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Conformal invariance of spin correlations

By DMITRY CHELKAK, CLEMENT HONGLER, and KONSTANTIN IZYUROV
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in the planar Ising model

Abstract

We rigorously prove the existence and the conformal invariance of scaling
limits of the magnetization and multi-point spin correlations in the critical
Ising model on arbitrary simply connected planar domains. This solves
a number of conjectures coming from the physical and the mathematical
literature. The proof relies on convergence results for discrete holomorphic
spinor observables and probabilistic techniques.

Contents

Introduction

Main results

Key steps in the proof

Organization of the paper
Holomorphic spinors and correlation functions

Notation

Construction of the discrete spinor observables

S-holomorphicity and boundary conditions

From discrete spinors to ratios of correlations

Continuous spinors

Convergence of the spinors

Integrating the logarithmic derivatives and explicit formulae

From ratios of correlations to Theorem 1.1

Decorrelation near the boundary and the proof of Theorem 1.2
Proofs of the main convergence Theorems 2.16, 2.18 and 2.20
for discrete spinors

S-holomorphicity of discrete observables

The full-plane discrete spinor Fic; , and its discrete

primitive G|c; q]
The boundary value problem for spinors

(© 2015 Department of Mathematics, Princeton University.

1087

1088
1090
1093
1095
1096
1096
1099
1101
1102
1104
1107
1110
1112
1114

1116
1116

1119
1124


http://annals.math.princeton.edu/about
http://dx.doi.org/10.4007/annals.2015.181.3.5

1088 DMITRY CHELKAK, CLEMENT HONGLER, and KONSTANTIN IZYUROV

3.4. Convergence of discrete observables away from singularities 1126
3.5. Analysis near the singularities 1129
A. Appendix 1131
References 1135

1. Introduction

The Ising model plays a central role in equilibrium statistical mechanics,
being a standard example of an order-disorder phase transition in dimensions
two and above. Besides pure mathematical interest, it has found successful
applications to several fields in theoretical physics and computer sciences.

The phase transition in the Ising model in two dimensions has been a sub-
ject of extensive study, both in the mathematics and in the physics literature.
The value of the critical temperature on the square lattice was determined by
Kramers and Wannier [KW41]. Onsager [Ons44] computed the free energy and
the critical exponents of the model. Later on, many exact computations were
carried out — in particular, by McCoy and Wu [MW73].

Further, a gradual understanding of the Ising model at criticality led to the
conjecture by Belavin, Polyakov and Zamolodchikov that its scaling limit (as
well as scaling limits of other critical models) should be conformally invariant
and described by Conformal Field Theory (CFT) [BPZ84a|, [BPZ84b]. Loosely
speaking, this conjecture can be formulated as follows: for any conformal map
0:Q—Q

(scaling limit of the model on ) = p(scaling limit of the model on 2).

In particular, if Qs are discrete approximations to a continuous planar domain
Q, then various quantities (expectations, probabilities etc.) in the model, under
a proper normalization, have conformally invariant or covariant limits as the
mesh size § tends to zero. Moreover, Conformal Field Theory predicts exact
formulae for these limits.

In the full-plane case, many results were obtained following the semi-
nal works of Onsager and Kaufman in late 1940’s. The Onsager’s formula
for the spontaneous magnetization was proven by Yang [Yan52]. The diag-
onal and horizontal spin-spin correlations were explicitly computed by Wu
[MWT73]. A number of remarkable results were obtained for the massive lim-
its; see [WMTB76], [SMJ80], [PT83] and references therein. Palmer [Pal07]
justified the CFT predictions at criticality by taking the zero-mass limit. At
criticality, the full-plane energy correlation functions (that is, the correlations
of n pairs of neighboring spins) were computed on periodic isoradial graphs
by Boutillier and de Tiliére [BAT10], [BdT11], and the 2n-point full-plane spin
correlation functions were treated by Dubédat, combining exact bosonization
techniques [Dubl1b] and results on monomer correlations in the dimer model
[Dubllal.
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However, the group of conformal self-maps of the full plane is only finite
dimensional. Hence, in order to reveal the full strength of the conformal invari-
ance property, it is important to consider general planar domains with bound-
ary. In this setting, mathematical proofs of conformal invariance and CFT
predictions at criticality have remained out of reach until recently. Smirnov
[Smi06] has rigorously established conformal covariance of the fermionic ob-
servables in the Ising model on the square grid. Later, this result has been
proven to be universal in the family of isoradial graphs [CS12], and it led to the
proof of convergence of the interfaces in the Ising model to Schramm’s SLE;
curves [CDCH"14]. At the same time, the scaling limit of energy correlations
for bounded domains has been rigorously treated in [HS13], [Hon10], confirm-
ing the CFT predictions for the energy field. Nevertheless, the corresponding
question about the spin correlations remained open.

In this paper, we rigorously prove the existence and the conformal covari-
ance of the scaling limits of all the multi-point spin correlation functions in any
simply connected planar domain with + boundary conditions at criticality.

Our main result (see Theorem 1.2) reads as follows. Let Egé [0ay " Oa,]
denote the correlation of spins at the sites aq,...,a, with + boundary condi-
tions in a discrete domain €5 of mesh size 6. Then

57%1}3&[‘7&1 r10g,] = C" - (0g, - "Uan>$

as s approximates ) and ¢ tends to zero. Here C is an explicit lattice-
dependent constant and (o, - - aan>5 is an explicit conformally covariant ten-
sor of degree § with respect to each of the variables; see (1.1), (1.4) and (1.5).

For example, in the case of the magnetization (the expectation of a single

spin), one gets

5*%11*]& [0a] = C - Qirad*%(a, ),
where rad(a,2) denotes the conformal radius of 2 as seen from a, in other
words, rad(a, Q) = |¢'(0)|, where ¢ is a conformal map from the disc {z € C :
|z] < 1} to Q mapping the origin to a. A sketch of the proof of this result can
also be found in the ICMP2012 proceedings [Hon14].

In the case of free boundary conditions, we establish a similar convergence
result for the two-point function (see Theorem 1.1). In that framework, the
convergence of the corresponding n-point correlations (which by symmetry are
only nonzero for even n) can be obtained by our methods as well, but for
conciseness it is not included in the present paper.

Our previous results [CI13] immediately allow one to treat alternating
+/— boundary conditions (see Corollary 1.3). The technique we use also
applies to mized correlations, involving spin, energy, disorder and boundary
change operators, and extends to multiply connected domains, which will be
worked out in a subsequent paper.
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The explicit formulae for what we prove to be the scaling limits of
Ega [0ay ** 0, | were predicted by Conformal Field Theory methods in a num-
ber of papers originating in the seminal work [BPZ84a|. In [Car84], it was
explained how to handle the half-plane case by CFT means; in particular, the
two-point correlations were treated. This result was later extended to n = 3
[BG87] and extrapolated to larger n [BG93].

