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A complete complex hypersurface
in the ball of CV

By Josip GLOBEVNIK

Abstract

In 1977, P. Yang asked whether there exist complete immersed com-
plex submanifolds ¢: M* — CV with bounded image. A positive answer is
known for holomorphic curves (k = 1) and partial answers are known for the
case when k£ > 1. The principal result of the present paper is a construction
of a holomorphic function on the open unit ball By of CV whose real part
is unbounded on every path in By of finite length that ends on bBx. A con-
sequence is the existence of a complete, closed complex hypersurface in By .
This gives a positive answer to Yang’s question in all dimensions k, N, 1 <
k < N, by providing properly embedded complete complex manifolds.

1. Introduction and the main result

Denote by A the open unit disc in C and by By the open unit ball in
CN, N >2.

In 1977 P. Yang asked whether there exist complete immersed complex
submanifolds ¢: M* — CV with bounded image [Yan77b], [Yan77a]. The first
answer was obtained by P. Jones [Jon79] who constructed a bounded com-
plete immersion ¢: A — C? and a complete proper holomorphic embedding
¢: A — By. Since then there has been a series of results on bounded complete
holomorphic curves (k = 1) immersed in C? [MUY09], [AL13], [AF13] the most
recent being that every bordered Riemann surface admits a complete proper
holomorphic immersion to By and a complete proper holomorphic embedding
to Bs [AF13]. The more difficult complete embedding problem for k¥ = 1 and
N = 2 has been solved only very recently by A. Alarcén and F. J. Lépez [AL]
who proved that every convex domain in C? contains a complete, properly
embedded complex curve.

In the present paper we are interested primarily in the higher dimensional
case (k > 1) where there are partial answers that are easy consequences of
the results for complete curves. For instance, it is known that for any k& € N,
there are complete bounded embedded complex k-dimensional submanifolds of
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C?F, and it is an open question whether, in this case, N = 2k is the minimal
possible dimension [AL]. In the present paper we consider the case where ¢ is
a proper holomorphic embedding. In this case ¢(M k) is a closed submanifold.
We restate the definition of completeness for this case:

Definition 1.1. A closed complex submanifold M of By is complete if
every path p: [0,1) — M such that [p(t)| — 1 as t — 1 has infinite length.

Note that this coincides with the standard definition of completeness since
the paths p: [0,1) — M such that |p(t)] — 1 as t — 1 are precisely the paths
that leave every compact subset of M ast — 1.

Here is our main result.

THEOREM 1.1. Let N > 2. There is a holomorphic function f on By
such that Rf is unbounded on every path of finite length that ends on bBy.

So our function f has the property that if p: [0,1] — By is a path of finite
length such that |p(t)] <1 (0 <t < 1) and [p(1)| = 1, then ¢t — %(f(p(t)) is
unbounded on [0, 1).

The following corollary answers the question of Yang in all dimensions k
and N by providing properly embedded complete complex manifolds.

COROLLARY 1.2. For each k, N, 1 <k < N, there is a complete, closed,
k-dimensional complex submanifold of By .

Proof. We first prove the corollary for k = N — 1; that is, we first prove
the existence of the hypersurface mentioned in the title. Let f be the function
given by Theorem 1.1. By Sard’s theorem one can choose ¢ € C such that
the level set M = {z € By: f(z) = ¢} is a closed submanifold of By. Let
p: [0,1) — M be a path such that p(t) — bBy as t — 1. Assume that p
has finite length. Then there is a point w on bBy such that lim;,; p(t) = w.
By the properties of f, ®f is unbounded on p([0,1)). On the other hand,
fl(p(t)) = ¢ (0 <t < 1), a contradiction. So p must have infinite length.
This proves that M is complete and so completes the proof of the corollary
for k = N — 1. Assume now that 1 < k < N — 2. By the first part of the
proof there is a complete, closed, k-dimensional complex submanifold M of
Br+1 C By. Clearly M is a complete, closed k-dimensional manifold of By .
This completes the proof. O

Remark. If we want to have a connected, complete closed complex sub-
manifold of By, then we simply take a connected component of M as above.
Note also that the same function f gives many complete closed complex mani-
folds of B since, by Sard’s theorem, one can use the same reasoning for almost
every c in the range of f.
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2. Outline of the proof of Theorem 1.1

Let M € N. For z € RM\ {0} and a € R, write
H(z,a) = {y e RY: (ylz) = o}, K(z,0)={y e RY: (ylz) <a}.
Assume that z; € R\ {0} (1 <i<n) and that

n
(2.1) P=()K(zi,1)

i=1
is a bounded set. Then P is a convex polytope, that is, the convex hull of a finite
set. So P is a compact convex set that contains the origin in its interior. A
convex subset F' of P is called a face of P if any closed segment with endpoints
in P whose relative interior meets F' is contained in F. A k-face is a face
I with dimF = k; that is, the affine hull of F' is k-dimensional. A face of
dimension M — 1 is called a facet of P. Let P be a convex polytope such that
the representation (2.1) is irreducible; that is,

n
P # ﬂ K(x;,1) foreach k, 1 <k <n.
i=1,i#k
Then "
bP=|JH(z;, 1) NP

i=1
and the sets F; = H(x;,1) N P, 1 < i < n, are precisely the facets of P. See
[Brg83] for the details.

Given a convex set GG, denote by ri(G) the relative interior of G in the
affine hull of G. What remains of the boundary of a convex polytope P after
we have removed relative interiors of all facets F;, 1 < i < n, we call the
skeleton of P (or more precisely, the (M — 2)-skeleton of P, the union of all
(M — 2)-dimensional faces of P) and denote by skel(P). Thus

n

skel(P) = | J[F \ ri(F)].

i=1
To prove Theorem 1.1 we first prove

THEOREM 2.1. Let B be the open unit ball of RM, M > 3. There is a
sequence of convex polytopes Py, n € N, such that

oo
P CIntP,Cc ,CIntPsC---CB, |JP; =B,
such that if w; € skel(Pj) (j € N), then

(2.2) Z [wj1 — w;| =

that is, the series in (2.2) dwerges.
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In the proof of Theorem 1.1 we shall use the following

COROLLARY 2.2. Let P,, n € N be the sequence of convex polytopes from
Theorem 2.1. Let 0, be a decreasing sequence of positive numbers such that
300 10, < 00. Foreachn € N, letUy, C bP, be the 0, -neighborhood of skel(P,,)
in bPy; that is, U, = {w € bP,: dist(w,skel(P,)) < 6,}. Let p: [0,1) — B
be a path such that |p(t)| — 1 ast — 1 and such that for all sufficiently large
n € N, p([0,1)) meets bP,, only at Uy,. Then p has infinite length.

Once we have proved Corollary 2.2 we prove Theorem 1.1 as follows. Let
By be the open unit ball of CN, N > 2. Let P,, n € N, be a sequence of
convex polytopes as in Theorem 2.1 with M = 2N, and let U,,, n € N, be as
in Corollary 2.2. Given &, > 0 and L,, < oo we use an idea from [GS82] to
construct a function f,,, holomorphic on By, such that |f,| < &, on P,_; and
such that Rf, > L, on bP, \ U,. By choosing L,, and ¢, inductively in the
right way, we then see that f = >7°; f,, has all the required properties.

3. Beginning of the proof of Theorem 2.1

Let w, be a sequence in B such that |w,| — 1 as n — oo. If w, does
not converge, then (2.2) holds, and so to prove Theorem 2.1 it is enough to
consider only the convergent sequences w,,.

First, we try to explain the idea of the most important part of the proof.
Suppose for a moment that we have a sequence P, of convex polytopes with
the desired properties and that there is an increasing sequence R,, of positive
numbers converging to 1 such that

bP, C R,B\ R,_1B (n € N).

