,€)). In particular, if for some T € [—1,1] we have that n~(7,-) is
identically 0, then ny(T,-) is identically 0.
b) n(7,€) =0 for all (,€) € [—1,1] x T if and only if (Q;),1<1 s a constant
gl I7|<
family.

Proof. Let us fix 7 and assume that (7, -) and 4(7, -) are two parametriza-
tion of Q, i.e., Y(7,§) = (7,£&(7,§)). Differentiation with respect to 7 reads

87’7(7-7 5) = 87':)/(7-7 5(7—7 5)) + 85;5/(7-7 5(7-7 5))655(7-7 é)

By taking the scalar product with Ny (7,&) = Ny(, £(7,€)) we conclude that
n,(1,€) = ns(7,£(7,€)), which proves item (a).

In order to prove item (b), observe that if n.(7,£) = 0, then the vector
0;v(7,€) is necessarily a multiple of 9¢(7,&); since ¥(7,-) is assumed to be a
diffeomorphism, we conclude that dvy(7,&) has rank 1 everywhere. It follows
from the Constant Rank Theorem that the image of v is a manifold of dimen-
sion 1 that can be parametrized by 7(0,-). This implies that Q. = Qg for any
|7] < 1. The converse holds trivially by item (a). O

We can thus further restate Theorem 3.2 (and thus our Main Theorem)
as follows:
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THEOREM 3.4. Let r = 8; then there exists § > 0 such that if (Q:)r1<1 s
a normalized dynamically isospectral C family of domains in 8%, then ny, =0
for all parametrizations .

4. Billiard dynamics of Zs;-symmetric domains

Let Q € 8"; for definiteness we fix the perimeter of its boundary to be 1.
Recall that s denotes the arc-length parametrization and that we convention-
ally assume that the marked point has coordinate s = 0; moreover, since {2
has perimeter 1, the auxiliary point has coordinate s = 1/2. We consider the
billiard dynamics on €2, which is described as follows: a point particle trav-
els with constant velocity in the interior of 2; when the particle hits 92, it
bounces according to the law of optical reflection: angle of incidence = angle of
reflection. Periodic trajectories of the billiard dynamics are thus, essentially®
in 2-to-1 correspondence to closed geodesics of €. It is customary to study
the billiard dynamics by passing to a discrete-time version of it, i.e., to a map
on the canonical Poincaré section M = 09Q x [—1,1]. The first coordinate
(parametrized? by ~(s)) identifies the point at which the particle has collided
with 0€2 and the second coordinate y equals cos ¢, where ¢ is the angle that
the outgoing trajectory forms with the positively oriented tangent to 0€2. The
billiard ball map f on M is then defined as

F10Q % [~1,1] = 9Q x [~1,1],

(1) (5.9) > (5,),

where s’ is the coordinate of the point at which the trajectory emanating from s
with angle ¢ collides once again with 9Q and 3’ = cos ¢/, where ¢’ is the angle
of incidence of the trajectory with the negatively oriented tangent to 02 at
s’. The map f is an exact twist diffeomorphism which preserves the area form
ds A\ dy. Let us denote by

L(s,s") = |ly(s) = v(s)l

the Euclidean distance between the two points on 92 parametrized by s and s'.
Notice that L is a generating function of the billiard ball map, i.e., we have

%(875/) =Y,
%(s,s’) = 9.

8 A periodic trajectory and its time-reversal trace are in fact the same closed geodesic;
the exceptions are bouncing ball trajectories, which are invariant for time-reversal and thus
correspond 1-to-1 to their closed geodesics.

9We abuse notation and also denote by v : T* — R? the parametrization of the single
domain 2.
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Given g, € 8", both normalized and both of length 1, let vy and 1
be the corresponding arc-length parametrizations of their boundaries; let us
define dist(Qo, 21) = ||[70—"1||cr+1; then by the above considerations we gather
that for any ¢’ > 0, there exists a § such that if dist(€g, ;) < 4, then the
corresponding generating functions will also be C"*!-close to each other on the
set {s # §'}; hence || fo, — fa,llor < 0.

Once we have defined the billiard map f, we can prove a simple but
important property of the length spectrum.

LEMMA 4.1. For any Q € D" withr > 2, L(2) has zero Lebesgue measure.

Proof. Recall that Sard’s Lemma implies that the set of critical values
of a real valued C"-function defined on an n-dimensional manifold has zero
Lebesgue measure provided that r > n. For any ¢, let us define the function

(42) Lq(sa y) = L(SO7 S]_) + L(Sl) 82) + - + L(Sq—].) 80)7

where (sp,yr) = fF(s,7). Periodic orbits of period ¢ of the billiard map corre-
spond to critical points of iq. Indeed, if the g-tuple (so, s1,...,Sq—1) identifies
the vertices of a periodic orbit, equality of the angle of reflection and the angle
of incidence of the trajectory at any given s; implies that partial derivative
of the right-hand side of (4.2) with respect to s; equals zero. Since we can
express s = Sk(s,y), using the chain rule we conclude that if (s,y) is a pe-
riodic point, then it is a critical point of Eq(s,y); the set of lengths of such
orbits thus corresponds to the set of critical values of I~/q. Since the billiard
map f is C" with r > 2, we conclude that the set of lengths of periodic orbits
of period ¢ has zero Lebesgue measure; by taking the (countable) union over ¢
we conclude that £(€2) has zero Lebesgue measure. (]

Remark. Note that it is possible to construct (nongeneric) examples of
smooth domains 2 whose length spectrum has positive Hausdorff dimension.

The above lemma will be used to impose constraints on isospectral families
by means of the following immediate corollary:

COROLLARY 4.2. Let (2;);<1 be a family of domains in D", and let
A:[-1,1] = R be a Darboux function'® so that A(t) € L(7). If () 71<1 is

isospectral, them A is constant.

Proof. Assume that there exists 7 € [—1, 1] such that A(7) # A(0); since
A is Darboux, we conclude that A([0, 7]) contains an open set. Since the family

10Recall that a function is said to be Darbouz if it has the intermediate value property.
In particular, the corollary applies to continuous functions.
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is isospectral, A(1) € L(2,) = L£L(Q0); we conclude that A([0, 7]) C £(£p), but
this contradicts Lemma 4.1. O

In the sequel we assume (£2;)|,<; to be fixed together with a parametriza-
tion ; without risk of confusion we thus drop all subscripts . The symbol 2
simply denotes an arbitrary element of the family. Let us start with a simple
case: let Ag(7) denote the perimeter of ., that is,

8o(r) = [ I )l

By definition, Ag is continuous and Ag(7) € L£(£2;); we conclude by Corol-
lary 4.2 that Ag is constant; hence,

1
0= Al(r) = /0 (Drey(r,€), T (7, €))de,

where T'(7,&) = 0sv(7,£)/]|0s7(7,€)|| is the positively oriented unit tangent
vector to €2 at the point v(7,&). Integrating by parts we obtain

1
0= — / (0ry(7,€), T (7, €))dE
0

Ln(r,€) ds
- i
/ o (6) de™

where g—g accounts for the change of variable from arc-length s to £ and, recall,
pq. is the radius of the curvature of 9€2;.
For any Q ( parametrized by &), we define the linear functional

By our above discussion we conclude that if (£2;)/-/<; is isospectral, then for
any 7 € [—1,1], we have lo_o(n(r,-)) = 0.
We will now proceed to define a sequence of functionals that are related

to the variation of lengths of a special class of periodic orbits of the billiard
map. Consider a periodic orbit of period ¢, and let p € Z denote its winding
number.'!  Then we define the rotation number of the orbits as the ratio
p/q. The following lemma is a simple consequence of the fact that  has
Zo-symmetry:

LEMMA 4.3. Let Q € 8"; for any q > 2, there exists a periodic orbit
of rotation number 1/q passing through the marked point of 02 and having
mazimal length among other periodic orbits passing through the marked point.