Our method is based on the extraction of information from some discrete
holomorphic observables in bounded domains by means of discrete complex
analysis — the approach that was firstly implemented in [Smi06], [Smil0] for
the basic fermionic observables. More precisely, we use the spinor version of
those that was introduced in [CI13]. Fermionic observables per se essentially go
back to the Kaufman-Onsager considerations and can be written as a product
1, = 0,1, of spin and disorder operators in the notation of [KC71]. The corre-
lators (¢,04, las - - - fla,,) can be found in the works of Kyoto’s school [SMJ77],
[SMJ79a], [SMJ79b], [SMJ80]. However, rigorous proofs of convergence results
require a delicate analysis of some Riemann-type boundary value problems
for discrete holomorphic functions. The analysis thereof was initiated more
recently [Smi06], [Smil0], [CS12].

Simultaneously and independently of our work, Dubédat announced anal-
ogous results for 2n-point spin correlations in bounded domains € via the exact
bosonization approach [Dubl1b], and Camia, Garban and Newman obtained
some results [CGN15] about the properly renormalized spin field seen as a
random generalized function (i.e., Schwartz distribution) on €.

1.1. Main results. The Ising model on a graph G is a random assignment
of +1 spins to the vertices of G. In our paper we prefer a dual setup and
consider the model on the faces F = Vg of lattice approximations {25 to a
bounded simply connected planar domain 2 C C. The probability of a spin
configuration o € {jzl}f is proportional to e #H(@) where 8 > 0 is the inverse
temperature and

H (o) = — >y 020y
is the energy of the configuration. More precisely, we will work with discrete
planar domains 25 that are subsets of the square grid rotated by 45° of diagonal
mesh size 25. (The distance between adjacent spins is thus v/2J; see Figure 1.)

From now on we only consider the model at its critical point, which for the
square grid corresponds to the parameter value . = %ln (\/§ + 1). We also
introduce a (lattice-dependent) constant that will appear in the statements of
our theorems:

3 4

(1.1) C =26 3¢ (D),
where ¢’ denotes the derivative of Riemann’s zeta function.

Below we follow the CFT notation (...) to represent the predicted for-
mulae for the scaling limits of correlations on a simply connected domain €2:
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we define (0, - - - 04, )8 as some explicit functions of the points a1, ..., a, €
that may also depend on €2 and boundary conditions b as parameters. In par-
ticular, we define the one-point and the two-point functions (c,)¢, and (o403)¢,

I
)

and on all other simply-connected domains €2 # C by the condition that, for
any conformal mapping ¢ : Q — @', one has

(1.3)
<O'a>5 = <U<p(a)>6’ : ’90/ (CL) |

(aaab>gee on the upper half-plane H by the formulae
(1.2)

N

1
3 |b—
(o)t = + ' a

 (oan)E = (o F (j boap jhe

(NI

(0a0n) 5 = (0a) (o) - {1 ('b g

0ol
0ol

1
. {0a0b)g = (O Tpm)er - ¢ (@) [5]0 (B) [,

free

1
(0a0b)0 " = (Op@)Tpm)) o - 1€ (a) [5|¢ (b) [5.

ool

Note, in particular, that this definition is consistent, as (1.3) is satisfied when
Q= Q =H and ¢ is a Mobius map since the ratio |b —@|/|b — a| is Mdbius
invariant. Therefore, due to the Riemann mapping theorem, the relations (1.2),
(1.3) properly define (o,03)¢, and (Jaab>gee for any simply-connected domain
Q) #£ C. Equivalent formulae for the one- and two-point functions can be given
in terms of the hyperbolic distance dg(a, b) and the conformal radius rad(a, 2):

N

() = 271ad ™% (0, Q),  (a0w); = (o)} (o)) - (1 — exp(—2da(a,b))) 71,
(Ga0b)B = (0403)¢) - exp (—%dg(a, b)) .

We have the following convergence theorem for the two-point functions,
both with + (the spins on the boundary of €5 are set to +) and free (no
restrictions are set for boundary spins) boundary conditions.

THEOREM 1.1. Let 2 be a bounded simply connected domain, and for
6 > 0, let Q5 be a discretization of by the square grid of diagonal mesh
size 20. Then, for any € > 0, we have

§HE, o] — C-loaon)y and 5B [ouon] — €7 (o)

as 6 — 0, uniformly over oll a,b € Q at distance at least € from 02 and from
each other, where the constant C is given by (1.1).

Our result generalizes to multi-point correlations as follows. As for the

two-point functions, define the continuous correlation functions (og, -+ - 74, )&
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in the upper half-plane H by the explicit formula

(1.4)
n a a K tm %
_n k — 2
(Oay - O'an H 272 Z %
k=1 (28m ak) pe{t1}n 1<k<m<n ' ®k — @m
and on other domains by the condition that for any conformal map ¢ : Q — €,
we have
1
(1.5) (Oay - 'Uan>$ = <‘7<p(a1) T Uap(an)>§—§/ ) HZ:1|‘P/ (ak) 3.

Note as before that the explicit functions (1.4) are covariant under Mobius
maps and thus the multi-point correlations are well defined.

THEOREM 1.2. Let 2 be a bounded simply connected domain, and for
0 > 0, let Qs be a discretization of Q by the square grid of diagonal mesh
size 20. Then, for any € > 0 and anyn =1,2,..., we have

5_% . Eéé [O-Cbl .. .O'an] _>Cn . <O'a1 . O'an>§

as 6 — 0, uniformly over all ay,...,a, € Q at distance at least € from 02 and
from each other.

Using the results of [CI13], one immediately arrives at the following gen-
eralization. Let bs = {bl,..., gm} be a collection of points on 0825 ap-
pearing in counterclockwise order and approximating a continuous collection
b = {b1,...,bam} C 0N. Denote by E?{é an expectation for the Ising model

with + boundary conditions on the counterclockwise arcs [bgj_l,bgj} and —
boundary condition on the complementary arcs [bgj,bgj +1L j =1,...,m,
where we set b3, 1= b,

COROLLARY 1.3. Suppose that the approximation Qs of € is regular near
the points of b in the sense of [CI13, Def. 3.14]. As § — 0, one has

6_%E?265 [Um' ’ 'Uan] —C"- <Ja1' : 'Uan>?2>

where <O‘a1"'0'an>?) is explicit and satisfies the conformal covariance prop-
erty (1.5).

