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Rectifiable-Reifenberg and the regularity of
stationary and minimizing harmonic maps

By AARON NABER and DANIELE VALTORTA

Abstract

In this paper we study the regularity of stationary and minimizing
harmonic maps f : B2(p) € M — N between Riemannian manifolds.
If S*(f) = {x € M : no tangent map at x is k + l-symmetric} is the
k*_stratum of the singular set of f, then it is well known that dim S* < k,
however little else about the structure of S*(f) is understood in any gen-
erality. Our first result is for a general stationary harmonic map, where we
prove that S*(f) is k-rectifiable. In fact, we prove for k-a.e. point = € S*(f)
that there exists a unique k-plane V¥ C T, M such that every tangent map
at x is k-symmetric with respect to V.

In the case of minimizing harmonic maps we go further and prove that
the singular set S(f), which is well known to satisfy dim S(f) < n — 3, is
in fact n — 3-rectifiable with uniformly finite n — 3-measure. An effective
version of this allows us to prove that |Vf| has estimates in L3, an
estimate that is sharp as |V f| may not live in L. More generally, we show
that the regularity scale r; also has L3, estimates.

The above results are in fact just applications of a new class of estimates
we prove on the quantitative stratifications Sif,r(f) and SF(f) = Sfﬁo(f).
Roughly, S*¥ C M is the collection of points & € M for which no ball B, (z)
is e-close to being k + 1-symmetric. We show that S¥ is k-rectifiable and
satisfies the Minkowski estimate Vol(B, S¥) < Cr™=*.

The proofs require a new L?-subspace approximation theorem for sta-
tionary harmonic maps, as well as new W!P-Reifenberg and rectifiable-
Reifenberg type theorems. These results are generalizations of the clas-
sical Reifenberg and give checkable criteria to determine when a set is
k-rectifiable with uniform measure estimates. The new Reifenberg type
theorems may be of some independent interest. The L?-subspace approxi-
mation theorem we prove is then used to help break down the quantitative
stratifications into pieces that satisfy these criteria.

The first author was supported by NSF grant DMS-1406259, the second author was sup-
ported by SNSF grant 149539.
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1. Introduction

Let f : Ba(p) € M — N be a stationary harmonic map between two
Riemannian manifolds with N compact without boundary. We recall that the
singular set of f is defined as the complement of the regular set, i.e.,

(1.1) S(f) = {x €M st. Ir>0 st. ulg, () is continuous }C

C
= {x €M st. Ir>0 st. ulg () is smooth } .

One can use f to give a stratification of M by the singular sets

(1.2) SUf) S-S SM(f) S-S S(f) € M,
defined by
(1.3) S*(f) = {x € M : no tangent map at x is k + l-symmetric};

see Definition 1.2 for a precise definition and more detailed discussion. A key
result of [SU82] is that we have the Hausdorff dimension estimate

(1.4) dim S* < k.

However, little else is known about the structure of the singular sets S*(f).
In the stationary case, nothing is known in general. In the case of a mini-
mizing harmonic map, [SU82] proves that S(f) = S™"3(f), and, under the
additional assumption that N is analytic, it follows from the wonderful work
of [Sim96] that the top stratum S™~3 is rectifiable. In low dimensions and

when the targets are spheres, these results have been further refined in [LW06]
and [HL90].
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The goal of this paper is to study additional properties of the stratification
and the associated quantitative stratification for stationary and minimizing
harmonic maps. That is, a first goal is to see for a stationary harmonic map
with a general compact target space that S*(f) is k-rectifiable for all k. In
fact, the proof allows us to see the following stronger result. For k-a.e. z € S¥,
there will exist a unique k-plane V¥ C T, M such that every tangent map at
x will be k-symmetric with respect to V. Let us observe a subtlety to this
statement. We are not claiming that the tangent maps at such x are unique.
We are simply claiming that for k-a.e. point, there is a maximal dimensional
k-plane of symmetry that exists, and that this plane of symmetry is unique
independent of which tangent map is chosen. Theorem 1.5 gives the precise
results for the classical stratification of a stationary harmonic map.

For minimizing harmonic maps, we can improve on this result in two ways.
First, we can show that the top stratum is not only n — 3 rectifiable, but has
an a priori bound on its n — 3 measure. That is, if

(1.5) f VI < A,
B (p)

is the L? bound on the energy, then we have the n — 3-Hausdorff measure
estimate

(1.6) AT3(S"3(f) N By) < C,

where C' depends on M, N and A. (See Sections 1.1 and following for precise
statements.)

Indeed, we show a much stronger Minkowski version of this estimate; see
Theorem 1.6 for the complete statement. In fact, we can prove what turns
out to be a much more effective analytic version of the above. Namely, in
Theorem 1.8 we show that |V f|, and in fact the regularity scale r¢, have
a priori weak L3 bounds. That is,

(1.7) Vol ({IVf|>r'}nBy) < Vol (B {|Vf] >r'} nBy) < Cr?,

where B, (E) stands for the tubular neighborhood of radius r around the set
E, ie.,

(1.8) By (E)={z st. d(z,E)<r}= ] B:(2).
z€eE

Notice that this is indeed sharp, in that there are counterexamples showing
that |V f| ¢ L?; see Example 11.1. Let us also point out that this sharpens
results from [CN13b], where it was proven for minimizing harmonic maps that
|V f] € LP for all p < 3. We refer the reader to Section 1.2 for the precise and
most general statements.

Now the techniques of this paper all center around estimating the quanti-
tative stratification, not the standard stratification itself. In fact, it is for the
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quantitative stratification that the most important results of the paper hold;
everything else can be seen to be corollaries of these statements.

A first version of the quantitative stratification can be found in [Alm0O0,
§2.25]. This concept was later developed in [CN13a] with the goal of proving
new estimates on noncollapsed manifolds with Ricci curvature bounded below
and, in particular, Einstein manifolds. It was then extended in [CN13b] to
give effective and LP estimates on minimal and stationary harmonic maps and
minimal submanifolds. It has since been used in [CHN13], [CHN15], [CNV15],
[FMS15], [BL15] to prove similar results in the areas of mean curvature flow,
critical sets of elliptic equations, harmonic map flow, and biharmonic maps.

Before describing the results in this paper on the quantitative stratifi-
cation, let us give more precise definitions of everything. To begin with, to
describe the stratification and quantitative stratification we need to discuss
the notion of symmetry associated to a solution. Specifically,

Definition 1.1. We define the following:

(1) A mapping f : R® — N is called k-symmetric if f(Az) = f(z) for all
X > 0 and if there exists a k-plane V¥ C R™ such that for each 2 € R” and
y € V¥, we have that f(z +y) = f(z). Note that a 0-symmetric function
is simply a homogeneous function of degree 0.

(2) Given a mapping f : M — N and ¢ > 0, we say a ball B.(z) C M
is (k,e)-symmetric if r <inj(z) and there exists a k-symmetric mapping
f:T.M — N such that fBT(x) |f — f|?dv, < e, where we have used the

exponential map to identify f as a function on M.

Thus, a function is k-symmetric if it only depends on n — k variables
and is radially invariant. A k-symmetric function can therefore be naturally
identified with a function on a n — k — 1 sphere. A function is (k,€)-symmetric
on a ball B,(z) if it is L? close to a k-symmetric function on this ball.

With the notion of symmetry in hand we can define precisely the quantita-
tive stratification associated to a solution. The idea is to group points together
based on the amount of symmetry that balls centered at those points contain.
In fact, there are several variants that will play a role for us, all of which are
important for the applications to the standard singular set. Let us introduce
them and briefly discuss them.

Definition 1.2. For a stationary harmonic map f : B2(p) — N, we make
the following definitions:

(1) For &,r > 0, we define the k™ (e, r)-stratification S¥,.(f) by

(1.9)
SE (f)={xz € Bi(p): fornor <s<1is By(x) a (k+ 1,¢)-symmetric ball}.

g,r
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(2) For £ > 0, we define the k'"" e-stratification S*(f) by
(1.10)
SE(f) =S5
r>0
={zr € Bi(p): forno 0 <r < 1is By(x) a (k+ 1,e)-symmetric ball}.

(3) We define the k'M-stratification S*(f) by
(1.11)
SE(f) = U S* = {z € Bi(p) : no tangent cone at z is k + 1-symmetric}.
e>0
Remark 1.1. It is a small but important exercise to check that the stan-
dard stratification S*(f) as defined in (1.2) agrees with the set | J.-qS¥. We
do this carefully in Section 9.3.

Let us discuss in words the meaning of the quantitative stratification and
how it relates to the standard stratification. As discussed at the beginning of
the section, the stratification S¥(f) of M is built by separating points of M
based on the infinitesimal symmetries of f at those points. The quantitative
stratifications S¥(f) and Sfﬂ,( f) are, on the other hand, instead built by sep-
arating points of M based on how many symmetries exist on balls of definite
size around the points. In practice, the quantitative stratification has two ad-
vantages to the standard stratification. First, for applications to minimizing
harmonic maps, the quantitative stratification allows one to prove effective
estimates. In particular, in [CN13b] the weaker LP estimates

(1.12) f VR, f V25 < C5 V6 > 0
Bi(p) Bi(p)

on solutions were obtained by exploiting this fact. The second advantage is that
the estimates on the quantitative stratification are much stronger than those
on the standard stratification. Namely, in [CN13b] the Hausdorff dimension
estimate (1.4) on S*(f) was improved to the Minkowski content estimate
(1.13) Vol(B, SF,) < Csr™ ™70 5 > 0.

One of the key technical estimates of this paper is that in Theorem 1.3 we drop
the § from the above estimate and obtain an estimate of the form

(1.14) Vol(B, S¥,) < Cr"F.

From this we are able conclude in Theorem 1.4 an estimate on S¥ of the form

(1.15) Vol(B, S¥) < cr"*,

In particular, this estimate allows us to conclude that Sf has uniformly finite
k-dimensional measure. In fact, the techniques will prove much more for us.
They will show us that S¥ is k-rectifiable and that for k-a.e. point x € S¥,



RECTIFIABLE-REIFENBER 137

there is a unique k-plane V¥ C T,M such that every tangent map at z is
k-symmetric with respect to V. By observing that S¥(f) = |J S¥(f), this allows
us to prove in Theorem 1.5 our main results on the classical stratification. This
decomposition of S* into the pieces Sf is crucial for the proof.

On the other hand, (1.14), combined with the e-regularity theorems of
[SU82|, [CN13b], allows us to conclude in the minimizing case both the weak
L3 estimate on |V f| and the n — 3-finiteness of the singular set of f. Thus we
will see that Theorems 1.6 and 1.8 are fairly quick consequences of (1.15).

Thus we have seen that (1.14) and (1.15), and more generally Theorem 1.3
and Theorem 1.4, are the main challenges of the paper. We will give a more
complete outline of the proof in Section 1.4, however let us mention for the
moment that two of the new ingredients to the proof are a new L?-subspace
approximation theorem for stationary harmonic maps, proved in Section 7, and
new W1P-Reifenberg and rectifiable-Reifenberg theorems, proved in Section 3.
The L?-approximation result roughly tells us that the L?-distance of a measure
from being contained in a k-dimensional subspace may be estimated by inte-
grating the energy drop of a stationary harmonic map over the measure. To
exploit the estimate we prove a new W1P-Reifenberg type theorem. The classi-
cal Reifenberg theorem states that if we have a set S that is L*°-approximated
by a subspace at every point and scale, then S is bi-Holder to a manifold;
see Theorem 2.18 for a precise statement. It is important for us to improve
on this bi-Holder estimate, at least enough that we are able to control the
k*-dimensional measure of the set and prove rectifiability. In particular, we
want to improve the C®-maps to W1P-maps for p > k, and we will want to do
it using a condition which is integral in nature. More precisely, we will only
require a form of summable L?-closeness of the subset S to the approximating
subspaces. We will see in Theorem 7.1 that by using the L?-subspace approx-
imation theorem that the conditions of this new rectifiable-Reifenberg are in
fact controllable for the quantitative stratifications Sf, as least after we break
it up into appropriate pieces.

1.1. Results for stationary harmonic maps. We now turn our attention to
giving precise statements of the main results of this paper. In this subsection we
focus on those concerning the singular structure of stationary harmonic maps.
That is, we will be considering stationary harmonic maps f : Ba(p) € M — N.
In order to write the constants involved in some explicit form, let us choose
Ky, Kn,n > 0 to be the smallest number such that

(1.16) | secp, () | < Kur, inj(Ba(p)) > Ky,
|secy | < Ky, inj(N) > Ky', diam(N) < Ky,
dim(M), dim(N) < n.
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Now let us begin by discussing our main theorem for the quantitative
stratifications S¥ (f):

THEOREM 1.3 ((e,r)-stratification of stationary harmonic maps). Con-
sider a stationary harmonic map f : Ba(p) € M — N satisfying (1.16) with
fB2(p) IVf|?> < A. Then for each € > 0, there exists C=(n, Kyr, Ky, A, ¢) such
that

(1.17) Vol(B,(SE,(f))) < Gt

When we study the stratum Sf(f), we can refine the above to prove
structure theorems on the set itself. For the definition of k-rectifiability, we
refer the reader to the standard reference [Fed69].

THEOREM 1.4 (e-stratification of stationary harmonic maps). Consider
a stationary harmonic map f : Ba(p) € M — N satisfying (1.16) with
JCBz(p) IVf|?> < A. Then for each € > 0, there exists Ce(n, Ky, Ky, A, €) such
that

(1.18) Vol(Br(Sf( f))) < Crk,

In particular, we have the k-dimensional Hausdorff measure estimate \*(S¥(f))
< C.. Further, S¥(f) is k-rectifiable, and for k-a.e. x € S¥, there erists a
unique k-plane VF C T, M such that every tangent cone of x is k-symmetric
with respect to V.

Remark 1.2. In fact, the techniques will prove an estimate even stronger
than the Minkowski estimate of (1.17) and (1.18). That is, one can prove a
uniform k-dimensional packing content estimate. More precisely, let { By, (x;)}
be any collection of disjoint balls such that x; € Sf; then we have the content
estimate Y rF < C..

Finally, we end this subsection by stating our main results when it comes

to the classical stratification S¥(f). The following may be proved from the
previous theorem in only a few lines given the formula S*(f) = |J S¥(f):

THEOREM 1.5 (stratification of stationary harmonic maps). Consider a
stationary harmonic map f : Ba(p) C M — N satisfying (1.16) with fBz(p) IV f|?

< A. Then for each k, we have that S*(f) is k-rectifiable. Further, for k-a.e.
x € S*(f), there exists a unique k-plane V¥ C T, M such that every tangent
cone of x is k-symmetric with respect to V.

1.2. Results for minimizing harmonic maps. In this section we record our
main results for minimizing harmonic maps. Most of the results of this section
follow quickly by combining the quantitative stratification results of Section 1.1
with the e-regularity of [SU82], [CN13b]; see Section 2.4 for a review of these
points.
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Our first estimate is on the singular set S(f) of a minimizing harmonic
map. Recall that S(f) is the set of points where f is not smooth. Our first esti-
mate on the singular structure of a minimizing harmonic map is the following;:

THEOREM 1.6 (structure of singular set). Let f : Ba(p) € M — N be a
minimizing harmonic mapping satisfying (1.16) with JCBQ(p) IVf|? < A. Then
S(f) is n — 3-rectifiable and there exists C(n, Ky, K, A) such that

(1.19) Vol(B,(S(f)) N Bi(p)) < Cr.
In particular, \"~3(S(f) N Bi(p)) < C.

Remark 1.3. As in Theorem 1.4, the same techniques prove a packing
content estimate on S(f). That is, if {B,,(z;)} is any collection of disjoint
balls such that x; € S(f) N By, then we have the content estimate S 7% < C.

The above can be extended to effective Schauder estimates on f. To
state the results in full strength let us recall the notion of the regularity scale
associated to a function. Namely,

Definition 1.7. Let f : Ba(p) — N be a mapping between Riemannian
manifolds. For « € By(p), we define the regularity scale ry(x) by

(120) T'f(.%') = max{O <r< 1: sup ’v‘f‘ < 7’71}.

Br(x

By definition, r(x) = 0 if f is not Lipschitz in a neighborhood of x.

Remark 1.4. The regularity scale has nice scaling property. Indeed, if we
define T'x , : T, M — N by

(1.21) Tep(y) = flexp,(py)),

then ry(x) = prr, ,(0). In other words, if r = r¢(x) and we rescale B, (z) to
By (0), then on the rescaled ball we will have that |VT, | <1 on B(0).

Remark 1.5. We have the easy estimate |V f|(z) < ry(z)~!. However, a
lower bound on r¢(x) is in principle much stronger than an upper bound on

IV £l(x).
Remark 1.6. Notice that the regularity scale is a Lipschitz function with
V()] < 1.

Remark 1.7. If f satisfies an elliptic equation, e.g., is weakly harmonic,
then we have the estimate

(1.22) sup |VFf| < Crprp(x).
Bv"f/Q(z)

In particular, control on ry gives control on all higher order derivatives.
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Now let us state our main estimates for minimizing harmonic maps.

THEOREM 1.8 (estimates on minimizing harmonic maps). Let f : Ba(p) C
M — N be a minimizing harmonic mapping satisfying (1.16) with fBQ(p) IV f|?
< A. Then there exists C(n, Kpr, Ky, A) such that

(123)  Vol({ze Bi(p): [Vf]| >r"})

< Vol({ac € Bi(p) : r¢(x) < r}) < Crd.

In particular, both |V f| and rj?l have uniform bounds in L3 (31 (p)), the

weak

space of weakly L? functions. In fact, we also have the Hessian estimate

(1.24) VOI({:E € Bi(p) : [V2f| > r_2}> < O3,

which, in particular, gives us uniform bounds for |V2f| in Lf’vgk(Bl(p)), the
space of weakly L3/? functions.

Remark 1.8. The Li’veak estimates are sharp in that there exist examples
for which |V f| does not live in L?; see Section 11.1.

1.3. Results under additional hypotheses. The previous two subsections
have focused on results for completely general stationary or minimizing har-
monic maps. In this subsection we would like to see how these results may
be improved under further assumptions. Specifically, for stationary harmonic
maps f : M — N, we would like to see that the regularity results may be
improved to match those of minimizing harmonic maps if we assume there are
no smooth harmonic maps from S? into N. The idea behind this follows that
of [Lin99], [CHN15]. Additionally, though the regularity results of Sections 1.1
and 1.2 are sharp in complete generality, they may be improved if we assume
that N has no other stationary or minimizing harmonic maps from S* into N.
Precisely, the main result of this subsection for stationary harmonic maps is
the following:

THEOREM 1.9 (improved estimates for stationary maps). Let f : Ba(p) C
M — N be a stationary harmonic mapping satisfying (1.16) with JCBQ(p) IV f|?
< A. Assume further that for some k > 2, there exists no smooth noncon-

stant stationary harmonic maps S° — N for all £ < k. Then there exists
C(n, Ky, N,A) such that

(1.25) Vol({a: € Bi(p): |Vf| > r_l})

< Vol({ac € Bi(p) : r¢(z) < r}) < Or*tk,
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In particular, both |V f| and rj?l have uniform bounds in L*tk (Bl (p)), the

weak

space of weakly L*>T* functions.

Remark 1.9. The proof of Theorem 1.9 follows verbatim the proof of
Theorem 1.8, except one replaces the e-regularity of Theorem 2.8 with the
e-regularity of Theorem 2.11.

In the context where f is minimizing, we have a similar improvement,
though in this case we only need to assume there exists no minimizing harmonic
maps from S¥ — N:

THEOREM 1.10 (improved estimates for minimizing maps). Let f : Ba(p)
C M — N be a minimizing harmonic mapping satisfying (1.16) with f32 ®) IV f|?
< A. Assume that for some k > 2, there exists no smooth nonconstant mini-
mizing harmonic maps S¢ — N for all ¢ < k. Then there exists C(n, Kys, N, A)
such that

(1.26) Vol({w € Bi(p) : [Vf] > 7'}

< Vol({x € Bi(p) : r¢(z) < r}) < Cr¥tk,

In particular, both |V f| and r;l have uniform bounds in L*CE (B1 (p)), the

weak

space of weakly L*>T* functions.

Remark 1.10. The proof of Theorem 1.10 follows verbatim the proof of
Theorem 1.8, except one replaces the e-regularity of Theorem 2.8 with the
e-regularity of Theorem 2.10.

1.4. Outline of proofs and techniques. In this subsection we give a brief
outline of the proof of the main theorems. To describe the new ingredients
involved it will be helpful to give a comparison to the proofs of previous results
in the area, in particular, the dimension estimate (1.4) of [SU82] (which are
similar in spirit to the estimates for minimal surfaces in [Alm68] and [AlmO00,
Th. 2.26]) and the Minkowski and L? estimates (1.12) of [CN13b].

Indeed, the starting point for the study of singular sets for solutions of
geometric equations typically looks the same; that is, one needs a monotone
quantity. In the case of harmonic maps f : M — N between Riemannian
manifolds we consider the normalized Dirichlet energy

(1.27) GT(x)Erz_"/jB(z)|Vf|2.

For simplicity sake let us take M = R" in this discussion, which is really of
no loss except for some small technical work. (It is the nonlinearity of N that
is the difficulty.) Then %QT > 0, and 6,(x) is independent of r if and only if



142 AARON NABER and DANIELE VALTORTA

f is O-symmetric; see Section 2.1 for more on this. Interestingly, this is the
only information one requires to prove the dimension estimate (1.4). Namely,
since 0,(z) is monotone and bounded, it must converge as r tends to zero. In
particular, if we consider the sequence of scales r, = 27%, then we have for
each z that

(1.28) algrgo Oro () = Or ., (x)] — 0.

From this one can conclude that every tangent map of f is O-symmetric. This
fact combined with some very general dimension reduction arguments originat-
ing with Federer from geometric measure theory [Sim83], which do not depend
on the harmonic behavior of f at all, yield the dimension estimate (1.4) from
[SU82].

The improvement in [CN13b] of the Hausdorff dimension estimate (1.4)
to the Minkowski content estimate (1.13), and therefore the LP estimate of
(1.12), requires exploiting more about the monotone quantity 6,(z) than that
it limits as r tends to zero. Indeed, an effective version of (1.28) says that for
each § > 0, there exists N(A, ) > 0 such that

(1.29) Oro () = Ory i ()] <O

holds for all except for at most N scales « € {aq,...,an} C N. These bad
scales where (1.29) fails may differ from point to point, but the number of
such scales is uniformly bound. This allows one to conclude that for all but
at most N-scales, B, () is (0, ¢)-symmetric; see Section 2.2. To exploit this
information a new technique other than dimension reduction was required in
[CN13b]. Indeed, in [CN13b] the quantitative O-symmetry of (1.29) was instead
combined with the notion of cone splitting and an energy decomposition in
order to conclude the estimates (1.12) and (1.13). Since we will use them in
this paper, the quantitative 0-symmetry and cone splitting will be reviewed
further in Section 2.2.

Now let us begin to discuss the results of this paper. The most challenging
aspect of this paper is the proof of the estimates on the quantitative stratifica-
tions of Theorems 1.3 and 1.4, and so we will focus on these in our outline. Let
us first observe that it might be advantageous to replace (1.29) with a version
that forces an actual rate of convergence, see for instance [Sim96]. More gener-
ally, if one is in a context where an effective version of tangent cone uniqueness
can be proved, then this may be exploited. In fact, in the context of critical
sets of elliptic equations one can follow exactly this approach; see the authors’
work [NV14] where versions of Theorems 1.3 and 1.4 were first proved in this
context. However, in the general context of this paper such an approach fails,
as tangent cone uniqueness is not available, and potentially not correct.
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Instead, we will first replace (1.29) with the following relatively simple
observation. Namely, for each x, there exist N(A,d) and a finite number of
scales {a1,...,an} C N such that

(1.30) >

Qaj <a<aj+1

Oro () = Ory oy ()] < 0.

That is, not only does the energy drop by less than § between these scales, but
the sum of all the energy drops is less than § between these scales.

