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Indecomposable vector bundles
and stable Higgs bundles over
smooth projective curves

By OLIVIER SCHIFFMANN

Abstract

We prove that the number of geometrically indecomposable vector bun-
dles of fixed rank r and degree d over a smooth projective curve X defined
over a finite field is given by a polynomial (depending only on 7,d and the
genus g of X) in the Weil numbers of X. We provide a closed formula —
expressed in terms of generating series- for this polynomial. We also show
that the same polynomial computes the number of points of the moduli
space of stable Higgs bundles of rank r and degree d over X. This en-
tails a closed formula for the Poincaré polynomial of the moduli spaces of
stable Higgs bundles over a compact Riemann surface, and hence also for
the Poincaré polynomials of the twisted character varieties for the groups

GL(r).
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1. Introduction

Overview. The aim of this paper is to compute the Betti numbers of the
moduli spaces of stable Higgs bundles of fixed rank and degree over compact
Riemann surfaces of arbitrary genus. These moduli spaces (and the corre-
sponding moduli stacks), introduced by Hitchin in the late 80’s ([Hit87b]),
have since played an important role in the study of moduli spaces of connec-
tions on Riemann surfaces, integrable systems, and more recently in number
theory and in the theory of automorphic forms in connection with Ngo’s proof
of the Fundamental Lemma (see [Ngo06], [LNO8]). We refer to Section 1.3
for the history of the problem of computing the Poincaré polynomial of these
moduli spaces and, in particular, for the relation between this work and some
conjectures of Hausel, Rodriguez-Villegas ([HRV08]) and Mozgovoy ([Moz12]).
In order to determine the Betti numbers of these moduli spaces and following
a strategy put forward by T. Hausel, we count the number of points of the
same moduli spaces for curves defined over finite fields and then use the Weil
conjectures. This point counting is done in two steps. First, by a geometric
deformation argument inspired by the work of Crawley-Boevey and Van den
Bergh in the context of quivers ([CBVdB04]) we relate the number of stable
Higgs bundles of rank r and degree d on a curve X to the number A, ;(X) of
geometrically indecomposable vector bundles of the same rank r and degree d
over X, counted up to isomorphism. The second step is to explicitly calculate
the number of such indecomposable vector bundles. Counting isomorphism
classes of vector bundles (more generally, coherent sheaves) of rank r and de-
gree d amounts to computing the volume of the inertia stack of the stack
Coh,. 4 parametrizing such coherent sheaves on X. Unfortunately, this inertia
stack is of infinite volume. To circumvent this difficulty, we introduce a suit-
able truncation Cohrzg of the stack Coh,. 4 based on the Harder-Narasimhan
stratification, whose inertia stack ds of finite volume. Using some now classi-
cal techniques developped by Harder and others, we reduce the computation
of that volume to the computation of the integral of some Eisenstein series
over the truncated stack Cohfg. The actual explicit evaluation of that inte-
gral is then performed using the language and tools provided by the theory
of Hall algebras, which seems the most convenient here. This yields an ex-
plicit formula for the number Azg(X ) of isomorphism classes of geometrically
indecomposable vector bundles of rank r and degree d in Coh;’g. Using the
obvious relation A, ¢(X) = A, 44,(X) (which comes from the action of the
Picard group) and the fact that ATZS(X) = A, q(X) for d > 0, we obtain the
desired formula for the number of éeometrically indecomposable vector bun-
dles in Coh, 4, and hence also a computation of the number of stable Higgs
bundles of rank r and degree d over X.
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We also have another motivation in mind for computing the number of
isomorphism classes of geometrically indecomposable vector bundles, coming
from the analogy between vector bundles on a (smooth) curve and representa-
tions of a quiver. Indeed, as shown by Kac and Stanley (see [Kac82], [Kac83,
3.15]), the number of geometrically indecomposable F,-representations of a
given dimension d of a quiver @ is given by a polynomial Ag 4(¢q) in ¢, the
so-called Kac’s A-polynomial. This polynomial carries a lot of very interest-
ing Lie-theoretic information related to the Kac-Moody algebra associated to
Q@ (at least when @ has no edge loops) and its Yangian; see, for instance,
[Haul0], [Okol3]. It is natural to expect similar Lie-theoretic interpretations
for the polynomials counting indecomposable vector bundles on curves. (See
Section 8.3 for some conjectures in that direction.)

In the remainder of this introduction we describe our results in more
details and point the reader to the corresponding sections of this paper.

1.1. Let g > 0, and let X be a smooth projective geometrically con-
nected curve of genus g defined over a finite field F,. Let [ be a prime num-
ber not dividing ¢, and let oq,...,094 stand for the associated Weil num-
bers of X (i.e., the eigenvalues of the Frobenius acting on H'(X,Q;), where
X=X X Spec(Fq) Spec(F,)). Fixing an embedding ¢ : @, — C we may view the
o; as complex numbers satisfying 62;,_1 = 09; and g9;_109; = qfori=1,...,g.
Consider the torus

Tg = {(041, R ,Oézg) (S G%g ’ Q2 —1002; = (21025 v Z,]}
The group W, =6 ,x(62)¢ naturally acts on T, and the collection {o1, ..., 024}
defines a canonical element ox in the quotient T,(C)/W,. We denote by the
same letter ¢ the size of the finite field F; and the element ¢ = an;_1a9; €
Q[Tg]wg, hoping that this will not create any confusion. Let K, be the local-
ization of Q[T,]" at the multiplicative set generated by {¢' — 1|1 > 1}.

1.2. For r > 0 and d € Z, let A, 4(X) stand for the number of geo-
metrically indecomposable vector bundles on X (i.e., vector bundles V over X
such that V ®p, Fy is indecomposable) of rank r and degree d. The finiteness
of A, 4(X) results from standard arguments based on the Harder-Narasimhan
filtration; see, e.g., Section 2.1. Observe that A, 4(X) only depends on the
residue of d modulo r as the set of geometrically indecomposable bundles is
stable under tensoring by any line bundle.

The first main result of this paper is the following:

THEOREM 1.1. For any fized genus g and any pair (r,d) € N x Z, there
erists a unique element Ay, 4 € K, such that for any smooth projective geo-
metrically connected curve X of genus g defined over a finite field, we have

-Ar,d(X) = Ag,r,d(o-X)'
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Conjecturally, 4,4, 4 belongs to Q[Tg]wg and there is no need to consider
the localization K, (see Corollary 1.5 and Conjecture 1.7). The proof of The-
orem 1.1 is effective; i.e., we can explicitly compute the polynomial Ay, 4. We
postpone giving the (rather involved) explicit formula until Section 1.4; see
Theorem 1.6. Theorem 1.1 is proved in Section 4.

1.3. Let us now assume that r and d are relatively prime. Let Higgsifd(X )
stand for the moduli space of stable Higgs bundles over X (see Section 6.2).
This is a (smooth, quasi-projective, cohomologically pure) variety defined over
F,, and we may consider its set of Fy-rational points Higgs;',(X)(Fy).

The second main result of this paper, whose proof is very much inspired
by the work of Crawley-Boevey and Van den Bergh (see [CBVdBO04)), is the
following:

THEOREM 1.2. Let (r,d) be relatively prime. There exists an (explicit)
constant C = C(r,d) such that for any smooth projective geometrically con-
nected curve X of genus g defined over Fy with char(Fy) > C, we have

|Higgss!, (X)(Fy)| = ¢+~ 4, 4(X).

The proof which we provide for the above theorem is geometric and relies
on the symplectic structure of Higgsf,fd(X ). In the companion paper [MS14]
written in collaboration with S. Mozgovoy, we give a different proof of the
above theorem based on Hall-theoretic methods which works in all character-
istics, as well as a generalization to the case of the moduli spaces of twisted (or
meromorphic) Higgs bundles. Combining Theorems 1.1 and 1.2, we see that
the number of F-rational points of Higgsf:fd(X ) is given by some explicit poly-
nomial in K. Note that the ewzistence of such a polynomial is already known
from the work of Garcia-Prada, Heinloth and Schmitt; see [GPH13, Th. 1.],
[GPHS14].

Theorems 1.1 and 1.2 have the following corollary:

COROLLARY 1.3. Let (r,d) be relatively prime.

(i) For any smooth, geometrically connected projective curve X of genus g
defined over a field Fy of characteristic p > C(r,d), we have

3 (1) dim HP (Higesy(X), Q" = 20004, (1 ¢, ).

n

(ii) Let X¢ be a compact Riemann surface of genus g. Then

3 (1) dim H? (Higes:'y(Xc), Q)t" = 216094, ot e, 1),

n

where H' denotes singular cohomology with compact support.
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The Poincaré polynomial of the moduli space of stable Higgs bundles
on a compact Riemann surface X¢ of genus g has been computed in rank 2
by Hitchin ([Hit87a, Th. 7.6]), in rank 3 by Gothen (see [Got94, Th. 1.2])
and in rank 4 by Garcia-Prada, Heinloth and Schmitt (see [GPHS14, Th. 2]).
Hausel and Rodriguez-Villegas ([HRVO0S8, Conj. 4.2.1]) derived in a conjectural
formula for the mixed Hodge polynomial of the genus g twisted character va-
riety for the group GL,. The latter being homeomorphic to Higgsffd(X@)
their formula yields, in particular, a conjectural formula for the Betti num-
bers dim H}'(Higgs;';(Xc), Q). This conjecture was extended by Mozgovoy
(cf. [Moz12, Conj. 2]) to a conjectural formula for the motive of Higgsifd(XFq),
where XF7 is now a smooth projective curve of genus g defined over Fy. Our
formula (see Theorem 1.6 below) bears a strong similarity to the formula con-
jectured by Hausel-Rodriguez-Villegas and to its extension by Mozgovoy: it
essentially differs from theirs by the presence of the rational functions H)y(z)
(although of course if the main conjectures of [HRV08] and [Moz12] are true,
then these formulas and ours compute the same numbers).

Theorems 1.1 and 1.2 have the following two other corollaries. Let u :
Higgs}'; — A be the Hitchin map (see, e.g., [Hit87a]), and let A3, denote the
zero fiber of p (the stable global nilpotent cone). It is known that Af,fd is a
projective (in general, singular) lagrangian subvariety of Higgsifd. It is never-
theless cohomologically pure, and its number of points is (by [GPH13, Th. 1],
[GPHS14]) again given by a certain polynomial in the Weil numbers of X.

COROLLARY 1.4. Letr,d be relatively prime. Let X be a smooth projective

and geometrically connected curve of genus g defined over the field k. The
following hold:

(i) (k=F,). We have

‘Ai?d<Fq)’ = Zg,r,ol(UX)7
where Agya(z1, ..., 229) = q2(1+(9*1)’"2Agyr,d(z1—1, e 2’2_91
dual of Ag,q.
(i) (k=F,,C). We have

) is the Poincaré

dim H'H 007 (A%, €) = dim H'* 0" (Higgs',, €) = A,,.4(0).

In other words, the number of irreducible components of Af,fd s equal to

Ag,r,d(o) :

COROLLARY 1.5. Let r,d be relatively prime. Then

Agv7‘7d € Im(N[i’Zlv RN} *ZZg]Wg — Rg)
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Moreover, A, q is unitary and of degree 2(1+(g—1)1?), i.e., Agra = gtte=br?
+ -+, where --- stands for terms of degree strictly less than 2(1 + (g — 1)1?)
in the variables z1, ..., 224.

It would be a consequence of Conjecture 1.7 below that Corollary 1.5 holds
without the coprimality assumption, thus yielding a global analog of Kac’s
positivity conjecture for A-polynomials of quivers. (The latter has recently
been proved in [HLRV13]. )

Theorem 1.2 and Corollaries 1.3, 1.4, and 1.5 are proved in Section 6.

1.4. Let us now give the precise expression for the polynomials A, 4.
This requires first introducing some notation.

Partitions. Let A = (A > Ao > -+ > A\ > 0) be a partition. The
Young diagram associated to A is the set of boxes with integer coordinates
(¢,7) with 1 <14 < Xj. For a box s € A\, we denote by a(s) (armlength), resp.
I(s) (leglength), the number of boxes in A lying strictly to the right of (resp.
strictly above) s. Here is an example for the partition (10,93, 6, 3%):

w|—— |~

Figure 1. Notations for partitions.

/
()

If A\, pu are partitions, then we set (A, p) = >3; A
conjugate partitions of A, .

wi, where X,y are the

Plethystic operators. Consider the space K4[[z,T]] of power series in the
variables z,T. For [ > 1, we define the [-th Adams operator 1; as the Q-algebra
map

P K[z, T = Kg[[2,T]), i al, 22 T T
Set Kgy[[z,T)]" = zKg4[|2,T]] + TKy|[[z,T]]. The plethystic exponential and
logarithm functions are inverse maps
Exp: Ky[[z, )T — 1+ K,[[z, 7], Log : 1+ K,[[z, T)|T — K,[[z, T)|*

respectively defined by

Exp(f) = exp (Z ;wkm) o Lost) = Y M os(),
k

k>1
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where 1 stands for the Mébius function. These operators satisfy the usual

properties, i.e., Exp(f + g) = Exp(f)Exp(g) and Log(fg) = Log(f) + Log(g).
We refer, e.g., to [Moz06, §2] for more on these plethystic operators. Observe

that Exp(z) = 1/(1 — 2).

Zeta function of the curve. We will need several versions of the zeta func-
tion of a curve. Recall that the zeta function is defined as

z) = ex k i :M
(x(z) = P(};|X(Fq)|k> (1-2)(1-qz)

This can be nicely expressed in terms of the plethystic exponential. Namely,
set

_ , _ [L(1 - aiz)
(1.1) ¢(z) =Exp ((1 — zi:az + q)z> -0 -qg)
Then (x(z) = ((2)(ox). We will also need the following variants of {(z) :
{(=) = 279¢(2),
(1.2) C(g7"z") if (u,v) € {(1,
¢"(q7"2") = {IL( = o7 /(1= g¢7") if (u,v) = (1,0),
i1 —ai)/(1—q) if (u,v) = (0,0)

Iterated residues. Let f(z) € K(z) be a rational function over some field
K, and let v € K. Write
f(z) = Zal(l — u_lz)l
l
for the Laurent expansion of f around z = u, and set Res,—, f(z) =a_; € K.
This notation is a little bit nonstandard as f(z) is a function rather than a dif-
ferential form. We may apply this to a function g(z,...,21) € C(zg,...,21),

viewed as an element of C(zg_1,...,21)(2x) and v € C(zg—1,...,21). In
that case, Res,, —ug(2k,...,21) € C(2k-1,...,21). Now let f(zn,...,21) €
C(zn,...,21) be a rational function in variables z,, ..., z1, and let (ug,...,uy,)

€ C" ! be arbitrary complex numbers. We define the iterated residue of f
along the collection of hyperplanes

Zn Zn—1 22
= Unp, = Up—1, ey, T = U2
Zn—1 Zn—2 21
as follows:
RGSZZ"lzun,...,ZTQ:qu(Z”’ coy21) = Resyympup 0 oRes, —o i f(zny vy 21).
—

The result is an element of C(z1). The result in general depends on the order
in which the residues are taken. We will write Res,—, f(2)dz for the (usual)
residue of the differential form f(z)dz at z = w.
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We are now ready to introduce the ingredients entering in the explicit
computation of A, 4. Let A = (171272 ...¢") be a partition. Let us set

Bz = [ Gela™ 71020,
SEA

Next, write n = [(A) = >, 7, and

J
r<i= Z% r>i = Zrk, Tlij] = Zf’k,
k=i

k<i k>i

and consider the multi-variable rational function

= )

B Hi<j Z(%) ceG, i<j zj . Hi<n (1 —q 2

L(Zn,...,Zl)

Denote by Resy the operator of successively taking the iterated residue along

Zn -1 An-—1 -1 R24r<t -1
= ) =q -, Tty =q -,
Zn—1 Zn—2 Z14r<y
Zri Zri—1 ] Z2 4
- ) - ) ) - .
Zry—1 Rr1—2 21
The result of such an operation is a function of z14,_,,...,2147_;,...,21. Put
Hy(Z14rgs - Zl4regs -1 21) = ResyL(zp, ..., 21)

and finally
Hy(z) = }NI,\(th_T“, Lo 2T 2).

Note that if ; = 0 for some ¢, then the function H  is independent of its i-th
argument.