Proof. Write
b b
B [0ar an] = (B, [0arTa, /B 00y 0a,]) - B[00, 0a,]-

By [CI13, Cor. 5.10], the first term converges to an explicit conformally invari-
ant limit. Thus the result follows from Theorem 1.2. [l

Remark 1.4. The condition of boundedness of €2 in Theorems 1.1 and 1.2
above is imposed for the sake of simplicity and can be removed with no essential
changes in the proofs. In particular, one could take the bulk limit (i.e., Q5 — C
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and 0 — 0 while keeping the positions of ay,...,a, fixed), in which case
[DFSZ87], [Dubl1b]

5_% Egé [O'al O'an] % Cn . <0a1 ...o'an>(c7

Kl Em

(1.6) (0ay " Oan)c = (2_75 ) I lax— amIQ)é.

pe{+1}n:  1<k<m<n
P14t pn=0

(This formula can be seen as the limit of (1.4) when all ay, are replaced by a+iy
and y — +00.) It is worth noting that, if ay, ..., a, are kept at a finite number
of lattice steps from each other, then other scaling exponents appear. For
n = 2, the scaling limit of the energy densities lims_,o 61 (Eq, [0400] — v2/2),
where two neighboring faces a,a’ approximate the same point of 2, has been
treated in [HS13]. For n > 2, two terms of asymptotics have been obtained
at [GHP13]. One can also wonder about the intermediate situation when
ai,...,an are at distances of order 6° from each other for some fixed 0 < 3 < 1.
Then, the leading term in the asymptotic expansion of the discrete correlation
functions has the order 65" and is provided by the bulk limit (1.6). A
more sophisticated analysis is required in order to find the second term of
asymptotics in this case.

1.2. Key steps in the proof. In this section we list the key results that
allow us to prove Theorems 1.1 and 1.2. The first small step deals with the
normalizing factors. It is a celebrated result of Wu [MW73] that in the unique
infinite-volume limit of the critical planar Ising model (i.e., in the case Q2 = C),
one has the following asymptotics:

(1.7) Ec, [00,01,] ~C2- 67, &= 0,

where Cs denotes the square grid §(1+i)Z?, while 05 and 15 stand for proper
approximations of the points 0,1 € C. (Keep in mind that our square lattice is
rotated by 45°, so this is the diagonal spin-spin correlation.) Instead of deriving
the correct normalization of spin correlations in bounded domains directly, we
relate it to the behavior of the normalizing factor

1% (5) = EC(s [005015]'
Namely, we prove that, as § — 0,

(0(6))72 - Egg (00, 0a,] = {(0a; - 'Uan>$ )
_ fi
(0(9)) L. Egie [0a0b] — <0a0b>s§ee )

which, combined with (1.7), readily gives Theorems 1.1 and 1.2. We point out
that apart from this reduction, we never use (1.7) in this paper. On the other
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hand, our methods also allow one to give a new proof of the explicit formula
for the diagonal spin-spin correlations in the full-plane case as well as to derive
explicit formulae for the magnetization in the half-plane; see the forthcoming
work [CH].

The following theorem, concerning discrete logarithmic derivatives of the
spin correlations with + boundary conditions, is a cornerstone for the whole

paper.
THEOREM 1.5. Let Q be a bounded simply connected domain and s be

discretizations of Q by the square grids 6(1-+4)Z%. Then, for any € > 0 and
anyn=1,2..., we have

1 (ES, 10042500, - 0a,]
(1.8) — 2 — 1] = Redq(a,...,an),
26 Egé [Oay " Oa, ] "
1 IE% [Cay+2i50ay =+ * Oay,]
(1.9) — 2 —1|——-SmAq(al,...,an)
26 ES, [0a, -+ 0a,,] "

as 0 — 0, uniformly over all faces ay,...a, € Qs at distance at least € from

00 and from each other. The function Aq(ai,...,ay) is defined explicitly via

the solution to some special interpolation problem (see further details in Sec-

tion 2.5) and has the following covariance property under conformal mappings

0:Q— Q"

1 ¢"(a1)

1.10 Aqlar,...,an) = Aq(o(ar),...,o(an)) - o' (a1) + = .

(1.10) (a1 n) = Ag(@lar), ..., (an)) - ¢'(a1) + 2 an)
Proof. The proof is based on the convergence results for the discrete spinor

observables. A rather delicate analysis is needed since we are interested in the

values of observables near their singular points. See further details in Sections 2
and 3. 0

Integrating the result of Theorem 1.5, we get the following weaker form
of the convergence result for the spin correlations. Note that the conformal
covariance degree ¢ in (1.5) is a direct consequence of the covariance rule (1.10)
for Ag(a,...,an).

COROLLARY 1.6. Under the conditions of Theorem 1.5, for any n > 1,
there exist some normalizing factors 0,(0,Qs) that might depend on Qs but not
on the positions of the points aq, ..., a, such that

Ea; [0ay =+ Ta,] ~ 00(0,82) - (0a, - "O—Qn>$

as 0 — 0, uniformly over all faces ai,...a, € Qs at distance at least € from
09 and from each other.

Proof. See Section 2.7. O
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We now focus on the special case n = 2. The next theorem is a crucial tool
that allows us to compare the normalizing factors g2(d, €25) with the full-plane
case. We denote by Eg‘ge the expectation for the critical Ising model defined

on the vertices of s (with free boundary conditions).

THEOREM 1.7. Let Q be a bounded simply connected domain and §25 be a
discretization of Q by the square grid §(1+4)Z%. Then, for any e > 0, we have

Egée [Cat50p+5]

— Bql(a,b),
Ega (000 0—0 ()
uniformly over all faces a,b at distance at least € from 02 and from each other,

where Bq/(a, b) is a conformal invariant of (2, a,b) that can be explicitly written
free

as Bq(a,b) = (04,00) 6/ (0a0p) -

Proof. The proof is based on the convergence results for the discrete
spinor observables and the Kramers-Wannier duality; see further details in
Sections 2.4 and 2.6. O

Sketch of the proof of Theorem 1.1. Having the results of Corollary 1.6
and Theorem 1.7, we only need to prove that pa(d,€s5) ~ 0(d) as § — 0.
The classical FKG inequality gives

EGS [0a+50015] < B, [0a0] < B, [00n]

and it is easy to see that Bo(a,b) — 1 as b approaches a. Since the normalizing
factors p2(d,2s) do not depend on the positions of a,b € ), we conclude that
IEE& [0a0b] ~ Ec; [040p) in the double limit when we first let 6 — 0 and then
b — a. This relates p2(9, ) to the full-plane normalization; see details in
Section 2.8. O

Sketch of the proof of Theorem 1.2. Once the asymptotics 02(d, Q5) ~ ()
as 0 — 0 is established, we derive the asymptotics of all the other g,(d, Qs),
n # 2, using the following observation: as the point a; approaches 02, the
continuous correlation functions behave in the following way:

