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A solution of an L? extension problem with
an optimal estimate and applications

By QU'AN GUAN and XIANGYU ZHOU

Abstract

In this paper, we prove an L? extension theorem with an optimal esti-
mate in a precise way, which implies optimal estimate versions of various
well-known L? extension theorems. As applications, we give proofs of a
conjecture of Suita on the equality condition in Suita’s conjecture, the
so-called L-conjecture, and the extended Suita conjecture. As other appli-
cations, we give affirmative answer to a question by Ohsawa about limiting
case for the extension operators between the weighted Bergman spaces,
and we present a relation of our result to Berndtsson’s important result on
log-plurisubharmonicity of the Bergman kernel.

1. Background and notation

The L? extension problem is stated as follows (for background, see De-
mailly [16]): for a suitable pair (M, S), where S is a closed complex subvariety
of a complex manifold M, given a holomorphic function f (or a holomorphic
section of a holomorphic vector bundle) on Y satisfying suitable L? conditions
on S, find an L? holomorphic extension F on M together with a good or even
optimal L? estimate for F' on M.

The famous Ohsawa-Takegoshi L? extension theorem (Ohsawa wrote a
series of papers on the L? extension theorem in more general settings) gives an
answer to the first part of the problem — existence of the L? extension. There
have been some new proofs and a lot of important applications of the theorem
in complex geometry and several complex variables, thanks to the works of
Y.-T. Siu, J. P. Demailly, Ohsawa, and Berndtsson et al. (see [49], [50], [37],
[39], [16], [6], etc.). An unsolved problem is left — the second part of an optimal
estimate in the L? extension problem. A first exception is Blocki’s recent
work on an optimal estimate of Ohsawa-Takegoshi’s L? extension theorem for
bounded pseudoconvex domains (see [11]) as a continuation of an earlier work
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towards the L? extension problem with optimal estimate [61] (see also [10]).
Another exception is our recent work [26] based on [61] about an optimal
estimate of Ohsawa’s L? extension theorem with negligible weight for Stein
manifolds [40].

In the present paper, we shall further discuss the L? extension problem
with an optimal estimate and give a solution of the problem with its applica-
tions, by putting it into a vision with a wider scope.

The paper is organized as follows. In the rest of this section, we recall
some notation used in the paper. In Section 2, we present our main theorems,
solving the L? extension problem with optimal estimate. In Section 3, we in-
troduce the main applications and corollaries of our main theorems, among
others, including: we give proofs of a conjecture of Suita on the equality con-
dition in Suita’s conjecture, the so-called L-conjecture, and the extended Suita
conjecture; we find a relation of our result to Berndtsson’s theorem on log-
plurisubharmonicity of the Bergman kernel; we give an affirmative answer to
a question by Ohsawa in [43] about a limiting case for the extension operators
between the weighted Bergman spaces; and we also obtain optimal estimate
versions of various well-known L? extension theorems. In Section 4 we recall
or prove some preliminary results used in the proofs of the main theorems and
corollaries. In Section 5, we give the detailed proofs of the main theorems. In
Section 6, we give the proofs of the main corollaries.

For basic knowledge and references on several complex variables, we refer

o [12], [14], [21], [23], [24], [31], [32], [33], [52], [53], [58], [59], et al.

Now let us recall some notation in [41], [42]. Let M be a complex n-dimen-
sional manifold, and let S be a closed complex subvariety of M. Let dVas be
a continuous volume form on M. We consider a class of the upper-semi-
continuous function ¥ from M to the interval [—oo, A), where A € (—o0, +00],
such that
(1) U=!(—o00) D S, and U~!(—o0) is a closed subset of M;

(2) if S is [-dimensional around a point & € Sieg (Sreg is the regular part of S),
there exists a local coordinate (z1, ..., 2,) on a neighborhood U of x such
that 2,1 =---=2,=00n SNU and

n
sup [¥(z) — (n —1)log > 12;]?] < 0.
U\S I+1
The set of such polar functions ¥ will be denoted by #4(.5).
For each W € # 4(5), one can associate a positive measure dVj;[¥] on S;ee
as the minimum element of the partially ordered set of positive measures du
satisfying

/ fe_‘ll]l{—l—t<\lf<—t}dVM
M

t—oo 0O2p—2[—1

2(n —1
/fdu>limsup(n)
Sy
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for any nonnegative continuous function f with supp f CC M, we denote by
[{_1_t<w<—¢y the characteristic function of the set {-1 -t < ¥ < —t}, 5
the [-dimensional component of Sieg, and o, the volume of the unit sphere in
R™H,

Let w be a Kédhler metric on M \ (X U S), where X is a closed subset of
M such that Sgng C X. (Ssing is the singular part of S.)

We can define measure dV,,[¥] on S\ X as the minimum element of the
partially ordered set of positive measures dy’ satisfying

t—oo 0O2p—2[—1

n—1 -
[ s = timsup T 2l [ e ey
M\(XUS)
for any nonnegative continuous function f with supp(f) CC M \ X; as

Supp(If_1—s<w<—¢y) NSupp(f) CC M\ (X U S),

the right-hand side of the above inequality is well defined.
Let u be a continuous section of Ky ® E, where F is a holomorphic vector
bundle equipped with a continuous metric h on M. We define

cnh(e,e)v Ao

2
Ulp |V =
| ’h’ %

and
cnh(e,e)v AU

2 —
ulf ol = SEEERE

where u|y = v ® e for an open set V.C M \ (X US), v is a continuous section
of Kjsly and e is a continuous section of E|y; especially, we define

[ TANT
dVyr

|U|2|V =
when u is a continuous section of K. It is clear that |ul? is independent of
the choice of V.

The following argument shows a relationship between dV,,[¥] and dVj,[¥]
(resp. dV,, and dV)y). Precisely,

(11) [ b= [ fufavide)
M\(XUS) M\ (XUS)

(1.2) (resp. / f|u]%’dew:/ Flul2dVan),
M\(XUS) M\ (XUS)

where f is a continuous function with compact support on M \ X.
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For the neighborhood U, let u|y = v ® e. Note that

/ fH{717t<\I/<ft}‘Uﬁ,weiwde
M\(XUS)

(1.3) = L1 —icwe—iyh(e; e)cnv A ve” Y
M\(XUS)

= / fﬂ{—l—t<‘1/<—t}|ul}2167‘ljdVM
M\(XUS)

and
(resp. / flulz e Yav,
M\(XUS) ’
(1.4) = fhie,e)e,v Ave ¥
M\(XUS)
= Flulfe™ Vi),
M\(XUS)

where f is a continuous function with compact support on M \ (X U S). As

Supp(I{ 1 —¢<w<—¢3) NSupp(f) CC M\ (X US),

equality (1.3) is well defined. Then we have equalities (1.1) and (1.2).

It is clear that |u|? is independent of the choice of U, while |ul?dV)s is
independent of the choice of dVys (resp. |u|2dVas[V] is independent of the
choice of dVys). Then the space of L? integrable holomorphic sections of Ky
is denoted by A%(M, Ky ® E,dV]\}l,dVM) (resp. the space of holomorphic
sections of Kj;|s which is L? integrable with respect to the measure dVj;[¥]
is denoted by A%(S, Ky|s ® Elg,dVy,", dVar[¥])).

Denote the norm of any continuous section u of Ky ® E by

|u\%dVM = {u,uly.

Define )
dim S =
{f,. [t =(e,e)nvV=1""" fiAfr
for any continuous section f of Kg ® E|g, where f = f1 ® e locally (see [16]).

It is clear that {f, f}, is well defined.

Definition 1.1. Let M be a complex manifold with a continuous volume
form dVjs, and let S be a closed complex subvariety of M. We say (M, S)
satisfies condition (ab) if M and S satisfy the following conditions:

There exists a closed subset X C M such that

(a) X is locally negligible with respect to L? holomorphic functions; i.e., for
any local coordinate neighborhood U C M and for any L? holomorphic
function f on U\ X, there exists an L? holomorphic function f on U such
that f|U\X = f with the same L? norm.
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(b) M \ X is a Stein manifold which intersects with every component of S,
such that Sgne C X.

When S is smooth, condition (ab) is the same as condition (1) in Theo-
rem 4 in [41], [42]. The data (M,S) with the condition (ab) includes all the
following examples:

(1) M is a Stein manifold (including open Riemann surfaces), and S is any
closed complex subvariety of M;

(2) M is a complex projective algebraic manifold (including compact Riemann
surfaces), and S is any closed complex subvariety of M;

(3) M is a projective family (see [51]), and S is any closed complex subvariety
of M.

The Hermitian metric h on FE is said to be semipositive in the sense of
Nakano if the curvature tensor ©y, is semipositive definite as a hermitian form
on Tx ® E, i.e. if for every u € Tx ® E, we have /=10y (u,u) > 0 (see [13]).

Let A p,5(S) be the subset of functions W in # 4(S) which satisfies that
both he™¥ and he~(1+)Y are semipositive in the sense of Nakano on M \
(XUS). Let Ay(S) be the subset of plurisubharmonic functions W in # 4(S).

2. Main theorems

In the present section, we state an L? extension theorem with an optimal
estimate, related to a kind of positive real function c4(¢), which will be ex-
plained later on, solving the L? extension problem with an optimal estimate.
The theorem is stated first in a general setting and then in a less general but
sufficiently useful setting. By the way, the word “optimal” depends on the con-
sidered setting. If the setting becomes narrower, the estimate possibly could
not be optimal again.

Given § >0, let c4(t) be a positive function on (— A, +00) (A € (—o0, +00)),
which is in C°((—A4, +00)) and satisfies both [* c4(t)e 'dt < oo and

(2.1)
(écA(—A)eA—F/_tA CA(tl)etldt1>2

> ca(t)e™? (/t <1cA(—A)eA + /t2 cA(tl)etldh) dts + 1cA(—A)eA>
_A\0 _A 52
for any t € (—A,+00). If ca(t)e™? is decreasing with respect to t, then in-
equality (2.1) holds.

We establish the following L? extension theorem with an optimal estimate
as follows:
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THEOREM 2.1 (Main Theorem 1). Let (M, S) satisfy condition (ab), and
let h be a smooth metric on a holomorphic vector bundle E on M with rank r.
Let U € #4(S)NC>®(M\ S), which satisfies
(1) he™Y is semipositive in the sense of Nakano on M \ (S U X) (X is as in
the definition of condition (ab));
(2) there exists a continuous function a(t) on (—A, +oo], such that 0 < a(t) <
s(t) and a(—V)\/—=10},,—w+/—100V is semipositive in the sense of Nakano
on M\ (SUX), where

JEaGea(=A)e? + [ ca(ti)e dty)dty + Frea(—A)e
%CA(—A)BA—i—ffA ca(ty)e trdty '

Then there exists a uniform constant C = 1, which is optimal, such that, for
any holomorphic section f of Ky ® E|g on S satisfying

n 7Tk
(22) >, Mhavarle) < oo

there exists a holomorphic section F' of Kyy @ E on M satisfying F = f on S
and

s(t) =

/McA<—w>rF|%de
<c( e +/ —tdt Zm/ RVl

A

(2.3)

A

where ca(t) satisfies ca(—A)e? = lim,_,_ 4+ ca(t)e™t < oo and ca(—Ae

£0.

Using Remark 4.10 and Lemma 4.8, which will be discussed later on, we
can replace smoothness of ¢4 in the above theorem by continuity.

Now we consider a useful and simpler class of functions as follows: Let
ca(t) be a positive function in C*°((—A, +o0)) (A € (—o0,+00]), satisfying
[ ca(t)e tdt < co and

t l2
(2.4) </ cA(tl)e_tldh) > cy(t / / A(th)e Yt dty
—A

for any t € (—A, +00). When ca(t)e™ is decreasing with respect to ¢ and A is
finite, inequality (2.4) holds.

For such a simpler and sufficiently useful class of functions, we establish
the following L? extension theorem with an optimal estimate, whose simpler
version was announced in [28]:

THEOREM 2.2 (Main Theorem 2). Let (M, S) satisfy condition (ab), and
let ¥ be a plurisubharmonic function in As(S)NC®(M\ (SUX)). (X is as in
the definition of condition (ab).) Let h be a smooth metric on a holomorphic
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vector bundle E on M with rank r, such that he™Y is semipositive in the sense
of Nakano on M \ (SU X). (When E is a line bundle, h can be chosen as
a semipositive singular metric.) Then there ezists a uniform constant C = 1,
which is optimal, such that, for any holomorphic section f of Ky ® Elg on S
satisfying condition (2.2), there exists a holomorphic section F of Ky @ E on
M satisfying F' = f on S and

%) B n ,n.k
/ cA(—\IJ)|F|%LdVM§C/ calt)e tth:—kl/ FI2dVas ).
M —A = ks,

Similarly as before, we can replace smoothness of ¢4 in the above theorem
by continuity.

3. Applications and main corollaries

In this section, we present applications and main corollaries of our main
theorems, among others, solutions of a conjecture of Suita on the equality con-
dition in Suita’s conjecture, the L-conjecture, the extended Suita conjecture; a
relation to Berndtsson’s log-plurisubharmonicity of the Bergman kernel; opti-
mal constant versions of various known L? extension theorems; an affirmative
answer to a question by Ohsawa about a limiting case for the extension oper-
ators between the weighted Bergman spaces; and so on.

3.1. A conjecture of Suita. In this subsection, we present a corollary of
Theorem 2.2, which solves a conjecture of Suita on the equality condition in
Suita’s conjecture on the comparison between the Bergman kernel and the
logarithmic capacity.

Let © be an open Riemann surface, which admits a nontrivial Green func-
tion Gq. Let w be alocal coordinate on a neighborhood V of zy € 2 satisfying
w(zp) = 0. Let ko be the Bergman kernel for holomorphic (1,0) forms on €.
We define

Bao(2)|dw|* := ka(2)lv,,
and
Bo(z, t)dw @ dt := kq(z,1)|v,, -
Let cg(z) be the logarithmic capacity which is locally defined by

cs(20) = exp Jim (Go(z, 20) ~ log fu(2)))

on Q (see [47]).

Suita’s conjecture in [54] says that on any open Riemann surface 2 as
above, (cg(20))? < mBq(z0).

The above conjecture was first proved for bounded planar domains by
Blocki [10], [11] and then by Guan-Zhou [26] for open Riemann surfaces. For
earlier works, see [61].
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In the same paper [54], Suita also conjectured a necessary and sufficient
condition for the equality holding in his inequality:

A CONJECTURE OF SUITA. (cg(20))? = mBq(20) for zo € Q if and only if
Q is conformally equivalent to the unit disc less a (possible) closed set of inner
capacity zero.

In fact, a closed set of inner capacity zero is a polar set (locally singularity
set of a subharmonic function).
Using Theorem 2.2, we solve the conjecture of Suita:

THEOREM 3.1. The above conjecture of Suita holds.

3.2. The L-conjecture. In this subsection, we now give a proof of the
L-conjecture. Let 2 be an open Riemann surface which admits a nontrivial
Green function Gq and is not biholomorphic to the unit disc less a (possible)
closed set of inner capacity zero.

Assume that Gq(-,t) is an exhaustion function for any ¢ € ). Associated
to the Bergman kernel kq(z,t), one may define the adjoint L-kernel Lg(z,t) :=
%% (see [48]). In [57], there is a conjecture on the zero points of the
adjoint L-kernel as follows:

THE L-CONJECTURE (LC). Foranyt € Q, 3z € Q, we have Lo(z,t) = 0.

It is known that, for finite Riemann surface Q, Gq(-,t) is an exhaustion
function for any ¢ € Q (see [57]). By Theorem 6 in [57], the L-conjecture for
finite Riemann surfaces is deduced from the above conjecture of Suita. Using
Theorem 3.1, we solve the L-conjecture for any open Riemann surface with
the exhaustion Green function:

THEOREM 3.2. The above L-conjecture holds.

The following example shows that the assumption that Gq(-,t) is an ex-
haustion function for any ¢ € €2 is necessary.

Let m and p denote the numbers of the boundary contours and the genus
of Q, respectively (see [55]). In fact, for any finite Riemann surface €2, which is
not simply connected, the Bergman kernel kq(z,t) of Q has exactly 2p+m —1
zeros for suitable ¢ (see [55]).

Let © be an annulus. Then we have 2p+m — 1 = 1 (see page 93, [48]). It
is known that #{z|Lq(z,t) = 0} + #{z|ka(z,t) = 0} < 4p+2m —2 = 2 for all
t € Q (see [55]). Note that kq(z,t) has exactly 2p+m —1 = 1 zeros for suitable
t. Using Theorem 3.2, we have #{z|Lq(z,t) =0} =1 =4p+2m — 2 —1 for
suitable ¢t € Q. Let t; € Q satisfy #{z|La(z,t1) = 0} = 1. Assume that
21 € {Z|LQ(Z,t1) = 0} Note that z; # t1. As GQ\{zl} = GQ|Q\{Z1}, then we
have #{Z|LQ\{21}(Z, tl) = 0} =0.
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3.3. Extended Suita Conjecture. Let 2 be an open Riemann surface, which
admits a nontrivial Green function Gq. Take zg € Q with a local coordinate
z. Let p: A — Q be the universal covering from unit disc A to 2.