Let W = U x (1 —v,14v) be a small open neighborhood of z = (0,0,...,0,1)
in RM, where U is a small open ball in RM~1 centered at the origin and v > 0
is small. Assume that U x {1 —v} C R1B.

Let 7 be the orthogonal projection onto RM—1,

SO

7T<1'1,...,.Z'M) = (1‘1,...,1‘]\4_1).

For each n, consider C,, the part of bFP, N W consisting of the facets of P,
contained in W. The projection 7 is one-to-one on C),, and for each of these
facets, its image under 7 is a convex polytope in U that is a cell of a partition of
7(Cy,) into convex polytopes. Call this partition £,,, and notice that as n — oo,
m(Cy) tends to U. If we remove from each cell of £,, its relative interior, then we
get what we call the skeleton of £,,, denoted by skel(L,,). Clearly 7 (skel(F,)N
Cp) = skel(L,,). Since, by our assumption at the moment, every sequence
wy, contained in W that meets skel(P,) for all sufficiently large n must satisfy
(2.2), looking at z, = 7(w,) we conclude that every sequence z, € U such that
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zn, € skel(L,,) for all sufficiently large n must satisfy S°0° | |zp41 — 20| = 0.
The idea now is to reverse the direction of reasoning. Let Ry be so close to
1 that U x {1 — v} C RoB. In a typical induction step of constructing our
polytopes the data will be a partition £ of R™~1 into convex polytopes and p
and r, Ry < p < r < 1. Denote by C the union of those cells of the partition £
that are contained in U, and let V be the set of their vertices. We will “lift”
V to b(rB) by putting V = (7|[W N b(rB))~1 (V). We want V to be the set of
vertices of a convex polyhedral surface C' such that 7(C) = C and such that 7
maps the facets of C' precisely onto the cells of C. We will do this in such a way
that C stays out of pBB — for this, the cells of C, and consequently the cells
of C will have to be sufficiently small, of size proportional to \/r — p. Then we
will construct a convex polytope P such that C will be a part of its boundary
bP and such that pB C Int P C P C rB.

There is a potential problem already at the first step. Namely, the points
of V need not be the vertices of a convex surface C'. For this to happen we will
need two things: £ will have to be a true Delaunay partition of RM~! and
the ball U in the definition of W will have to be sufficiently small so that the
part of b(rB) contained in W will be sufficiently flat.

4. A Delaunay tessellation of RM—1

Perturb the canonical orthonormal basis in RM ! a little to get an (M —1)-

tuple of vectors e, ea,...,ep—1 in general position so that the lattice
M—1

(4.1) A={> niei micz 1<i<M-1}
i=1

will be generic and, in particular, no more than M points of A will lie on the
same sphere.

For each point = € A, there is the Voronei cell V(z) consisting of those
points of RM~1 that are at least as close to z as to any other y € A, so

V(z) = {y € RM~1: dist(y, ) < dist(y, z) for all z € A}.

In our case it is easy to see how to get V(0). Consider the finite set E =
{ijvijl nie; : —1 <n; <1,1 <i< M — 1}, and for each x € E '\ {0}, look at
K (x,|x|?/2), that is, at the halfspace that contains the origin and is bounded
by the hyperplane passing through x/2 that is perpendicular to . Then

V)= ) K (x, |z*/2).
2€E\{0}

This is a convex polytope. It is known that the Voronei cells form a tessellation
of RM~1 and in our case they are all congruent, of the form V(0) + z, z € A
[CS88].
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There is a Delaunay cell for each point that is a vertex of a Voronei cell.
It is the convex polytope that is the convex hull of the points in A closest to
that point — these points are all on a sphere centered at this point. In our
case, when there are no more than M points of A on a sphere, Delaunay cells
are (M — 1)-simplices. Delaunay cells form a tessellation of RM~1 [CS88]. It
is a true Delaunay tessellation; that is, for each cell, the circumsphere of each
cell S contains no other points of A than the vertices of S. We shall denote
by D(A) the family of all simplices — cells of the Delaunay tessellation for the
lattice A.

By periodicity there are only finitely many simplices S, ..., Sy such that
every other simplex of D(A) is of the form S; + w where w € A and 1 <7 < /.
It is then clear by periodicity that there is an 1 > 0 such that for every simplex
S € D(A) in n-neighborhood of the closed ball bounded by the circumsphere
of S, there are no other points of A than the vertices of S.

We shall typically replace the lattice A by the lattice A+q = {z+q: z € A}

RM=1 or, more generally, by the lattice o (A+q) where o > 0 is small.

where q €
Again, we shall denote by D(c(A + ¢)) the family of all simplices - cells of the
Delaunay tessellation for 0(A+¢). These are the simplices of the form o(S+¢q)
where S € D(A). Passing from A to o(A + ¢) everything in the reasoning will
change proportionally. In particular, for every simplex S € D(o(A + ¢)) in
(om)-neighborhood of the closed ball bounded by the circumsphere of S, there
will be no other points of o(A + ¢) than the vertices of S. We shall also need
the notion of the skeleton of the Delaunay tessellation for o(A + ¢). This is
what remains after we remove the interiors of all S € D(o(A + q)), hence
SkGl(D(J(A+Q)>) = U [S\Int S] =RM~1\ [ U Int S].
SeD(a(A+q)) SeD(a(A+q))

The author is grateful to John M. Sullivan who suggested the use of a

generic lattice for our purpose here.

5. Lifting the lattice from R ~! to the sphere

Let 2, W = U x (1 —v,1+v) and 7 be as in Section 3. Let A € RM~1 be
as in (4.1).

Fix Rg, 0 < Ry < 1, so large that U x {1 — v} C RyB, and assume that
Ry < p <r < 1. The part of the sphere b(rB) in W can now be written as a
graph of a real analytic function, call it 1,, so

b(rB) N W = {(z,¢(x)): x € U},

where
M-1 1/2
(5.1) Yp(x) = Yp(21, ... o0—1) = (7"2 -y x?) :
=1

Note that (grad ¢,)(0) =0, Ry <7 < 1.
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The map m maps W N b(rB) in a one-to-one way onto U. We shall “lift”
(o) from U to b(rB) N W by the inverse of this map, that is, by the map =
(z,%r(x)). We want to get a convex polyhedral surface C with vertices w =
(v, 9 (v)), where v are the vertices of those cells of the Delaunay tessellation for
oA that are contained in U, and we want that 7 maps the facets of the surface
C precisely onto the Delaunay cells of oA contained in U. Let us describe the
conditions for this to happen. Let .S be a simplex of the Delaunay tessellation
for oA. Let vy,...,v5 be the vertices of S. We want that the simplex with
vertices w; = (vj,¥(v;)), 1 < j < M, is a facet of a convex poyhedral surface.
For this to happen, all other points w = (v, ¢, (v)), v € cANU, v # v1,...,vp,
must lie in the open halfspace bounded by the hyperplane II through w;, 1 <
j < M, which contains the origin; that is, they must lie on b(rB) outside the
“small” sphere I' = IINb(rB). Since 7|W Nb(rB) is one-to-one, this happens if
and only if the points v € oA that are the vertices of the Delaunay cells of oA
contained in U and are different from vy,...,vys, are outside the projection
7(T"), an ellipsoid in RM~1,

As we shall see, this will happen for all such simplices S if the ball U C
RM~1 centered at the origin is small enough so that the the gradient of ¢, and
thus the Lipschitz constant of 1), is small enough on U. The choice of U will
depend only on 7 from Section 4, and the same reasoning will work for any
o> 0.

LEMMA 5.1. Let m: RM — RM~=1 be the standard projection

7T(.T1,...,:L’M) = (xl,...,a:M,l).