(1.11) (0ay - "Uan>s—i)_ ~ <‘7a1>$<‘7a2 ) "Uan>$v

and the same decorrelation result Egé [0ay - Oa,] ~ Ega [aal]Egs [Cay ** Oa,]
holds true in the double limit § — 0 and a; — 0f2. This implies the recur-
rent formula 9,11(d,Qs) ~ 01(0,Q5)0n(5,Qs) for n = 1,2,... and, further,
0n(3,95) ~ (0(8))™/? for all n; see further details in Section 2.9. O

1.3. Organization of the paper. Section 2 contains all the main ideas. De-
tails, especially those involving hard discrete complex analysis techniques, are
mostly postponed to Section 3. The readers not interested in these details may
restrict themselves to Section 2 only.
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We fix the notation in Section 2.1. The main tool of this paper, the discrete
holomorphic spinor observables, is introduced and discussed in Sections 2.2 and
2.3. In Section 2.4, we prove that the ratios of spin correlations that appear
in Theorems 1.5 and 1.7 can be expressed in terms of these observables. In
Sections 2.5 and 2.6, we discuss the continuous counterparts of the discrete
observables and state the convergence Theorems 2.16, 2.18 and 2.20, which
easily imply Theorems 1.5 and 1.7. We do some explicit computations and
prove Corollary 1.6 in Section 2.7. We complete the proofs of Theorems 1.1
and 1.2 in Sections 2.8 and 2.9, respectively.

Section 3 is devoted to the proof of Theorems 2.16, 2.18 and 2.20. We
discuss the discrete properties of our observables and their full-plane analogue
in Sections 3.1-3.3, and finish the proof of the main convergence theorems in
Sections 3.4 and 3.5. In the appendix, we explicitly compute Ag(ay,...,a,)
for arbitrary n, which completes the proof of the formula (1.4).
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2. Holomorphic spinors and correlation functions

2.1. Notation. We start by fixing the notation that is used throughout
the paper.

2.1.1. Graph notation. Recall that we work on the square grid rotated
by 45°:
Cs:={0(1+4i)(m+in): m,neZ}.
The mesh size § is hence the size of a half-diagonal of a square face. We will
often identify the vertices of Cs with the corresponding complex numbers, the
faces of Cs with their centers, the edges of Cs with their midpoints, etc.
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By a discrete domain of mesh size § we mean a union of grid faces. (See
also Figure 1 for notation given below.) We say that Qs is simply connected if
the corresponding polygonal domain is simply connected.

e We denote by IntVg), the set of all faces belonging to 25 (which are iden-
tified with their centers), by IntVg) the set of all vertices incident to these
faces, and by IntVgy the set of all edges incident to Vg, which are identified
with their midpoints (or the vertices of a medial lattice).

In order to simplify the presentation, we also assume that Cs \ Qs has
no fiords of a single face width; i.e., all the edges joining vertices from IntVe,
belong to IntVy, . This technical assumption can be easily relaxed, if necessary.

e We denote by 9Vg , 0V5, and 9V, the sets of boundary faces, vertices
and edges, i.e., those faces, vertices and edges that are incident but do not
belong to IntVg , IntV§, = and IntVg., respectively (see Figure 1).

o We set Vg, = IntV U Vg, etc.

Below we also need to work with four corners of a given square face
separately. (In particular, see Definition 2.1 below.) For a given vertex v € Cy,
we identify the nearby corners with the points v+ %(5 and v+ %52‘ on the complex
plane.

Figure 1. An example of a discrete domain 5 and notation
for the sets of vertices (V5),), faces (Vg ), edge midpoints 02515)
i A X
and (four types) of corners (Vg, = Véé U Vo, U Va, UVa,)-
The mesh size § is a half-diagonal of a square face, thus the
distance between adjacent spins is v/26. The inner vertices,
faces, edges and corners are colored black, while the boundary
ones are colored gray.
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e We denote by V5, the set of all corners incident to the vertices of IntVy) .
We also set VG := Vg UV

e We use the notation x ~ y if each of x, y is either a vertex, a face, an edge
or a corner, and they are adjacent or incident to each other.

2.1.2. Double covers. In this paper we often deal with holomorphic func-
tions (both discrete and continuous) that are defined on a double cover of a
planar domain  and with opposite signs on opposite sheets. (That is, they
have a —1 multiplicative monodromy around branching points.) We call such
functions holomorphic spinors. The following notation will be used below:

e For a planar domain €2 and a € 2, we denote by [€2, a] the double cover of
Q\ {a} branching around a. All such double covers are naturally viewed as
subdomains of [C, a]. We often identify points on a double cover with their
base points (so each base point is identified with the two points above it).

e For several marked points aq,...,a, € Q, we denote by [Q,a,...,ay] the
double cover of Q\ {aq,...,a,} that branches around each of aq, ..., a,.
e We will often compare spinors defined on [$2, a1, ..., a,] with those defined

on [C,a1] (e.g., with 1/4/z — a1 or y/z — a1) near the common branching
point aj. Such equations are understood to be valid in a small neigh-
borhood of a1, with a proper correspondence between the sheets of both
covers.

We will also consider double covers of discrete domains. In this case the fol-
lowing (slightly modified) notation will be convenient:

e For a discrete domain €05 and a face a € IntV{-’za, we set [Qs,a77] =

[Qs,a]\ {a + %}, excluding both points over the corner a+% from the nat-
ural double cover branching at a. Similarly, we set [Qs,a7", a9, ...a,] =
[Qs,a1,...,an]\ {al + %}, if several faces ay, ..., a, € IntVg are marked.

2.1.3. Contours. Recall that we consider the critical Ising model on the
faces of Qs. In order to define the main tool of the paper (the discrete holo-
morphic spinors), we need some additional notation related to the contour rep-
resentation of the model known as the low-temperature expansion; see [Pal07,
Chap. 1].

e We denote by Cq, the family of all collections of closed contours on (s,

Le., the family of subsets of edges w C V), such that every vertex v € V5

belongs to an even number of edges in w.

The set Co; is in a natural one-to-one correspondence with the spin configu-
rations on ()5 with 4+ boundary conditions: trace an edge between any two
adjacent faces with opposite spins. Under this mapping, the probability of
a collection of interfaces w C €)s becomes proportional to af edges(w), where

e = exp (—28.) =v2 — 1.
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Below we also introduce families of contour collections that, besides a
number of closed loops, contain a single path running from one fixed corner x
to another corner or an edge midpoint y:

e For z,y € VG, let mpy = & ~ vy ~ ... ~ v, ~ y be some simple lattice
path with vy, ..., v, € V. Weset Co, (2,y) = {w®msy,w € Cq, }, where
@ denotes the XOR, or symmetric difference. It is easy to see that the set
Cq, (x,y) does not depend on the particular choice of 7, ,. Note that, for
any v € Cq, (x,y), there exists a (nonunique) decomposition of 7 into a
collection of disjoint, simple loops and a path p(y) C 7 running from z
to y. By a decomposition we mean that each edge in v € Cq; (z,y) belongs
to exactly one loop (or to p(7)) and is visited only once, and that there
are no transversal intersections or self-intersections (see Figure 2).