1We can define the winding number as the number of times that the associated polygon
wraps around the boundary 9€; alternatively, by considering a lift f of f to the universal
cover R x [—1, 1], we have that f9(3,y) = (§+p,y), where p € Z defines the winding number.
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We call such an orbit marked symmetric maximal periodic orbit and denote
it by S(82).

Proof. Let us recall that s denotes the parametrization in arc-length; we
distinguish the cases of even and odd period.

Case 1: q = 2k is even. We claim there exists a g-periodic orbit passing
through the marked point and the auxiliary point. Indeed, let us fix sg = 0
and s = 1/2 and consider the problem of maximizing the function

k—1
(4.4&) Lq(S) =2 Z L(si, 5i+1);

i=0
where s = (s1,...,5,—1) belongs to the compact set 0 = sg < s7 < -+ <
sp—1 < sp =1/2. Let s = (51,...,5,_1) be a maximum of Ly; observe that by

the triangle inequality and strict convexity, we have 55 < 51 < -+ < 551 < 5.
If we fix conventionally 59 = 0, 5, = 1/2, then

O1L(5i, 5i41) = —02L(5-1,5), i=1,...,k—1.

Completing Sop_; = —5;, ¢ = 1,...,k — 1, we obtain a periodic orbit of
period 2k = ¢, which is of maximal length among symmetric orbits.

Case 2: ¢ =2k + 1 is odd. We claim there exists a periodic orbit passing
through the marked point and so that the segment ~y(sk)v(sg+1) is perpendic-
ular to the symmetry axis. Indeed, let us fix so = 0 and consider the problem
of maximizing the function

k—1
(4.4Db) Ly(s) :==>_ 2L(s, Si+1) + L(sk, —s1),
i=0
where s = (s1,...,s) belongs to the compact set 0 = 59 < 57 < -+ < s <

1/2. Once again by the triangle inequality and strict convexity, the maximum is
attained at a critical point § = (S1,...,5k) so that 0 < 53 < -+ < §_1 < 1/2.
Moreover, if we conventionally fix 59 = 0, we have

0=01L(5i,8i41) + RL(5;-1,5;), i=1,....k—1,
0= 02L(Sk-1,5k) + %&L(gk, —5k) — %%L(Ek, )
= 09 L(5k_1, 5k) + 01 L(S, —5k).
Completing So41-; = —5;, ¢ = 1,...k—1, we obtain a periodic orbit of period

2k + 1 = g that is of maximal length amongst all symmetric orbits. (]

Let us define L(7, s, s") = ||y(7,s) —~(, s')||. For ¢ > 2, let L,(7;s) denote
the function defined in (4.4) for Q = Q.. Correspondingly, let A,(7) denote the
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length of the marked symmetric maximal periodic orbits of rotation number
1/q for the domain ,; that is,

Ay(1) = max Ly(7;s).

LEMMA 4.4. For any q > 2, the function Ay(7) : [-1,1] = R is a Lips-
chitz function.

Proof. Define

Kyi= _ ma max[9-Ly(r )]

Let us arbitrarily fix 7 € [—1,1] and let s realize the maximum of Ly(7;s);
that is, Ly(7,8) = Ay(7). Then L,(7/;8) < Ay(7') for any 7/ € U’, and hence

DNg(7) = Ag(7') < Ly(758) — Lg(7';8) < Kqlr —7'].
Exchanging 7 and 7 in the above inequality, we can thus conclude that
[Aq(7) _Aq(T/)’ §Kq‘7'_7/‘- U

Observe that, by definition, A,(7) € £(€2;) and thus, by Corollary 4.2,
if (Q7)|7<1 is isospectral, then A, is constant. There is an obvious obstacle
that arises when one tries to apply the strategy that we employed above with
Ag: a priori A, is not differentiable. We therefore need to consider a slightly
more general approach. Given a continuous function ® : [-1,1] C R — R, one
can define its upper (resp. lower) differential DT ®(7) (resp. D~ ®(7)), which
is characterized as follows: p € DT®(7) (resp. p € D~ ®(7)) if and only if
there exists a function G € C'([-1,1],R), such that G'(r) = p and G > ®
(resp. G < @) in a neighborhood of 7, with equality at 7. Both DT ®(7) and
D~ ®(7) are convex subset of R; they are both nonempty if and only if ® is
differentiable, and in this case DT®(7) = D~ ®(7) = {®'(7)}.

LEMMA 4.5. If s is a point realizing the maximum, i.e.,
Ly(38) = max Ly(738) = Ag(7),

then we have 0;Lq(T;8) € D™ Ay(T).

Proof. Since Ay(+) is the maximum of L,(-,s), if s realizes the maximum
at 7, we have Ly(7',8) < A,(7') for any 7/ € [—1,1]. Noticing that L,(-;8)
is a C' function, by definition of lower differential, we conclude that p =

0-Ly(7;8) € D™Ay(T). O
Remark. Indeed, one could show that A,(t) is a semi-convex function and

D™ Ay(7) = co{drLg(7;8)|Lg(T;8) = Ag(7)}-
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Now let Q€ 8" parametrized by £, and assume we fixed S7(Q2) = (§q , cpq)q L
as a maximal marked symmetric periodic orbit of rotation number 1/g; then we
define the functional £ , as follows: for any continuous function v : T! — R,
we let

(4.5) lo q(v Z fq sin cpq

Remark. These functionals can, of course, be defined for any periodic orbit
(rather than only for marked symmetric maximal orbits). Since we will not
use nonsymmetric orbits for the proof of our Main Theorem, we find it simpler
to use the above definition.

PROPOSITION 4.6. Let (§;)|-<1 be an isospectral family; then for any T €
[—1,1], ¢ > 2, and having fived arbitrarily S as a mazimal marked symmetric
periodic orbit for Q., we have Lo, q4(n(7,-)) = 0.

Proof. Let us fix 7 € [—1, 1] arbitrarily. To ease our notation let us write
S = S4. By assumption we have that the point § that corresponds to S? is a
maximum, i.e., Ay(7) = maxg Ly(7;s) = L(7,§). Then by Lemma 4.5,

0-Lq4(1;8) € D™ A,4(1) = {0}.

