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Perverse sheaves over
real hyperplane arrangements

By MIKHAIL KAPRANOV and VADIM SCHECHTMAN

Abstract

Let H be an arrangement of real hyperplanes in R™. The complexifica-
tion of H defines a natural stratification of C". We denote by Perv(C", H)
the category of perverse sheaves on C" smooth with respect to this strati-
fication. We give a description of Perv(C™, H) as the category of represen-
tations of an explicit quiver with relations, whose vertices correspond to
real faces of H (of all dimensions). The relations are of monomial nature:
they identify some pairs of paths in the quiver. They can be formulated in
terms of the oriented matroid associated to H.
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0. Introduction

0.1. Let X be a smooth complex algebraic variety and X = (X,) be
a complex algebraic Whitney stratification of X. Fix a base field k. One
then has the abelian category Perv(X,X’) of X-smooth perverse sheaves of
k-vector spaces on X; see [2], [25]. Understanding this category is one of the
central problems of topology of algebraic varieties. In many applications it

(© 2016 Department of Mathematics, Princeton University.


http://annals.math.princeton.edu/about
http://dx.doi.org/10.4007/annals.2016.183.2.4

620 MIKHAIL KAPRANOV and VADIM SCHECHTMAN

is important to have an explicit description of Perv(X, X') as the category of
k-representations of some quiver with relations. General microlocal methods
[1], [29], [18] provide a way to approach such a description in principle: an
object F € Perv(X, X)) gives rise, for each a, to a “local system of Morse data”
L, on some open part of the conormal bundle Ty X, and the strategy is then
to try to glue the categories formed by the L, into a single abelian category
by an inductive procedure, adding one stratum at a time. However, there
are only a very few higher-dimensional examples where a complete description
has been obtained: normal crossings [15], Grassmannians with the Schubert
stratification [7], rectangular matrices with the rank stratification [9)].

0.2. In this paper we consider the case when X = C" and X is given by
an arrangement Hc of linear hyperplanes in X with real equations (so Hc is
the complexification of an arrangement H of hyperplanes in R™). We denote
the corresponding category Perv(C", H) and give a complete, combinatorial
description of it in terms of the following data:

(1) The poset (partially ordered set) (C, <) of faces, i.e., convex locally closed
subsets of all dimensions into which H stratifies R”. The order < is given
by inclusion of the closures of the faces; see Section 2.A.

(2) The concept of collinearity. We call an ordered triple of three faces (A4, B,C)
collinear if there are points a € A,b € B,c € C such that b lies in the
straight line segment |a, c].

Here the order is important. For example, a triple (A, A, B) is always

collinear, whereas (A, B, A) is not if B # A.

Note that these data can be recovered from the oriented matroid associated to

H; see [5] and Proposition 7.4 below. See also (0.5) below.

Let us denote by Rep® (C) the category formed by double representations
of C, i.e., of diagrams consisting of finite-dimensional k-vector spaces E¢,C € C
and linear operators

Yoo EC/ — Ec, 500/ : EC — Ec/, c’ < C,

such that the ycr¢ form a representation of (C, <), and the dcc form a rep-

resentation of the opposite poset (C,>), in k-vector spaces. Our main re-

sult, Theorem 8.1, is that Perv(C", #H) is equivalent to the full subcategory in

Rep® (C) consisting of representations satisfying the following three conditions:
MONOTONICITY: For any C' < C, we have yorcdocr = ldg,.

This allows us to define, for any A, B € C, the transition map
¢aB =cBoAc : Ea — Ep,
where C' is any cell < A, B. For example, ¢4 = Idg,.

TRANSITIVITY: If (A, B,C) is a collinear triple of faces, then ¢pac =
¢BCPAB-
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Note that this relation does not imply that ¢ a4pdpa = Idg,.

INVERTIBILITY: If C1,Cy are faces of the same dimension d, lying in the
same d-dimensional subspace, on the opposite sides of a (d — 1)-dimensional
face D, then ¢c,c, is an isomorphism.

Let L C X be a flat, i.e., an intersection of some hyperplanes from Hc,
of dimension d. The last two conditions mean that the spaces E¢ and the
maps ¢ccr where C,C’ run through all d-dimensional faces inside L, form a
local system over L° = L \ Ugen.H. This follows from a description of the
fundamental groupoid of L° given in Proposition 9.11.

0.3. The type of description of Perv(C™,’H) that we obtain is quite dif-
ferent from those appearing in most of the earlier approaches. More precisely,

(a) It is of monomial nature: the conditions on the maps yor¢, dccr do
not appeal to the operations of addition or multiplication by scalars but only
to composition of maps. For comparison, in the most classical case of X = C
stratified by {0} and C\ {0}, the standard description [1], [15] is in terms of

v
diagrams {® —— ¥} such that Idg +vu is invertible, so it is not monomial.
u

(See Section 9 for the comparison of the two descriptions in this case.) Note
that with a monomial description one has the means to define what should be
a “perverse sheaf of sets,” or a “perverse stack of categories’ on C" smooth
with respect to Hc; cf. [22].

(b) Since the strata X, are, in our situation, generic parts of the complex
flats L¢ of H; see Section 2.D, the local systems L, of Morse data in the stan-
dard approach are defined on some open parts of 77 _C". Our linear algebra
data provide maps (¢¢, ¢, in the invertibility condition) that can be related,
in the sense outlined in (d) below, to half-monodromies of appropriate L, cor-
responding to paths joining neighboring cells and going around the wall in the
complex domain. This is different from a more straightforward approach when
a local system is described by its monodromies corresponding to closed loops.

It is a known phenomenon in the theory of quantum groups that a typi-
cal monodromy matrix M of the Knizhnik-Zamolodchikov equation has quite
complicated matrix elements, whereas the two half-monodromies M and M_
of which it is composed via M = M M_ are of much simpler (monomial)
nature; cf. [36].

(¢) From the purely topological point of view, our approach emphasizes not
the fundamental groups but the fundamental groupoids of the complex strata,
with as many base points as there are different faces in the same stratum. The
simpler nature of relations is achieved therefore by introducing a certain redun-
dancy in our description: to each complex stratum we associate not a single
vector space (as in the standard approaches) but several isomorphic spaces E¢
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corresponding to different cells C' in the stratum. Our approach can thus be
seen as a natural development of the work of Salvetti [33], Gelfand-Rybnikov
[16] and Bjorner-Ziegler [6] who studied the topology of complexified arrange-
ments by real methods and formulated the results in terms of oriented matroids.

(d) The spaces E¢ appearing in our description are not obtained as the
stalks of the local systems L, at appropriate points (as in most of the stan-
dard approaches). The indexing sets for the E¢ and the L, are already quite
different. Instead, F¢o can be identified, noncanonically, with direct sums of
several such stalks (involving several different £,). This can be surmised al-
ready from the monotonicity condition that implies dim(F¢/) > dim(E¢) for
C’ < C. In particular, the “biggest” space Fy has the dimension equal to the
sum of the ranks of all the local systems corresponding to all the strata. In our
approach, Ey can be identified with the space of hyperfunction solutions of the
holonomic D-module M corresponding to the perverse sheaf. More generally,
for any face C, the space E¢ is the stalk, at any point ¢ € C, of the sheaf
of hyperfunction solutions of M, i.e., the space of such solutions defined in a
small neighborhood of ¢ in R"™.

The study of the spaces of hyperfunction solutions in 1 dimension (i.e.,
for C stratified by {0} and C\ {0}) goes back to the very origins of the theory
of D-modules as presented in Kashiwara’s 1971 Master Thesis [24, Th. 4.2.7]
and to the paper of Komatsu [27] from the same year. These works identify
the dimension of the space Ej in this case with what in the “standard” (much
later) description would be denoted by dim(® @ ¥). Higher-dimensional gen-
eralizations were found in the papers of Takeuchi [39] and Schiirmann [38] of
which the first considers precisely the situation of the complexification of a
real arrangement. Spaces that turn out to be identical with our E¢ have also
appeared in the work of Bezrukavnikov, Finkelberg and one of the authors, [3],
under the name “generalized vanishing cycles.” In fact, it was conjectured in
[3, p. 50] that a perverse sheaf F can be uniquely reconstructed from the linear
algebra data equivalent to our (Ec¢,vcr¢,dccr). From this point of view, we
not only prove the conjecture of [3] but find an explicit characterization of the
linear algebra data that can appear.

0.4. Our method is closest to that of Galligo, Granger and Maisonobe [15]
(who attribute the original idea to Malgrange). That is, we construct a version
of Cousin resolution of a perverse sheaf F € Perv(C", ) using a stratification
of C" into “tube cells” C'+iR"™, C' € C, so the terms of the resolution are direct
sums of the sheaves of cohomology with supports in such tubes. It turns out
that for each C, only the sheaf £¢ = ﬂcc?fi%},(zc) (F) is nonzero, and E¢ can be
identified with the space of global sections of this sheaf. The main technical

point of our study is that the entire Cousin complex £® formed by the £- can
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be recovered from linear algebra data represented by the E¢,~vo¢ and docor
and that Hc-smoothness and perversity of £* ~ F are precisely equivalent to
the three conditions above.

0.5. The concept of collinearity of a triple of faces contains, as a partic-
ular case, the familiar condition

(%) l(ww") =1(w") +1(w"), w w" eW.

Here W is the Weyl group of a root system (h, A). In this case we have the
arrangement H = {a" }4ea of root hyperplanes in h. Chambers (open faces) of
‘H form a W-torsor, so for any two chambers A, B, there is a unique wap € W
such that wap-A = B. A triple of chambers (4, B, C) is collinear if and only if
w' = wpe and w” = wap satisfy (x). The transitivity property ¢ ac = dpcdan
of our double representations is thus reminiscent of the classical Gindikin-
Karpelevich factorization formula (cf. [20, Th.1]) and of the cocycle property of
the principal series intertwiners [26], [37], [31] (which is another manifestation
of that formula).

0.6. We are grateful to Misha Finkelberg for useful discussions and to
Persi Diaconis for showing us some interesting references. We would like to
thank Pierre Schapira for a useful correspondence at the early stage of this
work. We are particularly grateful to the referees for many remarks that helped
us improve the paper. These remarks included suggestions for simplifying
several arguments as well as pointing out some erroneous ones, which we have
corrected. M.K. would like to thank Université Paul Sabatier for hospitality
and financial support during a visit when a substantial part of this work was
carried out. His work was also supported by World Premier International
Research Center Initiative (WPI Initiative), MEXT, Japan and by the Max-
Planck-Institut fiir Mathematik, Bonn, Germany.

1. Generalities

1.A. Postnikov systems. Let D be a triangulated category. A left Post-
nikov system in D is a diagram of exact triangles of the form

A=At — Arp —— Aoy, nln
\*/ﬁﬂ a\% \ / \+/ﬁ”\/
Qn

It gives rise to a sequence of objects and morphisms in D

(11) Ap =2 A 1] 25 Apf2] 2 2 AL, 6 = auB
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Similarly, a right Postnikov system in D is a diagram of exact triangles of
the form

A= Agr..n — Agn—1 Ap.n—2

S AN AL/

It gives rise to a sequence of objects and morphisms in D

5 Y d} a,
(12) Ao—())Al[l] —1>A2[ ] —> —>A [ }, 52:51'“04;
PROPOSITION 1.3. Suppose we have a left resp. right Postnikov system in
D. Then

(a) The sequence (1.1) resp. (1.2) is a complex in D, i.e., 0;410; = 0, resp.
0;410; = 0.

(b) Suppose, in addition, that D = D°(A) is the bounded derived category of
an abelian category A, and assume that each A;[i] is quasi-isomorphic to
an object B; € A, so B; = H'(A;) is the only cohomology object of A;.
Then the complex in A

By— By —---— B,

induced from (1.1) resp. (1.2) by passing to H® is an object of D*(A) = D,
isomorphic to A.

Proof. (a) follows because the composition of two consecutive morphisms
in an exact triangle is equal to 0. Part (b) is proved by induction on the length
of the Postnikov system. 0

Remark 1.4. In general, the left or right Postnikov system as above ex-
hibits A as a total object of the complex (1.1) or (1.2); see [19, Ch. 4, §2].

1.B. Filtered topological spaces. By a space we mean a topological space
homeomorphic to an open subset of a finite CW-complex. We fix a base field k.
For a space X, we denote by Shx the category of sheaves of k-vector spaces on
X and by D®Shy the corresponding bounded derived category. For any map
f: X =Y of spaces, we have the standard functors f*, f' : D®Shy — D?Shy
and f,, fi : D?Shyx — D?Shy. In particular, we reserve the notation f, for
the derived direct image functor and denote the usual direct image functor on
sheaves by RVf,. If j : Y < X is an embedding of a locally closed subspace,
then we denote by

RLy (F) = jij' F

the complex of “cohomology with support in Y.”
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If V is a k-vector space, then we denote by V y the constant sheaf on X
with stalk V. If ¢ : Z — X is the embedding of a closed subspace, then, by a
slight abuse of notation, we consider V , as a sheaf on X via the direct image
functor 7.

Let X be a space and

Xx={XocXx,c CX,=X}

be a filtration of X by closed subspaces. We then have the locally closed
subspaces Yy = X4\ X4_1 and denote by

id:Xd‘—>X, jd:Yd‘—>X

the embeddings.

Any complex of sheaves F € D?Shy includes into two canonical Post-
nikov systems, which we call the cohomological (right) and homological (left)
Postnikov systems of F relative to the filtration X'. The cohomological system
has the form

= inif F — (in-1) (tp—2)il _oF — -+ ——— inif F —— igrigF —— 0
JngnF (n-1inaF JugiF JouioF

and gives rise to the complex in D®Shy
(1.5) JorjoF — judi FIUl — -+ — jnijin Fln]-

If all the j,j7}F[v] are quasi-isomorphic to single sheaves in degree 0, this
complex has total object F. The homological system has the form

Ln*Z F — (in-1)+dj,_ L F — (in_2) o — - <—21*L1]~'<—>10*20}'<—0
n*]n (Jn-1 *]n 1F 1*]1-7: 0*]0]:

and gives rise to a complex in D?Shy
(1.6) gnegnF = (Gn=1)edn 1 FIU — - — GoujoFlnl.

If all the (ju_.)«jh_,Fv] are quasi-isomorphic to single sheaves of degree 0,
this complex has total object F.
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1.C. Verdier duality. For a space X, we denote by
D: D’Shx — D’ Shy

the Verdier duality functor; see [25, 43]. We recall that D interchanges the
functors f. and fi, as well as the functors f* and f' for any continuous map f
of spaces.