2.2. Construction of the discrete spinor observables. Now we are ready to
introduce the discrete spinor observables. The following definition generalizes
the construction given in [CI13] to the case when a “source point” is inside 2.

Definition 2.1. Let €5 be a discrete domain and ai,...,a, € IntVg, be

inner faces. For a corner z € V[CQ 0 ] (below we also extend this definition
65dq 5.0y 0n

to edge midpoints; see Remark 2.2(iii)), we define
(2.1)

1
F[Qg,al,...,an] (Z) =

ZS—{; [Ual e O-an]

d o
Z az%e ges('y) : ¢a1,...,an (77 Z) )
760525(a1+%,z)

where

e #edges (7) is the number of full edges contained in v and a. = v/2 — 1;
e the complex phase ¢q,....q, (7, 2) is defined by (see also Figure 2)

Par....an (7,2) = 7 2P (1) TR e -sheeta, .., (P(7),2),

where, for a decomposition of v mentioned in Section 2.1.3,

— wind (p (7)) is the total winding (increment of the argument of the
tangent vector) of the path p () when going from a; + g to z;

— #loops,, 4, (7 \ P (7)) is the number of loops in v\p () that contain
an odd number of marked points a1, ..., a, (equivalently, that do not
lift to the double cover [Qs,a1,...,ay,] as closed loops);

— the last factor sheetq, . 4, (P (7),2) is equal to +1 if z is on the same
sheet of [Qs,a1,...,a,] as the end of the lift of p (v), and to —1 oth-
erwise (more precisely, we fix one of the two points lying over the
“source” ai + g once forever and identify all other z € [Qs, a1, ..., ay]
with paths running from this a1 + g to z modulo homotopy and an
appropriate index 2 subgroup of the fundamental group);
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gy
AAn
\/A\\ ety
N S>>
—

Figure 2. A contour collection v € Cq,(a + g, z) decomposed
into nonintersecting loops (dashed) and a path p(y). Running
from a + % to the projection of z, this path makes a 37 turn
counterclockwise, and thus e~ V")) — ;. There is a single
loop in + surrounding a; hence (—1)°°P%("\P(")) = _1. Being
lifted to the double cover [Qs,al, this path ends on the other

sheet, thus sheet,(p(7), z) = —1, and ¢4(7, 2) = 1.

e the normalizing factor Z;{g [0, - - - 0q,] is defined by

(2.2) Z;zré [0a) -+ 0a,] = Z aftedses(w) (_1)#100psa1 ,,,,, an @)

with the product of spins oy, - - - 04, in the corresponding Ising model configu-
ration with + boundary values. Since af edges() 4 just the Ising weight of w,

one concludes that
256 [Oay *** Oa,| = Egé [Cay " 0a,] - Z;{é >0,

where Z+5 = DweCo, aiedees is the partition function of the model.

(ii) It is easy to check that the complex phase ¢q, ... a, (7, 2) is independent
of the choice of a decomposition of v into a path p(y) and a collection of loops;
e.g., see the discussion in [CI13]. Note that there are four types of corners:
lying to the right of a nearby vertex v, below v, to the left of v, and upper v.
For each of these groups, the winding of the path p(y) is defined uniquely
modulo 27. Therefore, the discrete spinors introduced above always are purely
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real at the first group corners, are collinear to \ := e’ for the second group,
etc. This motivates the following notation:

e we partition the set V¢, of all corners into four subsets V}l 5 Vé 5 V}lé and

Vg , depending on the position of the nearest vertex v € V¢, (to the left,
upper, to the right, below) with respect to the corner.

(iii) We extend Definition 2.1 to edge midpoints z € V[rgé . ] by adding

147 e Om
the factor (cosg)_1 to the formula (2.1), with #edges () being the number
of full edges contained in v and the complex phase ¢q, .. q, (7, 2) being defined
as above. Note that each edge midpoint z can be reached by a path p(v) from
two opposite sides, and both types of configurations are included in the sum.
Thus, in this case the argument of the spinor value Fig, q4,,....a,] () is no longer
fixed.

(iv) The definition of Fig, 4,,. 4, is invariant under permutations of az,

..,apn. The reader should always keep in mind, however, that the point a;

plays a special role. The same applies to Agq(ai,...,a,) and other related
notation below.

2.3. S-holomorphicity and boundary conditions. A version of discrete holo-
morphicity, the notion of s-holomorphicity was introduced in [Smi06] together
with the nonbranching version of discrete holomorphic observables as a tool
to study the critical Ising model on the square lattice. The properties of such
functions were further investigated in [CS12] for a more general class of graphs.
On the square grid, s-holomorphic functions may be thought of as (more clas-
sical) discrete holomorphic functions whose real part is defined on Vglzé and

imaginary part on sz ,» extended in a particular way to Vé 5 Vg ,» and further
to Vg, (see more details in Section 3.1). Our definitions resemble those in
[Smi06].

Definition 2.3. With each corner z € V¢, (with 7 € {1,1’,)\,X}), we as-
sociate the line ¢(z) := 7R in the complex plane and denote by Py, the
projection onto that line, defined by

Py(z) [w] := % (w + 7'2@) , weC.

We say that a function F' : VG — C is s-holomorphic in §s if for every x € V§
and z € Vg, that are adjacent, one has

F(z) = Py [F'(2)] -
For functions defined on double covers, we introduce the notion of s-holomorph-
icity exactly in the same manner.

The following proposition contains the crucial properties of Fio; q;. . an]
that will allow us to analyze their scaling limits. For z € (9)2516, let vout(2)
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denote the discrete “outer normal to the boundary at z”: the edge whose
midpoint is z, oriented towards the exterior of the domain and viewed as a
complex number.