In particular, for S = (3 ';,@’;)k o, since Ly(738) = Y974 L(r, s, sFH1) and

observing that

0-L(7,5,8") = O [[7(7,5) = (7, 5')|

. V(Ta S)_PV(T’ 3/) ) s — I8
" s e O on)

we get
q—1
k k41
0=20;Ly(m;8) =0r ) L(7,5,,5, ")
k=0
—(r5) s = E) g
= Z k vy k1 i - 0ry(7,5y)
H’Y 7,5 ) (s I (v 57 = (7, 55)
= Z ZSincﬁ]; ) - Ory(T,5%)
q—1
=2 Z n(t, 8’(;) sin g?)l;,
k=0
which concludes the proof. O

Remark 4.7. Let S = {(7,0;Ly(7;s))|0sLg(1,8) = 0}, U = [—1,1]; then
S C T*U is a Lagrangian submanifold. Let 7 : T*U — U denote the natural
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projection; then L (t; ) is a Morse function (critical points are nondegenerate)
if and only if 7 is a regular value of the map m|g. The set U; of such values
is an open set, and by Sard’s theorem, it has full measure. Furthermore, the
set Uy C Uy of 7 such that Ly(7;-) is an excellent Morse function (Morse
function whose critical points have pairwise distinct critical values) is also an
open subset of full measure. For any 79 € Xy, the critical points of L,(7;")
depends smoothly on 7 within a sufficiently small neighborhood of 7y. Hence
we have

A/q(T) = 2@5@(%(7’, ))’ T e Uy
for an arbitrary (i.e., not necessarily isospectral) C? deformation ~.

We now conventionally define the additional functional ¢ 1 () as the eval-
uation of the function v at the marked point s = 0; that is, we simply let

lo1(v) = v(0).

Observe that if (Q2)|7/<; is a normalized family, then the marked point is fixed
at the origin and, therefore, ¢o_1(n(7,-)) = 0. We summarize our findings in
the following statement:

COROLLARY 4.8. Let (Q7)|7<1 be a normalized isospectral family; then
for any ¢ > 0, we have Lo, 4(n(7,-)) =0 for any T € [-1,1].

Let us now define the space of C"-smooth even functions

Cr o =1{v e C"(TY) s.t. v(€) = v(—€)}.

sym

We then define the linearized isospectral operator T : Cg, — RN:

(4.6) Tav = (lao(v), loi(v),....laq(V),...).

In fact, T has range in ¢°°, by definition of the functionals /g 4, since by |[2,
Lemma 8], there exists some C' > 0 so that for any ¢ > 2, we have sin go’; < C/q.

We now prove that our Main Theorem is implied by the following state-
ment:

THEOREM 4.9. Let r = 8; there exists 6 > 0 so that the operator Tq :
Clym — £°° 1is injective for any Q € 85.

sym

Proof of Theorem 3.4. Assume that § is sufficiently small so that Theo-
rem 4.9 holds. Suppose by contradiction that for some 7 € [—1,1], we have
that n.(7,-) is not identically zero; hence, by Theorem 4.9 we conclude that
there exists ¢ so that € 4(n~(7,-)) # 0; this contradicts Corollary 4.8. O

The rest of this paper is devoted to the proof of Theorem 4.9.
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5. Proof of Theorem 4.9
Let us introduce some useful notation.

5.1. Lazutkin coordinates. We first define a convenient parametrization
of 2, which is known as the Lazutkin parametrization (see [13]). Recall that the
symbol s denotes parametrization by arc-length; then we define the Lazutkin
parametrization, which will always be denoted by the symbol z, as follows:

s -1
(5.1)  z(s)=Cn / p(s) 723 ds',  where Cy = { p(s)723ds'| .
0 o0

We also introduce Lazutkin weight as the positive function:

1
(5.2) p(w) = W

The main advantage of this parametrization is that dynamical quantities re-
lated to marked symmetric (maximal) orbits have a particularly simple form
with respect to the variable z.

LEMMA 5.1. Assume r > 8; for any € > 0 sufficiently small, there exists
§ > 0 so that for any Q € 8%, there exist C"—* real-valued functions a(zx) and
B(x) so that « is an odd function, [ is even, ||| cr-1,||B]lcr-1 < € and, for

any marked symmetric (mazximal) q-periodic orbit (:vg, .. ,:Ug_l),
k
(5.3a) :zl; =k/q+ a(QQ/q) +e0(q™ ™).

Moreover, if golq“ denotes the angle of reflection of the trajectory at the k-th
collision, we have

k
plzg) B(k/q) -
(5.3b) 4,0]; = Tq <1 + 2 +e0(qh ).
The proof of the above lemma is given in Appendix A.2; it suggests that
the Lazutkin parametrization is particularly well suited to study the function-
als £,’s.

5.2. The linearized map modified by the Lazutkin weight. It is more natural
to define the auxiliary sequence of functionals

ly(u) = Lo(p™ )
and correspondingly define
(5.4) Tu = (o(u), b1 (w), ... Ly(u),...).

Observe that since p does not vanish, the injectivity of T is equivalent to the
injectivity of J. However, the operator T turns out to be more convenient



294 JACOPO DE SIMOI, VADIM KALOSHIN, and QIAOLING WEI

to study. It is, in fact, immediate to check (using the explicit formula (5.1)
and (4.3)) that

lo(u) = 2/01 u(x)dz;

i.e., £y is proportional to the averaging functional with respect to Lebesgue
measure. On the other hand, ¢1(u) = p~1(0)u(0) is the evaluation of p~tu
at the marked point. In Appendix B (joint with H. Hezari) we study the

properties of the functionals ¢ that will be used in the rest of this section.

5.3. Mapping structure of the linearized map T. Recall that 7, denotes

sym

the space of even C"-functions of T'; define the projector P, : C7,  — CT

sym *,8ym>?

where C} ., is the space of even, zero average C"-functions of T!; ie.,
b

1
Pou=u— / u(z)dx,
0

where dz is the Lebesgue measure with respect to the Lazutkin parameter x.

Let L} sym De the space of even, zero average, L' functions of T'; i.e.,

Li7sym = {u e LY(TY) s.t. u(z) = u(—x),/u(:c)d:v = O}

=<ue LNTY) s.t. u(z) = Zﬂjej ,
j>1
where 1; denotes its Fourier coefficients in the basis B. We now proceed to
define a space of admissible functions: for 3 < v < 4, define the subspace
1 . INIDN
Xiy ={u € Ly gy, st jlg]élojﬂuj] = 0},
equipped with the norm
= max j7|4,].
Jul, = mase 7

The space (X4, || - |ly) is a (separable) Banach space.

Remark 5.2. Because of our constraints on 7, we conclude that C’isym -
Xiny C Cisym, whence the functionals

oo o0
ly(n) =44 Z nej | = Z njle(e;)
j=1 j=1
are well defined on X, ,, since the Fourier series converges uniformly.

Notice that with our choice for the parameter r, we have r > ~.
Let £5° = {b = (a;)i>0 € £*° s.t. ap = 0}, and let us introduce the subspace

hir = {b = (a;)i>0 € £5° s.t. jlggloj a; =0}

equipped with the norm |b|, = max;>0 j”|a;|.
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We now state the main technical result of this section; then we show how
Theorem 4.9 follows from this result and finally provide its proof.