Unfortunately, exploiting (1.30) turns out to be substantially harder to
use than exploiting either (1.28) or even (1.29). In essence, this is because it is
not a local assumption in terms of scale, and one needs estimates that can see
many scales simultaneously, but that do not require any form of tangent cone
uniqueness statements. Accomplishing this requires two new ingredients, a
new rectifiable-Reifenberg type theorem, and a new L2-best subspace approx-
imation theorem for stationary harmonic maps, which will allow us to apply
the rectifiable-Reifenberg. Let us discuss these two ingredients separately.

We begin by discussing the new W1 P-Reifenberg and rectifiable-Reifenberg
theorems, which are introduced and proved in Section 3. Recall that the clas-
sical Reifenberg theorem, reviewed in Section 2.6, gives criteria under which
a set becomes C®-Hélder equivalent to a ball By (0F) in Euclidean space. In
the context of this paper, it is important to improve on this result so that we
have gradient and volume control of our set. Let us remark that there have
been many generalizations of the classical Reifenberg theorem in the literature
(see, for instance, [Tor95], [DT12]), however those results have hypotheses that
are much too strong for the purposes of this paper. Instead, we will focus on
improving the C*-equivalence to a W'P-equivalence. This is strictly stronger
by Sobolev embedding, and if p > k, then this results in volume estimates and
a rectifiable structure for the set. More generally, we will require a version
of the theorem that allows for more degenerate structural behavior, namely,
a rectifiable-Reifenberg theorem. In this case, the assumptions will conclude
that a set S is rectifiable with volume estimates. Of course, what is key about
this result is that the criteria will be checkable for our quantitative stratifi-
cations, thus let us discuss these criteria briefly. Roughly, if S C B;(0") is
a subset equipped with the k-dimensional Hausdorff measure A*, then let us
define the k-dimensional distortion of S by

(1.31) Dfi(y,s) = s ?inf s*k/ d?(z, L*) d\*(2),
Lk SNBs(y)

where the inf is taken over all k-dimensional affine subspaces of R™. That is,
D* measures how far S is from being contained in a k-dimensional subspace.
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Our rectifiable-Reifenberg then requires this be small on S in an integral
sense, more precisely that

(1.32) r_k/ > DF(y,70)dNF (y) < 62

SNB;(z) ra<r
For ¢ sufficiently small, the conclusions of the rectifiable-Reifenberg Theo-
rem 3.3 are that the set S is rectifiable with effective bounds on the k-dimen-
sional measure. Let us remark that one cannot possibly conclude better than
rectifiable under this assumption; see, for instance, the examples of Section 11.

Thus, in order to prove the quantitative stratification estimates of Theo-
rems 1.3 and 1.4, we will need to verify that the integral conditions (1.32) hold
for the quantitative stratifications S¥(f), Sfﬂ,(f) on all balls B, (x). In actu-
ality the proof is more complicated. We will need to apply a discrete version
of the rectifiable-Reifenberg, which will allow us to build an iterative covering
of the quantitative stratifications, and each of these will satisfy (1.32). This
will allow us to keep effective track of all the estimates involved. However, let
us for the moment just focus on the main estimates, which allows us to turn
(1.32) into information about our harmonic maps, without worrying about
such details.

Namely, in Section 7 we prove a new and very general approximation the-
orem for stationary harmonic maps. As always in this outline, let us assume
M = R"; the general case is no harder, and we simply work on an injectivity
radius ball. Thus we consider a stationary harmonic map f : B1g(0") — N, as
well as an arbitrary measure p that is supported on B1(0™). We would like to
study how closely the support of i can be approximated by a k-dimensional
affine subspace L*¥ C R”, in the appropriate sense, and we would like to esti-
mate this distance by using properties of f. Indeed, if we assume that Bg(0")
is not (k + 1, e)-symmetric with respect to f, then for an arbitrary u, we will
prove in Theorem 7.1 that
(1.33) inf [ 2z, IF) dyu < c/ 10s(2) — 61 (2)| d,

LkCR?

where C will depend on ¢, energy bound of f, and the geometry of M and N.
That is, if f does not have k + 1 degrees of symmetry, then how closely the
support of an arbitrary measure p can be approximated by a k-dimensional
subspace can be estimated by looking at the energy drop of f along p. In ap-
plications, u will be the restriction to By of some discrete approximation of the
k-dimensional Hausdorff measure on S¥,
on f will hold for all balls centered on the support of u.

In practice, applying (1.33) to (1.32) is subtle and must be done induc-
tively on scale. Additionally, in order to prove the effective Hausdorff estimates
Me(S¥ N B,) < Or* we will need to use the covering lemma 8.1 to break up

and thus the symmetry assumption
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the quantitative stratification into appropriate pieces, and we will apply the
estimates to these. This decomposition is based on a covering scheme first
introduced by the authors in [NV14]. Thus for the purposes of our outline, let
us assume we have already proved the Hausdorff estimate \*(S¥ N B,.) < Cr*
and use this to be able to apply the rectifiable-Reifenberg in order to conclude
the rectifiability of the singular set. This may feel like a large assumption,
however it turns out the proof of the Hausdorff estimate will itself be proved
by a very similar tactic, though it will require an inductive argument on scale,
and will use the discrete rectifiable-Reifenberg of Theorem 3.4 in place of the
rectifiable-Reifenberg of Theorem 3.3.

Thus let us choose a ball B, and let E = supp,_ 0, (y). Let us consider the
subset S¥ C S¥ N B, defined by

(1.34) 5’5 ={ye Sf N B, :6y(y) > E—n},

where n = n(n, Ky, Ky, A, €) will be chosen appropriately later. We will show
now that S’f is rectifiable. Since 7 is fixed and the ball B, is arbitrary, the
rectifiability of all of Sf follows quickly from a covering argument. Thus, let us
estimate (1.32) by plugging in (1.33) and the Hausdorff estimate to conclude

(1.35) . /Sk S DF(z, ) AN

€ Tag’l”
—k e 9k ) - .
=r infr, / d*(y, LF)d\ dANE (2
/55 TQZS:T ( LE SkNB,, (x) (y, L%) (y)) (z)

< Crik/ 7Q;k‘/ 05, o, I\ D
<O [ 5 (3 [y e = 0 N ) )
=Cr* Z T;k /gk )\k(Sf N By, (y)|0sr, (v) — 0r, (y)] d)\k(y)7

TaS'r 5
= CT‘_k /S'k Z |08To< (y) - 07‘& (y)| d)\k(y)’

€ T‘aSr

<Ok [ 150 () = 00(w)| X ()
< Or P N(SE)
< 02,

where in the last inequality we have chosen n = n(n, Ky, Ky, A, €) so that
the estimate is less than the required ¢ from the rectifiable-Reifenberg. Thus
we can apply the rectifiable-Reifenberg of Theorem 3.3 in order to conclude
the rectifiability of the set S’Zf which, in particular, proves that Sf is itself
rectifiable, as claimed.
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2. Preliminaries

2.1. Stationary harmonic maps and monotonicity. The key technical tool
available to a stationary harmonic map f : Ba(p) € M — N, which is not
available to a weakly harmonic map, is that of a monotone quantity. Namely,
given z € Bj(p) and r < 1, we can consider the normalized Dirichlet energy
defined by

2.1) er(x)zﬂ—”/B(z)wa.

If M = R"™, then for each z fixed, we have that 6, (x) is exactly a monotone
increasing function of r. More precisely, we have that

i _ 2—n g 2 — 2—”/ 2
(22) 6@ =2 / o =2 P

9B (x)
Hence, we see that if 6,(z) is independent of 7, then we have that f is
O-symmetric with respect to x. More generally, if 05(x) = 6,.(x), then f is

radially symmetric on the annulus A,,(x) = B, (z) \ Bs(z). Motivated by
this, we see that what we are really interested in is the amount the Dirichlet
energy drops from one scale to the next, and thus we define

(2.3) Wsr(z) = 0, (x) — 05(x) > 0.

Oftentimes we will want to enumerate our choice of scale, so let us define the
scales ro, = 27 for a > 0, and the corresponding Dirichlet energy drop:
(2.4) Wo(z) =Wy ro s(x) =6, ,(x) — 60, (x) > 0.

In the general case, i.e., when M # R", essentially the same statements
may be made, however 6,.(z) is now only almost monotone, meaning that
e“T0,(x) is monotone for some constant that depends only on the geome-
try of M. From this one can prove that at every point, every tangent map
is O-symmetric, which is the starting point for the dimension estimate (1.4)
of [SU82]. In Section 2.2 we will discuss quantitative versions of this point,
first introduced in [CN13b] and used in this paper as well, and also generaliza-
tions that involve higher degrees of symmetry. These points were first used in
[CN13b] to prove Minkowski estimates on the quantitative stratification of a
stationary harmonic map. They will also play a role in our arguments, though
in a different manner.

2.2. Quantitative 0-symmetry and cone splitting. In this subsection we
review some of the quantitative symmetry and splitting results of [CN13b], in
particular, those that will play a role in this paper.

The first result we will discuss acts as an effective formulation of the fact
that every tangent map is O-symmetric. Namely, the quantitative 0-symmetry
of [CN13b] states that for each € > 0 and point « € By, all but a finite number
of the balls {B;,(z)},cy are (0,¢)-symmetric, where r, = 27%. Precisely,
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THEOREM 2.1 (quantitative O-symmetry [CN13b)). Let f : Ba(p) CM — N
be a stationary harmonic map satisfying (1.16) with fBQ(p) V|2 <A, and let
€ >0 be fixed. Then the following hold:

(1) there exists a positive 6(n, Ky, A, &) > 0 such that for each x € By(p) if
0-(z) — O5,(x)| < 6 and Kpr < 0, then B,(x) is (0,e)-symmetric;

(2) for each x € By(p), there exists a finite number of scales {a1,...,ax} CN
with K < K (n, Knr, K, A, €) such that forr & (ra,/2,2ra;), we have that
B,(z) is (0,¢)-symmetric.

Remark 2.1. In [CN13b] it is stated that the constant depends on the
manifold NV, not just K, however it is easy to check that only K is important
in the proof. See the proof of Lemma 7.2 for a relevant argument.

Remark 2.2. The assumption Ky < ¢ is of little consequence, since this
just means focusing the estimates on balls of sufficiently small radius after
rescaling.

Another technical tool that played an important role in [CN13b] was that
of cone splitting. This will be used in this paper when proving the existence
of unique tangent planes of symmetry for the singular set, so we will discuss
it here. In short, cone splitting is the idea that multiple 0-symmetries add to
give rise to a k-symmetry. To state it precisely let us give a careful definition
of the notion of independence of a collection of points.

Definition 2.2. We say a collection of points {z1,...,x,} € R™ is indepen-
dent if they are linearly independent. We say the collection is 7-independent
if d(xg41,span{zy,...,zx}) > 7 for each k. If {z1,..., 20} € M, then we say
the collection is T-independent with respect to x if d(z,z;) < inj(x) and the
collection is 7-independent when written in exponential coordinates at x.

Now we are in a position to state the effective cone splitting of [CN13b].
THEOREM 2.3 (cone splitting [CN13b]). Let f : Bs(p) € M — N be
a stationary harmonic map satisfying (1.16) with fBQ(p) IVfI?2 < A, and let
g, 7 > 0 be fized. Then there exists d(n, Kn,A,e,7) > 0 such that if Ky < 6
and g, ...,x, € B1(p) are such that
(1) Ba(xj) are (0,6)-symmetric;
(2) {xo,...,zr} are T-independent at p,
then By(p) is (k,e)-symmetric.
We end with the following, which one can view as a quantitative form

of dimension reduction. The proof is standard and can be accomplished by a
contradiction argument:

THEOREM 2.4 (quantitative dimension reduction). Let f : Ba(p) C M — N
be a stationary harmonic map satisfying (1.16) with fB2(p) IVf? < A. Then
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for each € > 0, there exists §(n, Kyr, Ky, A e),r(n, Ky, Ky, Aye) > 0 such
that if Bo(p) is (k,d)-symmetric with respect to some k-plane V¥, then for
each x € B1(p) \ B:(V¥), we have that B,(z) is (k + 1,¢)-symmetric.

2.3. Defect measure. Since it will play a role for us in one technical aspect
of this paper, let us recall in this section the defect measure of a sequence of
stationary harmonic maps. We begin with a definition:

Definition 2.5. Let f; : Ba(p) — N be a sequence of stationary harmonic
maps satisfying (1.16) with f32 ®) |V f;|? < A. Then, after possibly passing to
a subsequence, f; has a weak W12 limit f, and we can consider the measure
(2.5) IV fil2dvy, —* |V f|? dvg + v,
where this last convergence is intended in the weak sense of Radon measures.

The measure v is nonnegative by Fatou’s lemma, and it is called the defect
measure associated to f; —* f.

Remark 2.3. We can also allow f; : Ba(p;) — N to be defined on different
manifolds. In practice, this will occur under the assumption Kjp;, — 0, so
that v becomes a measure on By(0").

The following theorem is one of the main accomplishments of [Lin99]:

THEOREM 2.6 (rectifiability of defect measure [Lin99, Lemma 1.7]). If v
is a defect measure as in Definition 2.5, then it is n — 2 rectifiable.

A key tool in the proof of the above, which will be useful in this paper as
well, is the following 0-symmetry result:

THEOREM 2.7 ([Lin99, Lemma 1.7(ii)]). Let f; : Ba(p;) € M; — N be a
sequence of stationary harmonic maps satisfying (1.16) with fBQ(p) IVfi|? <A
0i2(pi) — bis,| < 6; — 0. Then the defect

measure |V f;|?dvg —* IV f|? dvg + v is 0-symmetric; that is, both the function
f and v are invariant under dilation around the origin.

Assume Ky, < 0; — 0 and that

2.4. e-regqularity for minimizers. In this subsection we quickly review the
e-regularity theorems of [CN13b], which themselves build on the difficult work
of [SU82]. This will be our primary technical tool in upgrading the structural
results on stationary harmonic maps to the regularity results for minimizing
harmonic maps. Recall the definition of the regularity scale given in Defini-
tion 1.7; then the main theorem of this subsection is the following:

THEOREM 2.8 (minimizing e-regularity [CN13b)). Let f: Ba(p) CM — N
be a minimizing harmonic map satisfying (1.16) with fBQ(p) IVf? < A. Then
there exists e(n, Kn,A) > 0 such that if Kyr < € and Ba(p) is (n — 2,¢)-
symmetric, then

re(p) 2 1.
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Remark 2.4. As previously remarked, the assumption Kj; < ¢ is of little
consequence, since this just means focusing the estimates on balls of sufficiently
small radius after rescaling.

The following stationary version was proved in [CHN15], and is essentially
just a combination of the defect measure ideas of [Lin99], the e-regularity of
[Bet93], and a contradiction argument:

THEOREM 2.9 (stationary e-regularity [CHN15]). Let f: Bo(p) CM — N
be a minimizing harmonic map satisfying (1.16) with JCBQ ) IVfI2 < A. Assume

that there exists no nonconstant stationary harmonic map S*> — N. Then there
exists e(n, N, A) >0 such that if Kyr <e and B1(p) is (n—2,€)-symmetric, then
1
ri(p) 2 5-
Let us also discuss some improvements of the above e-regularity theorems
in the case where there are no nonconstant harmonic maps from S* into N.
These are the key e-regularity results needed for Theorems 1.9 and 1.10. We

begin with the minimizing case.

THEOREM 2.10 (improved minimizing e-regularity [CHN15]). Let f : Ba(p)
C M — N be a minimizing harmonic mapping satisfying (1.16) with fB2 ) IV f|?
< A. Assume further that for some k > 2, there exists no nonconstant min-
imizing harmonic maps S — N for all £ < k. Then there exists e(n, N, A)
such that if Ky < € and By(p) is (n — k — 1,¢)-symmetric, then
ri(p) > =

Finally, we end with the stationary version of the above theorem.

THEOREM 2.11 (improved stationary e-regularity [CN13b]). Let f : Ba(p)
CM — N be a stationary harmonic mapping satisfying (1.16) with fBz(p) IV f|?
< A. Assume further that for some k > 2, there exists no nonconstant station-
ary harmonic maps S¢ — N for all ¢ < k. Then there exists €(n, N, ) such
that if Ky < € and Bi(p) is (n — k — 1,¢)-symmetric, then

1
ri(p) > 5

Remark 2.5. Note that in both theorems above, nothing would change if
we only required that N admits no continuous (or even smooth) nonconstant
stationary (or minimizing) harmonic map S* — N for all £ < k. Indeed,
the tangent maps at singular points of nonsmooth stationary (or minimizing)
harmonic maps give rise to smooth stationary (or minimizing) harmonic maps
from lower dimensional spheres.
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2.5. Hausdorff, Minkowski, and packing content. In this subsection we
give a brief review of the notions of Hausdorff, Minkowski, and packing content.
We will also use this to recall the definition of Hausdorff measure. The results
of this subsection are completely standard, but this gives us an opportunity to
introduce some notation for the paper. For a more detailed reference, we refer
the reader to [Mat95], [Fed69]. Let us begin with the notions of content.

Definition 2.12. Given a set S C R"™ and r > 0 we define the following:

(1) the k-dimensional Hausdorff r-content of S is given by

(2.6) AF(S) = inf { Zwkrf : S C|JBr, (%) and 7y < r};
(2) the k-dimensional Minkowski r-content of S is given by
(2.7) mE(S) = (2r)* Vol (B, (9));

(3) the k-dimensional packing r-content of S is given by

(2.8) pF(S) = sup { Zwkrf : x; € S and {By,(z;)} are disjoint and r; < r}.

These definitions make sense for any k € [0,00), though in this paper
we will be particularly interested in integer valued k. Notice that if S is a
compact set, then \¥(S), mF(S) < oo for any r > 0, and that we always have
the relations

(2.9) NS(S) S mE(S) < PE(S).

In particular, bounding the Hausdorff content is less powerful than bounding
the Minkowski content, which is itself less powerful than bounding the packing
content.

Primarily in this paper we will be mostly interested in content estimates,
because these are the most effective estimates. However, since it is classical, let
us go ahead and use the Hausdorff content to define a measure. To accomplish
this, let us more generally observe that if r < 7/, then A\¥(S) > A¥'(S). In
particular, we can define the limit

AE(S) = lim AF(S) = sup AF(S).
r—0 r>0

It turns out that A} is a genuine measure.

Definition 2.13. Given aset S C R"™, we define its k-dimensional Hausdorff
measure by \¥(S) = \E(S).



RECTIFIABLE-REIFENBER 151

Similar constructions can be carried out for the Minkowski and packing
content. In particular, we can define

(2.10) mg(S) = lim sup m,’f(S), mlg(S) = liminf m,’f(S),
r—0 r—0
k 1 k _ . k

(2.11) po(5) = limpi(S) = if pr(5).

Definition 2.14. Given a set S CR"™, we define its Hausdorff and Minkowski
dimension (or box-dimension) by

(2.12) dimp S = inf {k > 0: \§(8) =0},
dimy § = inf {k > 0: m(S) = 0}.

Remark 2.6. Note that we could define an upper and lower Minkowski
dimension by

(2.13) dimy S = inf {k > 0:mf(S) =0},
dim,,/S = inf{k‘ >0: mlg(S) = 0}.

In general, dim,;;S < dimy;.S, where the inequality may be strict. However, for
the purposes of this paper we will only be interested in the upper Minkowski

dimension.

As an easy example consider the rationals Q™ C R™. Then it is a worth-
while exercise to check that dimg Q" = 0, while dim; Q" =n .

A very important notion related to measures is the density at a point.
Although this is standard, for completeness we briefly recall the definition of
Hausdorff density and refer the reader to [Mat95, Ch. 6] for more on this
subject.

Definition 2.15. Given a set S C R™ that is \*-measurable, and = € R",
we define the k-dimensional upper and lower density of S at x by
Ne(S N B, (z))

*k _ 1
(2.14) 0 (S, x) = hr:lj(l)lp ot ,
k
0%(S, x) = lim inf )\(SH—BJ(CI}))
r—0 WET

In the following, we will use the fact that for almost any point in a set
with finite A\*-measure, the density is bounded from above and below.

PROPOSITION 2.16 ([Mat95]). Let S C R™ be a set with \¥(S) < oo. Then
for k-a.e. x € S,

(2.15) 27k <ok, x) <1,
while for k-a.e. x € R™\ S,
(2.16) 0**(S,z) = 0.
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2.6. The classical Reifenberg theorem. In this section we recall the clas-
sical Reifenberg theorem, as well as some more recent generalizations. The
Reifenberg theorem gives criteria on a closed subset S C By C R”™ that de-
termine when S N By is bi-Holder to a ball B;(0F) in a smaller dimensional
Euclidean space. The criteria itself is based on the existence of good best
approximating subspaces at each scale. We start by recalling the Hausdorff
distance.

Definition 2.17. Given two sets A, B C R", we define the Hausdorff dis-
tance between these two by

(2.17) dp(A,B) =inf{r >0 st. ACB,(B) and B C B, (A)}.

Recall that dp is a distance on closed sets, meaning that dg (A, B) = 0 implies
A=B.

The classical Reifenberg theorem says the following:

THEOREM 2.18 (Reifenberg theorem [Rei60], [Sim]). For each 0 < a < 1
and € > 0, there exists 6(n,a,e) > 0 such that the following holds. Assume
0" € S C By CR" is a closed subset and that for each B.(x) C By with x € S,
we have

(2.18) inf dy (SN B, (x), L* N B, (x)) < o,

where the inf is taken over all k-dimensional affine subspaces L¥ C R™. Then
there exists ¢ : B1(0%) — S that is a C® bi-Hélder homeomorphism onto its
image with [¢]ca, [0 ca <14 and SN By C ¢(B1(0F)).

Remark 2.7. In fact, one can prove a little more. In particular, under the
hypothesis of the previous theorem, there exists a closed subset S’ C R™ such
that S N By (0) = SN B; (0) and that is homeomorphic to a k-dimensional
subspace 0" € Ty C R" via the C* bi-Holder homeomorphism ¢ : Ty — S’.
Moreover, |¢p(x) — x| < C(n)d for all x € Ty and ¢(x) = x for all x € Tp\ Bz (0).

One can paraphrase the above to say that if S can be well approximated
on every ball by a subspace in the L*°-sense, then S must be bi-Hdélder to a
ball in Euclidean space.

Let us also mention that there are several more recent generalizations of
the classic Reifenberg theorem. In [Tor95], the author proves a strengthened
version of (2.18) that allows one to improve bi-Hoélder to bi-Lipschitz. Unfor-
tunately, for the applications of this paper the hypotheses of [Tor95] are much
too restrictive. We will require a weaker condition than in [Tor95], which is
more integral in nature; see Theorem 3.2. In exchange, we will improve the
bi-Holder of the classical Reifenberg to WP .
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We will also need a version of the classical Reifenberg that only assumes
that the subset S is contained near a subspace, not conversely that the sub-
space is also contained near S. In exchange, we will only conclude the set is
rectifiable. A result in this direction was first proved in [DT12], but again the
hypotheses are too restrictive for the applications of this paper, and addition-
ally there is a topological assumption necessary for the results of [DT12], which
is not reasonable in the context in this paper. We will see how to appropriately
drop this assumption in Theorem 3.3.

2.7. WYP_maps and rectifiability. In this paper we will be using the struc-
ture of WP-maps for p > k in order to conclude rectifiable structures on sets.
For the reader’s convenience, here we recall a standard result about rectifiabil-
ity and W1P-maps:

LEMMA 2.19. Let Q C R¥ be an open domain, and let f : Q@ — R" be a
WYPomap with p > k. Then for all K C Q, f(K) is a k-rectifiable set.

In order to prove this we need, by definition, to show that there exists a
countable sequence of Lipschitz maps f; : R¥ — R™ such that

(2.19) AF (f(K) \U ﬁ(Rk)) =0.

By a classical result, it is possible for p > k to approximate all W!P-maps with
Lipschitz maps. More specifically, for all € > 0, there exists a Lipschitz map
f- that coincides with f up to a set E. of small k-dimensional measure in R¥.
In particular, we have

(2.20) E.={z eRF st. f(z) # fo(a)}, M(E.)<e.

For a detailed reference see, for example, [EG92, Th. 3, §6.6.3] or [Zie89, §3.10]).
The only thing left to prove is that f(E.) has small measure:

LEMMA 2.20. Let f be the continuous representative of a W'P-map as
above with p > k. Then for all measurable subsets & C ), we have

(2.21) N(F(B)) < ke, p) [ £y (VE(ED) .

