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Combinatorial theorems
in sparse random sets

By D. CoNLON and W. T. GOWERS

Abstract

We develop a new technique that allows us to show in a unified way that
many well-known combinatorial theorems, including Turdn’s theorem, Sze-
merédi’s theorem and Ramsey’s theorem, hold almost surely inside sparse
random sets. For instance, we extend Turdn’s theorem to the random set-
ting by showing that for every e > 0 and every positive integer ¢ > 3 there
exists a constant C' such that, if G is a random graph on n vertices where
each edge is chosen independently with probability at least C’rf2/(t+1)7
then, with probability tending to 1 as n tends to infinity, every subgraph
of G with at least (1 -4+ e) e(G) edges contains a copy of K;. This is
sharp up to the constant C. We also show how to prove sparse analogues
of structural results, giving two main applications, a stability version of
the random Turan theorem stated above and a sparse hypergraph removal
lemma. Many similar results have recently been obtained independently in
a different way by Schacht and by Friedgut, R6dl and Schacht.

1. Introduction

In recent years there has been a trend in combinatorics towards proving
that certain well-known theorems, such as Ramsey’s theorem, Turdn’s theorem
and Szemerédi’s theorem, have “sparse random” analogues. For instance, the
first nontrivial case of Turan’s theorem asserts that a subgraph of K,, with more
than [n/2|[n/2] edges must contain a triangle. A sparse random analogue
of this theorem is the assertion that if one defines a random subgraph G of
K, by choosing each edge independently at random with some very small
probability p, then with high probability every subgraph H of G such that
|E(H)| > (% + e) |E(G)| will contain a triangle. Several results of this kind
have been proved, and in some cases, including this one, the exact bounds on
what p one can take are known up to a constant factor.
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The greatest success in this line of research has been with analogues of
Ramsey’s theorem [43]. Recall that Ramsey’s theorem (in one of its many
forms) states that, for every graph H and every natural number r, there exists
n such that if the edges of the complete graph K,, are coloured with r colours,
then there must be a copy of H with all its edges of the same colour. Such a
copy of H is called monochromatic.

Let us say that a graph G is (H,r)-Ramsey if, however the edges of G
are coloured with r colours, there must be a monochromatic copy of H. Af-
ter efforts by several researchers [9], [39], [45], [46], [47], most notably Rodl
and Rucinski, the following impressive theorem, a “sparse random version” of
Ramsey’s theorem, is now known. We write G, ;, for the standard binomial
model of random graphs, where each edge in an n-vertex graph is chosen in-
dependently with probability p. We also write vy and ey for the number of
vertices and edges, respectively, in a graph H.

THEOREM 1.1. Letr > 2 be a natural number and let H be a graph that is
not a forest consisting of stars and paths of length 3. Then there exist positive
constants ¢ and C such that

lim P(G,, is (H,r)-Ramsey) =

n—oo

0, if p< enY/ma(H)
1, if p> Cn~Y/m2(H)

where

CK — 1
mo(H) = max .
KCHuwg>3 vg — 2

That is, given a graph G that is not a disjoint union of stars and paths
of length 3, there is a threshold at approximately p = p~1/m2(H)
probability that the random graph G, is (H,r)-Ramsey changes from 0 to 1.

This theorem comes in two parts: the statement that above the threshold
the graph is almost certainly (H,r)-Ramsey and the statement that below the
threshold it almost certainly is not. We shall follow standard practice and call
these the 1-statement and the 0-statement, respectively.

where the

There have also been some efforts towards proving sparse random versions
of Turan’s theorem, but these have up to now been less successful. Turan’s
theorem [62], or rather its generalization, the Erdés-Stone-Simonovits theorem
(see, for example, [3]), states that if H is some fixed graph, then any graph
with n vertices that contains more than

(= sam=r+w) ()

edges must contain a copy of H. Here, x(H) is the chromatic number of H.
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Let us say that a graph G is (H, €)-Turdn if every subgraph of G with at

least )
(a1 )@

edges contains a copy of H. One may then ask for the threshold at which a
random graph becomes (H, ¢)-Turan. The conjectured answer [26], [27], [36] is
that the threshold is the same as it is for the corresponding Ramsey property.

CONJECTURE 1.2. For every e > 0 and every graph H, there exist positive
constants ¢ and C such that

0, ifp< en~1/m2(H)

NILHQOP(GW’ is (H,€)-Turdn) = {1’ ifp > Cp~V/ma(H)

where
ex — 1

ma(H) = KC%%I;E?) v — 2

A difference between this conjecture and Theorem 1.1 is that the O-state-
ment in this conjecture is very simple to prove. To see this, suppose that p is
such that the expected number of copies of H in G, ), is significantly less than
the expected number of edges in Gy, . Then, since the number of copies of
H and the number of edges are both concentrated around their expectations,
we can almost always remove a small number of edges from G, ;, and get rid
of all copies of H, which proves that G, is not (H,e€)-Turdn. The expected
number of copies of H (if we label the vertices of H) is approximately n"# pcH
while the expected number of edges in G, is approximately pn?. The former
becomes less than the latter when p = n~(vr=2)/(en—1)

A further observation raises this bound. Suppose, for example, that H is
a triangle with an extra edge attached to one of its vertices. It is clear that the
real obstacle to finding copies of H is finding triangles: it is not hard to add
edges to them. More generally, if H has a subgraph K with £& :; > o :;, then
we can increase our estimate of p to n~(“x=2/(ex=1) gince if we can get rid of

copies of K, then we have got rid of copies of H. Beyond this extra observation,
there is no obvious way of improving the bound for the 0-statement, which is
why it is the conjectured upper bound as well.

An argument along these lines does not work at all for the Ramsey prop-
erty, since if one removes a few edges in order to eliminate all copies of H in
one colour, then one has to give them another colour. Since the set of removed
edges is likely to look fairly random, it is not at all clear that this can be done
in such a way as to eliminate all monochromatic copies of H.

Conjecture 1.2 is known to be true for some graphs, for example K3, K4,
K5 (see [9], [36], [17], respectively) and all cycles (see [13], [26], [27]), but
it is open in general. Some partial results towards the general conjecture,
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where the 1-statement is proved with a weaker exponent, have been given by
Kohayakawa, R6dl and Schacht [37] and Szabé and Vu [58]. The paper of
Szab6 and Vu contains the best known upper bound in the case where H is
the complete graph K, for some ¢ > 6; the bound they obtain is p = n~1/(t=1.5),
whereas the conjectured best possible bound is p = n=2/(+1) (since mq(K;)
works out to be (t 4+ 1)/2). Thus, there is quite a significant gap. The full
conjecture has also been proved to be a consequence of the so-called KLR
conjecture [36] of Kohayakawa, Luczak and R6dl. This conjecture, regarding
the number of H-free graphs of a certain type, remains open, except in a few
special cases [18], [16], [17], [35].}

As noted in [34], [36], the KLR conjecture would also imply the following
structural result about H-free graphs that contain nearly the extremal number
of edges. The analogous result in the dense case, due to Simonovits [57], is
known as the stability theorem. Roughly speaking, it says that if an H-free

graph contains almost (1 — ¥) (g) edges, then it must be very close to

x(H)—1
being (x(H) — 1)-partite.
CONJECTURE 1.3. Let H be a graph with x(H) > 3 and let
ex — 1

ma(H) = KC%%};Z:% v — 2

Then, for every 6 > 0, there exist positive constants € and C' such that if G is
a random graph on n wvertices, where each edge is chosen independently with
probability p at least Cn~Ym2H) then, with probability tending to 1 as n tends
to infinity, every H-free subgraph of G with at least (1 — m — e) e(@)
edges may be made (x(H) — 1)-partite by removing at most dpn? edges.

Another example where some success has been achieved is Szemerédi’s
theorem [59]. This celebrated theorem states that, for every positive real num-
ber § and every natural number k, there exists a positive integer n such that
every subset of the set [n] = {1,2,...,n} of size at least dn contains a k-term
arithmetic progression. The particular case where £ = 3 had been proved much
earlier by Roth [52], and is accordingly known as Roth’s theorem. A sparse
random version of Roth’s theorem was proved by Kohayakawa, Luczak and
Rédl [35]. To state the theorem, let us say that a subset I of the integers is
d-Roth if every subset of I of size 0|I| contains a 3-term arithmetic progression.
We shall also write [n], for a random set in which each element of [n] is chosen
independently with probability p.

The full KLR conjecture was subsequently established by Balogh, Morris and Samotij
[1] and by Saxton and Thomason [54] (see also [5]). Their methods also allow one to give
alternative proofs for many of the results in this paper. We refer the reader to [4] for a more
complete overview.
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THEOREM 1.4. For every § > 0, there exist positive constants ¢ and C
such that

- —-1/2
lim P([n], is 6-Roth) = 0 pr son 7/ !
n—00 1, ifp>Cn~Y2

Once again the 0-statement is trivial (as it tends to be for density theo-
rems): if p = n~1/2/2, then the expected number of 3-term progressions in [n],,
is less than n'/2/8, while the expected number of elements of [n], is n'/2/2.
Therefore, one can almost always remove an element from each progression
and still be left with at least half the elements of [n],.

For longer progressions, the situation has been much less satisfactory. Let
us define a set I of integers to be (0, k)-Szemerédi if every subset of I of
cardinality at least d|I| contains a k-term arithmetic progression. Until re-
cently, hardly anything was known at all about which random sets were (4, k)-
Szemerédi. However, that changed with the seminal paper of Green and Tao
[24], who, on the way to proving that the primes contain arbitrarily long arith-
metic progressions, showed that every pseudorandom set is (, k)-Szemerédi, if
“pseudorandom” is defined in an appropriate way. Their definition of pseudo-
randomness is somewhat complicated, but it is straightforward to show that
quite sparse random sets are pseudorandom in their sense. From this the fol-
lowing result follows, though we are not sure whether it has appeared explicitly
in print.

THEOREM 1.5. For every 6 > 0 and every k € N, there exists a function
p = p(n) tending to zero with n such that

lim P([n], is (0, k)-Szemerédi) = 1.

n—o0

The approach of Green and Tao depends heavily on the use of a set
of norms known as wuniformity norms, introduced in [19]. In order to deal
with k-term arithmetic progressions, one must use a uniformity norm that is
based on a count of certain configurations that can be thought of as (k — 1)-
dimensional parallelepipeds. These configurations have k degrees of freedom
(one for each dimension and one because the parallelepipeds can be trans-
lated) and size 2871, A simple argument (similar to the arguments for the
O-statements in the density theorems above) shows that the best bound that
one can hope to obtain by their methods is therefore at most p = n=*/ 2kt
This is far larger than the bound that arises in the obvious O-statement for
Szemerédi’s theorem: the same argument that gives a bound of en~1/2 for the
Roth property gives a bound of en™ %/ =1 for the Szemerédi property. How-
—k/2*7! i5 not the bound that they actually obtain, because
they need in addition a “correlation condition” that is not guaranteed by the

ever, even p = n
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smallness of the uniformity norm. This means that the bound they obtain is
of the form n—°W.

The natural conjecture is that the obvious bound for the O-statement is
in fact correct, so it is far stronger than the bound of Green and Tao.

CONJECTURE 1.6. For every d > 0 and every positive integer k > 3, there
exist positive constants ¢ and C such that
lim P([n], is (0, k)-Szemerédi) =

n—o0

0, if p< en M=),
1, if p>Cn V-1,

One approach to proving Szemerédi’s theorem is known as the hypergraph
removal lemma. Proved independently by Nagle, Rodl, Schacht and Skokan
[40], [51] and by the second author [21] (see also [61]), this theorem states
that for every § > 0 and every positive integer k > 2, there exists a constant
e > 0 such that if G is a k-uniform hypergraph containing at most en**!
copies of the complete k-uniform hypergraph K ,g’_?l on k 4 1 vertices, then it

may be made K ,gli)l—free by removing at most én* edges. Once this theorem is
known, Szemerédi’s theorem follows as an easy consequence. The question of
whether an analogous result holds within random hypergraphs was posed by
Luczak [38]. For k = 2, this follows from the work of Kohayakawa, Luczak and
Rodl [35].

CONJECTURE 1.7. For every § > 0 and every integer k > 2, there exist
constants € > 0 and C such that, if H is a random k-uniform hypergraph
on n vertices where each edge is chosen independently with probability p at
least Cn= /% then, with probability tending to 1 as n tends to infinity, every

F+1pk+l copies of the complete k-uniform

subgraph of H containing at most ep
hypergraph Klgl«?l on k+1 vertices may be made K,ili)l -free by removing at most

SpnF edges.

1.1. The main results of this paper. In the next few sections we shall give
a very general method for proving sparse random versions of combinatorial
theorems. This method allows one to obtain sharp bounds for several theorems,
of which the principal (but by no means only) examples are positive answers to
the conjectures we have just mentioned. This statement comes with one caveat.
When dealing with graphs and hypergraphs, we shall restrict our attention to
those that are well balanced in the following sense. Note that most graphs of
interest, including complete graphs and cycles, satisfy this condition.

Definition 1.8. A k-uniform hypergraph K is said to be strictly k-balanced
if, for every subgraph L of K,
e — 1 ey, — 1

'UK—/{? UL—k.
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The main results we shall prove in this paper (in the order in which we
discussed them above, but not the order in which we shall prove them) are
as follows. The first is a sparse random version of Ramsey’s theorem. Of
course, as we have already mentioned, this is known: however, our theorem
applies not just to graphs but to hypergraphs, where the problem was wide
open apart from a few special cases [49], [50]. As we shall see, our methods
apply just as easily to hypergraphs as they do to graphs. We write Ggf}, for a
random k-uniform hypergraph on n vertices, where each hyperedge is chosen
independently with probability p. If K is some fixed k-uniform hypergraph,
we say that a hypergraph is (K, r)-Ramsey if every r-colouring of its edges
contains a monochromatic copy of K.

THEOREM 1.9. Given a natural number r and a k-uniform hypergraph K
that is strictly k-balanced, there exists a positive constant C' such that

lim P(G) is (K,r)-Ramsey) = 1, if p> Cn~ /)

n—oo P
where mp(K) = (ex — 1)/ (v — k).

One problem that the results of this paper leave open is to establish a
corresponding O-statement for Theorem 1.9. The above bound is the threshold
below which the number of copies of K becomes less than the number of hyper-
edges, so the results for graphs make it highly plausible that the O-statement
holds when p < en™ Y™ (E) for small enough c. However, the example of stars,
for which the threshold is lower than expected, shows that we cannot take this
result for granted.

We shall also prove Conjecture 1.2 for strictly 2-balanced graphs. In par-

ticular, it holds for complete graphs.

THEOREM 1.10. Given € > 0 and a strictly 2-balanced graph H, there
exists a positive constant C such that

nl;n;o P(Gp is (H,€)-Turdn) =1, if p > C’n_l/mQ(H),
where ma(H) = (eg — 1) /(v — 2).

A slightly more careful application of our methods also allows us to prove
its structural counterpart, Conjecture 1.3, for strictly 2-balanced graphs.

THEOREM 1.11. Given a strictly 2-balanced graph H with x(H) > 3 and
a constant § > 0, there exist positive constants C' and € such that in the random
graph Gy, chosen with probability p > Cn~Ym2(H) the following holds with
probability tending to 1 as n tends to infinity. Every H-free subgraph of Gy,

with at least (1 - W — e) e(G) edges may be made (x(H) — 1)-partite by

removing at most 5pn2 edges.
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We also prove Conjecture 1.6, obtaining bounds for the Szemerédi prop-
erty that are essentially best possible.

THEOREM 1.12. Given 6 > 0 and a natural number k > 3, there exists a
constant C' such that

lim P([n], is (0, k)-Szemerédi) = 1, if p > Cn~ Y/ k=1,

n—o0

Our final main result is a proof of Conjecture 1.7, the sparse hypergraph
removal lemma. As we have mentioned, the dense hypergraph removal lemma
implies Szemerédi’s theorem, but it turns out that the sparse hypergraph re-
moval lemma does not imply Theorem 1.12. The difficulty is this. When
we prove Szemerédi’s theorem using the removal lemma, we first pass to a
hypergraph to which the removal lemma can be applied. Unfortunately, in
the sparse case, passing from the sparse random set to the corresponding hy-
pergraph gives us a sparse hypergraph with dependencies between its edges,
whereas in the sparse hypergraph removal lemma we assume that the edges
of the sparse random hypergraph are independent. While it is likely that this
problem can be overcome, we did not, in the light of Theorem 1.12, see a strong
reason for doing so.

In addition to these main results, we shall discuss other density theo-
rems, such as Turdn’s theorem for hypergraphs (where, even though the cor-
rect bounds are not known in the dense case, we can obtain the threshold
at which the bounds in the sparse random case will be the same), the mul-
tidimensional Szemerédi theorem of Furstenberg and Katznelson [15] and the
Bergelson-Leibman theorem [2] concerning polynomial configurations in dense
sets. In the colouring case, we shall discuss Schur’s theorem [56] as a further
example. Note that many similar results have also been obtained by a different
method by Schacht [55] and by Friedgut, Rédl and Schacht [12].

1.2. A preliminary description of the argument. The basic idea behind
our proof is to use a transference principle to deduce sparse random versions
of density and colouring results from their dense counterparts. To oversim-
plify slightly, a transference principle in this context is a statement along the
following lines. Let X be a structure such as the complete graph K,, or the
set {1,2,...,n}, and let U be a sparse random subset of X. Then, for every
subset A C U, there is a subset B C X that has similar properties to A. In
particular, the density of B is approximately the same as the relative density of
A in U, and the number of substructures of a given kind in A is an appropriate
multiple of the number of substructures of the same kind in B.

Given a strong enough principle of this kind, one can prove a sparse ran-
dom version of Szemerédi’s theorem, say, as follows. Let A be a subset of [n], of
relative density 6. Then there exists a subset B of [n] of size approximately dn
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such that the number of k-term progressions in B is approximately p~* times
the number of k-term progressions in A. From Szemerédi’s theorem it can be
deduced that the number of k-term progressions in B is at least c(8)n?, so
the number of k-term progressions in A is at least ¢(d)p*n?/2. Since the size
of A is about pn, we have roughly pn degenerate progressions. Hence, there
are nondegenerate progressions within A as long as p*n? is significantly larger
than pn, that is, as long as p is at least Cn~Y/*=1 for some large C.

It is very important to the success of the above argument that a dense sub-
set of [n] should contain not just one progression but several, where “several”
means a number that is within a constant of the trivial upper bound of n?. The
other combinatorial theorems discussed above have similarly “robust” versions
and again these are essential to us. Very roughly, our general theorems say
that a typical combinatorial theorem that is robust in this sense will have a
sparse random version with an upper bound for the probability threshold that
is very close to a natural lower bound that is trivial for density theorems and
often true, even if no longer trivial, for Ramsey theorems.

It is also very helpful to have a certain degree of homogeneity. For instance,
in order to prove the sparse version of Szemerédi’s theorem we use the fact
that it is equivalent to the sparse version of Szemerédi’s theorem in Z,,, where
we have the nice property that for every k and every j with 1 < j < k,
every element = appears in the jth place of a k-term arithmetic progression
in exactly n ways (or n — 1 if you discount the degenerate progression with
common difference 0). It will also be convenient to assume that n is prime,
since in this case we know that for every pair of points z,y in Z, there is
exactly one arithmetic progression of length k that starts with x and ends
in y. This simple homogeneity property will prove useful when we come to do
our probabilistic estimates.

The idea of using a transference principle to obtain sparse random versions
of robust combinatorial statements is not what is new about this paper. In
fact, this was exactly the strategy of Green and Tao in their paper on the
primes, and could be said to be the main idea behind their proof (though of
course it took many further ideas to get it to work). Since it is difficult to say
what is new about our argument without going into slightly more detail, we
postpone further discussion for now. However, there are three further main
ideas involved and we shall highlight them as they appear.

In the next few sections, we shall find a very general set of criteria under
which one may transfer combinatorial statements to the sparse random setting.
In Sections 5-8, we shall show how to prove that these criteria hold. Section 9
is a brief summary of the general results, both conditional and unconditional,
that have been proved up to that point. In Section 10, we show how these
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results may be applied to prove the various theorems promised in the intro-
duction. In Section 11, we conclude by briefly mentioning some questions that
are still open.

1.3. Notation. We finish this section with some notation and terminology
that we shall need throughout the course of the paper. By a measure on a
finite set X we shall mean a nonnegative function from X to R. Usually our
measures will have average value 1, or very close to 1. The characteristic
measure [ of a subset U of X will be the function defined by p(z) = |X|/|U]|
if x € U and p(z) = 0 otherwise.

Often our set U will be a random subset of X with each element of X
chosen with probability p, the choices being independent. In this case, we shall
use the shorthand U = X,,, just as we wrote [n], for a random subset of [n]
in the statement of the sparse random version of Szemerédi’s theorem earlier.
When U = X, it is more convenient to consider the measure u that is equal to
p~! times the characteristic function of U. That is, u(z) = p~! if # € U and 0
otherwise. To avoid confusion, we shall call this the associated measure of U.
Strictly speaking, we should not say this, since it depends not just on U but
on the value of p used when U was chosen, but this will always be clear from
the context so we shall not bother to call it the associated measure of (U, p).

If fis a function from X to R, we write E,f(x) for |X|™' S ,ex f(2).
Note that if p is the characteristic measure of a set U, then E u(z) = 1 and
Exp(x) f(z) = Egev f(z) for any function f. If U = X, and p is the associated
measure of U, then we can no longer say this. However, we can say that the
expectation of Eyp(x) is 1. Also, with very high probability the cardinality of U
is roughly p|X|, so with high probability E,u(z) is close to 1. More generally,
if | f(z)| <1 for every x € X, then with high probability E,u(z)f(z) is close to
Eycv f(x). We also take expectations over several variables: if it is clear from
the context that k variables x1, ..., xj range over finite sets X1, ..., Xy, respec-
tively, then E,, 5, will be shorthand for | X1|™' -+ | Xp| ™t Ypex, - Dapex,-
If the range of a variable is not clear from the context, then we shall specify it.

We define an inner product for real-valued functions on X by the formula
(f,9) = E,f(x)g(x), and we define the L, norm by || f|l, = (E.|f(2)|P)!/?. In
particular, || f]l1 = E.|f(x)| and ||f]|cc = max, |f(z)].

Let ||.|| be a norm on the space RX. The dual norm |.||* of ||.|| is a norm
on the collection of linear functionals ¢ acting on RX given by

o[ = sup{[(f, &) - [ ]| < 1}.

It follows trivially from this definition that |(f,¢)| < || f]l|l¢|*. Almost as
trivially, it follows that if [{f,¢)| < 1 whenever ||f|| < n, then ||¢[|* < 77!, a
fact that will be used repeatedly.
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2. Transference principles

As we have already mentioned, a central notion in this paper is that of
transference. Roughly speaking, a transference principle is a theorem that
states that every function f in one class can be replaced by a function ¢ in
another, more convenient class in such a way that the properties of f and g
are similar.

To understand this concept and why it is useful, let us look at the sparse
random version of Szemerédi’s theorem that we shall prove. Instead of attack-
ing this directly, it is convenient to prove a functional generalization of it. The
statement we shall prove is the following.

THEOREM 2.1. For every positive integer k and every d > 0, there are
positive constants ¢ and C with the following property. Let p > Cn~/(k=1),
let U be a random subset of Z,, where each element is chosen independently with
probability p and let p be the associated measure of U. Then, with probability
tending to 1 as n tends to infinity, every function f such that 0 < f < u and
E.f(x) > § satisfies the inequality

Epaf(@)f(x+d) - fla+ (k—1)d) > c.

To understand the normalization, it is a good exercise (and an easy one)
to check that with high probability E, gu(z)u(x+d)-- - p(x+ (k—1)d) is close
to 1, so that the conclusion of Theorem 2.1 is stating that

Beaf (@) f(x+d)-- flz+ (k= 1)d)

is within a constant of its trivial maximum. (If p is smaller than n~1/(=1)
then this is no longer true: the main contribution to

By ap(x)p(z +d) - p(x + (k — 1)d)

comes from the degenerate progressions where d = 0.)

Our strategy for proving this theorem is to “transfer” the function f from
the sparse set U to Z, itself and then to deduce the conclusion from the fol-
lowing robust functional version of Szemerédi’s theorem, which can be proved
by a simple averaging argument due essentially to Varnavides [63].

THEOREM 2.2. For every d > 0 and every positive integer k, there is a
constant ¢ > 0 such that, for every positive integer n, every function g : Z, —
[0, 1] with Epg(x) > § satisfies the inequality

Eya9(z)g(z +d) - g(z + (k—1)d) > c.

Note that in this statement we are no longer talking about dense subsets
of Zy, but rather about [0,1]-valued functions defined on Z, with positive
expectation. It will be important in what follows that any particular theorem
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we wish to transfer has such an equivalent functional formulation. As we shall
see in Section 4, all of the theorems that we consider do have such formulations.

Returning to transference principles, our aim is to find a function g with
0 < g <1 for which we can prove that E,g(z) ~ E, f(x) and that

Epag(@)g(x+d)---glw+ (k= 1)d) # By af () f(x+d)--- f(z+ (k= 1)d).