Let A be the lattice in RM =1 as in (4.1), and let n > 0. There is a constant w >
0 such that for every o > 0, the following holds. Let S € RM~1 be a simplex
belonging to D(cA). Suppose that 1 is a Lipschitz function in a neighborhood
of S with Lipschitz constant < w. Let v1,...,vp be the vertices of S, and let
wi, ..., wy be the points in RM given by w; = (vj,¥(v;)), 1 < j < M. Let
II be the hyperplane in RM containing the points wi, ..., wyr and let T be the
sphere in 11 containing these points; that is, let I' be the circumsphere of the
(M —1)-simplex in I with vertices wi, ..., wyr. Then w(I') is contained in the
(on)-neighborhood of the circumsphere of the simplex S.

6. Proof of Lemma 5.1

Let S € D(A), and let n > 0. If we replace ¢ with ¢ + ¢, where ¢ is a
constant, IT will change to IT + (0,¢), I" to ' 4+ (0, ¢), and consequently 7 (T")
will not change. Thus, 7(T") remains unchanged if we subtract ¥ (vas) from
each ¢¥(v;), 1 < j < M. Thus, n(I') will be determined precisely once we
know 1 = ¥(vi) — ¥(var), ..., Bru—1 = Y(vam—1) — Y(var). We shall show
that 7(I") changes continuously with (51, --- , Bm—1) near (0,0,...,0) if w; =
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(v1,B1), ., wap—1 = (var—1, Bym—1) and wyr = (var,0). Note that when 5 =
.o = By-1 = 0, then I' = 7(I") is the circumsphere of S in RM~1 Let
wo = (wot, - ..,wo nm—1,1) be the vector in RM perpendicular to II whose last

component equals 1. So wy must be perpendicular to w; —wp, 1 < j < M -1,
so (w; —wpr|lwo) =0 (1 < j < M —1) which, if v; = (vj1,...,v5m-1),1 <
7 < M —1, is the system of linear equations

(vj1 — vm)wor + -+ + (Vjm—1 — v m—1)wo,m—1 = —F; (1< <M —1).

This is a system of M —1 linear equations for M —1 unknowns woy, ..., wo pm—1
whose matrix is nonsingular since, S being a (M — 1)-simplex, the vectors
v; — vy, 1 < j < M — 1, are linearly independent. Its solution depends

linearly on (B1,...,B8pm—1). When By = --- = Bap—1 = 0 the solution is the
zero vector. In this case wg = (0,...,0,1). Let z = (z1,...,2p) be the center
of the sphere in II that contains w1,...,wps. Then z is in II, and so

(6.1) (z —wpr|we) = 0.

Further, for each 7, 1 <i < M — 1, z is at equal distance from w; and wys, so
2z is contained in the hyperplane in RM that passes through the midpoint of
the segment joining w; and wyys, and it is perpendicular to this segment, so z
must satisfy

([z = (wi + war) /2] |[wi = warl) = 0.
Thus,

(zlwi —wnl) = (1/2)([wi + wul|fwi —wn]) (1 <i<M—1).
Together with (6.1) this becomes the following system of linear equations for
Zly---5”M:

z1(vit —onn) + -+ 2m—1(viv—1 — vmm—1) + 2mBi
= (Jwi® = lwy[*)/2 (1 <i< M =1),

Z1wor + -+ 2 1Wo,M—1 + ZM = UpM1Wol + -+ UMM —1Wo, M —1-

Its matrix
Vil — VM1 .. UL,M—1— UM,M-1 B1
UM-11—UM1 .-+ UM-1,M-1—UMM-1 Bm-1
wo1 e woyM_l 1
is nonsingular for 31 = --- = By—1 = 0 when wo1 = --- = woy—1 = 0.
The matrix depends continuously on (f31,...,8m—1) and so do the right sides
(1/2)(Jvi]® — lop|* + B2), 1 < i,< M — 1, and, since wy depends continu-
ously on (B1,...,B8m—1), also variwor + -+ + vy, m—1wo pm—1 depends contin-
uously on (Bi,...,B8m—1). So the solution z = (z1,...,2a), the center of

the sphere I', depends continuously on (81, ..., By—1) near (0,0,...,0) and so
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does its radius |z — wys| = ((z1 )2+ (2 —vno1)? + 22V
Recall that IT passes through wys = (vpr,0) and its perpendicular direc-
tion wp changes continuously with (31,...,By—1) so II changes continuously
with (B1,...,08m—1). We have seen that the center z of the sphere I' in II
and its radius also change continuously with (f1,...,8y—1) near (0,0,...,0).
Thus, 7(I") changes continuously with (f31,...,8ax—1) near the origin where
m(I') = T is the circumsphere of S when 1 = B2 = -+ = By-1 = 0.
Thus, m(T") is contained in the n-neighborhood of the circumsphere of the
simplex S in RM~! provided that (vi) — ¥ (var),. .., (var—1) — ¥(vy) are
small enough. If ¢ is a Lipschitz function with the Lipschitz constant w, then
[ (vi) — Y (var)| < wlv; —oprl|, 1 <4< M —1, so there is an w such that if ¢ is
a Lipschitz function with the Lipschitz constant not exceeding w, then 7(T") is
contained in the n-neighborhood of the circumsphere of the simplex S. Recall
that every simplex in D(A) is of the form S;+z, 1 <1i < ¢, x € A. Repeating
the reasoning above for each S;, 1 <14 </, we get the Lipschitz constant that
works for every simplex S in D(A). This completes the proof for o = 1.

Now, let o > 0 be arbitrary and let S ¢ RM~! be a simplex in D(cA).
Let ¢ be a Lipschitz function with Lipschitz constant not exceeding w in a
neighborhood of S, so its graph is given by zy; = 1¥(z1,...,2p-1). Introduce
new coordinates X1,..., Xy in RM by z; =0Xj, 1 <j< M. In new coor-
dinates we have o Xy = (0 X1,...,0Xn-1), so Xpr = U( Xy, ..., Xy1) =
(1/o)(6X1,...,0Xp—1). Both ¢ and ¥ are Lipschitz functions with the
same Lipschitz constants, so in new coordinates V¥ is a Lipschitz function in a
neighborhood of S which, in new coordinates, belongs to D(A). Thus, apply-
ing the first part of the proof we see that in new coordinates 7(I") is contained
in the np-neighborhood of the circumsphere of S. In follows that in old coor-
dinates 7(T") is contained in the (on)-neighborhood of the circumsphere of S.
This completes the proof.

7. Polyhedral convex surface contained in a spherical shell

Let A be as in (4.1), let n > 0 be as in Section 4, and let w be the
one given by Lemma 5.1. Again let W = U x (1 — v,1 + v), where v > 0
is small and U is a small open ball centered at the origin in RM~1 and let
Ry < 1 be so large that U x {1 — v} C RgB. For every r, Ry < r < 1,
W nb(rB) = {(z,¢r(z)): « € U}, where the function v, is as in (5.1). We
have (grad(y,))(z) = —(r? — |z[?)~Y22 (z € U) so we may, passing to a
smaller U if necessary, assume that |(grady,)(z)| <w (z € U, Ry <r < 1) so
that for each r, Ry < r < 1, 1, is a Lipschitz function on U with Lipschitz
constant not exceeding w.

Let o > 0 be small, and let Ry < r < 1. Let v, be as in (5.1). Then
x +— V¥, = (z,9%,(z)) is a one-to-one map from U onto W N b(rB). We now
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look at the points ¥, (x),z € (cA) N U and want to see them as vertices of a
convex polyhedral hypersurface in RM.