We call the holomorphic function f (resp. holomorphic (1,0)-form F') on
A a multiplicative function (resp. multiplicative differential (Prym differen-
tial)) if there is a character y, which is the representation of the fundamental
group of Q, such that ¢*f = x(g)f (resp. ¢*F = x(g)F), where |x| = 1 and
g is an element of the fundamental group of €2 which naturally acts on the
universal covering of  (see [19]). Denote the set of such kinds of f (resp. F)
by OX(Q) (resp. I'X(Q2)).

As p is a universal covering, then for any harmonic function hg on §2, there
exist a x;, and a multiplicative function f;, € OX»(Q), such that |f;| = p*ehe.

For the Green function Gq(-, zp), one can also find a x, and a multiplica-
tive function f,, € OX=0(Q), such that | f,,| = p*eFo(-20).,

Because g*|f| = |g"f] = [x(9)f| = |[f| and g"(F A F) = g"F A g*F =
X(9)F A x(g)F = F A F, it follows that |f| and F' A F' are fibre constant with
respect to p.

As F A F is fibre constant, one can define the multiplicative Bergman
kernel kX (x, ) for IX(Q) on Q x Q. Let By(2)|dz|? := k§(z,2). The extended
Suita conjecture is formulated as follows ([57]):

EXTENDED SUITA CONJECTURE c%(zo) < 7wB{(20), and equality holds if
and only if X = Xz, -

The weighted Bergman kernel kg , with weight p of holomorphic (1,0)-
form on a Riemann surface (2 is defined by rq , 1= >>; €; ®&;, where {ei}i=12,...
are holomorphic (1,0)-forms on Q and satisfy v/—1 [, p\e/’é A % =4].

Let hqg be a harmonic function on €, and let p = e~2#2. Related to the

weighted Bergman kernel, there is an equivalent form of the extended Suita
conjecture in [57]:

CONJECTURE c%,(zo) < 7p(20)Ba,p(20), and the equality holds if and only
if X=h = Xz

The reason for the equivalence between the above two conjectures is as
follows: By the above argument, we have fh_lp*ej € I'’X-». Note that the
orthogonal basis of TX-# is {f, 'p*e;}j—12..; then we have p(z0)Bq,,(20) =
B (z0)-

It suffices to show that for any x such that I'X has a nonzero element
Fy, there is a harmonic function A on 2 which satisfies x = xp. As Q is
noncompact, for Fy € I'X, one can find a holomorphic function hy on 2 such
that Fop*hg 1 does not have any zero point on A. As ) is noncompact, one
can find a holomorphic (1,0)-form Hy on € such that Hy does not have any
zero point on €.
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. . . Fop*hg!
Then one obtains a holomorphic function f; := ;*p H_Ol ,
0

have any zero point. It is clear that log|f1| is harmonic and fibre constant,
which can be seen as a harmonic function on Q.

Note that f; € OX(2). Set h := log|fi|. Then x;, = x. It is also easy
to see that the equality part of two conjectures are also equivalent. Then we

which does not

prove the equivalence of the two conjectures.
In [29], we have proved C%(Zo) < mp(20)Ba,p(20). Combining this result in
[29] with Theorem 2.2, we completely solve the extended Suita conjecture:

THEOREM 3.3 (a complete solution of the extended Suita conjecture).
c%(zo) < mp(20)Ba,(20) holds, and the equality holds if and only if x—p = Xz, -

3.4. A question posed by Ohsawa. Let 2 be a Stein manifold with a contin-
uous volume form dVq. Let D be a strongly pseudoconvex relatively compact
domain in 2, with a C2 smooth plurisubharmonic defining function p. Let 6(z)
be a distance induced by a Riemannian metric from z to the boundary 9D of D.

Let H be a closed smooth complex hypersurface on €. Then there exists
a continuous function s on 2, which satisfies
(1) H = {s = 0}

(2) s? is a smooth function on €;

(3) log|s| is a plurisubharmonic function on £2;

(4) for any point z € H, there exists a local holomorphic defining function e
of H, such that 2log |s| — 2log |e| is continuous near z.

In fact, associated to the hypersurface H, there exists a holomorphic line
bundle Ly on ) with a smooth Hermitian metric Ay and there is a holomorphic
section f of Ly, such that {f = 0} = H and df|, # 0 for any z € H.
As () is Stein, then there exits a smooth plurisubharmonic function s; on €2,
which satisfies that s; + log|f|n,, is a plurisubharmonic function on 2. Let
s := €°|f|n, . Then we obtain the existence of the function s.

Assume that 9D intersects with H transversally. Let

A2,(D) = {f €T(D.Ko)| [ e#5° 1PV < oo

and
| 1Rp= ot ) [ eesn v
We put
A2, (D) i= {f €T(D, Ko)| lim (1+0) [ e#5°|fdve < oof
aN—1 D
and

|1 fim (1) [ €280 fdVe < .
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In [18], when 2 is C" and H is a smooth complex hypersurface, Diederich
and Herbort gave an L? extension theorem from A§+1,¢(D NH) to AEMD(D),
where a > —1.

THEOREM 3.4 ([18]). The extension operator from Aa—kl,g@(D N H) to
Ai’@(D) is bounded for any o > —1.

In [43], Ohsawa gave an L? extension theorem from Aj (D N H) to
AQ_M,(D), which is called a limiting case.

THEOREM 3.5 ([43]). The extension operator from A(Q)W(DOH) to AQ_L@(D)
s bounded.

In [43], Ohsawa posed a question about unifying Diederich and Herbort’s
theorem with his theorem.
Using Theorem 2.1, we give the Ohsawa’s question an affirmative answer:

THEOREM 3.6. Without assuming that 0D intersects with H transver-
sally, the extension operator from AiHM(DﬂH) to Agw(D) for every o > —1
has a bound Comax{C{,CS}, where Cy, Cy and Cy are positive constants,
which are independent of a (o > —1). Consequently, the extension operator
from A%M(D NH) to AQ_WJ(D) is bounded.

3.5. Application to a log-plurisubharmonicity of the Bergman kernel. In
this subsection, we give a relation between Theorem 2.2 and Berndtsson’s
theorem on log-plurisubharmonicity of the Bergman kernel in the following
framework: Let M be a complex (n + m)-dimensional manifold fibred over
complex m-dimensional manifold Y with n-dimensional fibres, and let p : M —
Y be the projection which satisfies, for any point ¢t € Y, that there exists a unit
disc Ay C Y such that (p~1(A;), p~1(t)) satisfies condition (ab). Let (L, h) be
a semipositive holomorphic line bundle on M with Hermitian metric h over M.

There are two such examples:

(1) M is a pseudoconvex domain in C"*™ with coordinate (z, ), where z € C",
t € C™, and Y is a domain in C™ with coordinate ¢,

p(Z,t) =1

(2) M is a projective family, Y is a complex manifold, and p is a projection
map.

Let (z,t) be the coordinate of S x B™, which is the local trivialization of
the fibration p with fibre S, and let e be the local frame of L. Let k), be the
Bergman kernel of Ky, ® L on M, and let kyy, := Bi(2)dz ® e ® dZ @ € locally.

In this section, we prove that log By(z) is plurisubharmonic with respect
to (z,t), using our result on the L? extension with an optimal estimate. It
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should be noted that we cannot get the log-plurisubharmonicity without an
optimal estimate.

Without loss of generality, we assume that Y is 1-dimensional. Then (z,t)
is the coordinate of S x Aj.

In order to show that log By(z) is plurisubharmonic with respect to (z,t),
we need to check that for any complex line L on (z,t), log B(z)|r is subhar-
monic. As we can change the coordinate locally, we only need to check that
for the complex lines {t|(z,t)}. Then it suffices to check the submean value
inequality for a disc small enough (see Chapter 1 of [13]).

Consider the framework at the beginning of the present subsection. For
any point wo € M, there is a unit disc A, ) C Y, such that

(pilAp(wo)upil(p(MO)))
satisfies condition (ab). Then we have that (p~(A1),p ! (p(w)) satisfies con-
dition (ab) for any point w € S x Ay, by choosing A; small enough.
For any given t, if Ky, # 0, by the extremal property of the Bergman
kernel, there exists a holomorphic section u; of Kj,-1(;) ® L on p~Y(t) such that

z,t 2
Bt<z) = ’gg )| ’
fMt 27{1% Ut}
where u; = g(z,t)dz ® e on (z,1).
If log By, (2) = —o0, we are done. Then we can assume that

!9( )P
Buolz) = fMt on {utovuto}h
where ut, is a holomorphic section of Kj,-14) ® L on p to), and wy, =
g(z)dz ® e on (z,t).
Let A, be the unit disc with center (z,tg) and radius r on the line {t|(z,1)}.
In Theorem 2.2, let ¥ = log |¢|? and ca =1, where A = 2logr. We obtain a
holomorphic section % on p_l(p ) such that

3.1 Uy Y2 > / / , } dAa, (1),
CEURNY M U Sl ] a0
where @ = §(z,t)dz A dt ® e on (z,t) and g(z,t9) = g(2).

Using the extremal property of the Bergman kernel, we have
~ t 2
Bt(Z) 2 1 |g{$z’ )| o y
fMt QT{E‘MN $|Mt}h
for any (Z7t) €A, if fMt{%’Mt7%‘Mt}h7§0' . B
Note that the Lebesgue measure of {t| [y, {Z;ls,, g;lar, }n = 0} is zero.
Using convexity of function y = e” and inequality (3.1), we have

(32) e2log|g(z)|—logBt0(z) _ |g(z)|2 > eﬁ fAT(210g|§(Z,t)\—10gBt(z))d)\A1(t)‘
Bto(z)
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Since log |g| is a plurisubharmonic function, then we obtain the relation to
log-plurisubharmonicity of the Bergman kernel:

COROLLARY 3.7. log By(z) is a plurisubharmonic function with respect to
(z,1).

The above result is due to [5] and [3] in the case of example (1) and due
to [7] in the case of example (2).

3.6. LP extension theorems with optimal estimates and Ohsawa’s question.
Denote the smooth form dVy; = e ¥c,dz A dZ on the local coordinate z =
(Zl, ceey Zn).

Using Theorem 2.1 (resp. Theorem 5.2) and a similar method as in the
proof of Proposition 0.2 in [9] (see also [8]), we obtain an LP (0 < p < 2)
extension theorem with an optimal estimate:

THEOREM 3.8. Let M be a Stein manifold, and let S be a closed complex
submanifold of M. Let h be a smooth metric on a holomorphic line bundle L on
M (resp. holomorphic line bundle L with locally integrable singular metric h),
which satisfies

1) V=120, + E2/=100¢ + /—189¥ > 0 on M \ S;
2 2
(2) a(—0)(5v=10y + 52V=100¢ + /=100F) + /—190¥ > 0 on M \ S,

where a and ¥ are as in Theorem 2.1,
respectively,

(1) Bv/=10y,+ 252/=100++/—100F > 0 in the sense of currents on M\ S;

(2) Ev—16y 2 SEV=100¢ + (1 4 6)v/—100¥ > 0 in the sense of currents
on M\ S, wheTe ¥ is as in Theorem 5.2.

Then for any holomorphic section f of Ky ® L|s on S satisfying

n_ ok )
(33) > [, Mhavarle) =1

there exists a holomorphic section F' of Ky ® L on M satisfying F = f on S
and

(3.4) / cA(— ) FIPdVy < ch Ae +/ Je~tdt,
M
where cA(t) is as in Theorem 2.1 (resp. Theorem 5.2).
By a similar method as in the proof of Theorem 3.6, assume
h = o 5 (p—alog(=r+eols?))

and

dViyr = cpe” P2dz A dZ,
where g is a smooth plurisubharmonic function on €2, we answer the above
mentioned Ohsawa’s question for any p (0 < p < 2) as follows:
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THEOREM 3.9. Without assuming that 0D intersects with H transver-
sally, the extension operator from Ag+1,¢(D NH) to A%, ,(D) for each o > —1
has a bound Comax{C§,Cs}, where Cy, Cy and Cy are positive constants,
which are independent of o, @ > —1. Consequently, the extension operator

from A§ (DN H) to A” (D) is bounded.

3.7. L= extension theorems with optimal estimates on Stein manifolds.
Replace L by (m — 1)K + L. Take e as the Hermitian metric on K. Let
P=i

Using Theorem 3.8, we give an optimal estimate of the L extension
theorem:

THEOREM 3.10. Let M be a Stein manifold and S be a closed complex
submanifold on M. Let h be a smooth metric on a holomorphic line bundle L on
M (resp. holomorphic line bundle L with locally integrable singular metric h),
which satisfies
(1) 2v/=10, ++v/=100¥ >0 on M\ S;

(2) a(—9)(EV=10) + /=100V) + /=100¥ > 0 on M \ S, where a is as in

Theorem 2.1,

respectively,
(1) %\/—l@h ++/—=100V > 0 in the sense of currents on M\ S;
(2) 2/=10 + (1 +6)v/—100¥ > 0 in the sense of currents on M\ S.

Then for any holomorphic section f of KJ; ® L|s on S satisfying

n ok 2
(33) > f, Mraviie) -

there exists a holomorphic section F' of mKy ® L on M satisfying F' = f on
S and

(3.6) A/M MFMﬂM<fm e+/

where cA(t) is as in Theorem 2.1 (resp. Theorem 5.2).

Using the arguments in Section 3.5, we obtain the relation to log-plurisub-
harmonicity of the fiberwise m-Bergman kernels on Stein manifolds (see [9]
or [8]).

3.8. Interpolation hypersurfaces in Bargmann-Fock space. In this subsec-
tion, we give an application of Theorem 3.8 to a generalization of interpolation
hypersurfaces in Bargmann-Fock space (see [45]).

We say that W is a uniformly flat submanifold in C" (the case of hyper-
surface is referred to [45]) if there exists 7', which is a plurisubharmonic polar
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function of W on C", such that (90T * %)(z) has a uniform upper

bound on C™ which is independent of z € C" and r.

We say that W is an interpolation submanifold if for each f € bf?, there
exists F' € BFL, such that F lw = f, where the plurisubharmonic function ¢
satisfies

V—180p ~ w = /—190|z|?,
where
bf? = {f cO(W): / | flPe PPt < +oo}
w
and
B = {F e o : / [FlPe o™ < ool
(C'n

Let T be a plurisubharmonic function in #(W) N C*>(C™\ W). For any
z € C" and r > 0, consider the (1, 1)-form

e 1 92 log |T)|
Ywor(z,r) = ”ZZI (Vol(B(z,r)) /B(w) “oeioeT w" (& )> V—1dz' A dZ .

The density of W in the ball of radius r and center z is

o Twr(zr)(v,v)
DW,T, z,r) := sup { Nasr T PR R veTen, — {0}} ,

where ¢, 1= @ * m The upper density of W is

DT (W) := suphmsup sup DOW, T, z,r).

T—00 zeCn
In [45], one of the main results is

THEOREM 3.11 ([45]). Let W be a uniformly flat hypersurface. Letp > 2.
If DT < 1, then W is an interpolation hypersurface.

Using Theorem 3.8, we obtain a sufficient condition for interpolation sub-
manifold in Bargmann-Fock space for p < 2:

THEOREM 3.12. Let W be a uniformly flat submanifold. Let 0 < p < 2.
If Dt < L, then W is an interpolation submanifold.

3.9. Optimal estimate of the L? extension theorem of Ohsawa. In this
subsection, we give some applications of Theorem 2.2 by giving an optimal
estimate of the L? extension theorem of Ohsawa in [36]. Assume that (M, S)
satisfies condition (ab).

Let coo(t) := (1 + e*i)_m ¢, where ¢ is a positive constant. It is clear

that [ coo(t)etdt = m St OO (1)1 e < oo
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Using Remark 4.12, we obtain that inequality (2.4) holds for any ¢ €
(=00, 4+0). Let ¥ = mlog(|g1|?>+- -+ |gm|?), where S = {g1 = -+ - = gsn, = 0}
and g; are holomorphic functions on M, which satisfy A7,dg;ls,., # 0.

Using Theorem 2.2 and Lemma 4.14, we obtain an optimal estimate ver-
sion of the main result in [36] as follows:

COROLLARY 3.13. For any holomorphic section f of Kg,,, ® Els,,, on
Sreg satisfying

Lo < oe,

there exists a holomorphic section F of Kyy @ E on M satisfying F = f A
Nie dgi on Sreg and

| @l -+ g HE P

m—1 ) L 1 (27.‘.)m
m—1
<c <m 3 Cha(1 Jm_l_j+5> o

where the uniform constant C = 1, which is optimal for any m.

When M is Stein, for any plurisubharmomic function ¢ on M, we can
choose a sequence of smooth plurisubharmomic functions {¢}x=12,., which
is decreasingly convergent to ¢. Then the above corollary gives an optimal
estimate version of the main theorem in [36].

Let coo(t) := (1 + e %) 717%, where ¢ is a positive constant. Using Re-
mark 4.12, we obtain that inequality (2.4) holds for any ¢ € (—oo,+00). Let
U =mlog(|g1]? + -+ + |gm|?), where S = {g1 = --- = g, = 0} and g; are the

same as in Corollary 3.13.
Using Theorem 2.2 and Lemma 4.14, we can formulate a similar version
to the above corollary with more concise estimate:

COROLLARY 3.14. For any holomorphic section f of Ks,,, ® Els,,, on
Sreg satisfying

W/Sreg{f,f}h<oo’

there exists a holomorphic section F of Ky @ E on M satisfying F = f A
Nie, dgi on S and

1
| (P 4+ g™ B P < O

o

m

where the uniform constant C = 1, which is optimal.

