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Proof of the main conjecture in
Vinogradov’s Mean Value Theorem
for degrees higher than three

By JEAN BOURGAIN, CIPRIAN DEMETER, and LARRY GUTH

Abstract

We prove the main conjecture in Vinogradov’s Mean Value Theorem for
degrees higher than three. This will be a consequence of a sharp decoupling
inequality for curves.

1. Introduction

For each integer s > 1 and n, N > 2, denote by J; (V) the number of
integral solutions for the following system:

Xit+ o+ X=X+ + Xy, 1<i<m,
with 1 < Xj,..., X9s < N. The number J,,(N) has the following analytic
representation:

2s

N
Ze(mlj +x9j? + -+ ™| day---dag,.
i=1

TnlN) = |

[0,1]"

Here and throughout the rest of the paper we will write
e(z) =e*™* 2z cR.

Our main result is the proof of the so-called main conjecture in Vino-
gradov’s Mean Value Theorem. Apart from the N¢ loss, this bound has been
known to be sharp. The case n = 2 follows easily from elementary estimates
for the divisor function.

THEOREM 1.1. For each s > 1 and n, N > 2, we have the upper bound

n(n+1)

Jon(N) Se N¥¥e 4 N5+,
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In spite of its name, this result was in fact a conjecture until fairly recently
for n > 3. The case n = 3 was solved by Wooley in [21], a major achievement
of his remarkable efficient congruencing method. Variants of this method also
led to significant progress for larger values of n; see [13], [19]. We refer the
reader to the survey paper [20] for a description of related results. This paper
is also an excellent reference for the known consequences of Theorem 1.1. See
also [18] for connections to the asymptotic formula in Waring’s problem.

The N°¢ loss in Theorem 1.1 can be removed for p > n(n + 1); see (7)
below.

All the progress on Vinogradov’s Mean Value Theorem has so far relied
on number theoretic methods. We will take a different approach here, one
that relies solely on harmonic analysis techniques. The consequences of our
approach will be far more general than Theorem 1.1. In particular, we will see
that integers can be replaced with arbitrary well-separated real numbers. The
relevant machinery that we now call decouplings showed its initial potential for
applications in papers such as [17], [14], [16] and [4]. Its full strength became
apparent in the recent joint work [9] of the first two authors, where sharp results
were proved for hyper-surfaces. The decoupling theory has since proved to be
a very successful tool for a wide variety of problems in number theory that
involve exponential sums. See [5], [6], [8],[7], [10] and [12]. In particular, a line
of attack on Vinogradov’s Mean Value Theorem was initiated in [7]; here we
will rely on some of the tools that were developed there.

For a positive weight v : R™ — [0,00) and for f : R” — C, we define the
weighted integral

1 £l ey = </Rn \f(x)\pv(a:)da:)l/p.

Also, for each ball B = B(cp, R) in R™ centered at cp and with radius R, we
will introduce the weight

1
(1 5

wp(x) = )100n'

The exponent 100n is chosen large enough to guarantee various integrability
requirements. But see also the discussion at the end of Section 3, where a larger
family of weights is introduced. One of the key properties of these weights that
will be used extensively is the following double inequality:

(1) 1< Y wa Swp,
AeB

valid for all balls B with radius R and all finitely overlapping covers B of B
with balls A C 2B of (fixed) smaller radius 1 < R’ < R. The implicit constants
in (1) will be independent of R, R'.
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By I' =T',, we denote the curve
(2) D ={®(t) = (t,t* ..., t"):0<t <1}

Given g : [0,1] — C and an interval J C [0, 1], we define the extension operator
E;= Egn) in R™ as follows:

Eyg(x) = /J g(t)e(tey + 2as + - + "y )dt,

with

T =(T1,...,2p).
Theorem 1.1 will follow from the following general result. The connection is
explained in Section 4.

THEOREM 1.2. Let n > 2 and 0 < 6 < 1. For each ball B C R"™ with
radius =", each € > 0 and each g : [0,1] — C, we have

1/2
150,119l Lt sy e 5_5< > !EJgHinww(wB)) '

JC[o,1]
|J|=6

The implicit constant is independent of 6, B, g.

This theorem was proved in [9] for n = 2. A sum such as 3" scp,1 will
|J]=5
always be understood when the reciprocal of § is an integer and J ranges over

the intervals [j§, (j + 1)6], 0 < j < §~! — 1. Alternatively, one may consider
the sum as running over a finitely overlapping cover.

The methods developed in this paper can also be modified to prove the
inequality in the theorem with n(n + 1) replaced with some p € [2,n(n + 1)].
We are not aware of any interpolation argument that would prove this directly.
To keep the exposition as concise as possible we will not pursue this here.

Acknowledgements. The authors thank T. Wooley for stimulating discus-
sions over the last two years, and they thank T. Tao for a careful reading of
an earlier version of the manuscript and for pointing out a few typos. They
also thank G. Liu for some numerics related to the theorem in the appendix.
The second author is grateful to his student Fangye Shi for a few suggestions
that have increased the readability of the manuscript.

2. Notation

Throughout the paper we will write A <, B to denote the fact that
A < OB for a certain implicit constant C' that depends on the parameter v.
Typically, this parameter is either € or K. The implicit constant will never
depend on the scale §, on the balls we integrate over, or on the function g. It
will however most of the time depend on the degree n and on the Lebesgue
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index p. Since these can be thought of as being fixed parameters, we will in
general not write <y, .

We will denote by Bgr an arbitrary ball of radius R. We use the following
two notations for averaged integrals:

1 1 e
F:—/F, pr—/pr> .
é |B’ B ” HLﬁ( B) (’B| ‘ ‘ B

|A| will refer to either the cardinality of A if A is finite, or to its Lebesgue
measure if A has positive measure.
For an interval J C [0,1], we will write

Ly={(t,t* ..., t"): tcJ}

3. Overview of the method

The proof of Theorem 1.2 builds on significant progress recorded over
the last ten years in an area of harmonic analysis called restriction theory.
This area that emerged in the late 1960s was initially concerned with under-
standing the LP norms of the Fourier transforms of measures supported on
hyper-surfaces. It has since grown into a field with fascinating connections to
incidence geometry and with far-reaching consequences in PDEs and number
theory.

There are three major ingredients that make our argument work. One
is the use of multilinear Kakeya-type theorems. These results are essentially
about how families of transverse rectangular boxes in R" intersect. There is
a hierarchy of such results, illustrated by Theorem 6.5. In the earlier work
[7], only the weakest result in this hierarchy was used (a variant of the k = 1
case from Theorem 6.5). One novelty in the present paper is the fact that
we manage to bring to bear the more complex results in the hierarchy. These
include the one where the boxes are thin tubes, a landmark result due to
Bennett, Carbery and Tao [3]. These theorems become available to us once
we set up a multilinear version of the decoupling inequality we need to prove.
We make use of these multilinear Kakeya-type results to derive the key new
inequality (11) in Theorem 6.6. We call this a ball inflation. This process
enlarges the size of the spatial balls, thus facilitating a subsequent decoupling
into smaller intervals.

A second major ingredient is a form of the induction on scales from [11],
which will allow us to establish that the linear decoupling is essentially equiv-
alent with its multilinear version. This observation will allow for a certain
bootstrapping argument to gradually force the decoupling constants to get
closer and closer to their conjectured values.
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The third ingredient is an iteration scheme, whose end result is the multi-
scale inequality in Theorem 8.3. This scheme builds on its earlier incarnation
from [7] but is significantly more complex. In addition to using L? decoupling
as in our previous related papers on curves, we now employ two new tools:
lower dimensional decoupling and ball inflation. These will expose new features
of the curve I';,, at appropriate scales. Each range of scales corresponds to a
particular result from the hierarchy in Theorem 6.5.

One unfortunate technicality is the fact that we will need to work with a
large family of weights. More precisely, for each E > 100n and B = B(c, R) C

R™, let
1

()"

The need to work with a whole range of exponents E is driven by our applica-

wp p(z) =

tion of lower dimensional decoupling (see Lemma 8.2) and the fact that higher
dimensions demand larger values of F, for integrability reasons. Our proof of
Theorem 1.1 will rely on induction on n. We will need to set up a superficially
stronger induction hypothesis. In fact, we will prove that Theorem 1.1 holds
true for all weights wp = wp g with £/ > 100n. For most of the paper, we
will suppress the dependence on E of various quantities, and we will implicitly
understand that the inequalities are true in R™ for arbitrary £ > 100n. It
will be important that the value of E remains unchanged on both sides of a
given inequality. The implicit constants in the inequalities will almost always
depend on FE, but this has no relevance for our argument. See also Remark 7.4.

We have put some effort into making our paper accessible to a large au-
dience, one that is not necessarily familiar with the subtleties of multilinear
harmonic analysis. But we also believe that familiarity with some of the pre-
vious papers on decouplings, especially [9], will help the reader build some
gradual understanding of our method.

4. From decouplings to exponential sums

We start with the following discrete restriction estimate, which follows
quite easily from our Theorem 1.2.

THEOREM 4.1. For each 1 < i < N, let t; be a point in (%,ﬁ] Then
for each R 2, N™, each ball Bg in R™, each a; € C and each p > 2, we have

(2] |

p P
wpg(z)dxy - - - dxn>

N
> age(witi + woti + -+ + wnt])
=1

n(n+1)

1
<. <N€ + N2 ”5) laillizq,...n,

and the implicit constant does not depend on N, R and a;.
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Proof. By invoking Holder and the trivial bound for L*°, it suffices to
prove the result for p = n(n + 1). Let B be a finitely overlapping cover of Br
with balls By». An elementary computation shows that

(3) Z wBNn SwBRa
Byn€B

with the implicit constant independent of N, R. Invoking Theorem 1.2 for each
Bpn € B, then summing up and using (3), we obtain

1/2
||E[0,1}gHLn(n+1)(’LUBR) 58 N€< Z ||EAg||in("+l)(wBR)> .

ACl0,1]
I(A)y=N—1

Apply this inequality to

1
=5z Z il —r tit7)s
2T =
and then let 7 go to 0. (]

For each 1 < ¢ < N consider some real numbers 1 —1 < X; < i. We do not
insist that X; be integers. Let Sx = {X1,...,Xn}. For each s > 1, denote by
Js;n(Sx) the number of solutions of the following system of inequalities:

(Xi 4+ XL = (X + -+ X5 )| SN, 1<i<m,

with X; € Sx.
We can now prove the following generalization of Theorem 1.1.

