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Regularity of area minimizing currents III:
blow-up

By CaMiLLO DE LELLIS and EMANUELE SPADARO

Abstract

This is the last of a series of three papers in which we give a new, shorter
proof of a slightly improved version of Almgren’s partial regularity of area
minimizing currents in Riemannian manifolds. Here we perform a blow-up
analysis deducing the regularity of area minimizing currents from that of
Dir-minimizing multiple valued functions.

0. Introduction

In this paper we complete the proof of a slightly improved version of the
celebrated Almgren’s partial regularity result for area minimizing currents in
a Riemannian manifold (see [1]), namely, Theorem 0.3 below.

Assumption 0.1. Let eg €]0, 1], m,n € N\ {0} and | € N. We denote by

(M) ¥ c R™" = R™*7"+ an embedded (m + n)-dimensional submanifold of
class C30;

(C) T an integral current of dimension m with compact support spt(7) C X,
area minimizing in .

In this paper we follow the notation of [6] concerning balls, cylinders and
disks. In particular, B, (z) C R™™" will denote the Euclidean ball of radius r
and center z.

Definition 0.2. For T and X as in Assumption 0.1, we define
01) Reg(T) := {x € spt(T) : spt(T) N B,(x)
‘ is a C%%0 submanifold for some r > 0},

(0.2) Sing(T") = spt(T) \ (spt(9T) U Reg(T)).

The partial regularity result proven first by Almgren [1] under the more
restrictive hypothesis ¥ € C° gives an estimate on the Hausdorff dimension
dimg (Sing(T")) of Sing(T).
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THEOREM 0.3. dimpy(Sing(T)) < m — 2 for any m,n,l,T and ¥ as in
Assumption 0.1.

In this note we complete the proof of Theorem 0.3, based on our previous
works [3], [4], [5], [6], thus providing a new, and much shorter, account of one of
the most fundamental regularity result in geometric measure theory; we refer
to [4] for an extended general introduction to all these works. The proof is
carried by contradiction. In the sequel we will always assume the following.

Assumption 0.4 (Contradiction). There exist m > 2,n,l, ¥ and T as in
Assumption 0.1 such that H™ T(Sing(T')) > 0 for some a > 0.

The hypothesis m > 2 in Assumption 0.4 is justified by the well-known
fact that Sing(7T) = () when m = 1. (In this case spt(T) \ spt(9T) is locally
the union of finitely many nonintersecting geodesic segments.) Starting from
Assumption 0.4, we make a careful blow-up analysis, split in the following steps.

0.1. Flat tangent planes. We first reduce to flat blow-ups around a given
point, which in the sequel is assumed to be the origin. These blow-ups will
also be chosen so that the size of the singular set satisfies a uniform estimate
from below (cf. Section 1).

0.2. Intervals of flattening. For appropriate rescalings of the current around
the origin, we take advantage of the center manifold constructed in [6], which
gives a good approximation of the average of the sheets of the current at
some given scale. However, since it might fail to do so at different scales,
in Section 2 we introduce a stopping condition for the center manifolds and
define appropriate intervals of flattening I; = [s;,t;]. For each j, we construct
a different center manifold M and approximate the (rescaled) current with a
suitable multi-valued map on the normal bundle of M;.

0.3. Finite order of contact. A major difficulty in the analysis is to prove
that the minimizing current has finite order of contact with the center manifold.
To this aim, in analogy with the case of harmonic multiple valued functions
(cf. [3, §3.4]), we introduce a variant of the frequency function and prove its
almost monotonicity and boundedness. This analysis, carried in Sections 3, 4
and 5, relies on the variational formulas for images of multiple valued maps as
computed in [5] and on the careful estimates of [6]. Our frequency function
differs from that of Almgren and allows for simpler estimates.

0.4. Convergence to Dir-minimizer and contradiction. Based on the pre-
vious steps, we can blow-up the Lipschitz approximations from the center
manifold M; in order to get a limiting Dir-minimizing function on a flat
m-dimensional domain. We then show that the singularities of the rescaled
currents converge to singularities of that limiting Dir-minimizer, contradicting
the partial regularity of [3, §3.6] and, hence, proving Theorem 0.3.
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1. Flat tangent cones

Definition 1.1 (Q-points). For @ € N, we denote by Dg(7") the points of
density @ of the current T', and we set

Reg(T) := Reg(T) NDq(T) and Singg(T) := Sing(T') N Dq(T).

Definition 1.2 (Tangent cones). For any » > 0 and z € R"™™ ¢, :
R™*" — R™*" is the map y — Y= and Ty, := (tr)t7. The classical
monotonicity formula (see [10] and [4, Lemma A.1]) implies that, for every
rr 4 0 and = € spt(T) \ spt(9T), there is a subsequence (not relabeled) for
which T ,, converges to an integral cycle S which is a cone (i.e., So, = S for
all r > 0 and S = 0) and is (locally) area minimizing in R”*™. Such a cone
will be called, as usual, a tangent cone to T at x.

Fix @« > 0. By Almgren’s stratification theorem (see [10, Th. 35.3]),
for H™2T%a.e. x € spt(T) \ spt(dT), there exists a subsequence of radii
rp 0 such that T, converge to an integer multiplicity flat plane. Sim-
ilarly, for measure-theoretic reasons, if T is as in Assumption 0.4, then for
H™ 2 qe. o € spt(T) \ spt(9T), there is a subsequence s | 0 such that
liminfy HZ-27%(Dg(Ty.s,) N B1) > 0 (see again [10]). Obviously there would
then be Q@ € N and x € Sing(7T") where both subsequences exist. The two
subsequences might, however, differ. In the next proposition we show the ex-
istence of one point and a single subsequence along which both conclusions
hold. For the relevant notation (concerning, for instance, excess and height of
currents), we refer to [4], [6].

PROPOSITION 1.3 (Contradiction sequence). Under Assumption 0.4, there

are m,n,Q > 2, % and T as in Assumption 0.1, reals o, > 0, and a sequence
ri 4 0 such that 0 € Dg(T) and the following holds:

(1.1) i E(Tor,, Bem) =0,
. m—2+a
(12) kEIJPoo M (DQ(TO,Tk) N Bl) > 1,
(1.3) H™((B1 Nspt(To,n,)) \ Do(Tor,)) >0 VkeN.

The proof is based on the following lemma.

LEMMA 1.4. Let S be an m-dimensional area minimizing integral cone in
R™*" such that 0S=0, Q=0O(S,0)eN, H™ (DQ(S)) >0 and ’Hm_l(SingQ(S))

=0. Then, S is an m-dimensional plane with multiplicity Q.
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Proof. For each z € Regg(S), let r; be such that S| Bg,, (z) = Q [I] for
some regular submanifold I and set

U := U B, (z).

rE€Regq (95)

Obviously, Regq(S) C U; hence, by assumption, it is not empty. Fix x €
spt(S) NOU. Next let (zy)ken C Regg(S) be such that dist (z, By, (2x)) — 0.
We necessarily have that ry, — 0; otherwise we would have z € B, (z) for
some k, which would imply = € Regg(S) C U, i.e., a contradiction. Therefore,
xp — x and, by [10, Th. 35.1],
Q = limsup O(S, zx) < O(S,z) =limO(S, A\z) < O(S,0) = Q.
k—+o00 A0

This implies # € Dg(S). Since x € U, we must then have z € Sing,(S5).
Thus, we conclude that H™ *(spt(S) N OU) = 0. It follows from the standard
theory of rectifiable currents (cf. Lemma A.2) that S’ := SLU has 0 boundary
in R™*", Moreover, since S is an area minimizing cone, S’ is also an cone. By
definition of U we have ©(S5’,x) = @Q for ||S’||-a.e.  and, by semicontinuity,

Q <6(5,0)<0(S,0)=Q.

We apply Allard’s theorem and deduce that S’ is regular; i.e., S’ is an m-plane
with multiplicity @. Finally, from ©(5’,0) = ©(S,0), we infer M(SLB;) =
M(S’.B;) and then S’ = S. O

Proof of Proposition 1.3. Let m > 1 be the smallest integer for which
Theorem 0.3 fails. By Theorem A.3 there must be an integer rectifiable area
minimizing current R of dimension m and a positive integer () such that the
Hausdorff dimension of Sing,(R) is larger than m —2. (Note that Theorem A.3
is just a corollary of a well-known stratification theorem by Almgren; cf. [1],
[10], [11].) We fix the smallest () for which such a current R exists. Recall that,
by the upper semicontinuity of the density and a straightforward application
of Allard’s regularity theorem (see Theorem A.1), Sing;(R) = 0); i.e., @ > 1.

Let o €]0,1] be such that H™ 2+(Sing,(R)) > 0. By [10, Th. 3.6] there
exists a point x € Singg(R) such that Singg(R) has positive H7~*T*-upper
density; i.e., assuming without loss of generality x = 0 and Rl B; = 0, there
exists g J 0 such that

HT =2 (Singo(R) N By, ) 0

k—+4o00 rzq,—2+a

. —924 . T
kgrfoo HL O‘(SlngQ(Ro,rk) N Bl) = lim
Up to a subsequence (not relabeled) we can assume that Ry, — S, with S a
tangent cone. If S is a multiplicity @) flat plane, then we set T := R and we
are done. Indeed, (1.3) is satisfied by Theorem A.1, because 0 € Sing(R) and
|R|| > H™ L spt(R).
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Therefore assume that S is not an m-dimensional plane with multiplicity
Q. Taking into account the convergence of the total variations for minimizing
currents [10, Th. 34.5] and the upper semicontinuity of H™ =27 under the
Hausdorff convergence of compact sets, we get

m—2+a » C m—2+a »

(1.4)  HZ(Do(S) NBy) > lim inf 422 (Do(Ror,) NB1) > 0.
We claim that (1.4) implies
(1.5) HI2T(Sing, (S)) > 0.
Indeed, if all points of Dg(S) are singular, then this follows from (1.4) directly.
Otherwise, Regq(S) is not empty and, hence, H™(Dq(S) N B1) > 0. In this
case we can apply Lemma 1.4 and infer that, since S is not regular, then
H™1(Singg(S)) > 0 and (1.5) holds.

We can, hence, find x € Sing(S) \ {0} and 7} | 0 such that

HI =2 (Sing (S) N By, (2))

k——+o0 Tznf2+a

> 0.