Let M be a Stein manifold, and let S be an analytic hypersurface on M,
which is locally defined by {w; = 0} on U; C M, where {U;}j=1, . is an open
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covering of M, and functions {wj}j:Lg,‘_, together give a nonzero holomorphic
section w of the holomorphic line bundle [S] associated to S (see [25]).

Let |- | be a Hermitian metric on [S] satisfying that |- |-y is seminegative,
where 1) is an upper-semicontinuous function on M. Assume that log(|w|?) +
1 < 0on M. Let ¢ be a plurisubharmonic function.

Let ¥ := log(|w|?)+. Note that W is plurisubharmonic. By Lemma 4.14,
we have B
Cn—1 % A % "

|dw|?
for any continuous (n,0)-form F on M, where |dw| is the Hermitian metric on
[—5]|$,ey induced by the Hermitian metric | - | on [S]]s,.,

Let ¢o(t) := 1. It is easy to see that [° co(t)e 'dt =1 < oo and ¢o(t)e " is
decreasing with respect to ¢, and inequality (2.4) holds for any ¢ € (—o0, +00).

Using Theorem 2.2, we obtain another proof of the following result in [26],
which is an optimal estimate version of main results in [40], [30] and [61], etc.

|F12dVy 9] = 2

COROLLARY 3.15. [26] For any holomorphic section f of Ks,,, 0n Sieg

satisfying
f/\f —p—y
_ < 00,
Cp 1/5 |dw|2€ o

there exists a holomorphic section F of Ky on M satisfying F = f A dw on
Sreg and

reg

_ AT
cn/ FAFe ¥ <2rnCep_1 / “;Ce*“”ﬂ/’,
M Sreg |dw|

where the uniform constant C = 1, which is optimal.
When w is a holomorphic function on M, the above corollary is an optimal

estimate version of the L? extension theorems in [34], [40], [49], [50], [2], [15],
[, [16], [30], [61], [10], etc.

3.10. The optimal constant version of the L? extension theorems of Manivel
and Demailly.

THEOREM 3.16 ([34] and [15]). Let (X, g) be a Stein n-dimensional man-
ifold possessing a Kdhler metric g, and let L (resp. E) be a Hermitian holo-
morphic line bundle (resp. a Hermitian holomorphic vector bundle of rank
r over X). Let w be a global holomorphic section of E. Assume that w is
generically transverse to the zero section, and let

H={reX: wk)=0,ANdw(z)#0}.

Moreover, assume that the (1,1)-form /—10(L) + rv/—1901og |w|? is semi-

positive and that there is a continuous function o > 1 such that the following
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two inequalities hold everywhere on X:

{V—=10(E)w,w}

alwl?

9

(a)  V=1O(L) + rv—1901log |w|* >
(b)  |w| <e™®.
Then for every holomorphic section f of \"I'y ® L over H, such that

/ 2| AT (duw)|"2dViy < 400,
H

there exists a holomorphic extension F' to X such that F'H = f and

P2 o ey 2
3.7 dVxy < C— dV;
I R e T A S Rl M LU

where C s a uniform constant depending only on r.
Using Theorem 2.1, we obtain the following:

COROLLARY 3.17. Theorem 3.16 holds with the optimal constant C = 1
in the estimate (3.7).

3.11. The optimal estimate for the L? extension theorems of McNeal and
Varolin. In [35], McNeal and Varolin defined a function class ©.

Definition 3.18. The class ® consists of nonnegative functions with the
following three properties:

(I) Each g € ® is continuous and increasing.
(IT) For each g € ©, the improper integral

© dt
C’(g):/l E<—|—oo.

For § > 0, set

and note that this function takes values in (0,1]. Let
*1— Hs(y)
1 Hi(y)

(III) For each g € ®, there exists a constant ¢ > 0 such that

gs(z) = dy.

T+ gs(x
Ks(g) = supﬂ < 400
z>1 9(@)

The extension theorem proved by McNeal and Varolin is stated as below.
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THEOREM 3.19. Let X be a Kdhler manifold of complex dimension n.
Assume there exists a holomorphic function w on X, such that sup |lw| = 1
X

and dw 1is never zero on the set H = {w = 0}. Assume there exists an analytic
subvariety V. C X such that H is not contained in V and X\V is Stein. Let
L be a holomorphic line bundle over X together with a singular Hermitian
metric. Let ¢ : X — [—00,4+00] be a locally integrable function such that
for any local representative e=% of the metric of L over an open set U, the
function ¥ + ¢ is not identically +00 or —oo on HNU. Let g be a function
in ®. Assume that ¢ satisfies that for all v > 1 and € > 0 sufficiently small
(depending on v — 1),

V—=100(¢p + 1 + log |w|?) > 0,
g_l(e_¢g(1 - log|w]2)) >1 and
a—g ! (e_wg(a)) 18 plurisubharmonic,

where a = 7 — log(|w|? + €2). Then for any holomorphic (n — 1)-form f €
C®(H,A\""'T} @ L) on H with values in L such that

/ {fs fle—e—v dVh < +o0,
H

there is a holomorphic n-form F € C®(X,\"T'y ® L) with value in L such
that F‘H = f Adw and

{F7 F}e*%" E
(O o (lop 5] ¥ < 20CC0 Rty -

(Ka(g)+%‘50(g)>
C(9)

By Theorem 2.2, it follows that

where C = 4

COROLLARY 3.20. Theorem 3.19 holds with the optimal constant C = 1
in the estimate (3.8), and g only needs to satisfy (I) and (II).

In Section 3 of [35], McNeal and Varolin gave various cases of extension
theorems with gains. We give optimal estimates of their extension theorems:
Let g(t) := w, where g : [1, +00] — [0, +00] is as in [35] and A = —1. Let
U = log |w|?.

Using Corollary 3.20, we obtain optimal estimates for all extension theo-
rems in Section 3 of [35].

3.12. An optimal estimate for an L? extension theorem on projective fam-
ilies. In [51], [46] and [6], one has an L? extension theorem on projective
families:
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THEOREM 3.21. Let M be a projective family fibred over the unit ball in
C™, with compact fibers M. Let (L, h) be a holomorphic line bundle on M with
a smooth hermitian metric h of semipositive curvature. Let u be a holomorphic
section of Ky, ® L over My such that

/Mo{u, ulp < 1.

Then there is a holomorphic section @ of Ky ® L over M such that 4|y, =
u A dt, and

(3.9) /M{a,a}h <G,

In [46], one can take Cp < 200. In Theorem 2.2, take c4 = 1 and let
U := 2mlog|t|. We obtain an optimal estimate of the above L? extension
theorem:

COROLLARY 3.22. Theorem 3.21 holds with Cj = 22" which is optimal.

m!

3.13. An optimal estimate for an L? extension theorem of Demailly, Hacon
and Pdun. In [17], Demailly, Hacon and Paun gave an L? extension theorem
in the following framework:

Let M be a Stein manifold and S be a closed complex submanifold with
globally defining function w. Let ¢, ¢g, and ¢g, be plurisubharmonic func-
tions on M.

Let vs = vg, — ¢qG,. Assume that appr — pg is plurisubharmonic on
M, |w]?e=s < e™® and pr < gopg, + C on M, where a > 1, gg > 1
and C are all real numbers. Let ¢pg be a smooth function on M, such that
maxy |w|?e=%s < oo.

Demailly-Hacon-Paun’s L? extension theorem is as follows:

THEOREM 3.23 ([17]). Let u be a section of Kg satisfying
/{u,u}e_goF < 0.
S
Then there exists a section U of Ky, such that Ulg = u A dw and
(3.10) / {U,UYe bes=(0-02s—¢r < ¢ / {u,u}e™%F,
M S
where 1 > b > 0 is an arbitrary real number, and the constant
\1-b
Cy = Cob™? (max |w|267¢5) ,
M
where Cy depends only on the dimension.

Using Theorem 2.1, we obtain an optimal estimate of the above extension
theorem:
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COROLLARY 3.24. Theorem 3.23 holds with
1 _\1-0b
Cy=2m (oze_bo‘ + fe_bo‘> <max ]w|26_”5) ,
b M
which is optimal, without assuming that o < oG, +C on M.

4. Some results used in the proof of main results and applications

In this section, we give some lemmas which will be used in the proofs of
main theorems and corollaries of the present paper.

4.1. Some results used in the proofs the main results. In this subsection,
we recall some lemmas on L? estimates for some 0 equations (for general cases,
see [32], [53], etc.) and give some useful lemmas. Denote by 0* or D”* the
Hilbert adjoint operator of 0.

LEMMA 4.1 (see [40] or [44]). Let (X,w) be a Kdhler manifold of dimen-
sion n with a Kdhler metric w. Let (E,h) be a hermitian holomorphic vec-
tor bundle. Let m,g > 0 be smooth functions on X. Then for every form
a € D(X, AT ® E), which is the space of smooth differential forms with
values in E with compact support, we have

I(n+g7)2D"al* + |ly2 D"al

> <<[7]\/—1@E —/=100n — /—1g0n A On, A,)a, a>> .
LEMMA 4.2. Let X and E be as in the above lemma and 6 be a continuous
(1,0)-form on X. Then we have

V=10 A0, Au]a = 0 A (e (8))

for any (n,1)-form o with value in E. Moreover, for any positive (1,1)-form
B, we have [B,A,] is semipositive.

(4.1)

Proof. For any = € X, we choose a local coordinate (z1,...,z,) near x,
such that

(1) 0| = adz,
(2) wle = V—1dz1 Adzy + - -+ + V/—1dz, A dZp,.
It suffices to prove [/—1dz1 A dz1, Ay)a = dz; A (O[I_(dgl)ﬁ).

At x, we have Ay,a = (a\_(\/jld21 ANdzZy 4 -+ /—1dz, A dzn)ﬁ). It is
clear that /=Tdz1 A dzy A Aya = /=Tdzy Adzy A (au(vV=1dz1 Adz)?).

Let al, = afe; = S0, o Iy dziAdZ,®e;, where {e;} is an orthonormal
basis of FE,. Then we have

(QL(\/jldzl A dil)ﬁ)h = —\/_71(_1)71710‘{ /n\ dz ® €

=2
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and

[V=1dz1 A dz1, Ay| o =v—=1dz1 Adz A (Aua)

n
=0y N\ du Adz @ e
=1
=dz A (ac(dz)?). 0
LEMMA 4.3 (see [15], [16]). Let X be a complete Kihler manifold equipped
with a (not necessarily complete) Kdhler metric w, and let E be a Hermitian

vector bundle over X. Assume that there are smooth and bounded functions 7,
g >0 on X such that the (Hermitian) curvature operator

B := [n\/jl@E —V=199n — V/—1gdn A 577,Aw]

is positive definite everywhere on ATy, @ E for some ¢ > 1. Then for every
form X\ € L*(X,A™T% ® E) such that D"\ = 0 and [ (B~'\,\)dV,, < oo,
there exists u € L*(X, A" 'T% ® E) such that D"u = X and

/(n+g‘1)‘IIUI2de S/(B‘lA,»de.
X X

For any point « € S, we have a neighborhood U, C M of x and a bi-
holomorphic map p from U, to A", such that p(U, N S) = Adm™S  and
p(Uy \ S) = AdimSz x (AcodimSz)* = Then we can use the following lemma
to study high dimension cases:

LEMMA 4.4. Let A be the unit disc and A, be the disc with radius r.
Then for any holomorphic function f on A, which satisfies

[ 1skar < oo,
A

we have a uniformly constant C, = #, which is only dependent on r, such
that

[par<c [ ippan
A A\A,
where X\ is the Lebesque measure on C.

Proof. By Taylor expansion at o € C, it suffices to check the lemma for
f = 2. By some simple calculations, the lemma follows. O

Let L (M) := {F|F € A""T*M ® E, [,,{F,F}, < co}. We now discuss
the convergence of holomorphic (n,0)-forms with values in E as follows:

LEMMA 4.5. Let M be a complex manifold with dimension n and a con-
tinuous volume form dVys. Let E be a holomorphic vector bundle with rank r
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and h be a Hermitian metric on E. Let {Fj}j:LQ,m be a sequence of holomor-
phic (n,0)-forms with values in E. Assume that for any compact subset K of
M, there exists a constant Cx > 0, such that

(4.2) / |Fjl7dVy < Ck
K

holds for any j =1,2,... . Then we have a subsequence of {F}};j—1,2,.., which
is uniformly convergent to a holomorphic section of Kyr ® E on any compact
subset of M.

Proof. We can choose a covering {U;};=12,.. of M, which satisfies
(1) U; cC M, and 3K; CC Uj;, such that U, K; = M;
(2) E|y, is trivial with holomorphic basis €t ..., el;
(3) K|y, is trivial with holomorphic basis v¢.

Then we may write F}|y, = fj'-fie}'ﬁ ®v', where fjkZ are holomorphic functions on
U;. As h is a Hermitian metric and U; CC M, there exists a constant Bx > 0,
such that

r
> ek, e fifi = Bie Y Ifl
k=1

1<k, i<r
By inequality (4.2), it follows that
(13) [ Xt e < S8
. Slfet NP < —
uiim T - Bk

forany j=1,2,....
We can obtain a subsequence of {F};},—1 2, .. which is uniformly convergent

on any compact subset of M by the following steps:

(1) On Uy, by inequality (4.3), we can obtain subsequence {Fj }j=12,. of
{Fj}j=1,2,.. which is uniformly convergent on Kji;

(2) On U, by inequality (4.3), we can obtain subsequence {F3 }j—12,.. of
{F{,j }i=1,2,... which is uniformly convergent on Ky;

(3) On Us, by inequality (4.3), we can obtain subsequence {Féj}j:1,27,,, of
{Fé,j}jzl,l--- which is uniformly convergent on Ks ... .

As the transition matrix of E is invertible, we see that {F ]{j }j=1,2,... is uniformly

convergent on any compact subset of M. Thus we have proved the lemma. [

LEMMA 4.6. Let M be a complex manifold. Let S be a closed complex
submanifold of M. Let {U;}j=12,.. be a sequence of open subsets on M, which
satisfies

U1CU2C"'CU]'CU]'+1C"',
and J52,Uj = M\ S. Let {Vj}j=12.. be a sequence of open subsets on M,
which satisfies

‘GC‘/QC"'C‘/jCV}—i—lC”"
Vi D Uj, and J52, V; = M.
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Let {gj}jzl,gw be a sequence of positive Lebesque measurable functions
on Uy, which satisfies that g; are almost everywhere convergent to g on any
compact subset of Uy, (j > k), and g; have uniformly positive lower and upper
bounds on any compact subset of Uy (j > k), where g is a positive Lebesgue
measurable function on M\ S.

Let E be a holomorphic vector bundle on M, with Hermitian metric h.
Let {Fj}j=1,2,. be a sequence of holomorphic (n,0)-form on V; with values in
E. Assume that lim;j_,o ij {Fj,Fj}ngj = C, where C is a positive constant.

Then there exists a subsequence {Fj }1=12,... of {F}}j=1,2,.., which satisfies
that {F},} is uniformly convergent to an (n,0)-form F on M with value in E
on any compact subset of M when |l — 400, such that

/{FvF}hQSC-
M

Proof. As liminf;_, ij {F},Fj}ng; = C < o0, it follows that there ex-
ists a subsequence of {Fj}}, denoted still by F; without ambiguity, such that
limj o0 [y {Fjs Fjtngj = C.

By Lemma 4.4, for any compact set K CC M, it follows that there exists
f(jk CC M \ S, which satisfies ‘f{jk Cc Uj,, and

Kk Kjlc

for any j > ji, where C}, is a constant which is only dependent on k.

Using Lemma 4.5, we have a subsequence of F}j, which is uniformly con-
vergent on K7, denoted still by F; without ambiguity. Assume (72, K; = M
and K CC Kjy1.

Using the diagonal method for k, we obtain a subsequence of F}, de-
noted by F; without ambiguity, which is uniformly convergent to a holomorphic
(n,0)-form F with value in £ on any compact subset of M.

Given K CC M\ S, as {F;} (resp. g;) is uniformly convergent to F
(resp. g) for j 2~k:f{, we have [ {F, F}g < limj_o ij{F},Fj}hgj, where k
satisfies Uy . D K. It is clear that [, {F, F}pg < lim; o0 ij{Fj,Fj}hgj. O

We now give a remark to illustrate the extension properties of holomorphic
sections of holomorphic vector bundles from M \ X to M.

Remark 4.7. Let (M, S) satisfy condition (ab), and let h be a singular
metric on a holomorphic line bundle L on M (resp. continuous metric on
holomorphic vector bundle E on M with rank r) such that h has locally a
positive lower bound. Let F' be a holomorphic section of Kynx @ E|yn x,
which satisfies [y x [F |2 < 0. As h has locally a positive lower bound and
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M satisfies (a) of condition (ab), there is a holomorphic section F of Ky ® L
on M (resp. Ky ® E), such that Flynx = F'.

