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Rationality of I//-algebras:
principal nilpotent cases

By TOMOYUKI ARAKAWA

Abstract

We prove the rationality of all the minimal series principal W-algebras
discovered by Frenkel, Kac and Wakimoto, thereby giving a new family of
rational and Ca-cofinite vertex operator algebras. A key ingredient in our
proof is the study of Zhu’s algebra of simple W-algebras via the quantized
Drinfeld-Sokolov reduction. We show that the functor of taking Zhu’s al-
gebra commutes with the reduction functor. Using this general fact we
determine the maximal spectrums of the associated graded of Zhu’s alge-
bras of vertex operator algebras associated with admissible representations
of affine Kac-Moody algebras as well.

1. Introduction

Let W*(g) = WF(g, forin) be the W-algebra associated with a complex
finite-dimensional simple Lie algebra g and a principal nilpotent element fin
of g at level k [FL88], [LF89], [FF90]. In [Ara07] we have confirmed the con-
jecture of Frenkel, Kac and Wakimoto [FKW92] on the existence of modular
invariant representations of Wk(g) for an appropriate level k. These repre-
sentations are called the minimal series representations of W¥(g) since in the
case that g = sly(C) they are precisely the minimal series representations
[BPZ84] of the Virasoro algebra. It has been expected [FKW92] and widely
believed that these representations of W¥(g) form a minimal model of the
corresponding conformal field theory in the sense of [BPZ84| as in the case
that g = sl3(C). In the language of vertex operator algebras this amounts to
showing that the vertex operator algebras associated with minimal series rep-
resentations of W-algebras are rational and Co-cofinite. We have established
the Cy-cofiniteness property previously in [Aral5]. The main purpose of this
paper is to resolve the remaining rationality problem.

This work is partially supported by JSPS KAKENHI Grant Number No. 20340007 and
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Denote by Wy (g) the unique simple quotient of W*(g) at a noncritical
level k. The vertex operator algebra Wy(g) is isomorphic to a minimal series
representation as a module over W¥(g) if and only if

(1) k+hy =p/e€Qs0, g €N, (p,q) =1,

and p>hy, q>hy if (¢,7") =1,
p=hg, g=rVhi if (q,rY)=1",

where hg is the Coxeter number of g, hg/ is the dual Coxeter number of g, g
is the Langlands dual Lie algebra of g, and rV is the maximal number of the
edges in the Dynkin diagram of g. The central charge c(k) of Wy(g) is given
by the formula

1olap —pp"? _ ~ U(hg +1)p = hgq)(rhigp — (hg +1)g)
pq pq

where [ is the rank of g, p is the half sum of positive roots of g and p" is the
half sum of positive coroots of g.

c(p/q—hy) =1~-

)

MAIN THEOREM. Let k be as in (1). The vertex operator algebra Wy(g) is
rational (and Ca-cofinite [Aralb]). The set of isomorphism classes of minimal
series representations of W¥(g) forms the complete set of the isomorphism
classes of simple modules over W(g).

The Main Theorem has been proved in [BFM], [Wan93| in the case that
g = sl3(C) and in [DLT*04] in the case that g = sl;(C) and k = 5/4 — 3 (or?
4/5 — 3).

Let us explain the outline of the proof of the Main Theorem briefly. A cru-
cial step in the proof is the classification of the simple modules over the simple
quotient Wy (g). For this purpose it is sufficient [Zhu96] to determine Zhu’s
algebra of Wi (g). We carry out this by studying Zhu’s algebra of W-algebras
via the quantized Drinfeld-Sokolov reduction. Since this is a general argu-
ment, we work in a more general setting: Let f be any nilpotent element of
g, W¥(g, f) the (universal) W-algebra associated with (g, f) at level k. By
definition [FF90], [KRWO03] we have

WH(g, f) = H}(VF(g)),

where V*(g) is the universal affine vertex algebra associated with g at level
k and H}(M) denotes the BRST cohomology of the generalized quantized
Drinfeld-Sokolov reduction [KRWO03] associated with (g, f) with coefficient in

!There is the Feigin-Frenkel duality W q—ny (9) = Wa/rvp—ny (*g) for all p,q € C*. (The
g

details will be explained elsewhere.)
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a V¥(g)-module M. We show that
(2) A(H}(L)) = Hp(A(L))

for any quotient L of V*(g) at any level k. (In fact we prove a stronger
assertion; see Theorem 8.1.) Here, for a conformal vertex algebra V., A(V)
denotes Zhu’s algebra® of V, and H}(A(L)) denotes the (finite-dimensional
analogue of) BRST cohomology associated with (g, f) with coefficient in A(L),
which is identical to A(L); in Losev’s notation [Los11]; see Section 3.

In the case that f = fprin, the classification problem is relatively sim-
ple since A(W¥(g, forin)) = Z(g) ([Ara07]), where Z(g) is the center of the
universal enveloping algebra U(g) of g, and hence, A(Wg(g)) is a quotient of
the commutative algebra Z(g). Moreover, under the assumption of the Main
Theorem we have shown in [Ara07] that

Wi(e) = HY | (L(kAo))

as conjectured in [FKW92], where L(kAp) is the unique simple quotient vertex
algebra of V¥(g) that is an admissible representation [KW89] as a g-module.
It follows from (2) that Zhu’s algebra A(Wg(g)) of W (g) is completely deter-
mined by A(L(kAp)). We deduce the classification result in the Main Theorem
from that of admissible affine vertex algebras L(kAg) recently obtained by the
author in [Aral2a].

Once the classification of simple modules is established it is straightfor-
ward to see that there is not any nontrivial extension between two distinct
simple Wy (g)-modules from the general result on the representation theory of
W¥(g) achieved in [Ara07]. Finally the fact that simple Wj(g)-modules do
not admit nontrivial self-extensions follows from the result of Gorelik and Kac
[GK11], who established the complete reducibility of admissible representations
of g.

The isomorphism (2) has an application to affine vertex algebras as well:
It enables us to determine the variety Var A(L(kAg)) associated with Zhu’s
algebra of any admissible affine vertex algebra L(kAo) (Theorem 9.3). This
result was announced in [Aral2a).

The assertion of the Main Theorem is a special case of the conjecture of
Kac and Wakimoto [KWO08] on the rationality of exceptional W -algebras. In
subsequent papers we prove the rationality of a large family of W-algebras,
including all the exceptional W-algebras of type A, generalizing the result of
[Aral3].

*More precisely, A(V) is the Lo-twisted Zhu’s algebra in the sense of [DSKO06] since
WE(g, f) is %Zzo—graded in general. It is the usual Zhu’s algebra for f = fprin.
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This paper is organized as follows. In Sections 2 and 3 we reformulate
some results of Ginzburg [Gin09] and Losev [Los11] in terms of BRST reduction
for later purposes. In Section 4 we fix some notation for vertex algebras and
clarify the relationship between Frenkel-Zhu’s bimodules and Zhu’s C3-modules
associated with vertex algebras. In Section 5 we discuss the effect of shifts
of conformal vector to Frenkel-Zhu’s bimodules, which is needed to describe
Frenkel-Zhu’s bimodules associated with W-algebras. In Section 6 we collect
some basic facts about affine vertex algebras and study Zhu’s Co-modules and
Frenkel-Zhu’s bimodules associated with objects in the the Kazhdan-Lusztig
parabolic full subcategory KLy of O of g. In Section 7 we recall the definition
of W-algebras and some results from [Aral5]. In Section 8 we show that
the functor of taking Frenkel-Zhu’s bimodules commutes with the reduction
functor on the category KLg. This result, in particular, proves (2). In Section 9
we recall the main result of [Aral2a] and determine varieties Var A(L(kAo))
associated with Zhu’s algebras of admissible affine vertex algebras. Finally we
prove the Main Theorem in Section 10.

Acknowledgments. The author wishes to thank Maria Gorelik for valuable
discussions — in particular, for giving him a proof of Lemma 10.6. Some part
of this work was done while he was visiting Weizmann Institute, Israel, in
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caster University, York University, UK, in November 2011, Academia Sinica,
Taiwan, in December 2011, Chern Institute of Mathematics, and Shanghai Jiao
Tong University, China, in August 2012. He is grateful to those institutes for
their hospitality. Finally, he thanks the referees for the careful reading and
useful comments.

Notation. Throughout this paper the ground field is the complex number
C and tensor products are meant to be as vector spaces over C if not otherwise
stated.

2. The Slodowy slice and classical BRST reduction

Let R be a Poisson algebra. Recall that a Poisson module M over R is a
R-module M in the usual associative sense equipped with a bilinear map

RxM— M, (r,m)w— adr(m)={r,m},
which makes M a Lie algebra module over R satisfying

{ri,ram} = {ri,ro}m +ro{ry,m}, {rire,m} = ri{re,m} +ro{ry, m}
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for ri,79 € R, m € M. Let R-PMod be the category of Poisson modules
over R.

For any finite-dimensional Lie algebra a, the space Cla*] = S(a) is a
Poisson algebra by the Kirillov-Kostant Poisson bracket. A Poisson module
over Cla*] is the same as a C[a*]-module M in the usual associative sense
equipped with a Lie algebra module structure a — End M, z — ad(z), over a
such that ad(z)(fm) = {z, f}m + fad(z)(m) for z € a, f € Cla*], m € M.

Let g be a finite-dimensional simple Lie algebra as in the introduction,
(| ) the normalized invariant inner product of g, that is, 1/2h]x the killing
form of g. Let v : g = g* be the isomorphism defined by the form ( | ).

