Annals of Mathematics 182 (2015), 945-1066
http://dx.doi.org/10.4007 /annals.2015.182.3.3

On torsion in the cohomology of locally

symmetric varieties

By PETER SCHOLZE

Abstract

The main result of this paper is the existence of Galois representations
associated with the mod p (or mod p™) cohomology of the locally symmet-
ric spaces for GL,, over a totally real or CM field, proving conjectures of
Ash and others. Following an old suggestion of Clozel, recently realized by
Harris-Lan-Taylor-Thorne for characteristic 0 cohomology classes, one real-
izes the cohomology of the locally symmetric spaces for GL,, as a boundary
contribution of the cohomology of symplectic or unitary Shimura varieties,
so that the key problem is to understand torsion in the cohomology of
Shimura varieties.

Thus, we prove new results on the p-adic geometry of Shimura varieties
(of Hodge type). Namely, the Shimura varieties become perfectoid when
passing to the inverse limit over all levels at p, and a new period map to-
wards the flag variety exists on them, called the Hodge-Tate period map. It
is roughly analogous to the embedding of the hermitian symmetric domain
(which is roughly the inverse limit over all levels of the complex points of
the Shimura variety) into its compact dual. The Hodge-Tate period map
has several favorable properties, the most important being that it com-
mutes with the Hecke operators away from p (for the trivial action of these
Hecke operators on the flag variety), and that automorphic vector bundles
come via pullback from the flag variety.
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1. Introduction

This paper deals with p-adic questions in the Langlands program. To
put things into context, recall the global Langlands (— Clozel — Fontaine —
Mazur) conjecture.

CONJECTURE 1.0.1. Let F' be a number field, p some rational prime, and
fix an isomorphism C = @p. Then for any n > 1, there is a unique bijection
between

(i) the set of L-algebraic cuspidal automorphic representations of GLy,(Ar);
and

(ii) the set of (isomorphism classes of) irreducible continuous representations
Gal(F/F) — GL,(Q,) that are almost everywhere unramified and de Rham
at places dividing p,

such that the bijection matches Satake parameters with eigenvalues of Frobenius
elements.

Here, an L-algebraic automorphic representation is defined to be one for
which the (normalized) infinitesimal character of 7, is integral for all infinite
places v of F. Also,

Ar=[F

denotes the adeles of F', which is the restricted product of the completions F,,
of F' at all (finite or infinite places) of F. It decomposes as the product Ap =
Apy x (F'®qgR) of the finite adeles Apy and F'®g R = [[yjo0 F = R™ x C"2,
where ny, resp. no, is the number of real, resp. complex, places of F.

For both directions of this conjecture, the strongest available technique is
p-adic interpolation. This starts with the construction of Galois representations
by p-adic interpolation (cf., e.g., [64], [59]), but much more prominently it
figures in the proof of modularity theorems, i.e., the converse direction, where
it is the only known technique since the pioneering work of Wiles and Taylor-
Wiles, [65], [60].
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For these techniques to be meaningful, it is necessary to replace the notion
of automorphic forms (which is an analytic one, with C-coefficients) by a notion
of p-adic automorphic forms, so as to then be able to talk about p-adic families
of such. The only known general way to achieve this is to look at the singular
cohomology groups of the locally symmetric spaces for GL,, over F'. Recall that
for any (sufficiently small) compact open subgroup K C GL,(Af ), these are
defined as

XK = GLn(F)\[D X GLn(AF’f)/K],

where D = GL,(F ®g R)/Rs0K is the symmetric space for GL,(F ®q R),
with Ko C GL,(F ®g R) a maximal compact subgroup. Then one can look
at the singular cohomology groups

H'(Xg,C),

which carry an action by an algebra Tx of Hecke operators. By a theorem
of Franke, [31], all Hecke eigenvalues appearing in H' (X, C) come (up to a
twist) from L-algebraic automorphic representations of GL,,(Ar). Conversely,
allowing suitable coefficient systems, all regular L-algebraic cuspidal automor-
phic representations will show up in the cohomology of Xg. Unfortunately,
nonregular L-algebraic cuspidal automorphic representations will not show up
in this way, and it is not currently known how to define any p-adic analogues
for them, and thus how to use p-adic techniques to prove anything about them.
The simplest case of this phenomenon is the case of Maass forms on the com-
plex upper half-plane whose eigenvalue of the Laplace operator is 1/4 (which
give rise to L-algebraic cuspidal automorphic representations of GL2(Ag)). In
fact, for them, it is not even known that the eigenvalues of the Hecke operators
are algebraic, which seems to be a prerequisite to a meaningful formulation of
Conjecture 1.0.1.1

It is now easy to define a p-adic, or even integral, analogue of H*(X g, C),
namely H'(Xg,Z). This discussion also suggests to define a mod-p-auto-
morphic form as a system of Hecke eigenvalues appearing in H (X, F,). One
may wonder whether a mod-p-version of Conjecture 1.0.1 holds true in this
case, and it has been suggested that this is true; see, e.g., the papers of Ash,

[4], [5].

CONJECTURE 1.0.2. For any system of Hecke eigenvalues appearing in
H'(Xk,F,), there is a continuous semisimple representation Gal(F/F) —
GL,,(Fp) such that Frobenius and Hecke eigenvalues match up.

! Although, of course, Deligne proved the Weil conjectures by simply choosing an isomor-
phism C &2 @p, and deducing algebraicity of Frobenius eigenvalues only a posteriori.
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There is also a conjectural converse, generalizing Serre’s conjecture for
F=Q, n=2;cf, eg., [6], [7]. It is important to note that Conjecture 1.0.2
is not a consequence of Conjecture 1.0.1, but really is a complementary con-
jecture. The problem is that H*(Xf,7Z) has, in general, a lot of torsion, so
that the dimension of H'(X,F,) may be much larger than H*(Xf,C), and
not every system of Hecke eigenvalues in H(Xg,F,) is related to a system
of Hecke eigenvalues in H*(Xf,C) (which would then fall into the realm of
Conjecture 1.0.1). In fact, at least with nontrivial coefficient systems, there
are precise bounds on the growth of the torsion in H*(Xx,Z), showing ex-
ponential growth in the case that n = 2 and F' is imaginary-quadratic (while
H (X, C) stays small); cf. [11], [49]. In other words, Conjecture 1.0.2 predicts
the existence of many more Galois representations than Conjecture 1.0.1.

The main aim of this paper is to prove Conjecture 1.0.2 for totally real or
CM fields:

THEOREM 1.0.3. Conjecture 1.0.2 holds true if F' is CM and contains an
imaginary-quadratic field. Assuming the work of Arthur, [3], it holds true if F
is totally real or CM.

In fact, we also prove a version for H'(Xy,Z/p™Z), which in the inverse
limit over m gives results on Conjecture 1.0.1:

THEOREM 1.0.4. There are Galois representations associated with reqular
L-algebraic cuspidal automorphic representations of GLy(Ar) if F is totally
real or CM.

The second theorem was recently proved by Harris-Lan-Taylor-Thorne,
[34]. For the precise results, we refer the reader to Section 5.4.

In a recent preprint, Calegari and Geraghty, [16], show how results on
the existence of Galois representations of the kind we provide may be used
to prove modularity results, generalizing the method of Taylor-Wiles to GL,
over general number fields. This is conditional on their [16, Conj. B], which
we prove over a totally real or CM field (modulo a nilpotent ideal of bounded
nilpotence degree), except that some properties of the constructed Galois rep-
resentations remain to be verified. Once these extra properties are established,
Conjecture 1.0.1 might be within reach for regular L-algebraic cuspidal auto-
morphic representations (corresponding to Galois representations with regular
Hodge-Tate weights) over totally real or CM fields, at least in special cases or
‘potentially’ as in [9].

To prove our results, we follow Harris-Lan-Taylor-Thorne to realize the co-
homology of Xk as a boundary contribution of the cohomology of the Shimura
varieties attached to symplectic or unitary groups (depending on whether F' is
totally real or CM). In particular, these Shimura varieties are of Hodge type.
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Our main result here is roughly the following. Let G be a group giving
rise to a (connected) Shimura variety of Hodge type (thus, we allow Spyg, Ot
only GSpy,), and let Sk, K C G(Ay) be the associated Shimura variety over
C.2 Recall the definition of the (compactly supported) completed cohomology
groups for a tame level K¥ C G(AY),

H; gp = limlimg H(Sk, k0, Z/p™Z).
m Kp

The statement is roughly the following; for a precise version, see Theorem 4.3.1.

THEOREM 1.0.5. All Hecke eigenvalues appearing in ?IZ"K,, can be p-
adically interpolated by Hecke eigenvalues coming from classical cusp forms.

In fact, only very special cusp forms are necessary, corresponding to cus-
pidal sections of tensor powers of the natural ample line bundle wgx on Sk.

Combining this with known results on existence of Galois representations
in the case of symplectic or unitary Shimura varieties (using the endoscopic
transfer, due to Arthur, [3] (resp. Mok, [47], in the unitary case)),® one sees
that there are Galois representations for all Hecke eigenvalues appearing in
FIé kv in this case. By looking at the cohomology of the boundary, this will
essentially give the desired Galois representations for Theorem 1.0.3, except
that one gets a 2n + 1-, resp. 2n-, dimensional representation, from which one
has to isolate an n-dimensional direct summand. This is possible and is done
in Section 5.3.

Thus, the key automorphic result of this paper is Theorem 1.0.5. The first
key ingredient in its proof is a comparison result from p-adic Hodge theory with
torsion coefficients proved in [53]. Here, it is important that this comparison
result holds without restriction on the reduction type of the variety — we
need to use it with arbitrarily small level at p, so that there will be a lot of
ramification in the special fibre. The outcome is roughly that one can compute
the compactly supported cohomology groups as the étale cohomology groups
of the sheaf of cusp forms of infinite level.

Fix a complete and algebraically closed extension C' of @, and let Sk be
the adic space over C associated with Sk (via base change C = @p — C).
Then the second key ingredient is the following theorem.

THEOREM 1.0.6. There is a perfectoid space Skr over C such that

SKP ~ @SKPKP.
Ky

2We need not worry about fields of definition by fixing an isomorphism C = @p.

3These results are still conditional on the stabilization of the twisted trace formula, but
compare the recent work of Waldspurger and Moeglin, [46]. In the unitary case, there are
unconditional results of Shin, [57], which make our results unconditional for a CM field
containing an imaginary-quadratic field; cf. Remark 5.4.6.
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Thus, the Shimura variety becomes perfectoid as a p-adic analytic space
when passing to the inverse limit over all levels at p. In fact, one needs a
version of this result for the minimal compactification; cf. Theorem 4.1.1. One
can then use results on perfectoid spaces (notably a version of the almost purity
theorem) to show that the étale cohomology groups of the sheaf of cusp forms
of infinite level can be computed by the Cech complex of an affinoid cover
of (the minimal compactification of) Skr. The outcome of this argument is
Theorem 4.2.1, comparing the compactly supported completed cohomology
groups with the Cech cohomology of the sheaf of cusp forms of infinite level.
Besides the applications to Theorem 1.0.5, this comparison result has direct
applications to vanishing results. Namely, the Cech cohomology of any sheaf
vanishes above the dimension d = dim¢ Sk of the space. Thus,

THEOREM 1.0.7. For i > d, the compactly supported completed cohomol-
0gy group Hg Kp vanishes.

By Poincaré duality, this also implies that in small degrees, the (co)-
homology groups are small, confirming most of [17, Conj. 1.5] for Shimura
varieties of Hodge type; cf. Corollary 4.2.3.

Thus, there is a complex, whose terms are cusp forms of infinite level on
affinoid subsets, which computes the compactly supported cohomology groups.
To finish the proof of Theorem 1.0.5, one has to approximate these cusp forms
of infinite level, defined on affinoid subsets, by cusp forms of finite level that
are defined on the whole Shimura variety, without messing up the Hecke eigen-
values. The classical situation is that these cusp forms are defined on the
ordinary locus, and one multiplies by a power of the Hasse invariant to remove
all poles. The crucial property of the Hasse invariant is that it commutes with
all Hecke operators away from p, so that it does not change the Hecke eigen-
values. Thus, we need an analogue of the Hasse invariant that works on almost
arbitrary subsets of the Shimura variety. This is possible using a new period
map, which forms the third key ingredient.

THEOREM 1.0.8. There is a flag variety ¢ with an action by G, and a
G(Qp)-equivariant Hodge-Tate period map of adic spaces over C,

THT SKp — 96,

that commutes with the Hecke operators away from p, and such that (some)
automorphic vector bundles come via pullback from FL along Tyr. Moreover,

T 48 affine.

For a more precise version, we refer to Theorem 4.1.1. In fact, this result
is deduced from a more precise version for the Siegel moduli space (by em-
bedding the Shimura variety into the Siegel moduli space, using that it is of
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Hodge type). In that case, all semisimple automorphic vector bundles come
via pullback from .#¢; cf. Theorem 3.3.18. For a more detailed description of
these geometric results, we refer to the introduction of Section 3. We note that
the existence of gyt is new even for the moduli space of elliptic curves.

In particular, the ample line bundle wg» on Sk» comes via pullback from
wgy on FL. Any section s € wgy pulls back to a section of wir on Skpr that
commutes with the Hecke operators away from p and thus serves as a substitute
for the Hasse invariant. As gt is affine, there are enough of these fake-Hasse
invariants. In fact, in the precise version of this argument, one ends up with
some integral models of the Shimura variety together with an integral model of
w (constructed in Section 2.1), such that the fake-Hasse invariants are integral
sections of w and are defined at some finite level modulo any power p™ of
p. Interestingly, these integral models are not at all related to the standard
integral models of Shimura varieties; e.g., there is no family of abelian varieties
above the special fibre. Perhaps this explains why the existence of these fake-
Hasse invariants (or of mgr) was not observed before — they are only defined
at infinite level, and if one wants to approximate them modulo powers of p,
one has to pass to a strange integral model of the Shimura variety.

Finally, let us give a short description of the content of the different sec-
tions. In Section 2, we collect some results that will be useful later. In partic-
ular, we prove a version of Riemann’s Hebbarkeitssatz for perfectoid spaces,
saying roughly that bounded functions on normal perfectoid spaces extend
from complements of Zariski closed subsets. Unfortunately, the results here
are not as general as one could hope, and we merely manage to prove exactly
what we will need later. In Section 3, which forms the heart of this paper, we
prove that the minimal compactification of the Siegel moduli space becomes
perfectoid in the inverse limit over all levels at p and that the Hodge-Tate
period map exists on it, with its various properties. In Section 4, we give the
automorphic consequences of this result to Shimura varieties of Hodge type,
as sketched above. Finally, in Section 5, we deduce our main results on Galois
representations.
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2. Preliminaries

This chapter provides various foundational statements needed in the main
part of the paper.

In Section 2.1, we recall how one can construct formal models of rigid
spaces starting from suitable affinoid covers. This will be used in the proof of
Theorem 4.3.1 to construct new formal models of Shimura varieties, on which
the ‘fake-Hasse invariants’ are defined. In the context of Lemma 2.1.1, these
are given by the sections s;.

In Section 2.2, we define Zariski closed embeddings of perfectoid spaces
and prove various basic properties about this notion. In fact, this notion comes
in two flavours, called Zariski closed, and strongly Zariski closed, respectively,
and both notions are useful later. The most important property here is that
something Zariski closed in a perfectoid space is again perfectoid. This is used
later to deduce that Hodge-type Shimura varieties are perfectoid at infinite
level once this is known for the Siegel case. On the other hand, it will be
important to know that the boundary of the Shimura variety is strongly Zariski
closed. Intuitively, this says that the boundary is ‘infinitely ramified’: One
extracts lots of p-power roots of defining equations of the boundary.

Finally, in Section 2.3, we prove a version of Riemann’s Hebbarkeitssatz for
perfectoid spaces, saying roughly that bounded functions on normal perfectoid

4 This section is,

spaces extend from complements of Zariski closed subsets.
unfortunately, extremely technical, and our results are just as general as needed
later. The most important use of the Hebbarkeitssatz in this paper is to show
the existence of the Hodge-Tate period map. A priori, we can only construct
it away from the boundary, but the Hebbarkeitssatz guarantees that it extends
to the boundary. However, there is a second use of the Hebbarkeitssatz in
Section 3.2.5. Here, the situation is that one wants to show that a certain

space is perfectoid, by showing that it is the untilt of an (obviously perfectoid)

4For a version of Riemann’s Hebbarkeitssatz in the setting of usual rigid geometry, see
[10].
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space in characteristic p. This is easy to show away from boundary; to deduce
the result, one needs the Hebbarkeitssatz to control the whole space in terms
of the complement of the boundary.

2.1. Constructing formal models from affinoid covers. Let K be a com-
plete algebraically closed nonarchimedean field with ring of integers O, and
choose some nonzero topologically nilpotent element w € Ox. We will need
the following result on constructing formal models of rigid-analytic varieties.

LEMMA 2.1.1. Let X be a reduced proper rigid-analytic variety over K,
considered as an adic space. Let L be a line bundle on X. Moreover, let
X = Uier Ui be a cover of X by finitely many affinoid open subsets U; =
Spa(Ri,R;r).5 For J C 1, letUy = NiegUi = Spa(RJ,Rj). Assume that on
each U;, one has sections

s e HOU;, L)
for j € I, satisfying the following conditions:
(i) foralli eI, sgi) is tnvertible, and
0
= € H'(U;, O%);
0
K3
(ii) for alli,j € I, the subset U;; C U; is defined by the condition
K0
(@)

5

(iii) for all iy,i9,7 € I,

on Ui, .
Then for J C J', the map Spf R}', — Spf Rj is an open embedding of formal
schemes, formally of finite type. Gluing them defines a formal scheme X over
Ok with an open cover by ; = Spf R;r; define also Uy = Nics i = Spf Rj.
The generic fibre of X is given by X.
Moreover, there is a unique invertible sheaf £ on X with generic fibre L,
and such that

s e B, £) € BOWUy, £) = HO(4;, ©)[= "),

SHere, Ri+ = Ry is the subset of powerbounded elements.
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(@)

with s;” being an invertible section. There are unique sections

5 € HY(X, ¢/w)

such that for alli € I, 5; = Sg-i) mod @ € HO(;, £/w).
Furthermore, X is projective and £ is ample.

Proof. By [13, §6.4.1, Cor. 5], RJJr is topologically of finite type over Of.
By assumption (i), there is some f € R}“ such that Uy C Uy is defined by
|f| = 1. One formally checks that this implies that R, is the w-adic completion
of Rj [f~1]. In particular, Spf Rj, — Spf Rj is an open embedding. One gets
X by gluing, and its generic fibre is X. As X is proper, it follows that X is
proper; cf. [37, Rem. 1.3.18(ii)].°

To define £, we want to glue the free sheaves £; = sgz) Oy, of rank 1 on ;.
Certainly, £; satisfies the conditions on £|y, and is the unique such invertible

sheaf on 4l;. To show that they glue, we need to identify £;|y,; with £;ly, .
(%)
J

iz = 1), £y, is freely generated by sgl), giving the desired equality.
To show that there are the sections 5; € H(X, £/w), we need to show

that for all i1, i and j,

By (ii), £i]y;, is freely generated by s;”. Also, by (iii) (applied with i; = j,

sgil) = gfi?) mod w € HO(Lliligvg/w)'

(i)
1
It remains to prove that £ is ample. For this, it is enough to prove
that £/w is ample on X xgpro, Spec Ox/w. Here, the affine complements
U Xgpr oy Spec Ok /w of the vanishing loci of the sections 5; cover, giving the
result. O

Dividing by s; '’ translates this into condition (iii).

We will need a complement on this result, concerning ideal sheaves.

LEMMA 2.1.2. Assume that in the situation of Lemma 2.1.1, one has a
coherent ideal sheaf T C Ox. Then the association

0 HO(Us, TN OF)
extends uniquely to a coherent Ox-module J, with generic fibre I.

Proof. From [14, Lemma 1.2(c), Prop. 1.3], it follows that H(U;,ZNO%)
is a coherent R;r -module. One checks that as Uy C Uy for J C J' is defined
by the condition |f| = 1 for some f € R}, HO(U;,Z N OF) is given as the
w-adic completion of H(U;,Z N OF)[f!]. Thus, these modules glue to give

SNote that there is only one notion of a proper rigid space; i.e., in [37, Rem. 1.3.19(iv)],
conditions (a) and (b) are always equivalent, not only if the nonarchimedean field is discretely
valued. This follows from the main result of [61].
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the desired coherent Ox-module J. From the definition, it is clear that the
generic fibre of J is 7. O

2.2. Closed Embeddings of perfectoid spaces. Let K be a perfectoid field
with tilt K”. Fix some element 0 # @’ € K’ with |@”| < 1, and set @ =
(w’)f € K. Let X = Spa(R, RT) be an affinoid perfectoid space over K.

Definition 2.2.1. A subset Z C |X| is Zariski closed if there is an ideal
I C R such that

Z={xecX||f(x)]=0forall fel}.

LEMMA 2.2.2. Assume that Z C X is Zariski closed. There is a universal
perfectoid space Z over K with a map Z — X for which |Z| — |X| factors
over Z. The space Z = Spa(S, S™) is affinoid perfectoid, the map R — S has
dense image, and the map |Z| — Z is a homeomorphism.

As the proof uses some almost mathematics, let us recall that an Og-
module M is almost zero if it is killed by the maximal ideal mg of Og. The
category of almost O x-modules, or O%-modules, is by definition the quotient of
the category of Ox-modules by the thick subcategory of almost zero modules.
There are two functors from O%-modules to O x-modules, right and left adjoint
to the forgetful functor. The first is

M — M, = Homps (O, M),
and the second is
M — M), = mg QoK M,.

The existence of left and right adjoints implies that the forgetful functor
N — N® commutes with all limits and colimits. For this reason, we are some-
what sloppy in the following on whether we take limits and colimits of actual
modules or almost modules if we are only interested in an almost module in
the end. For more discussion of almost mathematics, cf. [32] and, for a very
brief summary, [52, §4].

Proof. One can write Z C |X| as an intersection Z = (Nzcy U of all
rational subsets U C X containing Z. Indeed, for any fi,..., fx € I, one has
the rational subset

Ufl,n-yfk - {CC eX ‘ ‘f’b(w)’ < 17 1= 17 7k}7

and Z is the intersection of these subsets. Any Uy, . r =Spa(Ry, . 1., R;?l fk)
is affinoid perfectoid, where

Ry g = R(Ty,... . T) /(Ti = fi).
In particular, R — Ry, ., has dense image. Let ST be the w-adic completion
ofligR;{l 7, thus,
sk

St /w = hﬂR}sz/w
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It follows that Frobenius induces an isomorphism (S*/w!/?)® 2 (St /w)®, so
that (ST/w)? is a perfectoid (O /w)%algebra. Thus, ST is a perfectoid
O%-algebra and S = ST[w™!] is a perfectoid K-algebra; cf. [52, §5]. Let
Z = Spa(S,ST). All properties are readily deduced. O

Remark 2.2.3. More precisely, for any affinoid K-algebra (T, T™") for which
T* C T is bounded, and any map (R, RT) — (T, T™") for which Spa(T,T") —
Spa(R, R™) factors over Z, there is a unique factorization (R, R™) — (S,5%) —
(T,T*). This follows directly from the proof, using that 7 is bounded in
proving that the map
%RE7~"7fk —T"
extends by continuity to the w-adic completion S*.

We will often identify Z = Z and say that Z — X is a (Zariski) closed
embedding.

Remark 2.2.4. We caution the reader that in general, the map R — S is
not surjective. For an example, let R = K(T/P™) for some K of characteris-
tic 0, and look at the Zariski closed subset defined by I = (7" — 1).

LEMMA 2.2.5. Assume that K is of characteristic p and that
Z = Spa(S,ST) - X = Spa(R,R")

is a closed embedding. Then the map RT — ST is almost surjective. (In
particular, R — S is surjective.)

Proof. One can reduce to the case that Z is defined by a single equation
f =0 for some f € R. One may assume that f € RT. Consider the K°*/w-
algebra
A =R (w, f, F1/P, F17° ).
We claim that A is a perfectoid K°*/w-algebra. To show that it is flat over
K°%/w, it is enough to prove that

Re/(f, f1P, £1P° )

is flat over K°?, i.e., has no w-torsion. Thus, assume some element g € R°
satisfies wg = f1/?™ h for some m > 0, h € R°. Then we have

WG (5 L),

Thus, g is almost zero in R°/(f, f'/7, U .), as desired. That Frobenius
induces an isomorphism A/w!'/? 2 A is clear.

Thus, A lifts uniquely to a perfectoid K°%-algebra T°* for some perfectoid
K-algebra T'. The map R°® — T°% is surjective by construction. Also, f maps
to 0 in 7. Clearly, the map R°*/w — S°%/w factors over A; thus, R — S
factors over T.. Let T+ C T be the integral closure of the image of RT; then

m—+n

P g = (wg) /P gt TP = /P
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Spa(T,T") — Spa(R, R") factors over Z (as f maps to 0 in T'), giving a map
(S,8T) — (T, T") by the universal property. The two maps between S and
T are inverse; thus, S = T. Almost surjectivity of RT™ — ST is equivalent to
surjectivity of R°* — §°% = T°% which we have just verified. ([l

Definition 2.2.6. A map Z = Spa(S,St) — X = Spa(R, R") is strongly
Zariski closed if the map Rt — ST is almost surjective.

Of course, something strongly Zariski closed is also Zariski closed (defined
by the ideal I = ker(R — 5)).

LEMMA 2.2.7. A map Z = Spa(S,ST) — X = Spa(R,R") is strongly
Zariski closed if and only if the map of tilts Z° — X’ is strongly Zariski
closed.

Proof. The map Rt — ST is almost surjective if and only if Rt /o —
ST /w is almost surjective. Under tilting, this is the same as the condition
that Rt /w® — S°T /@’ is almost surjective, which is equivalent to R** — S*+
being almost surjective. ([

By Lemma 2.2.5, Zariski closed implies strongly Zariski closed in charac-
teristic p. Thus, a Zariski closed map in characteristic 0 is strongly Zariski
closed if and only if the tilt is still Zariski closed. For completeness, let us
mention the following result that appears in the work of Kedlaya-Liu, [43]; we
will not need this result in our work.

LEMMA 2.2.8 ([43, Prop. 3.6.9(c)]). Let R — S be a surjective map of
perfectoid K-algebras. Then R° — S° is almost surjective.

In other words, for any rings of integral elements RT Cc R, ST c S for
which R™ maps into S, the map R* — ST is almost surjective. Finally, let
us observe some statements about pulling back closed immersions.

LEMMA 2.2.9. Let

Z' = Spa(S’,5') —— X’ = Spa(R/, R'")

| l

Z = Spa(S,ST) —— X = Spa(R, R™)
be a pullback diagram of affinoid perfectoid spaces (recalling that fibre products
always exist, cf. [52, Prop. 6.18]).

(i) If Z — X is Zariski closed, defined by an ideal I C R, then so is Z2' — X',
defined by the ideal IR' C R'.
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(i) If Z — X is strongly Zariski closed, then so is Z' — X'. Moreover, if we
define It =ker(RT™ — ST), I'" = ker(R't — S'T), then the map

It/o" QR+ jeom Rt /o™ — I'T o™
18 almost surjective for all n > 0.

Proof. Part (i) is clear from the universal property. For part (ii), observe
that (by the proof of [52, Prop. 6.18]) the map

ST /w O+ ) R Jw — S w

is an almost isomorphism. Thus, if Rt /w — S /w is almost surjective, then
so is R""/w — S'"/w, showing that if Z — X is strongly Zariski closed,
then so is Z/ — X’. For the result about ideals, one reduces to n = 1. Now,
tensoring the almost exact sequence

0—=1")o— R /w— ST/w—0
with R /@ over RT /w gives the desired almost surjectivity. O
2.3. A Hebbarkeitssatz for perfectoid spaces.

2.3.1. The general result. Let K be a perfectoid field of characteristic p,
with ring of integers O C K and maximal ideal mx C Og. Fix some nonzero
element ¢ € mg; then mg = J,, t'/7"Ok. Let (R, RT) be a perfectoid affinoid
K-algebra, with associated affinoid perfectoid space X = Spa(R, R™). Fix an
ideal I C R, with It =T NR". Let Z = V() C X be the associated Zariski
closed subset of X.

Recall the following lemma, which holds true for any adic space over a
nonarchimedean field.

LEMMA 2.3.1. The stalk of O}/t at a point x € X with completed residue
field k(z) and valuation subring k(x)* C k(x) is given by k(z)*/t.

In particular, if O,y C k(x) denotes the powerbounded elements (so that

k(z)" C Oy is an almost equality), then the stalk of (O%/t)* is given by
OZ’(J:) /t

Proof. There is a map O}w — k(z)* with a dense image. To prove the
lemma, one has to see that if I denotes the kernel of this map, then I/t = 0.
If f € I, then f € O (U) for some neighborhood U of z, with f(x) = 0. Then
|f| < |t| defines a smaller neighborhood V' of x, on which f becomes divisible
by t as an element of O3 (V). O

PROPOSITION 2.3.2. There is an isomorphism of almost O -modules

Homp: (ITYP™ RT/t)* = HO(X \ 2,04 /1)
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For any point x € X \ Z, this isomorphism commutes with evaluation
H(X\ 2,03/t)" = Oy /t
at x, where k(x) is the completed residue field of X at x:
Homp: (V7 RY /1)" = Homo,, (IF 7™ Oy /1) = Of /1.

Remark 2.3.3. Recall that the global sections of (0% /t)® are (RT /) (cf.
[52, Th. 6.3(iii), (iv)]). Also, note that if z € X'\ Z, then the image I,j(x) C Ok(a)

of I is not the zero ideal, so that I ,j(%p ™ is almost equal to Oy ;). Finally,

the requirement of the lemma pins down the map uniquely, as for any sheaf F
of almost O x-modules on a space Y, the map H?(F) — [Tyey Fy is injective.

Proof. Assume first that I is generated by an element f € R; we may
assume that f € RT. In that case, ITY/P™ is almost equal to fY/P" Rt =
Un fP" R*. Indeed, one has to see that the cokernel of the inclusion f1/7™ R+
— I1T1/P™ s killed by mg. Take any element g € IT1/?%; then g € IT1/?™ for
some m, so g = fY/P" h for some h € R. There is some n such that t"h € RT.
For all k£ > 0, we have

{n/o" g = ¢n/P" gU/pF gL=L/ph — g L/pm R (g UpE gL/t o 1/

giving the result.
Thus, we have to see that

Homp+ (fY/P° R, RY /t)* = HO (X \ V(f), 0% /t)%.

Consider the rational subsets U,, = {x € Spa(R, R") | |f(z)| > [t|"} C X; then
X\ V(f) = UnUyn. Moreover, by [52, Lemma 6.4(i)] (and its proof), one has

HO Uy, O% /)% = BY Jt[u/P™]/(Ym - ul/?™ f1/P™ — gn/r™)a,
Let
Sn = R [tluy/P7] /(s ag/PT P g0,

and let Sflk) C S, be the Rt-submodule generated by u? for i < 1/p*. One
gets maps

FP 8 o im(RY 1t — S,),
as fU/P yi = pUPN=ipiyi = p1/pt—igni for a1l § < 1/pF. Also, we know that

HO(X \ V(f)70.—)t/t)a - @Ho(unao,;/t)a = @527

and direct inspection shows that for fixed n and k, the map S, — S, factors

over Sfmk) for n’ large enough. It follows that

lim S, = lim S
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for any k, and then also

. - (k)
%15} = nn,:S" .

Via the maps f1/7" : st im(R*/t — S,,), one gets a map of inverse systems
(in n and k),

S®) 5 im(RY/t — S,),
where on the right-hand side, the transition maps are given by multiplication
by fl/pk_l/plC . The kernel and cokernel of this map are killed by fl/pk, and

thus by n/rt = fl/pkuyll/pk. Taking the inverse limit over both n and k (the
order does not matter, so we may first take it over k, and then over n), one
sees that the two inverse limits are almost the same.

On the other hand, there is a map of inverse systems (in n and k),

R/t = im(RT/t = S,).

Again, transition maps are multiplication by f/ pr=1/p" Clearly, the maps
are surjective. Assume a € ker(R"/t — S,,). Then, for any sufficiently large
m, one can write

a = (u}l/mel/pm _ tn/pm) Z aiu:'l

in RT/ t[u}/ b oo]. Comparing coefficients, we find that

a=—t"""qq, 1P = _75271/19”1611/107,17 o YT = _t(€+1)n/p’"a€/pm

for all £ > 0. In particular, f/?"a € t”z/meJr/t for all £,m > 0 (a priori only
for m large enough, but this is enough). Assume that n = p" is a power of p
(which is true for a cofinal set of n); then, setting ¢ = 1, m = n/, we find that
fY"a=0¢€ R/t

As the transition maps are given by fl/pk_l/pkl and we may take the
inverse limit over k and n also as the inverse limit over the cofinal set of (k,n)

k41 one finds that the kernel of the map of inverse systems

R/t — im(R"/t — S,)

with n = p

is Mittag-Leffler zero. It follows that the inverse limits are the same. Finally,
we have a map

Homp: (f'/*" R*, R /t) — lim R* /1
k

given by evaluating a homomorphism on the elements f/ P e fYPTRT. Let
M be the direct limit of Rt along multiplication by f1/ p*=1/7" Then

@R*/t = Homp+ (M, R* /t);
k
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it is enough to see that the surjective map M — fY/P™ Rt (sending 1 in the
k-th term RT to f1/P") is injective. For this, if a € ker(f/?" : Rt — R*),
then by perfectness of RT, also al/pfl/pk+1 =0, so afl/pk+1 = 0; it follows
that a gets mapped to 0 in the direct limit M.