LEMMA 5.3. There ezist linearly independent vectors by, be € £>°\ hsr s0
that, for any ¥ € 8§ with r = 8, the operator T : Cg, — £°° can be decomposed
as follows:

‘j“ = bIEO + [bogo + ‘j'*,R] P*a

where ‘j'*,R : Xiy — hay 8 an invertible operator provided that & is sufficiently
small.

Proof of Theorem 4.9. By assumptions, the vectors b;, be and ‘j'*yRP*u are

linearly independent for any u € Cg,,. Hence, if u € ker T, then necessarily

lo(u) = lo(u) = 0 and ‘jibRP*(u) = 0. Now, by definition, if lo(u) = 0, then

u = Pou € Cf gy, Since T, is injective and T, gu = 0, we thus conclude that

u = 0. [l
Proof of Lemma 5.3. Let us first decompose
T=TJ((1-P)+P)=T1—P,)+T.P,

where ‘j'* is the restriction of T on C,Z”Sym.

Observe that, by definition, (1—Py)u
is the constant function equal to £p(u); we can thus set

b :=T(1)=(1,1,...,1,...) +£(0,0,0(1),...,0(¢g"%),...) € £~.
We thus conclude that T = blgo + ‘ikP*. Let us now define
be = (0,0,1/4,...,1/¢%,...).
Let ‘j'*,R =T, — b.g., where 7, is defined in (B.9) so that

lo(u) =1, (Z ﬂjGj) =Y 4;(6; + Bj — 2mjay),

5>1 j>1

where a; and f3; are the Fourier coeflicients of « and 3, ; is defined in (B.9)
and |agl,|B;l, 15| = €O(j~""), where 1/ = r — 4 is the smoothness of a and 3,
provided 9 is sufficiently small. Clearly, by and b; are linearly independent and
neither of them belongs to h,, since v > 3. We now consider the operator
Ter; let (Tyi)q5 = (£4(e;))q; denote the matrix representation of T, g in the
canonical basis. We will in fact show that

(5.5) |Ter — Id], < 1 if ¢ is sufficiently small,

where || - ||y is the operator norm from (X, | - ||y) to (hsy,| - |,). For any
linear operator £ : X, y — h, identified by the matrix (Lg;)q,, we have

1£]l = sup Y 7577 Lgjl-
1 >0
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For ¢ = 1, we have by definition le = gl(ej) = 1; on the other hand, for
q > 2, Lemma B.1 yields the expression

Bo
(5.6) (TeR)gj = (1 +0og0+ qz) Oqlj T Rajs

where R,; is the (matrix representation of the) remainder term. First, we claim
that the operator A : X, , — hy ,, identified by the matrix J,;, satisfies the
following bound:

(5.7) 1A —1d||, < ¢(3) — 1 < 0.21,

qls»

where ¢ is the Riemann zeta function. In particular,'? ||A[, < ¢(3) < 1.21,
and A has bounded inverse. In fact, by definition, the norm ||A — Id||, is
given'3 by

-1

1A = 1d]ly = supq? Y j77(8g); — 0gj) =sup [q7 Y j "0y
7 >0 I J>0
=supq’ Y (sq) T =15 -1 =((3) — 1
q s>0 >0

since v > 2. In particular, ||A]] < ¢(3). This shows that if A’ is the operator,
defined by

(A")1;=0
. / _ BO
q=2: (A)qj— Uq,0+? Ay,

then by (B.8) we conclude that
2
oo ((mte)” e _
& < (T4 5 e

By choosing € > 0 small enough we can make sure that
A"l < 0.51.
We thus conclude that
|A+A" -1, < |[A+A"—1d|, < 0.8.
Now using the above expression, we prove (5.5) by showing that if ¢ is suffi-
ciently small, [|R[|, < Ce. Recall that
Rgj = % Z (q20q7sq—j + Bsg—j + 2mijasg—;) + 50(3126174)-

s€Z\{0}
SqF#j

2The value ((3) is also known as the Apéry’s constant.
3Here d,; is the usual Kronecker delta notation.
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Let us first check the contribution to the norm of the term £O(j2¢=4):

€ sup Z O@* g™,
7 j>0
Since v > 3, the sum on j converges, and since v < 4,

lim Y O0@G*7¢~ %) =o.

—00
e 7>0

We conclude that this term can be made as small as needed by choosing &
sufficiently small. Next, we deal with the sum: since «, [ are C" -smooth
functions where ' = r — 4 = 4 and by (B.8), we gather

1 .
T Z (q20q,squ + Bsq—j + 2mijasg—;)
T |sezv{0}
$q#j

1
<50(q7_2) Z I
SEZ\{O} ’Sq _j’T .]’y
Sq#j

q'j

Let us now estimate the sum over j of the above expression:

O T

:qv_QZ[ >, o+ D ]||7~7_ =1+1,
s [0<j<[sq]t  j>[sq]T s4= I

where [sq]T = max{0, sq}. Let us first consider the term II; we have

1
Msq™) |sq[7—1 > Z' ' <¢
S

J>sq

Isq

Then we consider term I; let us write

I=q72Z[ o+ Y ]_,1,,1:1’+1”.

s 0<j<sq/2 sq/2<j<sq "‘;q j‘r ]’y_
Then
P | c
1 —2
ng’y Z Z ‘q‘r j'y— T— ZZST 1+'Y T’—’y’
$>00<j<sq/2 $>05>0
1 _C
" 772
b= Z Z |Sq ]|7" Sq’Yl Zzp 571 >
s>0sq/2<j<sq 8>0p>0

which allows us to conclude since v < r’ = 4. O
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6. A finite dimensional reduction for arbitrary symmetric domains

In this section, we outline the proof of a more general result, which holds
for Zo-symmetric domains that are not necessarily close to a circle. For any
veCl., let

sym>

x) = Z Uy cos(2mkx)
k>0

be its Fourier expansion. Define the finite co-dimension space

Cgo sym ={veC sym sty = =Dg_1= 0}.
Moreover, define the space of admissible function
Léo sym — {ve Ll Tl Z vjcos2mjx}
J=4q0
and
Xany ={v € Ly syms-t. lim j7[5] = 0}

equipped with the norm |[vlg,,y = max;>g, j7[7].
Define the operator T, : C7, — 0> as

qo,sym
Tao () = (Lgo (), Lag1(u), - Ly (w),...).
Then we can show the following:

THEOREM 6.1. Let r = 8; then for any domain € S”, there exists
qo = qo(2) such that the operator T 1 CLon(qo) — €°° s injective.

sym

Proof. The proof follows the one of Theorem 4.9: first we need to establish
the existence of good Lazutkin coordinates; in the main case, since § was
sufficiently small, we could find Lazutkin coordinates of order 5 on the whole
phase space; in our present context this is not guaranteed, and one can only
find them in a neighborhood of y = 0, that is, for sufficiently large q. Then,
similar to Lemma 5.3, we have a decomposition for the operator qu as follows:

qu = bQOZ* + TGO,R

with by, = (1/¢?)g>q0, and Tyo r : Xgon — h- is an invertible operator, where

hy = {a = (ai)i>1 € £>°, lim; 00 j7|a;| = 0} equipped with the norm |[al, =
max;>1 j7|a;j|. The proof of the invertibility of qu R follows that of T, .k Where,
without the condition of being close to a circle, O(g) is replaced by O(1)
everywhere, as defined in (5.6), instead we have

1(Rg.4) .50~ < C/q0,

which hence can be made arbitrarily small when qq is large enough. O
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In Definition 2.7 we define dynamically spectrally rigid domains. In our
setting the space M = 8" consists of Zy-symmetric domains.