Let X be a real analytic manifold of dimension d. We denote by orx the
orientation local system on X. This is the rank 1 local system of k-vector
spaces whose stalk at z € X is Hg(U, k), where U is any open neighborhood
of X homeomorphic to a d-ball. In this case

D(F) = RHom(F, orx|[d]),
and we denote by
(1.7) F* =D(F)[-d] = RHom(F,orx)

the shifted Verdier duality that has the advantage of preserving local systems
in degree 0.

We further denote by D?,, . Shx C D’Shy the subcategory formed by
R-constructible complexes, i.e., by complexes whose cohomology sheaves are
R-constructible [25]. The functor I preserves the subcategory D% .. Shx and
its restriction there is a perfect duality. The same is true for .

If X is a filtration of X by real analytic subsets, then D takes the cohomo-
logical Postnikov system for F to the homological Postnikov system for ID(F)

for any R-constructible complex F.

1.D. Cellular sheaves and complexes. For background on cellular spaces
and sheaves, we refer the reader to [11], [32], [44], [45]. Here we present a
(self-contained) synopsis of features needed in the rest of the paper.

By a d-cell we mean a topological space homeomorphic to an open d-ball.
For a d-cell o, we denote by

or(o) = H(o, k)

its 1-dimensional orientation space. For constant sheaves on o, the Verdier
duality has the form

D(V,) =V ®gor(o) [d.
By a cellular space we will mean a space with a filtration X by closed subspaces
such that each Xy = X4\ Xy4_1 is a disjoint union of finitely many d-cells. We
denote by C = Cy the set of all cells of X together with the partial order

alga s o Coa.

By a slight abuse of language we will refer to the relation < as cell inclusion
although, set-theoretically, it is the closures of the cells that are included.
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For a cell o of a cellular space X, we denote by j, : ¢ — X the corre-
sponding embedding. A cellular space X will be called regular if the closure
of each d-cell is homeomorphic to a closed d-ball. A cellular space X will be
called quasi-regular if it can be represented as X’ — X", where X’ is a regu-
lar cellular space and X” is a closed cellular subspace (union of some cells of
X') that is then also regular. In the sequel all cellular spaces will be assumed
quasi-regular.

For any k-vector space V, we have an identification in D? Shy:

KE = jg*Zg = Roja*za'

A cellular sheaf on X (with respect to X') is, by definition, a sheaf F on X
such that each j;F is a constant sheaf on o with finite-dimensional stalks. We
denote by Shy x the category of cellular sheaves on X with respect to & and
by DfY(ShX) C DPShy the full subcategory of complexes whose cohomology
sheaves lie in Shx .

For a cellular sheaf F on X, we have the linear algebra data that consists
of stalks F, = H°(o,j*F) and generalization maps (terminology taken from

[17])

Voro : For — F,, o' <o
defined as follows. Take a point 2’ € ¢’. Then F,, = H*(U', F), where U’ is a
sufficiently small contractible neighborhood of 2’ in X. Let z € U’ No. Then
F, = H°(U,F), where U is a sufficiently small contractible neighborhood of z
in X. Taking U small enough, we can assume U C U’. Then v, is given by
the restriction map

F. = HU,F) XS g, F) = F,.

The following is by now well known.

PROPOSITION 1.8.

(a) For F € Shx x, the data (Fy,7y) form a representation of the poset
(C,<), i.e., a covariant functor C — Vectid.

(b) The construction in (a) defines an equivalence of Shx x with Rep(C) =
Fun(C, Vect!d).

(¢) The natural functor

¢ : D’ Rep(C) = D’ Shx x — D% (Shx)
is an equivalence of triangulated categories.

Proof. (a) and (b) are obvious; cf. the case of “simplicial complexes” con-
sidered in detail by Kashiwara [23]. In fact, the notion of “exit paths” invented
by MacPherson allows one to formulate and prove analogs of these statements



628 MIKHAIL KAPRANOV and VADIM SCHECHTMAN

for arbitrary stratifications; see [41]. In our present case, the category of exit
paths is equivalent to (C, <).

To see (c), note that the sheaf j,.k corresponds via (b) to the injective
object of Rep(C), i.e., to the covariant functor R, : 7 — (kHome¢(7,0))* dual
to the representable contravariant one. Therefore for p € Z,

(ja*k7 ]‘r*k)

k ifp=0,02>r,

0 otherwise.

HOme Shx x (jg*ka JT*k[p]) = Eth

hx x

(1.9) »
= ExtRep(C)(RU.RT) =

On the other hand, adjointness between j* and j,. gives that

Hom ps g1, (Josk, jrek[p]) = Hompe g, (57 Josk, K[p])

and so it is given by the right-hand side of (1.9) as well. This means that the
morphism

¢rg : Hompogn o (F,G) — Homps gy, (F,G)

is an isomorphism whenever both F and G are shifts of sheaves of the form
Jo. K, 0 € C. Now, each object of Shx x has a finite resolution by direct sums
of the injective objects jo«k. This means that ¢r¢g is an isomorphism for
any F,G € D? Shx x, i.e., that ¢ is fully faithful. To see that ¢ is essentially
surjective, note that the cohomological Postnikov system of any object F €
Dg((ShX) shows that F lies in the smallest triangulated category containing
all the j,.k. O

Remark 1.10. An object of D’Rep(C) corresponding to F € D% (Shy)
by (c) can be seen as “linear algebra data for F at the level of complexes,”
i.e., as a choice of actual complexes of vector spaces Fy quasi-isomorphic to
RI'(0,j3F) and actual morphisms of complexes vy, : Fy — Fj forming a
representation of (C, <) at the level of complexes.

ProOPOSITION 1.11. Let X be a quasi-regular cellular space of dimension
n and F a cellular complex represented by (Fa,%V,5). Then the the complex
D(F[n]) is quasi-isomorphic to the total complex of the double complex

@ g ®or(o) — @ Fe®or(o) — -
codim(o)=0 codim(o)=1

Here each summand is a complex of constant sheaves on the closed cell.

This is a combinatorial version of the Cousin complex.

Proof. First let F be a cellular sheaf (not a complex) on X, so the Fiy = F,
are vector spaces. The cohomological Postnikov system for F relative to X
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gives a complex in D Shy

(1.12) D inlt,) — D JnlF, )] — -
dim(o)=0 dim(c)=1

whose total object is F. Applying the exact functor D[—n] to (1.12), we get
a complex in D?Shyx described in the proposition, with total object F. By
Proposition 1.3(b), this complex represents D(F|[n]).

The general case follows by compatibility of D[—n] with forming total
complexes of double complexes. O

Remark 1.13. If F is a cellular sheaf as above and X is regular, then
RI‘(jd&U) = Rl (0, Fy) = F,; ® or(o)[—dim(0)]
and so from (1.12), we get a complex in D® Vectd

@ F, ® or(o) — EB Fy®or(c) — -+
dim(o)=0 dim(o)=1

whose total object is RI'(X, F). By Proposition 1.3(b), this complex represents
RI'(X,F). This is the “standard cellular cochain complex” of F. Compare
also with the well-known fact that the geometric realization of the simplicial
nerve of (C, <) is, for a regular X, homeomorphic to X.

2. Background on real arrangements and the three stratifications

2.A. Fuaces and sign vectors. Let V' be a finite-dimensional real vector
space and ‘H be an arrangement of linear hyperplanes in V. Note that, in
particular, 0 € H for any hyperplane H € H. We choose, once and for all, a
linear equation fz : V — R for each H € H. (The essential concepts that we
define will not depend on the choice.)

By £ = L4 we denote the poset of flats of H, i.e., of linear subspaces of the
form Npger H for various subsets Z C H. Note that £ contains V' (for Z = 0).
We will assume that {0} € £. This can always be achieved by quotienting
by the smallest flat of H, without changing the combinatorial structure of the
arrangement.

In the sequel we also assume V' = R” for simplicity. We denote by

sgn: R — {4, —,0}

the standard sign function. By a sign vector we will mean a sequence (sg)pgen
e H{t—0} assigning a “sign” to each element of H. Each x € R” gives rise to
a sign vector (sgn fr(x))mey. Level sets of this vector function subdivide R
into locally closed subsets called faces. Thus x and z’ lie in the same face, if
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and only if sgn fr(z) = sgn fy(2') for each H € H. We will sometimes identify
a face C' with the corresponding sign vector

C < (Cu)men, Cu =sen(fulc) € {+,—,0}.

Faces are convex subsets of R", each given by a system of linear equations and
strict linear inequalities [3], [33], [35], [42]. Open faces will be called chambers.
We denote by C = Cy the poset of faces, with the partial order given by ¢’ < C,
if ¢’ ¢ C. Note that C does not depend on the choice of equations fz, both
as a poset and as a stratification. For z € R", we denote by o(x) = oy(z) € C
the face containing x. Similarly, if X C R"™ is a subset contained in one face,
we denote by o(X) = oy/(X) this face.

The faces form a quasi-regular cell decomposition of R™ that we also denote
C. (Taking the one-point compactification of R™ to a sphere, we embed (R",C)
into a regular cellular space.)

We also write

C' <1 C, it ' < C and dim(C") = dim(C) — 1

and call this relation codimension 1 inclusion of faces.
Alternatively, let us introduce a partial order < on {4+, —,0} in which the
only nontrivial inequalities are

(2.1) 0<+, 0<—

(and + and — are incomparable). This is the order of inclusion of the subsets
{z > 0}, {z < 0} and {z = 0} in R. Further, introduce on H{t 0} the
Cartesian product partial order. Then

C<D & (Cgy<Dgforeach H € H,
ie., C <= H{t—0 is an embedding of posets.

2.B. Functoriality of faces. Any L € L gives rise to two induced hyper-
plane arrangements:

e the arrangement H N L in L, formed by the HNL, H e H, H } L;
e the arrangement H/L in V/L, formed by the H/L, H € H, H D L.

Therefore we have the face stratifications Cyny and Cy/p of these arrange-
ments.

For any face C' € C, we denote by L(C) the R-linear subspace in R"
spanned by C and denote by

o R" — R"/L(C)
the projection. Note that m¢ induces an isomorphism of posets

(2.2) 7o 1 C2Y = Cycy, D~ D/L(C).
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Here C=¢ is the star of C, i.e., the poset of D € C = Cy such that D > C. For
such a D, we denote D/IL(C) = m¢(D) (which is a face of H/L(C)).

2.C. Composition of faces. Let (X,<) be a poset. As usual, we write
a <bif a <band a#b. Following [6], introduce a binary operation x on X,

called composition, by
{b if a <b,
axb=

a otherwise.

This operation is associative but not commutative in general. If < is a to-
tal order, then a o b = max(a,b) is commutative. Thus * can be seen as a
generalization of the maximum to partially ordered sets.

We are interested in the case when ¥ = {4, —, 0} with the partial order
(2.1). Define an associative operation o on the set HIT—0F of sign vectors by
putting

(SOt)H =sg*ty, HeH.

PRrOPOSITION 2.3. Let C,D € C be two faces with corresponding sign
vectors (Cr)men and (Di)men. Then

(a) The sign vector (Cg o Dy)mgep corresponds to a (necessarily unique) face
CoD. We thus obtain an associative binary operation o on C.
(b) Explicitly, choose any ¢ € C,d € D. Then

C'OD:cr((l—e)c+ed), 0<ex1

is the cell containing a small displacement of ¢ in the direction of d.
(c) Alternatively, C o D is the minimal cell K € C such that K > C and
K+L(C) > D.

Remark 2.4. The operation o on C is the cornerstone of the “covector”
axiomatization of oriented matroids; see [5, Axioms 4.1.1]. An arrangement of
hyperplanes in R" gives a representable oriented matroid; see loc. cit. §2.1. In
this way, isomorphism classes of representable oriented matroids are in bijection
with combinatorial equivalence classes of real hyperplane arrangements.

The characterization in (b) is also taken from loc. cit. §4.1.

The operation o was introduced (in a slightly different context) by Tits
under the name of “projection”; cf. [40, 3.19]. It plays a basic role in the studies
of random walks on hyperplane arrangements; cf. [10] and references therein.

Proof of Proposition 2.3. Parts (a) and (b) follow from the next lemma,
whose verification is left to the reader.

LEMMA 2.5. Let x,y € R. Then, for 0 < e < 1, we have

sgn((l —€)x + ey) = sgn(x) *sgn(y).
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Part (c) follows from (b). Indeed, (b) implies that (C o D) 4+ L(C) D D.
Conversely, suppose K > C and K + L(C) D D. We claim that K > C o D;
that is, Ky > Cy % Dy for each H € ‘H. We already know that Ky > Cy,
since K > C. We need to prove that whenever Dy > Cp, we also have
Ky > Dy. But Dy > Cg means that Cy = 0 and Dy # 0; that is, C C H
but D ¢ H. The statement that Ky > Dy means therefore Ky = Dyy; that
is, K and D lie on the same side of H. But this is clear since D C K + L(C)
and L(C) C H since C C H. O

For future reference, let us note yet another characterization of C o D.
Consider the image mc(D) C R"/L(C). This image lies in one face but
may not itself be a face of the quotient arrangement #/L(C). We denote
by o3 /1(0)(mc (D)) € Cyyicy the cell of H/IL(C) containing 7¢ (D).

PROPOSITION 2.6. CoD = falaﬂ/uc) (mc (D)), where Tc is the isomor-
phism of posets from (2.2).

Proof. This is a reformulation of Proposition 2.3(c). 0
We further note the following monotonicity properties of the composition.
PROPOSITION 2.7.

(a) If D' < D, then for any C, we have C o D' < Co D.

(b) For any C and D, the flat IL(C o D) is the minimal flat L € L3 containing

both IL(C) and (D). In particular, if C' < C, then for any D, we have
L(C"o D) C L(C o D).

Proof. (a) follows from the obvious fact that the operation axb on a poset
¥ is monotone in the second argument. Part (b) follows because

L(CoD) = (] H,
CH*DHZO
and Cyg * Dy = 0 means that Cyg = Dy =0, ie., C,D C H. O

Remark 2.8. Note that o is not monotone in the first argument; that is,
the condition ¢! < C' does not imply that C' o D < C o D. To obtain a
counterexample, it suffices to take C’ = 0. Then C' o D = D for any D. So if
D% C,then0oD L CoD.

2.D. Complexified arrangement and its stratifications. Let Vo = C™ be the
complexification of V' =R". For z € C", we denote by R(z), 3(z) € R" its real
and imaginary parts. For L € L, we denote by L¢c C C" its complexification.
Accordingly, we write Lg(X) for the C-linear span of X C C". Therefore
we have the complezified arrangement Hc of complex hyperplanes in Vg = C?,
formed by the Hc, H € H. We will be interested in three natural stratifications
of C™ induced by H.
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The complex stratification S©) consists of the open parts of the complex-
ified flats

Lg =Lc\ |J He.
HAL

The s -stratification 8@ = C+iC consists of direct product cells C'+iD,

C,D e C. It makes C" into a quasi-regular cellular space.