We can then argue as follows: if E,f(z) > ¢, then Eyg(z) > §/2; by Theo-
rem 2.2 it follows that E, qg(x)g(x+d) - - - g(x + (k — 1)d) is bounded below by
a constant ¢; and this implies that E, qf (z)f(x +d)--- f(z + (k —1)d) > ¢/2.

In the rest of this section we shall show how the Hahn-Banach theorem can
be used to prove general transference principles. This was first demonstrated by
the second author in [22], and independently (in a slightly different language)
by Reingold, Trevisan, Tulsiani and Vadhan [44], and leads to simpler proofs
than the method used by Green and Tao. The first transference principle
we shall prove is particularly appropriate for density theorems: this one was
shown in [22] but for convenience we repeat the proof. Then we shall prove a
modification of it for use with colouring theorems.

Let us begin by stating the finite-dimensional Hahn-Banach theorem in
its separation version.

LEMMA 2.3. Let K be a closed convex set in R™ and let v be a vector that

does not belong to K. Then there is a real number t and a linear functional ¢
such that ¢(v) >t and such that p(w) <t for every w € K.

The reason the Hahn-Banach theorem is useful to us is that one often
wishes to prove that one function is a sum of others with certain properties,
and often the sets of functions that satisfy those properties are convex (or can
easily be made convex). For instance, we shall want to write a function f with
0 < f<pasasum g+ h with 0 < g < 1 and with h small in a certain
norm. The following lemma, an almost immediate consequence of Lemma 2.3,
tells us what happens when a function cannot be decomposed in this way.
We implicitly use the fact that every linear functional on RY has the form

f = (f,¢) for some ¢.

LEMMA 2.4. LetY be a finite set and let K and L be two subsets of RY
that are closed and convex and that contain 0. Suppose that f ¢ K + L. Then
there exists a function ¢ € RY such that (f,$) > 1 and such that {g,¢) < 1
for every g € K and (h,$) <1 for every h € L.

Proof. By Lemma 2.3 there is a function ¢ and a real number ¢ such that
(f,¢) > t and such that (g+h, ¢) < t whenever g € K and h € L. Settingh =0
we deduce that (g,¢) <t for every g € K, and setting g = 0 we deduce that
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(h,¢) <t for every h € L. Setting g = h = 0 we deduce that ¢ > 0. Dividing
through by ¢ (or by 1(f, ) if t = 0) we see that we may take ¢ to be 1. O

Now let us prove our two transference principles, beginning with the den-
sity one. In the statement of the theorem below we write ¢ for the positive
part of ¢.

LEMMA 2.5. Let € and n be positive real numbers, let y and v be nonneg-
ative functions defined on a finite set X and let ||.|| be a norm on RX. Suppose
that (u—v, 1) < € whenever ||p||* < n~L. Then for every function f with 0 <
f < u, there exists a function g with 0 < g < v such that ||(1+¢)~ f —g|| < n.

Proof. If we cannot approximate (1 + €)= f in this way, then we cannot
write (14 ¢€)71f as a sum g + h with 0 < ¢ < v and ||h|| < 1. Now the sets
K={g:0<g<wv}and L ={h: ||h|| < n} are closed and convex and
they both contain 0. It follows from Lemma 2.4, with Y = X, that there is a
function ¢ with the following three properties:

o (1+e)7'fi9)>1;
e (g,¢) <1 whenever 0 < g <v;
e (h,¢) <1 whenever ||h| <.

From the first of these properties we deduce that (f,¢) > 1 4+ €. From the
second we deduce that (v,¢;) < 1, since the function g that takes the value
v(xz) when ¢(z) > 0 and 0 otherwise maximizes the value of (g, ¢) over all
g € K. And from the third property we deduce immediately that ||¢[* < n~!.
But our hypothesis implies that (u, ¢+) < (v, ¢4) + €. It therefore follows
that
I+e< <f7¢> < <f7¢+> < <:U'7¢+> < <V7¢+> +es 1+67

which is a contradiction. O

Later we shall apply Lemma 2.5 with u the associated measure of a sparse
random set and v the constant measure 1.

The next transference principle is the one that we shall use for obtaining
sparse random colouring theorems. It may seem strange that the condition
we obtain on g1 + -+ + g, is merely that it is less than v (rather than equal
to v). However, we also show that f; and g; are close in a certain sense, and
in applications that will imply that g; + - - - + g, is indeed approximately equal
to v (which will be the constant measure 1). With a bit more effort, one could
obtain equality from the Hahn-Banach method, but this would not make life
easier later, since the robust versions of Ramsey theorems hold just as well
when you colour almost everything as they do when you colour everything.

LEMMA 2.6. Let € and n be positive real numbers, let r be a positive in-
teger, let p and v be nonnegative functions defined on a finite set X and let
Il be a norm on RX. Suppose that {(u — v, (maxi<i<, ¢;)+) < € whenever
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B1,- .-, Pr are functions with ||¢;]|* < n~t for each i. Then for every sequence
of v functions fi,..., fr with f; > 0 for each i and f1 + - -+ fr < u, there
exist functions gi, ..., gr with g; > 0 for each i and g1 + - - -+ g, < v such that
11+ €)= fi = gill < for each i.

Proof. Suppose that the result does not hold for the r-tuple (f1,..., f.).
Let K be the closed convex set of all r-tuples of functions (g1, ...,g,) such
that g; > 0 for each i and g1 + -+ - + g < v, and let L be the closed convex set
of all r-tuples (hy,...,h,) such that ||h;|| < n for each i. Then both K and L
contain 0 and our hypothesis is that (1+¢€)7'(f1,..., f,) ¢ K + L. Therefore,
Lemma 2.4, with Y = X", gives us an r-tuple of functions (¢1,...,¢,) with
the following three properties:
o V(I +e) findi) > 1
o >'_1(9i,#i) <1 whenever g; > 0 for each i and g1 +--- + g» < v;
o Y7 (hi, ¢i) <1 whenever ||h;|| < n for each i.
The first of these conditions implies that Y7, (fi, ¢;) > 1 + €. In the second
condition, let us choose the functions g; as follows. For each x, pick an ¢ such
that ¢;(x) is maximal. If ¢;(x) > 0, then set g;(x) to be v(z), and otherwise set
gi(z) = 0. For each j # i, set g;j(z) to be zero. Then Y"i_; gi(z)¢;(z) is equal
to v(x) max; ¢;(x) if this maximum is nonnegative, and 0 otherwise. Therefore,
Sor_1{gi, ¢i) = (v, (max; ¢;)+). Thus, it follows from the second condition that
(v, (max; ¢;)+) < 1. Let us write ¢ for max; ¢;. The third condition implies
that ||¢;||* < n~! for each i.

Using this information together with our hypothesis about u — v, we find

I+e< Z<f'u¢z> < Z<f27¢+> < <M7¢+> < <V7¢+>+6 < 1+6a
i=1 i=1
a contradiction. O

3. The counting lemma

We now come to the second main idea of the paper, and perhaps the
main new idea. Lemmas 2.5 and 2.6 will be very useful to us, but as they
stand they are rather abstract: in order to make use of them we need to find
a norm ||.|| such that if ||f — g|| is small, then f and g behave similarly in a
relevant way. Several norms have been devised for exactly this purpose, such
as the uniformity norms mentioned earlier, and also “box norms” for multi-
dimensional structures and “octahedral norms” for graphs and hypergraphs.
It might therefore seem natural to try to apply Lemmas 2.5 and 2.6 to these
norms. However, as we have already commented in the case of uniformity
norms, if we do this, then we cannot obtain sharp bounds: except in a few
cases, these norms are related to counts of configurations that are too large to
appear nondegenerately in very sparse random sets.
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We are therefore forced to adopt a different approach. Instead of trying
to use an off-the-shelf norm, we use a bespoke norm, designed to fit perfectly
the problem at hand. Notice that Lemmas 2.5 and 2.6 become harder to apply
as the norm ||.|| gets bigger, since then the dual norm ||.||* gets smaller and
there are more functions ¢ with ||¢||* < n~!, and therefore more functions of
the form ¢ for which one must show that (1 — v, ¢4) < e (and similarly for
(max;<i<, ¢;)+ with colouring problems). Therefore, we shall try to make our
norm as small as possible, subject to the condition we need it to satisfy: that
f and g behave similarly if || f — g|| is small.

Thus, our norm will be defined by means of a universal construction. As
with other universal constructions, this makes the norm easy to define but
hard to understand concretely. However, we can get away with surprisingly
little understanding of its detailed behaviour, as will become clear later. An
advantage of this abstract approach is that it has very little dependence on
the particular problem that is being studied: it is for that reason that we have
ended up with a very general result.

Before we define the norm, let us describe the general set-up that we shall
analyse. We shall begin with a finite set X and a collection S of ordered subsets
of X, each of size k. Thus, any element s € S may be expressed in the form
s=1(81,...,8k)

Here are two examples. When we apply our results to Szemerédi’s the-
orem, we shall take X to be Z,, and S to be the set of ordered k-tuples of
the form (z,x +d,...,x + (k — 1)d), and when we apply it to Ramsey’s the-
orem or Turan’s theorem for Ky, we shall take X to be the edge set of the
complete graph K, and S to be the set of ordered sextuples of pairs of the
form (.%'1$2,:B1x3, T1T4,T2X3,T2T4, .%'3.%4), where I1, 2, T3 and T4 are vertices
of K,,. Depending on the particular circumstance, we shall choose whether
to include or ignore degenerate configurations. For example, for Szemerédi’s
theorem, it is convenient to include the possibility that d = 0, but for theo-
rems involving K, we restrict to configurations where x1, x9, 3 and z4 are all
distinct. In practice, it makes little difference, since the number of degenerate
configurations is never very large.

In both these two examples, the collection S of ordered subsets of X has
some nice homogeneity properties, which we shall assume for our general result
because it makes the proofs cleaner, even if one sometimes has to work a little
to show that these properties may be assumed.

Definition 3.1. Let S be a collection of ordered k-tuples s = (si,...,Sk)
of elements of a finite set X, and let us write S;(x) for the set of all s in S
such that s; = x. We shall say that S is homogeneous if for each j, the sets
Sj(x) all have the same size.
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We shall assume throughout that our sets of ordered k-tuples are homo-
geneous in this sense. Note that this assumption does not hold for arithmetic
progressions of length k if we work in the set [n] rather than the set Z,,. How-
ever, sparse random Szemerédi for Z,, implies sparse random Szemerédi for [n],
so this does not bother us. Similar observations can be used to convert sev-
eral other problems into equivalent ones for which the set S is homogeneous.
Moreover, such observations will easily accommodate any further homogeneity
assumptions that we have to introduce in later sections.

The functional version of a combinatorial theorem about the ordered sets
in S will involve expressions such as

Esesf(s1) -+ f(sk)-
Thus, what we wish to do is define a norm ||.|| with the property that

Esesf(s1) -+« f(sk) — Esesg(s1) -~ g(sk)

can be bounded above in terms of || f — g|| whenever 0 < f < pand 0 < g < v.
This is what we mean by saying that f and g should behave similarly when
Ilf — gl is small.

The feature of the problem that gives us a simple and natural norm is the
k-linearity of the expression Egcgf(s1) -+ f(sk), which allows us to write the
above difference as

k
Y Esesg(s1)---g(sj-1)(f = 9)(s))f (s41) - f(sp)-
j=1

Because we are assuming that the sets S;(x) all have the same size, we can
write any expression of the form Egcghi(s1)--- hi(sk) as

Eeexhj(z)Eses;(@yhi(s1) - hj—1(sj-1)hjr1(sjta) - - hi(sk)-

It will be very convenient to introduce some terminology and notation for
expressions of the kind that are beginning to appear.

Definition 3.2. Let X be a finite set and let S be a homogeneous collection
of ordered subsets of X, each of size k. Then, given k functions A, ..., hy from
X to R, their jth convolution is defined to be the function

*j(hi, .o hi)(2) = Esesy@yhi(s1) - hj1(sj-1)hjpa(sjpn) - - hue(si)-

We call this a convolution because in the special case where S is the set
of arithmetic progressions of length 3 in Zy, we obtain convolutions in the
conventional sense. Using this notation and the observation made above, we
can rewrite

Esesg(s1)---9(si-1)(f = 9)(s5) f(sj4+1) - - fs)
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as (f —g,%j(g9,...,9,f,..., f)) (where it is understood that there are j — 1
occurrences of g and k — j occurrences of f), and from that we obtain the
identity

k
]ESESf(Sl)”'f(Sk)7ES€Sg(81 Zf g, * J g,---,9, favf)>

This, together with the triangle inequality, gives us the following lemma.

LEMMA 3.3. Let X be a finite set and let S be a homogeneous collection
of ordered subsets of X, each of size k. Let f and g be two functions defined
on X. Then

k
“ESESf(Sl)"'f(sk)_]ESESQ(SI Z f gv*] 7g7f17f)>|

It follows that if f — g has small inner product with all functions of the
form #5(g, .-G, f, - ), then Bcs f(s1) -+ f(s) and Eyesg(s1) -+ g(sk) are
close. It is tempting, therefore, to define a norm ||.|| by taking ||h|| to be the
maximum value of [(h, ¢)| over all functions ¢ of the form *;(g,...,9,f,..., f)
for which 0 < g < v and 0 < f < pu. If we did that, then we would know
that [Egesf(s1) - f(sk) —Esesg(s1) - - - g(sk)| was small whenever || f — g|| was
small, which is exactly the property we need our norm to have. Unfortunately,
this definition leads to difficulties. To see why, we need to look in more detail
at the convolutions.

Any convolution (g, ..., g, f,..., f) is bounded above by the convolution
*j(V, ...,V p, ..., ) of the dominating measures. For the sake of example, let
us consider the case of Szemerédi’s theorem. Taking v = 1, we see that the
jth convolution is bounded above by the function

Pj(z) = Bap(x + d) - - - p(z + (k — j)d).

Up to normalization, this counts the number of progressions of length k£ —j+1
beginning at x. If j > 1, probabilistic estimates imply that, at the critical
probability p = Cn~/*=1) P; is, with high probability, L.-bounded (that
is, the largest value of the function is bounded by some absolute constant).
However, functions of the form *i(f,..., f) with 0 < f < y are almost always
unbounded. This makes it much more difficult to control their inner products
with 4 —1, and we need to do that if we wish to apply the abstract transference
principle from the previous section.

For graphs, a similar problem arises. The jth convolution will count, up
to normalization, the number of copies of some subgraph of the given graph H
that are rooted on a particular edge. If we assume that the graph is balanced,
as we are doing, then, at probability p = Cn~Y"2(H)  this count will be
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Loo-bounded for any proper subgraph of H. However, for H itself, we do not
have this luxury and the function *1(f,..., f) is again likely to be unbounded.

If we were prepared to increase the density of the random set by a polylog-
arithmic factor, we could ensure that even 1 (f,..., f) was bounded and this
problem would go away. Thus, a significant part of the complication of this
paper is due to our wish to get a bound that is best possible up to a constant.

There are two natural ways of getting around the difficulty if we are not
prepared to sacrifice a polylogarithmic factor. One is to try to exploit the fact
that although *1(f,..., f) is not bounded, it typically takes large values very
infrequently, so it is “close to bounded” in a certain sense. The other is to
replace *1(f, ..., f) by a modification of the function that has been truncated
at a certain maximum. It seems likely that both approaches can be made to
work: we have found it technically easier to go for the second. The relevant
definition is as follows.

Definition 3.4. Let X be a finite set and let .S be a homogeneous collection
of ordered subsets of X, each of size k. Then, given k nonnegative functions
hi, ..., hi from X to R, their jth capped convolution oj(hi,. .., hy) is defined by

Oj(hh N ,hk)(l') = min{*j(hl, .. ,hk)(w),Q}

Unlike with ordinary convolutions, there is no obvious way of controlling
the difference between Egcgf(s1) -+ f(sk) and Esesg(s1) - - g(sk) in terms of
the inner product between f — g and suitably chosen capped convolutions. So
instead we shall look at a quantity that is related in a different way to the
number of substructures of the required type. Roughly speaking, this quantity
counts the number of substructures, but does not count too many if they start
from the same point.

A natural quantity that fits this description is (f,o1(f, f, ..., f)), and this
is indeed closely related to the quantity we shall actually consider. However,
there is an additional complication, which is that it is very convenient to think
of our random set U as a union of m random sets Ux, ..., U,,, and of a function
defined on U as an average m~'(f; + --- + fn) of functions with f; defined
on U;. More precisely, we shall take m independent random sets Uy, ..., Uy,
each distributed as X,. (Recall that X, stands for a random subset of X
where the elements are chosen independently with probability p.) Writing
W1, -, m for their associated measures, for each ¢ we shall take a function
fi such that 0 < f; < p;. Our assertion will then be about the average
f=m=Yfi+ -+ fm). Notethat 0 < f < u, where g = m = (1 + -+ fim),
and that every function f with 0 < f < p can be expressed as an average of
functions f; with 0 < f; < p;. Note also that if U = Uy U --- U Uy, then pu
is neither the characteristic measure of U nor the associated measure of U.
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However, provided p is fairly small, it is close to both with high probability,
and this is all that matters.
Having chosen f in this way, the quantity we shall then look at is

(f,m~*=1) > o1(figs - fin)) =By ive(t,my (Firs 01(fins - fir))-

12,7k

In other words, we expand the expression (f,*1(f, f,...,f)) in terms of the
functions fi,..., fi, and then do the capping term by term.

Central to our approach is a “counting lemma,”

which is an easy corollary
of the following result, which keeps track of the errors that are introduced
by our “capping.” (To understand the statement, observe that if we replaced
the capped convolutions o; by their “genuine” counterparts *;, then the two
quantities that we are comparing would become equal.) In the next lemma,

we assume that a homogeneous set S of ordered k-tuples has been given.

LEMMA 3.5. Let n > 0, let m > 2k3/n and let p, . .., jim be nonnegative
functions defined on X with ||p;]|1 < 2 for alli. Suppose that ||s1(tiy, - - -, fhi)—

01 (ig, - - s i) |l1 < M whenever g, ..., i are distinct integers between 1 and
m, and also that *;(1,1,..., 1, ti; y,- .., i) 8 uniformly bounded above by 2
whenever j > 2 and ij41,...,1 are distinct. For each i, let f; be a function

with 0 < f; < w;, let f =E;f; and let g be a function with 0 < g < 1. Then

Eiipeft,.m} (fir, 01(figs -5 fir)) — (9, %1(9, 9, - -+, 9))
differs from

<f - g7]Eij+1,...,ik Oy (9797 <o 7gafij+17 v 7flk)>
1

k
=

by at most 2n.
Proof. Note first that

Eiy,in (firs 01(fins - o fir)) = Eiy iy (fin — g501(figs -5 fir))
+ Eiy,. i (g5 01(figy -5 fir))
=Eiy, i (f — 9,01(fin, -5 fir))
+Eiy,in (95 01 (figs -5 fir))-

Since 0 < *1(figs .-+, fi,) < *1(Wigs---, i), our assumption implies that,
whenever i, ..., i are distinct, || 1 (fiy, ..., fir) — 01(figs -+, fi)l1 <. In
this case, therefore,

0 < (g, *1(figs - -+ fir)) = (g, 01(fin, -, fir)) < -
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We also know that (g,*1(fiy,-.., fi)) = (fiss*2(9, figs- -, fi,)) and that if
i3, ..., are distinct, then *a(g, fis, ..., fi,) = 02(9, fis,-- -, fi,). Therefore,

0 < <fi2702(gv fig’ .. 7flk)> - <gvol(fi27 .. 7f2k)> < n

Now the assumption that *;(1,1,. oo L iy , i, ) is bounded above
by 2 whenever j > 2 and ¢j41,...,4%, are distinct implies that the quanti-
ties 0;(9,9,--++ 9, fijrr---» fir) and (g, 9, ..., 9, fi; 115+, fi),) are equal un-
der these circumstances. From this it is a small exercise to show that

<fi2702(gvfi37 e 7f’Lk)> - <gaok(g g,--. 7g)>
k
Zflj g, ]g97"'7g7fij+17"’7fik)>'

Therefore, for io, ..., distinct,
(1) <g7ol(fi27"'7fik)> - <g7ok(gag7""g)>
differs from

k
(2) Zflj 9, ]gg?"'ag7fij+17"'7fik)>
by at most 7.

The probability that 41,...,4; are not distinct is at most (g)m_1 < n/4k,
and if they are not distinct, then the difference between (1) and (2) is certainly
no more than 4k (since all capped convolutions take values in [0, 2] and || f;;[|1 <
|15, |l1 < 2). Therefore, taking the expectation over all (iy,...,i) (not neces-
sarily distinct) and noting that (g, ox(g,9,...,9)) = (g,*1(9,9,...,9)), we find
that

11, i <f117 (fiza”'vfik»_<g’*1(gag7-"7g)>

differs from
k
Z(.f - g7Eij+1,...,ik Oj (9797 o 7gafij+17 ... 7fzk)>
=1

by at most 27, as claimed. O

To state our counting lemma, we need to define the norm that we shall
actually use.

Definition 3.6. Let X be a finite set and let .S be a homogeneous collection
of ordered subsets of X, each of size k. Let u = (pu1, ..., tm) be a sequence of
measures on X. A (u,1)-basic anti-uniform function is a function of the form
0i(gs- 19 fijprs- - fir), where 1 < j <k, ijiq,..., i are distinct, 0 < g <1
and 0 < f;, < p;, for every h between j + 1 and k. Let ®,; be the set of all
(i, 1)-basic anti-uniform functions and define the norm |.[|,,1 by taking ||h[, 1
to be max{|(h,d)|: p € ®,1}.
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The phrase “basic anti-uniform function” is borrowed from Green and
Tao, since our basic anti-uniform functions are closely related to functions of
the same name that appear in their paper [24].

Our counting lemma is now as follows. It says that if || f — g||,,1 is small,
then the “sparse” expression given by E; ; cri mi(fir,01(fizy- .-, fir)) 1s
approximated by the “dense” expression (g,*1(g,9,...,g)). This lemma mod-
ifies Lemma 3.3 in two ways: it splits f up into m™'(f; + --- + f) and it
caps all the convolutions that appear when one expands out the expression
(f,*1(f,..., f)) in terms of the f;.

COROLLARY 3.7. Suppose that the assumptions of Lemma 3.5 hold, and
that |(f — g,¢)| < n/k for every basic anti-uniform function ¢ € ®,,1. Then
Erg(x) = Eo f(x) — n/k, and

Eil,...,ike{l,...,m} <fi1>ol(fi27 ) flk)> - <g7 *l(gvga s >g)>‘ < 477

Proof. The function og(1,1,...,1) is a basic anti-uniform function, and
it takes the constant value 1. Since Egh(z) = (h,1) for any function h, this
implies the first assertion.

Now the probability that i1, ..., iy are distinct is again at most n/4k, and if
they are not distinct, we at least know that [(f—g,0;(g,9,- -, 9, fij 115> fi )
< 4. Therefore, our hypothesis also implies that

k
Z |<f _ga]Eij+1,...,ik Oj (9797 s 7gafij+1> .. 7f1k)>’ g k(n/k) +4k(77/4k) = 277
Jj=1

Combining this with Lemma 3.5, we obtain the result. ([

To prove analogues of structural results such as the Erdds-Simonovits
stability theorem and the hypergraph removal lemma, we shall need to preserve
slightly more information when we replace our sparsely supported function f
by a densely supported function g. For example, to prove the stability theorem,
we proceed as follows. Given a subgraph A of the random graph G, ;,, we create
a weighted subgraph B of K, that contains the same number of copies of H,
up to normalization. However, to make the proof work, we also need the edge
density of B within any large vertex set to correspond to the edge density of
A within that set. Suppose that we have this property as well and that A is
H-free. Then B has very few copies of H. A robust version of the stability
theorem then tells us that B may be made (x(H) — 1)-partite by removing a
small number of edges (or rather a small weight of weighted edges). Let us
look at the resulting weighted graph B’. It consists of x(H) — 1 vertex sets,
all of which have zero weight inside. Therefore, in B, each of these sets had
only a small weight to begin with. Since all “local densities” of A reflect those
of B, these vertex sets contain only a very small proportion of the edges in A
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as well. Removing these edges makes A into a (x(H) — 1)-partite graph and
we are done.

How do we ensure that local densities are preserved? All we have to do is
enrich our set of basic anti-uniform functions by adding an appropriate set of
functions that will allow us to transfer local densities from the sparse structure
to the dense one. For example, in the case above we need to know that A and B
have roughly the same inner product (when appropriately weighted) with the
characteristic function of the complete graph on any large set V' of vertices. We
therefore add these characteristic functions to our stock of basic anti-uniform
functions. For other applications, we need to maintain more intricate local
density conditions. However, as we shall see, as long as the corresponding set
of additional functions is sufficiently small, this does not pose a problem.

4. A conditional proof of the main theorems

In this section, we shall collect together the results of Sections 2 and 3 in
order to make clear what is left to prove. We start with a simple and general
lemma about duality in normed spaces.

LEMMA 4.1. Let ® be a bounded set of real-valued functions defined on a
finite set X such that the linear span of ® is RX. Let a norm on RX be defined
by || fl| = max{|(f,¢)| : ® € P}. Let ||.||* be the dual norm. Then ||¢|* <1 if
and only if 1 belongs to the closed convex hull of ® U (—®).

