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Hidden symmetries and decay for the wave
equation on the Kerr spacetime

By LARS ANDERSSON and PIETER BLUE

Abstract

Energy and decay estimates for the wave equation on the exterior region
of slowly rotating Kerr spacetimes are proved. The method used is a gen-
eralisation of the vector-field method that allows the use of higher-order
symmetry operators. In particular, our method makes use of the second-
order Carter operator, which is a hidden symmetry in the sense that it does
not correspond to a Killing symmetry of the spacetime.

1. Introduction

In this paper we prove boundedness and integrated energy decay for solu-
tions of the covariant wave equation

ViV =0
in the exterior region of the slowly rotating Kerr spacetime. In Boyer-Lindquist

coordinates (z%) = (¢, 7,0, ¢), the exterior region is given by R x (ry,00) x S?
with the Lorentz metric

oM AMrasin®
1) gedsrar - (1o 20 g Bresi®0,,
IIsin?6 b))
+ %dqﬂ + Sdr? + £d6?,

where rp = M + VM2 — a2 and
A=r?—2Mr+a®, S=r’+a’cos’d, II=(r’+a®)?*—a’sin’HA.

For 0 < |a] < M, the Kerr family of metrics describes an asymptotically
flat, stationary and axi-symmetric solution of the vacuum Einstein equation,
containing a rotating black hole with mass M and angular momentum Ma,
and with the horizon located at r = ry. The Schwarzschild spacetime is the
subcase with a = 0. We will take M > 0 fixed and will study the slowly
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rotating case, |a] < M. The exterior region is globally hyperbolic, with the
surfaces of constant ¢, ¥;, as Cauchy surfaces. Thus, the wave equation is well
posed in the exterior region, even though the Kerr spacetime can be extended.
We consider initial data on the hypersurface .

The isometry group of the Kerr spacetime is 2 dimensional, generated by
the stationary vector field 0y, which is timelike near spatial infinity, and the
axial rotation vector field d4. In a general 4-dimensional spacetime with a
2-dimensional isometry group, one may expect that there are only three con-
stants of the motion for geodesics and that the geodesic motion is chaotic.
However, the fourth conserved quantity for geodesics in the Kerr spacetime
discovered by Carter [Car68] allows the geodesic equations to be integrated
and the geometry of the Kerr spacetime to be completely analysed. The
Killing tensor associated to Carter’s constant [WP70] can be used to construct
a second-order symmetry operator (i.e., an operator that takes solutions to so-
lutions) for the wave equation on the Kerr spacetime [Car77]. This symmetry
operator, which is a hidden symmetry in the sense that it is not reducible to
first-order symmetries, will play a central role in this paper.

The Kerr black-hole spacetime is expected to be the unique, stationary,
asymptotically flat, vacuum spacetime containing a nondegenerate Killing hori-
zon [AIK10]. Further, from considerations including the weak cosmic censor-
ship conjecture, the asymptotic limit of the evolution of asymptotically flat,
vacuum data in general relativity is expected to be decomposable into regions,
each of which approaches a Kerr black hole. An important step towards estab-
lishing the validity of this scenario is to prove the black-hole stability conjec-
ture, i.e., to show that vacuum spacetimes evolving from data that represent a
small perturbation of Kerr initial data with |a| < M asymptotically approach
a Kerr solution.

During the past 15 years, there has been a considerable amount of work
by several groups towards constructing uniformly bounded energies and prov-
ing Morawetz estimates for solutions of the wave equation on black-hole space-
times. This activity has been motivated by that fact that proving boundedness
and decay in time for solutions to the scalar wave equation on the asymptoti-
cally flat exterior of the Kerr spacetime is an important model problem for the
full black-hole stability problem.

The basic mechanism for decay of waves is by dispersion, an effect that
manifests itself by decay of local energy. The integrated local energy estimate
of Morawetz, which captures this effect, was first proved for waves propagating
in the exterior of an obstacle in Minkowski space [Mor61]. Both the multiplier
method, which was used in the original proof of the Morawetz estimate, and its
generalisation, the vector-field method of Klainerman [Kla85], provide flexible
tools to construct energy estimates for solutions of the wave equation.
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Perhaps the most important application of the vector-field method to date
is the monumental proof of the nonlinear stability of Minkowski space [CK93],
one of the central results in general relativity. A partial result had previously
been proved using the conformal method [Fri83]. More recently, a simpler
proof of the nonlinear stability of Minkowski space has been developed [LRO5];
however, it also makes use of the vector-field method.

The fundamental difficulty in proving the existence of a conserved, positive-
definite energy and a Morawetz estimate in the exterior of a rotating black
hole is that neither claim is true without some adjustment to accommodate
the effects of superradiance and trapping. There is no globally timelike Killing
vector field on the exterior of the Kerr black hole, and hence there is no exactly
conserved positive-definite energy for the wave equation. Wave packets that
enter the vicinity of the black hole can leave with higher energy than they had
upon entering [Sta73]. This phenomenon is called superradiance. Further, the
Kerr geometry exhibits trapping in the form of null geodesics, corresponding
to light rays, which orbit the black hole. The trapping in Kerr is complicated
in the sense that the orbiting null geodesics fill an open region of spacetime.
Added to these difficulties is the fact, mentioned above, that the isometry
group of the Kerr geometry is only 2-dimensional, which should be compared
to the Schwarzschild spacetime with a 4-dimensional isometry group and the
flat Minkowski spacetime with a 10-dimensional group of isometries.

The available results for the wave equation on the Kerr spacetime all
make use of Fourier transforms or pseudo-differential operators to overcome
the difficulties related to complicated trapping, superradiance, and lack of
symmetries. The existence of a uniformly bounded, positive-definite energy in
the exterior of a slowly rotating Kerr black hole was first proved in [DR11],
and the Morawetz estimate was first proven in [TT11].

In the context of this paper, the most serious difficulty posed by the Kerr
geometry is the existence of trapped null geodesics, which orbit the black hole.
From [Ral69], one expects that it should be possible to construct solutions
of the wave equation for which all but an arbitrarily small amount of energy
remains arbitrarily close for an arbitrarily long period of time to a chosen null
geodesic. In fact this holds in the general Lorentzian setting, not merely one
where the metric has a product structure; cf. [Sbil3]. By taking the length of
time to be large compared to the constant in any supposed Morawetz estimate
with a spacetime energy density that does not degenerate at the trapped set,
one can construct a counterexample to it. The resolution of this problem is to
allow the Morawetz estimate to degenerate at the orbiting null geodesics.

In the Schwarzschild subclass, where the rotation speed of the black hole
vanishes, the orbits are all located at Schwarzschild radius r = 3M and are
unstable. This allows a Morawetz estimate to be proven using a radial vector
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field A = FO, where F (see [BSo07], [BSo09], [BSt06], [DR09]) is continuously
differentiable and changes sign at r = 3M, so that A points away from the
trapped orbits, with F vanishing to first order there. Away from the trapped
null orbits, the bulk term in the resulting Morawetz estimate is a nondegenerate
quadratic expression in the field and its first derivatives. However, the terms
involving time and angular derivatives effectively contain a factor F? that
vanishes quadratically at the trapped set.

Outside a rotating Kerr black hole, the orbits have a significantly more
complicated structure and fill an open set in spacetime. Nonetheless, they
remain unstable and the trapped set has nonzero codimension in phase space.
The primary difficulty then is to construct a smooth vector field that points
away from the orbiting null geodesics and vanishes linearly there. It is rela-
tively easy to construct a function on phase space that vanishes linearly on the
orbiting null geodesics. The key idea of [DR11], [TT11] is to start with such a
function F, to replace the phase space coordinates for null geodesics by their
conjugate Fourier or spectral variables, and to use the the resulting F in A.

In our approach, we replace the conserved quantities for null geodesics
(which may be viewed as coordinates on phase space) by partial differential
symmetry operators of up to second order. This allows us to introduce a gen-
eralisation of the vector-field method that allows the use of not only Killing
symmetries but also the hidden symmetry corresponding to Carter’s constant
in the construction of suitable generalisations of Noetherian currents for the
analysis of Lagrangian field equations. The generalised vector-field method
allows us, in contrast to other recent work on the wave equation on Kerr, to
carry out our proof of uniform boundedness and integrated energy decay ex-
clusively in physical space, using only the coordinate functions and differential
operators. This technique eliminates the need for methods involving separa-
tion of variables or Fourier analysis. The suitability of the classical vector-field
method for nonlinear problems, which was demonstrated in the proof of the
nonlinear stability of Minkowski space, partly motivates, in view of the black-
hole stability problem, our work on generalising the vector-field method to deal
with the linear wave equation in the Kerr spacetime.

In our proof of the Morawetz estimate, we use a radial vector field with
a coefficient function F, which takes values in the algebra generated by the
symmetry operators of second order. This function F is constructed from
the radial derivatives of coefficients appearing in the wave equation. As in
the Schwarzschild case discussed above, there is a quadratic degeneracy in
terms involving time and angular derivatives, which again occurs where the
corresponding terms in F vanish. This is discussed in more detail following
formula (1.22). It is in the first line of this formula that the quadratic de-
generacy can be most clearly seen. We remark that using Fourier techniques,
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it is possible to strengthen the local energy estimate at the trapped set. In
[MMTT10] a local energy estimate with logarithmic losses at the trapped set
was proved for the Schwarzschild case and in [Toh12] for Kerr. Further, it is
possible to prove a local energy estimate controlling a fractional energy norm
with a fractional loss of derivatives, but which is uniform at the trapped set;
cf. [AB13], [ABN13], [BS0o09].

The solution to the problem posed by the lack of an exactly conserved
positive-definite energy, and the related superradiance phenomenon, is to con-
struct a vector field that is globally timelike, approaches the generator of time-
translations 0; in the asymptotically flat region, and for which a Morawetz
estimate can be used to control the change, from one time to another, in
the energy associated with the new vector field. Because of the dominant
energy condition, this vector field provides a positive-definite energy, which,
using the Morawetz estimate, can be bounded uniformly in terms of its initial
value, although it is not conserved. This is the method used in this paper
and [TT11]. In [DR11], solutions to the wave equation are decomposed into
various frequency regimes and, to construct a uniformly bounded energy, it is
not necessary to prove a Morawetz estimate in all frequency regimes.

During the preparation of this paper, uniform energy and Morawetz esti-
mates have been obtained for the full range |a| < M [DRSR14]. This builds
on [SR15] as well as [DR11] and related works.

1.1. Hidden symmetries and null geodesics of the Kerr spacetime. We be-
gin this subsection with a brief discussion of conserved quantities for null
geodesics and of symmetry operators for the wave equation. We then review
how conserved quantities are used to analyse the null geodesics in the Kerr
spacetime. Finally, we review the close connections in the Kerr spacetime be-
tween the analysis of the null geodesics and of the wave equation, particularly
its hidden symmetries.

For an affinely parametrised geodesic v* with velocity 7%, the quantity
—gagf'yo‘ﬁﬂ is a constant of the motion. This represents the mass of a freely
moving particle. For null geodesics, the mass is zero. For a coordinate, e.g., t,
let 4¢ be the t-momentum given by §; = gaﬁﬁo‘(&g)ﬁ . In the Kerr spacetime,
we have the Killing fields J; and 0y, and the associated momenta are then
constants of the motion. For a null geodesic v*, we define the energy and the
azimuthal angular momentum to be e = —%; and £, = —j, respectively.!

!The sign for e is chosen so that it is positive for future-directed null geodesics for suffi-
ciently large r. The sign for £, is chosen so that the sign convention is consistent with that
of e.
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A symmetric 2-tensor K,g is called a Killing tensor if V(,Kg,) = 0; cf.
[WP70]. If K,p is a Killing tensor, then for any affinely parametrised geodesic
~¢, the quantity K ag‘ya"yﬁ is a conserved quantity. Asshown by Carter [Car77],
if K3 is a Killing tensor in a vacuum spacetime, then the second-order operator
VoKV g satisfies [Vo KV, VIV,] = 0; ie.,, VoK*Vj5 commutes with
the d’Alembertian.

We take a symmetry operator for the wave equation, V¢V ¢ = 0, to be
a differential operator that takes solutions to solutions. Recall that if X is a
Killing field, then the operator L x generated by Lie differentiation with respect
to X is a symmetry operator. From the previous paragraph, if K*? is a Killing
tensor, then VK% V3 is also a symmetry operator. The set of symmetry
operators for the wave equation is closed under scalar multiplication, addition,
and composition, and each symmetry operator has a well-defined order as a
differential operator. Thus, the set of symmetry operators forms a graded
algebra.

A hidden symmetry is defined to be a symmetry operator that is not
in the algebra generated by the Killing vector fields and the d’Alembertian.
In Minkowski spacetime, since the Delong-Takeuchi-Thompson inequality is
saturated, there are no hidden symmetries [CDMO06]. Similarly, in the Schwarz-
schild spacetime, there are no hidden symmetries [Cav83]. In contrast, the Kerr
spacetime admits a Killing 2-tensor [WP70], K a8 that generates both Carter’s
constant [Car68] k = Kagﬁa"yﬁ and a second-order symmetry operator; this
gives a hidden symmetry in the Kerr spacetime.

In the Kerr spacetime, Carter’s constant provides a fourth constant of the
motion, in addition to the mass, energy, and azimuthal angular momentum.
Here we shall be interested in the expression

29
(1.2) g =48+ 242 4 a®sin® 057,

sin? 6

The quantity q is closely related to the commonly used form of Carter’s
constant k; see Appendix B for details. For null geodesics, we have q =
k — 2ael, — £,°. Any linear combination of €2, ef,, and £,% can be added
to g to give an alternate choice for the fourth constant of the motion for null
geodesics. The form we have chosen is uncommon, but useful for our purposes
because it has nonnegative coefficients.

The presence of the extra conserved quantity allows one to integrate the
equations of geodesic motion. Of most interest to us is the equation for the
r-coordinate of null geodesics [FN9§],

d 2
(1.3) »? (é) = —R(r;M,a;e, L, q),
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where A is the affine parameter of the null geodesic and
(1.4) R(r;M,a;e,£,,q) = — (12 + a?)%e* — daMrel, + (A — a®)L,% + Aq.

One finds that there are null geodesics for which the r coordinate is constant.
We refer to these as orbiting null geodesics. The r-values for which this is
possible are the solutions to the equations

(1.5) R=0, 0,R=0.

The corresponding null geodesics are unstable, which with our conventions
corresponds to 9*R < 0. The orbiting null geodesics are the only ones that
neither go to nor have come from infinity or the horizon. There are other null
geodesics that fail to fall into the black hole or escape to infinity, but the r
coordinate along these asymptotically approaches (towards the future) an r
value for which there is an orbiting null geodesic.

In the Schwarzschild case, i.e., for a = 0, there are only orbiting null
geodesics on the sphere at » = 3M, which is called the photon sphere. For
nonzero a, the orbiting null geodesics fill up an open region in spacetime. As
a — 0, this region tends to r = 3M. There are many descriptions of the Kerr
spacetime and its geodesics, including [Bar73], [FN98], [Teo03].

In Boyer-Lindquist coordinates, the d’Alembertian [1 = V*V,, takes the
form
(1.6) 0= % (&A@r + %R(r; M, a; 04, Oy, Q)) )
where R is given by (1.4) with the conserved quantities e, £,,q replaced by
their corresponding operators 0y, g, and the second-order operator () given by

cos2 6

(1.7) Q= ﬁ@g sin 60y + 95 + a”sin” 607 .

sin? 6§
In Appendix B, we explain the relationship between ) and V,K af V. The
operator R is given by
(1.8) R(r; M, a; 04,04, Q) = —(r® + a)?07 — 4aMr00y + (A — a2)8¢2) + AQ.
We have used some unconventional sign conventions in defining R to avoid
having to use factors of ¢ when replacing the constants of motion by differential
operators. It is clear from the above that 9;, 0y, and @) are symmetry operators
for the wave equation on Kerr. In fact, we see from (1.6) that the operator
Q commutes with the operator X[J and, in particular, that Q) is a symmetry
operator for 0. The operators VK “? Vg and @ are both hidden symmetries.
We remark that the operator @ is closely related to the angular operator in
the spin-0 Teukolsky system; cf. [Teu73].