. _9 . .
Jim A T (Sing (S, )NB1) = lim
Up to a subsequence (not relabeled), we can assume that Sy, converges to S;.
Since Sy is a tangent cone to the cone S at x # 0, S splits off a line, i.e.,
S1 = Sox [Ru], for some area minimizing cone Sy in R™~1+7 and some v €
R™*" (cf. the arguments in [10, Lemma 35.5]). Since m is, by assumption,
the smallest integer for which Theorem 0.3 fails, H™ 3+%(Sing(Ss)) = 0 and,
hence, H™~***(Sing(S1)) = 0. On the other hand, arguing as we did for
(1.4), we have

’Hg_Q-HX(DQ(Sl) N Bl) > limsup ng—Q-i-a(DQ(Sx’Tk) N Bl) > 0.

k—+o0

Thus Regg(S1) # 0 and, hence, H™(Dq(S1)) > 0. We can apply Lemma 1.4
again and conclude that S; is an m-dimensional plane with multiplicity Q.
Therefore, the proposition follows taking T' := 745, with 7 the translation

map y — y — x and X the tangent plane at 0 to the original Riemannian
manifold. 0

2. Intervals of flattening

For the sequel, we fix the constant ¢, := — and notice that 2N < ¢,

64

where Ny is the parameter introduced in [6, [ssumption 1.8]. It is always
understood that the parameters (2, d2, V2, k, Ce, Ch, Mg, Ny in [6] are fixed in
such a way that all the theorems and propositions therein are applicable; cf. [6,
§1.2]. In particular, all constants which will depend upon these parameters will
be called geometric and denoted by Cpy. On the contrary, we will highlight the
dependence of the constants upon the parameters introduced in this paper

pb1,p2,- .- by ertlng C= C(p17p27 .- )
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We also recall the notation introduced in [6, Assumption 1.3]. If ¥NB7
has no boundary in B;_ 4 and for any p € YNBy /m thereis amap ¥y : T, X D
Q — (T,X2)* parametrizing it, then c(X NB7/m) = SUPpeynB, | DY, 2.0 -
Obviously, these assumptions might fail for a general ¥. (In fact, c(XNB7 )
need not be well defined.) However, having fixed a point ¢ € ¥, given its O30
regularity, c(tq,(¥)NBy, /47) is well defined whenever r is sufficiently small and
converges to 0 as r | 0. In particular, by Proposition 1.3 and simple rescaling
arguments, we assume in the sequel the following.

Assumption 2.1. Let g3 €]0,e2[. Under Assumption 0.4, there exist m,n,
Q>2,a,n>0,T and ¥ for which

a) there is a sequence of radii r; | 0 as in Proposition 1.3;
b) the following holds:

1) ToX = R™™ x {0}, spt(dT) NBgm =0, 0€ Do(T),

2.1
2.2) IT)|(Bg /) < 7™ (Q Wi (63/m)™ + gg) for all r € (0,1),
2.3) c(ENB7 m) <es.

2.1. Defining procedure. We set
(2.4) R = {r €]0,1] : E(T, By /) < 3} .

Observe that, if {sp} C R and s, T s, then s € R. We cover R with a collection
F = {I;}; of intervals I; =ls;,t;] defined as follows: ty := max{t : t € R}.
Next assume, by induction, that ¢; is defined (and hence also ty > so > t; >
s1>...>sj_1 >t;), and consider the following objects:

o Tj:= ((t0t;)4T)LBg /m» Xj := vo,t;(X) N By 5 moreover, consider for each
j an orthonormal system of coordinates so that, if we denote by my the m-
plane R x {0}, then E(T}, Bg, /7, m0) = E(T}, B ;) (alternatively we can
keep the system of coordinates fixed and rotate the currents 7}).

e Let M; be the corresponding center manifold constructed in [6, Th. 1.17]
applied to T} and ¥; with respect to the m-plane mp; the manifold M; is
then the graph of a map ¢; : mp O [~4,4]™ — 75, and we set ®;(x) =
(1,05(2)) € mo x -

Then, we consider the Whitney decomposition #) of [—4,4]™ C 7y as in [6,

Def. 1.10 and Prop. 1.11] (applied to T}), and we define

(2.5) s;:=t; max ({c;"¢(L) : L € #'Y) and ¢;"¢(L) > dist(0, L)} U {0}) .

We will prove below that s;/t; < 27°. In particular, this ensures that [s;, ;]
is a (nontrivial) interval. Next, if s; = 0, we stop the induction. Otherwise we
let t;11 be the largest element in RN|0, s;] and proceed as above. Moreover,
note the following simple consequence of (2.5):
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(Stop) If s; > 0 and 7 := s;/t;, then there is L € #'U) with
(2.6) UL)=csT and LN By(0,m) # 0.

(In what follows, B, (p, 7) and B,(p, ) will denote the open and closed

disks B,(p) N (p+7), B:(p) N (p+7).)
(Go) If p > 7 := s;/t;, then

(2.7) UL) < csp  forall L e #7% with LN B,(0,7) # 0.
In particular, the latter inequality is true for every p €]0,3] if s; = 0.

2.2. First consequences. The following is a list of easy consequences of the
definition. Given two sets A and B, we define their separation as the number
sep(A,B) :=inf{|lx —y| : 2z € A,y € B}.

PROPOSITION 2.2. Assuming €3 sufficiently small, the following holds:

(i) s5 < ;—35 and the family F is either countable and t; | 0, or finite and

I; =]0,t;] for the largest j;

(ii) the union of the intervals of F cover R, and for k large enough, the radii

ri in Assumption 2.1 belong to R;

(iii) of r 6]%,3[ and J € WD intersects B = Pro (Br(pj)), with p; := ®;(0),
then J is in the domain of influence %j)(H) (see [6, Def. 3.3]) of a cube
H e #Y with

((H) <3csr and max{sep(H,B),sep(H,J)} <3vVml(H) < —;

(iv) E(T},B,) < Coe3 r2=202 for every r E]%, 3[;
(v) sup{dist(z, M;) : x € spt(Tj)ﬁpj_l(BT(pj))} <(Cy (mg))ﬁrl*ﬁ? for every
r E]‘;—j,?)[, where mg = max{c(Ej)z,E(Tj,BGﬁ)}.

Proof. We start by noticing that s; < ;—15 follows from the inequality
27No < ¢4 (cf. [6, Assumption 1.8]) because all cubes in the Whitney decom-
position have side-length at most 27N¥o=6 (cf. [6, Prop. 1.11]). In particular,
this implies that the inductive procedure either never stops, leading to t; | 0,
or it stops because s; = 0 and |0,¢;] C R, thus proving (i). The first part
of (ii) follows straightforwardly from the choice of ¢;41, and the last assertion
holds from E(T, Bg, /7, ) — 0.

Regarding (iii), let H € #9) be as in [6, Def. 3.3] and choose k € N\ {0}
such that /(H) = 2% ¢(J). Observe that || Dep;| ¢z < Coes by [6, Th. 1.17]. If
€3 is sufficiently small, we can assume

(2.8) BT/Q(O,TFO) C BcC BT(O,TF()).
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Now, by [6, Cor. 3.2], sep(H, J) < 2y/ml(H) and
sep (B, H) <sep (H,J) + 2v/ml(J) < 3vm{(H).

Both the inequalities claimed in (iii) are then trivial when r > 1, because

((H) < 27No=6 < 275¢, < 279/, /m. Therefore assume r < i, and note that

H intersects By, g /m o). Let p:=2r +3y/ml(H). Observe that 2r < p < 1.
By the definition of s;, we have that

30(H
((H) < cs (2r +3\/E£(H)> =2csT+ 1(6)
Therefore, we conclude that ¢(H) < 3 ¢sr and sep(H, B) < 9y/mcsr < 3r/16.
We now turn to (iv). If > 270 then obviously
E(T},B,) < (4y/m2No)mt2-202, 2220 (T, B, o)
< (4\/%2]\/0)7’)1—&-2—2527,_2—2528%‘
Otherwise, let k > Ny be the smallest natural number such that 2%t > - and
let L € # kU .#0F be a cube so that 0 € L (cf. [6, Def. 1.10], £(H) = 27F).
By [6, Prop. 4.2(v)], [pz| < (v/m + Co(m})'/*™) < 2¢/ml(H) and so it follows
easily that B, C Br. From condition (Go) we have L ¢ #U). Thus, by [6,
Prop. 1.11], we get

E(T},B,) < CoE(T}, Br) < Coejr” >,

Finally, (v) follows from [6, Cor. 2.2 (ii)], because by (Go), for every r E]%, 3,
every cube L € #'U) which intersects B,(0, ) satisfies £(L) < cqr. O

3. Frequency function and first variations

Consider the following Lipschitz (piecewise linear) function ¢ : [0 + co[—

[0, 1] given by
1 for r € [0, 3],
o(r):=<2—2r for TE]%,l],
0 for r € |1, 400].

For every interval of flattening I; =]s;, t;], let N; be the normal approximation
of Tj on M; in [6, Th. 2.4].

Definition 3.1 (Frequency functions). For every r €]0, 3], we define

D) = [ () pn )

i o (42) B0,

and
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where d;(p) is the geodesic distance on M between p and @,(0). If H;(r) > 0,
rD;(r)

we define the frequency function 1;(r) := ()

The following is the main analytical estimate of the paper, which allows us
to exclude infinite order of contact among the different sheets of a minimizing
current.

THEOREM 3.2 (Main frequency estimate). If 3 is sufficiently small, then
there exists a geometric constant Cy such that, for every la,b] C [%,3] with
H; (o5 > 0, we have

(3.1) I(a) < Co(1 +L;(b).

To simplify the notation, in this section we drop the index j and omit
the measure H™ in the integrals over regions of M. The proof exploits four
identities collected in Proposition 3.5, which will be proved in the next sections.

Definition 3.3. We let 0; denote the derivative with respect to arclength
along geodesics starting at ®(0). We set

Q
(32) By = [ o (1))
G(r) == [ ¢ (“2) dp)[0:-N ) dp and

)= [ o (") INF)dp

Remark 3.4. Observe that all these functions of r are absolutely continu-
ous and, therefore, classically differentiable at almost every r. Moreover, the
following rough estimate easily follows from [6, Th. 2.4] and the condition (Go):

(Ni(p), 9:Ni(p)) dp,
1

~

(3.3)

(34) D(T’) S / ‘DN‘2 S CO mO T,m+2—252 fOI' eVery rc ]%’3[
(2(0))

Indeed, since N vanishes identically on the set K of [6, Th. 2.4], it suffices to
sum the estimate of [6, Th. 2.4, (2.3)] over all the different cubes L (of the

corresponding Whitney decomposition) for which ®(L) intersects the geodesic
ball B,.

ProrosITION 3.5 (First variation estimates). For every s sufficiently
small, there is a constant C = C(vy3) > 0 such that, if €3 is sufficiently small,
la,b] C [$,3] and 1 > 1 on [a,b], then the following inequalities hold for almost
every r € [a, b,

T

(3.6) ‘D(r) - rilE(r)‘ < CD(r)™5 + Ce3 3(r),

(3.5) [H'(r) — m=LH(r) - 2E(r)| < CH(7),
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D'(r) = =2 D(r) - 3 G(r)

< CD(r) 4+ CD(r)BD'(r) + Cr D)3,
(3.8) () +rY(r) <Cr?D(r) < COr*tme,

(3.7)

We assume for the moment the proposition and prove the theorem.

Proof of Theorem 3.2. Set §(r) := log (max{I(r), 1}) Fix a 73 > 0 and
an e3 sufficiently small so that the conclusion of Proposition 3.5 holds. We can
thus treat the corresponding constants in the inequalities as geometric ones,
but to simplify the notation we keep denoting them by C.