The sV -stratification S consists of cells [C, D] defined for any face in-
terval, by which we mean a pair C,D € C such that C' < D. By definition,
[C, D] consists of z € C™ such that
(a) S(z) € C,

(b) R(z) lies in 7'('51(71'0(1))).
For example, [0, D] = D + 0.

Note that dim[C, D] = dim(C') + dim(D). Notice also that for different
pairs (C, D) # (C’,D'), we have [C,D] N [C’, D] = (; i.e., the strata of S()
are precisely labelled by the pairs (C' < D). The stratification S() also makes
C™ into a quasi-regular cellular space.

The stratifications S®), v = 1,2, were introduced and studied by Bjérner
and Ziegler [6]. They use a slightly different definition, based on the following
two complex generalizations of the sign function: the obvious one

s C— {+,-,0}%, 5P (a+bi) = (sgn(a),sgn(b)),
and the less obvious one
if b >0,

j ifb<0,
sW.c— {i,4,+,—,0}, s(l)(a—i— bi)=<+ ifb=0anda >0,
— ifb=0and a <0,
0 ifb=a=0.

. ~.

PROPOSITION 2.9. Two vectors z,w € C" lie in the same stratum of SV,
v =1,2, if and only if we have s®)(f(2)) = s™) (fy(w)) for each H € H.

Proof. Obvious for v = 2. For v = 1, this is the content of Theorem 5.1(ii)
of [6]. O
We will view each S, v = 0,1,2, as a poset, i.e., as the set of strata
with the partial order < defined by S’ < S if and only if S’ C S.
ProrosiTION 2.10.

(a) Denoting by < the relation of refinement of stratifications, we have

S? <8 45O,
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In particular, we have order preserving maps of posets S@ — S — SO
describing which stratum of S®~V contains a given stratum of S®), v =
1,2. These maps are as follows:

(b) The stratum of SO containing a cell [C,D] € SO, C < D, is L¢(D)°.

(c) The stratum of SU) containing a cell D +iC € S@) is [C,C o D].

(d) For two cells [C', D] and [C, D] of SM, we have [C’,D'] < [C, D] if and
only if C' < C and C o D' < D.

Proof. (a) Note that the stratification S(© can also be described in the
style of Proposition 2.9, by using the sign-type function

£y
s©:C—{0,%}, sO(z)= {O iHz=0,
x if 2 # 0.

The statement follows since the three stratifications of C induced by the three
sign functions s, 1y =0,1,2, refine each other as claimed.

(b) The R-linear span of m'(m¢(D)), the allowable range for R(2), z €
[C, D], is L(D). So [C, D] cannot be contained in any C-linear subspace strictly
smaller than L¢ (D). Also, by construction it is indeed contained in L¢(D),
since the allowable range for §(z) is C C D.

(c¢) This follows by definition of C' o D.

(d) This is Proposition 5.2 of [6]. O

3. Constructible complexes on arrangements

We keep the notation of the previous section, in particular, concerning the
three stratifications S®) of C", v = 0, 1,2, induced by the arrangement .

3.A. Constructible sheaves. A sheaf F € Shen will be called S™)-smooth
if it is locally constant on each stratum of S®). We will say that F is
SW-constructible if it is S™)-smooth with finite-dimensional stalks. A complex
F € DPShcn will be called S®)-smooth (resp. S®)-constructible) if all the co-
homology sheaves of F are S*)-smooth (resp. S*)-constructible). We denote
by D§<u>

In particular, for v = 2,1, since S®) is cellular, an S®)-smooth sheaf F
is uniquely defined by its cellular stalks and generalization maps, which we

Shen € DP Shen the full subcategory of S®)-constructible complexes.

denote, respectively, as follows:

F _ ) /
(3.1) }—’DHC’ VDricr D+iC |y o }—‘D—&-iC” D'<D, '<C,
Flen = ]:’[c D)’ V[Jé’aD’],[C,D} : Fler,p) — Fle,n)s [C', D] <[C,D].

We use similar notation for the case when F is an S*)-smooth complex. In
this case the stalks are complexes of vector spaces and we can assume, by using
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Proposition 1.8(c), that the generalization maps are morphisms of complexes
forming a representation of the poset of cells.

3.B. From SW-smoothness to S -smoothness. We will need to compare
the conditions of smoothness with respect to different stratifications.

Definition 3.2. An inclusion of s(D-cells [C’, D] < [C, D] will be called
elementary if one of the two following cases hold:
(1) ¢'" < C and D' = D, so we have a flag ' < C < D.
(2) C = D, L(D) = L(D), dim(C") = dim(D’) — 1, and ¢’ < D. In other
words, C’ is a codimension 1 “wall” separating D and D’.

PROPOSITION 3.3. Let F be an SW-smooth sheaf. The following are
equivalent:
(i) F is SO -smooth;
(ii) the map 7{;,7D,17[07D] is an isomorphism for each elementary inclusion
[C', D] <[C,D].

Proof. The tautological equivalent of (i) is
(iii) The map 7[]5,7 prjc,p) 1§ an isomorphism for each inclusion [C", D] <

[C, D] such that IL(D’) = L(D).

Indeed, by Proposition 2.10(b), inclusions in (iii) are precisely all inclusions
of s(D-cells in the same s(O)-stratum. Clearly (iii) is stronger than (ii). So we
need to prove that (ii) implies (iii).

To prove (iii), it is enough to fix L € £ and to concentrate on inclusions
with L(D) = L(D’) = L. For this, we do not need to consider any faces outside
L, so we can and will assume that L = R™ and D and D’ are n-dimensional,
i.e., are chambers.

Let 6(D, D') be the chamber distance between D and D', i.e., the minimal
length of a sequence

D =Dy, Dy, - ,D;=D'

such that each D; is a chamber and each D), D, have a codimension 1 face
in common. Thus 6(D, D) = 0 means that D" = D.

Let us prove (iii) by induction on §(D, D"). If 6(D,D’) =0, i.e., D' = D,
then our inclusion is of type (1). Consider now an arbitrary inclusion

[ClvD,] < [C7D]a ' < C, CoD =D,

with D', D being chambers (open faces).

Take generic points ¢ € C,d € D’, and form the straight line interval
[e, d'] oriented towards d’. By Proposition 2.3(b), this interval, after leaving
C, first hits D = C o D’. Since D' is a chamber, our interval will, after leaving
D, hit some cell C; > C’ of positive codimension, then a chamber Dy > Cf,
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Figure 1. Reduction of an inclusion [C’, D] < [C, D].

and so on, see Figure 1. Note, that by choosing d’ in a generic enough way, we
can ensure that C] is of codimension 1, which we will assume. Note also that
§(D1,D") < 6(D,D").

We then have a commutative square in (the category corresponding to)
the poset (S, <):

[¢", D) "~ [C1, D]

| §
[C, D] —— [D, D].
In this square, ¢ is our inclusion in question, p is an inclusion with smaller ¢,
while 7 is an inclusion of type (2), and s is an inclusion of type (1). Now, the
generalization maps for F can be seen as a functor v/ : (S @, <) — Vecty, so
the above square gives a commutative square of vector spaces. By (ii) and our

inductive assumption, p,r, s are taken by v/ into isomorphisms. It remains to
deduce that 7 takes ¢ to an isomorphism, invoking the following obvious

LEMMA 3.4. If, in a commutative square of morphisms in any category,
three out of four arrows are isomorphisms, then the fourth arrow is an isomor-
phism as well.

Proposition 3.3 is proved. 0

3.C. Complexes of cohomology with support and their linear algebra data.

Let F € Dg(o) Shcr. Define

(3.5) R% = RLga(F)[n] € DE(Shgn).
This is a cellular complex on R™ (with respect to C, the stratification by faces

of H). Therefore it can be defined by the linear algebra data consisting of
complexes and generalization maps

(3.6)  Ef=E&(F)=RD(C,RY), ~oeo:E = ES O <Ced

forming a representation of (C, <) in complexes of vector spaces.
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More generally, let C' € C be a face of codimension d. Consider the “tube
face”

(3.7) jo : R" +4iC — C",
and form the complex
(3.8) £ = E&(F) = Rlpn i (F)[d] = jerjo(F)[d).

Thus £2 is an R-constructible complex on C", supported on the closure R +iC.
We denote by pc, Do the composite projections
59) R" +iC 5 R" — R"/L(C),

R" +iC -5 R™ —s R"/L(C).

PROPOSITION 3.10. The complex £, considered as a complex of sheaves
on R™ + iC has the form p*cé'é’red, where €8red is a complex on R™/L(C)
cellular with respect to the stratification by faces of the quotient arrangement
H/L(C).

o red

Proof. 1t is enough to show that j!c]-' has the form p*Cé'é’red for some £
as above, since the derived direct image extension from R" + iC' to R" 4 iC
will then proceed along the directions in which p*CEEJred is constant.

In the remainder of the proof the word “manifold” will mean a C°°-
manifold. For a complex of sheaves G on a manifold X, we denote by SS(G) C
T*X the micro-support of G; see [25, Ch. V]. Our desired result about j!C]-"
can be reformulated by saying that

SSGeF)c U T iy (R +iC)

N ¢
(3.11) o)
= U Tirue@®+ic)= |J (L+iC)xL*,
LeL, LOC LeLl, LDC

where Lt C R™ is the orthogonal to L. We recall the estimate for the micro-
support of the direct image [25, Cor. 6.4.4] specialized to the case of a locally
closed embedding.

For a locally closed submanifold M of a manifold X and a subset S C X,
we denote by Kj/(S) the normal cone to S along M; see [25, Def. 4.1.1]. It
is a closed conic subset of T3, X, the normal bundle to M in X. We note the
following properties:

(3.12) Ky (S1USs) = Kpy(S1) UKp(S2), S, CcX, v=1,2

Kngy sy (51 % S2) = Ky (S1) X K, (S2) C Ty (X1) X T, (X2)

3.13
( ) - TM1><M2(X1 X XQ); MV7SV - XV-
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Given a locally closed embedding of manifolds f : Y — X, the conormal bundle
Ty X is a Lagrangian submanifold in 7" X, and so its normal bundle there can
be written as
J&;X(T&X) >~ YW(T¢X3.
In particular, the projection 7y X — Y gives a closed embedding
™Y C 1“(7;)()217&;X(7W)()
For a complex of sheaves F on X, Corolarry 6.4.4 and Proposition 6.2.4 of [25]
give
(3.14) SS(f'F) € Kr;x(SS(F))NTY,
the intersection inside Tp x(T*X).
We now specialize this to
f=jc:Y=R'"+iC —C"=X
By our assumptions on F,
SS(F) ¢ |JT;.C"=|J LexLg € C"xC™ =T*C" =T*X.
Lel LeLl
We further have
Ty X = TjnoC" = (R" +iC) x iL(C)* € C" x C™ = T*X.
Therefore
Tre x(T*X) = (R" +iC) x iL(C)") x (i(R"/L(C)) x (R™ +iL(C)")),

in which T*Y = T*(R" + iC) is embedded as the product of all the factors
except iL(C)* and i(R"/IL(C)), the coordinates corresponding to these factors
being put to 0. Applying (3.12), we find

(3.15) Krpx(SS(F)) € | Kgnyic)xinc)- (Le X Lg).
LeLl
LEMMA 3.16. For L € L, we have one of two possibilities:
(1) Le N (R™ +4C) = 0,
(2) L>C.

Assuming the lemma, we note that in case (1), L¢ X Lé does not meet
(R™ +4C) x iL(C)* and so will not contribute to the union in (3.15). In case
(2), we write, using (3.13):
Kgnyicyxino): (Le X LE) = Kgnyioyxorino)s) (L + L) x (L +4L*))
=(Kgn(L) +iKc(L)) x (Ko(L') 4 iKy oy (LT))
= (L+14(C x (L/L(C)))) x (iL* + (L* x {0})),
since L+ C L(C)*.
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Now, putting the coordinates from iL(C)+ and i(R"/L(C)) to be 0, we
get (L +iC) x L+, which is the contribution of L D C into (3.11). This proves
Proposition 3.10 modulo Lemma 3.16. ]

Proof of Lemma 3.16. By taking intersections, the lemma reduces to the
case when L = H is a hyperplane from H, which we now assume. Let fp :
R™ — R be a linear equation of H. If (1) does not hold for H, then there are
b € R", ¢ € C such that

0 = fH(b + iC) = fH(b) + ZfH(C)
Since fg(b), fu(c) € R, this implies that fr(c) = 0 and so fy|c = 0 and
H D C. Lemma 3.16 and Proposition 3.10 are proved. ]

Since Sé’red is a cellular complex, it is determined by linear algebra data,
which we denote by

(3.17) EF®, D€ Cyc), Vop:ER — ER°, D' <D.

PROPOSITION 3.18. We have canonical identifications (quasi-isomorph-
isms of complexes of k-vector spaces compatible with the maps )

Ce . 1® c
ED ~ Eﬁal(D) ®k OI'(C), ")/D/D = ”yfal(D/),fal(D) ® Id

Here T is the isomorphism of posets from (2.2).

Proof. Let K =75 (D), so K > C. We start with recalling the definitions
of ES® and E$, side-by-side. First, we recall the notation d = codimgx (C).
Also let RY = |Jgr>c K', which is an open subset of R™.

The natural projection 7 : K — D has contractible fibers. The cohomol-
ogy sheaves of the complex RI'gn;o(F)[d] are constant on K + iC, while the
cohomology sheaves of RI'gn(F)[n| are constant on K. Set

G' = Rlpn i) (F)ld], G = g/|Rgc+ﬂL(C)-
Because C' is open in L(C) and RY in R"™, we have

Ce _ cered) ] ‘ — ‘
B§® = £5|p = Rlawio(F)d| . =], .
(restriction of a cellular complex to a cell, considered as a complex of vector
spaces). On the other hand, we have

B = Rlic = Rl (F)[nl| = BTgnG'[n — d| = Blgy Gl — d|

To compare these, we note that K = K + 40 lies in K + iC but not in K +iC
proper. We use the following

LEMMA 3.19. For any K' > C, the cohomology sheaves of G are constant
on the whole of K' + ilL(C). (Hence the restriction of G to K' + iL(C) is
quasi-isomorphic to a constant complex of sheaves.)
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This is a consequence of the following analog of Lemma 3.16.

LEMMA 3.20. Let H be a hyperplane from H and K' > C. Then Hc
meets K' +ilL(C) if and only if Hc contains K' +iL(C).