COROLLARY 4.2. For each integer s > 1 and each Sx as above, we have
that
By

an(SX> < Ns-i—a + N2s
where the implicit constant does not depend on Sx.
Proof. Let ¢ : R™ — [0,00) be a positive Schwartz function with positive
Fourier transform satisfying ¢(£§) > 1 for || < 1. Define ¢ (z) = ¢(5;). Using
the Schwartz decay, (3) with a; = 1 implies that for each s > 1,

1

1 N 2s 2s
@ (]BNn] [ onn(@)| Y elarti o+ at])) dxl‘--dxn)
=1
<o Nate NI

whenever t; € 51, ). Apply (4) to t; = 3. Let now

1 2
ON1(T1, T2, .., Tn) = <Wa W?"'awﬂ) .
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After making a change of variables and expanding the product, the term

N
/R one (@)Y e(mity + - + @t [Pday - - day,
8 i=1
can be written as the sum over all X; € Sx of
a(n+1)
NT3 / oni(x)e(x1Z) + -+ 2y Zy)day - - - diy,
R™

where
Zi=Xi+ o+ X — (XD + -+ X5).
Each such term is equal to
N (N 12, N"2Z,,.... Zp).
Recall that this is always positive and, in fact, greater than N n® at least
Jon(Sx) times. It now suffices to use (4). O

5. The € removal argument

For x = (z1,...,2y), let

e(x1j + g+ -+ + 2pg").

™=

F(x;N) =

.
Il

Write L = N 2. For 1 <¢<L,1<a;<q(1<j<n)with(q,a1,..,a,) =1,
define the major arc
M(q,a) = {x € [0,1)" : |zj —a;/q| < LN/ (1 <j <n)}.

Let 9 be the union of all major arcs, and write m = [0, 1)™ \ 9t for the minor
arcs. We recall the following two estimates from Section 7 in [22]:
(5) sup |F(x; N)| < N” for some 3 < 1

xem

and (Lemma 7.1)

n(n+1)

(6) / P (x; N)[Pdx < NP~ "5 for p > n(n+ 1).
m

Fix now p > n(n + 1). On the minor arcs, using (5) and Theorem 1.1 we
can write

/ |F(x; N)|Pdx < Nﬁ(p—n(n+1))/ |F(x; N) ") gx
m m

n(n+1)
2

<_ NB@—n(ntD) NS e < -

Combining this with (6), we get

n(n+1)
2 .

) | PGNP N
[0,1]"
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6. Transition to larger balls

Our goal in this section is to prove Theorem 6.6. This will be the main
tool that governs the ball inflation process that we use in the next section.

Forl1 <j<mand1l<k<n-—1,letV; be k-dimensional linear subspaces
of R" and let m; : R® — V; be the associated orthogonal projections. Each
V; will be equipped with the k-dimensional Lebesgue measure. We recall the
following theorem from [2].

THEOREM 6.1. The quantity
1
(7% lgg o mi) 1l 2
su

L
p m
ey (TT7 11951l L2 (vy)
9;#0

(R™)

3|~ =8

is finite if and only if the following transversality requirement holds:
(8) dim(V) < i Z dim(m;(V')) for every linear subspace V' C R".
km =

We will be interested in the following consequence.

PROPOSITION 6.2. Consider m families P; consisting of rectangular boxes
P in R™, which we will refer to as plates, having the following properties:

(i) k of the axes of each plate P € P; have side lengths equal to RY? and
span Vj, while the remaining n— k azes have side lengths equal to R (and
are orthogonal to V;);
(ii) we allow each P to appear multiple times within a family Pj;
(iii) all plates are subsets of a ball Byr of radius 4R.

Then, assuming (8) holds, we have the following inequality:

2n

k

Q JITEI <ct. V) [T f Bl
Byg 71 I=L By

for all functions F; of the form

F’j = Z Cplp.
PeP;

The finite quantity C(Vi, ..., Vi) will not depend on R, cp,P; but will depend
on V.

Proof. Since we allow multiple repetitions, it suffices to prove (9) under
the assumption that cp = 1 for each P. Indeed, the case of rational cp is then
immediate, while the case of arbitrary cp € C follows by density arguments.
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Let N; be the number of plates in P;. We need to prove that

(11 )" s e I
Bsr

j=1PcP; j=1
For each P € Pj, there exists vp € Vj such that
Pc{zeR": mj(z) € Qp},

where @Qp is a cube in V; centered at vp, with side length RY2, Apply Theo-

rem 6.1 to the functions
1/2
9i = ( > 1QP> :

PeP;
It suffices to note that

gjomj(x) > ( > 1P>1/2($)a z €R"

PePp;
and that )
195l z2(v;) ~ Nka/zl- 0

For 1 < k < n —1, we will consider the following k-dimensional linear
spaces in R":

Vi(t) = (®' (), ®"(t),..., 2R (1), tel0,1].
Recall that ® gives the parametric representation (2) of the curve I'.

LEMMA 6.3. Let M,, = n!. Then for each M, pairwise distinct points t;
in [0, 1], the spaces (Vk(tj))j]\i"l satisfy the nondegeneracy condition (8) with
m = M,

Proof. Let m; be the orthogonal projection associated with Vj(t;). Fix a
linear space V in R", and denote by 1 the orthogonal projection of I' onto V.
Then

T(t) = (Pl(t)7 S 7Pn<t))

for some polynomials P; of degree at most n. Write

O(t) = 71(t) +72(b),
and note that for each t, '

D@y LV, i>o0.
Inequality (8) is trivial when dim(V') = n, so we may assume that dim(V) <
n—1.
Let us start with the case dim(V) < k. We will show that
dim(m;(V)) < dim(V)

can only happen for at most (n — 1)! values of j.
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Pick j so that dim(7;(V)) < dim(V). Then there must exist v; € V
orthogonal to Vj(t;). It follows that v; is orthogonal to the vectors ’y%z) (t5),
1 <4 < k. Since VEZ) (tj) € V, we infer that

1 dim(V/
W (t5) Ao AT (1) = 0,
Assume for contradiction that this held true for at least (n —1)! + 1 points ;.
By the Fundamental Theorem of Algebra, this would force
1 dim(V
@) A AT () =0,
Using a Wronskian argument, it further follows that the whole curve 7; lives
in a linear subspace of V' with dimension dim(V') — 1. This leads to the con-
tradiction that I'" lives in an n — 1-dimensional subspace of R™. It suffices now
to note that
My,

L 2 dim(7;(V)) > dim(V)

n n!l—(n-—1)!

p—] p = dim(V).

When k£ < dim(V) <n — 1, the argument above shows that
dim(7;(V)) =k
for all but at most (n — 1)! values of j. We can write now

n Mmoo n!—(n—1)!
i 2 dmr) 2 e

n, =n—1>dim(V). O

We will need the following uniform version of Proposition 6.2.
PROPOSITION 6.4. For each K > M, we have

sup C(Vi(t1),. .., Vi(tar,)) < oo,
(t15e-stary, JESK

where
1
Sk = {(tl,...,tMn) S [O,l]M" : |ti—tj‘ > e foralll <i#j< Mn} .

Proof. Let Ty, ) be the orthogonal projection associated with Vi (t). The
proof of Proposition 6.2 shows that it suffices to prove that

(T g o ) |
szl gJ ﬂ-vk(tj) " L%(R”)

sup sup < 00.

(ttaa €Sk ;L2 (Vi) ([T50 ngllm(v,c(tj)))ﬁn

The function

M | by
I(IT5=21 195 © vty ) ¥ HLQTH(IR")

Hit.. )= suwp M 5
g €EL2 (Vi (t;)) (Hj:nl H9j||L2(Vk(tj))) Mn
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is finite on Sk due to Theorem 6.1 and Lemma 6.3. Moreover, Theorem 1.1
in [1] proves that if H(t1, ...ty ) < oo for some (t1,...,tr,) € [0,1]M7 ] then

sup H(t},...,ty ) < oo

on some neighborhood of (t1,...,ta,). It now suffices to note that Sk is
compact. O

We can now extend the result of Proposition 6.2 to get a multilinear
Kakeya-type inequality for plates. For some K > 2M,, let Iy,..., Iy, be
intervals of length + in [0,1], which in addition are assumed to be separated
by at least %

THEOREM 6.5. Consider M, families P; consisting of plates P in R"
having the following properties:

(i) For each P € Pj, there exists tp € I; such that k of the azes of P have
side lengths equal to RY/? and span Vi(tp), while the remaining n—k axes
have side lengths equal to R. (We will refer to the orientation of such a
P as being (Vi(tp), Vi(tp)™").)

(ii) All plates are subsets of a ball Byr of radius 4R.

Then we have the following inequality:

2n
My |73 % M, Srvell B
(10) f HFj Sex R° H fle
Byp ' =1 =11 By
for all functions F; of the form
F; = Z cplp.
PeP;

The implicit constant will not depend on R, cp,P;.

Proof. There is a rather short proof of the case k = n — 1 in [15] that
easily extends to the other values of k. See also [8] for a further discussion. [

Let p < % We close this section by proving the key new inequality in
this paper that shows how to pass from balls of smaller radius to balls of larger
radius. Note that (11) is not a decoupling inequality, as the intervals J; remain
unchanged from left to right. However, the ball on the right is larger, which
will allow for subsequent decouplings into smaller intervals (via both L? and
lower dimensional decouplings). The general underlying principle is that the
larger the ball, the smaller the decoupling intervals can be.

THEOREM 6.6. Fizx 1 <k <n-—1andp>2n. Let B be an arbitrary ball
in R™ with radius p~ %tV and let B be a finitely overlapping cover of B with
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balls A of radius p~*. Then for each g : [0,1] — C, we have

p/Mn
1 1/2
oy H(z IEsolly )
| |Aezs i=1 \J|CI (wa)
Jil=p
(11) .
1/2
<k p H( 5 IEually )
i=1 \ J;cI; " (wg)
\JI p

Moreover, the implicit constant is independent of g, p, B.

Proof. Since we can afford logarithmic losses in p, it suffices to prove the
inequality with the summation on both sides restricted to families of J; for

which ||Ej gl px have comparable size (up to a factor of 2) for each i.
" (wp)

Indeed, the J/ satisfying

1Epgll o <0 max || Ergll w
" (wp) JiCli L (wp)
can be easily dealt with by using the triangle inequality, since we automatically
have
C

max || E j < max || E,

o 1Bol <07 | Ball e
This leaves only log,(p~©™M) sizes to consider.

