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Kahler—Einstein metrics
with edge singularities

By THALIA JEFFRES, RAFE MAZZEO, and YANIR A. RUBINSTEIN

Abstract

This article considers the existence and regularity of K&hler—Einstein
metrics on a compact Kahler manifold M with edge singularities with cone
angle 27/ along a smooth divisor D. We prove existence of such metrics
with negative, zero and some positive cases for all cone angles 273 < 27.
The results in the positive case parallel those in the smooth case. We also
establish that solutions of this problem are polyhomogeneous, i.e., have
a complete asymptotic expansion with smooth coefficients along D for all
213 < 2m.

1. Introduction

Let D C M be a smooth divisor in a compact Ké&hler manifold. A Kéahler
edge metric on M with angle 273 along D is a Kéhler metric on M\ D that is
asymptotically equivalent at D to the model edge metric

n
g5 = 212 dz P + Y |dzy
j=2
here z1, 29, .. ., z, are holomorphic coordinates such that D = {z; = 0} locally.
We always assume that 0 < 5 < 1.

Of particular interest is the existence and geometry of metrics of this type
that are also Einstein. The existence of Kahler-Einstein (KE) edge metrics was
first conjectured by Tian in the mid 1990’s [60]. In fact, Tian conjectured the
existence of KE metrics with ‘crossing’ edge singularities when D has simple
normal crossings. One motivation was his observation that these metrics could
be used to prove various inequalities in algebraic geometry; in particular, the
Bogomolov—Miyaoka—Yau inequality could be proved by deforming the cone
angle of Kahler—Einstein edge metrics with negative curvature to 2w. Further-
more, these metrics can be used to bound the degree of immersed curves in gen-
eral type varieties. He also anticipated that the complete Tian—Yau KE metric
on the complement of a divisor should be the limit of the Kahler—Einstein edge
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metrics as the angle 273 tends to 0. Recently, Donaldson [24] proposed using
these metrics in a similar way to construct smooth Kahler—Einstein metrics on
Fano manifolds by deforming the cone angle of Kahler—Einstein metrics of pos-
itive curvature, and more generally to relate this approach to the much-studied
obstructions to existence of smooth Kéhler—Einstein metrics.

One of the main results in this article is a proof of Tian’s conjecture on
the existence of Kahler—Einstein edge metrics when D is smooth. In a sequel
to this article we shall prove the general case [46]; this involves substantial
additional complications due to the singularities of the divisor.

In the lowest dimensional setting, M is a Riemann surface and the problem
is to find constant curvature metrics with prescribed conic singularities (with
cone angle less than 27) at a finite collection of points. This was accomplished
in general by McOwen and Troyanov [49], [67]; as part of this, Troyanov found
some interesting restrictions on the cone angles necessary for the existence of
spherical cone metrics. Later, Luo and Tian [41] established the uniqueness of
these metrics. For the problem in higher dimensions, we focus only on the case
where D is smooth, unless explicitly stated. A preliminary study of the case of
Kahler—Einstein edge metrics with negative curvature appeared in the thesis
of the first named author [33], where it was already suggested that some of the
a priori estimates of Aubin and Yau [2], [70] should carry over to this setting
when S € (0, %} An announcement for the existence in that negative case with
B € (0, %] was made over ten years ago by the first and second named authors
[45]. There were several analytic issues described in that announcement that
seemed to complicate the argument substantially, and details never appeared.

Recently there has been a renewed interest in these problems stemming
from an important advance by Donaldson [24], alluded to just above, whose
insightful observations make it possible to establish good linear estimates. He
proves a deformation theorem, showing that the set of attainable cone angles
for KE edge metrics is open. The key to his work is the identification of
a function space in the space of bounded functions on which the linearized
Monge—-Ampere equation is solvable.

We realized, immediately following the appearance of [24], that the change
of perspective suggested by his advance makes it possible to apply the theory
of elliptic edge operators from [43] so as to circumvent the difficulties surround-
ing the openness part of the argument proposed in [45]. Indeed, we show that
estimates equivalent to those of Donaldson (but on slightly different function
spaces) follow from some of the basic results in that theory, and we explain
this at some length in this paper. This alternate approach to the linear the-
ory allows us to go somewhat further, and we use it to show that solutions
are polyhomogeneous, i.e., have complete asymptotic expansions in possibly
noninteger powers of the distance to the divisor and positive integer powers of
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the log of this distance function, with all coefficients smooth along the divisor.
This was announced in [45] and speculated on in [24], and the existence of this
higher regularity should be very helpful in the further study of these metrics.

What we achieve here is the following. We prove existence of Kéahler—
Einstein edge (KEE) metrics with cone angle 273 that have negative, zero
and positive curvature, as appropriate, for all cone angles 273 < 27, when D
is smooth. Existence in the positive case is proved under the condition that
the twisted Mabuchi K-energy is proper, in parallel to Tian’s result in the
smooth case [61]. Next, we prove that solutions of a general class of complex
Monge—Ampere equations are polyhomogeneous, i.e., have complete asymp-
totic expansions with smooth coefficients. We provide a sharper identification
of the function space defined by Donaldson for his deformation result. As we
have briefly noted above, there are two slightly different scales of Holder spaces
that play a role in this type of problem. One, used in [24], we call the wedge
Holder spaces; the other, from [43], are the edge Holder spaces. Functions in
the wedge Holder spaces are slightly more regular, which is crucial in certain
parts of the argument; on the other hand, the edge Holder spaces are invariant
with respect to the dilation structure inherent in this problem, which makes
the linear theory, and certain parts of the nonlinear theory, more transparent.

We shall employ these spaces at various points in the argument. What
makes it possible to go from the edge spaces back to the wedge spaces is
Tian’s regularity argument from Appendix B, which shows that any solution
to the Monge-Ampere equation that is bounded along with its Laplacian is
automatically in a wedge Holder space. The results in Section 4 then show
that the solution is polyhomogeneous.

The key new ingredient for deriving the nonlinear a priori estimates is the
new Ricci continuity method, which can be considered as a continuity method
analogue of the Ricci flow. This was introduced in the context of the Ricci
iteration by the third named author [52], and one point of this article is to
show that it is perhaps the best suited for proving existence of Kahler—Einstein
metrics. Indeed, we derive our estimates also for more classical continuity paths
studied in the literature and at the appropriate junctures indicate how these
break down unless /3 is in the restricted “orbifold range” (0, %], while this new
continuity method works for all 5 € (0, 1].

In proving the a priori estimates we have made an effort to extend vari-
ous classical arguments and bounds to this singular setting with minimal as-
sumptions on the background geometry. In particular, the Ricci continuity
method together with the Chern—Lu inequality allows us to obtain the a pri-
ori estimate on the Laplacian assuming only that the reference edge metric
has bisectional curvature bounded above. We then explain how the Evans—
Krylov theory together with our asymptotic expansion imply a prior: Holder
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bounds on the second derivatives for all cone angles with no further curvature
assumptions. Reducing the dependence of the estimates for the existence of a
Kéahler—Einstein metric to only an upper bound on the bisectional curvature
of the reference metric does not seem to have been observed previously even
in the smooth setting, where traditionally a lower bound on the bisectional
curvature is required, or at least an upper bound on the bisectional curvature
together with a lower bound on some curvature. Thus, as a by-product, we
also obtain a new and unified proof of the classical results of Aubin, Yau and
Tian, on existence of KE metrics on smooth compact Kéhler manifolds. Fi-
nally, in the case of positive curvature, we show how to control the Sobolev
constant and infimum of the Green function, which are both needed for the
uniform estimate. In an appendix it is shown that the bisectional curvature of
one reference metric is bounded from above on M\ D whenever 8 € (0, 1]. The
difficult calculations to establish this were obtained by the third named author
and Chi Li, and this appendix constitutes yet another necessary component of
this work.

Before stating our results, let us mention some other recent articles con-
cerning existence. It was expected that if one were to have linear estimates
such as the ones obtained by Donaldson [24], and if g € (0, %], so that the
curvature of the reference metric is bounded, then it should be possible to
adapt the classical Aubin—Yau a priori estimates and hence obtain existence
when p < 0. This was carried out in [15]. Another quite different approach
to existence for 8 € (0, %] and p < 0 but allowing divisors with simple normal
crossings, based on approximation by smooth metrics (and thus avoiding the
linear estimates), is due to Campana, Guenancia and Paun [16]. Both [15]
and [16] appeared around the same time as the present article. Finally, in
a different direction, Berman [9] showed how to bypass the linear estimates
and produce KE metrics whose volume form is asymptotic to that of an edge
metric using a variational approach. However, neither of these methods give
good information about the regularity or the geometry of the solution metric
near the divisor.

We now state our main results more precisely. Since some of the termi-
nology in these two theorems is perhaps unfamiliar in complex geometry, we
recall the notion of polyhomogeneity described briefly earlier in this introduc-
tion. The existence of a polyhomogeneous expansion should be regarded as an
optimal regularity statement for a solution, and it is the natural and unavoid-
able replacement for smoothness for these types of degenerate problems. Just
as with the Taylor expansions for smooth functions, the asymptotic expansions
we use in this paper are rarely convergent. We refer to Sections 2 and 3 for
more on this and for all relevant notation.
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THEOREM 1 (Asymptotic expansion of solutions). Let w be a polyhomo-
geneous Kdihler edge metric with angle 2n8 € (0,27]. Suppose that, for some
Holder exponent v € (0,1), u € DY NPSH(M,w), s = w or e, is a solution
of the complex Monge—Ampére equation

(1) Wl =w"e/ 7 on M\D,
where w, = w +/—100u and f € Aghg(X). Then u is polyhomogeneous, i.e.,
u € Aghg(X).

This result admits a straightforward generalization if the exponential on
the right-hand side is replaced by a function F(z,u) that is polyhomogeneous

. . . . 0 0
in its arguments and is such that if u € Ap,, then F(z,u) € Aj,,.

THEOREM 2 (Ké&hler—Einstein edge metrics). Let (M,wy) be a compact
Kihler manifold with D C M a smooth divisor, and suppose pwo]+(1 — B)[D]
= c1(M), where g € (0,1] and p € R. If p > 0, suppose in addition that
the twisted K-energy Eg 1s proper. Then there exists a Kdhler—FEinstein edge
metric Wy, with Ricci curvature o and with angle 2m3 along D. This metric
is unique when p < 0, unique in its Kdhler class when p =0 and unique up to
automorphisms that preserve D when p > 0. This metric is polyhomogeneous;
namely, oy admits a complete asymptotic expansion with smooth coefficients
as r — 0 of the form

Njx
(2) i (r,0.2) ~ Y Y ajwe(8, Z)r7 0 log ),
4,k>0 £=0
where v = |21|%/B and 0 = arg 21, and with each aj € C®. There are no

terms of the form r<(logr)t with £ > 0 if ¢ < 2. In particular, oxg has infinite
conormal regularity and a precise Holder reqularity as measured relative to the
reference edge metric w, which is encoded by pyxy € A% N DY,

We refer to Proposition 4.4 for the determination of the first several terms
in the expansion (2).

To clarify the conclusions about regularity in these theorems, we first
prove infinite ‘conormal’ regularity (¢ € A?), which means simply that the
solution is tangentially smooth and also infinitely differentiable with respect
to the vector field r0,; we then establish Holder continuity of some second
derivatives with respect to the model metric (p € DY%Y); finally, we prove
the existence of an asymptotic expansion in powers of the distance to the
edge (¢ € Aghg). This expansion also leads to the precise asymptotics of the

1

curvature tensor and its covariant derivatives. For example, when 3 < 5, we

2,19 0,L—-2
have i € Cy” , all third derivatives of the form (¢xg);j;, belong to Cyy”
and therefore so do all Christoffel symbols, and the curvature tensor of wy,, is
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Holder continuous. However, assuming only that 5 < 1, we have A, ks € CS;"Y
for some 7 € (0, % — 1], but in general the curvature tensor does not lie in L°.
(This follows readily from the calculations of the appendix.) Again, we refer
to Proposition 4.4 for more precise information.

Theorem 2 is the generalization to the edge setting of the classical the-
orems of Aubin, Yau (p < 0) and Tian (u > 0) on existence of KE metrics
in the compact smooth setting [2], [70], [61]. Its proof gives a new and uni-
fied treatment for all u even in the smooth setting. It is also a satisfactory
generalization of Troyanov’s theorem on the existence of constant curvature
metrics with conic singularities on Riemann surfaces [67] inasmuch as the cone
angle restrictions that appear in his work arise only in the positive curvature
case, and they are the same as the properness of the twisted K-energy in that
setting. Just as for the smooth setting [61], the properness assumption should
be a necessary condition for existence in the absence of holomorphic vector
fields that are tangent to D.

Finally, consider the special case that M is Fano and D is a smooth
anticanonical divisor. (The existence of such a divisor is related to the so-
called Elephant Conjectures in algebraic geometry and is known when n < 3
by work of Shokurov and others.) Then, as noted by Berman [9], the twisted
K-energy is proper for small 4 = . Theorem 2 thus gives the following
corollary conjectured by Donaldson [23].

COROLLARY 1. Let M be a Fano manifold, and suppose that there exists
a smooth anticanonical divisor D C M. Then there exists some Sy € (0,1]
such that for all B € (0,By), there exists a KEE metric with angle 2w along
D and with positive Ricci curvature equal to .

Added in revision: There has been substantial work in this area in the
years following the initial appearance of this article; cf., in particular, the
papers [22], [51], [17], [18], [19], [63]. We refer the reader to the survey [53]
for further references and background. In both [18] and [63], the construction
of a smooth KE metric is carried out by studying the deformations of a KEE
metric as the cone angle increases.

Our original proof of the DY estimate had an error, now corrected by
Appendix B. The paper [18] contains a different approach to this estimate.
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2. Preliminaries

We set the stage for the rest of the article with a collection of facts and
results needed later. First consider the flat model situation, where M = C"
with linear coordinates (z1,...,z,) and D is the linear subspace {z; = 0}. For
brevity we often write

Z = (z2,...,%n)-

The model singular Kéhler form and singular Kahler metric are given by

1 I
(3) wﬁz2\/—1(|21|26_2d21/\dz1—i—ZdzJ/\dzJ)
=2
and .
(4) gs =212 Az P+ Y |d PP,

j=2

This is the product of a flat one complex dimensional conic metric with cone
angle 273 with C"~!. We always assume that 0 < 8 < 1; the expressions
above make sense for any real 3, but their geometries are quite different for 3
outside of this range.

Now suppose that M is a compact Kéhler manifold and D a smooth
divisor. Fix f € (0,1] and p € R, and assume that there is a Kahler class
1 = Q, g such that

(5) u +27(1 — B)er(Lp) = 2mer (M).

Here, Lp is the line bundle associated to D. Thus, ¢ (M) — (1 — B)ci(Lp) is
a positive or negative class if 4 > 0 or p < 0. If g = 0, then € is an arbitrary
Kabhler class.

Let g be any Kéahler metric that is smooth (or of some fixed finite regular-
ity) on M \ D. We shall say that g is a Kéhler edge metric with angle 270 if,

in any local holomorphic coordinate system near D where D = {z; = 0} and
1 = pe\/jl9’

6) g1 =Fp*2, gi; = gi1 = O(p°~1*"), and all other g;; = O(1),

for some 1’ > 0, where F' is a bounded nonvanishing function that is at least
continuous at D (and that will have some specified regularity). If this is the
case, we say that g is asymptotically equivalent to gg and that its associated
Kéhler form w (which by abuse of terminology we sometimes also refer to
as a metric) is asymptotically equivalent to wg. There are slightly weaker
hypotheses under which it is reasonable to say that g has angle 2738 at D, but
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the definition we have given here is sufficient for our purposes. We denote by
Ricw the Ricci current (on M) associated to w, namely, in local coordinates
Ricw = —/—=1001log det|g;5] if w = v/—1g;5dz Adz/. Thus, Ricw—2m(1—73)[D]
is a (1,1) current on M with a continuous potential, where [D] is the current
associated to integration along D.

Definition 2.1. With all notation as above, a Kéhler current w, with as-
sociated singular Kéahler metric g, is called a Kéhler—Einstein edge current,
respectively metric, with angle 275 along D and Ricci curvature p if w and g
are asymptotically equivalent to wg and gg and if

(7) Ricw — 27(1 — B)[D] = pw.

In this section we present some preliminary facts about the geometry and
analysis of the class of Kéhler edge metrics. We first review some different co-
ordinate charts near the edge D used extensively below. Many calculations in
this article are most easily done in a singular real coordinate chart, although
when the complex structure is particularly relevant to a calculation, we use
certain adapted complex coordinate charts. While all of this is quite elemen-
tary, there are some identifications that can be confusing, so it is helpful to
make all of this very explicit. We calculate the curvature tensor for any one
such metric g, assuming it is sufficiently regular. We then introduce the rele-
vant class of Kahler edge potentials and describe the continuity method that
will be used for the existence theory. As we recall, this particular continuity
method is closely related to the Ricci iteration that, naturally, we also treat
simultaneously in this article. We conclude the section with a fairly lengthy
description of the various function spaces that will be used later. Rather than
a purely technical matter, this discussion gets to the heart of some of the more
important analytic and geometric issues that must be faced here. There are
two rather different choices of Holder spaces; one is naturally associated to this
class of Kéhler edge metrics and was employed, albeit in a slightly different
guise, by Donaldson [24], while the other, from [43], is well adapted to this
edge geometry because of its naturality under dilations and has been used in
many other analytic and geometric problems where edges appear. Use of these
latter function spaces is central to our method.

2.1. Coordinate systems. Fix local complex coordinates (zi,...,2,) =
(21, Z) with D = {z; = 0} locally. There are two other coordinate systems that
are quite useful for certain purposes. The first is a singular holomorphic coordi-
nate chart, where we replace z1 by ( = zlﬁ /B. Of course, ( is multi-valued, but
we can work locally in the logarithmic Riemann surface that uniformizes this
variable. Thus if z; = peﬁa, then ¢ = reﬁa, where r = pﬂ/ﬂ and 0 = 56.
The second is the real cylindrical coordinate system (r,#,y) around D, where
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r = |{| as above, 0 is the argument of z1, and (y1,...,y2n—2) = (Re Z,Im 7).
Note that reV=1 = z|z|#~1/8. We use either (21, Z) or (¢, Z) in situations
where the formalism of complex analysis is useful, and (r,0,y) elsewhere. For
later purposes, note that
1 0 _ 0z
() dC = dey & dn = (BOF NG, oo = e 2 (ge)E
821 BC
One big advantage of either of these other coordinate systems is that they
make the model metric gg appear less singular. Indeed,

(9) g5 = |dC)? +dZ|* = dr* + B*r2d6* + |dy|*.

In either case, one may regard the coordinate change as encoding the singu-
larity of the metric via a singular coordinate system. This is only possible for
edges of real codimension two, and there are many places, both in [24] and
here, where we take advantage of this special situation. For edges of higher
codimension, one cannot conceal the singular geometry so easily; see [43]. The
expression for gg in cylindrical coordinates makes clear that for any 3, 5/, we
have Cigg < ggr < Cagg; the corresponding inequality in the original z co-
ordinates must be stated slightly differently, as Ci1gs < ®*ggr < Cagg, where
D(z1,...,2,) = (zlﬂ//ﬁ, 29,y 2n)-

We now compute the complex derivatives in these coordinates. We have

1 -1 1 _1 -1
(10) 0,1 = 5e—ﬁ@ (ap — \/;ag) = §e—ﬁ9(ﬁ7~)1 E (ar - */ﬁ?@) ,

and then
_2 1
(11) O = (00 (024 20+ 5 08).

The other mixed complex partials 8315, 0% - and 82 — are compositions of the
operator in (10) and its conjugate and certaln combmatlons of the 9,,. From
this we obtain that

n -~ 1
(12) Agu=Y" (g5)7uig = (32 + -0, +

a0 A, )
ij=1

ﬁ22

since (gg)'1 = p>2F = (Bvﬂ)%f2 and (g5)"7, (g5)"" = 0 and all other (gg)7 = §'.

As already described, we shall work with the class of Kéahler metrics g
that satisfy condition (6), and which we call asymptotically equivalent to gg.
If g is of this type, then

(13) gl =F 12728 gl g = O(p"*'=5), and all other g7 = O(1)
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for some 7’ > 0, hence

1 1 2n—2
(14) Ag = F_l <63 + ;8¢ + W@g + Z crs(n 97y)823ry5) + E’
r,s=1

where
E =172 Z aiju(r, 0,y)(ro,) 05 (ro,)".
i)+ p|<2

Here n > 0 is determined from 1’ and 3, and all coefficients have some specified
regularity down to = 0. In particular, the coefficient matrix (¢,s) is positive
definite, with ¢,+(0, 6, y) independent of 6, and the coefficients a;;,, are bounded
as r — 0. Thus there are no cross-terms to leading order, and the 11 part of
the operator A, is ‘standard’ once we multiply the entire operator by F.

One way that this asymptotic structure will be used is as follows. Fun-
damental to this work is the role of the family of dilations Sy : (r,0,y) —
(Ar, 0, \y) centered at some point p € D corresponding to y = 0. If we push
forward this operator by Sy, which has the effect of expanding a very small
neighbourhood of p, then the principal part scales approximately like A\? while
E scales like A27". Hence, after a linear change of the y coordinates,

(15) ANT2(S))Ag — Ay, as A — o0,

where A = F(p). In particular, E scales away completely in this limit.
One important comment is that if the derivatives u;; are all bounded, and
if g satisfies these asymptotic conditions, then so does g, where g;; = gi7 + u;.
A key point in the treatment below, exploited by Donaldson [24], is that
for any Kahler metric g, A4 only involves combinations of the following second-
order operators:

1 1
Py = (83 + -0, + Wag) ,

v—1
PIZ: (87’ - 57’ 89) aﬁa

v—1
Pp= (ar+57“86> 0z, €=2,...,n, and
Pp=07 Lk=2,...,n

Regularity properties in certain function spaces considered below involve pre-
cisely these derivatives, while others are less sensitive about the decomposition
of 0., and Oz into their (1,0) and (0,1) parts. We therefore introduce the
following collections of differential operators:

Q == {81"7 r_laﬁ) 8yg7 82

TYe?

Q" =Qu{d;,,,, P}

33 ,(92 IS
(16) 0> Y0y,
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The reason for singling out the extra operators in Q* \ Q is that the relevant
boundedness properties are more subtle for these.

As a final note, let us record the form of the complex Monge—-Ampére
operator in these coordinates for any Kéahler metric that satisfies the decay
assumptions above. We have

_ det(gi + vV=Tuiy)

det 9i7

(w+ V=100u)" Jw" = det (87 + v—1u),

! = u,zg’F. Using the calculations above, we have

where u
ull = FﬁlPﬁu + O(r")usz,
w? = e V(8r) 5 g P+ O™ T Py,
1 1
uil = F_leme(ﬁr)?_lPﬁu + O(r"+3_1)um—,

u = ¢* P+ 00"y

This means that if we multiply every column but the first in (5ij + \/—luij )
by eV=19(8r)1/~1 and every row but the first by e=V=19(8r)1=1/5 then the
determinant remains the same, and we have shown that

(17)
det(gi; + vV—Tui)

det 9i7

1+ F'Pyu F'Pju ... F'Pju
= det : : : : +R,
g"EPU;u . A g”ZPngu

where R = 7" Ry(upg), with Ry polynomial in its entries.