Proof of Lemma 3.20. If fr(k'+1iy) = 0 for some k' € K, y € L(C), then
by taking the real part, we find fy (k') = 0, and therefore (fr)|x = 0. Now,
since C < K', (fu)lc = 0 as well and therefore (f)lLc)y = 0. Therefore
fa(K +iy) = fu(K') +ifu(y) =0 for each k' € K" and y € L(C). O

Consider now the Cartesian square of embeddings (transverse intersection)

K +1iL(C) ——=R% +iL(C)

Lemma 3.19 implies that s is noncharacteristic for G, and therefore we have
“local Poincaré duality” s'G ~ s*G®or(C)[d—n];see [25, Cor. 5.4.11]. Therefore
we identify

EY =T(K,t"s'G[n — d]) ~ T(K,t*s*G @ or(C))

(3.19)

=T'(K,u"v*"G ® or(C)) (K +iL(C),v*G ® or(C)) = ES®* @ or(C).

Identification of the maps ’yg/ p is done similarly. Proposition 3.18 is proved.
O

Remark 3.21. Let us indicate another, perhaps more geometric, view on
Proposition 3.18. Let x € C' and T be a small transversal slice to L(C) at z,
i.e., a subset of the form S+ where S is a small open ball in a linear subspace
M C R" such that M @ L(C) = R™. Thus T fits into a diagram of embeddings

T -5 R™ 2% ¢,

The composition of € with the projection g : R" — R"/IL(C) is an embedding
of a small ball into R"/IL(C). Proposition 3.18 can be reformulated by saying
that

(qe)*é’é’red = €"Rr ®g or(C).

Both sides of this proposed isomorphism can be identified as certain complexes
of cohomology with support. First, by transversality and Poincaré duality,

R = € Rr @k or(C)[n — d],
and so, since Rr = joF[n,

e RF = (joe)' F @x or(C)[2n — d.
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Second, take another point y € C' and let 7" = T + iy C C" be the translation
of T' by 1wy, fitting into the diagram of embeddings

T - R +4iC 29 Cn.
Then T" is transversal to the fibers of pc, and therefore (qe)*c‘%’md is identified
with (¢')*ES, after identification of T' with T” via the shift. Again, by transver-

sality of T" to the fibers of pc (and the fact that they are canonically oriented,
being complex manifolds), we find that

()€ = (€)' E8[2n — 2d] = (joe' ) F[2n — d].

Using the canonical identification or(C)®? = k, the proposition thus reduces to
the claim that the complexes of cohomology with support in 7" and 7" for F are
identified. Further, Lemma 3.20 can be seen as identifying the stratifications
induced by H on T and 7" and so allows one to prove the desired claim by a
homotopy argument, deforming y to 0.

COROLLARY 3.22.

(a) The complex £ of sheaves on C™ is smooth with respect to the stratification
S (and therefore to S©?)).

(b) The stalks and generalization maps of & on cells of S@ are given by

- {EgoD ®or(C) if C1 < C,

26

iC1+D 0 otherwise,

S.
Vict+priciep = Yeerr.cop @1d,  C1 < Cy < C, D'<D.
(c) The stalks of £ on cells of SN are given by

B p®or(0) ifCL<C
[C1,D]

C

0 otherwise.

Further, if [C, D'] < [C1, D] is an inclusion of two S -cells in the support
of E&, then C o D' < C o D, and the corresponding generalization map for
&S has the form

g.
7[C?ivD’],[CLD} = Ycop',cop ® 1d.
In particular, putting C1 = D = {0} in part (b) of the corollary, we get
quasi-isomorphisms
RT(C", £8) ~ RT(R"/L(C), E5"Y)
~ E§* = B @ or(C).

At the very right we have the complexes appearing in the description of the
cellular complex R%.

(3.23)
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Proof of Corollary 3.22. Part (a) follows from Proposition 3.18, because
cells of M are the the lifts of cells of the quotient arrangements, by their
definition in Section 2.D. Part (b) is a simple translation of Proposition 3.18
by using the interpretation of the o operation in Proposition 2.6. The inclusion
CoD' < CoD in part (c) is proved as follows.

By Proposition 2.10(d), the condition [C7, D'] < [Cy, D] means C] < C;
and Cq o D' < D. The inclusion C; < C implies that C o C; = C. Since the
operation o is associative and monotone in the second argument, we then have

CoD' =(CoCy)oD' =Co(CioD') < CoD.

Once this inclusion is established, part (c) becomes a reformulation of part
(b) using the explicit relation between strata of S?) and SM) as given in
Proposition 2.10(c). O

4. Perverse sheaves and double quivers

4.A. The Cousin complex. We keep the notations of the previous section.
Put X = C", and consider the filtration of X by closed subspaces

(4.1) Xs= | R*+iC,
dim(C)<d
so that
Yy =Xg\Xa1 = || RP+iC
dim(C)=d

Let F € Dg(o) Shen be an S(-constructible complex. We consider the corre-
sponding homological Postnikov system for F. The associated complex in the
derived category with total object F has the form

(4.2) 5":5"(?):{ B &> P 5Ci>.~i>55}.
codim(C)=0 codim(C)=1

Here £2 has been defined in (3.8). In particular, by applying the functor

RT(C", —), we get a Postnikov system in D? Vectf;j whose associated complex

with total object RI'(C", F) has the form

43 @ Eoea@) S @ Ewo(C) -2 -2 Bloo(0).

codim(C)=0 codim(C)=1

We will call (4.3) the Cousin complex of F. In particular, the differential 5 of
this complex splits into matrix elements

bccr : B& @ or(C) — B @ or(C'), €' <1 C.
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Note that for a codimension 1 face C’ of a convex polyhedron C, we have a
canonical coorientation, i.e., a canonical trivialization of or(C)*®or(C"), which
allows us to write the matrix elements as maps

(4.4) Scor = 6bcr 1 B — B, C' <y C.

PROPOSITION 4.5. The maps of complexes docr commute, i.e., extend
to a contravariant representation of the poset (C,<) in complezes of k-vector
spaces.

Proof. Indeed, the condition 82 =0 implies that the SCC/ anticommute, so
the docr commute by the antisymmetry of the orientation isomorphisms. [J

PROPOSITION 4.6. We have canonical isomorphisms Eg(F*) ~ E&(F)*
(dual complexes and adjoint maps) in the derived category of vector spaces.
Further, under these isomorphisms the morphisms of complexes 552/ (consid-
ered as morphisms in the derived category) are dual to (vZ.c)-

Proof. Since the stratification given by Hc is invariant under the C*-action
on C", we can use cohomology with support in ¢R” instead of R" to define R r
and R r«. More precisely, for ¢t € R, let j; : R" — C" be the embedding given
by the multiplication with e’ € C*. Then the sheaves Rz, = jiF[n] on R"
for t € [0,7/2] are canonically identified with each other because they unite
into a sheaf on [0, 7/2] x R™ locally constant (and therefore constant) on each
interval [0,7/2] x {z}, z € R". So we denote by j = j/» the embedding of
iR™ and use j' to define Rr«.

Since Verdier duality interchanges j' and j*, we have a canonical quasi-
isomorphism

(Ryx)* = (RTin (F*)[0])* 2 Flign.

Now, F|;rn can be understood by restricting to iR"™ the homological Postnikov
system corresponding to the filtration (4.1). This gives a complex in derived
category with total object F|;gn obtained by restricting £°®(F) to {R™ which,
after identifying ¢R"™ back with R™, gives the following:

° (6ccr) °
(4.7) b E® or(C)s == b E® or(C)=
codim(C)=0 codim(C)=1

Geqp)

Indeed, for any C, we find from Corollary 3.22(b) that

Eolirn = B ® or(C) -
On the other hand, by its original definition (involving cohomology with sup-
port in R™), Rz« is given by complexes of vector spaces E&(F*) and gener-

alization maps fyg,*c So by Proposition 1.11 the shifted Verdier dual (R zx)*
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is the complex

P ELFF)®or(C),

codim(C)=0
(4.8) ()" (VI
[elfe;} @ E&(f*)*@or(C)F cl'c
codim(C)=1
Comparing (4.7) and (4.8), we get our statement. O

4.B. Perverse sheaves. Let Perv(C",’H) C Dg(o) Shen be the full sub-
category of perverse sheaves. We choose the following normalization of the
perversity conditions for a complex F (differing by a shift from that of [25,
§10.3)):

(P~) for each p, the sheaf HP(F) is supported on a closed complex subspace
of codimension > p;
(Pt) ifl: Z — X is a locally closed embedding of a smooth analytic sub-
manifold of codimension p, then the sheaf HI(I'F) = H%(F)|z is zero
for ¢ < p.
With respect to this definition, a constant sheaf on C" is perverse if put in
degree 0. The normalized Verdier duality functor s interchanges (P~) and
(P*) and preserves Perv(C", H).

PROPOSITION 4.9.

(a) If F is perverse, then each Eg(F) is quasi-isomorphic to one vector space
Ec(F) in degree 0.
(b) For any C € C, the functor

Ec : Perv(C", H) — Vectld,  F — Eq(F)

is an exact functor of abelian categories.

Proof. The functor
Eg : DY, Shen — DPVecty!,  F — E&(F)
is an exact functor of triangulated categories. So (b) will follow from (a), and
we concentrate on (a).
Because of Proposition 4.6, it is enough to show that H'E$(F) vanishes
for i > 0, since vanishing for ¢ < 0 will then follow by duality. Since the E&(F)

are the linear algebra data describing the cellular complex Rr = RI'pn(F)[n],
we need to show that

From the spectral sequence

Hign (H(F)) = HE(F)
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we see that it is enough to show that
Hi,.(H (F))=0 for i>n—j.

But by (P1), the sheaf H7(F) is supported on the union of complex flats L¢
of H of codimension > j, i.e., of dimension < n — j. So our statement follows
from the next lemma.

LEMMA 4.10. Let G be an S -smooth sheaf on C", with dimc(Supp(G))
<gq. Then Hyp.(G) =0 forr > q.

Proof. Since any S(©-smooth sheaf is S@-smooth, G has a filtration with
quotients of the form ji£, where j is the embedding of a stratum of S© and
L is a local system on this stratum. So it is enough to show that for any such
quotient, we have Hpn(ji£) = 0 for r > q.

Now, a stratum of S@ is a product cell A+ iB where A, B are cells of H
whose dimensions we denote by a,b. We note the following:

(1) By our assumptions on G, each product cell A+ iB for which j1£ can
appear as a quotient of a filtration of G satisfies a,b < ¢q. We therefore assume
this.

(2) As A+ iB is a cell, a local system £ on it must be trivial. So it is
enough to assume that £ =k, ;5, where a,b < g by (1).

(3) The local cohomology sheaves Hyn (jik 4, ;5) vanish for 7 # b. Indeed,
denote by € : R™ — C" the embedding. Then RI'gn(jik,;p) can be written
as €'k 4 +:B, Which is Verdier dual to

e jxD(katip) ~ " ju(kayipla + b))

(isomorphism depending on a choice of orientation of A 4 ¢B that we fix).
But j.k4,;p = k7,5 is the constant sheaf on the closed cell, and therefore
€*jxk a4, = k7, the constant sheaf on the closed cell A, considered as a sheaf
on R™. Therefore (choosing a co-orientation of A in R"™), we identify

5!j!kA+iB =D(kzla+0b]) ~ jaka[-b], ja:A—=R",

which has only one cohomology sheaf, namely jak 4 in degree b. This proves
the lemma and Proposition 4.9. O

COROLLARY 4.11.

(a) If F € Perv(C", H), then each complex EX(F) is quasi-isomorphic to a
single sheaf Ec(F) in degree 0, and

5'(]:):{ @ gcg @ 5Ci>~-i>50}
codim(C)=0 codim(C)=1

is a complex of sheaves on C™ in the usual sense, quasi-isomorphic to F.
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(b) For any C € C, the functor
Ec : Perv(C",H) —> Shen,  F = Ec(F)

is an exact functor of abelian categories.

We will call £°(F) the Cousin resolution of F.

Proof. (a) follows from Propositions 4.9(a) and 3.18. Part (b) follows,
similarly to Proposition 4.9(b), from the exactness of F — &£2(F) on the
derived category. O

Definition 4.12. By a double representation of the poset (C,<) we mean
a datum Q = (E¢,vcrc,dccr) consisting of finite-dimensional k-vector spaces
E¢c,C € C and linear maps

Yoo s Eor = Eg, bccr i Ec = Ecr, C'<C,

so that (y¢r¢) is a covariant representation and (dccr) is a contravariant rep-
resentation of (C, <).

Double representations of C form an abelian category, which we denote by
Rep® (C). This category has a perfect duality

Q = Q* = (Ez‘aéz’c’a’yé”C)‘
The results of this sections imply that we have an exact functor
Q : Perv(C", Hc) — Rep@(0),
F = Q(F) = (Ec(F)Adver 6t )

commuting with duality. We will call Q(F) the double quiver associated to the
perverse sheaf F.
Let us note the following converse to Proposition 4.9.

(4.13)

PROPOSITION 4.14. Let F € ng) Shen be an SO -constructible complex
such that each E&(F), C € C, is quasi-isomorphic to a single vector space in
degree 0. Then F is perverse.

Proof. Our assumptions imply that we have a Cousin resolution £°(F)
of F as in Corollary 4.11. So it is enough to show that £°®(F) satisfies (P™)
and (PT). By construction, EP(F) is supported on the union of the R™ + iC
for C € C, codim(C) = p. Therefore HP(E°(F)) is supported on the union
of complex flats L¢, L € L, that are contained in the above union of the
R"™ + iC. Each such L must have codimension > p. So £*(F) ~ F satisfies
(P~). Now, look at F*. The double quiver corresponding to F*, being, by
Proposition 4.6, identified with Q(F)*, also consists of single vector spaces in
degree 0. Therefore the above reasoning shows that F* satisfies (P~), and so
F satisfies (P*) and so is perverse. O
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4.C. Relation to earlier works.

4.C.1. Suppose that k (our coefficient field for perverse sheaves) is equal
to C. By the Riemann-Hilbert correspondence, any F € Perv(C"™,H) can be
represented as the solution sheaf of a holonomic D-module M on C™:

F = RHomp,, (M, Ocn).

In this case one can give another, analytic, proof of Proposition 4.9. Indeed,
the complex R% can be written as

R = RHomyp,, (M, RL'gn (Ocn))[n].
By the classical result of Sato [34]
RI'gn(Ocn)[n] ~ Hgn(Ocn) = jiBrn ®c or(R"), j:R" = C"
reduces to the sheaf of hyperfunctions Bgn, so
R%¥ = RHomp,, (M, j.Brn) @c or(R")

is the complex of hyperfunction solutions of M. The fact that this complex
reduces to a single sheaf follows from the result of Lebeau [28] (see [21] for the
proof of a more general statement) that implies that under our assumptions,
m%{cn (M, juBrn) = 0 for ¢ > 0. So R% is quasi-isomorphic to the sheaf of
hyperfunction solutions of M in the nonderived sense.