To prove (3.1) it is enough to show Q(a) < C + Q(b). If Q(a) = 0, then
there is nothing to prove. If Q(a) > 0, let ¥’ €]a, b] be the supremum of ¢ such
that @ > 0 on Ja,t[. If b’ < b, then Q(b') = 0 < Q(b). Therefore, by possibly
substituting |a, b[ with ]a, b'[, we can assume that Q@ > 0, i.e., I > 1, on ]a, b].
By Proposition 3.5, if €3 is sufficiently small, then

D(r) (3:6)&(3.8) E(r) (3:6)& (3.8)
—_\J < " <

3.9 2D
from which we conclude that E > 0 over the interval ]a, b'[. For simplicity, set

F(r) :=D(r)"! —rE(r)~!, and compute

oy H(r) D'(r) 1@e H(r) rD'(r) _, 1
U HY bW He By DOFOT
Again by Proposition 3.5,
(3.10) I:I/((:)) 0 mr_l +C+ifl((:))’
(3.6) r r L+7s r)) (3.9) r
(3.11) F )l 336 ¢ (D(lj)(r;EJ(rr)E( ’ 3_9 CDry le((r))Q’
rD’(r) 3.7) m—2\rD(r) 2 G(r)
B (0-") E(r) r B(r)
rD(r)3D’(r) + D(r)!*+s
+C B0
m—-—2 C 2 G(r)
(3.12) <O- T POIEMI =T gy
D(T)%”

+ C’D(r)"’?”lD’(r) +C
,
3.8), (3.11) & (3.4 _
(3-8), ( <) ( )C_m 2_2(}(7')
- r r E(r)
+ C’D(r)73*1D’(r) + Crml
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By Cauchy-Schwartz, we have

E(r) _ G(r)

FHG) © 7B()

Thus, by (3.4), (3.10), (3.12) and (3.13), we conclude
—Q(r)y<C+Cr™ L OrD(r) D/ (r) — D/ (r)F(r)

(3.11) S (D’
(314) < vty op(ry DY) + 02D,

(3.13)

Integrating (3.14), we conclude that
Qa) - Q) <C+C (D)™ —D(a)”)
b (3.8)
+C {2(“) Z(0) | 72 dr} < c. O

D(a) D() Ja D(r)
The rest of the section is devoted to the proof of Proposition 3.5.

3.1. Estimates on H': Proof of (3.5). Set ¢ := ®(0). Let exp : By C T,M
— M be the exponential map and Jexp its Jacobian. Note that d(exp(y), q)
= |y| for every y € Bs. By the area formula, setting y = rz, we can write H
in the following way:

/
H(r) = —rm_l/ # (=) IN|?(exp(r2)) J exp(rz) dz.
R YINNE

Therefore, differentiating under the integral sign, we easily get (3.5):

H/(T‘) — _(m _ 1) rm—2/ - (”ZD

] IN|?(exp(rz)) J exp(rz) dz

T 1/ &' (|2]) ' < i(exp(rz)), 0; Ni(exp(rz))) Jexp(rz) dz

mo [ (2] d
e /T o NP (e(r2)) 5 T exp(re) dz

M 2]

m—1

= "L H() + 2 B() + O(1) H(),

where we used that d%J exp(r z) = O(1), because M is a C>" submanifold and
hence exp is a C%" map (see Proposition A.4). O

3.2. X and X': Proof of (3.8). We show the following more precise esti-
mates.

LEMMA 3.6. There exists a dimensional constant Cy > 0 such that

(3.15) 3(r) < Cor?D(r) + CorH(r) and X'(r) < CoH(r),

(3.16) / NP < Co £(r) + Co r H(r),
B (q)
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(3.17) / IDN? < CyD(r) + CorD'(r).
Br(q)
In particular, if I > 1, then (3.8) holds and
(3.18) / INJ2 < Cor?D(r).
Br(a)

Proof. To simplify the notation we drop the subscript ¢ from the geometric
constants. Observe that (p) := ¢(@)|N |?(p) is a Lipschitz function with
compact support in B, (q). We therefore use the Poincaré inequality: X(r) =
S < Cr [y |Dyp]. (The constant C' depends on the smoothness of M.) We
compute

)< =C | SuTA@)INEE)+Cr [ o6 )V IDN

< CrH(r) + C’E(T’)l/2 (7" (r)) /2 < CrH(r) + 5 3(r) + Cr2D(r),

which gives the first part of (3.15). The remaining inequality is straightforward:

=)= [ o () P < cre),

r2

Since ¢’ = 0 on ]0, 5[ and ¢/ = —2 on ], 1], we easily deduce

/ NP < rH(),
B (9)\B;2(q)

rD/(r) = —/d(p)d (‘W) IDN|? >

r

/ |IDN 2.

Br(a)\B; s2(q)

On the other hand, since ¢ = 1 on [0,3], (3.16) and (3.17) readily follow.
Therefore, in the hypothesis I > 1, i.e., H < rD, we conclude (3.8) from
(3.15). O

3.3. First variations. To prove the remaining estimates in Proposition 3.5
we exploit the first variation of 7' along some vector fields X. The variations
are denoted by 07'(X). We fix a neighborhood U of M and the normal pro-
jection p : U — M as in [6, Assumption 2.1]. Observe that p € C** and [5,
Assumption 3.1] holds. We will consider

e The outer variations, where X (p) = X,(p) := ¢ M

) :
)

e The inner variations, where X (p) = X;(p) :=

) (p— ().
Y (p(p)) with

Y(p)::d(rp) (d(p)> 9 vpem.

r or

(% is the unit vector field tangent to the geodesics emanating from ®(0)
and pointing outwards.)
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Note that X; is the infinitesimal generator of a one-parameter family of bi-
lipschitz homeomorphisms ®. defined as ®.(p) := V.(p(p)) + p — p(p), where
W, is the one-parameter family of bilipschitz homeomorphisms of M generated
by Y.

Consider now the map F(p) := Y; [p + Ni(p)] and the current Ty as-
sociated to its image; cf. [5] for the notation. Observe that X; and X, are
supported in p~!(B,(q)) but none of them is compactly supported. However,
recalling Proposition 2.2(v) and the minimizing property of 7" in X, we deduce
that 6T7(X) = 6T(XT) + 6T(X 1) = 6T(X1), where X = X7 + X1 is the
decomposition of X in the tangent and normal components to T'>.. Then, we
have

(3.19)
6T #(X)| < [§Tp(X) = 0T(X)| + [§T(X )]

) ‘diva] d||T|| + /m(

<)
spt(T)\Im(F Im(F)\spt(T

)’diVTFX‘ d|Tr|

Erry

+ '/divfxi d|]T||‘.

Errs

For simplicity, now set ¢,(p) = qﬁ(d(f’)) We wish to apply [5, Th. 4.2] to
conclude

Q 3
(3.20) 0Tr(X,) = /M (% IDN|*+ ) N; ® Vo, : DNZ-> + Y Enf,
i=1 j=1

where the errors Err§ correspond to the terms Errj of [5, Th. 4.2]. This would
imply

(321) Enf = —Q [ wrlHamoN),
M
(3:22) [Bxigl < Co [ IonllAPINE,
M
(323)  [Eng < Co [ (INI|AI+|DNE) (I lIDNF + |Derl DN|IN]).

where H ) is the mean curvature vector of M. Note that [5, Th. 4.2] requires
the C! regularity of ¢,. We overcome this technical obstruction applying [5,
Th. 4.2] to a standard smoothing of ¢ and then passing into the limit. (The
obvious details are left to the reader.) Plugging (3.20) into (3.19), we then
conclude

5
(3.24) ‘D(r) - r_lE(r)‘ <y ‘Errjo-
j=1

9
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where Err and Err? correspond respectively to Erry and Errs of (3.19) when
X = X,. With the same argument, but this time applying [5, Th. 4.3] to
X = X, we get
(3.25)
1 @ 3.
ST r(X;) :5/ (|DN|2divMY —2 (DN; : (DN; - DMY)>) + > Err},
M i=1 j=1
where this time the errors Erré- correspond to the error terms Err; of [5, Th. 4.3];
ie.,

(3.26) Err’i:—Q/ ((HM,noN>divMY—|—<DyHM,noN>),
M
(327)  [Bryl < Co [ AR (IDY|IN? +[Y|IN|[DN])
Bl < Co [ (IYIIAIDN(IN]+ [DN])
(3.28) M
+|DY|(JAl IN2|DN]| + |DN|)).

Straightforward computations (again appealing to Proposition A.4) lead to

(329)  DmY(p) =o' <d(p)> dﬁf) 5; ® aaf +¢ (CM) (? + 0(1)) ;

(3.30)  divaY(p) = &' <d§:p>> dﬁf) +<z><d(f)> (T: O(1)>.

Plugging (3.29) and (3.30) into (3.25) and using (3.19), we then conclude

5
(3.31) ‘D’(r) — (m—2)r 'D(r) — 27"_2G(r)‘ < CoD(r) + Y \Err;l
j=1

Proposition 3.5 is then proved by the estimates of the errors terms done in the
next section.

4. Error estimates

We start with some preliminary considerations, keeping the notation and
convention of the previous section (and dropping the subscript when dealing
with the maps of Theorem 3.2 and Proposition 3.5).

4.1. Families of subregions. Set q := ®(0). We select a family of sub-
regions of B,(p) C M. Denote by B and 0B respectively pr(B.(q)) and
pr(0B,(q)), where 7 is the reference m-dimensional plane of the construction
of the center manifold M. Since ||p||cs.x < Caé/m (cf. [6, Th. 1.17]), by Propo-

sition A.4 we can assume that B is a C? convex set which at any boundary
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point p contains an interior sphere of radius r/2 passing through p. Thus,

(4.1) Vz€0B there is a ball B, 5(y, ) C B whose closure touches 0B at z.

Definition 4.1 (Family of cubes). We first define a family 7 of cubes in
the Whitney decomposition #  as follows:

(i) 7 includes all L € #}, U #, which intersect B;
(i) if L' € #,, intersects B and belongs to the domain of influence #;,(L) of
the cube L € #; as in [6, Cor. 3.2], then L € T.

Definition 4.2 (Associated balls B%). By Proposition 2.2(iii), £(L) < 3csr
< r and sep(L, B) < 3y/m{(L) for each L € T. Let x1, be the center of L and

(a) if 21 € B, we then set s(L) := ¢(L) and B* := By, (x, 7);

(b) otherwise, we consider the ball B,.r(xr,m) C m whose closure touches B
at exactly one point p(L), we set s(L) := r(L) + £(L) and define BY :=
Bypy(zp, 7).

Observe that, when L € T N#}, then s(L) is at most (v/m + 1)¢(L). We
proceed to select a countable family .7 of pairwise disjoint balls { BX}. We let
S = suppc7 S(L) and start selecting a maximal subcollection .7 of pairwise
disjoint balls with radii larger than S/2. Clearly, 7] is finite. In general, at
the stage k, we select a maximal subcollection .7, of pairwise disjoint balls
which do not intersect any of the previously selected balls in 73 U ---U 91
and which have radii r €]27%5, 2!=%S]. Finally, we set .7 := |J, .

Definition 4.3 (Family of cube-ball pairs (L, B(L)) € Z). Recalling (4.1)
and ((L) < r, it easy to see that there exist balls By /4(qr, ) C BnB
which lie at distance at least ¢(L)/4 from 0B. We denote by B(L) one such
ball and by £ the collection of pairs (L, B(L)) with B € 7.