We now give an approximation property of the function c4(t) (A < +00)
as follows:

LEMMA 4.8. Let ca(t) be a positive function in C*°((—A,+00)), which
satisfies [ ca(t)e™tdt < oo and inequality (2.4), for any t € (—A,+o0).
Then there ezists a sequence of positive C* smooth functions {cam(t)}m=1.2,...

n (—A, +00), which satisfies
(1) cam(t) are continuous near +00 and limy_, 1o cam(t) > 0;
(2) cam(t) are uniformly convergent to ca(t) on any compact subset of

(—A,+00), when m goes to oo;

(3) [y cam(t)etdt is convergent to [, ca(t)e " dt when m approaches to oo;
(4) for anyt € (—A,+00),
2

t t to
(/ CA,m(tl)e_tldtl> > CA,m(t)e_t / / CA,m(t1)€_tldt1dt2
—_A —-AJ-A

holds.

Proof. We give a construction of c4,,. First, we consider the case that
A < +o00. Let gp(t) := ca(t) when t € (—A,—A + B]. We can choose gp(t),
which is a positive continuous decreasing function on t € [-A + B, o0), and
smooth on (—A + B, 00), which satisfies lim; 4+ gp(t) > 0, such that
o0
(4.4) / gp(t)e tdt < B,
—A+B

where B > 0.
As gp(t) = ca(t) when t € ( A,—A+ B), we have

t t t2
(4.5) (/ aB tl ldtl > gB(t)e*t/ / gB(tl)eftldtldtQ
- —AJ-a

holds for any t € (—A, —A + B). As gg(t) is decreasing on [—A + B, +00), it
is clear that inequality (4.5) holds for any ¢t € (—A, +00), and

li > t —tdt:/oo t)dt
s gn(t)e » ca(t)

by inequality (4.4).
Given ep small enough, such that

[-A+ B —¢cp,—A+ B+ep] CC (—A4,+0),

one can find a sequence of functions {gp ;(t)}j=1,,. in C*(—A, +00), satisfy-
ing gp j(t) = gp(t) when t ¢ [-A+ B —ep, —A+ B + £g], which is uniformly
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convergent to Gp. Then it is clear that for j big enough,

t 2 to
(/AgBo(tl)e_“dtl) > gp,;(t / / gp,;(t1)e M dtydts

holds for any ¢ € (—A, +00).
For any given B, we can choose jp large enough such that

W [ amsac = [ gutra] < 57

2 5 () — B
(2) te(gnﬁoo)lgam(t) gp(t)| < B~

; 2
</ 9B,jg (tl)e_tldtl)
—A

to
> gpjp(t)e’ /_A /_AgB,jB(tl)e_tldtldtg Vt € (—A, +00).

(4.6)

Let cam := gm,jn: thus we have proved the case that A < 4o00. Secondly,
we consider the case that A = +o00. Let gg(t) := ¢xo(t) when t € (—o0, B),
9B(t) := co(B) when t € [B,00), where B > 0. Using the same construction
as the case A < +o00, we obtain the case that A = +oc. O

Remark 4.9. Let ca(t) be the positive function in Theorems 2.1 and 5.2.
By the construction in the proof of the above lemma, one can choose a se-
quence of positive smooth functions {ca m (t)}m=1,2,.. on (—A, +00), which are
continuous on [—A, 4+oo] and uniformly convergent to c4(t) on any compact
subset of (—A,+o00), and satisfying the same conditions as c4(¢) in Theo-
rems 2.1 and 5.2, such that [ cam(t)e™tdt + $cam(—A)e? are convergent
to [ ca(t)e tdt + 2ca(—A)e? when m goes to oc.

In fact, we may replace smoothness of c4(t) by continuity:

Remark 4.10. Using partition of unity {p;},; on (—A, +00) and smoothing
for pjca, we can replace smoothness of c4(t) by continuity in Lemma 4.8.

Now we introduce a relationship between inequalities (2.4) and (2.1).

LEMMA 4.11. Let ca(t) satisfy [T5°0 ca(t)e tdt < oo and inequality (2.4)
(A € (=00, +]). For each A" < A, there exist A” and §" > 0, such that
A> A" > A" and there exists can(t) € CO([—A",+00)) satisfying
(1) can(t) = ca®)|-a,+00);

(2) f+A” CA//( ) _tdt + %CA//(—A”)EAN = fjjo CA(t)e_tdt;
(3) ft A/’((S” CA”( A//)eA// + f?A“ car (t1)€_tldt1)dt2 + (;/%CA”( A//) A”
f_A(f_QA CA(tl)e_tldtl)dtQ.
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Proof. Given A" < A, let g(t)[[—a’ 4oo) = cA(t)||— a7 400)- As ca(t) satisfies

T2 ea(t)e tdt < oo and inequality (2.4) holds (A € (—o0,+0|), we can
A

choose a continuous function ¢(t) such that it is decreasing rapidly enough on
[A” A’] (A" can be chosen near A’ enough), and the following holds:
(1) jj?, CA//(t) _tdt+ 5”6‘4”( A//) A eroo CA( ) —tdt
(2) L pn(Grean(=AN)eN + [y, can(tr)e™ 1 dty )dta + srzcan(—A")e?

JE a2, caltr)etsdtydts.

Thus we have proved the lemma. O

Since A may be chosen as positive infinity, we have a sufficient condition
for inequality (2.4) holding:

Remark 4.12. Assume that %CA(t)e_t >(0fort e (—A,a), and %CA(t)e_t

< 0 for t € [a,+00), where A = +00 and a > —A. Assume %log(cA(t)e_t)
< 0 for t € (—A,a). Then inequality (2.4) holds.

Proof. Let H(t, f) := (f*, f(t1)dt1)? — £(t) [* (S, f(t1)dt1)dts, where
f(t) is a positive smooth function on (—A,+0o0). Inequality (2.4) becomes
H(t,ca(t)e™t) > 0 for any t € (—A,+00); that is, H(ifz“tii)_et_t) > 0 for any

€ (A, +00).

It suffices to prove jt% > ( for any ¢t € (—o0,a), and therefore

0 %(CA(t)e*t)) >0

for any t € (—o0,a).
As Z(ca(t)e™t) > 0 for any t € (—o0, a), it suffices to prove that

4 H( Seae)
dt g(ca(t)e™)
for any t € (—00,a), which is H(t, 4 (ca(t)e™t)) > 0 for any t € (—00, a).
Note that H(t, élt:lit( A(t)e ™)) = —(ca(t)e” t)QgtC‘lit log(ca(t)e™t). Thus we
have proved the present remark. O

In the last part of this section, we recall a theorem of Fornsess and
Narasimhan on the approximation property of plurisubharmonic functions of
Stein manifolds.

LEMMA 4.13 ([20]). Let X be a Stein manifold and ¢ € PSH(X). Then
there exists a sequence {¢y}n=12,.. of smooth strongly plurisubharmonic func-
tions such that o, | @.
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4.2. Properties of polar functions. In this subsection, we give some lem-
mas on properties of polar functions.

LEMMA 4.14. Let M be a complex manifold of dimension n and S be an
(n — 1)-dimensional closed complex submanifold. Let ¥ € A(S). Assume that
there exists a local coordinate (z1,...,z,) on a neighborhood U of x € M such
that {zy, 141 =" =2, = 0} = SNU and ¢ := ¥ —1llog(|zn_111/>+- - +|2n|?)
is continuous on U. Then we have d\,[V] = e ¥Yd),/, where d)\, and d),
denote the Lebesgue measures on U and S NU. Especially,

[f ANz i1 A AdzlpdAL[W] = 2 F, fne™?,

where f is a continuous (n — [,0) form with value in the Hermitian vector
bundle (E,h) on SNU.

Proof. Note that
d)\z[l log(‘zn—l+1|2 +oeet |Zn|2)] = dAy

for 2 = (2, zn_141,- - -, 2n). According to the definition of generalized residue
volume form dA,[¥] and the continuity of 1, the lemma follows. O

Using a similar method as in the proof of the above lemma, we obtain a
remark as follows:

Remark 4.15. Let M be a complex manifold of dimension n and S be an
(n — I)-dimensional closed complex submanifold. Let ¥ € A(S). Assume that

there exists a local coordinate (z1,..., 2, w941, ..., ws,) on a neighborhood
U of x € M such that {wyy; = -+ = we, = 0} = SNU and ¢ := ¥ —
log(|wag1|* + -+ + |wan|?) is continuous on U, where 2/ = (21,...,2) are
complex coordinates, and wg;y1,...,ws, are real coordinates. Then we have

AV, [¥] = e ¥d\,/, where dV,/,, and d\. denote the Lebesgue measures on
U and SNU. Especially,

_{FvF}h

FF
FlsRar.fe) = U - & Th

Ui\,
Vo e YdA,

d‘/z’,w [\I’]

where F' is a continuous (n, 0)-form with value in the Hermitian vector bundle
(E,h) on U.

LEMMA 4.16. Let di(t) and da(t) be two positive continuous functions on
(0, 4+00), which satisfy

+oo +oo
/ di(t)e tdt = / do(t)e tdt < oo,
0 0

di(t) [ gesryugt<rsy = d2(8) [ gesryuft<rs)s
di (D) ra<t<ry > d2(t)|(ry<t<r}s
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and

di ()| (ry<t<ray < A2(E)]{ry<tara}s

where 0 < r3 < 1o < ry < +oo. Let f be a holomorphic function on A, then
we have

[ (=PI fPAN < [ da(= (=] 2N < +oo,
A A

where X\ is the Lebesgue measure on A. Moreover, the equality holds if and
only if f = f(0).
Proof. Set

flz) = Z arz”,
k=0

a Taylor expansion of f at 0, which is uniformly convergent on any given

compact subset of A.
As

/ di (= In(|2[2))2M 2*2d) = 0
A

when ki # ko, it follows that

J == isan= [ kfjoczl(—1n<rz|2>>|ak|2|z|2’fdx

(4.7) * N
=7 Z |ak|2/ dy(t)e Fte tat
k=0 0
and
[ (=PI = [ 3 do(=n(1z[) e 212N
A A E—0
(4.8) ” .
=7 Z |ak|2/ do(t)e *te~tat.
k=0 0
As
“+o0o +0o0o
/ di(t)e tdt = / da(t)e tdt < oo,
0 0
dl (t)|{7"2<t<7“1} > d2“)’{7‘2<t<'f1}7
and

di(t)|(ry<t<ray < A2(E)]{ry<tara}s
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it follows that

/7’2 (d2 (t) —d (t))e_kte_tdt > /T2 (dg(t) —d (t))e—krze—tdt

3 T3

(4.9) — [ dt) = da(t))e et

T2

> [ date) — daee e tar

r1 r1
/ dy(t)e Me tdt < / do(t)e Metdt
T3 T3

therefore

for every k > 1.
Since

di(t)[gesryugt<rsy = A2(8)[gesryugi<rs)s

we have
+o0 +oo
/ dy(t)e Metdt </ do(t)e e tdt
0 0

for every k > 1.

Comparing equalities (4.7) and (4.8), we obtain that the inequality in the
lemma holds, and the equality in the lemma holds if and only if ax = 0 for any
k> 1;1ie., f = f(0). Then we are done. O

Let Q be an open Riemann surface. Let 2y € €2, and let V,, be a neigh-
borhood of zp with local coordinate w, such that w(zp) = 0.

Using the above lemma, we have the following lemma on open Riemann
surfaces:

LEMMA 4.17. Assume that there is a negative subharmonic function ¥ on
Q, such that ¥y, =In|w|?, and Yo\, = sup.ey, V(z). Let di(t) and da(t)
be two positive continuous functions on (0,+00) as in Lemma 4.16. Assume
that {¥ < —r3 + 1} CC V,, is a disc with the coordinate z. Let F' be a
holomorphic (1,0)-form, which satisfies F|,, = dw. Then we have

/d1 \/ F/\F</d2 \/ 1FAF < 400.

Moreover, the equality holds if and only if F|VZ0 = dw

Proof. It is clear that
F
/d1 U)V/—1FANF = dy (=) =1|5—|%dw A di
4 10 {log |w|2<—rs+1} dw

+/ di(—¥)vV—-1F A F,
Q\{log |w|?<—r3+1}
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F
/d2 U)y/—1F ANF = do(—U)v/—1|-—|?dw A dw
{log |w|2<—r3+1} dw
(4.11)
+/ do(—¥)V/—1F A F.
Q\{log |w|2<—r3+1}

Note that _\I’|Q\{log|w|2<fr3+1} < r3— 1. Then

/ di(—U)V-1FAF = do(—¥)V/—1F A F.
Q\{log |w|2<—r3+1} Q\{log |w|2<—r3+1}

Applying Lemma 4.16 to the rest of the parts of equalities (4.10) and
(4.11), we get the present lemma. O

Let © be an open Riemann surface with a Green function. Let p: A — Q
be the universal covering of 2. We can choose V, small enough, such that p
restricted on any component of p~1(V,,) is biholomorphic. Let h be a harmonic
function on Q and p = e~2". As h is harmonic on ), then there exists a
multiplicative holomorphic function f, on A, such that |f,| = e?"" = p*eh.
Let f_p := fh_l. Let f_pj = f-nlu; and p; := p|y,, where U; is a component
of p~1(V,) for any fixed j.

Using Lemma 4.16, we obtain the following lemma:

LEMMA 4.18. Let  be an open Riemann surface with a Green function
Gq. Let zp € Q, and let V, be a neighborhood of zy with local coordinate w,
such that w(zg) = 0. Assume that there is a negative subharmonic function
U on Q, such that |y, = In|w|* and Ylovy,, = sup.ey, V(2). Let di(t)
and dg(t) be two positive continuous functions on (0,+00) as in Lemma 4.16.
Assume that {V < —r3+1} CC V,,, which is a disc with the coordinate w. Let
F be a holomorphic (1,0)-form, which satisfies ((pj)«(f-n,;))F|z = dw. Then
we have

/dl U)y/—1 pF/\F</d2 U)y/—1pF A F.
Moreover, the equality holds if and only if ((pj)«(f-nj))Flv., = dw.

Proof. 1t is clear that
F
/d1 )0V —1F A F = dl(—\I/)p\/—H%]de/\du‘J
(4.12)

{log |w|2<—r3+1}
+/ di(—¥)pV/—1F A F,
O\ {log [uf2 <—rs 1}

F
/d2 W)py/—1F A F = dg(—\I/)p\/—H%]de/\du?

4 13 {log |w|2<—r3+1}
do(—W)pV/—1F A F.

“
Q\{log |w|?<—r3+1}
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Note that —W[o\ flog |w|2<—rs+1} < 73 — 1. Then one has

/ di (W) py/=IFAF = do(—W)py/=IF AF.
Q\{log |w|2<—r3+1} Q\{log |w|2<—r3+1}

Applying Lemma 4.16 to the rest of the parts of equalities (4.12) and
(4.13), we get the present lemma. O

4.3. Basic properties of the Green function. Let €2 be an open Riemann
surface with a Green function Ggq, and let zg be a point of 2 with a fixed local
coordinate w on the neighborhood V;, of zp, such that w(zp) = 0.

Remark 4.19 (see [47] or [56]). Ga(z, 20) = SUPyep,(zy) U(2), Where Ag(zo)
is the set of negative subharmonic functions on  satisfying that v — log |w)|
has a locally finite upper bound near z.

Remark 4.20 (see [47] or [56]). Gq(z, zp) is harmonic on Q \ {z}, and
Ga(z, 2zp) — log |w| is harmonic near z.

4.4. Results used in the proofs of the conjecture of Suita, the L-conjecture
and the extended Suita conjecture. In this subsection, we give some results
which are used to prove the conjecture of Suita, the L-conjecture and the
extended Suita conjecture.

Using Theorem 2.2 and Lemma 4.17, we obtain the following proposition,
which will be used in the proof of the conjecture of Suita.

PROPOSITION 4.21. Let Q) be an open Riemann surface with a Green func-
tion Gq. Let zg € Q, and let V,, be a neighborhood of zy with local coordinate
w, such that w(z0) = 0 and Gqlv,, = log|w|. Assume that there is a unique
holomorphic (1,0)-form F on §, which satisfies F|,, = bodw (b is a complex
constant which is not 0), such that

/ VEIFAF < 7r/ Iboduw|2dVa2G (2, 20)].
Q

20

Then Fly,, = bodw.

Remark 4.22. In Theorem 2.2, let U := 2Gq(-, z0) + 2Gq(-, 22), where
z9 near zg and zg # 22, c4(t) = 1 and A = 0. Then we have F5 such that
FQ‘ZO = bod’u}, F2’22 =0 and

/ VoI AR < w/ bodw|2dVia[2Ga (-, 20) + 2Ga(-, 22)] < +o0c.
Q 20

If there exists a holomorphic (1, 0)-form, which satisfies

/ VEIFAF < 7r/ Iboduw|2dVa2G (2, 20)],
Q 20
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then there exists g9 > 0, such that for any ¢ € (0, ¢p),

/Qﬁ(u COF 4+ eR) A1 —)F 1 ehy) < 7r/ boduw[2dVea[2G (2, 20)].

Since ((1—¢)F +eFy)|, = bodw, and ((1—¢)F +¢eF>) also satisfies the inequality
in Proposition 4.21, it is a contradiction to the uniqueness of F'. Then we have

/ VoIFAF =n / boduw[2dVia[2G (2, 20)].
Q 20

Proof of Proposition 4.21. Let ¥ := 2Gq(-,29). We can choose 73 big
enough, such that {U < —rg} CC{¥ < —r3+1} CC V,,, and {¥ < —r3 + 1}
is a disc with the coordinate w. Let d;(t) = 1. One can find smooth da(t) as
in Lemma 4.17, such that da(t)e™" is decreasing with respect to t.