In particular, Eo(F) = (Rr)o = I'(R", Rx) is the space of global hyper-
function solutions of M, and its dimension was found by Takeuchi [39] to be
the sum of multiplicities of F (or M) along all the possible components of the
characteristic variety:

dimc Ey(F) = Z multTL*CCn F.
LeLl

This generalizes the classical index formula of Kashiwara-Komatsu in dimen-
sion 1; see [24, Th. 4.2.7] [27]. See also [38, Th. 1.2] for a generalization to
arrangements of nonlinear analytic subvarieties.

More generally, for any C' € C, we deduce, by passing to the transverse
slice to L(C), that

dim Ec(F) = > multpr en F.
LeLl st. CCL €

See Section 9 for a discussion of low-dimensional cases and identification of the
Ec(F) in these cases in terms of the standard functors of nearby and vanishing
cycles.
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4.C.2. The vector spaces FEc(F) are the same as the spaces of “gener-
alized vanishing cycles” introduced in [3, Part I, §3.3]. Our Proposition 4.9
corresponds to Theorem 3.9 of [3, Part I], which says that the complexes of
generalized vanishing cycles reduce to single vector spaces, while the part of
Proposition 4.6 pertaining to the spaces E¢ corresponds to Theorem 3.5 of [3,
Part I]. Note that in our approach the more immediate maps among the E¢
are the yor¢, while in [3, Part I, §3.11] it is the do¢r (the “variation maps”).
This is due to the fact that the definition of op. cit. is ”Verdier dual” to ours:
the spaces there are our Ec(F*)*.

5. Functorialities of the double quiver

5.A. Hyperbolic restriction. Let L € L be a flat of H of codimension d.
Consider the embeddings

Le = L+iL 5 R +iL 25 ¢,

Recall that L carries the induced arrangement HNL with poset of faces Cynr >~
C=L naturally a subposet of C = Cy. Therefore we have the restriction functor

Rep®(€) — Rep®(C=H), Q= QF,

which takes a double quiver Q = (E¢,vycrc, 0cer) to its subdiagram involving
only C’, C that are contained in L.

PROPOSITION 5.1. Let F € Perv(C™, H) be an SO -smooth perverse sheaf
with double quiver Q. Then k*j'F[d] is an object of Perv(Lc,H N L), and its
associated double quiver is QL.

Remark 5.2. The statement about perversity of k*j'F[d] can be seen as
a real analytic analog of the main result of Braden [8]. (See also [12] for a
more in-depth treatment.) Extending the terminology of [8], we will call the
perverse sheaf k*j' F[d] the hyperbolic restriction of F to Lc.

Proof of Proposition 5.1. First, we notice that k*j'F is an S(®-smooth
constructible complex on L¢. This follows at once from the estimate (3.14)
for the singular support of the inverse image. Thus k*j'F[d] can be described
by a double quiver of complexes of vector spaces, and we analyze this double
quiver.

Recall that F is represented by its Cousin resolution £* = £*(F) with EP
being the direct sum of cellular sheaves £ for C' running over faces of H of
codimension p.

If C C L, then R™ +iC, the support of £, is contained in R™ + 3L, the
source of j. Therefore j'€c = j*Eq, and so

k5 € = k* 560 = (£0)| e
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Recall that £ = pEEXY, where €59 is a cellular sheaf on R"/L(C) given by
the spaces Ex, K > C from @) and their y-maps. So the restriction (£¢)|r. is
a similar pullback of the restriction of £ to L/L(C), which is given by the
Ey for C < K C L, so the proposition is true in the case C' C L.

If C ¢ L, then CNL =0, and so

0 R™ 4+ iC
J/ ljc
R™ 4+ 3¢L cr

J

is a Cartesian square. Therefore, j'€c = j'jc«(j&F) = 0 by base change [25,
Prop. 3.1.9].

We conclude that k*5'€%[d] is an S (O)_constructible complex given by the
double quiver Q<F. Since Q< consists of single vector spaces (not just com-
plexes), Proposition 4.14 implies that k*j' F[d] is perverse. O

5.B. Transversal slice. Let L € L be as before. The normal bundle Ny gn
is canonically trivialized, with fiber R"/L. Recall that R™/L carries the quo-
tient arrangement H /L. Choose a face C' C L open in L. Then the projection
To €2 - Cy 1 identifies Cy;/7, with the subposet C=¢ c C. This leads to
another restriction functor

Rep®(C) — Rep@(c=7), Q+— Q=C,

defined similarly to that in Section 5.A

As before, suppose we are given a perverse sheaf F € Perv(C", H) with
double quiver Q). We then have the specialization Sp.(F); see [25] for back-
ground. It is a perverse sheaf on (the total space of) the normal bundle
Np.jen = Le x (C"/Lg). Choose some point ¢ € C (this choice will be
immaterial), and let N. ~ C"/L¢ be the fiber of the above normal bundle
over ¢. We can think of N, as a transversal slice to L¢ at ¢. Note that NV, is

transverse to the characteristic variety of Spy,.(F), and so we have the perverse
sheaf

FIN, =Spr.(F)In. € Perv(C"/Lc,H/L).
PROPOSITION 5.3. The double quiver of F|y, is identified with Q=C.

Proof. Let T C R™ be an affine subspace forming a transversal slice to L
at ¢c. We consider T" as an R-vector space with origin ¢. Then the composition
T — R™ — R™/L is an isomorphism of vector spaces. To understand the spe-
cialization Spy . (F) and the perverse sheaf F|y,, we use the Cousin resolution
E* = &£°(F) and analyze Spy (€ ) for each summand Ex of each term of £°.
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We claim that
Exo(i)(SPLL(F)) i K > C,

0 otherwise.

(5:4) Spr.(€x) = {

Indeed, the small neighborhood of the origin in T¢ meets only those closures
of tube cells R” 4+ iK for which K > C. If K > C, the statement follows
from the fact that T is transversal to the characteristic varieties of all the
sheaves involved and therefore taking cohomology with support commutes with
restriction to 1¢.

Now, the statement about the double quiver of F|y, follows from (5.4)
immediately. O

6. The double quiver determines a perverse sheaf
The goal of this section is to prove the following preliminary result.

THEOREM 6.1. The functor Q : Perv(C", H) — Rep®(C) from (4.13) is
fully faithful.

6.A. Orthogonality relations. For an abelian category A, let C®A be the
abelian category formed by bounded complexes over A and morphisms of com-
plexes (not homotopy classes) in the usual sense. We start with

PROPOSITION 6.2. The Cousin resolution functor
E® : Perv(C", H) — C®Shen, F s E°(F)
is fully faithful.
Proof. Let 7 be the image of the functor £°¢, i.e., the full subcate-
gory in C®Shcn consisting of complexes of sheaves of the form £*(F) for
F € Perv(C",H). Thus we need to show that £° : Perv(C",H) — T is an

equivalence of categories. Define the functor = : Z — Perv(C", #H) to fit into
the commutative diagram of functors

T Perv(C", H)

emb’ i iemb"

C®Shen ———= Db Shen .

Here emb’ is the embedding of Z into the abelian category of complexes, emb” is
the embedding of Perv(C™, H) into the derived category, and can is the canon-
ical functor from the abelian category of complexes to the derived category.
Thus Z(G) for G € 7 is defined as the image of G in the derived category. We
know this image to be a perverse sheaf, i.e., an object of Perv(C", H). Indeed,
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since G € Z, we have that G = £*(F) for some F € Perv(C", H), and we know
that £°(F) is quasi-isomorphic to F by Corollary 4.11.

We now prove that the functors Perv(C", H) <=7 are quasi-inverse to

each other. First, for F € Perv(C", H), we notice that =Z(£®(F)) is canonically
identified with F by Corollary 4.11. Further, for G € Z we prove that £*(Z(G))
is canonically isomorphic to G in the abelian category of complexes. This is an
immediate consequence of the following “orthogonality relations.”
LEMMA 6.3. Let F € Perv(C", Hc). For any C,C" € C we have
Ec(F) ifCc'=cC,
BlgnsicEc(F) {o if '+ C.

Proof. If ' = C, the statement of the lemma is obvious. If C’ # C, then
C'NC =10, and so

0 R™ 4+ iC
J{ ljc
R™ +iC’ cn

Jo!

is a Cartesian square. So base change [25, Prop. 3.1.9] implies that j!C,jc*g =0
for any G € D? Shgn_;c. In particular,

RUgn i Ec(F) = jorsjenicsjeF = 0.
Lemma 6.3 and Proposition 6.2 are proved. O

6.B. Recovery of E*(F) from Q(F). We prove Theorem 6.1 by the argu-
ment similar to that in the proof of Proposition 6.2. That is, as a first step,
we explain how to “recover” the entire complex £°(F) from the double quiver
Q(F). Next, the second step is to consider the image J C Rep®(C) of the
functor Q and to interpret the “recovery” procedure by constructing a functor
© : J — Perv(C", H) quasi-inverse to Q : Perv(C", H) — J.

The first step proceeds as follows. By Proposition 3.18, each sheaf Eq-(F)
is recovered from the data of Ep(F), D > C and of yp/p, C < D’ < D. So the
only remaining data are the matrix elements of the differentials. Eliminating
the orientation torsors as in (4.4), we write these matrix elements as morphisms
of sheaves

(64) QCC’ EC(.F) — gcl(f), C, <1 C
Similarly to Proposition 4.5, we have the following fact.

PROPOSITION 6.5. The morphisms of sheaves o commute, i.e., extend
to a contravariant representation of (C,<) in Shcn.
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In other words, we have a well-defined map ¢ for any inclusion C’ < C,
not necessarily of codimension 1 obtained by composing the “elementary” maps
corresponding to codimension 1 inclusions.

The data contained in d ¢ are precisely the induced morphisms on stalks
of the sheaves £q, Ecr over all the cells D + iC’, D € C, which are linear maps

(6.6) 6CC’|D : Ecop — Ecrop-
So it is enough to express each dccrp through the v and § maps of the double
quiver Q = Q(&). We start with the following statement.

PROPOSITION 6.7. For each C' < C, we have oo o dccr = Idg,. In
particular, each ~ycro is surjective, each dccr is injective and dim(Eeqr) >
dim(E¢).

Proof. Tt is enough to prove the statement for C' <; C, which we assume.
We use the fact that the maps of stalks induced by the morphism of sheaves
dccr commute with the generalization maps from C’ + iC’ to C' 4 iC’. This
translates into the commutativity of

Sccr=0ccr o’

Ecleryicr = Ec Ecr = Ecrleryicr

Idl \L’Yc'c

Eclesicr = Ec Ec = Ecr|oticr-

yoredre!

Here the vertical Id is the generalization map for £¢ and ¢ is the general-
ization map for Ex. Our statement follows therefore from the next lemma.

LEMMA 6.8. The map dccrc s equal to Idg, .

Proof of the lemma. Recall the identifications of stalks
Eclovior = Ec,  Eorloyicr = Ec

given in the proof of Proposition 3.18. Let d = codim(C). In the notation

of 3.18, we take K = C and form the complex G = RI'gn 1 (cy(F)[d], so we

have

(1) the restriction of G on C + ilL(C') reduces to a constant sheaf in degree 0,
denote it \/;

(2) Ecloticr = Glowicr, while Ec = RI'gn0(G)[n — d]|c+i0, and « is induced
by the local Poincaré duality for V.

In the same way, ' is induced by the local Poincaré duality for the constant

sheaf N obtained as the restriction to C' + iL(C") of

G' = RUpn (o) (F)ld + 1] = RLgn 0y (G)[1]-
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The last equality above means that

N’ = ﬂlc+z'L(c')(N)>
which we interpret, by codimension 1 local Poincaré duality, as
(6.9) N ~ N ®or(C'/C) = K*N.

Here k : C +iL(C") — C +ilL(C) is the embedding, and the last isomorphism
comes from the identification of orientation torsors given by the codimension
1 inclusion €’ <1 C. Now, ¢ is the coboundary map

d d+1
Hn i (F) — Hign i (F)-
This means that, under our identifications, its stalk at C' + iC’ becomes equal

to the stalk, also at C' +iC’, of the coboundary map for A/, which we write as
Pt g e (6:9) 14
(Gd*N)|cyicr — HeiorN) = ()N = PN
Here

j: C+iC = C+ilL(C), j' :C+iC" — C+iL(C"), 1:C+iC’ — C+iL(C)

are the embeddings. So our statement reduces to the following elementary
fact. (“Codimension 1 Poincaré duality is given by the coboundary map.”)

LEMMA 6.10. Let € : My — M be a closed codimenston 1 embedding
of C*°-manifolds and J : M, — M an open embedding such that the clo-
sure J(My) is a manifold with boundary My (and so gives a trivialization of
the orientation torsor orpg /nr). For any locally constant sheaf K on M, the
coboundary map

LT K -2 H (K)
corresponds, after the identification €*J.J* K = € K and the Poincaré duality
Hj, (K) ~ 'K, to the identity of e*K.
This finishes the proof of Lemma 6.8 and Proposition 6.7. g
We now let C,C’, D be three arbitrary faces such that ¢’ < C. Put
(6.11) K=CoD>C, K =C'oD>C"

By the associativity of the operation o, we have C'o K'=K and C' o K'=K'.
Note that because £ and Ex are pullbacks of sheaves on R™/L(C), resp.
R™/IL(C"), we have

(6.12) dccrip = dccr |k
That is,
Sccrip : BEcop = Ex — Corop = B
is equal to
dccrkr  Ecox' = Ex — Ecrorr = Egr.
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To complete the recovery procedure of F from Q(F), we prove

PROPOSITION 6.13. In the described situation, we have

dconp = Yok Okcr + Ex — Egr.

Proof. We first use that the maps of stalks induced by the morphism of
sheaves dv commute with the generalization maps from C’+iC” to K’ +iC".
This gives the commutativity of

S
Ec —% Ee

’YC’K\L \L’Yc’}('

Ex —— Egr,
(;Ccl‘Kl

i.e., the equality
dccr |k Yok = Yok Ocor-
We precompose this equality with dxc:
dcor\k' Yok Oke = Yok dccr Ok C-

Now, using Proposition 6.7 on the left and using the fact that the § maps form
a contravariant representation of (C, <) on the right, and also invoking (6.12),
we get the desired statement. O

COROLLARY 6.14. In the above situation, we also have

dccr|p = Yok’ OKo-

6.C. End of proof of Theorem 6.1. We now perform the second step out-
lined at the beginning of Section 6.B by interpreting the above in a more
categorical language. So we denote by J C Rep? (C) the image of the functor
Q and construct a functor © as in the diagram

Q
Perv(C", H) —=J
©

so that the two functors are quasi-inverse. Explicitly, let Q = (E¢, oo, doc)
be a double quiver from [J. For each C € C, we define the sheaf £-(Q) by
postulating the formulas of Corollary 3.22(b), i.e., by setting

Ec(Q)

£c(Q) _ / /
Yict+D'iC14+D = VCoD',CoD ®ld, C;<Ci<C, D <D.