Next, we partition the cubes of # which intersect B into disjoint families
# (L) labeled by (L, B(L)) € % in the following way. (Observe that # (L)
and #;,(L) are different families and should not be confused!) Let H € #
have nonempty intersection with B. If H is itself in T, we then select L € 7
with BN BH # () and assign H € #/(L). Otherwise H is in the domain of
influence of some J € #,. By Proposition 2.2, the separation between J and
H is at most 3v/m{(J) and, hence, H C By /my(s) (7). By construction there

is a BY € 7 with B/ N BY # ) and radius s(L) > 5(2‘]). We then prescribe
H € W(L). Observe that s(L) < 4y/mf(L) and s(J) > ¢(J). Therefore,

0(J) < 8/ml(L) and |x; — x| < 5s(L) < 20y/ml(L). This implies that

H C By jmun (@) C Byymun+20vmer)(@r) € Bsoymer) (Tr)-
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The inclusion H C Bsg sz (1) also holds in case H € T, as can be easily
seen by simply setting J = H and using the same computations. For later
reference, we collect the main properties of the above construction.

LEMMA 4.4. The following holds:
(i) if (L, B(L)) € &, then L € #y U4, the radius of B(L) is “2, B(L) c
BYN B and sep (B(L),dB) > “£;
(ii) 4f the pairs (L, B(L)),(L',B(L")) € & are distinct, then L and L' are
distinct and B(L) N B(L') = 0;
(iii) the cubes # which intersect B are partitioned into disjoint families # (L)
labeled by (L, B(L)) € 2 such that, if He W (L), then H C By, /(1) (T1L)-

4.2. Basic estimates in the subregions. For notational convenience, we or-
der the family 2 = {(L;, B(L;))}ien and set
B :=®(B(L)), U =Ugeyr,®(H)NB(q).
(Recall that ¢ = ®(0).) Observe that the separation between B° and 9B, (q) is
larger than that between B(L;) and 0B = p(9B,(q)). Thus, by Lemma 4.4(i),
or(p) = gb(@) satisfies

(4.2) inf @.(p) > (4r) 74,
peEB?

where ¢; := ¢(L;). From this and Lemma 4.4(iii), we also obtain

(4.2)

C
r — inf T SCL rng*EzSCf T )
Ig{)i or(p) Jnf ¢ () ip(¢r) . Jnf ¢ ()

which translates into

(4.3) sup ¢r(p) < C inf ¢, (p).

peU; peb
Moreover, set V; := U; N (((spt(Tr) \spt(T))U(spt(T) \spt(Tr))) and observe
that V; C U;\KC, where K is the coincidence set of [6, Th. 2.4]. From [6, Th. 2.4],
we derive the following estimates:

(4.4) / Ino N| < Comy 7™ 1 ¢ / N[22,

U; ui
(45) /u |DN|2 < Comy E?@jn+27252’

1 m
(4.6) INllcoesy + sup Ip — p(p)| < Comy*"0+7,
pespt(T)Np~1 (Us)
(4.7) Lip(Ny,) < Comg? (22,
i 0 %4

(48)  M(TLp™'(V)) +M(TrLp ' (V) < Comy 2422,

To prove these estimates, observe first that 3 ey () ((H)™ < Coli", because
all H € # (L;) are disjoint and contained in a ball of radius comparable to ;.
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This in turn implies that > pey (r,) ((H)™* < Col"¢, because ((H) < {; for

any H € #(L). Thus

e (4.4) follows summing the estimate of [6, Th. 2.4 (2.4)] applied with a = 1
to ®(H) with H € #'(L;);

e (4.5) follows from summing the estimate of [6, Th. 2.4 (2.3)] applied to
®(H) with H € 7 (L;);

e (4.6) follows from [6, Th. 2.4 (2.1)] and [6, Cor. 2.2 (ii)];

o (4.7) follows from [6, Th. 2.4 (2.1)];

o (4.8) follows summing [6, Th. 2.4 (2.2)] applied to ®(H) with H € # (L;).

The last ingredient for the completion of the proof of Proposition 3.5 are the

following three key estimates, which are derived from the analysis of the con-

struction of the center manifold in [6].

LEMMA 4.5. Under the assumptions of Proposition 3.5, it holds that
(4.9) > (inf ) mo 7 < CoD(r),

i

(4.10) S mo P < Gy (D(r) + 7D (1)

for some geometric constant Cy. Moreover, for everyt > 0, there exist Cy > 0
and a > 0 such that, for C(t) = C* and (t) = at, we have
t/2
(4.11) supmf(;' + (ig_f o) ] < D).
i 7

Proof. Recall that, from [6, Props. 3.1 and 3.4] and (4.2) we have, for
some geometric positive constant cg,

/Bi 90r|N|2 > co m(l)/m lllgllf @r€?+2+2ﬁ2

(4.12) y o
> comy” |+ (igif o)) if L € #h,
©r|DN|*> > cogmy mf ¢r€m+2_262
(4.13) B

> como (mf g0r> l] e if L; € #¢,

where we just need a < min{1/(2(m+2+252)),1/(2(m+2—-202))}. (Note that
(4.12) follows from [6, Prop. 3.1 (S3)] because s(L;) < (v/m+ 1)¢(L;) for L; €
#4.) Therefore, by Lemma 3.6, (4.2), (4.12) and (4.13), it follows easily that

i at at
91 cat 6[£§+ (in_fapr> 52/2} < ( ¢T|DN|2> + (/ 90r|N|2)
Bi Bi Bi
at
<2 ([ or(DNP+INP)

(3.18) & I>1
< CtD(r)".
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Taking the supremum over ¢ we achieve (4.11). Next, (4.9) follows similarly
because the B! are disjoint and 8 B2 < 7a:

(3.18) & I>1
Z(in_fsor)mow*””/“gczf er(|[DNP+|NP) < CD(r).
B : Bi

i

Finally, arguing as above, we conclude that

(4.14)
) (3.17) & (3.18)
3 mg £ < C/ ()(\DNPJr INJ?) <  C(D(r)+rD'(r))
i Br(q

and, hence, (4.10) follows from Lemma 3.6. O

4.3. Proof of Proposition 3.5: (3.6) and (3.7). We can now pass to es-
timate the errors terms in (3.6) and (3.7) in order to conclude the proof of
Proposition 3.5. Unless otherwise specified, the constants denoted by C will
be assumed to be geometric (i.e., to depend only upon the parameters intro-

duced in [6]).

Errors of type 1. By [6, Th. 1.12], the map ¢ defining the center manifold
satisfies | Depl|c2.x < Cm(l)/g, which in turn implies ||[Ha||poe + |DHpm|| oo <
C m[l)/ ®. (Recall that H, denotes the mean curvature of M.) Therefore, by
(4.3), (4.4), (4.9) and (4.11), we get

Entl < C [ gr[HulinoN|

< Comy* Yy ((Sgp or) o (5T 4+ Co/u o[ N[2H2)
j i J

J

< CD(T)1+73 + sz(l)/Z e;'yz(l+,32)/u 901"|N|2 < C(,YS)D(T)1+73 ’
J

provided 3 > 0 is sufficiently small depending only upon m, 82,2 and ~s.
Analogously,

i
‘Iﬂrrl

<Cr! /M (\HM| + |DyHM])|noN|

< C«Tfl,’,n(l)/2 Z (mO E]Z-i-m-i-’m + C/ |N‘2+’Y2)
7 J

< C(y3)r 'D(r) (D(r) + rD’(r)).

Errors of type 2. From ||Allco < C||Dg|c2 < C”m(l)/2 < Ces, it follows
that Err§ < Ce23(r). Moreover, since |DX;| < Cr~!, Lemma 3.6 gives

i
‘Eer

< C'r_l/ |N|2+C/¢T|N|]DN] < CD(r).
Br(pO)
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Errors of type 3. Clearly, we have

[Bxsgl < [ o (IDNPIN|+ |DNY)

Iy
+Cr- +Cr™ .
Crt DNP|IN|+Cr~t DNI/|N|?
Br(q) By Q)
Ip) I3

We separately estimate the three terms (recall that vy > 402):

n< [ @(NPIDN|+ [DNP)
B, po
Ly (4.9) & (4.11)
< I3+ O suppemg TR 4 O(ys)D(r) 8,

- U;
J J

I < C?"_l Z mé+1/2m+72£;n+3+,32+72/2

J

4.3) .
< Oyttt gt tate) inf o,
J

(4.9) & (4.11) .
< Cw)D(r) ™",

I3 gCrflzmgQEF/ |N|?
j U
(4.11) . f , (3.18) s
< CuprDeYS [ NP TS GO,
r(q

provided 3 > 0 is sufficiently small. For what concerns the inner variations,
we have

Err| < c/ (r~Y[DNJ? + " |DN2|N| + r~}[DN||N[2).
Br(q)

The last integrand corresponds to I3, while the remaining part can be estimated
as follows:

I <)r—1<|DN|3+|DN|2Nr>sOZT—%mSZ@?+mé/2m4”2>/ IDNP
B.(q j “

(4.11)
< Clow)r ' DE)» [ DN
5 (q)

< C(3)D(r)® (D'(r) +r~'D(r)) .
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Errors of type 4. Explicitly, we compute
[Dd(p(p), q)|

+¢r(p) [D(p—p(p))| < C (\p—:)(p)y + %(M) :

It follows readily from (3.19), (4.6) and (4.8) that

IDX,o(p)| <2|p—p(p)|

Errg| < Z C(Tflmé/2m€3.+ﬁ2 + S;{lp Sor)m(1]+72€;71+2+’72
1 7

(4.2) & (4.3)
4.15 < vz pr2/4] m+2+72/4
( ) < C EZ [mo ¢, } 11131; wrmol;

(4.9) &(4.11)
< CO(y)D(r) .
Similarly, since |[DX;| < Cr~!, we get

Erry < Cr? Z <m82€;2/2)m0 Z;-RHJFM/Q
J

(4.10)§(4~11) C(y3)D(r)" (D'(T) + ’I“_ID(T)> :

Errors of type 5. Integrating by part Errs, we get

Bres =| [ (X (Tl < | / <XL,h<TF<p>>>dHTFr\
Iz
+ [ XL RE@)IT] + XL IA(T r ()] T,
spt(T)\Im(F) Im(F)\spt(T)

I

where h(X) is the trace of Ay, on the m-vector X, i.e., h(X) := St As(vk, vk)
with vy, ..., v, orthonormal vectors such that v1 A ... Avy, = A
Since |X| < C, I; can be easily estimated as Erry:

I, < CZ(sup (pr)m(l)-l—w g;]1+2+72 < C<73>D1+’Ys (7’)
J T
For what concerns Is, we argue differently for the outer and the inner varia-
tions. For Errg, observe that |X°%(p)| = er(P(P)IPr,xt (p — P(p))|- On the
other hand, we also have

P15t (p— () < Ce(B)p — pp)> < Cmy?lp—p(p))> ¥pe 3.
P

Therefore, we can estimate

I3 < Cmo/wT\N\Q < Cs%E(r).
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For the inner variations, denote by v1,...,v; an orthonormal frame for TPZL
of class C?<0 (cf [5, App. A]) and set A ()\) = — 37 (Dy,v;(p), vr) whenever

VI A...AvUpm = X is an m-vector of T,% (with v1, ..., vy, orthonormal). For the
sake of simplicity, we write

l
h), = h)(Tr(p)) and h, = Z hiv;(p)
j=1

h;(p) = hf)(p) (M(p(p))) and ho Zhj

Consider the exponential map exp,) @ Tp(p
Recall that

e the geodesic distance dx(p,q) is comparable to |p — ¢| up to a constant
factor;

e v; is C%%0 and ||Dvj|cneo < Cm(l)/Q;
® exp(,) and ex;(lp) are both C'%£0 and ||dexp(p lct.e0 +]|d ex, ”01 0 < mo/ ;
o [h] < CllAx]co < Cmy?,

where all the constants involved are just geometric. We then conclude that

hp_hp():Z’/J( )(h +Z(VJ p) —vi(p )))hj()

(4.16) = Z”J ( )

)E — Y and its inverse ex_!..
p(p)

+ Z Dvj(p(p)) - exp i, (1) hf,(p) +O(lp — p(p)|*).