We denote the set of order-n generators of the symmetry algebra generated
by 0, 0y, and Q by
(1.9) Sn = {8ft8Z¢Q”Q]nt +ng + 2ng = n;ng, ng, ng € N}.
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In particular,

So = {Id}, Si = {004}
Of particular importance in our analysis will be the set of second-order sym-
metry operators,

SQ == {81627 ata¢)7 83)7 Q} - {Sg}v
and underlined indices always refer to the index in this set. Higher-order
pointwise norms are defined in terms of S, by

(1.10) =33 ISul

7=0 SESj

The function R is polynomial in its last three arguments, so R(r; M, a; 0y, 0y, Q)
is well defined. Furthermore, it can be written as a linear combination of the
second-order symmetries with coefficients that are rational in r, M, and a.
Such linear combinations of second-order symmetry operators play a crucial
role in the analysis of this paper. Having introduced underlined subscript in-
dices for the second-order symmetry operators, we can introduce underlined
superscript indices for the rational functions in r, M, and a that are the coef-
ficients. Thus, using the standard Einstein index convention in the underlined
indices, we can write these linear combinations as

R(r; M, a; 0, 04, Q) = RS,

1.2. Statement of results. We now state our main results and briefly com-
pare them with previous results. In formulating our estimates, we shall make
use of the following model energy:

Emodel,S[w] (Et)

- ((r2 +a?)?

1
S 0 + A0V + 10w + S0V )

where | - |2 is the second-order point-wise norm introduced in (1.10) above and
d3p = sin Adrdfde is a reference volume element on the Cauchy slice ¥;.

As discussed above, the main contribution of this paper is a new method
to prove the following results, which had previously been known from [DR11]
and [TT11].

THEOREM 1.1 (Uniformly bounded, positive energy). Given M > 0, there
are positive constants C and @ such that if |a| < @ and 1 : Rx (r4,00)xS? — R
s a solution of the wave equation, V¢V 10 = 0, then for all t,

Emodel,3 (Et) S CEmodel,3 (EO) .

THEOREM 1.2 (Morawetz estimate). Given M > 0, there are positive
constants a, 7, C and a function 1,23p that is identically one for |r —3M| > 7
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and zero otherwise, such that for all |a] < a and all smooth 1 solving the wave
equation, V¢V, = 0,

[e'e) 0o AQ B 1
ST ((5) ool 2o+ 1 (1 + (90)

oo Jry Js2 T r
< CEmodel,3(20),

where Y is the angular gradient in Boyer-Lindquist coordinates and d*u =
d3pdt.

Theorem 1.1 is the conclusion of Section 3; cf. Theorem 3.15. Theorem 1.2
follows from Lemma 3.14 and the uniform bound in Theorem 1.1. We remark
that Lemma 3.14 gives an estimate of the integrated Morawetz density appear-
ing in Theorem 1.2 in terms of the initial and final energy, which may be of
independent interest.

The degeneracy near r = 3M in the Morawetz estimate of Theorem 1.2
is not optimal. In fact, a sharper estimate follows from Lemma 3.9. However,
some degeneracy in this region is unavoidable, due to the existence in the Kerr
spacetime of null geodesics that orbit at fixed r values. This degeneracy is
discussed further in Section 1.6.

The energy Eodel,3 is ad hoc and degenerates as r — 7. In Section 3.1,
we relate it to a geometrically defined energy Er, 3. The degeneracy as r — ry
is concealed by the Boyer-Lindquist coordinates and can even appear, in the
coefficient of |0;1|? as a divergence. In Appendix A, we use a nondegenerate
coordinate system and apply the ideas of [DR09], [DR13], to overcome the
degeneracy in the energy. (There is a similar degeneracy in Theorem 1.2,
which is also removed. See equation (A.3) and the subsequent discussion.) On
¢, there is a nondegenerate energy Eny 3 that is equivalent to the sum of
the L? norms of all derivatives of order 1 through 3, with derivatives taken
in spatial directions tangential to ¥y and in the timelike direction orthogonal
to this surface. This allows us to control nondegenerate, third-order Sobolev
norms on a new foliation, from which we can obtain the following L estimate.

COROLLARY 1.3 (Uniformly bounded solution). Given M > 0, there are
positive constants C and a, and a nonnegative quadratic form Enz(),g on X,
such that, if la| < @ and ¢ : R x (ry,00) x S? — R is a solution of the wave
equation, VoV o1 = 0, then for all (t,7,w) € R x (ry,00) x S2,

[¢(t,7,w)| < CEny, 3[](Z0)"/?.

Remark 1.4. Corollary 1.3 and an analogue of Theorem 1.1 were first
proven in [DR11], and an analogue of Theorem 1.2 was first proven in [TT11].
Both works deal directly with E,;, without estimating Er,. Since our focus
is to control the influence of the orbiting null geodesics, which are relatively
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far from r = ry, we find it convenient to work with the weaker norms E%)/( 2,

which are dominated by E}Lg Appendix A provides the details in removing
the degeneracy at r — 7.

The quadratic forms Eyode13(Z0) and Enz:O,gWJ](E()) are bounded if 1 ex-
tends smoothly to the closure of the hypersurface ¥y in the extended spacetime
and satisfy the following decay conditions. First, as r — oo, it is sufficient that
1 and its first three derivatives (with respect to the Boyer-Lindquist coordi-
nates) decay like r—3/2+9 for some positive §. Since this decay rate is stated
with respect to the angular derivatives, a more geometric statement of this
decay condition is that the first three normalised derivatives in the angular
directions decay at a rate with one additional power of r—! for each additional
angular derivative. By “smooth” we mean C*° with respect to local coordi-
nates in the extended spacetime. As r — r,, this is not the same as being
smooth with respect to the Boyer-Lindquist coordinates. The ETX’g[Q/)](Eo)l/ 2
and Enzo,SW] (Eg)l/ 2 are L?-based weighted Sobolev norms, so these L> decay
conditions on the initial data are sufficient, but not necessary.

1.3. Summary of previous results. As mentioned above, our work builds
on previous results in the subcase of the Schwarzschild spacetime, where a = 0.
This subcase is significantly simpler than the situation in the Kerr spacetime,
since the 0; Killing vector is timelike in the entire exterior region and generates
a conserved positive energy, there is the full SO(3) group of rotation symme-
tries available to generate higher energies, and the orbiting null geodesics are
restricted to » = 3M. The first two of these properties imply Theorem 1.1
in the a = 0 case. Following the introduction of a Morawetz vector field
and of the equivalent of an almost conformal vector field to the Schwarzschild
spacetime [LS99], decay estimates for the wave equation were proven [BSt06],
proven with a weaker decay rate but less regularity loss [BSo09], and proven
separately with a stronger estimate near the event horizon [DR09]. These were
extended to Strichartz estimates for the wave equation [MMTT10] and to decay
estimates for Maxwell’s equation [Blu08] and for Einstein’s equation on ulti-
mately Schwarzschildean spacetimes [Holl0]. All of these works relied upon
a Morawetz estimate. The Morawetz vector field that made these estimates
possible was centred about the orbiting geodesics at r = 3M.

This construction of a classical Morawetz vector field fails when a # 0,
since there are orbiting null geodesics filling an open set in spacetime. Us-
ing Fourier-analytic techniques, one may define generalised Morawetz vector
fields that circumvent this problem [DR11], [TT11]. These Fourier-analytic
Morawetz vector fields have coefficients that depend on both spacetime posi-
tion and on the Fourier variables conjugate to the spacetime coordinates. One
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advantage of such an approach is that it allows the analogues of Theorems 1.1
and 1.2 to be proven in H' regularity Sobolev spaces instead of H? regularity
Sobolev spaces. At the end of the introduction, we further compare the method
of those works with the present paper. The techniques in this paper remain
the only ones to provide a Morawetz or integrated energy estimate without
using a Fourier variable conjugate to time.

A number of stronger decay estimates have been obtained by building
upon a Morawetz estimate in the slowly rotating case. These include a point-
wise decay estimate with rate t~!7¢ [DR13], a pointwise in time decay with
rate t~3/2+¢ [Luk12] (see also [DR10]), a Strichartz estimate [Toh12], and de-
cay with rate t 2 [Tat13]. In these statements € refers to a continuous function
of @ that vanishes as |a| N\, 0. These pointwise in time decay estimates hold
in stationary regions, where r is bounded by ry < r; < r < ro < oo but, in
all cases, there are corresponding decay estimates along the boundary of the
exterior region, i.e., the event horizon r = r4 and null infinity » — co. The
recent result covering the full range |a| < M also includes a pointwise decay
estimate with rate t=3/2+¢ [DRSR14].

There have also been several lines of work that do not make use of a
Morawetz estimate. Fourier-analytic vector fields were used previously to prove
Mourre estimates, which are similar to Morawetz estimates, in the proof of scat-
tering for the Klein-Gordon equation [Haf03] and the Dirac equation [HNO4].
The complete separability of the wave equation in the Kerr spacetime was
used to derive an explicit representation [FKSYO05]. For solutions of the form
Y(t,r,0,0) = pr_(t,r,0)e*? or where ¢ is made up of a finite number of
azimuthal modes of this form, the integral representation was used to prove
an Ly decay result. Such solutions form a dense set in the space of solutions,
but, without a uniform estimate on the decay rate, it is not possible to pass
to a limit. Decay rates have been obtained from this separability method for
solutions to the Dirac equation [FKSY02] and spherically symmetric solutions
to the wave equation when a = 0 [Kro07]. The decay without rate results
for the wave equation built on two earlier results. The first showed that for
la| € [0, M), it is possible to do a full separation of variables [Teu73]. The
second showed that for each hypothetical exponentially growing mode, there
is a conserved, nonnegative, energy-like expression, and hence that there are
no exponentially growing modes [Whi89]. Recently, separation of variables
techniques have been used to prove a uniform ¢=3 decay rate (in stationary
regions) for solutions to the wave equation on the Schwarzschild background
[DSS12]. The uniform ¢=3 rate is the one conjectured by the “summed Price
law,” based on Price’s prediction that all modes decay at a rate of t 3 or faster
[Pri72b], [Pri72a].
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For the coupled Einstein and scalar wave system, a decay rate and nonlin-
ear stability of the Schwarzschild solution have been proven in the spherically
symmetric setting [DRO5]. Birkhoff’s theorem states that the Schwarzschild
spacetime is the unique spherically symmetric, vacuum spacetime solution of
Einstein’s equation. Hence, to consider a dynamical problem, one must couple
the Einstein equation to some matter model.

1.4. A monotonicity result for null geodesics. Here we illustrate the key
idea of the paper by exploring a related one for null geodesics. At the heart
of the Morawetz estimate is a monotonicity formula for the wave equation.
Null geodesics are the characteristic curves for the wave equation and provide
important insight into the behaviour of solutions of the wave equation.

For a null geodesic, v(\), we define the energy associated with a vector
field X and evaluated on a Cauchy hypersurface ¥ to be

ex[V(Z) = —gap X375

The sign in the energy is introduced so that it is nonnegative if X and 7 are
both future directed and causal. If the spacetime is globally hyperbolic, for
each value of the geodesic parameter A, there is a unique Cauchy surface X
for which ~(\) intersects ¥. Differentiation with respect to A is equivalent
to differentiation along the tangent vector. Since V¥ = 0 for a geodesic,
integrating the derivative of the energy gives

A2
(1) exhl() —exbl(E) = = [ G (TEX M,

where ); is the unique value of A such that v(\) is the intersection of y with ¥;.
The sign arises from our choice of sign in the definition of the energy. Formula
(1.11) is particularly easy to work with if one recalls that

1
viexh = —§£Xgaﬁ.

The tensor V(®*X#) is commonly called the “deformation tensor.” In the fol-
lowing, unless there is room for confusion, we will drop reference to v and X
in referring to ex.

These energies for null geodesics are useful for understanding the mono-
tonicity at the heart of the original Morawetz estimate in the Minkowski
spacetime, R'*3. That estimate is proven using the radial vector field O,
in (t,7,0,¢) coordinates. In Minkowski spacetime, null geodesics are simply
straight lines, and one can consider the projection onto the spatial component
in R™, which is also a straight line #(¢) and can be parametrised by time.
The projection of a null geodesic will have a constant and nonvanishing tan-
gent, ¥(t). Asymptotically, the position and velocity will become aligned, so
that limy_,o 0(t) - Z(t)/|Z(t)] = 1, and similarly in the past, lim;, o U(¢) -
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Z(t)/|Z(t)] = —1. Thus, the radial component of the velocity, 4, = —ey,, in-
creases overall from the asymptotic past to the asymptotic future. In fact, it
is not hard to show that the radial component of the velocity increases mono-
tonically. In particular, with n®# = —8?85 +0208 + r—2(agag + sin 2 8;‘85 ),
for null geodesics that do not pass through r = 0,2 one finds the monotonicity
formula —(d/d\)es, = (—1/2)(La, %) Ya¥s = 12 (Y950 + sin ™2 44%,) > 0.

We now consider the behaviour of the radial velocity of a null geodesic
in the Kerr spacetime. If one makes the (implicitly defined) change of vari-
ables dr/d\ = X7!, then equation (1.3) for the radial component becomes
(dr/d7)? = —R(r; M, a;e, £, q). For fixed (M, a) and (e, £, q), this takes the
form of the equations of motion of a particle in 1-dimension with a potential.
The roots and double roots of the potential R determine the turning points
and stationary points, respectively, for the motion in the r direction. The po-
tential —R = ((r?2 4 a®)e + al;)? — A(q + £.° + 2ael,) is always nonnegative
at r = r4 and, unless e = 0, is positive as r — co. As we will show below, it
has at most two roots counting multiplicity.

By simply considering the turning points, one can use r and 4, to construct
a quantity that is increasing on average. Throughout this argument, we will
take (M,a) and (e,£.,q) as fixed. Consider null geodesics that came from
infinity, i.e., for which r — co as 7 — —oo. For these, e is positive and —R
has no roots, a single double root, or two simple roots. If the potential —R has
no roots, then we can arbitrarily choose r, € (4, 00), so that when the geodesic
falls in from infinity, the quantity (r — r,)%, goes from negative to positive.
Similarly, if there are two distinct roots, we can choose r, between these two
roots (which are between r; and co), in which case, before the geodesic reaches
the turning point, the quantity (r—r,)~, is negative, but that after the geodesic
leaves the turning point, the quantity (r —r,)3, is positive. Finally, in the case
that there is a double root, we can define the root to be r,, so that (r —r,)7, is
large and negative in the far past, but that it goes to zero as the null geodesic
asymptotes onto the double root of —R. Using the terminology from the start
of this section and taking A = (r — 14)0,, we write (r — 7,)%, as the energy
—e4. In all three cases considered, ey is decreasing overall, in the sense that
the limit in the future is less than the limit in the past. A similar analysis
shows that e4 is nonincreasing overall along all other null geodesics. (Along
the orbiting null geodesics, it is identically zero for all 7.) Thus, in all cases,
we can define 7, and A = (r — r,)0, so that e4 is nonincreasing overall.

2For null geodesics passing through r = 0 in R'*", there is a singular contribution as the
radial component of the velocity instantaneously goes from —1 to 1.
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To construct a monotone quantity on each null geodesic, it remains to
replace r — r, by a function F so that for A = F0,, the energy e, is non-
decreasing for all 7 and not merely nondecreasing overall. For a # 0, both
ro and F will have to depend on both the Kerr parameters (M, a) and the
constants of motion (e, £, q); the function F will also depend on r, but no
other variables. We define A = F0, and emphasise to the reader that this is
a map from the tangent bundle to the tangent bundle, which is not the same
as a standard vector field, which is a map from the manifold to the tangent
bundle. To derive a monotonicity formula, we wish to choose F so that e 4 has
a nonnegative derivative. We define the covariant derivative of A by holding
the values of (e,£.,q) fixed and computing the covariant derivative as if A
were a regular vector field. Similarly, we define £4¢®? by fixing the values
of the constants of geodesic motion. Since the constants of motion have zero
derivative along null geodesics, equation (1.11) remains valid.