COROLLARY 6.2. For r > 8 and any nondynamically spectrally rigid do-
main 0 € 8", there is a linear subspace N(2) > Q of dimension at most qo(£2)
such that any isospectral family (Q7)7<1, Qo = Q is tangent to N(Q) for
T=0.

Proof. Consider a family of isospectral deformations (QT)IT\Sl' Let v €
CI .. be the associated function at 7 = 0. By Corollary 4.8 we have that

sym
1 €1 r :
Vgo» Where vz € Co oo 1s the natural

projection of v in Cg,,, onto this subspace and vy, is the complement given by

Tq(v) = 0. Decompose v into v = vy, +

a trigonometric polynomial of degree < gp. Since ‘j'qo(y) = 0, we have

‘j’QO (VJ_> = _rj’QO (qu)'

q90

Therefore, by Theorem 6.1, for each v, there is at most one V;(‘) solving this

equation. If the linear spaces ‘j'qo (Chy sym) and the image of its orthogonal com-
plement under ‘INqu intersect, then any isospectral family (£2:)/-<; is tangent
to it. (|

7. Concluding remarks

In this paper we proved dynamical spectral rigidity of convex domains
that are Zo-symmetric and close to a circle; it is indeed natural to ask if the
same result holds if one drops some of our assumptions

Zo-symmetry. the main challenge in removing the symmetry assumption
with our strategy is that one would need to find another sequence of periodic
orbit that generates linear functionals that are linearly independent of the ones
corresponding to maximal periodic orbits. This appears to be a nontrivial task,
since, as ¢ increases (by the results of Appendix A), the dynamics is closer and
closer (to any order) to the dynamics of a billiard in a disk. On the other
hand, due to the symmetries of the disk, all linear functionals corresponding
to orbits of the same rotation number would be linearly dependent.

Closeness to a circle. In Section 6 we showed that to prove our result for
domains that are not necessarily close to a circle, it would suffice to find a
finite number of linearly independent functionals for small periods. However,
we do not have a priori any control on such orbits, and the general strategy
is unclear.

Convexity. As we mentioned in the introduction, our result is an analog
of Guillemin-Kazhdan (see [8]) for Zs-symmetric domains close to the circle.
However, from the dynamical point of view, more natural analogs of geodesic
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flows on surfaces of negative curvature are dispersing billiards: “Are dispers-
ing billiards spectrally rigid?” One possible approach to prove this statement
would be to introduce and study the linearized isospectral operator analogous
to (4.6).

Appendix A. Lazutkin coordinates

A.1. An abstract setting. Let A = T' x I, where I C R is a compact
interval; let us assume without loss of generality that I = [0, 1]. We denote by
(x,7) the natural coordinates in T! x I. Let F' € C*(A,A) be a monotone ori-
entation preserving twist diffeomorphism that leaves invariant both boundary
components of A. We further assume that the circle {y = 0} is the union of
fized points, i.e.,

F(z,0) = (z,0) for all z € T.

To avoid complications in the exposition, let us assume that the other boundary
component {y = 1} is also fixed by F. Furthermore, denote with F' a lift of F’
to A =R x I so that

F(X,0) = (X,0) for all X € R.
To fix ideas, we further assume that for any X € R, we have F(X, 1) =
(X +1,1).

Definition A.1. Let N € N; a function JI € C* (A, R) is called a C*-Lazutkin
function of order N if

(a) for any y € I, the map JI(-,y) : R — R is a lift of an orientation preserving
diffeomorphism of T! so that JI(0,y) = 0;

(b) there exists R € C*(A, R) with R(z,y) = Ri(z,7)yV ! and R, € C*(A,R)
so that

(A1) JoEF —2]I+JoF =R,

Observe that, by definition, R(z,0) = 0 and our assumptions on Fand JI
imply that R(x,1) = 0 for any = € T*.
Given a Lazutkin function JI, define the real function yi : A — R:

(A2) yn =3 [ToF — o],

Since F'is a twist map, yj(z, -) is strictly increasing for any fixed z. Moreover,
by our assumptions on F' we gather that y;(z,0) = 0 and y(z,1) = 1. We
conclude that, for any x € R, the function y(z,-) is a diffeomorphism of I onto
itself. Hence, (X1, Yy1) (where we set Xy = JI(z,y)) are good coordinates on
A =R x I, which factor to A as (zy,ys). Let us denote with W the change of
variables Wi : (z,y) — (2, y); notice that by design, ¥ leaves invariant the
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boundary components of A. A simple computation shows that Wy conjugates
the map F to F': (§,n) — (£7,nT) where

+ = R d1 L
{5 §+n+Rn(€,n) mod 1, where SRI[:§IRO\I/_;11-

nt =n+Ra(&n) + R, nT),

In particular, for any £ € T, we can write Rj(&,n) = RJI,*(&??)??NH and
Rﬂ(gv 0) = RH(&? 1) = O)

LEMMA A.2 (Properties of the Normal Form). Assume s > 2 and let
R € C*(A,R) be so that R(£,0) = R(&,1) = 0 with || R||cs sufficiently small.
Then there is a unique map Fy € C*(A,A) that fizes {n = 0} and so that
Fp(§,m) = (&7, n"), where

X&) =&+ n+R(En) (mod 1),
nt(&m) =n+R(En) +REnT).

Moreover, Fr(€,1) = (€,1) and Fg'(§,m) = (§7,n"), where

{ﬁ(f,n) —¢—n+REn) (mod 1),

(A.3a)

(A.3b) B o
n=(&mn) =n—RE&n) —RE,n).

Proof. Since R is fixed, observe that £T is an explicit well-defined function;
we thus only need to show that there exists a unique n™ (&, n) satisfying the
required relation with initial condition n*(£,7 = 0) = 0. It follows from the
Implicit Function Theorem applying to the relation

n+R(En) +RE(En),nT)—nT =0

since R —1 is not zero. Then observe that nT (£, 1) = 1 satisfies the functional
equation and thus, by uniqueness, we conclude that Fy fixes the boundaries
{n =0} and {n =1}.

The expression (A.3b) follows from simple algebraic manipulations of
(A.3a) and is left to the reader. O

We call (A.3a) the Lazutkin normal form with remainder R of order N
and class C° if R(x,y) = Ry (z,y)yN+! and R, € C°(AT,R). Coordinates (£,7)
are said to be Lazutkin coordinates of order N for F if they conjugate F' to a
Lazutkin normal form of order N.