Let f be a nilpotent element of g, {e, f,h} an sly-triple associated with f:

[h,e] =2e, e, f]=h, [h,f]==2f.
Set
x=v(f)eg"
The affine space
Sg=v(f+g)Cyg’

is called the Slodowy slice at x to Ad G.x, where g° is the centralizer of e in g
and G is the adjoint group of g. It is known [GGO02] that the Kirillov-Kostant
Poisson structure of g* restricts to Sy. Hence C[Sy] is a Poisson algebra.

We have

(3) 9= 95, g;={z € gladh(z) = 2jz}.
JESZ

Put

g>1 =g Caso=Pg; =912P a1
§>1 >0

Denote by G the unipotent subgroup of G whose Lie algebra is g=g. By
[GG02, Lemma 2.1] the coadjoint action gives the isomorphism

(4) G>o XSfl>X+9§1

of affine varieties, where gi is the annihilator of g>; in g*.
Consider the affine subspace x + v(g_1/2) of g%,. We have

Clx+v(g-12)] = ClgZol/T>0,»

where I~ is the Poisson ideal of C[g%] generated by x — x(z) with z € g>1.
The Poisson bracket of the quotient algebra is given by

{mvy}:X([xuyD for xvyegl/Z
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under the identification C[x + v(g_1/2)] = (C[g*l‘/g] = S(g1/2)- As
(5) g1/2 X 9172 = C, (z,9) = x([z,9]),

is a symplectic form, it follows that x +v/(g_1/2) is isomorphic to T*Cdim81/2/2
as Poisson varieties.
Let

prgt— 9*21
be the restriction map. Then p is the moment map for the action of the
unipotent subgroup G'>1 of G whose Lie algebra is g>o. We have

(6) (A v(e-12) = X + 031

Let {z;]i =1,...,dim g>o} be a homogeneous basis of g~ with respect to
the grading (3) such that the first dim g, jp-elements {z;]i = 1,...,dim g5}
form a basis of g, /5, and let {c .} be the structure constant: [z;, z;] = >y cf]:z:k
Fori=1,...,dimgsg let ¢; denote the image of x; under the natural Poisson
algebra homomorphism ClgZo] = Clx + g7 5]- By definition

{6i, 05} = x([xs,25]) fori=1,.. ., dim gy /5

and ¢; = x(z;) for i > dim g /5.

Let 11g%, denote the space g%, considered as a purely odd vector space,
T*IIg%, the tangent bundle of Ilg%,, which is a symplectic supermanifold.
Then C[T*IIg%] is a Poisson superalgebra, which is nothing but the exterior
algebra A*(g%0® g>0) = A*(850)® A®(g>0) (with an obvious Poisson super-
bracket).

For a Poisson module M over C[g*], set

C(M) = M&C[x + v(9-1/2)|@C[T*TIg%,] = @ CP(M
PEZL

i j
CP(M) = P M&Clx +v(g-1/2)1® \ (620)® /\" (850)-
1—j=p
Then C(C[g*]) is naturally a graded Poisson superalgebra, and C(M) is a
Poisson module over C(C[g*]) (in an obvious “super” sense). Set

dimg>o
7 ny * 1 k
d= 3 (melt+leg)er —10le; 3 iz, € C(Clg),

i=1 1<i,j,k<dimg>o
where {z}} C g%, C C[T*IIg%,] is the dual basis of {x;}.
LEMMA 2.1. d? = 0.

Since d is an odd element, it follows from Lemma 2.1 that (add)? = 0 on
any Poisson module over C'(C[g*]). It follows that (C(C[g*]),add) is a differ-
ential graded superalgebra and (C(M),ad d) is a module over the differential
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graded algebra (C(C[g*]),ad d). Let H}(M) be the cohomology of the cochain
complex (C(M),add). The space H}(@[g*]) inherits the Z-graded Poisson
superalgebra structure from C(C[g*]) and H?(M ) is naturally a module over

H}(C[g"]).

THEOREM 2.2 ([KS87, DSKO06]; see also Theorem 2.3 below). We have
H}(C[g*]) =0 fori#0 and H?(C[g*}) = C[Sy] as Poisson algebras.

Let HC be the full subcategory of the category of C[g*]-PMod consisting
of modules on which the Lie algebra action of g is locally finite. Denote by I,
the ideal of C[g*] generated by y — x(y) with y € g>1. Then, for M € HC,
I, M is a Poisson submodule of M over C[g%].

The following assertion is a reformulation of a result of [Gin09].

THEOREM 2.3. For M € HC, we have

(M/I,M)*8>0  for i =0,
0 otherwise.

Hy(M) = {

In particular, the functor

HC — C[Sf]-PMod, M > HY(M)
is exact, and

suppgs,) Hf (M) = S5 N suppeg+ (M)
for a finitely generated object M of HC.

Proof. Since a cohomology functor commutes with injective limits, we
may assume that M is finitely generated. Set C = C(M), CP = CP(M),
C" = M®C[x + 912)® AN"(8%0)® A7’ (g>0) C C, so that C¥ = c.

i>0, §<0
o _ i+j=p
The differential add : C? — CPT! decomposes as

add=d_ od.,
where

(7)) d-=) (z®id+id®¢;)® ad z},

)

8 dy =Y (adz;®@id+id@ad ¢)@z; + ) id ®@id @ckz2t ad x
+ 7 i J i

% 1,7,k

1
—id®id ®§ Z cfjx;‘x;‘ ad xg.
irj,k
Since d_C% c C+1 d, C% c O it follows that

{d_,dy} =0, d*=d2=0.
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Consider the spectral sequence E, = H}(M ) with
Bpt = HCP L), BB = (BT, ).

By (7), H*(CP*,d_) is the homology of the Koszul complex of the Clg%]-
module MOC[x +v(g_1/2)]® AP(g%) associated with the sequence 21, 22, . . .,
Tdim -0, Where C[gZ o] acts only on the first two factors. Since C[x+v(g_1/2)] is
a free C[g’{/Q]—module of rank 1, it follows that H*(CP®*,d_) is isomorphic to the
homology of the Koszul complex of the C[g%,]-module M® AP(g%,) associated

with the sequence Tdim g jp+1 — x(mdimgl/2+1), oo+ Tdimgsq — X(Tdim -, ). Hence
thanks to [Gin09, Cor. 1.3.8], we have

e = {(M/IXM>® A*(8%) for g =0,

©) 0 for ¢ # 0.

Hence from (9) we see that E;’O is isomorphic to the Lie algebra cohomology
H.(g>07M/IXM)' B
Now first consider the case that M = C[g*]. Since C[g*]/I, = C[x + g3,],

we have Cly + gil] = C[G>0]®cC[Sy] by (4), and thus,
: C[S¢] fori=0,

(10) Hi(gon, Clx +g&y]) = { 57 1o
0 for i > 0.

For a general module M, the argument of [GG02, 6.2] shows that the multi-
plication map

P (C[X =+ 9§1]®C[Sf]<M/fo>adg>0 — M/ij

is an isomorphism of g~¢-module, where C[Sy] acts on (M /I, M)*19>0 by the
identification C[Sy] = (C[g*]/I,C[g*])*19>0 and g~ acts only on the first factor
Clx + gél] of C[x + g$1]®c[3f}(M/fXM)ad9>0. Therefore (10) gives that

P (M/L,M)*8>0  for p=q =0,
2 0 otherwise.

We conclude that the spectral sequence collapses at Fo = F, and the assertion
follows. O

3. Finite W-algebras and equivalences
of categories via BRST reduction

Let A be an associative algebra over C equipped with an increasing %Z—
filtration Fe A such that

(11) FyA-F,AC Fyy A, [FA FyAl C Fpig 1A
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Then the associated graded space grp A = D,e 1z FpA/F,_/5A is naturally a
Poisson algebra. We assume that grp A is finitely generated as a ring.

Denote by A-biMod the category of A-bimodules. Let M be an object of
A-biMod equipped with an increasing filtration Fe M compatible with the one
on A; that is,

FyA-F,M - F,AC Fpigi,M, [FyA, F,M] C Fpyry 1 M.

Then grp M = @, F,M/F,_1 /oM is naturally a Poisson module over grp A.
The filtration FyM is called good if grp M is finitely generated over grp A in a
usual associative sense. If this is the case, we set

Var M = supp(grp M) C Spec(grp A),

equipped with the reduced scheme structure. It is well-known that Var M is
independent of the choice of a good filtration.
Let FoU(g) be the standard PBW filtration of U(g):
FU(g) =0, FoU(g) =C, FU(g) = gFp1U(g) + Fp-1U(g).

Set F,U(g)lj] = {u € Up(g)ladh(u) = 2ju} where, recall, h is defined in
Section 2. Let
KU(g) = Y FU(9)lj]-
1—j<p

Then K,U(g) is an increasing, exhaustive, separated filtration of U(g) that
satisfies (11). The filtration {K,U(g)} is called the Kazhdan filtration. The
associated graded Poisson algebra gry U(g) is naturally isomorphic to C[g*].

Let M be a U(g)-bimodule. A Kazhdan filtration of M is an increasing,
exhaustive, separated, filtration KM that is compatible with the Kazhdan
filtration of U(g).

Define

Iso,y = Z U(g>0)(w — x(7)).