Let us now assume that we have Nj; intervals J;, with ||Ejg|| = of
L wpR

comparable size. Since p > 2n, by Holder’s inequality the left-hand side is at
most

My, 1_n p/Mn 1
(12) (HNf ) 8] 2
i=1

AeB

T (;nmn . w)}

=1

Fix B, a ball of radius p~*~!, and a cover B by balls A. For each interval
J = J; of the form [t; — p/2,t; + p/2], we cover UancgA with a family F;
of pairwise disjoint tiles 7'y with orientation (V(t;), Vi(t;)*), k short sides of
length p=* and n — k longer sides of length p~*~!. Moreover, we can assume
these tiles to be inside the ball 4B. We let T);(z) be the tile containing z, and
we let 27’7 be the dilation of T'; by a factor of 2 around its center.

Let us use g to abbreviate %k and « to abbreviate % Our goal is to
control the expression

P! (Z 1B ) ) ,

AEB 1

1
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We now define F; for x € U, ecx, T by

F = E .
7(x) yegl%?(x)ﬂ JgHLg(wB(y’p_k))

For any point = € A, we have A C 27;(z), and so we also have
119013 (wa) < Fi(2).

|B| > 11 (Z 1E590% ) > fH (Z Fq>

AeB i 4B ¢

Therefore,

Moreover, the function F is constant on each tile T; € F;. Applying
Theorem 6.5 (note that Fj satisfy a stronger property than what is needed),
we get the bound

fﬂ(;w) S < qu)

4B Ji 4B
It remains to check that for each J = J;

(13) ||FJ||L;§(4B) < ||EJ9||L§(wB)-

Once this is established, it follows that (12) is dominated by

M, 1 . \PMru, v
(14) pe(nzv; ) T zuEJgunpk )
=1 wB

i=1

Recalling the restriction we have made on J;, (14) is comparable to

1/2 p/Mn
H(ZHEJZQH ok > ,
" (wp)

=1

as desired.

To prove (13), we may assume J = [—p/2,p/2] and thus E;g will be
supported in J]j_,[—p’,p/]. Fix x = (z1,...,2,) with Tj(z) € F; and y €
2T7(z). Note that T)y(x) has sides parallel to the coordinate axes. In particular,
y = +y with [y;| < 4p7F for 1 < j < k and lyi| < 4p~ kT fork+1<j<n.
Then
(15)

q
HEJgHLq(wB(y p—k)) S ‘EJQ((IH + Uy, ..., T + Uy Th4-1 + Uk+1
q

wp(o,p-k) (w)du.

+y;€+177xn+un+yil)
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Now, using Taylor series we can write

|Erg(x1+ut, .. T 4 U, Thg1 + Ukt + Yps1s - Tn + Un + )]

= ' /E/'J\g()\)e()\ (x4 w))e(Arr1¥hi1) - - e()\ny;)d)\‘

i 100%k+1
!

<
Sp41=0 Sk+1-
1005" / Aer1 ) 75! A\
SO B ) () () @
g 2ptt 2ptt
= 100%k+1 = 100°"
= > Y M, (Bag) (@ 4 )
Skt1! Sp!
Sk+1:0 k+1 Sn:O n:
Here Mj, ., .5, is the operator with Fourier multiplier ms, .. s, (2&%), where

mskﬂ,..‘,sn()\) = (M) (M) L 212, /2) (Akr1) - Lm1/2,1/2) (An)-

We are able to insert the cutoff because of our initial restriction on the Fourier
support of Ejg.
Plugging this estimate into (15) we obtain

E
1By, )

0 1005k+1 > 1005~
<y DI M (Ba) I
S41=0 Sk+1: sn=0 u

Recalling the definition of F;y and the fact that

(wB(zyp,k))'

i WR (- (2)dr Swp(z), 2 € R",

we conclude that

>, 100%k+1 >, 100%"
(16) ”FJHL‘I(4B S Z s T Z THMSIHI AAAAA (EJg)HL‘I (wg)
Sk4+1=0 k+1: sp=0 °T°

Note that ms,,, .. s, admits a smooth extension m5k+1 ., to the whole

R", supported on RF x -1, 1]"*’“ and with derivatives of any given order
uniformly bounded over sgi1,...,S,. It follows that

‘n/,L\*Sk-‘-lw-,Sn (.’IJ)‘ rS €($k+17 cee 7xn)7

with implicit constants independent of sgy1,..., Sy, where

E(@hity s n) Sar (L4 (hig + - +a2)V/2)~M
for all M > 0. Let M} . denote the operator with multiplier

Sk+15-
N A
m5k+1:~~~75n 2pk+1 ’



PROOF OF VINOGRADOV’S MEAN VALUE THEOREM 647

We can now write

(Mo (Bg)(@)| = [MZ_, s, (Es9)(2)] S |Esg] © & (),
where ® denotes the convolution with respect to the last n— k variables x, and
£ i (7) = pn R+t
Using this, one can easily check that
Moo (Bag) %) S (Esgl? © Er,wg)
= (|Esg|%, { e ©wp) S (|Eyg|?, wh).
Combining this with (16) leads to the proof of (13)

>, 100%k+1 100°"
”FJH%E(ZLB) S Z T Z ||EJQ||Lq(wB

Sk+1=0 Sk+1° sn=0 Sn!
Y.
The argument is now complete. O

For future use, we will record here the following easy analogue of Theo-
rem 6.6 for k = n. Let B be an arbitrary ball in R” with radius R, and let B
be a finitely overlapping cover of B with balls A of radius r < g. No other
relation between p,r, R is assumed. Then for each g : [0,1] — C and p > 2, we

have
1/27P/Mn
1 dell
IS S 1Bnolyn
| ‘AGB i=1 \ JiCI;
\JI P
(17) 1/271P/Mn
My,
5 H Z HEJz-gHLp wB
i=1 JiCI;

\le

The proof relies on the inequality
S s Su
AeB

on Holder’s inequality, and on the following consequence of Minkowski’s in-
equality:

Z(;nfknip(wi)) < (;nfknip@m) ,

%

[SIiS]

valid for arbitrary fr : R® — C and arbitrary positive functions w; : R* —
[0, 00).
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7. A few basic tools

Fix a positive Schwartz function n : R™ — [0,00). For each ball B =
B(c, R) in R", define

T—c
n(x) =1 ( 7 ) :

LEMMA 7.1. Let W be the collection of all weights, that is, positive, inte-
grable functions on R™. Fiz a radius R > 0. Let Q1,Q2 : W — [0, 00] have the
following four properties:

(1) Q1(1p) S Q2(np) for all balls B C R™ of radius R;
(2) Qi(u+v) < Q1(u) + Q1(v) for each u,v € W;
(3) Q2(u+v) > Q2(u) + Q2(v) for each u,v € W;
(4) if u < v, then Q;(u) < Q;(v).
Then
Q1(wp) < Q2(wp)

for each ball B with radius R. The implicit constant is independent of R and
in fact, it only depends on the implicit constant from (1).

Proof. Let B be a finitely overlapping cover of R with balls B'= B’(cp/, R).
It suffices to note that
wp(z) S Z Ip/()wp(cpr)
B’eB
and that
> np(z)wp(cp) S wp(x). O
B'eB
We illustrate the lemma with the following reverse Hélder’s inequality.

COROLLARY 7.2. For each ¢ > p > 1, each interval J C [0, 1] with length
R~! and each ball B in R™ with radius R, we have

(18) 1E50 230m) S 1Bl 220m):
with the implicit constant independent of R, J, B and g.

Proof. To simplify notation, we will address the case R = 1. Let i be a
positive smooth function on R” satisfying 15 < np and such that the Fourier

1
transform of n? is supported in B(0,1). We can thus write

1
1E0,19lzaB) < ||E[0,1}9||Lq = |z L9l Lan)-

q

(g)
1

Since the Fourier transform of npFjy 19 is supported in the ball B(0,3), we

have
1 1

In5Ep 19l La®ny S InEEp9me@ny = 1Ep0,19/ 20 (1)
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Now apply Lemma 7.1 with Q1(u)=|E1)9/|74(,) and Q2(u)=IEp 11917,

We will also use the following version of Lemma 7.1.

LEMMA 7.3. Let W be the collection of all weights, that is, positive, inte-
grable functions on R™. Fiz R > 0. Let O1,02 : W — [0, 00| have the following
four properties:

(1) O1(1B) < Oz(wp) for all cubes B C R™ of side length R;
(2) O1(u+v) < O1(u) + O1(v) for each u,v € W;
(3) O2(u +v) > Oz(u) + Oz2(v) for each u,v € W;
(4) if u < v, then O;(u) < O;(v).
Then
O1(wp) < O2(ws)

for each cube B with side length R. The implicit constant is independent of R
and, in fact, it only depends on the implicit constant from (1).

Proof. Let B be a finitely overlapping cover of R™ with cubes B'= B’(cp/, R).
It suffices to note that

wp(z) S Y 1p(z)ws(cp)
B'eB
and that

> wp(@)wsle) S wpla). O
B'eB

We continue by recalling a few basic tools and inequalities from [7] that
will be used in our iteration scheme.

Let n > 2, p>20<6 <1 We will denote by V,(6) = V,,,(0) the
smallest constant such that the inequality

1/2
HE[O,”gHLp(wB)swa)( 3 !!EJgH%p<wB))

JClo,1]
[J]=6

holds true for each ball B C R™ with radius §~" and each ¢ : [0,1] — C.

Remark 7.4. In the remaining part of the paper we will use induction
to show that V,(,11)n(0) Se 07°. In order to make the induction work, we
will need to prove a superficially stronger statement. For each £ > 100n and
B = B(c, R), recall the weight introduced in Section 3:

1

’IUB7E(.CL‘) = @
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For each such E, there will be a decoupling constant V), (6, F) defined as
above. We will in fact show that

Vn(n+1),n(67 E) SS,E 6 °

for each £ > 100n. The need for working with this superficially stronger
induction hypothesis comes from the use of lower dimensional decoupling (see
inequality (24)). To simplify the exposition, we will simply write V,,(d) to
denote V), (6, E) for some unspecified £ > 100n.