PROPOSITION 2.4. The function Fiq; q,,.. a,] S s-holomorphic and has
(multiplicative) monodromy —1 around each of the marked points a1, ..., an,

thus being a discrete s-holomorphic spinor on V[Cg; 0 man]’ Also,
sy yeeyn

(23) S [Fo,aran] (2) Veou(2)] =0 for all z € Vi an]

1 oan

Proof. We give a proof (based on the standard XOR bijection; cf. [CS12])
in Section 3.1. O

Remark 2.5. The boundary conditions (2.3) are a priori not robust enough
to pass to the scaling limit: even if the limiting domain 2 has a smooth bound-
ary, the discrete normal vyt (2) can possibly admit only the values e*7T and
ei%, and so does not (pointwise) converge to its continuous counterpart.
These conditions become much more tractable if one finds a way to “integrate”

the square of Flg, 4. the real part of this primitive (antiderivative) will

»an|*
satisfy Dirichlet boundarlf conditions on 99 due to (2.3). This approach is not
as straightforward as in the continuum since the square of a discrete holomor-
phic function is, in general, not discrete holomorphic, and so does not have
a well-defined discrete primitive. However, the following remarkable fact has
been observed in [Smi06]: one can naturally define the real part of the integral,
using the s-holomorphicity of discrete observables, which is a stronger prop-
erty than the usual discrete holomorphicity. Moreover, a technique developed
in [CS12] allows one to treat this real part essentially as if it were a harmonic

function; see further details in Section 3.3.

2.4. From discrete spinors to ratios of correlations. The following lemma
expresses ratios of spin correlations in terms of the spinor observables intro-
duced in Section 2.2, providing a crucial ingredient for the proof of Theo-
rems 1.5 and 1.7.

LEMMA 2.6. For anyn=1,2,..., we have

]E;g [Ua1+25aa2 e Uan]
(2.4) : = Flosa1,an] (a1 + %),
Egé [Ual . 'Uan] [Qs,a1,-..,an] ( 2 )

where we take the corner ay —|—3—25 on the same sheet as the “source point” ay —I—g.
Moreover, in the case of just two marked points, we also have

E?;ge [Cat50b+5]

(2.5) = +iFjg, a8 (0+3),

]Egé (0600
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where Efree denotes the expectation in the critical Ising model defined on the
vertices of Qs with free boundary conditions, and the sign £ depends on the
sheet where the corner b+ 2 5 1s taken.

Proof. Recall that

#edges(v) 38
CrcCay(artfart®) % Paran (101 + F)

Zﬂ; [0y Ta,)

F[Q&,ah...,an] <CL1 + %6> =

while, taking into account Remark 2.2(i),

.....

#edges(w) 1 .
E?l_é [Ua1+250a2 tee Uan] ZwECQ ( 1)# 00Pay+20

EQ; [0, " 0a,] Z(—’z—(; [0, " 0a,]

There is a simple bijection w between the sets Cq; (al + g,al + %‘5) and Cg;:
removing the two corner-edges (a; + g, a1 +9) and (a1 + d,a1 + 37‘5) from a
given v, we obtain a collection of closed loops w(y) € Cq; and vice versa. So,
it suffices to show that

¢a1..-7an (/y’ aq + 3726) = (71)#100psa1+26,a2 """ an (w('Y)) .

Let us pick any loop in v and remove it. The left-hand side (respectively, the
right-hand side) has changed the sign if and only if there was an odd number
of points aq, ..., a, (respectively, a; + 24, as, ..., ay) inside the loop. However,
no loop in v separates a; from a; + 2 (such a loop would intersect p(7y)),
so the two sides can only change sign simultaneously. Thus it is sufficient to
consider the case when + is just a single non self-intersecting path p(y) running
from a; + g to a; + 376. This case is treated by the following observations:
sheeta, . qa, (P(7), a1 + 375) = —1 if and only if there is an odd number of points
ai,...,ap inside the loop w(p(v)), and wind(p(y)) = 27 mod 47 if an only if
w(p(y)) separates a; from aj + 20.

For (2.5), the Kramers-Wannier duality (e.g., see [Pal07, Chap. 1]) implies

f #edges(w)
E I'Ee [O'a+5o-b+(5] ZWGC96 (a+2 ,b+ ) (674

Egé loa05] Zﬂa [0a0b]

Hence it is sufficient to prove that the (purely imaginary) number ¢, (7, b+ %)
does not depend on 7. We have #loops, ,(v \ p(7)) = 0 since any loop in
either surrounds both a, b or none of them, for otherwise it would intersect the
path p(7) joining a+% and b+ g. Further, let mp, = b~ vy ~ -+ ~ vy, ~ a be
some simple lattice path with v; € Vg . Then, p(y)U(b+ 5 S byune,U(a,a+3 )
is a loop, which we denote by [(y). Let n(v) be the number of self-intersections
of I(7) (in order words, the number of intersections of p(y) with 7j,). Since
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exp[—iwind(I(v))] = (=1)"*1 (this is true for any closed loop), we see that
exp[—swind(p(7))] = (—=1)""* - exp[Fwind((b+ §,b) Ump, U (a,a + 3))],

where the second factor does not depend on . But we may also view 7, as a
cut defining a sheet of the double cover [, a, b], meaning that

sheetqp (p(”y), b+ g) = (—1)"(“7)7

which proves the desired result. O

Remark 2.7. (i) Similarly to (2.4), one can check that

Jr
EQ(; [0a1+(1ii)60a2 T Uan}

(2.6)
E§5 [0ay *+ 0ay]

= ei%i F[Q(;,al,...,an} (a1 + (1:|:%) 5) .

The proof boils down to the identity

for the natural bijection v — w(y) removing the two corner-edges (a1 —i—g, a1+9)
and (a1 +6,a1 + (1 £ 1)) from a given v € Cq, (a1 + %, ap + (1 + %)(5), which
we leave to the reader.

(ii) The identity (2.5) can be extended to the case of 2n marked points
(see [CI13, Prop. 5.6]), thus allowing one to treat 2n-point correlation functions
with free boundary conditions.

2.5. Continuous spinors. In this section we introduce the continuous coun-
terparts of the discrete spinor observables defined in Section 2.2: the con-
.an]- We define them as solutions to the
conformally covariant Riemann boundary value problem (2.7)—(2.9), which is

tinuous holomorphic spinors fioq, ...
a continuous analogue of the corresponding discrete boundary value problem
(see Remark 2.11).

Definition 2.8. Let € be a bounded simply connected domain with smooth
boundary, and let ay,...,a, € Q. We define fig,,. . a4, to be the (unique)
holomorphic spinor on [, a1, ..., a,], branching around each of a4, ..., a, and
satisfying the following conditions:

(2.7) St [ figuar,.an () vou(2) | =0, 2 €09,
(2.8) lim vz —aq - f[Q7a17__.7an](Z) =1,
(

zZ—al
z) €iR, k=2,...,n,

(2.9) zhiﬁlk Vz—ag - fio.a,..an]

where Vot (2) denotes the outer normal to the boundary of €2 at z.
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LEMMA 2.9. The boundary value problem (2.7)—(2.9) has a unique solu-
tion. If ¢ : Q — Q' is a conformal mapping, then one has

(2.10) Fia1.00) (2) = flor (@) wo(an)) (0(2)) - (¢'(2))

Remark 2.10. We use this covariance property as the definition of the
continuous spinor in an arbitrary simply connected domain €, taking €’ to be

1/2

any smooth bounded domain.