Proof. If ) = Y; N\i¢pi with ¢; € PU(—P), A; > 0 for each i and Y ; \; = 1,
and if || f]] < 1, then |[(f,¥)| < >2; Mil(f, ¢i)| < 1. The same is then true if ¢
belongs to the closure of the convex hull of & U (—®).

If ¢ does not belong to this closed convex hull, then by the Hahn-Banach
theorem there must be a function f such that |(f, #)| < 1 for every ¢ € ® and
(f,1) > 1. The first condition tells us that || f|| < 1, so the second implies that
el > 1. O

So we already know a great deal about functions ¢ with bounded dual
norm. Recall, however, that we must consider positive parts of such functions:
we would like to show that (1 — v, ¢4 ) is small whenever ||¢||* is of reasonable
size. We need the following extra lemma to gain some control over these.

LEMMA 4.2. Let ¥ be a set of functions that take values in [—2,2] and
let € > 0. Then there exist constants d and M, depending on € only, such
that for every function ¥ in the convex hull of U, there is a function w that
belongs to M times the convex hull of all products £¢1---¢; with j < d and
O1,...,0; €Y, such that || — w| < €.
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Proof. We start with the well-known fact that continuous functions on
closed bounded intervals can be uniformly approximated by polynomials. Thus,
if K(x) is the function defined on [—2, 2] that takes the value 0 if x < 0 and z
if > 0, then there is a polynomial P such that |P(z) — K(z)| < € for every
x € [—2,2]. It follows that if ¢ is a function that takes values in [—2, 2], then
1P@) — s o < e

Let us apply this observation in the case where v is a convex combination
Y i Aigi of functions ¢; € U. If P(t) = E?Zl a;t’, then

d

P)=> a; > X Xi;bi - 0i.
=1 i1,

But 37, i A A =1 for every j, so this proves that we can take M to

be Z;lzl |a;|. This bound and the degree d depend on € only, as claimed. O

Similarly, for colouring problems, where we need to deal with the function
(maxi<i<r ¢i)+, we have the following lemma. The proof is very similar to
that of Lemma 4.2, though we must replace the function K(z) that has to
be approximated with the function K(zi,...,z,) = max{0,z1,...,2,} and
apply a multivariate version of the uniform approximation theorem inside the
set [—2,2]" (though the case we actually need follows easily from the one-
dimensional theorem).

LEMMA 4.3. Let U be a set of functions that take values in [—2,2] and let
€ > 0. Then there exist constants d and M, depending on € only, such that for

every set of functions 1, ...,Y, in the convexr hull of ¥, there is a function w
that belongs to M times the convex hull of all products £¢1---¢; with j < d
and ¢1,...,¢; € ¥, such that |[(maxi<i<r i)+ — Wl < €. O

We shall split up the rest of the proof of our main result as follows. First,
we shall state a set of assumptions about the set S of ordered subsets of X.
Then we shall show how the transference results we are aiming for follow from
these assumptions. Then over the next few sections we shall show how to prove
these assumptions for a large class of sets S.

The reason for doing things this way is twofold. First, it splits the proof
into a deterministic part (the part we do now) and a probabilistic part (verify-
ing the assumptions). Secondly, it splits the proof into a part that is completely
general (again, the part we do now) and a part that depends more on the spe-
cific set S. Having said that, when it comes to verifying the assumptions, we
do not do so for individual sets S. Rather, we identify two broad classes of
set S that between them cover all the problems that have traditionally inter-
ested people. This second shift, from the general to the particular, will not be
necessary until Section 7. For now, the argument remains quite general.
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Suppose now that pui,...,u, are measures on a finite set X and p =
m = (1 + -+ ). In subsequent sections, we will take y1,. .., tm to be the
associated measures of random sets Uy,..., Uy, each distributed as X,, but
for now we will continue to work deterministically. We shall be particularly
interested in the following four properties that such a sequence of measures
may have.

FOUR KEY PROPERTIES.

PO. ||pilt =1+ o(1) for each i, where o(1) — 0 as | X| — oo.

PL. || %1 (Bigs - -+ fiy) — 01 (Bigs - - iy )1 < 1 whenever g, ..., 1 are distinct
integers between 1 and m.

P2 |l (1,1, 1 iy i) oo < 2 whenever j > 2 and djyq, ..., i are
distinct integers between 1 and m.

P3. [{(u — 1,£)| < X whenever £ is a product of at most d basic anti-uniform
functions from @, 1.

In the remainder of this section, we will prove that if uq, ..., u;, satisfy
these four properties, then any robust density theorem or colouring theorem
also holds relative to the measure p. To prove this for density statements,
we first need a simple lemma showing that any density theorem implies an
equivalent functional formulation. For convenience, we will assume that each
set in S consists of distinct elements from X.

LEMMA 4.4. Let k be an integer and p,3,€ > 0 be real numbers. Let X
be a sufficiently large finite set and let S be a collection of ordered subsets of
X, each of size k and with no repeated elements. Suppose that for every subset
B of X of size at least p|X|, there are at least 5|S| elements (s1,...,sk) of S
such that s; € B for each i. Let g be a function on X such that 0 < g <1 and
gl = p+ €. Then

Esesg(s1)---g(sk) 2 6 —e.

Proof. Let us choose a subset B of X randomly by choosing each x € X
with probability g(z), with the choices independent. The expected number of
elements of B is Y, g(z) > (p + €)|X| and therefore, by applying standard
large deviation inequalities, one may show that if |X| is sufficiently large,
the probability that |B| < p|X| is at most e. Therefore, with probability
at least 1 — e there are at least [|S| elements s of S such that s; € B for
every i. It follows that the expected number of such sequences is at least
BIS|(1 —€) > (B —€)|S|. But each sequence s has probability g(s1)--- g(sk)
of belonging to B, so the expected number is also > cg9(s1) - - g(sk), which
proves the lemma. O
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Note that the converse to the above result is trivial (and does not need
an extra €), since if B is a set of density p, then the characteristic function of
B has Li-norm p.

We remark here that the condition that no sequence in S should have
repeated elements is not a serious restriction. For one thing, all it typically
does is rule out degenerate cases (such as arithmetic progressions with common
difference zero) that do not interest us. Secondly, these degenerate cases tend
to be sufficiently infrequent that including them would have only a very small
effect on the constants. The reason we do not allow them is that it makes the
proof neater.

With Lemma 4.4 in hand, we are now ready to prove that a transference
principle holds for density theorems.

THEOREM 4.5. Let k be a positive integer and let p,B5,¢ > 0 be real
numbers. Let X be a finite set and let S be a homogeneous collection of
ordered subsets of X, each of size k and having no repeated elements. Sup-
pose that for every subset B of X of size at least p|X|, there are at least
B|S| elements (s1,...,sk) of S such that s; € B for each i. Then there are
positive constants n and X and positive integers d and m with the following
property. If pi,...,wm are such that PO, P1, P2 and P3 hold for the con-
stants n, A and d, p=m~" (1 + -+ + pm), and | X| is sufficiently large, then
Esesf(s1) - f(sk) > B — € for every function f such that 0 < f < p and
Eof(x) 2 p+e.

Proof. To begin, we apply Lemma 4.4 with § to conclude that if | X]| is
sufficiently large and g is any function on X with 0 < g <1 and ||g|[s > p+ 5,
then

Esesg(s1) - g(s1) 2 f = 3.

For each function h, let ||h|| be defined to be the maximum of |(h, ¢)| over all
basic anti-uniform functions ¢ € ®, ;. Let n = {5. We claim that, given f with
0 < f < p, there exists a g with 0 < g < 1 such that [|[(1+ $)7'f — gl| < n/k.
Equivalently, this shows that [((14 $)™'f — g,¢)| < n/k for every ¢ € ®,,;.
We will prove this claim in a moment. However, let us first note that it is a
sufficient condition to imply that

Esesf(s1) -~ f(sx) > B —¢

whenever 0 < f < p and E, f(z) > p+e. Let m = 2k3/n and write (1+§)~1f
asm~Y(f1 + -+ fim) with 0 < f; < p;. Corollary 3.7, together with P1 and
P2, then implies that Eyg(z) > (1+ §)"'E, f(z) — n/k and that

Eiy,ooipeltonm) (fin 01 (fizr - fi)) = (0, %1(9, 9, -, 9))] < 4.
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Since n/k <€/8, (1+£)7 ' >1—Sand 1 +0(1) > E,f(z) > p+e,

1
Bag(@) > (145) Eof@@)—n/k>pte= - —o(l)>p+5,

for | X| sufficiently large, so our assumption about g implies that

<g7*1(gvg>"'>g)> > B— %

Since in addition 8n < €, we can deduce the inequality

Eiy,.in (firs 01(fins -5 fir)) = B — €,

which, since the capped convolution is smaller than the standard convolution,
implies that

ESESf(Sl) : f(Sk) = <f7*1(f7 fﬂ“ . 7f)> > Eila---77ﬁk<fi1701(fi27‘ . Jflk)> > 5_6'

It remains to prove that for any f with 0 < f < u, there exists a g with
0 < g < 1 such that [|(1+ £)~'f — g|| < n/k. An application of Lemma 2.5
tells us that if (u — 1,74) < £ for every function ¢ with [|¢|* < kn~!, then
this will indeed be the case. Now let us try to find a sufficient condition for
this. First, if ||¢|* < kn~!, then Lemma 4.1 implies that ¢ is contained in
kn~! times the convex hull of ® U {—®}, where ® is the set of all basic anti-
uniform functions. Since functions in ® U {—®} take values in [-2, 2], we can
apply Lemma 4.2 to find constants d and M and a function w that can be
written as M times a convex combination of products of at most d functions
from ® U {—®} such that |94+ — w|lec < €/20. Hence, for such an w,

€ €

20~ 8

for |X| sufficiently large. From this it follows that if [(x — 1,&)| < €/8M
whenever ¢ is a product of at most d functions from ® U {—®}, then

(p=14) =(p—Lw) +{p—1¢; —w) <e/8+¢/8=c¢/4

Therefore, applying P3 with d and A\ = ¢/8M completes the proof. O

(=104 —w) <lp = Hallt4 = wlloo < (24 0(1))

To prove a corresponding theorem for colouring problems, we will again
need a lemma saying that colouring theorems always have a functional refor-
mulation.

LEMMA 4.6. Let k,r be positive integers and let B > 0 be a real num-
ber. Let X be a finite set and let S be a collection of ordered subsets of X,
each of size k and having no repeated elements. Suppose that for every r-
colouring of X, there are at least 5|S| elements (s1,...,sk) of S such that each
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si has the same colour. Let gi,..., g, be functions from X to [0,1] such that
gi+---+g-=1. Then

Eses Y gi(s1)--- gi(sk) > B.
=1

Proof. Define a random r-colouring of X as follows. For each z € X, let
x have colour ¢ with probability g;(z), and let the colours be chosen indepen-
dently. By hypothesis, the number of monochromatic sequences is at least 3|5],
regardless of what the colouring is. But the expected number of monochro-
matic sequences is Y cq S i gi(s1) - - gi(sk), so the lemma is proved. O

We actually need a slightly stronger conclusion than the one we have just
obtained. However, if S is homogeneous, then it is an easy matter to strengthen
the above result to what we need.

LEMMA 4.7. Let k,r be positive integers and let B > 0 be a real num-
ber. Let X be a finite set and let S be a homogeneous collection of ordered
subsets of X, each of size k and having no repeated elements. Suppose that
for every r-colouring of X, there are at least 3|S| elements (s1,...,sk) of S
such that each s; has the same colour. Then there exists § > 0 with the fol-
lowing property. If gi,...,gr are any r functions from X to [0,1] such that
g1(z)+ -+ gr(x) > 1/2 for at least (1 — §)|X| values of x, then

Eses Y gi(s1) - gi(si) > 2=(htl)g,
=1

Proof. Let Y be the set of x such that gi(z)+ -+ g,(x) < 1/2. Then we
can find functions hy,...,h, from X to [0, 1] such that h; +---+ h, = 1 and
hi(z) < 2g;(z) for every x € X \ Y. By the previous lemma, we know that

Eses > hi(s1) - hi(sk) > B.
i=1

Let T be the set of sequences s € S such that s; € Y for at least one 1.
Since S is homogeneous, for each ¢, the set of s such that s; € Y has size
|S1Y']/|X| < 6]S|. Therefore, |T'| < kd|S|. It follows that

> igi(&) cegilse) > Y igi(sl) - gi(Sk)

s€S i=1 s€S\T i=1

>9SS hals1) - husn) — |71

seS =1
> (2756 — ko).

Thus, the lemma is proved if we take § = 2= (+Dg/k. O
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We now prove our main transference principle for colouring theorems. The
proof is similar to that of Theorem 4.5 and reduces to the same conditions,
but we include the proof for completeness.

THEOREM 4.8. Let k,r be positive integers and 5 > 0 be a real number.
Let X be a finite set and let S be a homogeneous collection of ordered subsets
of X, each of size k and with no repeated elements. Suppose that for every
r-colouring of X there are at least B|S| elements (s1,...,Sk) of S such that each
s; has the same colour. Then there are positive constants n and A and positive
integers d and m with the following property. If ui, ..., m are such that PO,
P1, P2 and P3 hold for the constants n, A and d, p = m~ (u1 + -+ + fm),
and |X| is sufficiently large, then Bees Sy fi(s1)--- fi(sp) > 2-*+23 for
every sequence of functions fi,..., fr such that 0 < f; < p for each i and

Y1 fi=p

Proof. An application of Lemmas 4.6 and 4.7 tells us that there exists
0 > 0 with the following property. If g1,..., g, are any r functions from X to
[0, 1] such that gi(x)+---+gr(x) > 1/2 for at least (1—6)|X | values of z, then

Eees > gi(s1) - gi(sp) > 27*F1B.
i=1

Again we define the norm ||.| by taking ||A|| to be the maximum of [(h, )]
over all basic anti-uniform functions ¢ € ®,1. Let n be such that 8nr <
min(5,2_(k+1)ﬂ). We claim that, given functions fi,..., f, with 0 < f; < p
and >7_; fi = i, there are functions g; such that 0<¢; <1, 91 +---+¢g, <1
and |[(1+ 2)7'f; — g;|| < n/k. Equivalently, this means that for every i and
every ¢ € ®,1, we have that [((1+ $)7'fi — gs, ¢)| < n/k. We will return to
the proof of this statement. For now, let us show that it implies

Eees Y fi(s1) -+ fi(sk) = 27 F+2)B.
=1

Let m = 2k3/77 and write (l—i—g)*lfi as mfl(fi,ﬁ-- o+ fim) with 0 < fi 5 < ;.
Corollary 3.7, together with P1 and P2, then implies that

o._
Ezgi(r) > (1 + Z) "B, fi(z) — n/k
and that

Ejh...,jkE{l,...,m}<fi7j17Ol(fi,]é? veey f’h]k)) - <gl7 *1(gi7 Gis - - - 7gl)>’ S 477

Suppose that there were at least 6|X| values of = for which Y7_; g;(2) < 3.
Then this would imply that
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But E,g;(z) > (1 + $)7'E, fi(z) — n/k. Therefore, adding over all i, we have,
since n < §/8r and (1 + g)_l >1- %, that

s -1
ZExeXgi(ﬂf) = (1 + g) (1+o(1)——>1-=
i=1

for | X| sufficiently large, a contradiction. Our assumption about the g; there-
fore implies the inequality S0 (gi, *1(s, G, - - -, 95)) > 2~ *+D 3. Since 8 <
2=+ 8 we can deduce the inequality

'
S i g 01 (Fias - figy)) = 2702,
i=1
which, since the capped convolution is smaller than the standard convolution,
implies that

r

Eses Y fi(s1) - filse) = Y _(forxa(fir fis- -, i)
=1 =1

2 ZE11,~~~,jk <fi,j1?ol(fi,j2> R fi,jk» > 2_(k+2)6'
i=1
As in Theorem 4.5, we have proved our result conditional upon an assumption,
this time that for any functions fi,..., f, with 0 < f; <p and Y7, fi = i, there
are functions g; such that 0< g; <1, g1+ - ~+g, < land ||(1+2) 7 fi—gil| < n/k-
An application of Lemma 2.6 tells us that if (p — 1, (maxi<i<, ¥;)+) < §/4 for
every collection of functions v; with [|1;||* < kn~!, then this will indeed be
the case. By Lemma 4.1, each v; is contained in k7! times the convex hull
of ® U {—®}, where ® is the set of all basic anti-uniform functions. Since
functions in ® U {—®} take values in [—2,2], we can apply Lemma 4.3 to find
constants d and M and a function w that can be written as M times a con-
vex combination of products of at most d functions from ® U {—®}, such that
||(maxi<i<r ¥i)+ — w]loo < 9/20. From this it follows that if | X| is sufficiently
large and |(p — 1,£)| < 6/8M whenever ¢ is a product of at most d functions
from ® U {—®}, then (p — 1, (maxj<i<r ¢i)+) < §/4. Therefore, applying P3
with d and A\ = §/8M proves the theorem. O

Finally, we would like to talk a little about structure theorems. To moti-
vate the result that we are about to state, let us begin by giving a very brief
sketch of how to prove a sparse version of the triangle removal lemma. (For a
precise statement, see Conjecture 1.7 in the introduction, and the discussion
preceding it.)

The dense version of the lemma states that if a dense graph has almost
no triangles, then it is possible to remove a small number of edges in order
to make it triangle free. To prove this, one first applies Szemerédi’s regularity
lemma [60] to the graph, and then removes all edges from pairs that are sparse
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or irregular. Because sparse pairs contain few edges, and very few pairs are
irregular, not many edges are removed. If a triangle is left in the resulting
graph, then each edge of the triangle belongs to a dense regular pair, and then
a simple lemma can be used to show that there must be many triangles in the
graph. Since we are assuming that there are very few triangles in the graph,
this is a contradiction.

The sparse version of the lemma states that essentially the same result
holds in a sparse random graph, given natural interpretations of phrases such as
“almost no triangles.” If a random graph with n vertices has edge probability p,
then the expected number of (labelled) triangles is approximately p3n?3, and the
expected number of (labelled) edges is pn?. Therefore, the obvious statement
to try to prove, given a random graph Gg with edge probability p, is this: for
every > 0, there exists € > 0 such that if G is any subgraph of Gy that
contains at most ep®n? triangles, then it is possible to remove at most dpn?
edges from G and end up with no triangles.

How might one prove such a statement? The obvious idea is to use the
transference methods explained earlier to find a [0, 1]-valued function g de-
fined on pairs of vertices (which we can think of as a weighted graph) that has
similar triangle-containing behaviour to G. For the sake of discussion, let us
suppose that g is in fact the characteristic function of a graph and let us call
that graph I'. (Later, in Corollary 9.7, we will show that such a reduction is
always possible.)

If I' has similar behaviour to GG, then I' contains very few triangles, which
is promising. So we apply the dense triangle removal lemma in order to get rid
of all triangles. But what does that tell us about G? The edges we removed
from I' did not belong to G. And in any case, how do we use an approzrimate
statement (that G’ and I" have similar triangle-containing behaviour) to obtain
an eract conclusion (that G with a few edges removed has no triangles at all)?

The answer is that we removed edges from I' in “clumps.” That is, we
took pairs (U, V') of vertex sets (given by cells of the Szemerédi partition) and
removed all edges linking U to V. So the natural way of removing edges from
G is to remove the same clumps that we removed from I'. After that, the
idea is that if G contains a triangle, then it belongs to clumps that were not
removed, which means that [' must contain a triple of dense regular clumps,
and therefore many triangles, which implies that G must also contain many
triangles, a contradiction.

For this to work, it is vital that if a clump contains a very small proportion
of the edges of I', then it should also contain a very small proportion of the
edges of G. More generally, the density of G in a set of the form U x V should
be about p times the density of I' in the same set. Thus, we need a result that
allows us to approximate a function by one with a similar triangle count, but
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we also need the new function to have similar densities inside every set of the
form U x V when U and V are reasonably large.

In the case of hypergraphs, we need a similar but more complicated state-
ment. The precise nature of the complexity is, rather surprisingly, not too
important: the main point is that we shall need to approximate a function
dominated by a sparse random measure by a bounded function that has a sim-
ilar simplex count and similar densities inside all the sets from some set system
that is not too large.

In order to state the result precisely, we make the following definition.

Definition 4.9. Suppose that we have a finite set X and suppose that &, ;
is a collection of basic anti-uniform functions derived from a collection S of
ordered subsets of X and a sequence of measures g = (p1,...,m). Then,
given a collection of subsets V of X, we define the set of basic anti-uniform
functions ®,1(V) to be ®,1 U {xy : V € V}, where xy is the characteristic
function of the set V.

We also need to modify the third of the key properties, so as to take
account of the set system V.

P37’ [{(n—1,&)| < X whenever £ is a product of at most d basic anti-uniform
functions from ®,1(V).

Our main abstract result regarding the transfer of structural theorems
is the following. It says that not only do the functions f and g reflect one
another in the sense that they have similar subset counts, but they may be
chosen to have similar densities inside all the sets V from a collection V. The
proof, which we omit, is essentially the same as that of Theorem 4.5: the only
difference is that the norm is now defined in terms of @, ;(V), which gives us
the extra information that |{f, xv) — (g, xv)| < ||f — ¢l for every V € V and
hence the extra conclusion at the end.

THEOREM 4.10. Let k be a positive integer and € > 0 a constant. Let X
be a finite set, S a homogeneous collection of ordered subsets of X, each of
size k, and V a collection of subsets of X. Then there are positive constants n
and A and positive integers d and m with the following property. If pi,..., tm
are such that PO, P1, P2 and P3' hold for the constants n, X\ and d, then, for
| X| sufficiently large, the following holds for ;. = m™" (1 +- - -+ pm): whenever
0 < f < pu, there exists g with 0 < g <1 such that

Esesf(s1) - f(sk) > Esesg(s1) - g(sk) — €
and, for allV €V,
| X

Ezev f(z) — Ezevg(x)] < €m.
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We remark that the second part of the conclusion can be rewritten as

[Exxv (2)f(z) — Bxxv(z)g(z)] < e,

which is precisely the statement that |(f, xv) — (g, xv)| < e.

Note that for P3’ to have a chance of holding, we cannot have too many
sets in the collection V. However, we can easily have enough sets for our
purposes. For instance, the collection of pairs of vertex sets in a graph with
n vertices has size 4"; this is far smaller than the number of graphs on n
vertices, which is exponential in n?. More generally, an important role in the
hypergraph regularity lemma is played by k-uniform hypergraphs H formed as
follows: take a (k—1)-uniform hypergraph K, and for each set E of size k, put
FE into H if and only if all its subsets of size kK — 1 belong to K. Since there are
far fewer (k — 1)-uniform hypergraphs than there are k-uniform hypergraphs,
we have no trouble applying our result.

Since our ultimate goal is to prove a probabilistic theorem, the task that
remains to us is to prove that certain random sets satisfy PO, P1, P2 and P3
(or P3') with high probability. That this is so for PO follows easily from
Chernoft’s inequality. It remains to consider P1, P2 and P3.

5. Small correlation with a fixed function

One of our main aims in this paper is to show that, with high probability,
[{( —1,€)] < A for every product £ of at most d basic anti-uniform functions,
when p is chosen randomly with suitable density. This is a somewhat compli-
cated statement, since the set of basic anti-uniform functions depends on our
random variable p. In this section we prove a much easier result, which will
nevertheless be useful to us later on: we shall show that, for any fized bounded
function &, |(1n — 1,&)| < A with high probability.

To prove this, we shall need a standard probabilistic estimate, Bernstein’s
inequality, which allows one to bound the sum of independent and not neces-
sarily identically distributed random variables.

LEMMA 5.1. Let Y1,Ys,...,Y, be independent random variables. Suppose
that each Y; lies in the interval [0, M]. Let S=Y1 + Yo+ ---+Y,. Then

)
P(S — E(S)| > t) < 2exp{2 (zwta .y }
J 3

We are now ready to prove that (u—1,&) is bounded with high probability
for any fixed bounded function &.

LEMMA 5.2. Let X be a finite set and let U = X,,. Let ji be the associated
measure of U. Then, for any constants C' and A with C > X\ and any positive
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function & with ||{]| < C,
P(|(pn — 1,6)| > \) < 2e~NPIXI/C?,

Proof. For each z € X, u(z)&(x) is a random variable that takes values in
the interval [0, p~*C]. The expectation of u(z)&(x) is £€(z), so the expectation
of (u—1,&) is 0. Also, the variance of u(z)&(z) is at most E(u(z)?¢(z)?), which
is &£(z)%p~1, which is at most C?p~!.

Let S = Y, pu(x)&(xz). Then the probability that |(u — 1,£)| > X equals
the probability that |S —ES| > A X|. Therefore, by Bernstein’s inequality,

—(A|X])? }
(C2p~ X[+ CAp~1[X]/3)

-9 ﬂ
EOPA(Cr 1 ON/3)

< 2exp {—A°p| X|/3C?},

PG~ 1,6)] 2 %) < 20 {5

where to prove the second inequality we used the assumption that C > A. [

Before we move on to the next section, it will be helpful to state Chernoff’s
inequality, the standard estimate for the tails of the binomial distribution. As
we have already noted, PO is a straightforward consequence of this lemma.