The next lemma constitutes the main result of this section: it gives suffi-
cient conditions to find Lazutkin coordinates of any order.

LEMMA A.3. Let s > 3, and assume that for some N > 1 the dynamics F
is described in the coordinates (z,y) by the Lazutkin Normal Form (A.3a)
with remainder R of order N and class C%, i.e., R(z,y) = Ry(z,y)yN T with
R. € C5(A,R). Then, if |Rillcs is sufficiently small, there exists a C* change
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of variables ¥ : (z,y) — (Z,y) so that (Z,y) are Lazutkin coordinates of order

N + 1 with remainder R(Z,7) = Ri(z,y)yN+? with R, € Csfl(A,R) and,

moreover, for some universal Cy, we have

(a) U(z,y) = (z + Yoz, 9)y™N "y + Wiz, y)y"), where |Willcs < Cuf| R o
fori=0,1;

() [[Rulles—1 < Cul|Rullcs-

Proof. The key to the proof is to find suitable Lazutkin functions; to
simplify the exposition it is convenient to treat separately the case N = 1 and
N > 1. First, let us set some convenient notation: let

R(z,y) = Ri(z,y)y" ! = Ro(2)yV T + R(x, )y T2,

where Ro(z) = Ri(,0) is C* and, by definition, R is a C*~! function so that
1Rl g1 < |1 Rul s

Case N = 1: We proceed to construct a Lazutkin function JI of order 2:
let us make the ansatz JI(x,y) = a(x), where x solves the differential equation

(A.4) 27 (2)Ro(z) + n”(x) =0

with boundary conditions 1(0) = 0 and x(1) = 1. Let us prove that JI is a
Lazutkin function. First of all, elementary ODE considerations imply that x
is C**t2 and that i/ > 0 which, together with the boundary conditions, implies
that x — u(x) is the lift of a circle diffeomorphism. Moreover, by construction
we have that ||1—1Id||cs < ||R«||cs. We thus need to show that JI satisfies (A.1)
with a remainder of order 2. Fix x € T; then for any z’ € T, we write

a(2') = a(x) + o' (2)(2' — 2) + 2’ () (2" — 2)? + Az, 2') (2 — ),
where i is a C*7! function so that ||ii|cs—1 < ||[™]|cs—1 and by definition
of 1, we have || ||gs—1 < Cy||R«||c=. First, we apply the above expansion to
x' = z; notice that

(a* —2) =y + Ro(@)y? + Rz, y)y’,
(¢ —2)? =y + Ra(z, )y,
(er - ‘T)g = i?)(x?y)yg,

where Ry, Ro, R3 are C*! functions so that ||R;||cs—1 < Ci||Rs|lcs, provided
that C, is sufficiently large. Then we conclude that

1(a) = a(e) + 2 @)l + Ro(e)y?] + LDy 4 1 ()

= a(o) + @y + (7 @Rolo) + T4 ) o2 )
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and by (A.4) we conclude

= n(x) + 7' (z)y + 7 (z,y)y°,
where 7t is C*~! and ||at]|cs-1 < | Rilcs, Applying the same argument to
2/ = x~ we similarly obtain
a(z7) = n(z) — d(x)y + 7 (z,y)y°,

where i~ has the same properties as at. We thus found that JI(z,y) = a(z)
satisfies (A.1) with the C*~! remainder

R(z,y) = (aF (z,y) + 3 (2,9))y°
of order 2, which concludes the proof of the case N = 1.

Case N > 1: This case is similar to the previous one, but simpler. In this
case we make the ansatz JI(z,y) = = + a(z)y¥ !

(A.5) 7" (x) = —2Rp(x)

with boundary conditions 1(0) = s(1) = 0. Then, if |R.||co is sufficiently
small, 0,J1(z,y) = 1+ a'(z)yV~! > 0, thus JI(-,y) is the lift of a circle
diffecomorphism. Moreover, it is immediate to observe that ||[JI — Id|j¢s =
l)lcsyN 1 < ||Relcsy™¥ L. Moreover, we can write

(™t y") = a4y + Ro(2)y™ T + a2y + ' (2)y™
n'(x) Ny
9 Y

=a+y+a(@)y™ T+ o' (2)y"

a’(z
(ol + TG )

, where we assume that

N+2

+ + 1t (z,y)y

and again using our ansatz

c=a+y+a@)yN T+ a (@)Y + at(z,y)yV

Correspondingly,

(A.6) H(z"y )=z —y+al@)y™ ™ —a'(@)y™ +a (z,y)y" >

We thus conclude that JI(xz,y) = z + a(z)yN ! is a Lazutkin function of order
N +1 with a C*~! remainder that we call R(x,y). The estimates on the norms
follow from arguments that are similar to the case N = 1 and are left to the
reader. U

Let us define the symmetrized annulus AT = T x [~1,1] together with its
universal cover AT = R x [~1,1] and define the idempotent map J : (z,y)

(337 *y)'
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We now proceed to state a refinement of the above lemma, which holds
under some additional assumptions. With a little abuse of terminology, let us
say that a function h € C*([0, 1], R) is even (resp. odd) if its even (resp. odd)
extension Al to [~1,1] is of class C*. We say that the remainder R is even if
for any fixed = € T, the function R(z,-) : I — R is even. As we will see in the
following section, this assumption will be satisfied in our setting. The following
lemma is an immediate consequence of the definitions and of Lemma A.2.

LEMMA A.4. Assume s > 2, and let R € C*(A,R) be an even function
satisfying the hypotheses of Lemma A.2; then there exists a diffeomorphism
FJ{:AT—>AT sothatF;gA:FgR and FToJ =30 (FT)~1, O

In other terms, the map FT admits an involution, which is given by J.
Observe, moreover, that if R is an even function and R(z,y) = R.(x,y)yN 1,
then we can always assume that N is odd. This leads to the following version

of Lemma A.3:

LEMMA A.5. Let s > 4, and assume that for some N = 2K + 1 with K >
0, the dynamics F is described in the coordinates (x,y) by the Lazutkin Normal
Form (A.3a) with even remainder R of order N and class C*. Then, if | Ri||cs
is sufficiently small, there exists a C* change of variables ¥ : (z,y) — (Z,7)

so that (Z,y) are Lazutkin coordinates of order N + 2 with even remainder R
of class C*2 so that, for some universal C.,,

(a) V(z,y) = (z + Yoz, )y Ly + Ui(z,y)y") where |¥;cs < Csl|Rellcs
fo_rz' =0,1;
(b) [[Rellgs—2 < Cu|Rell s

Proof. The proof is analogous to the one given for Lemma A.3; in fact
following the same steps, we obtain the needed result, except for the fact that
we only know that the new remainder R is an even function only when ex-
pressed in the old coordinates (x,y). Hence, the only thing that we need to
show is that R is an even function when also expressed in the new coordi-
nates (z,y) = ¥(x,y). This, however, follows by Lemma A.4 and the defini-
tion (A.2), which in turn imply that the coordinate change ¥ commutes with
the involution J, i.e., ¥ o J = J o W. This concludes the proof. ([l

Let us summarize in words the results of this section: for any N > 1, if we
can find Lazutkin coordinates of order 1 with remainder that is both sufficiently
smooth and sufficiently small, then we can find Lazutkin coordinates of order
N and we have good control on the change of variables. The following lemma
gives sufficient conditions for existence of Lazutkin coordinates of order 1 with
even remainder.
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LEMMA A.6. Assume that there exists F1 : AT — A" of class C" so that
Ftod =790 (F) ! and F = FT‘A. Then there exist Lazutkin coordinates of

order 1 with even remainder of class C™2.