2.2. Kdhler edge potentials. Fix a smooth Kahler form wp with [wo] € Q =
1, 5. Consider the space of all Kahler potentials relative to wp, asymptotically
equivalent to the model metric,

(18)  Hup :={p € C®(M\D)NCYUM) : w, :=wy + V—100p > 0 on M

and w, asymptotically equivalent to wg}.

Note that in our notation, H,,, = H, for any smooth 7 cohomologous to wp but
not for any n € H,,. The first observation is that such Kahler edge metrics
exist.

LEMMA 2.2. Let B € (0,1]. Then H,, is nonempty.

Proof. Let h be a smooth Hermitian metric on Lp, and let s be a global
holomorphic section of Lp so that D = s71(0). We claim that for ¢ > 0
sufficiently small, the function

(19) o = clsl;” = c(|s[})”
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belongs to H,,,. To prove this, it suffices to consider p € M\ D near D. Use
a local holomorphic frame e for Lp and local holomorphic coordinates {z;}? ;
valid in a neighborhood of p, such that s = zje, so that locally D is cut out by
z1. Let

(20) a = lefj,

and set H := d”, so \3\2’8 = H|z|?®. Note that H is smooth and positive.
Then

V=180|s|?" = B2H|z1|*?2V/=1dz Ndzy

21 _ _
&1 + 28Re(|21 [P 217 =1dz AOH) 4 |21|*°/—100H.

For ¢ > 0 small, the form wy 4+ v/—199¢y is positive definite and satisfies the
conditions of (6) and hence is asymptotically equivalent to gg. O

It is useful to record the form of wgy, in the (¢, Z) coordinates as well.
First note that if ¢ is a Ké&hler potential for wg, then using (8),

V=108 = (t0)s5 |8C|72V=1dC N dC
+ 37 2Re((0)a5 (807 V-1dC A dz))
7>1

+ Z (@Z}O)ziz’j\/jldzi /\dizj.

ij>1

(22)

Next, \s|,2fj = B?H|(|?, hence
(23)
V=109(c|s|}’) = ¢B* (V=1 Hd¢ N dC + 2Re(Cy/=1d¢ ADH) + |¢|*V—100H).

From these two expressions, it is clear once again that ¢g € H,, when c is
sufficiently small. Putting these expressions together shows that wy++/—1 00¢g
is locally equal to
(24)
2_ 2 1 -1 —
(18152 (W) arzr + cB2H + c|BC|7 Hayzr + 26857 Re(CP Hap) ) V=T d¢ A dC

+2Re Y ((B0)F ™ (Y0)szy + ¢B°CHz + cf5 T CACH ) V=Td N deT

7>1
++v-1 82527,/)0 + ’C‘Q\/ -1 azng.

The reason for writing the derivatives of 19 and H with respect to z; rather
than ¢ is because we know that both of these functions are smooth in the
original 2z coordinates, and hence so are its derivatives with respect to z.

We now use this expression to deduce some properties of the curvature
tensor of g. This turns out to be simple in this singular holomorphic coordinate
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system. The coefficients of the (0,4) curvature tensor are given by
(25) Rini = =i + 9% Gitk 95505

where the indices after a comma indicate differentiation with respect to a
variable. In the following, contrary to previous notation, we temporarily use
the subscripts 1 and 1 to denote components of the metric or derivatives with
respect to ¢ and ¢, not z; or Z7.

LEMMA 2.3. The curvature tensor of w = wo + /—100¢q is uniformly
bounded on M\ D provided 3 € (0, 3].

Proof. Since in the (¢, Z) coordinates, ¢ < [g;;] < C1, it suffices to show
that |R, ;| < C. From (24),

ara=0(cF%),  am=0(1d"7)
itk = O(1), gy =0 (I¢| +[¢]

1_
gizn = O ([¢]? 1),
71) , gz = O(1).

=

- 52 F-4
Similarly, |g;; x| < C (1 +[¢127" +[¢|® ) =

As conjectured by Donaldson, there seem to be genuine cohomological
obstructions to finding reference edge metrics with bounded curvature when
B > 1/2. Nevertheless, in Proposition A.1 it is shown that the bisectional
curvature of w is bounded from above on M\D provided g < 1. This fact comes
out of the proof as some kind of miracle, yet it would be enlightening to have a
more geometric explanation for it. In a related vein, we remark in passing that
it is not difficult to write down local expressions (near D) for metrics equivalent
to the model metric that have bisectional curvature unbounded from above or
below or both. For instance, when n = 1, the curvature of (|21|?/72 — 1)|dz |?
equals (1 — B8)2p=28/(1 — p*=25)2 (here p = |21]) and hence tends to +oo
as p \y 0. More generally, one can easily choose ¥ polyhomogeneous but
not smooth so that the curvature of the metric |z1|2*~2¢¥|dz1|? is unbounded,
either above or below or both. In other words, the asymptotics of the curvature
depend on the higher order terms in the expansion of the metric.

2.3. The twisted Ricci potential. From now on (except when otherwise
stated) we denote

(26) wi=w)+v-1 85(;50 € me

with ¢ given by (19). In the remainder of this article, we refer to w as the
reference metric. Define f,, by

(27) V—100f, = Ricw — 2r(1 — B)[D] — pw,
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where [D] denotes the current of integration along D, and with the normaliza-
tion

1
(28) —/ efow™ =1, where V::/ w™.
Viim M

We call this the twisted Ricci potential (see Lemma 4.5 for precise regular-
ity of f,); this terminology refers to the fact that the adjoint bundle Kj,; +
(1 —B)Lp takes the place of the canonical bundle K. Alternatively, one can
also think of Ricw — 2x(1 — 8)[D] as a kind of Bakry-Emery Ricci tensor.

2.4. The Ricci continuity method for the twisted Kahler—FEinstein equation.
The existence of Kahler-Einstein metrics asymptotically equivalent to gg is
governed by the Monge-Ampere equation

(29) Wy = efomreyn,

We seek a solution ¢ € H,,,, and we shall do so using a particular continuity
method. We consider a continuity path in the space of metrics H,, (with
some specified regularity) obtained from the Ricci flow via a backwards Euler
discretization, as first suggested in [52]. Alternatively, it can be obtained
essentially by concatenating (and extending) two previously studied paths,
one by Aubin [3] in the positive case and the other by Tian—Yau [65] in the
negative case. The path is given by

(30) Wy = whelem s e (—oo, ],

where p(—oc0) = 0 and Wy(—oo) = w. We call this the Ricci continuity path.
Adapting the proof of a result of Wu [68], we prove later that there exists a
solution ¢(s) for s < —1 of the form s71f, 4+ o(1/s). A key feature of this
continuity path is that

(31) Ricw, = sw, + (1 — 8)w + 27(1 — B)[D],

which implies the very useful property that for all solutions ¢(s) along this
path, the Ricci curvature is bounded below on M\ D, i.e., Ricw, > sw,. As
we explain in Section 6.3, another important property is that the Mabuchi
K-energy is monotone along this path.

Much of the remainder of this article is directed toward analyzing this
family of Monge-Ampere equations: Section 3 describes the linear analysis
needed to understand the openness part of the continuity argument as well as
the regularity theory; Section 4 uses this linear analysis to prove that solutions
are automatically ‘smooth’ at D, by which we mean that they are polyhomo-
geneous (see below); the a priori estimates needed to obtain the closedness of
the continuity argument are derived in the remaining sections of the article,
and the proof is concluded in Section 9.
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We will pursue a somewhat parallel development of this proof using two
different scales of Holder spaces since we hope to illustrate the relative merits
of each of these classes of function spaces, with future applications in mind.
Certain aspects of the proof work much more easily in one setting rather than
the other, but we give a complete proof of the a priori estimates in either frame-
work. The proof of higher regularity, which shows that these two approaches
are ultimately equivalent and facilitates the continuity argument, relies directly
on only one of these scales of spaces.

Remark 2.4. The continuity path (30) has several useful properties, some
already noted above, which are necessary for the proof of Theorem 2 when
B > 1/2. However, we also consider the two-parameter family of equations

1
(32) Wy = etlwtet=seyn ¢ .= —log —/ etlow,  (s,t) € A,
Vm

where A := (—00,0] x [0,1] U[0,u] x {1}. This incorporates the continuity
path s = u,0 <t <1, which is the common one in the literature. The analysis
required to study this two-parameter family requires little extra effort and has
been included since it may be useful elsewhere. It provides an opportunity to
use the Chern—Lu inequality in its full generality (see Section 7). In addition,
we have already noted that one cannot obtain openness for (30) at s = —oo di-
rectly but must produce a solution for s (very) negative by some other method.
Wu [68] accomplishes this by a perturbation argument; the augmented conti-
nuity path (32) gives yet another means to do this, but it works only when
B < 1/2. We refer to Section 9 for more details.

We emphasize that our proof of Theorem 2 when 5 > 1/2 or when p > 0
requires the path (30) (i.e., fixing ¢t = 1).

2.5. The twisted Ricci iteration. The idea of using the particular conti-
nuity method (30) to prove the existence of Kahler-Einstein metrics for all p
(independently of sign) was suggested in [52, p. 1533]. As explained there and
recalled below, this path arises from discretizing the Ricci flow via the Ricci
iteration. After treating this continuity path we will be in a position to prove
smooth edge convergence of the (twisted) Ricci iteration to the Kéhler-Einstein
edge metric.

One Kahler—Ricci flow in our setting is

Ow(t)
ot
Let 7 € (0,00). The (time 7) Ricci iteration, introduced in [52], is the sequence
{wkr keny C Ho, satisfying the equations

= —Ric w(t) +21(1 — B)[D] + pw(t), w(0) =w € Hyy-

Whr = W(k—1)r + THWkr — TRiCwy, +727(1 — B)[D],  wor = w,
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for each k£ € N for which a solution exists in H,,. This is the backwards Euler
discretization of the Kahler-Ricci flow. Equivalently, let wi, = wy, , with

1/%7 - Zf:l Llr- Thena
(33) wgh — wnefw_l“ka"‘%‘PkT.

Since the first step is simply wg = w"ef“”r(%_“)%, the Ricci iteration exists
(uniquely) once a solution exists (uniquely) for (30) for s = p — . Thus,
much like for the Ricci flow, a key point is to prove uniformity of the a priori
estimates as k tends to infinity. The convergence to the Kahler—Einstein metric
then follows essentially by the monotonicity of the twisted K-energy if the
Kéahler—Einstein metric is unique.

As noted above, our choice of the particular continuity path (30) allows
us to treat the continuity method and the Ricci iteration in a unified manner.
When p < 0, our estimates for (30), the arguments of [52] and the higher regu-
larity developed in Section 4 imply the uniqueness, existence and edge smooth
convergence of the iteration for all 7. When p > 0, the uniqueness of the
(twisted) Ricci iteration was proven recently by Berndtsson [12], and it follows
from his result that whenever the twisted K-energy Eg is proper, then also
the Kéhler—Einstein edge metric must be unique. Given this, our analysis here
and in [52] immediately implies smooth (in the edge spaces) convergence of the
iteration for large enough times steps, more specifically, provided 7 > 1/p and
Eg is proper, or else provided 7 > 1/aq,,, and aq > i, where ag,, is Tian’s
invariant defined in Section 6.3. (Note that by Lemma 6.11 this assumption
implies Eg is proper.) As pointed out to us by Berman, given the results of
[52], the remaining cases follow immediately in the same manner by using one
additional very useful pluripotential estimate contained in [11, Lemma 6.4],
stated explicitly in [9] and recalled in Lemma 6.10 below. As already observed
in [10] this estimate gives, in an elegant manner, a uniform estimate on the
oscillation of solutions along the iteration and is used in [10] to prove con-
vergence of the twisted Ricci iteration and flow in general singular settings,
smoothly away from the singular set, and global C° convergence on the level
of potentials. Our result below, in the case u > 0, is complementary to theirs
since it shows how to use their uniform estimate and our analysis to obtain
smooth convergence near the edge. We thank Berman for his encouragement
to include this result here, prior to the appearance of [10].

To summarize, we have the following statement.

THEOREM 2.5. Under the assumptions of Theorem 2, the Ricci iteration
(33) emists uniquely and subconverges in DYYNA° to a Kihler-Einstein edge
metric in H,. Whenever the KEE metric is unique, in particular when there
are no holomorphic vector fields tangent to D, the iteration itself converges.
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These function spaces encode the strongest possible convergence for this
problem and are defined next. The proof of Theorem 2.5 is given in Section 9.

2.6. Function spaces. To conclude this section of preliminary material,
we review the various function spaces used below. These are the ‘wedge and
edge’ Holder spaces, as well as the spaces of conormal and polyhomogeneous
functions necessary for our treatment of the higher regularity theory. The
wedge Holder spaces are the ones used in [24] and are naturally associated to
the incomplete edge geometry. The edge spaces, introduced in [43], are also
naturally associated to this geometry and have some particularly favorable
properties stemming from their invariance under dilations. Using this, certain
parts of the proofs below become quite simple. The wedge Holder spaces, on
the other hand, are closer to standard Holder spaces and indeed reduce to them
when § = 1. They impose stronger regularity conditions. Since we use both
types of spaces here, we describe many of the proofs below in both settings.
This is important for applications and should also give the reader a better
sense of their relative advantages.

Before giving any of the formal definitions below, let us recall that a Hélder
space is naturally associated to a distance function d via the Hélder seminorm

[u(p) — u(p')|
ulg0 1= SUp —F———.
[ ] 0 p#p’ d(p’p,)’y
d(p,p")<1

We only need to take the supremum over points with distance at most 1 apart,
since if d(p,p’) > 1, then this quotient is bounded by 2sup |u|. The two
different spaces below differ simply through the different choices of distance
function d.

2.6.1. Wedge Holder spaces. First consider the distance function d; asso-
ciated to the model metric gg; note that it is clearly equivalent to replace the
actual gg distance function with any other function on M x M that is uniformly
equivalent, and it is simplest to use the one defined in the coordinates (r,6,y)
by

di((r,60,9),(',0',4) = \/Ir = /P + (r+ 1210 — '] + |y — /2.

Note that the angle parameter 8 does not appear explicitly in this formula,
but if we were to have included it, there would be a factor of §2 before
(r4+7")%|0 — 0'|?. This changes d; at most by a factor, so we may as well
omit it altogether.

Now define the wedge Holder space C0Y = C%7(M) to consist of all func-
tions w on M \ D for which

|[w]|w;0,4 := sup |u| + [u]gy;0,, < 00.
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The spaces with higher regularity are defined using differentiations with
respect to unit length vector fields with respect to gg; these vector fields are
spanned by 0,, 710 and Oy, . Thus

CEv(M) = {u: 8ﬁ(r7189)j85u eCOVM) Y i+j+|ul <k}

There a few potentially confusing points about these spaces. The first is
that the spaces Clku"y with & > 0 seem to depend on the choice of coordinates or
choice of frame. It is not hard to untangle the dependence or lack thereof, but
since we only use these spaces when k = 0, this discussion is relegated to an-
other paper. Second, it is worth comparing this definition with the equivalent
one given in [24]. As is evident from the definition above, the space C)7 above
does not depend on the cone angle parameter 3 (at least so long as [ stays
bounded away from 0 and co). However, suppose we consider the (apparently)
fixed function f = |z1|* = p?® for some a > 0 in terms of the original holo-
morphic coordinates. In terms of the cylindrical coordinates (r,6,y), we have
f = pe/Bra/B and hence f € CY%7 if and only if a/B > 7, i.e., a > B7. Inequali-
ties of this type appear in [24]. This seems inconsistent with the claim that the
Holder space is independent of 3; the discrepancy between these statements
is explained by observing that the singular coordinate change does depend on
B, and while the function p® is independent of (3, its composition with this
coordinate change is not. Equivalently, if we pull back the function space C%Y
via this coordinate change, then we get a varying family of function spaces
on M. We prefer, however, to think of M \ D as a fixed but singular geometric
object, with smooth structure determined by the coordinates (r, 6, y) and with
a single scale of naturally associated Holder spaces.

2.6.2. Edge Hélder spaces. Now consider the distance function ds associ-
ated to the complete metric

. _ dr? + |dy|?
G =1 295 _ 702| Yl + 8242,
As before, the distance ds is replaced by the metric
d2((7’,0,y>,(7'/,0/,y/)) 7‘+7“ 1\/7'—7’ 7’+7’) (6_0,)2+’y_y/‘27

which is uniformly equivalent to it. It suffices to consider only r,7’ < C. As
before, no factor of g is included.

The Holder norm ||ulle;0,, is now defined using the seminorm associated
to dy. The higher Holder norms are defined using unit length vector fields with
respect to gg, which are spanned by {r0,,dy,r0y}. The corresponding spaces
of functions for which these norms are finite are denoted C¥7 = C¥(M).

The key property of this distance function is that it is invariant with
respect to the scaling

(r,0,y) — (Ar,0, \y)
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for any A > 0. The vector fields rd,, 9y and rd, are also invariant with respect
to these dilations. This means that if uy . (r,0,y) = u(A71r,0, A7y + yo),
then [|uxyolleky = l|ulleky- (We assume, of course, that both (r,6,y) and
(A7, 0, \"1y + yo) lie in the domain of u.) One way to interpret this is as
follows. Consider the annular region

Byyo :={(r0,y) : 0 <A <r <2\ |y —1yo| <A}

for A small. The image of this annulus under translation by yy and dilation by
A~ ! is the standard annulus B . Hence if u is supported in B) 4, then uy 4,
is defined in By g and [|u|e;ky =[x yollesk,y-

For any v € R, we also define weighted edge Holder spaces

r”C’!f’”(M) ={u=rv:ve CfV(M)}

Although C27(M) C L* (M), elements of C%Y(M) need not be continuous
at r = 0; an easy example is the function sinlogr, which lies in C*7 for all k.
On the other hand, elements of r”C%" are continuous and vanish at D if v > 0.

2.6.3. Comparison between the wedge and edge Hélder spaces. Let us now
comment on the relationship between these spaces. Since r,r’ < C, we have
di < C7'dy, and hence

ulles,y < C77 ] sk y
or, equivalently,
(34) ckvc ek,

Elements in the wedge Holder space are more regular than those in the
edge Hélder space. For example, unlike elements of C27, elements of C%7 are
continuous up to D. Moreover, if u € C%7, then u(0,0,y) is independent of
6 and lies in C7(D); by contrast, if u € C27, then the ‘tangential’ difference
quotient |u(r,0,y) — u(r,0,vy")|/ly — ¢'|7 is bounded by Cr~7.

However, there is a direct relationship between the two spaces. Define

COY (Mg = {u € C%V(M) : u|p = 0}.

Next, if u € C%7(M), write ug = u|p € C%Y(D). There exists an extension
operator C%7(D) 3 ug — E(up) = U € C%7. Fixing an identification of a
neighborhood V of D with a bundle of truncated cones over D and collapsing
the S' cross-sections of these conic fibers yields a map V — D x [0,79). Re-
quiring any local (r,6,y) coordinates to be coherent with this extension, we
may choose U to be independent of 6 and to equal the ‘ordinary’ harmonic
extension of ug in the (r,y) coordinates, i.e., (2 + A,)U = 0. Actually, the
only properties of U needed later are that U € C*(M \ D) and

(35) 10,U] + |9,U] < Cr=1+7.
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For the harmonic extension, these bounds are a classical characterization of
Holder spaces, and this characterization of Holder spaces is explained carefully
in [55, Chap. V, §4.2]. We note that it is straightforward to choose such an
extension in a less ad hoc way using the theory of edge Poisson operators
developed in [48].

Now decompose any u € C%;Y as

u=U+a,  a€CY(M),.

This is useful because the two components have different characterizations. We
have already explained the relevant regularity properties of U = E(ug). As for
the other component, we assert that

(36) o (M)o = 17C7 (M),

IN

To explain this, note that if u lies in the space on the left, then |u(r,y,0)]
Cr7, so the function v = r 7w is at least bounded. The proof of (36) is
an elementary calculation checking that ||u||w: 0~y < C||v||e;0,4 and [|v][e0,y <
Clful 0.

There are certain advantages to using the edge Holder spaces. First ob-
serve that if u € (0,1), then r* € C%" only when p < v, while r# € C%7 for all
v € (0,1). Furthermore, 7* ¢ C&7 for any k > 1, but since (r9,)/r* = pr*,
we see that r# € Cf’7 for all £ > 0. In other words, the edge spaces more
naturally accommodate noninteger exponents. This is important when dealing
with singular elliptic equations because solutions of such equations typically
involve noninteger powers of r, and it is quite reasonable to think of these
solutions as being infinitely differentiable in a suitable sense. One final point
is that basic Holder regularity theory for elliptic differential edge operators is
phrased in terms of the edge spaces; these are scale-invariant estimates. The
pseudodifferential parametrices in the edge calculus, discussed in Section 3 be-
low, are most easily shown to be bounded on edge spaces; their boundedness
on the wedge spaces is a consequence of that result.

In the remainder of this article, whenever our discussion applies to both
of these spaces, we refer to the ‘generic’ singular Holder space C*7, where

s equals either w or e.

This s should not be confused either with the parameter s along the continuity
path (30) nor with the holomorphic section s defined in Lemma 2.2.

2.6.4. Conormal and polyhomogeneous functions. The final set of spaces
we define are the spaces of conormal and polyhomogeneous functions.

Definition 2.6. For any v € R, define AY, the space of conormal functions
of weight v, to consist of all functions u = v where v and all of its derivatives
with respect to the vector fields rd,, 0y, 0, are bounded; see (50).
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Next, we say that u € A" is polyhomogeneous, and write u € Aghg, if it
has an expansion of the form

oo Nj
U~ Z Z ajp(0,y)ri (logr)?,

J=0p=0
where the coefficients a;, are all C*°, and {o;} is a discrete sequence of com-
plex numbers such that Reo; — oo, with Reo; > v for all j and N; = 0 if
Reo; = v. This expansion can be differentiated arbitrarily many times with
the corresponding differentiated remainder. We say that u has a nonnegative
index set if u € Aghg, and if any exponent ¢ in its expansion has Reo = 0,
then o = 0. Note finally that if u € Aghg, then wu is bounded, and if any such
u has nonnegative index set, then wu is continuous up to the boundary.