THEOREM 1.6. Define rational functions Ay, (2) € Kq4(z) by the relation
(1.3) > Agr(2)T" = (¢ —1)Log (Z q<9—1><M>JA(z>HA<z>T'A) :
r>1 A
Then for any d € Z, we have
- dz
Ag,r,d = - Z § dReSz:E (Ag,r(z);) )
EEH«T

where p, stands for the set of r-th roots of unity.
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Ezamples. We list below the polynomials A, 4 for r < 2:

2g

Agra=[](1 - a),

=1

2
X | (1 — qoy) L1+ ai)
Agoa=T]01—a)- <(q —1)(2—1) 4(1+9)

+Hi(1_ai)[1_ I 1 D

20¢—1) |2 ¢-1 ~1l-a

CONJECTURE 1.7. The polynomial Ay, q does not depend on d.

i=1

In view of Theorem 1.6, this conjecture may be recast in purely combina-
torial terms as follows:

CONJECTURE 1.8. The rational function Ay, (2) is reqgular at nontrivial
r-th roots of unity.

It follows from the proof of Theorem 1.6 that Ay, (z) is regular outside
of . and has at most simple poles. Thus the above conjecture says that
(1 —2)A4,(2) belongs to Kg[z], in which case we would simply have

Agra=[(1=2)Ag,(2)],o, Vd.

Conjecture 1.7 is, by Theorems 1.2 and 1.6, essentially equivalent to a
conjecture by Hausel and Thaddeus (see [Hau05, Conj. 3.2]) claiming that
the motive of Higgsffd is independent of d. As supporting evidence, we prove
Conjecture 1.7 by direct computation when r is prime; see Appendix C.

The constant term of A, ;. 4 can be described by a generating series formula
similar to (1.3):

COROLLARY 1.9. The values of Ay ,q(0) are computed from the following
generating series. Set

L) YA ()T — Log (zZ<g—l><A’A>—l<A>KA<Z>TIA) |
r A

where for A = (1",272 . ..), we have set

1

K@= [y (1—279)

Then
—d 0 dZ
Ayraf0) = 3 € Rese (49,()F).

z
§Eur
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Examples. We list below the values A, 4(0) for r < 4:
Ag1,a(0) =1, Ag2.4(0) = (?) ) Agzqa=4 <‘g> + (?) ,

g g g
() 120(2)  (2).

It is easy to see that for any r > 1, Ay, 4(0) is a polynomial in g of degree
r— 1.

Remarks. (i) Just like Ag,(2), the rational function AJ, (z) has at most
simple poles at r-th roots of unity and is conjectured to be regular outside of
z=1.

(ii) Let Xy be the quiver with one vertex and g loops, and let Ay, , €
N[g] be Kac’s A-polynomial counting geometrically indecomposable represen-
tation of ¥, over F; of dimension r (see [Kac82]). It is conjectured that
Agrd(0) = Ag, (1) — this, for instance, would follow from the main con-
jecture in [HRVO08]. However, just as our formula (1.3) slightly differs from
that conjectured in [HRVO8], so does (1.4) slightly differ from Hua’s formula
computing Ay, ,(1); see [Hua00, Th. 4.9]. (In the latter case, the difference is
only in the extra term —I(\) in (1.4) !)

Theorem 1.6 is proved in Section 5, as is Corollary 1.9.

1.5. In Sections 7 and 8, we point towards two types of possible exten-
sions of the above results: counting indecomposable vector bundles equipped
with quasi-parabolic structures along some (fixed) divisor D of X, and count-
ing indecomposables with a prescribed Harder-Narasimhan polygon. We also
propose an analog, in our context, of the famous conjecture of Kac (proved
by Hausel — see [Haul0]) relating the constant terms of the Kac polynomials
associated to a quiver ) with no edge loop to the dimensions of the root spaces
of the corresponding Kac-Moody algebra.

2. Stacks of pairs and the Harder-Narasimhan truncation

2.1.  We fix a smooth projective curve X over a finite field F; asin 1.1. In
this section we reduce the problem of counting geometrically indecomposable
coherent sheaves on X to the computation of the volume of certain stacks, the
truncated stacks of pairs. The truncation is defined in terms of the Harder-
Narasimhan filtration. Let us first recall some standard notation. Denote by
Coh(X) the category of coherent sheaves on X. By the class of a sheaf F we
will mean the pair

[F] = (rank(F),deg(F)) € (Z*)" ={(r,d) eNxZ|d > 0if r = 0}.
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If « = (r,d), then we put rk(a)) = r,deg(a) = d. Let Ky(Coh(X)) stand for the
Grothendieck group of the category Coh(X), and let (, ) : Ko(X) ®z Ko(X)
— Z be the Euler form, defined by (F,G) = dim Hom(F,G) —dim Ext'(F,G).
The form (F,G) only depends on the classes [F], [G] and is given by

((r,d), (r',d)) = (1 —g)rr’ + (rd’ —1'd).

We let (, ) stand for the symetrized Euler form, i.e., (o, ) = («, 8) + (8, a),
so that
((r,d), (', d")) =2(1 — g)rr'.

For « € (Z?)T, we denote by Coh,,(X) the subcategory of coherent sheaves
of class a. We consider the standard slope function u(F) = deg(F)/rank(F),
and for any v € QU {oo}, we denote by Coh)(X) the (abelian) subcategory
of Coh(X) consisting of semistable sheaves of slope v. From now on, unless
there is some risk of confusion, we will drop the symbol X from the notation.

More generally, given a collection oy = (ry,d1),...,ar = (r,d;) of el-
ements of (Z2)T satisfying p(oq) > --- > p(ay), we denote by Coh(@12t)
the full subcategory of Cohy,+...4q, consisting of objects F with a Harder-
Narasimhan filtration F; C --- C F; = F satisfying [F;/F;—1] = «a; for all 1.
The Harder-Narasimhan filtration is stable under field extensions; see [HL10,
Th. 1.3.7]. Observe that the number of isomorphism classes of coherent sheaves
in Coh(®++) s finite, since the number of semistable sheaves of any given
class is finite, and dim Ext!'(#,G) < oo for any (H,G).

Let CohZ” be the subcategory of sheaves F whose Harder-Narasimhan
filtration

FLCFC---CF=F
satisfies
w(F1) > p(Fa/Fr) > - > u(F/F1) 2 v,

i.e., sheaves F for which pipin(F) > v. We will write Cohgy for the full
subcategory of Coh=” consisting of objects belonging to Coh,. The categories
Coh=" are defined in a similar fashion, using the condition fimax(F) < v. We
will mostly be interested in the category Coh=". A sheaf belongs to Coh=? if
and only if it belongs to some Coh(®1%) with p(aq) > -+ > p(ay) > 0. For
any given «, let us put

D(a) ={(a1,...,q) |a= Zai, p(ag) > -+ > u(ag) > 0},

The set D(«) is finite; therefore for any given «, the number of isomorphism
classes of coherent sheaves in Coh=? of class « is finite.

The full subcategory Coh=" is stable under quotients and extensions. In
particular, an object of CohZ? is isomorphic to a direct sum of indecomposable
objects, all of which belong to Coh=". The category Coh=" is also preserved

in a natural sense by extension of the base field. The relevance of Coh=°
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to our problem of computing the number of indecomposables stems from the
following observation. Let us denote by A="(X) the number of geometrically
indecomposable coherent sheaves in Coh=" of class a.

PROPOSITION 2.1. Assume that d > (g — 1)r(r — 1). Then any indecom-
posable vector bundle of rank r and degree d lies in Coh=°, i.e.,

Arz,g(X) - Ar,d(X)'
Proof. Let F be any coherent sheaf of rank r and degree d, and let us

denote by a1 = (r1,d1),..., 4 = (ry,d;) its Harder-Narasimhan type, that is,
F € Coh(@-at), By Serre duality, any sequence

0 A B C 0

with A € Coh™", C € Coh™" and v —1/ > 2g—2 splits since then Ext'(C, A) =
Hom(A,C ® Qx) = 0. In particular, if pu(a;) — p(oiy1) > 2g — 2 for some 1,
then F is decomposable. The proposition follows. O

2.2.  Let us denote by End™!(F) € End(F) the set of nilpotent endomor-
phisms of a coherent sheaf 7. We consider the stacks

Nil, = ((F,0) | F € Coh,, 0 € End"!(F))

where an isomorphism j : (F,0) = (G, ¢) is an isomorphism j : F = G such
that jO = ¢j.
The stack Nil,, is of infinite volume as soon as rk(«) > 0, i.e., the sum
5 1 B 5 |End™!(F)|
[Aut((F,0))] | Aut(F)]

(F,0)€Obj(Nily)/~ FEObj(Cohy)/~

diverges. However, the full substack
Nilz® = ((F,0) € Nil, | F € Cohz%)

is of finite volume

. [End"(F)|
VOl(NllgO) = Z m < 0
FeO0bj(Cohz®)/~

because there are only finitely many sheaves in Cohg0 up to isomorphism.
Observe that NilZ° is empty if deg(a) < 0.

The relation between the stack NilgO and the problem of counting inde-
composable coherent sheaves is described by Propositions 2.1 and 2.2 below.

PROPOSITION 2.2. The following relation holds in the ring Q[[z(19), z(0:D]]:

>0
Zvol (Nil2%)2% = exp (Z Z AX@F)Z“) i

>1 ' a ¢ -1
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Proof. We begin by collecting a few standard results on indecomposable
coherent sheaves (see, e.g., [Ati56, Th. 2, Lemmata 6,7]).

LEMMA 2.3. The following statements hold:

(i) Coh(X) is a Krull-Schmidt category; i.e., every coherent sheaf M is iso-
morphic to a direct sum

M= M®™ g ... M®",

where the M; are distinct indecomposables. The (M;,n;) are uniquely
determined up to permutation.
(ii) Let M be indecomposable. Then kj; := End(M)/rad(End(M)) is a field.
(i) Let M, M’ be distinct indecomposables. Then any composed map M —
M’ — M lies in rad(End(M)).

LEMMA 2.4. Let My,..., M be distinct indecomposables and n1,...,ns
€N. Put M = @; M"™. Then

(2.1)  rad(End(M)) = @ Hom(M™, M;™) @ @rad End(M;))®".
i#]
Proof. Let U denote the right-hand side of (2.1). It follows from Lemma
2.3(ii) that U is a nilpotent ideal in End(M) and End(M)/U ~ []; gl(ni, kar,)
is a semisimple algebra. (]

COROLLARY 2.5. Let M be as in Lemma 2.4. Then we have

\End ml( ‘kM |nZ n;—1)

2.2 _
(22) [Aut(M H \GL (s, kar )|

Proof. Put A=End(M), and denote by p : A — A/rad(A) ~T]; gl(ni, kar,)
the natural projection. Then End™(M) = p~(I]; ni’le_), where N, C
gl(n, k) denotes the nilpotent cone. Similarly, Aut(M) = p~1([T; GL(n4, kar,)).
The result now follows from Lemma 2.4 and the well-known formula [N, ;| =
|k["(=1) (see [FH58, Th. 1]). O

We now start the proof of Proposition 2.2. We first introduce some useful
notation. Let IndZ? stand for the set of isomorphism classes of indecom-

h=%. We choose a representative M, in each class ¢ and set

posables in Co
I, = [kun, : Fy]. We have an obvious partition Ind=? = | |, ITnd=° according to
the class a € (Z*)*. Note that Ind=? is empty if o ¢ N2. By Lemma 2.3(i)

the set of isoclasses of objects in Coh=Y is

Obj(Coh=0) /~ = { @ M®™ | n, = 0 for almost all L}.

1€Ind=2°
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Let © ={(n,) € NInd=" | n, = 0 for almost all t}. Then, by Corollary 2.5,

Endnil(M)’
vol(NilZ%)2* = [End™ (M)| 1a
20; MGObj(zC(:)h>0)/N |Aut(M)|
g
= Z {H i l zZL”L[ML}}
o5ee L (=g7lm) - (1—g7t)
_an
- H < Z -1 nq =3 zn[ML]> .
1€lnd=? nzo(l_q M) (1 —gh)

Note that the infinite product converges in the ring Q[[z(%1), 2(10)]] because
any element in N2 may be written in only finitely many different ways as a
sum Y, n,[M,]. (Recall that each IndZ? is of finite cardinality.)

Applying Heine’s formula

n

Z(l—vnﬁ--(l—v):“p(Zulu—lw)

n>0 >1

we get

M)
> vol(Nil7?)z* = exp (Z Z @ —1 )

>1 LEInd>0

To prove Proposition 2.2 it only remains to show the next lemma:

LEMMA 2.6. The following relation holds:

z[L A>0X®F
(239 DD DEE R o o AN

l>1LEInd>O I>1 «a g = 1)

«

Proof. Let us denote by Indf(l) the set of elements ¢ € Ind=° satisfying

I, =1 If. € Indg?, then M, ® F, splits as a direct sum of [ geometrically
indecomposable coherent sheaves Ni,...,N; by Lemma 2.4.

The group G := Gal(F,/F,) acts naturally on the set of isoclasses of inde-
composable coherent sheaves on X = X ® F,, of class «, preserving the subset
of sheaves in Coh=". We denote by (o, L) ~ L this action. For ¢ € G and
M, M’ € Coh(X), we write M ~, M’ if there exists a o-semilinear isomor-
phism M = M’. Let us fix an indecomposable coherent sheaf N € Coh(X)
and define an equivalence relation on G as follows: ¢ ~ 7 if N7 ~___1 N°.
The equivalence class Hy containing 1 is a subgroup of G, and the other
classes are the (right or left) Hy-translates. Because N is coherent, the coset
G/Hy is finite, and we will call Galois orbit (of N) a collection of sheaves
{N° ...,N°} with o1,...,0, a set of representatives of G/Hy. This con-
struction yields a partition of the set of isomorphism classes of indecomposable
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coherent sheaves in Coh=’(X) into Galois orbits. Let &, 4 stand for the set of
Galois orbits of size d. We claim that

(2.4) |fa dl = |Inddad

and

(2.5) AP (X @Fu) =D dléal
djl

Indeed, let { N1, ..., Ng} be a Galois orbit in &, 4, and set M = @; N; . For any
o € G, there is a o-semilinear isomorphism f, : M = M?. The automorphism
group Aut(M) is a connected algebraic group defined over F, (it is an open
subset of the F -vector space End(M)) which is solvable becaube M is a direct
sum of nonisomorphic indecomposable coherent sheaves (see Lemma 2.3(ii)).
By Steinberg’s and Grothendieck’s theorems (see [Ser94, I11.2.4, Cor. 3] and
[Spr66, Th. 3.5]), the Galois cohomology groups H'(G,Aut(M)) are trivial
(resp. neutral) for ¢ = 1,2. It follows that there exists a unique (up to iso-
morphism) effective descent data (f, : M = M?),cq and thus a unique (up
to isomorphism) object My € Coh(X) such that M ~ My ® F,. The sheaf
My is indecomposable, as M does not contain any proper submodule M’ Cc M
satisfying M’ ~, M'? for all 0 € G. Therefore M, € Indiﬂ 4- The map

faa = Indg) . {N1,...,Ng} > My

thus constructed is a bijection, and (2.4) follows. This also implies that Indf%
is empty unless d divides a. 7

For similar reasons, there is a bijection between isomorphism classes of
geometrically indecomposable coherent sheaves of class o over X @ F i and
isomorphism classes of indecomposable coherent sheaves of class a over X
satisfying M ~, M7 for all o € Gal(F,/F ). Equation (2.5) follows. Using
(2.4) and (2.5 ), we compute

]Ind \Ind o, N
> Y qamn e X ga = ENY ae
l>1L€Ind>0 >1 8 d\ﬁ SRSk

[a, | dlﬁa |
—ZZZZ S D DD BB T
>1 a d>1 U>1 o d|l'
A>0 X ®F o)

l,z>: za: ) Zl’a

as wanted. Lemma 2.6 and Proposition 2.2 are proved. O
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Remark. In view of the definition of the plethystic exponential, Proposi-
tion 2.2 may heuristically be interpreted as the equality

%:vol(NﬂgO)za = Exp <Z Wﬁ) .

a a—1

Of course, this only makes sense a posteriori, once we know that A=%(X) is a
polynomial in the Weil numbers of X.

3. Jordan stratification

3.1. By Propositions 2.1 and 2.2, computing A, (X) (for all @ and for all
base field extensions of X) amounts to computing the volumes of the stacks
Nil=°. We will achieve this by first stratifying Nil,, according to Jordan types.
The computation of the volume of each piece will be carried out in Section 5
Let (F,0) € Nil,, and let s be such that #° = 0,65~ # 0. There are two
natural filtrations

Ker(f) C Ker(#?) C --- C Ker(6°) = F,
Im(6°~1) Cc Tm(0°2) C --- C Im(8°) = F
and a sequence of epimorphisms induced by 6
(3.1) F/Im(8) — Tm(8) /Tm(62) — 2 ... 225 Tm(ps-1).

We define the Jordan type of the pair (F, ) as follows:
J(F,0) = (a1,...,q8),
where a; = [Ker(d;)]. Note that we have
Mm(6"Y)] — Im(0%)] = a; + i1 + - - - + as, (i=1,...,s),
(3:2) Z 0y = Q

and that some of the «; may be zero, but oy # 0.