T€g>1
Then ¢, is a two-sided ideal of U(g~¢). Set
D= U(9>0)/I>0,X,
and let
¢:U(g>0) » D

be the natural surjective algebra homomorphism, ¢; = ¢(x;), where {z;} is
defined in Section 2. Then

[¢z7¢j] :X([xlv'x]]) for i = 17"'>dimgl/27

and ¢; = x(x;) for i > dim g, /2. 1t follows that D is isomorphic to the Weyl
algebra of rank dim g; /5/2. Let K,D be the filtration of D induced by KU (g),
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that is, K}, D the image of K,U(g)NU(g>o) in D. The associated graded Poisson
algebra gry D is isomorphic to C[x + v(g_/2)], which appeared in Section 2.
Denote by Cl the Clifford algebra associated with g~o® g%, and the bi-
linear form g-o® g5 X g50® 950 = C, (z+ f, 2" + f) — f(2') + f'(x). The
algebra Cl contains A®*(g%,) and A®(g>0) as its subalgebras, and the multi-
plication map A®(g%0)® A®(g>0) — Cl is a linear isomorphism. Let F,Cl be
the increasing filtration of €l defined by F,Cl = @<, A®(820)® A/ (g>0). Set
F,Clj] = {w € F,Cl|ad h(w) = 2jw}, and define the filtration K,Cl by

Ky,Cl= > FECi[j].
i—j<p
We have grj Cl = C[T*IIg% ] as Poisson superalgebras.
Let HC be the full subcategory of U(g)-biMod consisting of modules on

which the adjoint g-action is locally finite.
For M € HC, let

C(M)=MeD®Cl = @CP(M),
PEZ
i j
cr(M) = @ MaDD /\ (520)2 N (g50)-
i—j=p
Here we have used the linear isomorphism Cl = A®*(g%q)® A®(g>0). The
space C'(M) is naturally a Z-graded bimodule over the Z-graded superalge-
bra C(U(g)).
Set
* 1 Xk
d=> (2,01 + 1®¢;)@z] — 1818 S arala, € CH(U(g)).
i VL
LEMMA 3.1. d? =0 in C(U(g)).

Since d is an odd element, it follows from Lemma 3.1 that (add)? = 0
on C(M). By abuse of notation we denote by H}7(M) the cohomology of the
cochain complex (C(M),ad d). Since (C(U(g)),ad d) is a differential graded al-
gebra, H}(U(g)) is naturally a Z-graded superalgebra and H}(M) is naturally
a bimodule over H}(U(g)).

The finite W -algebra [Pre02] associated with (g, f) may be defined as the
associative algebra

Ulg. f) == H}(U(g))

([DDCDS™06]; see (14) below).
Let KoM be a Kazhdan filtration of M € HC. Set

K,C(M)= > K, M®K,,DK,,CL.
p1+p2+p3<p
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When this is applied to M = U(g), K.C(U(g)) defines an increasing, exhaus-
tive, separated filtration of C'(U(g)) satisfying (11). Note that d € K1C(U(g)),
and thus, add - K,C(U(g)) € K,C(U(g)) and add defines a derivation of
gri- C(U(g)). By definition the differential graded algebra (grx C(U(g)), ad d)
is isomorphic to (C(C|[g*]),add) and gry C(U(g*)) is isomorphic to C(grx M)
as Poisson modules over C(C[g*]), where C(grj M) is the complex considered
in Section 2.

Let KoH}(M) be the filtration of H7(M) induced from the filtration
K,C(M). We have

g Hp(U(g)) = Hy(gry Ulg)) = C[Sy)

as Poisson algebra ([GG02], [DSKO06]). In fact we have the following more
general assertion.

THEOREM 3.2.

(i) Let M be an finitely generated object of HC, KeM a good Kazhdan-
filtration of M. Then

(grie M/ L, grye M)249>0  for i =0,

vy Hi (M) = Hi(gre M) =2
gri Hy(M) = Hi(gryg M) {0 otherwise

as Poisson modules over C[S¢|. In particular,
Var H}(M) = Var M N S;.
(ii) We have H}(M) =0 fori#0, M € HC. In particular the functor
(12) HC — U(g, f)-biMod, M s Hp(M)
18 exact.

Proof. (i) By assumption gri M is an object of HC. Moreover, thanks to
(the proof of) [Gin09, Lemma 4.3.3], the filtration K,C(M ) is convergent in the
sense of [CE56]. Hence the assertion follows immediately from Theorem 2.3.

(ii) Suppose that M is finitely generated. Then M admits a good Kazhdan
filtration, and hence, H}(M ) = 0 for i # 0. This proves the vanishing of all
M € HC since the cohomology functor commutes with injective limits. O

We shall now give yet another description of the functor (12) and show
that (12) is equivalent to the functor constructed by Ginzburg [Gin09] and
Losev [Los11], independently.

Choose a Lagrangian subspace [ of gy, with respect to the symplectic
form (5), and let

m={0Dg>1.
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Then m is a nilpotent subalgebra of g-g and the restriction of x to m is a
character, that is, x([z,y]) = 0 for z,y € m. Let {z}|i = 1,...,dimm} be
a basis of m, {z/"|i = 1,...,dimm} the dual basis of m*, cfj, the structure
constants of m.

Let Cly, be the Clifford algebra associated with m @& m* and the natural
bilinear form on it. For M € HC, set

C(M) = M®Cly,

dimm
1
d= 3 (@ +x@)er —1eloy > dia’d)d € OU )
i=1 1<i,j,k<dimm

Then we have (d')? = 0 and (C(M’),ad d’) is a cochain complex as well. Denote
by H;(M )’ the corresponding cohomology.

PROPOSITION 3.3.

(i) We have an algebra isomqrphz’sm H})(U(g))' =U(g, f).

(i) For M € HC, we have Hy(M)" =0 for i # 0 and H]Q(M)/ = HJQ(M)
as modules over U (g, f).

Proof. We may assume that M be a finitely generated as in the proof of
Theorem 3.2. Let KqM be a good Kazhdan filtration. In the same manner as
Theorem 3.2 one can show that

(gr M/my grje M)2d™  for i =0,

e Hb (M) =
Brc Iy (M) {o for i 40,

where m,, is the ideal generated by x — x(z) with « € m. Since the natural
map (grx M/, gri M)*d8>0 — (gr; M/m, grpe M)*d™ is an isomorphism by
the argument of [GG02, 5.5], we have

(13) gt HY (M) = grye HY(M)'

as modules over C[Sy].

Now in the same manner as in [AKM15, 3.2.5] one can construct a map
HJQ(M) — H]Q(M)’7 which induces the map (13), and hence must be an isomor-
phism. For M =U(g), this gives an algebra isomorphism H?(U(g)) = H})(U(g))’,
and for a general M, this gives the assertion (ii). O

Let C, be the one-dimensional representation of m defined by the character
x. For M € HC, the space

Why (M) = M®U(m)(CX

is equipped with a (U(g),U(g, f))-bimodule structure. Indeed, there is an
obvious left U(g)-module structure on Why(M). To see the right U(g, f)-
module structure consider the space M® A®(m), which is naturally a right
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module over C(U(g)) = U(g)®Cly. Under this right module structure the
element d' € C(U(g)) gives M® A®*(m) the chain complex structure, and
this complex is identical to the Chevalley complex for calculating the Lie al-
gebra m-homology He(m, M®C,) with coefficient in the diagonal m-module
M®C,, where m acts on M by xm = —maz. The right C'(U(g))-action on
M® A\®(m) gives the right U(g, f)-action on He(m, M®C,) — in particular,
on Hy(m, M®C,) = Why(M). This action obviously commutes with the left
U(g)-action.

By [Gin09], we have H;(m, M®C,) = 0 for i # 0, M € HC, and hence,
the functor

Why, : HC — (U(g),Ulg, f))-biMod, M > Why (M)

is exact.

Let C be the full subcategory of g-Mod consisting of objects on which
x — x(x) acts locally nilpotently for all z € m. Here, for any algebra A, A-Mod
denotes the category of left A-modules. Note that Why (M) with M € HC
belongs to C when it is considered as a left g-module.

For an object M of C, consider the space M® A®*(m*) as a (left) C'(U(g))’-
module. The cochain complex (M® A®*(m*),d’) is identical to the Chevalley
complex for calculating Lie algebra m-cohomology H*®(m, M®C_,) with coef-
ficient in the diagonal m-module M®C_,. It follows that H*(m, M®C_,) is
a module over U(g, f), and we have a functor

Wh™ : C — U(g, f)-Mod, M + H’(m, MaC_,).

By [Skr02], one knows that H*(m, M®C_,) = 0 for i > 0, M € C, and Wh™
defines an equivalence of categories.

The following assertion can be proved in the same way as [Ara07, Th. 2.4.2]
using Proposition 3.3.

PROPOSITION 3.4. For M € HC, we have HJQ(M) =~ Wh™(Why(M))) as
U(g, f)-bimodules.

Let
Y = Whi(U(8)) = U(8)@umCr.
Then by Proposition 3.4 we obtain the usual realization of U(g, f):
(14) U(g, f) = Wh™(Y) = Endy ) (Y)°P.

The assignment U(g, f)-Mod — C, E = Y®yq 5 E, gives a functor that is
quasi-inverse to Wh™ ([Skr02]).
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Remark 3.5. By Proposition 3.4 and [Los11, 3.5], it follows that the func-
tor HC — U(g, f)-biMod, M — HJQ(M), coincides with the functor e; con-
structed by Losev [Los11]. This observation enables us to improve the main
result of [Arall]. The details will appear elsewhere.