These function spaces accomodate behavior typical for solutions of de-
generate elliptic edge problems, e.g., functions like 77 (log r)Pa(, y) where a is
smooth, p is a nonnegative integer and o € C. We remark that these spaces
are the correct analogues of the spaces of infinitely differentiable functions in
this context. Note that when 3 = 1, A% does not correspond to C>°(M). In
this setting, we make a distinction between functions that are infinitely dif-
ferential (conormal) and those that have ‘Taylor series’ expansions (i.e., are
polyhomogeneous). We remark also that the expansions of polyhomogeneous
functions are rarely convergent but only give ‘order of vanishing’ type esti-
mates. It is usually difficult to control the size of the neighborhood on which
such an expansion provides a good approximation.

3. Linear analysis

We now present the key facts about the linear elliptic theory needed to
handle the existence, deformation and regularity theory for canonical edge met-
rics. We discuss this from two points of view, reviewing the estimates outlined
by Donaldson in the wedge Holder spaces, and also describing how to obtain
analogous estimates in the edge Holder spaces. These latter estimates are ob-
tained through the use of edge pseudodifferential operators, as developed in
[43]. This methodology, part of the general framework of geometric microlocal
analysis, yields the most incisive results for the class of degenerate elliptic op-
erators that arise here, and as we shall see, there are numerous places below
where the more delicate parts of the linear analysis needed to prove our main
results here require this full theory. In other words, the use of the edge calculus
in this paper is an essential feature, rather than simply a more systematic way
of rephrasing estimates analogous to those described by Donaldson.

Fix a Kéhler edge metric g on M with cone angle 275 along the smooth
divisor D; we initially suppose that the metric g is polyhomogeneous along D,
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though this will be relaxed later. For the rest of this section, we consider the
operator L = Ay +V where V is polyhomogeneous with nonnegative index set
(and hence is bounded); in certain places below we extend certain results to
the case where g and V' are not polyhomogeneous but have some given Holder
regularity.

Our method is based on the realization that the Schwartz kernel of the
Green operator for the Friedrichs extension of L has a fairly simple polyhomo-
geneous structure, and knowing this structure, one can read off the estimates
we need. This Green function is a pseudodifferential edge operator. The article
[43] contains a detailed development of this class of operators, their mapping
properties and the elliptic parametrix construction in this calculus. We review
various aspects of this theory now, at all times maintaining focus on the par-
ticular problem at hand. We give specific references to the appropriate results
and sections of [43] so as to guide the interested reader to the details of the
proofs of the results we need. We also recall Donaldson’s estimates, explain the
essential differences between his and the ones obtained here through the edge
theory and describe the differences between these two approaches to proving
these estimates. Our approach gives an alternative proof of his estimates.

3.1. Edge structures and edge operators. We have already indicated that
it can be advantageous to think of M with a Kéhler edge metric as being a
singular object, but it is more convenient to formulate the edge theory via
structures on the manifold with boundary obtained by taking the real blowup
of M along D.

The general notion of an edge structure on a manifold with boundary X
is defined in terms of a space of vector fields V.(X) on that manifold, where we
assume that 0X is the total space of a fibration 7 : X — Y with fiber F'. The
space V. (X) consists of all smooth vector fields on X that are unconstrained in
the interior but that lie tangent to the fibers at the boundary. In our setting,
the manifold X is obtained by taking the real blowup of M around D, so 0.X
is the unit normal circle bundle SND over D. To be more specific, the real
blowup X := [M; D] is by definition the disjoint union (M \ D)USND, endowed
with the unique smallest topological and differential structure so that the lifts
of smooth functions on M and polar coordinates around D are smooth. There
is a natural smooth blowdown map X — M.

Before proceeding, we note a subtlety here related to the fact that there
are actually two natural smooth structures: one is induced by the holomor-
phic coordinates (z1, ..., 2y), where D = {z; = 0} locally, and the other by the
cylindrical coordinate system (r, 0, y) defined earlier. Indeed, since r = |21|%/8,
functions smooth with respect to z are not necessarily smooth with respect to
(r,0,y) and vice versa. These structures are, of course, equivalent via the co-
ordinate transformation. However, perhaps the correct perspective is that it is
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not the smooth structure on X but rather the ‘polyhomogeneous structure,’ i.e.,
the ring of polyhomogeneous functions, that is fundamental. Indeed, the poly-
homogeneous structure is preserved by this coordinate change. At any rate,
for X = [M, D], 0X = {p = 0}, where p = |21| (or equivalently, {r = 0} where
7 is defined as above), and the S* fibers of X are the level sets {y = const.}.
Functions on X are polyhomogeneous if and only if they are polyhomogeneous
with respect to either of the coordinate systems (r,6,y) or (p,6,y). Finally,
and here the difference between p and r is important, we define V.(X) to be
generated by the vector fields 79,, 9y and rd,.

Next, the space of differential edge operators Diff}(X) consists of all op-
erators that can be written locally as finite sums of products of elements of
Ve(X). Thus again for X = [M, D], if m > 0, then the typical element of
Diff7*(X) has the form

(37) A= Z ajru(r, 0, y)(r@r)jﬁg(Tﬁy)“.
JHk+{pl<m
We now restrict attention exclusively to the case X = [M;D] and m = 2,

though there are suitable versions of all of the main linear results below in the
general edge setting.

If g is an incomplete edge metric on M with cone angle 3, then L = A +V
can be written as in (12), as the sum of a principal part and an error term
E. However, it is A = r2L that is an edge operator in the sense we have just
defined.

A differential edge operator is called elliptic if it is an ‘elliptic combination’
of elements of V,(X), for example a sum of squares of a generating set of
sections plus lower order terms. This is the case for the operator A here; we
refer to [43, §2] for the coordinate invariant formulation of edge ellipticity and
for more on edge vector fields and their dual one-forms.

3.2. Normal and indicial operators. If A is an elliptic edge operator, its
mapping properties are governed not only by its ellipticity, but also by two
model operators, the indicial and normal operators I(A) and N(A), respec-
tively, which are defined at each point of D. While these may be defined
invariantly, let us simply record here that for A = 2L, with L = Ay+V, and
after a certain natural identification that we explain below,

(38) N(A) = (505)* + 8720} + s°A,, and  I(A) = (s05)* + 87203,
where (s,w) are global affine coordinates on a half-space R} x R2n=2 A :=
S22 86—52 and @ € S (the circle of radius 27). Note that

1

2
25208 + B

1
N(A) =s°Lg, where Lg =02+ —0s +
s

is the Laplacian of the flat model metric gg.
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Informally, N(A) is obtained by dropping the error term 7?E, freezing
coordinates at a given point yo € D and replacing the local coordinates (r,y)
by global affine coordinates (s,w) € RT x R?*~2. More invariantly, N(4) is
the limit of rescalings of A by the group of dilations based at a point yg € Y,
and it acts on functions defined on the inward-pointing normal bundle of the
fiber of 0X over yp. The indicial operator I(A) is even simpler: it is defined by
dropping the terms in N (A) that have the property that they map any function
s%v(0,w) (with v smooth) to a function that vanishes faster than s. The only
term in the operator N(A) above that is discarded for this reason is s2A,,.

In general, both N(A) and I(A) could depend on yq (for example, if the
cone angle were to vary along D). Fortunately, in our case of interest, this
dependence is quite simple, and as we have indicated above, it can effectively
be normalized away. Indeed, from (6), the term 92 . is multiplied by the
factor F~!, which depends on all variables but is independent of 6 at r = 0.
The normal operator of Fr2L, obtained by this rescaling procedure above,
has the form (38), but initially the terms involving derivatives in w are a
second-order constant coefficient elliptic operator on R??~2, multiplied by s°.
A linear change of variables in w, depending smoothly on gy, puts this into
standard form s2A,,. Thus the correct statement is that the normal operators
at different points yo can be identified with one another, and similarly for the
indicial operator.

A number a € C is called an indicial root of A (and also of L) if there
exists a nontrivial function v(6) such that I(A)s%)(0) = 0; thus, for A = 2L,

ac{j/p:jel},

I(A)s"p(0) = (87205 + a® ) = 0 <= {
1j(0) = ajcosjf + b;sinjh, j > 1.

The case j = 0 here is special since 0 is a ‘double’ indicial root, so () = 1
and both I(A)(s”) = I(A)(s'logs) = 0. This is special to the case that
D has codimension two. These indicial roots are just the square roots of the
eigenvalues of —37202, which leads to the observation that it is quite important
that 6 lies on a compact manifold (namely, S!), since otherwise the spectrum,
and hence the set of indicial roots, would not be discrete. Note also that for
any a € C and ¥(0,y) € C*, it is always true that A(r*¢(6,y)) = O(r®), but
a is an indicial root if and only if A(r%);) = O(r*tt) and ¥(0,y) = a(y)v;(0),
where a(y) is essentially arbitrary.

3.3. Mapping properties and the Friedrichs domain. We next describe the

basic mapping properties of L on weighted Holder spaces; these are the content
of [43, Cor. 6.4] applied to the operator A = r2L.
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ProrosiTiON 3.1. The mapping
(39) L:r"Clt?n — ety
has closed range if and only if v ¢ {%,j €Z}.

The indicial roots are excluded as weights here because for these values,
(39) does not have closed range.

Although this proposition, and indeed the emphasis in all of [43], is on the
Fredholm (and semi-Fredholm) theory of operators such as A = r2L, it is more
relevant for us to focus on L and its action as an unbounded operator acting
on a space with a fixed weight, rather than between two differently weighted
spaces. The main new issue from this point of view is to select a self-adjoint
extension; we assume throughout that the term of order 0 is real-valued so
that L is a symmetric operator on the core domain C3°(M \ D). Rather than
reviewing the well-known classical theory of self-adjoint extensions, we recall
simply that since L is semibounded, there is always a distinguished self-adjoint
realization called the Friedrichs extension, which is defined using the coercive
quadratic form

(40) (u,v) = /M (Vu Vo — Vu@) avy.

We can identify the domain Dg, (L) of this Friedrichs extension explicitly.
It can be shown, see [43, §7], that any u € Dg,(L) has a ‘weak’ partial expansion
u ~ ug(y)+u, where @ = O(r#) for some p > 0 and up may be a distribution of
negative order, but is independent of r; this expansion is called weak because
it only becomes an asymptotic expansion in the usual sense (in particular, with
decaying remainder) provided both sides are paired with a test function x(y)
(depending only on y). Thus u € Dg(L) if and only if

(r,0) = (u(r,0,-), x(v)) = (uo(y), x(y)) + O(r*")

for any x € C*(Y). To distinguish this from behavior of more general solu-
tions, it is also proved in [43, §7] that if u is any L? solution to Lu = f with
f € L?, then this expansion could contain an extra term (ugi(y), x(y)) logr
on the right. Hence the Friedrichs domain is characterized by the requirement
that the coefficient ug; of logr vanish. We note that a principal source of the
difficulties reported in [45] revolved around some technicalities encountered
when working with these weak expansions.

Henceforth we work exclusively with the Friedrichs extension of L, and
we denote it simply by L. It is straightforward to deduce using Hardy-type
estimates that the domain Dg (L) is compactly contained in L2, which proves
that L has discrete spectrum as an operator on this space. Its nullspace is
finite dimensional, with every element bounded and polyhomogeneous. Thus
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there is a uniquely defined generalized inverse GG determined by
LG=GL=1d-1I,

where II is the finite rank orthogonal projector onto the nullspace. Essentially
by definition, if K is the L? nullspace of L, then Dy, (L) = G(L*(M,dV,))® K.

We now shift to the analogous but less-standard discussion for L acting
between Holder spaces. Proceeding by analogy with these L? definitions, we
define the Holder-Friedrichs domains

DYY(L) :={ueC :LucC®} fors=mwore.
We claim that
DY CC*', and DY DCE.

To see these inclusions, note first that if v € L* and Lu € C%?, then a
basic edge regularity theorem, proved using the mapping properties of the
Green function G, see [43, proposition §3.7], gives that v € C>7. However, if
u € C?7, then Lu is usually not bounded, and in fact typically we only have
Lu € 7=2C27. On the other hand, we explain below that G : C%7 — C%7, so
DY c €%, Moreover, functions in this domain lie in C%7(X \ 0X). However,
as we describe more carefully below, D% contains the function v = r1/Be? and
hence if 8 > 1/2 then, for example, 837"1/56"9 ¢ L. In order to accomodate
functions with these fractional exponents in the wedge spaces, we henceforth
assume that

(41) if s = w, then y € (0,1) N (0, % —1].

Note that this guarantees at least that r/8e? € L7,

The mapping
(42) L:D% (L) — %7
is invertible up to a possible finite dimensional nullspace. We need to obtain
a more explicit characterization of these singular ‘Hélder-Friedrichs’ domains.
The first step in this direction uses the Green function G exactly as in the L?
theory:

PROPOSITION 3.2. The nullspace K of L in L*(M,dVy) coincides with
the nullspace of L in C*7, and we have

DY) =GP e K={u=Gf: feC*aK.

Proof. To prove the first assertion about nullspaces, apply [43, Prop. 7.17]
to see that an element of either nullspace is polyhomogeneous and lies in both
L? and C27. Since C%7 C L*°(M) C L?(M,dVj), the space on the right in the
displayed equation is well defined. If w is in the space on the right, then clearly
Lu = f € C27. Conversely, if u € C?7, f € C% and Lu = f distributionally,
then u is in the L? Friedrichs domain. Clearly L(u — G f) = 0, and since both
w and Gf are in L?, we can write u — Gf = v for some v € K. O
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3.4. Finer properties of functions in the Hélder-Friedrichs domain. This
last proposition sets the stage for the more detailed study of the regularity
of functions in these domains. In this subsection we first recall Donaldson’s
estimates, which characterize D7 (L), and then state the corresponding results
for DYY(L), with the proofs deferred to the next subsection. We include some
auxiliary regularity results that are used later.

The characterizations of the domains D% will be given in terms of which
derivatives lie in C?7. We also show that either of these domains are indepen-
dent of the operator L in the sense that they remain the same if we replace the
polyhomogeneous Kahler edge metric w by any metric w,, where the Kahler
potential u itself only lies in DY, and V € C.

To gain a sense of where we are headed, recall that on a closed smooth
manifold M, the L? Friedrichs domain of the Laplacian is equal to the Sobolev
space W22(M). This follows from the basic elliptic estimates, of course, but
is also a consequence of the boundedness on L? of the Riesz potential operator
V2o0A~!. The corresponding Schwartz kernels are pseudodifferential operators
of order 0, and we can appeal to the general boundedness properties of this
class of operators. Pseudodifferential theory has its origins in attempts to
answer questions of this type.

We follow a similar route here. The Green operator G represents A™!, and
the problem becomes one of determining which second derivatives applied to G
yield ‘Riesz potential’ operators that are bounded on C%7. As we now describe,
if u € DY7(L), then not every second derivative term appearing in the operator
L, written as a real operator, applied to u lands in C%?. Donaldson’s simple yet
crucial observation [24] is that this is not necessary! As described in Section 2,
the Monge—-Ampere operator decomposes into the sum of the individual (1, 1)-
type terms gijuij—, each of which involve particular combinations of real second
derivatives that in the notation of Section 2 are the expressions Pj;u. The next
proposition shows that these simple ‘monomial’ operators characterize DY
in the sense that they provide an equivalent norm on DY%7Y(L) for each fixed
operator L associated to an edge metric; see also Corollary 3.5 below.

PROPOSITION 3.3. Let v satisfy (41), and recall the set of operators Q*
in (16). Then DYY(L) = {u € C%7 : Qu € C%Y, VQ; € Q*}. Equivalently,

w

each of the maps
(43) QioG:C2 — (% Qe QF,

s bounded.
The proof of Proposition 3.3 is described in Section 3.5.

Remark 3.4. (i) This is essentially the same as the result alluded to in [24]
that if u € DY%7(L), then
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> Mg uigllwon < C(I| Lul
]
where the important point is that on the left we have a sum of norms rather
than a norm of the sum.

Another useful way to phrase this involves the norms

(44) HUHDBJW = [[uflwo,y + Z |Qiul|w;0,-

Q;€Q*
Later we also use the seminorm [ -] 0., defined by omitting the initial || - [|5,0,y
term. Proposition 3.3 implies that || - ||50 is a Banach norm on DY?. The

space D% is the same as the space C*7? introduced in [24].
There is an equivalence of norms:
Cillullpgy < lulleo + || Lullwo,y < Coflullpgs

where the constants C; and Cy depend on the coefficients ¢g*7. In our application
below, these metric coefficients are determined by the solution ¢ of the Monge—
Ampere equation. We will prove a uniform C° bound on A that ensures that
these constants remain uniform across the family of edge metrics that arise in
the continuity argument.

Since the complex operators F;; are sums of the real operators ();, one
direction of Proposition 3.3 is trivial: if v and every Qu lie in C%7, then
trivially Lu € C%7 since Lu is just a sum of these terms with coefficients in C2;Y
(or better). The other direction is proved by showing that the compositions
Q; o G are bounded operators. This is accomplished by Donaldson for the
model problem by direct scaling methods. Our proof here uses that each of
these Riesz operators are pseudodifferential edge operators of order 0 and then
invokes basic boundedness results for such operators. We explain this more
carefully in the next subsection.

(ii) It is at this point that the theory in edge and wedge Holder spaces
differs significantly. Indeed, it turns out that it is not true that certain of the
Riesz potentials Q;0G are bounded on C%7; in particular, this boundedness fails
when Q; = 8§jy ,- This can be seen by a specific example in local coordinates:
the function u = ygyelog(r? + |y|?) lies in C27, and it is not hard to check that
when k # ¢, then Lu € C2 as well. However, d;, , u ~ log(r® + |y|*) ¢ C07.
It turns out that C27 is a borderline space for this boundedness. Note that we
could equally well have replaced the y;y; prefactor in u by Re z;Z;; this is still
harmonic, so Lu € C27, and it is also still true that 8%u ~ logr.

Despite this defect, the spaces Cém still serve some important roles in the
arguments in the rest of this paper.

The following result is the key to the higher regularity theory. Recall that

¢ € PSH(M,w) means that wg > 0.
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COROLLARY 3.5. Suppose that ¢ € DOY(L) N PSH(M,w) is a limit in
the topology of D%V (L) of a sequence of polyhomogeneous potentials, and let
Ly = Ay, +V for some V € CY%7. (To make the notation coherent, write
Lo=L.) Then

(45) Dy (Lo) = Dy (Lo).

We only claim this result when ¢ is a limit in the appropriate Hélder norm
of polyhomogeneous functions, but not for an arbitrary element of D%Y(L) N
PSH(M,w). This is the classical distinction between the ‘little’ and ‘big’ Holder
spaces, and it is adequate in our setting since we shall only need to apply this
result when ¢ lies along the continuity path, and hence is a limit in this sense.
This raises an interesting analytic question on which we comment after the
proof.

Proof. Observe that Lyu = f can be rewritten as
(Apy, —Du=f—(V+Duecly,

so we may as well assume that V' = —1, which is a convenient choice because
Ay, — 1 is invertible. Letting Gy = L;l, then the assertion is equivalent to
the fact that the range of Gy is independent of ¢ (in the allowable space of
functions).

When ¢ is polyhomogeneous, then the inverse G is a pseudodifferential
edge operator and (45) follows from Proposition 3.3.

To prove the assertion for ¢ that is a limit of polyhomogeneous functions,
note first that the inclusion C is obvious. Indeed, if u € D% (Lg), then Qu €
CY7 for every Q € Q*. Now write (g¢)i; = gi;+V/ —1¢ij, so that (gs)7 = g"7+n"7
for some 7 € C97. Then Lyu € C%7 as well, i.e., u € DY (Ly).

These two facts together show that D%7(L,) remains the same when ¢
varies in the dense set of polyhomogeneous functions, but it might potentially
jump up when ¢ is a limit of polyhomogeneous potentials.

For the converse, we claim that there is an a priori estimate

(46) Z HQUHw;Oﬁ <C (”Laﬁun;Oﬁ + Hu”w;Oﬁ) )
QeQr

which holds only for functions u € DYY(L) (but not D%Y(Ly)), where the
constant C' is locally uniform in ¢. To prove this, note that this estimate is
true for Ly when ¢ = 0 and u € DY7Y(L). Freezing coefficients of a more general
L locally near any point ¢ € M, we can approximate this operator by one with
polyhomogeneous coefficients, with an error term that has coefficients small in
C%7. We prove the estimate in small coordinate charts for the nearby operator
and then by perturbation for L4 itself, absorbing the small coefficients into
the left-hand side. These local estimates can then be pasted together with a
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partition of unity. This method makes clear that the constant C' depends only
on the C%Y norm of the coefficients 1.

To complete the argument, we must prove that for any f € C%7, the
unique solution u in DY (Ly) to Lyu = f necessarily lies in D%7(Lg). Note
that another way to phrase this is that we must prove that Ly : D% (L) — C3?
is surjective.

Fix f € €%, and let u € D%V(L(b) solve Lgu = f. By local elliptic
regularity (equivalently, boundedness of G on edge Holder spaces), we also
know that u € C27. We must show that u € D% (Lg).

Choose a sequence ¢; of polyhomogeneous functions that converge to ¢ in
DYY(L). For each j, there is a unique u; € DY (L) with Ly u; = f. Applying
(46) (with Ly, ) gives

Z HQ“ij;O:’Y <C.
QeQ*

There is a subsequence of the u; such that each Qu; converges in some
weaker norm Cg;”/ and, furthermore, the C%" norms of these Qu;j are uniformly
bounded. There is a limiting function u € C%" (even though the limit takes
place in a weaker topology), and moreover each Qu lies in C%7, so in fact
u € DY (L) and Lyu = f, as desired.

This proves that Ly restricted to DY7(L) is surjective and hence finally
that DY (L) = DY (Ly). a

Remark 3.6. This result is equivalent to the assertion that L : DY (Lg) —
CY7 is surjective. The latter statement is clearly an open condition for ¢ €
DY%7(Lg), which gives the stronger conclusion that the result actually holds
not just for ¢ lying in the closed subspace in DY%7(L) consisting of limits
of polyhomogeneous functions, but for all ¢ in some open neighbourhood of
this subspace. This suggests, of course, that the result might be true for all
¢ € DYY(L)NPSH(M,w). We do not have a proof of this, but in any case this
extension is not needed here.

3.5. Pseudodifferential edge operators and their boundedness. We describe
the proof of Proposition 3.3 in this subsection. The main point is to describe
the structure of the Green operator G or, more specifically, the precise point-
wise structure of its Schwartz kernel G(z,2’). This structure is then used to
bound the integrals

(47) Quu(z) = /X QiG(z ) f()dV, (), f=Luecl.

The fact that makes this work is that the operators @);0G are pseudodifferential
edge operators; most of these compositions are of weakly positive type (cf.
Definition 3.10), and [43, Prop. 3.27] gives their boundedness on the edge
Hélder space C%7. We provide an extension of that argument to prove that
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each ;oG is bounded on C%" as well. While this replicates the results of [24],
the refined structure of these operators proved here is an important ingredient
in the higher regularity theory.