Proof. Let us write Ff(z,y) = (zf,y") so that 2% (z,y) = zf(z,y) and
7 (z,y) = 27 (2, —y). Let us then choose JI(z,y) = z; hence,

JI OF(xvy) - Q‘H(:L"y) +JI OF_I(;[,"y)
= l‘T(.Z‘,y) — 2z + l‘T(.I‘, _y) = :R(l‘,y),

which is by construction an even function with R(z,0) = 0. We conclude
that R is an even remainder of order 1, which allows us to construct Lazutkin
coordinates of order 1 with even remainder. O

A.2. Application to billiard dynamics. In this section we apply the results
of the previous section to the billiard map f corresponding to some domain
Q € D" and prove Lemma 5.1

Let us assume €) to be of perimeter 1. As we mentioned in Section 4,
if s € T denotes the arc-length parametrization of the boundary and y =
cosp € [—1,1], where ¢ € [0,7] is the angle of the outgoing trajectory with
the positively oriented tangent vector, then the map fo = f: T x [-1,1] —
T x [-1,1] — is a monotone twist map of class C". Moreover, it is clear by
the definition that f fixes the boundary components y = —1 and y = 1 and
that f(s,[—1,1]) twists only once around the annulus. In summary, we can
apply to the map f the results described in an abstract setting in the previous
section; the first step is to find Lazutkin coordinates of order 1.

Let s identify a point on the boundary of €2, and let L, be the oriented line
passing through the point s with angle ¢ € [—m, 7] measured counterclockwise
from the positively oriented tangent to 2. Since €2 is strictly convex, for
any ¢ € (—m,m) \ {0}, there exists a unique other point of intersection of
L, with Q; let us denote this point by s'(s,) (and extend by continuity
s1(s,0) = sf(s,m) = sT(s,—7) = s)). Moreover, let us denote with o' (s, ) the
angle between L, and the positively oriented tangent vector to Q at ', also
measured counterclockwise. Notice that if ¢ € [0, 7], by our construction, we
have sf(s, ) = s1(s,¢) and ©'(s, ) = T (s, ). Observe moreover that, since
Ly = L4, (With reversed orientation), we also have s~ (s, ) = s'(s, —) and
0™ (s,0) = —¢l(s,—p). In other words, if we define F'(s, ) = (s, "), this
map satisfies the hypotheses of Lemma A.6; hence we conclude that there exist
Lazutkin coordinates of order 1 for the billiard with even remainder R of class
cr2,

As noticed earlier, if two domains € and €’ of length 1 are C"T'-close,
then the corresponding billiard maps fqo and for are C"-close; since R(s, ) =
st(s, ) —2s + sT(s, —¢), we gather that the corresponding remainders will be
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C"-close. Since for the circle we have that R = 0, we conclude that R can
be made arbitrarily small in the C" topology provided that €2 is sufficiently
C"*lclose to a circle.

We are now in the position to give the main result of this appendix.

Proof of Lemma 5.1. An explicit computation (but see also [13, (1.1-2)])
allows us to write

sT(s,0) = s+ 2p(s)p + a(s, p)¢?,

where a(s, ¢) is a C"~2-smooth function. As pointed out in Lemma A.6, we can
always find Lazutkin coordinates of order 1 with even remainder; moreover,
for any € > 0, we can choose ¢ > 0 so that if 2 € D, then ||R(s, ¢)||cr-2 < €.
We can then apply Lemma A.5 and obtain Lazutkin coordinates of order 3,
which we denote with (x,y). It is easy to check that x is (unsurprisingly) given
by the Lazutkin parametrization defined in (5.1).
Using the explicit formula (A.2) we conclude that'?

y(s,9) = 2Cp' " (s)p [1+ Bo(s)e” + ¢,

where By € C"~2 with ||Bo||cr—2 < € and Ogr—a(¢*) denotes a C™* function
of (s, ) whose C"~* norm is bounded by C¢* for some C' > 0. Inverting the
above expression we obtain

(A7) p(z,y) = p@)y [1+ Bi(2)y® + c0cr-a(y*)] |

where recall that p was defined in (5.2) and (; satisfies the same estimates
as fp. Finally, observe that the remainder in the coordinates (x,y) is Ogr-1(g).
By once again applying Lemma A.5 we can now obtain Lazutkin coordinates
of order 5, which we denote with (Z,y). By construction such coordinates
conjugate the dynamics to

A@s) {m* = 74§+ eO0prs(y0),

7" =7 +e0c-o(y"),
and moreover there exist C"~% functions () and B2(Z) so that
(A.9) =7+ ()7, y=7[1+ Ba(2)7 + e0crs(y")] .

Moreover, since the remainder in the coordinates (z,y) is Ogr-4(€), we con-
clude that a and 2 are Ogr-4(€). Let us now consider a marked symmetric pe-
riodic orbit of rotation number 1/¢, which we denote with ((5:';, Q(I;))ke{ow7q,1}.

M Notice that although the & coordinate is given by the standard Lazutkin parametrization,
the y variable is not the usual Lazutkin coordinate y defined in [13, (1.3)]
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Recall that by convention, Z) = 0. Then (A.8) yields

.

k
:E’; = 4 +e0(q7Y), - +50( o).

Combining the above with (A.9) and (A.8) yields

m’; - + k/q) +e0(q™%),
q q>

which is (5.3a). We also see that by (5.3a) and estimates (A.7) and (A.9), we

gather that for any € > 0 there exists § > 0 so that for any (2 € 8%, there exists

a € C"* odd and B3 € C"~* even such that

a(k _
o= 2 2D o),
k
o = K0 (1 + B0, eO<q—4>) ,
where o = O,_4(¢) and S5 = O,_4(e). 0

Appendix B. Representation of the linearized problem
in the Fourier basis

By Jacopo DE Simoi, HAMID HEZARI, VADIM KALOSHIN, and QIAOLING WEI

The original version of this paper (arXiv:1606.00230v1) contained an er-
ror that was found and corrected by H. Hezari (see also [10]). This resulted
in modifying the form of the operator T, statement and proof of Lemma B.1,
estimates in Section 5 and in the proof of Theorem 4.9. These modifications
naturally introduce a new term S, (x) (B.2) that one has to keep track of in the
proof of the Main Theorem. In this joint appendix, the corrections are com-
bined with the original argument to produce a complete proof of Lemma B.1.
This lemma is used in the proof of Theorem 4.9.