Proof. If fi1, fo both satisfy (2.7)—(2.9), then the spinor fi; — fo satisfies
(2.7) and (2.9), while lim,_,4, v/z — a1 - (f1(2) — f2(2z)) = 0. Applying the
Cauchy residue theorem to the single-valued function (fi(z) — f2(2))?, one
arrives at

@11) 0 | (fi(2) =)z = 2m > lim (=) ()~ () <0,
k=2

where the first inequality easily follows from (2.7) and the second from (2.9).
Hence, fi = fo. Moreover, the conformal covariance property (2.10) now
follows from an easy observation that its right-hand side satisfies all the con-
ditions (2.7)—(2.9).

To prove the existence, consider the case 2 = H and observe that if Q(z)
is a polynomial of degree n — 1 with real coefficients, then

(2.12) fo(z) =T - Q)
VE—a)(z—a1) (2 — an)(z — @)
is a holomorphic spinor on [H, ay,...,a,] satisfying (2.7) and the additional

regularity condition fo(z) = O(|z|7!) at infinity. Note that (2.11) shows
that, if fq satisfies (2.9), then Sm Zlgrgll Vz—a1 - fo(z) = 0. Therefore, con-
ditions (2.8) and (2.9) give rise to n (real) linear equations on n unknown
coefficients of ). By the above argument, the homogeneous counterpart of
this linear system has no nontrivial solutions; thus the system is nondegener-
ate. The solution for a given bounded smooth domain 2 is then constructed by
(2.10) with €' = Hj the decay of fg(z) at infinity ensures that the right-hand
side is bounded near ¢~ !(c0). ]

Remark 2.11. The first condition (2.7) in Definition 2.8 is a natural coun-
terpart of (2.3). The third condition (2.9) comes from the following obser-
vation: the discrete primitive Hiq g, . 4, of the “discrete differential form”
Jte [F[%zé,ahm,an}dz] (which can be defined due to the s-holomorphicity property
of the discrete observable; see Remark 2.5) remains bounded from below near
the branching points as, . ..,a, as § — 0. Thus, we impose the same condition
for the scaling limits, which means that e [[ f[%l,al,...,an}dz] should behave like

¢k log |z — ag| for some nonpositive ¢, as z — ag, k = 2,...,n, implying (2.9).
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The second condition (2.8), which fixes the behavior of fig 4, . 4, near the
“source point” aj, is the most delicate one and will be clarified later on. (See
Section 3.2, particularly Lemma 3.5.) Note that it is sufficient to assume that
fi9,a1,....an] does not blow up faster than 1/y/z — a1 at a;. Indeed, in this case
the argument similar to (2.11) shows that Zlggll(z - al)(f[Qah.-.,an](z))z > 0,

and the rest is just a proper choice of the normalization.

Let us now introduce the quantities that play a central role in our com-
putations of scaling limits of spin correlations, as they will turn out to be the
limits of discrete logarithmic derivatives in Theorem 1.5.

Definition 2.12. We define the complex number
Aﬂ(ala ctty an) = A[Q,al,.“,an]

as the coeflicient in the expansion

1
(213) f[Q7a1,...7an] = \/ﬁ + QA[Q,al,...,an] VZz—a+ O(|Z - a1|3/2)
of fia,a1,..,a,) D€ar the point a;. In the special case n = 2, we also define the
quantity Ba(a,b) = Bjgqp > 0 as the coefficient in the expansion of fig

near b:
ZB[Q a,b]
9.14 oy = ke
( ) f[Q, ,b} m
where the sign + depends on the sheet of [, a, b].

+0(|z = b'/?),

Remark 2.13. Note that the covariance rule (1.10) for Ajqq, ... 4, follows
directly from the conformal covariance (2.10) of spinor observables: if ¢ : 2

— ' is a conformal mapping, then one has
f[Q,ah...,an} (Z) = (90/ (Z))1/2f[Q’,<p(a1),...,<p(an)} (QO(Z))
1
3

¥ (2)

LD(Z) ¢ (a1)

i } 24, (0 (2) — g (a)) + -
1—|—“0H(a1)(z—a1)+~--
{( (

¥'(a1)
s—a)(1+ Sz —a)+-)

r- 1424, ¢'(a1)(z—a1) + -]

_ Wl_—al{HQ(A@"Pl(alHéi/’,((le)))(z_a1)+"'}’

where Ay, = Ao/ o(ay),....p(an)]- Similar arguments show that the coefficient
Bjg,q,p) is conformally invariant, i.e.,

We defer the further analysis of Aq and Bq until Lemma 2.21 and the appendix,
where we compute those quantities explicitly for n < 2 and n > 2, respectively.
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2.6. Convergence of the spinors. The main purpose of this section is to
derive Theorems 1.5 and 1.7 from the convergence results for the discrete spinor
observables Fio; 4.4, that are formulated in Theorems 2.16, 2.18 and 2.20
below. The proofs of those are given in Section 3, which is the most technical
part of our paper. We use the following definitions concerning convergence of
discrete s-holomorphic functions:

e We say that a family {25 of discrete domains approximates a continuous
domain 2 C C as § — 0if 9§25 converges to 02 in the Hausdorff sense. (Note
that our proofs can be easily generalized to the Carathéodory convergence
of planar domains, which is weaker than the Hausdorff one used in this
paper for simplicity.)

e We say that an s-holomorphic function (or a spinor) Fs defined in Q§™
(or its double cover) tends to a holomorphic function (or a spinor) f as

0 — 0 if the “mid-edge values” Fg‘ﬂm approximate the values of f, while
5

the “corner values” F‘QT, 7 € {1,\,i, A}, tend to the projections of f onto
the corresponding lines TR (see Definition 2.3).

e We say that a convergence of discrete functions Fy(z) = Fs(z;a1,a2,...) to
f(z) = f(z;a1,a2,...) is uniform on some compact set if and only if the
differences |F5(z;a1,aq,...)— f(z;a1, a9, ...)| are uniformly small as 6 — 0,
when we interpret lattice vertices (or mid-edges, corners, etc) z,a1,as, ...
as the corresponding complex points when we plug them into f.

The crucial ingredient of our proofs is the interplay between (a) the values
of discrete spinor observables near their branching points, which are related to
the ratios of spin correlations by Lemma 2.6, and (b) the mid-range behavior of
these observables, which can be further related to the asymptotics expansions
of their scaling limits (2.13), (2.14).