We will rely on the following generalization of parabolic rescaling. A nice
property of the curve I' is the fact that each arc I'; can be stretched to the
whole I' via an affine transformation. Affine transformations interact nicely
with the Fourier transform, and this facilitates a natural passage from the
operator ET to Ejgq).

LEMMA 7.5. Let 0 < p < 1. For each interval I C [0,1] with length 6°
and each ball B C R™ with radius R > §~", we have

1/2

19) VE1] o) S Vo' ( S Byl wB) |
JCI
|7|=5

Proof. Let us first assume R = §~". We will apply Lemma 7.3 to

O1(v) = | Ergll7s,

0u(6) = (3 WEsslioo

JcI
|J|=6

[M4S]

Requirement (3) in Lemma 7.3 is satisfied because of the (reverse) Minkowski
inequality in [2, since p > 2. It thus suffices to prove that
P

1/2
\Exgllinm < 5IP(Z||EJ9||MB) |

Jcr
[J]=4

Let a be the left endpoint of I. To simplify notation, let ¢ = §?. We will
perform a parabolic rescaling via the affine transformation L = Ly,

t_
Lit) =t =—2
g

A simple computation shows that for each interval H, we have

B

|EHg($17 .. 'axn)| = O-|EHL9L(‘/L‘/17 o 7:5;7,)
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where Hy, = L(H), g, = go L, ' = Ty(x) and T = T} is given by

7 = o(x1 + 2az2 + 3a’x3 + -+ ),

rh = 0%(x9 + 3axs + ),

The image S of B under the affine transformation T can be covered with a
family F of finitely overlapping balls A with radius (6~!o)", such that we have
the double inequality
(20) ls(z) S Y wp(r) Swp(T'a).

B'eF
The second inequality is very easy to guarantee for a proper covering, as the
radius of B’ is smaller than that of B. After a change of variables on the
spatial side we get

_ n(n+41)
|E19llLe(y = 00 2 [|Ejg 19l e(s)

1_n(n+1) p 1/p
£ 5 (X 1Bonanltn,

B'eF
~ 1/p
n(n+1) 0 :
177
<A E(D) |2 ( 2 HEJ'QL”%T'(“’B’)>
B'cF J'clo,1]
L 17/ |=60—1
_ L] /P
ERICES I 2 ’
s V;,(; Yo D 1B,
B'eF |§‘C:6

Using Minkowski’s inequality followed by (20), this is dominated by

1
1 nnt1) 4] 2 ?
o 2p V;) (;) < Z ”EJLgLHLP(ZwB/))

JCI

|J|=6
1
PELICE 2D B 2 :
S o 2p ‘/1'9 (*) Z ||EJLgLHLP(wBOT71)
o Jcl
|J|=6

By changing back to the original variables, this is easily seen to be the same

as } s
v (2) (3 1Bssln)

JCI
=3

This finishes the proof in the case R = §~".
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Let us now see how to extend the result to the case of balls B with larger
radius R > §~". This argument will be used a few more times throughout the
remainder of the paper. First, invoking again Lemma 7.3, it suffices to prove

1/2
\Erglins < vp<5”>( 3 HEJgH%p(wB>) |

JcI
|J|=6

Let B be a family of finitely overlapping balls A with radius =" covering B.
Use (1) and Minkowski’s inequality to write

1/p
1Ergll s < ( S 1B )

AEB
1 2 2 l/p
< V(6 -p>( S 1Es0 ) )
AeB Icl
|J|=5
1/2
S X 1Bl v
JCI
|7]=5
1/2
sw”)( 3 |rEJgu%p(wB>) | 0
|§\C=I5

Let us now introduce a multilinear version of V(). Recall the relevance
of M,, = n! from Section 6. Given also K > 2M,,, we will denote by V,(d, K) =
Vp.n(6, K) the smallest constant such that the 1nequahty

H HEIg <V, K Aﬁ(ZHEmHLwB);{

p i=1 JCI;
L (wB) |J|=6

1 /M,

holds true for each ball B C R™ with radius 6~", each g : [0,1] — C and all
intervals I, ..., Ing, of the form [, 2] in [0, 1], which in addition are assumed
to be nonadjacent. Let Fx be the family of all these M, -tuples of intervals.
Following Remark 7.4, we will consider a family of constants V), , (6, K, E)
for each E > 100n. To simplify the exposition, we will always write V), (6, K)
to denote V,, (9, K, E) for some unspecified E.
It is immediate that V,(d,K) < Vp(6). The reverse inequality is also

essentially true, apart from negligible losses.

THEOREM 7.6. For each K, there exists ep(K) with limg o ep(K) = 0
and Ckp so that
(21) V,(0) < C 0?5 sup V, (¢, K)
6<'<1
for each 0 < § < 1.
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It is worth mentioning that the value of M,,, as long as it only depends
on n, is irrelevant for the validity of (21).

Proof. The proof is very similar to that of Theorem 8.1 in [8], so we will
only say a few words about it. The values of C' in the argument below will
only depend on n and p and will be allowed to change from one line to the
next. We start by observing the following elementary inequality:

1/Mn
E <C E + K¢ E
|Ejp119(x)| < e |Eyg(x)| o max ] H r.9(x
Integration on an arbitrary ball B C R™ with radius 6" leads to
1/2
1 E10,119l| Lp (wp) < C( > ||EJ19||2Lp(wB)>
|| =K1
+ K¢ max H\ 1,9(x |1/M"
(I IMn ceFk i—1 LP(wB)
1/2 M, S
< C'( > HEJlgH%P(’wB)> + KV, (6, K)H( > HEJg’%P(wB)>
[J1|=K~1 i=1 \{nc—lfs

1

1/2 1
gc( 3 HEJlgH%p(wB)) +K0vp<6,K>( 3 HEJg|%p(wB))-

|1 |=K ! Jcpo]
|J|=6

Using parabolic rescaling, for each J; as above, we can also write

1/2
\\EJlgmwB)sc( 3 ||EJ29||%p(wB))
JQC]I:‘JQ'ZK_2

N

KOV, (6K, K) ( S 1259020 )

JCJ,
[J|=5

Combining the last two inequalities we can write

1/2
HE[O,l}gHLP(wB)SCQ( > HEth%p(wB))
|Jo|=K—2

ol

 [CKOV, (6K, K) + KV (5, K)]( 3 HEJg\%p(wB>)
Jclo,1]
171=5
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We will repeat this process [ times, where K~! ~ §, and will get to the following
inequality:

1/2
\E[0,1]9||Lp(w3)§01< 3 HEJZgH%p(W)
|J1|=K—

[NIES

HICT K sup Vp<6',K>( > IIEw”%pr))
d<d'<1 JC[0,1]
|J|=6

1
3
SICKE sup V6 K) (X 1Baolacan)
6<d'<1 JC[0,1]
|J]|=6
The reader can now easily verify the conclusion of the theorem, since C is
independent of K. ([

8. The iteration scheme

The goal of this section is to prove the multi-scale inequality in Theo-
rem 8.3. There will be three different principles that we will apply repeatedly.

L? decoupling: This exploits L? orthogonality and will allow us to decou-
ple to the smallest possible scale, equal to the inverse of the radius of the ball.
This principle is illustrated by the following simple result.

LEMMA 8.1. Let J; be arbitrary collections of pairwise disjoint intervals
J with length equal to an integer multiple of R—'. Then for each integer M > 1
and each Br C R™, we have

1

M

M 1/2 M M 1/2
2 2
H ( Z ”EJ9||L§(wBR)) S H < Z ||EA9||L§(wBR)>
NS

=1 \NJeT; =1 R—1,Acy
for some JE€J;

Proof. The proof will not exploit any transversality, so the value of M will
not matter. It suffices to prove that

(22) 1Bs0Bswpy S S 1EaGa, -
"~ JA|=R-!, AcCJ

Fix a positive Schwartz function 1 such that the Fourier transform of /7 is
supported in a small neighborhood of the origin, and whose values are nonzero
on the unit ball B(0,1). For a ball B = B(c, R), define

ne(x) =n (a:]; C) :




PROOF OF VINOGRADOV’S MEAN VALUE THEOREM 655

By invoking Lemma 7.1 we see that inequality (22) will follow once we check
that

(23) 1Esglizmn S > Eadllizg,,
|Al=R-1, ACJ

holds true for each ball B’ with radius R.

Note that the Fourier transform of /g Eag will be supported inside some
R~ 1-neighborhood of the arc I'a, and that these neighborhoods are pairwise
disjoint for two nonadjacent arcs. Since

VB9 220y S 1 Eaglar, ) = N5 Ergldageny:
(23) will now immediately follow from the L? orthogonality of the functions

VB EAg. O

Lower dimensional decoupling: Various arcs on the curve I';; in R™ will
look lower dimensional at the appropriate scale. As a result, they will be
decoupled into smaller arcs using Theorem 1.2 in lower dimensions. This is
illustrated by the following result. To avoid confusion, we will use the notation
E(™) for the extension operator relative to I', in R™.

LEMMA 8.2. Let I C [0, 1] be an interval with length at least Rfﬁ, where
3 <k <n. Then for each ball B C R™ with radius R and each p > 2, we have

1/2
n 1 n
1EF 91l gy S Vik1 (R “)( > ||E5)9||%§(WB)> :
|J|=R™ &1, JcI

As before, wp = wp,E, Wpe) = wge) g (see (24)) and Vp,k_l(R_ﬁ) =
‘/p’k_l(Rfﬁ,E) for the same unspecified E > 100n. See Remark 7.4.

Proof. To simplify numerology, let us assume k = n = 3 and that B C
[0,2R]3. The proof in the general case follows via trivial modifications.

We note that for each interval H,

ER g(e1, 22, 23) = B guy (1, 72),
where
9oa(t) = g(t)e(t’zs).

It follows that

(3) 2) v
p
1B gy < ( S 1P gx3||Lp([072R]z)dm3)
1/p

@ o v/
(X 1EPelb,.) )

<Via(RH [ [
\J\:R’ﬁ, JcI

[0,2R)
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where B is the projection of B onto the z1z9 plane. Since

(24) Lo2r)(z3)wpe (21, 22) S wi(21, 22, 23),
we can combine this with Minkowski’s inequality to get

1/p

2
/ S 1 Pul,)
0.2R] J Jrsllirtuym) ’

__1_
|J|=R™ %=1, JjcI

(3) 1/2
s( S gr\%p(w3>).