We can use this to illustrate the core calculation of this paper. The Kerr
metric can be written as
1

Eaﬁ:Aaﬁ
g 8T8r+A

RB,

where

(112) R = — (2 +a®)?080) — 4aMrd{*0)) + (A — a®)30]] + AQ7,
(1.13) Q7 =050y + cot? 0950 + a* sin” 000} .

The double contraction of the tensor R*? with the tangent to a null geo-
desic gives the potential R(r; M, a;e,£,,q) = Raﬁ;},a;m_ The crucial quantity
L Agaﬁf'ya"yg is calculated below in (1.14). For now, we ignore distracting fac-
tors of X, A, their derivatives, and constant factors, so we can see that the
most important terms in £ Ago‘ﬁﬁa"yg are

_2(87';);)/7‘;)/7’ + -F(arRaﬁ);Ya;Yﬁ = _Q(arf);)/r;)’r + F(aTR)

The second term in this sum will be nonnegative if 7 = 9,R(r; M, a;e,£,q).
Recall that the vanishing of 0,R(r; M,a;e,£;,q) is one of the two condi-
tions (1.5) for orbiting null geodesics. With this choice of F, the instability of
the null geodesic orbits ensures that, for these null geodesics, the coefficient in
the first term, —2(9,F), will be positive. We can now perform the calculations
more carefully to show that this nonnegativity holds for all null geodesics.
Since, up to reparametrisation, null geodesics are conformally invariant,
it is sufficient to work with the conformally rescaled metric £g®?. Also, since
v is a null geodesic, for any function ¢equced, we may add qreducedEgaB%"yﬁ
wherever it is convenient. Thus, the change in e4 is given as the integral of

. 1 .
E’ya’)/ﬁv(aA’B) = (_gﬁA(Egaﬂ) + Qreducedzgaﬂ) YaV3-
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To progress further, choices of F and ¢requced must be made. For the
choices we make here, the calculations are straightforward but lengthy. More
detail is given in Sections 3.2-3.4, where analogous calculations are made for
the wave equation. Let z and w be smooth functions of r and the Kerr param-
eters (M, a). We introduce the notation

R' =0, <§R(T;M,a;e,2z,q)> , R = (& <w211//227~€’>>
and make the choices
F=—zuwR/, Greduced = —(1/2)(9p2)wR’.
In terms of these functions,
(1.14) 3aApV@AD) = w(R))? = 22 A3PRIA2.

If we now take z = z; = A(2 +a?)~2, then the coefficient of €2 in R’ vanishes,
and if we further take w = wy = (r? + a?)*/(3r? — a?), then the coefficient of

el in R” also vanishes, leaving

~ 3r? — a?
/
(115&) R = 4Mame—ez
r3 —3Mr — a’r + Ma? r3 — 3Mr + a*r + Ma?
—9 .2 -2 q
(12 +a?)3 (12 4+ a?)3 ’
= 3rt + at (3r? — 6ar? + a*)?
1.1 M=o = T~ %22
(1.15b) R (3r2 — a2)2£ (3r2 — a2)2

Since q is nonnegative by equation (1.2), it follows that the right-hand side of
(1.15b) is nonpositive and that the right-hand side of equation (1.14) is non-
negative. Since equation (1.14) gives minus the rate of change, the energy ey
is monotone.

Furthermore, these calculations reveal useful information about the ge-
odesic motion. The positivity of the term on the right-hand side of (1.15b)
shows that R’ can have at most one root, which must be simple. In turn, this
shows that R can have at most two roots, as previously asserted.

The role of orbiting geodesics can be seen in equation (1.14). Along null
geodesics for which R has a double root, the double root occurs at the root
of R, so it is convenient to think of the corresponding value of r as being
ro. In particular, this root is where null geodesics with the given values of
e, £,, and q orbit the black hole with a constant value of r. The first term
in (1.14) vanishes at the root of R’, as it must so that e4 can be constantly
zero on the orbiting null geodesics. When a = 0, the quantity R’ reduces to
—2(r—3M)r~*(£,?+q), so that the orbits occur at r = 3M. The continuity in
a of R guarantees that its root converges to 3M as a — 0 for fixed (e, £, q).



802 L. ANDERSSON and P. BLUE

In Section 3.4, a slightly more complicated choice of z leads to an R’ for which
the convergence of the root to 3M as a — 0 can be made uniform in (e, £, q).

Because of the geometric optics correspondence between null geodesics
and solutions of the wave equation, it is natural to try to adapt the mono-
tonicity of e for null geodesics to a similar result for the wave equation and,
in particular, to adapt the nonnegativity of the terms in equation (1.14) to help
in the proof of the Morawetz estimate. In making this adaptation, one must
find a replacement for the constants of motion as arguments in the weight F.
There are several ways in which this can be done. One approach [DR11] is to
use the complete separability of the wave equation; to observe that separation
of variables in the ¢ and ¢ coordinates is equivalent to the Fourier transform; to
observe that the Fourier variables conjugate to ¢ and ¢ can be treated as e and
£.; and to treat the final separation constant, typically associated with 6 but
perhaps more properly thought of as the eigenvalues of the hidden symmetry
@, as analogous to g; to construct a monotone energy like e 4 at least for some
values of (e, £,,q); and then to show that the estimate on separated compo-
nents can be summed to provide an estimate for general solutions. Another
approach [TT11] to treating the wave equation is to define a pseudo-differential
operator with symbol given by A; this is possible since A is a map from the
tangent bundle to the tangent bundle.

The method that we introduce in this paper uses only differential op-
erators. Since A is constructed only from the constants {e?, el £.2 q},
which are quadratic in 4 and constructed from the conformal Killing tensors
{3?05 , 8,5(a0ﬂ ), 8(‘;‘85 ,Q*B}, our approach is to construct an analogue that pri-
marily uses the symmetries Sp = {02, 0:0y, (‘33), @}, which are second-order dif-
ferential operators constructed from the same set of Killing tensors. In [DR11],
the Morawetz estimate is only proved for “high” frequency waves, which have
a large ratio between certain frequencies corresponding to the constants of
motion for null geodesics (e, £, q); such a decomposition is not necessary in
deriving the nonnegativity for null geodesics in equation (1.14) or when prov-
ing estimates for the wave equation in [TT11] or this paper. In summary, our
approach allows us to use differential operators to construct a multiplier that
treats all frequency ranges in a uniform manner and, in particular, gives a
nonnegative bulk term at r ~ 3M.

1.5. Generalising the vector-field method. In this section, we outline a
generalisation of the vector-field method that allows us to take advantage of
the presence of hidden symmetries in the Kerr spacetime. In particular, we
consider energies based on operators of order greater than one, rather than
just vector fields. In the discussion here, we consider the scalar wave equation
[y = 0, but much of the discussion applies equally to general field equations
derived from a quadratic action.
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The energy-momentum tensor for the wave equation is

1
(1.16) T¥lap = Vat¥ V¥ = 5905 (V9 VY).

The momentum associated with a vector field X and the energy associated
with a vector field X and evaluated on a hypersurface ¥ are

(1.17a) Py [¥]o = T[Y]as X7,
(1.17b) Ex[¥](%) = - /E Py []adn®,

where dn® is the normal volume form on X. That is, for any 1-form ¢, [5 {adn®
is the integral over X of the 3-form given by the Hodge dual £ [Wal84]. When
the spacetime is foliated by surfaces of constant time, as is the case in the Kerr
spacetime, we will denote these surfaces by ¥;. In this case, we take the normal
to be past directed. Thus, the sign in the energy ensures that the energy is
nonnegative on constant ¢ surfaces if X is future directed and timelike. In the
following, unless there is room for confusion, we will drop reference to v in the
notation for momentum and energy.

The energy momentum tensor (1.16) satisfies the dominant energy condi-
tion, and hence for X future-oriented and timelike, the energy induced on a
hypersurface with a past-oriented timelike normal (i.e., a spacelike hypersur-
face) is positive definite. The energy conservation law takes the form

(118) Ex(S2) = Ex(S1) = — [ (VaP§) Vlgld's

= —/ TosV@XP /| g|d e,
Q

where (1 is the region enclosed between 31 and Y,. This is often referred
to as the deformation formula. The sign in the right-hand side arises from
Stokes’ theorem and our sign conventions. Energy estimates are often per-
formed by controlling the bulk (also called deformation) terms V,Pg. How-
ever, for Morawetz estimates (e.g., inequality (3.6) below), one makes use of the
sign of the bulk term itself; this is similar to the derivation of the monotonicity
formula for null geodesics in Section 1.4.

Recall that the wave equation is a Lagrangian field equation. Taking this
into account, equation (1.18) with a momentum 1-form as in (1.17a) is simply
a restatement of Noether’s theorem. We will now consider generalisations of
the deformation formula, involving momentum 1-forms, and energies that are
not derived directly from a deformation of a Lagrangian. These generalisations
include the addition of lower-order correction terms, which is a familiar feature
of the multiplier method, as well as the introduction of higher-order conserva-
tion laws defined in terms of symmetry operators of the field equation. The
existence of symmetry operators is closely related to separability properties for
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field equations and has been studied for a long time; see, e.g., [Koo79], [Mil77],
[O1v93] and references therein. However, the application of these ideas in the
context of the vector-field method and, in particular, with nonsymmetries as
in our proof of the Morawetz estimate, is new.

By estimating higher-order energies one may, via Sobolev estimates, ob-
tain pointwise control of the fields. Higher-order energies may be defined by
using symmetries. Given, for 0 < i < n, a collection of order-: differential op-
erators, S;, we can define the higher-order energy (of order n + 1) for a vector
field X to be

(1.19) Exan]®) =3 3 Ex[S6().

1=0 S€S;

Since the energy-momentum tensor is quadratic in v, we can define a
bilinear form of it by

T[1,Y2)ap = i(T[% +alap — T[1 — P2lap)-

It is convenient to define an indexed version of the bilinear energy momentum,
with respect to a set of symmetry operators {S,}, by

Tllabap = T[Sat), Sp¥]agp-

Given a double-indexed collection of vector fields, X = {X%} we define the
associated generalised momentum and energy to be

Px[t]a = T[¢]abap X2,
.&sz—éamww

In practice it is convenient to consider momenta with lower-order terms,
designed to improve certain deformation terms in V,Pg%. For a scalar func-
tion, ¢ ([MMTT10], but previously appearing in [DR07]), or a double-indexed
collection of functions, q = {q“—b}, the associated momenta are defined to be

Pl = Vet~ 5(0ua)V?,

Paltla = (VaS0)Sib — 3 (0na)(Su) (53,

For a pair consisting of a vector field and a scalar function, (X, q), the asso-
ciated momentum is defined to be the sum of the momenta associated with
the vector field and the scalar. For a pair of collections, X = ({X%}, {¢2}),
again the momentum is defined to be the sum of the momenta. In all cases,
the energy on a hypersurface is given by the negative of the flux, defined with
respect to the momentum vector, through the hypersurface. From the above,
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we have the following version of the deformation formula:

(1.20) Ex(%2) — Ex(21) = —/Q(vapgz) V0gld*z.

It is important to point out, as we show in Lemma 2.1, that the deforma-
tion terms for the generalised momenta are computationally not much more
difficult to handle than the classical ones. As for the classical momenta and
energies, in defining the generalised vector fields, momenta, and energies as
outlined above, one is interested in getting positive definiteness of the energies
or bulk terms. Here, an additional subtlety arises. Namely, in the Morawetz
estimate presented in equation (3.6), one achieves positive definiteness only
modulo boundary terms. We generate these boundary terms when we inte-
grate by parts to use the formal self-adjointness of the second-order symmetry
operators. These boundary terms can then be controlled by the energy. The
presence of these boundary terms is a completely new feature compared to the
classical energies and momenta.

1.6. Strategy of proof. Recall from earlier in the introduction that there
are three major problems in the Kerr spacetime:

1. No positive, conserved energy: There is no timelike, Killing vector. In
particular, the vector field d;, which is Killing, is only timelike outside the
ergosphere, i.e., for r > M + v/ M? — a? cos? 0

2. Lack of sufficient classical symmetries: The higher energies generated by
the Lie derivatives in the d; and Jy directions do not control enough di-
rections to estimate Sobolev norms of the function.

3. Complicated trapping: There are orbiting null geodesics. These neither
escape to null infinity nor enter the black hole. Since solutions to the wave
equation can follow null geodesics for an arbitrarily long time, this presents
an obstacle to decay. Furthermore, there are orbiting null geodesics occur-
ring over a range of r in the Kerr spacetime (with |a| > 0), which makes the
situation more complicated than in the Schwarzschild spacetime (a = 0),
where there are orbiting null geodesics only at » = 3M.

To overcome problem 1, we first observe that the vector d; is timelike for
sufficiently large r; that, if
a

w = ——
a r2 + a?

denotes the angular velocity of the horizon, then the vector 0; +wgdy is null on
the horizon and timelike for sufficiently small r > r,; that the regions where
O¢ and 0y + w0, are timelike overlap when |a| is sufficiently small; and that

both 0; and 0; + w0y are Killing. Thus, if we let

(1.21) Ty = O + xwH O,
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where x is identically 1 for r < r, for some constant r,, identically 0 for
r > ry+ M, and smoothly decreases on [ry, 7+ M], then, for sufficiently small
a, this vector field will be timelike everywhere and will be Killing outside the
fixed region r € [ry, ry 4+ M]. Thus, to prove the boundedness of the associated
positive energy, it will be sufficient to control the behaviour of solutions in this
fixed region through a Morawetz estimate.

To overcome problem 2, we note that the second-order operator @) is a
symmetry and is a weakly elliptic operator. Using @), 83), and 07 as symmetries
to generate higher energies, we can control energies of the spherical Laplacian
of 1. These control Sobolev norms that are sufficiently strong to control |¢|%.

To overcome problem 3, the complicated trapping, we will adapt A from
the monotonicity formula for null geodesics in Section 1.4. This adaptation is
possible because the double-indexed energy momentum tensor T'[¢)]gpaps from
Section 1.5 allows one to use the hidden symmetries in defining double-indexed
sets of vectors. If we introduce

L=L%,=0]+0;+Q

to give us a weakly elliptic operator and an extra, free, underlined index, we
can take as our collection of Morawetz vector fields

A% = — Rerby,
a_ _ 1 R/(a b)
¢ = 2,2(87« (wR' ))E ,
A = ({A%}, {¢"}),

pla _ z g)
R &(AR ,

with z and w smooth, positive functions to be chosen. In Section 3.4, we
choose z and w slightly differently from how they were chosen in Section 1.4,
so that they satisfy some additional conditions that were not necessary there.
Applying the generalised deformation formula (1.20), the difference between
the energies on one hypersurface and another is

EA(S2) - Ba(S) = = [ (VaPR) lgld"s.
Ignoring several distracting details, the bulk term is of the form

(1.22) SWRRL (005,0) (D Su)
2

/2 _
+ 31/2A3/2 <_87“ <w21/2 R,a)) ﬁg(a,«S&@/;)(@Tngﬂ)

(8- ADy2(8,wR'®)) LE(Sath) (Sy);

e e

_l’_
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see the proof of Lemma 3.9. The first two terms are very similar to the terms in
equation (1.14) for null geodesics. In the first line, one factor of R’ arises from
the wave equation and the other from our choice of the Morawetz vector field
A which allows us to construct a perfect square to obtain positivity. The term
in the second line involves two derivatives of —R. Near the photon orbits, the
convexity properties of R, which ensured that the orbits are unstable, ensure
that this term is positive. We choose z and w to get positivity away from the
photon orbits. The third term is lower-order, since it involves fewer derivatives
of ¢, and has no analogue for null geodesics.