LEMMA 5.3. Let0<p<land0<d < % be real numbers and X a finite
set. Then

P(||X,| — p|X|| > 6p|X|) < 25 PIXI/A,

6. The set of basic anti-uniform functions has few extreme points

A slightly inaccurate description of what we are going to do next is that
we shall show that if P1 and P2 hold with high probability, then so does P3.
In order to understand how and why what we shall actually do differs from
this, it is important to understand the difficulty that we now have to overcome.
The result of the previous section tells us that for a random measure p and
any given function £, |(u — 1,&)| is bounded with high probability. We now
need to show that this is the case for all functions & that are products of at
most d basic anti-uniform functions. As we have already commented, this is
tricky, because which functions are basic anti-uniform functions depends on .

To get a clearer notion of the problem, let us look at a subcase of the
general fact that we are trying to prove, by thinking how we might try to
show that, with high probability, (u1 — 1,01(f2,..., fx)) is small whenever
0< f; <uw;fori=23,...,k That is, for the time being we shall concentrate
on basic anti-uniform functions themselves rather than on products of such
functions.
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A question that will obviously be important to us is the following: for
how many choices of functions fo, ..., fr do we need to establish that |{(u; — 1,
o1(fay. ., fr))] is small? At first glance, the answer might seem to be infin-
itely many, but one quickly realizes that a small uniform perturbation to the
functions fa, ..., fr does not make much difference to (u; — 1,01(f2,..., fx))-
So it will be enough to look at some kind of net of the functions.

However, even this observation is not good enough, since the number
of functions in a net will definitely be at least exponentially large in p|X|.
Although the probability we calculated in the previous section is exponentially
small in p|X|, the constant is small, whereas the constant involved in the size
of a net will not be small. So it looks as though there are too many events to
consider.

It is clear that the only way round this problem is to prove that the set of
basic anti-uniform functions oy (fa, ..., fx) is somehow smaller than expected.
And once one thinks about this for a bit, one realizes that this may well be the
case. So far, we have noted that o1(fe,..., fr) is not much affected by small
uniform perturbations to the functions f;. However, an important theme in
additive combinatorics is that convolutions tend to be robust under a much
larger class of perturbations: roughly speaking, a “quasirandom” perturbation
of one of the f; is likely to have little effect on o1 (fa,..., fi)-

It is not immediately obvious how to turn this vague idea into a precise
one, so for a moment let us think more abstractly. We have a class I' of
functions, and a function v, and we would like to prove that (v, ¢) is small
for every ¢ € I'. To do this, we would like to identify a much smaller class of
functions A such that if (v, 1)) is small for every 1) € A, then (v, ¢) is small for
every ¢ € I'. The following very simple lemma tells us a sufficient (and also in
fact necessary) condition on A for us to be able to make this deduction.

LEMMA 6.1. Let ' and A be two closed sets of functions from X to R and
suppose that both are centrally symmetric. Then the following two statements
are equivalent:

(i) For every function v, max{|(v,¢)| : ¢ € I'} < max{|(v,¢)|: ¢ € A}.
(ii) T is contained in the conver hull of A.

Proof. The statement we shall use is just the easy direction of this equiv-
alence, which is that (ii) implies (i). To see this, let ¢ € I'. Then we can write
¢ as a convex combination ; A\;¢); of elements of A, and that implies that
(v, )| < S Nil{v, )| If [(v,¢)| <t for every ¢ € A, then this is at most ¢,
which proves (i), since v and ¢ were arbitrary.

Now let us suppose that I' is not contained in the convex hull of A, and
let ¢ be an element of I' that does not belong to this convex hull. Then the
Hahn-Banach theorem and the fact that A is closed and centrally symmetric
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guarantee the existence of a function v such that (v,¢) > 1, but [(v,¢)| <1
for every ¢ € A, which contradicts (i). O

The reason Lemma 6.1 is useful is that it gives us a strategy for proving
that |(u — 1,£)| is small for all products of at most d basic anti-uniform func-
tions: try to show that these functions belong to the convex hull of a much
smaller set. In fact, this is not quite what we shall do. Rather, we shall show
that every £ can be approzimated by an element of the convex hull of a much
smaller set. To prepare for the more elaborate statement we shall use, we need
another easy lemma.

The statement of the lemma is not quite what one might expect. The
reason for this is that the simplest notion of approximation, namely uniform
approximation, is too much for us to hope to attain. Instead, we go for a kind
of weighted uniform approximation, where we allow the functions to differ quite
a lot, but only in a few specified places.

LEMMA 6.2. Let H be a nonnegative function defined on X such that
|H|1 <€ and |H|loo < R. Let U = X, and let pu be the associated measure
of U. Then, with probability at least 1 — 2exp(—e?p|X|/3R?), we have the
estimate |(u—1,¢0) — (u—1,1)| < 3e for every pair of functions ¢ and 1) such
that | — | < H.

Proof. The fact that ||H||; < e implies that [(1,¢) — (1,9)| < € as well.
Also, [{(u,¢ — )| < (u, H). Therefore, it remains to estimate the probabil-
ity that (u, H) > 2e. Lemma 5.2 with A = € and C' = R implies that the
probability that (u — 1, H) > ¢ is at most 2exp(—e’*p|X|/3R?). Therefore,
with probability at least 1 — 2exp(—ep|X|/3R?), (u, H) < 2¢. The result
follows. ]

If we use Lemma 6.1 and Lemma 6.2 in combination, then we can show
the following result.

COROLLARY 6.3. Let H be a nonnegative function defined on X such that
|H|1 < € and |H||oo < R. Let U = X, and let p be the associated measure
of U. Let T and A be two sets of functions and suppose that for every ¢ € T,
there exists 1 in the conver hull of A such that |¢ — | < H. Then

max{|(n—1,)| : ¢ € T} < max{|(n— 1,¢9")| : ¢" € A} + 3e
with probability at least 1 — 2 exp(—€>p| X |/3R?).

Proof. By Lemma 6.2, the probability is at least 1 — 2exp(—e2p| X|/3R?)
that [(n—1,¢) — (1 —1,v¢)| < 3e whenever |¢p — 1| < H. By the easy direction
of Lemma 6.1, [(x — 1,9)| < max{|(x — 1,¢')| : ¢}/ € A} for every ¢ in the
convex hull of A. This proves the result. O
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How do we define an appropriate set of functions A? A simple observation
gets us close to the set we need, but we shall need to make a definition before
we can explain it.

Definition 6.4. Let 0 < ¢ < p <1, U = X, and let V = U,/,. Let
1 be the associated measure of U and let v be the associated measure of V'
considered as a set distributed as X,. Let f be a function with 0 < f < p.

Then the normalized restriction f, of f to V is the function defined by taking
fu(x) = (p/q)f(x) if z € V and 0 otherwise.

The normalization is chosen to give us the following easy lemma. Note
that the expectation below is a “probabilistic” expectation rather than a mere
average over a finite set.

LEMMA 6.5. Let U = X, be a set with associated measure p and let
V ="U,, be a random subset of U with associated measure v. Then, for any

function 0 < f < pu, f=Eyf.

Proof. For each x € U we have

By fu(z) = (p/q) f(2)P[z € V] = f(z),
and for each ¢ U we have f(z) = Ey f,(z) = 0. O

This lemma expresses f as a convex combination of normalized restric-
tions, which is potentially useful to us, since if ¢/p is a small constant, then a
typical contribution to this convex combination comes from a restriction to a
set that is quite a lot smaller than U. That will allow us to find a small net
for the set of all possible restrictions, whose convex hull can then be used to
approximate the set of all possible functions f with 0 < f < pu.

Furthermore, we can use Lemma 6.5 to write convolutions and products of
convolutions as convex combinations as well, as the next lemma easily implies.
The lemma itself is very easy, so we omit the proof.

LEMMA 6.6. For 1 < i < m, let f; be a fized function and let g; be a
random function such that f; = Eg;. Let k(f1,..., fm) be a multilinear form
in the functions f1,..., fm. Then

K(fiy o fm) = Ek(g1,- -+, gm)-

The rough idea, and the third main idea of the paper, is to rewrite every
product of convolutions as an average of products of basic anti-uniform func-
tions built out of normalized restrictions. Since there are “fewer” of these, we
will have fewer events that need to hold. We must, however, be careful when we
apply this idea. For a start, we cannot afford to let ¢ become too small. If ¢ is
too small, then, given associated measures s, ..., v} of sets distributed as X,
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we can no longer guarantee that the convolutions *;(va, . .., ) are sufficiently
well behaved for our purposes. Even when we choose ¢ to be large enough,
there will still be certain rogue choices of sets. However, for ¢ sufficiently large,
we can take care of these rogue sets by averaging and showing that they make
a small contribution. Thus, there is a delicate balance involved: ¢ has to be
small enough to give rise to a small class of functions, but large enough for
these functions to have the properties required of them.

Another problem arises from the form of the basic anti-uniform func-
tions. Recall that our starting point is a collection of (randomly chosen) sets

Ui, ..., U, with associated measures fi1, ..., tty,. The basic anti-uniform func-
tions we want to approximate are of the form o;(g,..., g, fj+1,..., fr), where
0<g<1landO0 < f < p;, for some sequence (i1, ..., ) of integers between

1 and m. Therefore, we must approximate capped convolutions of functions
some of which are bounded above by 1 and some of which are bounded above
by associated measures of sparse random sets. This creates a difficulty for
us. It is still true that if V' = X, is a random set with associated measure v,
then g = Eyg,, but if we exploit that fact directly, then the number of sets
q‘l))((l\)' Since we will take ¢/p
to be a constant, this is much larger than exp(cp|X|) for any constant ¢ and
therefore too large to use in a probabilistic estimate given by a simple union

V that we have to consider is on the order of (

bound. To get round this problem we shall find a much smaller set V such that
9=Evevgy.

We shall need the following piece of notation to do this. Suppose that
the elements of the set X are ordered in some arbitrary way as x1, ..., Ty, say.
Then, given a subset V' = {zj,,...,z;} of X and an integer a between 0 and
n — 1, we define the set V + a to be the set formed by translating the indices
by a. That is, V +a = {2, 44, . . ., Tj+a} Where the sums are taken modulo n.
(This “translation” operation has no mathematical significance: it just turns
out to be a convenient way of defining a small collection of sets.)

Let us write v + a for the characteristic measure of V' + a. Write g, 1, for
the function given by %g(w) if x € V + a and 0 otherwise. A proof almost
identical to that of Lemma 6.5 implies that g = E,g,+, for any function g
and, in particular, for any function g such that 0 < g < 1. From this and
Lemma 6.5 itself it follows that if (W7,...,W;_1) are any subsets of X, and
w; is the characteristic measure of W;, then

*j(ga . 7g?fj+1a" . 7fk)
= Eal»n-,aj—lEVj-&-L-ka *j (gw1+a17 s Gwisitai—1 (fj+1)yj+17 sy (fk)llk)a

where for h > j the set V}, is distributed as (Uj,)4/p- There is one prac-
tical caveat, in that this identity holds when wy,...,w;_1 are characteristic
measures, but it is more natural for us to deal with associated measures.
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However, if we assume that Wi, ..., W;_; were chosen with probability ¢ and
|[Wi| = (140(1))q| X |, then the distinction vanishes and the identity above holds
(up to a o(1) term) with associated measures rather than characteristic ones.

This observation is encouraging, because it represents the convolution
%i(gy.-» 9, fj+1,--., fr) as an average of convolutions from a small class of
functions. However, it certainly does not solve our problems completely, since
we need a statement about capped convolutions. Of course, it would be very
surprising if it did solve our problems, since so far we have not said anything
about the size of ¢ and the sets Wi,...,W;_1. In order to transfer the trivial
observation above from convolutions to capped convolutions, we shall need ¢
to be sufficiently large and the W; to be “sufficiently random.”

6.1. Sufficient randomness. First, let us describe two properties that are
closely related to the properties P1 and P2 defined earlier and discuss how they

are related. The properties will apply to a sequence of measures v1,...,v;_1,
Vji1,...,V, and parameters n > 0 and j < k.
Ql. H *j (Vl, ey Vj_l, Vj+1, . ,Vk) — Oj(Vl, . ,Vj_l, V]‘_H, ey l/k)||1 S n.

Q2. [+ (1,..., 1,41, V) |Joo < 2.

The main difference between these new properties and the properties P1
and P2 is that we are not quantifying over a whole set of sequences. For
example, P1 is the property that Q1 holds with j = 1 for every sequence
(Hig, - - -, 11, ) taken from a sequence (fi1, ..., fim)-

A less obvious difference is that, while we are ultimately interested in
obtaining properties of the measures p1, ..., ttm, we shall deduce these from
probabilistic statements about typical sequences of measures v1, ..., v, chosen
binomially with a smaller probability. This will be illustrated by the main
result of this section.

Let us define what we mean by “sufficiently random” and then show that
what we need can be obtained if Q1 holds with sufficiently high probability
for suitable 1. The next definition highlights the property that we want to get
out of the sufficient randomness: that capped convolutions should be pretty
similar to actual convolutions.

The randomness property we need of our sets W; is roughly speaking that
almost all sequences of sets that appear in the averages we consider satisfy
Q1 for some small 7. That will allow us to prove a statement about capped
convolutions, because almost all the convolutions that appear in the average in
the observation above can then be approximated by their capped counterparts.
Here is the formal definition.

Definition 6.7. Let n > 0 be a real number, let 0 < ¢ < p < 1 and let
Wi,...,Wj_1 and Zj41,...,Z; be subsets of X. We say that Wy,...,W;_q,
Zjt1,. .., 2y are sufficiently random if |Wy| = (14 o(1))¢|X| for every h < j,
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|Zn| = (1 4+ o(1))p| X| for every h > j and, if wy,...,wj_1 are the associated
measures of Wy, ..., W;_1 defined with weight ¢~1, then the following state-
ment holds:

e Let a sequence (ai,...,aj—1,Vjt1,..., Vi) be chosen randomly and inde-
pendently such that ap € Z, for every h < j, V) = (Zp),, for ev-
ery h > j and, for each h > j, let v, be the associated measure of
Vi, defined with weight ¢~!. Then the probability that the (k — 1)-tuple
(w1 +at,...,wj—1+aj_1,Vjt1,...,vx) satisfies Q1 is at least 1 — o(|X|7¥).

Strictly speaking, the definition of sufficient randomness depends on the
parameters 7, p and ¢, but these will be clear from the context.

Our next main lemma says that if Q1 holds with sufficiently high prob-
ability, then the probability that Wi,...,W;_1,Z;41,...,Z; are sufficiently
random, if we choose them independently at random in a suitable way, is also
close to 1.

LEMMA 6.8. Suppose that if v1, ...,V are the associated measures of sets
Vi,..., Vi, each chosen binomially with probability q > pg, then property Q1
holds with probability 1 — o(|X|™%). For 1> p > q > po, let Wy,...,W;_y be
independent random subsets of X with each Wy, = X4, and let Zj1,..., 2
be independent random sets with each Z, = X,. Then the probability that
Wi,...,Wj_1,Zj41, ..., Zk are sufficiently random is 1 — o(1).

Proof. Consider the following way of choosing k£ — 1 random sets. First
we choose W1y,...,W;_1 and Zj;1,...,Z) as in the statement of the lemma.
Chernoff’s inequality easily implies that with probability 1 —o(|X|~*) we have
W = (14 0(1))g|X| for all h < j and |Z| = (1 + o(1))p|X]| for all b > j.
Next, we choose aq,...,a;-1,Vjt1,...,V} randomly and independently such
that ay € Z, for every h < j and V), = (Zy)4/, for every h > j. Then the
sets Wi +ai,...,Wj_1+a;j_1,Vjq1,...,V} are independent random sets, each
distributed as X,.

Let their associated measures be wi + a1,...,wj—1 + aj_1,Vj41, ..., V.
Then, since g > pg, our assumption tells us that this sequence of measures
satisfies Q1 with probability 1 — o(|X|~*). Therefore, with probability 1 —
o(1), when we choose the W; and the Z;, the probability that the sequence

w1+ ai,...,wj—1 + aj_1,Vj41,. .., satisfies Q1, conditional on that choice
of the W; and Z;, is at least 1 — o(|X|7%). Hence, Wi,...,W;_1, Zjt1,..., Z
are sufficiently random with probability 1 — o(1), as claimed. O

In particular, if Z;i1,...,Z; are binomial random subsets of X, each

chosen with probability p, then, with high probability, there is a choice of sets
Wi, ..., Wj_1 such that Wy,..., W;_1,Zj41,..., 2} are sufficiently random.
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6.2. The proof for basic anti-uniform functions. Suppose that Lqg = p >
q > po for some large constant L. It will be by choosing this constant L to be
large enough that we will make our trick of using normalized restrictions work.
Throughout this section, we will assume that 1 > 0 is some parameter yet to
be specified, and Z;11,...,Z; is a sequence of sets, with associated measures
Cjt1s- - -Gk defined with weight p~ 1, such that

(i) If 7 = 1, then Q1 holds for the sequence of measures ((a,. .., k).
(ii) If j > 1, then Q2 holds for the sequence of measures ((jy1,.-.,Ck)-
(111) There exist sets Wl, ey Wj—l such that Wl, ey Wj—l; Zj+1, ey Zk are
sufficiently random (with parameters j and 7).

In the remainder of the section, we will show that if conditions (i), (ii)
and (iii) hold (with parameters j and 7 for suitable 7), then the set of basic
anti-uniform functions defined using (jy1,...,(x has a small net. To be more
precise, we need some definitions. In what follows, we will write wy, for
the associated measure of W}, + a (or, more accurately, the translate by a of
the associated measure wy, of Wp,), where again these associated measures are
defined with weight ¢~!. We will also write w;h ., for the characteristic measure
of Wy, + a.

Definition 6.9. Let ®((jt1,-..,Ck) be the set of all functions of the form
0i(g,---+9, fit1,---» fr), where 0 < g < 1 and 0 < f, < ¢, for each h > j.
Let W((j41,---,Ck) be the set of functions o;(f1,..., fj—1, fj+1,-.., fr) such
that the constituent functions fj have the following properties. If h < j, then
0< fy < wﬁlva for some a, and if h > j, then 0 < f, < vy, where vy, is the
1. of some set V}, € (Z,)

associated measure, defined with weight ¢~ such

that [Vi| < 2¢|X].

q/p

We shall now show that every function in ®((jt1,...,{;) can be approx-
imated by a convex combination of functions in W((jt1,...,¢x). This will
be very useful to us, because ¥((jt1,...,(;) is a much “smaller” set than
®(Cjs1,---,Ck). However, we need to be rather careful about precisely what
we mean by “can be approximated by.”

LEMMA 6.10. Let L and o < 1 be positive constants. If n is sufficiently
small (depending on «) and |X| is sufficiently large (depending on L and o),
then there is a nonnegative function H such that [|[H||1 < a, ||H|0o < 2, and,

for every function oj(g,...,9, fi+1,---, fx) € ®((jx1,--.,Ck), there exists a
function o in the convex hull of ¥((jt1,...,Ck) such that

OSOj(g7"’7gﬂfj+17“'7fk)_USH'

Proof. Let us choose a random function ¢ € ¥({jt1,...,(;) as follows.
Suppose that W7y,...,W,_; are the sets given by condition (iii) and that for
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each h, the associated measure of W}, is wy, (as in the definition of sufficient ran-
domness). We start by choosing a random sequence (w/, . . . ,wg-_l, Vigl, - s Vk).
Here, each wj, is chosen uniformly at random from the |X| measures wj, , and
each vy, is the associated measure of a set V},, where the sets V}, are independent

and distributed as (Z)q/,- We then let ¢ be the function

Oj(gwiu cee 7gw;._1’ (fj+1)l/j+17 ceey (fk)l/k)

if every V}, has size at most 2¢|X|, and the zero function otherwise. Finally,
we take o to be the expectation of ¢, which is certainly a convex combination
of functions in W((jy1,...,C)-

Let us begin with the first inequality. Here we shall prove the slightly
stronger result that the inequality holds even if we take

w = Oj(gw’la o 7gw;.717 (fj+1)Vj+17 ceey (fk)uk)
for all choices of V3, (rather than setting it to be zero when one of the V}, is too
large).
Let T be the function from R to R defined by T'(y) = min{y,2} and let
S(y) =y —T(y) = max{y — 2,0}. Then

Oj(g’" . 7gvfj+la" afk):T(*j(gv 7gafj+la-‘ . afk))
:T(E<*j(gw’17 o 790.;;.717 (fj+1)Vj+l’ ceey (fk)Vk)))7

by Lemmas 6.5 and 6.6 and the fact that g = Eagwa . (The reason we use

the characteristic measures w;m rather than the associated measures wy, o here
is so that this identity is exactly true rather than merely approximately true
with high probability.) On the other hand,

E(Oj(gwia cee ,gw;_la (fjJrl)VjJrl’ ceey (fk)Vk))
= ET(*j(gwi7 cee agw;_l’ (fj+1)l/j+1v ceey (fk')l/k))
Since T is a concave function, the result follows from Jensen’s inequality.
Now let us define H and prove the second inequality. Since capped convo-

lutions are smaller than convolutions and, as above, *;(g,...,9, fi+1,---, fx))
= E(*;(gur, - -- 29 (fi+1)vj415 -+ 5 (fe)re)), the left-hand side of this in-

equality is at most E(*j(gwi,...,gwéil,(fj+1)l,j+1,...,(fk)l,k) — 1)), which is
E7, where

T = S(*](gwia cee 7gw;._1) (fj-‘rl)l/j+17 SRR (fk)l/k))

if every V), has size at most 2¢|X|, and #;(gu:, - - - 29 (fi)vns -5 (fr))
otherwise.
If every V}, has size at most 2¢|X|, then

T < S(*j(wi7 R ,w;_l,Vj+17- . 'ayk))’
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since S is an increasing function. If there is some set V}, that is too large, then
we use the bound

*j(gwiv'-- 7gw§.717 (fj+1)Vj+17-"a(fk)l/k) < ‘X|k *j (1>-"71) = |X|k>

e < X1 and (fud, < v < (0/0)Gh <
q¢~ ' < |X| for every h. Since, by Chernoff’s inequality, the probability that

some one of the Vj, has size larger than 2¢|X| is exponentially small in ¢|X]|,

which follows since g, < wj, <

the contribution of these bad terms is o(1) everywhere.
We also have the trivial bound

Oj(g7"'7gafj+17---7fk)—O'SZ.

Accordingly, if we set H = min{n+ES(x;(w}, ..., &} _1,Vj41,...,Vk)), 2}, then,
provided | X| is sufficiently large, we have a function that satisfies the second
inequality and trivially satisfies the inequality ||H ||~ < 2.

It remains to bound ||H||;. Let n = a/4. Then when we choose our
random sequence (wi,...,wj—1,Vj4+1,---, V), the probability that it satisfies
Q1 is 1 —o(|X|7%), by the sufficient randomness assumption. Since there are
at most |X|¥ ways of choosing wy, ... ,wj_1, it follows that with probability
1 —o0(1), every single such choice results in a sequence that satisfies Q1. That
is, we have the inequality

[ %5 (Wiars -+ s Wj—1,a5 15 Vjt1, - - -5 Vi)
—0j (Whays--+»Wj—l,a_15Yj+15- - V)1 < 1.

The condition that |[W;| = (14 0(1))q|X| implies that, for every 1 < ¢ < k and
every a € |X|, wiq = (1 +0(1))w; ,. Therefore, for | X| sufficiently large,

/ /
| *5 (Wiays--- Wi ta, s Vit Vi)
/ /
— 9 (wl,ala s Wi g a; g Vil e 7Vl€)||1 <27

for any vj41,...,v such that every choice of wy,...,wj_1 yields a sequence
that satisfies Q1.

If vj41,..., v are such that there exists (a1, ...,a;—1) for which

(wl,aw e ,w]'_Laj_l, Vj+1, e ,Vk)

does not satisfy Q1, then we use a “trivial” bound instead. For each fixed
choice of (Vj41,..., V), we have
Ell %5 (Wiays - s Wjt,a, s Vitts -5 V)11
= H *j (1,...,1,I/j+1,. . -al/k)Hl

< (p/q)k_j” *j (17 o '717Cj+17 e ka)HL
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where the expectation here is taken over all sequences (a1,...,aj—1). The
inequality follows from the fact that 0 < v, < (p/q)(p, for each i. The constant
7 is at most 1, so applying assumption (i) if j = 1, we find that

[ *1 (G2, C)lle < [l o1 (C2y- -5 Gl
+ [ #1 (G5 -+ -5 k) —01(C2s vy Gl £ 2471 < 3.

Similarly, applying assumption (ii) if j > 1, we have ||*;(1,..., 1, (j41,.--, Gl
< 2. In either case,

Ell b5 Whaps @10Vt o)l < 3(p/g) " < 3LF.