_1
|J|=R™ %=1, JcI

The argument is now complete. U

We will typically apply this result with |I| ~ R~'/¥. We note that in
this case the arc I'; is k — 1-dimensional at spatial scale R. That is, the R~!
neighborhood of T'; is inside the O(R~!) neighborhood of a k — 1-dimensional
plane. This shows that when decoupling such an arc on Bpg, the best we can
do is apply k& — 1-dimensional theory.

Ball inflation: We will iterate our multi-scale inequality by repeatedly
passing to balls of larger radius, a process we call ball inflation. This is en-
coded by Theorem 6.6 and by inequality (17) that will work as a substitute for
Theorem 6.6, when k = n. The motivation for the ball inflation is that once we
integrate on larger balls, we are able to decouple into intervals of finer scales,
by combining the previously mentioned L? and lower dimensional decouplings.

The proof of the ball inflation inequality (11) relies on the hierarchy of
multilinear Kakeya-type inequalities described in Theorem 6.5. This is the
place in our argument where the merit of the multilinear perspective is revealed.

For the remainder of the section, we fix an integer K > 2M,, and the in-

tervals Iy, ..., Iy, of the form [%, %], with ¢ in a collection of nonconsecutive
integers among 0,1, ..., K — 1. Note that there are finitely many such choices

of intervals, so the implicit constants below (such as the one in (25)) can be
taken to be uniform over the intervals we are using.

Given a function g : [0,1] — C, a ball B" with radius =" in R", ¢ > 1
and ¢ < s < r, write

_1
Mn

M, 1/2
Dt(Qa Br) = Dt(QaBrag) = H ( Z ||EJi,qg||%§(wBr)>
7

=1 z,qCIi
;=59
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Also, given a finitely overlapping cover Bs(B") of B" with balls B*, we let
1

1 P
AP(Qa Br’ S) = AP(%BTvSag) = (’BS(BT)’ Z D2(Q7 Bs)p) .
BseBs(BT)

The letter A will remind us that we have an average. Note that when r = s,
Ay(q,B",1) = Ds(q,B").

All these quantities will depend implicitly on the exponent F associated with
the weight wp.

The function g will be fixed throughout the section, so we can drop the
dependence on g. All implicit constants will be independent of g, §. We
will spend the rest of this section proving the following key result. The main
philosophy behind our proof is to gradually increase the size of the balls and
then to decrease the size of the intervals.

THEOREM 8.3. Fizn > 3, and let p < n(n + 1) be sufficiently close to
n(n + 1). Assume Theorem 1.2 holds for all smaller values of n, including
n = 2. Then for each W > 0, there exist finitely many positive weights br,yr
satisfying

> <1, > by > W,
I I

so that for each sufficiently small u > 0 (how small will only depend on W),
the following inequality holds for each 0 < § < 1 and for each ball B"™ in R™ of
radius § ™

Ap(u, B",u) Segkow (5—5{/%”(5)1—21 'YIDp(l’Bn)l—ZI’YI

~

(25) X HAp(ubI,Bn,ubI)'”.

I
In the next subsection we prove this theorem for n = 3. Then we reinforce
the ideas behind the proof in the case n = 4, before explaining the case of
arbitrary dimension.

8.1. The case n = 3. In this subsection we will operate under the knowl-
edge that Theorem 1.2 holds true for n = 2, as proved in [9]. In fact, as
explained in Remark 7.4 we will assume the superficially stronger inequality

(26) V62(0,FE) Sep 6 °

for each £ > 100 - 3. Alternatively, one may reprove this fact by a rather
straightforward adaptation of the arguments in this paper. The proof is fairly
short, and it involves only one type of ball inflation. The details are left to the
interested reader.

We fix an integer K > 2M3 and the intervals Iy,..., Iy of the form
(i, it

%> 3¢ ], with 7 in a collection of nonconsecutive integers among 0, 1,..., K —1.
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Note that there are finitely many such choices of intervals, so the implicit
constants in the inequalities in this section will not depend on the intervals we
are using.

From now on, we will denote by B" an arbitrary ball of radius 6" in R3.

PROPOSITION 8.4. For p > 6, let a1 = a1(p) satisfy

1 aq 1*0[1

7T 2
3 3 2

Fiz a ball B® C R? with radius 62, and let B1(B?) be a finitely overlapping
cover of B? with balls B. The following inequality holds:

(27)

3=

D
M3

) M 1/2
BB > H( > ||EJ219||L2(wBl)> Sex 0 °

BleBi(B?2) |i=1 \ Ji1Cly
[75,11=6

1—oq

e
M; 1/2
(2 1Py,
=1 Ji72CI,
|7;,21=62
_ aa
Ms

M3 1/2
Y 1Esal 2 )
H ( Z 1 LuSP(wBQ)

Ji1Cl;
[73,11=0

Proof. Since p > 6, we have that
E; < ||E;. .
H Jz,lgHLg(wBl) = H JZ,lgHLﬁg(wBl)

Using this and Theorem 6.6 with k = 1, the term (27) is now controlled by

1

M3
se,Ka-a(H > Il ))
2

=1 lecl
[J3,11=6

Using Holder’s inequality we can dominate this by

3l

|| > Esalizw,, || > HEJUQH y
(wp2) )
wp2

=1 J;1CI; =1 J;,1CI;
13,11=8 17,11=8
It suffices now to apply L? decoupling via Lemma 8.1 to the first term from
2
above. Note that we have “interpolated” between L? and L. We use L2

because on this space we have a very efficient decoupling tool. Also, we use 2??
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because this is the space corresponding to k£ = 2 in Theorem 6.6. In doing so,

we prepare the ground for the second type of ball inflation. O
The sequence of inequalities from Proposition 8.4 can be summarized as
follows:
Ap(1, B2 1) Sec 67Dy (1, B?) Sec 6
(28) x A,(2,B%2)1 ™™
(29) X D%p(l,B2)a1.

We have so far performed one ball inflation, replacing B! with B?. A few
preliminary remarks are in order. Note that the terms of type A,(u,B,v)
have u = v. This symmetry will always be preserved throughout the iteration
and will facilitate the transition from Proposition 8.7 to Theorem 8.8. The
reason we build our iteration scheme around the pivotal terms A, (v, B, v) may
seem rather subtle at this point, but we hope it will become more transparent
throughout the argument. It suffices to say that we could have alternatively
worked with other pivotal terms (see for comparison our argument in [7]),
however the use of A, (v, B,v) will make the L? decoupling rather streamlined.
We will illustrate (28) and (29) using the following tree:

Ap(1,B11)
D§(1,BZ)
1—aq XI‘\
AP(27B272) DQJ(LBQ)
3
Figure 1.

In the next stage we process the term (29). We proceed with a second
ball inflation, shifting from balls B? to balls B3 and invoking the multilinear
Kakeya-type inequality (10) with & = 2. We continue with a lower dimensional
decoupling followed by L? decoupling. The term (28) will not undergo any
serious modification; it will simply become A,(2, B3,2)1721. For p > 9, let
ag, B2 € [0, 1] satisfy

1 1-a a2 I 1—-pB2  po
2= T, 57 2 Tw
3 P 3

PROPOSITION 8.5. Fir a ball B> C R3 with radius §~3. Let Bo(B?) be a
finitely overlapping cover of B3 with balls B?. For each B2, let B1(B?) be a
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finitely overlapping cover of B? with balls B'. Define
81(33) = {Bl : By € 31(32), B? S BQ(BS)}
Then

p 1
Mg p

1 M3 1/2
2
s X (X e,

BleBi(B3) |i=1 i,1C1;
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Proof. There are four different stages in the argument. In the first one we
average inequalities (28)—(29) raised to the power p over all balls B2 € By(B3?).
Then use Hélder’s inequality and Theorem 6.6 with £ = 2 to get

A,(1, B3 1)P <. g 675 A,(2, B3, 2)P—o)
1 “
e Y Day(1,B%)P

3 =L
‘BQ(B )‘ 32682(33) 3

Sek 8 °Ap(2, B, 2P0 Dy, (1, B

3

X

We thus can write

(30) Ay(1, B3 1) Scie 6 °A,(2,B%,2) 71 Dy (1, B3) ™.

3
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The second step is simply Hélder’s inequality
(31) D(1, B?) < Dg(1, B*)'™*2D,(1, B®)*2.

To justify the use of L we move to the third stage of the argument. The key
observation is that the §3-neighborhood of each arc I'; on the curve (¢,t2, %)
with |J| = ¢ is essentially planar. By applying lower dimensional decoupling,
Lemma 8.2 with n = k = 3 and p = 6, we can write (recalling (26))

3
(32) Dg(1,B%) <. 67 Dg (5, 33) :
In the fourth stage of the argument we use Holder
3 3 1-pB2 3 B2
(33) Dg (7,33) < Dy (7,33) D2, (7,33)
2 2 3 \2
and L? decoupling

(34) Dy (3.8°) < Dol3, BY)
It suffices now to combine (30)—(34). O

We can summarize the new inequality as follows:

A,(1,B31) <o 67°

(35) x Ay(2, B% 2)1-

(36) x Ap(3, B3, 3)(1-a2)(1-F2)
(37) X D%p(g, B3)ar(i—az)B:
(38) x Dp(1, B¥)™1e2,

Let us briefly compare this with its previous incarnation, (28)-(29). Note
that the term (28) has become (35) without undergoing any processing. Most
importantly, the term (29) has reincarnated into the three terms (36)—(38), via
the use of ball inflation, L? decoupling and lower dimensional decoupling. We
will illustrate this new inequality using the following tree:

Ay(1,B',1)
Dg(l,BQ)
1—an X
AP(27B272) D@(:L?Bg)
3

Figure 2.
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The four leaves in the tree correspond to the terms (35)—(38), and the
weights are multiplied along the edges to create the exponents in (35)—(38).

This completes the basic step of our iteration scheme. So far we have
performed two ball inflations. The original one was by a (logarithmic) factor
of 2, from B! to B2. We will not perform such an inflation again. The second
one was by a factor of %, from B? to B3. This type of inflation will appear in
each step of the iteration.