Let I be a two-sided ideal of U(g). Then U(g)/I is a quotient algebra,
and thus, H})(U(g)/I) inherits the algebra structure from C(U(g)/I). On the
other hand, the exact sequence 0 — I — U(g) — U(g)/I — 0 induces the
exact sequence

0 — Hp(I) = Ulg, f) — Hp(U(9)/1) = 0
by Theorem 3.2. Hence we have the algebra isomorphism

(15) H}(U(g)/1) = U(g, f)/H{(I).
Let C! denote the full subcategory of C consisting of objects that are
annihilated by [

THEOREM 3.6. For a two-sided ideal I of U(g), we have an equivalence
of categories

¢ = H)(U(g)/I)-Mod, M — Wh™(M).

Proof. By (15), H})(U(g)/I) -Mod can be identified with the full subcat-
egory of U(g, f)-Mod consisting objects M that are annihilated by HJQ(I).
Thus, thanks to Skryabin’s equivalence, it is enough to check that Wh™(M) €
HY(U(g)/I)-Mod for M € C" and Y@y g 5 E € C' for E € H}(U(g)/I)-Mod.

The former is easy to see. The latter follows from the proof of [Gin09, Th. 4.5.2].
U

4. Frenkel-Zhu’s bimodules and Zhu’s C;-modules

Recall that a vertex algebra is a vector space V' equipped with an element
1 € V called the vacuum, T' € End(V'), and a linear map
Y(?,2): V= (EndV)[[z,27Y])], ar Y(a,2)=a(z) = Z a(n)z_”_l,
nez
such that

(i) 1(2) = idy;
(ii) a@nyb =0 for n >0, abEV and a(_y)1

)
(iii) (Ta)(2) = [T, a(2)] = fLa(z) for a € V;
(iv) (z —w)"[a(2),b(w)] =0 in End(V) for n > 0, a,b € V.

For a vertex algebra V' we have the Borcherds identity
- p - ifT T
2 ) @D pra—n = 2 (D" ) (@prr—ibiarn = (=1) bigir—ap+i)
i=0 =1
in EndV for all p,q,r € Z, a,b,c € V.
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A module over a vertex algebra V is a vector space M equipped with a
linear map

YM(2,2): V= (End M)[[z,27Y], a~—a(z)= > a%)z_”_l,
nez

such that YM (1, 2) = idyy, aé‘fl)m =0forn>0,aeV,me M, and
- p M — ifT M M rp M M
2 (l> o Ppra- = Zl(_l) (z) (@ptr—) Vs = (T O(gr—i) Upi))

in End M for all p,q,r € Z, a,b,c € V. In particular, V itself is a module over
V called the adjoint module. Let V -Mod be the abelian category of V-modules.
Below, if no confusion arises, we write a,) for a%).

For a V-module M, set

Ca(M) := spanc{a_gymla € V,m € M}.
Zhu’s Cy-algebra [Zhu96] of V' is by definition the space
Ry =:V/Cy(V)

equipped with the Poisson algebra structure given by

a-b= a(_l)b, {d, i)} = a(o)b for a,b €V,

where a = a+ C2(V). Zhu’s Co-module of M is the space M/Cy(M) equipped
with the Poisson module structure over Ry given by

a-m=a_ym, {a,m}=agpm foracV, meM.

A vertex algebra V is called finitely strongly generated if Ry is finitely
generated as a ring; it is called rational if any V-module is completely re-
ducible; it is called Cy-cofinite if Zhu’s Cy-algebra Ry is finite-dimensional.
The Cs-cofiniteness condition is equivalent to the lisse condition in the sense
of [BFM] ([Aral2b]).

A vertex algebra V is called conformal if it is equipped with a vector
w € V, called the conformal vector, such that the corresponding field Y (w, z) =
S ez Lnz "2 satisfies the relation

3 _—m)s
[Lin, Lp) = (m —n)Lyptn + (m” = m)0min0 cy for some ¢y € C,

12
L =T,

Ly is diagonalizable on V.

The number cy is called the central charge of V.
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In this paper we assume that a vertex algebra V is conformal and %Z—
graded? with respect to Lo:

V== Vo, Va={a€V|Loa=da}.
desz

For a homogeneous elements a € V, we denote by wt(a) the eigenvalue of L
on a.

A V-module M is called graded if
M= My, Mg={me M|(Ly—d)'m=0, r>0};
deC

it is called positively graded if in addition there exists a finite set {dy,...,d,}
C C such that My=0 unless d€ Ji_, (d;+3Z>0). If V is Co-cofinite, any finitely
generated V-module is positively graded ([ABDO04]). Let V-gMod be the
abelian full subcategory of V -Mod consisting of positively graded V-modules,
Irr(V') the set of isomorphism classes of simple objects of V' -gMod.

Let A(V) be the (Lo-twisted) Zhu’s algebra of V' ([FZ92], [DSK06]). By
definition,

A(V) =V/O(V),
where O(V) is the subspace of V spanned by the vectors
a o b = Z (Wt(a)> a(i_g)b
i>0 ¢
with homogeneous vectors a,b € V. The multiplication * of A(V) is given by
axb= Z (Wt,(a)) ag—1)b.
i>0 !

Let M be a V-module. Frenkel-Zhu’s bimodule [FZ92] associated to M is
the bimodule A(M) over A(V') defined by

A(M) = M/O(M),

where O(M) is the subspace of M spanned by the elements

com = 2 (") s

>0

3This is because W-algebras are %Zzo—graded in general. However since principal
W-algebras are Zxo-graded, it is enough to consider the Z-graded case in order to prove
the Main Theorem.
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with homogeneous vectors a € V and m € M. The bimodule structure of
A(M) is given by

T Y ) [Py GO P

i>0 i>0

Note that

(17) axm-mra=3 (Wt(‘? B 1) agym.

>0

LEMMA 4.1 ([FZ92, Prop. 1.5.4]). The assignment M — A(M) defines a
right exact functor from V -Mod to A(V')-biMod.

Zhu’s Cy-algebra Ry and Zhu's algebra A(V') are related as follows: Set

Vep = @ Vi,
d<p
and let £, A(V') be the image of V<), in A(V'). Then F,A(V') defines an increas-
ing, exhaustive 3Z-filtration of A(V) satisfying (11) ([Zhu96]). (In the cases
that we will consider in this paper the filtration Fe A(V') will be separated as
well; this is true, for instance, if V' is positively graded.) On the other hand,
the grading of V' induces the grading of Ry: Ry = @pE%Z(Rv)IN where (Ry ),
is the image of V,, in Ry: (Ry), = V,/Ca(V)p, Ca(V), = Co(V) N'V,. The

linear map

(By)p = By A(V)/Fyo1jgA(V), a+ Co(V)y 5 a+ O(V) N Vi + Vi1
defines a surjective homomorphism
(18) Ty : Ry — grp A(V)

of graded Poisson algebras ([DSK06, Prop. 2.17(c)], [ALY14, Prop. 3.2]). It
follows that A(V') is finite-dimensional if V' is Ca-cofinite.

For a graded V-module M = @gcc Mg, there is a similar relation between
M/Co(M) and A(M) as well: Set

Mgp = @ Md7
dep—%ZZO

and let F,A(M) be the image of M<, in A(M). Then the space grp A(M) =
@Bpec FpA(M)/F,_1/2A(M) is a graded Poisson module over grp A(V) and
hence over Ry by (18).

The following assertion can be proved in the same manner as [ALY14,
Prop. 3.2].
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LEMMA 4.2. Let M be a graded V -module. The linear map My/Co(M ), —
FyA(M)/Fy_12A(M), m+ Co(M)y — m~+O(M)N Mcp+ Mcy,_1/5 defines a
surjective homomorphism

s M/Co(M) — grp A(M)
of Poisson modules over Ry . Here Co(M), = Co(M) N M.

Now assume for a moment that V' is Z>o-graded with respect to L. Let
UV) = PaeczU(V)q be the current algebra [FZ92, MNT10] of V, which is
a degree-wise complete graded topological algebra. Then a V-module is the
same as a continuous representation of U (V). Since

(19) AWV)ZUWV Yo/ D UV ) UV )y
p>0

(INT05]), where U denotes the degree-wise closure of U, an A(V)-module E
can be regarded as a module over U (V')<g := @ U(V), on whichU(V'),, p < 0,
p<0

acts trivially. Set

(20) My (E) :=U(V)@yq-, E € V-gMod,

and let Ly (E) be the unique simple quotient of My (F). By Zhu’s theorem
[Zhu96], we have

(21) Irr(V) = {Ly(E)|E € Irr(A(V))}

where, for any algebra A, Irr(A) denotes the set of isomorphism classes of
simple objects of A-Mod.

5. The effect of shifts of conformal vector
to Frenkel-Zhu’s bimodules

Let V be a %Z—graded conformal vertex algebra with conformal vector w.
Suppose that there exists an element £ € V' that satisfies the conditions

L€ = 0n08, )€ = kopa1l for n € Z>o,

with some x € C, and that ) acts semisimply on V' with eigenvalues in
Z. Then one can “shift” the conformal vector w by %L_lg to obtain a new
conformal vector. Namely,

1
(,LJé‘ =w 4+ 5&(,2)1

also defines a conformal vector of V', with central charge cpew = Cold — 3K,
where cg1q is the central charge of V' with respect to w.

Although the definition of Zhu’s algebra and Frenkel-Zhu’s bimodules de-
pend on the choice of a conformal vector, the above shift of a conformal vector
does not change the structure of Zhu’s algebra nor Frenkel-Zhu’s bimodules as
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we show below: For a V-module M let A"V (M) (temporary) denote Frenkel-
Zhu’s bimodule of M with respect to the conformal vector we and let A°4(M1)
(temporary) denote Frenkel-Zhu’s bimodule with respect to the conformal vec-
tor w.