As | X]| tends to infinity, the probability that the first bound does not hold
for every (ai,...,a;—1) tends to zero, and the second bound always holds.
Therefore, if | X| is sufficiently large, it follows that

”HHl < 277+E” *j (wi,ap s 7w;‘fl,aj,171/j+17 .- '7Vk)
9 (wi,ap"‘7w§'71,aj,171/j+17’ . '7Vk)H1 <4dn=a,

where the expectation is taken over all sequences containing those vj41,..., v
such that, for all choices of a1, ..., a;j-1, (Wiays- - Wj—1,aj_15 Vj+1s-- -, Vk) Sat-
isfies Q1. The result follows. O

What we have shown is not just that every element of ®((j41,...,(x) can
be approximated well in L; and reasonably well in Ly, by a convex combina-
tion of elements of W((j41,...,(x), but rather the stronger statement that the
difference is bounded above by a fized bounded function with small Li-norm.
This will be important to us later.

The title of this section was “The set of basic anti-uniform functions has
few extreme points.” That is an oversimplification: the next result is what we
actually mean.

LEMMA 6.11. Let 0 < o < 1/2k and L > 2 be a positive integer with
p = Lq. Then, for |X| sufficiently large depending on L and «, the following
holds. Let Zji1,...,Z; be subsets of X with associated measures Cji1,...,C
defined with weight p~!, and suppose that assumptions (i), (ii) and (iii) are
satisfied. Then there is a collection W' = W'((jy1,...,Ck) of functions that

k—
take values in [0, 2], of cardinality at most |X|k_1(§zq7‘|§|‘) ](2/a)(’f—1)24\X|, and

nonnegative functions H and H' with |H||1 < o, ||H||eo < 2, [|H'|1 < 3a(k—1)
and ||H' ||« < 2, such that for every function ¢ = 0;(g,...,q, fi+1,---, fx) in
Q(Cjs1,---,Ck), there is a function ¢ in the conver hull of U with ¢ < ¢ <

v+ H+ H.

Proof. Choose a positive integer ¢ such that a/2 < ¢! < a. Then there
exists a nonnegative function ¢’ with 0 < ¢’ < 1 such that every value taken
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by ¢ is a multiple of ¢!, and such that 0 < ¢ < g < ¢ + a. Also, for
every h and every function fj such that 0 < f < (j, there exists a function
fr with 0 < f; < ¢, taking values that are multiples of ¢t~1¢; such that
0<fh < fn< fh+aCn.

We would now like to show, for any such choice of g and f;11,..., f, that
the functions ¢ = 0;(g,..., g, fj+1,..., fi) and ¢' = 0;(g', ..., ¢, fii1,- -+, fr)
are reasonably close. We shall consider the two cases j = 1 and j > 1 sepa-
rately.

If j =1, then

k
=& =D (1(far- s oty fuse oo fi) = 01(fas s Sl St i)

h=2
k
< Z(*l(fé? 7f]/1—1>fh7"'7fk) - *l(féw : 'af},mfh-‘rla--' afk’))
h=2
k
= Z *1(féa"'7f}/z—l7fh - f}/z7fh+17' 7fk)
h=2

*1(C25 - -+ s Che1, @Gy Chge1s - - -5 Ck)
k— 1)(*1(<27 cee 7Ck))

IA
™=

I

o =

—~ I
[N}

Since 7 < 1, assumption (i) implies that

H *1 (<27' . aCk)Hl < 37

so we find that o1(fa,..., fx) —o1(f5,..., f;) is bounded above by a function
H' with Li-norm at most 3a(k — 1). It is clearly also bounded above by 2.
Lemma 6.10 gives us H with [|H||; < «, [|[H|lx < 2, and also ¢ €
U(C,...,¢k) such that 0 < oy(f3,..., f) — ¢ < H. Putting these two facts
together implies the required bounds on H and H’ for the case j = 1.
If 5 > 1, then a very similar argument shows that

¢_ ¢/§Oé(/€ - 1)(*J<17717CJ+17 7Ck))

By assumption (ii), ||*; (1,...,1,{j41,- -, Ck)|loo < 2, so in this case we have a
function H' with Lo-norm at most 2a(k — 1) < 2 and therefore with L;-norm
at most 2a(k — 1).

All that remains is to count the number of functions in W(¢j1,. .., () that
are normalized restrictions of functions of the form o;(¢, ..., ¢/, fj,'+17 e I
It is here that we shall use the assumption that the sets Z; each have cardi-
nality (1 4 o(1))p|X| < 2p|X|. There are at most |X|?~! choices for the set

(a1,...,a;-1), and for each j + 1 < i < k, because of the upper bound on the
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sizes of the Z; and V;, there are at most | X| @ZI@((\') choices for the set V;. (Note
that since p = Lg > 2q, the largest binomial coefficient is indeed this one.)
Finally, each valuation of each function has at most ¢ < 2/« possible results
and each of the k — 1 functions has a domain of size at most 2¢|X|. Therefore,

the number of normalized restrictions is at most

k—j
X! @P{;(D (2/ ) h-D241X],
q

as required. O

6.3. The proof for products of basic anti-uniform functions. To connect
the results of the previous subsection with basic anti-uniform functions, take
a sequence Uy, ..., U, of subsets of X with associated measures p1,..., fim.
Then, for each j and each sequence (ij11,...,%;) of distinct indices between
1 and m, we shall apply the results with Z;, = U;, and (; = p;,. Then the
functions in the set ®({j11,...,(;) are basic anti-uniform functions.

In this section, it will be clear from the context that we are talking about
Imeasures [y, . . ., flm, and therefore it will be convenient to write ®(i;41,. .., i)
and W(iji1,...,1) instead of ®(pi; 5., pi) and Wi, oy, fiy)-

Our next task is to generalize Lemma 6.11 to a result that applies not
just to basic anti-uniform functions but also to products of at most d such
functions. This is a formal consequence of Lemma 6.11. The exact nature of
the bounds we obtain for ||.J||; and ||./||s is unimportant: what matters is that
the first can be made arbitrarily small and the second is bounded. We need a
definition.

Definition 6.12. If ¢ € ®(ijq1,...,17), then define the profile of ¢ to be
the ordered set (ij41,...,4;), and if £ is a product of d basic anti-uniform
functions ¢y, then define the profile of £ to be the set of all d profiles of the
¢on. We will refer to d as the size of the profile.

COROLLARY 6.13. Let 0 < o« < 1/2k and L > 2 be a positive integer with
p = Lq. Then, for |X| sufficiently large depending on L and «, the following
holds. Suppose that A is a profile of size d and, for every (iji1,...,i5) in A,

the sets Uj; , Ui, satisfy assumptions (i), (ii) and (iii). Then there is a
kd

collection A = A(A) of at most ’X\kd@z@) (2/)?k4X] functions that take

values in [0,2%] and a nonnegative function J = J(A) with ||J|1 < dak6? and

| T]|oo < d6%, such that for every function & that is a product of basic anti-

uniform functions with profile A, there is a function v in the convex hull of A

with < &<+ J.

A1t

Proof. Every function & with profile A is a product ¢y - - - ¢4, where each
¢; is a basic anti-uniform function with some fixed profile. That is, each ¢;
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belongs to a fixed set of the form ®(i;y1,...,4;). By Lemma 6.11 we can find
1; such that ¥; < ¢; < 9; + J;, where 1; belongs to the convex hull of a set

k
U’ of size at most |X|k(§§‘|§I) (2/a)?*a1X] " and J; is a fixed function such that

It follows that []; ¥ < & <[[;(¥i + Ji). But

d
[T+ ) H¢z<thH¢i+Ji).
=1 h=1 i#h
Since each v; has Lo.-norm at most 2, the latter function has Li-norm at most

dak6® and Los-norm at most d6¢, as claimed. O

We are now ready for the main result of this section. It will be convenient
once again to give names to certain assumptions.

R1(r,7). If Zy,..., Z} are chosen independently from X, and their associated
measures are (y,...,(;, then

|| *] (Clv"'7<j717<j+17' . aCk‘) - Oj(Cla'“ 7<jflagj+17"')<k)“l S n

with probability 1 — o(|X|7%).
R2(r).  With the notation as in R1, the probability that

H *] (17"'717Cj+17"'7Ck)||00 S 2
for every j > 21is 1 — o(1).
Note that R1(r,j) is saying that Q1 holds with high probability, and R2(r)

is saying that Q2 holds with high probability for every j (when the v; are the
associated measures of random sets from X.).

LEMMA 6.14. For any positive constant A and positive integer d, there
exist n,m and L such that the following holds. Let 0 < pg < 1/L and suppose
that assumptions R1(r, j) and R2(r) hold for every j and for every r > py. Let
p > Lpo, let Uy, ..., Uy, be chosen independently from X,, and let jiq,. .., fim be
their associated measures. Then, with probability 1 —o(1), they satisfy property
P3. That is, setting p=m" (1 + -+ + pim), |(u — 1,€)| < X whenever £ is a
product of at most d basic anti-uniform functions from @, 1.

Proof. Let A be a profile and suppose that 4 is not involved in A. Let
I' =T'(A) be the set of all products of at most d basic anti-uniform functions
with profile A. Let ¢ = p/L for a constant L yet to be determined. By
assumption R1(q,j), Lemma 6.8 implies that for every sequence (ijy1,. .., i),
the probability that assumption (iii) holds with parameters p and g for the sets
Uijp1)- -5 Ui, is 1—=0(1). Therefore, the probability that it holds for all j and all
sequences (411, ...,1) in the profile A is also 1—o(1). By assumptions R1(p, 1)
and R2(p), we also know that assumptions (i) and (ii) hold with probability
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1 —o(1) for any given (i41,...,i;) and, therefore, for all (ij41,...,17) in the
profile A.
We may therefore apply Corollary 6.13 to conclude that there exists a set

kd
A = A(A) of at most | X |+ (;’;g}) (2/)?#41X] functions such that, for every
function ¢ € T, there exists ¢ in A with |¢ — | < H, where |H||; < dak6?
and ||H||oo < d6%. If we let o = A\/12kd6%, Corollary 6.3 implies that, with

probability 1 — o(1),

A
max{|(ui — 1,8)| : ¢ € T} < max{|(pi = 1,9)] : ¢/ € A} + 7.

Note that this step depends critically on the fact that pu; is entirely indepen-
dent of the set A(A). It was for this purpose that we chose m random sets
Ui,...,U,, rather than one single random set U. This observation is also im-
portant in the next step, which is to prove that max{|(u; — 1,¢")| : ¢/ € A} <
A/4 with probability 1 — o(1).

By Lemma 5.2, since [|¢)/||c < 2¢ for all ¢/ € A, the probability that
|(; — 1,%")| > A/4 is at most 2exp(—A2p|X|/22¢+10) for any given ¢’. Since
p = Lq, we may estimate the number of elements in A(A) as follows:

kd 2kdq| X 2kdq| X |
‘X|kd 2p‘X| (2/a)2kdq\X| < |X|kd 6p|X’ ax] 24kd6? I

29| X| - 2| X| )
24kd6d>2kd”|x I

A

— | x|k ((72Lkd6d>2’“‘>
_ T2LRAG

If we choose L sufficiently large (depending on k, d and \), then we can arrange
for the sum of the probabilities, which is at most 2 exp(—A2p| X |/22¢+10)|A(A)|,
to be o(1).

We are almost done. We now wish to prove a result about the measure
pw=m" (p1+--+pm). Applying our result so far to all profiles simultaneously,
we find that with probability 1 — o(1), [(u; — 1,&)| < A/2 for every p; and §
such that 7 is not involved in the profile of £. Fix a particular &. If we choose
i at random, the probability that it is involved in the profile of & is at most
(k — 1)d/m. Furthermore, for any i, we have the trivial bound |(u; — 1,&p)| <
2942 since ||€oloo < 24 and, for | X| sufficiently large, ||u; — 1||1 < 3. Therefore,

< |X|k‘d(3L)2kdp\X|/L (

pIX|/L

A

(F=Ddoia A\
m 2

(= 1,&0)| < Egf (s — 1,&0)| <

provided m > kd2%+3 /X. The result follows. O
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6.4. Obtaining P3’ as well. It is possible to add a fixed set of bounded
functions F to the collection of basic anti-uniform functions, provided only
that this set has size smaller than 2PIXI/Lo  where Ly is again some constant
depending only on k, A and d, and the above proof continues to work. Indeed,
adding such a collection can increase the size of the set of products of basic
anti-uniform functions by a factor of at most 2%IX|/Lo Therefore, when we
come to the final line of the penultimate paragraph of the proof of the previous
lemma, provided Lg and L have been chosen small enough, the probability that
the random measure p; correlates with any given function is still small enough
to guarantee that with high probability max{|{(u; — 1,¢")| : ¢' € T"} < \/4,
where I is the set of functions formed from products of at most d character-
istic functions from F and basic anti-uniform functions whose profile does not
involve p;. The remainder of the proof is the same, in that we add over all
profiles and rule out the set of small exceptions where the set U; is involved in
the profile of &.

Later, when we come to apply this observation, F will be a collection of
characteristic functions. For example, to prove a stability version of Turan’s
theorem, the set F will be the collection of characteristic measures of vertex
subsets of {1,...,n}. This has size 2". Therefore, provided p > Cn~!, for C
sufficiently large, we will have control over local densities.

7. Probabilistic estimates I: tail estimates

In this section, we shall focus on showing that property P2 holds with
high probability. That is, we shall show that under suitable conditions, with
high probability || *; (1,1,..., 1, pi; 055 Hiy)|lo < 2 for every j > 2 and
every sequence i;y1,...,4; of distinct integers between 1 and m. It will be
helpful for the next section if we actually prove the following very slightly
more general statement. For every 1 < j < k, every collection of measures

V1i,...,V such that at least one of the measures other than v; is the constant
measure 1 and the rest are distinct measures of the form p;; has the property
that || #; (v1,...,vk)]|e < 3.

Up to now, our argument has been general. Unfortunately, we must now
be more specific about the kind of sets that we are dealing with. We shall split
into two cases. First, we shall look at systems S with the following property.

Definition 7.1. A system S of ordered sequences of length & in a set X has
two degrees of freedom if, whenever s and t are two elements of .S and there
exist ¢ # j such that s; = ¢; and s; = ¢;, we have s = ¢.

This includes the case when S is the set of arithmetic progressions in
Z,, and higher-dimensional generalizations concerning homothetic copies of a
single set.
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After that, we will look at graphs and hypergraphs. In this case, the
required estimates are much more difficult. Thankfully, most of the hard
work has already been done for us by Janson, Rucinski and, in one paper,
Oleszkiewicz [28], [29], [30], [31], [32]. (See also the paper of Vu, [64].) We
shall return to these estimates later.

7.1. The proof for systems with two degrees of freedom. Let Uy, ..., Uy, be
independent random sets chosen binomially and let their associated measures
be p1,..., pm. We are interested in quantities of the form *;(v1,...,v)(z),
where each v; (with ¢ # j) is equal to either the constant function 1 or to one
of the measures u,. We also insist that no two of the v; are equal to the same
- and that at least one of the v; is the constant function.

Suppose that the set of i such that v; is one of the p, is {aj,...,a;} and
that v,, = wp, for h = 1,2,...,l. Then we can interpret =;(v1,...,v;)(z)
as follows. Recall that S;(z) is the set of all s = (s1,...,5s;) € S such that
sj = x. Then *j(v1,...,v;) () is equal to p~ times the proportion of s € S;(x)
such that sq, € Uy, for every h = 1,...,1. This is because vg, (sq,) = p~ ' if
Sa;, € Up, and 0 otherwise.

Now let us regard sequences s € S as fixed and Uy, ..., U, as random
variables. For each s, let E(s) be the event that s,, € Uy, forevery h =1,...,1
(so E(s) is an event that depends on Uy, ..., Uy,,). We claim that if s and ¢ are
distinct sequences in Sj(z), then E(s) and E(t) are independent. The reason
for this is that we know that s; = ¢;, and our assumption that S has two
degrees of freedom therefore implies that there is no other 7 such that s; = ;.
It follows that the events s,, € Uy, and t,, € Up, are independent (since the
sets U; are chosen binomially) and hence that E(s) and E(t) are independent

(since the sets Uy, , ..., Uy, are independent).

1

LEMMA 7.2. Let X be a finite set, let S be a homogeneous collection
of ordered subsets of X, each of size k, and suppose that S has two degrees
of freedom. Let Uy,..., Uy be random subsets of X with associated measures
Wi,y [k, each chosen binomially with probability p. Let 1 < j < k and let
L be a subset of {1,2,...,k} \ {j} of cardinality | < k — 1. For each i < k,
let vi = p; if i € L and 1 otherwise. Let x € Zy. Then the probability that
5j (Vs Vi1, Vg, - o) (@) < 3 s at least 1 — 2exp(—p'[S;(x)|/16).

Proof. Let x; be the characteristic function of U;. Suppose that L =
{ai,...,a;}. Then
—1
*j (V1o Vjm1, Vjds -5 V) (&) = Eses;(2) H Xi(si).
i€l
Now [ier xi(s;i) is the characteristic function of the event F(s) mentioned
just before the statement of this lemma, in the case when b, = ay, for every h.
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As we have discussed, these events are independent. Moreover, they each
have probability p'. Therefore, Eses;(x) [Llier Xi(si) is an average of |S;()|
independent Bernoulli random variables of probability p'.
By Chernoff’s inequality, Lemma 5.3, Y scs; (@) [Llier Xi(si) < %pl]Sj(x)]
with probability at least 1 — 2exp(—p!|S;(z)|/16). Therefore,
3

Eses, (@) [ xi(si) < P
iclL

with the same probability. This proves the result. O

It is perhaps not immediately obvious how the bound for the probability
in the last lemma relates to sharp values for p in applications. To get a feel
for this, consider the case when S is the set of k-term arithmetic progressions
in Z,,. Then |S;j(x)| = n for every x and j as |X| = n. We want to be able to
take p to be around n~"/* =1 With this value, exp(—p'|S;(z)|/16) takes the
form exp(—en!~/(*=1)). In the worst case, when | = k — 2, this works out to
be exp(—cnl/(k_l)), which drops off faster than any power of n. If we took [ =
k —1, then we would no longer have an interesting statement: that is why con-
volutions where every v; is equal to some p; must be treated in a different way.

7.2. The proof for strictly balanced graphs and hypergraphs. We now turn
to the more difficult case of finding copies of a fixed balanced graph or hyper-
graph. Again, we are trying to show that ;(v1,...,;)(x) is reasonably close
to 1 with very high probability, but now this quantity is a normalized count
of certain graphs or hypergraphs. Normally when one has a large deviation
inequality, one expects the probability of large deviations to be exponentially
small in the expectation. In the graph case a theorem of roughly this variety
may be proved for the lower tail by using Janson’s inequality [28], but the be-
haviour of the upper tail is much more complex. The best that can be achieved
is a fixed power of the expectation. The result that we shall use in this case is
due to Janson and Ruciniski [31]. Before we state it, we need some preliminary
discussion.

To begin with, let us be precise about what we are taking as X and
what we are taking as S. We are counting copies of a fixed labelled r-uniform
hypergraph H. Let H have vertex set V of size m and (labelled) edge set
(e1,...,er). (That is, each e; is a subset of V' of size r and we choose some
arbitrary ordering.) Let W be a set of size n (which we think of as large) and
let X = W), the set of all subsets of W of order 7.

Given any injection ¢ : V. — W we can form a sequence (si,...,si) of
subsets of W by setting s; = ¢(e;). We let S be the set of all sequences that
arise in this way. The elements of S are copies of H with correspondingly
labelled edges.
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If we fix an edge e € X and an index j, then S;(e) is the set of all sequences
(s1,...,5%) in S such that s; = e. To obtain such a sequence, one must take
a bijection from e; (which is a subset of V' of order r) to e (which is a subset
of W of order r) and extend it to an injection ¢ from V to W. One then sets
s; = ¢(e;) for each i.

Now let Uy, ..., Uy, be independent random subsets of X, chosen binomi-
ally with probability p, and let their associated measures be puq, ..., tn. Sup-
pose once again that vy, ..., are measures, some of which are constant and
some of which are equal to distinct ;. Suppose that the nontrivial measures,
not including v; if it is nontrivial, are vg,, ..., V,,, and suppose that v,, = up,
for i =1,2,...,1. Then the value *;(v1,...,v;)(e) of the jth convolution at e
is equal to

ESGS]'(G) H Nbi(sai)'
1<i<l
This is p~!|Sj(e)|~! times the number of sequences (s1,...,sx) € S such that
sj = e and s,, € Uy, for every 1 < ¢ <. If we define H' to be the subhyper-
graph of H that consists of the edges e,,,...,e€q,, then each such sequence is
a so-called ej-rooted copy of H' in (e, X). That is, it is a copy of H' where
we insist that the vertices in e; map bijectively to the vertices in e. We are
interested in the number of rooted copies such that the edges fall into certain
sparse random sets. This is not an easy calculation, but it has been done for us
by Janson and Rucinski. In order to state the result we shall need, let us define
formally the random variable that we wish not to deviate much from its mean.

Notation. Let K be a labelled r-uniform hypergraph and f an edge in K.

Let [ be the number of edges in K\{f} and let Uy, ..., U; be random binomial

subhypergraphs of the complete r-uniform hypergraph K7(f)

on n vertices, each
edge being chosen with probability p, with characteristic functions x1, ..., X;.
Let S; be the set consisting of all labelled ordered copies of K\{f} in K

that are f-rooted at a given edge e. Then the random variable YI]; is given by

ST xasi)-

s€Sy 1<i<l

Strictly speaking YIJ; depends on e as well, but we omit this from the
notation because it makes no difference to the probabilities which edge e we
choose. (So we could, for example, state the result for e = {1,2,...,7} and
deduce it for all other e.)

The number of injections ¢ that extend a bijection from f to e is equal
torl(n—r)(n—r—1)---(n — vk + 1), and for each one the probability that

1

s; € U; for every i is p' = p®< 1, so the expectation EYIJ; is

peK—lr!(n—r)(n—r— 1) (n—vg +1).
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The precise details will not matter to us much, but note that the order of
magnitude is p®K ~InpvK T,

We are now ready to state the result of Janson and Ruciniski. It is actually
a very special case of a much more general result (Corollary 4.1 from [31]).
To explain the general statement would lead us too far astray so we restrict
ourselves to stating the required corollary.

LEMMA 7.3. Let K be a labelled r-uniform hypergraph and f a fixed edge.
Then there exists a constant ¢ such that the random variable Y]J; satisfies

F (Yfé = ;EYIJ;) < 2n"K exp (—c ggfré(EY{)l/vL) .

A better, indeed almost sharp, result has recently been proved by Janson
and Rucinski [32]. Unfortunately, though the result almost certainly extends
to hypergraphs, it is stated by these authors only for graphs. However, the
previous result is more than sufficient for our current purposes.

We are now ready to show that if X = K,(f), S is the collection of la-
belled copies of a strictly balanced hypergraph H in X and p > n~Y/mr(H)
then P2 holds with high probability. The proof is essentially the same as it
was for systems with two degrees of freedom, except that we have to use the
results of Janson and Rucinski instead of Chernoff’s inequality. Recall that an
r-uniform hypergraph H is strictly r-balanced if ZZ j > Zi j for every proper
subhypergraph K of H.

LEMMA 7.4. Let H be a strictly r-balanced r-uniform hypergraph with k
edges. Let X = KT(LT) and let S be the collection of labelled ordered copies of
H in X. Let Uy,...,U; be random subsets of X, each chosen binomially with
probability p, and let their characteristic measures be 1, ..., pup. Let 1 < j <k
and let L be a subset of {1,2,...,k} \ {j} of cardinality | < k — 1. For each
i < k, letv; = p; if i € L and 1 otherwise. Let e € X. Then for p >
n=Y/meH) there exist positive constants a and A such that the probability that

3 — Ane
#i(V1y o vio1, Vg, - ) (e) <5 ds at least 1 — 2nPHem A

Proof. Let x; be the characteristic function of U;. Then

(Vs Vo1 Vit ) (€) = DT e o [ xi(si)-
€L

The sum 3 7ses;(e) [licr Xi(8;) counts the number of rooted copies of some
proper subhypergraph K of H. By Lemma 7.3, the probability that

> Tl > 59185(e)

s€Sj(e) el
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is at most

INVE <_ i Eyej 1/'UJ> — InVK (_ A vy—r esj—1 1/7)J> )
n-" exp C%}%( 77) n'Kexp | —c 5%1[1%(71 P )

Since H is strictly r-balanced, we know that iH—:l > @=L for every J C K.
H—T vy—r
Therefore, there is a positive constant a’ such that if p > n=1/™r(H) then for

each J C K we have the inequality
Vi —7 v —7 er—1 vyg—rT
anfrplel > anfrn_<eZ_l)(€J—1) > <n1_(eg—l><vj—r>> > na/'

Therefore,

. vy—r,ej—1 1/UJ> a

g&g(n pe ) =0,
for some a, and hence the probability that Y- cs. (o) [Tier Xi(si) > 3p'15;(e)] is
at most 2nHe~4"" for some positive constants A and a. The lemma follows.

O
8. Probabilistic estimates II: bounding L;-differences

Our one remaining task is to show that property P1 holds with sufficiently
high probability. In other words, we must show that if Uy, ..., U,, are subsets
of X chosen binomially with suitable probability p, and if their associated
measures are i1, ..., [y, then with high probability

|| *j (:uiu ceey Mgy Mgy - ;,Uik) - oj(/ﬁw s Mg gy Bigygs e e 7;U'ik)”l <n
whenever j is an integer between 1 and k and i1,...,7;_1,%j41,...,%; are dis-
tinct integers between 1 and m. Of course, if we can prove this for one choice
of j and i1,...,%j-1,%41,..., 1k, then we have proved it for all, since m and k
are bounded. So without loss of generality let us prove it for j = 1 and for the
sequence (2, ..., k). That is, we shall prove that with high probability

|1 (p2y - s ) = 01(p2, - oy o) lr < -
Our results will also imply the stronger statement R1(p, 1), which was required
for Lemma 6.14.