On the other hand, X;(p) = Y(p(p)) is tangent to M in p(p) and hence
orthogonal to hp(,). Thus

(Xi(p): hp) = (X' (p), (hp — Pp())
= 2_(Xi(p(p)), Dv;(p(p)) - ex;,) (P)) )

(4.17) + D (i (0), Xa(p)) (W = ) + O (I = p(2) )
= > (Xi(p(p)), Dr;(p(p)) - x5, (P)

+0 (ITr(p) — ME®)|lp—p®)| + Ip—P®))

where we used elementary calculus to infer that [(X*(p),v;(p))| < Clp — p(p)|
and

(1, — 1y < C (ITr(p) = M(p(P)| + I — (D)) -
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We only need that the constants C' appearing in the above inequalities are
bounded by a geometric factor. In fact, they enjoy explicit bounds in terms
of m(l)/ ® which are at least linear, but such degree of precision is not needed.
Finally, recalling that p € spt(Tr), we can bound |[p — p(p)| < |N(p)| and

|TF( ) — M( (p))] < C|DN(p(p))|. We therefore conclude the estimate
(Xil0): ) = Y (X P (0): D (p(0)) - e, (P)) I,
+O(INP(p(p) + DN (p(p)))-

We combine it with the expansion of the area functional in [5, Th. 3.2] to
conclude the estimate on I§. Recalling that p(F;(z)) = x, we get

Q
Z /M<Y, hr,)JF;

= | [ (X byl Tl =

417

/ZZ ), Dy () - ex;  (Fi ()b dH" (2)

]111

+C [ ou(IN? +DNP)
M

Using the Taylor expansion for ex; ! at  (and recalling that F;(z)—x = N;(z)),
we conclude

Q
> exxl(Fi(x))‘ < |dex; (m o N(@))| + O(IN?) < Clno N(x)| + CINJ

Next consider that |(Y,Dv; - v)| < Co.|As|colv] < Cgon(l)/QM for every
tangent vector v and |h%| < C||Ag||co < mé/Q. We thus conclude with the
estimate

I < Cmy, /M orlmoN|+C /M or(|N> 4+ |DN|?) =: J; + Jo.

Clearly J; can be estimated as Err{ and J as Erry, thus concluding the proof.

5. Boundedness of the frequency

In this section we prove that the frequency function I; remains bounded
along the different center manifolds corresponding to the intervals of flattening.
To simplify the notation, we set p; := ®,(0) and simply write B, in place of
By (p;)-

THEOREM 5.1 (Boundedness of the frequency functions). Let T' be as in
Assumption 2.1. If the intervals of flattening are jo < oo, then there is p >0
such that
(5.1) H;, >0 0n0,p[ and limsupIj (r) < occ.

r—0
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If the intervals of flattening are infinitely many, then there is a number jo € N
and a geometric constant j1 € N such that

(5.2) H; >0 on |32,27913[ for all j > jo, sup sup I;(r) < oo,

! JZjo pe) 2L 29— 3]

£

(5.3)

. r? Js, [DN;[?
sup <min { I;(r), ————75—

s, IN;|?

(In the latter inequality we understand I;(r) = oo when H;(r) = 0.)

s 5 3
}.]2]0 and max{tj,2jl}§r<3}<oo.

Proof. Consider the first alternative. We claim that for every r > 0, there
is a radius 0 < p < r such that H(p) = H;,(p) > 0. Otherwise, Nj, vanishes
identically on some B,. By [6, Props. 3.1 and 3.4] and Proposition 2.2(iii) this
is possible only if no cube of the Whitney decomposition #70) intersects the
projection of B, onto the plane 7 (the reference plane for the construction of
the center manifold). But then T}, would coincide with @ [M] in Bs,. /4 and 0
would be a regular point of Tj, and, therefore, of T'.

Next we claim that H(r) > 0 for every r < p. If not, let 7o be the largest
zero of H which is smaller than p. By Theorem 3.2, there is a constant C' such
that I(r) < C(1+41I(p)) for every r €|ro, p[. By letting r | rp, we then conclude

raD(ro) < C(1 + I(p))H(ro) = 0,

that is, Nj| B,, = 0, which we have already excluded. Therefore, since H > 0
on |0, p[, we can now apply Theorem 3.2 to conclude (5.1).

In the second case, we partition the extrema ¢; of the intervals of flattening
into two different classes: the class (A4) when t; = s;_; and the class (B) when
tj < sj—1. If t; belongs to (A), set r := ‘:j—:i Let L € #U=Y be a cube of the
Whitney decomposition such that ¢, < ¢(L) and LN B,.(0,7) # 0. We are in
the position to apply [6, Prop. 3.7] for the comparison of two center manifolds.

There exists a constant ¢; > 0 such that

N;|? > é;m! = ¢, max {E(T;, B, ), c(X:)?},
o, Nl? 2 2oy = g mans (BT, B, ) 5)°)

which obviously gives g, IN;|2 > emy. By [6, (2.7)] (or alternatively by
(3.4)), we then conclude

(54) | NP =e [ DN,
B3 B3

where € is a positive geometric constant. By the Holder inequality and Sobolev
embedding (cf. [3, Prop. 2.11]), there are geometric constants Cy and & =
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m(l — %) > 0 such that

o = (o (3)) ™ (, or)

3 J
2J 2

(55) < Coz—J@/ ’N]‘Q + COQ—J&/ ‘DN]P
83 BS

< 002_‘]0‘6_1/8 | V|2 for any J € N.
3

(In the above we can set ¢ = 2* when m > 3 and choose any ¢ < oo larger
than 2 for m = 2; note also that since the curvature of the manifold M; is
bounded by mg, we can assume that H"(B,) is comparable to the m-dimen-
sional volume of the corresponding euclidean ball for every p < 3.) If we choose
J = 71 for a large enough j; (depending only upon ¢, o and Cp), we achieve

1 ¢
5.6 / N-227/ N-sz/ DN, |2
(5.6) BS\Bi\ il > B’3| il 2 B3| il

2J1

In turn we conclude the existence of one annulus A(k(j)) := Bg  (25(1))\Bs (251 +1)
with

6 [ NPz [ IDNE and k) <
A(k(3)) 2j1 JBs

Hy;(k(j)) is bounded from below by the integral on the left-hand side of
(5.7), whereas the right-hand side bounds Dy; (27%0)3) from above. Thus
In; (2_k(j)3) is smaller than a constant which depends upon ¢ and j;. Arguing
as in the first alternative, we can apply Theorem 3.2 to conclude the positivity
of Hy; and to gain a uniform upper bound for Iy; on the interval ]i—j, 2-k3].

Since the latter contains ]‘z—j, 2713[, we conclude the validity of (5.2). (If one
or both the intervals are trivial, namely i—j is larger than the right endpoint,
then there is nothing to prove.) On the other hand, for every r € [27%0)3, 3],

by (5.7) we certainly have
c
N2> — DN, |2,

from which (5.3) readily follows.

In the case t; belongs to the class (B) then, by construction there is
n; €]0, 1] such that E((co,)sT, Be, /m(145,)) > 3. Up to extraction of a subse-
quence, we can assume that (.o; )7 converges to a cone S. The convergence
is strong enough to conclude that the excess of the cone is the limit of the
excesses of the sequence. Moreover (since S is a cone), the excess E(S5, B,) is
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independent of r. We then conclude

2 < liminf E(T;, Bs).

= el B Ba)
Thus, by Lemma 5.2 below, we conclude liminf;_, ;jcpyHn,(3) > 0. Since
Dy, (3) < Cmy) < Ce3, we achieve that imsup;_, o je(p) In; (3) < 400 and
conclude as before. O

LEMMA 5.2. Assume the intervals of flattening are infinitely many and
Tj 6]%,3[ is a subsequence (not relabeled) with lim; ||N;||r2(5, \s 0. If
J
e3 is sufficiently small, then, E(T;,B,;) — 0.

'rj/2) =

Proof. Note that, if r; — 0, then necessarily E(7},B,;) — 0 by Proposi-
tion 2.2(iv). Therefore, up to a subsequence, we can assume the existence of
¢ > 0 such that

(5.8) rj >c and E(T;,Bg ) > c.

After the extraction of a further subsequence, we can assume the existence of
r such that

(5.9) / IN;|?2 =0
BT\B:’)J
4

and the existence of an area minimizing cone S such that (.o4;);7" — 5. Note
that, by (5.8), S is not a multiplicity @) flat m-plane. Consider the orthogonal
projection q; : R™*™ — ;, where ; is the m-dimensional plane of the con-
struction of the center manifold M. Assuming e3 is sufficiently small, we have
Uj := B%T(F) \ B%T(ﬂ') C q;(B,\ B%T). Consider the Whitney decomposi-
tion # () leading to the construction of M. If no cube of the decomposition
intersects U7, then Nj; vanishes identically on it. Otherwise, set

dj :==max {((J): J €Y and JNU;#0}.

Let J; € # @) be such that UjnNJ; # 0 and dj = £(J;). If the stopping
condition for J; is either (HT) or (EX), recalling that ¢(.J;) < csr, we choose a
ball B/ C Uj of radius % and at distance at most y/md; from J;. If the stopping

condition for J; is (NN), J; is in the domain of influence of K; € w9, By

Proposition 2.2 we can then choose a ball B/ C U; of radius @ at distance at

most 3y/ml(K;) from K. If the stopping condition is (HT), by [6, Prop. 3.1]
we then have

1

N-2>/ Nj|? > c(md)™ a2+,
/BT\B; P2 [ NP2 (md) "
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If the stopping condition is either (NN) or (EX), by [6, Prop. 3.1] and [6,
Prop. 3.4] we have

Ga0) [ NPz [ NPzl [ DNz emjartt
T \P 3r @j(B]) {)(BJ)

J

In both cases we conclude that d; — 0.