Consider a simplex S € D(oA) that is contained in U. Let vy,...,vp be
its vertices. We can extend the restriction of the function v, to this set of
vertices to a function ¢, on all S by putting

M M M
(D aju) =Y o) (0<a;<1,1<5<M, Y aj=1)
j=1 J=1 J=1

to get an affine function ¢, on S so that z — ®,(x) = (z,¢,(x)) is an affine
map mapping S to ®,(5), the simplex with vertices U, (v1),..., ¥, (var). We
do this for every simplex S € D(cA) that is contained in U. Thus, we get a
piecewise linear function ¢, on the union of the simplices S € D(cA) contained
in U and so the union C, () of all these ®,.(S), the graph of the function ¢,, is
then a polyhedral surface in RM. We shall show that the function ¢, is convex
so that Cy(0) is a convex polyhedral surface. Later we shall show that the part
of Cy(o) contained in Wy = Uy N (1 — v, 1 + v) with Uy being a ball in RM~!
centered at the origin, strictly smaller than U, is a part of the boundary bP of
a suitable convex polytope P.

Given S € D(cgA), S C U, let II be the hyperplane in RM that contains
®,(S). Then IINb(rB) is the sphere in II that is the circumsphere of ®,(S),
which was denoted by I' in Section 5. By Lemma 5.1, 7(I") is contained in
the (on)-neighborhood of the circumsphere of S in RM~1. We know that the
on-neighborhood of the closed ball in R™~! bounded by the circumsphere of
S contains no other points of oA than the vertices of S, which implies that all
points of ¥,.(UN (o)) other than the vertices of ®,(5) lie outside of the small
“spherical cap” that IT cuts out of b(rB), that is, outside of the “small” part
of b(rB) bounded by I'. This shows that all other vertices of the simplices in
Cy (o) that are not the vertices of ®,.(S) are contained in the open halfspace of
RM bounded by II that contains the origin. Thus, ®,(S) is a facet of C,.(c).
Since this holds for every S € D(cA), S C U, it follows that the surface C, (o)
is convex.

The simplices ®,.(S) where S € D(cA), S C U, have all their vertices on
b(rB). We want to estimate how far into 7B they reach. To do this, we need
the following

PROPOSITION 7.1. Let 0 < r < 1, let a € b(rB), and let A C b(rB) be a
set such that |z — a| < for all x € A, where v < r. Then the convex hull of
,YZ

A misses pB where p =1 — g

Proof. A is contained in {x € b(rB): |[xr —a| < 7}. With no loss of
generality assume that a = (r,0,...,0). Then
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Ac{zeb(rB): (x; —r)*+a5+---+ 23, <~*}
C{z eb(rB): 12 — 2z1r + 12 <~?}
= {z € b(rB): 2r* — 2z17 < 4?}

2
= {be(rIB%):m >7‘2r}

C{l‘ET‘BIl‘1>T}.
2r

The last set is a convex set that contains A and misses pB, which completes
the proof. O

Denote by d the length of the longest edge of simplices in D(A) so that
od is the length of the longest edge of the simplices in D(cA). Since ¥, is
a Lipschitz function with the Lipschitz constant not exceeding w, the length
of the longest edge of the simplices ®,(S) where S € D(oA), S C U, does
not exceed V1 + w?0d. Now, we use Proposition 7.1. If Ry < r < 1, then
r— % >1r— %. Thus, putting

(1 + w?)d?

A=
2Ry

we get the following

PROPOSITION 7.2. If Ry < r < 1, then the simplices ®,(S), where S C
D(oA), S C U, miss pB where p =1 — o2\.

8. A convex polytope with a prescribed part of the boundary

We keep the meaning of Ry, U,d and A. Recall that U is an open ball in
RM~=1 centered at the origin. Let p be its radius. Let 0 < pg < 1 < po <
ps < g, and let U; = {z € RM=L: |2 < i}, Wi = Ui x (1—v,14v), 0 <i < 3.

Choose g > 0 so small that

(8.1) ood < min{p — p3, 3 — pa, P2 — p1, i1 — Holt-

Then, since the maximal edge length of simplices in D(cA) equals od, it follows
that if 0 < ¢ < g, then

e the simplices S € D(cA) that meet Uy are contained in Uy,
o the simplices S € D(cA) that are contained in U cover Us.

PROPOSITION 8.1. There is a k > 0 such that whenever Ry < R <1 and
R < R' < R+ K, then each hyperplane in RM that meets Wo N (R’E\ R@) and
misses W3 N RB misses RB.
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Proof. Suppose that there is no such x > 0. Then there are a sequence
R,, Ry < R, <1 (n € N), and a sequence x, € Wy, such that |x,| >
R, (n € N) and such that |z,| — R, — 0 as n — oo, and for each n, a
hyperplane H,, through x,, that misses W3 N R,B and meets RHE\ Ws. Since
|xn| — R, — 0 as n — oo we may, passing to subsequences if necessary, with
no loss of generality assume that R, converges to an R and z, converges to
x € b(RB) N Wa. Since for each n, H, misses W3 N R, B, it follows that H,
converges to H, the hyperplane through x tangent to b( RB) at z. In particular,
H N (RB\ W3) is empty, so for sufficiently large n, H,, N (R,B\ W3) must be
empty, a contradiction. This completes the proof. O

With no loss of generality, passing to a smaller og if necessary, we may
assume that o2\ < k. Suppose now that 0 < o < g, and let Ry < p <7 < 1
where p = r — o\

We know that the union C, (o) of the simplices ®,.(5), where S € D(cgA),
S C U, is a convex polyhedral surface that, by Proposition 7.2, is contained
in rB \ pB. Each of these simplices ®,.(S) is contained in a hyperplane H.
We want that these hyperplanes miss pB. Note that by (8.1) the simplices in
D(cA), contained in U, cover Us. So the function ¢, is well defined on Us
and its graph C,(o) N W3 is contained in W3 N (rB \ pB). The function ¢,
is piecewise linear and convex. Thus, if S € D(cA) meets Uy then, by (8.1),
S C Us and by the convexity of ¢, the graph of ¢,|Us lies on one side of the
hyperplane H that contains ®,(S) which, in particular, implies that H misses
W3 N pB and thus, by Proposition 8.1, H misses pB. This shows that the part
of C, (o) contained in Wy can be described in terms of the hyperplanes that
miss pB. So we find z1,...,7, € bB and a1,...,q,, p < a; <7 (1 <i<n),
such that

Gy ={reB: (z]r;) <a;,1 <i<n}

is a convex set containing pB in its interior, and is such that Wy N bGy =

Ws N CT(O').

PROPOSITION 8.2. Let Ry < r <1, let 0 < 0 < 09, and let p =1 — o\

> Rgy. There is a convex polytope P which contains pB in its interior, such
that bP C rB\ pB, and such that every ®,.(S) where S € D(oA), S C Uy, is a
facet of P.

Proposition 8.2 implies, in particular, that
Wo N skel(P) = &, (Up N skel(D(cA)))

so that
m(Wo Nskel(P)) = Uy Nskel(D(aA)).
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Proof. To prove Proposition 8.2 we will find another convex set G5 whose
boundary outside W5 will be a polyhedral convex surface approximating b(rB)
and such that W, N bGy = Wi NrB and then put P = G; N Gy. To do this
we first choose p; < r so close to r that if H is a hyperplane in RM passing
through a point = € b(p1B) \ Wa tangent to b(p1B), then HNWiNrB = (). We
will now use a finite number of these hyperplanes to modify the part of b(rB)
outside W7 to get a convex polyhedral hypersurface contained in 7B\ p1B that
will be a part of bGo. To do this, we need

PROPOSITION 8.3. Let x,y € bB. Suppose that ry is in the halfspace {z €
RM: (z|z) < p1}, that is, in the halfspace bounded by the hyperplane through

p1z, tangent to b(p1B) that contains the origin. Then |z —y| > 1/2(1 — p1/7).