Using Theorem 2.2, we have a holomorphic (1,0) form F} on €, which
satisfies F|,, = bpdw and

[ - FFlAF1<7r/ [bodw|2dValV].
Using Lemma 4.17, we have
/FFIAFl /d2 U)V/—1F A Fy.
Therefore,
| VAR AR <7 [ jdufavale)
20

According to the assumption of uniqueness of F' and the above remark, it
follows that

/ d1 \/ Fl/\Fl /dg \/ Fl/\Fl

and F; = F. Using Lemma 4.17, we have F} ’Vz = bpdw, and therefore F' |Vz =
bod’w. |

Let 2 be an open Riemann surface with a Green function Gg. Let zy € €,
and let V, be a neighborhood of zp with local coordinate w, such that w(zg) =
0. Note that there exists a holomorphic function fy near zp, which is locally
injective near zg, such that |fo| = eG2(-%0),

Let w = fo. Then we have a local coordinate w, such that Gq(-, z9) =
log |w| near zp. Using Theorem 2.2 and Lemma 4.18, we obtain the following
proposition, which will be used in the proof of the extended Suita conjecture.

PROPOSITION 4.23. Let Q) be an open Riemann surface with a Green func-
tion Gq. Let zg € 2, and let V,, be a neighborhood of zy with local coordinate w,
such that w(zo) = 0 and Ga(z, z0)|v., = log|w|. Assume that there is a unique
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holomorphic (1,0)-form F on Q, which satisfies ((pj)«(f=n;))F|z = bodw (bo
is a complex constant which is not 0), and

/ V—1pF ANF < 71'/ plbodw|?dVa[2G(z, 29)].
Q

20

Then ((pj)«(f=nj))Flv., = bodw.

Remark 4.24. In Theorem 2.2, let U := 2Gq(+, 20) + 2Gq(-, 22), where
z9 near zgp and zg # 22, c4(t) = 1 and A = 0. Then we have F» such that
F2|zo = bodw, F2|22 = 0, and

/ V—=1pFy N Fy < 7T/ plbodw|?dVa[2G (2, z0) + 2Gq(-, 22)] < +oc.
Q 20
If there exists a holomorphic (1,0)-form F', which satisfies
/ VoIpF AF < 7r/ plbodw|2dVa[2G (=, 20,
Q

20

then there exists €9 > 0, such that for any ¢ € (0, g),

/Qﬁp(u COF +eR) A1 =) F 1 eF) < ﬂ/ plbodw|?dVa[2G(z, 20)].

20
Since ((1 —¢)F +eFy)|, = bodw, and (1 —¢&)F +¢eF; also satisfies the inequality
in the present proposition, it is a contradiction to the uniqueness of F'. Then
we have

/ V=IpFAF =7 / plbodw|2dVa[2G (2, 20)].
Q 20

Proof of Proposition 4.23. Let ¥ := 2Gq(+,29). We can choose r3 big
enough, such that {U < —rg} CC{¥ < —r3+1} CC V,,, and {¥ < —r3 + 1}
is a disc with the coordinate w.

Let dy(t) = 1. One can find smooth da(t) as in Lemma 4.18, which satisfies
that dy(t)e™t is decreasing with respect to t.

From Theorem 2.2, it follows that there exists a holomorphic (1,0)-form
Fy on Q, which satisfies Fi|,, = bpdw, and

/de(_\p)ﬁppl AFL < 7r/ p(20) [ boduw[2dVia [ ],

20

Using Lemma 4.18, we have
/ vV—1pF A Fl < / dg(—\I/)p\/ —1F1 A Fl.
Q Q

Therefore,

/ V=1pFi NFy < ﬂ/ p(z0)[bodw[*dVo[P].
Q

20
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From the assumption of uniqueness of F' and the above remark, it follows
that

/ d1 p\/ Fl/\Fl /d2 p\/ Fl/\Fl

and F} =
Usmg Lemma 4.18, we have

((P)«(f=nj)) Filv., = bodw;
therefore
()« (f=ns))Elv., = bodw.
We have thus proved the proposition. O

Let © be an open Riemann surface with a Green function G, and let zg
be a point of {2} with a fixed local coordinate w on the neighborhood V of zp,
such that w(zp) = 0.

Let <7,, be a family of analytic functions f on (2 satisfying the normal-
ization condition: f|,, = 0 and df|,, = dw. Analytic capacity cp is defined as

follows:
1

minfe ., SUP.eq [f(2)]
About a relation between cg and cp, it is well known that one has c%(zo) >

cCp = CB(Z()) =

¢%(20). Furthermore, one has the following lemma:

LEMMA 4.25. If there is a holomorphic function g on §2, which satisfies
lg(2)| = exp G(z, 20), then we have c%)(zo) = c%(2).

Proof. For the sake of completeness, we give a proof of the inequality

c%(zo) > c%(20).
Consider
=ty N {fIIf] < M}

As [g(2)| = exp G(z,2), then &2 is not empty.

As o M is a normal family, there exists a holomorphic function f; € @7,
such that suszQ |fil = mingeq, sup.cq|f(2)]. That is, [fi(z)|ep(20) < 1 for
any z € Q. Note that log(|f1(z)|ca(20)) — log|w(z)| is locally finite on V.
Then by Remark 4.19, we have log | fi1(z)|c(20) < G(%, 20); therefore,

(4.14)  Jim (log(|fi(2)|en(z0)) ~ log w(z)]) < Jim (G(z, 20) ~ log w(=)]).

As dfi|,, = dw, we have lim,_,, (log(|fi(z)| — log|w(z)|) = 0. Then
inequality (4.14) implies that cg(20) < lim,_,.,(G(2, 20) —log|w(z)|) = c5(20).
Then we prove c%(zo) = c%(2p) under the assumption in the present lemma.

Suppose that there is a holomorphic function g on 2 which satisfies |g(z)| =

exp G(2,20). As sup,cq|fi| = mingeq, sup,cq|f(2)], we have sup|fi(z) <
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lg(2)]
l9'(20)]”

(4.15) log|f1llg'(20) < 0,

where ¢'(20) = %|zo
Aslog |f1(2))|l¢'(z0)| — log |w(z)| has a locally finite upper bound near 2,
we have log | f1]|¢9'(z0)| < G(z,2z0) = log |g| by Remark 4.19 (see [1] or [56]).
Note that

and therefore

sup

Jim Tog(|f1(2) 1o (20)] ~ log |u(2)]) = log |/ ()] = Jim (1o |g(2)] ~log |u(2))).
It follows that

Jim (log | 71()lg(z0)] — log g(=)]) = 0.
and therefore

1im (log | 1(2)]lg/(z0)] — Gz 20)) = 0.

From inequality (4.15), it follows that log(]f1(2)|l¢'(20)|) — G(z, 20) is a
negative subharmonic function on {2.
Applying the maximal principle to log(|fi(2)|l¢'(z0)]) — G(z, 20), since

Jim (log| f1(2)llg(z0)] = Gz, 20)) =0,

we have
log | f1(2)]|g'(20)] — G(2, 20) = 0,
i.e.,
| fillg' (20)| = Igl.
Then it follows that
1 l9'(20)] ,

cg(zp) = = =14'(20)].

B00) = Soprealfi] ~ subaeg o] ¢ )
As

cp(z0) = exp lim (G(z, 20) — log [w(2)])

= exp Jim (log|g(=)| ~ log [w(=)]) = |g'(20)| = en(z0).

we have cg(20) = cp(20). O

Let us recall the following result of Suita in [54]:

LEMMA 4.26 ([54]). Assume that Q2 admits a Green function. Then wBq(z)
> CQB(Z) for any z € Q. There exists zg € §2 such that equality holds if and
only if  is conformally equivalent to the unit disc less a (possible) closed set
of inner capacity zero.
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Remark 4.27. We now present the relationship between the definition of
cp(z0) == SUD{ | ., =0&| f|<1} |//(20)] in [54] and the definition of ¢p(zp) used in
the present paper. When Jafz](\f is not empty, for any element ¢ in exzfzjy , one
can normalize the norm of g by sup,cq |g| denoted by sup |g| for convenience.

Then it is clear that

-1
sup f'(z0)| = ( min f'(z 1)
{f|f(zo):0&|f|<1}’ (0) {flf(zo)ZO&Ile}| (z0)]
-1
_ : d g -1
= min — |20
{gl9(z0)=08&]| ;27 1<1} dt sup |g|
dg| -1
(4.16) — min |dilz0 -1
{919(20)=0&| 2r1<1} sup |g]|

-1
= | min su
(ge%ﬂg plgl)
—1
Z(grerléfrzlobuplgl> ;

where g € M. If @2 is not empty (i.e., {f|f(z0) = 0&|f| < 1} does not
only contain 0), the above two definitions of c¢p(zp) are equivalent. If szzj(‘)” is
empty (i.e., {f|f(z0) = 0&|f| < 1} only contains 0), the above two definitions
of ¢p(zp) are both 0. Then the above two definitions of c¢g(zp) are the same.

Now we prove an identity theorem of holomorphic maps between complex
spaces, which is useful.

LEMMA 4.28. Let X be a irreducible complex space and Y be a complex
space. Let f,g: X —'Y be holomorphic maps. Assume that for a point a € X,
the germs f, and g, of holomorphic maps f and g satisfy fo = ga- Then we
have f = g.

Proof. Consider amap (f,g) : X =Y xY, whichis (f, g)(x)=(f(x), g(x)).
Denote that A := {z € X|f(z) = g(v)}. Note that A = (f,g)"*(Ay), where
Ay is the diagonal of Y x Y. Then A is an analytic set. As f, = ¢4, there is
a neighborhood U, of a in X, such that f|y, = g|u,.

Using the Identity Lemma in [24], we obtain A = X,, which is the ir-
reducible component of X containing a. As X is irreducible, it is clear that
X = X, = A. Thus we have proved the lemma. O

Remark 4.29. By the above lemma, one can see that if two holomorphic
maps f and g from irreducible complex space X to complex space Y, which
satisfy f|s = g|s, where S is totally real with maximal dimension in X, then

=g



1176 QI’AN GUAN and XIANGYU ZHOU

LEMMA 4.30. Let g1 and go be two holomorphic functions on domain €2
in C, such that |g1| = |g2|, and dg1 = dgo. Assume that dg1 = dgs do not
vanish identically. Then we have g1 = ga.

Proof. As |g1| = |go|, we have g1g1 = g2g2. Then g10g1 = g20g>. 1t is
known that the zero sets of 0g1 and 0gs are both analytic sets on A. From
the assumption, it follows that dg; = 0g1 = 0ga = dgo.

As dg; and dgo do not vanish identically and so are 0g; and 0gs, then
g1 = go on an open subset of A. It is clear that gy = go on A by the identity
theorem of holomorphic functions. O

LEMMA 4.31 (see [4] and [60]). Let H be a Hilbert space with norm || - ||,
and let C be a convex subset of H. Let o € C, such that ||| = infgec ||B]|.
Then a is unique.

Proof. If not, there are a; and as in C, such that

= = inf ||B]].
lol = flezf| = tnf [|5]
As
”a1 +az 2+ H041 — a3 2 = o] + [Jazl?
2 2 2
and || 52| > 0, we have
a1 + as loal* + flaal® _ .
4.17 < = inf .
@17) oty o et int 11
Note that ®:492 € C. Then inequality (4.17) contradicts ||ai]| = [ag| =
infgec [|B]- 0

Remark 4.32. Let €2 be an open Riemann surface with a Green function
Gq, and let zy be a point of 2 with a fixed local coordinate w on the neigh-
borhood V,, of zy, such that w(zp) = 0. Let ¢o(t) =1, ¥ = 2Gq(+, 20).

From Theorem 2.2 and the definition

cg = exp ZlLrglo(GQ(Za 20) — log |w(z)]),

it follows that there is a holomorphic (1, 0)-form F on 2, which satisfies F'|,, =
dw|,, and

ﬁ/ F/\Fgw/ |dw|*dVa[2Gq(z, 20)] = 227T :
Q 20 Cﬂ(zo)

Therefore,
7Ba(z0) > c4(20),

by the extremal property of the Bergman kernel.
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If there is another holomorphic (1,0)-form F on Q, which satisfies F|,, =
dw|,,, and

2w
Cg(ZO)

F/Fﬁs

then the holomorphic (1, 0)-form +F on ) satisfies F%ﬁ\ 20 = dW|y,. Accord-
ing to the proof of Lemma 4.31, it follows that

F+F F+F< 27
2 3(20)

L

Therefore,
mBa(z) > c%(zo),

by the extremal property of the Bergman kernel.

Remark 4.33. Let €2 be an open Riemann surface with a Green function
Gq, and let zy be a point of  with a fixed local coordinate w on the neigh-
borhood V, of zp, such that w(zp) = 0. Let ¢o(t) = 1, ¥ = 2Gq(+, 20), h = p.
By Theorem 2.2 and cg := explim,_,, (Ga(z, 20) — log |w(z)|), there is a holo-
morphic (1,0)-form F on Q, which satisfies F|,, = dw|,,, such that

_ ) _ 2mp(20)
VL[ P AF < [ poldudval2Gaz ) = S

Therefore,
7p(20) Ba,p(20) > ¢3(20),

by the extremal property of the Bergman kernel.
If there is another holomorphic (1, 0)-form F on €, which satisfies F|,, =
dw|,,, and

\/7/ pF/\}:? 27TP(ZO),

CB(ZO)

then (1,0)-form F-gF on €, which satisfies F+F|ZO = dw|,,. From the proof of
Lemma 4.31, it follows that

F+F F+F 2
,/_1/ p + + < 7;/)(20).
2 5(20)

Therefore,
mp(20) Bap(20) > c3(20),
by the extremal property of the Bergman kernel.

We now show a lemma which will be used to discuss the uniform bound
of a sequence of holomorphic functions:
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LEMMA 4.34. Let ¢ be a plurisubharmonic function on Q@ CC C", which
is not identically —oo. Let {fn}n=12.. be a sequence of holomorphic functions
on Q, such that [, |fn]|?e? < C, where C is a positive constant which is in-
dependent of n. Then the sequence {fp}n=12.. has a uniform bound on any
compact subset of €.

Proof. Let K be a compact subset of 2, such that 0 < 2r < dist(K, 00Q).
Let Qg := {z|dist(z, K) < r}. As ¢ is plurisubharmonic, then there is N > 0,
such that [, e~ NdVy < Cy < +00.

Note that
1 _N_
9 N+1 e N+1 2
(/ ol ewdvg) (/ ¢ NdVQ) z/ | f| T VR
(4.18) Qo Qo
n,.2n
> | fulw)] 7,
where w € K. Then the lemma follows. O

5. Proofs of the main theorems
In this section, we give proofs of the main theorems.

5.1. Proof of Theorem 2.1. By Remark 4.7, it suffices to prove the case
that M is a Stein manifold. By Lemma 4.6 and Remark 4.9, it suffices to prove
the case that c4 is smooth on (A4, +00) and continuous on [A, +o00], such that
limy 400 ca(t) > 0. Since M is a Stein manifold, there is a bequence of Stein
manifolds {D,, }>°_; satisfying D,, CC Dy,41 for all m and U D =M. It
is known that all Dy, \ S are complete Kéhler ([22]). Slnce M i is Stein, there
is a holomorphic section F of Kj; on M such that F ls =

Let ds3; be a Kéhler metric on M, and let dV)s be the Volume form with
respect to ds3,;. Let {vtmg}to ER.c€(0,1) be a family of smooth increasing convex
functions on R, such that
(1) vy e(t) =t, for t > —tg — €; vy, () is a constant depending on ty and e,

for t < —tg—l—i-s;

(2) the sequence vy, (t) is pointwise convergent to Iy_; 11«4} when e — 0,
and0<vt0€()§2foranyt€]R;
(3) the sequence vy, <(t) is C1 convergent to by, (t) —

t to 0 to
bty (t) 3:/_ (/_ H{—t0—1<t1<—to}df1)dt2—/_ (/_ [ jo—1<ti<—to1dt1)dla

is also a C' function on R — when ¢ — 0, and 0 < v}, _(t) < 1 for any
te R
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We can construct the family {v e}y cp ceo 1 by setting

t t1 1
’Uto,e(t) 3:/ / 1_726H{7t071+5<s<7t075} * Pigdetl
—00 J —00

(5.1) 0
—/Oo /OO ?%H{—to—l+a<s<—to—a} *P%gdetl,

where p 1, is the kernel of convolution satisfying supp(p1,) C (—ia, ia). Then
4

we have

¢ 1
”{to,a(t) = /_oo 1_726]1{—t0—1+5<5<—t0—a} * Pisds

and
1
Uig,a(t) = @H{—to—1+a<t<—to—a} * Pl

Let s and uw be two undetermined real functions which will be deter-
mined later on after doing calculations based on Lemmas 4.1 and 4.2. Let
N = s(—vte 0 ¥) and ¢ = u(—vyy e o V), where s € C°((—A, +00)) satisfying
s > 3 and u € C°((—A, +00)) satisfying limy—, o u(t) exists (which will be
determined to be = —log(fca(—A)e + [ ca(t)e ™ dt)). Let h = he™ V=

Now let o € D(X, A"’ITZ"‘)M\S@)E) be an E-valued smooth (n, 1)-form with
compact support on D,, \ S. Using Lemmas 4.1 and 4.2 and the assumption
V=10,.-v > 0on D, \ S, we get

IR S 1
g +g7")2D"™al}, g5+ 2 D"al}, g5
5y 2 (VI8 VIO~ Vg A On Adfasa)

({[InV=100¢ + V=16 ,—v
—V/=100n = v/=1gon A In Aula,a)) |\

where g is a positive continuous function on Dy, \ S.
We need some calculations to determine g. We have

(5.3)
00N = —8' (—v1yc 0 V)OO (vgy e 0 V) + 8" (—vty.c 0 W) (g c © W) A D(vgy e 0 W)
and

(5.4)
90 = —u' (—vtg, 0 W)Dvgy e 0 U + U (—vgg 2 © V) (vey e 0 U) A O(vgy © ).
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Therefore,
nV—100¢ — /—199n — v/—1gdn A On
= (' — su/)V/—=100(vy, - 0 U)
(5.5) + (u"s — 8") — gs"™*)V/=10(viy e 0 U) A O(vyy 0 )
= (s' — su/)((vf, . © U)V—100¥ + (vf, .0 W)V/=10(¥) A O(T))
+ ((u"s — 8") — gs"*)V/=10(vty e 0 ¥) A O(vgy e 0 V).