By [6, Cor. 2.2], spt(T} )ﬂ(I' (U ) is contained in a d;-tubular neighborhood
of M, which we denote by U . Moreover, again assuming that 3 is sufficiently
small, we can assume By \ Bs NM; C ®;(Uj;) for some appropriate choice
of s < t, independent of j. Finally, by [6, Th. 1.17] we can assume that
(up to subsequences) M, converges to M in C3. We thus conclude that
SL(B;\By) is supported in MN(B;\B;) and, hence, by the constancy theorem,
SL(B:\ By) = Qo [M N (B, \ By)] for some integer Qo. Observe also that, if
p;: ij — M is the least distance projection onto M, then by [6, Th. 2.4] we
also have (p;)3(T;L(B: \ By)) = Q [M; N (B \ B,)]. We therefore conclude
that Qo = Q. Since S is a cone without boundary, (SLB;) = Q [M N IB],
ie, SLB; =Q[0] x [MNOB;]. By Allard’s regularity theorem (which can
be applied because ©(S,0) = lim; ©(7},0) = Q), S is regular in a neighborhood
of 0 and, therefore, it is an m-plane with multiplicity ¢, which gives the desired
contradiction. O

A corollary of Theorem 5.1 is the following.

COROLLARY 5.3 (Reverse Sobolev). Let T be as in Assumption 2.1. Then,
there exists a constant C > 0 which depends on T but not on j such that, for
every j and for every r G]i 1], there is s €]3r,3r] such that

(5.11) / o< & N2,
B.(®;(0)) 2 J,(®,0))

Proof. If the second alternative in Theorem 5.1 holds, if » > 27713 and if
I;(3r) is larger than the ratio
(37)? Jy (@, (0)) PN
Jggr(@;00) INGI*

then the claim follows from (5.3). Therefore, without loss of generality, we can
assume that I;(3r) is bounded by a constant C*, which depends on T" but not

on j.
We start observing that, by the Coarea Formula,

|N ’2 3r 1 9
H,(3r) = / / . / N2 dt,
B3, (®;(0))\Bsy./2(®;(0) 3r/2 T JoB,(2;(0)
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whereas, using Fubini,

3r 3r
/3 / IDN;|? dt = / IDN;|2() / 1)) oo((£) dt AH™ (x)
57 /B (®;(0)) M, 3r/2

3
= irDj(?)r).

Since we are assuming that I;(3r) < C*,

3r
/ dt/ |IDN; > = ér D;(3r) < C*H,(3r)
3p JBi(®,(0) 2

. 3r 1 9
e / dt~ / N2,
3r t JoBi(®@;(0)

Therefore, there must be s € [2r, 3r] such that

*

(5.12) [ pNPs N2
B, (®,(0)) s JoB,(2;(0))

Now fix any o €]s/2,s[ and any point x € 9Bs(®;(0)). Consider the geodesic
line v passing through x and ®;(0), and let 4 be the arc on v having one
endpoint Z in 9B, (®;(0)) and one endpoint equal to z. Using [3, Prop. 2.1(b)]
and the fundamental theorem of calculus, we easily conclude

N @ < IN;@) +2 [ IDN|IN.
Y

Integrating this inequality in = and recalling that ¢ > s/2, we then easily
conclude

/ IN;|?<C IN;I? + C/ |N; || DN,
0Bs(®,(0)) 0B5(®,(0)) Bs(®;(0))\Bs/2(®;(0))

where the constant C' depends only on the curvature of M;, which is bounded
independently of j. We further integrate in o between s/2 and s to achieve

S
IN;|?<C IN; |2+ s |N;||DN;|
y 7 Bs@j(o»\ss/z(@j(o»( ’ 1PN )

82

< / |DN<|2+C’/ |N; %,
AC* Iy By(®;(0)

where C* is the constant in (5.12) and the constant C' depends on the curvature
of M; and on C*. Combining (5.13) with (5.12), we easily conclude (5.11). O

2 OB (®,(0

(5.13)

6. Final blow-up sequence and capacitary argument

6.1. Blow-up maps. Let T be a current as in the Assumption 2.1. By
Proposition 2.2 we can assume that for each radius 7, there is an interval
of flattening I =]s;k),tjr)] containing 7. We next define the sequence of
“blow-up maps” which will lead to the proof of Almgren’s partial regularity
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result Tl}eorem 0.3. To this aim, for k large enough, we define 55 so that the
radius 22— € }3 "k 3-Tk_[is the radius provided in Corollary 5.3 applied to

tiy — 12m) Tt
r= tr(’; * We then set 7 := 3?8(’; : and rescale and translate currents and maps
J J
accordingly:

(BUL) Ti = (0,):Tjny = (0,50 T LBy Tk = 10,5 (Zjry)
and My, := 1o, (Mjjr) ); .
(BU2) N : My — R™*™ are the rescaled Mjy-normal approximations given

by
(6.1) Ni(p) = :k (k) (TkD)-

Since by assumption Tp% = R™" x {0}, the ambient manifolds ¥; converge to
R™F7 % {0} locally in C° (more precisely, to a “large portion” of R™*% x {0},

because Bg 7 C Bg /5, ). Moreover, since % < Fk:’_“(k) < 1, it follows from
J

Proposition 1.3 that
E(T:,B.) < CE(T,B,,) — 0.
2

By the standard regularity theory of area minimizing currents and Assump-
tion 2.1, this implies that T} locally converge (and supports converge locally in
the Hausdorff sense) to (a large portion of) a minimizing tangent cone which
is an m-plane with multiplicity @ contained in R™*" x {0}. Without loss of
generality, we can assume that T}, locally converge to @Q [mo]. Moreover, from
Proposition 1.3 it follows that

(6.2) H 2Dy (Ty) NBy) > Cory, ™ 2T ym=2+0(Do(T)NB,,) > n > 0,

where () is a geometric constant.

In the next lemma, we show that the rescaled center manifolds M;, con-
verge locally to the flat m-plane mp, thus leading to the following natural
definition for the blow-up maps N : By C R™ — Ag(R™*"):

(6.3) Np(z) := by ' Ni(er()),

where hy, = HNk”L2(83) and ey : By C R™ ~ T; My — My denotes the
b

exponential map at py = ®;(;)(0)/7. (Here and in what follows we assume,

w.l.o.g., to have applied a suitable rotation to each T} so that the tangent
plane T, My, coincides with R™ x {0}).

LEMMA 6.1 (Vanishing lemma). Under the Assumption 2.1, the following
hold:
(i) we can assume, without loss of generality, 'kaé(k) — 0;
(ii) the rescaled center manifolds My, converge (up to subsequences) to R™ x
{0} in C3/2(By) and the maps e, converge in C>"/2 to the identity map
id : B3 — Bg;
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(iii) there exists a constant C > 0, depending only T, such that, for every k,

(6.4) / IDN?2 < C.
B3

2

Proof. To show (i), note that, if liminfy 7, > 0, we can extract a fur-

ther subsequence and assume that limg 7, > 0. Observe that then 7 :=
L)
Tk

hence c(X;()) — 0. Moreover, E(7, Bﬁ\/mtj(k)) < C(F)E(Tk,BG\/qu) — 0
k
(k)

lim supy, < oo. Since r | 0, we necessarily conclude that ;) | 0 and

because T}, converges to @ [mo]. We conclude ka% — 0. On the other hand,
if limy, 7, = 0, then (i) follows trivially from the fact that m% is a bounded
sequence.

Next, using fkmé(k) — 0 and the estimate of [6, Th. 1.17], it easily follows
that My, — P converge (up to subsequences) to a plane in C3*/2(B,). By
Proposition 2.2(v) we easily deduce that such a plane is in fact mp. Since 0
belongs to the support of T, we conclude for the same reason that M, is
converging to mg as well. Therefore, by Proposition A.4 the maps e converge
to the identity in C2#/2. (Indeed, by standard arguments they must converge
to the exponential map on the — totally geodesic! — submanifold R x {0}.)
Finally, (iii) is a simple consequence of Corollary 5.3. O

The main result about the blow-up maps N, ,i’ is the following.

THEOREM 6.2 (Final blow-up). Up to subsequences, the maps ng converge

strongly in L?(Bs) to a function N5 : Bs — Ag({0} x R"™ x {0}) which is
2 2
Dir-minimizing in By for every t €]2,3[ and satisfies NS r2(py) = 1 and
5

no Ngo =0.

We postpone the proof of Theorem 6.2 to the next section and now show
Theorem 0.3.

6.2. Proof of Theorem 0.3: Capacitary argument. Let N2 be as in Theo-
rem 6.2 and

Y :={x e B : N(x)=Q[0]}.

Since no N®, = 0 and HN@’OHLQ(BW = 1, from the regularity of Dir-minimizing
Q-valued functions (cf. [3, Prop. 3.22]), we know that H7 2t%(T) = 0. We
show in the following three steps that this contradicts Assumption 0.4.

Step 1. We cover T by balls {B,,(z;)} in such a way that

Z Wm—2+a (4‘7i)m72+a < g7

1
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where 7 is the constant in (6.2). By the compactness of T, such a covering can
be chosen finite. We can therefore choose a ¢ > 0 so that the 5-neighborhood
of Y is covered by {B,,(x;)}. Denote by Ay the set of multiplicity @ points of

Ty, far away from the singular set Y:
Ag == {p € Do(T}) N By : dist(p, T) > 45}.

Clearly, HZ2 2**(Ay) > #. Let V denote the neighborhood of T of size 25.
By the Hoélder continuity of Dir-minimizing functions (cf. [3, Th. 2.9]) there
is a positive constant 1 > ¢ > 0 such that |N% (z)[?> > 20 for every z ¢ V.
We next introduce a parameter o > 0 whose choice will be specified only at
the very end; throughout the rest of the proof it will only be required to be

sufficiently small. In particular, o < & will surely imply that
][ ]Né’o\z > 29 V x € Bs with dist(x,Y) > 45.
By () 4
Therefore, from Theorem 6.2 we infer that, for sufficiently large k’s,

Step 2. For every p € Ay, consider Zx(p) = pr,(p) (where m is the
reference plane for the center manifold related to 7)) and

Ze(p) = (Z(p), 7 ") Tz ().

Observe that Zj(p) € Mg. We next claim the existence of a suitably chosen
geometric constant 1 > ¢g > 0 (in particular, independent of o) such that,
when k is large enough, for each p € Ay there is a radius g, < 20 with the
following properties:

0019 2 1 — 2
(6.6) —hj < —— a/ |DNg|*,
oo F = g g wm)
(6.7) By, (Zk(p)) C Bag, (p)-

In order to show this claim, fix such a point p, consider the points g := 7ip,
2k = Tk 2k (p) and g, = Tk Tk (p) = (2K, Pj(k) (2k)). Observe that gx € Do (Tj))-
By [6, Prop. 3.1], zx cannot belong to some L € “//h(j(k)) (otherwise Bigr, (pr.)
would contain a multiplicity @ point of Tjy), contradicting statement (S1) in
[6, Prop. 3.1]). We thus distinguish two possibilities:

(Exc) either z; belongs to some Ly € %(j(k)) U %j(k));

(Con) or it belongs to the set I';).
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Case (Exc). Observe that if Ly € V/n(j(k)), by Proposition 2.2(iii), there

exists a cube Hj, € "//e(j *) such that L, belongs to the domain of influence of
Hj, and sep(Br, , Hy) < 37),/16. Thus Hy, intersects Bigy, /16(0, 7).

We wish now to apply [6, Prop. 3.5] with the s in there equal to 7 and
the T in there equal to T};). The aim is to infer

(6.8) £y =7, 'sup {Z(L) :LewUR)and LN Bigs, /16(0, ) # @} = o(1).