Proof. Our assumption implies that (ry|z) < p; so (z|y) < p1/r, and so
ly —z|? = 2—2(z|y) > 2—2p1/r = 2(1— p1/r), which completes the proof. [

Note that if z € bB, then {y: (y|z) < p1} is the halfspace bounded by the
hyperplane through p;z tangent to b(p1B) that contains the origin.

PROPOSITION 8.4. Let S be a subset of bB. Let 0 < p1 < r, and let
0<d<+/2(1 = p1/r). Assume that z1,...,zm € S are such that
(8.2) S C UL, (2 + 6B).
Then the convex polyhedron
Q= (y: wlz) < pi}
j=1

does not meet rS.

Proof. Suppose that y € S is such that ry € Q; that is, (ry|z;) < p1 for all

J, 1 < j < m. By Proposition 8.3 it follows that |y — z;| > \/2(1 — p1/7) > ¢
for all j,1 < j < m, which contradicts (8.2). This completes the proof. O

We now proceed to finish the proof of Proposition 8.2. Let 7 = b(rB)\ Wa.
Choose §, 0 < 6 < 4/2(1 — p1/r), and then choose z1,. .., z, € bB such that

%7- C UJL (2 + 6B).
Set
Gy ={y € 1B: (ylzj) <pr (1 <j <m)},
and let P = G1 N Ga, so
P={zeB: (z|lz;) <a;;1 <i<n, (z]z) <p1, 1 <j<m}.
By construction, P contains pB in its interior. Moreover, it is easy to see that

P={zeRM: (z|l2;) < ;1 <i<m, (xz) <p1, 1 <j<ml,
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so P is a convex polytope contained in B and, by construction, is such that
every ®,(S) where S € D(oA), S C Uy, is a facet of P. Proposition 8.2 is
proved.

It is clear that all we have done so far will work in the same way for any
lattice o(A + ¢). Summing up what we have proved so far we get our main
Lemma 8.5. Recall that 7(z1,...,2p) = (21, -+, 20-1)-

LEmMA 8.5. There are Ry, 0 < Ry <1, v >0, 09 >0, A >0, and a
small open ball Uy € RM~1 centered at the origin, such that Uyx{1—v} C RoB
and such that if Wy = Uy x (1 — v, 1+ v), then the following holds: For each
o, 0 < o < oy, for each r such that

Roy<r—Xol<r<l,
and for each ¢ € RM=L there is a convex polytope P contained in rB and
containing (r — A\o?)B in its interior and such that @ maps Wo N skel(P) onto
Up Nskel(D(a(A + q))).

9. Small blocks of convex polytopes
Let A be as in (4.1), and let E(A) be the fundamental parallelotope for
A; that is,
E(A) :{9161+-"+0M_16M_12 0<6;, <1, 1 §i§M—1}.

Given ¢ € RM~1 define S(q) = skel(D(A+q)). Clearly S(q) = S(0)+q. Recall
that all our tessellations are periodic so

M-1
S(g)+ Y njej = S(q)
j=1

for every ¢ € RM~1 and every nj € Z, 1 < j < M — 1. Thus, if w € S(q1) N
S(q2), there are nj, 1 < j < M —1 such that if wg = w — Zj]\ifl nje; € E(A),
then wy € E(A)NS(q1)NS(g2). Thus, if S(0)NS(g1)N---NS(gri—1)NE(A) = 0,
then S(0)NS(q1)N---NS(gar—1) = 0.

PROPOSITION 9.1. Given € > 0, there are q1,...,qum-1, || <&, 1 <i <
M —1, such that S(0)NS(g1)N---NS(gpr—1) =0 .

We need the following

PROPOSITION 9.2. Let H be a hyperplane in RM =1, Let H be the hyper-
plane in RM~1 parallel to H that passes through the origin, and assume that
geRM-1 4 ¢ H. Let L be a k-plane in RM~1 where 1 < k < M — 2. Then
either L C H + tq for some t € R or else L intersects H + tq transversely for
every t € R.

Proof. Obvious. O
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We shall say that a k-plane L is transverse to a hyperplane G if it is
not contained in G. In this case either L misses G or else L intersects G
transversely (and L NG is a (k — 1)-plane). So the proposition says that L is
transverse to the hyperplane H + tq for each t except for perhaps one value
of t.

Proof of Proposition 9.1. Take a large ball B centered at the origin, and
consider the family of all those hyperplanes that contain a facet of a simplex
S € D(A) contained in B. There are finitely many of these hyperplanes.
Denote them by L1, ..., L, and their union by £. For each j, 1 < j < p, let f/j
be the hyperplane parallel to L; passing through the origin. Choose ¢ € RM—1
so that ¢ belongs to no Ej, 1 <7 <p. Let e > 0. By the dicussion at the
beginning of this section the proposition will be proved once we have proved
that there are t;, € > t; > --- > t);_1 > 0 such that

LO(LAtg)N---N(L+ty_1q) =0,

and then we put ¢; =t;q, 1 <j < M — 1.

By Proposition 9.2, for each j, 1 < j < p, and for each ¢, 0 < t < ¢,
except perhaps finitely many, L; + tq is transverse to each Ly, 1 <k <p. So
there is a t1, 0 < t; < ¢, that works for all L;, 1 < j < p, so that LN (L+1t1q)
is a union of finitely many (M — 3)-planes. Suppose that 1 < ¢ < M — 3,
and suppose that we have found t1,...,ty, € > t1 > to > --- > ty > 0,
such that LN (£ + tig) N --- N (L + teq) is a finite union of (M — 2 — ¥)-
planes. Applying Proposition 9.2 we find tp41, 0 < tg41 < tg, such that
LNO(L+tig)N---N(L+tyr1q) is a finite union of (M — 3 — £)-planes. Thus,
step-by-step we arrive at the point where LN (£ +t1q) N--- N (L 4+ tpr—2q) is
a finite set of points whose intersection with £+ tj;_1q with a suitable chosen
tar—1, 0 <tpyr—1 < tar—o is empty. This completes the proof. O

LEMMA 9.3. Let qo = 0, and let q1,...,qp—1 be as in Proposition 9.1.
Let

S =skel(D(A+q;)) (0<i<M—1).
There is a > 0 such that whenever z; € §;, 0 < i < M — 1, we have
(9.1) 21 — @o| + [z2 — 21+ + |2y — TM—2| 2 .

Proof. Assume that there is no p > 0 such that (9.1) holds whenever x; €
Si, 0 <4 < M —1. Then there are sequences z;, € S;, 0<i <M -1, neN
such that

(92) ‘xln - -TO,n| + |552n - $1n| + -+ |='EM71,n - foQ,n|
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tends to zero as n — oco. Notice that S; are periodic, that is,

M-1
Si=8;+ Z ME€k (OSiSM—l)
k=1
whenever mp € Z, 1 < k < M — 1. Thus, adding for each n a suitable
Z]kvi_ll My nex to all Ton, Tin, ..., xp—1,, Wwhere my , € Z,1 <k < M —1 (note

that doing this, the sum (9.2) remains unchanged), we may, with no loss of
generality, assume that zg, € E(A) for all n. Therefore, by compactness, we
may, after passing to a subsequence if necessary, assume that xg, converges to
some xg. Since Sy is closed, xg € Sy. Since (9.2) tends to zero as n — oo, it
follows that for each j, 0 < j < M —1, the sequence xj, € S; converges to the
same limit xg that must be in S; since §; is closed. Thus, zg is contained in
the intersection Sop N --- N Syr—1, contradicting the fact that this intersection
is empty. This completes the proof. O