This handles the case that I is generated by a single element. The general
case follows: Filtering I by its finitely generated submodules, we reduce to the
case that [ is finitely generated. Thus, assume that I = I; + Is, where I is
principal and Is is generated by fewer elements. Clearly,

AANV(I) = (X\ V(L) U (X\ V(L))
and
(XA\V() NV (X\V(I2) = (X \ V(I1]2)).
By using the sheaf property, one computes H°(X \ V(I),0%/t)® in terms of

the others. Note that by induction, we may assume that the result is known
for Iy, Is, and I115. Also,

0— (IL) V7" = PP o VP & (1 + L) T/P™ =0

is almost exact. Injectivity at the first step is clear. If (f, g) lies in the kernel
of the second map, then f = g € Rt, and f = fl/rge=D/p ¢ (I, I,)*1/P™
showing exactness in the middle. If h € (I + I)*'/?™ then we may write
h = f + g for certain f € Ill/poo, g € I;/poo. After multiplying by a power t*
of t, we have t*f t*g € RT. But then also

ki — (tkh)l/pmhlfl/pm
_ (tkf)l/pmhlfl/pm + (tkg)l/pmhkupm c Il+1/p°° + I2+1/p°°_
This gives almost exactness of
0— (LL)TV" = VP g 7P o (1 4+ )T/~ =,
and applying Homp+ (—, R /t)® will then give the result. O
For applications, the following lemma is useful.

LEMMA 2.3.4. Let R be a perfectoid K -algebra, I C R an ideal, and R' a
perfectoid K -algebra, with a map R — R'; let I' = IR'. Then

IP” @pe R — HUP%
1s an almost isomorphism.

Proof. Writing I as the filtered direct limit of its finitely generated sub-
modules, one reduces to the case that I is finitely generated. Arguing by
induction on the minimal number of generators of I as at the end of the proof
of the previous proposition, one reduces further to the case that I is principal,
generated by some element 0 # f € RT. In that case, IT1/?” is almost the
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same as f1/?° Rt which is the same as hﬂR*, where the transition maps are
given by f1/ pr-1/ pkH; cf. the description of M in the previous proof. The same
applies for I'T1/P™  and the latter description obviously commutes with base

change. O

2.3.2. A special case. There will be a certain situation where we want
to apply the Hebbarkeitssatz (and where it takes its usual form saying that
anything extends uniquely from X \ Z to X'). Let Ay be normal, integral,
and of finite type over Fp, and let 0 # f € Ag. Let K = F,((t'/7™)), let
S = A(l)/poo ®FpK be the associated perfectoid K-algebra, and let ST = S° =
Aé/pooé@]yp(’);(. Then (S, S™) is a perfectoid affinoid K-algebra, and let ) =
Spa(S,ST).

Inside ), consider the open subset X = {y € Y | |f(y)| > |t|}, and let
(R,R") = (Oy(X), O;(X)) Note that

RYJt 2 (AP @, O f6)[ul/7™ /(¥ - ul/P" pP" — /0™,

Finally, fix an ideal 0 # Iy C Ay, let I = IyR, and let Z = V(I) C X be the
associated closed subset of X.

In the application, Spec Ay will be an open subset of the minimal compact-
ification of the Siegel moduli space, the element f will be the Hasse invariant,
and the ideal Iy will be the defining ideal of the boundary.

In this situation, Riemann’s Hebbarkeitssatz holds true, at least under a
hypothesis on resolution of singularities. In the application, this exists by the
theory of the toroidal compactification.

COROLLARY 2.3.5. Assume that Spec Ay admits a resolution of singular-
ities, i.e., a proper birational map T — Spec Ay such that T is smooth over
F,. Then the map

HO(X,03/t)" — HY(X\ 2,03/t)°
is an isomorphism of almost O -modules.

Proof. Arguing as at the end of the proof of Proposition 2.3.2, we may
assume that I is generated by one element 0 # g € Ag. We have to show that
the map

R/t — Homp+ (¢"/P" R*, RT /t)°
is an isomorphism. Note that we may rewrite
R+a/t _ (A(lJ/poo ®]Fp Fp[tl/poo]/t)[ul/poo]/(Vm : ’U,l/pmfl/pm . tl/pm)a
~ Al/p> 00 "
= A/ ] (uf )
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thus, we may replace R*/t by A = Aé/poo [u!/P™]/(uf), with the almost struc-
ture given by (u!/P~ f1/P7). Also,
Homp+(¢"/"" R*, R* /t)* = Homp ;4 (g"/P™ R /t, R /1)
>~ Homy(g'/P™ A, A)®

o HOInA(l)/poo (gl/pooAé/p‘x”A)a‘

In the last step, we use that the kernel of the surjective map gl/poo A(l)/poo ®A(1)/poo
A — ¢'/P™ A is almost zero. Given the formula
A= P AT we P (AT

0<i<1,i€Z[1/p] i>1,4€Z[1/p)
this reduces to showing that the kernel of

g1/p°°A(1)/p°°/fgl/p°°A(1)/p°° s A(l)/p""/fA(l)/p°o
is almost zero with respect to the ideal generated by all f1/P™ m > 0. But if
a € gl/pocA(l)/po<> is of the form a = fb for some b € A(l)/poo, then

fUP™ g = pUPT 1P QP — p U p I P =1 1/
_ fal/pmblfl/pm c fgl/pOOA(l)/p"‘”

whence the claim.
It remains to see that the map

A = Hom 1/ (977 A", A)

is almost an isomorphism. Again, using the explicit formula for A, and using
the basis given by u!, this reduces to the following lemma. O

LEMMA 2.3.6. Let Ag be normal, integral, and of finite type over Fy,, such
that Spec Ag admits a resolution of singularities. Let 0 # f,g € Ag. Then the
two maps

A(l)/poo — Hom 1/po0 (gl/pooA(l)/pw,A(l)/poo),
0
AP/ Hom 1y (g1 AP AP /)
0

are almost isomorphisms with respect to the ideal generated by all f1/?™, m > 0.

Remark 2.3.7. In fact, the first map is an isomorphism, and the second
map injective, without assuming resolution of singularities for Spec Ag. Res-
olution of singularities is only needed to show that the second map is almost
surjective. It may be possible to remove the assumption of resolution of sin-
gularities by using de Jong’s alterations.
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Proof. First, as Ag, and thus A(l]/ P s a domain, the map

A" Hom yy e (977 AT, 46

is injective, and the right-hand side injects into A(l]/ P> [g71] € L, where L is
the quotient field of A(l)/ P¥ If x € L lies in the image of the right-hand side,
then ¢'/?"x Aé/ P for all n. As Ap is normal and noetherian, one can check
whether =z € A(l]/ p= by looking at rank-1-valuations. If z would not lie in

A(l)/ P oo, then there would be some rank-1-valuation taking absolute value > 1

on x; then for n sufficiently large, also g*P" & has absolute value > 1, which

contradicts ¢'/7"x € A[l)/poo. Thus,

A(l)/p = HOH]Aé/poo (gl/pOOA(l]/p ,A(l]/p )
In particular, it follows that

A(l)/poo/f SN HOmA(IJ/pOO (gl/PooA(l)/poo,Aé/poo/f>.

Now assume first that Ag is smooth. Then A(l)/ P is a flat Ag-module; it
follows that A(l)/ P* s a flat Ap-module. First, observe that for any Ag-module
M and 0 # x € M, there is some n such that 0 # ¢'/?"z € Aé/poo ®a, M.
Indeed, assume not; then replacing M by the submodule generated by x (and
using flatness of A(l)/ P Oo), we may assume that M = Ay/J for some ideal J C Ay
and that ¢g'/7" : M = Ag/J — A(l)/poo ®a, M = A(l]/poo/JAé/poo is the zero map
for all n > 0. This implies that g € Jp"A(l)/poo NAg = JP" (by flatness of A(l)/poo
over Ag) for all n > 0, so that ¢ = 0 by the Krull intersection theorem, as Ay
is a domain, which is a contradiction.

In particular, we find that

N g' =)A= (1.9040"

n

Indeed, an element x of the left-hand side lies in A(l)/ P for m large enough; we
may assume m = 0 by applying a power of Frobenius. Then x reduces to an
element of M = Ay/(f,g) such that for all n > 0,

0=g"""z e AP @4 M = ALVP" /(1. 9).

Therefore, 0 = x € Ay/(f,9), i.e., x € (f,9)A0 C (f, g)Aé/poo.
Now recall that

HOmAé/poo (gl/pooA(l)/pm’ A(l)/poo /f)

can be computed as the inverse limit of A(l)/ P /f, where the transition maps
(from the k-th to the k’-th term) are given by multiplication by gl/pk_l/ P
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Let M = R! @Aé/ P oo, with the similar transition maps. Then there is an
exact sequence

0 =AY L AP S Hom 1y (917 AYPT AYPT /1) M L M
0

Thus, it remains to see that kernel of f : M — M is killed by f1/?" for all
m > 0. Recall that
M = coker( H Aé/poo — H A(l)/poo>,
n>0 n>0
where the map is given by (zo,x1,...) = (Yo, y1,...) with

k__ k+1
Yk = Tk —gl/p e

Thus, take some sequence (yo,¥1,...), and assume that there is a sequence
(xq, @, . ..) with fyp = ), —gl/pkfl/pkﬂx;ﬁl. We claim that x, € (f, g)Aé/p .
By the above, it is enough to prove that xf € (f,gl_l/pk)A(l)/p for all k > 0.
But

_ _ _ 2
2y = fyo+ " VP2 = fyo + g VP fyr + gt P
_ _ k—1
== flyo+g" Py + -+ g )
_i_glfl/pkxz c (fyglfl/pk)A(l]/Poo,

Tht1-

giving the claim. Similarly, z) € (]“,gl/pk)A(l)/p00 for all £ > 0. Fix some
ko > 0. We may add gl/pkz to zj, for all k for some z € Aé/poo; thus, we may

assume that z; € fA(l]/ P It follows that

g e p Ay

for all k > ko (and z), € fA(l)/ P for k < ko). We claim that there is an integer
C > 0 (depending only on Ay, f and g) such that this implies

k oo
zf € froOm AP

Indeed, this is equivalent to a divisibility of Cartier divisors f1—¢/ pko |z, As
Ag is normal, this can be translated into a divisibility of Weil divisors. Let
Z1,...,2y € Spec Ag be the generic points of V(f), and vy, . . ., v, the associated
rank-1-valuations on A(l)/ P~ normalized by v(f) = 1. Then, the condition
flfc/pko\:vﬁc is equivalent to v;(z}) > 1 — C/pko for i = 1,...,r. As g # 0,
there is some C' < oo such that v;(g) < C fori=1,...,7. As
I e A
we know that
(1/p" = 1/pM)C + vi(a}) > 1,
thus
vi(zh) > 1—C/p*o,
as desired.
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Thus, taking ko large enough, we can ensure that all ), are divisible by
117" which shows that fY/2" (yo,41,...) = 0 € M, whence the claim. This
finishes the proof in the case that Ag is smooth.

In general, take a resolution of singularities 7 : T — Spec Ay (which we
assumed to exist). It induces a map /P TP 5 Spec A(l)/poo. The result
in the smooth case implies that

HOHIOTl/pOo (gl/p‘x’ Opi/p, Opypee /1) < Op1ypee /f

is an almost isomorphism of sheaves over T/ . Note that by Zariski’s main
theorem, m,O7 = Ospec 4,- Moreover, R'7,Or is a coherent Ospec 4,-module,
so there is some n such that f" kills all f-power torsion in R'm,Or. Passing to
the perfection, this implies that on Rlﬂi/ P Op1/p , the kernel of multiplication
by f is also killed by f}/P" for all n > 0. Therefore, the map

OSpeCA(l)/POO /f — Tri/poo (C)Tl/POO /f)

is injective, with cokernel almost zero. Also,

1/p=° 1/p>®*/ 1/p>®
g /v OTl/poo =T /p (g /p OspecAé/p‘”)a

as g is a regular element in Ag and Or. Thus, adjunction shows that

1/p* - -
Hom(’)s CAé/poo (g OSpeC A(l)/l” ) OSpec A(l)/P /f)

pe

oo 1

1 /P>
— HomOSpcc Al/poo (g /p OSpeC A(l)/Poo y Tx OTl/Poo /f)
0

1/p>® oo

— 7T*/p HOmOTl/pOO (gl/p OTl/TJOO 5 OTl/:DOO /f)
1 o0

— ﬂ*/p (’)fl"l/poo /f — OSpeCAé/poo /f

is a series of almost isomorphisms, finally finishing the proof by taking global
sections. (]

2.3.3. Lifting to (pro-)finite covers. As the final topic in this section, we
will show how to lift a Hebbarkeitssatz to (pro-)finite covers. In the application,
we will first prove a Hebbarkeitssatz at level I'g(p>°) using the result from the
previous subsection. After that, we need to lift this result to full I'(p>)-level.
This is the purpose of the results of this subsection.

The following general definition will be useful.

Definition 2.3.8. Let K be a perfectoid field (of any characteristic), and
let 0 # t € K with |p| < |[t|] < 1. A triple (X, Z,U) consisting of an affinoid
perfectoid space X over K, a closed subset Z C X, and a quasi-compact open
subset U C X'\ Z is good if

HY(X,04/)* = HY (X \ Z2,04/t)* — H'U, O /t)°.
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One checks easily that this notion is independent of the choice of ¢ and is
compatible with tilting. Moreover, if (X, Z,U) is good, then for any ¢t € O,
possibly zero, one has

HY(X,04/)* 2 HY (X \ Z,0%/t)* — H'(U, O /t).

In particular, the case t = 0 says that bounded functions from X\ Z extend
uniquely to X.

In the application, X will be an open subset of the minimal compactifi-
cation, Z will be the boundary, and U the locus of good reduction. Knowing
that such a triple is good will allow us to verify statements away from the
boundary, or even on the locus of good reduction.

Now we go back to our setup so, in particular, K is of characteristic p. Let
Ry be a reduced Tate K-algebra topologically of finite type, Xy = Spa(Rp, R{)
the associated affinoid adic space of finite type over K. Let R be the completed
perfection of Ry, which is a p-finite perfectoid K-algebra, and X = Spa(R, R™)
with BT = R° the associated p-finite affinoid perfectoid space over K.

Moreover, let Iy C Ry be some ideal, I = IyR C R, Zy = V(Ip) C Xp, and
Z =V(I) C X. Finally, fix a quasi-compact open subset Uy C Xy \ Zp, with
preimage U C X\ Z.

In the following lemma, we show that the triple (X, Z,U/) is good under
suitable conditions on Ry, Iy, and Uj.

LEMMA 2.3.9. Let Ag be normal, of finite type over Fy,, admitting a res-
olution of singularities, let

Ro = (Ao®r, K)(u)/(uf —t)

for some f € Ay that is not a zero-divisor, and let Iy = JRy for some ideal
J C Ag with V(J) C Spec Ay of codimension > 2. Moreover, let Uy = {z €
X | |g(x)] = 1 for some g € J}. If K = F,((t'/P)), then the triple (X, Z,U)
18 good.

Proof. We may assume that A is integral. Corollary 2.3.5 implies that
HY(X, 04 /t)* = H (X \ Z,0%/1)"

Moreover, using notation from the proof of Corollary 2.3.5, HO(X, (9} /) =
Aé/poo [u!/P>]/(uf)?, and for any g € .J, one has

HO Uy, 04 /1) = AP [g7 [P/ (uf)?

by localization, where U, = {x € X' | |g(z)| = 1}. Thus, using the basis given
by the u’, the result follows from

H°(Spec Ay, Ospec a,) = H(Spec Ag \ V(J), Ospec 4,)
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and

HO(Spec AO’ OSpecAo/f) — HO(Spec AO \ V(‘])7 OSpecAo/f)’
where the latter holds true because the depth of Ogpec 4,/ f at any point of
V(J)is at least 2 —1 = 1. O

In the next lemma, we go back to the abstract setup before Lemma 2.3.9.

LEMMA 2.3.10. Assume that (X, Z,U) is good. Assume moreover that Ry
is normal and that V(Iy) C Spec Ry is of codimension > 2. Let Ry be a finite
normal Ro-algebra that is étale outside V(Iy), and such that no irreducible
component of Spec Ry maps into V(Iy). Let Iy = IoRj, and Uy C X the
preimage of Uy. Let R', I', X', Z', U’ be the associated perfectoid objects.

(i) There is a perfect trace pairing
trr: /Ry - Ry ®r, R, = Ro.
(ii) The trace pairing from (i) induces a trace pairing
trgro/go : R'® @gro R — R°

that is almost perfect.
(iii) For all open subsets ¥V C X with preimage V' C X', the trace pairing
mnduces an isomorphism

H(V', 0%, /t)* = Hompge (R /t, H'(V, 0% /1))
(iv) The triple (X', Z",U’) is good.
(v) If X' — X is surjective, then the map
HY(X,0%/t) = HY (X', 0%, /t) n H (U, 0% /1)
is an almost isomorphism.
Proof. (i) There is an isomorphism of locally free Ogpec ry\v(1,)-modules
f*OSpec RNV (1)) - HOIH(')SpeC Ro\V (Ip) (f*OSpec RNV (I})> OSpec RO\V(IO))
induced by the trace pairing on Spec Ry \ V (1), as the map
f : Spec R\ V(I})) — Spec Ry \ V (1p)
is finite étale. Now take global sections to conclude, using that Ry and R(, are
normal and V' (Iy) C Spec Ry, V(1)) C Spec R;, are of codimension > 2.
(ii) By part (i) and Banach’s open mapping theorem, the cokernel of the
injective map
R = Homps (R, BS)
is killed by ¢V for some N. Passing to the completed perfection implies that
R'° — Hompg(R"°, R°)

is almost exact, as desired.
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(iii) If V¥ = X, this follows from part (ii) by reduction modulo ¢. In general,
Y is the preimage of some Vy C Xy, which we may assume to be affinoid. One
can then use the result for Vy in place of Xj, noting that

Hom ge (R /t, H'(V, 0% /1))
= Hom oy, ot /t)(HO(V 0% /t) ®po sy R°/t, H(V, 0% /1))
—HomHO(vo““/t)(Ho(V/ O/t), H'(V,04/1))",

by the formula for fibre products in the category of perfectoid spaces; cf. [52
Prop. 6.18].

(iv) This follows directly from part (iii) and the assumption that (X, Z,U)
is good.

(v) By surjectivity of X’ — X, HO(X,0%/t)* — HO(X', 0% /t)%. Assume
h is an almost element of H*(X’, 0%, /)N H(U, OF /t)*. Then, via the trace
pairing, h gives rise to a map

(R®/1)" = (R°/t)°.

We claim that this factors over the (almost surjective) map

tr(R/O/t) /(Re Jt)e (R/O/t) (Ro/t)a.

As (R°/t)® — HO(U,0%/t)?, it suffices to check this after restriction to U;
there it follows from the assumption h € H°(U, 0% /t). This translates into
the statement that h is an almost element of HO(X, 0% /t)¢, as desired. O

Finally, assume that one has a filtered inductive system R(()i), i1 €1, asin
Lemma 2.3.10, giving rise to xX® 20 1 We assume that all transition
maps XY@ — XU are surjective. Let X be the inverse limit of the X® in the
category of perfectoid spaces over K, with preimage Z C X of Z and U C X
of U.

LEMMA 2.3.11. In this situation, the triple (X, Z,U) is good.

Proof. As X and U are qcgs, one may pass to the filtered direct limit to
conclude from the previous lemma, part (iv), that
H(X,0%/t)* — HU, 0% /t)".
Moreover,

(X() ot

Yo /0T = H(X, 0% /1)

foralli € I, as X surjects onto X, The same injectivity holds on open
subsets. Also,

H(xW, 0%, /)" = BO(X,05/t)* n H'UD, 0%, /t)°,
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by passing to the filtered direct limit in the previous lemma, part (v). Let
R = HO(X,(’))E), R™ = R°, and I = IR C R. Then the general form of the
Hebbarkeitssatz says that

H(X\ Z,0%/t)* = Homp, (177, R /t)* = Hompe (TP BT /1)°,
also using Lemma 2.3.4. The latter injects into
Homp+ (17 HOU, 0% /1))* = HOWU \ 2,0%/t)* = H'WU, 0L /t)°.

The latter is a filtered direct limit. If an almost element h of HO(X\ Z, (’)} /t)°
is mapped to an almost element of

HO(U(Z)a Oj{(i) /t)a C HO(Z;[7 O}/t)a7
then the map - ~
(I+1/p )a N (R+/t)a
corresponding to h will take values in (R /£)*NHO(U®, O:\:u) /H)* = (RO /t)e,
and thus it gives rise to an almost element of

Homp (ITVP™, RO /)" = HO(x\ 20,08, /1),

But (X(i), Z(i),u(i)) is good, so the Hebbarkeitssatz holds there, and £ extends
to X and thus to X. O

In particular, one can use this to generalize Lemma 2.3.9 slightly:

COROLLARY 2.3.12. Lemma 2.3.9 holds under the weaker assumption
that K is the completion of an algebraic extension of Fp((t'/P7)).

Proof. For a finite extension, this follows from Lemma 2.3.10. Then the
general case follows from Lemma 2.3.11. O

3. The perfectoid Siegel space

3.1. Introduction. Fix an integer g > 1 and a prime p. Let (V1) be the
split symplectic space of dimension 2¢ over Q. In other words, V = Q29 with
symplectic pairing

g
Y((a1,...,ag,01,...,by),(a},... ag,b,...,b,)) = Z(aibg — akb;).
i=1
Inside V, we fix the self-dual lattice A = Z29. Let GSpy,/Z be the group of
symplectic similitudes of A, and fix a compact open subgroup K? C GSp2g(A7;)
contained in {y € GSpQQ(Z”) | v =1 mod N} for some integer N > 3 prime
to p.

Let Xy xr over Z, denote the moduli space of principally polarized
g-dimensional abelian varieties with level-KP-structure. As g and K? remain
fixed throughout, we will write X = X, g». The moduli space X can be
interpreted as the Shimura variety for the group of symplectic similitudes
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GSpy, = GSp(V,¢), acting on the Siegel upper half space. Let Fl over Q
be the associated flag variety, i.e., the space of totally isotropic subspaces
W C V (of dimension g). Over Fl, one has a tautological ample line bundle
wpp = (NI W)*.

Moreover, we have the minimal (Baily-Borel-Satake) compactification X*
= X, kv over Zy,), as constructed by Faltings-Chal, [28]. It carries a natural
ample line bundle w, given (on X, gr») as the determinant of the sheaf of
invariant differentials on the universal abelian scheme; in fact, if g > 2, then

X} g» = Proj @ H(X, ko, w0®F).
k>0
Moreover, for any compact open subgroup K, C GSp,,(Qp), we have Xk, =
Xy, kv over Q, which is the moduli space of principally polarized g-dimen-
sional abelian varieties with level- KP-structure and level- K -structure, with a
similar compactification X}k(p = X; KK We will be particularly interested in
the following level structures.

Definition 3.1.1. In all cases, the blocks are of size g x ¢:

To(p™) = {y € GSpy,(Zyp) | y = (%) mod p™, dety =1 mod p™},
L1(p™) = {7 € GSpay(Zp) | ¥ = (41) mod p™},
[1ptI0(p™) = {7 € GSpoy(Zp) | ¥ = (§}) mod p™}.

We note that our definition of I'g(p™) is slightly nonstandard in that we
put the extra condition dety =1 mod p™.

Let X 1*(p denote the adic space over Spa(Q,,Z,) associated with X}}p for
any Kj, C GSpy,(Qp). Similarly, let ¢ be the adic space over Spa(Qy,Z;)
associated with Fl, with ample line bundle wg. Let Q;yd be the completion of
Qp(pp>). Note that XFo(pm) lives naturally over Q({,= ) by looking at the sym-
plectic similitude factor. The following theorem summarizes the main result;
for a more precise version, we refer to Theorem 3.3.18.

THEOREM 3.1.2. Fiz any KP C GSpQQ(A’}) contained in the level-N -con-
gruence subgroup for some N > 3 prime to p.

(i) There is a unique (up to unique isomorphism) perfectoid space
* _
Ap ey = Xgrpe) kv

over ngd with an action of GSpQH(Qp),7 such that

X;(pm) ~ @Xﬁp’

Kp

equivariant for the GSpy,(Qp)-action. Here, we use ~ in the sense of [55,
Def. 2.4.1].

"Of course, the action does not preserve the structure morphism to Spa( = el Zf,yd).
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(ii) There is a GSpyy(Qp)-equivariant Hodge-Tate period map
THT Xf‘k(poo) — F

under which the pullback of w from X;(p to le(poo) gets identified with
the pullback of way along mur. Moreover, Tyt commutes with Hecke
operators away from p (when changing KP) for the trivial action of these
Hecke operators on FL.

(iii) There is a basis of open affinoid subsets U C F for which the preimage
V= ﬂﬁ%(U) is affinoid perfectoid, and the following statements are true.
The subset V' is the preimage of an affinoid subset V,, C le(pm) for m
sufficiently large, and the map

limg H(Vin, Oxg o)) = HO(V, Oxs )

has dense image.
These results, including the Hodge-Tate period map, are entirely new even

for the modular curve, i.e., g = 1. Let us explain in this case what 7wy looks
like. One may stratify each

XI*( — X}k{ordl—lxls{s

into the ordinary locus X;°™ (which we define for this discussion as the clo-
sure of the tubular neighborhood of the ordinary locus in the special fibre) and
the supersingular locus A7°. Thus, by definition, X7® C X% is an open sub-
set, which can be identified with a finite disjoint union of Lubin-Tate spaces.
Passing to the inverse limit, we get a similar decomposition

X;;'p = ;}%rduX;(?p-
On the flag variety .7¢ = P! for GSp, = GLg, one has a decomposition
Pl — Pl (Qp) |_| QQ)

where Q? = P!\ P1(Q,) is Drinfeld’s upper half-plane. These decompositions
correspond, i.e.,

Xig = mar(PH(Qp), X = mp (7).
Moreover, on the ordinary locus, the Hodge-Tate period map
Tt X5 — PHQ,)

measures the position of the canonical subgroup. On the supersingular locus,
one has the following description of 7T, using the isomorphism My o =
My o between the Lubin-Tate and the Drinfeld tower (cf. [27], [30], [55]):

. _ ~ 2
mHT ¢ e = | [Miree = | [Mbpreo — Q7.



ON TORSION IN THE COHOMOLOGY OF LOCALLY SYMMETRIC VARIETIES 973

Contrary to the classical Gross-Hopkins period map Myt — P!, which depends
on a trivialization of the Dieudonné module of the supersingular elliptic curve,
the Hodge-Tate period map is canonical. It commutes with the Hecke operators
away from p (as it depends only on the p-divisible group, and not the abelian
variety), and extends continuously to the whole modular curve.

Let us give a short summary of the proof. Note that a result very similar
in spirit was proved in joint work with Jared Weinstein, [55] for Rapoport-
Zink spaces. Unfortunately, for a number of reasons, it is not possible to use
that result to obtain a result for Shimura varieties (although the process in
the opposite direction does work). The key problem is that Rapoport-Zink
spaces do not cover the whole Shimura variety. For example, in the case of the
modular curve, the points of the adic space specializing to a generic point of
the special fibre will not be covered by any Rapoport-Zink space. Also, it is
entirely impossible to analyze the minimal compactification using Rapoport-
Zink spaces.

For this reason, we settle for a different and direct approach. The key
idea is that on the ordinary locus, the theory of the canonical subgroup gives a
canonical way to extract p-power roots in the I'g(p>)-tower. The toy example
is that of the I'g(p)-level structure for the modular curve; cf. [24]. Above the
ordinary locus, one has two components, one mapping down isomorphically
and the other mapping down via the Frobenius map. It is the component that
maps down via Frobenius that we work with. Going to a deeper I'g(p™)-level,
the maps continue to be Frobenius maps, and in the inverse limit, one gets
a perfect space. Passing to the tubular neighborhood in characteristic 0, one
has the similar picture, and one will get a perfectoid space in the inverse limit.
It is then not difficult to go from Iy(p™°)- to ['(p°°)-level, using the almost
purity theorem; only the boundary of the minimal compactification causes
some trouble, which can however be overcome.

Note that we work with the anticanonical tower, and not the canonical
tower: The I'g(p)-level subgroup is disjoint from the canonical subgroup. It
is well known that any finite level of the canonical tower is overconvergent;
cf., e.g., [45], [42], [1], [2], [23], [29], [33], [51], [62]. However, not the whole
canonical tower is overconvergent. By contrast, the whole anticanonical tower
is overconvergent. This lets one deduce that on a strict neighborhood of the
anticanonical tower, one can get a perfectoid space at I'g(p>)-level and then
also at I'(p™)-level.

Observe that the locus of points in X *(poo) that have a perfectoid neigh-
borhood is stable under the GSp,,(Qp)-action. Thus, to conclude, it suffices to
see that any abelian variety is isogenous to an abelian variety in a given strict
neighborhood of the ordinary locus. Although there may be a more direct way
to prove this, we deduce it from the Hodge-Tate period map. Recall that the
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Hodge-Tate filtration of an abelian variety A over a complete and algebraically
closed extension C of Q, is a short exact sequence

0 — (Lied)(1) — TpA®z, C — (Lie A*)" — 0,

where T, A is the p-adic Tate module of A. Moreover, (Lie A)(1) C T,A ®z, C
is a Qp-rational subspace if and only if (the abelian part of the reduction of) A
is ordinary; this follows from the classification of p-divisible groups over O¢,
[55, Th. B], but it can also easily be proved directly. One deduces that if the
Hodge-Tate filtration is close to a Q,-rational point, then A lies in a small
neighborhood of the ordinary locus (and conversely); cf. Lemmas 3.3.8 and
3.3.15. As under the action of GSps, (Qp), any filtration can be mapped to one
that is close to any given Q,-rational point (making use of U,-like operators),
one gets the desired result.

In fact, observe that by [55, Th. B], the C-valued points of #¢ are in
bijection with principally polarized p-divisible groups G over O¢, with a triv-
ialization of their Tate module. Thus, 7wyt is, at least on C-valued points
of the locus of good reduction, the map sending an abelian variety over O¢
to its associated p-divisible group. We warn the reader that this picture is
only clean on geometric points; the analogue of [55, Th. B] fails over general
nonarchimedean fields or other base rings.

Most subtleties in the argument arise in relation to the minimal compact-
ification. For example, we can prove existence of i a priori only away from
the boundary. To extend to the minimal compactification, we use a version of
Riemann’s Hebbarkeitssatz, saying that any bounded function has removable
singularities. This result was proved in Section 2.3, in the various forms that
we will need. In Section 3.2, we prove the main result on a strict neighborhood
of the anticanonical tower. As we need some control on the integral structure
of the various objects, we found it useful to have a theory of the canonical
subgroup that works integrally. As such a theory does not seem to be available
in the literature, we give a new proof of existence of the canonical subgroup.
The key result is the following. Note that our result is effective and close to
optimal (and works uniformly even for p = 2).

LEMMA 3.1.3. Let R be a p-adically complete flat Zzyd-algebm, and let

p"—1
p—1

variant of A divides p® for some e < % Then there is a unique closed subgroup
C C A[p™)] such that C = ker F™ mod p'~¢.

Our proof runs roughly as follows. Look at G = A[p™]/ ker F'™ over R/p.

By the assumption on the Hasse invariant, the Lie complex of G is killed by p®.
The results of Illusie’s thesis (cf. [40, §3]) imply that there is a finite flat group
A 1—¢

scheme G over R such that G and G agree overNR/p . Similarly, the map
A[p™] — G over R/p'~¢ lifts to a map A[p™] — G over R that agrees with the

A/R be an abelian variety. Assume that the -th power of the Hasse in-
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original map modulo R/p'~%. Letting C' = ker(A[p™] — G) proves existence
(up to a constant); uniqueness is proved similarly. All expected properties of
the canonical subgroup are easily proved as well. In fact, it is not necessary to
have an abelian variety for this result; a (truncated) p-divisible group would
be as good.

As regards subtleties related to the minimal compactification, let us men-
tion that we also need a version of (a strong form of) Hartog’s extension
principle (cf. Lemma 3.2.10) and a version of Tate’s normalized traces (cf.
Lemma 3.2.21). In general, our approach is to avoid any direct analysis of the
boundary. This is mainly due to laziness on our side, as we did not wish to
speak about the toroidal compactification, which is needed for most explicit
arguments about the boundary.® Instead, for all of our arguments, it is enough
to know that all geometric fibres (over SpecZ,) of the minimal compactifica-
tion are normal, with boundary of codimension g (which is > 2 at least if g > 2;
the case g = 1 is easy to handle directly). However, the price to pay is that
one has to prove a rather involved series of lemmas in commutative algebra.