This lemma follows from standard Morrey-type estimates; see, for ex-
ampl,e [BMT13, Prop. 2.4].

3. The W!P-Reifenberg and rectifiable-Reifenberg theorems

In this section we state very general Reifenberg type theorems for subsets
of Euclidean spaces; their proofs are carried out in Sections 5 and 6. Although
this is a key ingredient of the proof of our main theorems, the results of this
section are of an independent nature and may be of some separate interest.
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Therefore, we will attempt to write them so that this section may be read
independently of the rest of the paper, with the exception of the appropriate
preliminary sections.

As described in Section 2.6, the classical Reifenberg theorem tells us that
if a closed subset S C By C R" can be well approximated on every ball by
some k-dimensional affine space in the L°° sense, then S N By must itself be
homeomorphic, in fact bi-Holder, to a ball B;(0*) in a smaller dimensional
Euclidean space.

For the applications of this paper, we will need to improve on the classical
Reifenberg theorem in several ways. At the most basic level, C'*-equivalence
is not strong enough. We will require control on the gradient of the mappings,
since this is the essence of rectifiability and volume control. For this purpose
we will obtain W 'P-control on our mappings for k < p < co. We will deal
with this first in Theorem 3.2, where we will also replace the L*-closeness of
the Reifenberg theorem with an L?-closeness condition, which turns out to be
more natural in the applications.

A second manner in which we will need improvement is that we will need
to allow for the existence of holes. That is, in applications our set S may be
rectifiable, but it might not be homeomorphic to a ball; this is much too strong.
To deal with this we can weaken the hypothesis of the Reifenberg theorem and
only assume that on each ball B,(z) there is a k-dimensional subspace V' such
that each point of our set S is close to V', but not conversely that each point
of the subspace V is close to S. We study this case in Theorem 3.3, where we
will show under natural conditions that such a set S is rectifiable with volume
bounds, which is easily seen to be a sharp result under the assumptions of
Theorem 3.3.

The last version of the Reifenberg theorem that we prove has a more
discrete nature, and it is the one we will use to obtain the volume bounds in
the rest of the paper. In this case, our set S = {x;} will be a discrete set
of points paired with radii r; > 0 such that {B,,(z;)} are disjoint balls. We
will associate to this collection the measure p = 3 wpr¥d,,, and under the
appropriate assumptions show in Theorem 3.4 that the volume of y continues
to enjoy the packing upper bound u(B,(x)) < Cr* for all radii r > r;. In the
applications, we will prove the main theorems of this paper by building a series
of covers of the quantitative stratifications S¥, and we will apply the discrete
W1P_Reifenberg to each of these to obtain volume bounds. Only at the last
stage will we apply Theorem 3.3 in order to obtain the rectifiability of the sets
as well.

It is worth mentioning that some interesting generalizations of Reifen-
berg’s theorem have been proved in numerous sources. Generalizations in the
spirit of this paper are explored in [DS93], [Tor95], and [DT12]. However, in
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each of these cases the requirements of these theorems are too stringent to be
applicable in our situation. Very recently, and using techniques independent
from this work, the authors in [AT15], [Tol15] proved necessary and sufficient
conditions for the k-rectifiability of a set that are closely related to the results
of this paper. However, these results lack any a priori control over the volume
of the sets in question, which is fundamental in this paper to the applications.

3.1. Statement of main WP-Reifenberg and rectifiable- Reifenberq results.
There are three main results we wish to discuss in this subsection, each more
general than the last. In order to keep the statements as clean and intuitive as
possible, we will introduce the following definitions and discuss them briefly.

Definition 3.1. Let p be a measure on By with » > 0 and & € N. Then
we define the k-dimensional displacement by
k - —(k+2) 2 k
(3.1) Dy(z,r) = L,gg%nr o) d*(y, L") dp(y),
if W(Br(z)) > epr® = (1000n) ™ 7%, and Dﬁ(az,r) = 0 otherwise, where the
inf’s are taken over all k-dimensional affine subspaces LFCR™ IfS C Bs, then

we can define its k-displacement Dg(ac, r) by associating to S the k-dimensional
Hausdorff measure A¥ restricted to S.

Remark 3.1. Note that in the literature D is usually referred to as the
Jones’ number fs.

Remark 3.2. One can replace €, by any smaller lower bound, zero in-
cluded, and the proofs and statements will all continue to hold. Our particular
choice is based on constants that will be obtained in Section 4.

Remark 3.3. Notice that the definitions are scale invariant. In particular,
if we rescale B, — By and let S be the induced set, then D% (z,r) — DE(:):, 1).

Remark 3.4. Notice the monotonicity given by the following: If S’ C S,
then D%, (z,r) < DE(z,r).

Remark 3.5. 1t is easily seen from the definition that Dﬁ(a:, r) is controlled
above and below by Dﬁ(:z:,r/Q) and Dﬁ(x,Qr), as long as p is not too small
on B, (x). In particular, if u(B,(z)) > 2¥e,r*, then for all y € S N B, (z),
D/’j(x, r) < 2’1€+2D/‘Yj(y7 2r). As a corollary we have the estimate

(3.2) (B, (2) =2kt = DE(z,r) <22 f ( )Dﬁ(% 2r)dp(y).
B (x
The first of the main results of this part of the paper is not strictly used
elsewhere in the paper, but it is a natural generalization of the Reifenberg
and gives intuition and motivation for the rest of the statements, which are
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essentially more complicated versions of it. Thus, we have decided it is worth
discussing independently. The first theorem of this section is the following;:

THEOREM 3.2 (W!P-Reifenberg). For each ¢ > 0 and p € [1,00), there
exists 6(n,e,p) > 0 such that the following holds. Let S C By C R™ be a closed
subset with 0™ € S, and assume for each x € SN By and B,(x) C By that

(3.3) inf dy (SN By (x), LF N B, (x)) < or,
(3.4) / ( / Dh(y, 5) @) A (y) < 82F,
SnB, (@) Mo S

Then the following hold:

(1) there exists a mapping ¢ : RF — R™ that is a 1 + & bi-W'P-map onto its
image and such that S N By (0") = ¢(B1(0%)) N By (0). In particular,

(3.5) f Vol <1+c¢, f
B1(0%) SNBy (07)

(2) SN Bi(0™) is rectifiable.
(3) For each ball B.(x) C By with x € S, we have
(3.6) (1 —&)wpr® < A(S N Bu(x) < (1 + )wpr™.

Remark 3.6. Results (2) and (3) both follow from (1). Indeed by a stan-
dard result, if ¢ is a W1P-map with p > k, then its image is a k-rectifiable set
(see Lemma 2.19). We get (3) by applying the result of (1) to all smaller balls

B, (x) C By, since the assumptions of the theorem hold on these balls as well.
Note that the WP estimates for ¢~! are justified in Lemma 6.2.

Vol <1+e.

Remark 3.7. Note that for p > k, by Sobolev embeddings a W1 P-map is
also a C%map with a =1 — g.

Remark 3.8. As it is easily seen, the requirement that S is closed is essen-
tial for this theorem and, in particular, for the lower bound on the Hausdorff
measure. As an example, consider any set S C R* that is dense but has zero
Hausdorff measure. In the following theorems, we will not be concerned with
lower bounds on the measure, and we will be able to drop the closed assump-
tion.

Let us now consider the case when we drop the assumption (3.3) from the
result. The key distinction now is that S only needs to be locally near a piece
of a k-dimensional subspace, but not conversely. Thus, we cannot hope to
obtain topological information about the set S; see Section 11.3. The precise
statement is the following;:

THEOREM 3.3 (Rectifiable-Reifenberg). For every ¢ > 0, there exists
§(n,e) > 0 such that the following holds. Let S C By C R™ be a \¥-measurable
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subset, and assume for each B,(x) C B2 with \¥(S N B,(z)) > e,r* that

(3.7) /5 e / DE(y, s dA’“( ) <82k

Then the following hold.
(1) for each ball B.(x) C By with x € S, we have

(3.8) (SN B () < (14 €)wpr®;
(2) SN B1(0") is k-rectifiable.

Remark 3.9. Notice that for the statement of the theorem, we do not
need control over balls that already have small measure. This will be quite
convenient for the applications.

Remark 3.10. Instead of (3.7) we may assume the essentially equivalent
estimate

k 2.k
(3.9) 2/5 DE(y, r) dNF(y) < 621F.

In the applications, this will be the more convenient phrasing.

Finally, we end by stating a version of the above theorem that is more
discrete in nature. This result will be particularly important in the proof of
the main theorems of this paper:

THEOREM 3.4 (discrete Rectifiable-Reifenberg). There exists d(n) > 0
and D(n) such that the following holds. Let { By, (z;)}z,es € Ba be a collection
of disjoint balls with x5 € By (0), and let p =3, cg wkrféxj be the associated
measure. Assume that for each By(x) C Bg with w(B, (z)) > e,r*, we have

(3.10) / / Dk (y,s d,u( ) < 62k,
Then we have the estimate
(3.11) > rk < D(n)

:EjEB1

Remark 3.11. As in Theorem 3.3, instead of (3.7) we may assume the
estimate

(3.12) Z / y,ra ) du(y) < 8.
ro <2r
In the applications, this will be the more convenient phrasing.
For many of the applications of this paper, it is this version of the Reifen-

berg that will be most important. The reasoning is that to keep uniform control
on all estimates, our inductive covering will need to cover at all scales. It is
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only at the last scale that we begin to cover the singular sets S* on sets of
positive measure.

4. Technical constructions toward new Reifenberg results

In this section, we prove some technical lemmas needed for dealing with
the relation between best L?-subspaces. These elementary results will be used
in many of the estimates of subsequent sections.

4.1. Hausdorff distance and subspaces. We start by recalling some stan-
dard facts about affine subspaces in R” and Hausdorff distance.

Definition 4.1. Given two linear subspaces L,V C R™ we define the
Grassmannian distance between these two as
(4.1) dg(L,V)=dp(LN B (0),VNB;(0) =dy (LN B (0),VNBy(0)).
Note that if dim(L) # dim(V'), then dg(L, V) = 1.

For general subsets in R”, it is evident that A C By (B) does not imply
B C B.s (A). However, if A and B are affine spaces with the same dimension,
then it is not difficult to see that this property holds. More precisely,

LEMMA 4.2. Let V, W be two k-dimensional affine subspaces in R™, and
suppose that VN Byy (0) # 0. There exists a constant c(k,n) such that if
VN B;(0) C Bs(WnNBy(0)), then W N By (0) C Bes (VN B(0). Thus, in
particular, dg(V 0 By (0),W N By (0)) < ¢d.

Proof. The proof relies on the fact that V and W have the same dimension.
Let xg € V be the point of minimal distance from the origin. By assumption,
we have that ||zo|| < 1/2. Let x1,...,2r € V N By (0) be a sequence of points
such that
(4.2) |z; — a0l > 1/2  and for i # j, (x;— xo,2; —x0) = 0.

In other words, {x; — xo},’f:l is an affine base for V. Let {yi}fzo CWnB;(0)
be such that d(x;,y;) < J. Then

(4.3) llyi —oll >1/2—25  and for i #j, |(yi —yo,yj — yo)| < 26 + 48°.
This implies that for 6 < do(n), {y; — yo}le is an affine base for W and for all
yew,

k

(4.4) y=yo+ Y ai(yi— ), lail <10y —yoll.
=1

Now let y € W N By (0) be the point of maximum distance from V', and let 7
be the projection onto V and 7 the projection onto V. Then

(45)  dy,V) =dy. ) = | @) < |7 (v — o)

k
+ Z ’Ozz‘
i=1

o (yi — yo)H < d(n,k)s.
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Since y € By (0), then 7(y) € VN By4ws (0), and thus d(y, VN B1(0)) < 2¢6 =
cd, which proves the claim. O

Next we will see that the Grassmannian distance between two subspaces
is enough to control the projections with respect to these planes. In order to
do so, we recall a standard estimate.

LEMMA 4.3. Let V, W be linear subspaces of a Hilbert space. Then dg(V, W)
=dg (VE, W),

Proof. We will prove that dg (VL, WL) < dg (V,W). By symmetry, this
is sufficient.

Take z € V' such that ||z|| = 1, and consider that d(z, W) = ||mw (z)||.
Let z = my (x) and y = 7wy (z). We want to show that if dg(V, W) < e < 1, then
|z]] < e. We can limit our study to the space spanned by z,y,z and assume
without loss of generality that x = (1,0,0), y = (0,b,0) and z = (a,b,c). By
orthogonality between z and z — x, we have

(4.6) P+ +E+ 1 -0+ +E=1 = a=d>+0*+,

and since z € W, we also have ||z — y|| < ¢ ||z||, which implies

2
(4.7) a’® + < g2 (a2 + b2+ 62) — a?+32< 1672122.
—€

Since the function f(z) = 22/(1 — x?) is monotone increasing for x > 0, we
can define o > 0 in such a way that

b2.

(4.8) a4+ =——=b, a=d+b*+E=

1—a?

Note that necessarily we will have o < . Now we have

1 p=a2< b2

(1—a?)? —1—0a2

=< (1-a?) = [z’ =a’+b*+* <o’ <&

(4.9)

This proves that V+ N By (0) C B: (Wl) In a similar way, one proves the
opposite direction. O

As a corollary, we prove that the Grassmannian distance dg(V, W) is
equivalent to the distance given by ||y — mw||.

LEMMA 4.4. Let V,W be linear subspaces of R™. Then for every r € R",
(4.10) v (2) — 7w (2)|| < 2da(V, W) |lz].

In particular, if v € W, then ||my (2)|| < 2da(V, W) ||z]|.
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Conversely, we have

(4.11) de(V,W) < sup {”WV(I)H—JTW(@H}.
zeR™\{0} x

Proof. The proof is just a corollary of the previous lemma. Assume with-
out loss of generality that ||z|| = 1, and let = y + z, where y = 7y (z) and
z =my1(z). Then

(4.12)

Iy () — 7w (@) = lly = 7w (y) — 7w (2) |
<y = aw @)l + Iz = mw (2)]| = dly, W) + d(z, W),

Since ||y||*+||z]|* = ||z||* = 1, by the previous lemma we get the first estimate.
The reverse estimate is an immediate consequence of the definition. [

4.2. Distance between L*-best planes. Here we study the distance between
best approximating subspaces for our measure p on different balls. Let us begin
by fixing our notation for this subsection and pointing out the interdependen-
cies of the constants chosen here. Throughout this subsection, our choice of
scale p = p(n, M) > 0 is a constant that will eventually be fixed according to
Lemma 4.7. For applications to future sections, it is sufficient to know that we
can take p(n, M) = 1071°(100n) "M ~!. We also point out that in Section 5,
we will fix M = 40™, and so p will be a constant depending only on n. In
particular, we can use the very coarse estimate

(4.13) p=10"1°(100n) 73",

We will also introduce a threshold value v, = wi40~%. The dimensional con-
stant vy is chosen simply to be much smaller than any covering errors that will
appear.

We will consider a positive Radon measure p supported on S C Bj (0)
and use D(z,r) = Dﬁ(m,r) to bound the distances between best L2-planes
at different points and scales. By definition let us denote by V' (z,r) a best
k-dimensional plane on B, (x), i.e., a k-dimensional affine subspaces minimiz-
ing fBT(x) d(z,V)?du. Note that, in general, this subspace may not be unique.
We want to prove that, under reasonable hypothesis, the distance between
V(x,r) and V(y,r’') is small if d(x,y) ~ r and 7’ ~ 7.

In order to achieve this, we will need to understand some minimal proper-
ties of u. First, we need to understand how concentrated p is on any given ball.
For this reason, for some p > 0 and all x € B; (0), we will want to consider
the upper mass bound

(4.14) w(B, (x)) < Mp* VYa € By(0).
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However, an upper bound on the measure is not enough to guarantee best
L?-planes are close, as the following example shows:

Example 4.1. Let V, V' be k-dimensional subspaces, 0 € V' N V', and set
S = (VN B1(0)\ By (0))US’, where S’ C V'NBy /10 (0) and pu = AF|g. Then
evidently D(0,1) < A¥(S’) and D(0,1/10) = 0, independently of V and V.
However, V(0,1) will be close to V', while V(0,1/10) = V. Thus, in general,
we cannot expect V(0,1) and V'(0,1/10) to be close if (B /19 (0)) is too small.

Thus, in order to prove that the best planes are close, we need to have some
definite amount of measure on the set, in such a way that S “effectively spans”
a k-dimensional subspace, where by effectively span we mean the following;:

Definition 4.5. Given a sequence of points p; € R"™, we say that {pi}fzo
a-effectively span a k-dimensional affine subspace if for all i = 1,... K,
(415)  pi —poll < @', pi & Ba (po +span{p1 — po,...,pi-1 — po}).

This implies that the vectors p; — pg are linearly independent in a quan-
titative way. In particular, we obtain immediately that

LEMMA 4.6. If {pl} _o a-effectively span the k-dimensional affine sub-
space

V = po+span{p1 — po,...,Pk — Do}

then for all x € V', there exists a unique set {ai}le such that
(4.16) l‘—po+2% pi =po), |ail < e(n,a)llz = pol-

Proof. The proof is quite straightforward. Since {p; — po}f’;1 are linearly
independent, we can apply the Gram-Schmidt orthonormalization process to
obtain an orthonormal basis ey, ..., e for the linear space span {p; — po}le.
By induction, it is easy to check that for all 4,

(4.17) e; = Za;(pj — Do), ‘oz;-‘ < ¢(n, ).
j=1
Now the estimate follows from the fact that for all x € V,

(418) x —p0+z p07ez €i- (]

With these definitions, we are ready to prove that in case p is not too
small, then its support must effectively span something k-dimensional.

LEMMA 4.7. Let v = wpd0™%. There exists a po(n,yx, M) = po(n, M)
such that if (4.14) holds for some p < po and if u(B1 (0)) > vk, then for every
affine subspace V-.C R"™ of dimension < k — 1, there exists an x € S such that
B, (z) € B1(0), Biop (x) NV =0 and (B, () > ¢(n, p) = c¢(n)p™ > 0.
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Proof. Let V' be any k — 1-dimensional subspace, and consider the set
Bii1, (V). Let B; = B, (z;) be a sequence of balls that cover the set By, (V)N
B (0) and such that B;/2 = B, ; (z;) are disjoint. If N is the number of these
balls, then a standard covering argument gives

(4.19) Nwnp™/2" < wp—1(1 4 p)F g1 (12p)7FH

< 24"wp_qwp_j1p" !

Wh—1Wn—
= N < 4gnkzlin=htl 1k

n

By (4.14), the measure of the set By1, (V') is bounded by
(4.20) (B, (V) <3 pu(Bi) < MNwgp*

WrWh—1Wn— k41

= 48" Mp < 10°(50n)"Mp = c¢(n)Mp.

n

Thus if
(4.21) p < 107°(50n) ",/ (4M),

then p(Bi1, (V)) < vi/4. In particular, we get that there must be some point
of S not in By1, (V). More effectively, let us consider the set B; (0) \ Bi1, (V).
This set can be covered by at most c¢(n, p) = 4"p~" balls of radius p, and we
also see that

(4.22) p(BL(0)\ Buyy (V) > 2

Thus, there must exist at least one ball of radius p that is disjoint from Bjg, (V')
and such that

(4.23) p(By (@) > T4 > cln)p O

Now if at two consecutive scales there are some balls on which the measure
u effectively spans k-dimensional subspaces, we show that these subspaces have
to be close together.

LEMMA 4.8. Let u be a positive Radon measure, and assume (B (0)) >
Y, and that for each y € By (0), we have u(B, (y)) < Mp* | where p <
po. Additionally, let By(z) C By (0) be a ball such that u(B,(z)) > vgp.
Then if A =V (0,1) N B, (x) and B = V(z,p) N B, () are L?-best subspace
approzimations of p with d(z, A) < p/2, then

(4.24) du(A, B)? < c(n, p, M) (DE(z, p) + DE(0,1)) .

Proof. Let us begin by observing that if ¢(n, p, M) > 26~!(n, p, M), which
will be chosen later, then we may assume without loss of generality that

k k
(4.25) D,i(x,p) + D;(0,1) < 4§ = d(n, p, M),
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since otherwise (4.24) is trivially satisfied. Moreover, note that v, > &,, so
equation (3.1) is valid on B, (x) and on By (0).

We will estimate the distance di (A, B) by finding k+1 balls B, (y;) that
have enough mass and effectively span in the appropriate sense V (z, p). Given
the upper bounds on Dllj, we will then be in a position to prove our estimate.

Consider any B2 (y) € B (0), and let p(y) € B2 (y) be the center of
mass of pu restricted to this ball. Let also m(p) be the orthogonal projection of
p onto V(z, p). By Jensen’s inequality,

2
(4.26) d(p(y), V(z,p))* = d(p(y), 7(p(y)))* = d (Ji zdu(2), V (x, p))

1
= (B, )

Using this estimate and Lemma 4.7, we want to prove that there exists a
sequence of k + 1 balls B, (y;) € B, (v) such that

(1) H (Bp2 (yl)> > C(”vﬂ» M) > 0.
(ii) {ﬂ(p(yi))}fzo = {m}fzo effectively spans V(z,p). In other words, for all
i=1,...,k, we have m; € V(x, p) and

02 (v)

[ v p)du).
B2 (y)

(4.27) 7 & Bsp2 (mo + span (1 — 7o, ..., -1 — 7))

We prove this statement by induction on ¢ = 0,...,k. For ¢ = 0, the state-
ment is trivially true since p(B, (x)) > qxp*. In order to find y;11, consider
the i-dimensional affine subspace V) = span (m,...,m_1) < V(z,p). By
Lemma 4.7 applied to the ball B, (z), there exists some B2 (y;11) such that
p (B2 (Yir1)) = c(n, p, M) > 0 and

(4.28) Yi+1 Q B10p2 (span (71'(), ‘e ,7Ti_1)).
By definition of center of mass, it is clear that d(y;, p(yi)) < p?. Moreover, by
item (i) and equation (4.26), we get

(429) dip(yin). V) Se [ dle V(@) Pdu(z) < eDiap) < b
2 (y

Thus by the triangle inequality we have d(y;, m;) < 2p% if § < 6o(n, p, M) is

small enough. This implies (4.27). Using similar estimates, we also prove

d(p(yi), V(0,1))* < ¢D(0,1) for all i = 0,...,k. Thus by the triangle in-

equality,

(4.30) d(m;, V(0,1)) < d(mi, p(yi)) + d(p(yi), V(0,1))

< ¢(n,p, M) <Dﬁ(x,p) + Dﬁ(O7 1))1/2.
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Now consider any y € V(z,p). By item (ii) and Lemma 4.6, there exists
a unique set {Bi}le such that

k
(4.31) y=m0+Y Bi(mi—m), |Bil <eln,p)lly—moll
=0

Hence for all y € V(z, p) N B, (z;), we have
(432) d(y> V(07 1)) < d(’]T(J: V(Ov 1)) + Z ’/81| d(Trz — 70, V(07 1))

< e(n,p, M) <Dﬁ((1§, p) + lej(O, 1))1/2.

By Lemma 4.2, this completes the proof of (4.24). O

4.3. Comparison between L?- and L*-planes. Given B, (x), as before,
V (z,r) denotes one of the k-dimensional subspace minimizing [ Br( x)d(y, V)2dp.
Suppose that the support of p satisfies a uniform one-sided Reifenberg con-
dition; i.e., suppose that there exists a k-dimensional plane L(z,r) such that
x € L(x,r) and

(4.33) supp () N By (x) € By, (L(z,7)).
Then, by the same technique used in Lemma 4.8, we can prove that

LEMMA 4.9. Let p be a positive Radon measure with p (B1 (0)) > v, and
such that for all B, (y) C By (0), we have u(B, (y)) < Mp* and (4.33). Then

(4.34)  dm(L(0,1) N By (0),V(0,1) N By (0))* < e(n, p, M) (6% + DE(0,1)).

4.4. bi-Lipschitz equivalences. In this subsection, we study a particular
class of maps with nice local properties. These maps are a slightly modified
version of the maps that are usually exploited to prove Reifenberg’s theorem;
see, for example, [Rei60], [Tor95], [DT12], [Mor66, §10.5] or [Sim]. The esti-
mates in this section are standard in the literature.