Let g;, 0 <i< M — 1 be as in Lemma 9.3. For each ¢ > 0, we have
Skel(D(J(A + q))) = askel(D(A + q)),

so by Lemma 9.3 it follows that if ¢ > 0 and if z; € skel(D(o(A + Ch)))v
0<i< M —1, then

lz1 — mo| + w2 — 21| + - + |1 — Tar—2| > o
LEMMA 9.4. Let 0 < 0 < g9, and suppose that
R0<T‘—MO'2)\<’I”< 1.
There are convex polytopes Qj, 0 < j < M — 1, such that
(r—Mo*)\)B Cc IntQo C IntQ; C --- C Qar—1 C 7B
such that for each j, 0 <j < M —1,
7(Wo Nskel(Q;)) = Uy Nskel(D(a (A + ¢;)).

if £j € Woniskel(Qj) (0<j < M—1), then
|z1 — 20| + -+ |2p 1 — TM 2| > O

Proof. Let 0 < j < M — 1. By Lemma 8.5 there is a convex polytope @;
containing (r — (M —j)o 2)\)183 in its interior and contained in

(r—(M—(j+1))0°\)B

such that = maps Wy Nskel(Q;) onto Uy ﬂskel(D(U A+gj) ) Thus, if z;, 0 <
Jj <M —1,are as in (9.3), then 7(x;) € skel( (U(A+qj))) (0<j<M-1),
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and hence by the discussion preceding Lemma 9.4, we have
m(z1) = m(@o)| + -+ + [T(@p—1 — m(@p—2)| = op
SO
|z1 — 20| + - + [wp o1 — TM 2| > O

This completes the proof. O

We shall call the family {Qo, Q1, ..., Qr—1} as above a small block of con-
vex polytopes with boundaries contained in 7B\ (r — Mo2)\)B. More generally,
if A: RM — RM is a rotation, that is, A € SO(M), then we will call the family
{A(Qo), A(Q1), ..., A(Qr—1)} also a small block of convex polytopes.

10. Large blocks of convex polytopes

In previous section we constructed a small block of convex polytopes;
that is, given p, Ry < p — Mo?\ < p < 1, we constructed convex polytopes
Qj, 0 <j <M —1, such that

(p—MJQ/\)EC IntQo C Qo C---CIntQprr—1 C Qpr—1 C p@

and such that (9.3) holds. An analogous statement holds if we apply a rotation
A to all polytopes Q;, 1 < j < M — 1, to get a new small block of convex
polytopes R; = A(Q;), 0 < j < M — 1, that have the property that if z; €
A(Wp) Nskel(R;) (0 < j < M —1), then

|z1 — wo| + -+ [Tpr—1 — 2pr—2| > ops

It is perhaps appropriate to mention that different convex polytopes @’ and
Q" in the family of convex polytopes that we are constructing always have
their boundaries in disjoint spherical shells so that if Q' C Int Q” and if A is a
rotation, then A(Q') C Int Q”.
We now choose rotations A; = 1Id, As, ..., Ar so that the open sets
L
(10.1) Woj = A;(Wy), 1 < j < L, cover bB; that is, bB C U Wo;.
j=1
We now construct what we call a large block of convex polytopes that will have a
property analogous to (9.3) for a sequence x;, 0 < j < M —1 contained in any of
the sets Wy;, 1 < j < L. Roughly speaking, we shall take pp < p1 <--- < pp,
and for each spherical shell Sy = pxB \ pr_1B,1 < k < L, we shall construct a
small block By of convex polytopes with boundaries contained in S that has
the property (9.3) for Q; € By, 0 < j < M — 1. Then we will rotate each B
by Aj to form an L-tuple of smal blocks A;(B1), A2(B2), ..., Ar(Br) and then
arrange all the convex polytopes of these A;(B;) into a single sequence. Here
is the exact formulation.
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LEMMA 10.1. Given o, 0 < o < gg, and r such that
Ro<r— ML’ <r<1,
there is a family of convex polytopes Cj, 0 < j < ML —1, such that
(r — MLo*\)B C IntCy € Co C IntCy C --- C IntCpyp—y € Coyr—1 C 7B,

which has the property that if 1 < k < L and if x; € Wy, NskelCj, 0 < j <
ML —1, then

|l‘1 — SUO| + |x2 — l‘1| + -+ |$ML—1 — xML_2| > ol
We shall call the family C = {Cy,C4,...,Crr—1} as above a large block
of convex polytopes with boundaries contained in 7B \ (r — M Lo?)\)B.

Proof. Let
pj=r—M(L—j)o*x (0<j <L)

For each j, 1 < j < L, there is a small block B; of convex polytopes with
boundaries contained in p;B \ pj_1B such that (9.3) holds.

Let A, 1< j < L, be rotations of RM satisfying (10.1). For each j, 1 <
j < L, form a new small block

Aj ={4;(P): P € Bj} ={Cjo,Cj1, ..., Cjnr1},
where
pj—1B C Int(Cjo) C Int(Cj1) C -+ C Cjpm—1 C p;B
such that if
x; € Wor Nskel(Cl;) , 0<i< M —1,
then
|z1 —xo| + -+ + |[xpm—1 — Ta—2| > op.
Now, write all Cj; into a single sequence
C10,C115---,C1,m-1,C20, ..., Copi—1, - .., Cr0, CrL1, - - -, Cr -1
in other words,
Chi—ym+i=Cji 1<j<L, 0<i<M-1).

It is easy to see that the convex polytopes Cy, C1q,--- ,Cryr—1 have all the
required properties. This completes the proof. O
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11. Completion of the proof of Theorem 2.1
and the proof of Corollary 2.2

We keep the meaning of Ry and op. Recall that by (10.1) the open sets
Wo; = Aj(Wy), 1 < j < L, cover bB. Thus

(11.1) if x,, € B converges to x € bB, then there are ng
' and j, 1 <j < L, such that z,, € Woy; (n > ng).

To complete the proof of Theorem 2.1 we shall construct a sequence r;, Ry <
ry <---<rj <---<1, converging to 1, and for each j € N, we shall construct
a large block C; = {Cjo, Cj1,...,Cjrm—1} of convex polytopes such that
(11.2)

T‘jE CIntCjoCCjoCInt Cjy C--- CInt Cjpp—1 CChpym—1 C Tj+1E

so that writing all polytopes of all large blocks into a single sequence, i.e.,
(113) P(jfl)LMJrk:Cj (OSkSLM—l,] EN),

we get our sequence P, of convex polytopes with the desired properties. To do
this, choose r1, Rgp < r1 < 1, and a decreasing sequence of positive numbers
oj, 01 < 09, such that

[e.9] 1 _ o0

(11.4) z_: UJQ- = MLi\l and such that 2_: o diverges,
7j=1 J=1

and then let 7j,1 = r; + MLojX (j € N). Note that the equality in (11.4)

means that the sequence r; converges to 1 as j — oo.

Use Lemma 10.1 to show that for each j € N, there is a large block
C; =1{Cjo0,Cj1,...,Cjrm—1}
of convex polytopes satisfying (11.2) and having the property that
(11.5)
if for some k, 1 < k<L, x,€ Wy, Nskel(Cjy) for each £, 0 < £ < LM — 1,
then |21 — zo| + |22 — 21| + -+ + |zLrv—1 — TLm—2| > o

Define the sequence P, of convex polytopes by writing all polytopes Cj into
a single sequence as in (11.3). Obviously

o0
PhclnthcP C---CB, | JP =B

§=0
Now, let w,, € skel(P,) (n € N). To complete the proof of Theorem 2.1 we
must show (2.2). We know that it is enough to show this for sequences w,, that
converge. So assume that w, converges. The properties of P, imply that the
limit of the sequence wy, is contained in bB. By (11.1) there are k,1 < k < L,
and ng such that w, € Wy (n > ng). Let jo be so large that joML > ng. By
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(11.5), for each j > jo, the large block of polytopes C; adds at least oju to the
sum of the absolute values of differences of consequtive wj-s; that is, for each
J > jo, we have

lwi—nmLy1 — WE—nmrl + o+ wivn—1 — wivn—2| > ojp.