Let A(z) be Li’s A-operator [Li97] associated with &:

{0 £(n)
A(z) = ——(=z)"|].
(5) =+ exp (Z b () >
PROPOSITION 5.1.
(i) The map V —V, a — A(1)a, induces an algebra isomorphism
A (V) = AeV (V).

(ii) Let M be a V-module on which gy acts semisimply. Then the map
M — M, m — A(l)m, induces an A°(V)(= A"V (V))-bimodule iso-
morphism

AOld(M) o~ AHGW(M) )

Proposition 5.1 follows from the following lemma.
LEMMA 5.2. Let M be a V-module on which & acts semisimply. Then
A(1)(a ogla m) = (A(1)a) onew (A(1

(L)m),
A(1)(a *oa m) = (A(1)a) *new (A(L)m),
A(1)(m *o1q @) = (A(1)m) *pew (A(1)a)

m)

~— —

fora €V, me M. Here ogq and *qq (respectively, opew and #new) are oper-
ations (16) with respect to the grading defined by Lo o (respectively, Lonew)-
Here Y(w,2) =Y nez Ln’oldz_"_2, Y(we,2) = Yonez Lmnewz_"_z.

Proof. Let m be a homogeneous vector of M such that {gym = 2Am.
Then wt(m)pew = Wt(m)olg — A, where wt(m)new and wt(m)oq denote the
eigenvalue of Ly pew and Lo oq on m, respectively. Write

n>1 n>0

5” —-n —-n
exp (Z _(72;(_2) ) = Z Unz
with u, € C[{1),€(2),---,]. Since we have

(22) A(1)Y (a,z) =Y (A(z+ 1)a, z)A(1)
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for any a € V' by [Li97, Prop. 3.2], we have

(Z _|_ I)Wt(a)old
%)
1)Wt(@)oid

RN

A(1)(aogg m) = A(1) Res,—o(Y (a, 2)

= Res,(A(1)Y (a, 2) .

wt(a)old
G
z
(Z + 1)Wt(a)old+)\_n

= Res,—(Y(A(z + 1)a, 2)

= Z Res,—o(Y (una, 2) = A(1)m)

n>0

1 Wt(una)new
= Z Res,—o(Y (una, z) (z+1) 5 A(1)m)
z

n>0

= (A(1)a) opew (A(1)m).
The proof of the other equalities is similar. O

6. Affine vertex algebras

Let g be the nontwisted affine Kac-Moody algebra associated with g and

()
g=glt,t " |®CK.

The commutation relations of g are given by
[2t™, yt"] = [z, y]t" " + mIpino(z|y) K for 7,y € g,m,n € Z,
[K,g] =0.

We consider g as a subalgebra of § by the embedding g < g, = — xt°.
For k € C, define

V¥(g) = U@)®u (e crx)Cs

where Cy, is the one-dimensional representation of g[t] & CK on which g[t] acts
trivially and K acts as a multiplication by k. There is a unique vertex algebra
structure on V¥(g) such that 1 := 1®1 is the vacuum and

Y(2t711,2) = 2(2) = Z(xt”)z_”_l

nez

for x € g. The vertex algebra V(g) is called the universal affine vertex algebra
associated with g at level k.

A VF(g)-module is the same as a smooth g-module of level k, where by a
smooth g-module M we mean a g-module M such that (zt")m = for n > 0,
reg, me M.

We have

(23) Co(M) = gt~} ~2M
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for a V¥(g)-module M. It follows that the assignment x ~ (xt~1)1, x € g,
gives the isomorphism of Poisson algebras

(24) Clg*] = Ryry = V*(g)/alt 1tV (g).

We will identify Ry x4 with Clg*] through the above isomorphism. The Pois-
son module structure of M/Cy(M) = M/g[t=']t=2M over C[g*] is then given
by

x-m=(xt Y)m, {z,m}=(xt%m

forxeg, me M.
We will assume that k is noncritical, that is, k # —hg/, unless otherwise
stated, although this condition is not essential. The standard conformal vector

wy of VF(g) is given by the Sugawara construction:

1
“ = S+ iy 2

%

Xt (X,

where {X;} is a basis of g, {X*} the dual bases with respect to (| ). This gives
a Z>o-grading on V*(g).

We have [FZ92] the natural isomorphism of algebras
(25) A(VH(g)) = Ulg).

This can also be seen using (19) from the fact that the current algebra of

V*(g) is isomorphic to the standard degree-wise completion [MNT10] Uy( g)
of Ux(8) := U(g)/(K — kid). For a g-module E, we have

(26) My (E) 2 U(®)Rugneck)E,

where F is considered as a g[t] @ CK-modules on which K acts as the multi-
plication by k and g[t]t acts trivially.
Let Ni(g) be the unique maximal ideal of V¥(g). Then

L(kAo) := V*(g)/N(g)

is a simple vertex algebra called the (simple) affine vertex algebra associated
with g at level k.

Let KLy, be the full subcategory of the category of V*(g)-gMod consisting
of objects M on which g C g acts locally finitely. By (26), My« ) (E) is an
object of KL, for a finite-dimensional g-module F.

The following assertion is clear.

LEMMA 6.1.
(i) The assignment M — M/Co(M) defines a right exact functor from KLy

to HC.
(i1) The assignment M+ A(M) defines a right exact functor from KL to HC.
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Let KLkA be the full subcategory of KL consisting of modules that admit a
finite filtration 0 = My C My C ... M, = M such that M;/M;11 = My ) (E)
for some finite-dimensional representation FE; for each i. Note that the adjoint
module V¥(g) is an object of KL and that M € KLy, belongs to KL if and
only if it is a free U(g[t~!]t~!)-module of finite rank.

LEMMA 6.2.

(i) Let M be an object of KLY. Then mpr - M/Cy(M) — grp A(M) is an
isomorphism.
(i) Let 0 — My — My — Mz — 0 be an ezact sequence in KLy . Then the
induced sequence 0 — A(M;) — A(Ma) — A(M3) — 0 is exact as well.
(iii) Let M be a finitely generated object of KLy. Then A(M) is finitely gen-
erated as a left (or a right) U(g)-module.

Proof. (i) Let FeO(M) be the filtration of O(M) induced by the filtration
{M<p} of M, grp O(M) = @, FyO(M)/F,_1/20(M). The freeness of M over
U(glt~1]t~1) implies that a(—gym # 0 for any nonzero elements a € VE(g),
m € M. Hence grp O(M) = Co(M) C M = grp M and the assertion follows.

(ii) It is sufficient to show that the induced sequence

(27) 0— grp A(My) — grp A(Ms) — grp A(Ms) — 0

is exact. Since 0 — M; — M, — M3 — 0 is an exact sequence of free
U(g[t~!t~1)-modules, it induces an exact sequence

0— Ml/CQ(Ml) — MQ/CQ(MQ) — M3/CQ(M3) —0

by (23). By (i), this prove the exactness of (27).

(iii) Since it is finitely generated, M is a quotient of an object of KL?. By
the right exactness of the functor A(?) it is enough to show the assertion for
objects of KL, By (ii) it then suffices to show the assertion for the modules
of the form M = My 4 (E). But this follows from [FZ92, Th. 3.2.1]. O

Let {e, f,h} be the sly-triple defined in Section 2. In the definition of
W-algebras W¥(g, f) below we shift the conformal vector wy of V¥(g) to the
conformal vector

1
(28) won = wy + 5 (Wt )1

to give a well-defined conformal vector of W*(g, f). We will identify Frenkel-
Zhu’s bimodules of M € KL with respect to wy , with Frenkel-Zhu’s bimodules
with respect to wy through Proposition 5.1 and denote both of them by A(M).
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7. W-algebras and Poisson modules over Slodowy slices

For a V¥(g)-module M, let (C®"(M),Q(g)) be the BRST complex of the
(generalized) quantized Drinfeld-Sokolov reduction associated with (g, f) de-
fined in [FF90], [KRWO03]. We have

CCh(M) — M®Dch® /\7+.’

e

where D is the Bv-system of rank % dim gy /5 and A is the space of semi-
infinite forms associated with g~o® g%,. The vertex algebra D s freely
generated by the fields ¢;(z) with i = 1,...,dimg;/, (corresponding to the

basis {z;} of g1/;) satisfying the OPE’s

' ' xX([i, 5])
6i()6(w) ~ ML)
The space /\%Jr' of semi-infinite forms is a vertex superalgebra freely generated
by the odd fields 1(2),...,%dimg-,(2) (corresponding to the basis {z;} of
9>0) and ¥7(2), ..., ¥, 4., (2) (corresponding to the dual basis {z}} of g%,)
satisfying the OPE’s
i) (w) ~ — =, i(2)h(w) ~ ] ()] (w) ~ 0.

zZ— W

The differential Qg is the zero-mode of the fields

Q(Z) = Z C)(n)'z_n_1

neL
dimg>o 1
=Y (@i2) + i(2))Yi(2) — 5 >, Hr (2)15 (2) Pk (w).
i=1 1<i,j,k<dim g>o

Here we have omitted the tensor product symbol and have put ¢;(z) = x(z;)
for i > dimg; /5. (Note that in the formula of Q(z) above there is no need to
take the normal ordering because of the existence of the structure constant cfj )
By abuse of notation we also denote by H})(M ) the cohomology of the
complex (CM(M), Q0))-
The W -algebra associated with (g, f) at level k is by definition

(29) WH(g. f) = H}(V¥(g)).