We omit the composite item (—wvy, - o ¥) after s’ — su’ and (u”s — s") — gs'? in
the above equalities.
It is natural to ask u”s — s” > 0. Let g = “/li,?” o (—vye © U). We have

n+g ! = (s—|—i)o(—vt07so\11). Since v/ —10,.-v > 0, a(—V)v/—10},.—v +

wWs—g

V=180¥ > 0on M\ S, and 0 < v}, .o ¥ < 1, we have

(5.6) 1(1 =)0 V)V =1Op-v + (V) . © V)NV ~10p-v + v=190T) > 0
on M \ S for tg big enough, which means that

(5.7) W—=160,-v + (v}, . 0 ¥)V=190¥ >0

on M\ S.
From equality (5.5), in order to obtain the L? estimate, it is natural to let

s’ — su’ > 0; since to find s and u is an extremal problem, it is natural to let
s’ — su’ be a constant; by the boundary condition, the constant should be 1.

Using the inequality 07’5076 > 0, Lemma 4.2, equality (5.5), and inequali-
ties (5.2) and (5.7), one has

<BCM,OZ>B = <[77 \ _1@ﬁ -V _18677 Y _19877 N 577,Aw]0[7 a>ﬁ
(5.8) > ([(vf - 0 U)V=10¥ A DT, Ay]er, @),
= (v} . 0 W)U A (e (0)F), ).

Using the definition of contraction, the Cauchy-Schwarz inequality and
inequality (5.8), we have
(5.9)

(vl 0 W)W Ay, @)z > =] Ow)F),
a2
vfh 0 W) (9D )|
(vjh . 0 W)U A (aL(0D)?), a);,

Ba,&);

<
s
S
™

O
SN—
=
>

— —~ —~~ ~—~

for any (n,0)-form v and (n,1)-form é. )
Take A = O[(1 — v}, (V))F], v = F and & = B~10W A F. It follows that

(B=IA N < (0] . 0 W2,
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and therefore

[ s [ ol ERVy
Dm\S D \S

m

By Lemma 4.3, there exists an (n, 0)-form v, ¢, - with value in E on D,,\ S

satisfying
5'Ym,tO,E = A
and
(5.10) /D s Nmtoelz(n+g~") " dVar < /D m\s(vggya o W) F2dViy.
Let p1 = %0V 1 = pyea(—vgy e 0 U)e?. It is natural to ask n and ¢ to

satisfy u < C(n+g~!)~!, which will be discussed at the end of this subsection,
where C is just the constant in Theorem 2.1.
As vy, (V) > U, we have

(5.11)
/ s Y, to,eliica(—vrg e 0 W)dViy < /D . Yim.to.c 3 ca(—vig. 0 W)pre?dViy.

m

From inequalities (5.10) and (5.11), it follows that
/ m.toelhea(—vig,e 0 ©)AVas < C/ (Ve © \II)’F|%dVMa
Dim\S DS

under the assumption p < C(n+g~1)~L

For any given tg, there exists a neighborhood Uy of {¥ = —oo} N D,, on
M, such that for any e, vy . o W[y, = 0. Therefore, OV to 2 Uo\s = 0. As
U is upper-semicontinuous and ¢ is bounded on D,,, it is easy to see that
Vm,to,e 1 locally L? integrable along S. Then Ym,to,e can be extended to Uy as
a holomorphic function, which is denoted by ¥y, ¢ .-

It follows from ¥ € #(S) that e~ Y is disintegrable near S. Then 4,
satisfies

ﬁm,to,s s =0,

and

- C -
(612) [ Fimsoelieal=vne o WaVis < == [ (tf, 0 0)|FRvdVir,
where Ay, = infy>¢, {u(t)}.

As
lim t) =-1 71 A(—A)e? / A(t) “tdt
t1 u(t) —og(o.c (—A)e” + - ca(t)e )

it is easy to see that

lim —— = Lea(—A) A+/+°° (t)e"dt
Jim A = 5¢A e L, ca(t)e .
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Let Fitpe := (1 — véw oU)F — Amtoe- BY Amitoels =0, then Fp, 4 - is a

holomorphic (n,0)-form with value in E on D,,, satisfying
Fm7to,a|S = F‘S,

and inequality (5.12) can be reformulated as follows:

[ 1Ftae = (U= vl 0 W) FlEea(—tuc 0 W)V
(5.13) 8’"

| e WIFR, V.

m

_eAtO

Given tg and Dy, it is easy to check that (vy o \P)\F\ie,\p has a uniform
bound on D, independent of £. Then

10 =ty 0 WP ea(=viyc 0 W)V,

and

/ vé’O’E ) ‘II|F|}2LG,\I,dVM
Dy,
has a uniform bound independent of & for any given tg and D,,.

Using 5Fm7t075 = 0 and Lemma 4.5, we can choose a subsequence of
{Fm.to.c }e, such that the chosen sequence is uniformly convergent on any com-
pact subset of D,,, still denoted by {Fj, .} without ambiguity.

For any compact subset K on D,,, it is easy to check that Fj,;, .,
(1 —wpe0 ¥)F and (vt e © \Il)|}~7|]2w_q, have uniform bounds on K indepen-
dent of e.

By the dominated convergence theorem on any compact subset K of D,,
and inequality (5.13), it follows that

[ 1Fonty = (1= by, (0) P ea(—biy (9))dVas

C ~
= eAto / (H{*t0*1<t<7to} o \P)‘F‘ie_\pdVM7

m

(5.14)

which implies that

| 1t = (1= B, (0) FlEea(=bi, ())aVag
C

— eAtO

(5.15)

| icee iy o IFE, Vi,

m
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From the definition of dVy[¥] and the inequality -7 % 5 |fI3dVas[®)
< 00, it follows that

limsup/ (L —tg—1<t<—to} © U2, —wdViy

to——+oo m

(5.16) ~ < limsup /M Ip,, (—to—1<t<—to} © V)| FlfwdVis

to——+oo
n_ ok ) n_ ok )

<S5 L ka5 [ IR < .
= k' Js, , ©m = k' Js,_,

Then [, (Ij_ty—1<t<—to} © \I/)|F|]2w_q,dVM has a uniform bound indepen-
dent of ¢y for any given D,,, and

timsup [ (I iy 1< io) 0 O)IF,-udVis

to——+00 m

(5.17)

n 7Tk
<S5 URavaly) <.
k=1 k
It is clear that

| Vo = (1= b, () Pl ea(=bi, () Vs

has a uniform bound independent of ¢y for any given D,,. Using the fact that
|10 = by (0D Flea(=biy () Vi

has a uniform bound independent of ty, inequality (5.15), and the following
inequality,

N|=

(), 1B = (0t (0 Pl 0V
Dy,
(5.18) # () 100D Fieat-b(e)av )

1
2
> () 1Fmafieat-botenan )

we obtain that [, [Fi, 2ca(—bt, (¥))dVas has a uniform bound independent
of to.

Using 0F, 1, =0 and Lemma 4.5, we can choose a subsequence of { Fy,, ¢, }¢,,
such that the chosen subsequence is uniformly convergent on any compact sub-
set of Dy, still denoted by {Fy, ¢, }+, without ambiguity.

For any compact subset K on D,,, it is clear that both F, ;, and
(1=t} 0 ) F have uniform bounds on K independent of tg.
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By inequality (5.15), inequality (5.17), the equality

1 too
lim = )e +/ 7tdt

to—o0 eAtO

and the dominated convergence theorem on any compact subset K of D,,, it
follows that

/D Tx| Fylca(—)dVas

<c(i (—A)eA+/+°°c (t)etdt i”k/ fI2dVar[0]
>~ 5 A A = k' S h M )

—A

(5.19)

which implies that

/D F2ea(—0)dViy

n k
<C ch Ae +/ Jetdt Z“—/ |F2dVas (0],
o K s

where the Lebesgue measure of {¥ = —oo} is zero.

Define F),, = 0 on M\ D,,,. Then the weak limit of some weakly convergent
subsequence of {F,,}>_; gives a holomorphic section F' of Ky; ® E on M
satisfying F|s = F|g, and

(5.20)

/ IF2ea(—)dVay

1 et ST 2
<C cA )+ dt ) > x |fl:dVa[9].
k=1 """ /Sn—k

To finish the proof of Theorem 2.1, it suffices to determine 1 and ¢ such
that (n+ g7") < Cey (—vge 0 U)e P0=°Ye™® = Cpu~' on D,,. Recall that
n = s( “Utg.e © U) and ¢ = u(—vge o ¥). So we have (n + g~ 1)evto="Ye? =
(s +

P ——)e” 1te“o( Vg e 0 V).

Summarizing the above discussion about s and u, we are naturally led to
a system of ODEs:

s"? C
1 u—t —
(5.21) M) (S s - s”) ‘ ca(t)’

(2) s —su' =1,

where t € (—A,+00) and C = 1; s € C®((—A, +00)) satisfies s > ¢ and u €
C®((—A,+00)) satisfies limy— 400 u(t) = —log(ca(—A)e? + [ ca(t)e™tdt)
such that v”s — s” > 0.
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We solve the above system of ODEs in Section 5.4 and get the solution of
the system of ODEs (5.21):

(1) u = —log (écA(—A)eA + /tA cA(tl)etldm) ,

fiA(%cA(—A)eA + ﬁ?A ca(ty)e tdty)dts + 5%CA(—A)€A

2 =
( ) ° %CA(—A)GA + fiA CA(tl)e_tldtl

One can check that s € C®°((—A,+00)), and v € C®((—A,+00)) with
limy 00 u(t) = —log(tca(—A)e? + T calty)e trdty).

It follows from su” —s” = —s'v’ and v’ < 0 that v”s—s"” > 0 is equivalent
to ' > 0. It is easy to see that the inequality (2.1) is just s’ > 0. Therefore,

u”s — s” > 0. In conclusion, we have proved Theorem 2.1 with the constant
C=1.

Remark 5.1. Both C and the power of § in Theorems 2.1 and 5.2 are opti-
A
mal on the ball B"(0, e2m ) with trivial holomorphic line bundle when S = {0}.

5.2. A singular metric version of Theorem 2.1. In this subsection, we
formulate and prove the following singular metric version of Theorem 2.1:

THEOREM 5.2. Let (M, S) satisfy condition (ab), and let h be a singular
metric on a holomorphic line bundle L on M, which is locally integrable on
M. Then, for any function ¥ on M such that ¥ € Ayps(S), there exists
a uniform constant C = 1, which is optimal, such that, for any holomorphic
section f of Ky ® L|g on S satisfying the L? integrable condition (2.2), there
exists a holomorphic section F of Ky @ L on M satisfying F' = f on S and
the optimal estimate (2.3).

Proof. By Remark 4.7, it suffices to prove the case that M is a Stein
manifold. By Lemma 4.6 and Lemma 4.8, it suffices to prove the case that c4 is
smooth on (A, +00) and continuous on (A, 4+o0], such that limy_, o ca(t) > 0.

Since M is a Stein manifold, we can find a sequence of Stein manifolds
{Dn }35_ satistying D,,, CC D,y for all m and Ule =M.

As ¢+ ¥ and ¢+ (14 6)V are plurisubharmonic functions on M, then by
Lemma 4.13, we have smooth functions ¢ and ¥ on M, such that ¢ + ¥y
and ¢y + (14 6) ¥y, are plurisubharmonic functions on M, which are deceasing
convergent to ¢ + ¥ and ¢ + (1 + §) V¥ respectively.

Since M is Stein, there is a holomorphic section F of Kj; on M such that
Fls = f. Let ds?, be a Kihler metric on M and dVj; be the volume form
with respect to ds3;. Let {vto.c b toer ce(o, 1 be a family of smooth increasing
convex functions on R, such that
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(1) vy e(t) =t for t > —tg — e, and vy, o(t) is a constant for t < —tg — 1+ ¢
depending on tg, ¢;

(2) vy, (t) is pointwise convergent to Iy_y _1<ic—yyy When e — 0, and 0 <
vy (1) <2 for any ¢ € R;

(3) viy(t) is C'! convergent to by, (t) (and by, () == J* (/2 I_to— 1<t <—to1dt1)
dty — f_ooo (f?oo H{—t0—1<t1<—t0}dtl> dts is also a C' function on R) when
e—0,and 0 < v (t) <1 for any t € R.

As before, let n = s(—vy, e 0 Vi) and ¢ = u(—vy e 0 ¥g), where s €
C®((—A,+00)) satisfies s > 1, and u € C®((—A,400)) N C®([—A, +0))
satisfies limy, oo u(t) = —log(5ca(—A)e?t + [* ca(t)e~!dt), such that u”s —
s >0and & —u's =1. Let h = e ¥k~ ¥r—9,

Now let a € D(X, A”’ITBm) be a smooth (n, 1)-form with compact support
on D,,. Using Lemmas 4.1 and 4.2, the inequality s > % and the fact that
o + Vg is plurisubharmonic on D,,, we get

I +a7)2D"™ally, 5+ lln2D"al}, ;
> (([1V/=16;, = V=199y — v/=1gon A I, AJa,a))
_ 1 -
> ((Inv~—1006 + 5V=100(pn + W)
— V=109 — V/=1gdn A dn, Aula, o))

where g is a positive continuous function on D,,. We need some calculations
to determine g.
We have

3577 = _S/(_Uto,a o \Ijk)gg(vto,a o ‘llk)

(5.23)

Db’

(5.24) ) )
+ 5" (—vty,e 0 W) O(Vgy e © Wg) A O(vty,e © Uy)
and
(5.25) D0 = —u'//(—vto,s 0 W)y, - o Uy, )
+u" (—viye 0 W) O(vtg.e © Wi) A 04y 2 © Uy).
Therefore,
nV=180¢ — /=190 — v/=1gdn A 9n
= (8 — su/)V/ =199 (vyy e 0 Uy
(5.26) +((u"s = ") = g5™)V=10(vtg.c © Wi) A O(vey,e 0 W)

= (s' — su')((vj, - © Vi)V —100F,
+ (UZ),E o \I/k)\/ —18(\I/k) A 5(\I/k))
+ ((u"s —5§") — 95'2)\/—1(9(1),5075 oWg) A 5(1},50’5 o Wy).



A SOLUTION OF A SHARP L? EXTENSION PROBLEM 1187

We omit the composite item (—vy, - o ¥y) after s — su’ and (u”s — s”) — gs'

in the above equalities.
Let g = Y555 o(—vy, c0W},). We have 49! = (s+ 7)o (— g 0 Ty,).

ws—g

Since pr+ ¥y and ¢k + (14 0) ¥y are plurisubharmonic on M and 0 < vémao\llk
<1, we have

(5:27) (1=, 0 V)V =100y + )+ (vg, -0 Wk)V=190(px + (1+0) W) > 0
on M\ S, which means that

(5.28) %\/—185(% W) + (1], 0 U)ODT;, > 0,

on M.
As vi, . > 0 and s’ — su’ = 1, using Lemma 4.2, equality (5.26), and
inequalities (5.23) and (5.28), we have

(Ba, ), =(InV/ =10, = V=109 — v/ =1gdn A 9n, Ay]a, a);,
(5.29) >([(vf) - © W)V =10 A OV, Ao, @),
((vf) 2 0 W)W, A ((0W)F), o).

Using the definition of contraction, the Cauchy-Schwarz inequality and
inequality (5.29), we have

(5.30)

(v 2 0 D)IT Ay, @) =] (O0)")_ |2
= 2

Uo.e © W)y )7 (0 0 0)|G (DR
(

(

(

( ¥

(vfh - 0 W)y, (0] - 0 )T A (& (0F)), a);,
( ¥

for any (n, q)-form v and (n,q + 1)-form & with values in E.
Take A = 9[(1 — v}, .(V))F],v = F, and @ = B~'0¥ A F. We have

Then it is easy to see that
[ s [ ol ERavy
D \S D \S ’

From Lemma 4.3, it follows that there exists an (n,0)-form 7, ¢, ¢, on
D,,, satisfying 0V, 1,6 = A and

(5.31) / Yimtoekl3(n+g~ ") 1dViy < / (vfh -0 TR F2dViy.
D D

m m
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Let puq = eVto=Vr = picA(—veye © Uy )e?. Claim that we can choose 7
and ¢ satisfying u < C(n+ ¢~1)~!, which will be discussed at the end of this
subsection, where C is just the constant in Theorem 5.2.