We start by defining the functions o. For some r > 0, let {z;} be an
r-separated subset of R", i.e.,

(i) d(xs,zj) > 7.
Let also p; be a points in R™ with

(ii) pi € Bior (z4),
and let V; be a sequence of k-dimensional linear subspaces.

By standard theory, it is easy to find a locally finite smooth partition of

unity \; : R™ — [0, 1] such that
(iii) supp (\;) C Bs, (z;) for all i;
(iv) for all x € |J; Bar (z4), Y25 Mi(x) = 1;
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(v) sup; [Vl o < e(n)/r;

(vi) if we set 1 —1)(z) = Y_; Ai(z), then ¢ is a smooth function with ||V <
c(n)/r .

Note that by (iii), and since z; is r-separated, there exists a constant ¢(n) such

that for all z, \j(z) > 0 for at most ¢(n) different indexes.

For convenience of notation, set my(v) to be the orthogonal projection
onto the linear subspace V' of the free vector v, and set

(4.35) Ty, Vi (l’) =p; + Ty, (33 — pi).

In other words, m,, v; is the affine projection onto the affine subspace p; + V;.
Recall that 7y, is a linear map, and so the gradients of my; and of m,, v, at
every point are equal to my;.

Definition 4.10. Given {z;,p;, \;} satisfying (i) to (vi), and given a family
of linear k-dimensional spaces V;, we define a smooth function o : R — R" by

(4.36) o(x)=x+ Z )\i(l’)ﬂ'ViL (pi —x) =¢(x)z+ Z Xi(x) T, v, ().

By local finiteness, it is evident that o is smooth. Moreover, if ¢(z)=1,
then o(x) = x. It is clear that philosophically o is a form of “smooth inter-
polation” between the identity and the projections onto the subspaces V;. It
stands to reason that if V; are all close together, then this map o is close to
being an orthogonal projection in the region | J; Ba, (z;).

LEMMA 4.11. Suppose that there exists a k-dimensional linear subspace
V CR"™ and a point p € R™ such that for all 1,

Then the map o restricted to the set U = 1=1(0) = (33 M) " (1) can be written
as

(438) o(z) = mpy (x) + e(a),
and e(x) is a smooth function with

(4.39) lello + IVell o, < e(n)d/r = c(n,r)o.

Remark 4.1. Thus, on U we have that o is the affine projection onto V'
plus an error that is small in C'.
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Proof. On the set U, we can define
(4.40)
e(x) = o(z) = mpy () = =mpv () + 3 Xil®) - (mp, 13 ()

=2 Xi(@) - (i = p = 7 (pi = ) + v (pe) = T (pi) + i (@) — T ().

By (4.37) and Lemma 4.4, we have the estimates

(4.41) Ipi = p — mv(pi — p)Il <6,
v (@ = pi) — 7 (x = pi)ll < e(n)d |z — pil| < 13c(n)ré.

This implies

(4.42) llell ooy < e(n)(1 + 13r)6 < c(n)o.
As for Ve, we have
(4.43)

Ve = ZV)\i(UU) (pi —p —mv(pi — p) + v (pi) — v, (pi) + 7y (x) — Ty ()
+ Z Xi(2)V (my,(x) — v ().

The first sum is easily estimated, and since (V (7w )|z, w) = mw(w), we can
still apply Lemma 4.4 and conclude

c(n)

r
As we have seen, o is in some sense close to the affine projection to p+V. In
the next lemma, which is similar in spirit to [Sim, squash lemma], we prove that

the image through o of a graph over V is again a graph over V' with nice bounds.

LEMMA 4.12 (squash lemma). Fiz p < 1 and some B,/,(y) € R", let
I = {x;} N Bs,/, (y) be an r-separated set and define o as in Definition 4.10.
Suppose that there exists a k-dimensional subspace V' and some p € R™ such
that d(y,p+ V) < dr and for all i,

(4.45) dpi,p+V)<or and dg(V;,V) <.
Suppose also that there exists a C function g : V. — V* such that G C R” is
the graph

G={p+x+g(x) for z€V}NnB,,(y)

and 17| gllo, + [IVgllo, < 8. There exists a do(n) > 0 sufficiently small such
that if § < dgp and &' < 1, then

(i) Forallz€ G, v o(z) — 2| < c(n)(§+8)p L, and o is a C! diffeomor-
phism from G to its image.
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(ii) The set o(G) is contained in a C graph {p+x + g(z), = € V} with
(4.46) r gl + V3l < e(n)(8+38")p7"
(ili) Moreover, if U' is such that By 5,-1 (U') € ¢~1(0), then the previous
bound is independent of ', in the sense that
(4.47) PGl oo ooy + 1V o ey < e(n)dpt

For example, if &' < So(n)p~!, we can take U’ = |J; B1.5- (z;).
(iv) The map o is a bi-Lipschitz equivalence between G and o(G) with bi-
Lipschitz constant < 1+ c(n)(§ 4 8")2p2.

Proof. For convenience, we fix r = 1 and p = 0. By notation, given any
map f:R" = R, p e R" and w € T,(R") = R", we will denote by V|, f[w]
the gradient of f evaluated at p and applied to the vector w.

Recall that

(4.48) o(z +g(x)) = (2)(= + 9(56))
+Z)\ 7Tp17 zx+g( )))7 1_¢(x): Z)\Z(x)

z, €1 x; €1

where for convenience we have set 2 = z(z) = x + g(x). Define h(x) by

(4.49) (1 —(2))z + h(x ZA ) (7p; v (z + g(2))).

Set also k' (x) = my (h(x)) and h'(x) = my1 (h(x)). By projecting the function
o(x + g(x)) onto V and its orthogonal complement we obtain
(4.50) oz +g(x) = ol (z) + ot (2),
ol (z) =2+ h'(2), o (2) =v(2)g(z) +h ().
We claim that if ¢’ < 1, then
0
(4.51) K7 (@)| + | VAT ()] < %,
where this bound is independent of ¢ as long as ' < 1. Indeed, for all x € V,
we have

(4.52) =Ty [Z)\ (psvi(x + g(x)) — x)]
= ZA [(7p,,vi (@) — v (2)) + mp,, v, (9(2))]-

Given (4.45) and Lemma 4.4, with computations similar to (4.41), we get
’hT(x)’ <c6(1+pt) <edp~t. As for the gradient, for any vector w € V, we
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get

(453)  Vh'|s[w] =7y [Z VAilz [w + Vglz[w] (mp, i (2 + 9(x)) — )

+Z)\ (my; (w + Vglw]) —w)]|.

In particular, we obtain

(4.54) VAT L] )Z|VA|1+|Vg|>|w||7rpz, (z+g(z)) 2|
+ 2M(E) v () =l + . (Tl

For the first term, we can estimate
(4.55) VA <e(n), |Vg] <4 <1,
|7ps,vi (@ 4 g(2)) — 2| < |mp, v (2) — 2] + [7v; (g())].

Since z € V with |z| < p~!, and g(z) € V*, by (4.45) and Lemma 4.4 we
obtain

(4.56) |Tpev; (x4 g(2)) — x| < edp~ .

As for the second term, we have

(4.57) |7y, (w) —w| < ed|w], |my, (Vg[w)]] < edd” [w] < cd |w].
Summing all the contributions, we obtain (4.51) as wanted.

Thus we can apply the inverse function theorem on the function o (x) :

V — V and obtain a C! inverse @ such that for all x € V, |Q(z) — x| +
IVQ —id| < ¢(n)dp~t , and if (z + g(x)) = 1, then Q(z) = = . So we can
write that for all z € V

(4.58) o(z+g(x) =o' (z) + g0 (z))
where  §(z) = 0 (Q(x)) = 1 (Q(2)) + ¥ (2(Q(x))) 9(Q(x)).
Arguing as above, we see that h'(z) is a C! function with

0

(4.59) (Wt ()] + |[vht(@)| < %

and this bound is independent of §’ (as long as ¢’ < 1).
Thus the function §: V — V= satisfies

(4.60) 9(2)| + V()] < e(n)(8 +6)p~"

for all x in its domain Moreover, for those x such that ¥(Q(z) + g(Q(z))) =0
the estimates on ¢ are independent of ¢’, in the sense that |g(z)| + |[Vg(x)| <
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c(n)dp~! . Note that by the previous bounds we have

(4.61) Q) +9(Q2)) — x| < c(6+3")p ",

and 50 if B.(545,-1 (U") C¢71(0), then for all z e U'NV, 4h(Q(z)+9(Q(x))) =0.
This proves items (ii) and (iii). As for item (i), it is an easy consequence of
the estimates in (4.51) and (4.59).

Now since both G and o(G) are Lipschitz graphs over V, it is clear that
the bi-Lipschitz map induced by my would have the right bi-Lipschitz estimate.
Since o is close to my, it stands to reason that this property remains true. In
order to check the estimates, we need to be a bit careful about the horizontal
displacement of o.

bi-Lipschitz estimates. In order to prove the estimate in (iv), we show that
for all z =z + g(x) € G and for all unit vectors w € T,(G) C R", we have

(4.62) IVol.fw]* = 1| < (3 +8)2.
First of all, note that if ¢)(z) = 1, then o is the identity, and there is nothing

to prove.
In general, we have that

(4.63) Vo, [w] = <w(z)w + Z i(z)my; [w])
+ (sz[w] + Z Tps Vi (Z)V/\i[w]> = A+ B.
Since ¥(z) + >_; Ai(z) = 1 everywhere by definition, we have

(464)  |B| =Y (mpwi(2) — 2)VAfu]

1

< esup{|mp, v;(2) — 2|} < ',
i

This last estimate comes from the fact that G is the graph of g over V' with
llgll < 0. Moreover, we can easily improve the estimate for B in the hor-
izontal direction using Lemma 4.4. Indeed, since mp, v(z) — 2z = 7rV1_L(z), we
have

(4.65)

v Bl = > v (mp,vi(2) — 2) VAi[w]| < esup {|my (mp, v, (2) — 2)[} < 8.

As for A, by adapting the proof of Lemma 4.11, we get |A — my[w]] < cd.
Moreover, also in this case we get better estimates for A in the horizontal
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direction. Indeed, we have

(4.66) |7y (A) —7mv[w H—' +Z z)my [my; [w H)—?Tv[w]'

(mv [y [w] — Wv[w]])‘ :

Now let w = 7y [w] + 71 [w] = wy + wy,.. Then we have

(4.67) |7y (A) —mv[w !<Z)\ ) (Imv [mv; [wy] — wv]| + |y [y, [wy L ])

= Z Ai( (’WV Tyt [wv]]’ + |y [Ty, [UJVL]”)'

Since G is the Lipschitz graph ofg over V with [|Vgl|| <c¢d’, then ||y, . [w]|| <cd'.
Then, by Lemma 4.4, we have

(4.68) |y (A) — v [w]] < e Ni(z) (82 + 64').
Summing up, since |7y [w]| < |w| = 1, we obtain that
(4.69)
1Vol.fw]* = 1| = |lmy2 Vol.[w]* + |(my Vol.[w] — v [w]) + mv{w]* 1]

< e+ 8 + |lrvlwl® — 1] = (6 + &) + s fwl P < o8 + 82 O

4.5. Pointwise estimates on D. We wish to see in this subsection how (3.4)
implies pointwise estimates on D, which will be convenient in the proof of the
generalized Reifenberg results. Indeed, the following is an almost immediate
consequence of Remark 3.5:

LEMMA 4.13. Assume B,(z) C B(0) is such that u(B,(x)) > 4%¢,r* and
fB%(x) D/’j(y, 2r)du(y) < 62(2r)k. Then there ewists c(n) such that D(x,r) <
cd%. In particular, if (3.4) holds, then for every B.(z) C Bs(0) such that
w(B(z)) > 4*e,r*, we have that D(z,r) < c6.

5. Proof of Theorem 3.3: The Rectifiable-Reifenberg

Here we carry out the proof of Theorem 3.3.

In the proof, we will fix the constant M = Cy(n) < 40™ and therefore
a positive scale p(n,Cq(n)) = p(n) < 1 according to Lemma 4.7. For conve-
nience, we will assume that p =279, ¢ € N, so that we will be able to use the
sum bounds (3.9) more easily.

The constant Cj(n) will be defined by the end of the proof, however it is
enough to know that it is can be taken to be Cj(n) = 40™. Thus, the value of
the parameter p will depend only on the dimension n, as already pointed out
n (4.13). Let us also define the scales r; = p/.
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5.1. Weak upper bound (S N B,.(x)) < C(n)r*. We start by proving a
uniform upper bound weaker than (3.8); in particular, we want to show that
for all x € R™ and r > 0,

(5.1) NS N By (z)) < C(n)r*.

Once we have obtained this estimate, the stronger upper bound and the recti-
fiability will be almost corollaries of this proof.

Given the scale invariance of the quantities involved, we do not lose gen-
erality if we prove (5.1) only for x = 0 and r = 1. The strategy for the proof
is the following. First we prove that S has o-finite k-dimensional Hausdorff
measure and use this information to build a suitable covering by balls with
controlled A*-measure. Then we fix any A € N and r4 = p? and show by
induction on j = A,...,0 that the measure of quasi-balls B,«j (y), defined in
(5.12), is bounded above as in (5.1). The definition of a quasi-ball will be such
that for r = 1, the quasi-ball B; (z) agrees with the set SN By (), up to a set of
measure zero, which will prove (5.1). In order to prove the measure statement
on the quasi-balls, we will use a second downward induction on i = j,..., A,
which is the technical heart of the construction.

o-finiteness of the measure. As a first step towards the proof, we remark
that S must have o-finite k-dimensional Hausdorff measure. We will use this
to reduce the proof to the case when A\*(S) < co. Indeed, in order for (3.7) to
be true, we need, in particular,

(5.2) / Dh(x,1) d\(z) ds < c62.
SNB1(0)
For a > 0, define the sets

S = {3: €S st DE(z,1)> a}

and
So = {a: €S st. DE(z,1)= O}.

Then evidently for all @ > 0, A¥(S,) < ¢d?/a < oo. Moreover, if x € Sy, then
either \¥(S' N By (z)) < &, < 1, or up to sets of k-measure zero, S N By ()
is contained in a k-dimensional plane, and therefore A\¥(Sp) < oco. Since S =
So U2, S;-1, S has o-finite k-dimensional measure, as claimed.

Now in order to prove the uniform bounds on A*(S), we can therefore
assume without loss of generality that A*(S) < co. Indeed, by the monotonicity
of Remark 3.4, all subsets of S satisfy (3.7). Therefore if we show that (5.1)
holds for all subsets of finite k-dimensional measure, then the estimate will
hold also on S. Thus, we will assume throughout the remainder of the proof
that \*¥(S) < oo.
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Covering of the set S*. Let S* C S N By (0) be the set of points with
controlled upper density, i.e.,

(5.3) S*={xesSnB(0) st. 277" <*(S,x) <1}

By Proposition 2.16, S\ S* has zero k-dimensional measure, thus it is sufficient
to give bounds on S*.

We want to cover the set S* by balls that have uniform upper and lower
bounds on their Hausdorff measure and such that their best L?-plane is not
too far away from their center. In order to achieve this, for all z € S*, let 7,
be such that

(5.4) re = p*, where n, € N, ng, > 2,
1

(5.5) N (Byr, (z) N S) > Wwpk (ora)"

(5.6) MA(B, ()N S) < 2wpr®,  Vr <y

Let p, be the center of mass of B,,, (x) NS with respect to )\"‘]Bm (@)NS-
In particular, we have that p, € B, (). By Jensen’s inequality, we have

(5.7)

N By, (2) (18) dlpas Vi r) < [ d(y, V(w,r2))* <D, ra),
Bpry (x)NS

where the last inequality comes from Definition 3.1, (4.13) and &, = (1000n) """
Using Lemma 4.13 and (3.7) we therefore get that
(5.8) AN (B, () 0 S) d(pe, V(,74))? < crkt2s2,

In particular, using our lower bound on A (B,.J/S ()N S) we obtain that
d(pz, V(x,75)) < ¢dry, which implies for § small enough that

(5.9) d(x,V(z,ry)) < (p+ cd)ry < re/100.

Now consider the open covering of S* given by Uzes« B, /5 (), and extract
a countable Vitali subcovering. Thus

(5.10) s*c | B, (z)n S%,
z€S
where if z, y € S, & # y, then B, /5 (x)N B, /5 (y) =0.
Fix any A € N and 7 = p*, and define the sets
5’;:{3:65 s.t. fgrxgr}, 5,:25’{32
and

(5.11) Sr= |J Br, (x)NS™.

TESF
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It is clear that Sz ~ S* as ¥ — 0, so if we have bounds on A\*(S;) that
are independent of 7, we are done. Thus from here on we will consider 7 = p4
to be positive and fixed.

5.2. First induction: upwards. We are going to prove inductively on j =
A,...,0 that for all z € R" and r; = p < 1, the measure of

(5.12) B.(z)= | B, @ns,
yESfTﬂBT(x)

is bounded by

(5.13) X (B,, (x)) < Ci(n)rf < 0™k,

Note that for j = A, this bound follows from the definition of r, and (5.6). We
emphasize that by construction B, (y)NS* appears in the union in (5.12) only
if 7 < r, < pr. However, given (5.4), we have the inclusion SzN By (0) C By (0).

Note also that B, (z) C Bi(14) (7).

The reason why we have to introduce and estimate BTJ. (x) instead of
By, (z) is that we have no a priori control of what happens inside any of the
balls B;, (y). The bounds (5.6) are valid only on each ball as a whole. However,
since our primary goal is to estimate Sz N B (0), and we have the inclusion
Sz N By (0) € By (0), there is no loss in this restriction.

Rough estimate. Fix some j, and suppose that (5.13) holds for all 7 <
rE < rjg.

Let us first observe that we can easily obtain a bad upper bound on
AF (BX'f'j+1 (:(:)) for some fixed x > 1. Consider the points y € Sy N By (2),
and divide them into two groups: the ones with r, < r;49 and the ones with
Ty 2 Tjt1.

For the first group, cover them by balls B, ,, (z;) such that B, o (2i)
are disjoint. Since there can be at most c¢(n, x) balls of this form, and for all
of these balls the upper bound (5.13) holds, we have an induced upper bound
on the measure of this set.

As for the points with r, > r;j;2, by construction there can be only ¢(n, x)
many of them, and we also have the bound 7, < px7;+1, which by (5.6) implies
N\F (Bry (y)) < ¢(n, X)rfﬂ. Summing up the two contributions, we get the very
rough estimate

(5.14) )\k(BXTHl (7)) < Ca(n, X)Té?ﬂ,

where Cy > (. Note that as long as the inductive hypothesis holds, C; and
(5 are independent of j. However, it is clear that successive repetitions of the
above estimate will not lead to (5.13). Our goal therefore is to push down this
estimate to arrive at the better constant of C7; however, it will be technically
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very convenient when applying the tools of Section 4 that we may assume the
worse bound in the process.

5.3. Second induction: downwards: outline. Suppose that (5.13) is true
forallz € By (0) and i = j +1,..., A. Fix z € R", and consider the set

B= Brj (z) € Bitpyr; ().

We are going to build by induction on ¢ > j a sequence of smooth maps
o; : R" — R™ and smooth k-dimensional manifolds 7}, = T; that satisfy nine
properties, which we will use to eventually conclude the proof of (5.13) for
B. Let us outline the inductive procedure now and introduce all the relevant
terminology. Everything described in the remainder of this subsection will be
discussed more precisely over the coming pages. To begin with, we will have
at the first step that

(5.15) o = id,
Tj»j - TJ - ‘N/(m?rj) N B2T’j ({/C) - Rn’

where V(z,r;) is one of the k-dimensional affine subspaces that minimizes
I @) d?(y, V) d\*. Thus, the first manifold 7} is a k-dimensional affine sub-
v

space that best approximates Brj (). At future steps we can recover T; from
T;_1 and o; from the simple relation

We will see that o; is a diffeomorphism when restricted to T;_1, and thus each
additional submanifold T is also diffeomorphic to R¥. As part of our inductive
construction we will build at each stage a covering of T; given by

i
(5.17) By, (Ti) N By, (x) ~ U | U Bro () U Bro () Sr) | U B, ().

s=j \ yel} ye]; yell

where given any two distinct balls B; and Bs in the covering, B1/5 and Bsy/5
are disjoint. Here Iy, Ip, and Iy represent the good, bad, and final balls in the
covering. A final ball Bn- (y) with y € I} is a ball such that y € S and Ty =Ti,
and the other balls in the covering are characterized as good or bad according
to how much measure they carry. Good balls are those with large measure,
bad balls the ones with small measure. More precisely, we have

(5.18) N(By, (y)) = wrf it yelIl,
N(B,, (y)) <wrf it yeI,

where v, = wp407%. We will see that, over each ball B,, (y) in this covering,
T; can be written as a graph over the best approximating subspace V(y,7s)
with good estimates.
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Our goal in these constructions is the proof of (5.13) for the ball B =
Erj (x), and thus we will need to relate the submanifolds 7;, and more impor-
tantly the covering (5.17), to the set B. Indeed, this covering of T} almost
covers the set B, at least up to an excess set E;_;. That is,

i—1 U U U BTS (y) U (B'/"s (y) N SF) U Bh’ (y)

s=j \ yely yely yel}

(5.19) BC

We will see that the set E;_; consists of those points of B that do not satisfy
a uniform Reifenberg condition. Thus in order to prove (5.13) we will need to
estimate the covering (5.17), as well as the excess set E; ;.

Let us now outline the main properties used in the inductive construction
of the mapping ;41 : R” — R", and hence Tj 11 = 0;11(7T}). As is suggested in
(5.17), it is the good balls and not the bad and final balls that are subdivided
at further steps of the induction procedure. In order to better understand this
construction let us begin by analyzing the good balls Bm (y) more carefully. On
each such ball we may consider the best approximating k-dimensional subspace
V (y,r;). Since By, (y) is a good ball, one can check that most of BNB,., (y) must
satisfy a uniform Reifenberg and reside in a small neighborhood of V (y,7;). We
denote those points that do not by E(y, r;); see (5.34) for the precise definition.
Then we can define the next step of the excess set by

(5.20) E;=E;i U E(y,r:).
ye[},

Thus our excess set represents all those points which do not lie in an appro-
priately small neighborhood of the submanifolds 7;. With this in hand we can
then find a submanifold 7] C T;, which is roughly defined by

(5.21) T ~Ti0 | Br. ()
yEIg
(see (5.48) for the precise inductive definition) such that
(5.22) pcEu(J( U B.@ U B
s=j yely yEIJf
U By (Tl/) =R U BT:‘+1/4(TZ',)’
where R; represents our remainder term and consists of those balls and sets

that will not be further subdivided at the next stage of the induction. Now in
order to finish the inductive step of the construction, we can cover B, /4 (Tl’ )
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by some Vitali set

(5'23) BT¢+1/4<Ti/) C U BW-H (3/)7
yel

where y € I C T/. We may then decompose the ball centers
. , I
(5.24) rt=rrtuntturt,

based on (5.18). Now we will use Definition 4.10 and the best approximating
subspaces V (y, r11) to build o;41 : R — R" such that

(5.25) supp{oi+1 — Id} C U B3, (y).
yert!

This completes the outline of the inductive construction.

5.4. Second induction: downwards: detailed proof. Let us now describe
precisely the proof of this inductive construction that will lead to (5.13). For
j <i< A, we will define a sequence of approximating manifolds 7T; for the set
S and a sequence of smooth maps o; such that

(i) oj = id, Tj’j = T] = V(ZL‘,’I‘]') N Bgrj (l‘) C R™,
(ii) T3 = 0i(Ti-1);
(iii) for y € Ty;

(5.26) d(ois1(y),y) < coriya,

and o;11|7, is a diffeomorphism;
(iv) for every y € T;, T; N Bay, (y) is the graph over some k-dimensional affine
subspace of a smooth function f satisfying
(5.27) Hfioo—i-HVfH <cé
. p o < 0.
As outlined before, the manifolds T; will be good approximations of the set S
up to some “excess” set of small measure. Moreover, we will also introduce
the concept of good, bad and final balls (whose centers will be in the sets I ;,
I} and I}), a remainder set R', and the manifolds 7] C T;. Before giving
the precise definitions (which are in equations (5.45), (5.37), (5.35) and (5.48)
respectively), let us group here all the properties that we will need (and prove)
for these objects, so that the reader can always come back to this page to have
a clear picture of what are the objectives of the proof.