The basic approach is to show that with high probability the random
sets Us,...,Ui_1 have certain properties that we can exploit, and that if they
have those properties, then the conditional probability that || %1 (ue, ..., ux) —
o1(pe, ..., ux)|l1 < n is also high. This strategy is almost forced on us: there
are some choices of Us, ..., U;_1 that would be disastrous, and although they
are rare we have to take account of their existence.

To get some idea of what the useful properties are, let us suppose that
we have chosen Us,...,Ui_1, let us fix x € X, and let us think about the
random variable *j(ua, ..., ug)(z) (which, given our choices, depends just on
the random set Uy). This is, by definition,

Eges, (z)h2(82) - pe—1(Sk—1) e (8k)-
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At this point we need an extra homogeneity assumption. We would like to
split up the above expectation according to the value of s, but that will lead
to problems if different values of s are taken different numbers of times. Let
us suppose that for each y, the number of s € Sj(x) such that s = y, which is
just the cardinality of the set S1(z) N Sk(y), only ever takes one of two values,
one of which is 0.

In the case of arithmetic progressions of length %k in Z,, with p prime,
S1(z) N Sk(y) consists of a unique arithmetic progression (degenerate if z = y),
the progression with common difference (k — 1)~!(y — ) that starts at x. In
the case of, say, K5s in a complete graph, where s; and sjg represent disjoint
edges of K5, S1(e)NSio(e’) will be empty if e and e’ are edges of K, that share
a vertex, and will have cardinality n — 4 if they are disjoint. In general, in
all natural examples this homogeneity assumption is satisfied. Moreover, the
proportion of y for which Sj(z) N Sk(y) = 0 tends to be O(1/n) and tends to
correspond to degenerate cases (when those are not allowed).

With the help of this assumption, we can rewrite the previous expression
as follows. Let us write K (z) for the set of y such that Si(z) N Sk(y) # 0.
Then

#1(p2s - -y k) (@) = Egesy (o)p2(s2) - pe—1(8k—1) ik (sk)
=Eyck(a) e (¥)Eses, (x)nse () H2(52) - - - r—1(Sk—1)-

Writing W (z,y) for Escg, (2)ns, (y)#2(52) - pk—1(Sk—1), we can condense this
t0 Eye i (a) (Y)W (2, ).

Now we are thinking of po, ..., ur—1 as fixed, and of the expressions we
write as random variables that depend on the random measure p;. Note that
the expectation of 1 (uo, ..., ug)(x) is *1(ue, . . ., ur—1, 1)(x). By the results of
the previous section, we are free to assume that this is at most 3/2 for every z.

Our plan is to prove that the expectation of

s1(pa, .oy pg) () — o1 (pay - - oy i) ()

is small for each x, which will show that the expectation of || %1 (pe, ..., pr) —
o1(ma, ..., ug)|l1 is small. Having done that, we shall argue that it is highly
concentrated about its expectation.

Now, as we have seen, the random variable %1 (ug, ..., ux)(z) is equal to
Eycr(e)ik(y)W (z,y), which is a sum of independent random variables V,,
where V,, = (p|K (x)|) "W (z,y) with probability p and 0 otherwise. The ex-
pectation Ey ¢ )W (z,y) of this sum is 1 (ug, ..., pg—1,1)(7), which we are
assuming to be at most 3/2. If we also know that each Vj, is small, then the
chances that this sum is bigger than 2 are very small. From this it is possible
to deduce that the expectation of *j(ug, ..., pug)(x)—o1(pe, . .., 1) (x) is small.
The following technical lemma makes these arguments precise.
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In the statement of the next lemma, we write E ¢ i for the average over K,
and E for the probabilistic expectation (over all possible choices of p; with their
appropriate probabilities).

LEMMA 8.1. Let0 <p<1landlet0 < a <1. Let K be a set and for each
y € K let 'V, be a random variable that takes the value C, > 0 with probability
p and 0 otherwise. Suppose that the V, are independent and that each C, is at
most o Let S =" eV, and suppose that ES < 3/2. Let T' = max{S —2,0}.
Then ET < 14qe~1/14e

Proof. If we increase the number of random variables or any of the values
Cy, then the expectation of T" increases. Therefore, we are done if we can prove
the result in the case where ES = 3/2.

We shall use the elementary identity

ET:/ ]P’[TZt]dt:/ P[S > 2 + ]dt.
0 0

Since ES = 3/2, if § > 2 + ¢, it follows that S —ES >t + 1/2. Let us bound
the probability of this event using Bernstein’s inequality (Lemma 5.1).

For this we need to bound Y_, V(V,), which is at most 3", E(VyQ), which
is at most ay_, E(V), by our assumption about the upper bound for each C,.
But this is aES = 3a/2. Therefore,

—(t+1/2)?
PIS 22+ < 2exp {2(3a/2 Falt+ 1/2)/3)} '

Writing s = t + 1/2, this gives us 2exp(—s%/(3a + 2as/3)). When s > 1/2
(as it is everywhere in the integral we are trying to bound), this is at most
2 exp(—s2/(6as + 2as/3)) < 2exp(—s/7a), so we have an upper bound of

2 exp(—s/7a)ds = 14ae /14
1/2

which proves the lemma. O

COROLLARY 8.2. Suppose that po, ..., ux—1 are fived and that W (zx,y) <
ap|K (z)| for every x and y and 1 (ug, ..., pp—1,1)(x) < 3/2 for every x. Then

B (1 (pgs - o) (@) — 01 (2, - - -, pi) (x)) < 1dae™ /14
for every x.

Proof. As noted above, *;(ua,...,ux)(z) is a sum of independent ran-
dom variables V,, that take the value (p|K(z)|)~'W (z,y) with probability p
and 0 otherwise. By our hypothesis about W (xz,y), we can take C, = «
for each y and apply the previous lemma. Then S = %j(ueo,...,ux)(x) and
T = %1 (p2, .-, o) () — o1 (pa, ..., ux)(x), so the result follows. O
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The next result but one is our main general lemma, after which we shall
have to argue separately for different kinds of system. We shall use the follow-
ing concentration of measure result, which is an easy and standard consequence
of Azuma’s inequality.

LEMMA 8.3. Let X® be the collection of all subsets of size t of a finite
set X. Let ¢, A\ >0 and let F be a function defined on X® such that |F(U) —
F(V)| < ¢ whenever [UNV| =t—1. Then if a random set U € X is chosen,
the probability that |F(U) — EF| > X is at most 2 exp(—\2/2c¢%t).

Most of the conditions of the next lemma have been mentioned in the dis-
cussion above, but we repeat them for convenience (even though the resulting
statement becomes rather long).

LEMMA 8.4. Let X be a finite set and let S be a homogeneous collection
of ordered subsets of X, each of size k. Let o be a positive integer and suppose
that, for all z,y € X, |S1(z) N Sk(y)| € {0,0}. For each z, let K(x) be the set
of y such that S1(x) N Sk(y) # 0, and suppose that all the sets K(x) have the
same size.

Let po,...,puip—1 be fivzed measures such that %1(pe, ..., pk—1,1)(z) and
(L, oy .oy pi—1)(x) are at most 3/2 for every x € X. For each x,y € X, let

W(z,y) = Eses, (@)ns,(m)H2(52) - pre—1(5k—1)

and suppose that W (x,y) < ap|K(z)| for every x and y.
Let Uy be a random set chosen binomially with probability p, let i be its
associated measure, and let n = 28ce™1 /14 Then

—n? —
PlI| 1 (12, ) = 01(pizs -y i) 1 > ] < 20X |7 TPV 4 gempl XA,

Proof. Corollary 8.2 and linearity of expectation imply that

]E” *1 (/’L27 . '7/'“6) - 01(#27 e nuk)Hl S 140[671/140[ = 77/2

Let us write Z for the random variable || %1 (p2, ..., 1K) — o1(p2, ., ux)||1-
To complete the proof, we shall show that Z is highly concentrated about its
mean.

To do this, we condition on the size of the set Uy and apply Lemma 8.3.
Suppose, then, that |Ug| = t. We must work out by how much we can change
Z if we remove an element of U, and add another.

Since the function z — max{x — 2,0} is 1-Lipschitz, the amount by
which we can change Z is at most the amount by which we can change Y =
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H *1 (M% R 7/“6)”1 But

H *1 (/-LQ, SR) Mk)”l = E$Es€51(x),u2(32) cee /’kal(skfl)ﬂk(sk)
= Eyﬂk(y)ESESk(y)ﬂ2(52) tet :uk—l(sk—l)
=Eypur(y) #x (1, p2, - 1) (y).

We are assuming that (1, po, ..., uk—1)(y) is never more than 3/2, and u(y)
is always either p~! or 0, so changing one element of U}, cannot change Y by
more than 3(p|X|)~!. (The division by | X| is because we are taking an average
over y rather than a sum over y.)

Lemma 8.3 now tells us that the probability that Z — EZ > n/2 given
that |Uy| = t is at most 2exp(—n?p?|X|?/72t). It follows that if t < 2p|X]|,
then the probability is at most 2 exp(—n?p|X|/144). By Chernoff’s inequality,
the probability that ¢ > 2p|X]| is at most 2exp(—p|X|/4). Putting these two
facts together and adding over all possible values of ¢, we obtain the result
stated. (]

Our aim is to prove that property P1 holds with high probability for a
given small constant n > 0. Therefore, it remains to prove that, under suitable
conditions on p, we have the bound W(z,y) < ap|K(x)| for every z,y € X
such that Si(x) N Sk(y) is nonempty, where « is also a given small constant.
Here, the argument once again depends on the particular form of the set of
sequences S.

In the case of sets with two degrees of freedom, this is trivial. Let us
suppose that |K(z)| =t for every z € X. By definition, S;(z) N S;(y) is either
empty or a singleton for every 1 < i < j < k and every x,y € X. It follows,
when S;(x) N Sk(y) is nonempty, that

W(z,y) = Eses, ()8, () H2(52) - - pr—1(Sk—1)

=p2(r2) -+ pp—1(Tk—1)
< p-(-2)

where r = (z,72,...,7t_1,y) is the unique element of S that belongs to S;(x)N
Sk(y). This is smaller than apt as long as p > (at)~/*#~1D_ Recall that in a
typical instance, such as when S is the set of k-term arithmetic progressions
in Zj, for some prime n, ¢t will be very close to n (or in that case actually equal
to n), and we do indeed obtain a bound of the form Cn~/(*~1) that is within
a constant of best possible.

Thus, we have essentially already finished the proof of a sparse random
version of Szemerédi’s theorem, and of several other similar theorems. We will
spell out the details of these applications later in the paper. Now, however, let
us turn to the more difficult task of verifying the hypothesis about W in the
case of graphs and hypergraphs.
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Let H be a strictly r-balanced r-uniform hypergraph. Recall that m,(H)
is the ratio (eg — 1)/(vg — r). The significance of m,(H) is that if Gq(ﬂ, is
a random 7-uniform hypergraph on n vertices, with each edge chosen with
probability p, then the expected number of labelled copies of H containing
any given edge of Gq({:;, is approximately p” ~'nVA~" (the “approximately”
being the result of a few degenerate cases), so we need p > n~1/mr(H) for this
expected number to be at least 1, which, at least in the density case, is a trivial
necessary condition for our theorems to hold. Our main aim now is to prove
that W (z,y) < ap|K ()| holds when p > Cn~1/"™(H) where C is a constant
that depends only on « and the hypergraph H.

In the next result, we shall take p to equal Cn~ and prove that
the conclusion holds provided C is sufficiently large. However, it turns out
that we have to split the result into two cases. In the first case, we also need
to assume that C' is smaller than n® for some small positive constant ¢, or

1/m.(H)

else the argument breaks down. However, when C is larger than this (so not
actually a constant) we can quote results of Janson and Ruciriski to finish
off the argument. (Some of our results, in particular colouring theorems, are
monotone, in the sense that the result for p implies the result for all ¢ > p. In
such cases we do not need to worry about large p.)

LEMMA 8.5. Let H be a strictly r-balanced r-uniform hypergraph and let
S be the collection of labelled ordered copies of H in the complete r-uniform
hypergraph Kr(f). Then, for any positive constants o and A, there exist con-
stants ¢ > 0 and Cy such that, if n is sufficiently large, Cy < C' < n€, and
p = Cn=Y/me(H)  then, with probability at least 1 — n=A, if Us, ..., Ue_q are

random subgraphs G%) of K with associated measures U2y ey fle1,

W(z,y) = Eses,@)ns. (y)p2(s2) -+ fre—1(se—1) < ap|K(z)],
for all x,y € X, where we have written e for ep.

Proof. Let x; be the characteristic function of U; for each ¢ < ep. Let o
be the size of each nonempty set Si(z) N Se(y) and suppose |K(x)| = ¢ for
each x. Then

W(z,y)=op 2 3" yo(s2) Xeo1(Se—1).
s€S1(z)NSe(y)

But Y se s (2)n5.(y) X2(52) -+ - Xe—1(Se—1) is the number of sequences (s1, ..., S¢)
€ S such that s; =, se =y and s; € U; for i = 2,3,...,e — 1. Therefore, our
aim is to prove that with high probability this number is at most aptop®s 2 =
ap®®~lot. Let h be the number of vertices in the union of the first and eth
edges. Then o is almost exactly n¥# " and t is almost exactly n~"
enough to prove that with high probability the number of such sequences is at

, SO it is
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most (a/2)p°H ~In?H =" = (a/2)C® =1 To do this, let us estimate from above
the probability that there are at least (vg¢)"# such sequences.

It will be convenient to think of each sequence in Si(z) N Se(y) as an
embedding ¢ from H to K,(f) such that, writing f1,..., fe for the edges of H,
we have ¢(f1) = z and ¢(f.) = y. Let us call ¢ good if in addition ¢(e;) € U; for
i=2,3,...,e—1. Now if there are (vgf)"# good embeddings, then there must
be a sequence ¢1, ..., ¢y of good embeddings such that each ¢;(H) contains at
least one vertex that is not contained in any of ¢1(H),...,¢;—1(H). That is
because the number of vertices in the union of the images of the embeddings
has to be at least vy ¥, since the number of embeddings into a set of size u is
certainly no more than u"#, and because each embedding has vy vertices.

Let us fix a sequence of embeddings ¢1, ..., ¢ such that each one has a
vertex in its image that is not in the image of any previous one. Let vy,..., v
be the sequence of vertices obtained by listing all the vertices of ¢1(H) in order
(taken from an initial fixed order of the vertices of H), then all the vertices
of ¢2(H) that have not yet been listed, again in order, and so on. For each
i < ¢, let V; be the set of vertices in ¢;(H) but no earlier ¢;(H). We shall
now estimate the probability that every ¢; is good. If we already know that
¢1,...,¢;—1 are all good, then what we need to know is how many edges be-
long to ¢;(H) that do not belong to ¢;(H) for any j < i. Let w; = |V;| be the
number of vertices that belong to ¢;(H) and to no earlier ¢;(H ), and let d; be
the number of edges. Then the conditional probability that ¢; is good is p%.
It follows that the probability that ¢q,..., ¢, are all good is p@1++de. The
number of possible sequences of embeddings of this type is at most mU#¢n™,
since there are at most n™ sequences vi,...,,, and once we have chosen
v1,...,Un there are certainly no more than m"# ways of choosing the embed-
ding ¢; (assuming that its image lies in the set {v1,...,v,,}). Therefore, the
probability that there exists a good sequence of £ embeddings of this type is
pd1+~~-+d4nw1+-~~+wz'

At this point, we use the hypothesis that H is strictly balanced. Since
w; <vg —h<vg—(r+1),

at most mvH!

eHg — 1-— di eHg — 1
< )
VH — T —W; VH —T
which implies that d; /w; > m,(H). In fact, since there are only finitely many
possibilities for w; and d;, it tells us that there is a constant ¢’ > 0 depending
on H only such that d; > m,.(H)(w; + ¢'). Since p = Cn~/™H) this tells us
that p% < C%n~(wit<) and hence that

mUprd1+~“+dgn’w1+m+’wg S m’l)HECd1+-“+d[nfeC/ )

To complete the proof, let us show how to choose C, just to be sure that the
dependences are correct. We start by choosing ¢ such that £¢’ > 2A. Bearing in
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mind that m < vyl and that d;+- - -+dy < eg¥, we place on C the upper bound
C < (vgl)~vatnAlent which ensures that mva{Cht +dep—tc < =4 Finally,
we need C to be large enough for (a/2)C®" ! to be greater than (vy{)"#, since
then the probability that there are at least (a/2)C°7~! sequences is at most
n~A, which is what we were trying to prove. Thus, we need C' to be at least
(2(vg)vm Jo) M/ en=1), O

To handle the case where C' > n€, we shall again need to appeal to the
work of Janson and Rucinski on upper tail estimates. The particular random
variable we will be interested in, which concerns hypergraphs that are rooted
on two edges, is defined as follows.

Notation. Let K be an r-uniform hypergraph and fi, fo edges in K. Let
[ be the number of edges in K\{f1, f} and let Uy, ..., U; be random binomial
subhypergraphs of the complete r-uniform hypergraph Kff) on n vertices, each
edge being chosen with probability p, with characteristic functions x1, ..., X;.
Let S, f, be the set consisting of all labelled ordered copies of K\{fi, fo} in

Ky(f) that are rooted at given edges e; and e3. Then the random variable Y[]?’f 2

S TT xatso)

SESfl’fQ 1<i<l

is given by

The necessary tail estimate (which is another particular case of Corol-
lary 4.1 in [31]) is now the following. Note that EYIJ?’f ? is essentially equal to
p°K 2nVK =P wwhere h is the size of fi U fo.

LEMMA 8.6. Let K be an r-uniform hypergraph and f1, fo fized edges.
Then there exists a constant ¢ such that the random variable Yf?’h satisfies,
for~y =2,

fi.f2 5 1.2\ « 90K <7 : fi.f2 1/“L)
P <YK > YEY;; ) < 2n"K exp cingllr} (’yEYL ) .

The required estimate for p > n~/™(H)+¢ i now an easy consequence of
this lemma.

LEMMA 8.7. Let H be a strictly r-balanced r-uniform hypergraph and let S
be the collection of labelled ordered copies of H in the complete r-uniform

)

hypergraph K,(f . Then, for any positive constants o and c, there exist constants
b and B such that, if n is sufficiently large, C > n¢, and p = Cn= Y™ (H) then,
with probability at least 1 — 2n”H6_B"b, if Ua,...,Us—1 are random subgraphs
G%’% of Ky) with associated measures o, . .., fhe—1,

W(z,y) = Eses, (0)ns. (y)12(52) -+ fre—1(8e-1) < ap|K(z)],

for all x,y € X, where we have written e for ep.
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Proof. Let x; be the characteristic function of U; for each i < ep. Let
o be the size of each nonempty set S1(z) N Se(y) and suppose |K(x)| =t for
each z. Note that EY"“" = p# 2. We may apply Lemma 8.6 with v = apt

to tell us that > oses; ()NSe (y) x2(52) - Xe—1(Se—1) > ’ypeH_2
at most

o with probability

. . - —2\1/vL
9 vH ( €1,6H 1/’UL) 2 VH ( v —h, e —2 >
n exXp | —¢C ingln ('}’ 7Y L ) = zNn exp | —¢C [I/Iéln (”yn P ) y

where h is the size of e; U ey. Note that, as t is almost exactly n~7",

AnvE=hper=2 > (q/2)nvrTpeL~l, Since H is strictly r-balanced, for any
proper subgraph L of H,

1_(1;H—r>(eL—l> vL—T ,
nvL—TpeL—l > <n en—1)\v,—r > > nb .

Since also n?# ~"pfH~1 > ¢ the required bound holds with probability at least
1 — 2n""e=Bn" for some constants B and b. Since

W (z,y) = o 'p(ern—? Yo xals2)  Xeo1(8e-1),
s€S1(x)NSe(y)

the result now follows for n sufficiently large. O

9. Summary of our results so far

We are about to discuss several applications of our main results. In this
brief section, we prepare for these applications by stating the abstract results
that follow from the work we have done so far. Since not every problem
one might wish to solve will give rise to a system of sequences S that either
has two degrees of freedom or concerns copies of a strictly balanced graph
or hypergraph, we begin by stating sufficient conditions on S for theorems of
the kind we are interested in to hold. We have of course already done this,
but since some of our earlier conditions implied other ones, there is scope for
stating the abstract results more concisely. That way, any further applications
of our methods will be reduced to establishing two easily stated probabilistic
estimates, and showing that suitable robust versions of the desired results hold
in the dense case.

Having done that, we remark that we have proved that the estimates hold
when S has two degrees of freedom or results from copies of a strictly balanced
graph or hypergraph. So in these two cases, if the robust results hold in the
dense case, then we can carry them over unconditionally to the sparse random
case.

The proofs in this section require little more than the putting together of
results from earlier in the paper.
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9.1. Conditional results. Recall that we defined a system S of sequences
s = (s1,...,5k) to be homogeneous if for every j < k and every z € X, the
set Sj(z) = {s € S : s; = z} has the same size. Let S be a homogeneous
system of sequences with elements in a finite set X, and let us assume that no
sequence in S has repeated elements. We shall also assume that all nonempty
sets of the form Si(z) N Sk(y) have the same size. Coupled with our first
homogeneity assumption, this implies that for each x, the number of y such
that S1(x) N Sk(y) is nonempty is the same.

We are about to state and prove a theorem that is similar to Theorem 4.5,
but with conditions that are easier to check and a conclusion that is more
directly what we want to prove. The first condition is what we proved in
Lemmas 7.2 and 7.4. We suppose that X is a given finite set, .S is a given ho-
mogeneous system of sequences with terms in X, and pg is a given probability.

CONDITION 1. Let Uy,...,Us be independent random subsets of X, each
chosen binomially with probability p > po, and let 1, .. ., px be their associated
measures. Let 1 < j < k, and for each i # j, let v; equal either u; or the
constant measure 1 on X, with at least one v; equal to the constant measure.
Then with probability at least 1 — o(|X|7F),

*j(Vla s Vi1, Vi1, - .,uk)(:p) < 3/2
for every x € X.

Recall that if L is the set of ¢ such that v; = u;, then

#i (V1o Vi1, Vg ds - Vi) (T)

is p~I#l times the number of s € S;(x) such that s; € U; for every i € L. Since
the expected number of such sequences is pl“! |S;(z)|, Condition 1 is saying that
their number is not too much larger than its mean. (One would usually expect
a concentration result that said that their number is, with high probability,
close to its mean.)

The second condition tells us that the hypotheses of Lemma 8.4 hold.
Again we shall take X, S and p as given.

CONDITION 2. Let Us,...,Ur_1 be independent random subsets of X, each
chosen binomially with probability p > po, and let s, ..., ur_1 be their associ-
ated measures. Let o > 0 be an arbitrary positive constant. For each x, let t
be the number of y such that S1(x) N Sk(y) is nonempty. Then with probability
at least 1 — o | X|7F),

W(z,y) = Eses, (@)ns,(y)H2(52) - pe—1(sk-1) < apt

for every x,y such that S1(x) N Sk(y) is nonempty.
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This is not a concentration assumption. For instance, in the case of
systems with two degrees of freedom, it follows trivially from the fact that
|S1(x) N Sk(y)| < 1 and each p;(s;) is at most p~L. In more complicated cases,
we end up wishing to prove that a certain integer-valued random variable with
mean n~¢ has a probability n=4 of exceeding a large constant C.

We are now ready to state our main conditional results. Note that in all
of these it is necessary to assume that the probability ¢ with which we choose
our random set U is smaller than some positive constant §. For colouring
theorems this is not a problem, because these properties are always monotone.
It is therefore enough to know that the property holds almost surely for a
particular probability ¢ to know that it holds almost surely for all probabilities
larger than q.

For density theorems, we can also overcome this difficulty by partitioning
any random set with large probability into a number of smaller random sets
each chosen with probability less than §. With high probability, each of these
smaller random sets will satisfy the required density theorem. If we take a
subset of the original set above a certain density, then this subset must have
comparable density within at least one of the sets of the partition. Applying the
required density theorem within this set, we can find the required substructure,
be it a k-term arithmetic progression or a complete graph of order t¢.

Alternatively, if we know a (robust) sparse density theorem for a small
value of p, we can deduce it for a larger value ¢ as follows. We can pick a
random set V' = X, by first choosing U = X, and then choosing V' = U, ,.
Since the result is true for almost every V' = X, it will be the case that for
almost every U = X, almost every V = U/, will satisfy the result. It follows
by a simple averaging argument that for almost every U = X, the robust
version of the density theorem holds again.

Unfortunately, for structural results, no simple argument of this variety
seems to work and we will have to deal with each case as it comes.