More broadly, we describe why the Schwartz kernel G has a polyhomo-
geneous structure and show how one can deduce from this that most of the
Riesz potentials ); o G are in the edge calculus and of weakly positive type.
The boundedness of such weakly positive edge operators on edge and wedge
Holder spaces is a basic feature of the edge calculus. Donaldson derives the
polyhomogeneous structure of the Green function just for the flat model prob-
lem Gg by explicit calculation and then proves the Holder estimates on the
wedge spaces in that setting by hand. The edge calculus is a systematization
of the perturbation arguments that allow one to pass from this flat model to
the actual curved problem, but one which yields, in particular, the polyhomo-
geneous structure of the Green function for the curved problem, which plays a
significant role for the higher regularity theory.

The edge calculus ¥} (X) is a space of pseudodifferential operators on X,
elements of which have degeneracies at 0X similar to the ones exhibited by
differential edge operators as in (37). We use X systematically now rather than
M since it is more natural for the descriptions below to work on a manifold
with boundary. This space of operators is large enough to contain not only all
differential edge operators A, but also parametrices and generalized inverses
for the elliptic operators in this category, as well as for incomplete elliptic edge
operators like L = r72A. The term ‘calculus’ (rather than algebra) is used
to indicate that ¥}(X) is almost closed under composition, with the caveat
that not every pair of elements may be composed due to growth properties
of Schwartz kernels in the incoming and outgoing variables that prevent the
corresponding integrals from converging.

An element B € U#(X) is characterized by specific regularity properties of
its Schwartz kernel B(z,2') as a distribution on X x X = X?; the superscript
x is a placeholder for a set of indices that indicate the singularity structure of
this distribution in various geometric regimes in X?2. By definition, any such
B(z,7') is the pushforward of a distribution Kp defined on a space X2, called
the edge double space, that is a resolution of X? obtained by performing a
(real) blow-up of the fiber diagonal (defined below) of (9X)?. This distribution
Kp has a standard pseudodifferential singularity along the lifted diagonal (by
which we mean a polyhomogeneous expansion in powers of the distance to
this submanifold), as well as polyhomogeneous expansions at all boundary
hypersurfaces of X2 and product-type expansions at the higher codimension
corners. We have defined polyhomogeneity on manifolds with boundary earlier,
and we will extend this to manifolds with corners below. The detailed notation
Be \Ifzn’k’Erf’Elf (X)) records the pseudodifferential order m along the diagonal
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and the exponent sets in the expansions at the various boundary faces. We
explain this in more detail now, but all of this is described fully in [43, §2-3].

We first construct the blowup X?2. The product X2 = X x X is a manifold
with corners up to codimension two. The corner (0X)? has a distinguished
submanifold, denoted fdiagsy, which is the fiber diagonal. This consists of
the set of points (p,p’) such that w(p) = w(p’). This is blown up normally,
resulting in a space [X2, fdiagyy] that by definition is the edge double space
X2. Using local coordinates (r,6,%) on the first factor of X and an identical
copy (r,80',y") on the second copy, the corner is the submanifold {r = r’ = 0},
and fdiaggxy = {r = ' = 0,y = ¢'}. The blowup may be thought of as
introducing polar coordinates around this submanifold:

R = ’(T,T’,y _y/)’ Z 07
W= R_l(ra rlvy - y/) € S—Qi-nil = {w = (wlyw%(b) : |W| = ]-70')1’(‘}2 > 0}7

supplemented by y', 60,6 to make a full coordinate system. Thus X2 has a
new boundary hypersurface, {R = 0}, called the ‘front face’ ff, and the lifts
of the two original boundary hypersurfaces, {w; = 0} and {ws = 0}, called
the right and left faces, rf and 1f, respectively. We write defining functions
for these faces as pg, py and pyr. The diagonal of X? lifts to the submanifold
diag, = {w = (1/v/2,1/v/2,0),0 = ¢', R > 0}.

Here are some motivations for this construction. First, Schwartz kernels
of pseudodifferential operators are singular along the diagonal in X2, but the
fact that this diagonal intersects the corner nontransversely makes these singu-
larities hard to describe near this intersection. By contrast, the lifted diagonal
diag, intersects the boundary of X? only in the interior of ff, and this inter-
section is transversal; this turns out to allow for a simpler description of the
singularity of the Schwartz kernel there. Another point is that X2 captures the
homogeneity under dilations inherent in this problem. The flat model operator

Lg=080247r""0,+ (Br) 205 + Ay,

on the product space [0,00), X Sp X ]R;"” is homogeneous of order —2 with
respect to the dilations (r,0,y) — (Ar,0, A\y) and is also translation invari-
ant in y. It follows that the Schwartz kernel Gg(z,2’) of the inverse for the
Friedrichs extension of Lg commutes with translations in gy, thus depends only
on the difference y — 3y’ rather than y and 3’ individually, and is homogeneous
of order —2n + 2 in the sense that

(48) Gﬁ()\?“, )\Tlv )‘(y - y/)7 07 9/) = )‘72n+2G5 (T7 7J7 Yy — yI7 07 9/)
In the polar coordinate system above, this simply says that

(49) Ga(r,r',y—y',0,0") = Gg(w, 0,0 )R—>"2
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or, equivalently, that G lifts to the double space (RT x S! x R?"72)2 and
decomposes as a product of the simple factor R~2"*2 and the ‘angular part’
Gs. A further analysis shows that G has a singularity at w = (1/v/2,1/v/2,0)
and polyhomogeneous expansions along the side faces {w; = 0} and {wy = 0}.

We now recall the general definition of polyhomogeneity on manifolds with
corners. We do this only on the model orthant @ = (R*)* x R, with linear
coordinates (z1,...,Tk,Y1,--.,Y¢), but this definition is coordinate-invariant
and hence translates immediately to arbitrary manifolds with corners. First, let

Vp(O) = spancec {10z, - - ., Xk0x;,, Oyys - -, Oy, }

be the space of all smooth vector fields tangent to all boundaries of this space.
We may as well assume that all distributions are supported in a ball {|z|? +
ly|? <1}. Ifv = (v1,..., ) € R¥, then u is conormal of order v, u € A¥(0), if

(50) Vi...Vjuea”L>®(0) Vj >0 and for all V; € V,(O).
Next, u is polyhomogeneous if near the origin in O, u has an expansion of the
form
w33 ag(y)a (loga)?,
£ |p|<N;
where {7(©) = (7§€), e ,’y,(f))}} is a sequence of k-tuples in C* with Refyj(-g) — 00

as £ — oo, z7 = z]'...2)* and (logz)? := (logz1)P" - - - (log )P, with each

p € NF¥. The coefficients a,,(y) are smooth. As with polyhomogeneous ex-
pansions for functions near a codimension one boundary, these sums are not
usually convergent, but may still be differentiated term-by-term, etc. If w is
polyhomogeneous in this sense, then each coefficient of its expansion at any
one of the boundary hypersurfaces or corners is polyhomogeneous on that face.
We associate to such an expansion an index family £ = {E(e)}, L=1,...,k,
consisting of all pairs of multi-indices {(v,p)} of exponents that occur in this
expansion, and we denote by .Afhg
the codimension one case, we say that u € Aghg if u is polyhomogeneous and if

the space of all such distributions. As in

each index set E® is greater than or equal to 0 in the sense of Definition 2.6.
We also write the simple index set {(y + ¢,0) : £ € Ny} simply as (v); thus
AI()’II)EZ = 27C*>, i.e., u = 27v where v is C* up to that face. (Even more specif-
ically, a function that is smooth in the traditional sense up to the boundary
and corners has index set (0).)

We now define the space of pseudodifferential edge operators on X.

Definition 3.7. We say that B € WmnFsEi(X) if the Schwartz kernel
of B is the pushforward from X2 to X? of a distribution Kp on X2 that
has the following properties. Kp decomposes as a sum Kg) + Kg) where

Kg) = pf_f2n+”K '3 is supported in a neighbourhood of diag, that does not
intersect the side faces, where Kz has a classical pseudodifferential singularity
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of order m along this lifted diagonal that is smoothly extendible across ff. (This
simply says that K is smooth up to ff away from diag, and that the singularity
along this lifted diagonal extends across ff so that it remains conormal on the
‘continuation’ of the diagonal across this face.) The term Kg) is required to
be polyhomogeneous on X, 62 with index sets (n —2n) at ff, Ey¢ at rf and Fy at

If, and it vanishes in a neighbourhood of the lifted diagonal.

This decomposition of Kp into two terms isolates that part of Kp that
contains the diagonal singularity, and it emphasizes the key fact that this
singularity is uniform up to ff. The shift of the order at the front face by —2n
is an artifact of a normalization: indeed, the volume form dV, is uniformly
equivalent to rdrdfdy, so the Schwartz kernel of the identity operator relative
to this measure is a smooth nonvanishing multiple of

7’*15(7’ — 160 — 0o (y — o).

Since d(r — 7’) and §(y — y') are homogeneous of degrees —1 and 2 — 2n,
respectively, this Schwartz kernel is homogeneous of order —2n, and we simply
want this to match with the fact that Id is an operator of order 0.

Finally, we may state the basic structure theorem for the Green function
of L.

PROPOSITION 3.8. Let g be a polyhomogeneous edge metric with angle 3
along D and L = —Ag4 +V where V is polyhomogeneous and bounded on X,
and suppose that G is the generalized inverse to the Friedrichs extension of L.
Then G € W 22EE(X) where the index set E is determined by the indicial
roots of Lg and by the index sets of g and V. In particular, if g and V are
smooth (i.e., both have index set (0) at 0X), then

(51) EC{(j/B+k,0): j,k,0€Ny and £=0 for j+k<1, (j,k,€)#(0,1,0)}.

Moreover, if g and V' are polyhomogeneous with index set contained in the index
set (51), then the index set E for G is also contained in the index set (51).

Remark 3.9. The fact that G has the same index set E at the left and right
faces is natural since G is symmetric. The index set E may be slightly more
complicated when € Q since in that case j/f can equal a positive integer
for certain j, and this creates extra logarithmic factors in the expansion (i.e.,
elements of E of the form (k,1)), but these all occur sufficiently high in the
expansion — in Re( > 1 — and hence do not affect the considerations below.
These log terms are absent if g is an orbifold metric.

Despite the seemingly elaborate language needed to state this result, this
structure theorem for G includes the one given by Donaldson [24] for the
model Green function, but the key advantage is that we have this same refined
structure for the curved operator G too.
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This result is one of the main conclusions of [43]: it is simply the elliptic
parametrix construction in the edge calculus, modified slightly to accomodate
the minor differences for Laplacians of incomplete rather than complete edge
metrics. As with any parametrix construction, the first main step is to obtain
detailed information about the solution operator for the model problem Ay, or,
in other words, about the model Green function Gg. This is the technical core,
and the rest of the argument uses pseudodifferential calculus to write the Green
function for L as a perturbation of Gz. The specific information we need to
obtain, then, is that the Schwartz kernel of G3 has the same polyhomogeneous
structure as in the statement of Proposition 3.8. This may be approached in a
few ways. The first, appearing in [43, §§4, 5], is to take the Fourier transform
in y, thus reducing Ag to the family of operators

Ng =82 +r7'0, + (Br) 203 — |n|?

on RT x S where 7 is the variable dual to y. To keep track of the dependence
on 7, set s = r|n| to convert this to

P (22 + S0+ 5508 - 1).

This can be analyzed explicitly by separation of variables. Chasing back
through these transformations yields a tractable expression for Gg. The equiv-
alent approach in [24] is to write Gg as an integral over 0 < t < oo of the heat
kernel exp(tAg). This heat kernel is the product of the heat kernel on the
model two dimensional cone with cone angle 273 and the Euclidean heat ker-
nel on R?"~2. The former of these is known classically, albeit as an infinite sum
involving Bessel functions (see [24] and [50]) while the latter is the standard
Gaussian. Either method requires about the same amount of work.

A minor point in the statement of Proposition 3.8 that turns out to be
important below is the fact that the index set EF does not contain the element
(1,0); in other words, the monomials r and 7’ do not appear in the expansion
of G at the left and right faces, respectively. This can be explained as follows.
As a distribution, G(r,0,y,r',60',y’) satisfies

LG =771 —1r)6(0 — 0)o(y — o).

Restricting to the interior of rf, away from the front face, we see that LG = 0
there. Since we know at this point that G is polyhomogeneous, we can calculate
formally, i.e. letting L act on the series expansion and collecting terms with the
same powers. It is then easy to see that L cannot annihilate the term a(6,y)r;
indeed, referring to (14), the only possible problematic term in L(a(f,y)r) is
(02 + 7710, 4+ B2r20%) (ar) = r~1 (87203 + 1)a. However, since 8 < 1, there
is no other term in the expansion that could cancel this, and it is impossible
for B 2agy + a to vanish unless a = 0. This proves the claim.
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Definition 3.10. An index set F is called nonnegative if, for any (v, p) € E,
Rey > 0 and if Rey = 0, then (v,p) = (0,0).

An operator B € U EF' (X is said to be of nonnegative type if m < 0,
n > 0, and both E and E’ are nonnegative. It is called weakly positive if, in
addition, either n > 0 or E > 0. (Thus the excluded case is when n = 0 and F
contains (0,0).) We shall always assume that if the leading exponent at If is 0,
then the corresponding coefficient does not depend on 6.

We now state the basic boundedness theorem needed in the proof of Propo-
sition 3.3.

PROPOSITION 3.11. Let B € U™ EE (X)), If B is of weakly positive type
so, in particular, m < 0, and if the first nonzero element of the index set for
B at If is greater than 1, then

B:CY(X) — Cch(X)

is bounded for any £ € Ny.

Proof. The order of the singularity along the diagonal is not the key is-
sue here, so we assume that m = 0. We proceed in a series of increasingly
general steps. For the first, suppose that the index set of B at If is strictly
positive and g > 0 is strictly smaller than all elements in this index set, and
consider boundedness on weighted edge Holder spaces. The result here is [43,
Prop. 3.27], which asserts that

(52) B: r“Cﬁ”(X) — r”Cf’V(X)

is bounded for every ¢ > 0.

Let us recall how (52) is proved. Decompose B into a sum of two operators,
B1 + Bs, where the Schwartz kernel of Bj is supported near the lifted diagonal
diag, C X? and carries the full pseudodifferential singularity, while that of By
is polyhomogeneous on X? and has the same index sets as B at If, ff and rf.
The boundedness of By : rHC5Y — rPH1CEY <y rECEY s a consequence of the
approximate dilation invariance of both the Schwartz kernel of B; and of the
edge Holder norm, as well as the standard local boundedness on Hélder spaces
for (ordinary, nondegenerate) pseudodifferential operators. Rigorously, this is
done using a Whitney cube decomposition and scaling arguments. This uses
only the conditions m < 0 and n > 0.

As for the other term, noting that (r3,)¢(rd,)?95B2 has the same struc-
tural properties and index sets as B» itself, we see that it suffices to prove that
if f € rtCl7, then |Byf| < Cr, since then every |(rd,)"(rd,) 0k Baf| < Cr#
as well.
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For convenience, and since slight variants of this calculation are used sev-
eral places below, here is a precise statement of a special case of the pushfor-
ward theorem, [43, Prop. A.18]. Suppose that H € \I/e_"o’”’E’El has Schwartz
kernel that is pointwise nonnegative and where E' + u > —2. Suppose the
smallest element in the index set E is (Ag,0). Then

H(rH) = / H(r,7,y,7,0,0)f" Fdidjdd

is polyhomogeneous with leading term arj‘, where \ = min{\g, u+n}, provided
p+mn # Ao, or with leading term ar* logr if A\g = p+ 1. More generally, if
|f| < Ort, then |Hf| < Or* when \g # p+n and |Hf| < Cr*logr when
A =p+n.

Returning to the problem above, applying this result shows that because
of the assumption about the index set of B and the fact that y > 0, we obtain
that |Ba(r*)| < Cr#* as desired.

Next, when the leading exponent in the expansion of B at If is 0, then the
sharp statement is that

B:rict — O nceh.

It suffices to consider just the contribution from By and to show that Bs f S
C%7. For this particular argument, it is actually enough to assume that B
is of nonnegative type, so let us assume that the leading exponent in the
expansion of By at ff is 0. As a first step note that since | f | < Cr7, then by the
pushforward theorem, |Bs f | < C. To improve this, note that 70, annihilates
the leading term aor® of By at If, so r70,Bs is weakly positive with leading
exponent at If strictly greater than . Applying the pushforward theorem for
this operator gives |rd, By f| < Cr7 or, equivalently, |8, By f | < Cr7~1. We next
observe that 70, By has index set greater than or equal to 1 at If, so [rd,Ba f | <
Cr7, ie., (%Bgf\ < r7~1. Finally, by hypothesis, 710y By has positive index
set at If and has order n = —1 at ff, hence |T_18932f < Or"~!. These
estimates on the derivatives yield, by a standard argument, that By f € Co.
Finally, let us turn to our actual goal, when f € C%7. First suppose that
¢ =0, and fix f € C%. We wish to prove that Bf € C%7 as well. Since B
is of weakly positive type, we have that either the index set E at If is greater
than ~, or else the order n at ff is positive. In our application, n > 1, but
in fact any n > ~ is sufficient for this estimate. The key to this argument
is the decomposition f = f + f from Section 2.6.3, where f is the harmonic
extension of fo = f|p and fe r7CY%7. We have just proved that B fe o
so the remaining issue is to study the behavior of & = B f, assuming just
that B is of weakly positive type. Recalling now the bounds (35), we first
estimate that 9,(Bf) = Bayf + [0y, B]f. (Because f is smooth in the inte-
rior, we no longer need to isolate the diagonal contribution of B.) By [43,
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Prop. 3.30], the commutator [0,, B] is an operator of the same type and order
as B so, in particular, |[9,, B]f| < C|logr|. On the other hand, using (35),
|Bd, f| < |B(7~1)| < Cr'~1. For the r derivative, we reintroduce the de-
composition B = B; + By. We have r@rBlf = Blrarf + [0y, Bl]f. Now B;
is of strictly positive type, i.e., it is of order 0, vanishes (to all orders) at If
and to order n > ~ at ff; by [43, Prop. 3.30] again, the commutator [rd,, Bi]
has the same properties. Therefore |19, B; f | < Cr7. Finally, 70, By vanishes
to order greater than ~ at If and ff, hence |7“8TBQf| < Cr7 too. Altogether,
|0, B f | < Or7~1, as required. The analogous estimate for r =19y B f is similar
but simpler. These estimates together imply that B f € Co%.

Suppose at last that £ > 0. We use a simple commutator argument
again, noting that 0,Bf = B0, f + [0y, B]f, so by induction we obtain that
fectkr=Bfech. O

Implicit in this argument is that when n = 0 and £ > 0, Bf may have
logarithmic growth as r — 0 when f € C%7. To see this, observe first that By f
is well behaved as before. In addition, rd,.B> is weakly positive with positive
index set at If, so 70, Baf € C%7 for all £. Using only that |[rd,Bf| < C and
integrating from 1 to r gives |Bf| < C(1 4+ |logr|). It is for this reason that
we have to treat certain of the operators in Q* separately.

Proof of Proposition 3.3. Proposition 3.11 provides the main step. The
key point is that @); o G is of weakly positive type for all ); € O; we then
reduce to this case for the remaining operators @Q; € Q* \ Q.

Suppose then that Q; € Q; we show that ;G is of weakly positive type.
Observe that each vector field 70y, dp and rd,; on X lift smoothly to XZ via the
blowdown map 7 : X2 — X; indeed, each of these lifts is a vector field on this
blown up space that is tangent to all boundary faces. Thus pg7*0,, is tangent
to all faces, as is pgm*r~10p, while pgr*0, differentiates transversely to the left
face, but is tangent to all other faces. Therefore, each operator @); € O lifts
to an operator on X? of the form pngi where Q; acts tangentially along ff
and where K = 1 or 2. When k& = 1, the composition @; o G has order 1 at
ff, so it is of weakly positive type. When k& = 2, then it is necessary that Q);
annihilate the leading coefficient of G at If so that @; o G has positive index
set there, and this is precisely what determines the subcollection @ C Q. Note
that we are using here that the coefficient ag of r° at If is independent of 6,
which is the case since this term is annihilated by the indicial operator. We
have now proved that Q; o G : C%7 — C%7 for all Q; € Q.

Next consider the operator Q = 851%,. From the considerations in the
previous paragraph, () o G is nonnegative, but not strictly positive, so if f €
C%7 then it takes an extra step to show that Q o G(f) € C%7. Decompose
G = Gy + Go with G supported near the diagonal and vanishing near the
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left and right faces, and so that G2 has no diagonal singularity. Then Q o G
has order 0 but has empty index set near If, hence is weakly positive, so
Proposition 3.11 shows that Q o Gy f € C07.

For the other term, recall the decomposition f = f + f , as in the proof
of Proposition 3.11, where f € r7C% and f satisfies (35). The previous proof
shows that Q o Ga(f) € 7€YY € C%7; cf. (36). Next, write

Qo G2(f) = (8%' OG2)(ayjf) + 0 i[ayj7G2]f'

Observe that 9y, o Go € ¥ °LEE  (Here E is the same index set as in the
characterization of G.) The other operator is of the same type; indeed, by [43,
Prop. 3.30], the commutator [9,,, Go] € U7 °2EF s0 0,,[0,,, G] € U L as
well. Now using the pushforward theorem together with the estimates | f |<C,
\ayjﬂ < Or~'7 we see that |Q o Go(f)| < C. To show that these terms are
actually in CJ,7, note that 9, 0 (8y, 0G2), 9y, 0(8y, 0G2) and 119y 0 (8y, 0 G2) all
lie in ¥ 20,0.ELE where E' is a nonnegative index set, so by the pushforward
again, applying these to a function bounded by 77 produces a function that
is again bounded by a multiple of 7~1*7. (For the second term, we even have
a much stronger estimate, but this is unimportant here.) We have proved that
|V oQoGa(f)| < Cr~'t7, and hence that Q o Go(f) € C%.

The final operator to consider is P;7. We use the same trick as [24],
noting that Pj7 = Ay — Y a;Q;, where the @; are all operators of the type
considered above, with coefficients in C%7, and from this the corresponding

bound is clear. O

We remark that the proof gives slightly more. Namely, in case as, the
coefficient of 72 in the expansion of G at If is independent of #, which is the
case for solutions of the Monge-Ampere equation (see Proposition 4.4), and
B < 1/2, then r=28% o G is of weakly positive type, hence both r=293 o G and
(02 4+ r719,) o G are bounded on CY7.

3.6. A comparison of methods. The previous subsections provide a review
of the terminology and basic results about edge operators. The point of in-
cluding this is to show that Proposition 3.3 follows directly from this general
existing theory. Since Donaldson’s approach [24] has the appearance of be-
ing more elementary, it is worth saying a bit more about the similarities and
differences between the approaches, as well as the advantages of the one here.