Let us explain how to iterate one more time. Again we increase the size
of the ball, by replacing B® with B23. We sum (35)—(38) raised to the power
p over a finitely overlapping cover Bs(B %) of B? with balls B3 and proceed
exactly as in the proof of Proposition 8.5 to get

Ap(1,B2,1)P <. ¢

(39) x Ay(2, B2, 2)p(l=e1)
(40) X Ap(37 3%73)10041(17042)(1762)
i ai(l-a2)B2
1 3 P
' [, £, e G
(> B5(B%)| 2 .7 \2
L B3eB3(B2)
i a9
1
42 X | ———g— D,(1, B3
" Gl 2, P
L B3eB3(B2)

By using (17) for the term (42) and Theorem 6.6 with k£ = 2 for (41), we can
further dominate the above by

(43) Ay(2, B3 2)p(1=)
(44) x Ap(3, B3, 3)poa(i-=az)(1-52)
(45) X D@(%,B%)pal(l—aa)ﬁz
3
(46) X Dp(l’Bg)pal(XQ.

The only term that needs further processing is (45), and this is done following
the argument in stages 2—4 of the proof of Proposition 8.5. More exactly, we

can write
3 e _
DZ,—p <§7B2> SE 6
’ 9 4 9\ (1-a2)(1-5)
(47) x Ap (5’3275)
9\ (1—a2)f2
(48) xD@(,BQ
3
az
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Putting together (39)—(49) we arrive at the following new version of our main
inequality:
AP(L B%, 1) gE,K 6 ¢
x Ay(2, B2,2)l"
« Ap(g’B%73)a1(1*a2)(1*52)

(1—az)(1-PF2)a1(1—az)p2
x Ap (g, B%, 9)
2 2
(1—a2)B2a1 (1—a2)p2
X Dap <9,B%)
3 \4

x Dy(1, B2)o12
3 o\ 2a1(l—a2)B2
x D, (5, B§> .

This completes the second iteration. The tree associated with this inequal-
ity is as follows. The six terms on the right-hand side of the inequality from
above correspond to the six leaves of the tree. There are additional features of
this tree that will be discussed in the end of this subsection.

Figure 3.
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We can iterate this further, by increasing each time the exponent of the
radius of the ball with a factor of % and processing the term D32, using ball
3

inflation, lower dimensional decoupling and L? decoupling. After r iterations
we get the following inequality:

Ap(1,B,1) Scrr 6 SAH(2,B,2) ™

r 3\ 3\i a1 (1—a2)(1—B2)[(1—az)B2]"
<114 (2<2) 5.2(3) )
=1

3\T" ai[(1-a2)Ba]"
o (2 )
3 2

r—1 3\i araz([(1—az)Bs]!
<110 ((2) ’B)
=0

3

for each ball B C R3 with radius 5_2(5)r and p > 9.
Next, invoke Holder to argue that

b ((2) 5) <0, ((2) ).

and use this inequality to write

Ay(1,B,1) Screr 6 °AH(2,B,2)

r 3\ ¢ 3\ ¢ a1(l-az)(1-B2)[(1~az2)B2]" !
XHAP<2(2> 7372(2)>

i=1

r—1 i araz([(1-az)Bs]’ r a1[(1—a2)B2]"
() ()

=0

Note that by raising this to the power p and summing over finitely over-
lapping families of balls, the above inequality holds in fact for all balls B of
radius at least 6~2(2)". By renaming the variable §, we can rewrite the new
inequality as follows.

PROPOSITION 8.6. Let p > 9. Let u > 0 be such that

(s
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Then for each ball B3 of radius 63, we have

3\" ai[(1-az)B2]"
Ap(ua B3,U) 5€,K,T 5_5Dp ((5) u, BP))
r—1 3 i
D (7) B3
<11 p< o

r 3\ ¢ 3\ ¢ a1 (1—a2)(1-B2)[(1—az)B2] !
X HAP (2 (5) U,B3,2(§> ’LL) .
i=1

To simplify notation, we will write

araz[(l-az)Bs]’
) A, (2u, B3 2u)!—

Yo = 1_a17
Yi=o1(l —a2) (1= B)[(1 —ag)B) ', 1<i<,

bi:2(;) ,0< i<,

We will also use the trivial fact that

(50) D, <(;’>u33> < Vp(8)Dy(1,B3), 0 <i <.

Note that this inequality involves no rescaling. Some elementary computations
show that the inequality in Proposition 8.6 can now be rewritten as follows.

PROPOSITION 8.7. Let p > 9. Let u > 0 be such that

3 '
(5) vs L.

Then for each ball B? of radius 63, we have
Ap(u, B, u) Serer 05Vp(6)1 207 Dy (1, B3)1 20

'
x [ Ap(bju, B, bju)i.
§=0
Note that 1—37%_,~; > 0, since all terms of type D), from Proposition 8.6
have a positive exponent.
The next step is to iterate Proposition 8.7. We start by noting that if the
following stronger condition
3 2r
(3 us
2) "=

holds, then v/ = b;u satisfies the condition

(3) v
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for each 0 <4 < r. Thus by applying Proposition 8.7 with u’ replacing u we
can also write

Ap(biu, B2, biu) Se i, 67V(8)' 2079 Dy (1, B 207

,
x [ Ap(bjbiu, B?, bjbiu).
§=0
Combining these estimates with the inequality in Proposition 8.7, we get

Ap(u7 _B37 u) Svaﬂ' 5—5%(5)1_(28 ,7],)2Dp(1’ B3)1—(Zg ’Yj)Q
X H H Ap(bjbiu, B37 bjb@'U)W%,
j=01i=0

By iterating this process M times we arrive at the following result.

THEOREM 8.8. Let p > 9. Given the integers r, M > 1, let u > 0 be such

that
I\ M
2(2)] e
2
Then for each ball B3 of radius 63 and p > 9, we have
Ap(u, B2 ) Se s 07V (8)' 0 Dy (1, B~ 000 7)™
r r M M |
<1 11 Ap<qujl,B3,qujl> :
J1=0  jm=0 =1 =1
An easy computation shows that
" 12 —
lim bj”yj = ) (1 + P > .

T—)oojzo p—3 p2 —12p+ 18

It is easy to see that
o

(51) > by >1
j=0

for p sufficiently close to, but less than, the critical exponent 12. This obser-
vation concludes the proof of Theorem 8.3 for n = 3, by taking by = Hf\il bj, ,
v = Hf\il 75, and M large enough.

While (51) is easily seen to be true via direct computations in the case
n = 3, a more abstract argument will be needed to address the similar question
in higher dimensions. In preparation for that, we close the subsection with a
different perspective on the quantity > 5200575 Combining this perspective
with the result in the appendix will immediately verify (51) for all n > 3.

To present this new perspective, let us take another look at the tree from
Figure 3. We should in fact envision this as being part of an infinite tree T, cor-
responding to an infinite number of iterations. Note the weights w1, wa, 71,72 on
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the tree T. The tree in Figure 3 focuses attention only on the information that
was relevant for our derivation of Proposition 8.7. First, the leaves 4,(2(3)7)
on the left side of T are abbreviations of the terms A4,(2(3)7, B,2(3)7). This
way we encode the fact that such a term contributes with weight b; = 2(3)
to the sum (51).

Second, the leaves D), on the right side of T do not undergo any processing
throughout the iteration, other than being associated with increasingly larger
balls. The way they are estimated at the end of the argument is simply using
the definition of V,, with no rescaling. (The gain via rescaling is actually
negligible, and only complicates the argument.) See (50).

Third, note the way we specify the entries of the terms D 2. The size of the

ball 2 (%)] specifies the precise scale at which that particular term is being pro-

cessed with Theorem 6.6. Note that each time such a term Dz?p ()71, BZ(%)j)
is processed this way, it gets replaced with three other terms:
e the similar term Dgl((%)j, B2(%)j+1) — note the increment j — j + 1;
o A,(2(3)7), via L? découpling;
e a term of type D,.
The quantity w; = wi(p) attached to the root of T is

00
w1 ‘= Z bj'yj.
Jj=0

The root collects contributions to the sum (51) from both of its bifurcations.
Of course, only the terms Ap(Q(%)j ), 7 > 0, will produce contributions. For
example, the contribution from the first left leaf is 2(1 —«1 ), which corresponds
to the term byyp in (51). We write 11 = 2 to denote the contribution coming
from A,(2).

Similarly, we denote by wy the contribution coming from the part of T
that is rooted at D e (1, BQ'%). We can write our first equation as follows:

(52) w1 = (1 — 041)771 + aws.

Similarly, let 7o be the contribution coming from the part of T that is rooted
3

at Dg(%, B%2). Noting that the D, term on the right of T produces no con-

tribution, we can write the second equation as follows:

(53) Wy = (1 — 052)772 + aows,

with the understanding that w3 = 0.

Let us now write an equation for 7. Note that 72 collects contributions
from the left and the right branches. The contribution from the left comes
with weight 1 — 82 and it equals %771, due to the self similarity of T and the
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ball inflation. The one from the right is Bg%wg, due to the same reasons. Thus,
the third and final equation is

3 3
(54) 2 = (1= P2)gm + Bagwe.
We summarize equations (52)—(54) into the following system, when n = 3:

(55) wj = (1 —aj)n + ajwjs s 1<ji<n—-1, w, =0,
nj= (=85 1+ 85w, + 2<j<n—1,m=2

This system will also describe the higher dimensional case n > 4, as will
become clear in the following subsections. And again, it can be easily solved
by hand for small values on n. In particular, when n = 3, one gets

9 ( 12—p )
= — 1 _—
)= I+ 1, 18/

as observed before. For higher values of n, the analysis will be done in the
appendix.

8.2. The case n = 4. It will help the reader if we briefly describe the
iteration scheme for n = 4 before we move on to the general case. The new
feature is that, in addition to the initial ball inflation by a factor of 2, there
will be two ball inflations that we will perform repeatedly: by a factor of % and
by a factor of %. We will follow the notation and philosophy from Section 8.1,
with the obvious necessary modifications. For example, we replace M3 = 3!
with My = 4! in the definitions of the terms of type A, and D,,.