_ JEcop it C1 <C,
iC1+D

(6.15) 0 otherwise,
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Next, for any C' <1 C, we define a morphism of sheaves

doer + Ec(Q) — Ecr(Q)

by postulating the formulas of Proposition 6.13, i.e., by defining the action on
the stalk over D +iC’, D € C, to be

(6.16) dccrip = Yo'k Okcr + Ecop = Ex — Egr = Egrop,

where K and K’ are defined by (6.11). Since we know that @ € 7, ie.,
Q = Q(F) for some F € Perv(C",H), the results of n° B imply that these maps
of stalks commute with generalization maps and so indeed define morphisms
of sheaves 0. Further, for the same reason (Q € J), these morphisms
commute and so assemble into a complex of sheaves

@<Q>:{ D @on@) S D 5C(Q)®0T(C)g“'950(@}

codim(C)=0 codim(C)=1

which, moreover, lies in Perv(C",#). This defines the functor ©, and the
results of n° B mean that QO is naturally isomorphic to the identity functor of
J, while ©Q is naturally isomorphic to the identity functor of Perv(C", H). O

7. Algebraic relations in the double quiver

7.A. The transitivity relations. Let

(7.1) Q = ((Ec)cec, (eres 6cer)er<e) € Rep?(C)
be a double representation of C. In this section we find algebraic relations
among the maps yor¢, docr that are necessary for @ to have the form Q = Q(F)
for some F € Perv(C", H).

Call Q monotone if yorc dccr = 1d for any €' < C. By Proposition 6.7,
any Q(F) is monotone.

Given a monotone @, for any A, B € C, we define the transition map

(7.2) $aB = YMBOAM : B4 — Ep, M < A,B.

By monotonicity, the choice of M is immaterial; for example, one can take
M = 0. Note that ¢ap is equal to y4p if A < B and to d4p if A > B.

Definition 7.3. Three faces A, B,C € C are called collinear if there are
a € A,b € B,ce C such that b € [a,c]; i.e., b lies on the straight line segment
between a and c.

Collinearity is recovered from the oriented matroid corresponding to H.
More precisely,

PROPOSITION 7.4. Let us introduce a total order = on {+,—,0} that is
induced by the standard order on R, i.e., by — = 0 < 4. Then the following
are equivalent:
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(i) the faces A, B,C are collinear;
(ii) for each H € H, the sequence of sign vectors (Ag, By, Cy) is monotone
increasing or decreasing: either Ay < By < Cg, or Cy X By = Apg.

Proof. (i)=-(ii) is obvious. To see the converse, suppose that three cells
A, B,C are not collinear. Then there is a hyperplane H € #H such that B
lies on one side of H and A,C lie on the other side. This contradicts the
monotonicity of (Ag, By, Cq). O

THEOREM 7.5 (Transitivity relations). Let Q@ = Q(F) for some F €
Perv(C™, H). Then for any collinear faces A, B,C, we have

bac = ¢pc ap : Ea — Ec.
The proof will be given after Example 7.9.

Remark 7.6 (Transitivity: long form). By marking all the faces meeting
[a, c], we get a face path (alternating sequence of inclusions)

A=B1 >B{<By<By>---<Bpy_1>B,_,<B,=C.

(There are four possibilities as to whether A = B} or B, | =

Theorem 7.5, we can reformulate in the equivalent form:

C'.) By iterating

PAC =VB!, By OB, 1B, | " VBB, 0B B,

Note that it may be possible that A and C can be connected by a straight line
segment in more than one inequivalent way, in which case ¢ 4o can be express-
ible through the v and 0 maps in more than one way, producing additional
algebraic relations in Q; see Example 7.9.

Ezample 7.7 (Base change). It is sometimes convenient to view the poset C
as a category, that is, to write an inclusion C’ < C' as a morphism u : ¢/ — C.
Then a double representation ) can be viewed as a “bivariant theory” on C:
for a morphism u as above, we write

Us = Yorc, u = dccr.

In this language, a simplest instance of Theorem 7.5 can be viewed as a “base
change property”: we consider a (necessarily commutative) square of face in-

D" A
wl lul
C——B

clusions

v1
—_—

(7.8)

—_—
u2
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The condition that A, B, C are collinear means that the square is coCartesian
in the categorical sense: B is the minimal face containing A and C' in its
closure. In this case, Theorem 7.5 says that

Indeed, the left-hand side is ¢ ac, while w1« = yap = ¢ap and u3 = dpc =
éBC-

Ezample 7.9 (Zifferblatt relations). Another extreme instance of Theo-
rem 7.5 corresponds to the case when C' = —A is the opposite cell to A. Sup-
pose dim(A) > 2, and let L be a 2-dimensional subspace such that dim(LNA) =
2. The arrangement 4 N L then cuts L \ {0} into some even number 2m of
2-dimensional open cones, which we number cyclically Bi,..., Ba,, and the
same number of 1-dimensional open rays Bl, . ,B/ Let B,, B), be the faces
of C that intersect L in B,, B,/7 see Figure 2.

Note that there are two inequivalent ways to join a point of A with a point
of C' by a straight line segment inside L not passing through 0, represented by
the segments [a, ] and [@, ¢] in Figure 2. So the long form of the transitivity
relations (Remark 7.6) gives the Zifferblatt relation (we borrow the term from
[30]):

YBy,,C OBy, Bly VB! Bm *** 0By B, VB! B, 0B

m—1>

= 7B, +1,C 5Bm+2737/n+1 F}/B;n+2’Bm+2 ' 532% Bom-1 732777.7327” 5AvB§m'
(Both sides of this equality are equal to ¢4.c = v0,c °04,0.)
By By
B! .
B/
B, !

& /
Bpy1=C J Bi=A
C/// /

/ Bm+2
m+1
. Bj,

m+2 B2m71

Figure 2. The Zifferblatt.
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7.B. Proof of Theorem7.5.

Step 1: Base change. We first consider the situation of a coCartesian
square from Example 7.7, as it will serve as an inductive step in treating
more general cases. The assumption that A, B,C are collinear implies that
CoA=B.

LEMMA 7.10. In the situation of Example 7.7, the map
dapjc : Faocc = Ep — Ec = Epsc
is equal to dgc.

Proof of the lemma. We consider the commutative square of the £-sheaves
corresponding to (7.8) and the corresponding commutative square of stalks over
C + ¢D. These squares have the form

Ep <QA—D Ea Ec iﬂ Ep
6CDT T(SBA IdT TId
& . B, Lo < — I,
whence the lemma. O

To deduce our particular case of Theorem 7.5 from the lemma, we spell
out the condition that the maps of stalks induced by é 4p commute with gen-
eralization from D +¢D to C'+¢D. This gives a commutative square of vector
spaces

Sapjc=0BC

B Eco
YAB T T YDC
E 4 Ep

dAp|D=06AD

in which the path through Ep gives, as the composite map, ¢4c while the
path through Ep consists of dpc = ¢pc and yap = ¢ aB.

Step 2: Case when C' # —A. In this case the segment [a, ¢|] does not pass
through 0 and so its R-linear span is a 2-dimensional subspace L C R™. As in
Example 7.9, we then have an induced arrangement H N L of lines in L, and
there are various possibilities as to whether the faces

A=ANL B=BNL C=CnNL

have dimension 1 or 2. We first consider the case dim(A) = 2, depicted in
Figure 3. Denote by Z;,Z’Q the two rays bordering A so that Z/z meets [a, ].
Further, denote by D the next 2-dimensional face in the direction from a to c.
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Figure 3. Case C' # —A.

Let D, A}, A}, € C be the faces whose intersections with L are D, A}, Ay. Our
assumption that C' # —A implies that the intersection with L of all the faces
meeting [a, ] lie on the same side of the line L(A}).

Consider the square of inclusions 0 < A}, A5 < A. Let us write the
corresponding commutative squares of £-sheaves and of stalks of these sheaves
at C = C +1i0 = [0,C]. Note that Ao C = A, since the interval [a, ¢| spends,
after leaving a, nonzero time inside A. Therefore the square in question has
the form

Id

SA‘C: E4

®AD \L lfbAc

50‘02 Ec,

EA :EA’IOC :gA/l c

Eay| = Eagoc = Ep

¢pC

S0 pAc = ¢pcPap- Similarly, by considering the commutative square of stalks
over B+10, we find that pap = ¢ppdap. Therefore we reduce to proving that
opc = ¢pcdpp, which can be further reduced in a similar way. So proceeding
by induction, we reduce the situation to the case B= A or B= A,. If B= A,
there is nothing to prove. If B = A%, then

dac = V00040 = Y0cOB0OAB = PBCOAB = PBCPAB-

This concludes the treatment of the case dim(A) = 2.
The case when dim(A4) = 1 is analyzed inductively in a similar way, re-
ducing it to the situation of Example 7.7, which has been analyzed in Step 1.

This concludes the analysis of Step 2.
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Step 3: Case C' = —A. In this case we use the notation of Example 7.9.
We consider the segment [a, ¢]. Note that by Step 2, we have

b B1, = V0B, © 0570 = 0B,,B), © VB! _ B, ©* " ©0B,B) © VBB,

Therefore, using the fact that the v and § maps commute with compositions
of inclusions, we have

ba,c = "0,004,0 = VBY,,C V0,B}, OB,,004 B
= v81,.0 (08,080, VB!, B+ OB, V8182 ) O,

which is the long form of the transitivity relation. The case of the segment
[a, ] is treated in the same way.
This concludes the proof of Theorem 7.5. g

8. Equivalence of categories

8.A. The main result. Let H be an arrangement of hyperplanes in R",
with the poset of faces C, and Rep@) (C) be the corresponding category of
double representations Q = (E¢,vycre,0ccr). Let A = Ay C Rep® (C) be
the full subcategory of double representations satisfying the following three
conditions:

(Mon) Monotonicity: yorcdocr = Idg,, C' < C. This allows us to define
transition maps ¢ap = voepdac : Fa — Ep, where C is an arbitrary
face < A, B.

(Tran) Transitivity: ¢ac = ¢dpc ¢ap for any three collinear faces A, B, C.

(Inv) Invertibility: Let Cq, Ca be two faces of the same dimension d with the

same linear span L(C;) = LL(C2), which lie on opposite sides of a face
D of dimension d—1, so C; >; Dy <3 Co. Then ¢¢c,c, = vp,c, 01D, :
Ec, — E¢, is an isomorphism.

The following is the main result of this paper.

THEOREM 8.1. The functor F — Q(F) defines an equivalence of cate-
gories Perv(C", H) — A.

In view of Theorem 6.1, it suffices to prove the following statement.

Reformulation 8.2. In order for Q € Rep®(C) to have the form Q(F) for
some F € Perv(C",H), it is necessary and sufficient that Q satisfies (Mon),
(Tran) and (Inv).

The proof will occupy the remainder of this section.

8.B. Necessity. The necessity of (Mon) and (Tran) has already been proved
in Proposition 6.7 and Theorem 7.5. Let us prove the necessity of (Inv). Be-
cause of Proposition 5.1, it is enough to consider the case when 'y and Cy are
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faces open in R”, because the general case will then follow by considering the
hyperbolic restriction to Lc, where L = L(Cy) = L(C3y).

Assuming the Cy and C5 are open, consider the Cousin resolution £°
of F. Note that F is S©-smooth, while the summands & of £* are only
SW_smooth. Look at the S©-smooth sheaf

H°(F) —Ker{@gc—> o, ED}.

C open codim(D)=

The SW-cells [Dy, Cy] < [Cy, Cs] lie in the same stratum (C)° of S(). There-
fore the generalization map for H°(F) from [Dj,Cs] to [C2,Co] must be an
isomorphism. But, applying Corollary 3.22(c), we find that up to tensoring
with or(R™), we have

¢Cl Co —Id

H(F)|ipy,cs) = Ker{E¢, @ Eg,
ﬂo (‘F) [CQ,CQ} = ECQ’
and the generalization map is induced by the projection Ec, ® Ec, — Ec,. In

ECQ}?

order for this projection to restrict to an isomorphism Ker(¢c, ¢, —Id) — E¢,,
the map ¢¢,c, must be an isomorphism.

8.C. Sufficiency: construction of the complex £°. To prove the sufficiency
of the three conditions in Reformulation 8.2, we start with a double represen-
tation @ satisfying them, construct a complex £* = £°(Q) and then prove that
it is a perverse sheaf with double quiver Q).

In this procedure, the construction of the complex £°(Q) will rely only
on the properties (Mon) and (Tran), while (Inv) will be needed to ensure that
this complex is an object of Perv(C", H).

The construction will be done by the same procedure as in Section 6.C.
That is, we define the S()-smooth sheaves Ec = £-(Q) by the formulas (6.15).
In fact, it follows from the definition that each E-(Q) is SM-smooth. We next
define, for any faces ¢/ < C and D, the map of the stalks

dccrip = 520,”) : Ecop — Ecrop
by the formulas (6.16), that is,
dccnp = Yok Okcr : Ecop = Ex — Exr = Ecrop,
where K = C oD and K’ = C’ o D. Note that
(8.3) dccr\p = $CoD,CroD-

PROPOSITION 8.4. The dccrp commute with the generalization maps and
so define morphisms of sheaves

dcor  Ec — Ecr, o' <.
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Proof. For any faces C' < C and D’ < D, we need to prove the commu-
tativity of the square

5CC’\D’
(8.5) Eciopr <—— Ecopr

Yc'oD!,C'oD l l"/CoD’,CoD

Ecrop =—— Ecop.
cc!|\D
In order to do this, we use the bivariant notation of Example 7.7 and consider
the diagram of inclusions depicted by arrows

C'oD CoD!

I 7
/ NG

C'o CoD.
Then
! / /
Yerop! croD Occrpr = Vi (Wis w™) = w,s"w* = Yo crop dconr 01 = PCoD! CroDy
!
dcorp YooD!,con = (UyS U )Vs = bcop,C'oD PCoD! CoD-

In the last identification we used that v« = ycopr,cop is the same as ¢copr cop-
So the commutativity of (8.5) would follow from (Tran) if we establish the next
lemma.

LEMMA 8.6. For any faces C' <C and D' <D, the cells CoD',CoD,C'oD
form a collinear triple.

Proof of the lemma. Choose points ¢ € C',c € C,d' € D',d € D. Assume
that they are in general position; i.e., T = Conv{c,¢,d’',d} is a tetrahedron
in an affine 3-space (the case dim(7") < 2 is analyzed easily). We need to find
points z € C"o D, y € Co D, z € C o D' such that y € [z, z].