Let Fintgek = (1 — g, - 0 \Ilk)ﬁ— Vm.to.e.k- Lhen inequality (5.31) means
that

(5.32)

/ | Fonto ek — (1= vp, o 0 Wp) F|2em#rm VitvocoVi, (—uy 0 Wp)dVy

m

g/D (o], . 0 W) | F2dVay.

Note that for any compact subset K of D,,, we obtain
(5.33)

~ 1/2
(/K |Fm,to,s,k: o (1 o Uilio,e o \Ijk)F|2e_4Pk—‘I’k+’Ut0,EO\I/kCA(_Ut()’E o ‘I’k)dVM>
~ 1/2
+ (/K |(v£075 o \Ilk)F‘Qe*@k*\I’k+’Uto,ao\PkCA(_,UtO,a ° \Ifk)dVM>

1/2
2 —p—U s
2 (/K |Frnto,ek — F|7e PR R0k ) (—py 2 0 ‘I’k)dVM) '

Note that

(1) e k= Yr ev0.s°Yk and c4(—vy, e 0 ¥x) have uniform positive lower bounds
independent of k;

(2) v}, coWk)F|?e™Y and Ip.. (vggyso\Pk)\F\%dVM have uniform positive upper
bounds independent of k;

(3) e~% is locally integrable on M, and the sequence ¢y + ¥y is decreasing
with respect to k.

According to inequality (5.33), it follows that [ |Fim to.ek — F|2dVy; has
a uniform bound independent of k for any compact subset K of D,,.

Using Lemma 4.5, we have a subsequence of {Fy, ¢+, -k}, still denoted by
{Fnto.ek i, which is uniformly convergent to a holomorphic (n, 0)-form F, 4, -
on any compact subset of D,,.

As all the terms e“o=°Vk  ca(—vye 0 Uy), (1 — vf, . o U,)F, and
(vg c © U)|F|2e=#+=Ys~% have uniform positive upper bounds independent
of k, and vy, (W) > Uy, it follows from the dominated convergence theorem
that

[ Bty = (L= vf, o PRV e (g, 0 W)V
(5.34) i
< [ G0 W) Fe e D) gy
Dm

for any compact subset K of D,,.
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As the sequence ¢ + ¥y, is decreasing convergent to p+ W, it follows from
Levi’s theorem that

/K |Fm,to,£ - (1 — Uilso,e o W)F‘267¢7T+Uioaso\l}cl4(_’Ut07a o \I})dVM
(5.35) ]
< [l o IR I o sDgyy,

m

for any compact subset K of D,,, which means

/ [Pt = (1= vgc © U)F2e= o7V v0eo¥ ey (i -0 W)dVy

(5.36) m ]

< / (vl{g’E o \11)|F‘26—<p—\lf—u(—vt0,6(\1'))dVM'
D

Note that e~ is not integrable along S, and Fy, 4, and (1 — v}, _ o U)F
are both holomorphic near S. Then (Fp, e — (1 — vy . © U)F)|s = 0, and

therefore Fi, 1c|s = Fls. It is clear that F}, . is an extension of f.
Note that vy, (V) > U. Then the inequality (5.36) becomes

| 1Pt = (1= vl 0 WP ¥ea(-vi 0 W)dVag

m

(5.37) S/D (/UZ),&O\I/)‘F‘Qe_ﬂo_\lj—u(_vto,e(\Ij))dVM
1 — —_— p—
< eAto /D (U;/IO’EOW)IFP(Z v \PdVMa
where Ay, = infy>¢ {u(t)}.
As
lim_u(t) = ~log(eal-A) + [ cattye )
Jim u(t) = —log(5ea -, calbe :

it is clear that

S SN L S
Ty = SCA(— )—i—/A ca(t)e"dt.

lim
to—o00 e

Given tg and D,,,
(v o W)|F P

has a uniform bound on D,, independent of €. Then both

|10 =y 0 OF P (v e 0 W)V

m

and
/ v oo WFPe ¢ VaVy
D k)

m

have uniform bounds independent of ¢ for any given tg and D,,.

Using the equation 5Fm7t075 = 0 and Lemma 4.5, we can choose a subse-
quence of {F}, 4, <}, such that the chosen sequence is uniformly convergent on
any compact subset of D, still denoted by {F}, s, } without ambiguity.
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For any compact subset K on D,,, all terms Fy, ¢, (1 — vl’fw o \II)F,
ca(—vg, 0¥) and (023750\11)\15‘\26*“’*‘1’ have uniform bounds on K independent
of .

Using the dominated convergence theorem on any compact subset K of
D, and inequality (5.37), we have

[ 1Bty = (1= ¥ () P26 ea(~by () Vi
(5.38) K

C P2 —po
< o | Tiicicig 0 WIFE T avay,

= eAtO

which implies

[ 1t = (1= 8, (9) PP Pea(~biy(9)) Vi
(5.39) Dm G

<
= eAtO

/ (Li—to—1<t<—to} © U)|FPe=#YdVay.

m

According to the definition of dVj/[¥] and the assumption

n ok )
S5 L vy < o,
k=1 " 7 Sn-k

it follows that
timsup [ (I iy 1ce i) 0 WP aVyg

to——+o0

(540) < lim sup /M Hﬁm (]I{—to—l<t<—to} o W)‘F‘Qe_w_\pdVM

to——+oo

"k L
<S5 IRy < T [ rRavle) < oo
k=1 ks, k=1 ks,

Then ~
| @ icie g o WIF P Yavy

has a uniform bound iTldependent of ¢y for any given D,,, and

lim Sup/ (L—tg—1<ta—to} © W) FPe™¥7YdViy
to—+o0 m

(5.41) N

n T Y
< — CAVar [V .
> f, Ml avle <o

Therefore,

[ 1t = (1= ¥ (0) P26~y (¥))dVas

m

has a uniform bound independent of ¢y for any given D,,.

Since
/,

(1= b, () FPe % ca(—byy (¥))dViy

m
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has a uniform bound independent of %, and

[N

</Dm | Frnto — (1 — bgo(qz)mze—m(_bto(@))dVM>

1
2

(542 (10,0 eent-by(m)avy )

1
2
> </D |Fm,t0|2€_WCA(_bt0(‘Il))dVM> )

it follows from inequality (5.39) that [, |Eonto|?e?ca(—by, (¥))dVas has a
uniform bound independent of ¢g.

Using the equation 3Fm¢0 = 0 and Lemma 4.5, we can choose a subse-
quence of {Fy, ¢, }+,, such that the chosen sequence is uniformly convergent on
any compact subset of Dy, still denoted by {F, s, }+, without ambiguity.

For any compact subset K on D,,, both F,, ; and (1 — bl’to o \II)F’ have
uniform bounds on K independent of tg.

Using inequalities (5.39) and (5.41), the following equality,

—+00
lim A = / 7tdt
to—o0 e‘tto

and the dominated convergence theorem on any compact subset K of D,,, we

have

/ Tx|Fpl?e % ca(—W)dVay
Dn,

+o0 L
<C ( / cA(t)e_tdt> P / f2e2dVa (0],
_A = k' Js, .

(5.43)

which implies

/ |Fn 29 A(— ) AV,

m

+o0 nogk
<C ( / cA(t)e_tdt> P / 22 dVa[W],
_A = k' Js, .

where the Lebesgue measure of {¥ = —oo} is zero.
Define F,, = 0 on M\ D,,,. Then the weak limit of some weakly convergent

(5.44)

subsequence of {F,,}>°_; gives a holomorphic section F' of Ky ® E on M
satisfying F|g = F'|g, and

(5.45)
/ |F|2e™Pca(—0)dVyy

no_k
< , et TL/ 2,—¢ .
c( ca(—Ae +/ dt) ;:1: oL Ireravie)
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To finish the proof of Theorem 5.2, it suffices to determine n and ¢ such
that (7 +g™') < Ccyl(—viye 0 W)e P0=Ye™® = Cpu~! on D,.

Asn = s(—ve0V) and ¢ = u(—vy - 0 V), we have (n+ g~ 1)evto="Yed =
(s+ %ﬁs,,)e_te“ o (—vgy,e 0 V).

We naturally obtain the system of ODEs (5.21), where ¢ € (—A, 400),
C =1, s € C®((—A,+00)) satisfying s > , u € C®((—A, +00)) satisfying
limy 00 u(t) = —log(tca(—A)e + [% ca(t)e7tdt), and u’s — s > 0.

We solve the system of ODEs (5.21) in Subsection 5.4 and get the solution

(1) u=—log (icA(—A)eA + /_tA cA(tl)etldm) ,

_ fiA(%cA(—A)eA + f?A ca(ty)e tdty)dts + 5%6,4(—14)614
Tea(=A)ed + [' ca(tr)e rdty '

One can check that s € C*°((—=A, +00)), lim¢ o0 u(t) =— log(%cA(—A)eA
+ [T ca(tr)e 1dty), and u € C®((— A, +00)).

As su” — s = —s'u’ and v/ < 0, it is clear that u”s — s” > 0 is equivalent
to s’ > 0, and inequality (2.1) means that s’ > 0. Then we obtain u”s—s" > 0.
In conclusion, we have proved Theorem 5.2. ([

Using Remark 4.10 and Lemma 4.8, we may replace smoothness of cg
by continuity. When we take c4 = 1, using the above Theorems 2.1 and 5.2,
one obtains the main results in [27] and [29], which are the optimal estimate
versions of the main theorems in [38], [41], [42].

5.3. Proof of Theorem 2.2. By Remark 4.7, it suffices to prove the case
that M is a Stein manifold. By Lemmas 4.6 and 4.8, it is enough to prove
the case that cy4 is smooth on (A, +00) and continuous on (A, 4o00], such that
limy—, 4 oo ca(t) exists and is bigger than 0.

Since M is a Stein manifold, we can find a sequence of Stein manifolds
(D }°_, satisfying Dy, CC Dynyq for all m and m‘E?le = M. All D, \ S
are complete Kéahler ([22]).

As ¥ is a plurisubharmonic function on M, then

(1) when A < +o00, sup,cp  ¥(z) < A— ¢, where € > 0;
(2) when A = +o0, sup,cp ¥(z) < Ay, where A, < +o0o is sufficient large.

We just consider our proof for condition (1). (The case under condition (2)
can be proved similarly.) By Lemma 4.11, for any given A’ < A, it follows that
there exists c4» and §” > 0 satisfying conditions (1), (2) and (3) in Lemma 4.11,
where A” < Aand A” > A —«.

Note that /—100¥ > 0, and v/—16;,-+ > 0 on M \ S implies conditions
(1) and (2) in Theorem 2.1 for any §” > 0.
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Using Theorem 2.1, we obtain a holomorphic (n,0)-form F,, 4» with value
in E on D,,, which satisfies F,|s = f and

9] B n 7-(-k
/ carn (=) | Fyy ar|7.dVay < C/ ca(t)e tdty ﬁ/ |fIRdVar[).
D -4 k=1 " Sk

m

Note that ca#(—W) is uniformly convergent to c¢4(—W¥) on any compact
subset of D,,, as A” — A. Let A’ — A (A” — A), and then let m — +o0.
Using Lemma 4.6, we prove the present theorem.

Remark 5.3. C is optimal on the ball B"(0, eﬁ) for trivial holomorphic
line bundle when S={0} and ¥ =2mlog |z|. When A=+o00, B"(0, e%) =C".

Using Theorem 2.2 and Corollary 4.17 by taking do = 1, we obtain

COROLLARY 5.4. Let ) be an open Riemann surface which admits a Green
function G, and let U := 2G(z,2¢). Let V,, be a neighborhood of zy with a
local coordinate w, (w(z0) = 0), which satisfies ¥|v, < ¥|o\v, and Y|y, =
log |wl|?.

If there is a unique holomorphic (1,0)-form F, such that F|,, = dw and

/ V-1IFAF < 7r/ |dw|?dVq V],
Q 20

then we have Fly, = dw.

5.4. Solution of the ODE system (5.21). We now solve equations (5.21)
as follows: By (2) of equation (5.21), it follows that su” — s” = —s’u/. Then
(1) of equation (5.21) can be reformulated to

/
C
(S _ 7)eu7t — :
u ca(t)
ie.,
su' — s’eu_t _C
u ca(t)

By (2) of equation (5.21) again, it follows that

C _ su — &' it _ ieu*t
ca(t) u u ’
and therefore
de™ et — ca(t)e™t
dt Cc
d(se™™)

Note that (2) of equation (5.21) is equivalent to ==— = e™".
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As s > 0, we obtain the solution

u=—log(a+ [*,ca(tr)e dty),
fjA(‘”ﬁQA ca(tr)etLdty )dta+b
(L—"—fjA cA(tl)e_tl dtq

S = 5

when C = 1, where a > 0 and b > 0.

As limy, 4 o0 u(t) = —log(3ca(—A)e + T calti)e™dty), we have a =
%CA(—A)eA. As s> %, we have g > %.
As v’ < 0 and su” — s” = —s'u/, it is clear that u”s — s” > 0 is equivalent

to s’ > 0. By inequality s’ > 0, it follows that a® > c4(—A)e?b. Then we get
b= la.
0

5.5. Verifications of Remarks 5.1 and 5.3. Let B™(0, e%) be the unit ball
with radius ez on C™ (B™(0, +00) := C™), with coordinate z = (z1, ..., 2m).
Let

¢(2) = (1 + 8)mmax{log |2|*, log|al*}
and
U(z) = —mmax{log|z|?, log|a|*} + mlog|z|> + A — &,

where a € (0,400) and € > 0.
As both ¢ and ¢ + (1 + §)¥ are plurisubharmonic, and

do+ (p+ (1+0)¥)
1456 ’

p+ V=

it is clear that ¥(z) € A, 5(S), where S = {z = 0}.
For any f(0) # 0, it suffices to prove

. oo
M iBm (0,07 ) me(o,eﬁ) |F|%ca(—WP)ePdA

.
(5.47) a0 a~2e==A|F(0)2

- /+OO ca(t)e tdt + }c (—A+e)ed

= m)! —Ate A 5 A )

where F'(0) = f(0).

Because e ?d\[¥] = a~2%e%dy (by Lemma 4.14), where &y is the Dirac
function at 0, let € go to zero. Then we see that the constant of Theorem 2.2
is optimal.

Set the Taylor expansion of F(z) at 0 € C™ of F(2) = 382, axz*, where
k= {ki,...,kn}, a, are complex constants, and z*¥ = zlfl con g
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Note that [, 2" z"e~?d\ = 0 when ki # ko, and [, 2M2"2e7%dX\ > 0
when k1 = ko. It is clear that

min [ ea(w)|FPe vy
FeHol(B™(0,e2m )) /B™(0,e2m)

- L ca(—D)|F(0)2e dN.

B™(0,e2m )

It is not hard to see that

/ 4 caA(=¥)e ?dA
B™(0,e2m )

m too —25 _ _—6A
_ % (a_%e_A'HS/ ca(t)etdt + ca(—A+ g)aée)

—A+e
and
y a2 _o0A
m-——=-.
a—0 da—20 )

As [%ca(t)e7tdt < oo, ca(—A)e? < oo and ca(—A)e? # 0, then we have
proved the equality (5.47).

Now we finish proving Remark 5.1. Let ¢ = 0 and ¥ = mlog|z|2. Then
we obtain Remark 5.3 on B™(0, e%), where A € (—o0, +0].

6. Proofs of the main corollaries

In this section, we give proofs of the main corollaries including a conjecture
of Suita on the equality conditions in Suita’s conjecture and the extended Suita
conjecture, optimal estimates of various known L? extension theorems, optimal
estimate for LP extension and for the Lm extension, etc.

6.1. Proof of Theorem 3.1. It is well known that if Q) is conformally equiv-
alent to the unit disc less a (possible) closed set of inner capacity zero, then

mBq(z0) = c%(zo).

It suffices to prove that if mBq(z0) = c%(zo) holds, then € is conformally
equivalent to the unit disc less a (possible) closed set of inner capacity zero.

As Q) is a noncompact Riemann surface, there exists a holomorphic func-
tion go on , which satisfies dgo|., # 0, golz, = 0, and go|a\ (2} # 0

Let p: A — Q be the universal covering of 2. We can choose a connected
component V,, small enough, such that p is biholomorphic on any connected
component of p~(V,,).

Since p*(Ga(z, z0) —log |go(#)]) is a harmonic function on A (by Lemma
4.20), then there exists a holomorphic function f; on A, such that the real
part of fi is p*(Ga(z, z0) — log |w]).
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We want to show that for any z; € Q, p*(go) exp f1 is constant along the
fibre p~!(z1). Note that

log [p«((p*(g0) exp f1)|vo)| = Gal(z, 20)|vz, s

where U is a fixed connected component of p~1(V,,). By assumption mBgq(20)
= c%(zo), and by Remark 4.32, there is a unique holomorphic (1,0)-form F on
2, which satisfies F|,, = dp.((p*(g90) exp f1)|r0)]z,, and

VL[ FAF<n / (dp. (5" (90) exp f1) o) AV [2Ga (2, 20)].