The Jordan type of a pair (F, ) contains more information than the Jor-
dan type (in the usual sense) of 6 over the generic point of X, as it also keeps
track of the degrees of the kernels of powers of . We put

JEN(F,0) = (rk(aq), ..., rk(ay)),

where ¢t is the largest index for which rk(ay) # 0.

It may be helpful to visualize the pair (F,#) as a Young diagram. For
instance, when 62 = 0 we view F as shown in Figure 2, in which # maps every
box onto the box lying below it. Every region R which is saturated in the south
and west directions corresponds to a canonical f-stable subsheaf Fr of F.

For instance, in Figure 2, the subsheaf Ker(6) + (Ker(6?) N Im(6)) corre-
sponds to the region shown in Figure 3.
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ag

ag | a2

a3 | az| aq

Figure 2. Jordan type of a nilpotent endomorphism.

a3

a3 | Q9| 1

Figure 3. A canonical subsheaf.

For a = (ai,...,®,), we denote by Nil, the stack consisting of pairs
(F,0) with J(F,6) = a. Hence we have a stratification

Nil, = | | Nily,
lo|=or
where we have set |a] = Y; iq;.

We introduce several more stacks: Cohg denotes the stack of coherent
sheaves on X of class f; Coh%0 is the full substack of Cohg consisting of
coherent sheaves which belong to Coh=?; for B = (B1,---,Bs), we denote by
Cohé the stack whose objects are pairs (H, He), where H is a coherent sheaf
on X of class 81 + - - - + 85 and where H, is a filtration

HiCHoC---CHs=H

satisfying [H;] = f1+ -+ + B; for i = 1,...,s; finally, we let aﬂgostand for
the full substack of EBTlé consisting of pairs (H,H.) with H € Coh0.

3.2. There is a natural functor

7a : Nil, — Cohyg, x -+ x Cohy,
sending a pair (F,0) to the tuple (Fq,...,Fs) where
Fi = Ker(d;), 1=1,...,s,

with (dy,...,ds) being defined as in (3.1).

The functor 7, factors as the composition m, = 71'& o ﬂ/g of the two functors

7y Nily — Coh,, and Ty - Coh, — Cohy,, x - - x Coh,, respectively defined
by
Ty (F,0) = (1, Ha),

HZ.F/IIH(G), 7‘[]_ :Ker(dl), HQ :Ker(dZOdl)a---
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and
W;(H,H.) = (H1,H2/H1, cee ,/H/’Hsfl).

Recall that ( , ), resp. (', ), stands for the Euler form, resp. symetrized
Euler form (see Section 2.1). If ¢ : A — B is a functor between groupoids
and B’ C B is a full sub-groupoid, then ¢~!(B’) is by definition the full sub-
groupoid of A whose objects satisfy the following condition: ¢(A) ~ B for
some B € B’. This next proposition is crucial for us.

PROPOSITION 3.1. The following hold:
(i) for any (F1,...,Fs) € Cohy, X -+ x Coh,,, we have

vol (g (Fu, ..., Fo)) = ¢,

where
d(a) = —{Z(z — (o, o) + Zi(ai,aj)};
i i<j
(ii) for any (Fi,...,Fs) € Cohy, X -+ x Coh,,, we have
vol () "M (F1, ..., Fa)) = ¢ @),

where
d"() = = (aj, 04);
1<j
(iii) for any (H,H.) € /C—';’/lg, we have
vol ()~ (H, H*)) = ¢,
where d'(a) = d(a) — d"(a);

(iv) we have
()" (Coh, ") = Nilz".

Proof. The proofs of statements (i)—(iii) are completely analogous to
[GPHS14, Prop. 3.1, Cor. 3.2]. The fiber of m, over (Fi,...,Fs) classifies
successive extensions between the sheaves JF;, hence it is isomorphic to a suit-
able iteration of stack bundles of the form RHom(F;, F;). (Recall that Coh(X)
is of global dimension one so the complex RHom(F;, F;) may only have coho-
mology in degrees 0 and 1.) One finds that the stack bundle RHom(F;, F;)
occurs exactly j times if j < 4, ¢ — 1 times if j = ¢ and 4 times if j > 4. The
stack bundle RHom(F;, F;) being of dimension («;, j), one obtains the given
expression for the dimension d(a) of 7,1 (F,...,Fs). Statements (ii) and (iii)
are proved in the same way. We refer to [MS14, Prop. 5.1], where a more
detailed argument is given.

We turn to (iv). Given (F,) € Nily, we have to show that F € Coh="
if and only if F/Im(#) € Coh=". As Coh=" is closed under quotients, F €
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Coh=" = F/Im(f) € Coh=. To get the reverse implication, recall the se-
quence of surjective morphisms F/Im(#) — Im()/Im(6?) — --- — Im(#°1).
Hence if F/Im(0) € Coh=’, then so do Im(#?)/ITm(#**!) for i = 1,...,s — 1.
But as Coh=? is also stable under extensions, this implies that F € Coh=°.
Proposition 3.1 is proved. O

COROLLARY 3.2. We have

) —>0
vol(NilZ") = ¢ @vol(Cohy, ).
4. Hall algebras of curves

4.1. As we will show in Section 5, the volume of ESHfO may be com-
puted using some standard techniques in the theory of automorphic functions
over function fields for the groups GL(n). We will use the language of Hall
algebras, which seems the most convenient here and which we briefly recall in
this section. We refer, e.g., to [Kap97], [KSV12] or [Sch12, Lect. 4] for details.
This will also yield a proof of Theorem 1.1.

For any v € (Z*)T, we set Z, = Obj(Coh,)/ ~, and we let H, =
Fun(Z,,C) be the C-vector space of all functions Z, — C. There is a nat-
ural convolution diagram

P 5
Coh,, x Coh,, <— Coh,, ;,, — Coh,, {,,

where p(H,H1 C H) = (H/H1,H1) and s(H,H1 C H) = H. This induces

maps

Mg+ Hoyy @ Hoyy = oy

fogrm g2 p*(f R g)
and
Ayt Hoypye = Fun(Zy, x Z,,, €)

Y2m
B q%m’”’l)p*s*(h).

The exponent (v2,71) of ¢'/? occurring in these definitions is (up to a sign)
the dimension of the smooth fibration p; it is an analogue of a cohomological
Tate shift.

Note that Fun(Z,, x Z,,, C) is a natural completion of H, ® H,,. We will
denote this completion by H.,&H.,. Taking the direct sum over all y yields an
algebra and a (topological) coalgebra structure on H' = @, H,. As defined,
this is not a bi-algebra in a strict sense (i.e., A’ is not a morphism of algebras).
Let K = @,cz2 Ck, be the group algebra of 72. The (extended) Hall algebra
of X is the semidirect tensor product H = H’' ® K with respect to the action

Kyfk_y=qz0%f  for f € H,.
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It is equipped with a comultiplication satisfying
Alk,) =k, ®k,,

Af)= > AL (f) (ky,®1)  for f €H,.
Y1+v2=Y

By a general theorem of Green (see [Gre95, Th. 1]), H is a (topological) bi-
algebra. We will occasionally write A, s for the component of A of rank (7, s)
(hence letting the degrees vary). Observe that kg ;) is central. When it bears
no consequence, it is sometimes convenient to omit the degree in the notation
(for instance, writing simply ki for k; 4). We hope that that the reader will
not find this slight abuse of notation too confusing.

Let H™ C H be the subalgebra of H consisting of functions with finite
support. The algebra #" is equipped with a nondegenerate symmetric pairing
defined by
5]—' g

1
k, | ks :qi('y"s), 1|1

which satisfies the Hopf property
(ab|ec)=(a®b|A(c))  Ya,bceH™

4.2. We will use the following notation: for v € (Z?)*, we denote by
Ly, 3%, 150 the characteristic functions of Coh, of the substack Bun,, of Coh,

parametrizing vector bundles and of Coh?0 respectively. Thus,
(14 | 1) = vol(Coh,), (137 |17*°) = vol(Bun,), (150 | 150) = VOl(COh;O).

Moreover, it is easy to see from the definitions that if v = (r,d) with » > 1,
then

’y_zq llveCOllol

1>0
Unraveling the definitions we have that for any a = (g, ..., ay),
— >0 0
(4.1) vol <Coh; ) — g2 Lo (Tog Ty | 12@ ).

THEOREM 4.1. We have
(i) if v = (r,d) with r > 0, then

q<g 1(2-1)

(157 | 15%%) = |Pic®(X)[¢x(a7%) -+ Cx(a7);

(i) > (1o | 1o4)s' = Exp (P; ) HC s);

>0
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(iii) of v = (r,d) with r > 0, then

oo

) 0 .
(Iy [ 1) = q—1 ’PiCO(XN HCX(qiz)-
i=2

Proof. The first statement is known as the Siegel formula; see [HN75,
Prop. 2.3.4] and also [BD07, §6] for a motivic analog. The second statement is
also known, but we indicate a proof in the appendix as we have not been able
to locate a precise reference. The last statement is an easy consequence of (i)
and (ii) together with the fact that

vol(Coh,) = Z q*’"lvol(Bun,y,(o’l))vol(CohOJ),
1>0

this last equality coming from the stratification of Coh, according to the length
of the torsion part. We note that the cohomology (together with the action of
the Frobenius) of the moduli stacks Coh, have been determined for all v by J.
Heinloth (see [Heil2, Th. 1]); the above formulas (ii) and (iii) may alternatively
be deduced from loc. cit. using Behrend’s trace formula. O

For any r > 0, we set
vol, = vol(Bun, 4(X)).
This is independent of d, given explicitly in Theorem 4.1(i).

4.3.  Our computation uses some well-known properties of Eisenstein se-
ries, which we recall in this paragraph. Several statements concern infinite

series in several variables. If f(z1,...,25) € Q(z1,...,2s) is a rational func-
tion, then by its expansion in the region z1 > 29 > --- > 2z, we mean its
expansion in the Laurent series ring

<2 Zs
4.2 zil,...,zﬂ@ — ., .
( ) Q[ 1 s ] Q[zl,...,zs](@ 2 2o 1

For any r > 0, let us consider the series
E.(2) = Z 1T,dzd, EY*(z) = Z 1;’f’jzd,
deZ deZ
which both belong to [Jgez(Hra[251]). The unicity of the torsion part of a
coherent sheaf implies

(4.3) E,(2) = E¥°°(2)Eo(q"2"2).

Note also that Ey(2) = 1+ 3450 10,42 is an invertible series. We consider the
Eisenstein series

Erg i (zsy.0s21) = Ep(25) - Ery(21) € H (Hr,d[[zéﬂa RN le:l“)a
deZ
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where r = Y7;r;, and we define E)¢ | (2s,...,21) likewise. It was shown by
Harder (see [Har74, Th. 1.6.6]) that for any coherent sheaf F of rank r, the
value of EY® | (2s,...,21) on F is the expansion in the region 21 > 2z >
- > z4 of a rational function. The fact that this coefficient belongs to the
space (4.2) is a consequence of the Harder-Narasimhan reduction theory: the
slope of possible subsheaves of a given sheaf F is bounded above, and the
number of subsheaves of a given class is finite. Whenever there is no risk of
confusion, we will abbreviate E, _ , (zs,...,21) by E;(2).
We summarize the properties of the Eisenstein series which we will use in
the following theorem.

THEOREM 4.2 (Harder). The following hold:

(i) Eo(2)Eo(w) = Eo(w)Eo(2);
(ii) for any r > 1, we have

Bo(2) BY* (w (Hc( 5 )) EY*(w) Bo(2),

where the rational function []; Cx (qiEH%) is expanded in the region
w >z,
(iii) for any r > 0, we have

= 3 ¢VE(g22) ® Bylg 2 2),
s+t=r

N(E(2) = Y ¢z VB (g2 2)Ey(q 2
s+t=r

7 2)Ey g7 2) @ By (g3 2);

(iv) forr > 1, we have

E;/eC(q%(l_r)zl) frd C . ReS _zp  __Rr—1 1

Zr—1 zp—2

L (BY(zr) - EY*(21))

I g

where
C= qfi(gfl)r(Tfl)voll_Tvolr.

Proof. The first statement simply expresses the commutativity of Hecke
operators, while the second expresses the fact that the constant functions are
Hecke eigenfunctions; see, e.g., [SV11, Th. 6.3] for a proof in the language of
Hall algebras. (The proof is given there when gy = 1, but the same proof
works for an arbitrary curve.) The first statement (iii) is the formula for
the constant term of the constant function; see, e.g., [SV11, Prop. 6.2]. The
second statement of (iii) is a consequence of the first and the factorization (4.3).
Finally, (iv) is the formula expressing the constant function on Bungy,,)(X) as
an iterated residue of an Eisenstein series; see [Har74, Th. 2.2.3] and Section 1.4
for our conventions concerning iterated residues. O
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COROLLARY 4.3. For any tuple (r1,...,7rs) and any coherent sheaf F of
rank ri+-- -+ s, the coefficient E, . (2s,...,21)(F) is the expansion in the
region z1 > -+ > zg of a rational function.

Proof. Indeed, this follows from the analogous statement for the series
EYe¢ . (2s,...,21) using the factorization (4.3) and the Hecke relations (i) and
(ii) in Theorem 4.2. Observe that the coefficient of any torsion sheaf 7 in a

rank zero Eisenstein series Ey _ o(ws, ..., w;) is a polynomial in wy, ..., ws. O

4.4. We will need some appropriate truncations of the series E,(z) and
EY(z). Put

>0 vec,>0 __ <0 __
1rd 1Cohrzg’ 1r,d - 1BunT22’ 17‘,d - 1Buni27

where Bun=) +~a is the full subgroupoid of Bun, 4 whose objects are vector bun-
dles belonging to Coh<. We also set

E>0 Z 1>0 d7 Evec >0 Z 1vec ,2>0 d E<0( ) Z 1r<[(i)zd
deZ deZ d€eZ

The unicity of the Harder-Narasimhan filtration yields the following relations:

1 Lo >0, _1
= > @UMES (g22) % (g 202),
ss—i_tl;OT

1

(44) EVGC Z q% g— 1)stE<0( )Evec >0(q7§‘92>,

s+t=
s,tZO

1
EZ0(2) = BI=20(2)Bo(q 72).

4.5. Let HPP ¢ Hi" be the subalgebra generated by K and the char-
acteristic functions 17% and 1g 4 of the connected components of Pic(X) and
Cohy(X), the stack of torsion sheaves on X. This subalgebra is studied in
[SV12] and [Schll]. In particular, it is shown in [Sch1l, Thm 3.1] that the
oy Of any HN strata Coh(®®) belongs to
H*PP. One nice feature of H*P! is that it possesses an integral (or generic)
form in the following sense. Let us fix a genus g > 0, put Ry = Q[T,]"s and
recall that K, is the localization of R, at the set {¢' —1 | I > 1}, where by
definition ¢(o1,...,094) = 02i—109; for any 1 < i < g. (see Section 1.1). For
any choice of smooth projective curve X of genus g, there is a natural map
K, —=C,f— flox).

THEOREM 4.4 ([SV12], [Sch11]). There exists an R,-Hopf algebra gH*P"
equipped with a Hopf pairing

,,,,,

characteristic function 14} (o

(): pHP @ pHP — K,
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generated by elements rloy, Rl‘l’f’j,lz 1,d€Z, containing elements rlconets ot

for any HN strata Coh(@1-2t) gnd having the following property: for any
smooth connected projective curve X of genus g defined over a finite field F,
there exists a specialisation morphism of Hopf algebras

Uy gHPP ®g, C— Hi?h

such that

for any HN strata Coh(atat)

Proof. The existence of gH*P" is shown in [SV12, 1.11]. The existence of
the elements gl ) (ay.....a) 18 proved in exactly the same fashion as in [Schll,
Th. 3.1]. O

COROLLARY 4.5. For any tuple a = (a1, ..., as), there exists an element
Bg%g € K, such that

vol (6575%()) = BZ(0x)
for any X.
Proof. By (4.1) and Theorem 4.4 it is enough to show that the pairing
(4.5) (Lo Loy [155,)

may be expressed as a pairing between certain explicit polynomials in elements
Lon(Brem) - On the one hand, we have

=0
12 o - Z 1Coh(é)7
B

where  ranges among the (finite) set of all HN types (8i,..., ;) such that
Y Bi = and pu(B1) > 0. On the other hand, we have

(4.6) Loyl = D) L PCRRERRRRR VORREIY

B,
where the sum ranges over all tuples (@8, ey él) of HN types of respective
class ag,...,a1. Write

B,=",...80),  (<i<s).