Recall from the discussion above that when viewed as a function on phase
space, R vanishes together with 0, R at the trapped set, and 9?R < 0 there.
Since z and w are positive, the equivalent statement holds for R. The expres-
sion in (1.22) is quadratic in up to third-order derivatives of the field . For
this reason it is not appropriate in the context of (1.22) to think of R as a
function on phase space, but rather to compare this expression with the square
of a nondegenerate pointwise third-order norm of ¢). The vanishing of R and
O0,R at the orbiting null geodesics then is reflected in a degeneracy of the first
line of (1.22) compared to such a third-order norm. This analysis is done in
detail in Section 3.4; see, in particular, the proof of Lemma 3.9.

For small |a|, with v denoting terms of the form Sy, and with our choices
of z and w, the sum of the second and third terms in (1.22) is of the form

(GTU)Q +

2
(1.23) M <r2( A

9r2 —46Mr + 54M?
5 5 v v
r2 4+ a?)

6r4

with small perturbations on the coefficients. The coefficient on v? is positive
outside a compact interval in (r4,00). As shown in [BSo07], it is sufficient to
prove a Hardy estimate that bounds the quadratic form in (1.23) from below
by a sum of positive weights times (9,v)? and v2. This provides an estimate
on the third line in (1.22), which has no analogue for null geodesics.

The positive terms arising from the deformation of A dominate the defor-
mation terms (with extra derivatives) arising in the failure of T to be Killing.
(In fact, at this stage, only the second and third derivatives of 1) are controlled,
whereas the deformation terms from the third-order 7 energy also involve the
first derivatives and undifferentiated factors of 1. To handle this, a classical
vector field is also introduced to prove a Morawetz estimate that controls the
lower-order terms.) On the other hand, the energy associated with A is dom-
inated by the (third-order) energy associated with 7). Since there is a factor
of |a| on the T deformation terms, we have a small parameter, which allows
us to close the boot-strap argument in which the 7, energy is controlled by
the integral of its deformation, which is controlled by the integral of the A
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deformation, which is controlled by the A energy, which is finally controlled
by the T energy. This allows us to establish Theorem 1.1.

A similar argument can be used to show that for null geodesics, there is a
uniform bound on the positive energy eperp, [v], where L = e + £,2 + q. The
method is essentially the same as for the wave equation. With A = LFJ,,
with z and w chosen as in Section 3.4, the positive terms in the deformation
dominate the deformation terms arising from the failure of 7T} to be Killing.
Similarly, the T\ energy (with two extra factors of L) dominates the A energy.

The small |a| condition that we impose is significantly stronger than the
condition that |a| < M, which implies the existence of a black hole and which
might be ideally imposed. There are several fundamental and technical reasons
for this small |a| condition. Perhaps most importantly, the construction of T}
relies on there being a region where both 0; + xwp 0y and 0; are timelike in
which to perform the blending. When |a| is sufficiently large, but still smaller
than M, there is no such overlapping region, so this particular construction
fails. In addition, we use the assumption on the smallness of |a| to close
the bounded T) energy argument. If |a| is not small relative to the absolute
constants appearing in that estimate, it would not be possible to close the
boot-strap argument. A clear technical obstacle is that, in the proof of the
Morawetz estimate, we perturb the Hardy estimate in (1.23). If |a| were too
large, the perturbation argument would fail, and our numerical investigation
suggests that when |a| is larger than about .9M, there are no longer positive
solutions of the associated ODE, which we use to prove the estimate. These
obstacles are the most fundamental obstacles to extending the range of |a|, but
there are also numerous other, technical estimates in which we have made use
of the smallness of |al.

Having summarised our method, we will now compare it with methods
used in recent, related work. Recently, others have constructed a bounded
energy [DR11], [TT11]. To make a comparison, we point to several features
that they share but that are different from those in our approach.

To overcome problem 1, we use T,, which becomes null on the event
horizon. Thus, the energy we control has a weight that vanishes linearly at
r = r4. The other works use a different timelike vector field, which includes
some of the horizon-penetrating vector field, first introduced in [DR09]. This is
denoted Y [DR11] or X, [TT11]. We add the contribution from such a vector
field as a separate step in Appendix A.

To overcome problem 2, neither [DR11] nor [TT11] use @ to generate
higher energies. Away from the event horizon, they use the symmetries 07,
0;0g, and (9(;25 and the fact that ¢ satisfies the wave equation. Near the event
horizon, they generate higher energies using 0; and a horizon-penetrating, ra-
dial vector field (e.g., Y in [DR11]). This is possible because of a favourable
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sign in the error terms arising from the failure of the radial vector field to be
a symmetry.

Finally, to overcome problem 3, both of [DR11], [TT11] use a pseudo-
differential Morawetz multiplier, as explained in Section 1.4. We have avoided
these in favour of local differential operators.

Less importantly, both avoid surfaces of constant ¢ in favour of surfaces
and coordinates that go through the event horizon. Since vector-field argu-
ments can be deformed from one surface to another, this is a minor difference;
however, the lower-order coefficients in the momenta, ¢, slightly complicate
this. Although all known Morawetz arguments have, in some sense, a trou-
blesome lower-order term, [DR11], [TT11] use a different construction so that
they can use positivity arising from Y or X, instead of the Hardy estimate
we use to control the negativity in (1.23).

The structure of this paper is as follows. Section 2 introduces some pre-
liminary results and further notation. Section 3 contains the main argument of
this paper; in this section, we expand the energy associated with T, and prove
the Morawetz estimate using the symmetry-indexed vector fields. Finally, a
brief appendix reviews how to derive nondegenerate energy estimates from the
main estimates of this paper.

2. Notation and preliminaries

In this section, we present some more notation and basic estimates that
we shall use throughout the paper.

To begin, we note that we take M > 0 as fixed. In a statement about
the existence of a sufficiently small bound a for which an estimate holds for
la] < @, it is understood that the upper bound a depends on M. Similarly, in
estimates, C is used to denote an absolute constant or a constant that depends
only on M. The notation z < y means x < C'y, and the notation 2 =~ y means
x <yand y < x. All objects are smooth unless otherwise stated.

In informal discussions, if X is a set of operators, then Xt will typically
refer to expressions of the form X for X € X. Similar notation is defined
precisely in certain contexts in the remainder of this section.

In the remainder of this paper, unless otherwise stated, Greek indices refer
to components in the Boyer-Lindquist coordinates (¢, 7,6, ¢). In the appendix,
Greek indices refer to the Kerr coordinates denoted there, (tu, 7, é, qg)

2.1. Proof of the general deformation formula. In analogy with the defini-
tion of higher-order energies in equation (1.19), we define, for a general set of
operators X, for a vector field Y, and a function v, the higher-order momentum
and energy as

Py[Xyp) = Y Py[Xvl, Ey[Xy] = > Ey[Xy].

XeX XeX
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We now prove the validity of the general deformation formula (1.20). In
addition, we allow an additional positive function 2 to be introduced, which
allows for many calculations to be simplified.

LEmMA 2.1. If U is an open set in a general 4-dimensional Lorentzian
manifold, () is a system of coordinates on U, ¢p € C?(U) is a solution of
VAV =0, X is a vector field, q is a function, and ) is a positive function,
then the divergence of the associated momentum is

(2.1)

vozP(X,q) W] =

— 5 Lx (7™ (Vat)) (V)

—2
(-5 ValX) ) (0T - (927002

Furthermore, if {S.} is a set of symmetry operators for the wave equation,
X = ({X%},{¢®}) is a pair consisting of symmetric collections of double-
indexed vectors and scalars, and v is a solution of the wave equation, then

2
(2.2) VaPx[h]* = —%EX@(QJQQ’B)(Vasgw)(vﬁsgw)

9—2
(- Va0 4 ) (775,007, 500
1
— 5 (TaV)(Su0) (Syh).
Proof. By direct computation,
VaPixpt]* = (VoT*)XP + T,5V X7

+ QA Vo) + (V) (V) 3 (VaT 0.

Since 1 solves the wave equation, Vo7 = 0 and V,V®¢ = 0. Expanding
the energy-momentum tensor, one finds

VaPx pt]* = VXD (Vo)) (V1))

+ (5 (VaX™) +0) (V20)(Vath) — 5 (Va V0

Since  is positive, there is a well-defined inverse. Inserting 1 = Q2Q~2 into
the derivative of X and using the formula V(@ X#) = (=1/2)Lx¢*?, one finds
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VEXP) = (=1/2)Lxg*® = (=1/2)QPLx (2 2g*P) — (1/2)Q7 29 (X Q?), so

QZ
VaPxg )™ = = Lx(Q76%)(Vath) (V1)

* (‘% ((Q2(X0%)) + VaX) + q) (V) (Vap)

1 a 2
- §(vav Q)¢

0?2 9 o
= =5 Lx(Q72g*)(Vat)) (V)

02 2 ya o 1 «a 2

+ _TVO‘(Q X)) +q) (V) (Vo) — §(Vav q)°.
The second part of the theorem follows by replacing (X, q), (Va1)(V1)),
and 12 by (X2, ¢2), (VoSa1)(V5Sp1), and (Sa10)(Spt) respectively and then

using the ab symmetry of X and ¢2.

([

2.2. Simplifying rescalings. It is convenient to introduce the following ref-
erence volume forms:

d%p = pdode, W= sin@, d3p = d?pdr, d*p = d®pdrdt.

It so happens that the Boyer-Lindquist coordinates allow the second-order
symmetry operators to be expressed easily in terms of coordinate partial deriva-
tives and p:

1
Sy = p S22 5.

All other operators built from these can be similarly expanded. For example,
the operator R defined in equation (1.8) can be written as

1
R = ~0, R0y,
7!

where R®? is defined in (1.12). Similarly, the contravariant form of the metric
can be written as
1

(2.3) g8 = A9YOP + Knaﬁ.
This eliminates all # dependence, except that arising through Q7.

Careful applications of the factor ¥ can be used in many applications
to either eliminate 6 or leave only u. The volume element for g,z in Boyer-
Lindquist coordinates is given by

V0gl = /= det gos = Ssino.
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Thus, divergences can be written as

1 1
(2.4) SV X% = E\/ﬁﬁa\/|g|X"‘ = — 0 ua X%

g 2
Similarly, X0 can be written as

1 1
ﬁaa\/lglg“ﬂaﬁ = W Eg*P 0.
g

X=X

From the formula for ¥g in equation (2.3), this eliminates all 6 and 9y terms
except for those arising from Q.
In the deformation formulas (2.1)—(2.2), we will make the choice

N ?2=x.

This yields the Lie derivative of 3¢®? and the divergence of X1 X. These can
be simplified using equations (2.3) and (2.4) respectively.

2.3. The 3+1 decomposition. The surfaces of constant ¢, 3;, are spacelike
since they are spanned by the spacelike vector fields 0,, 0y, and 04. Thus, the
1-form dt is timelike in the exterior. Its length is g(dt,dt) = g = %. For our
purposes, it will be convenient to rescale this by (gf)~!, so that the component
in the 0; direction is 1. Thus, we introduce

T, =0 +OJJ_6¢7

g% 2aMr
CUJ_ - gtt - H 9
which has length
_ AY
9(T,Ty) = (¢") " = T

The vector field T'| is timelike in the exterior, and it extends continuously
to the event horizon and the bifurcation sphere. In fact, it extends smoothly
through the event horizon and the bifurcation sphere.> This vector field ex-
tends to the null tangent vector on the event horizon and to axial rotation
(with coefficient wpg) on the bifurcation sphere.

To calculate the flux through hypersurfaces of constant ¢, one needs the
normal volume element,

dn® = —n$, \/Grr9e69eedrdfde
II
=-T¢ Zdr sin dfde¢.

3The vector fields 9; and 8, are known to extend smoothly through the bifurcation sphere
[O’N95].
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(This can be computed using that ny, =T (—g(T,T1))" Y2 =T\ (¢g")"/?; that,

1

from the formula for inverting 2 x 2 matrices, ¢ = gss(gigos — gfd,)* ; and

that, from the formula for determinants, —? sin® 0 = detg = g, 900 (9ppgtt — gt2¢)
= grr909g¢¢/gtt‘)

For certain calculations, a contravariant form of the metric is more useful,
in which case, we will use that, with our sign conventions,

dng = Sdtad3pu.

2.4. Pointwise Norms. To begin, we introduce some notation for angular
derivatives. We typically use (6,¢) for coordinates on the sphere, but we
occasionally use w € S? to avoid coordinate singularities at the poles. We use
Y to denote the angular gradient and A for the Laplacian on the unit sphere.
For two vectors on the sphere, there is an inner product defined using the
standard metric on the unit sphere. Extending this notation to differential
operators in the standard way, for a function f, Af = u='YV- (uYf).

The Boyer-Lindquist coordinates induce coordinates (6, ¢) on the constant
(t,r) surfaces. This defines a diffeomorphism to the unit sphere in R? using
the standard spherical coordinates. This diffeomorphism, defined in the (6, ¢)
chart, extends smoothly to the entire sphere. This allows us to treat YV and
A as operators defined in the Kerr spacetime. We use O; for the pullback
under this diffeomorphism of the rotation vector fields about the coordinate
axes. With the exception of ©3 = 0, these are not symmetries in the Kerr
spacetime. We use Q1 = {©;} to denote the set of these rotations, and we use
T, for {0, 0;}.

Here and throughout the rest of the paper, we say that a vector field
has smooth angular components if, for fixed r and ¢, the contraction of the
vector field with any smooth 1-form on the sphere produces a smooth function.
Because of the coordinate singularity in the (0, ¢) coordinates, this does not
assert that the 8 and ¢ components of the vector field are smooth. The angular
gradient of a smooth function has smooth angular components.

Given a set of differential operators, X, we use the notation

W[ = Xl = > Xy

XeX

If no set is specified, simply an index, we mean
n
[Wln = >_ ISl
i=0
where S; is the set of generators of the order-¢ symmetries given in equa-

tion (1.9). We will refer to ||, as the order-n pointwise norm of ¢). When the
n is clear from context, we will simply refer to this as the norm of .
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LEMMA 2.2 (Spherical Sobolev estimate using symmetries). There is a
constant, C, such that for all (t,r) € R x (r4,00), if ¢ is sufficiently smooth
that the quantity on the right is bounded, then

swp WP <C [ whdn
(t,7)x S2 (t,r)xS?

Proof. Recall that we use p to denote sinf and A to denote the spherical
Laplacian, which takes the form

1 1
= —Opudy + —02.
A L u2 ¢
The absolute value of the spherical Laplacian of u can be estimated by

|&a)] =

(;awa@ +cot? 005 + 03 ¢‘

IN

‘(;awa@ + cot? 093 w' + o3|
< |QY| + a®sin® 107 ¢ + |05¢
S [S29].

By a standard, spherical, Sobolev estimate,

Wiy S [, (1807 +102) a2,

Since the integrand on the right is bounded by |1)|2, the desired estimate holds
with a uniform constant in (¢,7). O

In Section 3.4, we also require the following operators and the associated
weaker norms.

Definition 2.3. For € > 0, let
L=0;+Q+0;,
L.=¢e0} +Q+ 5,
and
2 2,112 2 1 2 2
VB = elofol + (1+2) (|00 + 5100501 + |
W5 = 210797 + (26 + ) F VI + (1 + 2¢)|0: 2% + | Y[

We also introduce the homogeneous norms, generated from the previous norm
by taking € =1,
‘w‘n,l-

In these norms, there are coeflicients that are not just monomial in &, such
as the (1 +¢) in |¢)|2.. These permit exact equality in some estimates below.
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LEMMA 2.4 (The L.L estimate). There is a positive constant C' such that,
for e € (0,1), if 1 is smooth, then?

(2.5) \<c5w><£w> .+ iaa (11 + &) Bpas) w){ < a2yl

where By s)[]" = () (), Bas)[¥]” = 0, Bras)[W]’ = —(919)(9e0)), and
Ba.s) ] = —(04)) (0500) / 2.

Furthermore,

S./ a2’w’§,lu

(2.6) ](ﬁgatw T+ (LV)? — 2, + 2e;aa<u3<2.5> Ty])

where By 5)[T13] denotes Y xer, Ba.s)[X1].