Finally, in Section 3.3 we construct the Hodge-Tate period map (first
topologically, then as a map of adic spaces) and extend the results to the
whole Siegel moduli space, finishing the proof of Theorem 3.1.2.

3.2. A strict neighborhood of the anticanonical tower.

3.2.1. The canonical subgroup. We need the canonical subgroup. Let us
record the following simple proof of existence, which appears to be new. It
depends on the following deformation-theoretic result, proved in Illusie’s thesis,
[39, Th. VIL.4.2.5].

THEOREM 3.2.1. Let A be a commutative ring, and G, H be flat and
finitely presented commutative group schemes over A, with a group morphism
u:H — G. Let By, By — A be two square-zero thickenings with a morphism
By — By over A. Let J; C B; be the augmentation ideal. Let C~¥1 be a lift of G
to By, and Go the induced lift to By. Let K be a cone of the map {y — U of
Lie complexes.

(i) Fori=1,2, there is an obstruction class

L
0; € Ext'(H, K ® J;)

that vanishes precisely when there exists a lifting (H;, @) of (H,u) to a
flat commutative group scheme H; over B;, with a morphism u; : H; — G;
liftingu: H — G.

8In a recent preprint, Pilloni and Stroh, [50], give such an explicit description of the
boundary.
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L L
(ii) The obstruction og € Ext'(H, K ® J3) is the image of o1 € Ext'(H, K ® J;)
under the map J1 — Js.

Proof. Part (i) is exactly [39, Th. VII.4.2.5(i)] (except for a different con-
vention on the shift in K'), where the A from loc. cit. is taken to be Z and the
base ring 7' = Z. Part (ii) follows from [39, Rem. VII.4.2.6(i)]. O

Recall that Zgyd contains elements of p-adic valuation “)pn for any

p—1

integers a,n > 0. In the following, p* € Zgyd denotes any elemént of valuation
e for any €; we always assume implicitly that ¢ is of the form W
a,n > 0. In all the following results, Zgyd could be replaced by any sufficiently
ramified extension of Z,.

for some

COROLLARY 3.2.2. Let R be a p-adically complete flat Zgyd—algebm. Let
G be a finite locally free commutative group scheme over R, and let C1 C
G®RrR/p be a finite locally free subgroup. Assume that for H = (G&rR/p)/Ch,
multiplication by p° on the Lie complex {y is homotopic to 0, where 0 <
e < % Then there is a finite locally free subgroup C C G over R such that
C®rR/p'—¢ = ®R/p R/p'~¢.

Proof. In Theorem 3.2.1, we take A = R/p, By = R/p>~¢, and
By ={(z,y) € R/p> > x R/p|z =y € R/p" ¢}

One has the map B; — Bs sending x to (x,z). Both augmentation ideals
J; C B; are isomorphic to R/p'~¢
plication by p°. Moreover, one has the group scheme G ®@r R/p over By
and the morphism C7 — G ®g R/p over A, giving all necessary data. From
Theorem 3.2.1 and the assumption that p° is homotopic to 0 on fy = K, it
follows that oo = 0. In other words, one gets a lift from A to By. But lifting
from A to By is equivalent to lifting from R/p'~¢ to R/p?~2¢. Thus, everything
can be lifted to R/p?~2¢, preserving the objects over R/p'=¢. As 2 —2¢ > 1
by assumption, continuing will produce the desired subgroup C C G. O

, and the transition map is given by multi-
2—¢

Remark 3.2.3. The reader happy with larger (but still explicit) constants,
but trying to avoid the subtle deformation theory for group schemes in [39],
may replace the preceding argument by an argument using the more elementary
deformation theory for rings in [38]. In fact, one can first lift the finite locally
free scheme H to R by a similar argument, preserving its reduction to R/p'~¢.
Next, one can deform the multiplication morphism H x H — H, preserving
its reduction to R/p'~2
multiplication will continue to be commutative and associative, and the inverse

, as well as the inverse morphism H — H. The

will continue to be an inverse, if € is small enough. This gives a lift of H to a
finite locally free commutative group scheme over R, agreeing with the original
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one modulo p'~2¢. Next, one can lift the morphism of finite locally free schemes
G ®r R/p — H to a morphism over R, agreeing with the original one modulo
p' =3¢, Again, this will be a group morphism if € is small enough. Finally, one

takes the kernel of the lifted map.

LEMMA 3.2.4. Let R be a p-adically complete flat Zgyd—algebm. Let X/R
be a scheme such that Q}(/R is killed by p* for some e > 0. Let s,t € X(R) be

two sections such that 5 =1 € X(R/p®) for some § > . Then s = t.

Proof. By standard deformation theory, the different lifts of 5 to R/p*
are a principal homogeneous space for

Hom(Q,r ®ox R/P°, R/D’),

where the tensor product is taken along the map Ox — R/p® coming from 3.
Similarly, the different lifts of 5 to R/ p?°—¢ are a principal homogeneous space
for

Hom(QY,/r ®ox R/, R/p°F),

and these identifications are compatible with the evident projection R/ P —
R/p°¢. As M = Q%{/R@)Ox R/p° is killed by p®, any map M — R/p’ has image
in p°°R/p’ and thus has trivial image in Hom(Q}(/R ®oy R/p°, R/p°7°). Tt
follows that any two lifts of 5 to R/p® induce the same lift to R/p?*~¢, so that
s,t € X(R) become equal in X (R/p?~¢). Continuing gives the result. O

Let us recall the Hasse invariant. Let S be a scheme of characteristic p,
and let A — S be an abelian scheme of dimension g. Let A®) be the pullback
of A along the Frobenius of S. The Verschiebung isogeny V : A®) — A induces
amap V* :wass = Wam) /g = W%Js” i.e., a section Ha(A/S) € w%’é—l), called

the Hasse invariant. We recall the following well-known lemma.

LEMMA 3.2.5. The section Ha(A/S) € w?f%_l)
A is ordinary; i.e., for all geometric points T of S, A[p](Z) has p? elements.

is invertible if and only if

Proof. The Hasse invariant is invertible if and only if the Verschiebung
V : AP — A is an isomorphism on tangent spaces. This is equivalent to
Verschiebung being finite étale, which in turn is equivalent to the condition
that the kernel ker V' of V' has p9 distinct geometric points above any geometric
point T of S (as the degree of V is equal to p?). But VF =p: A — A, and F
is purely inseparable, so A[p](z) = (ker V)(z). O

COROLLARY 3.2.6. Let R be a p-adically complete flat Z;yd—algebm, and
let A — Spec R be an abelian scheme, with reduction Ay — Spec R/p. Assume

that Ha(A;/ Spec(R/p))pp:l1 divides p° for some e < 1. Then there is a unique
closed subgroup Cy, C A[p™] (flat over R) such that Cy,, = ker F'™™ C A[p"™]
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modulo p'=¢. For any p-adically complete flat Zgyd—algebm R’ with a map
R — R, one has

Cn(R)={se Ap™|(R) | s=0 mod p(1=/P"},

Proof. Let Hy = ker(V™ : Agpm) — A1), which is a finite locally free group
scheme over R/p. Then one has a short exact sequence

0 — ker F' — Ay1[p™] — H1 — 0.

Moreover, the definition of H; and the fact that the Lie complex transforms
short exact sequences into distinguished triangles compute the Lie complex
of Hl,

ly, = (LieAgpm) — Lie Ay).

Using the definition of the Hasse invariant, the determinant of this map is
easily computed to be

m

pt—1 mo__
Ha(A1/(Spec R/p) 7 € w50l

by writing it as a composite of m Verschiebung maps, contributing
Ha(Al/(SpecR/p))pi, i=0,...,m—1

As multiplication by the determinant is null-homotopic (using the adjugate
matrix), our assumptions imply that multiplication by p is homotopic to zero
on fy,. Thus, existence of C,, follows from Corollary 3.2.2, with G = A[p™].
For uniqueness, it is enough to prove that the final formula holds for any
Cm C A[p™] with C, = ker F™ modulo p'~¢. We may assume R’ = R. Cer-
tainly, if s € Cp,(R), then s1_. € Cy,(R/p'~¢) lies in the kernel of F™, as Cy,, =
ker F™ modulo p'=¢. As the action of F' is given by the action on R/p'~¢, this
translates into the condition s = 0 € Cp,(R/p{1=9)/P™). Conversely, assume
s € A[p™|(R) reduces to 0 modulo pt'=%)/?™ . Following the argument in re-
verse, we see that s;_. € Cp,(R/p'~%) C Ap™|(R/p'~¢). Let H = A[p™]/Chn.
We see that the image t € H(R) of s is 0 modulo p!=¢. Also, H and H; have the
same reduction to R/p'~¢; in particular, Q}J/R is killed by p*. By Lemma 3.2.4,
we find that ¢t = 0 € H(R), showing that s € C,,,(R), as desired. O

Definition 3.2.7. Let R be a p-adically complete flat Zgyd—algebra. We say
that an abelian scheme A — Spec R has a weak canonical subgroup of level

m if Ha(A;/ Spec(R/p))ppfl divides p° for some ¢ < 1. In that case, we call
Cp, C Alp™] the weak canonical subgroup of level m, where C, is the unique
closed subgroup such that C,, = ker F™ mod p' .
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Moreover, if Ha(A;/Spec(R/p))P" divides pf, then we say that C,, is a
canonical subgroup.”

The definition of a (strong) canonical subgroup is made to ensure that the
following basic properties are true.

PROPOSITION 3.2.8. Let R be a p-adically complete flat Zgyd—algebm, and
let A, B — Spec R be abelian schemes.

(i) If A has a canonical subgroup Cp, C Alp™] of level m, then it has a
canonical subgroup Chy C A[pm,] of any level m' < m, and C,; C Cy,.

(ii) Let f : A — B be a morphism of abelian schemes. Assume that both A
and B have canonical subgroups Cy, C A[p™], Dy, C B[p™] of level m.
Then C,, maps into Dy,.

(iii) Assume that A has a canonical subgroup Cy,, C A[p™] of level my. Then
B = A/Cy, has a canonical subgroup D,, C B[p™2] of level my if and
only if A has a canonical subgroup Cp, C A[p™] of level m = mj + mao.
In that case, there is a short exact sequence

0—=Chp, — Cp — Dpyy, =0,

commuting with 0 = Cy,,, - A — B — 0.

(iv) Assume that A has a canonical subgroup Cp, C A[p™] of level m, and let
T be a geometric point of Spec R[p~!]. Then Cp, (%) = (Z/p™Z)9, where
g is the dimension of the abelian variety over Z.

Proof. (i), (ii) These assertions follow directly from the displayed formula
in Corollary 3.2.6.
(iii) Observe that

Ha(Bi—/ Spec(R/p'~%)) = Ha(Ai_-/ Spec(R/p'~%))""".

This implies that B has a canonical subgroup of level ms if and only if A has
a canonical subgroup of level m. In order to verify the short exact sequence,
it suffices to check that C), maps into D,,,. After base change to the global
sections of C),, it suffices to show that C,(R) maps into D,,(R). Take a
section s € Cp(R). Look at the short exact sequence 0 — D,,, — B[p"?] —
H — 0. We need to check that s maps to 0 in H(R). By Lemma 3.2.4, it is
enough to check that s maps to 0 in H(R/p'~¢). But modulo p'~¢, we have
the short exact sequence

0 — ker Fy"" — ker F* — ker Fj? — 0.

(iv) First, we reduce to the case that R = O is the ring of integers in an
algebraically closed complete nonarchimedean field K of mixed characteristic.

9For emphasis, we sometimes call it a strong canonical subgroup.
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The subset of Spec R[p~!] where the statement is true is open and closed.
Assume that there is a point x € Spec R[p~!] with a geometric point Z above x
where the statement is not true, and fix a maximal ideal 2’ € Spec R specializ-
ing z; in particular, 2’ lies in Spec R/p. Take a valuation v on R with support
x and such that the local ring R, is contained in the valuation subring of v.
Applying the specialization mapping from [36, Prop. 2.6], we get a continuous
valuation v’ on R, such that its support y € Spec R is still of characteristic 0,
and is a specialization of z. It follows that the desired statement is also false
at y. This gives a map R — Ok to the ring of integers Ok of a complete
nonarchimedean field K of mixed characteristic. We may assume that K is
algebraically complete and replace R by Ox.

Assume that Cy,(K) % (Z/p™Z)9. As Cp(K) C Ap™(K) = (Z/p™Z)%9
and Cp,(K) has p™ elements, it follows from a consideration of elementary
divisors that (Cp, N A[p])(K) has more than pJ elements; in particular, there
is an element s € (Cp, N Alp])(K) such that s ¢ C1(K). By projection, this
gives a nonzero section t of H = A[p]/Cy. Take € <  as in Definition 3.2.7.
As Cy, is finite, s extends to a section s € C,,(Ok), giving a section s;_. €
Cn(Ok /pt~¢); similarly, we have t € H(Og). But modulo p*~¢, C,,, = ker F'™,
so it follows that

F"™(s1_c) =0 € Cpp(Og /p*79).
The action of F is given by the action on Ok /p'~¢, so we see that

S(-e)/pm =0 € C(Ogc /p! "),

By projection, this gives t(;_cy/m = 0 € H(Og /pt=9)/P™). Now we use
Lemma 3.2.4, with § = (1 —¢)/p™ and ¢ = ¢/p™ (which works for the group
H). Note that

g=¢e/pt<d=(01-¢)/p".
It follows that ¢t = 0 € H(O), which contradicts s ¢ C1(Ok), as 0 — C1 —
Alp] = H — 0 is exact. O

Moreover, one has compatibility with duality and products, but we will
not need this.

3.2.2. Canonical Frobenius lifts. In this section, we will repeatedly apply
Hartog’s extension principle. Let us first recall what we will refer to as ‘classical
algebraic Hartog’ below.

PROPOSITION 3.2.9. Let R be normal and noetherian, and let Z C Spec R
be a subset everywhere of codimension > 2. Then

R = H°(Spec R\ Z, Ospec R)-
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Proof. By Serre’s criterion, the depth of Ospecr is at least 2 for all
x € Z. This implies vanishing of local cohomology groups in degrees < 1 by
SGA2 III, Exemple 3.4. This, in turn, implies the desired extension by SGA2
I, Proposition 2.13. (]

In particular, this applies to an open subset Spec R of the minimal com-
pactification of the Siegel moduli space, and its boundary Z if g > 2. However,
we will need to work with an admissible blowup of the minimal compactifica-
tion, corresponding to a strict neighborhood of the ordinary locus. Thus, we
will also need a slightly nonstandard version of Hartog’s extension principle,
given by the following lemma, where in the application f will be a lift of the
Hasse invariant.

LEMMA 3.2.10. Let R be a topologically finitely generated flat p-adically
complete Zy-algebra such that R = R/p is normal. Let f € R be an element
such that f € R is not a zero divisor. Take some 0 < e < 1, and consider the
algebra

S = (R&z, 25 () [ (fu — p°).
Then S is a flat p-adically complete Zgyd-algebm, and u is not a zero divisor.
Fiz a closed subset Y C Spec R of codimension > 2; let Z C Spf S be the
preimage of Y, and let U C Spf S be the complement of Z. Then

H°(U, Ospe s) = H(Spt S, Ogpr 5) = S.

Remark 3.2.11. It may be helpful to illustrate how this relates to the
classical theorem of Hartog over C. In that case, inside the 2-dimensional
open complex unit disc D = {(z1,22) | |21] < 1,|22| < 1}, consider the open
subset

U= {(Zl,ZQ) eD | l—e< |21| <1or |22| < E}.
Then Hartog’s theorem states that all holomorphic functions on U extend
uniquely to D. This is easily seen to be equivalent to the following statement.
Let D' C D be the locus |z2] > £/2. Then holomorphic functions extend
uniquely from U N D’ to D'.

In the lemma, take R = Z,(T1,T5), f = T>, and € = 1, say. Moreover,
take Y = {11 = T, = 0} C Spec R. Then the generic fibre of SpfS is the
rigid-analytic space of pairs (t1,t2) with |¢1] < 1, and |p| < |to] < 1. The
generic fibre of U is given by

U’] = {(tl,tg) S (SpfS’)n | |t1| =1or ’tz‘ = 1}

The lemma asserts that holomorphic functions extend uniquely from U, to
(Spf S), (and the natural integral subalgebras are preserved). The relation to
Hartog’s principle becomes most clear when one sets z; = t; and 23 = %. The
analogue of D' C D is given by (Spf S),, and the analogue of U N D’ is given
by U,. (In rigid-analytic geometry, one replaces strict inequalities by nonstrict
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inequalities. Moreover, the inequalities 1 — & < |z;| < 1 become contracted to
|z1] = 1; similarly, €/2 < |z2| < € becomes contracted to |z2| = p.)

Proof. The first assertions are standard. First, we check that
H®(Sptf S, Ospts) — H(U, Ospt 5)

is injective. Since HO(Spf S, Ospf 5) is p-adically separated, it suffices to prove
the same for Spec S., where S; = S/p° (and analogous notation is used below).
Let W C Spec S. be the preimage of V = V(f) C Spec R; then W =V X SpecF,

A%Cyd - is affine. There is a section Spec R. — Spec S: given by setting u = 0.
P

Since S. is the scheme-theoretical union of the loci {u = 0} and {f = 0}, one
has

H(U, Ogpecs.) = {(f1, f2) |fr € H*(U N Spec Re, Ospec R, )
f2 € H(UNW,Ow),
fi=fa e H(UNV,0v) ®r, Z3/p°}.
One has a similar description for H°(Spec S, Ospecs. ). As
H°(U N Spec R, Ospecr.) = Re
by the classical algebraic version of Hartog’s extension principle (®r, Z5" °l/p?),
it is enough to prove that
HO(W,Ow) — H'(UNW, Oy)

is injective. As both W and U come from V and U NV via a product with

A%Cyd e it is enough to prove that

H°(V,0v) — H(UNV,Oy)
is injective. For any point z € Y, the depth of Oy at zis > 1. (As R is normal,
by Serre’s criterion, R has depth > 2 at x, and thus R/f has depth > 1.) As
Y contains the complement of U NV in V, this gives the desired statement.
Now take any section f € H(U, Ogpr g). Let S, be the u-adic completion
of S. Clearly, S injects into S,. Moreover, as u divides p®, the (p, w)-adic ring
S, is actually u-adic, and f induces a section f, € H O(UNSpf S, (’)S £S, ). The

special fibre of Spf S, is given by Spec R.. Thus, U N Spf S,=Un Spec R, C
Spec R. is of codimension > 2, and the classical algebraic version of Hartog’s
extension principle ensures that

fu € HO(Spf gu, OSpfgu) — S’U
It remains to see that fu € S. Tt suffices to check modulo p® (by a successive

approximation argument). Thus, f induces a section fo € HO(U N W, Ow),
and we have to check that it extends to H*(W, Oy). But

H(UNW,0w) = PH"UNV,0v) @x, Z¥ /p)u’,

>0
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and we have to check that all coefficients of u’ lie in H(V, Oy) ®F, Zgycl /p°.
This can be checked after u-adic completion, finishing the proof. [l

Now let us go back to Shimura varieties. Recall that X = X, g» over
Zp) 1s the Siegel moduli space. We let X be the formal scheme over Zgyd that
is the p-adic completion of X Rz, Zgyd. Occasionally, we will use that X is
already defined over Z;; we let Xz, denote the p-adic completion of X, so that
X = Xz, Xsptz, Spf Zgyd. The same applies for the minimal compactification.
In general, formal schemes will be denoted by fractal letters.

We let X be the generic fibre of X as an adic space over ngd. Moreover,
for any K, of the form I'g(p™), I'1(p"™), or I'(p™), we let X[ag be the adic space
associated with the scheme Xk, RQ(¢ym) Q;yd, using the tautological element
Cpm € ngd and ¢m € O Xy, glven by the symplectic similitude factor. Let
Xk, CX ?& be the preimage of X C X4, This is the locus of good reduction.
Again, similar notation applies for the minimal compactification. In general,
adic spaces will be denoted by calligraphic letters.

We warn the reader that our notation conflicts slightly with the notation
from the introduction. Indeed, X [*(p now denotes an adic space over ngd. It is
the base change of the space X , K, € {T'o(p™),I'1(p™),'(p™)}, considered
in the introduction along Q,((ym) < Q¥ As in the inverse limit over m, the
difference goes away, we will forget about this difference.!?

Recall that the Hasse invariant defines a section Ha € H°(Xp,, w®P=1)),
The sheaf w extends to the minimal compactification X*. If ¢ > 2, then
classical Hartog implies that Ha extends to Ha € HO(XH:EP,wQ@(p_l)), as the
boundary of the minimal compactification is of codimension g. For g = 1, the
Hasse invariant extends by direct inspection.

Definition 3.2.12. Let 0 < € < 1 such that there exists an element p® €
Zlc)yd of p-adic valuation e. Let X*(¢) — X* over Spf Zl‘;yd be the functor send-
ing any p-adically complete flat Z;yd—algebra S to the set of pairs (f,u), where
f:SpfS — X*is a map, and u € H°(Spf S, f*w®(1_p)) is a section such that

uHa(f) = p° € S/p,
where f = f ®z, Fp, up to the following equivalence. Two pairs (f,u), (f',u)
are equivalent if f = f’ and there exists some h € S with u' = u(1 + p'~¢h).

The following lemma explains the choice of the equivalence relation. After
choosing a lift Ha of Ha locally, one parametrizes @ with iiHa = p® € 5. The
point of our definition is to make clear that X*(¢) is independent of the choice
of the local lift.

19 A better solution would be to associate the spaces over Q¥ with K, NSp,, (Qp) instead.
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LEMMA 3.2.13. The functor X*(g) is representable by a formal scheme
that is flat over ZY.  Locally over an affine Spf(R®z,Z9) C X* (com-
ing via scalar extension from Spf R C %Ep), choose a lift Ha € w®®-1) of
Ha € w®®=Y /p. Then

X" (e) xx+ Spf(R@ZpZ;yd) = Spf((R@ZpZ;yd)(uV(uﬁva —p)).
In particular, X*(¢) — X* is an admissible blowup in the sense of Raynaud.

Proof. By Lemma 3.2.10, the right-hand side is flat, so it suffices to prove
the equality. Clearly, the right-hand side represents the functor of pairs (f, @)
with @ € H°(Spf S, f*w®(1*p)) such that aHa = p¢ € 5. Any such pair gives
a pair (f,u). We need to show that conversely, for any pair (f,u), there is a
unique pair (f, @) equivalent to it, with iiHa = pe.

Note that uHa = p° + ph for some h € HY(S,0g). Thus, uHa =
p°(1 + p'~°h), and setting @ = u(1 + p'~h)~! gives an equivalent (f, ) with
iiHa = p°.

If @ = (1 + p'=¢h') is equivalent to @, and also satisfies @’ Ha = p°, then

p° = @'Ha = aHa + pl_sh'ﬂﬁva =p° +ph.
As we restricted the functor to flat Zgyd—algebras, it follows that h' = 0, as
desired. ([l

By pullback, we get formal schemes X(¢) and 2((¢), where A — X denotes
the universal abelian scheme. Note that on generic fibres, X(¢) C X is the
open subset where |Ha| > |p|¢; similarly for X*(e) C X* and A(e) c A1

For any formal scheme ) over Zgyd and a € Zl‘;yd, let 9)/a denote 2 ®Z;ycl

Z5 /.

LEMMA 3.2.14. Let 0 < e < 1. There is a natural commutative diagram

F cycl
@p=1e)/p)/ (2 /p) ~
Ap~le)/p A(p~Le)/p)® A(e)/p
_J’l Fxem1em @ m _1l ®) =~ l
X(p~e)/p (X(p~7e)/p)'? X(e)/p

R

\L F cycl Jf l
@ (r1e)/p)/ (2 /) L ~ .
X*(p~le)/p (x*(p~te)/p)® x*(e)/p.

Here, F' denotes the relative Frobenius map.

11 Again, it is understood that this condition is independent of the choice of a local lift of
Ha.
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Proof. The diagram lives over a corresponding diagram for 2/p — X/p —
X*/p. Then relative to that base diagram, one adds a section u of w®1-P) guch
that uHa = pflg on the left-hand side and a section «’ of w®(1~P) such that
w'Ha = p° on the right-hand side.!? As Ha gets raised to the p-th power
under division by the kernel of Frobenius, one can map u’ to uP) considered
as a section of (w®(1=P))®) over (X*(p~'e)/p)® (which pulls back to uP on the
left-hand side); this gives the desired canonical maps. O

In this section, we prove the following result.

THEOREM 3.2.15. Let 0 < e < 3.

(i) There is a unique diagram

(2) Ap~'e) ————=Ae)
X(p~le) —> X(

l P

*(p—1lg
X (ple) T (e
that gets identified with (1) modulo p'~.
(ii) For any m > 0, the abelian variety A(p~""e) — X(p~™e) admits a canon-
ical subgroup Cy, C A(p~™e)[p™] of level m. This induces a morphism
on the generic fibre

X(p_m€) — XFo(pm)

giwven by the pair (A(p~™e)/Cpm, Alp~"e)[p™]/Cp). This morphism ex-
tends uniquely to a morphism X*(p~™e) — Xffo(pm)' These morphisms
are open immersions. Moreover, for m > 1, the diagram

X*(p_m_lff) X*

To(pm+1)
l(ﬁx(p_m_ls)):d l
X*(pme) leo(pm)

is commutative and cartesian.

1276 check this, choose a local lift Ha of Ha. Then one parametrizes @ with iiHa = p° on
the right-hand side, over any ring. As we are working modulo p, the choice of Ha does not
matter.
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(iii) There is a weak canonical subgroup C C A(e)[p] of level p. Also write
C C A(e)[p] for its generic fibre, and let Xp () — X(e) be the pullback
of Xro(p) = X. Then the diagram

X(p 15) - Xfo(p

J/ x(zrls))n l
()

X (e) X (e

is commutative and identifies X (p~'e) with the open and closed subset

Ay (p) (€)a C Xro(p) (€) parametrizing those D C A(e)[p] with DNC = {0}.

Remark 3.2.16. The letter ‘a’ stands for anticanonical, indicating that D
is a complement of the (weak) canonical subgroup C.

Proof. First, we handle the assertions in the good reduction case. Thus, we
are considering X(g). By Definition 3.2.7, there is a strong canonical subgroup
C C A(p~Le)[p] of level 1. On X(p~le), the p-th power of the Hasse invariant
divides p°, with € < 3. Note that on X(¢), one still has a weak canonical sub-
group of level 1. In particular, we get a second abelian variety 2A(p~'e)/C over
X(p~'e). By uniqueness of C, C is totally isotropic; in particular, A(p~'e)/C
is naturally principally polarized. Also, it carries a level- KP-structure. Thus,
it comes via pullback X(p~'e¢) — X. This morphism lifts uniquely to

Fyp1e): X(p~le) = X(e)

by a calculation of Hasse invariants. By construction, one has a map Fgl(p—l e)
2A(p~le) — A(e) above this map of formal schemes. Moreover, by definition
of C, these maps reduce to the relative Frobenius maps modulo p'~¢. This
constructs the maps in part (i). Uniqueness is immediate from uniqueness of
the canonical subgroup.

Let us observe that it follows that Fx(p—1€) and Fgl(p—le) are finite and
locally free of degree g(g + 1)/2. For part (ii), the existence of the canonical
subgroup C,, C A(p~"¢)[p™] follows from Definition 3.2.7 and Corollary 3.2.6.
That it induces a morphism

X(p~™e) = Ay pm)

follows from Proposition 3.2.8(iv) (using that C), is totally isotropic, by unique-
ness). Commutativity of the diagram (in parts (ii) and (iii)) follows from
Proposition 3.2.8(iii).

Next, observe that the composite

X(p M) — Xpo(pm) — X,
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where the latter map sends a pair (A, D) to A/D (with its canonical principal
polarization, and level- N-structure), is just the forgetful map X (p~™e) — X.
Indeed, the maps send A(p~™¢) to (A(p~"¢)/Cp, A(p~™¢)[p™]/Cyn) and then
to

(A(p~"e)/Cm)/(Alp™™e)[p™]/Cm) = Alp™™e)/ Alp~"e)[p™] = Alp™™e).
Therefore the composite map
X(p ™Me) — Xpo(pm) — X

is an open embedding; moreover, the second map is étale. It follows that the
first map is an open embedding, as desired. Now it follows that the diagram
in part (ii) is cartesian on the good reduction locus. Both vertical maps are
finite étale of degree p9(9+1)/2 (using that m > 1). The same argument works
in part (iii) as soon as we have checked that X (p~'e) maps into Xp ) (€)a.

Thus, take some Spf R C X(p~'¢) over which one has an abelian scheme
ARr — Spec R. By assumption, the Hasse invariant divides 101’718 . This gives
a (strong) canonical subgroup Cy C Ag[p] of level 1, and A}, = Ar/Cp has a
weak canonical subgroup C' C A’z[p]. We have to see that

C N (Ag[pl/Co) = {0}.

Take a section s € Agr[p|(S) for some p-adically complete p-torsion free R-
algebra S. If s maps into C, then s modulo p'~¢ lies in the kernel of Frobenius
on A%[p], and thus s modulo p*=¥)/? is 0 in A’;[p]. This means that s modulo
pU=9)/P lies in Cy. Let H = Ag[p]/Co. Then s gives a section t € H(S),
with ¢ = 0 modulo p' =)/, Moreover, as the Hasse invariant of Ag kills Q}{/S

and the Hasse invariant of Agr divides pa/ P, one can use Lemma 3.2.4 with
d=(1—¢)/pand & =¢e/p to conclude that t = 0 € H(R). This finally shows
that C' N (Ag[p]/Co) = {0}, as desired.

Now we can extend to the minimal compactification. The case g = 1 is
easy and left to the reader. (It may be reduced to the case g > 1 by embed-
ding the modular curve into the Siegel 3-fold via £ — E x E, but one can also
argue directly.) If g > 2, we use our version of Hartog’s extension principle.
Indeed, Lemma 3.2.10, applied with R the sections of an affine subset of X*
and f = Ha (which is not a zero divisor as the ordinary locus is dense), implies
that the maps Ff(p—ls) extend uniquely to F%*(p_1€). One gets the commuta-
tive diagram in (i), and it reduces to (1) (using that restriction of functions
from Spf S to U in Lemma 3.2.10 is injective even on the special fibre).

Essentially the same argument proves that the maps to Xf‘ko(pm) extend.
For this, use that if in the situation of Lemma 3.2.10, one has a finite normal
Y — (Spf S)gd and a section Ugd — )Y that is an open embedding, then it
extends uniquely to an open embedding (Spf S)%d — Y. Indeed, extension is
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automatic by Lemma 3.2.10 (as ) is affinoid), and it has to be an open embed-
ding as the section (Spf S )%d — ) is finite and generically an open embedding,
and thus an open and closed embedding as ) is normal. The diagram in part
(ii) is commutative and cartesian, by using Hartog’s principle once more. [

For any K, let Xk, (c) C Xk, be the preimage of X'(¢) C X. Similarly,
define X% (e).

For m > 1, we define X (ym)(€)a C X, (pm) as the image of X'(p~™¢), and
similarly for A*. Observe that Xp,my(€)a C Xppm)(€) is open and closed,
and is the locus where the universal totally isotropic subgroup D C A(e)[p™]
satisfies Djp] N C' = {0} for C' C A(e)[p] the weak canonical subgroup; cf.
Theorem 3.2.15(ii), (iii).

In fact, also on the minimal compactification, Xfﬁo (pm)(a)a C leo(pm)(g) .

—
w0

I

open and closed: open by Theorem 3.2.15, and closed because Xli‘o (pm)(e)a
X*(p~™e) — X*(e) is finite.
Thus, we get a tower

e — Xf‘ko(pm+1)(€)a — Xf\ko(pm)(g)a — = Xf\ko(p)(f)a,
which is the pullback of the tower

= Aoy = Al m) 7 A )

olp
along the open embedding Af (€)a C XY, (p)- Moreover, we have integral
models for the first tower, such that the transition maps identify with the
1=¢ " Also, we have the abelian schemes
Arypm)(€)a = Xrypm)(€)a by pullback and the similar situation there.

relative Frobenius maps modulo p

Let us state one last result in this subsection.

LEMMA 3.2.17. Fiz some 0 < ¢ < L. Then for m sufficiently large,

2
P (o) (€)a 1s affinoid.

Proof. There is some integer m such that H*(X* w®"®=1)) = 0 for all
1> 0. In that case, one can find a global lift Ha” of Ha?™. The condition
|Ha| > |p|P” "¢ is equivalent to |I—Tap | > |p|°. As Ha” is a section of an ample

line bundle, this condition defines an affinoid space X*(p™"¢) = A7 (pm)(s)a.
O

3.2.3. Tilting. Fix an element ¢t € (ngyd)b such that |t| = |tf| = |p|; one
can do this in such a way that ¢ admits a p — 1-th root. In that case, one gets
an identification (Zl‘?’d)b = F,[[t"/®P=DP™]]. Let X’ be the formal scheme over
F,[[t"/P=DP™]] given by the t-adic completion of X, v ®z,) I, ([t = DP™]).
We denote by X" over F,,((t'/(P=1P™)) the generic fibre of X’. The same applies
for X" and ', with generic fibres X"* and A’.