(v) for every i > j+ 1 and y € I, d(y,V(y,r)) < cor;, the set Ty N
Bi sy, (y) is the graph over V(y,r;) of a smooth function f satisfying

(5.27), where V (z, r) is one of the k-dimensional affine subspaces mini-
mizing IBT(m) d?(y, V) d\¥;
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(vi) for all ¢, we have the inclusion
(5.28) BC B, (T )| R

(vii) for every i > j+ 1 and all y € I;, the set T}_; N By, (y) is a Lipschitz
graph over the plane V (y, ;) with d(y, V (y,7:)) < cdr.

The last two properties needed are the key for the final volume estimates:

(viii) we can estimate
(5.29) N (o7 1(T)) + [# (1) + # (1})] we(ri/10)* < AM(TLy),
(ix) we can estimate the excess set by

(5.30) N (E(y,mi))riy < C(n)DS(y, 2r:)).

Inductive definitions. First of all, note that we can assume without loss
of generality that

(5.31) N (B, (2)) = wr’;

otherwise there is nothing to prove. With this hypothesis, we start our induc-
tive construction by setting

(5.32) I ={xz}, H=L =0, TV=V(xr) Tj=T;, o;=id

Ezcess set. Let us begin by describing the construction of the excess set.
Fix any y and r; > p~'7 = pA~!, and assume that B, (y) satisfies \*(B,,(y))
> yrf
—_— 1 . -

Thus define V' (y,r;) to be (one of) the k-dimensional plane minimizing
fér-(y) d(y, V)2d)\k, and define also the excess set to be the set of points that

are some definite amount away from the best plane V. Precisely,

(5.33) E(y,ri) = Br, ) \ Byyyy /0 (V)
E(y,ri) = U By, (y)[ )5

yeS I NE(y,r;)

The points in E are in some sense what prevent the set S from satisfying
a uniform Reifenberg condition on By, (y). By construction, all points in E
have a uniform lower bound on the distance from V', so that if we assume
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Ne(B,,(y)) > vrk, ie., By, (y) is a good ball, then we can estimate

630 [ V() d )+ A (Er) e /5)
Bry (W\E(y,r:)

< / d(y, V (y,7:))? dA*(y)
B, (y)

<[y v ate s [ dy V.0
Bri (y) B(1+p)'ri (y)
= (14 p)r) 2Dy, (1 + ) < Clupr 2Dy, 2r0).

Good, bad and final balls, and the remainder set. Inductively, let us define
the remainder set to be the union of all the previous bad balls, final balls, and
the excess sets

%

(5.35) R=J UB.w U B.wU Ewrs) |

s=j \ yel) yEI? yelg

%

R=U( UB5B.w U B, n)nSr) | Ely,re)

s=j \ yel) yEI; yel;

The set R’ represents everything we want to throw out at the inductive stage
of the proof. We will see later in the proof how to estimate this remainder set
itself.

Note that for ¢ = 7, i.e., at the first step of the induction, we have

(5.36) RI = E(z,r;), R =E(x,r)).

Now consider the balls in the covering outside the remainder set, and
separate the balls with radius > r;41 from the others by defining for y € I ;
the sets

(5.37) I}“(y) = {z € (5’; \ Ri) N By, (y) st. r,= ri+1}
and
(5:38) I @) ={z€ (SNR) 0B )N Bry s (Vi) |

From this we can construct the sets
(5.39) I = Uyep I (y)  and T = Uy I (y).

Note that by construction we have

(5.40) S;\Rig< U B (2) U B (z))ﬂsf.

selit! z€Jit!
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Let us now consider a minimal covering of (5.40) given by

(5.41) Si\ R C U By, (2) U Br, (2),

Ze[}Jrl zel

where I C T/, and for any p # ¢ € I}H Ul, B,, /5 (@) N B, /5(q) =0. Note

that this second property is true by definition for p,q € I}H; we only need to
complete this partial Vitali covering with other balls of the same size. To be
precise, note that by (5.35) and (5.33),

(542) SF \ RZ \ U B47‘7;+1/5 (Z) C U BTi+1/4 (V(y? T’L))
el el
C

Al UBn@ || U Burys(2)

yer; serit!

Take a finite covering of this last set by balls {Bm /3 (y)}er‘ Note that we
can pick

(5.43) Yl J Buu(z) | =0

i+1
zelf

Since T/ is locally a Lipschitz graph over V (y,r;) with (5.27), we can choose
Y C T}. Moreover, since we have the inclusion Sy \ R' C Uyer: B,, (y), we can
also choose Y C Uyeri Br, (y).

Consider a Vitali subcovering of this set, and denote by I the set of centers
in this subcovering. Such a subcovering will have the property that the balls
{Bm /3 (y)}y6 ; will be pairwise disjoint. These balls will also be disjoint from

U.eritt Br.5 (2) by (5.43). The (finite version of the) Vitali covering theorem
!
ensures that (J e By, (y) will cover the whole set in (5.42).

Now by construction of Iy and the remainder set, all the balls { B, ()}
with r; > 7,41 have already been accounted for. This means that

(5.44) Si\R'\ |J Bro, (2) € | Br..y (),

zel}“ yel

seS’f

as desired.
We split the balls with centers in I into two subsets, according to how
much measure they carry. In particular, let

(5.45) It = {y el st. A\ (BMH (y)) > ’ykrf+1},
Ingl — {y €1l s.t. )\k (BTHI (y)) < ’Ykrf+1}-
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5.5. Map and manifold structure. Let {\*1} = {)\;} be a partition of
unity such that for each y, € I,
o supp (As) C Baryyy (¥s);
o forall z € Uyseritt Bariyy (ys), Yo As(2) =1,
e max, |Vl < C(n)/rig1.
For every y, € I;H, let V(ys,7i11) to be (one of) the k-dimensional subspace
d(z,V)2d\*. By Remark 3.4 and by (5.12), we can

that minimizes [j (1)
T1+1 S

estimate
(5.46) ri__fl_Q /~ d(z, V(ys, ri+1))2d)\k(z)
s (Tit1)
< (14 )" D(ys, (1 + p)risa).

Let ps € B(itpyr,, (ys) be the center of mass of M5 (yo)- 1t is worth
T'L+1 S

observing that ps € V,_, Y1
Define the smooth function ;41 : R®™ — R" as in Definition 4.10, i.e.,

(547) Ui+1($) =+ Z AiJrl(l‘)ﬂT/(ys,TiJrl)L (Ps - Jf) .
S
With this function, we can define the sets
(5.48) Tiv1 = 0ip1(T), T

= 0i+1 Cri/ \ U BTy/ﬁ (y) U Bm+1/6 (y)

i+1 i+1
yEIf yelb

Fix any y € Ig“, and let z € I; be such that y € By, (z). By induction,
T; N Bior,., (y) € T; N By sy, (2) is the graph of a C'! function over f/(z,ri).
Consider the points {ys} = I;“ N Bsy,, (y). By construction and using an
estimate similar to (5.9), it is easy to see that d(ys, V(z,7;)) < c¢d7i11, and so
we can apply the estimates in Lemma 4.8 with M = (' by the first induction.

Using condition (3.7), we obtain that for all ys,
(5'49) TijrlldH (V(Zv Ti) N BT¢+1 (yS) 7‘7(y8’ TiJrl) N BTi+1 (yS))
1/2
< ¢ (DE(ye, (1 + p)riga) + Dbl (L+ p)ri) " < e(n. p.C1)6.

This implies that, if 6(n, p,C1) is small enough, T; N Bior,, (y) is a graph
also over V(y,ri,1) satisfying the same estimates as in (5.27), up to a worse
constant ¢. That is, if § is sufficiently small, we can apply Lemma 4.12 and
prove induction point (v).

It is important to notice that on By s, (¥), the bound on the Lipschitz
constant of the graph is independent of the previous bound in the induction
step by point (iii) in Lemma 4.12.
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Points (iii) and (iv). Points (iii) and (iv) are proved with similar methods.
We briefly sketch the proofs of these two points.
Let y € T;+1, and recall the function ;41 =1 — > A,. If wi+1’32r-+1(y) is

identically 1, then o;41] Baryyy (y) = id, and there is nothing to prove.

)

Otherwise, there must exist some 2’ € IS N Bs,,,, (y), and thus there
exists a z € I} such that Bs,,,, (y) € Busy, (z). By point (iv) in the induction,
T; N Bisy, (2) is a Lipschitz graph over V(z,7;). Proceeding as before, by
the estimates in Lemmas 4.8 and 4.12, we obtain that Tj 1 N By, (y) is
also a Lipschitz graph over f/(z,m) with small Lipschitz constant and that
loi+1(p) — p| < coriy for all p € T;.

Moreover, o;1|r; is locally a diffeomorphism at scale r;y;. From this we
see that ;41 is a diffeomorphism on the whole T;.

It is worth it to remark a subtle point. In order to prove point (iii), we
cannot inductively use (iii); we need to use point (iv). Indeed, as we have seen,
given any z € I, ;, then T; N By 5y, (2) is a Lipschitz graph of a function f where
|V f| < ¢d, and this ¢ is independent of the induction step we are considering
by (iii) in Lemma 4.12. If we tried to iterate directly the bound given by (iii),
the constant ¢ would depend on the induction step ¢, and thus we could not
conclude the estimate we want.

Now we turn our attention to the items (vi), (vii), and (viii).

Properties of the manifolds T]. Here we want to prove the measure esti-
mate in (5.29). The basic idea is that bad and final balls correspond to holes in
the manifold T}, and each of these holes carries a k-dimensional measure that is
proportionate to the measure inside the balls. In particular, let B, (y) be a
bad or a final ball. In either case, we will see that y must be ~ r;;1-close to T,
which is a Lipschitz graph at scale 7;. This implies that \*(B,, (y) N T;) ~ ¥,
and thus we can bound the measure of a bad or final ball with the measure of
the hole we have created on T;.

In detail, point (vi) is an immediate consequence of the definition of R;.
As for point (vii), if y € I;, then by definition, there exists z € I ;_1 such that
Yy € B,._, (2) and y ¢ R'~!. This implies that y is far away from the balls we
discard while building 7}_,; in particular,

(5.50) By, )V U Brys @) U Briye(w) | =0.

i—1 i—1
yGIf I,

This proves that T;_1 N Bay, (y) = T/_; N Bay, (y), and in turn point (vii).
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In order to prove the volume measure estimate, consider that

(5.51) T\ o (T)) € U  Brus®
yer ot

Note that the balls in the collection {Bn. /5 (y)} Lyi+1 are pairwise dis-
b

yEI?L1
joint. Pick any y € IZH, and let z € I; be such that y € B, (z). By definition,
y € T/ and N*(B,,., (y)) < wrfy < 107%wrk, . Since y ¢ RY, by (5.35)
B,.. /6 (y) is disjoint from the set

i

(5.52) Ul UB.;sw U Bes®)

s=j \ yely ye[fc

and thus T; N B, /6 (y) = T, N B, /6 (y). Moreover, T; N By, (2) is a graph
over V(z,r;) with y € T/ C Tj, thus (for § < 6y(n) small enough)

(5.53) N(T) N By, (9) = w7 rfy

A similar estimate holds for the final balls. The only difference is that if
Y€ I}H, then it is not true in general that y € T;. However, by construction
of the balls B;, (y), using an argument similar to the one in the proof of (5.8),

we obtain that d(y, V(z,7;)) < ¢dr; + riy+1/10. Given (5.27), we can conclude
(5.54) (TN B,,,, 7 (y) = wel0Frf, .
Now it is evident from the definition of 7] that

(5.55) N(o7 N(T))) + [# (1) + # (1) wi(ri/10)" < XK(T]y).

5.6. Volume estimates on the manifold part. Here we want to prove that
for every measurable €2 C Tj,

(5:56)  X:(0i1(0) < (D) + e, p, C1) | D(p, 4ri41)dX"(p).
SOB(Ier)rj (.Z‘)

The main applications will be with = T; N By, (z) and Q = T/ N By, (z).
In order to do that, we need to analyze in a quantitative way the bi-Lipschitz
correspondence between T; and T4 given by o;1.

As we already know, ¢;+; = id on the complement of the set G =
UyeI;+l By, (y), so we can concentrate only on this set.

Using the same techniques as before and, in particular, by Lemmas 4.8
and 4.12, we prove that for each y € I;“, the set T; N Bsy,, (y) is a Lipschitz
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graph over V (y,7;11) with Lipschitz constant bounded by
1/2

(557) C(TL, P Cl) D(y7 (1 + p)ri-l-l) + Z D(Z, (1 + p)rl)
2€liNBsr, (y)

In a similar manner, we also have that T; 1 N Bs,,, (y) is a Lipschitz graph
over V(y,r;4+1) with Lipschitz constant bounded by

(5.58)
1/2

c(n, p, Cr) > D(z,(1+priz1)+ Y, D(z(1+p)r)

ZEI;+1ﬂBlori+l (y) ZEI;OB&”Z- (v)

By the bi-Lipschitz estimates in the squash Lemma 4.12, we obtain that o4
restricted to T; N Bs,,, , (y) is a bi-Lipschitz equivalence with bi-Lipschitz con-
stant bounded by

(5-59) L(y,5ris1) < 1
te > D(z,(1+p)ris1)+ Y, Dz (1+p)r)
2€lg ' NBior, () 2€IENBsy, (1)

In order to estimate this upper bound, we use an adapted version of (3.2)
and the definition of good balls to write for all z € I;H,

(5.60) Du41+mmﬂ>§gf D(p, 4ri1)AN ()
BTz‘+1(Z)
S c(n, P, Cl)ri__fl /~ D(p7 4ri+1)d)\k(p)7

Tl (2)

and a similar statement holds for z € I ;. Since by construction any point
x € R™ can be covered by at most ¢(n) different good balls at different scales,
we can bound

(6:61) L0 5ri) <1+ VLA (DG ar ) 4 D, ar)] axk o)

r’i€+1 B5’V‘i (y)
We can also badly estimate
(562) D(p74ri+1) +D(pa4rl) < C(”?ﬂ)D(pa 4T1)

Now let Ps; be a measurable partition of {2 N G such that for each s,
P; C Bs,,,, (ys). By summing up the volume contributions of P;, and since
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evidently \*(P,) < CT@+17 we get
(5.63)  N(0i41(Q) =D N(oia (2N PY))

< Z )\k <1 + T /~ D(p, 4ri)d)\k(p))
l+1 B5T¢(ys)

< M) + ¢ . D(p, 4r;)dX\k (p)
UyseI;H Bsr; (ys)

< () + (., C1) [ D(p. 4r) N ().
B<1+P)Tj (x)ms

5.7. Estimates on the excess set. In this paragraph, we estimate the total
measure of the excess set, which is defined by

A
(5.64) Er=J U Ey.m).

i=j yel}
At each y and at each scale r; such that A\*(B,., (y)) > wrF, by (5.34) and (3.2),
(5.65)
A (B(y. 1) < el pri Do, 20) < clnprt £ D, arix*(p)
Bo, (y)ﬂS

c(n, p) / DE(p, 4r;)dNF ().
By, (y)NS

Now by construction of the good balls, there exists a constant c¢(n) such
that at each step i, each x € R™ belongs to at most ¢(n) many balls of the
form { By, (y)}yeli' Thus for each i > j, we have

(5.66) S (B, 1) < eln,p) [ D (p, 4r:) AN (p)
yEIZ Uyejz]B2Ti(y)

<elnp) [ Dk )X
27, \T

If we sum over all scales, we get

(5.67) AP (ET < c(n, p) Z/ DE(p, 4r;)dX\*(p).
B2'r
Since p = 279, it is clear that
(5.68)  AF (ET < c(n, p) Z/ p, 22~ q’) d\F(p) < c(n,p)érf,
B2r

since the sum in the middle is clearly bounded by (3.9).
This estimate is exactly what we want from the excess set.
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5.8. Completion of the weak upper bounds. By adding (5.56), with Q =
o (T!,) and (5.29), we prove that for all i = j,..., A+1,...,

(5.69) NTY ) + [# (1) + # (7)) we(ri/10)*

<NT) +elmp Cr) [ D(p2r)aN ().
B4Tj (y)ﬁSr

Adding the contributions from all scales, by (3.9) we get
(5.70)  N¥(T!.)) + Z [# (1) + # (I})] we(rs/10)

< N(T; 0 Bay, (@) + e(n, p, C1) Z B (S, D(p, 2rs)dA*(p)
2r 3

< N (T 0 Bay, (2)) [1 + ¢(n, p, 01)62},

where in the last line we estimated A (Tj N By, (:L‘)) ~ rf, since T} is a
k-dimensional subspace, and we bounded the sum using (3.9).
In the same way, we can also bound the measure of T; by
(5.71) Mo (Tiyp) < AR <T] N By, (x)) {1 + ¢(n, p, 01)52] < c(n)r}“.
Upper estimates for \¥. Given the definition of Sy, all the balls By, (y)
inside this set have r, > r4. Thus by (5.28),

(5.72) B =B, (z) C R
In particular, this and the estimates in (5.68) and (5.70) imply

A
(5.73) N(B) <37 [t (1) + 2wn#t (17)] (r)" + A (Er)
P
< Colm) 32 [# (1) + # (1) ol 100 + X(Er)

< C3(n)(1 + c(n, p,C1)d)rk.

In this last estimate, we can fix C1(n) = 2C5(n) < 40™, and p(n, C1) according
to Lemma 4.7. Now, it is easy to see that if d(n, p,Cy) is sufficiently small,
then

(5.74) NE(B) < Cr(mr,

which finishes the proof of the downward induction, and hence the actual ball
estimate (5.1).
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5.9. Rectifiability, WP and improved measure bounds. We have proved a
mass bound for the set S. In this subsection, we wish to improve this mass
bound, as well as prove the rectifiability conditions on S. At several stages
we will have to repeat the arguments of the upward and downward inductions,
which we will only sketch since the arguments will be almost verbatim, though
in some cases technically much easier.

Rectifiability and WP estimates. Now that we have proved the bound
(5.1), we can use a construction similar to the one just described to sharpen
the upper estimate and prove rectifiability of A\¥|g. The main difference with
the previous case is that we do not need to be concerned any more with any
fixed covering B, (y) of our set, and so at every step we can estimate directly
the measure \¥|g of a whole Euclidean ball B, (z) without the need to limit
our estimate to B, (z). For the same reason, we do not need to introduce
the subspaces f/(z, r) and the sets E, R; we will only deal with V(z, r), B, R.
Moreover, since we do not have to stop our construction at any positive scale
ry, we do not need to introduce and study the set of final balls I}. As a
consequence, the construction we need here is technically less involved than
the one used before.

However, as opposed to the previous construction, we are concerned about
what happens at an infinitesimal scale and, in particular, we want to have
uniform estimates also for the limit 7 — 0 of various quantities.

Fix any x € R™ and r > 0 such that B, (z) C By (0). We are going to
prove (3.8), i.e.,

(5.75) M (SN B, (2)) < (1+e)wpr®,

where £ > 0 is the arbitrary constant chosen at the beginning of Theorem 3.3.
For convenience and without loss of generality, we assume x = 0 and
r = 1. Using the same technique as before, we build a sequence of smooth
maps {0;};-, on R" and manifolds T; such that
(i) oo =1id, Ty = V(z,7) =V (0,1) CR™ and ¢; = 0;00;_1 0+ 0 0y.
(ii) T; = 0i(Ti—1) = ¢i(Tp) is a smooth k-dimensional submanifold of R",
(iii) For y € T5,

(5.76) d(oiv1(y),y) < cdriq,

and o;41|7;, is a diffecomorphism. In a similar way for all y € Tp, d(¢i(y), )
< ¢ and ¢;|r, is a diffeomorphism.

(iv) For every y € T;, T; N By, (y) is the graph over some k-dimensional affine
subspace of a smooth function f satisfying

(5.77) Hfr|"° + |V £l < co.

7
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In order to do so, we define inductively on ¢ = 0,...,00 a sequence of sets

E(y,r;), I, I}, R" and manifolds T} C T; such that

(v) for every i > 1 and all y € I, the set T} ; N By, (y) is a Lipschitz graph
over the plane V(y,r;) with d(y, V(y,r;)) < cory;

(vi) for all ¢, we have the inclusion

(5.78) S0 B1(0) C By s (TL) UR™Y:

(vii) for every i > j+ 1 and all y € Ig, the set T} _; N By, (y) is a Lipschitz
graph over the plane V (y,r;) with d(y, V(y,r;)) < cor;
(viii) we can estimate

(5.79) N (o7 H(T)) + # (1) wi(ri/10)* < N(TL_y).

Up to minor modifications (actually simplifications), all these properties
are proved in the same way as in the downward induction from the previous
subsection.

The key extra property we need is some form of control over the WP
norm of ¢;. In particular, we will prove inductively that for all j € N,

(5.30) IVoill = £ [To < 1 clm2s,
ToNB2(0)

where here ¥ is also Lebesgue measure on R¥.
As we will see in (5.99), in order for this estimate to work, we will need
to choose d(n, p, C1,p) small enough and, in particular, § — 0 as p — oc.

Proof of the first points. As mentioned before, the proof of items (i)—(viii)
can be carried out in the same way as in Section 5.4, and we take from this
section also the definitions of the sets I;, Ié, E(x,r) and R, up to replacing
B, (y) with B, (y) and V(y,r) with V(y,r). Recall also that in this case we
have no final balls, so we can just assume that I} = () for all 7, and that in this
case we have x =0, r =1 and so j = 0.

For convenience, we recall the definition of the excess and remainder sets:

(5.81) E(y,ri) = Br; () \ By a (V(y, 7))
R = U <U B, (y) | E(y,rs))-
s=0 \yel; yel§

We also introduce the notation
i i
(5.82) E'=J) U EWr), R=E | Br.®).
s=0yely s=0yel;
We briefly sketch again the main steps in the construction. Assuming
without loss of generality that B (0) is a good ball, i.e., that A\¥(B; (0)) > v,
we first estimate the excess set on this ball. Since this set is the set of points
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that are some definite amount away from the best plane V(0, 1), the definition
of D immediately gives the following estimate, similar to (5.34):

(5.83) A (E(0,1))(p/5)* < DE(0,1).

Then we cover the nonexcess part with a Vitali-type covering by balls
B, (z;);c; centered on the plane V/(0,1). We classify the balls in this covering
into good and bad balls, according to how much mass they carry. B, (z) is a
good ball if A*(S N B, (x)) > vr*, otherwise it is a bad ball.

A good ball carries enough measure to apply Lemma 4.8 and compare the
best subspace V(0,1) with the new best subspace V (x;, p).

We set o1 to be the map defined in 4.10, i.e., an interpolation among all
the projections onto {V (z;, p)}ieI;, and we also set T} = 01(Tp) = o1(V(0,1)N
Biies(0)). By the Squash Lemma 4.12, o1|7, is a smooth diffeomorphism, and
Ty is locally at scale r; = p' the Lipschitz graph of a function with small
Lipschitz bounds. Moreover, o is a bi-Lipschitz equivalence with quantitative
estimates on the Lipschitz constant. In particular, we get that for all y €
B (0) N'Ty, the following version of the estimates in (5.59) holds:

(5.84) L(y,5p) = max {||V01HL°°(TOOB5P(y)) NVl oo oy (7B, ) }

<1+c< > D(z,p)+D(0,1)>.

ZEI;ﬂBlop(y)

In order to keep track of the measure inside the bad balls, we define the
manifold “with holes”

(5.85) T =01(To), Ti=01| To\ |J By (2)

zelg

Since V'(0,1) is a k-plane, and by definition of bad balls, each “hole” in the
manifold 77 carries more measure than the corresponding bad ball that created
it, giving us the estimate

(5:86) (o' (T + A | U SN B, (2) | < Xe(or ' (1))
ZEI,}
+# (I ) wil(p/9)F < X¥(Ty).
Now we repeat the construction inductively on the scales ro = p?,73, ..., and

we obtain all the desired properties. Moreover, by summing (5.83) and its
iterations, we obtain the following estimate for the total excess set:

(5.87) M (E>) < e(n, )62,
which is the equivalent of (5.68).
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We conclude by noting the following: o|;(z) = id for all

z€e€ThnN U;’:O U Bri/Q (2)
zelg
In other words, once a hole is created, it never changes. This implies that the

iterations of (5.86) lead to
(5.88)

N (T 0 Bryes (0)) + 9751 S0 57 A(S N1 By, (1)) < (T N Buaes (0)).
J=0 yEIZ

WP estimates. As part of the downward induction in the proof of (i)-
(viii), let us define the maps 7 j = 0j00j_10---00;41, so that 7, ;(T;) = Tj41
and 79; = ¢;. We will prove inductively for ¢ = j,...,0 that for all z € Tj,

7

(5.89) it / - (V7|7 d\F < 2C(n).