Proof. By direct computation,

(L) (L) = (07 + ) (07 + Av) = (a* sin® 0070) (L)
+ (€07 + Nv)(a® sin® 007 ),

(L) (L) = (07 + D) (7 + Bv)| S 3y
We now expand ((£02 + A)¢)((9? + L)) as
(07 + MU)((97 + ) = e(07v) + (1 + 2) (971 (40) + (4up)?
and simplify the cross-term by gathering total derivatives
(70) (40) = —(Dph) (4D) + Du((Dr0) (440))
= (V0 + 04((000) () = 7+ (000 (F0rw)

= [Youwl” + ;301 (nBas)¥]*) -

Note that it was crucial to gather the total derivatives first in ¢ and then in
the angular directions, so that the desired bound on B(s 5 (4]t holds. This
completes the proof of estimate (2.5).

The proof of estimate (2.6) follows the same steps. First, there is the
simplification from

(L0 + (L90)2 = (207 + B0)* + (07 + HT)?)| S a?[vf3,1-

“The index on B, 5 [¢)] refers to equation (2.5).
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Second, the simplified term can be expanded as
(07 + 20)* + (07 + PYY)°
= eX(0)) + 22(9]9) (D) + (40r)*
+ 207 V)2 + 22 (07 V) (V) + (AV)?.

Third, the mixed factors can be written as perfect squares plus total derivatives

(OF0) (80) = (D2V)? + ;aame) 0]®),
(V) (ATY) = (20) 3 ;aawB(z.@[Xm. 0

Xe0,

An important consequence of Lemma 2.4 is that the (2,¢) norm is dom-
inated by (Lc)(L1) plus a divergence term and small error terms. In the
divergence term, the time component satisfies | B(3 5) (V]| < |0pah|[Savp], there is
no r component, and the vector field By 5 [¢)] has smooth angular components.

2.5. Further notation. We use the notation
f=00")
to mean that there is a constant, uniformly in a in some small interval of a
values containing 0, such that for all r > 4, |f(r)| < CrP. We also introduce

the notation Ane
r=o((2)')
r

to mean that there is a constant, uniformly in a in some small interval of a
values containing 0, such that for all » > r,

lf(r) < C (%)qrp.

Similarly, for functions f of ¢, 7, w, we use f = O(r?) or O ((T%)q , rp) when the
same bounds hold with the condition for all ¢ € R,r > ry,w € S? replacing
r > ry and f(t,r,w) replacing f(r). This measures the decay rate at ry and
oo. If f is continuous, this is all the information that is required to bound the
function.

For a set X, we use 1x to denote the indicator function, which is iden-
tically one on X and zero elsewhere. We define a function to be smooth on
a closed interval if it is smooth in the interior and if all the derivatives are
continuous up to the boundary.

3. The bounded-energy argument

In this section, we construct a bounded energy by first constructing an
almost conserved energy and then proving a Morawetz estimate to control its
growth.
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3.1. The blended energy. Recall from (1.21) that for |a| sufficiently small,
the vector field

TX =0 + XwH8¢

is timelike in the exterior and Killing outside the region [r,, ry 4+ M], since ¥ is
constant outside this region and decreases from one to zero inside this region.
If we choose r, sufficiently large so that it corresponds to a larger value of r
than any orbiting null geodesic for our initial choice of small |a|, this property
will remain true for any subsequent decrease in the range of |a| we allow. For
definiteness, we take r, = 100, which is beyond the range of the orbiting null
geodesics for any Kerr black hole.

The vector field T\ becomes null on the horizon, so the associated en-
ergy degenerates there. In the following theorem, we compare this with the
energy associated with T, = (AX/II)Y/?ny, to make clear that the rate of
degeneration with respect to the normal is (A/(r? + a?))'/2. We also provide
a coordinate expression that is useful for making estimates. The apparently
singular contribution to the energy from A~!(T 1)? is in fact vanishing, since
the vector field T'| vanishes on the bifurcation sphere at such a rate to exactly
compensate for the factor of A~!, and in addition the form dr, which appears
in d3y, degenerates at a rate of (A/(r? + a?))'/? near the bifurcation sphere.

LEMMA 3.1. There is a positive a such that for |a| < a, if t € R and ¢ is
smooth, then T, is timelike and

(3.1)
7,,2 a2 2
pr0= [ (5 ¢ A@wR + QU0 0m) )

2 2\2
~ . (MAG)(TM) + AO) + A + 3 \@W) &y,

ETX (t) ~ ETL (t)
Furthermore, if 1 is a solution of the wave equation Ui = 0, then
(3:2) [SVaPr []°] = Awn 0105010,

Proof. Since —gangTﬂ = AX/II, the T, energy is
II

Er, = / TaﬁTﬁTde3M>

pI

~ s, (GO S VCROICHDY %d?’u

= . <%(TJ_¢)2 + %Egaﬁ(aaw)(aﬂ¢>> .
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The integrand can be expanded as

%(Tub) ;Zga’g( 9ap)(9p1))
T a2 2
% <A(8r¢)2 + HA)(TL¢)2 + Q7 (0a) (90) + (3¢¢)2>
_ i (4aMr — 2w, (r* + a?) ) (04)(0p)
+ i ( a? + (r* + a2)2wi> (0s0%) — a®sin® O(T 1 1)*.

Since the coefficients 4aMr — 2w, (r? + a?)? and —a? + (12 + a?)?w? vanish
at r = r4, are bounded by factors that go uniformly to 0 on bounded sets as
a — 0, and grow as r — oo no faster than r and a constant respectively, for
|a| sufficiently small,

2 2\2
pr(0= [ (52 + a@uR + Qo) )

A clearer bound on the angular derivatives can be obtained by noting that

the 02 term in @ has a bounded factor times a2, so

(r? +a?)? 2 of 2
T(wa + Q7 (0ay)(0pY) + (Op)

2 (0) + Q7 (0a) (95%) + (9p9)
> Z |0;ul?.
The T, energy can be estimated using the fact that
T —Ty = (wi — xwH)0s

is orthogonal to 7', , so
II
Br, — Er, = [ (s~ xwn)@0)(Tup) 3 &
t

The coefficient w; — ywpr vanishes linearly at » = r, is bounded by a function
that goes to zero uniformly as @ — 0, and goes to zero as r — oo like r—4,
so, by a simple Cauchy-Schwarz estimate, one finds |E7, — Er, | < |a|ET,, so
ETL ~ ETX'

The divergence of the momentum can be estimated using equation (2.1).
Taking Q=2 = X greatly simplifies the terms on the right-hand side of equa-
tion (2.1). For example, one finds Q_2VO¢(QQT§“) = ,u_laa(,uT;j) = 0. Simi-
larly, this choice of € eliminates the factor of ¥ when computing L, (Q2gB),
Thus,

VoPP =Ly (2729°%) (0a1)(9s¢) = 571 (0rx) Awr (9,9)(0gr). O
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Recall that we defined higher-order energies by
n
Ep aeilt] = > Er [Siv],
i=0
where S; is the set of order-i symmetries from (1.9).

COROLLARY 3.2. If ¢ is a solution of the wave equation [l = 0,

d

(3.3) GEranlW < C [ [ L0010t
T

where the norms on the right are defined in Section 2.4.

Proof. This follows from considering a symmetry operator S of order 4,
applying the previous lemma to S, summing over the operators S € S;, and
then summing in 4. ([l

3.2. Set-up for radial vector fields and their fifth-order analogues.

Definition 3.3. If z and w are smooth functions of r and the parameters
M and a, then we define the following single- and double-indexed quantities:

pa _ Zpa
(3.4a) 4= AR ,

Rla _ z g)
(3.4D) R =0, ( “Re),

- 1/2
(3.4¢) R = w’ / Re

Al/2 ’
(3.4d) R’ = 9 <wzl/27é’a>
. ANy :

These are used to define a double-indexed family of vectors and scalars that
we shall use to prove a Morawetz estimate.

Definition 3.4. Given smooth functions z and w as above, the radial co-
efficients and reduced scalar functions are defined to be

Fe= — zuwR'e, Fob— _ zwk'(gﬁé),
a 1 S/a ab 1 ~1(a
Treduced = — i(arz)lefa Qroduced — 5(87’2)”“)72/(*5@)

The Morawetz vector fields and scalar functions are defined in terms of these
as

A2 = Feo,, A = Feby,

ab
reduced”

1 _ 1 B
qﬁ - §Ev7(2 IAQ’Y) B qrgeduced’ qub = §Ev7(2 1Aa7bV) —q
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For simplicity, we introduce the following notation for the pair consisting
of the previous sets of vector fields and functions:

= ({A%}, {¢*}).

LEMMA 3.5. If ¢ is a solution to the wave equation [y = 0, then the
divergence of the momentum associated with these quantities is given by

(3.5) SV Pal]® = A®(0,S41) (0, Sp))
+ UL (80501) (05.540)
+ VE(S0) (Sy),
where
A% = 21/2A3/2(_7:3/@)’ A — Alaph)
74ab _ %wﬁ@ﬁ@7 Uos — yelaph gos,
Ve = %(8TA8TZ(0Tw7i’,@)), yab — plagh)

Proof. In the formula for the divergence of the momentum, equation (2.2),
we choose Q72 = . Since Q72¢*% = %9 = AG29? + A=IR* | this choice of
Q eliminates ¥ when we need to compute the Lie derivative along A%, enor-
mously simplifying the calculation. Furthermore, the term ¢ has been chosen
so that the coefficient of (V7.S,4))(V,Spt) is _quuced‘ Thus, the divergence
of the momentum is given by

2VaPg = (A7) - %fﬂ—b(arA)) (0,5u00) (91 Syth)

(o (RAQ)) (0u520) (9550)

a RB
_qfduced (a S, ¢)(a Sbw) qreduced A (a S, w)(aﬂslﬂ/f)

- %(Evavaq@)(Sgw)(Sg%b)-

In the coefficient of the radial derivative terms, the part coming from the vector
field can be rewritten as

(A(ar}"“—b) - %f@(aTA)) = (ar (5}2)) A3/2,
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Expandin~g using the deﬁnitio~ns of z, w, and R/, we first note that ¢% =
—(1/2)0, (2wR'L) + (1/2)(9,2)wR'%L = —(1/2)20,(wR'%®). Thus, the diver-

gence of the momentum is

/2
NV PR = — 212032 (ar < - wR’“)) L(0-S,1) (9, Syib)

AlL/2

i s
+Lurragy (aT (72 )) (00 520)) (9350)

+ (VY (2(0,0R ) D) (8,0)(Sy).

The expression R’ was chosen so that it is exactly the derivative in the second

term. Similarly, the quantity 7:2” was chosen so that it is the derivative in the
first term. Thus, the total bulk term is
SV P = — 2 2A3PRILY(8,8,0) (0, Syh)

+ GU(LERER (0,5,)(@sSyh)
+ (020, ((0,wR' ) £2 (S0 (Sy0).

Since R"2Lb is contracted against a quantity that is symmetric in ab, it is
not necessary to distinguish between R”2£E and R”(@£Y. Substituting the
definitions of A%, 1428 and V2 gives the desired result. O

3.3. Rearrangements. We rearrange the terms related to U to get a strictly
positive contribution to the divergence.

LEMMA 3.6. If ¢ is a solution to the wave equation [l = 0, then

SV (Pa[t]* + Ba[¥]*) = A%(9,Sa1)) (0, Spt))
+ UL (0,5,9) (D5Sp1))
+ V(1) (Spt)),

where A, U, and V are defined in Lemma 3.5 and
SBalY)* = (ULLY —ULP) (Sut)(DpSp).

We refer to Ba.r as the first boundary term.

Proof. Starting from equation (3.5), it is only the second term on the right
side that needs to be manipulated. First, we rearrange the derivative term to
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get
Mu@aﬁ(aa5g¢)(aﬁsgw) = uuﬂﬁgsgﬂ(3a5g¢)(aﬁsb¢)
= — ULLYS,) (DapsS D Syt)
+ Do (ULESEE (S410) (D5.Sp)))-

The first term on the right can be rewritten in terms of S., which can be
commuted with Sy, which in turn can be expanded in partial derivatives as

UL LS ) (DanSEPDs ) = — HU=LE(S)(SeSiv)
= — ULLY(S)) (SpSct))
= U LY(S,) (DapiSy D5 Sct).

We can substitute this into the previous calculation, rearrange a derivative in
the new expression, reindex, and use the symmetry of % to conclude that

HUL (06,83) (03Sytb) = HULLLS) (00:Sah) (D Ser))
— Do (UL S} (Su1)) (D5Set)))
+ Do (ULESE (Sat)) (Dp.Spt)))
= UL (06,551 (D5 Sp)
— O (UL — U ) (S1)) (D5 Sh) ) -
Applying the definition of Ba gives the desired result. O

3.4. Choosing the weights. In this section, we choose the weights z and w
to ensure the positivity of the highest-order terms in the right-hand side of the
estimate in the previous lemma, Lemma 3.6.

Definition 3.7. Given a positive value for the parameter Ep2, We use the
following weights to define the Morawetz vector field:

2 = 2129, w = wiwa,
A (r? + a?)*
21 = VGG w = bl
1 (r2 + a2)? 1 32 _ g2
] A 1
z9=1—c¢ —_— Wy = —.
2 B\ (r2+a2)2 )" 27 o

Remark 3.8. The goal in choosing the various weight functions is to obtain
nonnegativity for A%(9,.S,1)(9,Sp10) and ULLY (0nS1)) (0 Sp1)), with possi-
ble degeneracy in the U term near r = 3M. As explained in the introduction,
the guiding principle is to introduce operators R’ = R'(r; M, a; 0y, 0y, Q) and
R =R"(r; M, a; 0, Jy, @) that are analogues of the corresponding quantities
for null geodesics, R'(r; M, a; e, £, q) and R”(r; M, a; e, £, q). In particular,
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one expects that R’ = R/ (r; M, a; 0, 0¢, Q) should be (weakly spacetime) ellip-
tic when R/(r; M, a; e, £, q) is nonnegative, and similarly for R”. Analogously,
we think of A as the product of the positive quantities £ and —R”, and we
think of U as R'2.

Thus, the weight functions are chosen so that, for any null geodesic, the
following two conditions hold: the quantity —R" (r;M,a;e,£,,q) is nonneg-
ative, and the quantity 7%’(7’; M,a;e,l,,q) can vanish only at a value of r
near 3M. For |a| < M, the orbiting null geodesics are near r = 3M. On
orbiting null geodesics, R'(r; M, a; e, £, q) vanishes and —R" (r; M, a; e, £, q)
is positive. The functions z and w are chosen so that on any null geodesic, the
quantity 7%’(7‘; M,a;e, L, q) vanishes only in a neighbourhood of » = 3M and
the quantity —R” (r; M, a; e, £, q) is positive.

We have chosen the weights so that the following properties hold:

1. The definition of R’ in equation (3.4b) is made so that I takes the form
as wR'? in Lemma 3.5. ~
2. 5(292 is the coefficient of e? in R/(r; M, a;e,£,q) and R"(r; M, a;e, £, q),
t

and hence of 7 in the operators R’ and R”.
3. z1 is such that, if zo had been equal to 1, which corresponds to €52 = 0,

then the coefficient of €2 in R/(r; M, a;e,£,,q), and hence of §? in R/,
would be zero, as in equation (1.15a).

4. z9is such that, if €92 >0, then the coefficient of £g2 e2in R (r; M, a;e, £, q),
and hence of €52 9% in R’, is nonnegative and a perturbation (in £g2) of the
coefficient of Q).

5. wy is such ‘Ehat, if zo and w9 had both been equal to 1, then the coefficient
of el, in R"(r; M, a;e,£,,q), and hence of 0¢0p in R”, would vanish, as
in equation (1.15b).

6. wy is such that

(a) R"(r; M, a; e, £,,q) is positive everywhere, and

(b) (zwR!(r; M, a;e,£2,9))?g(9r,0;) S (€2 + £ + @)’g(Ty, Ty).

In particular, from the dominant energy condition, condition 6b allows us
to show that Es[¢)] S Ep 3[t)]. Once the form wy = Cr~! was chosen,
the factor of C' = 1/2 was chosen so that, when a = 0 and €52 = 0, the

coefficient of £,% + q in A is equal to 1.