We claim that the pairing (1coh<ﬁs> e lgen | 1%?0%) may be nonzero only
when

(4.7) ,u(ozs—i--~+om'+1+ﬁ£l)+~-+ﬁlz))20

for all possible choices of i and I. Indeed, if (4.7) does not hold, then there ex-

ists a coherent sheaf F € Coh=" satisfying (1Coh<§s) RSN | F) # 0 having
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some quotient of negative slope. Observe that condition (4.7) reduces the num-
ber of summands in (4.6) contributing to (4.5) to a finite set. We are done. [J

From the above corollary one deduces that for any a € (Z?)*, there exist
an element ng € K, such that

vol<N11§°(X)> =C70(ox)

for any X. Therefore using Proposition 2.2 we obtain the relation
.A>O X ® F
(4.8) Sy A R (Z 053”) '

l>1 a
This implies that for any «, there exists an element A;g € K, such that
AZ0(X) = AZ)(ox) for any X. Indeed, this follows immediately from (4.8)
for o = (r,d) Wlth r and d relatively prime and from there by an easy induction

on ged(r, d) for an arbitrary pair . Using Proposition 2.1 we therefore have

COROLLARY 4.6. For any g and any «, there exists an element Ay, € K
such that Ao (X) = Ay a(ox) for any smooth projective curve X of genus g.

4.6. To finish the proof of Theorem 1.1 it remains to prove the unicity
of A;g. For this, let us fix a prime number /, an embedding ¢ : Q; — C and
consider the collection & of all smooth projective geometrically connected
curves X of genus g defined over some finite field F, with [ not dividing q.
Setting

W={ox | X € X,} CTy/W,,
we see that the unicity statement of Theorem 1.1 boils down to the following
fact, whose proof is given in the appendix:

PROPOSITION 4.7. The set W is Zariski dense in T,/W,.

5. Volume of the stack of pairs

5.1. The aim of this section is to perform the computation of the pairing

(1%... o | 12%)

——>0
(and hence of the volume of Coh,, ) and to prove Theorem 1.6. To this aim,
let us introduce the following generating series:

GZ? o (Zsy oy 2 w) = (Ers,...,rl (zsy. -y 21) Ego(w)> ,
where n = ", ;. Note that we allow some of the 7; to be zero. By Corollary 4.5,

G,?S? ﬁ(zs,...,zl, )belongstothevectorspaceCH = 1,2 ;""’zl 21, W H

In addition, for any I > 0, the coefficient of w' is the expansion in the region

z1 > --- > z of some rational function in z1,...,2s. Indeed, there are only
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finitely many sheaves G in Cohi? up to isomorphism, and by Harder’s theorem,
E,(z)(G) is the expansion of a rational function (see Corollary 4.3).

ProrosiTiON 5.1. For any rs,...,r1, we have
>0 . _ . >0 .
GT_s ----- T1 (ZS’ EERRIY w) - XTl,mﬂ"s(ZSa cees 21 w) : }/;’57"'77'1 (ZT> cee RL w),
where

Yzonyrl(zs, L2 Ww) = (Evec r (Zsy ooy 21) ’ Ego(w))

Tsy. Tsyenry

and
Xigrrr (25505 2150)
= Exp 7|X(Fq)| [Z q_%(”‘*‘”)ziw + Z ﬁ@% — q_rzj)q_rzi-l .
q—1 [ i i “I J
Proof. Let us abbreviate r = (rs,...7r1) and z = (zs,...,21). From the

third relation in (4.4) and using (twice) the Hopf property of the pairing, we
get

(5.1)
G70(z5w) = (Ar 0(Br (26) - Ary0(Bry (1)) | BN (w) © Eolq 3 w))

= (B, (2)ko © Eo(q~ % 2,))
- (Er, (21)ko ® Eo(q*%m)) | By (w) © Eo(qu’w))
= (Buu(2)-+ Bn (1)) @ Bolg™% 2,)

1

- Eo(q” 2 21) | E;;ec’zo(w) ® Eo(q*%w))
- (50 ) (L5201 st )
= (B.(2) | Bro2°(w) - T] (Eola™? 20) | Eola™ % w))

7

X(F —Ln4r;
= (B(2) | B2(w)) - Bxp (' ol 5 gt z>zl-w) .
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The last step of the above calculation uses Theorem 4.1(ii). Using (4.3) and
the Hecke relations (see Theorem 4.2(i), (ii)) we get

(5.2)
(Er(2) | Beo="(w))
= (Evec(zs)Eo(q‘%zs)Elffl(zs—l) By (1) Eo(q™ F 1) | By (w))

—HH ( g )(E HEo i) | B ))

>3 1=0

= Exp <|X(Fq)| {Z Z(qgj — qg)f}”}) (EY(2) | Eyo"(w)).

a1 |z

Above we have made use of the fact that the vector bundle part of the product
By (2) [Ti=y FEo(q™ 2 z) is equal to EJ*°(z) together with the relation

n—1
n X F n n
H ¢ (q—5+lu) = Exp (|(q)|u(q2 _ q—2)> )
1=0 ¢—1
Combining (5.1) and (5.2) yields the proposition. O

5.2. In order to compute the series Ygo(g; w) we introduce some further

V)= (B | Eiw).

where r = Y r; and where the symbol * is either empty or belongs to the set
{> 0,< 0}. As before, these series belong to the vector space of formal sums

generating series

C[[z£,..., 2", w*]]. By construction, the coefficient (1, 4, - 1rya; | 1)
of 2% ... 20w in Y o (2s,...,215w) is nonzero only if d = 7, d;. We claim
that
>0 _As  Zs—1 22
K“;,..,,Tl(z&" ) 215 W ) E(C yeees R, W )
Zs—1 Zs—2 21
(5.3)
<0 i —1 1 Rs Rs—1 ) 1
Yo (s 2w) € 27 Clzg, , ey W .
Zs—1 Zs—2 21

Indeed, by definition, a coherent sheaf G in Cohrzg is of positive degree and
may only have positive degree quotient sheaves, hence any filtration

GiCGC---CG_1CGs=G

satisfies deg(G/Gi—1) = Y1 ! deg(G;/G;—1) > 0. This yields the first inclusion
n (5.3). The second one is proved in an analogous fashion. Note that the co-
efficients in w of ¥,2°(z; w) are expansions of some rational functions (because
the same holds for GZ%(z;w)). This also applies to Y,<%(z;w).
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To unburden the notation we will simply write Y,* (z;w) when the values
of the r; are understood and there is no risk of confusion. We will also write,
as in Section 1.3,

J
r<i= Y Tk rsi = Tk Tlig) = D Ths ete.
k=i

k<i k>i
5.3.  As (4.1) and Proposition 5.1 show, the volume of the moduli spaces

G)ﬂfo(x ) are essentially computed by the generating series Y,2%(z;w) for
suitable choices of rs,....r1. In order to determine these series, we will actually
calculate all three types of series and use some induction process. We begin
with the series Y;.(z; w), which is easy to compute.

LEMMA 5.2. Assume that r; > 1 for all i. Then

Yo(zw) = 29"V 207 T voly, I {Z zéwlq%“rﬂ—w}.
7

B i \lez
Proof. This is a direct consequence of Proposition 3.1(iii). Alternatively,
we provide the details of a proof. We have

itaiw) = (B B | Brtw)
— (E;’SC(ZS) ® - ® B (21) ‘ A;”s,...,m(ET(w)))'
By Theorem 4.2(iii),

Al (Brw) = g2 0 VXm0 B (g3 <rw)

TsyeeeyT1

R ETi(q%(r<i—T>i)w) R ® Em (q—%r>1w)‘

The lemma follows since by definition, (1,5 | 1,4) = (15 | 1;§) = vol, for
any r > 1 and any d. (]

5.4. Our next task is to determine explicitly the series Y1 (zs, ..., 21;w),
which we will simply abbreviate Y (z; w) when no confusion is likely. To begin,
note that by Lemma 5.2,

s(s—1)
Yl(z;w):q%(g_l) 2 volj

> <z§1 RUSN SU> ;mzz'sl)),

11, lsE€EZL

(5.4)
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ProrosITION 5.3. For any s > 1, we have

q%(g_l)s(s_l)voli

YZU ) = —
Y
(5.5) { 1 O
~ %
a%so— |j];[j<<z]) Hi<s (1*(]%) 1—(]12;52’1’LUJ
and
i(gfl)s(sfl) 15
Y<0 : — (-1 s4 _ vol
T (zw) = (=1) T EY
(5.6)

DI (& : LN

0eB, i<j Zj [Ti<s (1 - q_1ﬁ> 1—qg 2 zsw

where the rational functions are expanded in the regions z1 > zo > -+ > z,
w1 and z1 > 29 > - > zg,w > 1 respectively, (i.e., in power series in
the Z;—fl and w, resp. wt).

Proof. The proof proceeds by induction on s, using formulas (4.4) and
(5.4). When s = 1, we have EY*>=%(w) = 3450 11%, E50(w) = g0 1150,
and hence

1
YZO . _ vec | qvec d_ L
1 (z1;w) dz>:0( 1,d ‘ 1,d)(z1w) 1— 2w’
/5]
y<0(s,. — vee | 1v¢¢ e
1 (z1;w) g:o( 1,d | 1,d,)(21w) 1— 2w’

where we expand the rational functions in the regions w <« 1 and w > 1
respectively. Next, fix s > 1 and assume that the proposition is proved for all
s’ < s. Using (4.4), we have

(5.7)
Yl(zsv <y 215 'LU) = leo(éu 'lU) + Yl<0(g7 UJ)
1, t >0, _u
+ 30 (A (B (2)) | BL%(q2w) @ EF(q B w)).

u+t=s

u,t>0
Observe that in the above equation, the term on(g; w) only contains positive
powers of w while the term on(g; w) only contains strictly negative powers

of w. This will make it possible to inductively extract simultaneously on (z;w)
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and on(g;w) from (5.7). Now, from Theorem 4.2(iii),
(5.8)
A(ET (25, -5 21)) = A(ET™(25)) - - - A(E{™(21))
—
=11 (Ei’ec(zi) ® 1+ Eolq22)Eo(q 22) ki ® E{EC(zi)>.
Expanding (5.8) yields an expression of A(E}*°(z)) as a sum

A(EF(2) = Y X,

parametrized by maps o : {1,...,s} — {1,2}, with
—
Xo =[] Copiy(20),

where

Ci(2) = B{*(:)® 1, Ca(z) = Bola22)Eolg 2) 'k @ B{*(2).
The component A, +(E}*°(2)) of A(E}*(2)) is equal to the same sum, this
time ranging over the set of maps o : {1,...,s} — {1,2} such that |c~!(1)| =
u, |071(2)] = t. We will denote this set of maps Shy, for (u,t)-shuffles. From

Theorem 4.2 and the defining commutation relations involving k; (see Sec-
tion 4.1), we derive

Xa=Ha<z>( [T Er<) 1 Eo<q%zj>Eo<q%zj>1ki>

i,0(1)=1 Jo(4)=2

© I EY()

3,0 (5)=2
where N )
(2
Ho(z)= [l =
(i,4),3>1, C(Z)

o(i)=1,0(5)=2

Putting all the pieces together yields the following recursion formula:
Yl(zsa <oy 215 w) = leo(zsa -0y 215 w) + Yl<0(z87 <0y 215 w)

(5.9) + Z Z Yo(2sy ..., 215w),

u+t=8 0€Shy ¢
u,t>0

with

Yo(zgy .oy 215W)
(5.10) 1, t _u
= qz(g Ume,(g)on(ziu, - zil;qzw)YfO(zjt7 2514 2w),
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where (iy,...,41) (resp. (ji, ..., 1)) are the reordering (in decreasing order) of
the sets 0~ (1) (resp. 0~ 1(2)). Note that the factor []; Eo(q%zj)Eo(q_%zj)*lkﬁ
does not contribute as it does not change the vector bundle part, and hence
does not change the scalar product with Ejo(q%w).

Equation (5.9) takes place in the vector space C[[zF!, ...z, w*!]]. Sup-

pose that we have already determined the series on(zu,...,zl;w) and
Y1>0(zt, .,z1;w) for all u,t < s. Then from (5.9) and (5.4), we may de-
rive Y1 (zs, ..., 21;w) and Y1 (zs, ..., 21;w) — recall that leo(zs, Cey 21 W)
N -1

is a power series in w while Yl (zs, ...,21;w) is a power series in w In

order to establish the statement of Proposition 5.3 for s, it therefore suffices
to show that (5.9) holds with on(zs, ..., 21;w) and on(zs, ..., Z1; W) Tespec-
tively given by (5.5) and (5.6). For this, let us consider the coefficients

=D v, Y(zw) = Y

n>0 n<0
w) =Y Yon(2)w"
n

Note that y>%(2) is zero for n < 0 while y;-%(z) is zero when n > 0. Observe
that, by construction of Y, (see (5.7)), yon(2) belongs to the subspace of
C[[zF!, ..., 2Y] of formal series converging in the asymptotic region

Us = {(26,. . 21) | 20y > 23y > > 25, > 25, > > 25, }.
Similarly, y<(z) and y2°(z) both belong to the subspace of C[[zF!, ..., 2]
of formal series converging in the asymptotic region

Ui ={(zs,...,21) | 21> 22> > 2}
The part of (5.9) in which w appears with the exponent n reads

(5.11)
s(s—1)

10, _1)s(s— 17.(9i—g—
20T vol] ST g 2R = 20(5) 420 () +Z?~/on

I, ls€Z,
Zi li=n

Denote by y=z%(2),y%(z) and y,,(z) the rational functions of which
y2%(2),y50(2) and y,n(2) are the expansion (each in its respective region).
We would like to deduce from equation (5.11) a relation between these ra-
tional functions. First observe that the left-hand side of (5.11) may also be
written as a sum of Laurent series, each of which is the expansion in a suitable
asymptotic direction of some rational function. Indeed, setting §(2) = Sz 2/,

” z z
¥ et a(42) (02
I1,..,ls€Z, Z1 Zs—1
>ili=n

we have




328 OLIVIER SCHIFFMANN

We can split each delta function §(z) as §(z) = d4(z) +9_(z) with 4 (2) (resp.
§_(2)) converging in the region z < 1 (resp. z > 1) to the function (1 — 2)~!
(resp. —(1 — 2z)~1). Any product

z Zs
52, <q£> e, (Q )
21 Zs—1

with ; € {1, —1} converges to the rational function

s—1 1

f s s— = Cig—————

€1 [y 1 7I:H1 (2 1 _ qZ,LJrl/Z,L
in the asymptotic region

Uy ={(zs:- -, 21) [ 2y0) > 2920 > - > 23901

where v € &, is any permutation satisfying v~ 1(i) <y~ '(i + 1) if &, = 1 and
7~ i) > ~y71(i + 1) if &, = —1. Note that

(5.12) > fereas =0.

€
We are in the situation of the following lemma:

LEMMA 5.4. Let C[zE!, ..., 25 1oc be the localization of C[zF!,. ..,z
at the set of linear polynomials z; — czj for c € C. For any v € G, let

7 ClzE, L 2 e = Cl[2EY, .. 2]

s

be the expansion map in the region
U, = {(zsy.--,21) | Zy(1) > Zy(2) > > Z’y(s)}‘

Assume given elements f, € ClzF', ..., 27 1o satisfying >y Ty (fy) = 0. Then
>4y =0.
Proof. Write f, = Ry/Q~ with Ry, Q € C[z£!, ... 2F!]. Let Q =[], Q.