The relevant Lebesgue indices in the case n = 4 are g, %Tp, i—p, %p = p (these
appear in Theorem 6.6) and also 2 = 2-1, 6 = 3-2, 12 = 4-3 (critical indices for
lower dimensional decoupling). The relevant weights are a1, ag, ag and B, 83,

specified by the equalities

I 1-a o
2 2 28"
1 _l-a
e 6 3L’
1 1*0&3 a3
TR
e p
I 1-0 B
6 2 +%Tp’
1 1-083  fs
12 6 +?;TP'

Throughout this subsection we will implicitly assume that p is sufficiently
close to the critical index 20 = 5 - 4, so that all weights are in [0, 1].
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Most importantly, we will operate under the assumption that Theorem 1.2
holds true for n = 3, n = 2. In fact, as explained in Remark 7.4, we will assume
and use that

(56) Ve,2(0, E) Sep 67°F
and
(57) Vi23(0, E) Sep 6 °

for £ > 100 - 4. We will suppress the dependence on F.
Figure 4 is of the same type as Figure 3, except that it only presents one
iteration, containing one of each of the three types of ball inflation:

B!~ B%? '+ B3 — B

Ap(1)
\
Ds(1, B2)
@ \
11—« o1
Ay(2) Dy(1,B%)
@ @X
1—as D%P(LBLL)
@) \_ a3
11—«
D15(3.B%) >
DG(%vB?)) 1_6 @ ,3 P
3
1-8," \
4
4.3 . D¢ (2, B*) D%(%,B‘L%)
D§(§’B 2) B2
1-p
Dy (2, B33
Ap(4) 52 )
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The way to continue this tree is to bifurcate each of the terms of type Dg and
D3, , according to the rules specified in Figure 4. As we will make clear below,
P

the next term that will be processed will be the leaf Dy (%, B3'%). That will

happen when we increment from B* to B33,
We start with the following analog of Proposition 8.4.

PROPOSITION 8.9. For each ball B> C R* with radius 62, we have
(58) Ap(1,B%1) Sex 6 °D2(1, B?) Sex 6 °Ay(2, B, 2)1*°‘1D%(1, B,
We next perform the first ball inflation, in order to process the term
D2y (1, B?), by averaging (58) over a finitely overlapping cover Ba(B?) of B3
Wigh balls B2.
PROPOSITION 8.10. For each ball B> C R* with radius §2, we have
Ap(1,B%1) Se ke 67°

(59) x A,(2, B3, 2)l~™
(60) x Ay(3, B3, 3)x1-a2)1=5)
(61) x D@(;B?’)al(l—%)@
4
(62) X D3y (1, B3)®102,
4

Proof. The argument closely follows the one in the proof of Proposi-
tion 8.5. We first use Theorem 6.6 with k = 2 to replace D2y (1, B?) with
4

D%Tp(l,B:;). Then we interpolate (Holder) %Tp between 6 and %Tp. Finally, we

use (56) and lower dimensional decoupling for the L’ term, and L? decoupling
to arrive at the A, term. O

There is only one thing left to do to finish the first iteration; that is, to
process the term (62). To do so, we increase from B? to B*. Let B3(B*) be a
finitely overlapping cover of B* with balls B3.

PROPOSITION 8.11. For each ball B* C R* with radius %, we have
Ay(1,B*1) Se 67°

(63) x Ap(2, B, 2)l-
(64) x Ay (3, B, 3)01(1—a2)(1=62)
(65) x Ap(4, B, 4)0102(1-as)(1=F3)(1-52)
1 3 p] per (o
(66) X | —— Dl (7’33)
B it 2
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(67) X D2p (2’ B4)a1a2(17a3)(17/83)g2
a4

(68) X D@(g, Bhycaz(l—as)fs
4

(69) X Dp(l,B4)alo‘20‘3'

Proof. Average the inequality from Proposition 8.10 raised to the power
p over all the balls in B3(B*). Use Theorem 6.6 with k = 3, then use Holder
to interpolate %Tp between 12 and p, lower dimensional decoupling in R3 for
the Djs term (use (57)), Holder again to interpolate 12 between 6 and %Tp,
lower dimensional decoupling in R? for the Dg term (use (56)) and finally, L?
decoupling for the A, term. O

This ends the first iteration. The seven terms (63)—(69) correspond to the
seven leaves of the tree in Figure 4.

Note that (61) does not fully get processed in this first iteration and
becomes (66). However, this term will be processed on balls B3, at the next
ball inflation, where the increment is from B* to B33, The argument goes as
follows. Let B4(B3'%) be a finitely overlapping cover of B2 with balls B*.
Let B3(B*) be a finitely overlapping cover of B* with balls B3. Then

(70)
1\ P\ /P
1 1 3 3\’ P
ey 2 i Y. Dz (*,B>
‘84(33 2)‘ B4€B4(B3'%) ‘33(B )‘ B3EB3(B4) 4 2
1
1 3 v
= |— D> (7,33> ,
|B| B;g T\2
where
B= |J {B*: B®eBs(B*)}

BeBy(B*3)
is a finitely overlapping cover of B33 with balls B3, Using Theorem 6.6 with
n =4 and k = 2, the term (70) is dominated by
3
Sex 0 D2y (*733%> :

’ T \2
Imagine now an infinite version T of the tree in Figure 4. The only leaves
that we would see are the A, terms on the left and the D), terms on the right.
The terms D, get processed in each stage of the iteration via (17). Also, all
the terms of type D2, or Dzp get eventually processed. If we count all the

4 4

balls that take part in the inflation, we will find all radii of the form §~3(3) ()
with 4,7 > 0, in addition to the initial radii 6~! and §—2. The inflations occur
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in increasing order of these radii. We have explained the following sequence of
inflations:

3 4
1—=2—=2--—=3--=3:
2 3

l\)\w

A term of type D2, gets processed on a ball B33) (g)j, if its path back to the
4

root of T encounters exactly 4 terms of type sz and exactly j terms of type

. A term of type Dsp gets processed on a ball B33) (ﬁ)v, if its path back
to the root of T encounters exactly i 4+ 1 terms of type D2p and exactly j — 1
terms of type D3p.
Each time a4 term of type D32, is processed, it gets replaced with three
terms of type Ay, sz , Dsp Each time a term of type Dgp is processed, it gets
replaced with four terms of type Ap, sz , D3y, D4p

4
While this process may be complicated, the features that are relevant for
us turn out to be rather simple. We summarize them in the following analog
of Proposition 8.7.

PROPOSITION 8.12. Assume (56) and (57), and let p be sufficiently close
to 20. Let u > 0 be sufficiently close to 0, depending on how large r is. (The
exact dependence is irrelevant.) Then for each ball B* of radius 6=* in R*, we
have

Ap(u, B u) Se g 65V a(8) " 201Dy (1, B 20
x [ Ap(bju, B*, bju)®
7=0

for some vj,b; > 0. Also, we have the crucial identity
o0

(71) w1 = Z bj’)/j,
j=0

where w1 = wi(p) is the solution of the system (55) with n = 4.

Proof. Apart from (71), the statement is rather tautological. Indeed, using
simple inequalities such as (17),

D3y (u, BY), D3, (u, BY) < Dy(u, BY)

oS

j
4
and

Dy(v, B*) < V,4(8)D,(1,B*), v > 1

we obviously end up only with terms of type A,(bju, B, bju), Dy(1, BY), V,(4),
for appropriate bj, whose values will not be important. The resulting inequality



PROOF OF VINOGRADOV’S MEAN VALUE THEOREM 673

will necessarily be of the type
Ap(u, BYu) Serer 6V, (8)"PrDy(1, BH O

T
x [T Ap(bju, B, bju)
§=0

for some C, < D,. Since Vj,4(d) > 1, we might as well replace D, with C,.
Whatever the values of v; are, the fact that C, = 377_~; follows from scaling
consideration by recalling the definition of the A,, D), terms.

The identity (71) follows from the observations we made earlier, exactly
like in the case n = 3, which was explained at the end of the previous subsec-
tion. (]

By iterating Proposition 8.12 M times, in the same way we did it for
n = 3, we arrive at the following inequality.

THEOREM 8.13. Let p be sufficiently close to 20. Assume (56) and (57)
hold. Let r,M > 1. Then for u > 0 sufficiently close to 0 (how small depends
onr and M) and for each ball B* in R* of radius §~*, we have

Ay, BA ) S 5V, a(8) 00 D (1, BY- (60
M

. ” M M 1=1"41
< I - II 4» <ul1‘[lbjl,B4,ul1'[bjl> .

=0 ju=0 =1
Moreover, ~;,b; satisfy (71).

Combining this with Theorem 10.1 from the appendix finishes the proof
of Theorem 8.3 for n = 4, by taking by = Hlj\il bj, , V1 = Hf‘;jl v, and M large
enough.

8.3. The case of arbitrary n. A careful reading of the previous two sub-
sections allows for a rather straightforward extension of our iteration scheme
to all dimensions. We will have n — 1 types of increments in the ball inflation,
by factors jji.l, 1 < j <n—1. The one corresponding to j = 1 is performed
only once, at the very beginning of the argument. The ones corresponding to
7 > 2 will be performed repeatedly.

The relevant Lebesgue indices are now %p, 2<j<nandalsoj(j+1), 1<

7 < n. The relevant weights are aq,...,a,_1 and Bo,...,8,-1. Their exact
values are
aj:%—p(jfl) 8, = — 2 . '
b—j 7 G+D(E—d+1)

Throughout this section we will implicitly assume that p is sufficiently close to
the critical index n(n + 1), so that all weights are in [0, 1].
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Most importantly, we will operate under the assumption that Theorem 1.2
holds true in all dimensions smaller than n. In other words, we will assume
that

(72) v,

iG+1),j(0) Se 0%, 2<j<n—-1,0<d0< 1

Figure 5 is of the same type as Figure 4 from previous subsection.

Ap(1>
D% (1, B?)
D3y (1, B%)
@ . ® \
a2
Dg(3,B3) D3y (1, BY)

Figure 5.

THEOREM 8.14. Let p be sufficiently close to n(n+1). Assume (72). Let
r,M > 1. Then for u > 0 sufficiently close to 0, for each 0 < § < 1 and for
each ball B™ in R™ of radius §~", we have

A (U B" ’LL) Se KM o~ 6‘/})”( )1_(2871')MDP(1’Bn)l—(zgfyj

)M



PROOF OF VINOGRADOV’S MEAN VALUE THEOREM 675

r r M M Hlﬂil Vi
X H H Ap<qujl,Bn,qujl> .
71=0 Jm=0 =1 =1

Moreover, we have the crucial identity
(o]
w1 ‘= Z bj"yj,
§=0

where w1 = w1 (p) is the solution of the system (55).

The proof of Theorem 8.14 is virtually identical to the one of its lower
dimensional counterparts presented in the earlier subsections. Combining this
with Theorem 10.1 from the appendix finishes the proof of Theorem 8.3 for
arbitrary n, by taking by = Hf\il bj, , v = Hf\il 75, and M large enough.