Here the integration is simply the integration on a smooth k-dimensional subset
with respect to the k-dimensional Lebesgue measure \¥, and the gradient of the
functions o; and 7; ; is the restriction of the gradient in R" to the corresponding
manifold T;.

Suppose that the statement is true for ¢ + 1. Consider a covering of this
ball by {B,,,, (ys)}, then by the chain rule

G90) [ Vn i)
B, (z)NT;

1<Z/

This gives us a first rough estimate.

LV rsslo | 9 X () < Cn,p.p).

Tz+1 (ys

In order to obtain a better estimate, we will prove by induction on s =
i,...,7 that

(5.91) / Vi
By, (z)NT;

P \k P K
D) < [ VP aX ()

S

cemp? > [ D 10max (),
t—i BIOT,L (:E)ﬂs

where Bs = 7;5-1(T; N By, (z)) € Ts N B(14¢5)r, (). Indeed, suppose that the

statement is true for s. Then we have

Go2) [ Vns P ) = [ [Vrslg | VeGP ).



190 AARON NABER and DANIELE VALTORTA

Since o; is a diffeomorphism, we can change the variables and write

(5.93) /B (Ve P dNe(y) = /B Vrerrlyl? [Voulymi || det T(o0) da*(y).

s+1

Now consider the partial covering of this set given by {Bs,. (y¢)} As we

€IS
have seen before, outside of this set, o is the identity, so we doynotg need to
make any estimates on it.

Arguing in a manner verbatim to the proof of (5.56), we can prove bi-
Lipschitz estimates for o|s. In particular, we can use the definition of good
balls and the bounds in Lemma 4.8 to estimate in a quantitative way the
distance between best subspaces at nearby points and scales. This allows us
to use the squash Lemma 4.12 and prove that oy restricted to Ts N Bs,. (yt)

is a bi-Lipschitz map with

C(n,p)/ s
5.94 Voslr,] — 1|1 i < D(p,10rs)dA .
699 1105~ Uimrom, o < i [, D@10 )

S

Let {P;,Q} be a measurable partition of By with P, C B, ,, (y¢) and Q C
NBsr,,, (y)¢. Then {04(P;),0,(Q)} is a measurable partition of Bsy; with

0s(Q) = Q. So we get
6.95) [ 1VrgP ) = [ 97,0 aX )

P P .
+Zt:/g(Pt)|VTs+1,J|y‘ ‘VUS\Us—l(y)' det J(os) d\*(y)

< / |VT5+1,]‘

4 Z/ Ve P dNF (

Note that these estimates are basically the same as the ones in (5.63).

By the first induction, we have the bound [p |V7sy1j]y[" < c(n)r¥, ;, and
thus
(696) [ [Vr,Pa @) < [ [Vrldd)

Bsi1

PN (y)

D(p, 107“5)d)\k(p)).
s+1 Bsrg (y1)NS

+ c(n, p) QPZ/ D(p, 10r,)dX\k (p).

BE7S+1 (yt

Since all points in R™ are covered at most c(n, p) times by {Bs,, (y¢)},, we
can simply estimate

691 Vral ) < [ Vnagla)
Bs

B5+1

+¢(n, p)2” / D(p, 10r5)dA*(p).
BlOri ($)ﬁs
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This proves (5.91). In order to complete the first induction, observe that

(99 [ |Vnglax() < / Vil AN (y)
By, (x)NT; Bs

c(n, p) 2”2/ D(p, 107)d\*(p).
B2'r

Since 7;; is the identity on T}, and given the measure bounds (5.71), we get

the result if we choose §(n, p, p) such that the right-hand side is small enough

and, in particular,

(5.99) c(n,p ZI’Z/SQB D(p,10r;_1)d\¥(p) < ¢(n, p)2P62 < C1(n).
27,

Note that, once the improved estimate (3.8) is proven (which will be done
in the next subsection), it will likewise be possible to improve this WP esti-
mate to

1
(5.100) . / Vri P dAF <14 e.
r; ()T

WET;

Improved measure estimates. Consider the maps ¢; : Tp — T)j11. Since ¢;
has uniform W1? estimates and by point (iii), then ¢; — ¢oo uniformly, with

(5.101) / Voo|? < 2C1(n).
ToNB2(0)
By (5.78), we have the inclusion for all
(5.102) SCEUB..,.» () U U B, v)
j=0 yGIg

= SN B1(0) C Exo|J (T N By (0)) G U B, @)
j:OyEIg'

By (5.88) and (5.87), we obtain that
(5.103) A (SN By (0) € M (Two) + M (Es) < N(Tio) + €62,
In order to give better estimates on Ty, note that
Too N By (0) € ¢(To N Biyes (0)).

Define the function f : Ty — R by

o0

(5.104) f(z) = Z sup [|Voi| —1].
i=0 Br; (¢i(2))NT;



192 AARON NABER and DANIELE VALTORTA

By the usual double-induction argument (see, for example, the proofs of (5.74)
and (5.89)), we can estimate

(5.105) f(2)d\F < e

»/1\10031+c§(0)
Define the sets U, C Ty by

(5.106) Us ={x € ToN B1yes (0) st f(x) > a}.

By simple L! estimates, we know that A\*(U,) < %, and by Lemma 2.20, for
p > k we get

ok cs2\ 1 R/P
310) W(6u(U) = Clnp) [Vl 07 <0 (%)
Note that, on the complement of U,, ¢, is a Lipschitz function with
Vool < €* + cd. Indeed, take any z,y € US, and let i be such that
riv1/2 < |x —y| < r;/2. We prove that

(5.108) |fo0(7) = doo(y)| < (" +c6) [z —y|.
By definition, ¢uoo(2) = Tio(¢i(2)), and by (5.76), we easily get
(5.109) [Tico(¢9i(2)) = ¢i(2)] + [Tico (9i(y)) — di(y)| < cori.

Moreover, the definition of f immediately implies a uniform Lipschitz condition
on ¢;. Indeed,

(5.110) IVoill oo (s, @y < TT VoSl 0B, (6. 01
s=0
< exp (Z log (HVUSHLw(BTSws(x))))) < e
s=0
Thus we get
(5.111) V(@) — YY) < bl —y| +e |z —yl,
as desired.

By choosing a(e) sufficiently small, and d(n, p, p,e) sufficiently small as
well, we get

(112) AT B (0)) < M (6se(Un) Ubno(UE) < (14 %5) .

Summing up all the estimates, we prove the sharpened upper bound

(5.113) NS N B (0) < M(Ex) + No(doo(Th N Bises (0))) < (1 + &)wp.
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Rectifiability. As for the rectifiability, we can restrict ourselves to S*
and consider a covering of this set made by balls {B,, (x)},.g. such that
MN(B,., ()N S) > 27k Luprk,

If we prove that for all such balls there exists a subset G C SN B, (z) that
is rectifiable and for which A\*(G) > A¥(B,, (z) N S)/2, then an easy covering
argument gives us the rectifiability of all of S.

By scale invariance, we assume for simplicity x = 0 and r, = 1. As we

have seen before,
(5.114) SCR®UTy.

Since T is the image of a W'P-map with p > k, this set is rectifiable by
Lemma 2.19. Moreover, by (5.88) and (5.112), we know that
(5.115) SN NS N B, (y) < 107

=0 J
I=Yyer]

Given the estimates on the excess set given in (5.87), we obtain the lower
bound

(5.116) N*(SNTo) > A(S) = A (R®) > 27l — 94,107 — 6 > 2772y,

which therefore completes the proof.

6. Proof of Theorems 3.2 and 3.4

As will be clear, the proofs of these theorems are simple modifications of
the proof of Theorem 3.3, and actually from the technical point of view they
are a lot simpler. For this reason, we will simply outline them, pointing out
the main differences needed in these cases.

6.1. Proof of Theorem 3.2: The W1P-Reifenberg. The proof of this the-
orem is almost a corollary of Theorem 3.3 and the classic Reifenberg Theo-
rem 2.18. In addition to the upper volume bound proved in Theorem 3.3, we
also need to prove a lower volume bound on each ball.

In fact, one could just trace through the argument of Theorem 3.3 and
see inductively that there exists no bad balls to conclude this. Instead, we will
use a standard argument (see, for example, [DT12, Lemma 13.2]) to prove the
lower bound on \*(SN B, (z)) given in (3.6) directly by using only the uniform
Reifenberg condition.

LEMMA 6.1. Under the assumptions of Theorem 2.18, for all x € S such
that B, (z) C By (0),

(6.1) NS N B, (x) > (1 — cd)wpr®.
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Proof. By scale invariance, we assume x = 0 and r = 1. The classic
Reifenberg theorem proves that there exits a bi-Holder continuous map ¢ :
L — R"™ where L is a k-dimensional plane and

(1) |o(z) — x| < cd for all x € L;
(2) ¢(x) = x for |z| > 1+ cd;
(3) SN By (0) = ¢(L'), where By_o5 (0)NL C L' C Byies (0) N L.
Now let f = m, 0¢ : L — L. This map is continuous, and it is the identity
outside Bjy.s(0), and thus by topological reasons (degree theory) it is also
surjective from L to itself.
In particular, the set A = By_3.5(0) N L is contained in the image of f.
By the uniform Reifenberg condition, 771 (A) NS C Bj_a. (0), and by the
properties of ¢, f1(A) = 71 (77 (A)NS) C By_es (0). Thus ¢(f~1(A)) C S.
Now, since 77, has Lipschitz constant 1, by a standard result (see [Fed69,
2.10.11)),

(62)  N(S8) = A (o(f1(4)
> MNo(mp o p(f7HA))) = A¥(A) > (1 — 3¢d)Fwpr®.
For § small enough, we have the thesis. O

The upper bound on A*(S) and the rectifiability are direct consequences
of Theorem 3.3. The only thing left to prove is the statement about WP
bounds on the map. This can be obtained by simple modifications (actually
simplifications) in the proof of Theorem 3.3.

As before, we denote by V' (z,r) (one of) the k-dimensional subspace that
minimizes [p ) d(y, V)2, and we set L(z,7) to be one of the k-dimensional
subspaces satisfying the Reifenberg condition, i.e., a k-dimensional subspace
such that dg (SN B, (z),LN B, (x)) < dr.

First of all, note that for any = € S, r > 0, \¥(B, (x)) > wyr*/2, and so
there are no bad balls in our covering. Thus, by Lemma 4.9, we can conclude
that

(6.3) dg(V(z,r)N By (x), L(xz,r) N B, (z)) < cd.

As a consequence, for §(n, p) small enough, all the excess sets at all scales are
empty. Indeed, by (5.33),
(6.4) E(z,r) = By (x)\ B3 (V(z,m) NS

c B (x> \ B(p/3—c§)r (L(.%',T’)) ns=40.

Proceeding with the same construction as in Section 5.9, we obtain a
sequence of maps ¢; : Tp — R", ¢;(Ty) = Tj4+1 converging in WP to some ¢oo
such that for all i, S C B, (T;) C By, , (Ti—1), thus proving that S C T, =
Qboo (TO)-
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WLP estimates for the inverse. Here we want to prove that the map ¢! :
S — T is also a WhP-map with bounds. Note that S equipped with the
Euclidean distance and the k-dimensional Hausdorff measure is an Ahlfors
regular metric measure space, in the sense that there exists a C1(n) such that
for all z € SN By (0) and r < 1,

(6.5) crlrk < NS N B, (z)) < CirF,

where B, (z) is the usual Euclidean ball in R™. On such spaces there are several
methods of defining the space of WP-maps; for instance, as the closure of
the Lipschitz functions under the WP norm. For rectifiable spaces all such
definitions are classically understood to be equivalent.

Note that since S is rectifiable, we can use the integration by substitution
to write

66 [I@DE = [0l S0 @),

which will allow us to easily study integrals on our rectifiable spaces.

The next lemma tells us that the mapping ¢} is approximated by a
sequence of Lipschitz maps whose gradients form a Cauchy sequence in LP
and have our desired estimates. In particular, the following lemma will finish
our proof of the W1P-Reifenberg result. For convenience, we introduce the
notation ¢ = ¢ 1

LEMMA 6.2. There exists a sequence of functions i such that
(1) 44 are Lipschitz functions in R™, with Lipschitz constant bounded by c(n)t;
(2) if Ry ={2€ S st P(2)#w(2)}, then \F(R;) — 0;

(3) ¢ converges uniformly to 1;
(4) the sequence {Vi:} is a Cauchy sequence in LP(S).

Moreover, there exists a g € LP(S) such that for all t, |V < g N-a.e. on S,
and the following is valid for all t:

(6.7) [ v <o), f VP <1+
SNB2(0) SNB1(0)

Proof. The proof is a standard consequence of the properties proved so
far for the map ¢ and the usual Lusin-type approximation for WP functions
(see, for example, [EG92, Th. 3, §6.6.3]).

First of all, we fix some notation. Given the maps ¢; : T — T; and
boo : T — S, we set

6.8) Yi=¢; T, »T, i=¢ootyi:Ti—S, Bi=a;':S—T.

Note that, by the Reifenberg construction, all these maps are Holder continuous
maps.
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Next, we introduce a slight variant of the function f(x) defined before. In
particular, for z € S, set
o0
(6.9) g(z) = H sup ‘Val-_ll.
i=0 YEDBar; (Bi (2))NT;
By adapting the proof of the W1 estimates in (5.100), we prove that g € LP(S)
with

610) [ gepae) < [ g0 T (0w ldN (@) < 3Ci(n).
SNB2(0) TNB2.1(0)
Moreover, we can also refine the bound to
(6.11) / g(2)PdNk(2)
SﬂBl(O)
= 9(9(2))P I (o) 2dN* () < wi(1 +e).
Trp(SNB1(0))

Now define for ¢ > 1 the sets R; = g 1[0,]. Since g € L, then
(6.12) limsup tPAF(R;) < limsup g’ — 0.
t—00 t—»00 g>t

Moreover, v|g, is a Lipschitz function with Lipschitz constant bounded by
c(n)t. Indeed, let =,y € Ry, and set i to be such that r;y1/2 < |z —y| < r;/2.
We prove that

(6.13) (@) = P(y)| < c(n)t |z —yl;

that is, ¥|g, is ¢(n)t Lipschitz with respect to the extrinsic distance on S.
By definition, ©(z) = ¥;(5i(z)). Moreover, the definition of g immediately
implies a uniform Lipschitz condition on ;. In particular,

. i -1
(6.14) IVill Lo (B, (i) < 51;[0 HVUS HLOO(BTS(BS(m))) =t

Now, by (5.26), we have that |5;(x) — x| + |Bi(v) — y| < ¢(n, p)drit1, so, for
d < dop(n, p) small enough, we get

(6.15) 1Bi(z) = Bi(y)| < |z —y| + 2coripr < 2]z —yl,

and thus

(6.16) [v(x) —¥(y)| < |[¥i(Bi(z)) — vi(Bi(y))| < t1Bi(x) — Bi(y)| < 2t |z —yl,
as desired.

Now, define 1; to be a Lipschitz extension of ¥|g, over all R” with the
same Lipschitz constant. In particular, ¥ will be a Lipschitz function on S
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with Lipschitz constant bounded by 2t. Note that, independently of ¢, we have
the estimate

(6.17) |Vips(2)| < 4g(z) for M-ae. z€S.

Indeed, if z € RY, this estimate is valid for all  for which Vi (z) is defined.
Moreover, we prove that this estimate is also valid for all z € R; C S that have
A-density 1 (both with respect to R; and S) and such that Ve (z) is defined.
Since R; C S is k-rectifiable, it is well known that the density of both these
sets is 1 A\*-a.e.; see, for example, [AFP00, Th. 2.63]. In particular, for \*-a.e.
z € Ry, we have

=1

. N(B, (2) N Ry)
(6.18) M XK (B, (2) 1 9)

For y € S, set y; to be an almost projection of y onto Ry, i.e., a point such
that d(y,vy:) < 2d(y, R:). Then we have

the(y) — ¥ (2)]

(6.19) lim sup
y—z ly — 2|
< limsup [Ve(y) — Pe(ye)] n [9e(ye) — (o) |
y—+z ly — 2| ly — 2|

By the proof of (6.13), and since |y — z| < 2|y — z|, we get
(6.20) lim sup [Yel) = $u(2)] = limsup [¥(ye) — v ()|

y—2 ly — 2| y—z ly — 2|

<4g(z).

Moreover, since z is a density 1 point on Ry C S, |y — y¢| cannot be too big
around z. Indeed, if |y — y;| > 27, then B, (y) N Ry = 0, and so

k k
1 _ A (B0 (2)N S
4 ysz |y —2| y=z  AF(By,_y (2)NS)

¥ (Bayy_» NR
<limsup | 1— ( all il ) t) =0
y—z A\ (B2|y—z\ (z)N S)

By the global Lipschitz estimate on v, we get

(6.22) lim sup Wely) = 9elve)] < 2tlimsup ly = il =
y—z ly — | et |y — 2|

This proves (6.17). Now consider any 7" > t. Since S is rectifiable, and since
Yy = by on Ry, then Vi)y = Vibr AF-a.e. on R;. Moreover, by (6.17), we have

(6.23) /Swa — Vil = /RC Vi — VP < 2P /RC [Vl

+2p/ Vil < 222Nk (RE) +2P/ glP.
R{ RY
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By (6.12), this proves point (4). Since ¥ is a uniformly continuous function,
point (3) is a corollary of point (2). O

6.2. Proof of Theorem 3.4: The discrete Rectifiable-Reifenberg. Up to mi-
nor differences, the proof of this theorem is essentially the same as the proof of
(5.74) and is actually much simpler from the technical point of view. Indeed,
we do not need to define the sets E, B, V, but we can just deal with the sets
E,V,B.

In particular, let ro, = 27% and 7 = r4 for some A € N. One can define
the measure

(6.24) W= Z wkrf(;xj, i = W Z 7“}“5%.
;€S z;€SNB1(0) s.t. r;>F

and prove inductively on o« = A, A —1,...,0 that for all z € By (0) such that
B, /10 (z) is not contained in any of the B, (v;),

(6.25) pi(Br, () < D(n)rs.

By proceeding with a rough covering argument as in the proof of (5.14), one
easily obtains a rough upper bound on p(By, , (z)). Moreover, by mimicking
the inductive constructions in Section 5.4, one can define excess sets, good,
bad and final balls, and the maps o; and the approximating manifolds T;.
By studying the bi-Lipschitz properties of o;, and by keeping track of the
holes created by final and bad balls in the same way as before, one proves the
inductive estimate

(626)  pe(Br, () < C(n) <1+ >/ D,’i<x,m>du<x>>,

Tg<2rq Byo (2)

as desired.

7. L?-best approximation theorems

In this section we prove the main estimate necessary for us to be able to
apply the rectifiable-Reifenberg of Theorems 3.3 and 3.4 to the singular sets
Sk(f) of the stratification induced for stationary harmonic maps.

Namely, we need to understand how to estimate on a ball B,(z) the
L2-distance of S¥ from the best approximating k-dimensional subspace. When
r < inj(M) this means we would like to consider subspaces L¥ C T, M and
estimate d?(z, L¥) for x € S* N B,(x), where the distance is taken in the nor-
mal coordinate charts. After rescaling this is equivalent to looking at a ball
of definite size, but assuming Kj; < 1. The main theorem of this section is
stated in some generality as we will need apply it with some care when proving
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Theorems 1.3 and 1.4. We recall that by definition,
(7.1) Wa(z) = Wi ro_s(2) = 0r,_5(2) — Or,(2) >0,
where r, = 27%.

THEOREM 7.1 (L2-best approximation theorem). Let f : Bo.(p) — N be
a stationary harmonic map satisfying (1.16) with r>~" fBg(p) IVfI2 <A, and
let € > 0. Then there exists 6(n, Ky, A, ¢), C(n,Kn,A,e) > 0 such that if
Ky < 6, and By, (p) is (0,0)-symmetric but not (k + 1, )-symmetric, then for
any finite measure p on B, (p), we have that

(7.2) Du(p,r) < inkf T_Q_k/ d?(z, L¥) dp(z) < CrF Wo(z) du(x),
L Br( Br(p)

where the inf is taken over all k-dimensional affine subspaces L* C T,M.

Remark 7.1. Throughout this section, for convenience we will fix r = 1
without essential loss of generality.

Remark 7.2. The assumption Kj; < § is of little consequence, since given
any Kjs this just means focusing the estimates on balls of sufficiently small
radius after rescaling.

7.1. Symmetry and gradient bounds. In this subsection we study station-
ary harmonic maps that are not (k+1, €)-symmetric on some ball. In particular,
we show that this forces the gradient to be of some definite size when restricted
to any k + 1-dimensional subspace. More precisely,

LEMMA 7.2. Let f : Ba(p) € M — N be a stationary harmonic map
satisfying (1.16) with JCB4(])) IVf|I? < A. Then for each ¢ > 0 there ewists

d(n, Kn,A,e) > 0 such that if Ky < 6, and By(p) is (0,6)-symmetric but is
not (k + 1,¢)-symmetric, then for every k + 1-subspace VF+1 C T,M, we have

(7.3) f o vrvPizs
As.a(p)

where |(Vu, V)|? = SV (Y, v)|? for any orthonormal basis {v;} of V, and
A is the volume measure on M (which is equivalent to \™).

Proof. The proof is by contradiction. So with n, K, A, & > 0 fixed let us
assume the result fails. Then there exists a sequence f; : B4(p;) — N; for which
Ky, < 6;, with By(p;) being (0, 6;)-symmetric but not (k + 1,¢)-symmetric,
and such that for some subspaces V;kﬂ, we have that

(7.4) f (Vi VIO < 5 = 0,
Az 4(pi)
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Then after passing to subsequences we have that V; — V¥ C R™ with

Cvl,oc

(7'5) Ni ~— N
and
(7.6) fi — f:B4(0") = N,

where the convergence is in L2 N HL . Now (7.4) and the H]_,, convergence
guarantees that

(7.7) f (V1 VE2 = 0.
A3’4(0n)

On the other hand, the (0, §;)-symmetry of the f;, combined with the L?
convergence, tells us that f is O-symmetric. Combining these tells us that

k+1\12 __
(79) £, (FEVEE =0,

and hence we have that f is k+ 1-symmetric. Because the convergence f; — f
is in L2, this contradicts that the f; are not (k+1,)-symmetric for 4 sufficiently
large, which proves the lemma. O

7.2. Best L?-subspace equations. In order to prove Theorem 7.1 we need
to identify which subspace minimizes the L?-energy and the properties about
this subspace that allow us to estimate the distance. We begin in Section 7.2.1
by studying some very general properties of the second directional moments of
a general probability measure p C By (p). We will then study in Section 7.2.2
the Dirichlet energy of a stationary harmonic map when restricted to these
directions.

7.2.1. Second directional moments of a measure. Let us consider a prob-
ability measure p C B1(0™), and let

(7.9) T = 3hn) = [ @ di(2)
be the center of mass. Let us inductively consider the maximum of the second

directional moments of pu. More precisely,

Definition 7.3. Let Ay = A1 (p) = max,2—1 [ [(x — Tem, 0)|* dp(x), and let
vy = v1(p) with |v1| =1 (any of) the vector obtaining this maximum. Now let

us define inductively the pair (Ag41, vk41) from vy, ..., v by
(7.10) Akl = )‘kJrl(M) = v|2—11n(%)i;~)—0/ |<1‘ — ZTem, v>’2 du(w),

where v is (any of) the vector obtaining this maximum.
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Thus vy, ..., v, defines an orthonormal basis of R", ordered so that they
maximize the second directional moments of u. Let us define the subspaces
(7.11) VF = V*(u) = zem + span{uy, ..., v}

The following is a simple but important exercise:

LEMMA 7.4. If p is a probability measure in B1(0"™), then for each k, the
functional
7.12 i /d2 JLFYdp(z),
(7.12) Jnin, (z, L") dp(x)
where the min is taken over all k-dimensional affine subspaces, attains its
manimum at V*. Further, we have that

(7.13) Lxlgciﬁn/d (o, L*) du() /d2 (, V¥ du(e)
= Mg (p) + -+ An(p).