In characteristic p, one can pass to perfections.
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Definition 3.2.18.

(i) Let 2 be a flat t-adic formal scheme over F,[[t/P=DP™]]. Let ®:9) — 9
denote the relative Frobenius map. The inverse limit

li — syyperf
v =27

is representable by a perfect flat t-adic formal scheme over F,[[t!/(P=1P™]].
Locally,
(Spf R)Per! = Spf(RP™),
where RP®™ is the t-adic completion of li ® R.
(ii) Let Y be an adic space over F,((¢"/(P=DP™)). There is a unique perfectoid
space VP over T, ((+1/(P~1P™)) such that

perf £— y

where we use ~ in the sense of [55, Def. 2.4.1]. Locally,
Spa(R, R—l—)perf — Spa(Rperf’ Rperf—l—)7
where RP is the t-adic completion of lim R*, and RPf = pperft+i—1].

One checks directly that the two operations are compatible; in other words,
(@perf)ad (@ad)perf We get perfectoid spaces X'Pef y7#perf and APert gyer

((tl/(p DP>Y),

COROLLARY 3.2.19. Let 0 < e < % There are unique perfectoid spaces
Xro(pe)(€)as AT )(a)a and Apyp=(€)a over QP such that

Lo(p
XFO ( ) 1L‘X‘Fo ( )

and similarly for Xli‘o(poo)(e)a and Apgpe)(€)a. Moreover, the tilt Xy (= )(6)Z
identifies naturally with the open subset X"*P () c X"Pet where |Ha| > |t|°.
Similarly, AFO(poo)(g)Z gets identified with the open subset AP (g) c APert
where |[Ha| > |t]°.

Proof. We give only the proof in the case of X'; the other statements are
entirely analogous. Note that Ay m)(€)a = X(p~™e) has the integral model
X(p~™e). On the tower of the X(p~"¢), the transition maps agree with the
relative Frobenius map modulo pI*E . Define

Xry(pe)(€)a = L m X(p
where the inverse limit is taken in the category of formal schemes over Zgyd.
Over an affine subset Spf R,,, C X(p~"™°¢) with preimages Spf R,, C X(p~"¢)
for m > myg, we get a corresponding open affine subset Spf Ry C %po(pm)(e)a,
where R is the p-adic completion of hﬂm R,,. In particular, R, is flat over
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Zgyd. Moreover, using that the transition maps R,,/p'~¢ — Ry,41/p' "¢ agree
with the relative Frobenius map, we find that (absolute) Frobenius induces an
isomorphism

Roo/p1—8)/P = liﬂRmH/p(lfe)/p = liﬂRm/ﬁ?kE =Roo/p"°

Thus, by [52, Def. 5.1(ii)], R% is a perfectoid Zgyd“—algebra; in particular,
Roo[p~!] is a perfectoid ngd—algebra (cf. [52, Lemma 5.6]). Thus, the generic
fibre of Xp () (€)a is a perfectoid space A (y00)(€)a OVer ngd, with

Ay (p) (€)a ~ Jm Xy (pm) () a;

cf. [55, Def. 2.4.1, Prop. 2.4.2] and, for uniqueness, cf. [55, Prop. 2.4.5].

Now we analyze the tilt. We may define a characteristic p-analogue X" (¢)
of X*(¢), which relatively over X* parametrizes sections u € w®1~P) such that
uHa = t°.

Obviously, there are transition maps X*(p~'e) — X'*(¢) given by the
relative Frobenius map. Moreover, the inverse limit mm X™*(p~™e) is repre-
sentable by a perfect flat formal scheme over F,[[t!/(P=UP™]]  which is nat-
urally the same as X"*(e)P®f. Its generic fibre is thus a perfectoid space
over F,((¢t"/(P=1P™)) that is identified with the open subset of X"*P°"f where
[Ha) > |t

On the other hand, by Theorem 3.2.15(i), one has a canonical identifica-
tion

X" (pTme) [t = X (pTe) [p'
compatible with transition maps. Thus, for an open affine Spf R,,,, C X*(p™"¢)
with preimage Spf R,,, one gets an open affine subset SpfS,, C X™*(p~™¢),
with S,,/t'=¢ = R,,/p' . Let Rs be the p-adic completion of hgrl R, as
above and Se the t-adic completion of lim Sp,. Then Spf Ros C Xp(pee)(€)a
and Spf S, C X'*(e )perf give corresponding open subsets, and

/g% =l B [ =l S 117 = St

From [52, Th. 5.2], it follows that R..[p~!] and Sy [t~!] are tilts, as desired. O

COROLLARY 3.2.20. The space T (p )(s)a 18 affinoid perfectoid, and the
boundary
ZFo(poo)(€>“ c leo(ﬁ"o)(g)“
18 strongly Zariski closed.
Proof. It suffices to check the same assertions for the tilts in characteristic
p (cf. Lemma 2.2.7). In characteristic p, the open subset X’*(¢) C X”* given
by |Ha| > |t|¢ is affinoid, and the boundary Z'(¢) C X™*(e) is Zariski closed.
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Passing to the perfection, one gets affinoid perfectoid spaces, and a Zariski
closed embedding, which is strongly Zariski closed by Lemma 2.2.5. ([

3.2.4. Tate’s normalized traces. We need Tate’s normalized traces to re-
late the situation at I'g(p>°)-level to the situation at some finite I'y(p")-level.
More precisely, we will use them to extend Hartog’s extension principle to
I'o(p*)-level and finite covers thereof.

LEMMA 3.2.21. Let R be a p-adically complete flat Zy-algebra. Fix ele-
ments Y1,..., Y, €R, and take Py, ..., P,e R(Xy,...,Xy) such that P, ..., P,
are topologically nilpotent. Let

S=R(X1,....X)/(XP—Yi—Pi,..., X0 —Y, — P,).

(i) The ring S is a finite free R-module, with basis given by Xfl oo Xin where
0< ity in<p—1.

(ii) Let I; C R be the ideal generated by the coefficients of P;, and let I =
(p, I1,...,In) C R. Then trg/r(S) C I™.

Proof. (i) Note that I is finitely generated. By assumption, IV is con-
tained in pR for N large, so R is I-adically complete. Modulo I, the assertion
is clear; moreover, the presentation gives a regular embedding of Spec S/I into
affine n-space over Spec R/I. Thus, the Koszul complex C; for R/I[ X}, ..., X,]
and the functions f; = X? —Y; — P, is acyclic in nonzero degrees, and its co-
homology in degree 0 is S/I, which is finite free over R/I. In particular, C;
is a perfect complex of R/I-modules. Looking at the Koszul complex Cj for
R/I¥[X1,..., X,] and the functions f;, one has

Cr, @ e R/T = C1,

which is a perfect complex of R/I-modules. It follows that Cj is a perfect
complex of R/I*-modules; cf., e.g., [58, Tag 07LU]. Moreover, C} is acyclic in
nonzero degrees, which implies that C} is also acyclic in nonzero degrees, e.g.
by writing it as a successive extension of

C), ®11é/1k Ij/[j—&-l.

Thus, C} is quasi-isomorphic to a finite projective R/I*-module in degree 0,
which is finite free modulo I with the desired basis; thus, C} itself is quasi-
isomorphic to a finite free R/I*-module with the desired basis. As S/I* is the
cohomology of Cj, in degree 0, we get the result modulo I* and then in the
inverse limit over k for S itself.

(ii) We make some preliminary reductions. First, we may assume that
each Y; = W? is a p-th power; this amounts to a faithfully flat base change.

Replacing X; by X; — W, + 1, we may assume in fact that Y; = 1. In that case,
all X; are invertible.
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Next, it is enough to show trS/R(Xl) € I™. Indeed, it is enough to prove
the statement for the basis X' --- Xin. If all ip = 0, the result is clear.
Otherwise, set X] = X' --- Xi» and choose an invertible n x n-matrix over F,,
with first row 41,...,4,. This gives elements XJ,..., X/ such that Xi,..., X,
may be expressed in terms of X7,..., X, and Xlip, ..., XFP. (Here, we use
that all X; are invertible.) This means that X1, ..., X, generate S/I over R/I,
and thus they generate S over R. Moreover, the equations are of the similar
form, as one sees after reduction modulo I.

Replacing all X; by X; — 1, one may then assume that all ¥; = 0 instead.
One sees easily that one still has to prove trg/r(X1) € I". We may also assume
that all P; have only monomials of degree < p — 1 in all X;’s. Finally, we can
reduce to the case

R = Zpllag,,...i,],
where 1 <i<nand 0<41,...,i, <p—1, and

Pi= 3" api. X X
7:17"'7'5'71
(In that case, the P; are not topologically nilpotent for the p-adic topology,
but the conclusion of part (i) is still satisfied, and it is enough to prove the
analogue of (ii) in this case, as all other cases arise via base change.)
Now,

(P L+ Ly + -+ 1) C I
0<k<n—1,{j1,..jk }C{2,....,n}
Assume x € R is in the left-hand side, but not in the right-hand side. Thus,
there exists a monomial

Qi) ;0D Fymy ) m)

whose coefficient in z is not divisible by p”~" in R (m > 0). Enumerate the j’s
between 2 and n that do not occur as an () as J1s---y k- Thusk>n—m—1,
and k > n—m if 1 is among the i()’s. Now, using that z € pFI; +1,+- -+ 1,
we see that 1 has to be among the i()’s and that the desired coefficient is
divisible by p*. As k > n — m, we get the desired contradiction.

We claim that for all & > 0 and {j1,...,jk} C {2,...,n}, trg/r(X1) €
p*I + I;, +--- + Ij,. For this, we may assume that {j1,...,j5x} = {n —k +
1,...,n} (by symmetry) and then divide by the ideal I,_p11 + - - - + Ip,; thus,
we may assume FPp,_p+1 = --- = P, = 0. In that case, all X,,_py1,..., X,
are nilpotent. Let S = S/(Xp_g41,...,X,). One finds that trg/p(X1) =
pktrg/R(Xl), so we may assume that £ = 0. In that case, we have to prove

trg/r(X1) € I1. We can compute the trace by using the basis Xt Xin,
0<i1,...,0p <p—1. If i3 < p—1, then multiplication by X; maps this to a
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different basis element, so that it does not contribute to the trace. If i1 = p—1,
then

X - (X0 szn) - P1X52---X}'L",
which contributes an element of I; to the trace. O

COROLLARY 3.2.22. Let R be a p-adically complete Z,-algebra topologi-
cally of finite type, formally smooth of dimension n, and let f € R such that
f € R=R/pis not a zero divisor. For 0 <e < 1, define

Re = (R&z, Z) (ue) /(fue — p°).
be a map of Zgyd—algebms such that ¢ mod p

1—¢

Let ¢ : R- — R,
by the map

(R @r, Z7 /p" ) ucl /(fue = 1°) = (R @r, Z7 /0" ) uepl [ (Fuesp — p°7P)
that is the Frobenius on R and sends u. to u’a’/p. We assume that ¢ < %

(i) The map go[%] : RE[%] — Re/p[z%] is finite and flat.

(i1) The trace map

e/p s given

0, 1yrd) * Repply] = Belj)
maps R, into p—@ntlep

Proof. All assertions are local on Spf R. Thus, we may assume that there
is an étale map Spf R — SpfZ,(Y1,...,Y,). In particular, regarding R as
an R-module via Frobenius, it is free with basis given by Yfl S Yin 0 <
i1yenin <p—1.

(i) Consider the Zgyd—algebra

Lp = (R&z,Z7) (ve) [ (fPoe — p°).

ls/p — Ra/P
p, T becomes an isomorphism, the inverse being given by mapping u./, to

p~P=De/p =1y - Ag R;/p is p-torsion free by Lemma 3.2.10, it follows that 7

is injective. As p(p_i)e/pui/p = fP~iy, for i =1,...,p — 1, the cokernel of 7 is

There is a map 7 : by mapping v. to ug Ip After inverting

killed by p?~Ve/P: in particular, by p°.
We claim that ¢ : R. — R/, factors over a map ¢ : Re — R;/p. As
€ < 1 — ¢, this can be checked after reduction modulo p'!~¢. By assumption, ¢

mod p'~¢ factors as a composite
(R@r, Z5 /0" ) el /(fue = p°) = (R @r, Z57 /p' ) vel/(fPoe — pF)
= (R, Z9 /0" ) el / (Fuesp — 17/7),

where the first map is the Frobenius on R and sends u. to v., and the second
map is 7 mod p'~¢. This gives the desired factorization.
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Moreover, the kernel of 7 mod p'~¢ is killed by p, as the kernel comes
from a Torj-term with coefficients in the cokernel of 7. It follows that
mod p1—26

(R @5, Z5¥ 0" %) ue] /(fue — p°) = (R ®r, Z7 /p' ™) ve] / (FPve — 1)

that is the Frobenius on R and sends wu. to v.. This is finite free with basis
Yfl Vim0 < i, ...,in < p— 1. Tt follows that the same is true for 1, as
desired.

(ii) It suffices to show that

agrees with the map

. /
trng/p/Rs . R{-;/p — Rg

has image contained in p"~?"*R.. But we can write

;/p:RE(Xl,...,Xn)/(Xf—Yl —P,...,XP-Y, - P,),

where Pi,...,P, € p"2R.(X1,...,X,). Applying Lemma 3.2.21 gives the
result. O

COROLLARY 3.2.23. Fiz 0<e < %, and consider the formal scheme

Xry(pe) (€)a = m X(p~™e)

over Zgyd. Fiz some m > 0. For m' > m, the maps

1/p(m’—m)9(9+1)/2tr o) —1]

x(p*"”/e) [p — O%(p—ms) [p_l]

are compatible for varying m’' and give a map

B 2 1im O, P71 = Oxpmey [P

The image of ligm, (’)x(p,mfs) 1 contaiﬁed in p~Cm Ox(p-me) for some constant
Cin, with Cpy — 0 as m — oo. Thus, try, extends by continuity to a map

Hm : Oxro(pw)(a)a[p_l] - Ox(p_mﬁ) [p_l]’

called Tate’s normalized trace. Moreover, for any x € (’)xro (poo)(g)a[p ],

x = lim try,(z).
m—0oQ

Proof. We only need to prove existence of C,,, with Cp,, — 0 as m — oo.
Observe that by Theorem 3.2.15(i), the transition maps

Fyp-m-1): X(p~""'e) = X(p™"e)

are of the type considered in Corollary 3.2.22 for ¢’ = p~™e, with n = g(g +
1)/2. It follows that

1/p7+ 020 : Oxym10y[pY] = Ox(pmey[p ]
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maps Ox(,-m-1, into p_(92+9+1)5/pm(93€(p—m€). As the sum of (g2 +g—+1)e/p™
over all m’ > m exists, one gets the existence of C,; moreover, C,, — 0 as
m — 00. ([l

3.2.5. Conclusion. Recall that we have proved that a strict neighborhood
of the anticanonical locus becomes perfectoid at I'g(p>)-level. Our goal in this
section is to extend this result to full I'(p®>°)-level. This is done in two steps:
from T'o(p>°)-level to I'1 (p°°)-level, and from I'; (p°°)-level to I'(p>°)-level. The
second part is easy and follows from almost purity, as there is no ramification
at the boundary.

More critical is the transition from I'g(p>°)-level to I'i(p*°)-level. The
issue is that it is very hard to understand what happens at the boundary. Our
strategy is to first guess what the tilt of the space is and then prove that our
guess is correct. Away from the boundary, it is clear which finite étale cover
to take. In characteristic p, one can build a candidate by taking the perfection
of the normalization. One can take the untilt of this space, and we want to
compare this with the spaces in characteristic 0. Away from the boundary,
this can be done. To extend to the whole space, we need two ingredients:
the Hebbarkeitssatz for the candidate space in characteristic p, and Hartog’s
extension principle for the space in characteristic 0.

Assume that g > 2 until further notice. We start by proving the version of
Hartog’s extension principle that we will need. This follows from a combination
of the earlier version of Hartog (which is a statement at finite level) with Tate’s
normalized traces.

LEMMA 3.2.24. Let Yy, — Xli‘o(pm)(s)a be finite, étale away from the
boundary, and assume that Yy, is normal and that no irreducible component of
Yr maps into the boundary. In particular, Ym — XFO(pm)(E)a 18 finite étale,
where Ym C Yy, is the preimage of X ymy(€)a C Xl’fo(pm)(a)a. Form! > m, let
e, — X;O(pm,)(s)a be the normalization of the pullback, with Yy, C YV ,. Let
Voo be the pullback of Yy, to Xpo(poo)(a)a, which exists as YV, — Xpo(pm)(s)a is
finite étale.

Observe that as Xl’fo(pm,)(a)a is affinoid for m' sufficiently large (cf. Lemma

3.2.17), all Y, = Spa(Syy, S;t)) (with S, = S2,) are affinoid for m’ suffi-

m
ciently large.

(i) For all m’ sufficiently large,
Sy = H Vs, 03, ).

(ii) The map
i S5y - H(0. O, )
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1s injective with dense image. Moreover, there are canonical continuous
retractions

Ho(yoo,Oyoo) — S
(iii) Assume that Soo = H*(Vso, Oy..) is a perfectoid ngd—algebm; define

y:o = Spa(SOO7 5;0)7

where ST = S3,. Then Y% is an affinoid perfectoid space over ngd,
Vi~ @m, Y., and ST is the p-adic completion of liﬂm, S;L,.

Proof. (i) We may assume m = m/, so that Lemma 3.2.17 applies. Let
_ _ 0
S = Sm, R=H" (X7 m(€)a Oxgo(pm(s)a)-

Then S is a finite R-module and R and S are normal and noetherian. Let
Z C Spec R denote the boundary, which is of codimension > 2, with preimage
Z' C Spec S, again of codimension > 2 (by the assumption on irreducible
components). Thus, S = H°(SpecS \ Z’, Ospecs) and R = H°(Spec R\ Z,
Ospecr)- Away from Z, the map is finite étale, so that one has a trace map
trg/r : S — R (a priori only on the structure sheaf away from the boundary,
but then by taking global sections on S). Moreover, the trace pairing

SRrS —+ R:51® 89— trS/R($1$2)

induces an isomorphism S — Hompg(S,R): If s; € S is in the kernel, it
still lies in the kernel of the pairing away from the boundary. There, it is
perfect (as the map is finite étale), thus s; vanishes away from the boundary,
thus is 0. Similarly, given an element of Hompg(S, R), it comes from a unique
element of S away from the boundary, thus from an element of S, as § =
HO%(Spec S\ Z', Ogpec s)-

Arguing as in the proof of Lemma 2.3.10(iii) (i.e., repeating the argument
after pullback to affinoid open subsets of X7, (pm)(s)a), we see that for all open
subsets U C Xfio(pm)(e)a with preimage V C Y7, the trace pairing gives an
isomorphism

H(V,Oy;,) = Hompg(S, H'U, Ox:  (),))-
o(P™)
Thus, the desired statement follows from
H(Xpy ) (€)as Oxgo(pm)(e)a) = HO(XFO(pm)(e)a7 OX;O<pm)(s)a),
which is a consequence of Lemma 3.2.10.

(ii) Use Tate’s normalized traces (Corollary 3.2.23) (and part (i)) to pro-
duce the retractions (proving injectivity). Moreover, Tate’s normalized traces
for varying m’ converge to the element one started with, giving the density.

(iii) This is immediate from (ii). O
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First, we deal with the case of adjoining a I'; (p™)-level structure. Assume
first that g > 2; the case g = 1 can be handled directly — cf. below. Note that
on the tower Xp,(,m)(€)a, We have the tautological abelian variety A%O(pm)(e)a
(which are related to each other by pullback) as well as the abelian varieties
Ary ) (€)a = A(p™™e) over Xp,m)(€)a = X (p~¢). They are related by an
isogeny

Arg(pr) (€)a = Aty (m) (€)as

whose kernel is the canonical subgroup Cy, C Apm)(€)a[p™] of level m. One
gets an induced subgroup

Dy = Ary (g (€)alp™]/Con € Afy () (€

Let DmFg(pm/) be the pullback of D,, to Xro(pm’)(‘g)a for m’ > m. One has
D,ro@m'y = D [p™]. Also, the Dp, give the I'g(p™)-level structure.

Let Dy,ry(p) denote the pullback of Dy, to A (pe)(€)a; since the map
Dy — Xpg(pm)(€)q is finite étale, D,,p ey is a perfectoid space.

LEMMA 3.2.25. The map
Aro(poo)(e)a[pm] - Dmf‘o(poo)
18 an isomorphism of perfectoid spaces.

Proof. Let (R, R") be a perfectoid affinoid ngd-algebra. Then
A=) (©)alp™ (R RY) = i Ap e @alp™] (R, BY).

The transition map
Aro(pm/+m) (E)a [pm] — AFQ(pm,) (f‘:)a [pm]
kills the canonical subgroup C,,, so that it factors as
‘AFO (pm/+m) (E)a [pm] — ‘AFQ (pm/+m) (E)a[pm]/Cm
= DmFO(pm/"'m) — ‘AFO(pm’)(e)a[pm]'

This shows that the projective limit is the same as the projective limit

DmFO(Poo) (R7 R+) = @ DmFo(pm/) (R7 R+) O

Let D), — X'(e) C X’ denote the quotient A'(e)[p™]/C!,, where C], de-
notes the canonical subgroup on the ordinary locus in characteristic p. Note
that all abelian varieties over F,((t'/(®=1P>)) parametrized by X”(¢) are ordi-
nary, as the Hasse invariant divides ¢¢, and thus is invertible.!3

130f course, the abelian varieties need not have good ordinary reduction.
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LEMMA 3.2.26. The tilt of Dpp,(pe) identifies canonically with the per-
fection of D},.

Proof. As the kernel of Frobenius (i.e., C},) gets killed under perfection,
we have

(D} P = A (e) e

By Corollary 3.2.19, the right-hand side is the tilt of Ap(,e)()a[p™]; so ap-
plying the previous lemma finishes the proof. O

Let Xord* ¢ X @z, I, be the locus where the Hasse invariant is in-

vertible; thus, X°"9* is affine over F,. Let X°"d ¢ X ®y . F, be the preim-
p (» ~P

age, which is the ordinary locus, and let D4 — X°4 be the quotient of

the p™-torsion of the universal abelian variety by the canonical subgroup.

Now, let X?{G(lpm) — X°rd parametrize isomorphisms D' 2 (Z/p™7Z)9. Then
Xﬁj‘%pm) — Xord ig a finite map of schemes over IF),. Recall that we are assuming
g > 2; thus, we find that setting

dx _ 0 d
Xppm) = Spee HU(Xp m), Oxera ),
d*
(™
Xl‘ij%pm) is the preimage of X°'4. Also, Xﬁic(l;m) is normal.
Let XF; (pm) (€) be the open locus of the adic space associated with Xpi

® F,((¢Y/P=DP)) where [Ha| > |t. Then

the map Xy’ )~ Xord* ig g finite map of affine schemes over [Fp, such that

d*
(™)
Xfl‘i (p™) (5) — X/* (5)

is finite and étale away from the boundary. In particular, the base change
Xfl(pm)(s) — X'() C X™*(e) is finite étale, parametrizing isomorphisms D], =
(Z/p™Z)?.

Let Z™(e) € X’*(e) denote the boundary, with pullback Zlﬁ*l(pm)(s) C
R () (€)-

LEMMA 3.2.27. The triple (X" (e)Pet, 2/ (e)Pert X' (e)Pert) is good (cf.
Definition 2.3.8), i.e.,

HO(X™ ()P, 0° /) o HO(X™* ()P \ 2% (2)PH | 0° J1)°
— HO(X'(e)Pet, ©0° /1)
Proof. Recall that X™*(e) is the generic fibre of the formal scheme
XM (e) — X

parametrizing u with uHa = ¢°. It is enough to prove that for any open affine
formal subscheme {4 C X'*, the corresponding triple one gets by pullback is
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good. This follows from Lemma 2.3.9 (with ¢ replaced by t°); cf. also Corol-
lary 2.3.12. Observe that X* Rz, [F, admits a resolution of singularities, given
by the toroidal compactification; cf. [28]. O

COROLLARY 3.2.28. The triple
(lel;(pm)(g)perf7 f‘*l(pm)(g)perf7Xf‘l(pm)(g)perf>
18 good.
Proof. This follows from the previous lemma and Lemma 2.3.10. O

Now fix m > 1, and consider Y, = Xli‘l(pm)(e)a — Xli‘o(pm)(a)a. We use
notation as in Lemma 3.2.24.

LEMMA 3.2.29. The tilt of Voo identifies with Xfl(pm)(g)perf.

Proof. As Vi — Xp,(pm)(€)a s finite étale, Voo — Ap,(poe)(€)a is finite étale
and parametrizes isomorphisms D, p) = (Z/p™Z)?. Using Lemma 3.2.26,
one sees that the tilt will parametrize isomorphisms (D/,)Pet = (Z/p™Z)9.
This moduli problem is given by Xfl(pm)(s)perf — X'(g)Pert a

Note that Y \ 0 — Xl’fo(pm)(e)a \ 0 is finite étale, where 0 denotes the
boundary of any of the spaces involved. By pullback (and abuse of notation
— Y% is not defined yet), we get a perfectoid space Vi \ 9 — Xli‘o(poo)(e)a \ 0.

LEMMA 3.2.30. The tilt of Y% \ O identifies with Xlij(pm)(s)perf \ 0.

Proof. Let Xlij(pm)(s)perf = Spa(T,T"), and let (U,U") be the untilt of

(T, TT). By the previous lemma, we get a map
Ut = H(Vs, 03, ) = 5%,

and by Lemma 3.2.24, the right-hand side is the p-adic completion of hﬂm St.
From the latter statement, it follows that there is a map of adic spaces in the
sense of [55, Def. 2.1.5] V¥ \ 0 — Spa(Sx, S%). Combining, we get a map
Vi \ 0 — Spa(U,U"). After restricting to the complement of the boundary,
both spaces are perfectoid and finite étale over Xy o) (€)a\ 0. Thus, using the
previous lemma and Lemma 3.2.27, the result follows from the next lemma. [

LEMMA 3.2.31. Let K be a perfectoid field, X, Y1, Vo be perfectoid spaces
over K, Y1,Yo — X two finite étale maps, and f : Y1 — Vo a map over X.
Let U C X be an open subset such that HO(X,Ox) — H(U,Oy). Assume
that fly is an isomorphism. Then f is an isomorphism.

Proof. The locus of X above which f is an isomorphism is open and closed:
As the maps are finite étale, this reduces to the classical algebraic case. Thus, if
f is not an isomorphism, there is a nontrivial idempotent e € H°(X, Oy) that



1000 PETER SCHOLZE

is equal to 1 on the locus where f is an isomorphism. In particular, ey, = 1.
But as HO(X,0x) — H°(U,Oy), e = 1, as desired. O

LEMMA 3.2.32. The ring Sec = H*(Voo, Oy_.) is perfectoid, and the tilt
of V% = Spa(Sx, S%) identifies with Xf*l(pm)(e)perf.

Proof. Recall that in the proof of Lemma 3.2.30, we constructed a map

Ut — SL; we need to show that it is an isomorphism. From the equation

S = H(Voo, 0F,_), we know that
S/p = H* (Yoo, O3, /D).

Using Corollary 3.2.28,

(U+/p)a _ HO(Xft(pm)@)perf, (’)+/t)a N HO(Xfl(pm)(@perf, O-‘r/t)a

= Ho(yooy O+/p)a>
so Ut /p — ST /p is almost injective, and the map Ut — S1 is injective. To
prove surjectivity, observe that there is a map
(SL/p)" = HO(V3,\ 0, 0% /p)* = HO (ALY, (ny ()P \ 0,07 /1)°
= HO (XL () (£)PT, OF /1) = (UT /)

by Lemma 3.2.30 and Corollary 3.2.28. This gives almost surjectivity, thus
Se = U, and then also S{ =S5, =U°=U". O

Summarizing the discussion, we have proved the following.

PRroPOSITION 3.2.33. For any m > 1, there exists a unique perfectoid

space Xli‘l(pm) (€)q over ngcl such that

NLo(p>)

A rmyoroe) (Ea ~ BT, o ne) (E)a:

Moreover, lel(pm)mro(pOO)(g)a and all X7 o for m' sufficiently

1(p™)NCo(p™) (e)
large are affinoid, and

liﬂ HO(Xl:kl (pm)mpo(pm’) (8)617 O) - HO(Xf':l (pm)ﬂro(poo) (€)a7 O)

has dense image.
Let Zr, (ymynrgp=)(€)a C & (m)ar,(pe)(E)a denote the boundary and
Ar, (prynro (=) (€)a the preimage of X (p)(€)a C X (€)a. Then the triple

(T, (rmyro (poe) (E)as 21y (pm)nTo (poe) (€)as Xy () g (p) (€)a)
18 good. O

In fact, the proposition is also true for g = 1. In that case, Xl’fl (pm)(s)a —
XLy (pm) (€)q is finite étale, and the boundary is contained in the ordinary locus.
Note that Lemma 2.3.9 holds true if the codimension of the boundary is 1
when the boundary V(J) does not meet V(f). Also, Lemma 2.3.10 holds
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true if the codimension of the boundary is 1 when the map is finite étale.

Certainly, one can pull back the finite étale map Ap (pm)(e)a — A7, (pm)(a)a to

get lel(pmmro(poo)(g)a — Xli‘o(poo)(e)a and arrive at all desired properties.
Passing to the inverse limit over m and using Lemma 2.3.11, we get the

following proposition.

PROPOSITION 3.2.34. There is a unique perfectoid space Xli‘l(poo)(a)a over
@gyd such that

X;l(poo)(g)a ~ @Xf‘kl(pm)(g)a.

Moreover, lel(poo)(s)a and all Xli‘l(pm)(a)a for m sufficiently large are affinoid,
and

lim HO (X, () (€)ar O) = HO(AE, (o) (€)a, O)

has dense image.
Let Zp, (pey(€)a C Xli‘l(poo)(e)a denote the boundary, and X, (yeo)(€)a the
preimage of Xrp)(€)a C X' ) (€)a. Then the triple

(lel (p=>) (€)a; 21, (p) (€)as AT, (p) (€)a)
18 good.

The case of I'(p™)-level structures is now easy, using [52, Th. 7.9(iii)], and
the following lemma.

LEMMA 3.2.35. For any m > 1, the map
Xff(pm)(g)a — Xffl(pm) (6)a
is finite étale.
Proof. We leave the case g = 1 to the reader. Thus, assume g > 2. First,

we check the assertion in the case € = 0, i.e., on the ordinary locus. In that
case, we claim that it decomposes as

A (pm) (0)a L & em) (00 = & ) (0)a-
Li(pm)/T(p™)

By Hartog’s principle (cf. Lemma 3.2.24), it suffices to check that

XF(pm) (0)a |_| XI‘l(pm)(O)a — XFl(pm)(O)a-
Ly (p™)/T(p™)
The left-hand side parametrizes abelian varieties A with good ordinary re-
duction, with a symplectic isomorphism a : A[p™] = (Z/p™Z)?9 such that
Di = (a mod p) ' (F§ & 09) C Alp] satisfies Dy N C1 = {0}, where C C A[p]
is the canonical subgroup of level 1. Similarly, A, (,m)(0) parametrizes abelian
varieties A with good ordinary reduction, together with a totally isotropic

I

1
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subgroup D,,, C A[p™] and an isomorphism «g : D, = (Z/p™Z)9, such that
Dy = D,,[p] satisfies D; N Cy = {0}.

Note that A has good ordinary reduction and thus a canonical subgroup
Cm C Alp™]. Moreover, Cy, & D,, = A[p™|, as follows from C; & D; = Alp|.
The map of functors is given by a + (D, ), where D,,, = o~ ((Z/p™7)9
@ 09) and ap = «|p,,. But «a also gives rise to a totally isotropic subspace
Y = a(Cp) C (Z/p™Z)%, with

S®((2/p"2) @ 0°) = (Z/p"L)™.

One checks that I'1(p™)/I'(p™) acts simply transitively on the set of such X
and that the datum of (D,,, ap,X) is equivalent to «. This finishes the proof
in case € = 0.

In general, there is a description of the boundary strata, and the induced
(pm) kal(pm) in terms of lower-dimensional Siegel moduli spaces.
In particular, above any locally closed stratum meeting Xli‘l(pm)(O)a, the map

map, of Af

is finite étale, as it is so generically. As any locally closed stratum that meets
Xf*l(pm)(e)a will also meet Xffl(pm)(O)a, we get the conclusion. O

Using Lemmas 2.3.10 and 2.3.11 once more, we get the following theorem.