The space W¥(g, f) inherits the vertex algebra structure from C"(V*(g)). The
vertex algebra W¥(g, f) is conformal with the conformal vector wy defined by

WW = Wy p +wWp + w/\%“,
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where

1 dim gy /2

Vps) =2 3 0.6,
=1
dim g~0 dimg>o

(/\°°+- z) = — Zmzd)z( 0:i(2) : + Zmz-zw Ji(z) =

=1

Here ¢'(z) is the field of D corresponding to the vector ' € g; /2 such that
x([z*, z;]) = &5, m; = j if z; € g;, and we have used the state-field correspon-
dence. Here the conformal vector wy of V*(g) has been shifted to wy, so that

Qyww = 0.
By definition the assignment M +— H})(M ) gives a functor from V*(g)-Mod
to W¥(g, f)-Mod.

For a V*(g)-module M, consider Zhu’s Co-module C*(M)/CoC" (M)
over the Poisson superalgebra Recen(yr(g)). Since we have Q(O)CQCCh(M ) C
CoCP (M), CN(M)/CoCM (M) is a quotient complex, which is by definition
isomorphic to the complex (C(M/Cy(M)),ad d) studied in Section 2. We have
the obvious map

v 2 HY(M)/CoHY (M) — H(M/Co(M)).
For the adjoint module M = V¥(g), Nk (g) gives the isomorphism
nvk(g) : RWk(g,f) = (C[Sf]
([DSKO06]). It follows that 7y is a homomorphism of Poisson modules over
C[S¢]-
THEOREM 7.1 ([Aralb]).
(i) We have H}(M) =0 fori # 0, M € KLg. In particular, the functor
KLy — WF(g, f)-Mod, M H]Q(M) is exact.
(ii) For M € KLy, far gives the isomorphism
H}(M)/Ca(H}(M)) = Hj(M/Ca(M))
of Poisson modules over C[S¢].
Let N be an ideal of V¥(g). By Theorem 7.1(i), HJQ(N) embeds into
WE(g, f), and we have the isomorphism

(30) Hj(V*(g)/N) = W (g, f)/H}(N)

of vertex algebras. In particular,

HY(L(kAo)) = W (g, f)/HI(Ni(g))-
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8. Quantized Drinfeld-Sokolov reduction and Frenkel-Zhu’s
bimodules associated with WW-algebras

For a V*(g)-module M, consider the A(C"(V¥(g)))-bimodule A(CM(M)).
Since we have Q)O(C™*(M)) C O(C(M)), (A(C™(M)), Qo)) is a quotient
complex, which is isomorphic to the complex (C(A(M)),ad d) studied in Sec-
tion 2 where, throughout this section, A(M) denotes Frenkel-Zhu’s bimodule
associated with M with respect to the conformal vector (28). Consider the map

ma: AHFM)) = HJ(A(M)),
[c] + O(H}(M)) — [c+O(C(M))].

For the adjoint module M = V¥(g), Nyk(g) gives the isomorphism

(31) AWH(g, f)) = Ulg, f)
of algebras ([Ara07, DSKO06], or see Proposition 8.4(ii) below). It follows that

Nz is @ homomorphism of U(g, f)-bimodules.
We can now state the main result of this section.

THEOREM 8.1. For any object M of KL, nar gives the isomorphism
A(HJ(M))) = HY(A(M))
of U(g, f)-bimodules.

Remark 8.2. Theorem 8.1 holds at the critical level k = —h;/ as well by
considering the outer grading as in [Ara05], [Ara07].

To avoid confusion we denote by K,A(M) (instead by FeA(M)) the fil-
tration of A(M) with respect to the grading defined by the conformal vector
(28) for M € KLy.

LEMMA 8.3.

(i) The filtration KeA(V¥(g)) coincides with the Kazhdan filtration of U(g) =
A(V*(g)).

(ii) Let M be an object of KLy. Then K¢A(M) is a Kazhdan filtration of
A(M). It is good if M is finitely generated.

Proof. (i) and the first assertion of (ii) is easily seen from the definition.
To see the second assertion of (ii) observe that M /Cs(M) is a finitely generated
C[g*]-module for a finitely generated object M of KLj. Hence so is gryp A(M)
by Lemma 4.2. [l

PROPOSITION 8.4.
i) For an object M of KLy, nar : A(HY(M)) — HY(A(M)) is surjective.
77 f !
(ii) For an object M of KLY, nas - A(H?(M) — H})(A(M)) is an isomor-
phism.
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Proof. (i) First, suppose that M is finitely generated. By Lemma 8.3,
K,A(M) is a good Kazhdan filtration of A(M). Hence we have

(32) grc HP(A(M)) = Hyp(grye AM))

by Theorem 3.2. Here gry HJQ(A(M )) is the associated graded with respect to
the induced filtration KPH?(A(M)) = Im(HJQ(KpA(M)) — HJQ(A(M))) Since
nM(KpA(HJQ(M))) C KPH?(A(M)), nar induces a homomorphism

g : gt ACHY (M) — gre H(A(M)).

It is enough to show that grmns is surjective.
Consider the surjection

s M/Co(M) — grye A(M).

Since both M/Co(M) and gry A(M) are objects of HC, this induces the sur-
jection

Hy(mar) : Hf(M/Cy(M)) — H{(gri A(M)) = gryc H}(A(M))
by Theorem 2.3.

Now we have the following commutative diagram:

THO (M)

HY(M)/Co(HY(M)) —— grg A(HY(M))
(33) UMJ, lgrnM

0 H?(ﬂM) 0
Hy(M/Co(M))  —— grx Hp(A(M)).
Since 757 is an isomorphism by Theorem 7.1(ii), it follows that grns is sur-
jective as required.

Next, let M be an arbitrary object of KL;. There exists a sequence of
finitely generated objects My C My C My C --- in KLg such that M =
Ui M;. Since (co)homology functor commutes with injective limits, A(M) =
ln A(M,), HY(M)=limg HY(M,), ACHY(M))=limm A(HY(M,)), and HY(A(M))

= lim HJQ(A(MZ)) This proves the assertion.

(ii) By Lemma 6.2(i) H}](T('M) is an isomorphism. Hence the commuta-
tivity of (33) implies that THO (M) and grnys are isomorphisms, and hence, so
is nn- |

Proof of Theorem 8.1. As in the proof of Proposition 8.4 it is sufficient to
show the case that M is finitely generated. Then there exists an exact sequence

(34) 0>N—-V->M-=0
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in the category KLj with V € KL%. By the right exactness of the functor A(?)
this yields an exact sequence

A(N) = A(V) - A(M) =0

in the category HC. Applying the exact functor H})(?) : HC — U(g, f)-biMod
(Theorem 3.2) to the above sequence we obtain an exact sequence

HY(A(N)) = HY(A(V)) = HY(A(M)) — 0.

On the other hand, by applying the exact functor H]Q(?) : KL — WF (g, f)-Mod
(Theorem 7.1) to (34) we obtain the exact sequence

0— HY(N) = H}V) — H}(M) — 0.
This yields an exact sequence
(35) A(H}(N)) = A(H}(V)) = A(H}(M)) — 0.
Now we have the following commutative diagram:
A(H}(N)) —— AH}V)) —— AH}(M)) —— 0

(36) an an an

HY(A(N)) —— HYA(V)) —— HYUAM)) —— 0.

By Proposition 8.4, ny and s are surjective and 7y is an isomorphism. As
the horizontal sequences are exact, it follows that 7, is an isomorphism. This
completes the proof. O

For an ideal N of V¥(g), let Jy denote the image of A(N) in A(V*(g))
= U(g), so that

(37) A(V¥(g)/N) =Ulg)/JIn.

Note that H]Q(Vk (g)/N) is a quotient vertex algebra of W¥*(g, f) provided it is
nonzero (see (30)).

THEOREM 8.5. For any ideal N of V*(g), we have the isomorphism of
algebras

A(HJ(VF(g)/N)) = U(g, /)/H} ().
Proof. Set L = V*(g)/N. By Theorem 8.1,
A(H}(L)) = Hp(A(L)),

and by Theorem 3.2 the exact sequence 0 — Jy — U(g) = A(L) — 0 induces
the exact sequence

0— H}(Jn) = Ul(g, f) = H}(A(L)) — 0.
This completes the proof. O
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The following assertion follows immediately from Theorems 3.6 and 8.5.

THEOREM 8.6. For any ideal N of V¥(g), we have the equivalence of
categories

C/v = A(HY(V*(g)/N))-Mod, M — Wh™(M).

A quasi-inverse functor is given by E — Y ®p g n)E.

9. Varieties associated with Zhu’s algebras
of admissible affine vertex algebras

Let g=n_®hdn be a triangular decomposition of g with Cartan subal-
gebra b, A the set of roots of g, A the set of positive roots of g, W the Weyl
group of g, QY C b the coroot lattice of g, PV C b the coweight lattice of g,
and p the half sum of positive roots of g, pV the half sum of positive coroots of
g. For X € b*, let My(X) be the Verma module of g with highest weight A € bh*,
Lg(A) the unique simple quotient of Mg(\).

Let H = h®»CK be the Cartan subalgebra of g, E* = h* §CAgp the dual
of , where Ag(K) =1, Ag(h) = 0. Let A™ be the set of real roots in the dual
h* of the extended Cartan subalgebra b of g, Efﬁ the set of positive real roots,
W =W x Q" the Weyl group of g, W = W x PV the extended Weyl group
of g, and p = p+ hVAg. For A € b*, let z(/\) ={a e Zre|(x\+ﬁ, aV) € Z}, the
set of integral roots of A, W(\) = (sa|a € A(X)) C W the integral Weyl group
of \, where s, is the reflection with respect to a. Denote by A the restriction
of A € 6* to b.