It follows that for each j > jo, there is a N(j) < oo such that

N(j) J
Z |w; —wi—1| > Z Ok
i—1

k=jo
The fact that the series > 92, 0; diverges implies (2.2). The proof of Theo-
rem 2.1 is complete.

Proof of Corollary 2.2. Let p: [0,1) — B be a path such that |p(¢)] — 1
as t — 1 and such that for all sufficiently large n € N, p([0, 1)) meets bP,, only
at Uy,. Since |p(t)| — 1 as t — 1, it follows that p(¢) has to leave each P, so
there are an ng and a sequence t;,

tny <lpg+1 < -+ < lvnh_{gotn =1,

such that p(t,) € bP, for each n > ng. Thus, by our assumption, passing to a
larger ng if necessary, we may assume that p(t,) € U,, for each n > ng. Thus,
for each n > ng, there is an z,, € skel(P,) such that |z, — p(t,)| < 6,. For
n = no, we have [p(tn+1) =p(tn)| 2 |[@nt1 — 2| = [p(tns1 = Tnsa | = [p(tn) — 20| =
|Tnt1 — Tn| — Ops1 — 6, Tt follows that

Z Ip(tn+1) —p(tn)| > Z |Tn+1 — Tn| — 2 Z O

n=no n=no n=ng

Since, by Theorem 2.1, the series Y02, |Tn41 — @,/ diverges and since the
series Y ¢, 0, converges, it follows that the series

(11.6) S Ipltass) — pltn)

n=ng

diverges. Since the sequence t,, increases, it follows that the length of p([t,,, 1))
is bounded from below by the sum of the series (11.6). Since this series diverges,
it follows that p has infinite length. This completes the proof of Corollary 2.2.

(]

12. Proof of Theorem 1.1

As we know, every convex polytope P C RM that contains the origin in
its interior can be written as

(121) P= (K1) = (i € BV (gl < 1)
=1 =1
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with z; € RM\ {0} , 1 <i < n. We assume that the representation (12.1) is
irreducible, so
n n
bP = UH(aji,l)ﬂP: U{y cRM: (ylz;) =1} N P,
i=1 i=1
and the sets Fj = H(xj,1)NP, 1 < j < mn, are precisely the facets of P. Recall
that skel(P) = Ui [F; \ ri(F3)].

PRrROPOSITION 12.1. Let P be as above. Let 6 > 0. There is ann > 0
such that for each i, 1 < i < n, the set

bPN{y e RM: 1 —n < (ylz;) < 1}
is contained in the 6-neighborhood of skel(P) in bP.

Proof. Assume that Proposition 12.1 does not hold so that there are i, 1 <
i < n, and 6 > 0 such that for each n > 0, there is some y € bP such
that 1 —n < (y|lz;) < 1 and dist(y,skel(P)) > 6. So there is a sequence
Yn € bP such that (y,|z;) < 1 (n € N), (yp|z;) — 1 as n — oo and such
that dist(yy,skel(P) > @ for all n. By compactness we may, after passing
to a subsequence if necessary, assume that y, converges to yg € bP. Clearly
yo € H(z;,1). Since yg € bP, it follows that yy belongs to the facet F; =
PN H(x;,1). Since dist(yo,skel(P)) > 0, it follows that yo € ri(F;). On the
other hand, since y,, € bP \ F;, it follows that y, € Uj—1 j»;F}. Passing to
a subsequence if necessary we may assume that there is a j # ¢, such that
yn € Fj for all n. Since Fj is closed, it follows that yo € F;. Thus y, a
relative interior point of the facet Fj, belongs to a different facet F}, which is
impossible. This completes the proof. O

Remark. Note that if U is the @-neighborhood of skel(P) and if 7 is as
above, then for each j, 1 < j < n, the set {y € R™: (y|z;) <1 —n} contains
Uiy iy B\ UL

We now move to CV = R2V and denote by (|) the Hermitian inner
product in CV. Note that R({|)) is then the standard inner product in R?V,

LEMMA 12.2. Let P be a convex polytope in CV, and let K C Int(P) be
a compact set. Let @ > 0, and let U C bP be the O-neighborhood of skel(P) in
bP. Given e >0 and L < 0o, there is a polynomial f: CN — C such that

R(f(z)) > L (z€bP\U) and |f(z)|<e (z€ K).

Proof. With no loss of generality assume that the origin is an interior
point of P. There are n € N and wy, ws, ..., w, € CV\ {0} such that

(12.2) P= ﬁ{z e CVN: R((z]wy)) < 1},
=1
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where we may assume that the representation (12.2) is irreducible so that
bP = (Jy F;, where F; = {z € CV: R((z|w;)) = 1} NP (1 <i < n) are the
facets of P.
Since P is compact, there is an R < oo such that
(12.3) |{(zlw))| <R (z€ P11 <i<nmn).
By Proposition 12.1 there is an 1 > 0 such that for each j, 1 < j < n,
bPN{zeCN:1—n< R((zlw;)) <1} CU.
Passing to a smaller 7 if necessary we may assume that
(12.4) K C{zeC": R((z|w;)) <1-n} foreach j, 1<j<n.

By the remark following Proposition 12.1, for each j, 1 < j < n, we have
n
(12.5) U [F\U C{z e CV: R((z|wy)) <1 -7}
i=1,ij
Let e > 0 and L < oo. By the Runge theorem there is a polynomial ®: C — C
such that

(12.6) [2(¢) — (L+e)l <e/n (¢€RA R(Q) =1),
(12.7) @) <e/n (C€RA, R(C)<1-m).
For each j, 1 < j < n, consider the polynomial f;(z) = ®((z|w;)). By (12.4),
(12.8) [fi(2)l <e/n (2 € K),
and by (12.5) and (12.7),
(12.9) £ (2)] < e/n <z e U F \u).
i=1,i#j
Further, if z € F}, then R((z|w;)) = 1, and so by (12.6),
(12.10) Ifi(z) = (L+¢)| <e/n (2 € Fj).

Now, let f =7 f;. If 1 <j <nandif z € F; \U, then by (12.9) and
(12.10),

n

> fiz)

i=1,i#j

|f(2) = (L+e| <|fj(z) = (L+¢e)|+ <e/n+(n—1e/n=¢,

which implies that
R(f(z) >L (€ F;\U,1<j<n)

so R(f(z)) > L (z € bP\U). Finally, by (12.8), |f(z)| < e (2 € K). This
completes the proof. O
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Proof of Theorem 1.1. Let P, be the sequence of convex polytopes from
Theorem 2.1, and let 6,, be a decreasing sequence of positive numbers such that
300 160, < 0. For each n, let U,, C bP, be the 6,-neighborhood of skel(F,)
in bP,. The theorem will be proved once we have constructed a holomorphic
function f on By such that

(12.11) R(f(2)) >n (2 €bP,\ Uy, neN).

To see this, let f satisfy (12.11) and suppose that p: [0,1) — By is a path
such that lim;_,1 |p(¢)| = 1. Suppose that f is bounded on p([0,1)). By (12.11)
there is some ng such that for each n > ng, p([0,1)) meets bP, only at U,,. By
Corollary 2.2 it follows that p has infinite length.

We shall construct a sequence f,, of polynomials from CV to C such that
for each n € N,

(i) R(fn(2)) Zn+1 on bP, \Un,

(ii) ’fn-&-l(z) - fn(z)‘ < 1/2n+1 on Py.
Suppose that we have done this. By (ii) the sequence converges uniformly on
compacta in By so the limit f is holomorphic on By. If z € bP, \ Uy, then we
have

i f: Faa(2) - £(2)]

So by (ii), | f(2)— fn(z)| <1 on an\Un, and therefore R(f(z)) >R(fn(2))—1>n
on bP, \ U, so that f satisfies (12.11).