THEOREM 3.2.36. There is a unique perfectoid space Xl’f(poo)(s)a over
Qf,yd such that
Xf‘k(poo)(g)a ~ @Xf‘k(pm)(&‘)a.
m

Moreover, Xli‘(poo)(s)a and all le(pm)(s)a for m sufficiently large are affinoid,
and
ling HO (X () (8)a, O) = HO (X oo (€)as O)

has dense image.
Let Zrpey(e)a C le(poo)(e)a denote the boundary and Xppe)(€)a the
preimage of Xrp)(€)a C X ) (€)a. Then the triple

(X ey (E)as Zr(pe) (€)as Ap(pee) (€)a)

18 good.

Summarizing our efforts so far, we have proved that a strict (and explicit)
neighborhood of the ordinary locus in the minimal compactification becomes
affinoid perfectoid in the inverse limit and that Riemann’s Hebbarkeitssatz
holds true with respect to the boundary. We will now extend these results to
the whole Shimura variety by using the GSpy,(Qy)-action.

3.3. The Hodge-Tate period map. The next task is to extend the result of
the previous section to all of Xfi(poo) and to construct the Hodge-Tate period
map

THT Xf\k(poo) — Z.
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In fact, the two tasks will go hand in hand. As we are always working over
@gyd, we can ignore all Tate twists in the following.

3.3.1. On topological spaces. We need a version of [54, Prop. 4.15] for the
case of bad reduction.

ProrosITION 3.3.1. Let C be an algebraically closed and complete ez-
tension of Q, with ring of integers Oc. Let A/C be an abelian variety with
connected Néron model G/O¢. Let G be the p-adic completion of G (as a
formal scheme over Spf O¢); then there is an extension

05717 —-G— B—0,

where T is a split torus over O¢ and B is an abelian variety over Oc. Thus,

~

G[p™>] defines a p-divisible group over Oc¢, which has a Hodge-Tate filtration
0 — LieG ®o, C(1) = T,G @z, C — (Lie G[p™]*)* @0, C — 0.
Also, A has its Hodge-Tate filtration
0 — Lie A(1) = T)A ®z, C — (Lie A")* — 0.
The diagram
Lie G ®0, C(1) — T,G ®7, C

|- |

Lie A(1) T,A ®y, C

commautes.

Proof. The proof is identical to the proof of [54, Prop. 4.15]. O

In the situation of the proposition, we need a comparison of Hasse invari-
ants.

LEMMA 3.3.2. In the situation of Proposition 3.3.1, assume that A comes
from a point x € X(C) = X4 gr(C). By properness of X ko, it extends to a
point x € X 1p(Oc).

(i) The pullback x*wX; p 18 canonically isomorphic to wg.
(i) Let 2 € X} ;n(Oc/p) be the reduction modulo p of x. Then there is an
equality

_ _ -1, A~ -1 -1
Ha(z) = Ha(B @0, Oc/p) @ (") € wq" " fp=wp Vp@wr® " /p.

Here, £w$" € wr denotes the canonical differential, given by dlog(Z1) A
-~ Adlog(Zm) on the split torus T = Spec O¢|ZTY, ..., ZEF].M

4 The sign ambiguity goes away when taking the p — 1-th power if p # 2; if p = 2, then it
goes away modulo p.
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Proof. Let f: X g xr — X kv bea (smooth projective) toroidal compact-
ification, as constructed in [28]. Over X, kr, one has a family of semiabelian
varieties G™V — 797 kv. In particular, one has the invertible sheaf wquniv over

Xg,kv, and by construction of X7 xp, Wguniv = f*wX;’Kp. Pulling back to x
gives part (i).
For part (ii), observe that one can define an element Ha' € H?(X ; o ®z,)

Fp,wggﬁi:l)) as follows. The Verschiebung map V : (G™V)®P) — GuWiv ip

characteristic p induces a map wguniv — W(Guniv)(p) = wgffniv, i.e., a section

Ha' ¢ H° (X g7 ®z,, Fp, wgl(f;;l)), as desired. Clﬁarly, Ha = Ha' on X g» Rz
Fp; it follows that Ha' is the pullback of Ha to Xy k» @z, Fp.
Pulling back to x reduces part (ii) to a direct verification. O

Look at the spectral topological spaces
| XD (poey | = B [Xpmy |5 [Zr(pee)| = I [Zpgm)[, [ Xpgpee) | = Hm | Xpm) |-
m m m

There is a continuous action of GSpy,(Q,) on these spaces.

Remark 3.3.3. For any complete nonarchimedean field extension K of
ngd with an open and bounded valuation subring K™ C K, we define

A ooy (B KT) = lm A7) (K KT,

and similarly for the other spaces. For any (K, KT), one gets a map
One checks easily that one has a bijection

A poe| = T ) (K K.
(KK

Note that the direct limit on the right-hand side is not filtered; however, any
point comes from a unique minimal (K, K).

LEMMA 3.3.4. There is a Gszg(Qp)—equivariant continuous map
[maT] ¢ A (pee) | \ [Zr(pee)| = [F],

sending a point x € ()(ff(poo) \ Zrpe)) (K, K™), corresponding to a principally
polarized abelian variety A/K and a symplectic isomorphism o : TyA = Zgg,
to the Hodge-Tate filtration Lie A C K?9.

Proof. One can check from Proposition 3.3.1 that the Hodge-Tate filtra-
tion, a priori defined over C = K, is already K-rational, as this is true by



ON TORSION IN THE COHOMOLOGY OF LOCALLY SYMMETRIC VARIETIES 1005

definition for the Hodge-Tate filtration of p-divisible groups; cf. [30, Ch. 2,
App. C]. Thus, one gets a map
Aoy | \ [ 2oyl = Hm (A o) \ Zrgpee)) (K, K )
(K,K)
— lim FUK, KT) = |21
(K,K)
The GSpy,(Qp)-equivariance is clear.

For continuity, we argue as follows. Consider the smooth adic space S =
X*\ Z, with the universal abelian variety g : Ag — S. Then g is a proper
smooth morphism of smooth adic spaces. Applying [53, Th. 1.3], we see that
the map

(R'9.Z/p" L) @z )z OF [p" — R'g.O} /D"
is an almost isomorphism for all n > 1; by the 5-lemma, this reduces to the
case n = 1. Going to the pro-étale site, passing to the inverse limit over n and
inverting p, we find an isomorphism of sheaves on Spro¢t,

ng*@p ®@p @S = ng*@AS-
In particular, we get a map

(R'9.04,) @04 Os — R'g.0ay = R'g.Q, ®3, Os.
Note that R'¢,O Ag 1s a finite locally free Og-module given by Lie Ag (using
the principal polarization on Ag to identify Ag with its dual). Locally, there
is a pro-finite étale cover U — U C S such that U is affinoid perfectoid. Let

[7 —UXS( oo)\Z]_“(p

as X, \Zp(p — S is pro-finite étale, Uy exists and is affinoid perfectoid

over ngd. Evaluating the map
(R'9.0.44) ®05 O — R'g.04, = R'9.Q, 93, Os
on [700 € Sprost; we get a map
(Lie As) ®og Op_ — OF
usir~1g the tautological trivialization of R' g*Z,, over Us. At all geometric points
of Uy, this identifies with the Hodge-Tate filtration as defined in the statement

of the lemma, using [54, Prop. 4.10]. In particular, (Lie Ag) ®04 Op_ C (9[279
is totally isotropic and defines a map of adic spaces

U — FH.

By checking on points, we see that the continuous map |UOO| — |.Z¥| factors
over

U1 X151 ([Xpee) | \ 120 )



1006 PETER SCHOLZE

and agrees with the map of sets defined previously. As the map
|Usol = U] %51 (| Aoy \ [ Zr(pee)])

is the realization on topological spaces of a pro-étale and surjective map in
Spro¢t, and pro-étale maps in Spro¢ are open, a subset V' C |U| x|g| (|Xli‘(poo)| \
| Zr(pe=)|) is open if and only if its preimage in |Uso| is open. The result follows.

[l

Definition 3.3.5.

(i) A subset U C |&f )| is affinoid perfectoid if it is the preimage of some
affinoid U = Spa(Rm, Rj,) C |Af,m| for all sufficiently large m, and
(Roo, RL) is an affinoid perfectoid szd—algebra, where RT is the p-adic
completion of lim R, and Ros = R, [p~14.

(ii) A subset U C \Xli‘(poo)\ is perfectoid if it can be covered by affinoid perfec-
toid subsets.

By Theorem 3.2.36, le(poo)(s)a is affinoid perfectoid. Also, the condition
of being affinoid perfectoid is stable under the action of GSpQQ(@p). Moreover,
any perfectoid subset of |X1f(poo)| has a natural structure as a perfectoid space
over Q,gyd, by gluing the spaces Spa(Rn, RL) on affinoid perfectoid subsets.
Our goal is to show that \Xli‘(poo)| is perfectoid.

For ¢ < 1, recall that X*(¢) C X* denotes the locus where |Ha| > |p|°
(observing that this is independent of the lift of Ha). Let [X7 o) (€)] C A} )]
denote the preimage. Similar notation applies for Z and X C X'*.

Note that for € = 0, one gets the tubular neighborhood of the ordinary
locus in the special fibre.

LEMMA 3.3.6. The preimage of FL(Qp) C |Z¥| under |mur| is given by
the closure of |Xli‘(poo)(0)| \ [Zr(pee) (0)].

Note that |Xl’f(poo)(0)| \ |Zr(p=)(0)] is a retro-compact open subset of the
locally spectral space |Xr*(p<>o)| \ |Zr(pe=)| (i-e., the intersection with any quasi-
compact open is quasi-compact). In this case, the closure is exactly the set of
specializations.

Proof. Let C' be an algebraically closed complete extension of Q,,, with an
open and bounded valuation subring C* C C, and take a (C, C")-valued point
x of Xff(poo) \ Zr(pe=). It admits the unique rank-1-generalization & given as the
corresponding (C, O¢)-valued point, and z lies in the closure of Xli‘(poo)(O) \
Zr(p)(0) if and only if 7 lies in XY (o) (0)\ Zp(p=)(0) itself. Also, by continuity,
x maps into F#¢(Q)) if and only if Z maps into .7¢(Q,). Thus, we may assume
that © = ¥ is a rank-1-point, with values in (C, O¢).



ON TORSION IN THE COHOMOLOGY OF LOCALLY SYMMETRIC VARIETIES 1007

The point = corresponds to a principally polarized abelian variety A/C
with trivialization of its Tate module. Let G/O¢ be the Néron model, and
use notation as in Proposition 3.3.1. By Lemma 3.3.2, the point x lies in
le(poo)(O) \ Zp(p=)(0), i.e., the Hasse invariant is invertible, if and only if B is
ordinary. By Proposition 3.3.1,  maps into .7¢(Q),) if and only if

Lie G ®o, C C T,G @z, C
is a Qp-rational subspace. This, in turn, is equivalent to
Lie B®p. C CT,B Rz, C

being a Qp-rational subspace. Also, B is ordinary if and only if B[p>] =
(Qp/Zy)9 x ugm. One checks directly that in this case, the Hodge-Tate fil-
tration is Qp-rational (and measures the position of the canonical subgroup).
Conversely, all Q,-rational totally isotropic subspaces W C C?9 are in one
GSpy,(Zp)-orbit. By the classification result for p-divisible groups over Oc,
[55, Th. BJ, it follows that if the Hodge-Tate filtration is QQ,-rational, then
B[p™] 2 (Qp/Zp)? X pee. This finishes the proof. O

Remark 3.3.7. Here is a more direct argument for the final step, not re-
ferring to [55], which was suggested by the referee. It is enough to prove the
following assertion. Let C' be a complete algebraically closed extension of Q,,
and let G over O¢ be a p-divisible group. Then the kernel of

ag : T,G — Lie G*

is given by T,(G™), where G™* C G denotes the maximal multiplicative
subgroup. Indeed, if the Hodge-Tate filtration is Q,-rational, this kernel is
g-dimensional, so the multiplicative part is of dimension g, which is equivalent
to the abelian variety B being ordinary.

To prove this, one may split off the multiplicative part, so as to assume
that G™* = (. In this case, G* is a formal group. Then, for an element
x € T,G corresponding to a morphism of p-divisible group Q,/Z, — G, one
takes the dual map * : G* — ppeo. Then ag(z) is defined as the induced map
on Lie algebras. As G* is formal, it follows that if the induced map on Lie
algebras is 0, then z* = 0, so that x = 0, proving the desired injectivity.

The following lemma compares the condition that an abelian variety is
close to being ordinary, with the condition that the associated Hodge-Tate
periods are close to Qp-rational (cf. also Lemma 3.3.15). This is one of the
technical key results of this paper and is ultimately the reason that it was
enough to understand some strict neighborhood of the anticanonical tower.
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LEMMA 3.3.8. Fixz some 0 < ¢ < 1. There is an open subset U C F¥
containing FU(Qy) such that

e[ THU) C | ey ()] \ [ Zrpoe) (€.

Proof. We argue by induction on g. For g = 0, there is nothing to show.
We have to show that we can find some U such that for any algebraically closed
and complete extension C of QQ, with a principally polarized g-dimensional
abelian variety A/C and a symplectic isomorphism « : T,A = Zgg for which
|maT|(A) € U, one has [Ha| > |pl|°.

If A has bad reduction, then using Proposition 3.3.1 and Lemma 3.3.2, the
result reduces by induction to the case already handled. Thus, assume that
one has an abelian variety A/O¢. In particular, we have a point x € |Ap(pe0)|.
The map

|'/THT’ : |Xp(poo)| — ‘9&

is continuous. One has

e N U) = [ (FUQp)) = [Xp ey (0)] C [ Xy (€)].
UDFUQp)
The complement |Xp(yee)| \ [Xp(pee)(€)] is quasi-compact for the constructible
topology. Thus, there is some U D Z#¢(Q,) with

mar| T (U) C | Xpgeey (2)],
as desired. O

Before we continue, let us recall some facts about the geometry of Z¢.

There is the Pliicker embedding % < P71 For any subset J C {1,...,2¢g}
of cardinality g, let s; denote the corresponding homogeneous coordinate on
projective space, and let %#¢; C ¢ denote the open affinoid subset where
|syr| < |ss| for all J'. The action of GSpy,(Z;) permutes the F; transitively.
As an example that will be important later, F;y.1 251 (Qp) C FU(Qp) =
F1(Z,) parametrizes those totally isotropic direct summands M C Zgg with

(M/p) N (FY @ 09) = {0}; equivalently, M & (Z & 09) = Z29.

LEMMA 3.3.9. For any open subset U C Fl containing a Qp-rational
point, GSpey(Qy) - U = FL.

Proof. We may assume that U = GSpy,(Q,) - U. By assumption, F(Qp)
C U. It suffices to see that Fy . C U. The point z € FU(Q,) de-
fined by QF & 09 C (@12,9 lies in U. The action of the diagonal element v =
(1,...,1,p,...,p) € GSpy,(Qp) has the property that 4" (y) — x for n — oo for
ally € ZLy gy By quasicompacity, there is some n such that 4" (ﬁé{l ..... g}) C
U,ie., Fly, g CY "(U)=U, as desired. O
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LEMMA 3.3.10. Take any 0 < & < 1. There are finitely many vy1,...,7x €
GSpa,(Qp) such that

k
[ o | \ | Zrpoe)| = (U 7+ (18 ey ()] \ 120y (6)]) -
i=1

Proof. Take U as in Lemma 3.3.8. By Lemma 3.3.9 and quasicompacity of
FU, there are finitely many 71, ..., vk € GSpg,(Qy) such that F¢ = Uk v U.
Taking the preimage of this equality under |ryr| gives the lemma. ([

LeEMMA 3.3.11. With 0 < ¢ < 1 and elements 71,. .., € GSpay(Qy) as
in Lemma 3.3.10, one has

k
X ey | = U i - [ ooy ()]
=1

Proof. Let V C ]le(poo)\ denote the right-hand side. Thus, V is a quasi-
compact open subset containing |X12“(poo)| \ [Zr@pey|- By quasicompacity, V' is
the preimage of some V,,, C X, *(pm) containing le(pm) \ Zp(pmy- To prove Vp, =
le(pm), it suffices to see that they have the same classical points. Thus, assume
x & Vi, is a classical point of &; rpmy- Then = Nyep U is the intersection of all
open neighborhoods U C Xli‘(pm). As V,, is quasi-compact for the constructible
topology, it follows that U C Xli‘(pm) \ Vi, for some open neighborhood U of
z. In particular, U C Zp(m). This is impossible, as U is open (so that, e.g.,
dimU > dim Zl"(pm)). O

3.3.2. On adic spaces.

COROLLARY 3.3.12. There exists a perfectoid space Xli“(poo) over ngd
such that

Ay ~ Hm Ap ).
It is covered by finitely many GSpy,(Qp)-translates of le(poo)(s)a for any 0 <
1
e < 5

Proof. Choose any 0 < & < %, and use Lemma 3.3.11 and Theorem 3.2.36.
Note that

le(poo)(g) = GSpQg(ZP) ’ Xli((p‘x’)(g)a‘ g

Let Zppey C le(poo) denote the boundary that has an induced structure
as a perfectoid space.

COROLLARY 3.3.13. There is a unique map of adic spaces over Q,
THT Xka(poo) \ Zl“(poo) — F

that realizes || on topological spaces.
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Proof. Uniqueness is clear. For existence, we argue as in the proof of
F(p \ Zr(p~) in place
of Uoo. O

Lemma 3.3.4, using affinoid perfectoid subsets of X’

LEMMA 3.3.14. The preimage of Flig. 1 . 243(Qp) is given by the closure

Proof. By Lemma 3.3.6, the preimage is contained in the closure of the
set A 5 (0) \ Zp(p==)(0). Also, it is enough to argue with rank-1-points, and
we have to see that a rank-1-point z of Xff(poo)(()) \ Zr(p>=)(0) is mapped into
Fligi,.. 291 (Qp) if and only if x € Xf“(pm)(O)a. On Ap(p)(0), we can argue as
follows. The point x corresponds to an abelian variety A/Og with ordinary
reduction, with a symplectic isomorphism o : T),A = Zgg . The abelian variety
A thus has its canonical subgroup C' C T,,A as well as D = a—l(zg@og) C T,A.
We have z € Ap(ye)(0), if and only if C/p ® D/p = Alpl, or equivalently
C@® D =TyA, or also a(C) & (2 @ 09) = Z29. Also, the Hodge-Tate filtration
is given by a(C) ®z, K C K*9. Thus, the result follows from the observation
that P11 241(Qp) is the set of those totally isotropic direct summands
M C Z29 that satisfy M @ (23 ® 09) = 7229,

To extend t0 AP (o) (0)\ 2 »>=)(0), use that by Theorem 3.2.36, the triple

(Xf’k(poo) (O)av ZF(pOO) (O)aa Xr(poo) (0)(1)

is good. Take any point x € F(Qp) \ Flgy1,.. 243(Qp), and fix an open affi-
noid neighborhood U C F of & with U N F g1, 291 = 0. Then FU(Q,) =
U(Qp) LU(F(Qp) \ U(Qyp)) is a decomposition into open and closed subsets.
Taking the preimage under 7t of U gives an open and closed subset of
le(poo)(O)a \ Zr(p=)(0)a. Because the displayed triple is good, any open and
closed subset of A7 )(0)a \ Zr(p=)(0)q extends to an open and closed sub-
set of le(poo)(())a. Let V be the open and closed subset corresponding to U.
Then intersecting V' with the displayed triple gives another good triple. As-
sume that V is nonempty. As V gives rise to a good triple, it follows that
V' N Xp(p=)(0), is nonempty. But elements of this intersection map under ryr
into U(Qp) N Flygia,.. 291 (Qp) = 0, a contradiction.

Thus, &7, (0)a \ Zr(p=)(0)q maps into Flygq  241(Qp). Assume that
some point

€ (A (o) (0) \ Aoy (0)a) \ Zrpee)(0)

maps into Flyy11,. 241(Qp). Applying an element v € GSpy,(Zy), one can
arrange that vz € le(poo)(O)a. The subset

A ey (0)a \ YT (o) (0)a C Aoy (0)a
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is open and closed, and thus it gives rise to a good triple. By the argument
above, if the element v of this set maps to some element y € vy 11, 201 (Qp),
then there is some element 2’ € Xp(pe)(0)a \ YA (pe)(0)q with mar(2’) €
VP gin,...2g3(Qp). Thus, 712" € Xp(peey(0) \ Xppee)(0)q with mpr(y~'a2') €
Fligia,.. 29} (Qp). This contradicts what we proved about the good reduction
locus. O

LEMMA 3.3.15. For any open subset U C FU containing FL(Qy), there is
some € > 0 such that

Xf:(poo)(é) \ Zp(poo)(E) - Wﬁr}(U)

Proof. The proof is identical to the proof of Lemma 3.3.8, reversing the
quantification of ¢ and U. Note that one can a priori assume that U is
GSpgg(Zp)—invariant, as such open subsets are cofinal; this facilitates the in-
duction argument. ([

LEMMA 3.3.16. There exists some 0 < € < % such that

AP (p=)(€)a \ Zr(pe)(€)a C Wﬁ%(t%{gﬂ,...zg})-

Proof. Fix some U C Z¥ containing F¢(Q,) such that U N Flg1q 291
C U is open and closed; let U’ C U be the open and closed complement.
By Lemma 3.3.15, we may assume that Xli‘(poo)(a—:)a \ Zr(pe)(€)q maps into U.
The open and closed preimage of U’ gives rise to an open and closed subset
V: C Xli‘(poo)(e)a by the goodness part of Theorem 3.2.36. By Lemma 3.3.14,
the intersection of V. over all ¢ > 0 is empty. As all V. are spectral spaces,
thus quasi-compact for the constructible topology, it follows that V. = ) for
some ¢ > 0. Thus, g maps X;(pw)(s)a \ Zrpee)(€)a into UN Flygiq, 2y C
Fligi1,.. 29} as desired. O

COROLLARY 3.3.17. There is a unique map of adic spaces
THT le(poo) — F
extending Tyt on le(poo) \ Zp(pee)-

Proof. One checks easily that for any open subset U C Xff(poo), there is
at most one extension of my from U \ (Zp@pey NU) to U. Indeed, we may
assume that U is affinoid perfectoid. Given two functions f,g on U with f =g
on U\ (Zp(pe) NU), the subset [f —g| > [p|™ is an open subset of U contained
in the boundary; thus, it is empty. Therefore, |f — g| < |p|™ for all n, i.e.,
|f —g|=0. As U is affinoid perfectoid, this implies f = g.

To prove existence, we can now work locally. Clearly, the locus of existence
of mr is GSpy, (Qp)-equivariant. By Corollary 3.3.12, it suffices to prove that
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muT extends from

XF(pm)(g)a \ Zl"(poo)(g)a
to le(poo)(E)a for some € > 0. Using Lemma 3.3.16, we may assume that
the image of Af w)(€)a \ Zr(p~)(€)a s contained in the open affinoid subset
Fligi,.. 29y C FL. Every function on Fyy 1 . 24y pulls back to a bounded
function on le(poo)(e)a \ Zr(p>=)(€)a and thus extends uniquely to le(poo)(e)a

by the goodness part of Theorem 3.2.36. This proves extension of mpr, as
desired. O

3.3.3. Conclusion. Finally, we can assemble everything and prove the
main theorem.

THEOREM 3.3.18. For any tame level KP C GSp2g(A7;) contained in
{7y € GSpy,(Z°) |y=1 mod N}

for some N > 3 prime to p, there exists a perfectoid space le(poo),KP over ngd
such that

A (poe) s ~ B AL ) -
m

Moreover, there is a GSpq,(Qp)-equivariant Hodge-Tate period map (of adic
spaces over Q)

THT Xl:k(poo)7Kp — ZL.
Let Zp ooy xr C le(poo)’Kp denote the boundary. One has the following results:
(i) For any subset J C {1,...,2g} of cardinality g, the preimage Vj =
Spa(RJ,oo,R}r’oo) C Xll“(pooLKp of Fly C F is affinoid perfectoid. More-
over, Vj is the preimage of some affinoid Vj,, = Spa(le,R}rm) -
le(pm),Kp for all sufficiently large m, and RIOO s the p-adic completion
of hgm Rim.
(ii) The subspace Zp(yeey kp N Vg C Vy is strongly Zariski closed.
(iii) For any (KP)' C KP, the diagram

THT

F

AP (o) (kP!
\ THT
le(p“),K P

commutes.
(iv) For any v € GSpyy(A%) such that v~ LKPy is contained in

{y € GSpQg(Zp) |Yy=1 mod N}
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for some N > 3 prime to p, the diagram

Xl:k(p"")ﬁKP

THT

*

XF(:D‘”M*K’W
commautes.

(v) Let Wagyp C O?,ﬁe denote the universal totally isotropic subspace. QOwver
Xli‘(poo)’Kp \ Zr(p=),xr, one has the locally free module Lie Ag» given by
the Lie algebra of the tautological abelian variety. There is a natural
GSpay, (Qp)-equivariant isomorphism

. ~ * .
Lle AKP = (WHTWQZ) |XF(p°°),KP\ZF(POO),KP .

It satisfies the obvious analogue of (iii) and (iv).

(vi) Let war = (N9 Wap)* be the natural ample line bundle on FL. Over
Xli‘(poo),Kp, one has the natural line bundle wir (via pullback from any
finite level). There is a natural GSpq,(Qp)-equivariant isomorphism

*
WKp = THTW 70,

extending the isomorphism one gets from (v) by taking the dual of the top
exterior power. Moreover, it satisfies the obvious analogue of (iii) and

(iv).

Proof. We have established existence of le(poo) xp and THT.

(i) First, observe that one has the following versions of Lemmas 3.3.6 and
3.3.14.

LEMMA 3.3.19. The preimage of #¢(Qp) C Fl under wyr is given by the
closure of le(poo)(()).

LEMMA 3.3.20. The preimage of Flygiy,. 204(Qp) C FL under myr is
given by the closure of Xl’f(poo)(O)a.

For the first, note that for any open U C .%¢ containing Z4(Q,), mgm(U) C
A (peey 18 & quasi-compact open containing Ap ., () \ Zr(pe)(e) for some
e > 0 by Lemma 3.3.15; thus, mpp(U) contains Xli‘(poo)(a). In particular,
T (F(Q,)) contains the closure of T (o) (0). The converse is clear by conti-

nuity. The second lemma follows from the first and the proof of Lemma 3.3.14.
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Let z € F4(Q,) correspond to 09 & QY C @12,9. Then by the second lemma,
() C le(poo)(g)a for any € > 0. Thus, there is some open neighborhood

U C P of x with mgh(U) C XYooy (€)a- On the other hand, we may choose
€ > 0 such that

Ap(peey (€)a C Tar(Pligi... 291)-
Let v € GSpy,(Qp) be the diagonal element (p,...,p,1,...,1). Then

'Vn(ﬂg{g—&-l,...ﬂg}) -y

for n sufficiently large. Moreover, Y (F g y1 .. 29)) C Fligi1,.. 24} is a rational
subset. It follows that ﬂﬁ%(’y”(?ﬁ{gﬂwﬂg})) C Aoy (€)q is a rational subset.

The analogue of the conditions in (i) is satisfied for Xli"(poo)(s)a by Theo-
rem 3.2.36. By [54, Prop. 2.22(ii)], the properties are stable under passage to
rational subsets, giving the result for v"(Fy41, . 24)). However, the desired
property is also stable under the GSp,,(Qp)-action, giving it for F 1 201
itself, and then for all #¢;.

(ii) This follows from the constructions in the proof of (i), Corollary 3.2.20
and Lemma 2.2.9.

(iii) Clear by construction.

(iv) It suffices to check on geometric points outside the boundary; cf.
proof of uniqueness in Corollary 3.3.17. Thus, the result follows from Propo-
sition 3.3.1, comparing the Hodge-Tate filtration of the abelian variety with
the Hodge-Tate filtration of the p-divisible group (which depends only on the
abelian variety up to prime-to-p-isogeny).

(v) The isomorphism comes directly from the construction of the Hodge-
Tate period map; cf. Lemma 3.3.4. The commutativity in (iii) is clear, while
the commutativity in (iv) can again be checked on geometric points, where it
follows from Proposition 3.3.1.

(vi) The only nontrivial point is to show that the isomorphism extends to

XI’E( all commutativity statements will then follow by continuity from the

p)’
commutativity in (v). Both wgr and 7jypw e have natural OF-structures w;g,,
resp. ﬂIfITw}}, i.e., sheaves of (’)ﬂ( )—modules that are locally free of rank 1
: (oo

and give rise to wg»r resp. mrw.z after inverting p. For w}e, this follows from
the existence of the natural integral model of the flag variety over Z,. For w;p,
one gets it via pullback from the integral model X* of X*. We claim that the
isomorphism wgr = Tfpwz over Xli‘(poo) \Zl“(poo) is bounded with respect to
these integral structures; i.e., there is some constant C' (depending only on g)
such that
pcw?{p - 7"-I*:IT"‘);‘?E - P_Cw;?p

as sheaves over le(poo) \ Zp(pe)- This follows from Proposition 3.3.1 and (30,
Th. I1.1.1]. These results show that, in fact, one map is defined integrally and
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has an integral inverse up to p9/ =1 except that the latter theorem was only
proved there for p # 2.

Here is an alternative argument to get the desired boundedness. Argue by
induction on g. The locus of good reduction is quasi-compact, so necessarily the
isomorphism is bounded there. By Proposition 3.3.1, the Hodge-Tate period
map near the boundary can be described in terms of the Hodge-Tate period
map for smaller genus; thus, the isomorphism is bounded there by induction.

Let j : Xl’f(poo) \Zr(poo) — Xf“(poo) denote the inclusion. Then we have
inclusions

Wi = JuJ Wi = JiJ THTW S < THTW 2

We claim that wx» and 7mfjpw 2 agree as subsheaves of j,j*wx». First, we check
that wxr C mfpwze. By Corollary 3.3.12, this can be checked after pullback to
le(poo) (€)q for any given . If ¢ is small enough, then by Lemma 3.3.16, FETM}}E
is trivial over Xli‘(pw)(s)a, as wh, is trivial over Fligit,.. gy As Xﬁ(pm)(a)a
is affinoid and wg» is locally free (of rank 1), wi»r restricted to le(poo)(e)a is
generated by its global sections. Thus, to check the inclusion wg» C mfrw.ze
over le(poo)(a)a, it is enough to check that there is an inclusion

wkr (X e (Ea)  (Tir50) (X gy (£)a)

But any section of the left-hand side is bounded with respect to the integral
structure w;gp, and thus by the above it is also bounded with respect to the
integral structure mjpws,. As mhpwh, is isomorphic to O over Xli‘(poo)(e)a,
the desired inclusion follows from the goodness part of Theorem 3.2.36, which
shows that

(T ) (A pec) ()a \ Zrpee) (€)a) = (THirw ) (A ooy (€)a)-
In particular, we get a map of line bundles
QWK — THTW.oe

defined on all of Xff(poo)-
Spa(R,R*) C Xl’f(poo) be any affinoid subset over which wj, and WITITw;aEg
become trivial; thus, wy, (U) 2 RY - fi, wie (U) = R- f1, mirwh, (U) = RT - f
and 7mfipwa(U) = R - fp for certain generators fi, fo. Under the map a,
a(f1) = hfs for a function h € R. The boundedness of the isomorphism away
from the boundary says that |p|® < |h(z)| for all 2 € U \ 9, where 0 denotes
the boundary. The open subset |h| < |p|“*! is an open subset of U that does
not meet the boundary; thus, it is empty. It follows that h is bounded away
from 0 and therefore invertible. This shows that « is an isomorphism over U,
as desired. (|

We claim that it is an isomorphism. Let U =
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4. p-adic automorphic forms

Let G be a reductive group over Q. Although there is a tremendous
amount of activity surrounding ‘p-adic automorphic forms,” a general defini-
tion is missing. There are essentially two approaches to defining such spaces.
The first works only under special hypothesis on G, namely, that there is a
Shimura variety associated with G. More precisely, we will consider the fol-
lowing setup (slightly different from the usual setup). For convenience, assume
that G has simply connected derived group Gge and that there is a G(R)-
conjugacy class D of homomorphisms u : U(1) — G&! for which adu(—1) is
a Cartan involution and p = uc : G, — G%d is minuscule. In particular,
G has a compact inner form, and G(R) is connected. As G is simply con-
nected, Gger(R) is connected, and (G/Gger)(R) is a compact, thus connected,
torus. In this situation, D = G(R)/K carries the structure of a hermitian
symmetric domain, where the stabilizer K, of any chosen u is a maximal com-
pact subgroup. Moreover, for any (sufficiently small) compact open subgroup
K C G(Ay), the quotient

X = GQN\D x G(Af) /K]

is a complex manifold, which by the theorem of Baily-Borel, [8], has a unique
structure as an algebraic variety over C. By a theorem of Faltings, [26], it is
canonically defined over Q, and one might yet further descend to a canonical
model over a number field (depending on K in this generality, however). For
the purpose of this paper, it is however not necessary to worry about fields
of definition. Fix a prime p, an isomorphism C = @p, as well as a complete
algebraically closed extension C' of @p; then, via base change, we may get
corresponding algebraic varieties over C.