Then 0 = QY 7(fy) = X7 (Qf) = >, Qf, since 7, is a morphism of
ClzF', ..., zf'-modules. Hence >y fy=0. O

s

By Lemma 5.4 and (5.12), we have
vl(2) == Yoml(z),  (n>0),

YEO(E) = - Zyg,n(i), (n < O)
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Using the induction hypothesis and the expansions

1 s—1
u—1 t Z (¢ 2 z,w)"",

1 - qui1Lq§w n_<0

we arrive at

Yo(zsy o yz15w) = Zo(2gy .oy 21)

|V : 1 2 : s—1 n_-l
. 5 C Zl . zz - iu
(5‘13) 01€Gy o |J<1f1u <Zlh) Hl<u(1 - q_lz”il ) n_<0 (q w ) J
g I I 1 s .
' C o ' z E 2 . + ’
02€6; " k<m<t <ZJm ) Hk<t( Jk';rl ) n4>0 (q wZ]l)

where

ZO'(ZS’ s 721) = (_1)u_1qi(g_1)8(8_1)voﬁ H ~ z
Gavi<i, S(%)
o(i)=1,0(5)=2

1
TN ey

I<h<u a k<m<t

and all the denominators are to be expanded in the region U,.
Assume n > 0. Collecting terms in (5.13) with n = n* + n_ yields

1—s
Yon(Zsyoooy21) = =Zg(2s,. ., 21) 2 "
{ Hl<h<u<( ) Hk<m<t<(zj ) z5 -I
. 201@02 ) Z” Jk+1 1_ o— 1zm )
01,02 Hl<u( —q Zil+1) Hk<t<1 —q4—, ) q Zj,
where we used the following expansion in U,:
Zz—An—(sl) _ Zjy
1= qs—lﬁ )
n_<0 %51

Fixing (u,t) and letting o vary we obtain a sum involving all permutations
7 € G,. Namely, there is a bijection

Shu,t X 6u X Gt = 687 (07 01702) =T,

where

T(]-a 2,... 75) = (ja'g(l)’jag(Q)a s aial(l)v B 7:0'1(11,))‘
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This yields (for a fixed (u,t))

> yoen@=awn 3 I AP

0€Shy, ¢ 0,01,02 g(i)=1,
o(j)=2
[ Hl<h<u g<i> : Hk<m<t g(ﬂ) Z;-LI
H C( ) 01 X 02 1 %y ]k+1 ’ 1— s—1 Ziy
i<j Hl<u(1 - q Zigyy ) Hk<t(1 —q— ) q j

—aunHC(ZZ) 2T [ UCHE) |

4
oa S el = 0 T55) (=50 1= 71

where

ym = (_1)uqi(gfl)s(sfl)+%nvols

Then, summing over the set of pairs (u,t), we get

- Z Yon (g)

—Volg < )

g1 Hg—1)s(s—1)+

P {Hc(%- 7 Sfmzﬂ

1<J u=1 J
where
1
Tu(z) = (-1)*! =
" Mol — ) - Thrapes(l— g 2) - (L= g 12)
Now,
s—1 1
(=1)"Tu(z) = -
u; b [hes(1 — g™ (1 — g5 12)
z z Zs— z z
-{(1—q =) ta——(1-q= 1)+---+q525(1—q2)}
Zs—1 Zs—1 Z5—2 z2 21
1 Z
= 1 qS—li
[lies(l = ¢7FH) (1 — g1 2) ( Zl)

1
B Hl<s(1 - qﬂ) ‘

2l

Summing now over n > 0 we obtain

>y (2w”

n>0
$(eDs(s= Dyl [ s 1 1 _I
g0 Do ziy. |
[li<; C( > ‘rés [KHJC(Z]> [Ti<s (1 _qzizitl) 1 —qlgszle
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as wanted. This shows (5.5) for s. The computations of y, () and y;°(z) for
n < 0 and hence the proof of (5.6) for s are entirely similar. Proposition 5.3 is
proved. O

5.5. Proposition 5.3 allows us to compute the value of Y,;Z%(z;w) (and

hence also GZ%(z; w)) for an arbitrary sequence of nonnegative integers r = (r;)
by considering appropriate residues. Namely, by Theorem 4.2(iv), we have

(5.14)

Y0 g0 g2 )

= q“(f)volf" HVOln - Res, {YZO (z(t) z(t) ... ,zgt), L= , zgl); w)} ,

(1m)\“re > “r—1> Te—1
where Res, = [[i_; Res(®, Res( being the operator of taking the iterated
residue along

(@) (4) (4)

S - (N =

27(»:)—1 zﬁ:)—2 Zgz)
and where 1

a(r) = =5 = 1) Xriri = 1),

i

In an effort to unburden the notation let us rename the variables (zq(nf), el zgl))
as (zn, Zn—1,-..,21). In particular,

z](f):zlwd Vi=1,...,t.

Using Proposition 5.3 we get
(5.15)
1

I PR RO RAEY S
i

120{115(:) = Ty H

[Ti<; Z(%) o€6, i<y ' [Li<n (1 — 4 ) 1- q_%zlw

- Res,

where

1
b(r)==(g—1) Z’I"ﬂ“j.
2 1<j
Of course taking appropriate residues in (5.6) yields similar formulas for
ROl )

5.6. Fix some r > 0. By a generic Jordan type of weight r we will mean
a finite (possibly empty) sequence r = (r1,...,7) of nonnegative integers such
that >7;ir; = r and r: # 0. Observe that the assignment

(F1, ... re) = (171272t

sets up a bijection between the set Jgen(r) of generic Jordan types of weight
r and the set of partitions of r. A Jordan type of weight (r,d) is a sequence
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a = (aq,...,as) such that Y ;ia; = (r,d) and as # 0. We denote by J(r,d)
the set of Jordan types of weight (r,d). There is a natural forgetful map

T |_| J(r,d) = Jgen ().
d

Let us fix a generic Jordan type r = (71, ...,7) of weight » > 0. We will now
compute the sum

E(z)= Y vol(NilZ0)z2

aen=l(r)
= Z qdl(g)_% Zi>j<ai’a‘j> (10ls tet 1()41 | 1§(:)Oéz> ZZ 7;0(7;‘
aEri(r)

Let us fix some s >t and let =](2) be the restriction of the sum to the subset
of Jordan types o = (a1, ..., ay) in 7~1(r) for which s’ < 5. To unburden the
notation, we set

T = 2(1’0), z = 2(0’1), n = Zn.

We obtain
EZ(Z) - qe(z) Z q% 2idhilr=imrad) <1Ts,dsZSdS T 17“1,d1 2 ’ 15702: di) T
d1:~-~7d.s€Z
>0
= qe(ﬁ) [Ts—t,rh...,rl (.I‘s, ceey L1 1)TT,
where
. o1
e(r)=(g—1) Z(z —1)r? + 2(22 - i)rirj
i i<j
and x; = zlq%(r>l_r<5) forl =1,...,s. Using Proposition 5.1, we have
(5.16)
F S
:i(z) _ qe(r)EXp <| ( (i)| l q—%(n—i-m)x
o =1
Ti, T 4 _Z-I >0 r
2 (g =g 2)g 7 Y (@ e DT
i>j " J
since, clearly, Yoé)t oy (Lo 13 1) = Y20 . (2,...,21;1). The number of

129 being finite for any fixed a = (r, d),

isomorphism classes of pairs (F, 6) € Ni
the stack Nilé0 is empty for almost all o. In particular, the coefficient of T7 2%
in =] stabilizes for any fixed d as s tends to infinity, since the possible length

of the torsion part of a coherent sheaf in CohZ? is bounded (by d). Taking the
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limit s — oo in (5.16) of the sums inside the bracket, we obtain
E.(2) = ¢"WExp <|X(Fi)| {Z g (g — 1)
T q—

i,0>1
2]

+ 1— J) Y;%(_)._’Tl(.%'t,...,xl;l)Tr.
z

Let A = (12" ...¢") be the partition associated to r. Let A\° denote the the
set of boxes s € X satisfying a(s) > 0.

(5.17)

LEMMA 5.5. We have
X(F —Tri T —1-1(s) a(s
Exp | X( ‘i)’ [Z g i (g7 — 1)Zl-| - H Cx (g7 U9zl
- L‘,zzl J SEA°
Proof. A direct verification using the formula
Exp(|X(Fg)lg"2") = (x(q7"2"). O
Observing (see Theorem 4.1(i)) that

quHvolr— [T g =00,

SEA\NC

and using (5.15), (5.17) and Lemma 5.5 we arrive at the following expression:
(5.18)

()_qg 1)(AA) HC —1-1(s) as))'Hr(Z)'EXp(’X<Fq)| 'ZZ>TT’

SEA . 1 1=
where
(A A) = Z k—er —i—Zerj,
1<J
H,(z) = I?E(th*r“, LTS 2)
and
Eﬂ(zl+r<w ceey Bl ,Zl)

= Res;

1 Zi 1 1
o Sz ¢ : TRV .
[li<y C( )aezczn {g (Zj> [li<n (1—(1%) 1—21”

5.7. Taking the sum over all generic Jordan types r, using Proposition 2.2
and Corollary 4.6 and setting in accordance with Section 1.3,

= [I (@@=, Hy(z) = Ho(2),

SEA
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when A = (1"2"2...) we get the following complicated but nevertheless ex-
plicit generating formula for the numbers Afg:

exp (Z Z rd X®F il ) ldT”)
(5.19)

>1 r,d
_ (X(F)| =
=2 IV AR T - B (q_ll_>

In the above, all the rational functions in z are expanded in the region z < 1,
i.e., in C[[z]]. Observe that A (X @r, Fy) = [X(F,)| since a geometrically
indecomposable torsion sheaf on X ®F, F is the mdecomposable d-fold self
extension of the structure sheaf of a rational point in X(F ). It follows that

- <Z Z GAX o, By >Zld>:EXp(u§<_F§>.l_zz)7

>1 ¢ -1

and (5.19) simplifies to
(5.20)

(X F
exp (Z Z rd ®Fq ql)zldTlr> _ ; {q(g—l)()\,)\>J)\(z)H)\(z)T\)\l} )

>1 ° r>0,d

Recall from Section 4.6 that the elements A—T 4 € Ky defined by (4.8)

are uniquely characterized by the property that Ag ralox) = Apq(X) for all
smooth projective curves X. As a consequence we have the following equality
in K ([T, 2]]:

>0

(5.21) Exp < Z Ag’r’dszT> = Z {q(g_lx’\’/\)J)\(z)H)\(z)TW} .
A

r>0,d q9- 1

5.8. Tensoring by a line bundle of degree one induces a bijection between
the set of geometrically indecomposable vector bundles on a curve X of rank r
and degrees d and d + r respectively. Therefore A, 4(X), and hence A , 4 only
depend on the class of d in Z/rZ. By Proposition 2.1 the integers A;gd(ax)
are eventually periodic in d as d — oo, with period r. Thus so are the A=Y o
This means that if we consider the generating function

>0
A Z Ag rdz
d>0

then we have

1
= Agrdz

(5.22) AZ0(2) )+ Z
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for some polynomial P, ,(z) € K4z]. As a consequence of (5.22), the polyno-
mials Ay, g are expressed as

dz\ ._
Agra=— Y Res._a (4,0(:)% )&t
I€Z/rZ z
for £ a primitive r-th root of unity. This concludes the proof of Theorem 1.6.

5.9. To finish this section, we provide the proof of Corollary 1.9.

Proof of Corollary 1.9. We need to specialize (1.3) to a1 = -+ = agg = 0.
To this end we rewrite the terms entering (1.3) as follows:

(g HE) _ sa(s) (-1
(=) (AN _ [Ti(cig 2 [Li(a; — 1)
q ) =11 () — 2a()) () — za()) II

SEX® SEA\NO

where A® denotes the set of s € A satisfying a(s) > 0 or I(s) > 0. This

expression is regular at the point a; = --- = agy = 0 and evaluates to
1 o
(g=1) (M) - 2(g—1)a(s) = (AW
NI =0 =TT ] = - (F)
SEN® SEX
I(s)=0
)WL - ) 1
( 1) 2\9 Z i Z g@ 1= a0
S

Next, we have

T — i) (2 —q)

L(zn,...,21) = Z £(o) H (ﬁ) L — i) - (1— q%)

Zk b

oeGy, k<l 2k
o~ Hk)>o7 (1)
1
: Zo (s )
Mren(l—0Z20) - (1= 2,0

where (o) is the sign character. We see that for o # Id, the evaluation of the
quantity

-9 i 1 — aiﬂ (AL 1 -|
Resy H <ﬁ> L (Zz Zk) (Zk qu) Zo (j+1)

P 2 [Ti(&2 — ) (1—qZ) Hj<n(1—ng'ﬁ)'(1—za(1))
at 214r, = Zlq7"<i for i = 1,...,t is a rational function of aq, ... , (iog With
coefficients in Q(z) which is regular and vanishes at the point oy = -+ =
azg = 0. As a consequence, if we write A = (1",2"2,...) and denote by
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i1 < ig < --- < i, the integers satisfying r;; # 0, then
1
(1 —20)(1 —2f270) ... (1 — zls—0s-1)
z s
=(-1)° (1 — z=i1)(1 — zir—i2) ... (1 — gls—1—1s)’
Observing that s = |A\\°|, we get
(5.23) q(g—l)O‘M\)J)\(z)H)\(Z) = 9= DINN=IND=IN ¢ (2).

H/\(Z)|a¢:0 =

Finally, observe that since Ay ,(z) has at most simple poles at r-th roots of
unity, the same holds for Ay, (2)|q,—0, and hence the residue at r-th roots of
unity is unchanged upon rescaling by a factor of z~". This allows us to remove
the term 2z~ 22i* = 27" in (5.23). We are done. O

6. Relation to the number of points of Hitchin moduli spaces

6.1. In this section, we relate the number of indecomposable vector bun-
dles of a given class « to the number of stable Higgs bundles of the same class,
under the assumption that the characteristic p of the field is large enough (with
an explicit bound, depending on the genus g of X and the class «), thereby
proving Theorem 1.2. Our method is directly inspired by that of Crawley-
Boevey, Van den Bergh [CBVdB04] and Nakajima (appendix to loc. cit.) in
the context of moduli spaces of representations of quivers, and it hinges on the
construction of a smooth deformation ) — A! of the moduli space of stable
Higgs bundles

Higgs?', y N

L

{0} Al Ah{o}
preserving the number of F g -rational points and equipped with a projection
map p : Y — Bun, 4 whose restriction to any fiber ); with ¢ # 0 is a fibration
over the constructible substack Indec,4 C Bun, g4 of indecomposable vector
bundles. The construction of ) itself may appear slightly noncanonical as it
involves an explicit local presentation of the stack Higgsifd in terms of quot

schemes. In doing so, we borrow some techniques developed in [ACKO07].

6.2. Let us fix a smooth projective, geometrically connected curve X of
genus g defined over k = Fy, and let {2x be the canonical line bundle of X. A
Higgs sheaf of rank r and degree d is a pair (V, ) with V a coherent sheaf of
rank r and degree d and § € Hom(V,V® Qx). A Higgs subsheaf of (V, ) is by
definition a subsheaf W C V such that §(W) C W ® Qx. A Higgs sheaf (V,0)
is called semistable (resp. stable) if for any proper Higgs subsheaf W C V, we
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have p(W) < (V) (resp. u(W) < u(V)). A Higg subsheaf W C V satisfying
u(W) > u(V) is called destabilizing. It is clear that as soon as r > 0, a
semistable Higgs sheaf (V,0) is necessarily a Higgs bundle; i.e., V is a vector
bundle.

Let Higgs, ;(X) and Coh, 4(X) respectively stand for the moduli stacks
of Higgs sheaves and coherent sheaves over X of rank r and degree d. These are
algebraic stacks defined over k, locally of finite type, of respective dimensions
2(g — 1)r? and (g — 1)r%. If (r,d) are coprime, we let Higgs}';(X) be the
open substack of Higgs, ,(X) parametrizing stable Higgs bundles. The stack
Higgs}';(X) is a Gy,-gerbe over a smooth connected scheme over k, which we
denote by Higgsifd.

Serre duality provides a canonical isomorphism

Ext!(V, W)* ~ Hom(W,V ® Qx)

for any pair of coherent sheaves (V, W). Hence, the moduli stack Higgs,. ;(X)
may alternatively be defined as the stack parametrizing pairs (V,v) with V a
coherent sheaf over X of rank 7 and degree d and v € Ext'(V,V)*. A Higgs
subsheaf of such a pair (V,v) is a subsheaf W C V satisfying the following
condition:

(6.1) a(v) € b(Ext! (W, W)*),

where a,b are the canonical maps in the sequence
Ext!(V,V)* —%= Ext!(V, W)* <2 Ext' (W, W)* .

The stack Higgs;';(X) thus parametrizes pairs (V,v) as above such that any

proper Higgs subsheaf W C V verifies u(W) < u(V) = <.

r

6.3. In this section we recall the definition and basic properties of quot
schemes. These will be used in the next section to make explicit the construc-
tion of the stacks Coh, 4(X) and Higgs,. ;(X).

We say that a vector bundle F is strongly generated by another vector bun-
dle G if Extl(g, F) = 0 and the canonical map G®Hom(G, F) — F is surjective.
By definition, if F is strongly generated by G, then dim(Hom(G, F)) = (G, F).
Observe that the notion of being ‘strongly generated by’ is transitive: if Fi is
strongly generated by JFa, which is itself strongly generated by F3, then Fj is
strongly generated by F3.

Given a vector bundle V over X and a pair a = (7, d), the quot scheme
Quot(V, a) is the k-scheme representing the functor quoty, , : (Aff/k) — Sets
which assigns to an affine k-scheme S the set of equivalence classes of epimor-
phisms

¢s: VR Og — F,
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where F is an S-flat coherent sheaf over X x S such that for any closed point
s € S, the sheaf F|, over X is of rank r and degree d. Here, two epimorphisms
bs, ¢’y are equivalent if Ker(¢g) = Ker(¢s). The quot scheme Quot(V, o) is a
(generally singular) projective scheme. The tangent space to Quot(V, a) at a
point ¢ : V — F is equal to Hom(Ker(¢), F).