THEOREM 9.1. Suppose that S, X and py satisfy Conditions 1 and 2.
Suppose also that there exist positive constants p and B such that for every
subset B C X of density at least p, there are at least (|S| sequences s =
(s1,-..,8k) € S such that s; € B for every i. Then, for any e > 0, there exist
positive constants C' and & with the following property. Let U be a random
subset of X, with elements chosen independently with probability Cpy < q < 4.
Then, with probability 1 — o(1), every subset A of U of density at least p + €
contains at least (B — €)p*|S| sequences such that s; € A for every i.

Proof. Basically the result is true because Theorem 4.5 proves the con-
clusion conditional on the four key properties set out before the statement of
Theorem 4.5, and our probabilistic arguments in the last few sections show that
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these properties follow from Conditions 1 and 2. Indeed, we would already be
done if it were not for one small extra detail: we need to deal with the fact
that Theorem 4.5 has a conclusion that concerns m random sets Uy, ..., U,
whereas we want a conclusion that concerns a single random set U.

Let n, A, d and m be as required by Theorem 4.5. Condition 1 implies
that property P2 holds with probability 1 — o(|X|7). Lemma 8.4 tells us that
property P1 holds with probability 1 — o(|X|~%) provided that Conditions 1
and 2 hold for some « that depends on 7. Property PO plainly holds with
high probability. Finally, Lemma 6.14 tells us that if properties PO, P1 and P2
hold with probability 1 — o(|X|~%), then property P3 holds with probability
1 —o(1). Thus, with probability 1 — o(1), we have all four properties.

It follows from Theorem 4.5 that if Uy, ..., U, are independent random
subsets of X, each chosen binomially with probability p > pg, and p1, ..., tum
are their associated measures, then, with probability 1 — o(1),

Esesh(s1)---h(sg) > 5 —¢€

whenever 0 < h <m~Y(u1 + -+ + ) and ||hl]1 > p + 3¢/4.

Let U =U1U---UU,,. Then U is a random set with each element chosen
independently with probability ¢ = 1 — (1 — p)™ > mp(1 — €/8), provided
0 (and hence p) is sufficiently small. Let u be the associated measure of U,
let 0 < f < p and suppose that [[f|l1 > p + €. Then replacing f by the
smaller function h = min{f,m *(u1 + - + pm)} we have ||hlj; > p + 3¢/4,
which implies that Egegh(s1)---h(sg) > 5 — €, which in turn implies that
Eacsf(s1) - f(sx) > B —c. 0

Conditions 1 and 2 also imply an abstract colouring result and an abstract
structural result in a very similar way.

THEOREM 9.2. Suppose that S, X and py satisfy Conditions 1 and 2.
Suppose also that r is a positive integer and [ a positive constant such that
for every colouring of X with r colours, there are at least B|S| sequences s =
($1,-..,8kK) € S such that each s; has the same colour. Then there exist positive
constants C and 0 with the following property. Let U be a random subset of
X, with elements chosen independently with probability Cpy < q < d. Then,
with probability 1 — o(1), every colouring of U with r colours contains at least
2-(k+2) Bk |S| sequences s = (s1,...,5;) € S such that each s; has the same
colour and each s; is an element of U.

The only further ingredient needed to prove this theorem is Theorem 4.8.
Other than this, the proof is much the same as that of Theorem 9.1.

THEOREM 9.3. Suppose that S, X and pg satisfy Conditions 1 and 2 and
let V be a collection of 2°PIXD) subsets of X. Then, for any € > 0, there exist
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positive constants C' and & with the following property. Let U be a random
subset of X, with elements chosen independently with probability Cpy < q < 9,
and associated measure p. Then, with probability 1 — o(1), for every function
f: X >R with0 < f < p, there exists a function g: X - R with 0 < g <1
such that

Esesf(s1) - f(sk) > Esesg(s1) - g(s) — €
and, for allV €V,

> fl@) = g(x)

zeV zeV

< el X]|.

The main extra point to note here is that Conditions 1 and 2 imply not
just property P3 but also property P3’. This allows us to apply Theorem 4.10.

9.2. The critical exponent. The aim of this paper has been to prove results
that are, in terms of p, best possible to within a constant. A preliminary task
is to work out the probability below that we cannot hope to prove a result.
(For density problems, it is easy to prove that below this probability the result
is not even true. For natural colouring problems, it usually seems to be the
case that the result is not true, but the known proofs are far from trivial.) To
within a constant, the probability in question is the probability p such that
the following holds: for each j < k and each x € X, the expected number of
elements s € S such that s; = « (that is, such that s € S;(x)), and s; belongs
to X, for each i # j is equal to 1.

In concrete situations, X will be one of a family of sets of increasing size,
and S will be one of a corresponding family of sets of sequences. Then it is
usually the case that the probability p calculated above is within a constant of
| X |~ for some rational number « that does not depend on which member of
the family one is talking about. In this situation, we shall call « the critical
exponent for the family of problems. Our results will then be valid for all p that
exceed C|X |~ for some constant C. We shall denote the critical exponent by
ag, even though strictly speaking it depends not on an individual S but on
the entire family of sets of sequences.

To give an example, if S consists of all nondegenerate edge-labelled copies
of K4 in K,, then the expected number of copies with a particular edge in
a particular place, given that that edge belongs to U, is 2(n — 2)(n — 3)p°
(since each Sj(e) has size 2(n — 2)(n — 3) and there are five edges that must
be chosen). Setting that equal to 1 tells us that p is within a constant of
n~2/5 so the critical exponent is 2/5. (This is a special case of the formula
Lmi(K) = (vxc — k)/(ex — 1).)

This calculation is exactly what we do in general: if each element of S is a
sequence of length k£ and we are given that x € X,,, then the expected number
of elements of S;(z) that have all their terms in X, is p*~1|S;(x)|. This equals
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1 when p = |S;(z)|~/*=D. If |S;(2)| = C|X |’ for some 6 that is independent
of the size of the problem, then the critical exponent is therefore 6/(k — 1).

If we can prove a robust density theorem for S, and can show that Con-
ditions 1 and 2 hold when py = C|X|~*S for some constant C, then we have
proved a result that is best possible to within a constant. For colouring theo-
rems, we cannot be quite so sure that the result is best possible, but in almost
all examples where the O-statement has been proved, it does indeed give a
bound of the form ¢|X|~@s.

9.3. Unconditional results. In this section we concentrate on the two kinds
of sequence system for which we have proved that Conditions 1 and 2 hold when
po = C|X|~%s.

Recall that S has two degrees of freedom if S;(xz) N S;(y) is either empty
or a singleton whenever ¢ # j. A good example of such a system is the set of
k-term arithmetic progressions in Z, for some prime p. We say that S is a set
of copies of a hypergraph if K is a k-uniform hypergraph with edges a1, ..., ae,
X is the complete k-uniform hypergraph K,,(Lk), and S is the set of all sequences
of the form (¢(ay),...,¢(ae)), where ¢ is an injection from the vertices of K
to {1,2,...,n}.

As above, we assume that S has the additional homogeneity property
that Si(z) N Sk(y) always has the same size when it is nonempty. (In the
hypergraph case, e plays the role of k and k has a different meaning: thus, the
property in that case is that Si(x) N Se(y) always has the same size when it
is nonempty.) And in the hypergraph case, we make the further assumption
that the hypergraph K is strictly balanced, which means that for every proper
subhypergraph J C K, we have the inequality f}j :]i, < f}}f:}c When this
happens, we write my(K) as shorthand for 5§ :]16.

Given a system S with two degrees of freedom, let ¢ be the size of each
Sj(z), and suppose that t = | X|?. Then the critical exponent of S is v/(k—1).
(Note that | X|~®s = ¢=1/(*=1) ) When S is a set of copies of a strictly balanced
hypergraph K, the critical exponent is 1/my(K). It is straightforward to
show that sparse density results cannot hold for random subsets of X chosen

with probability ¢|X|~®s if ¢ is a sufficiently small positive constant. Broadly
speaking, we shall show that they do hold for random subsets chosen with
probability C|X|~*s when C is a sufficiently large positive constant.

Let us call a system S good if the above properties hold. That is, roughly
speaking, a good system is a system with certain homogeneity properties that
either has two degrees of freedom or comes from copies of a graph or hyper-
graph. We shall also assume that | X| is sufficiently large. When we say “there
exists a constant C,” this should be understood to depend only on k in the
case of systems of two degrees of freedom, and only on K in the case of copies
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of a strictly balanced hypergraph, together with parameters such as density or
the number of colours in a colouring that have been previously mentioned in
the statement.

THEOREM 9.4. Let X be a finite set and let S' be a good system of ordered
subsets of X. Suppose that there exist positive constants p and B such that
for every subset B C X of density at least p, there are at least B|S| sequences
s = (81,...,8;) € S such that s; € B for every i. Then, for any ¢ > 0,
there exist positive constants C' and § with the following property. Let U be
a random subset of X, with elements chosen independently with probability
C|1X|~*s < p < 4. Then, with probability 1 — o(1), every subset A of U of
order at least (p + €)|U| contains at least (B — €)p¥|S| sequences such that
s; € A for every i.

Proof. By Theorem 9.1, all we have to do is check Conditions 1 and 2.
Condition 1 is given to us by Lemma 7.2 when S has two degrees of freedom,
and by Lemma 7.4 when S is a system of copies of a graph or hypergraph, even
when C' = 1. (In the case where S has two degrees of freedom, see the remarks
following Lemma 7.2 for an explanation of why the result implies Condition 1
when p = | X|7%5.)

When S has two degrees of freedom, Condition 2 holds as long as p~(¢=2) <
apt, as we have already remarked. This tells us that p needs to be at least
(at)~Y(E=1)_In this case, t = |Sj(z)| for each x and j, so (at)~1/*=1) is within
a constant of | X|~®, as required. When S comes from copies of a strictly
balanced graph or hypergraph, Lemmas 8.5 and 8.7 give us Condition 2, again
with p = C|X|79s. O

Exactly the same proof (except that we use Theorem 9.2 instead of The-
orem 9.1) gives us the following general sparse colouring theorem.

THEOREM 9.5. Let X be a finite set and let S be a good system of ordered
subsets of X. Suppose that r is a positive integer and that B is a positive
constant such that for every colouring of X with v colours, there are at least
BIS| sequences s = (s1,...,s;) € S such that each s; has the same colour.
Then there exist positive constants C' and d with the following property. Let U
be a random subset of X, with elements chosen independently with probability
C|X|~* < p <. Then, with probability 1 — o(1), every colouring of U with
r colours contains at least 2-*+2) 8pF|S| sequences s = (s1,...,s;) € S such
that each s; has the same colour and each s; is an element of U.

Finally, we have the following general sparse structural theorem.

THEOREM 9.6. Let X be a finite set and let S' be a good system of ordered
subsets of X. Then, for any € > 0, there exist positive constants C and 0
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with the following property. Let U be a random subset of X, with elements
chosen independently with probability C|X |~ < p < 9, let u be the associated
measure of U and let V be a collection of 2°PXD) subsets of X. Then, with
probability 1 —o(1), for every function f with 0 < f < p, there exists a function
g with 0 < g <1 such that

Esesf(s1) - f(sk) > Esesg(s1)---g(sk) — €

and, for allV €V,
> fl@) =) g(@)] <elX].

zeV eV

In applications, we often want g to take values in {0, 1} rather than [0, 1].
This can be achieved by a simple and standard modification of the above result.

COROLLARY 9.7. Let X be a finite set and let S be a good system of
ordered subsets of X. Then, for any € > 0, there exist positive constants
C and § with the following property. Let U be a random subset of X, with
elements chosen independently with probability C|X|~* < p < 4, let pu be the
associated measure of U and let V be a collection of 2°PIXD) subsets of X. Then,
with probability 1 — o(1), for every function f with 0 < f < p, there exists a
function h taking values in {0, 1} such that

Esesf(s1) - f(sk) > Esesh(s1)---h(sy) — €

and, for allV €V,
| > fl@) =Y h(x)| < €lX].

zeV zeV

Proof. The basic idea of the argument is to choose a function g that satis-
fies the conclusion of Theorem 9.6 with e replaced by €/2, and to let h(z) =1
with probability g(z) and 0 with probability 1—g(z), all choices being made in-
dependently. Then concentration of measure tells us that with high probability
the estimates are not affected very much.

Note first that the expectation of Esegh(s1) - h(sk) is Esesg(s1) -+ g(sk)-
By how much can changing the value of the average h(x) change the value of
Esesh(sy) - h(sg)? Well, if x is one of s1,...,sk, then h(sy)---h(sk) can
change by at most 1 and otherwise it does not change. The probability that
x is one of sy,...,sk is k/|X]|, by the homogeneity of S (which tells us that
each s; is uniformly distributed). By Azuma’s inequality, it follows that the
probability that

|Escsg(s1)---g(sk) — Esesh(sy)---h(sg)| > €/2

is at most 2 exp(—e2|X|/8k?). This gives us the first conclusion with very high
probability.
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The second is obtained in a similar way. For each V € V), the probability
that | > .ev h(x) — Soev 9(x)] > €/ X|/2 is, by Azuma’s inequality, at most
2exp(—€?|X|/8). Since there are 2°PXD) sets in V, a union bound gives the
second conclusion with very high probability as well. ([l

10. Applications

10.1. Density results. As a first example, let us prove Theorem 1.12, the
sparse analogue of Szemerédi’s theorem. We shall consider Szemerédi’s theo-
rem as a statement about arithmetic progressions mod p in dense subsets of
Z,, for a prime p. We do this because the set of k-term arithmetic progressions
in Z, is a homogeneous system with two degrees of freedom. However, once
we have the result for this version of Szemerédi’s theorem, we can easily de-
duce it for the more conventional version concerning a sparse random subset
of [n]. We simply choose a prime p between 2n and 4n, pick a sparse random
subset U of Z,, and then apply the result to subsets of U that happen to be
subsets of {1,2,...,n}, since arithmetic progressions in these subsets will not
wrap around. Similar arguments allow us to replace [n] by Z, for our later
applications, so we mention once and for all now that for each application it is
easy to deduce from the result we state a result for sparse subsets of intervals
(or grids in the multidimensional case).

Since we wish to use the letter p to denote a probability, we shall now let
n be a large prime.

By Theorem 9.1, all we have to do is check the robust version of Sze-
merédi’s theorem, which can be proved by a simple averaging argument, orig-
inally observed by Varnavides [63] (who stated it for 3-term progressions).

THEOREM 10.1. Let k be an integer and 6 > 0 a real number. Then there
exists an integer ng and ¢ > 0 such that if n is a prime greater than or equal to
no and B is a subset of Z,, with |B| > én, then B contains at least cn? k-term
arithmetic progressions.

Proof. Let m be such that every subset of {1,2,...,m} of density §/2 con-
tains a k-term arithmetic progression. Now let B be a subset of Z,, of density
0. For each a and d with d # 0, let P, 4 be the mod-n arithmetic progression
{a,a+d, ..., a+(m—1)d}. If we choose P, 4 at random, then the expected den-
sity of B inside P, 4 is ¢, so with probability at least 6/2 it is at least 6/2. It fol-
lows with probability at least §/2 that P, 4 contains an arithmetic progression
that is contained in B. Since P, 4 contains at most m(m—1) k-term arithmetic
progressions, it follows that with probability at least 6/2 at least 1/m(m — 1)
of the k-term progressions inside P, 4 are contained in B. But every k-term

arithmetic progression is contained in the same number of progressions P, 4.
t § n(n—1) § n? m

Therefore, the number of progressions in B is at least 5 mm=1) = 2m?"
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Very similar averaging arguments are used to prove the other robust den-
sity results we shall need in this subsection, so we shall be sketchy about the
proofs and sometimes omit them altogether.

The next result is the sparse version of Szemerédi’s theorem. Recall that
we write X, for a random subset of X where each element is chosen inde-
pendently with probability p, and we say that a set I is (9, k)-Szemerédi if
every subset of I with cardinality at least || contains a k-term arithmetic
progression.

THEOREM 10.2. Given § > 0 and a natural number k > 3, there exists
a constant C' such that if p > Cn= Y/ =1 then the probability that (Zy)p s
(0, k)-Szemerédi is 1 — o(1).

Proof. In the case where p is not too large, this follows immediately from
Theorems 9.4 and 10.1. The result for larger probabilities can be deduced
by using the argument given before Theorem 9.1. Alternatively, note that a
subset of relative density d within a subset of [n], has density dp in [n]. Soif p
is larger than a fixed constant A\ (as it will be in the case not already covered
by Theorem 9.4), we can just apply Szemerédi’s theorem itself. ([

A simple corollary of Theorem 10.2 is a sparse analogue of van der Waer-
den’s theorem [65] on arithmetic progressions in r-colourings of [n]. Note that
this theorem was proved much earlier by Rédl and Rucinski [47] and is known
to be tight.

Let us now prove sparse versions of two generalizations of Szemerédi’s
theorem. The first generalization is the multidimensional Szemerédi theorem,
due to Furstenberg and Katznelson [15]. We shall state it in its robust form,
which is in fact the statement that Furstenberg and Katznelson directly prove.
(It also follows from the nonrobust version by means of an averaging argument. )

THEOREM 10.3. Let r be a positive integer and § > 0 a real number. If
P C 7" is a fized set, then there is a positive integer ng and a constant ¢ > 0
such that, for n > ng, every subset B of the grid [n|" with |B| > én" contains
en™ 1 subsets of the form a + dP, where a € [n]" and d is a positive integer.

Just as with Szemerédi’s theorem, this statement is equivalent to the same
statement for subsets of Z] . So let P be a subset of Z" and let (z1,...,x)) be
an ordering of the elements of P. Let S be the set of sequences of the form
Sq.,d = (a+x1d,...,a+ xpd) with d # 0. Then S is homogeneous and has two
degrees of freedom. Moreover, if n is large enough, then no two elements of s, 4
are the same. From the conclusion of Theorem 10.3 it follows that there are at
least ¢|.S| sequences in S with all their terms in B. We have therefore checked
all the conditions for Theorem 9.4, so we have the following sparse version of
the multidimensional Szemerédi theorem. (As before, the result for larger p
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follows easily from the result for smaller p.) We define a subset I of Z; to be
(0, P)-Szemerédi if every subset of I with cardinality at least d|I| contains a
homothetic copy a + dP of P.

THEOREM 10.4. Given integers r and k, a real number § > 0 and a subset
P C 7" of order k, there exists a constant C' such that if p > Cn= Y/ =D then
the probability that (Z7,), is (8, P)-Szemerédi is 1 — o(1).

The second generalization of Szemerédi’s theorem we wish to look at is
the polynomial Szemerédi theorem of Bergelson and Leibman [2]. Their result
is the following.

THEOREM 10.5. Let 6 > 0 be a real number, let k be a positive integer
and let Py, ..., Py be polynomials with integer coefficients that vanish at zero.
Then there exists an integer ng such that if n > ny and B is a subset of [n]
with |B| > dn, then B has a subset of the form {a,a+ Pi(d),...,a+ P(d)}.

We will focus on the specific case where the polynomials are =", 22", ...,
(k—1)a" (so k has been replaced by k£ — 1). In this case, the theorem tells us
that we can find a k-term arithmetic progression with common difference that
is a perfect rth power. We restrict to this case, because it is much easier to
state and prove an appropriate robust version for this case than it is for the
general case.

Note that if a,a +d",...,a + (k — 1)d" € [n], then d < (n/k)Y/". This
observation and another easy averaging argument enable us to replace The-
orem 10.5 by the following equivalent robust statement about subsets of Z,
(see, for example, [25]).

COROLLARY 10.6. Let k,r be integers and 0 > 0 a real number. Then
there exists an integer ng and a constant ¢ > 0 such that if n > ng and B is a
subset of Z,, with |B| > dn, then B contains at least cn' V" pairs (a,d) such
that a,a+d’,...,a+ (k—1)d" € B and d < (n/k)"/".

Let us say that a subset I of Z, is (0,k,r)-Szemerédi if every subset
of I with cardinality at least J|I| contains a k-term progression of the form
a,a+d,...,a+ (k—1)d withd < (n/k)"/".

THEOREM 10.7. Let k,r be integers and § > 0 a real number. Then there
exists a constant C such that if p > Cn~ Y =D then the probability that (Zn)p
is (0, k,r)-Szemerédi is 1 — o(1).

Proof. Let X = 7Z, and S be the collection of progressions of the form
a,a+d",...,a+ (k—1)d" with d < (n/k)*/". Because of this restriction on d,
S has two degrees of freedom. It is also obviously homogeneous. The size of
each S;(x) is n'/" to within a constant, so the critical exponent is v/(k — 1)
with v = 1/r. Therefore, provided p is at most some constant A, the result
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follows from Theorem 9.4 and Corollary 10.6. For p larger than A, the result
follows from the polynomial Szemerédi theorem itself. O

Note that the particular case of this theorem when k£ = 2 was already
proved by Nguyen [41]. To see that this result is sharp, note that the number
of k-term progressions with rth power difference in the random set is roughly
pFn!+1/7 This is smaller than the number of vertices pn when p = n=/(k=1r,

We will now move on to proving sparse versions of Turan’s theorem for
strictly k-balanced k-uniform hypergraphs. As we mentioned in the introduc-
tion, some of the dense results are not known, but this does not matter to us,
since our aim is simply to show that whatever results can be proved in the
dense case carry over to the sparse random case when the probability exceeds
the critical probability.

For a k-uniform hypergraph K, let ex(n, K) denote the largest number of
edges a subgraph of Kflk) can have without containing a copy of K. As usual,
we need a robust result that says that once a graph has more edges than the
extremal number for K, by a constant proportion of the total number of edges
in Kék), then it must contain many copies of K. The earliest version of such a
supersaturation result was proved by Erd6s and Simonovits [8]. The proof is
another easy averaging argument along the lines of the proof of Theorem 10.1.

THEOREM 10.8. Let K be a k-uniform hypergraph. Then, for any e > 0,
there exists § > 0 such that if L is a k-uniform hypergraph on n vertices and

e(L) > ex(n, K) + enk,
then L contains at least dn"% copies of K.

Let 7 (K) be the limit as n tends to infinity of ex(n, K)/(}). We will say
that a k-uniform hypergraph H is (K, €)-Turdn if any subset of the edges of H
of size

(me(K) + €)e(H)
(k)

contains a copy of K. Recall that Gy p is a random k-uniform hypergraph on n
vertices, where each edge is chosen with probability p, and when K is strictly
k-balanced my(K) = (ex — 1) /(v — k).

THEOREM 10.9. For every € > 0 and every strictly k-balanced k-uniform
hypergraph K, there exists a constant C' such that if p > Cn= /" (K)  then the
probability that Ggfz), is (K, €)-Turdn is 1 —o(1).

Proof. For p smaller than a fixed constant A, the result follows immediately
from Theorems 9.4 and 10.8. For p > A, we may apply the argument discussed
before Theorem 9.1. That is, we may partition Gg?p into a small set of random
graphs, each of which has density less than A and each of which is (K, €)-Turan.

If now we have a subgraph of quf])) of density at least ex((rfl’)K) + €, then this
k
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subgraph must have at least this density in one of the graphs from the partition.
Applying the fact that this subgraph is (K, €)-Turdn implies the result. O

In particular, this implies Theorem 1.10, which is the particular case of
this theorem where K is a strictly balanced graph. Then ex(n, K) is known to

be (1 - W + 0(1)) (3), where x(K) is the chromatic number of K.

10.2. Colouring results. We shall now move on to colouring results that
do not follow from their corresponding density versions. Let us begin with
Ramsey’s theorem. As ever, the main thing we need to check is that a suitable
robust version of the theorem holds. And indeed it does: it is a very simple
consequence of Ramsey’s theorem that was noted by Erdés [7].

THEOREM 10.10. Let H be a hypergraph and let r be a positive integer.
Then there exists an integer ng and a constant ¢ > 0 such that, if n > nyg,
any colouring of the edges of KT(Lk) with r colours is guaranteed to contain cn'H
momnochromatic copies of H.

Once again the proof is the obvious averaging argument: choose m such
that if the edges of KT(,{f ) are coloured with r colours, there must be a monochro-
matic copy of H, and then a double count shows that for every r-colouring of
the edges of Kflk), there are at least (UZ) / (UTZ) monochromatic copies of H.

Recall that, given a k-uniform hypergraph K and a natural number r,
a hypergraph is (K, r)-Ramsey if every r-colouring of its edges contains a
monochromatic copy of K. We are now ready to prove Theorem 1.9, which for
convenience we restate here.

THEOREM 10.11. Given a natural number r and a strictly k-balanced
k-uniform hypergraph K, there exists a positive constant C such that if p >
Cn~ V() " then the probability that Gﬂf}, is (K, r)-Ramsey is 1 — o(1).

Proof. For a sufficiently large constant C, the result for p = C'n~Y/mx ()

follows from Theorems 9.5 and 10.10. For ¢ > p, the result follows from the
monotonicity of the Ramsey property. To see this, choose a random hypergraph

G%’f}l and then choose a subhypergraph by randomly selecting each edge of Gﬁlf?l

with probability p/q. The resulting hypergraph is distributed as G,(fg,, so with

probability 1 —o(1) it is (K, r)-Ramsey. But then any r-colouring of G%’f,} will
yield an r-colouring of this Gn]fp, which always contains a monochromatic copy

of K. O

With only slightly more effort we can obtain a robust conclusion. The-
orem 9.5 tells us that with high probability the number of monochromatic
copies of K in any r-colouring of Ggf;)) is cp®En¥K for some constant ¢ > 0, and
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then an averaging argument implies that with high probability the number of
monochromatic copies in an r-colouring of G%’TZ, is cq®K¥nvK.