In fact, we will be interested in the minimal (Satake-Baily-Borel) com-
pactifications

Xk = GQ\[D* x G(Af)/K],
where D* D D is the Satake compactification. These carry a natural struc-
ture as projective normal algebraic varieties over C. By base change, we get
algebraic varieties over C, and we let X be the associated adic space over
Spa(C, O¢). Moreover, one can define a natural ample line bundle wgx on X,
and sections of
HO(Xje w2h)

are certainly complex automorphic forms for any £ > 0. Denote by wg also
the associated line bundle on X ; then

H (X, wit)
forms a space of p-adic automorphic forms, in the sense that it is a vector
space over the p-adic field C' and that it bears a direct relationship to complex
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automorphic forms (so that, e.g., Hecke eigenvalues match up). More general
spaces of p-adic automorphic forms can be defined by looking at (overconver-
gent) sections of w%k (or other automorphic vector bundles) on affinoid subsets
of X%, such as the ordinary locus.

For general groups G (not having a compact inner form), no such defi-
nition of p-adic automorphic forms is possible. In fact, only the holomorphic
(instead of merely real-analytic) automorphic forms will occur even for those
G that give rise to a Shimura variety; for general GG, there are no ‘holomor-
phic’ automorphic forms. It was suggested by Calegari and Emerton, [17], to
consider the ‘completed cohomology groups’ as a working model for the space
of p-adic automorphic forms. Let us recall the definition for any compact open
subgroup K? C ¢ (A‘?) (referred to as a tame level):

Hieo(Z/p"2) = lim H' (XK, icv, Z/p"Z)
Kp

as well as

Hiy(Zp) = lim Hiy (Z/p"Z) = lim lig H* (X i, 500, Z/p"Z).
n n K,
Here, X denotes the locally symmetric space associated with G and K C
G(Ay) (which exists for any reductive group G and agrees with the X5 defined
previously if G satisfies the above hypothesis). For any (sufficiently small)
K, C G(Qp), one has a map

H'(Xk, k0, Qp) = Higo (Zp) ™).
By a theorem of Franke, [31], all Hecke eigenvalues appearing in
H'(Xr, kv, C) = H (XK, kv, Qp) ®g, C

come from automorphic forms on G (possibly nonholomorphic!). Thus, by the
global Langlands conjectures, one expects to have p-adic Galois representations
associated with these Hecke eigenvalues. However, the space ?[}(p (Zy)[p™1] is
in general much bigger than lim K, H'(Xf, kv, Qp), because torsion in the coho-
mology for the individual X, kr may build up in the inverse limit to torsion-
free Zy-modules. Then Calegari and Emerton conjecture that although the
completed cohomology groups have no apparent relation to classical automor-
phic forms, there should still be p-adic Galois representations associated with
them. In fact, this should hold already on the integral level for ﬁ}(p (Zp) and
thus equivalently for all ﬁ}(p (Z/p™Z). In the following, we will usually work
at torsion level with ﬁ}(p(Z/ p"Z), as some technical issues go away.

We remark that this second approach works uniformly for all reductive
groups G and that the corresponding space of p-adic automorphic forms is
(in general) strictly larger than what one can get from classical automorphic
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forms by p-adic interpolation; i.e., there are genuinely new p-adic phenomena.
We will prove however that if G has an associated Shimura variety (of Hodge
type), then one can get all Hecke eigenvalues in the completed cohomology
groups H}'(p (Zy) via p-adic interpolation from Hecke eigenvalues appearing in
(the cuspidal subspace of) HO(XI*(pr, w?}'z[{p) for some K, C G(Qp) and k > 0.

4.1. Perfectoid Shimura varieties of Hodge type. In this section, we as-
sume that the pair (G, D) is of Hodge type, i.e., admits a closed embedding
(G, D) = (Spyy» DSPQQ) into the split symplectic group Spy,, with Dgp, given
by the Siegel upper-half space.!> We fix such an embedding; all constructions
to follow will depend (at least a priori) on this choice.

To lighten notation, write (G', D') = (Spy, Dsp,, ). We continue to denote
by Xk and X}, K C G(Ay) the locally symmetric varieties associated with
G, and we denote by Yi/, Y7, K' C G'(Ay) the locally symmetric varieties
associated with G’ = Spyg- There are natural finite maps

Xk =Yg, Xie = Y5

for any compact open subgroup K’ C G'(Ay) with K = K'nG(Ay). By
[25, Prop. 1.15], for any K C G(Ay), there is some K’ C G'(Af) with K =
K'NG(Ay) such that the map Xx — Yk is a closed embedding. Unfortunately,
it is not known to the author whether the analogous result holds true for
the minimal compactification. We define X — X[i( as the universal finite
map over which X}, — Y}, factors for all K’ with K = K' N G(Ay). As
everything is of finite type, X[i( is the scheme-theoretic image of X7 in Y},
for any sufficiently small K’ with K = K’ NG(Ay). Note that one still has an
action of G(Ay) on the tower of the X7;.

Let Xli( be the adic space over C' associated with X% We continue to
denote by .%¥ the adic space over C that is the flag variety of totally isotropic
subspaces of C?9 (i.e., the flag variety associated with (G’, D’)'). Let wx be
the ample line bundle on Xlif given via pullback from the ample line bundle
wgr on Y7, (given by the dual of the determinant of the Lie algebra of the
universal abelian variety on Yx/); also recall that we have wgz. We get the
following version of Theorem 3.3.18.

THEOREM 4.1.1. For any tame level KP C G(AI}) contained in the level-
N-subgroup {y € G'(ZP) | y =1 mod N} of G’ for some N > 3 prime to p,

15Sometimes, symplectic groups for general symplectic Q-vector spaces are allowed in the
definition; however, by Zarhin’s trick, the corresponding notions are equivalent.

There is also a flag variety #ls C .Z¢ for (G, D), and one may conjecture that the
Hodge-Tate period map defined below factors over %#¢g. We do not address this question
here.
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there exists a perfectoid space X[*}p over C such that
* . *
Xpep ~ 1&“ XRPKP'
KP
Moreover, there is a G(Qp)-equivariant Hodge-Tate period map
THT .)C'Ii{p — Z.

Let Zg» C Xli(p denote the boundary. One has the following results:

(i) For any subset J C {1,...,2g} of cardinality g, the preimage Vj =
Spa(RJm,RIOO) C X of Py C FU is affinoid perfectoid. More-
over, Vj is the preimage of some affinoid Vjk, = Spa(RJ,Kp,Rij) -
Xli(pKP for all sufficiently small K, and Rioo is the p-adic completion of
: +
lgle Rk,

(ii) The subset Zx» NVy C Vy is strongly Zariski closed.

(iii) For any (KP)" C KP, the diagram

Xlicoy e T
N
Xiep
commutes.

(iv) Forany~ € G(A?) such that v~ KP~ is contained in the level-N -subgroup
of G’ for some N > 3 prime to p, the diagram

*
Xiep

*
Xﬂfle'y

commutes.
(v) Over Xfi{p, one has the natural line bundle wir (via pullback from any
finite level). There is a natural G(Qy)-equivariant isomorphism

Wir = THTW 0.
Moreover, it satisfies the obvious analogue of (iii) and (iv).

Proof. First, observe that Theorem 3.3.18 implies the theorem in case G =
Spy, by tensoring with C' over Q;yd, and passing to a connected component.
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Next, we prove existence of Xz,. Take any J C {1,...,2g} of cardinality
g, and let Z(J) C Z be the inverse image of .#¢; under gt for any space Z
mapping via gt to F¢. Then V., (J) = Spa(Skw, S};p,) is affinoid perfectoid
by Theorem 3.3.18 for any K" C G’ (A?) contained in the level-N-subgroup
for some N > 3 prime to p. It follows that

View(J) = lim Ve (J) = Spa(Skr, Sip)
KPCKP'CG(AD)

is affinoid perfectoid, with S;gp being the p-adic completion of hﬂ KpCKv S;gp,.
Next,

(y;}p Xy;{/ KD/ Xli(pr)(‘]) - y}k(p(J)

is defined by some ideal I C Sk» for any sufficiently small K,K* C G'(Ay)
with K, KP = K, K N G(Ay). From Lemma 2.2.2, it follows that

(Vicr Xy;‘(, p! Xfi{pr)(J) = Spa(RKP,KZ’,KPHR}p,KZI)KW)
p

is affinoid perfectoid again and that the map Skgr — RKp,KéKpr has dense
image. Then, finally,
Xgp(N) = lm  (Vgo Xy

K! KP’
K;,,KPCKP’ P

X ko) (J) = Spa(Ricr, Ricy)

is affinoid perfectoid and R}p is the p-adic completion of

li Fon ket rewr-
K;/nK%CKP’ RKP’KPKP
This verifies existence of X3, over Wﬁ%(ﬂf 7), and by varying J, we get the
result.

Going through the argument, and using part (i) for G, it is easy to deduce
part (i) for G. The boundary of X%, (J) is the pullback of the boundary of
Vicw(J) for KP' C G'(A%) sufficiently small with K? = K* N G(A%}). Thus,
part (ii) follows from Lemma 2.2.9. All other properties are deduced directly
via pullback from G'. O

4.2. Completed cohomology vs. p-adic automorphic forms. We continue
to assume that (G, D) is of Hodge type and fix the embedding (G,D) —
(G',D") = (Spay, Dsng). Recall the compactly supported completed cohomol-
ogy groups

o100 (L[p" 1) = limg Hy( Xk, kv, Z/p" ).
Kp

As usual, we assume that K? is contained in the level-N-subgroup of G’ (A’})
for some N > 3 prime to p.
Let Z,= C O, betheideal sheaf of the boundary, Z,, =7, NOT, .
X, X, xx, X
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THEOREM 4.2.1. There is a natural isomorphism of almost-Oc-modules
He oo (/D" 2) @20, OB /9" = H (X, T2 /1),

where the cohomology group on the right-hand side is computed on the topolog-
ical space X]i{p. Moreover, for K¥ C K¥, the diagrams

~

EZ,KS(Z/an) ®zpm7, O /D" — H' (XKP,I+§p/p")

5
|

ﬁé,Kf (Z/p"Z) ®z,jpnz O/P" = H (XKP’IJFI%Z, /P")

i
and
H! 10(Z/p"T) @z, O 0" ——— H( Kp,z;a /p")
tr ltr

ﬁé,Kg(Z/p"Z) ®zpmz O /" - H (XKWIJEP/pn)

5

commute, where the definition of the trace maps is recalled below.

We note that the right-hand side is the cohomology of the sheaf of p-adic
cusp forms modulo p” of infinite level.

Proof. Let jg : XI%\ZK — Xf( be the open embedding, where Zx denotes
the boundary of Xli(. By the various comparison results between complex and
algebraic, resp. algebraic and adic, singular and étale cohomology, we have

HZ(XKpr,Z/p”Z) = Hét(Xli(prqupKP!Z/an)'
Now we use [54, Th. 3.13] to write
Héit(XIi(praijKP!Z/an) ®z/prz. O/ D"
= Hét(X[i(praijKP!O;i

KpKP\ZKpr

/p")-
Passing to the inverse limit over K, and using [52, Cor. 7.18], one gets

~2,KP (Z/p"Z) @,z O /P = Hi (X, lﬂJKpKP'O /p").

P

K Kp\ZKpKP

But

ﬂjkpmlo /p" ]KP'OX 2 /P

K kv \ZKpKP
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and there is a short exact sequence

0— ij!Oj‘;;%p\ZKp /p" — Oj“%p /p" — (’)ga/pn — 0,
where Oy is (the pushforward of) the structure sheaf of the boundary. By
[52, Props. 6.14, 7.13], analytic and étale cohomology of O1¢/p™ and Oga/p"
agree. On affinoid subsets, both vanish in positive degrees (also noting that the
intersection of an open affinoid subset with the boundary is an open affinoid
subset of the boundary by Lemma 2.2.2). Thus,

~. i N

o (BI0°T) 92y O " = H X jrnOT2 7).
Moreover, as the boundary is strongly Zariski closed by Theorem 4.1.1(ii), one
also an exact sequence of sheaves on the topological space X Ii(p,

0— I;I%p/p” — (’)j{gp/p” — OF/p" — 0,

so that

; Oﬂj no__ I+g n
IknOse 2 /P =Ty /17

and we arrive at the desired isomorphism.”

The commutativity of the first diagram is immediate from functoriality.
Also, the definition of the first trace map is standard (and its various definitions
in the complex, algebraic, and p-adic worlds are compatible). Let jgp : X f{p \
Zygr — Xf(p be the open embedding. To define the second trace map, it is
enough to define a trace map

S pep ) pop  Tper  per, QT2 " OFe &

where mgr ) gp Xliff \ Zgr — X[i(g \ Zr denotes the finite étale projection.
Locally, this projection has the form Spa(B,B™) — Spa(A, AT), where A
is a perfectoid C-algebra, AT C A° is open and integrally closed, B is a
finite étale A-algebra, and BT C B is the integral closure of AT. From the
almost purity theorem, [52, Th. 7.9(iii)], it follows that BT®/p™ is a finite étale
Ata/p_algebra. In particular, there is a trace map BT /p™ — AT /p™ (cf.
[52, Def. 4.14]), as desired.

'"This argument, which appears also in [54], shows that one should think of OF /p™ and
related sheaves as being like an ’algebraic topology local system’ and not as being like a
coherent sheaf.
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In order to prove that the second diagram commutes, it is enough to prove
that the diagram

tr

WK{/Kg*O%/pn O¢/p"
+a n tr +a n
T 0, OTS oTs
K7 /K5* XEP\ZKf/p X;(p\zkg/p
1 2

of étale sheaves on X’ Ii(p \Z kP commutes (as the diagram in the statement of the
2 .
theorem comes about by applying Hgt(Xf{p,ng;—) to this diagram). As this
2
can be checked étale locally, one can reduce to the case where the morphism
TP K2 1S a disjoint union of copies of the base, where it is trivial. (]

As a first application, we get a vanishing result for (compactly supported)
completed cohomology. Recall that the (usual or compactly supported) coho-
mology groups of Xy are nonzero in the range [0,2d], where d = dim¢ Xk
The following corollary shows that upon taking the direct limit over all levels
K, at p, complete cancellation occurs in degrees ¢ > d.

COROLLARY 4.2.2. The cohomology group fIé’Kp(Z/p”Z) (and a fortiori
fNIaKp (Zy)) vanishes fori > d.

C

Proof. We may reduce to the case n = 1 by long exact sequences. It is
enough to prove that Flé xv(Fp) ®r, Oc/p is almost zero for i > d. Indeed,
for a nontrivial F,-vector space V', V ®r, O¢/p is flat over O¢/p and nonzero.
Thus, if it is killed by the maximal ideal of O¢, then it is 0.

By the previous theorem, it suffices to prove that more generally, for any
sheaf F' of abelian groups on X, H'(X3,, F) = 0 for i > d.

Recall that S = X Ii(p is a spectral space; we call the minimal ¢ such that
H™1(S,F) = 0 for all abelian sheaves F' on S the cohomological dimension
of S. Thus, we claim that the cohomological dimension of é\,’f(p is at most
d. Observe that if S = lim S; is a cofiltered inverse limit of spectral spaces
S; of cohomological dimension < d along spectral transition maps, then S has
cohomological dimension < d. Indeed, any F' can be written as a filtered direct
limit of constructible sheaves, constructible sheaves come via pullback from
some S, and one computes cohomology on S as a direct limit of cohomology
groups over S; for increasing j.

As | X5 & lgl K, |X Ii(p xrl, it is enough to prove that X [i(p Kp has cohomo-

logical dimension < d. For this, we could either cite [41, Prop. 2.5.8], or write
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X [i(p K as the inverse limit of the topological spaces underlying all possible for-
mal models (each of which is of dimension < d) and use Grothendieck’s bound
for noetherian spectral spaces. ([l

The following corollary implies a good part of [17, Conj. 1.5] in the case
considered here. We freely use notation from [17]. The tame level KP? is fixed,
and all modules are taken with Z,-coefficients.

COROLLARY 4.2.3. Fori > d, ﬁZBM =0, and ﬁc]?M is p-torsion free. For
i < d, the codimension (as a module over the Iwasawa algebra) of H; is > d—i.

If the X are compact, this implies all of [17, Conj. 1.5], except for non-
strict instead of strict inequalities on the codimensions. (Note that here lp = d
and go = 0. Also observe [17, Th. 1.4].)

Proof. The first two assertions follow from the previous corollary and [17,
Th. 1.1(iii)]. Assume that the last statement was not satisfied. Among all
codimensions of ﬁz that violate this inequality, choose the maximal one, c.
Among all i < d for which this codimension is achieved, choose the minimal
one. Thus, the codimension of fll is ¢ < d — 7, but the codimension of H g for
k < i is greater than c. The results of [63] imply that if X is of codimension
¢, then F7(X) = 0 for j < ¢, E°(X) is of codimension (exactly) ¢ and E’(X)
is of codimension > j for j > c.

Now look at the Poincaré duality spectral sequence [17, §1.3]:

For j + k£ < d, the limit term ?IQBdl\Ej—k vanishes. We look at the diagonal

j+k =i+c < d. Inthat case, there is a contribution of codimension ¢, E¢(H;).
For k < 4, any term E7 (ff 1) is of codimension at least the codimension of H ks
i.e., of codimension > ¢+ 1. For j < ¢, but j + k < d, all terms EJ(.FNIk) are
zero. If not, the codimension of Hy is < J < cand j+k < d, which contradicts
our choice of c.

It follows that all groups that might potentially cancel the contribution of

E€(H;) are of codimension > ¢. As by [63], the notion of codimension is well
behaved under short exact sequences, it follows that a subquotient of £°(H;) of
codimension ¢ survives the spectral sequence. It would contribute to HQBdl\f ik

with j +k =1+ ¢ < d, a contradiction. O

4.3. Hecke algebras. We keep the assumption that (G, D) is of Hodge type,
with a fixed embedding (G, D) = (G', D) = (Spyg, Dsp,,). Moreover, fix some
compact open subgroup K? C G(A?) contained in the level-N-subgroup of
G’(AI}) for some N > 3 prime to p.
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Let
T=Tgr = Zp[G(A?)//KP]
be the abstract Hecke algebra of KP-biinvariant compactly supported func-
tions on G (AI}), where the Haar measure gives K” measure 1. In this section,
we prove the following result, which says roughly that all Hecke eigenvalues
appearing in j-vlé ko (Zyp) come via p-adic interpolation from Hecke eigenvalues

in HO(Xx I*<p Kps w%f xr @), where Z is the ideal sheaf of the boundary and & is
sufficiently divisible.

THEOREM 4.3.1. Fiz some integer m > 1. Let Ty = Tq,, denote T
equipped with the weakest topology for which all the maps

T — Endo(H (X, gn, w3y @ T))

are continuous for varying k > 1 and K, C G(Qy), where the right-hand side is
a finite-dimensional C-vector space endowed with the p-adic topology.'® Then
the map

Ta =T — Endgpnz(He ko (Z/p"Z))
18 continuous, where the right-hand side is endowed with the weakest topology
that makes

EndZ/p"Z(ﬁé,Kp (Z/p"Z)) x Eé,KP (Z/p"Z) — FQKP (Z/p"Z)
continuous, where fIéKp (Z/p™Z) has the discrete topology.

Before giving the proof, we recall the definition of the action of T on
HO(X I*Q; Kp> w%’; xr ®I). As usual, this boils down to defining trace maps. For
this, take two sufficiently small levels K C K> C G(Ay¢) and look at the map

.k *
7TK1/K2 N XKl — XKQ'

This is locally of the form Spa(B, Bt) — Spa(4,A"), where A is normal,
AT C A° is open and integrally closed (and thus normal itself), B is a finite
normal and generically étale A-algebra, and BT C B is the integral closure of
AT, In particular, BT is also a finite normal and generically étale AT-algebra.
Recall the following lemma.

LEMMA 4.3.2. Let R be normal, and let S be a finite and generically
étale R-algebra; i.e., for some nonzero divisor f € R, S[f~Y] is a finite étale
R[f~Y-algebra. Then the trace map

trs-1y/my-1 ST = R

8Here, cl stands for classical. Also note that T may not be separated; one might replace
it by its separated quotient without altering anything that follows.
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maps S into R. Moreover, for any integrally closed ideal I C R with integral
closure J C S, tr(J) C I.

Proof. For an element x € R[f~!], the condition # € R can be checked at
valuations of R. Thus, one can assume that R = K is the ring of integers of
a field K equipped with some valuation v : K — I' U {oco}. We may assume
that K is algebraically closed. Also, one may replace S, a finite and generically
étale Kt-algebra, by its normalization in S ® g+ K. In that case, S is a finite
product of copies of KT, and the claim is clear.

The condition x € I can also be checked using valuations, so the same
argument works in that case. (]

In particular, we get trace maps
tr: WKl/Kz*OXf}l — OXI*{Q’
tr: WKl/KQ*IX;(I — IXI*(Q’
: + +
tI‘ . WKI/KQ*OX;;.:L — OX;;&’
: + +
tr: WKI/K2*IXI*(1 — IX;(2,
where Zy: C Og; is the ideal sheaf of the boundary and It =ZNnO*. In
particular, by tensoring the trace map for Z with a tensor power of the line
bundle wg,, we get a trace map
tr: @ Tyy ) = (7} PRIy )
T TR R (WK Xiey) = "KL/ Ko+ \TKy | Ky WK X,
_ ,®k ®k
= Wy, &® 7TK1/K2*IXI*(1 — Wi, &® IXI*(2’
giving the desired trace map by taking global sections.
We will need the following comparison of trace maps. It says, in particular,

that as far as cusp forms of infinite level are concerned, there is no difference
between X} and X.

LEMMA 4.3.3. Fiz a subset J C {1,...,2g} of cardinality g, and let
Xgo(J) C Xip

be the preimage of Fly C FU under the Hodge-Tate period map 7wy : Xf{p —
FU. Recall that by Theorem 4.1.1(i), Xi,(J) = Spa(Rkr, Rip) is affinoid
perfectoid, and the preimage of Spa(RKpr,R}pr) = Xli(pr(J) C X%pr for
K, small enough, with R}QI, the p-adic completion oflignR}'(pK,,.
Let
Spa(RKpr, R;’;pr) = XI*(:DKP(J) C X;;'pr
be the preimage of Xf{pr(J). Moreover, let I;gpf(p C R;Qng be the ideal of
functions vanishing along the boundary, and let I;ngp C R;r(pr, I;gp C R}QP
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be defined similarly. Then, for all n > 0,
+ n __ 1 + no__ 1. 7+ n
IKp/p = hﬂIKpr/p = hgnIKpr/p .
K, K,

For K¥ C K% and any K, the diagram of almost Oc-modules

~ (tr mod p™)* ~
+a +a
lior/P" liorz/P"
tr
I /p" Ly /p"

commutes, where the trace map on the lower line is as defined in the proof of
Theorem 4.2.1.

Proof. From Theorem 4.1.1(i), we know that

Rjey /1" = @R}pm?/pn-
Kp

In particular, the map thp I;gp wo/P" — Iy /p" is injective. To prove that
it is surjective, it is enough to prove that it is almost surjective. Indeed, if
f € I, /p™ is such that p°f = gk, for some gr, € I;ngp and 0 < ¢ < 37,
then — by considering valuations, using surjectivity of Xli(p(J ) — Xf{p xr(J)
— 9k, = P° [k, for some fk, € IIJQPKP and fx, = f mod p
lift f € I}, of f and repeating the argument with f/ = (f — fK,)/p" "¢ gives
the claim.

Recall from the construction that there exists a pullback diagram of affi-
noid perfectoid spaces

n—e

. Choosing a

Zgr(J) Xio(J)

| |

Zl"o(poo) (5)a —_— yfio(poo) (5)a7

where YV (poo)(s)a denotes the inverse limit of the anticanonical I'g(p*°)-tower
in the Siegel moduli space as in Corollary 3.2.19, with boundary Zpo(pm)(e)a.
By Corollary 3.2.20 and Lemma 2.2.9(ii), we are reduced to showing that
the ideal in the global sections of OF defining Zppee)(€)a C y;:o(poo)(a)a is
almost generated by functions in O coming from finite level and vanishing
along the boundary. This follows from Tate’s normalized traces (observing
that by Lemma 4.3.2, Tate’s normalized traces of a function vanishing along
the boundary will still vanish along the boundary); cf. Corollary 3.2.23.
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Next, we claim that there is a unique map

i+ +

1 KpyKp Iyer
commuting with evaluation at points outside the boundary (where there is no
difference between X7 and Xj). If it exists, it follows by consideration of
valuations that it is injective, with I}Ep x0/P" = I, /p™. Thus, the composite
map

Wy I gen /p™ = W T g /D™ — Ty /D"

is an isomorphism and the second map injective; i.e., both maps are isomor-

phisms. To prove existence of f;gp Kr I?;p, note that for any n, there are
maps

jltpKﬂ/pn - HO(X[%pKP(J)7ijKP!O+/pn)
— HO(Xy (), jxmOT /p") = HY (X, (), I /p").

Here, jx : X f( \ Zx — X f{ denotes the open embedding. Using Theo-
rem 4.1.1(ii), we see that for any n, the map I, /p" — H(X%,(J), 7 /p") is
almost an isomorphism; in the inverse limit over n, it becomes an isomorphism.
Thus, in the inverse limit over n, we get the desired map ff{p Kp — I;gp.
Finally, we need to check commutativity of the diagram of trace maps. It
is enough to prove commutativity in the inverse limit over n and then after
inverting p. The commutativity can be checked after restricting the functions
to the complement of the boundary; there, both trace maps are given by trace
maps for finite étale algebras, giving the result. O

Proof of Theorem 4.3.1. By Theorem 4.2.1, there is a T-equivariant iso-
morphism

H. v (Z/D"Z) @1z O 0" = H' (Xigy, T [p").
Also, the map
Homgy,jpnz (M, N) — Homo,, jpn (M ®z/pnz mc/p", N @z,/pnz me /p")

is injective for any Z/p"Z-modules M, N. One may split up N using short
exact sequences to reduce to the case pN = 0. In that case, one reduces further
to n = 1. But for F,-vector spaces, the result is clear.

In particular, it is enough to prove that

T =T — Endog, jpn (H'(Xigp, T7°/p"))

is continuous, where for an O /p"-module M, we endow M; with the discrete
topology and End@ac /pn (M) with the weakest topology making

Endoy /n (M) x My — M,
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continuous. We remark that M +— M, is an exact functor commuting with all
colimits. In particular, if M is a colimit of T-modules M; on which Ty = T
acts continuously, then T, = T acts continuously on M. Moreover, if M = N¢
for an actual T ® O¢/p™-module N, on which T = T acts continuously, then
it also acts continuously on M, as M, = m¢ ®o, N. Also, if T = T acts
continuously on M, it acts continuously on any subquotient.

Now we use the Hodge-Tate period map

2g_
T : Xy —>9’€<—>P(9) 1,

using the Pliicker embedding. Let N = (Qgg). The ample line bundle w4 on
U is the pullback of O(1) on PV~!. Fix the standard sections si,...,sy €
HOPN-1,0(1)). Fori =1,...,N, let U; C P! be the open affinoid sub-
set where |sj| < |s;| for all j = 1,...,N. For J C {1,...,N}, let U; =
NicgUi. Observe that U;; C U; is given by the condition ‘%‘ = 1, where
%Z € HO(Z/IZ-,(’)ZZ,).

Let V; = mpp(U;) C Xp; by Theorem 4.1.1(i), this is affinoid perfectoid,
V; = Spa(R;, R;"). Similarly, one has the V; = Spa(R;, R}) C X5, for § #
J CA{1,...,N}. By Theorem 4.1.1(ii) (and the observation that this property
is stable under passage to affinoid subsets; cf. Lemma 2.2.9), one can compute

H' (X, T4 /p")
by the Cech complex of almost O¢/p™-modules with terms
HO(VJ,I+/p")a ={fe R}/p" | f=0o0n Zg»}®.

As 7y is equivariant for the Hecke operators away from p (Theorem 4.1.1(iii),
(iv)), all V; are stable under the action of the Hecke operators away from p.
Thus, T acts on each term of the Cech complex individually. We conclude that
it is enough to prove that

T =T — Endog /pn (H'(Vs, T /p™)°)

is continuous for all § # J C {1,...,N}.

For all K, C G(Q,) sufficiently small, all V; come via pullback from open
affinoid subsets Vik, C Xép kp- By Theorem 4.1.1(i) (tensored with a line
bundle), the map

@HO(VZ'KP,WKP]@) — HO(Vi,pr)
Kp

has dense image. Therefore, making K, smaller, one can assume that there
are sections

sﬁ“ € H'(Vik,, wik, kv)
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satisfying the conditions of Lemma 2.1.1 and such that
(%)
Sj — S
|1 < Ip"]
P
on V; for j = 1,...,N. One gets a formal model Z{ipm, of Xli(pr with an

open cover by %iKp.lg In fact, we can also take the preimages \Z K, C&X ;}p Kp

of Vi, C X;?p v Pulling back the sections s§~i) will put us into the situation

of Lemma 2.1.1, thus constructing a formal model %}}p xp Of X I*(p Kxp- It comes

equipped with an ample line bundle wi;(“ kv, as well as the ideal sheaf J C

KP’

One checks directly that all of these objects are independent of the choice

(935;( o , constructed via Lemma 2.1.2 from the ideal sheaf 7 C (9;(*
P

of the sg 9 approximating s; on V;. In pal'"tlcular, G(AZ}) still acts on the tower
of the %}}p v With the invertible sheaf wlfg; K- Also, the sections
55 € HO(%}pKPaWiI?EKP/pn)
are independent of any choice. They commute with the action of G (AI}) and
will serve as a substitute for the Hasse invariant.
By Lemma 4.3.3, we have for i € {1,..., N} (corresponding to a subset
of {1,...,2¢} of cardinality g) a T-equivariant equality

HO(Vi’I+a/pn) — @Ho(ﬁiKpa j/pn)a‘
Ky

In fact, the same holds true for any subset § # J C {1,..., N}. Fix somei € J,
look at the previous equality, and invert the sections 3; / 5 € H° ( ik, 0)/p"

(which commute with the T-action) for all j € J. We see that it is enough to
prove that for any J C {1,..., N} and sufficiently small K, the map

Ta =T — Endo. /pn (H*(Byk,,3/p™))
is continuous.

For i € J, we have the sections 5; € HO(%}(pr,wi,‘gng/p”). Let 55 =
[Tics5i- As Uk, C %}p v is the locus where 5; is invertible for all ¢ € J, it
is also the locus where 5; is invertible. It follows that

H(Bx,,3/p") = lim HO (X, o, (Wit 1) M @ 3/p™),

X5y

9This formal model is extremely strange and not at all related to one of the standard
integral models of Shimura varieties. For example, the Newton stratification is not induced
from a stratification of the special fibre of x; xp- More specifically, there is a finite set of
points in the special fibre such that all ordinary points of the generic fibre specialize to one
of those points; yet, there are also many nonordinary points in the tubular neighborhood of
these points.
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where all maps are T-equivariant, because s; commutes with the action of T.
It remains to prove that for k sufficiently divisible, the action of T¢ = T on

Ho(x?(p[(m (W}?;Kp)@)k ®J/p")
is continuous. By Lemma 2.1.1, w}?ﬁ kv 1s ample. Thus, for k sufficiently
divisible,
Hl(%}pm}, (W?;Kp)(@k ®J/p") =0;
it follows that for those k, we have
HO (X, k00, (Wit 100)*F © 3/p") = HO (X, o, (Wit i0) " @ 3) /9"
Thus, we are reduced to showing that the action of T =T on

H° (X, ks (W}?;KP)@C ®J)

is continuous. But this group is p-torsion free, so it is enough to know that
the action of T, = T on

HO (X, iers (W 0)*F @ 3) '] = HO(X jens i sy @ T)

is continuous, which holds true by assumption. [l

5. Galois representations

5.1. Recollections. We recall some results from the literature in the spe-
cific case that we will need. We specialize our group G further. Fix a field F’
that is either totally real or CM. In the totally real case, let G = Resp/q Spa,-
If Fis CM, let F* C F be the maximal totally real subfield, let U/F* (a
form of GLg,) be the quasisplit unitary group with respect to the extension
F/F*, and take G = Resp+ /o U. In both cases, we take the standard conju-
gacy class D of u : U(1) — G2&; observe that in all cases, (G, D) is of Hodge
type. Also, G’ admits Resp/g GL, as a maximal Levi. Write F T =Fif Fis
totally real, Gy = Spy,/FT if F is totally real, and Gp = U/F* if F is CM.
Then, in all cases, G = Resp+ /g Go. Also, G is a twisted endoscopic group of
H = Resp/q Ho, where Hy = GL,/F, with h = 2n + 1 if F' is totally real and
h = 2n if F is CM. Fix the standard embedding 7 : “Gy < © Resp/p+ Ho of
L-groups (over F').

We need the existence of the associated endoscopic transfer, due to Arthur,
[3] (resp. Mok, [47], in the unitary case). These results are still conditional on
the stabilization of the twisted trace formula. However, in the unitary case,
there are unconditional results of Shin, [57].