The factors R/, z1, wi, and z» are uniquely defined by the above proper-
ties. In contrast, the factor wsy is both overdetermined, since we have chosen
it to satisfy two conditions that are not a priori obviously compatible, and
underdetermined, since it so happens that there are many functions that allow
these two conditions to be satisfied.
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The statement and proof of the following lemma make use of the norms
given in Section 2.4.

LEMMA 3.9. There are positive constants a, €2 and C such that if |a| < a
and 0 < €52 < Ep2 and 1 is a solution to the wave equation Uy = 0, then

(3.6)  XVa ((Pa[Y]" + Baul¢]® + Ba.ul]*))

A2 19Mr? — 46 M2 403
.y o 19Mr2 — 46M°r + 5
r2(r? + a?) 6 r
1 (r2+a®?=,, =
— L RIeRMYLYB(H,S.) (D58
4r 3r2 — g2 ( J!))( B W)
O A (a4 200 + Ol )
r2(r2 + a?) Gr ; 2 2,a

1
- Cﬁ(‘a|’w‘%,1 +eg2lU]3 ),

2 2
27565 + |¢|2,68t2

where R’ is defined by equation (3.4b), satisfies
R = —2(r—3M)yr—*L.,
+a0(r~1)0,0; + a®O(r—°)Q + a*0(r~°)93

+ eatzaQO(r_E’)(?f + eatzO(r_5)Q + satzO(r_E’)(?;,

and where the Ba.[¢]* satisfy

2
SBaull] S 5o
’ ~ r2(r? 4 a?)

BA;Uh/}]T = Oa

1
10,0001 > 10r Sl + 5100001 3 IS,

and the angular components of Ba.jr are smooth.

Remark 3.10. In the applications of this lemma, it will always be the case
that the regions of integration have boundary which are level sets of ¢ or r, so
that the angular components of Ba.i1 [¢)] do not contribute to the boundary
integral.

Proof. From Lemma 3.6, there are three terms to control: the U, A, and
V terms.

Step 1: The U term. The U term can be expanded using the definition
in Lemma 3.5 as

SULL (0,5,0)(05y) = JUREREL (02500)(95S1).
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so it is sufficient to calculate R’. With our choice of z and w, this is
R = — eg2(2(r — 3M)r~ + a?0(r~?))8?
+aMO(r~)90,
— (2(r = 3M)r~* + a*O(r™°) + EatzO(r_E’))Q
— (2(r = 3M)r~* + a*O(r°) + 5330(1"_5))0(%.
Step 2: The A term. The A term is
ASLHD, 500)(0,500) = 5 (R0, S, (0, i),
With our choices of z and w, we find
~R" = Mega(r™2 +a?0(r™3) + p0(r™*))3}
+aMO(r=)940
+ M2 +a*0(r™3) + 5830(7"_3))62
+ M(r 2 +a*0(r %) + 5830(7‘*3))83,.

We are interested in this because the operator —R” is very close to %5562
t

in the sense that

= M
(RN~ 25£2,5) 00| = @206 Ty

+aO0(r™?)| T8,y

+e5:0(r°)[07 0,9

+ep0(r ™) 010,94 £92a°O(r™%)| sin® 007 0,.|.
Thus,

= M
(€0:0) (R") = 75£,0) 00| < (al + ) OG0,

+ 20200 2[00
Since £ and 5562 commute with functions of r, we can apply Lemma 2.4
to 0,1 to get t

(L2 0r)(£0,0) = 0,013,

14+¢
+

Oa (1B(25)[0:0]*) + a?|T10,0|*.

The divergence terms consist only of time and angular derivatives, which are
exactly those coming from Lemma 2.4. Thus, we may multiply the equation
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by A%2r=2(r? + a?)~! and move this factor inside the divergence term. The
terms from the angular derivatives are smooth, and the terms from the time
derivative are then of the form

A2

Thus, we only need to control contributions from these terms when they appear
as boundary terms on hypersurfaces of constant ¢t. They are controlled by

A2 A2
- < -
(3.7) MTQ(T2 ey 8,010 ]| 80,0)| < Mrz(r2 ey 18,0,1)| %: 1S,0,1))|.
Thus,
A (S, 0,1)(Sp0 >M7A2 O,1|2
7( a T¢)( b T"w) = 7“2(7“24-&2)‘ wa,eatg
—07& (|a||0rp|3 | + e52|000)% 2 + €22]0010[3 1)
r2(r2 + a?) R A a7 1%ri2,1

1
+ ;804 (MBA;IIa[w]a) )
with Ba.11a satisfying the properties given in the statement of this lemma.

Step 3: The V term. By direct computation, the V term is given by
1
V&S, = ZOTAOTQQSQ
1
= (53?6(9Mr’2 — 46M>r 7 + 54 M3t 4 aO(r*“))) 7
+ a0 (r~*)9,0,

+ <é(9Mr_2 —46M%r73 £ 54M3r~ £ aO(r ™) + 6330(1"_4))) Q
- (é(gMﬂ —46M%r 73 4 54M3r 4t + aO(r ) + 8830(r*4))) 9,

1
= g(ng—2 —46M%r3 + 54 M3~ L

€52
at

+ |a|O(r™)Sy + 5330(7“_4)62 + 5530(7“_4)635,

where we have used O(r~%)Ssy to denote terms of the form O(r~=*)S, with
Sg € Ss.
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Applying the estimate in Lemma 2.4, we find
V() (Sy) = (OMr2 — 4603 4 5405 ) (Lo ) (L)
+ O ) (lal[w]3 1 +ea2 9] 42)
> é(gMﬂ —46M*r % + 54M3r’4)|¢|§7583
+O0r ) (|l 1 + a2 |¥1342)

O (1B2.5)[1]") -

1+ eq2
Lo — %

Again, the divergence terms come from the application of Lemma 2.4, so that
there is no radial derivative, the terms from the angular derivatives are smooth,
and the terms from the time derivative give a contribution of the form

C C
(3.5) 10141 < 51001 S 18a

The time and angular derivative terms arising in this step and the previous
one are combined into Ba.ir and are controlled by (3.7)-(3.8). O

LEMMA 3.11 (Controlling the boundary terms). If ¢ is sufficiently smooth,
satisfies Ly = 0, and has initial data which decays sufficiently rapidly at in-
finity, then

Balul +| [, B, +| [ Biudna| < CBr, U]

and
lim Pa[y]" =0, lim [Pa[¢]"] = 0.

r—T4 r—00

Here, by “sufficiently rapidly,” we mean that the T\ energies of v, S1¢, and
Sotp are convergent integrals and that ¥ goes to zero as r — oo.

(For the decay hypothesis, it is sufficient that lim, o ¥ = 0, lim,_,o 70,9
= 0, lim, o 700 = 0, and the same estimates hold for S1¢) and Syv. The
convergence of the energies implies that these limits are valid, at least along a
subsequence. )

Proof. We begin by noting that, from the simple Hardy estimate

(39) [ wkdrs [,
0 0

with = r —ry, one finds [y, [|?d*w by Eqy (t). We will refer to this as the
basic Hardy estimate. We use Sy to denote a term which can be bounded in
absolute value by [Sa1)|.
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By direct computation,

IT
Ea = _/ (PA)a ngd?)/iv
P
ab 1 ab 1 3
Bl <C [ (ITuSwll P40, 5001 5 + 17 Swilla1Sil 5 ) &
<C [ (FIusaof + 31F2R0 8P + RlaPlsavt) o

Since II/A, (r? +a?)?/A, and r*/A are all uniformly equivalent, since F2 is
bounded by a multiple of Ar~2, and since |¢%| is bounded by a multiple of

Ar—3, it follows from estimate (3.1) that |Es| < CEq 3.
Using that dn, = —Xdt,d*u and that each 4% = O(r~1), it follows that

'/ BK;IdTla
pa

< / ULt 14590)|5, Dab|Sheb | dP
it -

< C/E =S9]I T1Syp|d* e
< CEr, 3.

Similarly, since the ¢ component of the second boundary term was partially
estimated in the statement of Lemma 3.9, it follows that

'/ BA Hd77a

< [ (0UA/r™)2.1)[0,000,82] + OG0l |Sa1)

<O (O((A/r%)2,1)(10:S20[* + |0,00]) + O(r~2) (IS |* + |0pp]?) ) 4

< CETX,ZS-

The limits at ry and oo are easily evaluated. The radial component of the
momentum consists of bounded functions times a power of A, so they vanish
at ro. For r large, from the calculation at the start of this proof, we know
that |Pa[¢]"] < O(r?)]|0,Sev|? + [Sa|?. Since solutions of the wave equation
have finite speed of propagation, if the initial data falls off sufficiently rapidly,
then so will the solution at any later time, hence | Pa [¢)]"| will tend to zero as
T — 00. O

Note that it is not necessary to estimate the limits of the radial components
boundary terms, B’y ; and B 41, since these components are identically zero.

3.5. The Hardy estimate. In (3.6), the coefficient of [¢[3, . is positive

except in a compact range of r values. The purpose of this Sectlon is to prove a
Hardy estimate that allows us to get a globally positive coefficient for W}’Z&af
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by using the positivity of the term involving ]8,,1#\%7582. The proof is a bit
t

technical and can be omitted on a first reading, since the proof is independent
of the rest of the Morawetz estimate.

LEMMA 3.12. There exist positive @ and enardy such that if |a| < a, then
for any smooth function ¢ on [ry,00) x S? that is bounded on [ry,00),

00 A2 1972 — 46 Mr + 54 M2
1 = 2 - 2
(3.10) /r+ <r2(r2 + a?) (0:0)" + 6 r4 ¢ ) dr

> Cttaray [ A o+ Lga
r -5 (Or — ¢ dr.
= SHardy vy 72(r2 4 a?) r2

Proof. The proof consists of several parts. The early parts of this proof
follow the method of [BSo07]. First, we will demonstrate that it is sufficient to
find a positive solution to an associated ODE (ordinary differential equation).
Second, we rewrite the estimate and ODE in terms of a new function, ¢.
Third, we will construct an explicit solution for the new ODE when a = 0 and
€Hardy = 0. Fourth, we will argue that the construction of the explicit solution
can be perturbed to cover nonzero a and eyardy, Which will give a perturbed
estimate for . Fifth, we will show that this gives the estimate for the original
function ¢. Finally, we will show that boundary conditions for the ODE do
not place restrictions on the function ¢.

Step 1: Find a positive solution to the associated ODE. We wish to show
that if, for smooth, nonnegative A and smooth V', the ODE

—0,A0ru+Vu=0

has a smooth, positive solution u on [rg, oo], then for any smooth function ¢
on [rg,00], there is the estimate

(3.11) / A(0,¢)? + Vgidr > 0,
o
as long as
(3.12) 524
u

vanishes at rg and oo. Recall that a function is smooth on a closed interval if
it is smooth on the interior and all derivatives have a limit at the boundary.

Since u is positive, for any smooth ¢, we can define f = ¢/u. From
integration by parts,

/wA@mf+v&m—pMﬂ@mﬁm§:/muﬂp@A@u+vmm

o

+ / T WA, )2dr

o

— [ AF@- )]



830 L. ANDERSSON and P. BLUE

Since u satisfies the ODE —0,Ad,u + Vu = 0, the first term on the right is
zero. Cancelling the boundary terms on the right from those on the left leaves
the estimate

| A@r+vear = [T wA@, 0+ (£ Au@u)]5.

The boundary term vanishes under condition (3.12), and the integrand on the
right is nonnegative, since ¢ = fu. Therefore,

/ T A(0,6)? + VéRar > 0.

Step 2: Simplify the estimate to eliminate one of the coefficients. For the
rest of this proof, we will take
AQ
A= —F——.
r2(r? + a?)

We will consider the function
w = AY 2.

Since A'/? is smooth on [r,, 00) and vanishes linearly at r,, the new function
 is also smooth and vanishes at least linearly at ry. Its derivative satisfies

1 10,4
0T¢ = m(aTgo) - §A3/2 ©-

Therefore, the left-hand side of (3.11) is given by

00 A 1(0,A)2% V
/ (0rp)? — I 0(Orp) + <4( AQ) +A) Pdr

T4

> V. 10%A  1(0,4)? {18,4 r’
_ 2 v - r = \YUr 2 |29 2
/”(&ap) +(A+2 1 1 a2 )(pdr 5 4 ¥ "

If the original function ¢ is bounded, then the boundary term in this equality
vanishes. The estimate that we shall prove in the subsequent steps of this proof
is, for some enaray,1 > 0,

% V. 102A  1(0,4)? < ]
3.13 / 0, 2+< e ——?
e A R I A R BT v Ar2Y
If o satisfies this, then, by multiplying this estimate by 1 — epardy,2, we find

% Vo 1024 1(0,A)?
2 v —Yr = \Mr 2
/T+(8,«g0)+<A+2A AP )gpdr

dr.

2
) e dr > €Hardy,1

o 2
> / EHardy,Q(ar(P)

T+
V1924 1(6,A)? 1
+ (5Hardy72 (A + 5 A - 4( AQ) ) 902"’_(1 - 5Hardy,2)€Hardy,1M¢2> dr.
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By taking eyaray,2 > 0 sufficiently small and substituting back for ¢, we can
conclude inequality (3.10) holds.

Step 3: Construction of the explicit solution for a = 0 and epargy = 0.
Following the arguments in the first section, we could prove the desired estimate
(for a = 0 and enaray = 0) by finding a positive solution to

(3.14) —0,A0ru+Vu=0
with
(r* —2Mr)?
A — T,
1972 — 46 M7 + 54M?
V==
6 r4

on the interval [2M,oc0). However, by using the argument in the previous
section, it is easier to use the transformed function

2 2\ 1/2
(3.15) v=AY%y = <W> u,

ré

(3.16) x=r—2M
and to solve the ODE (3.14)

(3.17) —0%v +Wo =0,

V 1024 1(9,A)?

1 - oz

(3.18) W=2+t214 "1 2
922 — 34Mz — 2M?

6x2(x + 2M)?

on the interval = € [0, 00).

We first note the following properties of hypergeometric functions [AS92],
[EMOT53]. The hypergeometric function is typically written with parame-
ters F'(a,b;c;z). This is also referred to as Gauss’s hypergeometric function
9F1(a,b;c; z), but we will not use this notation. It should be clear in all cases
whether a refers to the first parameter of the hypergeometric function or to
the angular momentum parameter of the Kerr spacetime. The hypergeometric
function F'(a, b; ¢; z) has the following integral representation for a < 0 < b < ¢
and z ¢ [1,00):

F(C) ! b—1/1 _ p\e=b—1/9 _ 2@
W/Ot (1= ) =1(1 = ¢2)dt.

It is not obvious from this representation, but it is true, that F' is symmetric

(3.19) F(a,b;c;z) =

in its first two arguments, F'(a,b;c;z) = F(b,a;c; z). There are a vast number
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of further relations. The hypergeometric differential equation is

d*w dw
2 l—2)—5+[c—(a+b+1)z] — — = 0.
(3.20) z2(1—=z) o [c—(a+b+1)z] . abw = 0

A pair of solutions to this equation is
F(a,b;c; 2),
ACFla—c+1,b—c+1;2—c2).

Returning to the ODE arising from the Hardy estimate, we introduce the
parameters «, 3, and d (to be chosen later), and the further substitution

(3:21) v =%z + d)°%.
The ODE now becomes
o = (ala = D2 2o +2)7 + 208" @ + )7 4 B(8 — Da(w + d)7?) @

+2 (ama_l(x +d)P + Bz(x + d)ﬂ_1> o’
+ 2%z + d)P",

(3.22) 0= —v"+Wv
=22 2(z + d)° 2P,
(3.23) P =2*(z + d)*v"
—2z(x +d)((a + B)x + ad)v’

+ ( — (ala = 1)(z + d)* + 20Bz(x +d) + B(8 — 1)z7)

922 — 34Mx — 2M? 5\ -
622(x + 202 (x4 d)” | 0.

We conclude from (3.22) that P = 0. If we choose
(3.24) d=2M,

then the rational function in the last term on the right reduces to a polynomial.