First observe that, taking into account the inequality 1 < 7yt /me < 2, a
simple scaling argument gives

—24a r m=2ta L oia
H" 2 (Do(Tjy), Br) = (7)) M7 (Do(Tose) N By ren,)
re \™ 2T m—2ta
> ()" W (Do (To,,) N BY)

2 n(%)m—Z-f—a’

which verifies [6, (3.4)]. We next need to verify [6, (3.3)] and consider therefore
L € #\9) which intersects Ba, (0,7). Since 7 > Sik)/tj(k), by (Go) we have
(L) < 3csTy, < 7. Now, for any fixed & > 0, we can apply [6, Prop. 3.5]
provided min{7, mé(k)} is small enough, which is the case for k large enough by
Lemma 6.1(i). Thus [6, Prop. 3.5] implies lim supy, #x < &, and the arbitrariness
of the latter parameter implies (6.8).

For k large enough, we can then apply [6, Prop. 3.6] with 7y = % (In
particular, this condition on how large k must be is independent of the point p.)

(7 (k)

The proposition will be applied to Ly, if L € e , or to Hj above, if

Ly € V/n(j(k)). We thus set

L, if Ly, € # 00D,
)

and conclude the existence of a constant 5 < 1 such that

9
G(Njky, Q [mo Ny )2§—m_/ |DNjiiy .
]éseuk)(mk) 7" [[ 4 )]] A Be(s,) (@k) 7"

By (6.8), provided k is large enough, we have t(p) := UL < ¢, < o. Therefore,

Tk

rescaling to My, there exists t(p) < £ such that

_ _ 9 _
69 | G(N. QoM < s [ DN
Bsi(p) (Zk(P)) [[ ]] Awpt(p)m—2 By(p) (Zk(p))

Moreover, from Proposition 2.2(v) and Lemma 6.1, for k large enough, we get

(6.10) p—2k(p)| < C(m™)2a 2 t(p) < 5t(p).
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Case (Con). In case g belongs to the contact set ® ;) (T'jx)), then p =
ri(p) and Nj)(zk(p)) = Q [0]. Therefore,

lim G(Ni,Q [no Ni])? =
t40 J By (2 (p)) [[ ]]

and we choose t(p) < o such that

(6.11) ][ G(N,Q [no Nk]]
st(p) (Zk(P))

Observe also that (6.10) holds trivially.

»Jk\%

Having chosen ¢(p) in both cases, we next show the existence of o, €
|5t(p), 20] such that (6.6) holds. Observe that (6.7) will be an obvious conse-
quence of (6.10). Notice that if

1 _
e / [DNi[* > hi,,
wmt(p) By(p) (Zk(p))

then (6.6) follows with g, = t(p). If (6.12) does not hold, then

(613) ][ Nk,Q[[nONk]] Zh
st(p) (Tr(P))

(6.12)

%

Indeed, we can use (6.9) in the case (Exc). (In the case (Con), we have already
shown it; see (6.11).)

We now argue by contradiction to infer the existence of g, €]5t(p),20]
such that (6.6) holds. Indeed, if this were not the case, for simplicity we set

f =GNk, Q [noNi]),
fri= ][zsrm(p)) /

and, letting j be the smallest integer such that 2770 < 5t(p), we can estimate
as follows:

(6.14)

1/2 B 1/2 j—1 ~ ~
<][ B f2) < <][ ~ (f - f20)2) + Z ’f21—ia - f2—io"
B2o (Z1(p)) B2o (Zk(p)) i=0

+ | far-io — Fat(p)l

1/2 1/2
+<][ , |f—fst<p>|2> +<][ 7 f2>
Bsi(p) (Tr(P)) Bsi(p) (Zr(P))

(6. 13) NP \/5
< DN ) +4/<hy.
2(21 ZU’“/B - k‘) 2"

In the previous lines we have repeatedly used |Df| < |DNy|, the classical
Poincaré inequality and the following simple Morrey-type estimate (which is

2l—is
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also a consequence of the Poincaré inequality)

. Cy
(fae = ﬁ)__ﬁ12/'_ IDfJ%.
Ba(@x(p))

Note that such a constant Cp (and the constant for the Poincaré inequality)
depends only upon the regularity of the underlying manifold M, and, hence,
can be assumed independent of k. Summarizing, if (6.6) were to fail for every
radius in the interval |5t(p), 20], from (6.14) we would conclude

. 2
1 1=
2<ny| —4+C S (2t i)
]éw(ﬂ?k@))f -k \ﬁ_’_ COUO‘/Q 4 ( U)

=0

2
<hiY | — + cC .
< i (5 + o)
Since C'(«) depends on «, m and @, but does not depend on k, for ¢y chosen
sufficiently small, the latter inequality would contradict (6.5). Note that (6.7)
follows by a simple triangular inequality.

Step 3. Finally, we show that (6.6) and (6.7) lead to a contradiction.
Consider a covering of Aj with balls B? := Baoy,, (pi) with the property that
the corresponding balls By,, (pi) are disjoint. We then can estimate

U] m—2+a &8 Cy o° / 2
- < E E DN,
p =020 _%%2 %mm’M

Co o _ o (64) 5@
< DN, < C—
—%ﬁM/| ¢l _Cﬁ’

where Cy > 0 is a dimensional constant. In the last line we have used that,
thanks to (6.7), the balls By,, (P4, (pi)) are pairwise disjoint and that, pro-
vided o is smaller than —2 and k large enough, they are all contained in Bs

Since ¥ and ¢y are independent of o, the above inequality reaches the deswed
contradiction as soon as ¢ is fixed sufficiently small. This will only require a

sufficiently small £, which by (6.8) is ensured for k sufficiently large.

7. Harmonicity of the limit

In this section we prove Theorem 6.2 and conclude our argument. We
continue to follow the notation of the previous section; in particular, recall the
maps defined in (BU1) and (BU2) of Section 6.1

7.1. First estimates. Without loss of generality, we might translate the
manifolds Mj, so that the rescaled points pp = F,;I@j(k)(O) all coincide with
the origin. Let F, : Bs C My — Ag(R™"") be the multiple valued map given

2
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by Fi(z) :== ¥ [# + (Ng)i(z)] and, to simplify the notation, set py, := P, -
We start by showing the existence of a suitable exponent v > 0 such that

(T1)  Lip(Nels,,) < Ch) and [|Nelleos, ,) < C(md ),
(7.2) M((Tf, — To)L(p; ' (Bs)) < Chy ™,
(7.3) [ no N < cnt.

B3

2

Indeed, set pjx) = ;) (0). Using the domain decomposition of Section 4.1

(note that 37 €] ?((:; ,3[) and arguing in an analogous way, we infer that
J

(k)| L _
||Nj(k)HCO(B%Fk(pj(k))) < C(m ))2mri+52

and
Lip(Njw sy, () < O (mi ™y max ()°
M((Tr,,, — j(k))Lplzl(Bgfk (Pit))) < Z(mé(k))1+72£f”2+”,
By, () 70 Nyl < Cmé(k)fk zi:g?+m+72/2 + TC; /Bgrk(pj(k)) INjyl?

where this time for the latter inequality, we have used [6, Th. 2.4 (2.4)] with
a = 7. On the other hand, again by the arguments of Section 4.1 (see, for
instance, (4.12), (4.13) and (4.14)) and Corollary 5.3, we see that

(k) ym+2+22
S mdP T < g (IDNj |* + INjew )

7
i B, i)

SCF_Q/ [Ny l%,
k Bs,. (pj(k)) 7w

from which (7.1)-(7.3) follow by a simple rescaling. (The constant C' on the
right-hand side of (7.4) depends on T but not on k.)

It is then clear that the strong L? convergence of N, ,i’ is a consequence of
these bounds and of the Sobolev embedding (cf. [3, Prop. 2.11]) whereas, by

(7.4)

N | = li N{| <C lim hy =0.

/133 [moNeo| = lim . [mo N[ <C lim hi =0
2 2

Finally, note that N2, must take its values in {0} xR?x{0}. Indeed, considering

the tangential part of Ny given by NI (z) := 32, [pr,5, (Nk(2))], it is simple
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to verify that G(Ny, NI') < Co|Ng|?, which leads to

[ O N] o) < coh,f/ AR
3/2 /2

(7.1) ;
< C(m ( )rk)27 —0 ask— +oo
and, by the convergence of ¥;, to R™*" x {0}, gives the claim.

7.2. A suitable trivialization of the normal bundle. By Lemma 6.1, we can

consider for every My, an orthonormal frame of (T My)*, vf, ... vk, w’f . wlk

with the property that v M) € TyXh, @ ( ) L T,%) and (cf. [5, Lemma A.1])
V;-“ — em4; and wj — emtntj ID CQ’”/2(Mk) as k 1 oo.

(For every j, here ey,...,eminy is the standard basis of R™F7+ = Rm+n )
We next claim the existence of maps 1y, : M}, x R® — R! converging to 0 in
C%*#/2 (uniformly bounded in C?*) and of § > 0 (independent of k) such that,
for every v € T, My, with |v| <6,

p+vE X = vt =(p,v7),
with o7 = ((0,0f),..., (v,v8)) € R® and vt = ((v,@}),..., (v,=F)) € RL. To
see this, consider the map
O Mp x R" xR (p, z,w) b—>p+zj1/f —|—ij§-§ e R™T",

where we use the Einstein convention of summation over repeated indices. It
is simple to show that the frame can be chosen so that D®(0,0) = Id and,
hence, @,;1(ik) can be written locally as a graph of a function ¢ satisfying
the claim above.

Note that, by construction, we also have that ¢ (p,0) = | D% (p,0)| =0
for every p € My, which in turn implies
(7.5)

| Doy (2, w)| < Clw'™™, | Dypg(a,w)| < Clu| and |y (a,w)| < Clul.

Now given any Q-valued map u = 37, [ui] : Mg — Ag({0} x R™ x {0}) with
|lu|lre < 0, we can consider the map uy := ¥ (z, u) defined by

o 3 [ + e uan=@)]

where we set (u;)? = (u;(x), €m+j), 1%(1‘,%(1‘)) = (Yr(x,ui(x)), emtntg)-
(Again we use Einstein’s summation convention.) Then, the differential map
Duy, := >, [D(uy);] is given by

D(ug); = D(ui)juj-C + [Dmd)i(:n,ul) + Dwzpi(m,ui)Dui} w

+ (wi)) DV + (2, u;) Deo.
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Taking into account that || Dvf||co + HDwaCo — 0 as k — 400, by (7.5) we
deduce that

/(]Duk\Q — |Duf?)

< C [ (IDullul + | Duljul** + fuf**)

+o(1) / (Juf? + | Dup?) .

Now we clearly have Ni(z) = ¥ (z, ) for some Lipschitz ug : My —
Ag(R™) with ||k~ = o(1) by (7.1). Setting u? := @y, o e, we conclude from
(5.11), (7.1) and (7.6) that

: b2 -2 b2\ _
(7.7 Jim [ (DN =i Duf ) = 0.
2

(7.6)

and NY, is the limit of h,;luz.