Note that the best affine subspace V* will necessarily pass through the
center of mass .y, by Steiner’s formula, or equivalently by Jensen’s inequality
and the definition of .

Now let us record the following Euler-Lagrange formula, which is also an
easy computation:

LEMMA 7.5. If u is a probability measure in B1(0™), then we have that
v1(p), ..., () satisfy the Euler-Lagrange equations

(7.14) /(a: — e, UN(T — Zem)' dp(z) = Ao,
where
(7.15) / (2 — o, vi)|? dp().

Proof. The proof is an application of the Lagrange multipliers method.
Inductively on k, consider the function f(vg, Ak, k1, .. Agk—1) : R"xRF R
given by

(7.16)  fvr, Mgy Akye)
k-1

= / — Zem, ) dp(a) — Ny (|v;€|2 — 1) -2 Z iyt (UK, vg).

=0
By the multipliers method, we obtain that v; and A satisfy the equation

1
(7.17) §V(U’“)f(vk,)\k7)\k,€>

k-1

= / (x — Tem, V) (T — Tem)dp(T) — Agvg — Z Ak, eve = 0.
(=0
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By taking the scalar product of this equation with vy, since (vy, ve) = Oy ¢, we
have

(7.18) Ak—/! — Zem, i) |* dp(),
(7.19) N o = /<x — Temy V0)(T — Tem, Vi) dp()

= ([ {x = rems ) (2 = rom) (), 1)
= <)\ew + Ei At,sVs) Uk> =0. 0

s=1
7.2.2. Restricted Dirichlet energies. Our goal is to now study the Dirich-
let energy of a stationary harmonic map when restricted to the directions
v1(p), ..., vn(p) associated to a probability measure. The main result of this
subsection is the following, which holds for a general stationary harmonic map:

PROPOSITION 7.6. Let f : By(p) € M — N be a stationary harmonic
map satisfying (1.16) with Ky < 2~* and such that fBg(p) IVfI2 < A. Let p be

a probability measure on Bi(p) with A\p(p),vk(p) defined as in Definition 7.3.
Then there exists C(n, Ky) > 0 such that

20 nf L HVIG) P deg(z) < € [ Wola) duz).

Proof. Note first that there is no harm in assuming that z., = 0. If
not we can easily translate to make this so, in which case we still have that
supp(p) C By. Additionally, we will simplify the technical aspect of the proof
by assuming that M = R™. By working in normal coordinates the proof of the
general case is no different except up to some mild technical work .

Now let us fix any z € A34. By Lemma 7.5, we can inner product both
sides of (7.14) by V f(z) to obtain for each k and z € Az 4,

(721) N (V1)) = [ (a0 (VI (2), ) due).

Observe that, by definition of center of mass,

(7.22) /(x,z) du(z) = (Tem, 2) = 0.

Thus we can write
(7.23) M (TS ()00 = [ (00) (V). = 2) dpla).

By Holder inequality, we can then estimate

(2)  ORUVIE P <N [ (V)2 - A dute)
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If Ak # 0, integrating with respect to z on both sides we get the estimate

(125) X [ VI P ) < [ [ UVIG) = AP duy() du(o)

A3zg
For convenience, set n,(z) = (z — x)/ |z — z|; i.e., ny(z) is the radial vector
from z to z. Now for x € supp(u), we can estimate

(26 [ (9= 2)P 2
= [ U@ nalo) Pl = 2o = 2l duy(2)

Az 4

<6" [434 (V£ (=), ma(2)) Pl — 277" dvg(2)

SO [ NI Pl — =7 oy ()
= C(n)Wy(a).

Applying this to (7.25) we get, as desired,

20 N UVSE) 0P duy() < ) [ Wola) du(e). O

7.3. Proof of Theorem 7.1. Let us now combine the results of this section
in order to prove Theorem 7.1. Indeed, let 1 be a measure in By(p) C T, M.
We can assume that p is a probability measure without any loss of generality,
since both sides of our estimate scale. Let (Al(u),vl(u)), e (An(u),vn(u))
be the directional second moments as defined in Definition 7.3, with V* the
induced subspaces defined as in (7.11). Using Lemma 7.4 we have that

(7.28) kangiﬁn/dQ x, L¥) du(x) /d2 (z, V*) du(z)
= Aeg1(p) + -+ An(p) < (0= k) Apga (p),

where we have used that A\; < \; for j > i. Therefore our goal is to estimate
Ak+1. To begin with, Proposition 7.6 tells us that for each j,

(729) N[ NVHE )P du () < C [ Wolw)dula).
As,a(p)
Let us sum the above for all j < k + 1 in order to obtain

k+1

(7.30) Z A /

(V£(2),05) 2 dug(2) < (5 + 1)C [ Wo(@) due),
Az a(p
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or by using that A\g41 < Aj for k+1 > j, we get

(731 A [ TSV Py ()

k+1

_Akﬂz/ o) (VF(2),v;)]? dvg(z <C/W0 ) dpu(z).

Now we use that Bg(p) is (0, 0)-symmetric, but not (k + 1, e)-symmetric
in order to apply Lemma 7.2 and conclude that

(7.32) [ RVIE VR () 2 6
Az,a(p)
Combining this with (7.31) we obtain

(733) Ot <t [ TFELVIDEdny(2) < € [ Wole) du(a),

Asz,4(p)
or that
(7.34) M1 < C(n, K, A, e) / Wo(z) du(z).
Combining this with (7.28) we have therefore proved the theorem. O

8. The inductive covering lemma

This section is dedicated to the basic covering lemma needed for the proof
of the main theorems of the paper. The covering scheme is similar in nature
to the one introduced by the authors in [NV14] in order to prove structural
theorems on critical sets. Specifically, let us consider a stationary harmonic
map f between Riemannian manifolds. We wish to build a covering of the
quantitative stratification

(8.1) SE(F)NBi(p) CU, UUy = U, U By, (i),

which satisfies several basic properties. To begin with, the set U, is a union
of balls satisfying r; > r > 0, and it should satisfy the packing estimate
wi Y278 < C. Each ball B, (x;) should have the additional property that there
is a definite energy drop of f when compared to B;(p). To describe the set U,
we should distinguish between the case r > 0 and r = 0. In the case r > 0 we
will have that U, = |J B,(z}) is a union of r-balls and satisfies the Minkowski

estimate Vol(U,) < Cr" . In the case when r = 0 we will have that Uy is
k-rectifiable with the Hausdorff estimate A*(Uy) < C. Let us be more precise.

LEMMA 8.1 (covering lemma). Let f : Big(p) € M — N be a sta-
tionary harmonic map satisfying (1.16) with JCBm(p) IVF? < A and Ky <
d(n, Kn,Ae). Let E = sup,ep, pnst, th(x) withe >0, 7 >0, and k € N.
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Then for all n < n(n, Ky, \,€), there exists a covering S¥.(f) N Bi(p) CU =
U, U4 such that
(1) Uy = U By, (i) with r; > 1 and S rF < C(n, Ky, A, €);
2) SupyeBri (x:)NSE, 97‘1‘ (y) < E—mn;

) if r >0, then U, = UYN B(27) with N < C(n)r=F;

) if r = 0, then Uy is k-rectifiable and satisfies Vol(Bs (Up)) < C(n)s" % for
each s >0 — in particular, \¥(Ug) < C(n).

Remark 8.1. The assumption K < 4 is of little consequence, since given
any Kjs this just means focusing the estimates on balls of sufficiently small
radius after rescaling.

To prove the result let us begin by outlining the construction of the cover-
ing. We will then spend the rest of this section proving the constructed cover
has all the desired properties.

Thus let us consider some n > 0 fixed and then define the energy scale for
z € Bi(p) by

(8.2) 5y = sPM = inf {7" <s<1l: sup bp(y)>FE— n}.
Bs(m)ms.?,r

Note that the energy scale implicitly depends on many constants. If » = 0, let
us define the set Uy by

(8.3) Uo = {x € SE(f)NBi(p) : 52 =0},

while if » > 0, let us first define the temporary covering

(8.4) Uy =JBr(a),
where
(8.5) {27} C {z € SE())N Bi(p) : 50 =7}

is any minimal r/5-dense set. In particular, note that the collection of balls
{By/10(z})} are disjoint.

In order to define the temporary covering U\ = {B, (z;)}, let us first
consider

(8.6) {z e SE.(f)NBi(p) : 5. > 7} € |J By, o)

Sg>T

and choose from it a Vitali subcovering so that

8.7 {zeSE.(f)NBi(p):se > 1} S By, alai) € Bri(z:) = UL,
el i€l
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where 7r; = s4,;. In particular, we have that the collection of balls {B,, /10(z:)}
are all disjoint. It is clear from the construction that we have built a covering

(8.8) SE.(f) N Bi(p) € B, j2(af) U By, jala:)
iel
- UBT(x:) U U B, (z;) = U UU..
iel

Now this is not quite the covering of Lemma 8.1, as the energy drop prop-
erties of (8.2) involve dropping an extra n-scales. It will be more convenient to
estimate this covering; however, with only minimal work let us now build from
this covering the desired covering of Lemma 8.1, which is only a small modifi-
cation. Indeed, consider for each ball By, (x;) (or B,(z])) a Vitali covering

N; N;

(89) BT¢/2('Ti) N S?,r - UBUTi (xia) = UBTm (xia)v
1 1

where x;, € By, /o (mi)ﬂbf’r and by a standard covering argument N; < N;(n,n).
Then we can define the coverings

Z

(8.10) By, (7)),

ia

=
Il
&C

Q
=1

Bria (mza) °

S
Il
SAC

S
I
—_

It is clear from the construction that U, now satisfies the energy drop condition
of Lemma 8.1.2 . What is left is to show the content estimates of Lemma 8.1,
and from our estimates on N; it is clear with n < n(n, Ky, A, ¢) that it is
enough to prove these estimates for the sets U, and U/ themselves, which is
therefore the goal of much of this section.

The outline of this section is as follows. Section 8.1 is dedicated to proving
a variety of technical lemmas that will be used to further decompose the sets
Ul and U, when r > 0. The technical issue is that we cannot directly apply
the discrete Reifenberg to the set U, and we will instead need to exchange
U! for a more manageable collection of balls without losing much content. In
Section 8.2 we will use these tools in order to prove our content estimates on
Ul and U] when 7 > 0. The proof will require an inductive argument com-
bined with applications of the discrete Reifenberg of Theorem 3.4 to our new
covering. Finally in Section 8.3 we will prove the desired estimates on Uy. The
volume estimates will follow almost immediately from our previous construc-
tions, and to prove the rectifiable statement will require a careful application
of the rectifiable Reifenberg theorem.
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8.1. Technical constructions for decomposing U.UU!_ . Let us consider the
set of positive radius balls in our covering given by

U ifr =0
(8.11) U. =4+ nr=
ULUU, ifr >0,

This section will be dedicated to proving some technical results that will be
required in estimating this set. The estimates on this set are a little delicate,
the reason being that we cannot directly apply the rectifiable Reifenberg of
Theorem 3.4 to this set. Instead, we will need to replace Us with a different
covering at each stage, which will be more adaptable to Theorem 3.4. Thus
this subsection is dedicated to proving a handful of technical results that are
important in the construction of this new covering.

Throughout this subsection we are always working under the assumptions
of Lemma 8.1. Let us begin with the following point, which is essentially a
consequence of the continuity of the energy:

LEMMA 8.2. For each n/ > 0, there exists R(n, Kn,A,n') > 1 such that if
§ <d(n,Kn,A,n') and n < n(n, Kn,A,n'), then we have for each z € By, (x;)
the estimate

(8.12) Ore,(2) > E —1.

Proof. The proof relies on a straight forward energy comparison. Namely,
let x,y € B,/p with s < 1, and let us denote d = d(xz,y). Then we have the
estimate

(8.13) 64(y) 232"/3(

To apply this in our context, let us note for each x; in our covering, that by

s
s+d

it [ = () o)

s+d (CE

our construction of Us there must exist y; € By, (z;) such that G(R_l)” (yi) >
0r,(yi) = E — n. Let us now apply (8.13) to obtain

(8.14)  Ory(2) = (&)2% Or—2)r; (i) = (}1132)2” (E—-n).

If R=R(n,Kn,A,n) >0 and n < n(n, Ky, A,n'), then we obtain from this
the claimed estimate. U

In words, the above lemma is telling us that even though we have no
reasonable control over the size of 6,,(z;), after we go up a controlled number
of scales we can again assume that the energy density is again close to E.

In the last lemma the proof was based on continuity estimates on the
energy #. In the next lemma we wish to show an improved version of this
continuity under appearance of symmetry. Precisely,
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LEMMA 8.3 (improved continuity of 8). Let f : By(p) — N be a stationary
harmonic map satisfying (1.16) with fB4(p) IVfI? < A. Then for each 0 < T,
n < 1, there exists 6(n, Kn,A,n,7) > 0 such that if
(1) we have Ky < 6,

(2) there exists o, ...,z € Bi(p) that are T-independent with |05(x;) —03(z;)]
<4,

then if V¥ is the k-dimensional subspace spanned by xo,...,xi, then for all

x,y € Bi(p) N Bs(VF) and n < s < 1, we have that |0s(x) — 05(y)| < n.

Proof. The proof is by contradiction. Thus, imagine no such § exists.
Then there exists a sequence of stationary harmonic maps f; : Bs(p;) — N;
. . 2
satisfying fB4 ®) |V f|# < A such that
(1) Ky <9, — 0,
(2) there exists z;,...,%;r € Bi(p) that are 7-independent with

(8.15)

05 (@ig) = 0f (i) < 6i = 0.

However we have that there exists x;,y; € Bi(p) N B(;Z.(V;k) andn <s; <1
such that }0({; (i) — 04 (y;)
the defect measure

(8.16) IV fil2dvy — |V £]? dvg + v,
T — I8 S Bl(On),

> 1. Let us now pass to a subsequence to obtain

x; — x,y; — y €V =span{xg,...,Tx},
S; — S,

where v is a measure on B4(0"), and

(8.17) P

~/Bs(cc) (’vf|2 d”Ug‘Fdl/) —/B( (|Vf\2dvg+dy> 217

s(y)

However, we have by Theorem 2.7 that f and v are O-symmetric on By with
respect to each of the points zg, ... zg. In particular, by the standard cone split-
ting arguments we have that v is k-symmetric with respect to the k-plane V' on
Bj. In particular, v is invariant under translation by elements of V. However,
this is a contradiction to (8.17), and therefore we have proved the result. [

Now the first goal is to partition Us into a finite collection, each of which
will have a few more manageable properties than Us itself. More precisely,

LEMMA 8.4. For each R > 1, there exists N(n,R) > 1 such that we can
break up Us as a union

(8.18) Us=| U2 = G U B (z),
1

a= a=1liel®
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such that each US has the following property: if i € 1%, then for any other
j € 1%, we have that if xj € Bry,(xi), then r; < R™2r;.

Proof. Let us recall that the balls in the collection {B,, /5(;)} are pairwise
disjoint. In particular, given R > 1, if we fix a ball B, (z;), then by the
usual covering arguments there can be at most N(n, R) ball centers {z;}{ €
Us N Bgs,, (z;) with the property that r; > R~%r;. Indeed, if {z;} is such a
collection of balls, then we get

(819) wn(GRgri)n = VOI(BGR?’m (xl))
N
> > Vol(B,, j5(x;)) > Nwn(R™°r; /5)",
1

which by rearranging gives the estimate N < N(n, R).

Now we wish to build our decomposition Us. = [J¥ U2, where N = N +1
is from the first paragraph. We shall do this inductively, with the property
that at each step of the inductive construction we will have that the sets U{
will satisfy the desired property. In particular, for every a and ¢ € 1%, if j € I¢
is such that x; € Bry,(z;), then r; < R~ 2r;.

Begin by letting each I be empty. We are going to sort the points {x;},.;
into the sets I® one at a time. At each step let i € I\ [JY; I* be an index
such that r; = max r;, where the max is taken over all indexes in I\ JY_, I¢,
i.e., over all indexes that have not been sorted out yet. Now let us consider
the collection of ball centers {y;}jes such that J C I, x; € Bgr,;(y;) and
r; <rj < R?r;. Note that, by construction, either y; has already been sorted
out in some I, or r; = r;. Now evidently y; € Bps,, (2;) for all j € J, and so
by the first paragraph the cardinality of J is at most N(n, R). In particular,
there must be some I such that I N {y;} = . Let us assign ¢ € I* to this
piece of the decomposition. Clearly the decomposition |J U< still satisfies the
inductive hypothesis after the addition of this point, and so this finishes the
inductive step of construction. Since at each stage we have chosen z; to have
the maximum radius, this process will continue indefinitely to give the desired
decomposition of Us. O

Now with a decomposition fixed, let us consider for each 1 < a < N the
measures
(8.20) pt= >y WRTF Oy, .
xiGUg
The following is a crucial point in our construction. It tells us that each

ball Bior,(z;) either has small p*-volume, or the point z; must have large
energy at scale r;. Precisely,
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LEMMA 8.5. Fiz D,n' > 0. There exists R = R(n,Ky,A,n',D,e) > 0
such that if we consider the decomposition (8.18), and if
(1) Ky < 6(n, Ky, A,n'se) and n < n(n, Kn, A, €), r; <1074
(2) we have u®(Bior, (i) > 2wprk;
(3) for all ball centers y; € Ay, j10,10r, (i) NU® and for s = 1072"D~ 1y, we
have that 1®(Bs(y;)) < DsF,
then we have that 0(x;,n'r;) > E — 1.

Proof. Let us begin by choosing n” < n/, which will be fixed later in the
proof so that 0" = n"(n, Ky, A,¢), and let us also define 7 = 107" D=1, Let
§(n, Ky, A,n') be from Lemma 8.3 so that the conclusions hold with 10715/,
and let ¢'(n, Kn,A,n", &) be chosen so that conclusions of Lemma 8.2 are
satisfied with 7" if n < n(n, Kn,A,n",¢). Now throughout we will assume
n < d and K)j; < min{d,d’'}. We will also choose R = R(n, Kn,A,n", D, e) >
max{7~ 1,671,871} so that Lemma 8.2 is satisfied with n".

Since it will be useful later, let us first observe that r; > Rr. Indeed, if
not, then for each ball center y; € A, /10,10, (zi) NUL, we would have r < r; <
R~2r; < r. This tells us that there can be no ball centers in Ay 10,10 (i) NUL.
However, by our volume assumption we have that

(8.21) 1 (A, j10,10m (@) = p*(Bior, () = 1 (By, j10(i))
> karf — wkrf > wkrf,
which contradicts this. Therefore we must have that r; > Rr.
Now our first real claim is that under the assumptions of the lemma there
exist ball centers yo,...,yx € UL N A, /10,100 (x;) that are 7r;-independent in

the sense of Definition 2.2. Indeed, assume this is not the case. Then we can
find a k — 1-plane V*~1 such that

(8.22) {viticre N A j1010r (26) C B, (VET1).

In particular, by covering B, (V)N Bioy, (z;)NI* by C(n)7'=* < 10"71=* balls
of radius 1077; with centers in I, and using our assumption that u*(Bry,(y)) <
DT’“?"éC , we are then able to conclude the estimate

(8:23) (A, j10.10r,(2)) < ®(Ber, (V) 0 Brogs () < 102" Drrf < wpr.
On the other hand, our volume assumption guarantees that

(8.24) 1 (A, j10,10r, (sz')) = 1u*(Bior, (%’))

—p (Bri/IO(xi)> > Qwprf — wirf > wery

19
which leads to a contradiction. Therefore there must exist k + 1 ball centers
Yo, - - > Yk € Ay, j10,10r, (i) that are 77;-independent points, as claimed.
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Let us now remark on the main consequences of the existence of these
k + 1 points. Note first that for each y;, we have that Op-1, (y;) > E — 1",
since by the construction of U¢ we have that r; < R~2r;, and therefore we
can apply Lemma 8.2. Thus we have k + 1 points in Bjor,(z;) that are 77r;-
independent, and whose energies are 7”-pinched. To exploit this, let us first
apply Lemma 8.3 in order to conclude that for each x € Bs(V'), where V' is the
plane spanned by the k + 1 independent points just determined, we have

(8.25) en’m (z) > 677/7”1' (yj) - ‘977/7’1' (z) — 677/7'1' (y3)| > E— 77” - 10_177/ > F— 77/'

In particular, if we assume that x; is such that 6,/, (z;) < E—17, then we must
have that r; *d(z;, V) > 6§ = 6(n, Kn, A, 7).

Therefore, let us now assume 6,,,(x;) < E—n'. Thus to prove the lemma
we wish to find a contradiction. To accomplish this notice that we have our k+1
points o, ...,y € Bior, that are 7r;-independent and for which |00, (y;) —
Or-1,,(y;)| < n". Therefore by applying the cone splitting of Theorem 2.3 we
have for each & > 0 that if n” < n”(n, Ky, A,€"), then By, (z;) is (k,&’)-
symmetric with respect to the k-plane V*. However, since d(z;,V) > o7,
we have by Theorem 2.4 that if & < &'(n, Ky, A, ), then there exists some
7" = 7'(n, KN, A, ) such that B, (z;) is (k + 1,¢)-symmetric. However, we
can assume after a further increase that R = R(n, Ky, A, D,¢) > 47'~! and
thus we have that 7/'r; > 4R~ 'r; > 4r. This contradicts that z; € SQT, and

thus we have contradicted that 6, (z;) < E—1’, which proves the lemma. O

8.2. Estimating Us in Lemma 8.1. Recall the set Us defined in (8.11),
which consists of all positive radii balls in our covering. We now wish to
estimate this set in this subsection. First let us pick D' = D'(n) = 2'"D(n),
where D(n) is from Theorem 3.4. Then for some 7’ fixed we can choose R as
in Lemma 8.5. It is then enough to estimate each of the sets U<, as there are
at most N = N(n, Ky, A,e,n,m") pieces to the decomposition. Thus we will
fix a set UZ and focus on estimating the content of this set. Let us begin by
observing that if r > 0, then we have the lower bound r; > r. Otherwise, let
us fix any 7 > 0 and restrict ourselves to the collection of balls in U¢ with
r; > r. There is no loss in this so long as the estimates we will prove will
be independent of our choice of r, and thus by letting r — 0 we will obtain
estimates on all of U<.

Now let us make the precise statement we will prove in this subsection.
Namely, consider any of ball centers {z;};.;. and any radius 274 < rq < 2,
where r, = 27%. Then we will show that

(8.26) pu® (Bra (xz)> < 25"D(n)rk,

where D(n) is the constant from the discrete Reifenberg theorem. Let us
observe that once we have proved (8.26) then we have finished the proof of the
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Covering Lemma, as we will then have the estimate

Zﬁk = Ma<32(33i)) < C(n).

We prove (8.26) inductively on a. To begin notice that for each z;, if 3 is
the largest integer such that 27%r; < rg, then the statement clearly holds, by
the definition of the measure p®. In fact, we can go further than this. For each
x;, let v} € [r;/10,10r;] be the largest radius such that for all 1071r; < s <7/,
we have

(8.27) ua(Bs(xi)) < 2uwys”.
In particular, we certainly have the much weaker estimate
(8.28) pu® (BS(:L'Z)) < 2"D(n)s*,

and hence (8.26) is also satisfied for all 274y, < rg < 7“2. Notice that we then
also have the estimate

(8:29) wirf < p®( By j1o(w)) < p(Br (1)) < 2wy (7"§>k-

Now let us focus on proving the inductive step of (8.26). Namely, assume
a is such that for all x; with 27%r; < r,.1 < 2 we have that (8.26) holds.
Then we want to prove that the same estimate holds for r,. Let us begin by
seeing that a weak version of (8.26) holds. Namely, for any index ¢ € I* and
any radius 7o < s < 8rq, by covering By(z;) by at most 25" balls {B,.,, (y;)}
of radius r,41 we have the weak estimate

(8.30) W (B() < 30 10 (Braa () < D' (n)s,

where of course D’'(n) > 25" D(n).