In fact, the representations we shall be interested in have a specific type
at infinity.
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PRrROPOSITION 5.1.1. Consider G = Sps,, /R, resp. G = U(n,n)/R, with
mazximal compact subgroup K C G(R). Fiz the standard Borel B C G, with
torus T, and identify X*(Tc) = Z", resp. X*(Tc) = Z*", in the usual way (up
to the relevant Weyl groups). Let x : K — C* be the character given by

X: K 2U(n)— C*:gp— det(go), resp.
X K=U(n) xU(n) = C*: (g1,92) — det(g1) det(ga) .

For k > n, resp. k > n, there is a unique discrete series representation 7 of
G with minimal K -type x®F, and it has infinitesimal character
(k—1,k—=2,...,k—n) € X*(Tc)r = R", resp.

k=1 k—3  kentln-l k.. 3 kLl k)eX'(To)=E"

Proof. Fix the standard maximal compact torus 7. C K, and identify
X*(Tc) = X*(Tec). Let 6, denote the half-sum of the noncompact roots and
dc the half-sum of the compact roots. Let Ay € X* (7. c) denote the restriction
of x®¥ to T.. Then

20p.=(Mn+1,n+1,....n+1),20.=(n—1,n—3,...,3—n,1—n),

A = (k,k,....k) € X*(Tcc) = Z", resp.

20pc = (nym,...,n,—n,...,—n,—n),
200=(n—-1,....3—=n,1—n,n—1,n—-3,...,1—n),
Ay = (kky .ok, —k, ..., —k, —k) € X*(Toc) = Z°".

Let A € X*(7.c) ®z R denote a Harish-Chandra parameter of a discrete series
representation. Then the associated minimal K-type has highest weight

A= X+ 6pe — e
Thus, the minimal K-type Ap determines A uniquely as
A=(k—-1,k—-2,....,k—n) € X*(Tc)r =R", resp.
A=k-L k=3 . k-n+in-3-k. ., 3—ki-k X (To)r=R"
If & > n, resp. k > n, this parameter is dominant and does not lie on any

wall. Thus, in that case there is a discrete series representation with that
parameter. O

THEOREM 5.1.2 ([3], [47]). Let 7 be a cuspidal automorphic representation
of Go, and fix an integer k > n, resp. k > n. We assume that for v|oco, m, = my,
is the discrete series representation from Proposition 5.1.1.

There exist cuspidal automorphic representations 114, ..., II,, of the groups
GL,,/F,...,GL,, /F, integers {1,..., by > 1, with nily + -+ + nply, = h,
such that

() 2 0y,. .., (ITY,)¢ = Iy,
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where ¢ : F' — F denotes complex conjugation if F is CM and c=id: FF —- F
if F is totally real, and such that the following condition is satisfied. For all
finite places v of F lying over a place v™ of FT for which w,+ is unramified,
all 11;, are unramified, and

m

ot =D (e, - [P @ o, |- (G972 @ pp,, | - |G70/2).
=1

Here, 11; is written as the restricted tensor product of Il;, over all places v
of F,

P,y Wpe — Gl
is the unramified L-parameter of w +, and

Nyt LGO7U+ — L ReSFv/F++ GLp,
is the v -component of n. Thus, ny+.(¢x ) is a map
Wer =R GL

F:+ eSFv/Fj_+ ]’L7’U
or, equivalently, a map Wg, — LGL;W, i.e., an h-dimensional representation
of Wg,. On the right-hand side,

P, - WFU — LGL]M)
denotes the unramified L-parameter of 1;,,. Moreover, for v|oco, the represen-
tation T, | - |(P=4)/2 s regular L-algebraic.?

Remark 5.1.3. As regards the last statement, one checks more precisely
from Proposition 5.1.1 and the compatibility of the global and local endoscopic
transfer that for fixed v|oo, the infinitesimal characters of the representations
;| - |@=46-D/2 for 4 = 1,...,m, j = 1,...,4;, (considered as (multi-)sets of
real numbers) combine to

(k—1,k—2,....k—n,0,n—k,n—1—k,...,1—k)
if F is totally real, resp.
k—3k—3. . k-n+in-3—k .. 3—ki-k)
if F'is CM.
We combine this theorem with the existence of Galois representation ([22],

[44], [35], [56], [20]; the precise statement we need is stated as [9, Ths. 1.1,
1.2]).2! Recall that we fixed ¢ : C = Q,,.

*0Here, we use the definition of L-algebraic automorphic representations from [15]. Reg-
ularity means that the infinitesimal character is regular.

21 Curiously, the Galois representations we need are the ones that are hardest to construct:
They are regular, but non-Shin-regular and not of finite slope at p.
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THEOREM 5.1.4. Let II be a cuspidal automorphic representation of the
group Resp g GLy, such that (I1V)¢ = 11 and 1] - /2 is regular L-algebraic for
some integer k. Then there exists a continuous semisimple representation

on : Gal(F/F) — GL,(Q,)

such that (oy)¢ = UHXI;, where xp s the p-adic cyclotomic character,?® with
the following property. For all finite places v of F' for which 11, is unramified,
om s unramified at v, and

P, = UH|WFU| : ‘k/Z

up to semisimplification (i.e., Frobenius-semisimplification).

Remark 5.1.5. In the language of [15], this is the Galois representations at-
tached to the L-algebraic cuspidal automorphic representation II|- |k/ 2. To ap-
ply the cited result (which is in terms of C-algebraic representations), observe
that II' = II| - |(F+1-7)/2 i5 regular C-algebraic and satisfies (IT'V)® = II' @ y,

|n+1—k

where x = |- is a character that comes via pullback from Q.

This discussion leads to the following corollary. Fix a sufficiently small
level K C G(Ay) = Go(Ap+ ¢) of the form K = Ko+ K5 for a finite set ST of
finite places of F'™ containing all places dividing p and all places over which F
ramifies. Here Kg+ C Go(Ap+ g+) and K5 ¢ GO(A}?; ) are compact open,
and K5 is a product of hyperspecial compact open subgroups K, C Gy (E)
at all finite places v &€ ST. Let

T=Tps+ = X Ty
vgSt
be the abstract Hecke algebra, where v runs through finite places outside S
and
Ty = Zy[Go(F,)/ /K]
is the spherical Hecke algebra. Before going on, let us recall the description of
these Hecke algebras and define some elements in these algebras.

LEMMA 5.1.6. Fiz a placev & ST. Let q, be the cardinality of the residue
field of F™ at v. Let q%/Q € Z, denote the image of the positive square root in
C under the chosen isomorphism C = @p.

(i) Assume F is totally real. Then the Satake transform gives a canonical
isomorphism

Tolal/?] = Z, g 2 . XGE S 2,

*?Note that x, ' is the Galois representation attached to the absolute value |-| : Q* \Ag —
R-o, as we normalize local class-field theory by matching up geometric Frobenius elements
with uniformizers.
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The unramified endoscopic transfer from Go(F.\) to GLap41(F)") is dual
to the map

Blal PV YT o Bl X
sending the set {Y1,...,Yani1} to {XT1, ..., XF1 1}, Let
T Lo Yo )0

be the i-th elementary symmetric polynomial in the Y;’s fori=1,...,2n
+1, and let T; , € T, [qi/Q] be its image in T, [qiﬂ]. Then T, € T,.

(ii) Assume F is CM and v splits in F'; fix a lift v of v. Then Go(F,) &
Hg( ) GLQn( f,) cmd

Tolay/”) = Zpla,*) X7, ., X5, 1%

The unramified endoscopic transfer is the identity map. Let T; 5 € T,[q 1/2]
be the i-th elementary symmetric polynomial in Xq,...,Xo, for i =
1,...,2n. Then qf/zTi,g eT,.?

(iii) Assume F is CM and v inert (in particular, unramified) in F. Then the
Satake transform gives a canonical isomorphism

Tv[ql/Q] ~7 [ 1/2”Xi1, ) Xil} (Z/QZ)

The unramified endoscopic transfer from Go(F,}) to GLa,(F,) is dual to
the map

TPV YR o X XS
sending the set {Y1,...,Yan} to {Xi4, ..., X Y. Again, we let Tj, €

T, [q}/Q] denote the image of the i-th elementary symmetric polynomial in
the Yj's fori=1,...,2n. Then T;, € T,.

Proof. Everything is standard. Note that all occurring groups are unram-
ified over F,", thus one can extend them to reductive group schemes over the
ring of integers. As v does not divide p, one can then define a unique Haar
measure with values in Z, on the unipotent radical of the Borel that gives the
integral points measure 1. The normalized Satake transform is defined over
Z [q%/ 2] The final rationality statements are easily verified. O

Now T acts on the C-vector spaces of cusp forms
H (X5, w @ T) @c C = H(X), WP @ T),

where w is the automorphic line bundle coming via pullback from the standard
automorphic ample line bundle on the Siegel moduli space and Z denotes the
ideal sheaf of the boundary (on either space).

ZThese elements depend on the choice of ¥; the other choice replaces all X; by X[l.
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Let S be the finite set of finite places v of F' that map to a place v € ST
of F, and let Gg s be the Galois group of the maximal extension of F' which
is unramified outside S.

COROLLARY 5.1.7. Fiz k > n, resp. k > n (if F is totally real, resp.
CM). Let 6 = 0 if F is totally real and 6 = 1 if F' is CM. Let T, be the
mmage of T in

Endo(HY (X}, w2 @ T) ¢ C).
Then Tk is flat over Z,, and Tk rlp~1] is finite étale over Q,. For any
x € (Spec ']I‘K,k)(@p), there is a continuous semisimple representation

O - GF,S — GLh(@p)

such that (o))¢ = axxg and such that for any finite place v & S of F, the
characteristic polynomial®* of the geometric Frobenius Frob, € G F,s 18 given by

det(1 — X Frob, |o,)
= 1= (¢ °T10) (@)X + (¢ To0) (2) X? — - - + (=1)" (¢ *Th ) () X,
where q, 1s the cardinality of the residue field of F' at v.
Proof. Flatness of T, is clear. The image of T ®z, C in
Endc(H(X}, o © 7))

is a product of copies of C, because the Petersson inner product defines a
positive-definite hermitian form on H(X},w%" ® T) for which the adjoint
of a Hecke operator is another Hecke operator. This implies by descent that
Tk k[p~'] is finite étale over Q.

Now, given x, there exists a cuspidal automorphic representation 7w of
Go/F* such that for all finite places v ¢ ST, 7, is unramified, with Satake
parameter the map

T, ®Zp C—>C

induced by z (and the fixed isomorphism C = @p), and such that for v|oo,
m, is a discrete series representation with given lowest weight as described in
Proposition 5.1.1, i.e., m, = m. Thus, by Theorem 5.1.2, we get cuspidal au-
tomorphic representations Iy, ..., II,, of GL,,/F,...,GL,, /F, and integers
l1,..., 0, with the properties stated there. By Theorem 5.1.4, there exist
Galois representations o; attached to the regular L-algebraic cuspidal auto-
morphic representations IL| - |(O+1=6:)/2 We set

m

Or = @ <O’i ® Ungl DD Uz‘X?(keiU 7
i=1

24We adopt a nonstandard convention on characteristic polynomials.
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where x;, is the p-adic cyclotomic character. The desired statement is a direct
consequence. O

Recall Chenevier’s notion of a determinant [19], which we use as a strength-
ening of the notion of pseudorepresentations as introduced by Taylor, [59].
Roughly, the difference is that a pseudorepresentation is ‘something that looks
like the trace of a representation,” whereas a determinant is ‘something that
looks like the characteristic polynomials of a representation.’

Definition 5.1.8. Let A be a (topological) ring and G be a (topological)
group. A d-dimensional determinant is an A-polynomial law D : A[G] — A
that is multiplicative and homogeneous of degree d. For any g € G, we call
D(1 — Xg) € A[X] the characteristic polynomial of g. Moreover, D is said to
be continuous if the map G — A[X], g — D(1 — Xg) is continuous.?

Remark 5.1.9. We continue to use our nonstandard definition of the char-
acteristic polynomial. Also, slightly more generally, for any A-algebra B, we
call a multiplicative A-polynomial law A[G] — B homogeneous of degree d a
determinant of dimension d (with values in B). In fact, this is equivalent to
a multiplicative B-polynomial law B[G] — B homogeneous of degree d, i.e., a
determinant over B.

Recall that an A-polynomial law between two A-modules M and N is
simply a natural transformation M ®4 B — N ®4 B on the category of
A-algebras B. Multiplicativity means that D commutes with the multipli-
cation morphisms, and homogeneity of degree d means that D(bx) = b%D(x)
for all b € B, x € B[G]. Equivalently, by multiplicativity of D, D(b) = b¢ for
all b € B. Note that if p: G — GL4(A) is a (continuous) representation, then
D = detop : A[G] — My(A) — A defines a (continuous) d-dimensional deter-
minant. The two notions of characteristic polynomials obviously agree. Also
recall that (by Amitsur’s formula) the collection of characteristic polynomials
determines the determinant; cf. [19, Lemma 1.12(ii)].

Now we go back to Galois representations. Keep the notation from Corol-
lary 5.1.7.

COROLLARY 5.1.10. There is a unique continuous h-dimensional deter-
minant D of G s with values in Tk 1, such that

D(1 — X Frob,) = 1 — ¢¥’T1, X + ¢®*/?Ty, X? — - + (-1)"¢M/%, , X"
for all finite places v & S of F'.
Proof. This follows from [19, Example 2.32]. O

L. (19, 2.30).
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COROLLARY 5.1.11. Let Tg be as defined in Theorem 4.3.1. Then, for
any continuous quotient T — A with A discrete, there is a unique continuous
h-dimensional determinant D of G s with values in A, such that

D(1 — X Frob,) = 1 — ¢¥?T1, X + ¢®/?Ty, X? — .- + (-1)"¢M/%T, , X"
for all finite places v & S of F'.

Proof. If 11,1 C T are two ideals such that there exist determinants
with values in T/I; and T/Is, then there exists a determinant with values in
T/(I; N I3) by [19, Example 2.32]. As I = ker(Tq — A) is open, it contains
a finite intersection of ideals I = ker(Tq — Tk ) by the definition of the
topology on T¢. The result follows. O

5.2. The cohomology of the boundary. Our primary interest in the specific
groups G is that they contain M = Resp/g GLy as a maximal Levi. This
implies that the cohomology of the locally symmetric spaces associated with
M contributes to the cohomology of X . In this section, we recall the relevant
results. Fix a parabolic P C G with Levi M.

Definition 5.2.1. For a compact open subgroup Ky C M(Ay), let
Xity = M(Q\[(M(R)/Rx0Koo) X M(A)/ K]

denote the locally symmetric space associated with M. Here, Ko, C M(R) is
a maximal compact subgroup and R-g C M(R) are the scalar matrices with
positive entries. Similarly, for a compact open subgroup Kp C P(Ay), let

Xfo, = PQ\[(P(R)/Rs0Kx) x P(Ag)/Kp).

LEMMA 5.2.2. For a compact open subgroup Kp C P(Ay), the image
KM c M(Ay) of Kp in M(Ay) is compact and open. There is a natural
projection

P M
Xx, _>Xngv

which is a bundle with fibres (S')*, where k is the dimension of the unipotent
radical of P.

We are using the specific nature of U here: One sees by inspection that
U is commutative, which makes the map an actual torus bundle.

Proof. The projection P(Ay) — M(Ay) is open, so that KM is open,
and certainly compact. Let U = ker(P — M) be the unipotent radical of P,
Kg = Kp NU. Then the fibre of

(P(R)/Rs0Ks0) x P(Af)/Kp — (M(R)/RsoKoo) x M(Ag)/ K}
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is given by U(R) x U(Af)/KY. One deduces that the fibres of

Xic, = P(Q\[(P(R)/R>0Ku) x P(Ay)/Kp]
= Xy = MQ\[(M(R)/R>0K o) x M(hs)/K}]

are given by
UQ\(U(R) x U(A)/Kp) = (U(Q) N Kp)\U(R).

The subgroup U(Q) N KY C U(R) is a lattice, thus the quotient is isomorphic
to (S1)*, where k = dim U. O

Let XBS be the Borel-Serre compactification of Xy ; cf. [12]. Recall that
we assume that K is sufficiently small. Then XIB{S is a compactification of Xg
as a real manifold with corners, and the inclusion Xg < XIB(S is a homotopy-
equivalence. Thus, there is a long exact sequence

o= H (X, Z/p™ZL) — H (X, Z)p"Z) — H (X Xk, Z/p"Z) — - - - .

Moreover, if one looks at the compact open subgroup K¥ = K N P(Ay) C
P(Ay), one has an open embedding

XFPp e XB5\ Xk.
In particular, there are natural maps
HYXEr, 2/p"7) — H(XE\ Xk, Z/p"Z) — H(XEp, Z/p"T).

Recall that we have fixed a finite set of places St of F'™ containing all
places above p and all places above which F/F* is ramified, and that K =
K¢ K% +, where K" ¢ GO(AIS;;’ f) is a product of hyperspecial maximal com-
pact subgroups. Then similarly K* = K§+KP’S+, where KP57 ¢ PO(Af,i’f);
here, Py C Gy is the parabolic subgroup with P = Resp+ /Q FPy. Its Levi My
with M = Resp+ g My is given by My = Resp/p+ GLp. Let KM c M(Ay) be
the image of K*; then KM = K%KM’SJF, where KM:S" MO(A§+7f) is a
product of hyperspecial maximal compact subgroups.

In the following, we assume that the image K of K* in M(A ) agrees
with K”NM(Ayf). Given any sufficiently small compact open subgroup K7 of
M (Ay), one can find a compact open subgroup K C G(Ay) with this property
and realize KM = K} e.g., by multiplying K} with small compact open
subgroups of U(A¢) and the opposite unipotent radical.

Consider the (unramified) Hecke algebras

+ +
Tyst = ZplGo(AZy 1)/ /K5,
Tyerst = ZyPo(Afe ;) / /K5,
Tyoanst = Zp[Mo(AFL )/ /M.
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Then restriction of functions defines a map T s+ — T, s+, and integration
along unipotent fibres defines a map T p.st — T s+. The composite is the
(unnormalized) Satake transform

’]PK3+ — TKIM,S""

Recall also that we assumed that K is sufficiently small. In particular, all
congruence subgroups are torsion-free, and the quotients defining the Borel-
Serre compactification are by discontinuous free group actions. It follows that
T s+ acts on HY(XBS\ Xg,Z/p™7Z), giving a map of Z,-algebras

T,es+ — Endgymz(H (XE \ Xk, Z/p™Z)).

Also, T ;. p,s+ acts on both HA(X Lp, Z/p™Z) and H' (X} p, Z/p™Z). By letting
it act on one of them, one gets a map of Z,-modules

T s+ — Homg pmz (HU(X p, Z/p"Z), H(X },p, Z/p"Z));

the map does not depend on whether one lets T, p s+ acts on Hi or H'. Sim-
ilarly, one has a map of Z,-modules

TKM,S+ — HomZ/me(H (XKM ) Z/me)a Hz(X%M ) Z/pmz))
In this last case, define the interior cohomology
H| (XKJM, Z/me) lm(HZ(XK]u, Z/me) — Hl(XKM, Z/me))
Then one has a map of Z,-algebras
Tyenr,s+ — BEndypmz (H (X ¥, Z/p™Z)).
The kernel of
Tprss+ — HomZ/me(H (XKM ,Z[p"Z), H' (XKMa Z/p™Z))

agrees with the kernel of T s+ — Endg ,mz (H/ ( XM\, Z/p™Z)); in particu-
lar, it is an ideal.
Finally, observe that there is a commutative diagram

H(XPP\ Xk, Z/p" L)

/ \

HA(XEp, Z/p™Z) H (XEp,Z/p™Z)
Hi{X M\, Z/p"Z) H{(XM\,Z/p"Z)

of Zy-modules. The only nontautological map is the map

H’(XKP, Z]p"L) — HZ(XKM,Z/me).



ON TORSION IN THE COHOMOLOGY OF LOCALLY SYMMETRIC VARIETIES 1041

This map is pullback along the embedding X ?(/[M - K [P; p (cf. definition of both
spaces), using that KM = K N M(Ay); this forms a section of the projection

X5 Py = XM wear> implying commutativity of the diagram.

In particular, one gets natural maps of Z,-modules
Endy, g (H' (X \ Xk, Z/me»
— HomZ/me(H ( KP7 Z/pmz) Hl(Xva Z/me)>
— HomZ/me(H (XK]\/[ y Z/me) HZ(XK]V[, Z/me))
The following lemma is an easy verification from the definitions.

LEMMA 5.2.3. The diagram of Z,-modules

Tyst ————> Endg mz(H (X2 \ Xk, Z/p™Z))

| |

Typs+ HHomZ/me(H( KP,Z/me) H( KP,Z/me))
| |
TKALS"' — Homz/me(Hé(XKM,Z/me) HZ(XKM,Z/me))
commautes. ([
COROLLARY 5.2.4. Let TKer be the image of T s+ in
Endymz(H (X \ Xk, Z/p" 7)),
and let TKM,S+ be the image of T pr s+ in
Bndy (Y (Xt Z/5"Z)).
Then there is a commutative diagram
Tpst — TK3+
L
T prs, st —> TKALS+

of Zy-algebras.

Proof. We need to check that the kernel of T s+ — TKS+ maps trivially
into TKJVL s+ via T s+ This follows from the previous lemma, recalling that
the kernels of T .y, s+ — Homg, /mz (H,. (XM, Z/p™Z), H (X Y, Z/p™Z)) and
T a5+ — Endg jymz (H/ (X ¥, Z/p™ L)) agree. a
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In order to deduce the correct corollaries, we make the maps on Hecke
algebras explicit again. For a place v & St of F'*, let

Tyar = Zp[Mo(F) [/ K3,

where KM:5" — [1KM and KX C My(F},) is a hyperspecial maximal com-
pact subgroup.
LEMMA 5.2.5. Fiz a placev € S of F lying above a place vt & ST of FT.
Let q,+ be the cardinality of the residue field of F™ at v*, and let q, be the
cardinality of the residue field of F' at v. Let qif, qql)/2 € Z, denote the image
of the positive square root in C under the chosen isomorphism C = Q,,.
(i) Assume F is totally real (so that v =v"). Then the unnormalized Satake
transform is the map
Tolal/?] = Zylgl?XE, . XS

= Trwla)) = Zla, )X X5

sending the set {XT1 ..., X1 to {(qq()nﬂ)/zXl)il, cey (qq()n+1)/2Xn)i1}.
Recall the elements T;, € T, from Lemma 5.1.6. Let T% € Tgm [q}/Q]

be the i-th elementary symmetric polynomial in X1,...,X,. Then the

element qi(n+1)/27}% S ’]I‘Ky and

1-T1,X+ TQ,UXQ . T2n+1,vX2"+1
(1 - X) (1 — q(rHO2TM X 4 22 M X2 g (_1)nqg(n+1)/2T7]L\’/[vXn)

Cniny2 Tatie Camtnyj2 Tataw 1o no—nn+1)/2_ L n

(ii) Assume F is CM and v* splits in F, with v the complex conjugate place
of F'; then qu+ = q,. The unnormalized Satake transform is the map

To+ g0/ = Zp[ay ?)[XT, . X5, )%

o T [alf?) 2 Zylal X, XY s
sending {Xi,...,Xo,} to {q{fﬂXl, cel q3/2Xn, q;n/zYl, . ,qJn/2Yn}.
Recall the elements qf/2Ti,v €T,+ from Lemma 5.1.6. If T} E’]I‘Ki\fL [q})m]
is the i-th elementary symmetric polynomial in X1,...,X,, then the el-
ement qf,(nﬂ)ﬂﬂ% € ']I'Ki\i. Moreover, ﬂ% € TK{){ [q%/Q] is the i-th ele-
mentary symmetric polynomial in Yl_l, oY and

1— ¢ X + qTo X2 — ... = (" Top Wy X2
—(1 — q£"+1)/2T%X + qg("+1)/2T2J\f)X2 e (—1)"q3("+1)/2T,¥UX")
(1— q;m—l)/z%x n q;2<n—1)/2%1X2 R (—1)”qv_"("_1)/QﬁX”).

n,v n,v n,v
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(iii) Assume F is CM and v is inert (in particular, unramified) in F'; then g, =

q§+ and qll)/zzqw €Zyp. The unnormalized Satake transform is the map
1/27 ~ 1/2 . n
Ty [01%] 2 Z, )X, . X;E S @/20)
1/27 ~ 1/2 2
- TKﬁ [qvi | = Zp[qvi JIXEL . XEYS

sending {X:E, ... XY to {(qg/QXl)ﬂ, ce (qﬁ/QXn)ﬂ}. Recall the el-
ements T;, € T, from Lemma 5.1.6. Let TZ{\;[ € TK% [qiiz] be the i-th

elementary symmetric polynomial in X1, ..., X,. Then T% € ’]I‘Kz\fL and
1- qs;/2T1,vX + QUT2,UX2 e T qZTQn,vX2n
S gl VT DRI e (1) g T X
X(l _ q;(n—l)/2 n;},vX + qv—2(n—1)/2 nﬁ’v X2 — (_1)nqv—n(n—1)/2 o Xn)
n,v n,v n,v
Proof. This is an easy computation, left to the reader. O

To organize this information, the following definitions are useful. Using
that M = Resp/g GLy, one has

M
TKIM,SJF - ®TU P

vgS
with My, 1/2 1/211 y+£1 +178
Tv [ v/ ] gZp[ v/ ][Xl 7"'ﬂXn ] "
where ¢, is the cardinality of the residue field at v. One has the i-th elementary
symmetric polynomial T% IS ’]I‘f)\/[[qll,p] in the Xy,..., X, with qf}(nﬂ)ﬂﬂ%
€ TM. Define the polynomials
Py(X) =1 - g1 X
+ qg(”+1)/2T%X2 e (—1)"q3(”+1)/2T%}X”,
V —( +1)/2 Tfi\{l v
PU(X):l_qvn 7M’X
n,v
“2(n+1)/2 T o0 o n —nn+1)/2_ L tn
+ 4, —ar X+ (=), 7ar X
n,v n,

in TM[X]. Note that P)Y(X) is the polynomial with constant coefficient 1
whose zeroes are the inverses of the zeroes of P,(X). Moreover, if F' is totally
real, define

Py(X) = (1= X)Py(X)P)(X) € Ty [X] = Tgp [X];
if F'is CM, define
Py(X) = Py(X)P)(qX) € Ty [X],

where v¢ is the complex conjugate place and v* is the place of F'™ below v.
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COROLLARY 5.2.6. Let d be the complex dimension of Xg. There exists
an ideal

I CTpms =im(Tn s+ — BEndypmz(H (X, Z/p"Z)))

with I24+Y) = 0, such that there exists a continuous h-dimensional determinant
D of Grs with values in A = TKM,S+ /1, satisfying

D(1 — X Frob,) = P,(X)

for all finite places v & S.

Here and in the following, we do not strive to give the best bound on the
nilpotence degree.

Proof. By Corollary 5.2.4 and the computations of Lemma 5.2.5, it is
enough to prove the similar result for

Tys+ = im(Tys+ — Endgpmz(H(XE \ Xk, Z/p™Z))).
Using the long exact sequence
o= HY(Xg,Z/p™2) — H(XPP\ Xk, Z/p™Z) — H Y (XK, Z/p™Z),
it is enough to prove that in the Hecke algebras

T,es+ (H (Xk, Z/p"Z)) = im(T s+ — Endg jpmz (H' (X, Z/p™Z)),
T,es+ (HY( Xk, Z/p"Z)) = im(T s+ — Endg /me(Hg‘(XK, Z/p" 7)),

there are ideals Ji, Jo whose d + 1-th powers are 0, such that there are de-
terminants modulo Jy, J2. Indeed, one will then get a determinant modulo
J1 N Jo, and elements of (J; N Jg)d‘H C Jle N Jé”l will induce endomor-
phisms of H'(XES\ Xy, Z/p™7Z) that act trivially on the associated graded of
a two-step filtration; thus, (J1 N Jg)Q(dH) will give trivial endomorphisms of
HY(XE\ Xg,Z/p" 7).

By Poincaré duality, one reduces further to the case of the Hecke algebra
T s+ (HA(Xg,Z/p™Z)). We may assume that there is a rational prime ¢ # p,
¢ > 3, such that all places of F'* above £ are in ST (by adjoining them to ST,
without changing K'); the desired result follows by varying ¢. Thus, we may fix
a normal compact open subgroup Kng+ C Kg+ for which K §+ is contained
in the level-f-subgroup of G'(Ay). Note that then also K%, C Kg+ is a closed
normal subgroup. One has the Hochschild-Serre spectral sequence
(Kg+/Kg, H (Z/p"2)) = HIY (X, Z/p"Z),

S+ P s+
C,KS+K

Hi

cont
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equivariant for the T s+ -action.?® Let TKS+,C1 be the topological ring T s+
defined as in Theorem 4.3.1 for m large enough. Then, by Theorem 4.3.1,
TKS+,CI acts continuously on the FEs-term of this spectral sequence. In par-
ticular, it acts continuously on the E,.-term, so that there is a filtration of
H!{(Xk,Z/p™Z) by at most d + 1 terms (cf. Corollary 4.2.2), such that the
associated action on the graded quotients is continuous. Consider the ideal
J C Tis+ (HA(Xk,Z/p™Z)) of elements acting trivially on the associated
graded quotients. Then J4! = 0, and we are reduced to showing that there
is a determinant modulo J.

But now A = T, g+ (H{(Xg,Z/p™Z))/J is a discrete quotient of T
so one gets the desired determinant from Corollary 5.1.11.

KS+,C17

Let us rephrase this corollary in more intrinsic terms, changing notation
slightly.

COROLLARY 5.2.7. Let F be a totally real or CM field, with totally real
subfield F* C F. Fiz an integer n > 1. If F is totally real, define h = 2n + 1
and d = [F : Q|(n? +n)/2; if F is CM, define h = 2n and d = [F+ : Qn?.
Let S be a finite set of finite places of F' invariant under complex conjugation,
containing all places above p and all places that are ramified above F*. Let
K C GL,(AFry) be a sufficiently small®>” compact open subgroup of the form
K = KgK*°, where Kg C GL,(Ars) is compact open and torsion-free, and
K® = [logs GLn(OF,) C GL, (A% (). Let

Trs = @) To = Q) Zyp[GLn(F,)//GLn(OF,)]
vgS vgS

be the abstract Hecke algebra, and let

Trs(K,i,m) =im(Tps — Endy/ymz(H{ (X, Z/p"Z))).
Here,

Xk = GLn(F)\[(GLn(F ©g R)/R>0Koo) X GLn(Ar)/ K]
denotes the locally symmetric space associated with GL,/F, where Ko C
GL,(F ®q R) is a mazimal compact subgroup. Then there is an ideal I C
Trs(K,i,m) with J20d+1) — . for which there is a continuous h-dimensional
determinant D of Gp,g with values in Tpg(K,i,m)/I, satisfying

D(1 — X Frob,) = P,(X)

for all places v & S.?8

o+, passing to a

colimit afterwards. For a finite cover, equivariance follows from compatibility of trace maps

Z6For the equivariance, reduce to a finite cover with group Ks+ /K, K

with base change.
2TThis can always be ensured by making it smaller at one place v € S not dividing p.
Z8For the definition of IBU(X), cf. the paragraph before Corollary 5.2.6.
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Proof. This is Corollary 5.2.6, noting that any K as in the statement can
be realized as a K™ in the notation of Corollary 5.2.6. (]

5.3. Divide and conquer. Let the situation be as in Corollary 5.2.7. Thus,
F' is a number field, which is totally real or CM, p is a prime number, n > 1
some integer, and S is a finite set of finite places of F' invariant under complex
conjugation, containing all places dividing p and all places that are ramified
over F'*. Moreover, fix a sufficiently small K = KgK® C GL,(AF f) such that
K% = [luogs GLn(OF,) C GL, (A% (). Let

Trs(K,i,m) =im(Tps — Endgmz(H{ (Xk, Z/p"Z))).
In this section, we prove the following theorem.