9. The proof of Theorem 1.2 for n > 3

In this section we prove Theorem 1.2 for n > 3. We start by presenting
the following rather immediate consequence of Theorem 8.3. It will be helpful
to start indexing the terms A,, D, by the function g.

THEOREM 9.1. Fix n > 3, and let p < n(n + 1) be sufficiently close to
n(n + 1). Assume Theorem 1.2 holds for all smaller values of n. Then for
each W > 0, for each sufficiently small u > 0, the following inequality holds
for each g : [0,1] — C, 0 < § <1 and for each ball B™ in R™ of radius 6~ ™:

Ap(u, B" u, g) Serew 0~ "Wmte p o1 Br g).

Proof. Let br,vr be the weights corresponding to W from Theorem 8.3.
Recall that for all small enough u > 0, we have

Ap(u, B" 1, 9) Serew 0V n(8)1 2171 Dy(1, B, g) 22171
X HAp(ub],B”,ubI,g)W.
ji

Assume in addition that u is so small that uWW < 1 and uby < 1 for each 1.
First, Holder’s inequality shows that

(73)

(74) Ap(bru, B",bru, g) S Dy(byu, B, g).

Next, (19) leads to

(75) Dy(bru, B, ) S Vpn(8' ") Dy(1, B", g).

It suffices now to combine (76), (73), (74) and (75). O

For p > 2 and E > 100n, let n,, g > 0 be the unique number such that
(76) %iH(l) Vo (8, E)§"mET? = ( for each 0 > 0
—
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and

(77) limsup V,, (9, E)§"»E~7 = oo for each o > 0.
0—0

To prove Theorem 1.1 we set up the induction hypothesis as follows. We
assume that for each 2 < k < n—1 and each £ > 100k, we have ny,;11) k2 = 0.
Such a thing was proved in [9] for k = 2. We will prove that 7, 41)n,z = 0
for £ > 100n. It turns out that it suffices to prove a similar statement with
n(n + 1) replaced by p < n(n +1).

LEMMA 9.2. Fiz E > 100n. Assume
(78) Npn,E =0

for each p < pn = n(n+1) sufficiently close to n(n+1). Then Ny (mq1)n,5 = 0

Proof. Let B C R" be a ball with radius 6. Using a version of inequal-
ity (18), for p < p,, we can write

1 E10,1191 Lon (w. 5) S N1 E0,19M Lr(wp. 5)-

Combining this with Hélder’s inequality, we get

1/2

1B 0,09l on wpm) S Vo0 E) [ Y 1EsglIEr (s )

Jclo,1]
|J|=6
1/2
< Von(6, B)|1 Ejg|?
~ pun( Y )H HL%(“’B,E) J;l] H JgHLPn(’wBYE)
|71=5
It suffices to note that ¢ — 1 as p — p,,. O

Fix E > 100n for the rest of the argument, and suppress the dependence
on F. Fix also p < p, so that Theorem 9.1 holds. We will write 7, for n,, &.
It remains to prove (78).

Fix K > 2M,, and let Iy,...,Ip;, be intervals of length K~ as in the
previous section. Let W, u be as in Theorem 9.1. Assume 0 < 6% < K~!, and
let B™ be an arbitrary ball with radius 6~ in R™.

By using Cauchy—Schwarz and the fact that

Ipn S Y, wps,
BueB,(B")
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we can write

(79)
Bl
M, 1/Mny M,
<H Elig> S0 H Z ‘EJi,ug‘2
i=1 LP(Bn) i=1 J;uCl;
# ‘J’i,u|:5 L;i?(B”)
1
_1 P P
2Mn
_u ]- Mn 2
w BUEBu(B") 1=1 Ji,uCI'L
|=]i,u‘—5u Lp(’wBu)

Here B, (B") is a finitely overlapping cover of B"™ with balls B* of radius § .
Using Minkowski’s inequality, (79) is dominated by

1/p
_u 1 u \p
02 <|BU(B")] Z Dy(u, B*, g) ) .

Bu€B,(B")

On the other hand, inequality (18) shows that D,(u, B%,g) < Da(u, BY,g),
and consequently

1/p
1
<|B(Bn)| Z Dp(U, Bu79)p> N Ap(ua B",u,g).

BueB,(B)
We conclude that
M, 1/M,
(80> <H Eflg) S 5_%‘4[7(”7 anuag)'
i=1
L{(B™)

Next, use Theorem 9.1, (76) and (80) to write for each o > 0,

M. 1/M,
(H Elig> Seepw 0TI D (1,7, g).
= L (B

By invoking Lemma 7.3 as in the proof of Lemma 7.5, we also get the following
weighted version, with wpr» on the left-hand side:

M, 1/Mp,
(81) (H Efig> Soe gy 0 ET2Tt)0=uWD p (1 Bn gy,
=1

Lg(an)
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Indeed, note that

1/27 7
My
O2w) = |TT | X IEn 9lTrw
=1 Ji,1CT4

[J5,11=6

can be seen to satisfy Oa(u) + O2(v) < O2(u + v), by first using the (reverse)
2

Minkowski’s inequality in I7 (the case M,, = 1) and then Holder’s inequality.
Note that (81) holds uniformly over all g, I; and B", so we can take the
supremum over these elements to get

V(8. K) Soecay 6~ 5+t 1-u)

Using (21) and (77) we can now write

5l—np+ap(K)+a < (e+5+(mp+o)(1—uW))

NU)E)K)W 6[

for some d; converging to zero. This further leads to
U
mp — ep(K) — 0o §5+§—|—(77p+0)(1—uW),

which can be rewritten as follows:

1 e+ep(K)+0o(2—ul)
< — .
= oy T uW

This holds true for each €,0 > 0 and each K > 2M,,. Recalling that

lim e,(K) =0,

K—oo

we can further write

< —.
= ow
Letting now W — oo leads to 7, = 0, as desired.

10. Appendix
Fix n > 3. For A in a small neighborhood of n + 1, let

A—(j+1
aj= 25D, 1<j<n-1,
2A
Bj = 2<j<n-1

(G+DA-G+1)

We will be concerned with proving the following result, which was instrumental
in achieving the conclusion of Theorem 8.3.
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THEOREM 10.1. For A < n + 1 sufficiently close to n + 1, the solution
w1(A) of the system

wj = (1 — aj)n;j + ajwjs1 Lo1<j<n—1,
(82) Uj:(l_ﬁj)jji'lnj—l-i-ﬂjj]iwj o 2<j<n—1,
wp =0,
m =2
satisfies
wi(A) > 1.
Proof. For arbitrary 8 € R, consider the related system
wj = (1= a;)n; + i L o1<j<n—1,
(83) nj:(l_ﬁj)jji'lnj—l-l-ﬁjj]i-le o 2<j5<n—1,
wp =0,
m =2,

and call w;j(A, 8),n;(A, ) its solution.
Iterating the first equation in (83) a few times leads to

1 A—n .
(84) wjz7(77j+77j+1+"‘+77n—1)+r_j9,1§]§n—1.

A—j
Substituting (84) in the second equation from (83) leads to
77j=<1— . 28 - )j—i._lﬁjl
+ - 28 (n-+n-+1+---+nn_1)+7.2A(A._n)9
JA=HA-j+1) 7T J(A=j+1)

for2<j<n-1.

Together with the initial condition 1 = 2, (85) determines all 7;. Then
(84) determines all wj.

It is an easy verification that

n—J

(86) nj(n+1,0) = 2w;j(n+1,0) =2

n—1
and in fact more generally, for each A close to n + 1,

A—n—1 A-n—1 A—j—1
(A ST ) = (A S ) =R
(87) 771(’ A—2 YA TA 2 A—2
In particular,
A—n—1
NS
(88) W]_( 3 A —9

It will suffice to prove that for each A sufficiently close to n + 1, the function
0 — w1 (A, 0) is increasing in a neighborhood of 0. Indeed, combining this with
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(88) for A < n+ 1 sufficiently close to n+ 1 and with the fact that £5%51 <0
for such A, we get

A—-n-1
W1(A,O) > w1 (A, TZ) = ].7

as desired.
Now, (88) will follow if we prove that

(89) wi(A,0) = A(A) + B(A),

with B(A) > 0 for A close to n+ 1. The linear representation is clear from
(84), (85). Invoking continuity of the rational function B(A), it will suffice to
argue that B(n+ 1) > 0.

To simplify notation, we fix § and denote by wj;,n; the solution w;(n +
1,0),7m;(n+1,0) of the system (83) corresponding to A = n + 1. The first two
equations of the system (83) can be written as follows:

wj = fi(nj,wit1), 1<j<n-2,
Wn—1 = fn—l(nn—ly 9)7
nj=gjmj-1,wj), 2<j<n-2,
with f;(-,-),g;(-,-) linear. Moreover, the coefficients of all f;, g; are strictly
positive. We can iterate these equations as many times as we wish, by each time

paying attention to the new representation for w; as a function of wo, ..., wy_1,
0,n2,...,Mm—1. For example, iterating twice amounts to writing

w1 = f1(27 f2(772>w3))a
while iterating again leads to
w1 = f1(2, f2(92(2,w2), f3(13, w1)))-

Note that all these iterations lead to affine combinations. Write the result after
r iterations as follows:

(90) w1 = Ar + Bre + ai,rwi + -+ Gn—1,rWn—1 + b2,r772 + -+ bnfl,rnnfla

with all coefficients A,, B;,a;,,b;, > 0 and independent of 6. It is fairly
immediate to note that B, > 0 for r > n—1, and that A,., B, are nondecreasing
functions of r.
By using # = 0 in (90), combined with (86) and (88), we find that
n
n— ; —

n—1 . n—1 .
O1) l=wm+1,00=4,+Y a% +2% b% > A,
=1 =2

The key observation is that

n—1 n—1
(92) lim (Z air+ Y b) = 0.
=1 =2
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We will argue that if this were not true, it would force A, to approach oo,
contradicting (91). Indeed, note that since 7; > 0 and the coefficients of f;, g;
are > 0, iterating the term

a1,w1 + -t Ap_1,wWp—1 + b2,7“772 4+ bnfl,rnnfl

sufficiently many times will add to the value of A, a nonzero fraction of
n—1 n—1
(Z Qi+ Z bi,r) .
i=1 i=2

Finally, use (92) and let » — oo in (90) to write

w1 = A+ Bf ,
with A := lim, .o Ay, B := lim,_,, B;. The fact that B > 0 follows from
previous observations. O
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