One constructs an explicit closed embedding in a projective variety as
follows. There exists a line bundle £ of sufficiently negative degree so that for
any ¢ : V — F with F of rank r and degree d, the sheaf Ker(¢) is strongly
generated by L. Put

a = dim(Hom(L,V)) = (L, V), b= (L,V—a),

and let Gr(a,b) stand for the Grassmanian of b-dimensional subspaces of k“.
Fixing an identification Hom(L,V) ~ k% we obtain a map j : Quot(V,a) —
Gr(a,b) by assigning to a point ¢ : ¥V — F the subspace Hom(L, Ker(¢)) C
Hom(L,V). This is a closed embedding (see, e.g., [LP97, Th. 4.4.5.]).

6.4. Let us fix a class @ = (r,d) with » > 0, and r,d coprime. We
will now give a construction of the stacks Coh, 4 and Higgs,. 4, or at least of
suitable open subset of these stacks. For reasons that will become clear later
(see Section 6.7), we will use a variant of the standard construction, based on
the choice of two line bundles instead of one, which we borrow from [ACKO07].

LEMMA 6.1. There exists a pair of line bundles (L1, Ls) € Pic™(X) x
Pic™%(X) such that the following hold:

(a) any semistable Higgs bundle (V,0) of class « is strongly generated by Lq;

(b) any indecomposable vector bundle V of class «v is strongly generated by L1;

(¢c) for any unstable Higgs sheaf (F,0) of class o there exists a destabilizing
Higgs subsheaf G C F which is strongly generated by Lq;

(d) for any coherent sheaf V of class a and any epimorphism ¢ : L1 QV — V),
Ker(¢) is strongly generated by La;

(e) Ly is strongly generated by Lo.

In particular, any sheaf strongly generated by L1 is also strongly generated

by ,CQ.

Proof. We first show the existence of a line bundle £; satisfying (a), (b)
and (c¢). The minimal slope pmin(F) of an indecomposable vector bundle F
of class a is bounded below by some constant v which only depends on « (see
Proposition 2.1). An argument in all points similar shows that the minimal
slope fimin(F) of the vector bundle underlying a semistable Higgs bundle of
class « is likewise bounded below by a constant v/ which again only depends
on . Let (F,0) be an unstable Higgs sheaf of class a. By definition there
exists a semistable Higgs subsheaf G C F of slope u(G) > p(a) and rank
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rk(G) < rk(a). Tensoring by a line bundle O(—nx) for some x € X, if necessary
we may assume that p(a) < u(G) < p(a) + 1. Because rank(G) < r, there are
only finitely many possibilities for the class G of such a sheaf, and therefore
by b) the family of all such semistable Higgs sheaves is also bounded. In
particular, there exists a constant v” which only depends on «, such that any
unstable Higgs sheaf of class « contains a destabilizing subsheaf G satisfying
tmin(G) > V. For any v € Q, there exists n € Z such that any semistable
sheaf of slope o > v is strongly generated by any line bundle of degree m < n.
It suffices to take n as above for v = min{v/, ", v"""}. This proves the existence
of a line bundle £; satisfying (a), (b) and (c). Let us now fix such a line bundle.
The set of HN types of sheaves F of class « which are generated by £ is finite,
as is the set of HN types of kernels of epimorphisms £; ® V' — F. Therefore
there exists Lo such that any such kernel is strongly generated by L. We may
of course also assume that £; is strongly generated by Lo. We are done. [

Set
l1:<£1,a>:(1—g—|—d1)r+d, l2:<£2,06>:(1—g—|—d2)’l“+d, V;:klia 1=1,2.
Consider the quot schemes
Qﬁl,ﬁz = QUOt((‘Cl b2y ‘/1) @ (£2 ® VQ),O(), Ql:l = QuOt(EI ® ‘/1705)

Points of Q¢, £, correspond to epimorphisms ¢ : (£1 ® V1) @ (L2 ® Vo) — F;
we will usually write ¢; = ¢|z,gv; for i = 1,2. Denote by inﬁz the open
subscheme of Q, z, parametrizing epimorphisms ¢ : (£L10V1)B(L2@Va) - F
for which the canonical maps
¢i* :V;—>Hom(£i,]:), 1=1,2

are isomorphisms. (This implies, in particular, that F is strongly generated by
L1 and hence by L£9.) We define Q7, C Qr, in the same fashion. The schemes
Q7 r, and Q7 are smooth. The group G := GL(V1) x GL(V2) naturally acts
on @, c, and preserves QZ; £, Similarly, the group GL(V1) acts on Q, and
preserves Q7 . The natural restriction map

[p: (L1®@V1) ® (L2@Va) = Fl = [p1: (L1 ® V1) — F]

is a principal GL(V3)-bundle QOEIO £, = Qf,- By Lemma 6.1(d), the stack quo-
tient [Q -, /G] (and hence [QZ, /GL(V1)]) is isomorphic to the open substack
Cohzg '(X) of Coh, 4(X) parametrizing coherent sheaves V of class o which
are strongly generated by £; (see, e.g., [LP97]).

For later purposes, we introduce the locally closed subscheme Q7 ., of
Qr, c, which parametrizes epimorphisms ¢ : (£1 ® V1) & (L2 ® Vo) — F for
which ¢9. : Vo — Hom(L9, F) is an isomorphism and for which the restriction
of ¢ to L1 ® Vi is still an epimorphism. There is a natural map Q7 », — Qr,
which is a principal GL(V2)-bundle.
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The cotangent space T;Qr, c, to Qr,,c, at a point ¢ : (L1@V1)B(L2@V3)
— F is identified with Hom(Ker(¢), F)*. If ¢ € Q/, .,, then the restriction of
the moment map

e TQF o, — 8" = gl(V1)" x gl(V2)"
to TgQ L1.0y 18 the composition pg = vg o kg of the canonical restriction map
Hom(Ker(¢), F)* — Hom((£, ® V1) ® (L2 @ Vo), F)*
arising from the long exact sequence

0 — Ext!(F, F)* — Hom(Ker(¢), F)*
(6.2) ; ;
., Hom((£; @ V1) & (L2 ® Vo), F)* Sy End(F)* — 0

with the map
vy : Hom((L10WV1)® (L0 Vo), F)* = @Hom(Vi,Hom(ﬁi,]—")) — @End(Vi)*

induced by composition with ¢ € Hom(V;, Hom(L;, F)).

The stack [;x~!(0)/G] is isomorphic to the open substack Higgsfdﬁ1 (X)
of Higgs, ;(X) parametrizing Higgs bundles (F, #) with F of class a st’rongly
generated by £;. In particular, by Lemma 6.1(b) the stack [z ~1(0)/G] contains
Higgs}';(X) as an open substack.

6.5. We will now relate some appropriate fibers of the moment map w :
T*Q%i r, — §° to indecomposable vector bundles. This explains why we
considered the quot scheme construction with two line bundles instead of one.
Recall that we have assumed r and d to be coprime. It easily follows that we
may pick di,dy and L1, Lo verifying the hypothesis (a)—(e) of Lemma 6.1 in
such a way that /; and [y are also coprime. Consider the element A € g* =
gl(V1)* x gl(V2)* defined by

)\(ul,ug) = ZQTI“(Ul) — llTI“(UQ).
From now on, we will assume that p > l1lo. By construction we have

(i) AM(Id,Id) = 0;
(ii) A(e1,e2) # 0 for any nontrivial pair of projectors (e1, e2) € gl(Vh) x gl(Va).

LEMMA 6.2. Let ¢ : (L1 ® V1) ® (L2 ® Vo) — F be a k-point of Q(Z’i£2.
We have kX C Im(ug) if and only if F is indecomposable.

Proof. By (6.2) we have kX € Im(pu4) if and only if j(A) = 0 if and only if
A(fo¢) =0for all f € End(F). Let us assume that F is decomposable, and let
us fix a nontrivial decomposition F = G&H. As F € Csq, we have G, H € C~o.
In particular, Ext!(£;, G) = Ext!(£;,H) = {0} and we have decompositions

Hom(L;, F) = Hom(L;,G) ® Hom(L;, H).
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Let f be the projector onto G along H. Thus f o ¢ is the projector onto
Hom(L1,G) ® Hom(Ly,G) along Hom(L1,H) & Hom(Ly, H). By (ii) above,

A(f o ¢) # 0 hence A & Im(pg).
Next let us assume that F is indecomposable (and thus also geometrically

indecomposable as (r,d) are coprime). By Fitting’s lemma, End(F) is a local
k-algebra with End(F)/rad(End(F)) = k, and therefore every endomorphism
is of the form f = cId + n for some nilpotent n. But then f o ¢ = ¢(Id,Id) +
(n1,n2) for some nilpotent nq, no. Using (i), we deduce that

A f o) =cA(d,Id) + A(n1,n2) = 0.
It follows that A € Im(pg). O

6.6. Our next goal will be to construct and study the symplectic quotient
of Qzlo ¢, by the group G. This will be done in Section 6.7. In the present

section, following [ACKO07] we embed QF) r, s alocally closed subvariety of
the representation variety of an appropriate Kronecker quiver. Namely, put
h = dim(Hom(Lsy, £1)) = (1 —g) +dz — d; and let Kr stand for the quiver with
vertex set {1,2} and h arrows from 1 to 2:

19
Set
V= Hom(ﬁg, ,61), E= HOIH(V1 ® V, VQ).
The group G acts on E by conjugation, and the quotient stack [F/G] is the
moduli stack of representations of Kr of dimension (I1,l2). There is a natural
map j : Qoﬁ’iﬁz — FE sending the point ¢ : (L1 @ V1) @ (L2 ® Va) — F to the
induced map

—1

3%
Vi ® V== Hom(Ly, L1 ® V1) o Hom(Ls, F) —= Va.

Lemma 6.1(d) guarantees that this defines an embedding of Qzlo r, in B asa
smooth locally closed subvariety. Observe that the embedding j extends to an
embedding Q7 ., — E. In fact, set

E°={u€ E|Im(u) =V}
This is a principal GL(V3)-bundle over the Grassmanian Gr(hli,lz). We have

the following diagram:

(6'3) Qoﬂifa Qoﬁl,ﬁz E°

|,

Qr, —— Gr(hly,ls)
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in which the two vertical maps are GL(V2)-bundles and the horizontal maps
are embeddings, with j” being the closed embedding described in Section 6.3.

Using the trace pairing, we may identify the cotangent space T*F = ExE*
with the representation space of the double Kr of Kr (that is, the quiver with
vertex set {1,2}, h arrows from 1 to 2 and h arrows from 2 to 1) of dimension

(ll, l2)1
h
1 2
. <¥h .

so that
T*E ~ Hom(V; ® V,V5) x Hom(Va @ V*,17).

Fixing dual bases {vi,...,vp} and {v],...,v;} of V,V* we may write an
element of T*E as a pair (z,y) with z = (21,...,2), ¥y = (y1,...,ys) and
x; € Hom(V7, V2),y; € Hom(Va, V1). Using this identification, and identifying
g with g* via the usual trace pairing, the moment map for the action of G on
T*FE reads

h h
p:T*E — g*, wz,y) = (Z YiTi, — me) .
=1 =1

The Zariski closure P = Q%i c, of Qoﬁ’i r, In Eis a (possibly singular)
affine variety. Of course, since QZ; r, 18 dense in Q7 . , we have P = %
We will denote by j : Q%ib — P and ¢ : P — FE the open, resp. closed,
embeddings. There is a canonical projection 7 : P x E* — T*P whose fibers
are affine spaces. Namely, over a point x € P, the map w is the natural
projection

E*=T'E - T'E/(T,P): =T:P.
The map 7 restricts to an affine fibration 7° : Q' », x E* — T*Qp’ »,. The
moment maps on T*QZ’S, £, I*P and T™ E fit in a commutative diagram

jxId ixId
QY ,, x B* =P x E* —>T'E

lﬂo ‘/Tr
d*j

0,0
T*QELEQ

where d*j is the open embedding induced by j.
For the reader’s convenience, we make explicit the map d*j. We begin
with the differential djg : TyQ}) r, — Tj(¢)P at a point ¢ : @;(L; @ Vi) — F.
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Recall that we have canonical identifications

T¢Q°£’iﬁ2 = Hom(Ker(¢), F),
TioP C TypE = B =Hom(V1 0V, 12)
~ Hom(Hom(L2, £1 ® V1), Hom(Ls, F)).

Consider the exact sequences

(6.4) 0 —— Ker(¢y) — Ker(¢) —2> L3 @ Vo — 0,
(6.5) 0 — Ker(¢s) — Ker(¢) —2> £, ® V; — 0.

The first exact sequence (6.4) is split as Ext! (£, Ker(¢1)) =0 by Lemma 6.1(d).
It follows that

dim(Hom(Lq, Ker(¢))) = dim(V2) + dim(Hom(Ls, Ker(¢2)))
= (Lo, ) + (L2, L1 @ V] — )
= (L2, L1 ® V1)
= dim(Hom(Lsy, £1 ® V1)).

(6.6)

On the other hand, the exact sequence (6.5) gives rise to a sequence

0 — Hom(Ls, Ker(¢)) —= Hom(Ly, Ker(¢)) —> Hom(Ls, £1 ® Vi) ,

and since Hom(Lsy, Ker(¢2)) = 0, this yields by (6.6) a canonical isomorphism
p1x : Hom(Loy,Ker(¢)) — Hom(Ls, L1 ® Vi). The map djy is equal to the
composition

6.7 Hom(Ker(¢), F) —— Hom(Hom(Ls, Ker(¢)), Hom(La, F))

' L% Hom(Hom(Ly, £1 ® V4), Hom(Ly, F)),
with
q : Hom(Ker(¢), F)—Hom(Hom(Ls, Ker(¢)), Hom(Ls, F), u+ (a+— uoa).
Because j : Qoﬁ’i[fz — P is an open embedding, dj, : T¢Q°£’i£2 — Tjp) P 1s
an isomorphism. The map d*j, is the transpose isomorphism T;Q%i Ly
E*/(Tji)P)*

6.7. We may now consider GIT quotients of the various above spaces,
following the method in [Kin94]. We will consider the stability condition asso-
ciated to the character

v:G =k (q1,92) — det(gl)lgdet(QQ)_ll.
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Let (T*E)*,(T*P)*, (P x E*)* denote the open sets of y-semistable points,
and let T*E//G, (T*P)//G and (P x E*)//G denote the affine quotients. Be-
cause T*E,T*P and P x E* are all affine varieties, there are proper maps

p: (T"E)*//G — (T"E)//G,  p:(PxE")*//G— (PxE")//G,
p": (T*P)*//G — (T*P)//G.
We have

(T*E)*//G = Proj <@ k[T*E]%l> . (T"E)//G = Spec(k[T*E]%),

1>0
where
KTEP! = {f €k[T"E] | g- f=~(9)'f Vgeaq},
and there are similar descriptions in the cases of P x E* and T P. Finally, the
closed embedding ¢ xId : P x E* — T*FE and the surjective map 7 : P X E* —
T* P give rise to maps
(T*P)//G <"— (P x E")//G > (T"E) /G .
Note that 7 is surjective while 7 x Id is a closed embedding.

Recall that a subrepresentation of a representation (z,y) € T*E is a pair
of subspaces (W7 C Vi, Wy C Wh) such that z;(W1) C Wy, y;(Wa) C W, for
all i. Similarly, we will call subrepresentation of some (z,y) € T*P a pair of
subspaces (W; C Vi, Wy C Wa) such that x;(W;) C Wy and y; € pW/(TgP)l,
where py = {u € Hom(Va, V1) | u(Wa) C Wy}

LEMMA 6.3. The following hold:

(i) a point (z,y) € T*E is y-semistable (resp. y-stable) if and only if for any
subrepresentation W = (W1, Wa) of (x,y), we have lydim(W3)—ladim (1)
>0 (resp. > 0),

(ii) @ point (x,y) € T*P is y-semistable (resp. y-stable) if and only if for any
subrepresentation W = (W1, Wa) of (z,y), we have lydim(W3)—Iladim (W)
>0 (resp. > 0).

Proof. The first statement is well known and follows from the Hilbert-
Mumford numerical criterion (see [Kin94, Prop. 3.1]). The second one can be
proved along the same lines, or deduced from (i) together with the fact that
P is closed in E. Note that the Hilbert-Mumford criterion is stated in [Kin94]
for algebraically closed fields, but it holds over an arbitrary perfect field; see
[Kem78, Cor. 4.3]. (Recall that the notion of semistability of representations
of quivers (or of coherent sheaves) is stable under field extension; see [HL10,
Th. 1.3.7].) O

Set (T*QF, £,)™ =T Q] £, N (d*)) " (T*P)®).
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LEMMA 6.4. We have (T*P)* = d*j((T*QF; »,)*), ie., (T*P)® C
(T QE z,)-

Proof. Let p : T*P — P be the natural projection. Observe that (T P)
C p~Y(PNE®). Indeed, if (z,y) € T*P with Im(z) C V5, then the subrepresen-
tation W = (V1,Im(x)) violates the semistability condition of Lemma 6.3(ii).
Similarly, if z € E satisfies (; Ker(z;) # {0}, then (z,y) is not semistable
for any y since the subspace W = (); Ker(z;),0) violates the semistability
condition. By diagram (6.3), PN E° = Qf, ,,. Moreover, by construction, if
PNE°>z=3j(¢:(Lri®@WV) & (L2 ® Vo) - F) satisfies ); Ker(z;) = {0},
then the map ¢1, : Vi — Hom(Lq, F) is injective, hence bijective as dim(V;) =
dim(Hom(L1, F)). This implies that (7% P)% C pfl(QZ’ib). The lemma is
proved. ([l

6.8. Put A=Fk\C g* and
X=p YA TP, A=p'({t\}), & =X\A.

The idea is now to consider a GIT quotient Y of X and view the family of
smooth varieties ) — A as a deformation of the moduli space of stable Higgs
bundles of rank r and degree d. Because the moment map u : T*P — g* is
G-equivariant, we still have a map 7 : (T*P)*//G — A. We set

Y=n'(4), YV=p'{trD), Y =I\D.