THEOREM 5.3.1. There exists an ideal J C Tpg(K,i,m), JAd+1) — o
such that there is a continuous n-dimensional determinant D of Grgs with
values in Tpg(K,i,m)/J satisfying

D(1 — X Frob,) = Py(X)
for all places v & S.
Proof. Note that A9 = Trs(K,i,m) is a finite ring. Let A = Ay ®z,

W (F,). It suffices to prove that there is a determinant (with the stated prop-
erties) with values in A/.J for some ideal J C A with J4+D =0,
By Corollary 5.2.7, there exists a determinant D; with values in A/I,

I12(d+1) = 0, satisfying

Di(1 — X Frob,) = Py(X)
for all v ¢ S. We will use this result for many cyclotomic twists, roughly

following an idea used in [34]. Let x : Gps — W(F,)* be any continuous
character of odd order prime to p. Define

Py x(X) = Py(X/x(Frob,)) € A[X].
Let P, (X) = P)(x(Frob,)X) be the polynomial with constant coefficient 1

whose zeroes are the inverses of the zeroes of P, (X). Define

Pyy(X)=(1- X)P,x(X)P) (X)

in case F' is totally real and

Pv,x(X) = Pv,x(X)PXC,X(%X)

in case F' is CM. We claim that there is a determinant Dx with values in A/I,
Ii(dﬂ) = 0, satisfying
Dy (1 — X Frob,) = P, (X)

for all v ¢ S.
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Indeed, the character x : Gpg — W (F,)* corresponds by class-field the-
ory to a continuous character ¢ : F*\AX — W(F,)*. As it is odd, it is trivial
at all archimedean primes, i.e., factors through a character ¢ : F*\Aj F

W (F,)*. Also, it is unramified away from S, and its order is prime to p. Thus,
one can find a normal compact open subgroup K’ = KgKS C K = KgK? of
index [K : K'] prime to p, such that ¢ is trivial on det(K’). Because [K : K|
is prime to p, the map

H{ (X, Z/p" L) = H{ (X, Z/p™ZL)
is split injective. The -isotypic component
H(Xgr, W (Fy))[¢]
is 1-dimensional (as mo(Xgs) = F*\Af ,/det K'). The cup-product gives a
map
H}(Xk, Z/p" L) ®z, H*(Xrer, W (Fp) W] = H{ (Xgcr, W (Fp) /p™),

which is injective, as cup-product with H?(X g+, W (F,))[t)~!] maps this back
to
H{ (X, W(Fp)/p™) € H{(Xgr, W (Fp)/p"™).
Applying Corollary 5.2.7 to the Hecke algebra corresponding to
H{ (X, Z/p" L) ®z, H*(Xrr, W(Ep) Y] C Hi (Xrer, W(E,)/p™)

will produce the desired determinant D, with values in (Tpg(K,i,m) ®z,
W (Fp))/I, for some ideal I, with Ii(dﬂ) = 0.

Our first aim is to prove that there is an ideal Iy C Ay with
such that there is a continuous function Grpg — Ao/l[X] : g — P, with
Pryob, = P, for all v ¢ S. This will be done in several steps. Let A be
the reduced quotient of A, which is a finite product of copies of F,. Let

P,(X) € A[X] be the image of P,(X).

I~ g

LEMMA 5.3.2. There is a finite extension Lo/F, Galois over FT (thus

over F'), such that for all places v & S that split in Lo, Py(X) = Pye(X) =
(I1-=X)" and g, =1 mod p in case F' is CM.

Proof. Look at the continuous determinant
Dl : Fp[Gﬂs] — Fp.

It factors over Gal(L{/F) for some finite Galois extension L{/F (unramified
outside S), which we may assume to be Galois over F'*. It follows that for all
v ¢ S that split in Ly,

(1—X)>" = Di(1 — X Frob,) = (1 — X)Py(X)P.(X)
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if ' is totally real. In particular, P,(X) divides (1 — X)?"*! has constant
coefficient 1 and is of degree n, thus P,(X) = (1 — X)"; we may take Ly = L.
If F'is CM, then for all v € S that split in L,

(1— X)2" = Dy(1 — X Froby,) = Py(X)Pre(quX).

Again, one sees that P,(X) = (1 — X)". If one takes Lo = L{((,), where ¢,
is a primitive p-th root of unity, then for all v that split in Ly, one has ¢, = 1
mod p, so that one gets also Pye(X) = (1 — X)™. O

Next, we define Iy C Ay with Ig(dﬂ) = (0. For any odd rational prime

¢ # p, let F¥/F be the cyclotomic Z-extension. Let S, = S U {v|[¢} (and
similarly for any set of rational primes). For any character x : Zy, — W (F,)*,
we have an ideal I, C A, with Ii(dﬂ) = 0, such that there is a continuous
determinant Dx of Gr,s, with values in A/I,. The ideal IZX =L+I,CA
satisfies fi(dﬂ) = 0. The intersection I~0,X = jx N Ay C Ap is an ideal of the
finite ring Ag. Thus, there is some Iy, C Ag with Ié;dﬂ) = 0 such that for
infinitely many y, -fO,x = Iy . Finally, there is some Iy C Ag with Ig(dﬂ) =0
such that Io = Iy, for infinitely many £.

Now fix any two sufficiently large distinct rational primes ¢, ¢’ # p with
Ine = Ipp = Ip such that [Lg : F] is not divisible by ¢ and ¢'. Let L°* be
the maximal pro-p-extension of Lg - F<¥°l¢ that is unramified outside Sy. Thus,
there is a quotient Gp g, — Gal(L>¢/F).

LEMMA 5.3.3. For any character x : Gal(F% /F) =2 7, — W (F,)*, the
determinant Dy, of GF,s, factors over Gal(L>¢/F).

Proof. Over A, the determinant Dx corresponds to a continuous semisim-
ple representation

Ty : GF,SZ — GLh(A)
by [19, Th. 2.12]. For all g € ker(Grs, — Gal(Lg - F¥ /F)), it satisfies
det(1 — Xg|7,) = (1 — X)"

by Lemma 5.3.2. It follows that these elements g are mapped to elements of
p-power order, so that 7, factors over Gal(L>*¢/F). Now apply [19, Lemma
3.8]. O

LEMMA 5.3.4. There is a unique continuous function
g+ Py Gal(L™®¢/F) \ Gal(L>¢/F¥e) — Ag/IH[X]
such that Ppyob, = Py for all v & Sy.
Proof. Fix any g € Gal(L°°¢/F)\ Gal(L>®¢/F¥), and fix a character
x : Gal(F¥U /F) = 7, — W(F,)*
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such that —f07x =TIpand x(g)¥ # 1for j =1,...,n. As g & Gal(L>®¢/Fl),
only finitely many x violate the second condition; as infinitely many x sat-
isfy the first, some suitable y exists. There is an open neighborhood U C
Gal(L%¢/F) \ Gal(L>¢/F°l) of g such that y and the determinants

Dy : A[Gal(L>¢/F)] — A/Iy, D, : A[Gal(L>¢/F)] — A/I,

are constant on U. In particular, the polynomials

P,(X) mod I, P,\(X) mod I,
are constant on U. It is enough to see that P,(X) mod Iy is constant on U. We
do only the totally real case; the CM case is similar. Recall that if Frob, € U,
then

Py(X) = (1 = X)P(X)P)(X), Por(X) = (1= X)P,(X/x(9))P) (x(9)X).
Both are constant on U modulo fx = Iy + I,. This implies that
Py(X)P)/(X), Po(X/x(9)P) (x(9)X)

are constant on U modulo jx- Let us forget that Q, = P is determined by
P,. Write

P(X)=14+a1(0)X 4+ +a,(0) X", Qu(X)=14b0(v)X +---+by(v) X"

By induction on j, we prove that a;(v) and b;(v) are constant on U modulo I,,.
Calculating the coefficient of X7 in P,(X)Q,(X) and P,(X/x(9))Qu(x(9)X)
gives only contributions that are constant on U modulo fx, except possibly
the sum a;(v) + bj(v) in the first product and x(g) 7a;(v) + x(g)7b;(v) in the
second product. Thus, a;(v)+b;j(v) and x(g) "% a;(v)+b;j(v) are constant on U
modulo I,. Taking the difference, we find that (1 — x(g)~*)a;(v) is constant
on U modulo fx, which implies that a;(v) is constant on U modulo fx, as
1—x(g)~% is a unit by assumption on x. Thus, b;(v) = (a;(v) +b;(v)) —a;(v)
is also constant on U modulo fx.

As both a;(v),b;(v) € Ag, we find that they are constant modulo AgN1I, =
j07x = Iy, as desired. O

COROLLARY 5.3.5. There exists a unique continuous function
g — Pg : GF,S — Ao/[o[X]
such that Pryob, = Py for allv € S.

Proof. Let M/F be the extension for which Grgs,, = Gal(M/F). Ap-
plying Lemma 5.3.4 for £ and ¢ individually, we see that there are continuous
functions

g+ Py:Grgs,, \ Gal(M/F¥U) — Ay /I)[X]
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and
g+ Py:Grg,, \ Gal(M/FYU) — Ay /I)[X].
By uniqueness, they glue to a continuous function
g Py:Grs,, \ Gal(M/F¥e . FYIr) o Ag/Io[X].
But the map
Grs,, \ Gal(M/F¥ . YUy — Gal(L>* /F)

is surjective, as F<V°l is linearly disjoint from L (because one extension is
pro-¢', whereas the other is pro-prime-to-¢'). To check whether the continuous
function

g+ Py Gal(L™®¢/F) \ Gal(L>¢/F¥e) — Ag/IH[X]
extends continuously to some g € Gal(L>¢/F%), one can lift g to some
~ 1 1,
g €Grs,, \ Gal(M/F%e . FYy)

and use that the continuous function g — P, exists near g. This shows that
there is a continuous function

GF,S@ — Gal(LOOZ/F) — AU/I()[X}
interpolating Ppyop, for v € Sy. Similarly, there is a continuous function
GF75'4, — Ao/]o[X]

interpolating Ppyopb, for v € Sp. By uniqueness, they give the same function
on Grg, ,, which will thus factor over G and interpolate Pgp, for all
véEgS. O

Thus, there exists a finite Galois extension '/ F unramified outside S with
Galois group G and a function

g — Pg G — A()/I()[X]

such that Ppyopb, = P, for all v € S. By adjoining a primitive p-power root of
1to F, we may assume that there is also a map g — ¢4 € Ag/Iy interpolating
Frob, — ¢,. Also, in the CM case, we may assume that F J/FT is Galois, so
that there is map g — ¢¢ on conjugacy classes in G, given by the outer action
of Gal(F/F*) = {1,c}. Choose some (new) rational prime ¢ # p, £ > 3, such
that ¢ does not divide [F : FJ; in particular, F' is linearly disjoint from Fe¥cle,

LEMMA 5.3.6. There is an ideal I C A[T*'] containing Iy - A[T*'] with
T4+ — 0 and an h-dimensional determinant (i-e., a multiplicative A-poly-
nomial law, homogeneous of degree h)

Dy : A[G][VE] — A[T*Y/1
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such that for all g € G, k € Z,
Di(1— XV*g) = (1 — X)Py(X/T") P, (T*X)
if F' is totally real, resp.
Di(1— XV*g) = Py(X/T*)Py(T gy X)
if I is CM.
Proof. Embed A[G][V*!] < A[G x Z] by mapping V to (1,1) € G x Z,

where 1 € G is the identity and 1 € Z; is the tautological topological generator.
One knows that for any character x : Z;, — W (F,)*, one has a determinant

A[G][VE] = A[G x Zy) = A[Gal(F - F¥ /F)] — A/I,
which, if D; exists, agrees with the composite of D; with A[T*'] — A/I,
sending T" to x(1). However, the map
AlT*] - II 4

X:ZZHW(FP)X
Tox=1o

is injective. Let I C A[T*'] be the preimage of []I,; then I*(4*1) = (0 and
Iy - A[T*'] C I. One knows that the determinant
D' AlG)[VH] —» I 4/1

X:Zg%W(Fp)X
To,x=lo

exists and that for all g € G, k € Z,

D'(1—-XV*kg) e (A[T*/1)[X] C I  4/L[x].
x:Zg~—>W(Fp)X
IO,X:IO

Thus, by [19, Cor. 1.14], D’ factors through a determinant D : A[G][V*'] —
A[TH)/1, as desired. O

LEMMA 5.3.7. There exists an ideal J C A, In- A C J, with J¥4+D =@
and an h-dimensional determinant

D : A[G|[VF] = (A/ )T
such that for all g € G, k € Z,
D(1 - XV¥g) = (1 - X)P,(X/T*)P)(T"X)
if F' is totally real, resp.
D(1 - XVFg) = P,(X/T*)PY(T*q,X)
if F'is CM.
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Proof. Take I C A[T*!] as in the last lemma, giving D;. Let a € Z be
any integer, and look at the map A[G][V*!] — A[G][V*!] mapping V to V.
One gets an h-dimensional determinant

Dro: A[G)[VE] — A[GIVE] — A[TH/1.

Let I, = {f(T) € A[T*] | f(T%) € I}, an ideal of A[T*!]. Then the map
T — T¢ induces an injection A[T*']/I, < A[T*!]/I, and by checking on
characteristic polynomials and using [19, Cor. 1.14], one sees that f)[,a factors
through a determinant

Dy, : A[G][VF] — A[T*Y/1,,

a

which satisfies the relations imposed on D. Let I’ = Naez La- Then one has
an injection

AT/ = [[ AT/ L.

By taking the product, one has a determinant with values in [], A[T*']/1,; by
checking on characteristic polynomials and using [19, Cor. 1.14] once more, one
gets a determinant with values in A[T*1]/I’. Let J C A be the ideal generated
by all coefficients of elements of I’. Certainly, one gets a determinant with
values in (A/J)[T*!] by composition. Thus, to finish the proof, it suffices to
see that J4@tD) = 0. Thus, take any clements fi, ... faarry € I' C A[T*!]
and write
filT) =" e 17,
JEZ

with only finitely many ¢; ; nonzero. Choose integers a1 > ag > -+ > ay(g41)-
One knows that f;(T%) € I and I*(@+1) = 0; thus,

A(d+1) 4(d+1) ‘
0= II fur*y= TI (X c,1):
i=1 i=1 J

If one has chosen the a; sufficiently generic, every power of T will occur only
once when factoring this out. This implies any product ¢y j, - - - ¢4a41) 5, (@s1) is

zero, showing that J4@+1D) = 0, as desired. O

Finally, we are reduced to the following lemma on determinants, with
R=A/J. O

LEMMA 5.3.8. Let G be a group and R be some ring. For any m € Z, let
a map

g Pg(m)(X) : G — R[X]

be given, taking values in polynomials of degree n,, with constant coefficient 1.
We assume that ny, = 0 for all but finitely many m. Let n = ez "m, and
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assume that there is an n-dimensional determinant
D : R[G|[V*Y] — R[TH!]
such that for all g € G, k € Z,

D(1-V*Xg) = [ PI™(T*"X) € RITH[X].
meZ
Then for all m € Z, there exists an np,-dimensional determinant D™ : R[G]
— R such that for all g € G,

D™(1 - Xg) = P{™(X).

Remark 5.3.9. Intuitively, the lemma says the following, up to replacing
‘representation’ by ‘determinant.” Assume you want to construct representa-
tions 7, m € Z, of G, with prescribed characteristic polynomials. Assume
you know that for any character y of Z, the representation

@Wm@?)(m

meZ

of G x Z exists; note that R[G][V*!] = R|G x Z]. Then all the representations
Tm €xist.

Proof. We need the following lemma.

LEMMA 5.3.10. Let S be a (commutative) ring and Q € S[T*'[[X]] be
any polynomial such that Q@ = 1 mod X. Then there is at most one way to
write

Q= H Qm
meZL
with Qm € S[[XT™]], Qm = 1 mod X, almost all equal to 1. Moreover, if
Q € S[TH[X], then all Q,, € S[XT™)].

Proof. Given any two such presentations Q = [[Q, = [[Q),, one may
take the quotient and thus reduce to the case () = 1. Let k be minimal such
that not all Q,, are =1 mod X*. Then Q,, = 1+ (XT™)*a,, mod X*+! for
some a,, € 5, almost all 0. But then

1=Q= H Qm =1+ XF Z T, mod X"+
meZ meEZ
No cancellation can occur, so a,, = 0 for all m € Z, a contradiction.

For the final statement, one may replace X by X710 for some myg, so that
we may assume that @, = 1 for m < 0. In that case, all @, € S[[X,T]], so
the same is true for (), and we may reduce modulo T'. Then one finds that
@ = Qo mod T so, in particular, Qp € S[X]. Let Q" = [[;n>0 @m- We claim
that Q' € S[T*'][X]; then an inductive argument will finish the proof.
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Note that Q" € S[[X, XT]] so, in particular Q" € S[T][[X]], with Q'Q¢ €

S[T, X]. Writing
Q' =) QuD)X
a>0

with Q) (T) € S[T], we see that for a sufficiently large, Q,Qo = 0. As Qo €
S[T] has constant coefficient 1, this implies that Q) = 0, so indeed Q' €
S[T, X]. O

LEMMA 5.3.11. For any R-algebra S, there are unique multiplicative maps
DI 1+ US[G[[U]] = 1+ US[[U]]
such that for all f(U) € 1+ US|G][[U]],
= [I g™ ((x1™) € SIr*x])
meZ
It satisfies
D™ (1 - Ulzg) = PI™ (Uz)

foralla > 1,z €S, and g € G. Moreover, D[()m) maps 1 + US[G][U] into
1+ US[UJ.

Proof. Lemma 5.3.10 implies uniqueness of each value D(m)( f(U)) indi-
Vldually Moreover, uniqueness implies mult1phcat1v1ty, by multiplicativity of
D. For existence, note that the left-hand side D(f(XV)) is multiplicative
in f. It follows that if the desired decomposition exists for two elements f
and f’, then it also exists for their product. Moreover, the set of elements
for which such a decomposition exists is U-adically closed. As any element
f €1+ USI[G][[U]] can (nonuniquely) be written as an infinite product

o0
H (1-U¢ Jx]g]

for certain a; > 1, a; — oo, x; € S and g; € G, one reduces to the case that
f=1-U%g
witha > 1, z € S, and g € G. In that case,

D(1 - (XV)*zg) = ] Py ((XT™)"x)
meZ
by the defining equation of D. This gives the desired decomposition in this

case and proves the formula for D(()m)(l — Ulxg).
The final statement follows from the second half of Lemma 5.3.10. |
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Now, for any R-algebra S, we can define
D™ (z) = D{M(1+ Uz —1))u=1 € 8
for any € S[G]. This defines a polynomial map D™ : R[G] — R. It satisfies
D(1 = wg) = DI (1 = Ung)ly=r = Py (Uz)|y=1 = Py™ ()
for z € S, g € G. We claim that D™ is multiplicative, i.e.,
D"((1 —2)(1 —y)) = D"™(1 —2)D"™ (1~ y)
for all 2,y € S[G]. The desired equation reads
DM (1= U(z +y) + Uzy)ly=1 = D™ (1 = U)[y=1 D™ (1 = Uy)|y=1.

Write @ = > gcaA g9, ¥ = Y gecaYgg for some finite subset A C G. We may
reduce to the universal case S = R[Xy, Yy]gea, or also to S = R[[ Xy, Yy]]sea.
Thus it is enough to do it for all S = R[[Xg, Yy|lgea/(Xq,Yy)". In other words,
we may assume that the ideal I C S generated by all z4, y, is nilpotent. In
that case, x,y € S[G] are nilpotent.

In particular, 1 — Uz € S[G][U] is invertible, with inverse 1+ Ux + U?z? +
.-+, where only finitely many terms occur, as x € S[G] is nilpotent. Similarly,
1—-Uy € S|G][U] is invertible. Using multiplicity of D(()m), the desired equation
reads

D (1= U@ +y) + Uny) (1 + Uz + U2 + -+
X (1+Uy+U2y2+"'))\U:1 =1

Letting f = (1-U(x+y) +Uzy)(1+Ux+U?2?+-- YA +Uy+U?y>+---) €
1 + US[G][U], one reduces multiplicativity of D™ to the following lemma.

LEMMA 5.3.12. Let I C S be a nilpotent ideal, and let f € 1+ US[G|[U]
such that f =1 mod I and f|ly=1 = 1. Then

D(()m)(f)|U:1 =1
Proof. We claim that any such f can be written as a product of terms
(1= U™ 29)/(1 = Uzg)

fora > 1, z € I, and g € G. Note that, as before, the inverse of 1 — U%zg €
S[G][U] exists, as z is nilpotent. Assume first that I? = 0. As f—1 € U-I[G][U]
and fly=1 =1, we have f —1 € U(U — 1) - I|G][U], so we may write

f: 1_2 Z(Ua+1—Ua)Zg,ag

a>1geG
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with z,, € I. Using I? = 0, this rewrites as

f= H (1- Uaﬂzgag)/(l —U%yg,09),

a>1,9eG

as desired. In general, this shows that after dividing f by terms of the form
(1 - U™ zg)/(1 = Uzg),

one gets an element f’ with the same properties, and f' = 1 mod I?. The
nilpotence degree of I? is smaller than the nilpotence degree of I, so one gets
the result by induction.

Using multiplicativity of D(()m), it is now enough to prove that

D™ (1 - U™'29) /(1 — U%29)) |y=1 = 1
foralla > 1, z € I, and g € G. But by Lemma 5.3.11,
DY (1 = U zg)|y=1 = PY™ (U 2)|y=1 = P (2) = Pi™(U%2) =1
= D(()m)(l —U%9)|y=1,
finishing the proof of the lemma. O

It remains to verify that D™ is homogeneous of degree n,,. For this,
observe the following general lemma on determinants, which shows that ho-
mogeneity of some degree is automatic.

LEMMA 5.3.13. Let R[G] — R be a multiplicative R-polynomial law.
Then for some integer N, there is a decomposition R = Rg X -+ X Ry X Roo of
R into direct factors such that for 0 < d < N, the induced multiplicative Rgy-
polynomial law Ry[G] — Ry is homogeneous of degree d, i.e., is a determinant
of dimension d, and such that Ry[G] — R is constant 0.

Proof. By restriction, we get a multiplicative R-polynomial law R — R. It
suffices to see that after a decomposition into direct factors, this is of the form
x — x¢ for some integer d > 0 or constant 0. Applying the polynomial law
to T € R[T] gives an element f(7T) € R[T], which by multiplicativity satisfies
fUT) = f(U)f(T). Let

F(T) = agT+ ag T + - 4+ ayTV,

where aq # 0. Looking at the coefficient of UT? in f(UT) = f(U)f(T)
shows that a?l = ag, so after a decomposition into a direct product, we may
assume that either ay = 1 or agy = 0. In the second case, we can continue this
argument with a higher coefficient of f to arrive eventually in the case ag =1
(or f(T') = 0, in which case the polynomial law is constant 0). Thus, assume
that ag = 1. Looking at the coefficient of U4T% in f(UT) = f(U)f(T), we
see that 0 = agy; for all i > 1, thus f(T) = T%, and the polynomial law is
indeed given by z > z¢. O
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Note that the degree of each Pg(m)(X ) is at most n,,, but the product
[Tnez Pg(m) (X) has degree exactly n = ,,cznm (as it is the characteristic
polynomial of g in D); thus, each Pg(m) (X) has degree exactly n,,, and it
follows that D(™ is homogenecous of degree ny,. O

5.4. Conclusion. Finally, we can state our main result. Let F' be a totally
real or CM field with totally real subfield F™ C F, n > 1 some integer, p some
rational prime, and S a finite set of finite places of F', stable under complex
conjugation, containing all places above p, and all places that are ramified
over F*. Let Gps be the Galois group of the maximal extension of F' that is
unramified outside S.

Let

K C [[ GLn(OF,) € GLy(Agy)

be a compact open subgroup of the form K = KgK?°, where Kg is any compact
open subgroup of [[,eg GLn(OF,) is any compact open subgroup and K =
[Tvgs GLA(OF,) C GLn(A% 7). We get the locally symmetric space

X = GLo(F)\[(GLW(F ©g R)/RogK o) x GLa(Ary)/K],

where Koo C GL,(F ®g R) is a maximal compact subgroup. If K is not
sufficiently small, we regard this as a ‘stacky’ object, so that (by definition)
Xk — Xk is a finite covering map of degree [K : K'] for any open subgroup
K'C K.

Moreover, fix an algebraic representation £ of Resp, /7 GL;, with coeffi-
cients in a finite free Zj-module M. This defines a local system Mg i of
Zy-modules on X for any K as above.

Let

Trs = ) To, Ty = Zy[GLy(F,)//GLn(OF,)]
vgS
be the abstract Hecke algebra. By the Satake isomorphism, we have a canonical
isomorphism
Tolgy] = Zplay ?)[X7, . X,

where g, is the cardinality of the residue field of F' at v. Welet T; , € T, [q}/ 2] be
the i-th symmetric polynomial in Xi,..., X,; then qf,(nﬂ)/gTw € T,. Define
the polynomial

P,(X)=1-q¢"V21 X
+ qg(n—i_l)/QTZ,vXZ e (_1)nqg(n+1)/2Tn,vXn c ’]TU[X]
Recall that there is a canonical action of Tx g on

H' (X, Mg k).
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THEOREM 5.4.1. There exists an integer N = N([F : Q],n) depending
only on [F : Q] and n, such that for any compact open subgroup K = KgKS C
GL,(AFr,f) as above, algebraic representation &, and any integers i,m > 0, the
following is true. Let

Trs(K, €, i,m) =im(Tps — Endzp/pm(Hi(XKaME,K/pm)))'

Then there is an ideal I C Tpg(K,& i,m) with IN = 0 such that there is
an n-dimensional continuous determinant D of G with values in the Hecke
algebra Trs(K,&,1,m)/I, satisfying

D(1 — X Frob,) = P,(X)
forallv g S.

Proof. Fix a sufficiently small normal compact open subgroup K’ ¢ K
such that Mg g /p™ is trivial; the second condition can be ensured by requiring
that the image of K’ in [[,, GL,(F,) is contained in {g € [],), GL.(OF,) |
g =1 mod p™}. One has the Hochschild-Serre spectral sequence

H'(K/K', H) (Xgr, Mg o [p™)) = H™ (X, Mg i /™).

This reduces us to the case that K is sufficiently small and that £ is trivial. In
that case, Mg g /p™ is a direct sum of copies of Z/p™Z.
Thus, we have to consider

Trs(K,i,m) =im(Tps — Endz/me(Hi(XK,Z/me))).

Using the Borel-Serre compactification XIB(S, we have the long exact sequence
of Tr g-modules

o= H{(Xg,Z/p™Z) — H (X, Z/p"Z) — H(XES\ Xk, Z/p™Z) — - -- .

It is an easy exercise to express H'(XES\ Xy, Z/p™Z) in terms of the locally
symmetric spaces for GL,//F, with n’ < n; cf. [18, §3] for more discussion of
this point. Thus, by induction, the determinants exist for

im(Tp,s — Endgymz(H (XE°\ Xk, Z/p™Z)))
and, in particular, for
Trs(K,i,m,d)
= im(Tp,s — Endymz(im(H (Xk, Z/p"Z) - H (X \ Xk, Z/p™Z)))),

modulo some nilpotent ideal Iy C Tr (K, i, m,d) of nilpotence degree bounded
by [F': Q] and n. On the other hand, by Theorem 5.3.1, there is a nilpotent
ideal
I! C TF75(K,Z', m, ')

= im(Tps = Endgjpmz(im(HY( Xk, Z/p"Z) — H (Xk,Z/p"Z))))
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of nilpotence degree bounded by [F' : Q] and n, such that the determinants
exist with values in Tgg(K, ¢, m,!)/I;. But the kernel of the map

’]prs(K,i,m) — ']I‘Rs(K,i,m, ') X prs(K,i,m,a)
is a nilpotent ideal with square 0. Thus, the kernel I of
TF,S(K,Z',TTL) — prs(K,’L',m, !)/I! X TF’S(K,Z',m,a)/Ia

is a nilpotent ideal with nilpotence degree bounded by [F' : Q] and n, and by
[19, Cor. 1.14], one finds that the determinant D with values in Tp (K, 4, m)/I
exists. This finishes the proof. O

Let us state some corollaries, where the determinants give rise to actual
representations. We start with the following result on classical automorphic
representations, which has recently been proved by Harris-Lan-Taylor-Thorne,
[34]. Recall that we have fixed an isomorphism C = Q.

COROLLARY 5.4.2. Let w be a cuspidal automorphic representation of
GL,(AF) such that mo is reqular L-algebraic and such that m, is unramified
at aoll finite places v &€ S. Then there exists a unique continuous semisimple
representation

or:Gpg — GLn(@p)

such that for all finite places v € S, the Satake parameters of m, agree with the
eigenvalues of o (Froby).

Proof. Note that 7/ = 7TH("+1)/ 2 is regular C-algebraic, i.e., cohomological
(cf. [21, Th. 3.13, Lemma 3.14]). Thus, there exists some algebraic representa-
tion & of Respq GLy, with coefficients in C = @p (which can be extended to an
algebraic representation of Resp, /7 GL, with coefficients in Z,, still denoted
€) such that 7" occurs in

U _
H' (X, Me i) @7, C
for some sufficiently small level K = KgK*° and integer i. Here,
Xi = GLa(F)\[(GLn(F ®g R)/R50KS) X GLn(Ag)/K],

where K3, C K is the connected component of the identity. Thus, X Kk =Xk
if Fis CM and is a (Z/22)F@_cover if F is totally real. Twisting by a
character Ay — Z/2Z with prescribed components at the archimedean places,
one can arrange that 7’ occurs in H(X g, M k) ®z, C, which we shall assume
from now on.

Let
TEs(K,f,Z’) = im(TF’s — Endzp(Hi(XK,M&K))).
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The kernel of Trg — Trs(K, &, 1) is contained in the kernel of

TF,S — H TF,S(K7§7i7m)7

m>1

so by Theorem 5.4.1 (and [19, Example 2.32]), there exists an n-dimensional
continuous determinant D of G g with values in Tg (K, £, 4)/I for some nilpo-
tent ideal 1.* Composing with the map Tpg(K,&,i) — Q, corresponding
to ', we get an n-dimensional continuous determinant D,/ of Gp g with val-
ues in @p, giving the desired continuous semisimple representation o, by [19,
Th. 2.12] (continuity follows, e.g., from [59, Th. 1]). O

On the other hand, we can apply Theorem 5.4.1 to characteristic p coho-
mology.

COROLLARY 5.4.3. Let ¢ : Tps — F,, be a system of Hecke eigenvalues
such that the -eigenspace

H' (X, Mgk @7, Fp)[Y] # 0.
Then there exists a unique continuous semisimple representation
oy Grs — GL,(F))
such that for all finite places v & S,
det(1 — X Frob, |oy)
= 1= (g T VPT ) X + (g P T ) X2 — - (1) gy DT ) X
Proof. This is immediate from Theorem 5.4.1 and [19, Th. 2.12]. O

COROLLARY 5.4.4. Let ¢ : Tps — F, be as in Corollary 5.4.3, and

assume that oy, is irreducible. Let m C Tgg be the mazimal ideal that is the
kernel of ¥, and let

Trs(K. & i) = im(Trs — Endg (H'(Xk, Mg x))).

Take N = N([F : Q],n) as in Theorem 5.4.1. Then there exist an ideal
I C Trs(K,¢&, i) with IN =0 and a unique continuous representation

Om - GF,S — GLH(TF,S(Ka 57 Z)m/I)
such that for all finite places v & S,
det(1 — X Frob, |oy)
— 1 _ Q£n+1)/2T1 UX _|_ qg(n+1)/2T2 UX2 . + (_1)1’Lq17;L(7’L+1)/2Tn UXn~
Here, Tps(K,&,i)m denotes the localization of Tpg(K,&, i) at m.

29For this conclusion, it was necessary to know that the nilpotence degree is bounded
independently of m; one also gets that IV = 0.
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Remark 5.4.5. One obtains (with the same proof) a slightly stronger re-
sult, replacing Trs(K,&, ) by

TF,S(Ka 3 Z), = im(TF,S - @ Endzp/pm (HZ(XKv ME,K/pm)))

or
Trs(K.€) = im(Trs — @ Endg jm(H (Xx, Mgk /p™)))-
i,m
Such results were conjectured by Calegari and Geragthy, [16, Conj. B]. In fact,
this proves the existence of the Galois representations of [16, Conj. B] (modulo
a nilpotent ideal of bounded nilpotence degree), but it does not establish all
their expected properties.

Proof. There is an ideal I C Tpg(K,&,i) with IV = 0 such that there
is an n-dimensional continuous determinant with values in Tpg(K,&,9)m/I,
reducing to (the determinant associated with) o, modulo m. As by assumption,
oy is irreducible, the result follows from [19, Th. 2.22 (i)]. O

Remark 5.4.6. As mentioned previously, these results are based on the
work of Arthur, [3] (resp. Mok, [47]), which are still conditional on the stabi-
lization of the twisted trace formula. Let us end by noting that our results are
unconditional under a slightly stronger hypothesis. Namely, from the result of
Shin, [57] (cf. also the result in the book of Morel, [48, Cor. 8.5.3]), all results
stated in this section are unconditional under the following assumptions:

(i) the field F' is CM, and contains an imaginary-quadratic field,;
(ii) the set S comes via pullback from a finite set Sg of finite places of Q,
which contains p and all places at which F/Q is ramified.

In particular, if F' is imaginary-quadratic, then the results are unconditional
as stated. Note that Shin’s result is stated in terms of unitary similitude
groups. However, Theorem 4.1.1 (and all results in Section 4 deduced from
it) stays true verbatim for usual Shimura varieties of Hodge type (with the
same proof), so that one can apply it to the Shimura varieties associated with
unitary similitude groups. Then the argument of Section 5 goes through as
before.

Using a patching argument (cf. proof of [35, Th. VII.1.9]), Corollary 5.4.2
follows for general totally real or CM fields, but still under the assumption that
S comes via pullback from a finite set Sg of finite places of Q that contains all
places at which F/Q is ramified.
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