Using Proposition 4.21, we have

dp«(p*(go) exp filyo) = Flv.,,
and therefore
d(p*(g0) exp filgo) = (p*F)|yo.

Using Lemma 4.28, we have d(p*(go) exp f1) = p*F.

For z; € (Q, there exists V,, a connected neighborhood small enough, such
that p is biholomorphic on any connected component of p~!(V,), and U; and
Uy are any two connected components of p~1(V;,). Let

g1 = (plvr)«((p*(90) exp f1)|ur)
and
92 = (Plvz)«((p*(90) exp f1) )5
they are holomorphic functions on V.
As d(p*(go) exp f1) = p*F, therefore
(Plen)«(d(p™(g0) exp f1)[07) = (plu )« ((dp™(90) exp f1)[v),
ie.,
dg1 = dgs.

As |p*(go) exp f1| = exp(p*Ga(-, 20)), which restricted on p~!(2) takes the same
value, we have |g1| = |g2|, which are not constant on V.

Using Lemma 4.30, we have g1 = ga. Therefore (p*(go) exp f1)[,-1(2) is
constant for any z € ). Then we obtain a well-defined holomorphic function

9(2) = (p*(90) exp f1)lp-1(2)

on 2, which satisfies |g(z)| = expGa(z,20). Using Lemma 4.25, we have
cB(z0) = c5(20). By the assumption mBq(z0) = c%(zo), it follows that mBq/(20)
= ¢%(20). Using Lemma 4.26, we obtain that 2 is conformally equivalent to
the unit disc less a (possible) closed set of inner capacity zero.
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6.2. Proof of Theorem 3.2. Let {Qy,}m=12,. be domains with smooth
boundaries, which satisfy Q,, CC Q41 and UY}_,Q,, = €. Assume that
t € 1. Denote Bq,, by B, Lq,, by Lp, and Gq,, by G,,. Denote Bg by B,
Lq by L, and Gg by G. Denote exp lim,_,;(Gp,(2,t) —log |z — t|) by cgm(t),
where z is the local coordinate near t.

It is known that B, = %% and L, = %% by [48] (see also
[55]). Note that B,,(z,t)dz = —Ly(z,t)dz for z € Q and t € 9Q,, (see [55]).

If L,,,(z,t) has no zeros for a t, then we obtain a subharmonic function

B (z,1)

Hp(2) = |T(zt)

exp —2Gpm (2, )]

which is 1 at 0€,.
By maximum principle, it follows that H,,;(z) < 1 for any z € Q. As

Lin(z,t) — ﬁ is holomorphic near ¢ (see [48, p. 92]), then we have

lin | Ly (2, )| xp 2Gim(2, )

— lim exp(2G,(z,t))
2=t wlz —t)?
(6.1) 1 ‘
= —exp2lim(G,,(z,t) —log|z — t|)
T z—t

_ %Gm®

T
Note that limy, 40 ¢g.m(t) = c5(t) and limy,— 1o B (t,t) = B(t,t), and
by Corollary 3.1, it follows that

(62) Bun(t,) > 1 [ Lun (2, 1) [ exp 2Gon 2,1

for m big enough, therefore H,,(t) > 1. This contradicts that H,,(z) <1 for
any z € ) when m is big enough. Then Theorem 3.2 follows.

6.3. Proof of Theorem 3.3. Let p : A — Q be the universal covering of
Q. We can choose V, small enough, such that p is biholomorphic on any
component U; (j =1,2,...) of p~1(V,).

Let 2o € Q with local coordinate w = (p|y, )«(fzlu,) for a fixed j. It is
known that if x_p = x,, then c%(zo) = 7p(20)Ba,p(20) holds (see [57]). Then
it suffices to prove that if

c5(20) = 7p(20) Ba,p(20)
holds, then
X—h = Xzo-

By the assumption

c3(20) = 7p(20)Ba,p(20)
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and by Remark 4.33, it follows that there is a unique holomorphic (1, 0)-form
F on Q, which satisfies ((p|v;)«(f-rlv;))Flz = dw, and

\/_1/ FAF< ﬂ/ (dw|2dVa[2Ga (2, 20)].
Q 20
It follows from Proposition 4.23 that ((p|v;)«(f-nlv;))Flv., = dw. Then we
have

fn (" F)lu; = (plu;)"dw = dfzo|u;-

It follows from Lemma 4.28 that f_,p*F = df,,. As p*F is single-valued and
df,, € I'X#0 it is clear that x_; = X»,-

6.4. Proof of Theorem 3.6. Note that =~ has uniform positive upper and
lower bound on D. Then we can consider the function —r instead of  in the
present theorem.

Let ¥ := —log(—ﬁ + 1)|p < 0, where gq is a positive constant small

enough. As r is strictly plurisubharmonic (see [33]) on D, we have r — gq|s|? is
a plurisubharmonic function on D for g small enough. Note that — log(—t) is
increasing convex when t < 0. Then — log(—7 + £¢|s|?) is a plurisubharmonic
function on D. As logep|s|? is a plurisubharmonic function on D, then ¥ is a
plurisubharmonic function on D.

Let co(t)]o<t<1 = t* and co(t)[z>1 := 1. Then we have fOJrOO co(t)e tdt <
14%1 + 1. Let h := e~ (¢=alog(=r+e0ls*))  Then we have ©,,,-v > 0.

Note that there are positive constants C3 and Cy4, which are independent

of a, such that CO(f\I’)eati(ﬂﬁOlSlZ) < max{C¥¢,C{} on D.

By the similar method in the proof of Theorem 2.2, it follows that when
h is C? smooth, ¥ is C? plurisubharmonic function, and ©,,-+ > 0, then
Theorem 2.2 also holds.

For any point z € H, there exists a local holomorphic defining function e

of H, such that 2log|s|—21log |e| is continuous near z. Then using Lemma 4.14,
for any holomorphic section f on H N D, we have an extension F' of f on D,
such that

[ 1P =reeay
D

o o 2
< C(p,n) max{Cy, C{'}

1—|—oze

,50/ |f|2(_r)1+a€f¢d)\H,
DNH

—-T

where C(p pr) only depends on D and H. As = has uniform upper and lower
bounds on D, we have proved Theorem 3.6.

6.5. Proof of Theorem 3.8. As M is a Stein manifold, then for any given
f, there exists a holomorphic section F; on Kj; ® L, such that Fi|g = f.
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Note that
V= @he_(z —p)log|F1l, = V — p@h + 7\/ 88(,0

Then the metric he~(~P)loglFiln and W satisfy conditions (1) and (2) in The-
orem 2.1 on the Stein manifold M \ {F; = 0}.
Since M is a Stein manifold, we can find a sequence of Stein subdomains

{D;}32, satisfying Dj CC Djq for all j and 'oleDj = M, and all D; \ S are
]:
complete Kéhler ([22]).
Let A := ij ca(—9)|F1[fdVy < +oo. By the upper semicontinuity of
log |Fi|p, on M, it follows that there exists a new extension Fy on M of f
satisfying

63) [ calt-DIBE, pn, Vi < seat-Aet+ [ ey
i
By Holder’s inequality, it follows that
(6.4)

/ cA(—qJ)yFdevM:/ ca(—0)
b bs By ], 2

g
< (/ CA(—‘I’)F2|3,,6<2p)log|F1thM) (/
D D

which is smaller than

—t % 1-2
max ( )e —1—/ dt A1 2,

Fy _2
’—‘%wi T dv,

ya
2

1—
CA<—\D>|F1¢;de) |

J J

If

1 o
A < gcA(—A)eA +/ ca(t)etdt,
A
then we are done. We only need to consider the case that
A > *CA )e +/ 7tdt

In this case, Ay < Ajy.
We can repeat the same argument with F} replaced by F5 etc., and get a
decreasing sequence of numbers Ay, such that

P p
1-5

Akt —max{< Ae —I—/ _tdt Ak ,

CA 6 + / _tdt}

for k£ > 1.
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It is clear that

o0

Apir > %CA(—A)eA + / ca(t)etde
—A

and Ax11 < Ag. Then limg_, o, Ay exists. By the definition of Ay, it follows
that

hm Ak—ch A)e +/

Then the present theorem for D; has been proved. Let j tend to oco. Thus we
have proved the present theorem.

6.6. Proof of Theorem 3.12. Let h := e~ %", where

oy 1BON
7P NOI(B O, 1)
Let
1p00,)
Vol(B(O,r)))’
where T is a plurisubharmonic polar function of W on C", such that (99T *
%)(z) has a uniformly upper bound on C™ which is independent of
z € C" and r.
As DT(W) < £, there exists T', for r large enough, we have D(W, T, z,7) <
(1—¢)&, (e > 0), which implies that

V=10d((1+ 6T + ¢,) > 0

for positive § small enough.

U :=2(T — T«

Note that ¥ has uniformly upper bound on C". There exists positive
constants C' and C’, such that Cw < /—190¢ < C'w. Then we have ¢, —p <
C, < 400, where w = /—190|z|%. Let c4 = 1. Using Theorem 3.8, we obtain
the present theorem.

6.7. Proof of Corollary 3.17. Let ca(t) := e't=2. It is easy to see that
[ calt)e™tdt < +oo and ca(t)e™ is decreasing with respect to t, where

€ (—A,+o0) and A = —2r
Let ¥ = rlog(|w|?) < —2r, where S = {s = 0}. Let § = 1. Note that

1)t log t—
s(t) = (HT);# > % in Theorem 2.1, and
t

WoIe(Bw wh o a5 e w2,

|w]?
then condition (2) in Theorem 2.1 holds.
Note that
fI? -2 [ f f v
————=dVg = v—-1
A" (dw)2 A (dw)’ A (dw) |, ©
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(see Remark 12.7 in [16]), and

ro 2 [ f f g2
r Yt s st e =i
Then it follows from Remark 4.15 and Theorem 2.1 that Corollary 3.17 holds.
Then we illustrate that the estimate is optimal.

Let M be the disc A,-1 C C. Let E be a trivial line bundle with Hermitian
metric hg, = e~ maX{l°g|Z‘2’log|“‘2}*2, and w = z. Let L be a trivial line bundle
with Hermitian metric hy , = e~2max{log|z|*loglal’} Tt ig clear that r = 1,
0 =1. Let a =1. Then

— max{log |z|?,log |a|?}—2) < o1 -«

lw| = \z\e%( e =e

satisfying inequality (b) in Theorem 3.16, and inequality (a) in Theorem 3.16
becomes

V—1092max{log|z|?, log [a|*} — 2¢/—=18d(max{log |z|?, log |a|*} + 2) > 0.

Note that

(6.5)
V—10(L) + r/—18d1og |w|* = V—1002 max{log | z|?, log |a|?}
— /=190 (max{log |z|?, log |a|*} + 2) > 0

and Ltea(—A)ed + [ ca(t)etdt = L+ [F12dt = 2.

Let a go to zero, by arguments in the proof of Remark 5.1. It follows that
the estimate in Corollary 3.17 is optimal.

6.8. Proof of Corollary 3.20. It is not hard to see that ¢ 41 and log @ —
g (e ¥g(1—log |w|?)) are plurisubharmonic functions. It suffices to prove the
case that M is a Stein manifold and L is a trivial line bundle with singular
metric e” ¥ globally.

Let ¢, + ¥, and @/;n be smooth plurisubharmonic functions, which are

2

decreasingly convergent to ¢+ and log % —g e ¥g(1 —log |w|?)) respec-
tively, when n — 4-o0. i

Let g(t) := W, U := log ﬁ + Py, and h = e~Pm~¥nit¥na - Since

M is a Stein manifold, we can find a sequence of Stein subdomains { Dy, }2o_;

satisfying Dy, CC D41 for all m and moLlem =M.
Note that log@ — g e Yg(1 — log |w|?)) < 0. Given ng, for m large
enough, we have ¥|p = —log et Yny|D,, < 1.

V—190¥ > 0 and v/—10,,,-v >0 on M \ S imply conditions (1) and (2)
in Theorem 2.2.
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Using Theorem 2.2 and Lemma 4.14, we obtain a holomorphic (n, 0)-form
Finny ns o0 Dy, which satisfies Fyy, ny no|s = f and

e ~
Jea(108 1 ) o Vi
(6.6) < C2W/AC_1(t)67tdt/ |f|2e™$m~¥m dVg
- S
< CQTr/ C_1(t)67tdt/ ‘f|2€7¢7de5,
—A S

and therefore

eefﬂom*wnl o
[ P Vi £ C27C(g) [ |7 Vs,
D [w] 9(10gW — Uny) S

ce—Pn1—¥ng
[wl2g(log 5 —tny)
D,,\ S, which is independent of n1, it follows from Lemma 4.6 that there exists
a subsequence of { Fy, ny n, }ny, Which is uniformly convergent to a holomorphic
(n,0)-form F), », on any compact subset of D,,.
By dominated convergence theorem, it follows that

has a uniform lower bound for any compact subset of

ee”Pm~Vm o
| e B Vi < C2nCAg) [ eV avs,
D |w|?g(log [w]? — Uny) S

By Levi’s theorem, it follows that

/ ce v | Fong|2dVar < C21C/(g) / |f|2e~ e dVs.
D [wl?g(log iz — ¥ny) s
S ee—P—¥ )
w[?g(log 5z =¥n,)
D, \ S, which is independent of ng, it follows from Lemma 4.6 that there exists
a subsequence of {F, n, }n,, Which is uniformly convergent to a holomorphic
(n,0)-form F}, on any compact subset of D,,.

-y
Note that & =
O A Tulgliog 127 —ny)

follows from Levi’s theorem that

has a uniform lower bound for any compact subset of

It

is decreasingly convergent to —s—re—e—.
&Y & [wg(log =)

/ e 2V < C2nC(g) / F[2e——vaV;
T 9 /1. e \ m,n — ™ € )
D, [wg(log 7)1 UM 7 Js ¥

where K is a real number.
From dominated convergence theorem on M \ S, it follows that

—max{p,K}
[ T RV < ConCly) [ |5 avs,
D. S

e

m [wl?g(log ‘w‘z)




A SOLUTION OF A SHARP L? EXTENSION PROBLEM 1203

Using Lemma 4.6, we have a subsequence of {F},},,, which is uniformly con-
vergent to a holomorphic (n,0)-form F on any compact subset of M. Using
dominated convergence theorem on M \ S, we have

ee” max{¢7K} 2 2
/ T FPaviy < CQWC(Q)/ f %Y dVs.
Dy |w[*g(log W) S
When K goes to —oo, using Levi’s theorem, we have
ee

—p
/M W!F!%WM < C21C(g) /S fl2e P avs.
P

Thus the present corollary follows.

6.9. Proof of Corollary 3.24. Let ¥ := log(|s|?e™%5) and h := e ¥F~%s,
Then it is clear that ¥ < —a and A = —a. Let ¢_4(t) := e and § = 1
Then we have c_q(a)e™® = e and [ c_,(t)etdt = te7be.

When ¢g and ¢p are both smooth, using Theorem 2.1 and Remark 4.14,
we obtain Cj, = 27 (ae ™ + fe70)(max)/ [s|?e=?s)1 70,

Now we discuss the general case. (pg and ¢p may not be smooth.) As
M is Stein, we can choose relatively compact strongly pseudoconvex domains
{Qn}n=12,.. of M exhausting M.

Note that ¢ = aps — (vps — pr). By Lemma 4.13, it follows that there
exist smooth functions {¢g;}j=12,. and {¢r;}j=12, ., such that

(1) {ws,;}j=1.2,.. are plurisubharmonic functions;

(2) {aps; — ¢F;}j=1,2,. are plurisubharmonic functions;

(3) {ws,}ij=1,2,... and {aps; — ¢F;}j=1,2,. are decreasingly convergent to ¢g
and apg — pr respectively;

(4) given n, there exists j, such that for any j > j,, [w|?e %Si|q, < e

Using the smooth case which we have already discussed, we obtain holo-
morphic (n, 0)-forms {Up, ;}n,; satisfying the optimal estimate (3.10) on €, for
¢s,; and pp ;.

Note that bog; + ¢rj = —blayr; — ¢s;) + (ba+ 1)¢p;. While pp; is
invariant, let apr; — ¢s; go to apr — pg. From Lemma 4.34 it follows that
there exists a subsequence of {U,, ;};, denoted by {U, ;};, which is uniformly
convergent on any compact subset of €2,,.

First let apr; — s, go to apr — g, and then let apr; go to apr.
Using Levi’s Theorem, we obtain that the limit U, of {U, ;}; satisfies the
estimate (3.10) on £2,,.

Using weak compactness of unit ball in the Hilbert space

L? (©,) N {holomorphic (n,0)-form},

e—bes—pp—(1-b)pg
Lemma 4.34 and the diagonal method, we have a subsequence of {U, },, still
denoted by {U,, }, uniformly convergent to a holomorphic (n,0)-form U on any
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compact subset of  for n large enough, such that U satisfies the estimate (3.10)
on any §2,,. Therefore, U satisfies the estimate (3.10) on 2. Then Corollary 3.24
follows.

We conclude the present subsection by pointing out that C is optimal.
Let M be the disc Ae,% C C. By Remark 5.1, and letting e?S be decreasingly

convergent to |s|?, we can obtain that the estimate in Corollary 3.24 is optimal.
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