The two slightly different methods for constructing the model kernel Gg
are equivalent, and there is little to recommend one method over the other. The
other two steps of the argument in [24] are inverted relative to the development
here. The edge parametrix construction provides a systematic way to pass from
the polyhomogeneous structure of the model inverse G to the corresponding
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structure for the actual inverse G. Once that is known, the Hoélder bounded-
ness for G'and Gz are then deduced from the general result about boundedness
of edge pseudodifferential operators acting on edge Holder spaces, the proof of
which reduces by scaling to little more than the boundedness of standard pseu-
dodifferential operators on ordinary Holder spaces. Donaldson, by contrast,
first establishes the Holder estimates for the model operator Gg using related
scaling arguments and then observes that these estimates can be patched to-
gether to obtain the Hélder boundedness for the differentiated kernels P;;G. In
other words, the patching (or transition from the model to the actual inverse) is
done at the level of the parametrix in our approach, but at the level of a priori
estimates in a particular function space in Donaldson’s. The disadvantage of
this latter approach is that one is too closely tied to the function space on
which the model a priori estimates were obtained. This makes that method
harder to apply when proving the higher regularity estimates, for example, and
this higher regularity turns out to be key in the existence theory. Thus, while
the edge theory requires a certain amount of technical overhead, it provides a
number of substantial benefits. These become even more apparent in the gen-
eralization of this theory to the case of divisors with simple normal crossings.

4. Higher regularity for solutions of the Monge—Ampeére equation

We now use the machinery of the last section to prove one of our main re-
sults, that under reasonable initial hypotheses, solutions of the complex Monge-
Ampere equation are polyhomogeneous (Theorem 1). This type of proof has
appeared in many places by now. One origin is the proof of polyhomogeneity
for complete Bergman and K&hler—Einstein metrics on strictly pseudoconvex
domains by Lee and Melrose [37]; that argument was clarified and recast into
something near the present form in [44], where polyhomogeneity of solutions of
the singular Yamabe problem (or obstructions to such polyhomogeneity) was
determined. This regularity result was announced in [45].

We turn to the proof of Theorem 1. There are three main steps. The first
is to show that u € C*7 for every k € N; the second is to improve this to full
conormality, i.e., to show that u € A% in the last, we improve this conormality
to the existence of a polyhomogeneous expansion. The first step is equivalent to
standard higher elliptic regularity for Monge-Ampere equations; this uses the
dilation invariance properties of the edge Hélder spaces in a crucial way. The
second step then breaks this dilation invariance by showing that we may also
differentiate arbitrarily many times along D. The final step uses an iteration
to show that u has a longer and longer partial polyhomogeneous expansion.

We begin, then, by quoting a consequence of the Evans—Krylov—Safonov
theory concerning solutions of Monge-Ampere equations [36], [26], [35], or
rather its extension to the complex Monge—Ampere equation [54].
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THEOREM 4.1. Let w be a smooth Kdhler metric in a ball B C C" and
F € C®(B x R). Suppose that u € C*(B) is a solution of w!/w"™ = F(z,u) on
B. Then for any k > 2, there is a constant C depending on F, k, w, suppg |u]
and supg |Ayu| such that if B' is a ball with the same center as B but with
half the radius, then

lullera(ry < C.
The constant C' depends uniformly on the C*t3(B) norm of the coefficients of w.

To be precise, the Evans-Krylov theorem gives the C*7(B) estimate. The
higher regularity is obtained by a straightforward bootstrap, since differenti-
ating the equation with respect to any coordinate vector field W gives a linear
equation for Wu with coefficients depending on at most the second derivatives
of u, to which we can apply ordinary Schauder estimates since using the C>7(B)
estimate, the coefficients in the resulting equation are Holder continuous.

To adapt this to our setting, we first observe that the Monge-Ampére
equation is invariant with respect to the scaling Sy(r,0,y) = (Ar, 8, \y), which
in the original complex coordinates takes the form

(215 2n) = WPz Azay o Az).

To see this, let @ be any polyhomogeneous Kéhler edge current, i.e. an element
of H,, (this was denoted by w in the statement of Theorem 1, but we use the
tilde here to avoid confusion with the reference metric w (26)), and let g denote
its associated Ké&hler metric. We see from (6) (and polyhomogeneity) that as
A — 00,

/\QST//\g — cgg,
for some constant ¢ > 0, where gg is the flat model edge metric on C".

Now let B be the ball of radius r/2 centered at some point (79, yp) in the
coordinates (r,y), where rg is small, let B’ be the ball of half this radius and
consider the sets B x S' and B’ x S'. Choosing coordinates so that yg = 0,
we obtain the family of metrics

Gro = 7’0_25:0 (§’3x51> )

which we regard as defined on B x S', where B is a ball of radius 1/2 centered
at (1,0). Let B’ be the ball of radius 1/4 centered at this same point. Finally,
consider the family of functions w.(r,0,y) = Sy u(r,0,y) = u(ror, 0,r0y), also
defined on B x S.

By pulling back the original Monge-Ampere equation (1) from the ball
B to B, we see that for each ry < 1, uy, satisfies the Monge-Ampere equa-
tion with respect to the metric g,,. Applying the Evans-Krylov estimate and
bootstrapping in this standard ball then gives that

||u7"0”k,’y;B’><Sl <C,
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where C' depends on gy, sup |uy| and sup|Ag, ur|. Since gr, converges
smoothly in this region, sup |uy, | is uniformly controlled, and using that Ay, wuy,
= r%(Agu)m, this last term is also uniformly bounded as rg \, 0, we conclude
that u,, is uniformly bounded in any Ck7 norm in B’ x S,

The last step is to recall that the edge Hélder norms are invariant under
these rescalings. In other words,

I u]B, He;k,’y = || uro|]§/ He;k,v-

The global C¥” norm of u is the supremum of these norms over all such balls
B’, and hence this too is finite for all & > 0. We have proved that u € C*7 for
any k.

We have proved that (r@r)j(ray)kﬁgu is bounded for any j, k,¢ > 0, thus
a priori we only know that Jju may blow up like r=lol. We now address
this and show that these tangential derivatives are bounded too. Write the
Monge-Ampere equation as

log det(gi; + ui;) = logdet(g;7) + log F'(z, u).

(As explained just after the statement of Theorem 1, the result holds when
the usual exponential on the right-hand side is replaced by a function F(z,u)
satisfying a few properties.) Applying 0, to both sides and using the standard
formula for the derivative of a logarithmic determinant, we find that

(53) (A = V)oyu =,

where gi; = gi; + wiz, V = Fy(2,u)/F(2,u) and f = 0y logdet(gi;) — AgOyo +
F.(z,u)/F(z,u), where ¢ is a local Kéhler potential for the reference metric
g, i.e., such that ¢;; = g;5.

Recall that even if the initial assumption is that u € D%7, we immediately
know from Theorem B.1 that u € DY, and this implies that both V and f
lie in C%7. Since 9, € Q, Proposition 3.3 implies that d,u is bounded. We
now wish to apply Corollary 3.5 to improve this regularity, but to do so, we
must show that u© — and hence the Kéahler potential for the metric g — is the
limit in D% of polyhomogeneous functions. Granting this for the moment,
this corollary implies that d,yu € DY.

This same argument goes on to show that agu € DY for any k. Indeed,
suppose inductively that for some k > 2, 8iu € D% for all j <k —1, and

(Ag—V)(?fflu = fék_1)+H(k*1)(z,u, Oyu, ... ,857111,, Qu, ... ,Q@Zdu) e,

where fék_l) € Aghg and H*~1 is a smooth function of its arguments %u

and Qiﬁgu, Qi € Q. (In our example, H*~1 is an algebraic function of these
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arguments.) Differentiating yields

Ay — V)bu =, £
+ 0, H Y (2, u,0pu, ..., 08 u, Qu, ..., QIE2u) — [0y, Ay — V]OF tu.

Since afj_lu € D% we conclude first that 8§u € C%7 and in addition, by a
straightforward calculation, that the right side lies in C2;7. (Note that we may
as well assume that [0, Q] = 0.) Hence applying Corollary 3.5 with precisely
the same operator as before shows that 8§u lies in D% and satisfies an equation
with correct structure. This completes the inductive step. Recalling that we
already proved that (rd,) (rd,) 0fu € C% for every 4,5, > 0, an almost
identical induction proves that (r&«)i@g@gu € DY for every i,7,¢ > 0. This
proves, altogether, that u € A°.

We now address the claim that the Kéhler potential for g is a limit of
polyhomogeneous functions. Prior to this inductive argument, we only know
that u € DS’V (or more precisely, that u € DIGW for every k > 0). Theorem 8.1,
which rests on Tian’s Theorem B.1 as stated and proved in Appendix B, as-
serts that if w is a solution to this Monge—-Ampere equation such that v and
Agu are simply bounded, then necessarily u € DY%7. The claim is implied by
the fact that if the Holder exponent 7 is replaced by a slightly smaller value
v" € (0,7), then u can be approximated by polyhomogeneous functions in the
topology of Dgf/. In the interior, away from the edge, this is the familiar fact
that the closure of C* in C%7 contains C% for any 0 < 4/ < v < 1, which
can be proved by mollification. Near the edge, it is possible to use a similar
mollification argument in a fixed local coordinate system, but let us explain a
more systematic approach using the heat kernel.

LEMMA 4.2. If0 <~ <~y <1, then A:= Aghg N DY is dense in D?U’“/

Proof. Consider the heat kernel e'® associated to the L? Friedrichs exten-
sion of Ay, where g is any fixed (smooth or polyhomogeneous) edge metric.
The Schwartz kernel of e'® is constructed in [47], and it is proved there that
if t >0, then f; :=e!®f € Aghg for any f € L?, in particular, for f € D%7. In
addition, d;f; is polyhomogeneous with nonnegative index set for any ¢ > 0,
and O;.f; = Afi, so f; € D% too, hence f; € A. Next, since A commutes with
e it follows that f; — f and e®Af = Ae!®f = Af, — Af in L?. This
already implies that A is dense in Dg.(A) in the L? graph topology; we shall
need this fact later in Section 6.

To prove the corresponding Hélder space result, note that using the same
commutation, it suffices to prove that f; — f in Cgﬂl, since the same argument
also gives Af; — Af in Cgﬂl. This convergence is proved by noting that by
standard heat kernel arguments, f; — f in C and, moreover, || ft”cgj'y <C
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uniformly in ¢. (This last fact can be proved using very similar arguments to
the ones in the proof of Proposition 3.11.) It is then a simple exercise in real
analysis to conclude that f; — f in the slightly weaker norm || - || 0 O

We come to the final step, that u is polyhomogeneous. This requires two
more boundedness properties of edge pseudodifferential operators, namely that
this class of operators preserves the spaces of conormal and of polyhomogeneous
functions. In particular, if B is any weakly positive pseudodifferential edge
operator, then

(54) B: AX) — A%X) and  B: AL (X) — AL (X)

are both bounded. The pseudodifferential order m is irrelevant at this point
since we are applying B to functions that are infinitely differentiable (with
respect to the edge vector fields) anyway. The improvement in the argument

below relies on a refinement of (54). For the following argument, introduce the
notation A"~ (X) = NesoAY 5.

LEMMA 4.3. Let B € W2EE (X)) where E and E' are nonnegative.
Then

B: AY(X) — A% (X) + A7 (X)

and, more generally, if v > 0,

B A (X) + A" (X) — A% (X) + AV~ (X).

More concretely,

U~ Z aypr (logr)? +O(r"™)
o<Revy<v
= Bu~ > bypr?(logr)? + O(r+2-y,
0§R6'y<u+2

where the errors on each side are conormal, O(r'~) denotes an error that
decays like r"~¢ for all e > 0, and ayj, = by, =0 if Rey =0 and p > 1.

Proof. The second assertion is an easy consequence of the first. To prove
this first assertion, if B has index set with all exponents greater than or equal
to 2 at the left (r — 0) face, then since B vanishes to order 2 at the front
face, we can write B = r2B, where B is nonnegative. Hence in that case,
B: A% — A%,

Now suppose that the exponents in the expansion of B at the left face of
X2 that lie in the range [0, 2) are 71, . ..,7vn, and assume that there are no log
terms in these expansions for simplicity. Then

BW) .— (10, — 1) (rdr —¥2) - (10, —yN)B € \I,Zn+N,2,E(2),E/(X)7
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where E(2) is some new index set derived from E that has all elements greater
than or equal to 2. Thus we can apply the previous observation to see that
BW) . A% 5 A%~ or, said slightly differently, if f is bounded and conormal,
so f e A% then BN f = 4V is of the form r2~¢v, for any & > 0 where v, is
bounded and conormal. Now we can integrate the ODE (rd,—~1) - - - (r0r —yn)
to see that ©w = Bf has a partial polyhomogeneous expansion with all terms of
the form 77, j =1,..., N, since each of these terms are killed by 70, —v;. O

We wish to apply this lemma when G is the Green function for A, 4V,
where g and V' are polyhomogeneous. It is straightforward to extend this result
slightly to show that it remains valid for some fixed v provided both g and V'
only lie in Aghg + AY. We leave details of this extension to the reader.

Finally, let us apply this to the equation Loyu = f; cf. (53). We know
initially that f € A°, hence at the first step, Oyu € Aghg + A?~. But this now
gives that f and the coefficients of L lie in Aghg—l—AQ*, hence dyu € Aghg—i-.A‘l*.
Continuing on in this manner gives a complete expansion for d,u, and from
this we deduce also that u is polyhomogeneous. This concludes the proof of
Theorem 1.

Let us remark what is really going on in this proof. Once we have estab-
lished that u is conormal, i.e., that it is infinitely differentiable with respect
to r0,, Op and 0y, then we can treat the Monge-Ampere equation satisfied by
u as an ODE in the r direction; all dependence in the other directions can
be treated parametrically and, in particular, y and 6 directions are harmless.
Thus the important step is going from u € NC¥7 to Ggu € NCkH for all £ > 0.

While this sort of iteration method was already mentioned in [24], it is less
awkward to use edge spaces here. The reason is that the different scales in this
problem make it necessary to work with functions involving integer powers of
both 7 and r2/#, and these are only finitely differentiable in the wedge spaces
but infinitely differentiable in the edge spaces.

Determination of leading terms. For various applications below, in par-
ticular the determination of the asymptotics of the metric and curvature, we
must determine the first few terms of the expansion of a solution of the Monge—
Ampere equation.

PROPOSITION 4.4. Let ¢ be a solution of the Monge—Ampére equation (30).
Suppose that ¢ € D%, and hence by Theorem 1, ¢ € Aghg' Then the asymp-

w
totic expansion of ¢ takes the form

4k
(55) e(r,0,y) ~ > ajre(0,y)r’ "5 (logr)*
Gk 0>0

as v ¢ 0. Certain coefficients are always absent; for example, apggy = 0 for
¢ >0 and ajp¢ = 0 for all L. If ajpe = 0 for some j,k for all £ > 0, then we
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write this coefficient simply as a;,. When 0 < < 1/2,
(56)
1
o(r,0,y) ~ aoo(y)+ag(y)r’+(ao1 (y) sin O+bo1 (y) cos )r & +as(y)r*+0(r***)

for somee = e(B) > 0; when B = 1/2, the asymptotic sum on the right includes
an extra term (ao(y) sin 20 + boa(y) cos 20)r*; finally, if 1/2 < B < 1, then
(57)
1
o(r,0,y) =aoo(y) + (ao1(y) sin 6 + boy (y) cos O)r? + ago(y)r* + O(r**)
for some e = ¢(f) > 0.
We begin with a lemma.
LEMMA 4.5. The twisted Ricci potential f,, can be expressed as
n—1 2 n—1
fo = Z COkr2k+E + Z(clk + copT cos O + g1 sin 9)r2k,
k=-—1 k=0
where each cji, is a smooth function of r%,Q, and y.

Remark 4.6. We may, of course, Taylor expand the coefficients ¢;; to ob-
tain an asymptotic sum involving the terms r2k+(2+0/8 and ¢2k+4/5  respec-
tively, with coefficients depending only on y and 6.

Proof. By (21),

2

(58) W/ (nl(V/=T)"dz A dz) = det [ 2L E00)]
024029
=" foel21 P+ (fik + foezr + fanzn)| 2 [P02,
k=0 k=1
where all f;;, are smooth functions of (z1,...,2,), and dz :=dz; A--- Adz,. It
follows that
w” _ (wo + v/ —185¢0)n
sl Pwg sl g
(59) n—1 B 5 n—1 B B B
=) Ffoor™™ 5 + > (fik + forrcos0 + farsin6))r®",
k=—1 k=0

where each fjk is a smooth function of the arguments r% cosd, 7’% sinf and y.
In addition, we have already noted that ¢g = r2®(, where ®; is also smooth
as a function of r% cos b, r% sinf and y. The result now follows directly from
the equation

(60) e—to = (W0t 26__?5%)” ehto—Fug
h

27 2up
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where F,, is defined by v/—190F,, = Ricwy — pwo + (1 — B)v/—10d1oga
(where a is defined in (20)), and the equation itself, together with (28), fixes a
normalization for F,,, and again F,,, is smooth in these same arguments. [

Proof of Proposition 4.4. The idea is quite simple. Since we now know
that ¢ has an asymptotic expansion, we simply substitute a ‘general’ expansion
into the equation

(61) wy/w" = F(z,¢)

and determine the unknown exponents and coefficients. Since our main case
of interest is when F(z,¢) = efv=5¢ we shall explain the argument for this
special function, but it should be clear that the same type of argument works
in general.

Using the precise form of the expansion for f,, determined above, the index
set for ¢ must be contained in

U= {(j+k/B,0) : j,k £ € No}.

In other words, the only terms that appear are of the form a;e(0, y)rj+% (log r)~.
This is done inductively. Supposing that we know that this is true for all j, k
such that j + k/8 < A, then we only need consider the action of P;j on the
next term in the series a7 (log r)¢. This must either be annihilated by P;g,
i.e., v is an integer multiple of 1/, or else it must match a previous term in
the expansion, i.e., v —2 = j'+k’/B. In either case, the form of the expansion
propagates one step further.

Since the solution ¢ is bounded, there are no terms agoe(log r)Z with £ > 0,
so using the convention in the statement of the theorem, the leading term is
0. Note further that agy depends only on y but not on #. This
can be seen by substituting in the equation. If agy were to depend nontrivially

simply agor

on 6, then the term P;7¢ would contain r~293ag, and this is not cancelled by
any other term in the equation. Hence agy = ago(y).

Similar reasoning can be applied to the next few terms in the expan-
sion. We use discreteness of the set of exponents to progressively isolate the
most singular terms after we substitute the putative expansion for ¢ into the
equation. Since agg is independent of 6 and r, Pj1ag, and Pija00 and Pjjago
are all bounded (in fact, zero). Hence if the next term in the expansion is
a1 (log )¢ with v < 2, then applying P; to it produces as its most singular
term 77 ~2(log7)¢(v% 4+ 93)a.,. This shows immediately that either v must be
an indicial root, i.e., vy = 1/8 if § > 1/2 with a; a linear combination of cos
and sin @, or else v = 2. Note that this also shows that aio¢ = 0 for all £ > 0.

Assuming v < 2 and ¢ > 0, then using the leading order cancellation,
the next most singular term in Pﬁaouré (logr)¢ is yr7~2(log 7)*Lagy, with no
other term to cancel it. This is impossible, so we have ruled out all such terms
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with £ > 0. If v =2 and ¢ > 0, there is no longer a leading order cancellation,
but we are left with the singular term asg(log 7’)5, S0 asgy = 0 when £ > 0.

Now consider what happens to the term asgr?. It interacts with the leading
order terms agg in ¢ and cpg in f, only. Neither of these depend on 6, so we
find that aoq is a function of y alone.

We can continue this same reasoning further. Applying P;7 to the next
term in the expansion a7 (log )¢ beyond agr? produces a leading order term
that is a nonzero multiple of a.,?~2(logr)¢ if £ > 0. Even though this term
is bounded now, there are no other log terms at the level 77~2 in (61). On
the other hand, if £ = 0, then we end up with a term r7~2(v% + 97)a0, and
there are no terms in (61) to cancel it either. Hence v must be one of the two
indicial roots k/3, k = 1 or 2, and the coefficient must be a linear combination
of cos kf and sin k6.

We comment further on the cases § = 1/2 or § = 1/4. In the former, one
might suspect that one would need a term 72 log raga; because applying P to
this should match the r° term coming from the leading coefficients of ¢ and
fw- However, those coefficients do not depend on 6, whereas ags; would be a
combination of cos 26 and sin 26, as above, so there is no interaction, hence no
log terms at this location. This is also true for § = 1/4. ([

Remark 4.7. Tt is worth noting explicitly that while both the reference and
solution metrics have expansions, the solution metric may have more terms in
its expansion than the reference metric. One consequence of this is that the
computations in the appendix do not apply to the solutions w4), s > —0o0; in
particular, one cannot conclude that the bisectional curvatures of the solution

metrics are bounded when § > 1/2, and indeed, they are not!

Using Theorem 1 and Proposition 4.4, we obtain the following regularity
statement.

COROLLARY 4.8. Let ¢ be a solution of the Monge—Ampére equation (30),
with ¢ € DYY. Then ¢ is polyhomogeneous, and there exists some £ > 0
depending only on 8 such that p € DY for every o' € [0,e(B)].

Remark 4.9. As noted in the introduction, Proposition 4.4 sheds light on
3
B el %, 1). In particular, we see that one should not expect uniform estimates

the distinction between the easier ‘orbifold regime’ 8 € (0, 5] and the case
even on the third derivatives ¢;;;, when 3 > % This is one reason why we study
the Holder norms of second derivatives in Section 8 rather than considering
the third order estimates as in the classical approach of Aubin and Yau.
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5. Maximum principle and the uniform estimate

We now recall the formulation of the maximum principle in this singular
setting. The main issue is to find barrier functions that allow one to reduce to
the classical maximum principle on M\ D. These barrier functions were used
already in [33].

LEMMA 5.1. Let f be continuous on M and satisfy | f(r,0,y)—a(y)| < CrY
for some a € C°(D) and 0 < v < 1. Then for ¢ sufficiently small,

(i) if C >0, then f + C|s|j, achieves its mazimum in M\ D;
(ii) if ¢ > 0 is small enough, then c|s|; € PSH(M,w).

Proof. (i) The function |s|5 is comparable to /% so for C' > 0, r +
f(r,8,y)+C|sl|;, strictly increases, hence it cannot reach its maximum at r = 0.

(ii) Let h be a smooth Hermitian metric on Lp with global holomorphic
section s so that D = s~1(0). For any b > 0, we have v/—199b > b\/—190 log b.
Setting b := |s|j gives

62)  VZ108b> v Te|s|E0dlog]s|, = —%e\s\ﬁR(h) > _Cuw,

where C' depends only on the choice of w, h, s,e. Thus C~'b € PSH(M,w). O

The assumption on f above holds, in particular, for f € C%7, and for f

and A, f when f € DY,

This lemma is used as follows. Replacing |s|j by c|s|7 and letting ¢ tend
to 0, we obtain estimates that are the same as those one would expect from
the maximum principle on M\ D. See the proofs of Lemmas 5.2 and 7.2 below
for more on this. The uniqueness and a priori C° estimate when p < 0 are now
immediate consequences.