7.3. Competitor function. We now show the Dir-minimizing property of
N!.. Clearly, there is nothing to prove if its Dirichlet energy vanishes. We can
therefore assume that there exists ¢y > 0 such that

(7.8) cohi < / | DN |?.
B3s
2

Assume there is a radius t € ]%, %[ and a function f : Bz — Ag(R™) such that
2

fleg\B, = Ni|ps\p, and Dir(f,B;) < Dir(N%, By) — 26
2 2

for some § > 0. We can apply [4, Prop. 3.5] to the functions h;lui and find
7 €]t,2[ and competitors v¢ such that, for k large enough,

vilos, = uhlos,, Lip(v}) < Ch], [v}| < C(mgr)?,
/ ]nov,l;] §Ch% and / \Dv,ﬁ\Q S/\Dui\Q—(Shz,
B§ B§
2 2

where C' > 0 is a constant independent of k and 7 the exponent of (7.1)-(7.3).
Clearly, by Lemma 6.1 and (7.5), the maps Ny, = 1y (z, 0% o egl) satisfy

Nk = Nk in B% \Bt, Lip(Nk) < Chz, ‘Nk| < C(mlgfk)v,

/ o Nyl < Ch? and / \DNk]2§/ IDN,[2 — 5h2.
Bs Bs Bs

2 2 2

7.4. Competitor current. Consider finally the map Fy(z) = S;[z+ N;(z)].
The current Tz coincides with Tz on p, ' (Bs \ B;). Define the function
2

ok (p) = dist x4, (0, px(p)), and for each s € ]t, 3 {, consider the slices (T —
Ty, ok, 8). By (7.2) we have

3
bl _
/t M((T 5 — Tk, ¢k, 5)) < Chy 7.
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Thus for each k, we can find a radius oy, € ]t, 3 [ on which M((T, ~Tk, Ok, 1))

< Chi+7. By the isoperimetric inequality (see [4, Rem. 4.3]) there is a current
S} such that

S, = (Tj, — Ti, o, 0x), M(Sp) < ChET™ D and spt(Sy) € S
Our competitor current is, then, given by
Ty := T Ly, (Mi\ By,)) + Sk + T L(py, " (Boy))-

Note that T}, is supported in ¥ and is an admissible competitor for Tj,. On
the other hand, by (7.2) and the bound on M(S}), we have

(7.9) M(T}) — M(T}) < M(Tf,) — M(T ) + Chy ™.

Denote by Ay and by H}, respectively the second fundamental forms and mean
curvatures of the manifolds M. Using the Taylor expansion of [5, Th. 3.2],
we achieve

(7.10)
M(T;) — M(T},) < ;/B (IDN|? — [DNiJ?)

P

+ClHlen [ (1o Nel + 1 o N

_ . 5
1420 [ (N2 + W) + ofh) < ~ShE + o(hd),

where in the last inequality we have taken into account Lemma 6.1. Clearly,
(7.10) contradicts the minimizing property of T} for k large enough and con-
cludes the proof.

Appendix A. Some technical lemmas

The following is a special case of Allard’s e-regularity theory (see [10,
Chap. 5]).

THEOREM A.1. Assume that T is area minimizing, x € Dgo(T) and that
I T||((spt(T)NU) \ Dg) = 0 in some neighborhood U of x. Then, x € Reg(T).
In particular, D1(T) C Reg(T).

Proof. By simple considerations on the density, the tangent cones at x
must necessarily be all m-dimensional planes with multiplicity ). This al-
lows us to apply Allard’s theorem and conclude that, in a neighborhood of
x, spt(T) is necessarily the graph of a C1%0 function for some ko > 0. Let
u : R™ — R™ be the corresponding function and ¥ : R™+7 — Rl a4 C3%0
function whose graph describes ¥. Let @4 consist of the first 7 coordinates func-
tions of u. We then have that @ minimizes an elliptic functional of the form
J ®(z,u(x), Du(z)) dz where (x,v,p) — ®(x,v,p) and (z,v,p) = Dp®(z,v,p)
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are of class C%%. We can then apply the classical regularity theory to con-
clude that 4 € C3%0 (see, for instance, [9, Th. 9.2]), thereby concluding that
x belongs to Reg(T') according to Definition 0.2. Next fix any € D1(T). By
the upper semicontinuity of the density © (cf. [10]), © < 3 in a neighborhood
U of x, which implies ||T||((spt(T) N U) \ D) = 0. O

Next, we prove the following technical lemma.

LEMMA A.2. Let T be an integer rectifiable current of dimension m in
R™F" with locally finite mass and U an open set such that H™~1(0U Nspt(T))
=0 and (OT)LU =0. Then O(T'LU) = 0.

Proof. Consider V' CcC R™*™. By the Slicing Theorem [7, 4.2.1] applied
to dist(-,0U) we conclude that S, := T1L(V N U N {dist (z,0U) > r}) is a
normal current in N, (V') for almost every r. Since M(TL(V NU) - S,) =0
as r | 0, we conclude that T (U NV) is in the M closure of N,,(V). Thus,
by [7, 4.1.17], TLU is a flat chain in R™*". By [7, 4.1.12], (T U) is also a
flat chain. It is easy to check that spt(0(T'_U)) C OU Nspt(T). Thus we can
apply [7, Th. 4.1.20] to conclude that (T'LU) = 0. O

Recall the following theorem. (For the proof, see [10, Th. 35.3].)

THEOREM A.3. If T is an integer rectifiable area minimizing current in
>, then

HZ 5 (spt(T) \ (spt(0T) U |J Do(T))) =0 Va > 0.
QeN
We finally prove the following result (first proved by Allard in an unpub-
lished note and hence reported in [1]).

PROPOSITION A.4. Set m:=R™ x {0} C R™" and let M be the graph
of a C3* function ¢ : m D B3(0) — R™, with ¢(0) = 0. Then the exponential
map exp : B3(0) — M belongs to the class C**. Moreover, if ||@||csn is
sufficiently small, then the set pr(exp(B;(0))) C 7 is (for all r < 3) a convex
set and the maximal curvature of its boundary is less than %

Proof. Consider any C>* chart = : M — Q, for instance, the one induced
by the graphical structure. It is then obvious that the components g;; of the
Riemannian metric (induced by the Euclidean ambient space on the submani-
fold M) are C?*. We let V be the Levi-Civita connection on M for which g
is parallel and consider the corresponding Christoffel symbols Fé.k (in the fixed
coordinate patch). Using the standard formula which expresses the Christoffel
symbols F}k in terms of the metric g, (see, for instance, [8, Prop. 2.54]), it is
easy to see that the former are C'*. The careful reader will notice that these
objects are usually defined in standard textbooks assuming that the metric is
C®, but in order to have a unique Levi-Civita connection it is enough that the
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metric is C'!; see the proof of [8, Th. 2.51]. (In fact, the Levi-Civita connection
on M can also be recovered by differentiating in the Euclidean ambient space
and projecting the result onto the tangent space to M.) Similarly, for C?
metrics, we can use the intrinsic definition of the Riemann curvature tensor as
in [8, Def. 3.3]. From the standard formula in [8, 3.16] we easily conclude that
the components of this tensor are C%*. However, by [3, Lemma A.1] we can
choose a C%* orthonormal frame v, ..., v, : © — R™" for the normal bundle
of M and the curvature tensor can be computed via the Gauss’ equations as in
[8, 5.8b)]. We thus conclude that the components of the Riemann tensor are in
fact C1*. Again, although the references above carry on all computations in
the C'*° setting, it can be easily checked that these work in a straightforward
way under our regularity assumptions.

Next let ®(t,v) := exp(vt). (The fact that the exponential map is well
defined will be justified in few lines.) Fix a C3* coordinate patch on M
where 0 is the origin, using the graphical structure of M over ToM. Set
t = () = ®(¢,v), and use the notation v} for the components of 7 in the
fixed chart z : @ — M. (So, 7/(t) = X; ’y;(t)a%j.) 7 satisfies the system of
differential equations

7(8) + 3 T (v ()6 (E) = 0,
ik

with the initial conditions v(0) = 0 and ~/(0) = wv; cf. [8, Def. 2.77]. Thus
it follows that the maps ® and 9,® are C*; incidentally, this shows that
the exponential map is well defined. (In fact, standard textbooks on ODEs
only provide C! regularity. However, the usual proof of C! regularity via the
Gronwall Lemma on the linearized ODEs for the derivative 0,® can be easily
modified to prove 9,,® € C%%; cf. 2, §9].)

Now fix a tangent vector e at 0, a point p = exp(v) € M and perform
a parallel transport of e along the (“radial”) geodesic segment [0,1] 2 t
exp(tv) to define e(p). We claim that the corresponding vector field is C1*.
Indeed, fix any orthonormal tangent frame fi,... f,, which is C**. Let

0
GXP t'U Zavz fz Zavz Z@zk 8 k

where the functions ;) are C*F. Recall that the a vector field X (t) =
> Xj(t)% along a C! curve ¢ with tangent ¢(t) = 2, ci(t )% is parallel

ZF () Xk (t);

cf. [8, Th. 2.68 and eq. (2.69)]. We therefore conclude that the coefficients
Qyi(t) must satisfy a system of ODEs of the form

Zam 0), 0, (1, ),

if and only if
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where (¢,v) — F;j(®(t,v),0,®(t,v)) are C* maps. Thus the existence of e
and the claimed regularity of (¢,v) — vy i(t) follow from the standard theory
of ODEs.

Recall also that the parallel transport keeps the angle between vectors
constant; cf. [8, Prop. 2.74]. We conclude that there exists an orthonormal
frame ey, ..., en of class O which is parallel along geodesic rays emanating
from the origin. Next, consider the map (w,v,t) — 0, ®(t,v) where w varies
in R™. Fix w and v, and consider again the curve «(¢) above and the vector
Now(t) = 0w®(t,v). We claim that n satisfies the Jacobi equation along the
geodesic vy, with initial data 7, ,,(0) = 0 and 7}, ,,(0) = w. More precisely, if
we write the vector field in the frame e; as n(t) = >_; ni(t)ei(y(t)), the Jacobi
equation is

(A1) o) = = 2 By (€5(7(0), 7' (8): 7/ (8), €s(v(£)) o5 (1),

where R depends on the Riemann tensor (cf. [8, Th. 3.43]). Note that we do
not have the usual smoothness assumptions under which (A.1) is derived in
standard textbooks. We can however proceed by regularizing our manifold M
via convolution of the function of which the manifold is a graph. We fix the
corresponding graphical charts for the regularized manifolds and observe that
the exponential maps in these coordinates have uniform C'* bounds from
the corresponding ODEs and thus will converge to ® in C!'. Similarly, one
concludes the obvious convergence statements for the Riemann tensor and thus
the right-hand side of (A.1) for the corresponding objects converge uniformly.
This justifies, in the limit, that 7, ., ; is twice differentiable (in time) and that
(A.1) holds.

Taking into account that v(t) = ®(¢,v) and v/(t) = 9;®(t, v), we conclude
that 7, satisfies an ODE of the type n, ,,;(t) = A(t,v,7v,w,i(t)) where the
function A is C1* in all its entries. We thus conclude that the map (v, w,t) —
Now(t) = Op®(t,v) is a CL* map. Since dexp(v)(w) = 8, ®(v, 1), this implies
that the exponential map is C?*.

As for the last assertion, for ||¢||cs.» sufficiently small, we conclude from
the discussion above that p, o exp is C? close to the identity, which implies
the desired statement. ([
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