We shall now take a look at Schur’s theorem [56], which states that if the
set {1,...,n} is r-coloured, then there exist monochromatic subsets of the form
{z,y,z + y}. As with our results concerning Szemerédi’s theorem, it is more
convenient to work in Z,,. To see that this implies the equivalent theorem in [n],
let [n], be a random subset of [n] made from the union of two smaller random
subsets, each chosen with probability ¢ such that p = 2¢—q¢?. Call these sets U;
and Us. Then the subset of Zs, formed by placing the set U; in the position
{1,...,n} and the set —Us in the set {—1,...,—n} (the overlap n = —n is
irrelevant to the argument, since it is unlikely to be in the set) will produce
a random subset of Zs,, where each element is chosen with probability ¢. If a
sparse version of Schur’s theorem holds in Zsg,, then with high probability, any
2r-colouring of this random set yields cg®n? monochromatic sets {z,y,z + y}
for some constant ¢ > 0.

Consider now an r-colouring of the original set U; U Uz in r colours
C4,...,C.. This induces a colouring of U; U —Us C Zsg, with 2r colours
Cy,...,Cy: if x € Uy and is coloured with colour C; in [n], then we con-
tinue to colour it with colour Cj, whereas if + € —U, and —z has colour C;
in [n], then we colour it with colour Cj;,. We have already noted that this
colouring must contain many monochromatic sets {z,y,z + y}, and each one
corresponds to a monochromatic set (either {x,y,z+y} or {—z, —y, —(z+vy)})
in the original colouring.

The robust version of Schur’s theorem can be deduced from one of the
standard proofs, which itself relies on Ramsey’s theorem for triangles and many
colours.

THEOREM 10.12. Let r be a positive integer. Then there exists an integer
no and a constant ¢ such that, if n > ng, any r-colouring of {1,...,n} contains
at least en? monochromatic triples of the form {xz,y,x + y}.

We shall say that a subset I of the integers is r-Schur if for every r-colouring
of the points of I there is a monochromatic triple of the form {z,y,x 4+ y}. The
r = 2 case of the following theorem was already known: it is a result of Gra-
ham, Rodl and Rucinski [23].

THEOREM 10.13. For every positive integer r, there exists a constant C
such that if p > Cn='/2 then the probability that (Zy), is r-Schur is 1 — o(1).

Proof. Let X = Z, \ {0} and S be the collection of subsets of X of
the form {z,y,z + y} with all of z, y and = + y distinct. Since any two
of z, y and x + y determine the third, it follows that [S;(a) N S;(b)] < 1
whenever i,7 € {1,2,3}, i # j, and a,b € X. Therefore, S has two degrees
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of freedom. Furthermore, each S;(a) has size n — 3. By Theorem 10.12, there
exists a constant ¢ such that, for n sufficiently large, any r-colouring of Z,
contains at least cn? monochromatic subsets of the form {z,y, z+y}. Applying
Theorem 9.5, we see that there exist positive constants C' and ¢ such that,
with probability 1 — o(1) a random subset U of Z, chosen with probability
p= Cn—l/Q
least ¢/p3n? monochromatic subsets of the form {z,y,z + y}. In particular, U

satisfies the condition that, in any r-colouring of U, there are at
is r-Schur. Once again, the result for larger probabilities follows easily. O

As we mentioned in the introduction, it is quite a bit harder to prove
0-statements for colouring statements than it is for density statements. How-
ever, O-statements for partition regular systems have been considered in depth
by Rodl and Rucinski [48], and their result implies that Theorem 10.13 is sharp.

A far-reaching generalization of Schur’s theorem was proved by Rado [42].
It is likely that our methods could be used to prove other cases of Rado’s
theorem, but we have not tried to do so here, since we would have to impose
a condition on the configurations analogous to the strictly balanced condition
for graphs and hypergraphs.

10.3. The hypergraph removal lemma. Rather than jumping straight into
studying hypergraphs, we shall begin by stating a slight strengthening of the
triangle removal lemma for graphs. This strengthening follows from its proof
via Szemerédi’s regularity lemma and gives us something like the “robust”
version we need in order to use our methods to obtain a sparse result. If G is
a graph and X and Y are sets of vertices, we shall write G(X,Y) for the set
of edges that join a vertex in X to a vertex in Y, e(X,Y’) for the cardinality
of G(X,Y) and d(X,Y) for e(X,Y) /| X||Y].

THEOREM 10.14. For every a > 0, there exists a constant K with the

following property. For every graph G with n vertices, there is a partition of
the vertices of G into k < K sets V1,..., Vi, each of size either |n/k| or [n/k],
and a set E of edges of G with the following properties:

(1) The number of edges in E is at most an®.

(2) E is a union of sets of the form G(V;,V;).

(3) E includes all edges that join a vertexr in V; to another vertex in the
same V.

(4) Let G' be G with the edges in E removed. For any h,i,j, if there are edges
in all of G'(Vi,, Vi), G'(V;,V;) and G'(Vy, Vj), then the number of triangles
zyz with x € Vi, y € V; and z € Vj is at least a®|V},||Vi||V;|/128.

In particular, this tells us that after we remove just a few edges we obtain
a graph that contains either no triangles or many triangles. Let us briefly
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recall the usual statement of the dense triangle removal lemma and see how it
follows from Theorem 10.14.

COROLLARY 10.15. For every a > 0, there exists a constant ¢ > 0 with
the following property. For every graph G with n vertices and at most cn?
triangles, it is possible to remove at most an® edges from G in such a way that
the resulting graph contains no triangles.

Proof. Apply Theorem 10.14 to a and let ¢ = a®/200K3. Now let G be
a graph with n vertices. Let V1,...,V, and E be as given by Theorem 10.14
and remove from G all edges in E. If we do this, then by Condition 1 we
remove at most an? edges from G. If there were any triangle left in G, then
by Condition 4 there would have to be at least a®|n/k|3/128 > cn? triangles
left in GG, a contradiction. This implies the result. O

Here now is a sketch of how to deduce a sparse triangle removal lemma
from Theorem 10.14. We begin by proving a sparse version of Theorem 10.14
itself. Given a random graph U with edge probability p > Cn~'/2, for suffi-
ciently large C, let H be a subgraph of U. Now use Corollary 9.7 to find a
dense graph G such that the triangle density of G is roughly the same as the
relative triangle density of H in U (that is, if H has ap3n?® triangles, then G
has roughly an?® triangles) and such that for every pair of reasonably large sets
X,Y of vertices, the density dg(X,Y) is roughly the same as the relative den-
sity of H inside U(X,Y’) (that is, the number of edges of G(X,Y) is roughly
p~! times the number of edges of H(X,Y)).

Now use Theorem 10.14 to find a partition of the vertex set of G (which is
also the vertex set of H) into sets Vi,...,V; and to identify a set Eg of edges
to remove from G. By Condition 2, Eq is a union of sets of the form G(V;, V).
Define Ey to be the union of the corresponding sets H(V;, V;) and remove all
edges in Ey from H. If it happens that G(V;,V;) is empty, then adopt the
convention that we remove all edges from H(V;,V;). Note that because the
relative densities in dense complete bipartite graphs are roughly the same, the
number of edges in Ey is at most 2apn?. Let G’ be G with the edges in Eg
removed and let H' be H with the edges in Ey removed.

Suppose now that H' contains a triangle zyz and suppose that z € V},
y € V; and z € Vj. Then none of G'(V,,,V;), G'(V;,V;) and G'(V3,V}) is
empty, by our convention above, so Condition 4 implies that G’ contains at
least a?|V;||V;]|V;]/128 triangles with € V,, y € V; and z € V;. Since
triangle densities are roughly the same, it follows that H’ contains at least
a3p3|Viu||Vil|V;]/256 triangles.

Roughly speaking, what this tells us is that Theorem 10.14 transfers to a
sparse random version. From that it is easy to deduce a sparse random version
of Corollary 10.15. However, instead of giving the full details of this, we shall
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prove (in a very similar way) a more general theorem, namely a sparse random
version of the simplex removal lemma for hypergraphs, usually known just as
the hypergraph removal lemma.

The dense result is due to Nagle, Rédl, Schacht and Skokan [40], [51],
and independently to the second author [21]. A gentle introduction to the
hypergraph removal lemma that focuses on the case of 3-uniform hypergraphs
can be found in [20]. The result is as follows.

THEOREM 10.16. For every § > 0 and every integer k > 2, there exists
a constant € > 0 such that, if G is a k-uniform hypergraph containing at most

en®t1 copies of K,glj_)l, it may be made K,(:F)l -free by removing at most Sn* edges.

A simplex is a copy of K ,ili)l As in the case of graphs, where simplices are

triangles, it will be necessary to state a rather more precise and robust result.
This is slightly more complicated to do than it was for graphs. However, it is
much less complicated than it might be: it turns out not to be necessary to
understand the statement of the regularity lemma for hypergraphs.

Let us make the following definition. Let H be a k-uniform hypergraph,
and let Ji,...,Jr be disjoint (k — 1)-uniform hypergraphs with the same
vertex set as H. We shall define H(Ji,...,Ji) to be the set of all edges
A ={a1,...,ax} € H such that {a1,...,a;—1,a;11,...,ar} € J; for every i.
(Note that if k& = 2, then the sets J; and Jo are sets of vertices, so we are
obtaining the sets G(X,Y’) defined earlier.)

Now suppose that we have a simplex in H with vertex set (z1,...,2g+1).
For every subset {u,v} of [k + 1] of size 2, let us write J,, for the (unique)
set J; that contains the (k — 1)-set {z; : j ¢ {u,v}}. Then for each u, the set
H(Ju1, - Juu—1: Juutts - - Juk+1) is nonempty. We make this remark in
order to make the statement of the next theorem slightly less mysterious. It is
an analogue for k-uniform hypergraphs of Theorem 10.14. For convenience, we
shall abbreviate H (Jy1, ..., Juu—1, Juutis- - Juk+1) by H(Juy 1 v € [k + 1],
v # u). (It might seem unnecessary to write “v € [k + 1]” every time. We do
so to emphasize the asymmetry: the set depends on u, while v is a dummy
variable.)

THEOREM 10.17. For every a > 0, there exists a constant K with the
following property. For every k-uniform hypergraph H with vertex set [n], there
is a partition of (k[ﬁ]l) into at most K subsets Jy, ..., Jy, with sizes differing by
a factor of at most 2, and a set E of edges of H with the following properties:

(1) The number of edges in E is at most an”.

(2) E is a union of sets of the form H(J;,,...,J;,).
(3) E includes all edges in any set H(J;,, ..., Ji,) for which two of the iy, are
equal.
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(4) Let H' be H with the edges in E removed. Suppose that for each pair
of unequal integers u,v € [k + 1], there is a set Jy, from the partition
such that the hypergraphs H'(Jy, : v € [k + 1],v # u) are all nonempty.
Then the number of simplices with vertices (x1,...,xp+1) such that the
edge (T1,. .., Ty—1,Tutl,---,Tkr1) belongs to H (Jyy : v € [k + 1],v # u)
for every u is at least (1/2)(a/4)* egn®*l, where cx is a constant that
depends on K (and hence on a).

Let us now convert this result into a sparse version.

THEOREM 10.18. For every a > 0, there exist constants C, K and § with
the following property. Let U be a random k-uniform hypergraph with vertex
set [n], and with each edge chosen independently with probability Cn~Vk <
p < §. Then with probability 1 — o(1) the following result holds. For every
k-uniform hypergraph F C U, there is a partition of (k[f]l) into at most K
subsets Ji, ..., Jm, with sizes differing by a factor of at most 2, and a set Ep
of edges of F with the following properties:

(1) The number of edges in Er is at most apnF.

(2) EF is a union of sets of the form F(J;,,...,J;.).

(3) EF includes all edges in any set F(J;,,...,J;.) for which two of the iy, are
equal.

(4) Let F' be F with the edges in Ep removed. Suppose that for each pair
of unequal integers u,v € [k + 1], there is a set Jy, from the partition
such that the hypergraphs F'(Jy, : v € [k + 1],v # u) are all nonempty.
Then the number of simplices with vertices (x1,...,Tk+1) such that the
edge (T1, ..., Ty—1,Tutls--->Tkr1) belongs to F'(Jyuy 1 v € [k + 1],0 # u)
for every u is at least (1/4)(a/8) ek p*Hin*+1 where cx is a constant
that depends on K.

Proof. We have essentially seen the argument in the case of graphs. To
start with, let us apply Corollary 9.7 with S as the set of labelled simplices, f
as p~! times the characteristic function of F, V as the collection of all sets of
the form K" (Ji,...,Jx) where each J; is a collection of sets of size k —1 (that
is, the set of ordered sequences of length & in [n] such that removing the ith
vertex gives you an element of .J;), and € = (1/4)(a/8)** ¢k, where K and cx
come from applying Theorem 10.17 with a/2 rather than a. With this choice,
¢ will also be less than a/2K*.

Note that ag = 1/k in this case, and that the cardinality of V is at
most 2k”k_1, so the corollary applies. From that we obtain a hypergraph H
(with characteristic function equal to the function h provided by the corollary)
such that p~(**+1 times the number of simplices in F is at least the number of
simplices in H minus en**1, and such that the number of edges in H(.Jy, ..., J;)
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differs from p~! times the number of edges in F(Ji,...,Jy) by at most en” for
every (Ji,...,Jg).

We now apply Theorem 10.17 to H with a replaced by a/2. Let Ep be
the set of edges that we obtain and let H' be H with the edges in Ey removed.

Let Ji,...,J, be the sets that partition (k[f]l), and remove all edges from
F' that belong to a set F'(J;,,...,J;, ) such that the edges of H(J;,,...,Ji,)
belong to Ey (including when H(J;,, ..., J;,) is empty). Let Er be the set of
removed edges and let F’ be F after the edges are removed.

Since m < K, there are at most K* k-tuples (J;,,...,J;,). For each
such k-tuple, the number of edges in H(J;,,...,J; ) differs from p~! times the
number of edges in F'(J;,, ..., J;,) by at most en®. Therefore, since E and Ep
are unions of sets of the form H(J;,,...,J;, ) and F(J;,,...,J;, ), respectively,
and since |Ey| < an®/2, it follows that |Ep| < (a/2 + eKF)pnF < apn®.
This gives us Condition 1. Conditions 2 and 3 are trivial from the way we
constructed Er. So it remains to prove Condition 4.

Suppose, then, that for all u,v € [k + 1], there is a set .J,, such that
there are edges in all of the hypergraphs F'(Jy, : v € [k + 1],v # u) for
u=1,2,...,k+ 1. Then there must be edges in all the hypergraphs H'(Jy, :
v € [k+1],v # u) as well, or we would have removed the corresponding sets of
edges from F. By Condition 4 of the dense result applied to H, it follows that
H' contains at least (1/2)(a/8) T !cxn*+1 simplices, which implies that H does
as well, which implies that F' contains at least ((1/2)(a/8) ¥ lcx — ¢)pF*+ink+!
simplices, which gives us the bound stated. U

Now let us deduce the simplex removal lemma. This is just as straight-
forward as it was for graphs.

COROLLARY 10.19. For every a > 0, there exist constants C and ¢ > 0
with the following property. Let U be a random k-uniform hypergraph with
vertex set [n], and with each edge chosen independently with probability p >
Cn~Y*. Then with probability 1 — o(1) the following result holds. Let F be

k+1nk+1

a subhypergraph of U that contains at most cp simplices. Then it is

possible to remove at most apn® edges from F and make it simplex free.

Proof. Let ¢ = (1/8)(a/8)"*'ck, where ck is the constant given by Theo-
rem 10.18, and apply that theorem to obtain a set Er, which we shall take as
our set FE. Then F contains at most apn® edges, so it remains to prove that
when we remove the edges in E from F we obtain a hypergraph F’ with no
simplices.

Suppose we did have a simplex in F”. Let its vertex set be {z1,..., 2k 1}
For each {u,v} C [k + 1] of size 2, let Jy, be the set from the partition given
by Theorem 10.18 that contains the (k — 1)-set {z; : ¢ ¢ {u,v}}. Then,
as we commented before the statement of Theorem 10.17 (though then we
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were talking about H), for each w, the set F'(Jy, : v € [k + 1],v # u) is
nonempty. Therefore, by Theorem 10.18, F’, and hence F', contains at least
(1/4)(a/8) ey p*+ink+1 simplices. By our choice of ¢, this is a contradiction.

This argument works for Cn~'/% < p < §. However, since ¢ is a constant,
we may, for p > §, simply apply the hypergraph removal lemma itself to remove
all simplices. O

10.4. The stability theorem. As a final application we will discuss the sta-
bility version of Turan’s theorem, Theorem 1.11. The original stability theo-
rem, due to Simonovits [57], is the following.

THEOREM 10.20. For every § > 0 and every graph H with x(H) > 3,
there exists an € >0 such that any H-free graph with at least (1 — W — e) (3)
edges may be made (x(H) — 1)-partite by removing at most on? edges.

Unfortunately, this is not quite enough for our purposes. We would like
to be able to say that a graph that does not contain too many copies of H

may be made (x(H) — 1)-partite by the deletion of few edges. To prove this,
we appeal to the following generalization of the triangle removal lemma.

THEOREM 10.21. For every § > 0 and every graph H, there exists a
constant € > 0 such that, if G is a graph containing at most en"™ copies of H,
then it may be made H-free by removing at most én® edges.

Combining the two previous theorems gives us the robust statement we
shall need.

THEOREM 10.22. For every § > 0 and every graph H with x(H) > 3,
there exists a constant € such that any graph with at most en"™ copies of H
and at least (1 - W — e) (3) edges may be made (x(H) — 1)-partite by

removing at most on? edges.

To prove Theorem 1.11, the statement of which we now repeat, we will
follow the procedure described at the end of Section 3.

THEOREM 10.23. Given a strictly 2-balanced graph H with x(H) > 3
and a constant 6 > 0, there exist positive constants C and € such that in the
random graph G, chosen with probability p > Cn~Y/m2(H) " yhere mo(H) =
(eg —1)/(vg — 2), the following holds with probability tending to 1 as n tends
to infinity. Every H-free subgraph of Gy, with at least (1 - # - e) p(5)
edges may be made (x(H) — 1)-partite by removing at most 6pn? edges.

Proof. Fixd > 0. An application of Theorem 10.22 gives us € > 0 such that
any graph with at most en" copies of H and at least (1 - W — 26) (3)

edges may be made (y(H) — 1)-partite by removing at most dn?/2 edges.
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Let t = x(H) — 1. Apply Corollary 9.7 with S the set of all labelled
copies of H in K, and V the set of all vertex subsets of {1,...,n}. This yields
constants C and X such that, for Cn=1/m2(H) < p < X the following holds with
probability tending to 1 as n tends to infinity. Let G be a random graph where
each edge is chosen with probability p. Let p be its characteristic measure.
Then, if f is a function with 0 < f < pu, there exists a {0, 1}-valued function
j such that Egegf(s1) - f(Se) = Esesi(s1)---j(se) — € and, for all V € V,

|X]

|Epev f(z) — Epevi(z)] < Nt where 77 = min(e, 0/2t).

Let A be a H-free subgraph of G with (1 - ﬁ - e) p(5) edges and
let 0 < f < p be p~! times its characteristic function. Apply the transference
principle to find the function j, which is the characteristic measure of a graph J.
The number of copies of H in J is at most en?®. Otherwise, we would have

ESESf(Sl) e f(se) > EsESj(Sl) o 'j(se) —e>0,

implying that A was not H-free. Moreover, the number of edges in J is at
least (1 - ﬁ - 26) (3). Therefore, by the choice of €, J may be made
(x(H) — 1)-partite by removing at most dn?/2 edges.

Let Vi, ..., V; be the partite pieces. By transference, |Ezcy; f(x)—Egzev;j(2)|
< 77% for each 1 <4 < t. Therefore, if we remove all of the edges of A from

each set in V;, we have removed at most

t t
. )
SY f@) <Y Y i)+ tnlX| < (5 +tn) n? < o0,
; . 2
1=1x€V; i=1x€V;
Moreover, the graph that remains is (x(H) — 1)-partite, so we are done.
It only remains to consider the case when p > X. However, as observed in
[34], for p constant, the theorem follows from an application of the regularity
lemma. This completes the proof. O

As a final note, we would like to mention that the method used in the proof
of Theorem 10.23 should work quite generally. To take one more example, let K
be the Fano plane. This is the hypergraph formed by taking the seven nonzero
vectors of dimension three over the field with two elements and making xyz an
edge if x + y + z = 0. The resulting graph has seven vertices and seven edges.
It is known [6] that the extremal number of the Fano plane is approximately
%(g) Since the Fano plane is strictly 3-balanced, Theorem 10.9 implies that
if U is a random 3-uniform hypergraph chosen with probability p > Cn~=2/3,
then, with high probability, U is such that any subgraph of U with at least
(% + 6) |U| edges contains the Fano plane.

Moreover, it was proved independently by Keevash and Sudakov [33] and
Fiiredi and Simonovits [14] that the extremal example is formed by dividing
the ground set into subsets A and B of nearly equal size and taking all triples



448 D. CONLON and W. T. GOWERS

that intersect both as edges. The stability version of this result says that, for
all 6 > 0, there exists € > 0 such that any 3-uniform hypergraph on n vertices
with at least (% — e) (g) edges that does not contain the Fano plane may be
partitioned into two parts A and B such that there are at most dn> edges
contained entirely within A or B. The same proof as that of Theorem 10.23
then implies the following theorem.

THEOREM 10.24. Given a constant § > 0, there exist positive constants C
and € such that in the random graph ngg chosen with probability p > Cn=2/3,
the following holds with probability tending to 1 as n tends to infinity. Every
subgraph of G%?:Z)g with at least (% — e) e(G) edges that does not contain the Fano
plane may be made bipartite, in the sense that all edges intersect both parts of

the partition, by removing at most pn3 edges.

11. Concluding remarks

One question that the results of this paper leave open is to decide whether
or not the thresholds we have proved are sharp. By saying that a threshold
is sharp, we mean that the window over which the phase transition happens
becomes arbitrarily small as the size of the ground set becomes large. For
example, a graph property P has a sharp threshold at p = p(n) if, for every
e >0,

0, lfp < (1 - E)ﬁa

lim P(G),,, satisfies P) =
n—00 1, if p> (14 ¢€)p.

Connectedness is a simple example of a graph property for which a sharp
threshold is known. The appearance of a triangle, on the other hand, is known
not to be sharp. A result of Friedgut [10] gives a criterion for judging whether
a threshold is sharp or not. Roughly, this criterion says that if the property
is globally determined, it is sharp, and if it is locally determined, it is not.
This intuition allows one to conclude fairly quickly that connectedness should
have a sharp threshold and the appearance of any particular small subgraph
should not.

For the properties that we have discussed in this paper it is much less
obvious whether the bounds are sharp or not. Many of the properties are not
even monotone, which is crucial if one wishes to apply Friedgut’s criterion.
Nevertheless, the properties do not seem to be too pathological, so perhaps
there is some small hope that the sharpness of their thresholds can be proved.
There has even been some success in this direction already. Recall that the
threshold at which G, , becomes 2-colour Ramsey with respect to triangles is
approximately n~1/2. A difficult result of Friedgut, Rodl, Ruciriski and Tetali
[11] states that this threshold is sharp. That is, there exists ¢ = é(n) such
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that, for every € > 0,

0, if p< (1 —e)én1/2

lim P(G,, is (K3, 2)-Ramsey) =
n—r00 (Gnp I (K3,2) y) 1, if p> (1+e)én1/2

Unfortunately, the function é(n) is not known to tend towards a constant.
It could, at least in principle, wander up and down forever between the two
endpoints. Nevertheless, we believe that extending this result to cover all (or
any) of the theorems in this paper is important.

There are other improvements that it might well be possible to make.
We proved our graph and hypergraph results for strictly balanced graphs and
hypergraphs, while the results of Schacht [55] and Friedgut, R6dl and Schacht
[12] apply to all graphs and hypergraphs. On the other hand, our methods
allow us to prove structural results such as the stability theorem that do not
seem to follow from their approach. It seems plausible that some synthesis
of the two approaches could allow us to extend these latter results to general
graphs and hypergraphs in a tidy fashion.?

In our approach, restricting to strictly balanced graphs and hypergraphs
was very convenient, since it allowed us to cap our convolutions only at the
very last stage (that is, when all the functions involved had sparse random
support). In more general cases, capping would have to take place “all the
way down.” It seems likely that this can be done, but that a direct attempt to
generalize our methods would be messy.

A more satisfactory approach would be to find a neater way of proving
our probabilistic estimates. The process of capping is a bit ugly: a better
approach might be to argue that with high probability we can say roughly how
the modulus of an uncapped convolution is distributed, and use that in an
inductive hypothesis. (It seems likely that the distribution is approximately
Poisson.)

Thus, it seems that the problem of extending our methods to general
graphs and hypergraphs and the problem of finding a neater proof of the prob-
abilistic estimates go hand in hand.
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