LEMMA 5.2. Solutions to the Monge—Ampeére equation (32) with s < 0
are unique (when s = 0, only unique up to a constant) in D% N PSH(M,w)
and satisfy

(63) (s, Dlleoary < € = Clll felleoary, M, w)-

Proof. Uniqueness when s < 0 is proved in [33]; that argument carries over
directly to this Monge—Ampere equation and either of the types of function
spaces we are using here, because of Lemma 5.1. Finally, when s = 0, the
result of Blocki [14] gives uniqueness in L*°(M) up to a constant, and that
constant can be chosen by requiring that sup ¢(0,t) = lim,_,o- sup (s, t).

The same argument also shows that [[¢(s,?)||coar) < —23_1]|fw||CO(M) for
each s < 0. One can then obtain a uniform estimate for all s < 0 as follows.
First, by the above, we may assume that s > S, for some S < 0. With respect
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to the fixed smooth Kéahler form wp, (32) can be rewritten as

n__ . n 2B—2 tf,+ci—sp
wy, = wi Flsly” e ;

where F' € C°(M). By the previous estimate, Hetf““t*wHCO(M) < C uni-
formly in s. It follows that ||F|s 25726tf“’+ct_w||Lp(M,w3) < Cp, for all p €
(1,1/(1 — B)), with C, independent of s < 0. Assuming this, by Kolodziej’s
estimate [34], oscp(s,t) < C, with C > 0 independent of s,t¢, and since by
(32) ¢(s,t) changes sign, then also |¢(s,t)| < C. O

6. The uniform estimate in the positive case

In contrast to the nonpositive curvature cases, when g > 0, there are
well-known obstructions to the existence of an a priori C estimate along the
continuity path. In this section we review the standard theory due to Tian
and others [61], [62] along with the necessary modifications to adapt it to our
setting. For an alternative variational approach that can be applied to more
general classes of plurisubharmonic functions, we refer to [9].

6.1. Poincaré and Sobolev inequalities. In this subsection we show that
along the continuity path (30) one has uniform Poincaré and Sobolev inequal-
ities.

We first prove that a uniform Poincaré inequality holds as soon as s >¢ > 0.
The following argument is the analogue of [62, Lemma 6.12] in this edge setting
and also generalizes [41, Lemma 3] to higher dimensions. The second part is
the same assertion as [24, Prop. 8]. The proof here takes advantage of the fine
regularity results for solutions available to us.

LEMMA 6.1. Denote by A%(S) the Friedrichs extension of the Laplacian
associated to wy(s)-

(i) For any s € (0,p), M(—Au, ) > s.
(ii) For s = p, M(=Du,,) = p If (A, + 1) = 0, then V}]fw)@b is a
holomorphic vector field tangent to D.

Proof. (i) Let ¥ be an eigenfunction of Au,
©(s) is polyhomogeneous, then the eigenfunctions of Aww) are also polyho-
mogeneous. This is a special case of the main regularity theorem for linear
elliptic differential edge operators from [43]. The proof uses the same pseu-
dodifferential machinery described in Section 3 (although for this particular
result, it is possible to give a more elementary proof). The key fact is that

with eigenvalue —\;. Since

1 . . .
W~ agr’ + a1r? + agr? + O(r“”) for some n > 0 and, in particular, there is
no logr in this expansion, since we are using the Friedrichs extension.
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The Bochner-Weitzenbock formula states that on M \ D,
1 .
iAg’vgf‘Z = Ric (Vo f, Vof) + ‘VQf’?; +Vf-V(Ayf).
Since Ay = 2A, and |[V2f[2 = 2|VFOVEO |2 4 2(A,, f)?, this becomes
(64) A,|VH09|2 = 2Ric (VH04, VO 1) 42| VIOV Oy 242X 0% — 4 [V 0y 2.
We now claim that
(65) /M A, [VHOP[2 w = 0.

This follows directly from the expansion of v, since the worst term in the ex-
pansion of V10 is 7’%71. Hence if we integrate over r > ¢, then the boundary
term is of order 5%_2 (taking into account the measure rdfdy on this bound-
ary), and this tends to 0 with . This proves the claim. Thus integrating (64)
and using that Ricw(s) > sw(s) when s < p, we see that A\; > s.

(ii) When s = p, this same argument yields A\; > p. Moreover, equality
holds precisely when V10V19%) = 0 on M \ D; i.e., V%9 is a holomorphic
vector field on M\ D. Using the asymptotic expansion, V%) is continuous
up to D and hence extends holomorphically to M. Now, the coefficient of a%
equals g7¢;. By (13) g™ = O(r"") and hence vanishes on D for j # 1 (and 1 is
infinitely differentiable in the j # 1 directions), while although g11 is uniformly
positive, 7 = O(r%_l), so this terms also vanishes on D. In conclusion, the
8% component of V109 vanishes at D, so this vector field is tangent to D. O

We now estimate the Sobolev constant. First observe that the Sobolev
inequality holds for the model edge metric gg, i.e., since dim M = 2n,

(66) ’|f||L%(M7gﬁ) < Csllfllwr2(a,g5)»

and hence also for any metric uniformly equivalent to it. One way to prove this
is to note that it suffices to prove this inequality locally, in the neighbourhood
of any point; away from D this is just the standard Sobolev inequality, while in
a neighbourhood of any point p € D we can use the ((, Z) coordinate system
to reduce to the standard Euclidean case. An alternate proof relies on the
well-known equivalence of the Sobolev inequality with the fact that the heat
kernel for the scalar Laplacian blows up like t™" as ¢t N\, 0 (since the overall
dimension is 2n). Since gg is a product of a cone with a Euclidean space, this,
in turn, reduces to the fact that the heat kernel on a two-dimensional cone
blows up like t~!, which can be verified by direct computation; see, e.g., [24].
As an aside, observe that using (66), the standard Moser iteration proof
of the C° estimate for s = 0 [62] goes through exactly as in the smooth case
and hence can be used instead of Kotodziej’s estimate to prove Lemma 5.2.
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Next, we derive a uniform Sobolev inequality when s > €. Our approach
follows Bakry [4] closely and relies on the general theory of diffusive semigroups.
The following result is essentially a special case of [4, Th. 6.10].

PROPOSITION 6.2. Let ¢ € (0,1) and s € (e,1]. There exists a uniform
constant C' > 0, depending only on (M,w),n and e, so that for any f €
W2 (M, wg(s)),

fIl 2n < Cllfllwr2(arw, )

Ln=T(Mwg(s))

Proof. Let L = A,,,. Proposition 2.1 in [4] (which holds for substantially
more general operators L) asserts that if A C Dg (L) (recall (40)) is a subspace
preserved by L and e'’ and dense in L?, then it is also dense in Dg,(L) with
respect to the graph norm ||f||z2 + ||Lf||z2. We can also verify this directly
in our setting and, in fact, have already done so in the proof of Lemma 4.2
above; but cf. also the discussion in [4, p. 35].

Now, for any two functions f, g € A, define the quantities

(67) 2U(f.g) == L(fg) — fLg — gLf

and

(68) 2ly(f, 9) == LI(f,9) = T'(f,Lg) — I'(g, Lf).
Note that on the smooth part M \ D,

(69) L(f. f)=IVIP

(the gradient and norm are taken with respect to wy,) and
1
(70)  Tao(f,f) = SLIVS? = VL.VLf = Ricw,(Vf, V) + |V 2.

Since f € A, (69) holds on all of M as a W2 distribution. Furthermore, by
virtue of (31), (70) implies that

() Ta(f. f) 2 CeT(f. ) + oo (LF)

in the sense of distributions on all of M, where C = C(n) is a universal
constant. Both of these assertions can be checked easily using that f is poly-
homogeneous with an expansion f = ag(y) + r%(al (y)cos® + az(y)sinf) +
az(y)r? + O(r*+¢) for some ¢ > 0.

Following the definition and notation of [4, p. 93], we have proved that
L satisfies the “uniform curvature-dimension condition” CD(Ce¢,2n). We can
then follow the general argument in [4] to obtain uniform Sobolev bounds [4,
Th. 6.10]; cf. also [5, Th. 1]. This procedure also leads to a uniform Poincaré
estimate; however, an examination of the proof of [4, Prop. 6.3] shows that this
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is essentially equivalent to the one given above in Lemma 6.1(i). In any case,
we now sketch Bakry’s reasoning and explain in detail why it applies here.

The first point is that it suffices to prove the uniform Sobolev inequality
only for functions in A. Indeed, using the density of A in the graph norm,
we must show that both sides in the Sobolev inequality are continuous in
this topology. For the right-hand side, this is obvious. Since there is some
(not necessarily uniform) Sobolev inequality, cf. the paragraph containing (66),
W12 is contained in L% and so a sequence converging in W1? converges
weakly in L%, and so the left-hand side is also continuous in the appropriate
sense.

We now show uniform control of the Sobolev constant. Fix 2 < p < %

and § > 0, and let f,gp ) ¢ Abea sequence which converges towards the
supremum of the ratio

1P|l = L+ )P
I'(F,F)

(72)

over ' € Dp,(L). Denote this supremum by ~,. As usual, we can assume that

f,gp) > 0 and Hf,gp)Hg = 1. Using the compactness of W12 in LP (which is a
consequence of the existence of a Sobolev inequality; for a general semigroup,
this compactness is not automatic and is proved in [4, Th. 4.11]), we can
extract a subsequence converging weakly in Dp.(L) and strongly in LP to a
nontrivial limit function f® > 0, which we call f for simplicity. This satisfies
1112 = (1 +0) + %I(f, f). Assuming that we have normalized the measure
associated to wg( 5 to have unit volume, then f must be nonconstant since
d > 0. Since f maximizes (72), the usual argument in the calculus of variations
gives [|fI57P(fP~1 9) = (L+0)(f,9) + wI(f,9) = (f, (1 +8)g — ypLg), for
any g € Dr(L) or, equivalently, ||f|[27P(f?~1, Ry(h)) = (f,7ph). Here X :=
(14 6)/7p and g = Rx(h) where Ry = [®e Metldt = (M — L)7! is the
resolvent of L. This shows that f = Ry(|| f||12)_p P71 /qp, or equivalently

(73) AR~ = (1 +6) = L) f.

Following [1, §3.2], the solution to this subcritical Yamabe-type equation must
be polyhomogeneous. Then, by a determination of the leading terms in the
expansion of f, it readily follows that f € DY7. Both these assertions are
simpler analogues of Theorem 1 and Proposition 4.4, and their proof follows
similar, but simpler, arguments since this is a quasilinear equation and not a
fully nonlinear one. Thus, f € A.



148 THALIA JEFFRES, RAFE MAZZEOQO, and YANIR A. RUBINSTEIN

LEMMA 6.3. The constant vy, associated to the embedding w2 c Lp
satisfies

(2n—1)(p—2)(149)
(74) T < 2nCe '

Proof. Fix a € R. We let g be such that ¢* = f = f®). We then divide
(73) by f and then substitute f = g* to get

IFI127Pg" P2 =1+ 6 — 7,9 "lag" ' Lg + ala — 1)g° T (g, g)]
=1+06—aply 'L+ (a = 1)g *T(g,9)],
Now, following Bakry, we multiply this by —gLg and integrate:

—|If1I77 (g" P~ Lg)
Lg
= (L+0)(a.9) + anlLLgl* + ap(a = 1) (2. T(0.0)).
The left-hand side can be rewritten as

1F1[57PT(g" 0 2), g) = Cy(1 + alp — 2))(g*" ">, T (g, 9))

This can be rewritten using (75) as

(L +alp—2)(1+0 —aplyg™ Ly + (a — 1)g°I'(9,9)], T (g, 9))-
Altogether, we have

(1+a(p—2) (1+6—aylg ' Lg+ (a — 1)g°T'(g,9)],T(g, 9))

— (14 8)0(0.9) + axlILall* + a(a — 1) (<. T0.9))

(75)

So the constant ||f ||12)_p disappears; from this point on we follow Bakry, and
as in [4, (6.37)], we obtain

“f<p—2>|rr<g,g>|\1

= ||Lgl5 + alp — 1){Lg/9,T(g,9)) + (a — 1)1 + alp — 2))|[T(g, 9)/9l}5-

We now invoke a consequence of (71), which holds by the chain rule [4, (6.38)]:
for any b € R,

T2(g.9) +0I(9, (g, 9))/9+b*(T(g,9)/9)* > Cel(g,9) + %(ngtbr(g, 9)/9)°.

Integrating gives
1446 2n
( o (p=2) -5 — 106> I'(g,9)
> ((a— 1)1 +alp —2)) = b(b+2n/(2n +1))) [|IT(g, 9)/9l13-

Choosing a, b appropriately as in [4, p. 110], we see that the right-hand side is
nonnegative, which implies a uniform bound on ~, since I'(g, g) > 0. O




KAHLER-EINSTEIN METRICS WITH EDGE SINGULARITIES 149

Letting p * 2n/(n — 1), and using the fact that there is a Sobolev in-
equality at the critical exponent, we see that this Sobolev constant has the

upper bound (74) with p = 2n/(n — 1). This concludes the proof of Proposi-
tion 6.2. ]

Remark 6.4. In fact, [5, Th. 3] shows that we can find a uniform bound

for the diameter of (M, w,(,)) from Proposition 6.2. Indeed, define

o(s
D(T) :=sup{[f(z) — f(y)| : z,y € M, f € ANL(f, )llzeary < 1},

and apply the Sobolev inequality to the functions (1 + Af )1_% for any f € A.
(One must check that such functions are once again in A.) It then follows that
D() < Ce™ /2,

Remark 6.5. There are other possible approaches to the estimation of the
Sobolev constants. One approach, suggested in a remark in the first version of
this article, is to approximate w, ) by smooth Kahler metrics with a uniform
positive lower bound on the Ricci curvature. This has been carried out in detail

n [63], [18]. Another approach is to show that as a metric-measure space,
the completion of (M \ D,w,,w,") satisfies a uniform (generalized) doubling
property. The arguments of [30], [32] show that the Poincaré inequality implies
a Sobolev inequality. This was described in detail in an earlier version of this
paper, but for brevity we have replaced this by the semigroup approach above.

6.2. Energy functionals. Unlike in the previous cases, there are well-known
obstructions to obtaining a C® estimate in the positive case. The existence of
such an estimate is then described in terms of the behavior of certain energy
functionals. For more background, we refer to [3], [7], [56], [62].

The energy functionals I, J, introduced by Aubin [3], are defined by

I(w,wy,) = / V- 84,0/\0@/\Zw”1l/\w¢—v/g0 wis),

J(w,wy)

n+1/ \/7890/\890/\2 "lilAwgpl.

This definition certainly makes sense for pairs of smooth Kéhler forms, and by
the continuity of the mixed Monge-Ampere operators on PSH(M, wo) NCO(M)
[8, Prop. 2.3], these functionals can be uniquely extended to pairs (wp,w,),
with wp smooth and w, € H.,, and hence also to H,, X H,,, where now by w
we mean the reference metric given by (26). These functionals are nonnegative
and equivalent:

(76)

One use of these functionals is in deriving a conditional C° estimate.
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LEMMA 6.6. Let s € (0,u). Any CO(M)NPSH(M,w) solution o(s) to (30)
is unique. Moreover, if p(s) € DI, then ||¢(s)||coary < C(1+I(w,wys))) for
all s € (e, ).

Proof. The uniqueness is due to Berndtsson [12]. We now prove the es-
timate. Using the uniform estimates on the Poincaré and Sobolev constants,
the arguments proceed much as in the smooth case [62, Lemma 6.19].

First, let G, be the Green function of —A,; i.e., —A, G, = —GLA, =
Id — II, where II is the orthogonal projector onto the constants. (Note that
this is contrary to our previous sign convention for G, but it conforms with
the usual convention for this estimate.) Necessarily, [, Gu (-, Z)w™(Z) = 0. We
claim that A, := —infyrwpr G < 00. Assuming this for the moment, we can
write

ple) =V [ o~ [ Gl A ).

Hence, since —n < A, ps,

(77) sup p(s) < % /M o(s)w™ +nVA,.

To prove this claim about the Green function, recall that

o)

Gz, 3) = /O (H(t,2,5) —TI(=, 3)) dt,

where H is the heat kernel associated to this (Friedrichs) Laplacian and II(z, 2)
is the Schwartz kernel of this rank one projector. This integral converges
absolutely for any z # Z. We rewrite this as

(78)  G(z.2) = /O CH(t 3 dE— T2, 5) + /1 C(H(E 2, 2) — T(2, 2)) dt.

It follows easily from standard estimates that the integral from 1 to oo con-
verges to a bounded function. On the other hand, by the maximum principle,
H > 0, so the first term on the right is nonpositive. Finally, II(z,2) = V! is
just a constant, so G is bounded below.

To conclude the proof, it suffices to prove —inf ¢(s) < —% Iy cp(s)wg(s).
(Indeed, ¢(s) changes sign by the normalization (27) of f,,, so [|¢(s)|[coar) <
osc¢(s).) This can be shown in one of two ways. The first is by noting
that Bando-Mabuchi’s Green’s function lower bound [7] extends to our present
setting, and thus A, < C uniformly in s and —inf p(s) < —% T ‘P<3>WZ(5) +
nV C'. Indeed, the proof of their bound relies on an estimate of Cheng—Li [20]
of the heat kernel H, (%, z,Z) — V~1 < Ct™™ with C depending only on terms
of the Poincaré and Sobolev constants, and hence independent of s > . Thus,
by (78) A, (s) < C, as desired. The second uses Moser iteration, as in [56]. [
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6.3. Mabuchi’s K-energy and Tian’s invariants. Define the twisted Mabuchi
K-energy functional by integration over paths {w,, } C H., smooth in ¢,

1

EB , = ——
(79) 0 (@, we) V Jmxo

DDy fonl, A dt.

Its critical points are Kahler—Einstein edge metrics. The following is an exten-
sion of a formula of Tian [59, p. 254], [60, (5.12)] (cf. [9], [38]) to the twisted
setting. In particular it shows that Eg is well defined on H,,, X Hey,- The proof,
as others in this subsection, are straightforward extensions of their counter-
parts from the smooth setting and are included for the reader’s convenience.

LEMMA 6.7. One has
(80) E0 w,wWy) / log —w —pu(l = J)(w,wy,) + / fu(w
Proof. For any smooth (in t) path {wy, } C H,, connecting w and w, [62,
p. 70],
1

(81> (I - '])(w’w@l) =73

Ay, Diwe, N dt.
V' Jmx[o,] PPt

Hence the variation of the right-hand side of (80) equals

/A <log+1+u90 fw> o)
M

and this coincides with dE(f(cp) since f,, = fo — pp —log Z—‘Z + ¢, with ¢, a
constant. The formula then follows since both sides vanish when w, = w. [

As noted in the introduction, a key property of the continuity path (30) is
the monotonicity of Eg . Monotonicity of similar twisted K-energy functionals
was noted, e.g., in [52], and the following is the analogue of [52, Lemma 9.3].

LEMMA 6.8. Eg is monotonically decreasing along the continuity path
(30).

Proof. By (31), vV=100f., = — (1 — 5)v/=189¢, and from (30), we have
(Ap + 5)p = —p. It follows that

d n—s . .

B @ wp) = = [ PG + )l
and this is nonpositive by the positivity of Ai + sA,, which is immediate for
s <0, and follows from Lemma 6.1, when s € (0, u). O

Following Tian [61], we say that Eg is proper if lim; o0 ({ — J)(w, w;) = 00
implies that necessarily, lim;_, o Eg (w,w;) = co. From Lemmas 6.6 and 6.8,
we have
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COROLLARY 6.9. Let ¢(s) € DY N PSH(M,w). If Eoﬁ is proper, then
lle(s)llcoqary < C, independently of s € (g, ).

We also note that, as observed by Berman [9], an alternative proof of
Corollary 6.9 follows by combining Kolodziej’s estimate [34] and the following
result contained in [11, Lemma 6.4] and [9]. (Note that ¢(s) change sign.)

LEMMA 6.10 ([11], [9]). Suppose J(w,w,) < C. Then for each t > 0,
there exists C' = C'(C, M,w,t) such that [, e te—suwp o) yn < o

We next recall the definition of Tian’s invariants [56], [58]:
aQy = sup{ a sup / e_a(‘p_sup‘p)xn < oo},
©€PSHNC>® (M,wo) ¥ M
CV(M) = Qe (M) woo
Baw :=sup{ b : Ricx > by for some x € H,},
B(M) :=sup{ b : Ric A > b\ for some A € H'},
where the measure x" is assumed to have density in LP(M,wy), for some p > 1,
and where, for emphasis, #,, is given by (18) and, when M is Fano, Hg° denotes
the space of smooth Kéhler forms representing c¢1 (M) (and finally, as always,
Q = icl(M) - %cl(LD) with Q = [wo] = [w], wo a smooth K&hler form,
and w = w(f) the reference Kahler edge current). These invariants are always
positive as shown by Tian when x" is smooth, and hence also in general by

the Holder inequality. For some relations between aq ., and agq ,, we refer to
[9] where such invariants for singular measures were studied in depth.

LEMMA 6.11. Suppose that o, — nn—_ﬁ >¢e. Then Eg > el — C for some
C >0.

Proof. Again we follow the classical argument [60, p. 164], [62, p. 95]. Note

that for any a € (0, ,), there exists a constant C,, such that & [, log :—gwg >
al(w,w,) — C,. Indeed, by (77) and Jensen’s inequality,

1 N n
eCa > V/Me ale=v M )w”
_ % / o log 22 —a(o— [, N > b flon B ralo—d [, 0l
M
By (76) and (80) it then follows that Ej > (a — %4 )I — C. O
n+1

COROLLARY 6.12. For all s € (=00, “=aq,) N (=00, u], we have

lle(s)llcoary < C,
with C independent of s.
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Proof. When agq , > ;%7, the result follows from Lemma 6.11 and Corol-
lary 6.9. (Note, as explained in Section 9, that there is no difficulty in treating
the interval s € (0,¢) for some € > 0.) In general, the classical derivation [62]
carries over. (]

This conditional C? estimate implies of course, given the other ingredients
of the proof of Theorem 2, that B, > min{y, ”T“ag’w}, just as in the smooth
setting. We remark that Donaldson [23] conjectured that when D C M is a
smooth anticanonical divisor of a Fano manifold, then 5(M) = sup{f5 : (29)
admits a solution with 4 = 8 }. Note that the Calabi—Yau theorem shows that
the left-hand side is positive, while Corollary 1 shows that the right-hand side
is positive. Our results have further direct bearings on this problem, which we

hope to discuss elsewhere.