We construct f, by induction. Clearly there is a polynomial f; that
satisfies (i) for n = 1. Suppose that for some m € N we have constructed a
polynomial f,,, that satisfies

R(fm(z)) >m+1 on bP, \ Un.

Choose T' < oo so large that

(12.12) R(fm(2)+T>m~+2 on bPyy.
By Lemma 12.2 there is a polynomial g such that
(12.13) R(g(2)) =T on bPpi1 \ Upmta
and

(12.14) 19(2)] < (1/2)™ on P,

Put fo+1 = fm + 9. By (12.13), we have

R(fmr1) = R(fm +9) = R(fm) +R(9) = R(fm) +T = m+2 on bPpy1 \Um1,

and by (12.14), we have | fy11—fm| <(1/2)™*! on P,,. Theorem 1.1 is proved.
U
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13. Concluding remarks

We have proved Theorem 2.1 in RM with M > 3. Theorem 2.1 holds also
in R? where the proof is much simpler. One can use a sequence of pairs of
regular polygons.

Having in mind the length of the proof of Theorem 2.1 one could say that
the principal result of the present paper is Theorem 2.1. It belongs to con-
vex geometry and is not related to complex analysis. In its complex analysis
consequence, Theorem 1.1, the real part of the holomorphic function f is un-
bounded on every path of finite length in By that ends on bBy. Notice that
by the maximum principle the zero sets of (real) pluriharmonic functions on
By, N > 2, have no compact components. Applying Sard’s theorem to the
real part of the function f obtained in Theorem 1.1 we get

THEOREM 13.1. Given N > 2, there is a complete, closed, real hypersur-
face of By that is the zero set of a (real) pluriharmonic function on By.

In the special case when k£ = 1 and N = 2, our Corollary 1.2 provides
the existence of a complete, properly embedded complex curve in Bs. The
existence of such a curve also follows from a recent paper of Alarcéon and
Lépez [AL]. Their proof is completely different from the one presented here.
However, neither of the proofs provides any information about the topology of
the curve so the following question remains open:

Question 13.1. Does there exist a complete proper holomorphic embedding

f! A — By?

Knowing now that for each N > 2 there are complete closed complex
hypersurfaces in BY, one may also ask

Question 13.2. Given N > 2, does there exist a complete proper holomor-
phic embedding f: By — Byy1?

Acknowledgements. The author is grateful to David Eppstein and John
M. Sullivan for helpful suggestions. He is also grateful to Tomaz Pisanski for
his interest. This work was supported by the Research Program P1-0291 from
ARRS, Republic of Slovenia.

References

[AF13] A. ALARCON and F. FORSTNERIC, Every bordered Riemann sur-
face is a complete proper curve in a ball, Math. Ann. 357 (2013),
1049-1070. MR 3118624. Zbl 1288.32014. http://dx.doi.org/10.1007/
s00208-013-0931-4.


http://www.ams.org/mathscinet-getitem?mr=3118624
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1288.32014
http://dx.doi.org/10.1007/s00208-013-0931-4
http://dx.doi.org/10.1007/s00208-013-0931-4

[AL13]

[GS82]

[Jon79]

[MUY09]

[Yan77a)

[Yan77b]

A COMPLETE COMPLEX HYPERSURFACE IN THE BALL OF CV 1091

A. ALARCON and F. J. LOPEz, Null curves in C? and Calabi-Yau con-
jectures, Math. Ann. 355 (2013), 429-455. MR 3010135. Zbl 1269.53061.
http://dx.doi.org/10.1007 /s00208-012-0790-4.

A. ALARCON and F. J. L6PEZ, Complete bounded complex curves in C2,
to appear in J. Furop. Math. Soc. arXiv 1305.2118v2.

A. BR@NDSTED, An Introduction to Convex Polytopes, Grad. Texts in Math.
90, Springer-Verlag, New York, 1983. MR 0683612. Zbl 0509.52001.

J. H. Conway and N. A. SLOANE, Sphere Packings, Lattices
and Groups, Grundl. Math. Wissen. 290, Springer-Verlag, New
York, 1988. MR 0920369. Zbl 0634.52002. http://dx.doi.org/10.1007/
978-1-4757-2016-7.

J. GLOBEVNIK and E. L. STouT, Holomorphic functions with highly
noncontinuable boundary behavior, J. Analyse Math. 41 (1982), 211-216.
MR 0687952. Zbl 0564 .32009. http://dx.doi.org/10.1007/BF02803401.

P. W. JoNEs, A complete bounded complex submanifold of C*, Proc.
Amer. Math. Soc. 76 (1979), 305-306. MR 0537094. Zbl 0418.32006.
http://dx.doi.org/10.2307,/2043009.

F. MARTIN, M. UMEHARA, and K. YAMADA, Complete bounded holomor-
phic curves immersed in C? with arbitrary genus, Proc. Amer. Math. Soc.
137 (2009), 3437-3450. MR 2515413. Zbl 1177.53056. http://dx.doi.org/
10.1090/50002-9939-09-09953-5.

P. Yang, Curvature of complex submanifolds of C”, in Several Complex
Variables (Proc. Sympos. Pure Math., Vol. XXX, Part 2, Williams Coll.,
Williamstown, Mass., 1975), Amer. Math. Soc., Providence, R.I., 1977,
pp- 135-137. MR 0450606. Zbl 0409.53043.

P. YanG, Curvatures of complex submanifolds of C™, J. Differential Geom.
12 (1977), 499-511 (1978). MR 0512921. Zbl 0355.53035. Available at
http://projecteuclid.org/euclid.jdg/1214434221.

(Received: January 9, 2014)
(Revised: May 12, 2015)

INSTITUTE OF MATHEMATICS, PHYSICS AND MECHANICS, LJUBLJANA, SLOVENIA
E-mail: josip.globevnik@fmf.uni-1j.si


http://www.ams.org/mathscinet-getitem?mr=3010135
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1269.53061
http://dx.doi.org/10.1007/s00208-012-0790-4
http://www.arxiv.org/abs/1305.2118v2
http://www.ams.org/mathscinet-getitem?mr=0683612
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0509.52001
http://www.ams.org/mathscinet-getitem?mr=0920369
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0634.52002
http://dx.doi.org/10.1007/978-1-4757-2016-7
http://dx.doi.org/10.1007/978-1-4757-2016-7
http://www.ams.org/mathscinet-getitem?mr=0687952
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0564.32009
http://dx.doi.org/10.1007/BF02803401
http://www.ams.org/mathscinet-getitem?mr=0537094
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0418.32006
http://dx.doi.org/10.2307/2043009
http://www.ams.org/mathscinet-getitem?mr=2515413
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1177.53056
http://dx.doi.org/10.1090/S0002-9939-09-09953-5
http://dx.doi.org/10.1090/S0002-9939-09-09953-5
http://www.ams.org/mathscinet-getitem?mr=0450606
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0409.53043
http://www.ams.org/mathscinet-getitem?mr=0512921
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0355.53035
http://projecteuclid.org/euclid.jdg/1214434221
mailto:josip.globevnik@fmf.uni-lj.si

	1. Introduction and the main result
	2. Outline of the proof of [t1.1]Theorem 1.1
	3. Beginning of the proof of [t2.1]Theorem 2.1
	4. A Delaunay tessellation of RM-1
	5. Lifting the lattice from RM-1 to the sphere
	6. Proof of [l5.1]Lemma 5.1
	7. Polyhedral convex surface contained in a spherical shell
	8. A convex polytope with a prescribed part of the boundary
	9. Small blocks of convex polytopes
	10. Large blocks of convex polytopes
	11. Completion of the proof of [t2.1]Theorem 2.1 and the proof of [c2.2]Corollary 2.2
	12. Proof of [t1.1]Theorem 1.1
	13. Concluding remarks
	References