To choose a possible x, we can draw the interval from ¢ to any point
dy € (d',d] (any such d; satisfies d; € D) and take any point on this interval
sufficiently close to ¢’. The supply of x thus obtained contains a neighborhood
of the vertex ¢’ in the triangle A(¢/d'd), with the edge [¢/,d'] removed. See
Figure 4.

To choose a possible y, we can draw the interval from any ¢z € (¢, ] to any
dy € (d',d] (as any such cg, da satisfy co € C,ds € D) and take any point on this
interval sufficiently close to co. The supply of y thus obtained contains a neigh-
borhood of the edge (¢, ¢] in T, with the faces A(ccd’d’) and A(dcd'd’) removed.

To choose a possible z, we can similarly draw the interval from any
cs € (d,c] to d' and take any point on this interval sufficiently close to cs.
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d

CI

Figure 4. Collinearity of C o D', C o D and C' o D.

The supply of z thus obtained covers a neighborhood of the edge (¢'c| in the
triangle A(d'd¢).

From this description it is clear that one can start from any admissible
x € [d,di] and take y € [co,ds] sufficiently close to cg, very near the face
A(d'dc). Then the interval [z, y], continued after y, will hit A(d'¢¢) in a point
z very close to the edge [/, ¢] 3 ¢, so such z will be obtained by the above con-
struction, i.e., will lie in CoD’. This proves Lemma 8.6 and Proposition 8.4. [

PROPOSITION 8.7. The morphisms of sheaves v, C' <C, commute with
each other, i.e., give rise to a contravariant representation of (C, <) in Shcn.

Proof. We have to prove the identity

(8.8) br; kv Or K] = Ky k7 Ok K, Ex — Egn

for any four faces K, K1, K5, K" with the following property: there exists a
square of codimension 1 inclusions
C >1q Ci,Cé >1q C//
and a face D > C" such that
K=CoD, K'=C"oD,
(8‘9) K = I
1= 10D7 KQ—CQOD

This would correspond to the commutativity of the stalks of the square

écc{
Ec —> Ecx

éccé l lfScic//

EC/ e SC//
2 écéc”
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over the face [C”, D]. Note that the [C”, D] for D > C” form a cell decompo-
sition of the tube cell R” + ¢C”, and the sheaves in question are direct image
extensions of some sheaves from tube cells to their closures, so checking the
commutativity of the above square over

R" +iC" C supp(Ecr) = R" + ic"

is enough.

To prove (8.8), we first remark that for any faces A, B the triple A, AoB, B
is collinear, since A o B is defined in terms of points on the interval [a,b] for
a € Ab € B. We also note that in (8.9) we have K" = D. Consider the
diagram of inclusions

K" =D K] K
c” c C.

In this diagram, C7, K1, K" form a collinear triple, since K] = CjoD = CoK".
Therefore by (Tran),
QSCi,K” = ¢K;,K" ¢C;,K; = ¢K;,K" Vel K-
Now, the left-hand side of the putative equality (8.8) is transformed as follows:
QbKi,K” ¢K,K; = ¢K1,K" el 5K,C;
= ¢03,K” 5K,C; = Yo, K" 50;,0" 51(,0;
= Yo,k OK,c7 = QK K-

Considering a similar diagram but with C%, K} instead of C7, K1, we find that
the right-hand side of (8.8) is also equal to ¢x k. O

8.D. The complex £%(Q) is SO -smooth: inclusions of type (1). Proposi-
tion 8.7 implies that we have a complex of sheaves £* = £°(Q) with

Q)= P Ecoor(0)

codim(C)=p

and the differential 0 given by the d~s and satisfying 52 = 0. By construction,
cach summand of £°, and thus &* itself, is SM-smooth.

PROPOSITION 8.10. The complez E* is S -smooth.

Proof. By Proposition 3.3, it is enough to show that for any elementary
inclusion [Cy, D1] < [Cy, Ds] of SM-cells, the generalization map

V(C1,D11,(Cs,Ds] * €°1[c1,01] = €[y,
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is a quasi-isomorphism of complexes of vector spaces. We first consider an
inclusion of type (1)

[C1,D] < [Cy, D], C1 <C2<D.

Note that every such inclusion is a composition of inclusions with C; <1 Cs.
(If this condition does not hold, it suffices to choose a maximal chain of faces
Ci =ChH<1 0 <1 -+ < C;) = (5 between C; and Cy and consider the
inclusions [C}, D] < [Cj,,, D].) So we assume C <1 C.

LEMMA 8.11. v(¢c,,pl,[ce,D] 8 @ surjective morphism of complezes of vector
spaces, with kernel

3§ 3§
K* = { @ ECOD®OY(0);> @ ECOD®OI‘<C)—>--~},
codim(C)=0 codim(C)=1
C>C1,C2C C>C1,C2C:

where § has, as matrixz elements, the 5ccr for relevant C,C' tensored with the
coorientations of the adjacent faces.

Proof. Recall that we defined the sheaf & by formulas (6.15). Therefore
the stalk EC|[01,D] is equal to Ecop if C > Cq and to 0 if C * (4, and
similarly for £clic, p). The generalization maps were also defined by formulas
of Corollary 3.22(c). This implies that the matrix elements of (¢, jc,,p) are
either Id or 0, whence our statement.

Therefore we need to prove that K*® is an exact complex.

LEMMA 8.12. Consider the increasing filtration F of K® by graded sub-
spaces defined by
FuK? = @ Ecop ®or(C).
codim(C)=p

C>C1,C2£C:
dim(CoD)<d

This filtration is compatible with the differential 5.

Proof. The matrix element gcc/ is nonzero only if C/ < C. In this case
L(C"oD)CL(CoD) by Proposition 2.7(b), and so dim(C’oD) <dim(CoD). O

We are therefore reduced to proving that each grg K* is exact.

LEMMA 8.13. Fixz d > 0, and consider all d-dimensional flats M € L
containing C1. Let

(erh Kb, = D Ecop®or(C).
codim(C)=p
C>C1,C2C,
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Then (grg K)$, is a subcomplex in grg K*, and we have a decomposition into
a direct sum of complezes
grg K°= D (grg K)i-
M>Cy
Proof. Look at a summand Fcop ® or(C) with
codim(C) =p, C > Cq, C # Cy, dim(C o D) =d.
The differential in grg K* can take this summand only to summands of the
form Eciop, where
C' <1 C, codim(C)=p+1, C">Cy, C" # Cy, dim(C' o D) = d.

Since L(C’" o D) C L(C o D) by Proposition 2.7(b) and since dimL(C’ o D) =
dimlL(C o D), we conclude that L(C’o D) = L(C o D). So the complex grf) K*
splits into a direct sum of subcomplexes corresponding to all possible values of
M =1L(Co D). O

Denote G%; = (gr K)%;. We are therefore reduced to proving that G,
is exact for each M. So we fix M and note that by the above,

Gh, = b Ecop ® or(C).
codim(C)=p
M>DC>Cy, C2C2
CoD open in M

Note that we can represent G, as the quotient GY 5, / G3 ar» Where Gi a is the
direct sum as above but without the restriction C' 2 Cs, and Gg u 1s a similar
direct sum but with the additional restriction C' > C5. So we are reduced to
proving that the embedding G3 ), <+ G7 ), is a quasi-isomorphism.

In order for the summand corresponding to a face C' to be present in G? Mo
it is necessary that not only C' C M, but also that D C M, since M = L(CoD)
is the minimal flat of H containing I.(C) and L(D). This means that GY ,; (as
well as G ) is entirely described in terms of faces of H contained in M, i.e.,
in terms of the restricted double quiver Q=M. So by passing to the restricted
configuration H N M, if necessary, we can and will assume that M = R", and
we write G}, = G} gn, v = 1,2. Further, since C' runs over faces containing C1,
the G are entirely described in terms of the restricted double quiver QZ¢1. So
by passing to the quotient configuration if necessary, we can and will assume
that C1 = {0}, and therefore dim(Cs) = 1.

Under all these assumptions, let us give a geometric interpretation of the
G?. Let Cp C C be the set of faces C' such that C' o D is open in R”, and let
|Cp| be the union of cells from Cp.

LEMMA 8.14. Let C, D € C. Then the following are equivalent:
(i) C o D is open in R™,
(ii) C does not lie in any hyperplane H € H containing D.



PERVERSE SHEAVES OVER REAL HYPERPLANE ARRANGEMENTS 667

COROLLARY &.15.

ICp| = R™\ U H
HeH
HD>D

is the union of convex, hence contractible components labelled by the (open)
chambers of the quotient arrangement H/L(D).

Proof of Lemma 8.14. We recall the interpretation of C' o D in terms of
the projection m¢ : R — R"/L(C) given in Proposition 2.6. That is, C o D
is the unique face from CZ¢ that projects onto o(mc(D)), the cell of H/L(C)
containing 7o (D). So for C'o D to be open in R, it is necessary and sufficient
that o(mc(D)) be open in R"/IL(C'). This means that 7¢ (D) does not lie in any
hyperplane of H/LL(C); i.e., D does not lie in any hyperplane of A containing
C. In other words, the sets of hyperplanes of H containing C' and D must be
disjoint. d

Let us look at an arbitrary matrix element of the differential in G7,
dccr i Ecop @ 0r(C) — Egrop ® or(C').
It can be nonzero only if C; < C’ <1 C € M and both C o D and C' o D are
open in M. If these conditions are satisfied, then (8.3)
doer = $coD,c'oD @ €ccr,

where eccr is the identification of orientation torsors induced by C' <; C.
We note that in this case ¢cop,crop is an isomorphism. Indeed, since both
C oD and C' o D are open in M, we can choose generic points x € C o D,
x’ € C" o D so that the interval [x,2'] C M intersects only flats of H N M that
have codimension 1 in M. Therefore we can write all the faces intersecting
[, 2], in the order from x to 2/, as

Fo=CoD > Fé <1 F1 > F{ <1-->1 F;;—l <1 Fp:COD/,
where the F); are open in M, while the F’ ]’ have codimension 1 in M. Therefore
each ¢p; p; , is an isomorphism by (Inv), while
$CoD,C'oD = OFy,F, = QPF, 1,F, " * PRy

by (Tran) (long form of the transitivity relations).

We now note that the isomorphisms ¢cop,crop define a cellular locally
constant (and therefore, by Corollary 8.15, constant) sheaf G on |Cp|, and the
above argument shows that

gt = Crl(Cpl, G)

is the standard cellular chain complex of G shifted to so as to start in degree 0
(and to have differential of degree —1). Similarly, let CLZ)C2 be the subposet in
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Cp formed by C' satisfying C' > Cs and ](%02] be the union of faces from this
subposet. Then

g2 Ccell (‘C>CQ| g)

Therefore, the acyclicity of G}/GS will follow if we prove that the embedding
of spaces |C§CQ\ — |Cp| is a homotopy equivalence.

Recall that Cy < D, dim(C2) = 1 is, by our assumption, a half-line.
Therefore for any connected component U C |Cp|, the intersection U N |C>02]
is a nonempty convex set so it is contractible as well. This proves that |C DCQ\ —

ICp| is a homotopy equivalence and so Y[C1,D],[Cs,D] 1S & quasi-isomorphism.

8.E. Inclusions of type (2). To finish the proof of Proposition 8.10, we
need to consider elementary inclusions of type (2). We write such an inclusion
as [C1, D1] < [Da, Do), where D1, Do are two faces of the same dimension m,
lying in the same m-dimensional flat L = LL(D;) = L(D32) on the opposite side
of an (m — 1)-dimensional cell C1 < Dy, Ds.

The argument runs very similarly to the case of an inclusion of type (1)
considered in Section 8.D. We indicate the changes, using the same notation
as in 8.D for the intermediate complexes and treating the grading in these
complexes as implicit.

LEMMA 8.16. The morphism of complexes 7o, p,),[Ds,Ds] S Surjective
with kernel
= @ ECOD1®OT(C),

c>Cq
C#Do

graded by codim(C).
Proof. By Corollary 3.22(c),

&y, o) = @ Ecop, ®0r(C), Ep, p,) = @ Ecop, ® or(C).
Cc>Cq C>Ds
The set of admissible C' in the sum for 5[.1)2, Ds] is clearly a subset in the set of
admissible C' in the sum for 5['017D1], because C7 < Do. Further, for C > Do,
the corresponding summand in 5[.01, D1 is equal to the corresponding summand
in 5[.[)2, D)’ Indeed, since Dy and Dy are adjacent (have the same dimension m
and lie on the opposite sides of C; in an m-flat), we have Dy 0 D1 = Dy. We
also have C' o Dy = C' since C' > D», so by the associativity of o, we find

CODl:(CODQ)ODl:CO(DQODl):CODZ-

Further for C > D, Corollary 3.22(c) shows that the matrix element of
7[01 D1],[Da,Ds] O1 the summand correspondlng to C' is the identity. Recalling

that the matrix elements of 7[01 D1],[Da,Ds] €A1 ACE only between summands
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labelled by the same C', we conclude that it is the projection onto the direct
sum of summands labelled by C' > D>, as claimed. U

Now, as before, we have the increasing filtration F' in K*® by dim(C o D)
with quotients that split into direct sum over M € L of complexes

G;\/[ = @ Ecop, ® or(C).
C>C1,C#Do
L(CoD1)=M

So we need to prove that each G, is exact. As in Section 8.D, we have G}, =
G1/G3, where GY is the direct sum over C' > C such that L(C o Dy) = M (so
it is exactly the same complex as in 8.D) and G$ is the subcomplex formed by
Ecop, ®@or(C) for C > Dj. As before, we can and will assume that C; = 0 and
M = R"™. Thus D1, Dy are two opposite half-lines of the same line: Dy = —D;.
So GY is the cellular chain complex of a local system G on |Cp, | and G$ is the
chain complex of G on \C%?Q\. Since Dy = — D1, the subspace |C,%1D2| is again
a union of convex connected components, one inside each convex connected
component of |Cp, |, so the embedding G3 — G is a quasi-isomorphism, and

Proposition 8.10 is proved.

8.F. End of the proof of Reformulation 8.2. Given Q € Rep® (C) satis-
fying (Mon), (Tran) and (Inv), we have associated to it an S(®)-constructible
complex £°(Q) on C". Note that the orthogonality relations of Lemma 6.3
apply to the £o(Q) and imply that the linear data of £°(Q) are given by Q.
Since @ consists of single vector spaces (not just complexes), Proposition 4.14
implies that £°(Q) is a perverse sheaf, with double quiver ). This proves
Reformulation 8.2 and thus Theorem 8.1.