7. The Laplacian estimate

Let f: M — N be a holomorphic map between two complex manifolds.
The Chern-Lu inequality was originally used by Lu to bound |0f|> when the
target manifold has negative bisectional curvature [40] under some technical
assumptions. This inequality was later used by Yau [69] together with his
maximum principle to greatly generalize the result to the case where (M, w) is
a complete Kéhler manifold with a lower bound C; on the Ricci curvature, and
(N,n) is a Hermitian manifold whose bisectional curvature is bounded above
by a negative constant —C'5. These results lead to Yau’s Schwarz lemma, which
says that the map f decreases distances in a manner depending only on C5 > 0
and Cf.

In a related direction, the use of the Chern—Lu inequality to prove a
Laplacian estimate for complex Monge—Ampere equations seems to go back in
print at least to Bando—Kobayashi [6], who considered the case Ricw > —Can
and Cj5 arbitrary (not necessarily positive) in the context of constructing a
Ricci flat metric on the complement of a divisor. Next, the case Ricw > —Chw
(and again C3 arbitrary) was used in proving the a priori Laplacian estimate
for the Ricci iteration [52].

The point of Proposition 7.1 below is to state the Chern—Lu inequality
in a unified manner that applies to a wide range of Monge—Ampere equations
that appear naturally in Kahler geometry. It makes the Laplacian estimate
in these settings slightly simpler and the explicit dependence on the geometry
more transparent. In addition, the Chern—Lu inequality applies in some situa-
tions where the standard derivation [2], [70], [54] of the Aubin—Yau Laplacian
estimate may fail (as in the case of the Ricci iteration) or give an estimate with
different dependence on the geometry (which will be crucial in our setting).
While Proposition 7.1 below should be folklore among experts, it seems that
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it is less well known than it deserves to be. In particular, we are not aware of
a treatment of the Aubin—Yau or Calabi—Yau theorems that uses it.

7.1. The Chern—Lu inequality. Let (M,w), (N, n) be compact Kéhler man-
ifolds and let f : M — N be a holomorphic map with 0f # 0. The Chern—Lu
inequality [21], [40] is

Ricw @ n(df, 0f) B w® RN(0f,0f,0f,0f)
EXGE |0f]2

Since the original statement [39, (7.13)], [40, (4.13)] contains a misprint, we
include a direct and slightly simplified derivation (since we restrict to the
Kahler setting) for completeness. We note also that (82) can be obtained as a
special case of a formula of Eells-Sampson [25, (16)] on the Laplacian of the
energy density of a harmonic map.

Write 0f : TH°M — T'ON. Then 0f is a section of T'9*M ® TN
given in local holomorphic coordinates by df = %dzj ® 2. With respect to

(82) A, log|of]? > n M.

ow’
the metric induced by w and n on the product bundle above,
7 Of1 ofk
e 2 ilyp
(83) w:=0f1" =g hje g5 57

Compute in normal coordinates at a point

- L e ei oF o
Ayu = Zupﬁ == Zglz,pﬁhj’?f,]if,i + Zhjl_c,dm oI5 z]fi + Z f,]ipf,jiﬁ
P

i,l,p 1,p 1,5,
= Ricw @ 0(0f,0f) —w @ R¥(0f,0f,01,00) + 3 Fp 7
.J:p

By the Cauchy—Schwarz inequality,
4,5,p k
and since A, logu = Ayu/u — 3 upug/u?, the desired inequality follows.
One particularly useful form of the Chern—Lu inequality is when f is the
identity map.

PROPOSITION 7.1. In the above, let f = id : (M,w) — (M,n) be the
identity map, and assume that Ricw > —Chw — Cyn and that Bisec, < C3 for
some C1,Cy,C3 € R. Then,

(84) Ay log [0f[* > =Cy = (Cy + 2C3)|0f .
In particular, if w =1+ /—100¢, then
(85)  Au(logtryn — (Co+2C5+ 1)) > —C1 — (Ca + 2C5 + 1)n + trun.

Hence, w > Cn for some C > 0 depending only on C1,Ca, C3,n and ||¢||coar -
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Proof. By (83), u = tr,n. The assumption on Ricw implies that
Ricw @ n(df,df) = ¢" " Rizhy; > —C1g" g™ gihyi — Cog g hishyg
= —C1tryn — Ca(1,1)e > —Crtryn — Co(tryn)?,
where the last inequality follows from the identity [13, Lemma 2.77]

nAD AW 2
(1,10 = (trun)? — n(n — I)T

Similarly, we also have
~w® RN (0f,0f,01.9f) = —g"g" RY,;
> —C3979" (highyg + hithiz) = —2C3(tron)”.

Thus, (84) follows from (82). Since tr,n = n — Ayp, equation (85) follows
from (84). O

7.2. The Laplacian estimate in the singular Hélder spaces. We now ap-
ply the Chern—Lu inequality to obtain an a priori Laplacian estimate for the
continuity method (32). For solutions of (30), it gives a bound depending, in
addition to the uniform norm, on an upper bound on the bisectional curvature
of the reference metric; in contrast, the well-known Aubin—Yau bound depends
on a lower bound for the bisectional curvature [2], [70], [54].

LEMMA 7.2. Suppose that there exists a reference metric w € H, with
Ricw > —Chw and Bisec,, < C5 on M\ D, where Co € RU {00}, C3 € R. Let
s> S. Solutions to (32) in DY NC*(M \ D) NPSH(M,w) satisfy
(86)

Awe(s, )llcoary < C = Cll|fulleoany, 1o (s llcoarys S, (1 = t)Ca, Cs),

where (1—1t)Cy is understood to be 0 when t = 1. Moreover, %w < wy(s) < Cw.
Proof. Along the continuity path (32),
Ricw, = (1 = t)Ricw + swy, + (ut — s)w + 27 (1 — B)[D] > Swy,, — (1 —t)Cow.

Hence, the assumptions of Proposition 7.1 are satisfied (we take id : (M,w,) —
(M,w)), and the desired estimates follow directly from (85) if the maximum
of (the bounded function) log tr,, w — Ay takes place in M\ D.

Next, suppose the maximum is attained on D. We claim that log tr, w €
CY%7 for any 7 < min{% — 1,7}. Indeed, in the local coordinates z1,..., 2y,

gfj = m/lﬁ, where A is the cofactor matrix of [g,]. Since A;; is a poly-
nomial in the components gz, it too lies in C%7. In addition, 1/ det 9o =
e femets¢ [ det g, = |21[* 2P F for some F € CJ7, hence this lies in C*7 for

¥ < % — 1. Hence try, w = gfﬁgii € C%7, proving the claim.
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Now by Lemma 5.1 applied to f := logtry,w — Ap, we have that f + |s|},
achieves its maximum away from D for ¢ < 7. (When s = e, we use that
¢ € Aphg by Theorem 1.) By (85) and Lemma 5.1(ii) (and in particular (62)),
for all sufficiently large N > 1, we have

A(f + N72sl5) > —C1 — (205 + D+ (1 — C/N)try,w.

The maximum principle thus implies try,w < C = C(C1,Cs, ||¢]|coan), w),
and so w, > Cw. Going back to (30) we have w; < Cw" (with C' depending
on || fulleo(ary and [|¢(s,t)||co(ar)), and so also w, < Cw. O

8. Holder estimates for second derivatives

In the interior of M\ D, the Evans—Krylov regularity theory for Monge—
Ampere equations (Theorem 4.1) may be applied to obtain the a priori interior
C%7 estimate for a solution ¢ on any ball B’ depending on C° estimates for
@ and Ay,p on a slightly larger ball. This depends heavily, of course, on the
uniform ellipticity of the Laplacian, and hence it does not apply directly for
balls arbitrarily close to D.

We now explain how to obtain a priori estimates in DY using the a priori
Laplacian estimate from the last section. The proof uses an old argument due
to Tian.

THEOREM 8.1. Let ¢(s) € DY N C4(M \ D) N PSH(M,w) be a solution
to (30) with s > S and 0 < 8 < 1. Then

le(s)llpg < C,
where C' = C(S, B, w,n, [|Aup|| Lo (ar)s @] Loo (1)) -

Proof. Let U be a neighborhood in M. According to Theorem B.1, if w, is
locally represented by uijdzi Adz onU \ D, then for some fixed v, 7 > 0, every
a € (0,79) and all z such that B,(z) C U, we have HVui;HQBa(JC) < Ca?n2t2,
The constants -, 79, C' are all uniformly controlled. The Poincaré inequality
gives |]ui5—Cx7aHQBa(I) < Ca**? where Cy, = I8y @) wigw"/ Jp, 2 @"- Using
the integral characterization of Holder spaces, see [31, Th. 3.1] for example,
patching up the estimates over a finite cover, and using that we already have
uniform bounds on A, itself, it follows that [|Auep||0r < C. O

The proof of Theorem B.1 requires the following lemma that is perhaps
of independent interest. Let 1 be a fixed Kéhler potential for w valid in a
neighborhood of yo € D. For each pair of parameters (s,t), consider the
function h = h(s,t) defined by the equality

(87)  logh:=logF +logdet[t)5] = tf, + ¢t — s+ log det[t)7].

By Lemma 2.2 (see (24)), 1 € D% for any v € (0, % —1].
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We now state a collection of estimates for h, but we note that only the
Lipschitz bound (iv) is used later in the proof of Theorem B.1.

LEMMA 8.2. Define h = h(s,t) by (87), with s > S. Then the following
estimates hold with constants independent of t, s:
(i) For B <1, [[h(s,t)llcoary < C(S, M, w, B, |[¢(s,t)|lcocar))-
(i) Por B < 1/2, [Ih(s, Dl lpoo < C = C(S, My, B, | uipls, )|co):
(iii) For B <2/3, ||h(s,t)||wo1 < C =C(S,M,w,B,|l¢(s, )HC?UJ).
(iv) For p <1,
(88) 17, Dllws1,31 < € = C(S, M, w, B, H@(Sal)llcl 1)
Moreover, ||h(s, 1)1JHC°(M) < C(S, M,w, B, ||Awp(s, 1)]|co).
Proof. By (58) and (8), near D,

1
B

9 2
detlpy] = §7Ic13 2 des [0 £ 0]

n 9 n—1 1 —
= 623" forlClP*TE 4 82 (fuk + farCP + faCP)ICI,
k=0 k=0

with fj;, smooth functions of (z1, ..., 2,). Thus, if 8 € (0,2/3], then log det[+;;]
is in C%:t. Moreover, if 8 € (0,1/2], then log det[tp;7] is in C;'; for that it suffices
to remark that

Ofik Op _ Ofjk i1 0,1
8p52 8p (5T)B ECw
if 5 € (0,1/2]. Next, by Lemma 4.5, and the same reasoning as above, it
follows that when 3 € (0,1/2], f., € Cy! and that when 3 € (0,2/3], f., € COL.
Therefore, (ii) and (iii) follow. Note also that the above computations show
that fu,det[i;;] € L>(M) for all 3 € (0, 1], proving (i).

Now, assume ¢t = 1. Denote, as before, dz = dz; A --- A dz,. By (60),

(wo + v/ =100%)"
(V=D)"dC ANdC Ndzog ANdZ A -+ AN dzp A dzy,
(wo + ﬁ@awo)"

|21|26-2(\/=1)"*dz A dZ

|s |25 2Lu”eFWO pio

|21|26-2(\/=1)"*dz A dZ
9*ho
= (268 —2)loga + F,, — o + log det [(%iaz_j},
where a is defined in (20). Thus f, + logdet[¢);;] can be written as a sum
1 — gy = @1 —pr?®g with ®;, i = 0,1, smooth functions of (21,21, . . . , 2n, Zn)-

arfjk =

fu +logdetyy;;] = fo, +log

= fu + log

= log

1,11
Hence, by the reasoning above, f,-+logdet [1!}13] € Cy” , and therefore h(s, 1)
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1,11
belongs to Cy,”*  as soon as (s, 1) does. The statement about the (1,1)-part
of the Hessian of h(s,1) follows in the same way. This concludes the proof
of (iv). O

9. Existence of Kidhler—Einstein edge metrics

We now conclude the proof of Theorem 2 on the existence of Kéahler—
Einstein edge metrics, as well as of the convergence of the twisted Ricci itera-
tion (Theorem 2.5). We then describe the additional regularity properties as
stated in Theorem 2.

Starting the continuity path. Intuitively, the Ricci continuity path (30) has
the trivial solution w(—o00) = w at s = —oo. Even if one could make rigorous
sense of this, one could not apply the implicit function theorem directly to
obtain solutions for large negative finite values of s. Indeed, reparametrizing
(30) by setting 0 = —1/s, then the linearization of the Monge-Ampere equation
at o equals 0A,_1/,) — 1, and this degenerates at ¢ = 0. It is therefore
necessary to find a different way to produce a solution of (30) for sufficiently
negative, but finite, values of s. Once this has been accomplished, we can then
proceed with the rest of the continuity method.

When 5 € (0,1/2], this difficulty can be circumvented by using the two-
parameter family; see Remark 2.4. Indeed, as described in Section 2.4, the
original continuity path (30) embeds into the two-parameter family (32), and
it is trivial that solutions exist for the finite parameter values (s,0). Unfor-
tunately, the a priori estimates needed to carry out the rest of the continuity
argument for the two-parameter family hold only when § < 1/2. Thus, to
handle the general case, we must use another method to obtain a solution of
(30) for some large negative value of s. Wu [68, Prop. 7.3] used a Newton
iteration argument to obtain such a solution in a different setting. However,
his argument requires a lower Ricci curvature bound on the reference metric
(see [68, p. 431]), which we lack. In other words, no small multiple of f,, be-
longs to H,. What follows is an adaptation of Wu’s argument that requires
no curvature control on the reference metric.

Reformulate the original complex Monge—Ampere equation in terms of the
operator

N, : D% = €0 Ny (®) = log(w!p/e/w™) — ®.

As we remark at the end of this argument, the following argument works
equally well in the edge spaces and leads to the same conclusion. Observe that
DN;y|o = 0Ayse —1d. Now, suppose that c® € H, N Appg. By Proposition 3.2,
DN,|g : DYV — C%7 is Fredholm of index 0, and by the maximum principle
and Lemma 5.1, its nullspace K is trivial when s < 0. Hence, this operator is
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an isomorphism from D% to C07, with
(89) lullpg < CIDNoull -

Denote by DN,| ;1 the inverse of this map on C%7.

We now set up the iteration method that will converge to a solution (New-
ton iteration for N,). Define a sequence of elements ®; € D7 by setting
®y = 0 and then

@ = (Id — DN, |g! o No)(®x_1), k€N
or, equivalently,
(90) O — Py — DNylg!  No(®p_1) =0.

When ¢ € Aghg, DNC,|(£1 preserves polyhomogeneity, so each of the successive
®;, are polyhomogeneous. Since N,(—f,) = 0 when o = 0, it might seem more
natural to set ®g = —f,,. However, this would cause a problem at the very
next step since, as already observed two paragraphs above, /—190f., blows
up at » = 0 when 5 > 1/2.
Next, observe that
No(®k) = No(®r) — No(Pr-1) — DNo|o,_, (Pr — Pp—1)

(1) 1
= /0 (1= ¢)D* Ny e+ (1-c)ap_, (Pl — Pro1, @p — Pp_y) de
This will be estimated using the equality D?N,|¢(a,b) = o0%(dda,0b)y, 4,
which holds provided o® € H,,. We now deduce inductively the sequences of
estimates

(92) |®5 = @j-1llpos < C1l|[No(®j-1)l] 0
and
(93) [N (@) o < Ca0?[|®; — B 1120

for every j7 > 1 with constants C'y and C5 independent of j. Suppose then that
these ho or ever < k. e shall prove that they hold also for 3 = £ +
hese hold f vy j < k. We shall p hat they hold also for j = k+1
with the same constants Cj.
First note that &, = ¢, — ®¢ = Z?Zl(fI’j — ®;_1). Using (92) and (93)
iteratively gives
i—1_ i—1
195 = @j-1llpoy < CLO20%||®jo1 — Bjallpo < (C1C20%)* |1,
and then || N, (®:)|| .0 < C202(C1C02)% " 1||®4]|%5 . We conclude that
J7NCy ol
k

1@kllpor < D115 — @j-1llpor < 2[@1llp0,
j=1
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provided C1Ca02||® | |po.y <1/2. Thus if o is sufficiently small, then ||o®|| 504
< n for some fixed n > 0. So, o @y € H,, and if we let C; denote the supremum
of the norm of DN,|3" among all  with |||, < 7, then (92) holds with &
replaced by k£ + 1 and the same Cf.

To obtain the final estimate, note that o(c®y, + (1 — ¢)®_1) lies in the
same ball of radius 7 for 0 < ¢ < 1, hence also in H,,, which means that (91)
with k replaced by k41 can be estimated as before; Cs is the constant needed
to estimate this integral, which is uniform so long as ¢®j + (1 — ¢)®;_1 remain
in the fixed n ball. This proves (93) with k& replaced by k + 1.

We may now conclude that @ 1= limg_yoo Pp = Y72 (Prg1 — Pi) exists
and lies in the same 7 ball in D%, so 0@ € H,,.

Finally, by Theorem 1, ®, is polyhomogeneous.

Openness. Define M : DY — C% by
n

Maslg) i=log £ —tf, +sp, (s,1) € A= (00,0 x [0,1] U[0, ] x {1},

Note that M;o(0) = 0. If ¢(s,t) € DY N PSH(M,w) is a solution of (32), we
claim that its linearization

(94) DM, =Aysp) +5: DT = CyY,  (s,t) € A,

e(st)
is an isomorphism when s # 0. If s = 0, this map is an isomorphism if we
restrict on each side to the codimension one subspace of functions with integral
equal to 0. Furthermore, we also claim that D%7 x A 3 (¢, s,t) — Ms+(p) €
C%7 is a C! mapping. Given these claims, the Implicit Function Theorem then
guarantees the existence of a solution ((3,) € D% for all (5,%) € A sufficiently
close to (s, t).

Proposition 3.2 asserts that (94) is Fredholm of index 0 for any (s,t) € A,
and by Proposition 3.3,

(95) lullpgyr < C([DM;s ullgoy + [lulleo),

Its nullspace K is clearly trivial when s < 0, and also by Lemma 6.1 for (s, 1)
with s € (0,p); finally, when s = 0 it consists of constants. Thus DM,
is an isomorphism when s # 0 and is an isomorphism on the L? orthogonal
complement to the constants when s = 0. This proves the first claim.

The second claim follows from (94) and Corollary 3.5, which shows that
the domains of these linearizations at different ¢ are all the same. The smooth
dependence on (s,t) is obvious.

Note finally that using (95), nearby solutions remain in PSH(M,w).

We have written this out explicitly for the wedge spaces, but note that
all of these arguments go through verbatim for the edge spaces. Observe,
however, that using the results of Section 4, the nearby solutions are necessarily
polyhomogeneous.
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Closedness. Fix some S < 0, and denote Ag := {(s,t) € A : s € (5,0]}.
Let {(sj,t;)} be a sequence in int Ag converging to (s,t) € Ag, and let
©(sj,t;) € DY NPSH(M,w) be solutions to (32). Under the assumptions of
Theorem 2, the results of Sections 5, 7 and 8 imply that ||¢(s;, ;)[|por < C,
where C' depends on S, a lower bound on the Ricci curvature of w times
(1—min; ¢;), and an upper bound on its bisectional curvature, both over M\D;
alternatively, the Aubin-Yau Laplacian estimate [2], [70], [54] gives a bound
depending on S and a lower bound on the bisectional curvature of w over M\D.
Thus, when 8 € (0, 3] U {1}, Lemma 2.3 implies that either type of bounds
give a uniform estimate Hcp(s,t)HDgﬂ < C for all (s,t) € Ag. In general, re-
strict to the path (30) (i.e., let ¢; =1 for all j) and then ||¢(s,1)[|p0~ < C
for all s € (S,0] by Proposition A.1 and the results of Sections 5, 7 and 8.
Thus, for any 7' € (0,7), there is a subsequence that converges in Dgﬂl such
that the limit function ¢(s, 1) lies in D%7. Observe that M;1(p(s,1)) =0 and
o(s,1) € C®(M \ D).

Letting S — —o0, we obtain a solution for all (s,t) € A in the case
B € (0,3]U{1} and for all (s,1) € (—00,0] x {1} in the general case. Now
by openness in A about the solution at (0,1) (cf. [3], [7]), there exist so-
lutions also for [0,e) x {1} C A. Then by Corollary 6.9 and the previous
arguments we obtain solutions for all (s,t) € A when 3 € (0,3] U {1} and for
all (s,1) € (—oo, p] x {1} in the general case. By Theorem 1, these solutions
are polyhomogeneous. Finally, ¢(s,t) € PSH(M,w). (This follows from a con-
tinuity argument, observing that the right-hand side of the Monge—Ampére
equation is positive.)

Regularity. Using the steps above, we obtain a solution ¢ := ¢(u,1) €
Aghg NPSH(M,w) to (30). Denote by g, the associated Kéhler-Einstein edge
metric. Using Proposition 4.4 and (6), g, is asymptotically equivalent to the
reference metric g and, moreover, by the explicit form of the expansion and the
fact that P;7 annihilates the 7° and r% terms, we obtain that ¢ € AN D%E(ﬁ ),
where ¢(f3) is determined by Proposition 4.4 (see Corollary 4.8). This completes

the proof of Theorem 2.

Convergence of the Ricci iteration. We use the notation of Section 2.5.
As noted there, u — % plays the role of s. Consider first the case p < 0.
By the earlier analysis of (30), for any 7 > 0, the iteration exists uniquely
and {¥prtren € DY, By Lemma 5.1, the inductive maximum principle ar-
gument of [52] yields |[¢p.| < C. Along the iteration, just as for the path
(30), the Ricci curvature is bounded from below by u — %, hence Proposi-
tion 7.1 and Lemma 5.1 show that |A,, ¢g-| < C. (We consider the maps
id : (M,wy,) — (M,w).) Going back to equation (33) and using the C° es-
timate then shows that |Ayvy,| < C, hence by Theorem 8.1, ka‘p?ﬂ <C.
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Thus a subsequence converges (as explained above for the continuity method)
to an element 1o, of DYY NC>(M\D). Since each step in the iteration follows
a continuity path of the form (30) with w replaced by wy,, Lemma 6.8 im-
plies that Eg (Wk—1)7>Wkr) < 0 (unless w was already Kahler-Einstein). Since

Eg is an exact energy functional, i.e., satisfies a cocyle condition [42], then
Eg(w,wkT) = Z?:l Eg(w(j_l)T,ij) < 0. Therefore, 1 is a fixed point of Eg,
hence a Kéahler—Einstein edge metric. By Lemma 5.2 such Kéahler-Einstein
metrics are unique; we conclude that the original iteration converges to s
both in Ay and in DY for each v/ € (0,7).