The coefficient of " is 2 (x +d)?, of ¥ is z(z + d) times a linear function,
and of ¥ is a quadratic. If we choose the parameters o and [ so that the
coefficient of ¥ is a constant multiple of x(z + d), then an overall factor of
x(z + d) can be dropped, leaving the coefficients of ¢, ¥/, and v as z(x +d), a
linear function, and a constant respectively. The substitution z = —z/d then
transforms the equation to the hypergeometric differential equation. Our goal
is to show that such choices of @ and 8 can be made.
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It is now merely a matter of checking by direct calculation that this can
be done. The coefficient of ¥ is

(3.25)  —ala —1)(z* + 2zd + d?) — 2a8(2® + dx) — B(B — 1)z?
+(3/2)2* — (17/3) Mz — M?/3.

In this coefficient, we set the constant order term to zero
—a(a—1)d*> — M?/3 =0,

1, V6
=—_+ —.
“T2T 6
Fortunately, the term af(z? + dz) is already a multiple of 22 + dx, so we may
ignore it when trying to get the coefficient of ¥ to be a multiple of 22 + dz. We
set the ratios of the remaining coefficients of 22 and of x in (3.25) to be d, so
that the polynomial (3.25) becomes a multiple of z(x 4 d). This condition on

the ratio yields
d((3/2) —ala—1)—p(B—-1)) = —2da(a—1) — (17/3) M.

We can substitute —a(a — 1) = 1/12 to get

2((3/2) + (1/12) = B(B — 1)) = (1/3) — (17/3),
)
2 2

The four choices of sign provide four choices of simplified equations to study.
For simplicity, we will consider only the equation arising from taking the +
sign in « and the — sign in (8.°

We are left with the differential equation for v:

w(z 4 2)8" — 2((1 4+ V6/6 + 3v2/2)x + 1+ V6/3)
+(19/6 — 3v2/2+ V6/6 — V3)5 = 0.
Making the substitutions z = —z/d and v (z) = o(z) gives
(3.26) 2(1—2)P" + (14 V6/3) — (2 - 3vV2+ V6/3)z) ¢/
+(=19/6 +3v2/2+ V3 - V6/6) 4 = 0.
Thus we have a hypergeometric differential equation, with solution

0= F(a,b;c,—x/d).

5This choice simplifies some expressions in the rest of this argument.



834 L. ANDERSSON and P. BLUE

We can immediately read off some quantities in terms of the hypergeometric
parameters

(3.27) c=1+6/3,
—a—b—1= —2+3vV2-6/3,
—ab= —19/6 +3v2/2 + V3 - V6/6.

We can now solve for the remaining two parameters:

(3.28) {a,b} = {;—iﬁ—k\?i;\ﬁ}.

We will make the choice a < b so that
a<-25<0<.1l<b<g 2<18<e.

In particular,
a<0<b<e
Thus, the integral representation (3.19) holds. Dividing by I'(¢)/(I'(a)I'(b)),

we find that @ZNJ(Z) is positive when z < 0. This means that v is positive when
x > 0, v is also positive when x > 0, and u is positive when r > 2M.

Step 4: The perturbed estimate for v. In this step, we will prove that
there are 0 < Gpardy,3 and 0 < €Hardy,3 such that for |a| < Gparay3 and all
suitable ¢,

/ |0r0|* + We?dz > 0
0

for

- 922 —34Mx — 2M? M + z)?
W = — €Hardy,3 (2 )
X

d

622 (x + d)? (x4 d)?’

=Ty —T—
r_=M—\M?—a2
This potential is of the form

— 01.7}2 + 021’ + 03
2 =
(3:29) V="t rae

with the coefficients (', ..., Cy4, and d perturbed from their original values in
equation (3.18).

From the argument in Step 1, it is sufficient to find a positive solution to
the associated ODE (3.17),

—020 +Wv =0,
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with the perturbed potential W. The analysis in Step 3 found an explicit,
positive solution for z € [0, c0) for the parameter values dictated by the poten-
tial in equation (3.18). This step shows that the previous analysis also applies
when the coefficients are perturbed.

The previous analysis began by making the definition of ¢ in (3.21), in
terms of the parameters @ and 8. The analysis then proceeded by choosing
values for a and 8 by solving quadratic equations coming from the coefficient
in formula (3.25), which lead to the new ODE (3.26). This ODE could be
solved explicitly in terms of a hypergeometric function by solving linear and
quadratic equations for the nonzero quantities a, b, and ¢. Since the coefficients
in formula (3.25) depend continuously on the parameters C, Co, C3, Cy, and
d in the potential; since the coefficients in the ODE (3.26) depend continuously
on «, 3, and the coefficients in the potential; since all the quadratic equations
involved had distinct, real roots; and since solutions to linear and quadratic
equations depend continuously on the coefficients; it follows that positive solu-
tions to the ODEs (3.17) and (3.26) can be found explicitly in terms of hyper-
geometric functions with parameters a, b, and ¢ depending continuously on the
parameters in W, at least when those parameter values are sufficiently close
to the values given in equation (3.18). Similarly, when the perturbation of the
parameter values in the potential W is sufficiently small, then the hypergeo-
metric parameters maintain their order a < 0 < b < ¢. This gives the existence
of positive Gpardy,3 and epardy,3 that give the desired estimate for this step.

Step 5: The perturbed estimate for the original function ¢. In the previ-
ous step, a particular type of perturbation of the potential was considered. In
this step, we show that such perturbations are sufficient to control the type of
perturbation appearing in our problem.

From the argument in Step 2, we wish to prove that there exist 0 < a and
0 < €Hardy,1 such that for 0 < |a| < @ and suitable ¢, estimate (3.13) holds; e.g.,

o V. 1924 1(9,A4)? < 1
/ (87"10)2 + < + 3 - ( ) ) SOQdT > €Hardy,1 2d7ﬂ7

- AT27A 1 A v, Arz?
with
A2 _ 19r% —46Mr + 54M?
©r2(r2 +a?)’ 6 rd ‘

To simplify the following calculations, we introduce a new rotation pa-
rameterS

a=M—/M?—a.

5This is typically denoted r_.
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When a is treated as a function of |a| with M fixed, this is a continuous,
increasing function on the interval [0, M], which maps the interval [0, M] to
[0, M]. In addition, since the quantities that appear in our estimate (such as
A and 7?2 + a?) only have a quadratic dependence on a, and since a? can be
solved for as a quadratic expression in a, it follows that the quantities A and
V' are rational functions in (r, M, a).

The new radial coordinate, analogous to the one defined in (3.16), is now

defined to be
r=r—ry=1r—(2M —2a).

Since r can be expressed as a linear function of (z, M, a), the quantities A and
V' are rational functions in (z, M, a).

The quantity
\4 n 18314 B 1(6%4)2
A 2 A 4 A2
is rational in (x, M,a); has degree, with respect to x, two lower in the nu-
merator than in the denominator; has singularities in z € [—d, 00) only at

x € {0,—d} for fixed M and a; these are of order at most two; and, for suffi-
ciently small a, has no singularities in a for fixed x > 0 and M. Thus, we may

W =

expand it as

1 Py+aPs

A2Q +aQs

where the functions Py and @ are polynomials in (z, M), the functions Ps
and @)s are polynomials in (z,M,a), and @y and @y + a@Q)~ have no roots
in z € [—d,o0). Since Py/Qo is determined explicitly by equation (3.18), it
follows that

W =

o L@ PQo— RQs
A2Qo  A?Qu(Qo +aQ>)
must decay like =2 as r — oo for fixed @ and M and has no singularities in
[—d, 00) except for those coming from A~2. Since this is a rational function,
there is a constant C' such that
1 PO B (M+.’L')2
W—-————|<aC~——".
‘ A2Q| =TT A

Thus, there are sufficiently small @ and eyaray,1 such that for 0 < la| < a,

1 _
W — €Hardy,l 45 > w,

with W as in equation (3.29). The smallness of @ and exardy,1 is determined by
the smallness of Gpardy,3 and €yardy,3. These then give @ and eyarqy for which
the desired estimate holds.
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Step 6: Controlling the boundary terms. Since the argument from Step 1
was applied to the function ¢, the boundary condition that must be imposed
for this argument to hold is that

287»'0
v

vanishes at r and at co. Since the positive solution to the ODE is given by

o(r) = 2%(z + d)’% = 2*(z + d)’F(a, b; ¢; —z/d)

= (r—ry)*(r—r)°F <a, b c; _7“_7”+>

r —Tr—

and the hypergeometric function is analytic (in its fourth argument) near zero,
the ratio d,v/v will diverge at most inverse linearly at » = r,. Thus, it is
sufficient that ¢ vanish linearly at r = r,. Since ¢ = A(r(r? + a®)/?)"1¢, it
is sufficient that ¢ be smooth near r.

To show the vanishing as x — oo, we first note that from the form of
the potential W in the ODE, the solution v(r) will behave like a polynomial
as r — 00, so that d,v/v will decay like a constant times 1/r. Thus, it is
sufficient that ¢ remains bounded at infinity. Since p = A(r(r? + a?)'/2)"1¢,
it is sufficient that ¢ be bounded near co.

Thus, to obtain the vanishing of »?(d,v)/v at both r; and oo, it is suffi-
cient that ¢ be smooth and bounded on [r4, 00). O

3.6. Integrating the Morawetz estimate.

LEMMA 3.13. There are positive constants a, 7, C1, and Co such that, for
all |a| < a and all smooth 1 solving the wave equation hp = 0, the estimate

(3.30)  Ci(Br [S29)(T2) + E1 [S19)(T2) + E1, [S290(Th) + Er, [S19](T1))

A? 2 L o9
/ / /52 |3r¢|21+7” |¢\21+1r¢3M V|3
T4
—a202/ / /1r¢3M W[3d*p
Ty

holds, where 1,23)r is identically one for |r —3M| > 7 and zero otherwise.

d4u

Proof. We integrate the result of Lemma 3.9 over the coordinate slab
(t,r,0,¢) € [T1,Ts] x (ry,00) x 2, from which we get the integral of the right-
hand side of estimate (3.6). From the Hardy estimate (3.10), the integral of the
first two terms on the right-hand side of (3.6) dominates an absolute constant

N o e, b 2o, ) dn

times
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By taking |a| sufficiently small relative to €52 and €52 sufficiently small relative
to 1, these terms will also dominate the fourth and fifth terms, with a constant
factor left over. Since £52 can be chosen independently of a, the norms Pl2,e,2

t

can be replaced by |12 1 at the price of a fixed constant. The same is true for
the norms of 9,1.
The only term that we still need to estimate is the third,

[ [ et e om0

2 4r(3r2 — a2) az)

The integrand can be estimated by

(7’ +a) « / D/
)L R (05RY)
(r? 4+ a?)* ,
> @ ey TR
(r? 4+ a?)*

> 1T¢3MW|T1R%|2

> Clr¢3M7"_1|T1£sat2¢|
+ LozanO(r)e g2 (IT1QU | + [T1950|* + a?T1079|?)
+ LzsnO(r ) (Jal + 5%3)’T1S2¢\2-

Recall T; is the set defined in Section 2.5 to consist of 0; and the rotations
around the coordinate axes. To prove a lower bound on the first term in
the integrand, we first commute T; derivatives through EEBQ and then apply

t
estimate (2.6):
TiLey 0 2 |£ey Tavl — @13
1

2 W%,aag - GQW@J —a®|y)3 - 2503;% (MB(z.s) [le]a) .

To estimate the remaining terms, we note that
eop (IT1QY|* + [T 030 * + ®[T1 079 *) + (lal + e5) | T1S2¢|
< (eg20® + la| + €5) |70 + (eg2a” + lal + £52) |07 Vo
+ (egp + lal + €32) |00 * + (e + lal + e52) VAW,

These terms are dominated by ]1#\%7582 if we again impose the conditions that
t

|a| is sufficiently small relative to 5%2 and €52 is sufficiently small relative
t
to 1. These smallness conditions are consistent with the one made in the first
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paragraph of this proof. Thus,

(r? 4+ a?)4

a 5 5 12 2 12
mﬁ P(0aRP)(05R'Y) 2 1yzsur W'?”E@? — CaLzzmr™ Y3

1
+ 1,230 O(r 1)?% (MB(z.s) [TW]) :

Having chosen €52, we can now make the estimate |¢’§’€82 PACUERE
t

The time derivative generated in this part of the argument is

0 (Lrzans O(r ™) (O T1)) (AT1)).

Thus, the contribution of this time derivative on the boundary of the region
of integration is bounded by Pr, [S14]" 4+ Pr, [Sot]".

We must now control the integral of the momentum and the boundary
terms over the boundary of the slab. All the angular derivative terms vanish,
since S? has no boundary. Similarly, the boundary contributions along r = r.
and r — oo are zero by Lemma 3.11. (Geometrically, one would expect this,
since r = ry is actually a 2-dimensional surface, the bifurcation sphere, and
not a 3-dimensional hypersurface, so it should not contribute any boundary
terms.)

We are left to estimate the integral of the momentum and the boundary
terms over the hypersurfaces ¢t = T7 and ¢t = T5>. From Lemma 3.11, these are
estimated, at fixed ¢, by

[ (PR By + Bin) dna| € By S0) + Er 0wl O

The previous lemma alone is insufficient, since it estimates only third
derivatives, but the boundary terms involve both the second- and third-order
energies. (Certain second-derivative terms are controlled, but these are not
the important ones.) In the following lemma, we estimate the lower-order
derivatives.

LEMMA 3.14. There are positive constants a, €02, T and C' such that for
all |a| < a and all smooth 1 solving the wave equation i = 0, the estimate

(3.31)

C(Er 3[Y1(T2) + Er, 3[0](T1))
Ty oo A2 ) '
=T () vt 20 e (0wt + 1908) Ja

holds, where 1,23)r is identically one for |r —3M| > 7 and zero otherwise.
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Proof. The Morawetz estimate, Lemma 3.13, controls the square integral
of Sot) and its first derivatives. To prove the current lemma, it is sufficient to
estimate the corresponding integrals for ¢ and Sy.

To treat 1, we prove a Morawetz estimate using a classical, first-order
vector field. The estimate is valid for axi-symmetric solutions; for nonaxial
solutions, there are negative terms that can be controlled using Lemma 3.13.

In constructing this classical first-order vector field, we must find scalar
functions to play the roles of quantities previously constructed from second-
order symmetry operators. In particular, the role of R is played by A, and
the role of R’ is played by a scalar function f. Since R’ = 9,((z/A)R), this
leads to the slightly peculiar expression f = 9,((z/A)A). Thus, the quantities
required for the proof of a Morawetz estimate are

z 1
f= Or (ZA> ) Greduced — 5 (87"2:) wf,
1
A= zwf@r, q= 5 (&”AT) — Greduced-

Using the same sort of calculations as before, we can obtain the analogue of
(3.5),

1
00 (1PEg)) = A1) + U (0a1)(Dp10) + VIV,

with

Ly 0800 z1/2
A—EZ/A/OT wisf )

1 -
Ub = (0 IR,

V= %@A&z(&w f).

Taking the same choices of z and w as before, we find
1 A? 1 3 9
T 2024 g2 <7T2 +1alO(r™) +e520(r )) ;
1
U (0a1))(050)) = Sw Q7 (Datt) (950
1
+ i (f2 + CLZO(’I“_S)) ((’9¢¢)2
+awO(r=)(0:) (94¢)
1 A A
3 (0 am) (1= ) 007

19Mr2 — 46 M?r + 54 M3

V:6 rd

+ (a + 563)0(7“74).
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From the Hardy estimate, (3.10), it follows that

[T eviotar z [T (o + ol ) an

We now analyse the U“®(9,1)(951) term. Let ry. ¢ denote the value of r
that maximises A/(r2+a?)2. In U (0a10)(957), the coefficients of (Jp10)? and
(041p)? are nonnegative and vanish only at r7_—g. Since f decays as r—3 and is
strictly positive at r = ry, it follows that the coefficient of (91)? is positive
except in a small 7 neighbourhood of r7,_—¢. Similarly, outside a slightly larger
r neighbourhood of ry,_—g, using the positivity of the coefficients of (91))* and
(019)?, the (051)(8¢y) term can be estimated by the Cauchy-Schwarz inequal-
ity, because of the small parameter a and the faster decay rate.