Set

by = {\ € B*A(K) = K},

the set of weights of g of level k. For \ € 6}‘;, let L(A) be the irreducible
representation of g with highest weight \. Clearly, L()) is irreducible as a
V*(g)-module.

A weight A € E* is called admissible if (1) A is regular dominant, that is,
A +p,aY) €{0,-1,-2,-3,...} for all @ € A, and (2) QA(\) = QA™. The
admissible weights of g were classified in [KW89]. The module L()\) is called
admissible if A is admissible. Admissible representations are (conjecturally all)
modular invariant representations of g ([KW89]).

A number k is called admissible for g if kAg is an admissible weight. By
[KWO08, Prop. 1.2], k is an admissible number for g if and only if

hy if (rY,q) =1,
hg if (r¥,q) =1V,

p

(38) k+hv:q, p,g €N, (p,q) =1, pz{

A number k of the form (38) is called an admissible number with denominator q.
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For an admissible number k of g, let Pr* be the set of admissible weights
A of level k such that A(X\) = A(kAp) as root systems.

THEOREM 9.1 ([Aral2a]). Let k be an admissible number for g, \ € EZ
Then L(\) is a module over the vertex algebra L(k)o) if and only if X € PrF.
In particular, the vertex operator algebra L(kAo) is rational in the category O
of g as conjectured in [AMO95].

By Zhu’s theorem, the first statement of Theorem 9.1 is equivalent to that
Lg(A) with A € b* is a module over A(L(kAg)) if and only if A + kAg € Pr*.
On the other hand, by Duflo’s theorem [Duf77] any primitive ideal of U(g) is
the annihilating ideal of some irreducible highest weight module Lg(\). Hence
Theorem 9.1 implies the following.

COROLLARY 9.2. Let k be an admissible number for g. A simple U(g)-
module M is an A(L(kAg))-module if and only if Annyg) M = Anngg) Lg(N)
for some X € PrF.

Let k be an admissible number for g. We shall determine
Var A(L(kAy)) := Specm(grp A(L(kAo))) (= Specm(gry A(L(kAo)))),

which is a G-invariant, conic, Poisson subvariety of g*.
Recall [Aral2b] that the associated variety Xy of a finitely strongly gen-
erated vertex algebra V is defined as

Xy = Specm(Ry).

Note that V is Cy-cofinite if and only if Xy is zero-dimensional.

By (18), Var A(L(kAo)) is a subvariety of Xp,n,), which is also a G-invar-
iant, conic, Poisson subvariety of g*.

Let us identify g* with g through v, and let N’ C g* = g be the nilpotent
cone.

By a conjecture of Feigin and Frenkel proved in [Aral5] we have

Xi(kaoy €N for an admissible number £ for g.

In fact the following holds.

THEOREM 9.3 ([Aralb]). Let k be an admissible number for g. Then
X1(kAo) 18 an irreducible subvariety of N that depends only on the denominator
q of k; that 1is, there exist a nilpotent element f, of g such that

XLkao) = A G f,.
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More explicitly, we have

o Jeesdedar=op i) =1,
A T (o € glmg, (2)27 = 0} if (g,rY) =1V,

where 8, is the highest short root of g and mp, : g — Endc(Lg(6s)) is the finite
dimensional irreducible representation of g with highest weight 0.

Theorem 9.3 has the following important consequence [Aral5]. By Theo-
rems 2.3 and 7.1 we have

(39) XHO(L(kA0Y) = XL(kAo) N Sy.

Hence the transversality of S with G-orbits (see [GG02]) implies the following.

THEOREM 9.4 ([Aral5]). Let k be an admissible number with denomina-
tor q. Then the vertex algebra HJQq (L(kAo)) is a nonzero Co-cofinite quotient

of W*(g, f).
Now we are in a position to state the main result of this section.

THEOREM 9.5. Let k be an admissible number for g with denominator q.
We have an isomorphism of affine varieties

Var A(L(kAo)) = XL(kAo)‘
Proof. By Theorem 9.3, it is sufficient to show the following assertion.

PROPOSITION 9.6. Let f be any nilpotent element of g, and let k be any
complex number. The following conditions are equivalent:

(i) XL(kAg) D AdG.f.
(ii) Var(A(L(kAo))) > AdG.J.

Proof. Clearly (ii) implies (i) as Var A(L(kAg))) C Xp(kay)- Conversely,
suppose that Xy, O AdG.f. Since Var A(L(kAg)) is G-invariant and
closed, it is sufficient to show that the point f € g = g* is contained in
Var A(L(kAp)). By (39), XH})(L(kAO)) contains f, and hence, H?(L(k;AO)) is
nonzero. It follows that A(H?(L(k:Ao))) = HJOC(A(L(k:AO))) is nonzero as
well.  Since VarHJQ(A(L(kAO))) = Var A(L(kAg)) N Sy by Theorem 3.2(i),
Var A(L(kAg)) intersects Sy nontrivially. As Var HY(A(L(kAo))) is invari-
ant under the natural C*-action on Sy that is contracting to f (see [Gin09]),
Var A(L(kAp)) must contain the point f as required. O

CONJECTURE 1. For a finitely strongly generated simple vertex operator
algebra V' of CFT type, we have Var A(V)(:= Specmgrp(A(V))) = Xy.
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Note that Conjecture 1, in particular, implies the widely believed fact
that a finitely strongly generated rational vertex operator algebra of CFT type
must be Cy-cofinite.

10. Proof of the Main Theorem

In this section we let f = forin, @ principal nilpotent element of g,

WE(g) = WE(g, forin) = HY _(VE(g)),

fprin

and Wy(g) = the unique simple quotient of W¥(g)

as in the introduction. The vertex algebra W¥(g) is Zso-graded by Lo, where

Y (ww, z) = Z Lz "2
nez

The central charge c(k) of W¥(g) is given in the introduction. We have the
isomorphisms

Clg]® > C[Sy] = H(C(Clg")), add) = Rygr(g),  p = &1,
Z(g) = U(g, fyuin) = H*(C(U(g)), add) = A(WH(g)), 2+ 21

([KosT78], see also [Ara07]), where Z(g) denotes the center of U(g). We will
identify A(WF¥(g)) with Z(g) through the above isomorphism.

For a central character v : Z(g) — C, let C, be the one-dimensional
representation of Z(g) defined by . Put

My () = My () (Cy),  Lw(7) = Ly ) (C5)
(see Section 4). We have
Ir(W*(g)) = {Lw ()X € b*/W — p},
where ) : Z(g) — C is the evaluation at Mg(\). Note that
Wi(9) = L (Y- (k40y)pv )3
see [Ara07, 5.4].

THEOREM 10.1. Let N be an ideal of VF(g). Suppose that quprin (VF(g)/N)

# 0, so that HJQPM (V¥(g)/N) is a quotient vertex algebra of WF(g) (see (30)).
We have

wr(HY,, (VE(0)/N)) = {Lw(m)|U(g) kery > Jx.

(Here Jn is defined in Section 8; see (37).)
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Proof. Recall Skryabin’s equivalence for f = frin in Section 3:
Z(g)-Mod = C, EwrY®zgkE,

which goes back to Kostant [Kos78]. In particular, {Y,|y € b*/W — p} gives
the complete set of isomorphism classes of simple object of C, where Y, =
Y ®z(g)Cy. We have [KosT78]

Anng ) Yy = Ul(g) ker .
Therefore Y, is annihilated by Jy if and only if Jy C U(g)kery. In other

words, {Y,|U(g) kery O Jn} gives the complete set of isomorphism classes of
simple objects of C/¥. By Theorem 8.6 this is equivalent to the fact that

Lre(A(HP(V¥(g)/N))) = {C|U(g) kery D Jn}.
This completes the proof. ([

Recall that X7y, C A for an admissible number k for g (Theorem 9.3).
An admissible number £ is called nondegenerate if

Xigag) =N =BG Fom.
From Theorem 9.3 and the fact that
(10) B0) = hy 1, (Bulp") = B, — 1.

where 6 is the highest root of g, it follows that an admissible number k is
nondegenerate if and only if k£ satisfies

h if (q,rV) =1,
q= 5 VAR v v
thg if (q,r")=r",
where ¢ is the denominator of k; that is, k is of the form (1).

THEOREM 10.2. Let k be an admissible number forg. Then H})prin(L(k:Ao))
# 0 if and only if k is nondegenerate. If this is the case, then

Hy | (L(kAo)) = Wi(g).

fprin

Moreover, Wi(g) is Ca-cofinite.

Proof. The fact that H})prm(L(kAo)) = Wg(g) for a nondegenerate admis-
sible number k£ was proved in [Ara07, Th. 9.1.4]. The rest of the assertion is

the special case of Theorem 9.4. 0
Let
Prhoes = (N € Pr¥|(\,aY) ¢ Z for all a € A},

the set of nondegenerate admissible weights [FKW92, Lemma 1.5] of level k. It

is known [FKW92] that PrF

nondeg 15 HOnempty if and only if k is nondegenerate.
Put

Pr\’?\? = {75\‘)‘ € Prﬁondeg}'
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Then §Pr, = ﬁPrﬁondeg/ﬁW since W acts on Prﬁondeg freely (by the dot
action).