Next, consider the case p > 0, and take yu = 1 for simplicity. By the
properness assumption, Corollary 6.9 implies the iteration exists (uniquely by
Lemma 6.6) for each 7 € (0,00) and then the monotonicity of Eg implies
that J(w,wg,) < C. To obtain a uniform estimate on osc ¢y, we will employ
the argument of [10] as explained to us by Berman. By Lemma 6.10, have
Jap € PWrr=suP¥rr)yn < O where p/3 = max{1 — 1, 1}. Now rewrite (33) as

T T

(96) wh = Whefo= (1= 1) =20 1)r
kT

Using Kotodziej’s estimate and the Holder inequality this yields the uniform
estimate oscty, < C. Unlike for solutions of (30), the functions vy, need
not be changing signs. Therefore we let g, = g, — % Jos Yrrw™. As in
the previous paragraph we obtain a uniform estimate tr,, w < C. However,
to conclude that trywg, < C from (96) we must show that |(1 — )¢y, —
%Q,Z)(k_IH < C. This is shown in [52, p. 1543]. Thus, as before, we conclude
that {@Z;;W} subconverges to the potential of a Kéahler-Einsteinedge metric.
Whenever it is unique, the iteration itself necessarily converges. Berndtsson’s
generalized Bando-Mabuchi Theorem [7], [12] shows uniqueness of Ké&hler—
Einstein edge metrics up to an automorphism (which must preserve D by (7)
or Lemma 6.1). This concludes the proof of Theorem 2.5.

Appendix A. Upper bound on the bisectional curvature
of the reference metric

By Cur L1' AND YANIR A. RUBINSTEIN
ProOPOSITION A.1. Let 8 € (0,1], and let w = wp + \/—185|s|}2f be given
by (26). The bisectional curvature of w is bounded from above on M\D.

We denote throughout by §,g the Kéhler metrics associated to wq,w,
respectively. As in [66], to simplify the calculation and estimates we need

!Princeton University, Princeton, NJ 08544. Current address: Purdue University, West
Lafayette, IN. E-mail address: 112285@purdue.edu
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a lemma to choose an appropriate local holomorphic frame and coordinate
system, whose elementary proof we include for the reader’s convenience. We
thank Gang Tian for pointing out to us the calculations in [66] that were
helpful in writing this appendix.

LEMMA A.2 ([66, p. 599]). There exists g > 0 such that if 0 < dist(p, D)
< €g, then we can choose a local holomorphic frame e of Lp and local holo-
morphic coordinates {z;}7_, valid in a neighborhood of p, such that

(i) s = z1e, and a := |e|} satisfies a(p) = 1, da(p) =0, 8ziazja(p) =0; and

(i) gizk(p) = %wo(%, %ﬂp =0, whenever j # 1.

Proof. (i) Fix any point ¢ € D, and choose a local holomorphic frame
¢/ and holomorphic coordinates {w;}!~; in By(g,e(q)) for 0 < e(¢q) < 1. Let
s = f'¢/ with f’ a holomorphic function and |¢/|2 = c. Let e = Fe’ for some
nonvanishing holomorphic function F to be specified later. Then a = |Fe'|2 =
|F|?c. Now fix any point p € By(g,£(¢)) \ {¢}. In order for a to satisfy the
vanishing properties with respect to the variables {w;}!" ; at a point p, we can
just choose F' such that F(p) = ¢(p)~*/2, and

0y F(p)=—c 'Fd,c(p) = —c320,,:c(p)

Di i F(p) = = H(F i 0pi € 4 Dy €0,i '+ D,y 0,i F) (D)
= —0_3/28wi6wj c(p) + 20_5/26wi cOyic(p).

Since ¢ = |¢/|? is never zero, when £(g) is small, which implies |w — w(p)| is
small, we can assume F # 0 in B;(q,£(q)). Now s = fe = f'e’ with f = f'F~!
a holomorphic function. Since D = {s = 0} is a smooth divisor, we can assume
0w f(q) # 0, and choosing (q) sufficiently small, we can assume that 0,1 f # 0
in By(q,e(q)). Thus by the inverse function theorem, z; = f(w1,...,wy), 22 =
Wy, ..., %, = wy are holomorphic coordinates in By(q,(q)/2) and now s =
f(w)e = ze. By the chain rule, it then follows that a satisfies a(p) = 1,
azia(p) = aziazja(p) =0.

Now cover D by UgzepBj(q,€(q)/2). By compactness of D the conclusion
follows.

(ii) Denote by {w'}™; the coordinates obtained in (i). Following [29,
. 108], let 2 := wk — wh(p) + 3bf; (" — w*(p))(w' — w'(p)), with b, = bf,

define a new coordinate system. Then, wo(%, 8:8J) = wo (82“ 55 =2 )+ Guzbl,wP +
w-
tabt wh + O(X 1y [w' — w'(p)[?), and
3} g 0 o} a 0

d’b A~1. R —— e bt = 7] 017 bt .
gk - 6w"3 0(811]1 aw]) agkw()(agz> 8§j)|p+gtj(p) ik ejk+gtj(p) ik

Let g5 := gr5 for each r, s > 1, and denote the inverse of the (n —1) x (n — 1)
matrix [§l;] by [§"°]. Let b}, = 0. Then, for each j > 1, the equatlons can be
rewritten as digy — 51 J15(p)bi = eigh- Hence, 3551 §"eign = Y j51 6 digr —
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%, 8 > 1. For each s > 1, define bj, so that the right-hand side vanishes.
Multiplying the equations by [g.;], we obtain e;z = 0 for each ¢t > 1. Finally,

set 2% := Z' + wi(p), i = 1,...,n. Since by, = 0, we have z! = w!, and
therefore these coordinates satisfy both properties (i) and (ii) of the statement,
as desired. ]

Let H := d”, then |s],216 = |z16|,2f = H|z|*. Note that both a and H
are locally defined smooth positive functions. Let w = @ gi]—dzi AdzI, wy =
@gi]—dzi A dzi, and write z = z and p = |z|. Using the symmetry for
subindices, we can calculate in a straightforward manner:

9i7 = Gij + Higl2[*? + BH 0152|722 + BH 01| 2[*P 22 + B2H |2[*P 251,015,
Gizk = Giz + Higel 2|*® + BHip,015|2*P 22 + B(Hy01; + Hizorg)|2*P 22
+ B2(H;01701% + Hyd1:015 + Hyo1:011)] 222
+ B2(B — 1) H|2*P~"261:01561,
Giz ki = Gizpi T Hijkl7|z|2ﬁ
+ B [(Hypid1; + Hirgrp) |27 %2 + (Hygb1 + Hagb1i)| 2% 2]
+ B%(Hy01i0,7 + Hizb1x0,7 + Hygb1i015 + Higbrz01k)] 21> 2
+ B(B — 1) [Hind130,7]27P 7422 + Hygdrids |20 ~427]
+ B2(8 — 1) [(Hib1y + Hyd1i)d158,5]2* 42
+ (Hjoy5 + Hyd13)01501%] 2% 2]
+ B%(8 = 1)2H|2[*P 6116130110, 7-
Let p € M\ D satisfy disty(p, D) < e9. The lemma implies, in particular,
H(p) =1, Hiy(p) = H;j(p) = 0, and the expressions above simplify to

= §iz + Higl 2| + 82|21 61615,
= Gigk + Higk2[*® + B(8i1 Hyg + 0p1 Hip)|2)2P 22
+ BB — 1)0:1051001 |22,
951 (P) = Gizpi + Higeil 27 + B0t Hypg + 0p Hyzp) |2 22
+ B0 Hypg + 05y Hign,) | 217722 + %6107 Hyg + 6in67 Hiy
+ 0r10p Hyg + 03107 Hig) 122772 + B2(8 — 1)%011 07105187217~
It follows that
(97) g3 (p) =0(1), ¢%p)=0(p*?) forrs>1
and

(98) g p) =720 1)[)225 +0(p%),

9i7
9i7,k\P
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where O(p?) < Csp* and b(p) := B2 det[gi;]/ det[grs]rs>1]p With 0 < C1 <
b(p) < Co, and C4,Cy, C5 independent of p € M\ D.
Take two unit vectors n = 7.2

5.7V = Via(zi € Tpl’oM7 so that g(n,n)|, =
g(v,v)|p = 1. Then from the expression of g;;, we have

(99) vt =0 P 0" =0(1) for > 1.
Set
Bisecy (n,v) = R(1,7,v,7) = Ryt /v v! = 3 Ayg + g,
,5,k,1
with A7 = —gij’kgniﬁukﬁ and IL,57 = gs’?giﬂk gs]-jniﬁykﬁ (no summa-

tions). By (97)-(99), we have |A,;7| < C except for
Mt = =828 = 1?7 P,
hence
(100) D" Azz(p) = O(1) + Ania(p) = O(1) = B2(8 — 1)z~ |n' Pl 2.
i?j?k)l
The proposition follows immediately by combining (100) and the following
estimate.
LEMMA A.3. There exists a uniform constant C > 0 such that for every
p€ M\D,
> Wip(p) < C+ B2(8 = D=~ n* Pt
ZA7‘j7k“7l
Proof. Define a bilinear Hermitian form of two tensors a = [aj], b =
[bpgr] € (C™)3 satisfying aizk = akzi and bygr = bygp by setting
(laig], parl) = D 97 (0 aigwt™) (Pbpgrv).-
,3,K,D,q,7
It is easy to see that this is a nonnegative bilinear form. We denote by || - ||
the associated norm. Then Y, ;i sz = [llgix][|*. Write
9izk = Aigk + Bigk + Digre + Eigpe,
with Aijk = gimk, By = Hz'jk|2‘26, Diz, = B((Silij-l- 5k1HZ'j)|Z‘26_22 and
Ei = B2(B — 1)010716k1|2|?°~*2. Denote A = [A;5] and similarly B, D, E.
Using (97),

(D,E) < C

> gt Pt PR < Opt

J
and similarly we conclude that ||[g;;x][|> < C +||A+ E||>. Now, since HﬁA —
VEE|? > 0, we obtain [[A+ E|? < (14 1)[|A|? + (1 +¢)| E||*. Note now that
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by (98),
2 2
2 AT 120,112,112 B =B)" o4y 12 172

IENI" =g [Exnaln [ SC+WP Ui
Thus, letting € = €(p) = b(p)p , we will have proved the lemma provided
we can bound (1 + p??72)||A||%. Now, by (98) and Lemma A.2(ii),

PPPRAIR = S PP R0 pingag VMU < C
i7k7p7,r

This concludes the proof of Lemma A.3. U

2-28

Appendix B. A local third derivative estimate (after Tian)

A general result due to Tian [57], proved in his M.Sc. thesis, gives a local
a priori estimate in W32 for solutions of both real and complex Monge-Ampere
equations under the assumption that the solution has bounded real or complex
Hessian and the right-hand side is at least Holder. By the classical integral
characterization of Holder spaces this implies a uniform Holder estimate on
the Laplacian. This result can be seen as an alternative to the Evans—Krylov
theorem (and, in fact, appeared independently around the same time).

We present a very special case of this here that applies, in particular, to
©(s) along the Ricci continuity path (30). Unlike Calabi’s estimates, this local
estimate does not require curvature bounds on the reference geometry (which
works only when 5 < 1/2 [15]). The argument here is an immediate adaptation
of [57] to the complex edge setting and is based entirely on the presentation in
[57] and Tian’s unpublished notes [64]. He understood the applicability of this
method in the edge setting for some time and had described this in various
courses and lectures over the years.

TuEOREM B.1 (Tian [57], [64]). Let ¢(s) € DE°NC4(M\ D)NPSH(M, w)
be a solution to (30), with s > S and 0 < B < 1. For any vy € (0,871 —1)N
(0,1), there are constants ro € (0,1) and C' > 0 such that for any x € M and
0<a<rg,

(101) / Vw, 2w < Ca®" 2127,
Ba(x)

where By(x) denotes the geodesic ball with center x and radius a, V the co-
variant derivative and | - | the norm, all taken with respect to wg (3). The
constant C' depend only on v, B,w,n, |[Au@||rear) and ||¢]] Lo (ar)-

For the proof, we may assume that x € D and fix some neighborhood U
of z in M. We will also always assume 1/2 < 8 < 1 purely for simplicity of
notation. Setting ¢ =1 in (87),

(102) log det[u;;] = fu — sp + log det[y);;] =: log h,
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and differentiating twice, multiplying by A and using that (hu’; ); = 0 (this, in
turn, uses that h = det ui;) yields

(103) — hu®utd (e (hu'd ugr;); = by — hhy/h,

Combining Lemmas 7.2 and 8.2(iv) yields a uniform bound for the right-hand
side of (103). (In fact, even with weaker bounds on h one could replace terms of
order a®” that appear later by terms of order a?”~® and still run the argument
with =% + |Vw| instead of 14 |Vw|.) Here all the derivatives are with respect
to (, 22,...,2n, equivalently, covariant derivatives with respect to wg defined
in (3).

Define Bg(R) C U to be the domain in C x C"~! consisting of all (¢, Z),
where Z = (22, , zn), satisfying [(|? + |Z|?> < R?; recall ( = reV=180 ¢
[0,R],0 € [0,27]. We often identify Bg(R) C U with the standard ball By in
cn.

LEMMA B.2.
(i) Let h be a harmonic function on Bg(1) such that

h(reﬁ%ﬁ, Z) = eﬁ%(l_mh(r, Z),

(104)
0y h(reV =128 7)) = /71 B h(r, Z), ||| p2(m (1w, < 0O
Then for any a < 1, there is a constant C' = C(3,n),
— 1
(105) AR 2 (8 a)0p) < Ca®" 20Dl 28, (1) wp)-

(ii) Let f be a smooth function on Bg(l) satisfying (104). Then for some
C=C(B,n),

2 2
(106) 228 (1)ws) < Cde’L%(Bg(n,wB)'

This lemma can be proved by standard methods (e.g., Sobolev embedding
2n
L? C Wl’nTl, separation of variables and consideration of the indicial roots

. . . 14k _ B 1 . _ )
associated to the harmonic functions z; =( 7 ~,with k=0,1,...; the
exponent 2n — 4 4+ 237! is sharp, corresponding to the first indicial root of

the problem, i.e., the harmonic function ¢ %) The boundary condition (104)
corresponds to the d(-coeflicient of a smooth 1-forms written in the (, 29, ..., 2,
coordinates. To be more specific, in our application, we will consider a smooth
1-form defined on a neighborhood in M of a point p € D and write this 1-form
with respect to the aforementioned coordinates. The d(-coefficient of this 1-
form is then multivalued. Choosing any branch, the coefficient is a function
on the wedge Bg(R) that satisfies (104).

The lemma above is the only place where we need to modify [57]. The
rest of the proof below uses arguments identical to those of [57, §2]. Since the
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proof was originally written for real Monge—Ampere equations, we write out
details here for the complex Monge—Ampere equation. (This involves purely a
change in notation.)

LEMMA B.3 ([57, Lemma 2.2]). Let A\, i = 1,...,n be positive numbers.
Then,

(107) ’ Z uppllizr Az — detfupg] — (n — DILA;

< O ug — 0l
'7j

where C is a constant depending only on A\, u;5,%,5 =1,...,n.

Proof. First, by using the homogeneity and positivity of [u;], it suffices
to prove the case when [u;;] = [d;;] = I. Next, if we denote the left side of
(107) by f(Ai1,---,Anm), then by a direct computation, f(I) =0, 8‘?{ (I)=0
fori=1,---,n. Then (107) follows from the Taylor expansion of f at I. O

LEMMA B.4. [57, Lemma 2.3] There are some uniform constants q¢ > 2
and C > 0, depending only on B,n,w, ||u;||Lee, |[h;jl|Le, 4,5 = 1,...,n, such
that for any Ba,(y) C U,

(108) 1+ [V *[[ Larz (s, < CaP" D1+ |VwP|| 1y, )

Y)wg) wg)

Proof. First we assume y = x. Set
(109) >\z§ = a_2" / ( )uz’nga ivjzla"'an

By using unitary transformations if necessary, we may assume \;; = 0 for any
i# jand i,j > 2. Let C' > 0 be such that C~'1 < A = [\;;] < CI. Choose a
radial cut-off function 1 : By(z) — Ry equal to 1 on By, 4(x) and supported
in Byy5(x), such that |n”| < C/a?. Multiplying (103) by 7 and integrating by
parts gives

c Vw,|?w? — Ca®™
/Ba(m)??! 50’ B

< / hu” <Z Uk]}Hi;ﬁk)\ﬁ —h—(n-— 1)H)‘ii> i} wg.
() k=1

Thus,

z]l

/ |Vw¢|2w5 < C( n o / Z \u” A225,]]2w5>
B3 ()
1

by Lemma B.3 applied to the matrix diag(A;1, ..., Ana)-
Applying Lemma B.2(ii) to the terms u15 and the usual Sobolev inequal-
ity to the term w;; — Aj7 and the terms u; — A; 5z],z',j > 2, it follows that

11+ [V [ £1(5y, (2)ws) < Ca™2[[1+ |vw| [ This inequality
4

(Ba(z)wg)”
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still holds if we replace B,(x) by any B,(y) that is disjoint from the singu-
lar set {z; = 0}. This can be proved by using the same arguments (without
Lemma B.2(ii)). From this and a covering argument, then

11+ Ve Pl (Ba ) ws) < Ca™2I1 + |V°"¢’2|’L#(32a(y)w)

for any ball By, (y) C U. Then (108) follows from Gehring’s inverse Holder
inequality [27, Lemma 3]. O
LEMMA B.5 ([57, Lemma 2.4]). For any Bao(y) C U and o < a, we have

IVwllZ2 (s, () sy — C0™

o 2 2(¢=2)

2n—442
<c|(2) 7 a7 Ve, ll2s .
- a PIL (Ba(y)aw,ﬁ) PIL (BQa(y)7wﬁ)

The dependence of C is as in the previous lemma.
Proof. Let v be the unique (1,1)-form on B,(y) solving
n
(110) Z I Ao = 0 on Ba(y), v =w, on 0By(y).
k=1
We emphasize that here v,z = V; Vv denotes covariant derivatives with re-
spect to wg of the full (1,1)-form v. Set @ := w, —v. Then,
V@l 205, ()wp) < VOB, (4)ws) + 21V L2058, () ) -

Note that v is harmonic with respect to a constant coefficient metric equiv-

ws) < ClVwy||L2(B,(y)ws):
Lemma B.2(i) to v (or more precisely to each of the components vy, v;1,1, j >2)

alent to wg. Thus, [[Vvl|r2(p, ) and applying
gives
(111)

~ n— -1
IVWel 228, (g)0p) < 211Vl 2B, () ) +2C (0/a)*"~*P VOl 28, () o)

< 2/|V&l| 22, () ws)

_ —1
+2C (0/a)*" P || Vwy| |2 2(Ba (y)y05)-
It remains to estimate the first term on the right-hand side. Similarly to before,
multiplying (102) by @ A wgfl and integrating by parts,

112/ va2w"<cr2"+/ OIS Jugs = Aidi ) (14 [ Ve [P ).
(112) [ Ve O [ (@ g =iy ) (1 Vg )

i’j

T
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By using Lemma B.4 and the Poincaré inequality (the usual one with matching
boundary data f(reV=127%, Z) = f(r, Z) as well as Lemma B.2(ii)),

|| g5 = Xidig | (14 [V ) L2 (Ba(g),ws)

< |1+ |Vw 2 w uig — Aidi
I | so‘ ‘|L‘I/2(Ba(y)v 5)"‘ J ]| H 2q 2(Ba(y),wg)
2(q—2)

2 2
< Ca a ™) 11+ ‘wa‘ I (B2a(y wg)Huz‘j - )‘idinpra(y),wB)

q—2
2 2 “q
< Ca a ™) 11+ ‘wa‘ HLl(Bza ,wg)”l =+ ‘vwaHL(lz(Ba(y),wB)-

Without loss of generality, we may assume that ¢ > 2(¢ — 2). Since @
vanishes on 0B, (y), its L?>-norm is controlled by the L?(B,(y),ws)-norm of
|V&| and, consequently, of |Vwy| (as [[V&[[7: < 2[|Vwy|[2s + 2||[Vo|[3, <
2(C' 4 1)||Vwyl|[32). Also, @ is uniformly bounded in L> as both w, (by the
Laplacian estimate) and v (by the maximum principle) are; thus its L? norm
is equivalent to its L7 norm. Then,

[ @ (1 + |VW¢’>2HL1(Ba(y)7wﬁ)

< I+ Ve Pl el 2 gy

2(q—2)

< Cazn(_Hz/q)Hl + |szo|2 HLI(Bza(y)vWB)Ha)||L2EJBa(y) wg)
2n(—1+42/q) 2 o L
< Ca®™ DN+ [Vwe | |1 (Baa (1)0s) @ (y)ws)
2(¢—2)

< Ca(Qn—Q)(—l-l—?/Q)Hl + ‘VWSDF ||L1(32a(y)7°-’6)HVW‘PHLQEIBa(y),wg)'

Combining all the estimates above concludes the proof. O

The next lemma gives an estimate on the smallness of the coefficient in
the right-hand side of the previous lemma.

LEMMA B.6. [57, Lemma 2.5 For any 9 > 0, there is an { depending
only on go, ||Aul[re and ||h;||L satisfying: For any a > 0 with B,(y) C U,
there is o € [27%a,27 a] such that

(113) ||Vw¢y\%2(30(y)7w6) < o022,
Proof. From (102),
(114) Ay, Au = Z u”upqulqku]pk + Alog h,

where A denotes, as before, the Laplacian of wg. Let 7 be a nonnegative radial
function on B, (y) equal to 1 on B, /5(y), supported in Bs,/4(y), and such that
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a?|n”| < C. Let M, := SUpp, (y) Au. Then,
/ 77|Vw<p]2wZ§Ca2" —/ Au,n (Mg — Au) W™
Ba(y) Ba(v)

<Ca* +Ca? / (Mg — Au) wy.
Ba(y)
From (114), there exists ¢> 0, such that Z:= M, — Au— ca? satisfies Ay, Z <0.
Thus,
1

—a_%/ Zw" < inf Z+ d?
C Ba(y) Ba/2(y)

by [28, Th. 8.18]. Thus, a2_2”|\Vw¢,||%2(Ba/2(y)’wﬁ) < C(My—M,j5+a?). Hence,

if (113) does not hold for ¢ = 271a,--- ,27%a, then (k—1)gg < C (M, — My,
+ 2a?). This is impossible if k is sufficiently large. O

We now complete the proof of Theorem B.1. Using the previous two
lemmas, there exist uniform x, A € (0, 1) such that

2_o _on 2_9 _on
(Aa) 772+ (Aa) 2" [VwpllZ2(py., () ws) SX[W +a*? vatpH%Q(Ba(y),wB)]

Thus, as in Section 8, from [28, Lemma 8.23] it follows that there exists some
v € (0, % — 1) for which (101) holds, which is sufficient for the purposes of this
article. (It is easy to see that in fact x, A can be chosen to give (101) even for
all v € (0, % —1).) This concludes the proof.
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