Thus, it is sufficient to estimate the integral of

al((961)* + (1) (9r))O(r 7).
Although this expression does not have a sign, we refer to it as the negative con-
tribution in this argument. Integrating over the spherical coordinates, we have

[, al(00)? + @)@ = — [ al(@30)0) + ()(0u0) s

[ @507 + @)@ | S lal [ 1P+ lol [ [820Pan
The first term on the right can be estimated by the contribution from A(8,1)%+
V(¥)%. In the second term, the integrand can be dominated by [¢[3 ;. Thus,
(3.32)

//H/sw MPAg))d

/ / /mz 2y Ol + P+ Lesar (0P + V)"

2 4
—la — d*u.
| ’/Tl /1“+ ~/52 7’2|¢|271 a

We now treat S11, by applying the same argument using a classical vector
field. The only terms in =10, (1P(4,9)[S19]%) that fail to be nonnegative are
those we termed the negative contribution in the previous paragraph. These
can be estimated by

[, o(0819)* + 0u810)0S10)8%| 5 lal [ 20 S lal [ 10 1%
S2 S2 52

This can also be estimated by the second-order terms in Lemma 3.32. Thus,
the analogue of estimate (3.32) holds with 1) replaced by S1¢ on the left and
in all but the last term on the right. The last term on the right remains the
integral of |al[]3,/r?.
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We note that the sum of the homogeneous norms [¥[3; + [S19|* + [¢[* is
uniformly equivalent to the inhomogeneous norm |t/|3. The same is obviously
true with 8,4y or Oyt replacing ¢. We also note that [¢[3; + [VS19]* 4 [Vi|?
dominates |Yi)|3.

In analogy with the previous results in Lemma 3.11, there are a constant
and an upper bound on a such that

|E(aq Y]l S CEL [¢],
|Ea,g)[S19]] S CET, 2[9)].
We can now sum the result of Lemma 3.13, estimate (3.32), and its analogue

for S17, and use the smallness of @ < |a|. From this, we obtain the desired
result. g

3.7. Closing the argument. We are now able to show that the energy as-
sociated with T, is uniformly bounded by its value on the initial hypersurface.
When a = 0, the energy is conserved. When a # 0, the energy is no longer
conserved, but, in the following theorem, we show that the factor by which it
can change vanishes linearly in |al.

THEOREM 3.15. There are positive constants a and C such that if |a| < a
and i is a solution to the wave equation Uy = 0, then for all ty > t1 > 0,

EBr, 3[](t2) < (14 Clal)Er, 3[¢](t1)-
Proof. By Corollary 3.2,
B ali](t2) — Br s[6](t1)

< |alC Louppy (10-013 + [¥[3) d*pe.
| | 11,42 % (4 .00) X 52 suppx <| T¢|2 |¢’3) H
By the Morawetz estimate, Lemma 3.14, for sufficiently small a, there is a
constant C’ such that the integral of the third derivatives is controlled by the

energies. Thus,

Br s[¥)(t2) — Br s[¥](t1) < |alC’ (Br s[¥)(t2) + Br s[¥](t)) -

Thus, for a sufficiently small (by which we mean |a| < a, with a defined to be
the minimum of the bound on a arising from Lemma 3.14 and of the inverse

of C),
(1 —1alC") Er 3[4 (t2) < (1+ [alC") Exy 3[¢](t1),
Er s[¥](t2) <

Since, for sufficiently small |a|, the rational function (1 + |a|C")/(1 — |a|C") is
bounded above by 1+ C|a| for some C, the desired result holds. O
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Finally, we note that since T and the symmetry operators are all
t-translation invariant, the same is true for the set of quadratic forms they
define on each hypersurface of constant ¢, Er, 3.

Appendix A. Nondegenerate estimates using the
Dafermos-Rodnianski red-shift vector field

The estimate in Theorem 1.2 and the energy, Er, , which is bounded in
Theorem 3.15, are degenerate in the sense that the integrands contain terms
that vanish as » — 7. In this section, the degeneracy in the energy and decay
estimates are removed’ through an application of the red-shift vector field,
which was first used in this context in [DR09].

In this section, Greek indices refer to the Kerr coordinates (called Kerr-
star coordinates in Section 2.5 of [O'N95]) (£, 7,6, ¢) given by

f=t+T(r), F=r, 0=0, b =¢—+ Alr),

where

r 2 + a? r a
T = —d A = ———d=x.
(r) /3Mx2—2M:c+a2 . (r) /3M 22 —2Mzx + a? .

These coordinates are adapted to the future event horizon, but a similar con-
struction can be made to work in a neighbourhood of the past horizon. In
these coordinates,

1
9y = o, 8;:8T+Z((r2+a2)8t+a3¢), 05 =09, 0y = 0y,

and the metric takes the form
g2 4 2g14dld + g4dd? + £d6? + 2didi* — 2asin’ §dgdF,

where gy, etc., refers to the metric in (¢, 7,6, $) coordinates. In the (£, f,é(;vﬁ)
coordinates, the metric is not singular at r = r. Because gz = 0, the vector
field 0y is null. In these coordinates, the volume form is

Y sin Odidrddde,

and the wave equation becomes®

(A1) 0= 800
+ 85(7“2 + aQ)&w,Z) + 37:(7"2 + a2)851/) + 2(167%651/)
1 1

+ 78@ sin 9851# + m

2 2 .+ 2902
e 8(5w + 2a8q38t~¢ +a”sin” 00;1).

"We thank one of the referees for suggesting the removal of this degeneracy.
8 After multiplying by %, as we have done throughout this paper.
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/ %,

Figure 1. The hypersurfaces Zv]ti, the region Qp, ;,1, and the
hypersurface Hj, ¢,)-

It is convenient to introduce
o 1 .
QY (Dath) () = (059)" + 2 (050)" + 2a(D;)(90) + a” sin® 0(9))*.

The last three terms factor as ((sin 9)_18(7)111 + asin 09x))?, so Qaﬁ(aw)(aﬁ@z))

> 0. The associated operator M—laauéaﬁaﬁ is a linear combination of our
previous hidden symmetries. The contravariant metric, after rescaling by 3, is

297 = A0 + 217 + a?)o"0)) + 20009 + 0

2 2
= AD2OP + 2% + a®) TP + 2a (1 - :ij;‘ig) 097 + 97,
where T = 0y +Q Hé?d;. Thus rescaling by ¥ provides the same simplifications
in the Kerr-star coordinates as those described in Section 2.2 in the Boyer-
Lindquist coordinates. The energy-momentum tensor, momentum density, and
energy on a hypersurface are all covariant quantities, so they can be expressed
in the (£, 70, gE) coordinate system.

In a neighbourhood of the horizon, it is convenient to work with surfaces
of constant # — . The hypersurfaces and regions defined in this paragraph are
illustrated in Figure 1. For |a| < @, let exp be a small multiple of M to be de-
termined later in the argument and let the near-horizon radius be ryg = r4 +
enpg. Define the hypersurfaces ¥, as the union of the hypersurface {(f, 7, é, (Z) :
i e lry, vl F—t = rng—7—T(rng)} (in (£, 7,0, $) coordinates) with the hy-
persurface {(t,7,0,¢) : r > rypg,t =7} (in (t,7,0, ¢) coordinates). This family
of hypersurfaces is continuous and is smooth except at r = ¥ = ryg. Define

Hipy i) = {(E, 1, 0,0):t€ry—rng+ti—T(rnm),r+ —rym+t2—T(rnm)]}
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and (2, 4, to be the union of the region

{(£,7,0,0) : 7 € [ry,rnul, i€ [F—ryg+t1—T(rnw), ¥ —ryg +ta—T(rnvw)]}

with the region {(t,7,0,¢) : r > ryg,t € [t1,t2]}. Note that the boundary of
Q[tl,tﬂ is 2, Uy, U H[t1,t2]-

On the portion of >, where { — 7 is constant, the future-directed normal
volume form is

dn® = (Z¢' — £¢™) sin 6d7ddd¢

= (—X02 + 2MrdY) sin fdrdddg.

Certain integrals are simplified by noting that for any vector field X,
Xodn® = =X, sin 0(di®didddd — dir*didddde)
= (X' — X™)Y sin 0drdfd .
Similarly, on H, 4,], one finds
dn® = ¢"¥ sin 0didédg,
X, dn® = X" sin 0did6d .

Consider the vector field Y = y g (hT + f&x) with xyg = xng(r) iden-
tically 1 for r < ryg = r4 +enp, decreasing smoothly for r € [ry +eng, 74+
2enp|, and identically zero for r > ry + 2e g and with h = h(r) = h(F) and
f = f(r) = f(¥) smooth and satisfying, for r € [ry —enmg,r+ + enml, the five
conditions

(i) f <0,
(i) f' <0,
(iii) h >0,
(iv) ' > 0, and
(v) h'>8|f|/(r = M).
In particular, one can choose f and h to be linear if one chooses the values of
a, f'(ry), f(ry), W'(ry), and h(ry) in this order.

We now estimate the energy on >0 generated by Y in terms of the energy
on X generated by the normal to Xy. Let ny, be the normal to the hypersur-
face Xg, where t = 0, r > r4. Let {Xi}?:o denote an orthonormal basis at each
point on ¥y such that Xo = ny,. The energy EnEO(EO) is equivalent to the
integral of 373 T2’Xi”(/1‘2. By a standard Hardy estimate, this means it dom-
inates the integral of [1|?. In a coordinate system that covers the bifurcation
sphere (the limit » — r4 with ¢ = 0) and also covers 3o N {r < ry + 2en5},
because both ¥y and f]o have a timelike normal and f]o is in the causal future
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of 3o, it follows that the local H' norm squared on Y is bounded by a multiple
of the H' norm squared on . Thus,

Ey[¢)(20) S Bug, [$](Z0)-

In the terminology of [DR09], this is a Cauchy stability argument. Similarly,
by the same type of argument the EnzO,S(ZO) controls the L norm in a
neighbourhood of the bifurcation sphere and the integral of the derivatives in
the spacetime region between ¥y and Yo.

At this stage in the argument, we assume several positivity conditions.
Later, these conditions are shown to hold. First, assume that the energies
defined by Y on Yo, S, and Ho,r] are positive. Further assume that, for
r < rnH, the divergence V, P{¥ is negative and that the modulus of the diver-
gence dominates the square integral of all (£, 0, giu)) partial derivatives of ).
Recall that for ryg = ry +eng < r < ry + 2enp, the square integral of
all partial derivatives can be estimated using the Morawetz estimate, Theo-
rem 1.2. Without loss of generality, we may assume 71 + 2¢ 7 is smaller than
3M — 7, with 7 from Lemma 3.14. The same results apply to Py [Sgt]. Thus,

o T rrNH .
(A.2) Ey,a[w](ETHc/O/ /522 0at” + > [0aSat? | d®wdidi

< Ey3[Y](Z0) + Er, 3[¢](Z0)
S Eng, 3[9](Z0).

The control over the spacetime integral appearing in the first line of this equa-
tion allows us to replace (Ad,1)? in the Morawetz estimate (1.2) by (9x1))2,
thus removing the degeneracy from that estimate in the region r € [ry,ryp]
and £ > 0. (By using coordinates adapted to the past horizon, a similar control
can be obtained near the past horizon and away from the bifurcation sphere.
The Cauchy stability argument handles the region near the bifurcation sphere.)
The crucial positivity and negativity properties arising from conditions
(i)~(v) can be found in the work of Dafermos-Rodnianski [DR09], [DR13]. For
the sake of completeness, we calculate the energy on Xy, N {r € {ry,ryu}},

Ey (S, n{r € {re,rnm}})

= - Pyd
/[T+7TNH}X82 Y na

- (Vat) (V)Y Py
[7'+’7'NH} x 52
1

2 [7‘+,7’NH]><SQ

9 (V) (V1)) Yadn®
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_ ( (~2atrf — L(h— 1)A) (3r0)?

[r4,rNH]%xS?
+ (Ah —a® cos® Of ) (9:)) (Op))
+(Sh) (9p)?
+ (b — f) Q% (0a1)) (930))
+ af(951)(9:)

E . o ~ v
* ahw(%w)(%)) sin 0drdfde,

the energy on Hy, 1.1,

f

By i) = [ (0% +@)(T0)? £ 07 (0a0)(030) ) sin 60adad,

[t1,t2]xS2

and the divergence of the momentum, using Lemma 2.1,
1
(A3)  -NVaPg = @) (f0r - M) - S'A)

FERRG? +a) + 5107 (0a) (0p1)
+ (050) (T) (—hA + 2rf)

+ (9:1)(953) (fa <3% <1 B Z:i)))

 (ro)ez) (—1'a (1- ;2)) |

In considering the positivity or negativity of these terms, it is convenient
to, at first, ignore all factors involving A or a. One can see that, from conditions
(i)~(iv), the coefficients of (9x1)2, (T%)?, and Q*(9a1))(ds)) all have the
desired sign, except for the (9y))? term in Ey (Hp, 4,1), which vanishes. With
two exceptions, all the other terms have either a factor of a or A, so they are
small and can immediately be estimated using the Cauchy-Schwarz inequality,
possibly at the expense of introducing a new, smaller upper bound for the
rotation parameter, |a| < a. The smallness of the factors involving A near
r = r3 imposes the first smallness condition on exp.

Of the two exceptional terms, the first is the term involving (8;¢)(Tw) in
By (Hj, 1,])- The potential problem here is that the coefficient of (8x¢)? van-
ishes linearly in r — r, so one must take care in applying the Cauchy-Schwarz
estimate. This term can be estimated by |(9x))(T)RA| < hAY2(A(dp)? +
(T4)?) and choosing ey g sufficiently small that engh < |f|/10. The second
exceptional term is the term involving (aw)(m) in the divergence. Using
condition (v), this term can be estimated by the Cauchy-Schwarz estimate.
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Since in the support of xnp, we have T = Ty, and adding a positive
constant to h preserves conditions (i)—(v), we have a uniform bound

Byir,3(31) S By, 3(20).

This provides a nondegenerate energy. The nondegenerate Morawetz esti-
mate follows from combining the degenerate Morawetz estimate (1.2) and es-
timate (A.2).

Since Ey 7,3 dominates the integral of r%0,S,0[* + [Say|* for r >
ryu and of [0xSu|? + |Sa|? for v € [ry,rnpu), this energy also dominates
SUp,~r, g2 |9)|2d%w. From the spherical Sobolev estimate (2.2), we can con-
clude that there is a uniform constant C' such that for all t € R, r > ry,
(0,0) € S

’w(ta Ty 9’ ¢)| < CEngo,3[w] (20)1/2.

Appendix B. The Carter operator and the hidden symmetry in
Boyer-Lindquist coordinates

The purpose of this appendix is to compare the operator Vo K **V g arising
from Killing tensor associated to Carter’s constant and the operator (), which
turns out to be convenient to work with in Boyer-Lindquist coordinates. The
Killing tensor found by Walker and Penrose [WP70] to be associated to Carter’s
constant is given by

KB = ox(@phf) 4 2408,
see also [Wal84, §12.3], where I“ and n® are null vectors with {“n, = —1 and
orthogonal to

1 . 9
O =0y o= " (8¢ + asin 98,5) .
Carter’s constant k is given by
k = Kop7"3".

The Killing tensor can be written in terms of the vectors ©, ® as
K% = (=% + %)% + 0°0° 4 029°.
The operator V,K? V3, which commutes with the d’Alembertian V¥V, can
be simplified by using standard formulas for divergences in terms of the volume
form ¥y and by noting that —% + 72 = —a?cos? @ depends only on #. One
finds
VQKQ5V5 = —a?cos? VOV, + Q + 83, + 2a0;0,,

where @ is given by

1 ) cos?0 5 o9 . 9,0
(B.1) Q= M@g sin 60y + mad, + a“sin” 00y,
as in (1.7).
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