To study the linear functionals €~q we first need to understand the expres-

W. One can easily check that if 9Q

is a Clrcle then p(z) is a constant equal to 7. Observe, moreover, that for any
e > 0, there exists § > 0 so that for any Q2 € 85, we have ||u(z) — 7||cr—1 < e.
First, using Lemma 5.1, we will show that

sions > ( ) We recall that p(z) =

sin ©F
(B.1) u(x(g; = ; 1+ (k/q) + 5, (S) +60(q_4)} :
where
(B.2) S, (z) = sin (w(@)/q) |

1(x)/q
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To do this, we first simplify u(x’;) using the asymptotic of x’q“ provided in
(5.3a), the mean value theorem, and the fact that p(z) is uniformly bounded
from below to obtain

(B.3) (k) = p ('; + 0‘“;‘”) (1+e0(¢7Y).

Plugging the above expression into the equation of Lp’q“ provided in (5.3b), we

get
ok = j]u <]; + 0[(];2/q)> (1 + (];/q) +5O(q_4)) .

Next, we take sin of both sides and use the mean value theorem again and also
the lower bound sin(u(x)/q) > C/q to get

sin ¢¥ = sin <c11“ <k + a(kQ/q)) (1 + 6(];2/q>)> (1+e0(¢7%).

q q

Dividing by ,u(:z: ), using (B.3), and also multiplying and dividing by 1+ B (k/ q)

we obtain

singh  psin (L (4 () (14 20)) <1%_¢xk/q>%_go(qﬁﬁ)
g '

u(zk) g %,u (% + (5/!1)) (1 N ﬂ(k/Q)>

On the other hand by the mean value theorem and the properties ||a||co, || ]| co,
||| co < Ce, we have

1# <k; N a(k2/Q)> <1 . ﬁ(z‘Q/Q)) _ l‘u (S) +20(q73).

q q q q

siny)

Using this and the mean value theorem once more and also using % ( m

= O(y), we finally get

. o rk/q)
sngh 1 (sn(5) | pk/a) oo
pak) ~ g u(k/q) 2 g '
q

We now conclude by writing this expression in the form

sin ¥
(B.4) u(xig - ; (1 + B(Zz/q) + eO(q—4)> - ;Sq(k/q),

where S;(z) is defined in (B.2); this implies (B.1) as claimed.

Next, in order to obtain a useful expression for Zq for ¢ > 2, recall the
definition

ly(v) = — Z ll(l‘l;) sin(gplg),
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where (:c’;) kefo,...q—1} 18 @ marked symmetric maximal periodic orbit and the
corresponding reflection angles are (golg) ke{0,....q—1}- Using (5.3), we conclude

S lq’lu o sin(})
(B5) () = b () = 03 o) "o
1 a(k/q) B(k/q) 4
_q;;]u<k/q+ 2 )<1+ 2 )+Eq(u)+60(q ),

where X, is the following functional:

_18 a(k/q)
i) = ¢ 3 Sy /o) (k/q + 2 ) ,

which is obtained by substituting in the expression for £,(u) the expression (B.1)
and summing over k.

Let us now introduce the Fourier basis B = (e;);>0 of even real functions
of the circle in the Lazutkin parametrization (e; = cos 2mjz);>0 together with

1 ifq|j,
5q|j_{

the convenient notation

0 otherwise.

Finally, let us write a(z) = Y pez arexp(ikz) (and similarly for 3); by the
parity properties of a and 5, we conclude that

a(r) = Z 2iay sin 2k, B(x) = Z 203, cos 2k,
k>1 k>0
where ap= —a_j is purely imaginary and Bp= B_ is real.

We now analyze the functional X4(e;); let us first record the following
properties of the function S;. For any x, we have

pi(x) _ (m+e)?
(BG&) |Sq($)| S 6q2 S 6q2 ’
(B.6b) 1S{) ()| =€0(q7?), r=>1.

Next, by definition,

Sa(es) = ;g;‘os (k) os(2ms (/g + “442) ).

By the mean value theorem and (B.6a), we can write

o) = oo (225 5,(£) <0 (£).

q q
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We then plug in the Fourier series of Sy(z), given by

Sy(z) = Z Uq,p‘f%ipx

PEZL
and obtain the expression
j2
®7 a(e) = Lonsas+20 (L)
SEZL

Notice that, since Sy is even, we have o, = 04 _,; moreover, by the properties
of ¥4(x), we have

(7 +¢)?
(B.8a) logol < 62
1
(B.8b) |op(a)| = €0 <1)Tq2) for p # 0,

where the second equation follows from integration by parts.
We can now prove the following convenient expansion:

LEMMA B.1. For allq> 2 and j > 1, one has

~ 151 57. e
ly(ej) = (1+aq70+qg> Sqlj + ;;) + Rq(e),
where

B.9 le(€;) =05+ B; — 2mja;, with 6; = — BT (2) 2™ g
J J TPy J J 6
0

and
1 ) y j°
Rq(ej) = — Z 0"0q.sq—j + Bsq—j + 2mijasg—j +e0 | =7 ).
T semioy q
Sq#j

Proof. First, we claim that

Bo QQU,'—i—ﬁ'—Qm‘a-
(B.10)  yley) = (1400 + q2> sy + L2010 joy

1 o j2
T 2 Z (q20q78q—j + Bsqg—j + 2mijosg—j) + €O <q4> )
seZ\{0}

Sq#]
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The expression (B.10) is the result of the following simple computation: by
plugging in v = e; in (B.5), we obtain

Tyley) = = qi cos <2w (k/ + (k/Q)» <1 + 5(];2/q>> 2q(e) +0 (;4)

) 1:2: ( i) — 2 sin(2mb ) <§/q>> (1 + 6(1;2/@)
+2@ﬂ+0<;)
= 0y

322

k=0 peZ

2mij(exp(2mijk/q) —exp(—2mijk/q)) oy, exp(2mipk/q)

+ (exp(2mijk/q) + exp(—2mijk/q)) By exp(2mipk/q)
+2()+0<;)

— 5q‘] 5 = Z [Bog—j + 2mijasg—j + Pogrj — 2Mijsgtj)
SEZL

+X (e])+0(6;4 ),
and using the fact that oy, = —a—,, 5, = f—, and by (B.7),

ej
= 0qj + q2 Z [q Og,sq—j T Bsg—j + 2mijcsq— J] +0 ( 7 ) )

SEZL

which immediately implies (B.10). In order to conclude the proof, we need to
control the term o, ; appearing on the second term in (B.10) in a way that is
independent of ¢q. To perform this task we note that

1 .. 1 sin 1 T -
0qj = / Sq(x)QQWZJSCdx = / W _ 1 | 2miiT gy
0 0 gll (z)
= — ) 27mjxd +/ ( >62m’jxdm7
0 6q

. sin 2 :
where R is defined by # —1 = —% + R(y). Since R(y) = O(y*) and
R'(y) = O(y?), by performing integration by parts once to the second integral
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and the fact |/ (z)| = O(g), we get

[ —

Therefore, we can absorb this term in the remainder term R4 (e;). We conclude
that we can write

N lo(ej
ly(ej) = (1+aq70+§§> Sqli + ;;) + Rqley),
with e(e;) and &; as in the statement of the lemma. O
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