The irreducible representations {Lyy(v)|y € Pr¥,} are called minimal se-
ries representations of W*(g). In [Ara07] we have verified the conjectural
character formula of minimal series representations of Wy(g) given by Frenkel-
Kac-Wakimoto [FKW92]. (In fact the main result of [Ara07] gives the character
of all Lyw(7); see Theorem 10.8 and Corollary 10.9 below.)

Remark 10.3. The module Lyy(vy) with v € Pr{ﬁv admits a two-sided reso-
lution in terms of free field realizations [Arald]. However we do not need this
result.

THEOREM 10.4. Let k be a nondegenerate admissible number for g, v a
central character of Z(g). Then Lw(7y) is a module over Wi(g) if and only if
it is a minimal series representation of W¥(g), that is,

Irr(Wi(g)) = {Lw(7)|y € Priy}.
Proof. Set Jg = Jy, (), s0 that
A(L(kAo)) = U(g)/ Jk-

By Theorem 10.2, we have Wy, (g) = HOp (V*(g)/Nk(g)). Hence Theorem 10.1
gives that

rin

Irr(Wi(g)) = {Lw(7)[U(g) kery O Ji }.
Now recall that A\ € h* is called anti-dominant if (X + p,aV) ¢ N for all
a € Ay. Clearly, for any central character v : Z(g) — C, there exists an
anti-dominant A € h* such that v = 5. It is well known that Lg(A) = My(\)
for an anti-dominant A\ and that

Anng (g My(X) = U(g) ker x5.

This completes the proof. O

THEOREM 10.5. For a nondegenerate admissible number k for g, Zhu’s
algebra A(Wg(g)) is semisimple.
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In order to prove Theorem 10.5, we consider the Lie algebra homology
functor

g-Mod — Z(g)-Mod, M +— Hy(n_, M).
Since Mg() is free over U(n_),

C,, fori=0,
0 for i > 0.

(41) Hi(n—, My(N)) = {

LEMMA 10.6. Let A € b* be regular, that is, (\+p, ) # 0 for all a € A.

Then for an exact sequence 0 — C,, NpR C,, — 0 of Z(g)-modules, there
exists an exact sequence 0 — My(\) — N — Mg(A) — 0 of g-modules such
E = Hy(n_,N) as Z(g)-modules.

Proof. Choose homogeneous generators pi, ..., prg of of Z(g). Let
T: Z(g) > S(n)"
be the Harish-Chandra isomorphism, so that zvy = Y(z)(A+p)vy for z € Z(g),
where vy is the highest weight vector of Mg()). Set v = ¢1(1), and fix o' € E
such that ¢2(v') = 1. Then there exists dy, ..., dw g € C such that
pv’ =T (pi)(A+ p)v' + djv.
Let us identify S(h) with Clay, ..., o ]. Tt is well known that

I (p;
(42) det(a({z))1<i,j<rkg_c IT ",
@

aEA L

where C' is some nonzero constant. The hypothesis on A implies that the value
of (42) at A + p is nonzero. It follows that there exists some p € h* such that

(43) Y(pi)(A+tp+ p) = T(pi) (A + p) + td; + O(t?)

foralli=1,...,rkg.

Let A = C[t], b4 = b®cA. Denote by Ay, the hs-module that is a
rank one free A-module on which h € b acts as multiplication by the scalar
A(h) + tu(h). Set M = Ay, /t*Axiey, and view M as an h-module. Observe
that tM = C) and we have the exact sequence

(44) 0—=tM—-M—Cy\,—0
of h-modules. Set
N = U(Q)®U(5)M7

where b = h@En and M is regarded as a b-module via the natural surjection
b — h. Applying the induction functor U(g)®y(p)? to (44) we obtain the exact
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sequence

(45) 0— Mg(A\) = N — Mg(\) =0

of g-modules. Next applying the functor Hy(n,?) we get the exact sequence
0—-C,, - H(n_,N)—=C,, =0

of Z(g)-modules by (41). By construction, Hy(n_, N) = E as required. O

PROPOSITION 10.7. For A\ € Prk, we have L(\) = My, (ko) (Lg(N)) (see
(20)).

Proof. We have a surjective map

Myi(g)(Lg(N) = U(8)®u (g & cr)La(A) = Mpag)(Lg(N))
of g-modules. It follows that ML(kAO)(Lg(S\)) is an object of O of g. Being
a L(kAp)-module, ML(kAO)(Lg(X)) decomposes into a direct sum of admissible
representations by Theorem 9.1. Since it is generated by the highest weight

vector of Lg(A), Mpkay)(Lg(X)) must be isomorphic to L(). O

Proof of Theorem 10.5. Since Wy (g) = H})prm (L(kAg)) is Ca-cofinite by
Theorem 9.4, Zhu’s algebra A(Wy(g)) is finite-dimensional. Also, we have
shown that Irr(A(W(g))) = {C,|y € Prf,} in Theorem 10.4.

Let \ € Prk and let

nondeg’

(46) 0—-+Cys;—-E—Cy—0

be an exact sequence of A(Wy(g))-modules. We need to show that this se-
quence splits.

Recall that Lg(\) = My()) for A € Prﬁondeg. By Lemma 10.6 there exists
an exact sequence

(47) 0— Lg(A) = N — Lg(A) =0

of g-modules that yields the exact sequence (46) by applying the functor
Ho(n_,?). Since Anngy(g) Lg(A) = U(g) ker x, we have

(48) Anngg) N = U(g) Annz (g E.

On the other hand, by applying the exact functor Y ®z? to (46) we obtain
the exact sequence of A(L(kAg))-modules

0=>Yy 2 YRzl =Yy —0
by Theorem 8.6. It follows similarly that
(49) AnnU(g) (Y®Z(9)E) = U(g) Annz(g) E.
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From (48) and (49), it follows that N is a module over A(L(kAy)) as well, and
(47) is an exact sequence of A(L(kAg))-modules. Therefore by applying the
functor U(L(kAo))@u(L(kno))<,? to (47) we obtain an exact sequence

(50) 0 — L(A) = Mpgay)(N) — L(A) =0

of L(kAg)-modules by Proposition 10.7. Here the map L(\) — Mpa,) (V)
is injective since L(A) is simple. Now, thanks to Gorelik and Kac [GK11], an
admissible g-module does not admit a nontrivial self-extension. Therefore (50)
must split. Restricting (50) we see that (47) splits and, therefore, (46) splits
as well. This completes the proof. O

Let Oy be the full subcategory of category O of g consisting of modules
of level k, which can be regarded as a full subcategory of V*(g)-Mod. Let
HO(?) : O — WF(g)-Mod be the quantized Drinfeld-Sokolov “~”-reduction
functor [FKW92].

Recall the following result.

THEOREM 10.8 ([Ara07]). Let k be any complex number.
(i) The functor H°(?) : Ox — WF(g)-Mod is exact.
(ii) For A € by, H2(M(X)) = My(7y3)-
~ Lw(vs) if A is anti-dominant
(iii) For A € b7, HO(L()) = w(vs) if A is anti-dominant,

0 otherwise.

Let [M(\) : L(p)] (resp. [Myw(v) : Lw(v')]) be the multiplicity of L(u)
(resp. Lw(v')) in the local composition factor of M () (resp. in the local com-
position factor of Myy(7y)).

COROLLARY 10.9. Let A\, € EZ, and suppose that i1 is anti-dominant.
Then

Mo (73) : Law(ya)] = [M(A) = L(p)].
Proof. Since ch M(A) = >, [M(A) : L(p)] ch L(p), we have
chMw(ya) = D> [M(N): L(w)] chLag(vp)-

~
pnEW (X)oX
[ is anti-dominant

It remains to observe that if u, u’ € I//[\/()\) o\, va =Y, and i and fi’ are both
anti-dominant, then p = ' O

THEOREM 10.10. Let k be a nondegenerate admissible number for g. The
simple vertex operator algebra Wy(g) is rational.

Proof. By Theorem 10.2, it is sufficient to show that
Extay, () Mod (Lw(7), Lw(7)) = 0 for Lw(v), Lw(y) € Irr(W(g))-
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By Theorem 10.4, we can write v = 75, 7 = 75, with A\, N € Prk Let

nondeg*

(51) 0 — Lyw(y) = N — Lyw(y) =0

be an exact sequence of Wy(g)-modules.

Let A, be the Lo-eigenvalue of the lowest weight vector v, of Lyy(7),
which is a rational number. Suppose that A, < A,/ and choose a vector
v € Na, such that the image of v in Ly () is v,. Then there is a W*(g)-
module homomorphism Myy(y) — N that sends the highest weight vector of
My (7y) to v. If (51) is nonsplitting, N must coincide with the image of Myy(7y).
In particular, [My(v) : Lw(v)] # 0. By Corollary 10.9, this is equivalent to
[M(X) : L(XN)] # 0. This forces that A = X’ since both A and X" are dominant
weighs of g. This contradicts the assumption that A, < A..

By applying the duality functor D(?) to (51), we see that the same ar-
gument applies to show that Ext\l,vk(g)_Mod(Lw(’y),LW(’y/)) = 0 in the case
Z&W >'137u

Finally, suppose that A, = A, =: A. Then we have the exact sequence

0 — Lw(Y)a = Na — Lyw(y)a — 0.

The semisimplicity of A(Wg(g)) (Theorem 10.5) implies that the above se-
quence splits. Therefore (51) splits as well. This completes the proof. O

The Main Theorem follows immediately from Theorems 10.4, 10.5 and
10.10. O
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