To improve on this, let us fix an 7 € I* and the relative ball center x; € UZ
with 27%r; < ro. Now let {z;}jcs = {@;i};c; N Br, (;) be the collection of ball
centers in B, (z;). Notice first that if r; > 2r, for any of the ball centers {z;},
then we can estimate

(8.31) 1 (Bra () < 5% (Bapa () < 2w (2ra)" < 2" D(n)rl,

so that we may fairly assume rg- < 2r, for every j € J. Now for each ball
B’”} (75), let us define a new ball By, (y;) that is roughly equivalent, but will
have some additional useful properties needed to apply the discrete Reifenberg.
Namely, for a given ball Br; (x4), let us consider the two options r§~ < 107 or

I
;=

107;. If ré- < 107, then we let y; = x; with 7; = r;. In this case we must
k

have that u(Bior, (7)) > 2wn (rj) , and thus we can apply Lemma 8.5 in order

to conclude that 6,7, (y;) > E —n'. In the case when 1’ = 10r; is maximal, let

j
Yj € Br;(x5) N Sfyr with y; # x; be a point such that 0,,,(y;) = £ —n, such
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a point exists by the definition of r;, and let 7; = 9r;. In either case we then
have the estimates

(8.32) Opi;(y;) = E =17,
wil0™F 7 < u(Br, j10(y5)) < 1 (Br; () < 4wy,
-

Now let us consider the covering US N By, (z;) € U By, 10(y;) and choose
from it a Vitali subcovering

(8.33) UL N Br, (zi) € U B, (),
such that {B,;j /10(yj)} are disjoint, where we are now being lose on notation

and referring to {y; }je 7 as the ball centers from this subcovering. Let us now
consider the measure

.
(8.34) =" w (%) Oy, -
jeJ

That is, we have associated to the disjoint collection {B, /10(y;)} the natural
measure. Our goal is to prove that

(8.35) 1/ (B, (2:)) < D(n
Let us observe that if we prove (8.35), then we are done. Indeed, using

(8.32) we can estimate

(8:36)  p(Bp,(w:)) <> p®(Br,(y;))
<dwp y 7 =410/ (By, (1)) < 2°"D(n)rk

which would finish the proof of (8.26) and therefore the lemma.

Thus let us concentrate on proving (8.35). We will want to apply the
discrete Reifenberg in this case to the measure y/. Let us begin by proving a
weak version of (8.35). Namely, for any ball center y; from our subcovering
and radius 7; < s < 4r,, let us consider the set {21} = {ys},c 7N Bs(y;) of ball
centers inside Bs(y;). Since the balls {By, /5(z,)} are disjoint, we have that
7 < 10s. Using this, (8.29), and (8.32) we can estimate

(837)  W(Bs(y)) = . wploFFE<CMm) Y. p*(Brys(ak)

2, €Bs(yj) 2, €Bs (y5)
< C(n)u*(Bas(y;)) < C(n)s"

where of course C(n) > 2" D(n).

Now let us finish the proof of (8.35). Thus let us pick a ball center
yj € By, (z;) and a radius s < 4r,. Note that by the first equation in (8.32)
and Theorem 2.3 we have that B,(y;) can be made arbitrarily 0-symmetric
by choosing 7' sufficiently small. If /(Bs(y)) < e,s*, then D,(yj,s) = 0
by definition, and if s < 7;/10 then D,/ (y,s) = 0, since the support of ' in
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By, j10(y;) contains at most one point and thus is precisely contained in a k-
dimensional subspace. In the case when s > 7;/10 and u(Bs(y)) > €,5*, then
by Theorem 7.1 we have that

(8.38) D, (yj,8) < C(n, Kn, A, e)s™* Ws(2) dp/(2).
Bs(y)
By applying this to all »r <t < s we can estimate
(39 s+ [ Dunadw <cs™t [ et [ W) dy)
s (@ Bs(x) Bi(y)

where we have used our estimate on p/(B(y)) from (8.37) in the last line. Let
us now consider the case when t = r5 < s < 2r,. Then we can sum to obtain

(8.40) Z *k/ y,rﬁ du )< C Z )Wrﬂ(y) d,u’(y)

ra<s 7l <rg<s Bs(

< C(n,Kn,A e

where we are using (8.32) in the last line in order to see that

o) = b5, (v)
< n'. Now let us choose ' < 1'(n, Ky, A, ) such that

(8.41) S s / () di () < 62,
rg<s

where ¢ is chosen from the discrete rectifiable-Reifenberg of Theorem 3.4. Since
the estimate (8.41) holds for all By C By, (x), we can therefore apply Theo-
rem 3.4 to conclude the estimate

(8.42) W (B, (a})) < D(n)rg
This finishes the proof of (8.32), and hence the proof of Lemma 8.1 for the sets
U, and U;. 0

8.3. Estimating Uy in Lemma 8.1. We now finish the proof of Lemma 8.1.
Let us begin by proving the Minkowski estimates on Uy. Indeed, observe for
any r > 0 that Uy C U,, and thus we have the estimate

(8.43)  Vol(B, (Uy)) < Vol(B, (U,)) < wpr™ - N < C(n, Ky, A, e)r"*

Y
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which proves the Minkowski claim. In particular, we have as a consequence
the k-dimensional Hausdorfl measure estimate

(8.44) MN(Uy) < C(n, Kn, A, ¢).

In fact, let us conclude a slightly stronger estimate, since it will be a convenient
technical tool in the remainder of the proof. If Bs(x) is any ball with z € By
and s < %, then by applying the same proof to the rescaled ball Bg(x) — B1(0),
we can obtain the Hausdorff measure estimate

(8.45) MUy N B,(z)) < Crk.

To finish the construction we need to see that Up is rectifiable. We will
in fact apply Theorem 3.3 in order to conclude this. To begin with, let p =
M| be the k-dimensional Hausdorff measure, restricted to Up. Let Bs(y)
be aoball with y € By and s < %, now we will argue in a manner similar to
Section 8.2. Thus, if u(Bs(y)) < €,5%, then Dy, (y, s) = 0, and by Theorem 2.3
and Theorem 7.1 we have that

(8.46) D,(y,s) < C(n,Kn,A,e)s™" ~ )Ws(z) du(z).
s\Y

By applying this to all ¢ < s, we have

—k —k —k
gan) s [ D dm <os [k [ W du) dut)

_ Os ki / B Wily) dity)

S

<CsF Wi(y) du(y),
Bs(z)

where we have used our estimate (8.45) in the last line. Let us now consider
the case when ¢ = rg = 2P < 5. Then we can sum to obtain

(8.48) Z *k/ w(y, ) du(y) < C Z / o du(y)

7’B<S Tﬂ<$

= Cs7" / (y) dp(y)

7”5<S
<os | o [0 = 0000 duty)

< C(n,Kn, A e)n,

where we have used two points in the last line. First, we have used our estimate
u(Bs(x)) < Os*. Second, we have used that by the definition of Up, for each
s(y) — Ho(y)’ < 7. Now let us choose

point in the support of u, we have that
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n < n(n, Ky, A, ¢) such that we have

(8.49) S 7 Dulyrs)duty) <

7’[3<8
where ¢§ is chosen from Theorem 3.3. Thus, by applying Theorem 3.3 we see
that Up is rectifiable, which finishes the proof of Lemma 8.1 in the context
of Uo. O

9. Proof of main theorems for stationary harmonic maps

In this section we prove the main theorems of the paper concerning sta-
tionary harmonic maps. With the tools of Sections 3, 7, and 8 developed, we
will at this stage mainly be applying the covering of Lemma 8.1 iteratively
to arrive at the estimates. When this is done carefully, we can combine the
covering lemma with the cone splitting in order to check that for k-a.e. x € 5’§ ,
there exists a unique k-dimensional subspace V¥ C T, M such that every tan-
gent map of f at x is k-symmetric with respect to V.

For the proofs of the theorems of this section, let us make the following
remark. For any 6 > 0, we can cover Bl( ) by a collection of balls

(9.1) ) C UB —15(pi),

where N < C(n, Kpr)6~". Thus if § = §(n, Kpr, Ky, A, €) and we can analyze
each such ball, then this gives us estimates on all of Bj(p). In particular,
by rescaling B K s(Pi) — Bi(pi), we see that we can assume in our analysis
that Kj; < § without any loss of generality. We shall do this throughout this
section .

9.1. Proof of Theorem 1.3. Let f : Ba(p) € M — N be a stationary
harmonic map satisfying (1.16) with fBQ(p) |VF|? < A. With g,r > 0 fixed, let
us choose n(n, Ky, A,e) > 0 and §(n, Ky,A,e) > 0 as in Lemma 8.1. By the
remarks around (9.1) we see that we can assume that Kj; < 6, which we will
do for the remainder of the proof.

Now let us begin by first considering an arbitrary ball Bs(z) with z €
Bi(p) and r < s < 1, potentially quite small. We will use Lemma 8.1 in order
to build a special covering of S¥, N By(x). Let us define
(9.2) Eys= sup 0s(y),

yEBs(x)NSE .
and thus if we apply Lemma 8.1 with n(n, Ky, A,¢) fixed to Bs(z), then we
can build a covering

(9.3) SF.N By(z) CU, VUL =|JBr(2]) U\ Br, (2:),
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with r; > r. Let us recall that this covering satisfies the following:
(a) r*"Vol(B, UL) + wi o1k < O(n) s*
(b) supyep, (a;) Ori(y) < Eos =1
Now that we have built our required covering on an arbitrary ball Bg(x),

let us use this iteratively to build our final covering of Sgr( f). First, let us
apply it to Bi(p) in order to construct a covering

(9.4) Sk cutuul =B (") UB. (),
such that

(9.5) Vol (B, (UF)) +wn 3 (r))" < Cln, Ky, A e),
and with

suap  O1(y) <A—n.
yGBT_l (x%)ﬂSQT ‘

Now let us tackle the following claim, which is our main iterative step in
the proof:

Claim. For each /¢, there exists a constant Cy(¢,n, Ky, Ky, A, ¢) and a
covering

(9.6) k(N CUfuUl =By («7) U By (1),
with rf > r, such that the following two properties hold:
(9.7) Vol (B, (UL)) +wi - (1) < Colt,n, K, Ase),
sip B(y) SA—Lon.
yeB ((zf)NSE, *

To prove the claim let us first observe that we have shown this holds
for £ = 1. Thus let us assume we have proved the claim for some ¢, and
determine from this how to build the covering for ¢ + 1 with some constant
Co1(0+1,n, Ky, Ky, A, €), which we will estimate explicitly .

Thus with our covering determined at stage ¢, let us apply the covering
of (9.3) to each ball {Brf (mf)} in order to obtain a covering

(9.8) Stp N Bye(ai) C Uiy UUix = By (27,) | Br, (2i9),
J J

such that

(9.9) rk="Vol (B, Uir) —I-wkz Ti5) k< C(n,Kn, A, e)( )k,

B, ) SA- (4D
YE€Br; (x”)ﬂSif”T
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Let us consider the sets

(9.10) Uttt = uf U Ui,

UHI UBnJ xm)
7]

Notice that the second property of (9.7) holds for £41 by the construction, and
hence we are left analyzing the volume estimate of the first property. Indeed,
for this we combine our inductive hypothesis (9.7) for U* and (9.9) in order to
estimate

(9.11) " "Vol (B, (UF)) —i—wkz rig)"

< 5ol (B, (UF)) + z(knw (Usr)) + Y (rig)")
<C+CH )

< C(naKMaKN7A7€) : Cf(£7n7KM7KN7A7€>
= Cr11.

Hence, we have proved that if the claim holds for some /¢, then the claim
holds for £+ 1. Since we have already shown the claim holds for £ = 1, we have
therefore proved the claim for all /.

Now we can finish the proof. Indeed, let us take £ = [n~1A] = £(n, A).
Then if we apply the claim to such an ¢, we must have by the second property
of (9.7) that

(9.12) Ut =9,
and therefore we have a covering
(9.13) SE. CUf =B ().
i
But in this case we have by (9.7) that
(9.14) Vol (B, (S,(f))) < Vol (B, (Uf)) < C(n, Kn, A, e)r" ",
which proves the theorem. O

9.2. Proof of Theorem 1.4. There are several pieces to Theorem 1.4. To
begin with, the volume estimate follows easily now that Theorem 1.3 has been
proved. That is, for each r > 0, we have that

(9.15) SE(f) C SE.(f),
and therefore we have the volume estimate

(9.16) Vol (B, (SE(f))) < Vol (B, (S,(f))) < C(n, Kar, Kn, A, e)r™ "
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In particular, this implies the much weaker Hausdorff measure estimate

which proves the first part of the theorem.

Let us now focus on the rectifiability of S¥. We consider the following
claim, which is the » = 0 version of the main claim of Theorem 1.3. We will be
applying Lemma 8.1, which requires Kj; < §. As in the proof of Theorem 1.3
we can just assume this without any loss, as we can cover Bj(p) by a controlled

number of balls of radius Kz\_41/ %5 , so that after rescaling we can analyze each
of these balls with the desired curvature assumption. Thus let us consider the
following;:

Claim. If Ky < 6, then for each ¢, there exists a covering S¥(f) C U§ U
UL = U§U B,«(xf) such that

(1) N (UF) +we 5 (1) < Callim, Ky, A, 2);
(2) U§ is k-rectifiable;
(3) SUPyeB , (z/)nSk HTf(y) <A-t-n.

The proof of the claim follows essentially the same steps as those for the
main claim of Theorem 1.3. For base step ¢ = 0, we consider the decomposition
SECU§uU?, where U = () and UY = By (p).

Now let us assume we have proved the claim for some £. Then we wish to

prove the claim for £ + 1. Thus, let us consider the set U. _{ from the previous
covering step given by

(9.18) UL =UB.(z).
Now let us apply Lemma 8.1 to each of the balls B /() in order to write

(9.19) Sf N Brf (xf) CUpUU;+ =UpU U B”i,j (:IZZ‘J‘),
J

with the following properties:

(a) N(Uio) +wie X518, < C(n, Ky, A, e, p)(rf)*;

(b) SupyEBTi’j (xiyj)ﬂséﬂ 97‘i,j (y) S A - (E + 1)”7

(c) Uiyp is k-rectifiable.

Now let us define the sets

(9.20) Ug+1 = U Ui,O U Ug, Ufrl = U BTi,j (xi,j)'
i3

Conditions (2) and (3) from the claim are clearly satisfied. We need only
check condition (1). Using (a) and the inductive hypothesis we can estimate
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that
9.21) NUFH +w Y (’I“id')k <\ + > (/\k(Ui,O) +wp Y (?”i,j)k),
i,9 i J
<t Cn Ky, A o) S (r)
<C(n,Kn,Ne) - Cp
= Cpp1-

Thus, we have proved the inductive part of the claim, and thus the claim itself.

Let us now finish the proof that S¥(f) is rectifiable. So let us take £ =
[771A] = £(n, A). Then if we apply the above claim to £, by the third property
of the claim we must have that

(9.22) Ut =9,
and therefore we have the covering
(9.23) stcuf,

where U§ is k-rectifiable with the volume estimate \*(U§) < C, which proves
that S* is itself rectifiable.

Finally, we prove that for k-a.e. z € S¥ there exists a k-dimensional
subspace V, C T, M such that every tangent map at x is k-symmetric with
respect to V.. To see this we proceed as follows. For each 1 > 0, let us consider
the finite decomposition

[n~'A]
(9.24) sk={J Wk,
a=0
where by definition we have
(9.25) W;f;?a = {a: e SF:fy(z) € {om, (o + 1)77)}.

Note then that each ng;]a is k-rectifiable, and thus there exists a full measure

subset Walf;f‘ - Wakj;]a such that for each x € ng;?“, the tangent cone of ng;f‘

exists and is a subspace V,, C T, M.

Now let us consider such an z € WF%, and let V¥ be the tangent cone of

e
Wek’;?o‘ at z. For all r < 1 sufficiently small?we of course have |0, (z)—6p(z)| < 7.
Thus, by the monotonicity and continuity of 8 we have for all r < 1 sufficiently
small and all y € Walf;]a N By(x) that [0,(y) — 6o(y)| < 2n. In particular, by
Theorem 2.1 we have for each y € WM B,(z) that B,(y) is (0, §,)-symmetric,
with 0, — 0 asn — 0. Now let us recall the cone splitting of Theorem 2.3. Since
the tangent cone at z is V¥, for all r sufficiently small we can find & + 1 points
Z0,..., Tk € Bp(x) N Welf;,a that are 10~ !r-independent (see Definition 2.2)
and for which By, (x;) are (0,6,)-symmetric. Thus, by the cone splitting of
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Theorem 2.3 we have that B,(z) is (k,§,)-symmetric with respect to V¥ for
all r sufficiently small, where 6, — 0 as n — 0. In particular, every tangent
map at x is (k, d,)-symmetric with respect to V., where 6, — 0 as n — 0.
Now let us consider the sets
(9.26) Wk, =Wk
6

So Wekm C Sf is a subset of full k-dimensional measure, and for every point
T € Walfn, we have seen that every tangent map of is (k, d,)-symmetric with
respect to some V,, C T, M, where ¢,, — 0 as 7 — 0. Finally let us define the set

(927) Sf = mWf’j_L
J

This is a countable intersection of full measure sets, and thus S¥ C S* is a
full measure subset. Further, we have for each x € 5’5 that every tangent map
must be (k, d)-symmetric with respect to some V,, for all 6 > 0. In particular,
every tangent map at x must be (k,0) = k-symmetric with respect to some V.
This finishes the proof of the theorem. O

9.3. Proof of Theorem 1.5. Let us begin by observing the equality
(9.28) S* () = U SE) = U S5s(f)-

e>0 BeEN

Indeed, if x € S¥(f), then no tangent map at = can be (k + 1,£/2)-symmetric
and, in particular, k 4+ 1-symmetric, and thus € S¥(f). This shows that
Sk(f) € S*(f). On the other hand, if 2 € S*(f), then we claim there is some
e > 0 for which x € S¥(f). Indeed, if this is not the case, then there exist
g; — 0 and r; > 0 such that B, (x) is (k + 1,¢;)-symmetric. If r; — 0, then
we can pass to a subsequence to find a tangent map that is k£ + 1-symmetric,
which is a contradiction. On the other hand, if r; > r > 0, then we see that
B, (x) is itself k 4+ 1-symmetric and, in particular, every tangent map at x is
k + 1-symmetric. In either case we obtain a contradiction, and thus x € 5’?( f)
for some € > 0. Therefore we have proved (9.28).

As a consequence, S¥(f) is a countable union of k-rectifiable sets and
therefore is itself k-rectifiable. On the other hand, Theorem 1.4 tells us that
for each 8 € N, there exists a set 5*5,5 (f) < Sg,ﬁ(f) of full measure such that

(9.29)
5”5_5 - {x . 3VECT,M s.t. every tangent map at x is k-symmetric w.r.t. V}.

Hence, let us define

(9-30) SE(H =855 (/)
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Then we still have that S¥(f) has k-full measure in S*(f), and if = € S*(f),
then for some [ we have that = € 55_5, which proves that there exists a
subspace V' C T, M such that every tangent map at x is k-symmetric with
respect to V. We have finished the proof of the theorem. O

10. Proof of main theorems for minimizing harmonic maps

In this section we prove the main theorems of the paper concerning mini-
mizing harmonic maps. That is, we finish the proofs of Theorems 1.6 and 1.8.
In fact, the proofs of these two results are almost identical, though the first re-
lies on Theorem 1.4 and the latter on Theorem 1.3. However, for completeness
sake we will include the details of both.

10.1. Proof of Theorem 1.6. We wish to understand better the size of
the singular set S(f) of a minimizing harmonic map. Let us recall that the
e-regularity of Theorem 2.8 tells us that if f is minimizing, then there ex-
ists e(n, Ky,A) > 0 with the property that if z € By(p) and 0 < r <
r(n, Ky, Kn, A) is such that B, (x) is (n — 2,¢)-symmetric, then r¢(z) > r.
In particular, x is a smooth point, and we have for e(n, Kjs, Ky, A) > 0 that
(10.1) Sing(f) N B1(p) C SE°(f).

Thus by Theorem 1.4 there exists C(n, Ky, Kn,A) > 0 such that for each
0 <r <1, we have
(10.2) Vol (B, (Sing(f)) N Bi(p)) < Vol (B, (S273())) < €.

This of course immediately implies, though of course is much stronger than,
the Hausdorff measure estimate

(10.3) X"73(Sing(f) N Bi(p)) < C,
which finishes the proof of the theorem. O

10.2. Proof of Theorem 1.8. We begin again by considering the e-regularity
of Theorem 2.8. This tells us that if f is minimizing, then there exists
e(n, Ky, A) >0 with the property that if z € By(p) and 0<r<r(n, Kpr, Ky, A)
is such that Ba,(z) is (n — 2, ¢)-symmetric, then r¢(z) > r. In particular, we
have for such ¢, r that
(10.4) {z € Bi(p) :ry(x) <r} CSE2(S).

Thus by Theorem 1.4 there exists C(n, Ky, Kn,A) > 0 such that for each
0 <r <1, we have
(10.5)  Vol(B.{z € Bi(p) : rp(z) < r}) < Vol (B, (S2%(f))) < Cr?,

which proves the second estimate of (1.23). To prove the first we observe that
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|V fl(z) <rp(z)~!, and to prove (1.24) we use the remark after Definition 1.7
to conclude that [V2f|(z) < C(n, Ky, Ky)ry(xz)~2. This concludes the proof
of the theorem. O

11. Sharpness of the results

In this section we present a few examples that motivate the sharpness of
our results.

11.1. Sharpness of LP estimates for minimizers. This example is com-
pletely standard. We wish to simply point out some of its properties. Namely,
consider the mapping f : B2(03) — S? given by the projection

(11.1) fla) =1

m .
This is a minimizing harmonic map (see [Lin87], [CG89]). It is easy to compute
that

(11.2) IV fl(x)~ r}l(x) ~ .

3

ek, Llowever

We therefore get that |V f |,r]71(x) have uniform estimates in L
neither belong to L3. In particular, this shows that the estimates of Theo-

rem 1.8 are sharp.

11.2. Rectifiable- Reifenberg example 1. Let us begin with an easy example,
which shows that the rectifiable conclusions of Theorem 3.3 is sharp. That is,
one cannot hope for better structural results under the hypothesis. Indeed,
consider any k-dimensional subspace V¥ C R™, and let S C V¥ N By(0™) be an
arbitrary measurable subset. Then clearly D(z,7) = 0 for each z and r > 0,
and thus the hypotheses of Theorem 3.3 are satisfied; however, S clearly need
not be better than rectifiable. In the next example we shall see that S need
not even come from a single rectifiable chart, as it does in this example.

11.3. Rectifiable-Reifenberg example 11. With respect to the conclusions
of Theorem 3.3 there are two natural questions regarding how sharp they are.
First, is it possible to obtain more structure from the set S than rectifiable?
In particular, in Theorem 3.2 there are topological conclusions about the set.
Is it possible to make such conclusions in the context of Theorem 3.37 In the
last example we saw this is not the case. Then a second question is to ask
whether we can at least find a single rectifiable chart which covers the whole
set S. This example, taken from [DT12, counterexample 12.4], shows that the
answer to this question is negative as well.

To build our examples let us first consider a unit circle ST C R3. Let M?
D S be a smooth Mébius strip around this circle, and let S. € M2 N B.(S*)
= M2 be an arbitrary A%-measurable subset of the Mobius strip, contained in
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a small neighborhood of the S!. In particular, Area(S.) < Ce — 0 as e — 0.
It is not hard, though potentially a little tedious, to check that assumptions of
Theorem 3.3 hold for § — 0 as € — 0.

However, we have learned two points from these example. First, since S
was an arbitrary measurable subset of a two dimensional manifold, we have
that it is 2-rectifiable; however, that is the most that may be said of S.. That
is, structurally speaking we cannot hope to say better than 2-rectifiable about
the set S.. More than that, since S. is a subset of the Mobius strip, we see
that even though S; is rectifiable, we cannot even cover S: by a single chart
from B1(0?), as there are topological obstructions; see [DT12] for more on this.

Acknowledgments. We would like to thank Professor Camillo de Lellis for
his very precise comments on this paper and its earlier versions.
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