By construction, Y = X% //G, where X = X N (T*P)*. Observe that by
Lemma 6.4 we have X% C T*Q%’ib.

LEMMA 6.5. The k-schemes ),Y' and YV; for t € k are smooth. In addi-
tion, X' C XS,

Proof. Because [,y are relatively prime, we have lodim(W7p) — I3 dim(Ws)
# 0 for any proper pair of subspaces W; C Vi, Wy C V,. This implies
that the notions of semistability and stability coincide in T*P. The action
of PG := G /Gy, on (T*P)* thus has finite stabilizers. On the other hand,
the stabilizer for the action of G' on any representation (z,y) € T*FE is the
automorphism group Aut((z,y)) which is open in End((z,y)) and hence con-
nected. We deduce that the action of PG on T*P has no finite stabilizers
and, in particular, that the action of PG on (T%P)% is free. It follows that
(T*P)* /|G = ((T*P)SS N T*QZ’iLQ)//G is smooth. The first statement will
be proved once we show that the map 7 : (T"P)*//G — g¢* is submersive.
This is a consequence of [CBVdB04, Lemma 2.1.5]. (Note that the hypoth-
esis that the field be algebraically closed is not used in the proof there.)
We turn to the second statement. Let v = (z,y) € A’, and let us assume
that w is not semistable. Thus, by Lemma 6.3 there exists a subrepresen-
tation (Wy, Ws) of u such that lodim(W;) — {1dim(WW2) > 0. There exists
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a lift v/ = (z,y') € P x E* of u for which (W;,W2) is also a subrepre-

sentation. Moreover, we have p(u') = p(u) = t\ with ¢ # 0. But then
0 = Tr(p(u)jw,ews,) = t(l2dim(Wy) — I1dim(Ws)) in contradiction with prop-
erty (ii) of A (see Section 6.5). O

PROPOSITION 6.6. There is a canonical isomorphism of schemes Yy ~
Higgs'y(X).

Proof. Let us fix a pair (¢,0) € u=1(0) C T*QE),,CQ with
O (L1@V]) D (L2® V) > V.

We will say that (¢,0) is u-stable if (V,0) is a stable Higgs bundle (as in
Section 6.2). We will say that (¢, 0) is y-stable if d*j((¢,0)) € (T*P)* (i.e., is
~v-semistable). Recall (see Section 6.4) that Higgs;'; C [1~'(0)/G]. The proof
of Proposition 6.6 boils down to showing that (¢, 0) € u~1(0) is u-stable if and
only if it is ~y-stable.

Let us denote by Sx the (finite) set of subsheaves YW CV which are strongly
generated by £;. We will also denote by S% the subset of Sx consisting of
Higgs subsheaves. Likewise, let us denote by Sk, and S; the (finite) sets of
submodules of j(¢) and d*j(¢, 0) respectively. There is a natural injective map

¢ :Sx — SKr;
W — (Hom(Lq, W), Hom(Ls,W)) C (Hom(Ly,V), Hom(Ls, V)) =~ (Vi, V3).
LEMMA 6.7. We have W € Sk if and only if y(W) € Sk,; i-e., v 1(Sk,)
=Sk%.

Proof. By definition a Higgs subsheaf of (), 0) is a subsheaf WW C V satis-
fying (6.1). For a subsheaf W C V which is strongly generated by £;, we have
a commutative diagram

0 — Ker(¢p) —=@; L; @ Vi — @; Li ® Hom(L;, V) —=V —= 0

] | |

0— Ker(qﬁw) — P, LiW; = P Li® HOHI(CZ', W) —W —0,

where the upward arrows are canonical embeddings and where the subspaces
W; C V; are defined as ¢;,'(Hom(L;,W)). This gives rise to a commutative
diagram

Ext'(V,V)* ——> Hom(Ker(¢y), V)* <—— Hom(Hom(L,, Ker(¢y)), Hom(Ls, V))*
o o |
Ext! (V, W)* > Hom(Ker(¢y), W)* <— Hom(Hom(Ls, Ker(éy)), Hom(La, W))*

o v f

’

Ext' (W, W)* = Hom(Ker(éy), W)* Z— Hom(Hom(Ls, Ker(¢yy)), Hom(La, W))*.
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!

The maps 4,4, are injective while the maps m, 7/, 7" are surjective. This

diagram may be completed with an extra column of identifications

~

Hom(Hom(L2, Ker(¢y)), Hom(Ls, V))* Hom(Vy, Vo ® V*)*

| -

Hom(Hom(Lz, Ker(¢y)), Hom(L2, W))* —— Hom(V;, Wa @ V*)*

| -

Hom(Hom (L2, Ker(¢yy)), Hom (Lo, W))* —— Hom(Wy, Wo @ V*)*

in which the horizontal arrows are induced by the isomorphisms

Hom(Lsy, Ker(¢y)) ~ Hom(Le, £1 ® V1), Hom(Ls,V) ~ Vs
(see Section 6.5) and the similar isomorphisms with W instead of V. Observe
that 7 is identified with the projection

T

J(¢)E T3

](¢)P 1 T<;Ql£1,£2

dji,
(see (6.7)).

The subsheaf W is a Higgs subsheaf if and only if a(f) € b(Ext!(W, W)*).
Now consider the morphism of exact sequences

0 —— Ext!(V, W)* v, Hom(Ker(¢y), W)* AN Hom(Ly, W)*

S
0 — = Ext!(W, W)* —~~ Hom(Ker(éyw), W)* ——= Hom(Lyy, W)*

in which we have set for simplicity Ly = @; £; ® V; and Ly = @; L; @ W;.
Note that the map c is injective since Lyy is a direct summand of Ly. It follows
that a(f) € b(Ext!(W, W)*) if and only if #/(a(6)) € b'(Hom(Ker(¢w), W)*),
and this holds if and only i(6) can be lifted to an element y € Hom(V7, Vo@W)*
satisfying a”(y) € 0" (Hom(Wy, Wy ® V)*). But this last condition is equivalent

to the fact that (W, Ws) is a subrepresentation of d*j(¢,6). The lemma is
proved. O

LEMMA 6.8. Let W € Sx and (W, Wa) = p(W). Then u(W) > p(a) if
and only if lidim(Ws) < ladim(W7y).

Proof. This is a straightforward computation (see, e.g., [ACKO9, Lemma
3.2)). O

Let (¢,6) € p~1(0) be p-unstable. Then by the defining property (d) of
(L1, L) there exists a destabilizing subsheaf WW € S’ (see Section 6.4). There-
fore 1)(W) is a destabilizing subrepresentation of d*j(¢, #). Conversely, assume
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that d*j(¢, 0) is y-unstable. Following the authors of [ACKO?] we will call tight
a subrepresentation (W7, Ws) of d*j(¢,0) satisfying the following condition: if
(W1, W3) is a subrepresentation of d*j(¢, 8) such that W7 C W/ and Wy 2O W3,
then W{ = Wy and Wj = W,. Clearly, there exists a tight destabilizing sub-
representation (W1, Wa) of d*j(#,0).! Observe that (W7, W) is also tight as a
submodule of the (nondoubled) Kronecker representation j(¢). Using [ACKO07,
Lemma 5.5.] we conclude that the submodule (W7, Ws) is equal to ¢(W) for
some W € Sx. By Lemmas 6.7 and 6.8 it follows that W is a destabilizing
Higgs subsheaf of (¢, ) and thus that (¢, ) is p-unstable. The proposition is
proved. ([l

6.9. Let us consider the action of G, on T*E given by

2 (z,y) = (z,2y)-
This action preserves P x E* and descends to an action of G, on T* P, which
in turn preserves T*Qoﬁ’f, £, Since the map p : T*Q%i £, —> 9" is equivariant
(for the standard weight-one action of G,, on g*), this action preserves X and
thus induces a Gy,-action on ). Observe that the schemes )} with ¢ # 0
are transformed into each other by the G,,-action and, in particular, are all
isomorphic.

PROPOSITION 6.9. The Gy,-action on ) is contracting, i.e., for any y€Y,
the action map G,, — Y,z + z -y extends to a map A — .

Proof. Tt is enough to prove that the G,,-action on 3
(T*P)™//G = (T"QF; £,)" /|G
is contracting since Y is closed in (T*Q%iEQ)SS//G. Because the map p” :
(T*P)*//G — (T*P)//G is proper, it is in turn enough to prove that the
Gm-action on (T*P)//G is contracting. It is clear that the G,,-action on
(T*E)//G is contracting. Since (Px E*)//G is a Gy,-invariant closed subvariety
of (T*E)//G, the Gp,-action on (P x E*)//G is contracting as well. But there
is a surjective G,,-equivariant morphism (P x E*)//G — (T*P)//G, and hence
the Gy,-action on (77 P)//G is also contracting. The proposition is proved. [

We may now apply the method of Nakajima in [Nak04]. For the reader’s
convenience, we repeat the argument here. Denote by Z the scheme of G,-fixed
points in Y, a smooth subscheme of ). An explicit description of Z is given
and studied in [GPHS14] (the so-called moduli of chains on X). Let Z = | |; Z;
denote the decomposition of Z into connected components. The tangent space
to YV at a point z € Z splits as a direct sum

sz = sz+ @TZZ@TZy_a

1Such a representation may be thought of as a maximally destabilizing subrepresentation

of d”j(¢,0).
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where T, YT, resp. T, ", stands for the subspace over which the G,,-action is
of strictly positive (resp. strictly negative) weight. Let n; be the dimension of
T, Y™ for z € Z;. Replacing ) by )V, one similarly defines integers n}. Observe
that n, = n; — 1 as v is Gy,-equivariant and G, acts on L ~ Al with weight
one.

By Lemma 6.5(i) and Proposition 6.9, the Hesselink-Byaliniki-Birula de-
composition for Y and ) provide locally closed partitions

(6.8) Y= Wi  Yo=| Wi

where W; (resp. W) is an A™-fibration (resp. an A"-fibration) over Z;; see
[Hes81, Th. 5.7].

The decompositions (6.8) and the fibrations W; — Z;, W/ — Z; are all
defined over k. It follows on the one hand that

V(&) = Yo (k)| + (¢ — 1)V (k)]
and on the other hand that

NOESI A EAGREVIGIED S SaEAOL

We deduce that [Vo(k)| = |Vi(k)|. By Lemma 6.2,

Mik) = Y IECED e Qg L0 @ L5 — FY|/|PG(K),
}‘elnd

where I, 4 stands for the set of indecomposable (and hence geometrically inde-
composable) vector bundles of rank r and degree d over X. For such a bundle,
we have

{p€Q|o: LT &L — F}|/|PG(k)| = (¢ — 1)/|Aut(F)| = q//End(F)|,
from which we deduce that

im(Ext! —dim(En — —1)r?
’yl(k?” _ Z qdl (Ext* (F,F))—dim(End(F))+1 _ ql (a,a)ur,d| _ ql-i—(g 1) |Ir,d’
.FGIT,d

as wanted. This finishes the proof of Theorem 1.2.
6.10. In this section we provide the (standard) proof of Corollary 1.3.

Proof of Corollary 1.3. We will first provide an independent proof of the
following fact (due to [GPH13, Th. 1], [GPHS14]):

a) The Frobenius eigenvalues in H™(Higgss' (X @ F,), Q) are all of the form
c r,d q
A:Ha?j, Zni:n,
J

where ox = (01,...,02).
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So let C; = {c;; | j € K;} be the collection of Frobenius eigenvalues in
H(Higgs;';(X),Q), counted with multiplicity. It is known that Higgs;'y(X)
is cohomologically pure. (See, e.g., [HRV13, Cor. 1.2.3] for the similar case of
the mixed Hodge structure on the moduli space of stable Higgs bundles over
a complex curve, or see Section 6.11 below.) Therefore |c; ;| = ¢*/? for all
j € K;. By Theorems 1.1 and 1.2 there exist a polynomial B, 4 € Q[TQ}WQ and
a unitary polynomial R(q) € Z[q] such that for any [ > 1,

(6.9) Bralot, ... 0b,) = (Z<—1>icé,j> R(d),

1,J
where ox = (01,...,025). Multiplying B, 4 by some positive integer N if
necessary and repeating each ¢; ; IV times accordingly, we may assume that
B,.q € Z[T,)"s. Expanding the product (Ziyj(—l)icéj) R(¢") and gathering
together terms with the same sign, we may write (6.9) as an equality

(6.10) Z ul = Z o,

acA beB
where ug, v, are either some monomials of the form ail e U;Qgg or of the form
q"c;; for some i and j € K;. Because (6.10) holds for all [, we deduce that
{ug | a € A} = {vp | b € B}. We may decompose the sets {u,}, {vp} according

to the complex norm, yielding for each n an equality
{ua |a€ A |ua| =n} ={vy | b€ B, |vy| =n}.

Let d be the degree of R(q), so that R(q) = ¢% + P(q) with deg(P) < d.
Set | = max {l | K; # 0}. Depending on the parity of [, the monomials
of the form g% ; either all belong to {u, | a € A,|us| = ¢?+/2} or all be-
long to {vy, | b € B,|w| = ¢*/2}. This implies that the ¢;;,7 € K are
all equal to monomials o' - -UZ;' with Y pir = [. Canceling from (6.10)
all the terms arising in the products ¢; jR(q) for j € K; and arguing by in-
duction, we deduce that the same holds for the ¢; ; with j € K; and i ar-
bitrary. This proves (a). In fact, the above argument shows the following.
Write Agra = 34, iny G, ing(—21)" -+ (—224)™9. Then the multiplicity of
the eigenvalue sz e 0;2; is equal to aj, . ,,- In particular, this implies that
Qiy,....ip, € N for any iy,...,d24. Statement (i) of Corollary 1.3 easily follows.
Let us now turn to statement (ii). Let Xg be a smooth projective curve of
genus g defined over Q, and let X be a spreading out of Xg defined over some
ring R = Z[+]. Consider the R-scheme 7 : Higgs;';(Xr) — Spec(R). The com-
plex Rm(Q;) is locally constant over an open subset U C Spec(R). For any field
k and any point ji : Spec(k) — Spec(R), the proper base change theorem pro-
vides an isomorphism j; Rm(Q;) ~ Ry 1(Q;), where 7y, : Higgsffd(X R k) —
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Spec(k). If jr, € U, then ji Rm(Q) ~ jjRm(Q) ~, where jg : Spec(Q) —
Spec(R) is the generic point. As jg, € U for ¢ > 0, this yields an equality

> dim(H7 (Higgsy'y(Xpr®@ Fy), Qu))t" = ) dim(H] (Higgs}'y(Xr®Q), Q)"

Finally, by the Artin-Grothendieck comparison theorem,
S dim(H? (Higesty(X @ Q), Q)" = 3 dim ("9 (Higgsy (XgC), C))t".