9. Examples and complements

9.A. The case of dimension 1. Suppose n = 1. The real vector space R
has the unique hyperplane {0}. The arrangement consisting of this hyperplane
will be denoted simply by 0. It has three faces: Ry = {z > 0}, R_ = {z < 0}
and {0}. The category Perv(C,0) consists of perverse sheaves on C smooth
with respect to the stratification consisting of {0} and C\ {0}. The classical
description [15] identifies Perv(C, 0) with the category P of diagrams of finite-
dimensional vector spaces

v

® _——= U, wvu-+Idyinvertible.
u

The spaces ¥ and ® associated to F € Perv(C,0) are canonically identified
with the spaces of nearby and vanishing cycles of F with respect to the standard
coordinate function on C, while vu + Idg is the monodromy on the space of
nearby cycles; see [1].
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On the other hand, our description from Theorem 8.1 identifies Perv(C, 0)
with the category A formed by double representations

¥- o
Q= {E_ = Ey_—_—FE, } such that
oo e,

v-0- =Idg_, 7464 =Idg,,

v_oy: By — FE_, v10_:E_ — E, are invertible.

Let us construct an equivalence between P and A directly. In fact, it is con-
venient to reformulate the definition of A slightly. Given Q € A, consider
endomorphisms

P, = (S.A,.’}U,., P_ = (S_’}/_ S EHd(E())
These endomorphisms are idempotent:

P} = 04y404yy = 64 Idyy = 6194 = Py,

and similarly for P_. The spaces F1 are identified with Im(Py) via d+. The
conditions of invertibility of 74+d+ is expressed by

are isomorphisms.

9.1) P_:Im(Py) — Im(P-),
' P, :Im(P_) — Im(Py)

This establishes the following.

LEMMA 9.2. The category A is equivalent to the category B formed by
data (Ey, Py, P_) consisting of a finite-dimensional k-vector space Ey and two
idempotents Py, P_ : Ey — Ey satisfying (9.1).

So we will construct an equivalence B ~ P. Given (Ey, Py, P_) € B, we
put

v=P

® = Ker(P-) U :=Im(Py).

u=P_—Id

Then vu = Py (P_—Id) is, as an endomorphism of Im (P ), equal to Py P_—Py.
Now, on Im(P;) we have Py = Id. So vu + Id = Py P_ as an endomorphism
of Im(P4 ), and so it is the composition of two invertible maps

m(Py) 2= Im(Po) 25 Im(Py)

and hence invertible. This defines a functor F' : B — P. Note that the two
maps above have the meaning of half-monodromies from the upper to the lower
half plane, so vu + Id is the full monodromy.
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Let us also define the functor G : P — B as follows. Given an object

v
{®_—=U } P, we put
u

0 0 0 u
T i B e )

Then Py are idempotents.
PRrROPOSITION 9.4. The functors F' and G are quasi-inverse to each other.

Proof. Let us find F'G. For Py defined above, we have

Im(Py) =W, Ker(Py) = {(i)
Im(P_) = Graphof u: ¥ — &, Ker(P_) =2.

vqﬁ—l—v,sz} = Graph of (—v): ® — U,

The map Py : Ker(P-) — Im(Py) coincides with v. Further, P_ —Id restricted
toW¥ C &V gives u : ¥ — ®. Therefore F'G is isomorphic to the identity
functor of P.

Conversely, suppose (Ep, Py, P_) € B. We then have two direct sum
decompositions of Ejy:

Ey = o Im(P-) =Ker(Py)® V.

The condition that P_ : Im(Py) — Im(P-) is an isomorphism implies that
Im(Py) NKer(P-) = 0 which, by the dimension count, implies that we have a
direct sum decomposition

Ey=Im(P;)®Ker(P_) =V & .

With respect to this decomposition, we find that Py are given by the matrices
in (9.3). So GF is isomorphic to the identity functor of 5. O

Remark 9.5. Note that the composite equivalence A — B 5 pis compat-
ible with (and so can be considered as induced by) the identifications of A and
P with Perv(C,0), constructed in [15] and in this paper, respectively. Indeed,
let F € Perv(C,0). Then, in the original construction of [15], the object of A
corresponding to F is given by:

(0.6) @(F)=Hb_ (C.F) = D(Rs0, Hi_ (F)), U(F)=T(Roo, HE_ (F)),

and the map v is the generalization map for the R-constructible sheaf ﬂﬁb o(F)

on R>¢. On the other hand, the object Q(F) € P corresponding to F by (4.13)
has

9.7)  Eo(F) =Hg(C,F) =T(R,Hi(F)), Ex(F)=T(Rzo,Hp(F)),
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and 7. is the generalization map for the R-constructible sheaf H(F) on R.
The functor F' sends Q = Q(F) into an object of A with

¢ =g :=Ker(P-) =Ker(y-), ¥ =Vg:=Im(P;)=Im(d;).

Now, the identification Ker(y_) — ®(F) is obtained from the long exact se-
quence relating (hyper)cohomology with supports in R, R>o and R«o. The
identification Im(dy) — W(F) is obtained by comparing (9.6) and (9.7) and
noting that Hy_ (F) and Hg(F) are identified on R-o. We leave to the reader
the identification of the arrows between the vector spaces thus identified.

Remark 9.8. In addition to the above equivalence, which we denote here
as Fy : B = P, there exists another one, . : B = P, where for z =
(Ey, Py, P_) € B, we set

v=P_

F_(z) = {® = Kex(Py) ¥ i=Im(P)}.

u=P;—Id

Furthermore, there are two invertible natural transformations (“half-mono-
dromies”) ty : Fy = Fx given by

ti(z) = (Py —1d,P_): Fy(z) > F_(2)
and
t (z)=(P_—1d,Py): F_(z) > Fy(x).

These data define a C*-local system of equivalences B — P; this is a
particular case of the microlocalization, similar to [14].

The category Perv(C, 0) admits an involution § : Perv(C,0) — Perv(C,0),
which in the classical description looks as follows:

&{@#@}:{m#@}.

(This involution is close to the geometric Fourier transform but does not
coincide with it; cf. [4, Prop. 4.5].)
We leave to the reader the verification of the following.

PROPOSITION 9.9. In terms of the identification Perv(C,0) ~ B,
§(Eoy, P1, Py) ~ (Ey,1 — P1,1 — Py),
and in terms of the identification Perv(C,0) ~ A,
= T+ Id—6_~- Id =647+

g{E, =~ FEy_—_— E+} ~ {Ker(*y,) Ey Ker(y@}.
[ 04 embedding embedding




PERVERSE SHEAVES OVER REAL HYPERPLANE ARRANGEMENTS 673

9.B. Real affine arrangements. Let H be an arrangement of affine hyper-
planes in R™ and Hc be the complexified arrangement of affine hyperplanes in
C™. We have then the category Perv(C™, H) of H-smooth perverse sheaves on
C", similarly to the case of linear arrangements.

Such categories are important for the geometric description of tensor struc-
tures on the categories of quantum group representations [3].

Theorem 8.1 is extended to this case as follows. We have the poset of
faces (C, <), defined similarly to the linear case. A triple of faces (A, B,C) is
called collinear if

(C1) there exists a face D < A, B, C,
(C2) there exists points a € A,b € B,c € C such that b € [a, c].

Condition (C1) holds automatically in the linear case (take D = 0). As
with any poset, we have the category Rep® (C) of double representations
Q = (Ec,vcrc,dccr) of C.

The condition of monotonicity on () is defined just as in the linear case:
vorcdoor = Id for any ¢ < C. This allows us to define the transition maps
oaB = YoBdac : Ea — Ep for any two faces A, B such that there is a face
C <A, B.

The condition of transitivity is defined by requiring that ¢ac = ¢pcodan
for any triple of cases (A, B, C) collinear in the new sense above.

Finally, the condition of invertibility of @) is defined completely similarly
to the linear case.

We denote by A = Ay the full subcategory in Rep® (C) formed by @ that

are monotone, transitive and invertible.
THEOREM 9.10. The category Perv(C", Hc) is equivalent to Ay.

Proof. Locally (in a neighborhood of any point of R™), an affine arrange-
ment looks like a linear one. Therefore, applying known properties of the linear
case, we establish the following statements:

(1) For F € Perv(C",H), the complex Ry = RI'rn(F)[n] is reduced to one
sheaf in degree 0, constructible with respect to the (cellular) stratification
C.

(2) Denoting by Ec(F) the stalk of Rr at C' € C, we have a canonical identi-
fication Ec(F*) = Ec(F)*.

(3) Denoting by 72 : Ec/(F) = Ec(F), C' < C, the generalization maps
for Rr, and putting 550, = (’}/g/zv)*, we get an object

Q(f) = (EC(J—-')a 75(,% 550’) S Rep(Q) (C)
This object lies in A.

Therefore we get a functor Q : Perv(C", H¢) — A taking F to Q(F). To
prove that it is an equivalence, we use the fact that perverse sheaves form a
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stack. That is, we upgrade Q to a morphism of stacks of abelian categories
on R",
Q: Perv(cn 3y — A,

defined as follows. For an open U C R", the category Pervcn 4 (U) consists of
perverse sheaves on U + iR"™ smooth with respect to the stratification cut out
on U +iR" by H. We further denote by Cy C C the subset of faces meeting U
and extend the concept of collinearity to Cy be requiring in (C1) that D € Cy.
Then we define A(U) C Rep® (Cyy) to be the full subcategory specified by the
conditions of monotonicity, transitivity and invertibility. The same arguments
as before define a functor Q(U) : Perv(cn 3 (U) — A(U), and these functors
unite into a morphism of stacks Q. Note that Q is obtained from Q by passing
to the categories of global sections. So it is enough to show that Q is an equiv-
alence of stacks, a statement that can be checked locally, at the level of stalks.
But the stalk functor of Q over any point x € R” is a similar functor Q for the
(essentially) linear configuration formed by hyperplanes from H containing z.
So it is an equivalence by Theorem 8.1. O

The method of using the stacky nature of perverse sheaves to obtain de-
scriptions in new situations was applied by Dupont to the case of smooth toric
varieties [13]. Another approach to proving Theorem 9.10 would be to add a
variable to make an affine arrangement into a linear one.

9.C. The fundamental groupoid of the open stratum. Let us write V = R",
so Vo = C", and let V¢ C V¢ be the open stratum (the complement of all the
hyperplanes L¢, for L € H). Let Cy be the set of open faces (chambers) of
H, so each A € Cp is a contractible set contained in V{Z. Denote 1 (Vg,Co)
the fundamental groupoid of V& with respect to a set of base points consisting
of one point in each A € Cy. The construction of this paper leads to a new
description of this groupoid.

PropPOSITION 9.11. 71(Vg,Co) is isomorphic to the groupoid & defined
by generators and relations as follows:
(0) Objects x4, A € Cp.
(1) Generating morphisms pap : ta — xp for each ordered pair (A, B) of
chambers. We assume that pa4 = 1d;,.
(2) Relations pac = epcypan for any collinear triple (A, B,C) of chambers.

A more familiar description of m(V{,Co) is the one from the work of
Salvetti [33], which we now recall.

PROPOSITION 9.12. 71(Vg,Co) is isomorphic to the groupoid & defined
by generators and relations as follows:

(0) Objects x4, A € Cp.
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(1) Generating morphisms ap : 4 — xp for each ordered pair (A, B) of
chambers that are adjacent, i.e., liec on opposite sides of a codimension 1
face C.

(2) The Zifferblatt relations

me:C /l/}Bm—lme e /l/)AyBQ = ¢Bm+27c me+3vBm+2 e /l/}BQm,BQm—l wA,BZm

for any codimension 2 face F' and any chamber A > F. Here we num-
ber all the chambers > F around the circle as A = B1,B2,...,Bni1 =
C,Bm+1, .-, Bom, as in Figure 2.

Proposition 9.12 can be obtained by noticing that S(M-cells [C, A] for A
being a chamber form a cell decomposition of V. Among them the cells
[A, A] are precisely the open ones. Therefore one can form the dual CW-
complex. denote it Sal, homotopy equivalent to V8, in which each cell [A, A]
will give rise to a vertex, each cell [C, A] with codim(C') = 1 will give rise to an
edge, and each cell [F, A] with codim(C') = 2 will give rise to a 2m-gon, with
2m = #{B € Cy| B > F'} and so on. The groupoid & is the groupoid whose
presentation is obtained in the standard way, from the 2-skeleton of Sal; see
[6], [33] for more details.

We now prove Proposition 9.11. Define a functor ' : & — & to be identity
on the objects and to send 1 4p (with A, B adjacent) to ¢ 4p. Note that the
relations of & are satisfied in & (see Example 7.9) so F' is well defined. Let us
prove that F'is an isomorphism of groupoids.

For this, we define a functor G : & — &, also identical on objects, as
follows. Let A, B be two chambers. Choose any two generic pointsa € A,b € B
so that the interval [a, b] C R™ does not intersect any faces of codimension > 2.
Denote the chambers intersecting [a, b], if written in the direction from a to b,
by C1 = A,Cy,...,C, = B. Then each (Cj, Ci+1) form an adjacent pair, so

the generator v¢, c;,, of & is defined, and we put

(9.13) G(paB) =Yc,_,,BYC, 500y - Yaco

LEMMA 9.14. The right-hand side of (9.13), considered as an element of
Homg (x4, xp), is independent of the choice of generic points a € A,b € B.

Proof. It is enough to prove that if we keep a and replace b by another
generic point b’ € B, or if we keep b and replace a by another generic point
a’ € A, then the right-hand side of (9.13) will give the same morphism. Let us
consider the first situation; the second one is treated similarly.

Given a,b,b’, consider the plane triangle A = Conv{a,b,b’} inside the
affine 2-plane P spanned by a,b,b’. The side [b,b'] of A lies inside B. Note
that H induces an affine arrangement of lines inside P, and by our assumption,
flats of H of codimension > 3 do not meet P. Each codimension 2 face L of
‘H intersecting A does so at an interior point of A. Now, around each such
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point L N A, we have a Zifferblatt situation. That is, we can deform the path
§o = [a, V'] UV, 0] into & = [a,b] in a family of paths (£)¢cjo,1], keeping the
endpoints a, b fixed so that at every moment ¢ we cross at most one of the points
L N A. Associating to each intermediate path & the product of generators
similar to (9.13), we see that after crossing each L N A, the product remains
unchanged in virtue of the relations of &. O

With the lemma established, we see that G preserves the relations of &
by its very definition: for collinear chambers A, B, C' with points a, b, ¢ such
that ¢ € [a,b], we use the intervals [a,b], [b, ], [a, | to define the values of G
on YAR, PBC, PAc- So G is indeed a functor, and we see that it is inverse to
F by looking at the action of F' and G on the generators. Proposition 9.11 is
proved. ]
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