We conclude using the fact that the all the complex varieties Higgsffd(X ) as
X runs through the set of Riemann surface of genus g are diffeomorphic (and
all diffeomorphic to the genus g twisted character variety for the group GL(r);
see [HRV08]). O

6.11. Finally, let us prove Corollaries 1.4 and 1.5.

Proof of Corollary 1.4. Assume that k = F,. We first recall the proof that
the variety Affd is cohomologically pure and that the Frobenius eigenvalues in
H'(A};, Q) are all of the form []; aé»j with 37;1; = 4. Consider the G,,-action
on Higgs$'; defined by p(z)(V,0) = (V, 20). Observe that the Hitchin map 1 is
naturally G,,-equivariant for the weight-one action of G,, on the Hitchin base.
Since p is proper, it follows (as in Section 6.9) that this action is contracting.
Let Z = (Higgsifd)Gm be the be the fixed point subvariety and Z = | |; Z; its
decomposition into connected components. Each Z; is a smooth subvariety of
Higgsffd which is included in Af,fd and hence is projective. The tangent space

ffd at a point z; € Z; decomposes according to the G,,-character as

TziHiggsi?d = TZO D Tzz' Zz S TZO
We have Byalinicki-Birula-Hesselink decompositions (for p and p~! respec-
tively)

of Higgs

Higgsy!y = | | Vi, Ny =11Y,
i i

where Y;T is a locally trivial A" fibration over Z; and Y,;” is a locally trivial
A™ -fibration over Z;, where
nj = dim T;io, n; = dim Tzf_o;

see [Hes81, Th. 5.7]. (This is independent of the choice of 2;.) Because A},
is lagrangian and Z; is included in the smooth locus of Affd, we have nj =
%dim Higgsffd =1+ (g — 1)r%. The varieties Z; being smooth and projective,
they are pure, and hence so are the Yf,Yi_ (for the compactly supported
cohomology). This implies that Af:'jd and Higgsffd are pure as well and that

there is an equality in the Grothendieck group of Gal(k/k)-modules
(6.11)  Hp(Higes)!y, Q) =~ @ HZ 707 (2, Qu)((1 - g)r” - 1),
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where () denotes a Tate twist. Similarly, there is an isomorphism
(6.12) H (A, Q @H "2 Q) (—n 0.

By Poincaré duality,
(6.13) HZA 27, Qo) (—dim Z) ~ Hi(Z;, Q).

Observe that dim Z; = 1+ (g—1)7? —n;°. Combining (6.11), (6.12) and (6.13)
and taking the trace with respect to the Frobenius element yields statement (i).
Statement (ii) for £ = F, follows by considering the appropriate cohomological

degrees, and for k = C by the same type of arguments as in the proof of
Corollary 1.5. O

Proof of Corollary 1.5. The first statement was shown in the course of
the proof of Corollary 1.3. The second statement is a direct consequence of
the fact that the moduli space nggs 4(Xc) is connected and of dimension
2(1+ (g — 1)r?). O

7. Extension to the parabolic case

7.1. There is a result analogous to Theorem 1.1 for vector bundles with
(quasi)-parabolic structure. As before, let X be a smooth projective curve
defined over a finite field F,. Fix an effective divisor D = >"N | p;x; where for
simplicity we assume that the x; are Fg-rational points of X. By definition
a quasi-parabolic vector bundle (V,F*®) on (X, D) is a vector bundle V on X
equipped with a collection of filtrations

Fl(i) C Fz(i) c...C Fzgii) — V|Ii

for i = 1,...,N. The sequence (dim(F ()) dim(F: ()) ...,dim(Flgf))) is called
the dz’menszon type of (V, F*) at z;.

Given r > 0,d € Z and fixed dimension types d® = dgi) < < dg) =r
fori=1,....,N, welet A, ;40 qov(X) stand for the number of geomet-
rically indecomposable quasi-parabolic bundles on (X, D) of rank r, degree d
and dimension type d® at z; for all i. Again the finiteness of such number is
a consequence of the existence of Harder-Narasimhan filtrations.

THEOREM 7.1. For any g > 0, any positive integer N > 0, any collection
of positive integers p = (p1,...,pn) and any tuple o« = (r,d, dW. ... ,d(N))
satisfying
(r,d) e Nx Z,

d® = (@ <. <d¥) =) Vi,
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there exists a unique polynomial Aypa € Q[Tg]wg such that for any smooth
projective curve X of genus g defined over a finite field, for any divisor D =
Sipix; with x; € X(Fy), we have

Aa(X) = Agpalox).
When g = 0, the above theorem settles Conjecture 9.2(ii) in [Sch04].

7.2. The proof of Theorem 7.1 is completely parallel to that of Theo-
rem 1.1, using the spherical Hall algebra of the category of D-parabolic co-
herent sheaves over X in place of the spherical Hall algebra of X. Shuffle
presentations for such Hall algebras are studied in [Linl5]. There is also an
effective version of Theorem 7.1, whose proof is again similar to that of The-
orem 1.6. This would then provide an answer to a question raised by Deligne
in the context of the counting of the number of irreducible /-adic local systems
on a curve defined over a finite field (see [DF13] or [Dell5]). It is natural to
expect that the results and methods of Section 6 extend to the parabolic set-
ting as well. These extensions to the parabolic setting will be the subject of a
companion paper.

8. Refinements and conjectures

To finish, we state a few refinements of the results of this paper and
propose some conjectures, in particular, on the possible Lie-theoretic interpre-
tations of the polynomials A, 4.

8.1. Let v € Q. Denote by AEZ(X), resp. AE&’(X), the number of ab-
solutely indecomposable vector bundles over X of class (r,d) lying in Coh=",

resp. Coh=". The proof of Theorem 1.1 yields the following:
COROLLARY 8.1. Fiz g > 0 and v € Q. For any (r,d) € (Z*)T, there
fzd, §Zd € K, such that for any smooth projective curve

X of genus g defined over a finite field, we have

AZH(X) = A2V (ox),  ASHX) = ASY (0x).

Remarks. (i) When p((r,d)) = v we have Coh,. 4(X)NCoh=" = Coh,. 4(X)
N Coh®. The above result thus implies that there exist polynomials counting

exist polynomials A

the number of geometrically indecomposable semistable sheaves of any given
slope v.

(ii) We have Coh=® > Coh=! > .... Thus for a given (r,d) with r > 0,
d > 0, there is (for each curve X) a decreasing sequence of positive integers

d
AZ(X) = AZNX) > - = AT (X).

Of course, taking d > 0, we have Afg(X) = A, ¢(X). It is natural to hope
that

Agz,i,d - Angdl € Tm(N[—z]}"" — Ry), for i > 0.
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When (r,d) are coprime it would be interesting to interpret the ensuing term-
wise decreasing sequence

d
Agraltycoot) > > ASr (.. 1)

of single variable polynomials as corresponding to some natural filtration in
the cohomology of moduli spaces of Higgs bundles over complex curves (or of
twisted character varieties).

(iii) The above remarks (i) and (ii) can be made also in the case of vec-
tor bundles equipped with quasi-parabolic structures (for any choice of slope
function).

8.2. From Corollary 8.1, it seems natural to make the following conjec-
ture. For (a1, ..., o) a Harder-Narasimhan type, let us denote by Aq, ... q,(X)
the number of absolutely indecomposable vector bundles over X which belong
to Coh(@1-at),

CONJECTURE 8.2. For any g > 0 and for any Harder-Narasimhan type
(0a,...,0q), there exists a polynomial Ag o, .. o € Q[Tg]wg such that for any
smooth projective curve X of genus g defined over a finite field, we have

Aal,...,at (X) = Ag,al,...,af, (UX)-

Again, one may formulate an entirely similar conjecture in the case of
vector bundles equipped with quasi-parabolic structures (for any choice of slope
function). One may likewise formulate exactly the same conjecture in the
context of representations of quivers.

8.3. In the context of quivers Kac conjectured (see [Kac83, Conj. 1)),
and Hausel proved in general, that the constant term Aq(0) of the Kac poly-
nomial attached to a quiver ) with no edge loop and a dimension vector d is
equal to the multiplicity of the root }°; d;a; in the Kac-Moody Lie algebra gg
canonically associated to @Q; see [Haul0, §3] for details.

In the context of a smooth projective curve one is therefore led to seek an
analog of the Kac-Moody Lie algebra gg. Motivated by Ringel’s theorem relat-
ing Hall algebras and quantum groups, we suggest the following construction.
Let X be a smooth projective curve of genus g defined over an algebraically
closed field, and let H} be the space of all C-valued constructible functions
on the moduli stack Coh,. The space HX := @, HX has the structure of a
co-commutative Hopf algebra (see, e.g., [Lus91, §10.20] or [BTL12, Th. 4.3])
and is sometimes called the y-Hall algebra of X. Let HX*P" stand for the sub
Hopf algebra generated by the constant functions on Cohg g and Bun, ; for
d > 0 and [ € Z. This Hopf algebra may be thought of as an o; = 1 limit of the
spherical Hall algebra H*P" of a curve of genus g defined over a finite field. We

define the spherical Hall Lie algebra hi?h of X as the Lie algebra of primitive
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elements in HX*PP. We conjecture that this Lie algebra is independent of the
choice of X and has finite dimensional Z? graded components. The analog of
Kac’s conjecture may now be formulated as follows:

CONJECTURE 8.3. For any (r,d) € (Z*)*, we have Ay, 4(0) = dim hSph

In addition, one may formulate a version of Kac’s conjecture directly in
terms of the spherical Hall algebra H*P" of the curve X itself (and its inte-
gral form pH®P"), which are natural analogs in the context of curves of the
quantum enveloping algebra U,(ng). These algebras are (Z?)*-graded but
with graded components of infinite dimension in general. In order to circum-
vent this difficulty, let us denote by HP"Z9 the subspace of HP! consisting of
those functions on Coh, which are supported on the substack Coh>0. It is
easy to check that HPM20 = @, HPM20 is an (N?)-graded algebra with finite
dimensional graded components.

CONJECTURE 8.4. The following equality holds in the ring of power series
N[[(O1), 2(L00];

v

These conjectures may be directly checked for g = 0,1 using the results
in [Kap97], [BS12] respectively.
Remark. By [SV12, Th. 3.1], the spherical Hall algebra H*P" of X is iso-
morphic to the spherical part of the K-theoretic Hall algebra
Ky = @ K70 (Cy)
r>0
of the commuting variety Cy = | |, Cy,, where

Cg,r = {(37173/1 xgayg € g[ 29 ‘ Z xuyz = 0}

We do not know how to geometrically describe the subalgebra ngo of
K, corresponding to HPh20 However, one may expect the existence of a
degeneration from ngo to the cohomological Hall algebra

Cy= @ H(.}erTg (Cor)-
r>0
(See [SV13, §7], where such a degeneration is performed (algebraically) in the
case of g = 1.) In particular, one may consider an analog of Conjecture 8.4 in
which HP120 is replaced by the spherical part of C,. (This suggests a relation
between Ay, 4(0) and the Donaldson-Thomas invariants of the 2g-loop quiver,
with preprojective relations.)



356 OLIVIER SCHIFFMANN

Acknowledgements. 1 am grateful to M. Brion, P.-H. Chaudouard, G.
Chenevier, L. Fargues, D. Harari, T. Hausel, F. Orgogozo, M. Reineke, V.
Toledano-Laredo and E. Vasserot for helpful discussions and correspondence.
Special thanks are due to G. Laumon and E. Letellier for many fruitful ex-
changes and for sharing their insight with me during the preparation of this
work. Many thanks are due to the anonymous referee for his or her great help
in improving this paper.

Appendix A. Volume of moduli stacks of torsion sheaves

Proof of Theorem 4.1(ii). Let Coh((fg be the substack of Cohg, para-
metrizing torsion sheaves of degree d supported at a closed point z of X, and
let 1892 stand for the characteristic function of Coh((fc)l. Observe that 1((]2 =0
unless deg(x) | d and

(x) _ @) (z) _ Na(ks)]
VOI(COhO,ndeg(:v)) - (10,71 deg(z) ‘ 10,ndeg(m)) - m
qn(n—l)deg(x)

= (qndeg(x) _ 1) .. <qndeg(m) _ q(n—l)deg(m))7

where ky > F acg(x) Is the residue field at z. Moreover,

Y loas’=[1 <Z 1Eg?ndeg(x))sndeg(x)>

d>0 z€X \n>0

and

l (z) (z) ndeg(x
Z(lo,l 107Z)S - H Z(lo,ndeg(m) | 10,ndeg(x))8 8 )

>0 z€X n>0

Using Heine’s formula, we obtain
—1\deg(z)
() (=) ndeg(z) _ (Sq )
Z(lo,n deg(z) ‘ 10,ndeg(a:))8 = exXp Z l(l _ fldeg(:r)) ’
n>0 I>1 q

Using the relation
Z Z d= |X(Fql)|>
d|l deg(f:):d

we finally obtain

>_ (Lo Lo,a)s? = exp (Z WSZ> = Exp <|X(F‘1)‘s)

d>0 >1

as wanted.



KAC POLYNOMIALS FOR CURVES 357

Appendix B. Density of Weil numbers of smooth projective curves

Proof of Proposition 4.7. The set W is constructed as the collection of
Weil numbers (in the [-adic cohomology) of smooth projective curves defined
over finite fields, allowing both the curve and the finite field to vary (as long
as the characteristic is different from 7). Let us fix a finite field Fy with [ not
dividing ¢, a square root q% of ¢ in Q; and let us denote by W, the set of all
(collections of ) Weil numbers of smooth projective curves defined over F,. For
any F,-scheme U, we write 71 (U), resp. 7$°"(U), for the fundamental group
(resp. geometric fundamental group) of U.

In [KS99, §10.1, 10.2], Katz and Sarnak constructed a family p : X — Uy of
smooth projective curves over F, of genus g, satisfying the following property.
Set F = R'p1(Q;)(1/2), a pure lisse sheaf of weight zero whose stalk at a
point Spec(Fyn) — Uy corresponding to a curve X defined over Fyn is equal
to HY(X ® F,;,Q;)(1/2). Let us also denote by p : m(U) — GL(2¢,Q;) the
representation associated to F (well defined up to conjugation). Then the
Zariski closure of p(m$°™ (Uy)) is equal to Sp(2g,Q;) (see [KS99, Ths. 10.1.16
and 10.2.2]). Moreover, p(m1(Uy)) C Sp(2g, Q).

To every point x : Spec(Fyn) — Uy, there corresponds a map 7 (Spec(Fgn))
— m1(Uy), and hence a Frobenius element p(Frs.,) € Sp(2g,Q;) (well defined
up to conjugation). Let p(Fr,,)% stand for the semi-simple part of p(Fry ).
Using the embedding ¢ : Q; — C, we may view p(Fr, ) as a semisimple con-
jugacy class in Sp(2g, C). Because F is pure of weight zero, the eigenvalues of

S8 intersects the

p(Fry ;)% are all unitary; i.e., the conjugacy class of p(Fry ;)
maximal compact subgroup K C Sp(2¢,C) in a K-conjugacy class which we de-
note by Cy. . If 2 : Spec(F4n) — U, corresponds to a curve X defined over Fyn,
then C , is the conjugacy class whose eigenvalues are (q*”/ 200,...,q "™ 2029),
where (01,...,094) are the Weil numbers of X. By Deligne’s equidistribution
theorem (see [Del74, 3.5.3] and [KS99, Th. 9.2.6]), the set of conjugacy classes
C<p == {Com | m < n,z € Uy(Fym)} becomes equidistributed for the Haar
measure as n tends to infinity.
The maximal torus 7" of K is equal to

T ={(21,-..,299) € (C)V| |2i| = 1, 20120 = 1V i} = (S1)7.
Set Wy, = Un>1 Wy.n, Where
Wi, ={a?ox = (¢ 01,0 " Pos) | X € Ug(Fgn)}.

Deligne’s equidistribution theorem implies that Wc’m is equidistributed in
T /W, as n tends to infinity. In particular, thz is dense in T' (for the analytic
topology). We claim? that this implies that Wy = Un>1 We,n 1s Zariski dense

2We thank Gaétan Chenevier for providing us the argument.
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in T,/W,. Indeed let f € C[T,]"s be a polynomial function vanishing on
W,W,. Consider the (real) algebraic map r : T' x R* — Ty, ((21,. .., 224),t) —
(tz1,...,tzag). The image of r contains W,W, and is Zariski dense in T,.
Assume that f # 0 so that 7*f # 0, and let us write r*f(z,t) = >; hi(2)t".
Rescaling by a power of t if necessary, we may assume that hg # 0 and h; =0
for i > 0. Let z € T such that ho(z) # 0. Because each W, ,, is finite and W,
is dense in T, there exists a sequence (w;,n;); with w; € W[W_ and n; — oo
such that w; — z. The functions h;,¢ < 0 being bounded on the compact
set T, it follows that r*f(w;, ¢"/?) — ho(z) # 0, in contradiction with our
hypothesis on f. This proves that W, W is dense in T, and thus that W, (and
a fortiori W) is dense in T,/W,. We are done. O

Appendix C. Proof of Conjecture 1.7 when r is prime

This is a straightforward computation. By the proof of Theorem 1.1,
Ay, (2) may have poles only at 7-th roots of unity, and these poles are of
order at most one. If r is assumed to be prime, then all the nontrivial r-th
roots of unity are primitive, and hence only occur as poles of terms in Ay ()
containing a factor (1 — z")~!. Upon inspection, on easily sees that this factor
arises (as a coefficient of T") on the right-hand side of (1.3) in only two terms,

namely,
¢\ I (2)Hpy (2)
_ Il = 1)(ei = 2) -+ (o — 2" 1) 1
(-Da-2@-=70  (1-2)0-22)- 1)
and

p(r) , 1 IL(eg —1)
7% (q<(1) (1)>J(1)(Z)H(1)(Z)) T (=1 =2

The result follows by a simple residue computation.
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