As a main tool to relate (a) and (b), we use a full-plane version Fic, q
of the spinor observable. (Since we are interested in local considerations, it
is sufficient to stick to the case of one marked point.) Though it could be
constructed as an infinite-volume limit of the finite-domain observables, we
prefer a more explicit strategy, which is outlined after the following lemma
claiming the existence of Fic; 4

LEMMA 2.14. For a € V&é, there exists a (unique) s-holomorphic spinor
Figs.a V[(écn;,aﬁ] — C such that Ficgq(a + 375) = 1 and Fic, q(2) = o(1) as

z — 00. Moreover,

(2.16) 19(15)1’[@5,(1}(2) L - fic,q(2),

uniformly on compact subsets of C\ {a}, where 9(0) is defined as
(2.17) 9(6) := Fig,a (0 + % +26]35]) -

Hi
=02z —a
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Proof. The detailed proof is given in Section 3.2. First, we define the (real)
values of Flc; ) on Véé as the discrete harmonic measure of the tip point a+ 376
in the slit discrete plane V¢, \ {z +a: 2 < 0}. This definition is motivated by
the following observation: in the continuous setup, the function Re [1//z — a]
can be viewed as the properly normalized harmonic measure of the tip a in the
slit plane C \ {x +a : < 0}. Second, we extend Fic, , to Vég by harmonic
conjugation, then by symmetry to another sheet of [Cs,a], and eventually as
an s-holomorphic function to V{C\ 5 V(é , and Vg, The convergence (2.16) follows
from known results on convergence of harmonic measures (e.g., see [CS11]). O

Remark 2.15. The normalizing factor 9(6) is essentially the value of Fic; 4
at a + 1. In Section 3.2 we show that

(2.18) C_V6 <9 (8) < CLVs,

where C4 > 0 are some absolute constants. Note that one can compute the
limit limgs_,0©¥(5)/V/6 using the recent work of Dubédat [Dubllal, but we do
not need this sharp result.

We further use the normalizing factors ¥(9) introduced above in order to
formulate the following convergence theorem for discrete spinor observables
away from 0¥ and aq,...,ay,.

THEOREM 2.16. Let discrete simply connected domains 5 approximate
a bounded simply connected domain Q as 6 — 0. Then, for any € > 0 and any
n=12,..., we have

1
WF[Qg,al,...,an](z) m f[Q,al,...,an]<Z)7
uniformly over all aq,...,a, € VSQZ& and z € Vg, that are at the distance at
least € from 0L and from each other.
Proof. See Section 3.4. O

Since we are interested in the coefficient Ajq 4, . 4,] in front of the term
vz —ay in (2.13), along with the discrete analogue Fic, ) of the function
1/v/z — a given by Lemma 2.14, we also need a discrete counterpart G (Cs,a] Of
the function /z —a. We construct Gc, 4 by “discrete integration” of Fig; 4,
just mimicking the continuous setup. It is sufficient to define G¢; 4 on Véé
only, as Lemma 2.6 deals with the (real) values of discrete observables at the
point a; + 376 € Véé.

LEMMA 2.17. For a € Vg, there exists a (unique) discrete harmonic
spinor Gic; q) V[lc(;,a] — R such that G|c; ) vanishes on the half-line {x + a :
r < 0}, Giegq(a+ 375) =0, and G|c; 4 (2) = O(|z - al’/?) as z — oo.
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Moreover,
1
¥(6)
uniformly on compact subsets of C\ {a}.

Proof. For z € V[%CM}, we set Gcg.q)(2) = 0 - Y520 Fleg,q) (2 — 256). Cer-

tainly, one should check the convergence of this series and the harmonicity on
the half-line {z + a : © > 0}; see further details in Section 3.2. O

(2.19) Glesa)(2) s Re vz —a =i gieq(2),

In the continuum limit, the leading term in the expansion of fio 4, .. a,] —
J[C,a1] D€ar ay is given by 2410 4, . 4,1v/% — a1. It is hence plausible to believe
that the same holds true for the discrete spinors, and one has

(Flos,ar,..an] — Flcs,a1]) (al + 375) ~ 2Re A; a1, an] - G[Csa1) (al + 375>

up to higher-order terms. (The real part appears due to discrete complex
analysis subtleties, as real and imaginary parts of s-holomorphic functions are
defined on different lattices, and a; + % eV} ,-) We justify this heuristics in

THEOREM 2.18. Under conditions of Theorem 2.16, we have
(2.20) Flog.ar,an) (a1 +32) = 1= 2Re Ajg 4, ) -6 =0(0)

as § — 0, uniformly over all ay,...,a, € Vs that are at the distance at least
€ from 0Q and from each other.

Proof. See Section 3.5. O

Remark 2.19. In the proof of Theorem 2.18 we show that Fio; 4, . 4,] and
Fic;,a,) are d-close to each other at all points around a; — in particular, at
a1 + (1 £ £)8. Together with (2.6), this implies

E& [0a1+(1ii)60a2 T Uan}
EE(; [0y Oay]

=1+ 0(9)
as 0 — 0, uniformly over all ay,...,a, € Vg, that are at the distance at least
€ from OS2 and from each other.

The similar analysis for the quantity Big .5 defined by the expansion
(2.14) is simpler since we need to match the first-order coefficients instead of
the second-order ones. The result is given by

THEOREM 2.20. For n = 2, under conditions of Theorem 2.16, we have
(2.21) Flosan (b+5) £iBaay =o0(1)

as 6 = 0, uniformly over all a,b € V5 that are at the distance at least € from
00 and from each other, where the sign + depends on the sheet of [, a,b].

Proof. See Section 3.5. U
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Proof of Theorems 1.5 and 1.7. Due to Lemma 2.6, asymptotics (1.8) is a
reformulation of (2.20), while Theorem 1.7 is equivalent to Theorem 2.20. (The
sign + is fixed due to the positivity of spin-spin correlations.) To check (1.9),
we rotate our domain €2 around a by 90° clockwise. According to the conformal
covariance rule (1.10), the coefficient A multiplies by ¢, so the desired result

follows from Re [iA] = —Qm A. O
2.7. Integrating the logarithmic derivatives and explicit formulae. We start
this section by stating explicit formulae for Ajq 4, ... q,) and Bjg q -
LEMMA 2.21. One has
(2.22) A0, an] = 20a,108(0a, ++ 0a, )b
o0 free
(2.23) Big,ay = <<UaanZ)%’

where 9y, = 1(0y, — i0y,) if a1 = a1 + iy1, and the quantities (04, -+ 0q, )0
are defined by the conformal covariance rule (1.5) and explicit formulae (1.2)

and (1.4).

Proof. Note that (1.5) readily implies that 20,, log{(c,, - - - 04, )& satisfies
the same covariance rule (1.10) as Ajqq,,..q,], and both sides in (2.23) are
conformally invariant. Therefore, it suffices to check (2.22), (2.23) for Q = H.
This amounts to computing the continuous spinors fgq,,... .q,]» Which can be
done by solving a linear system for the coefficients of polynomials () introduced
in the proof of Lemma 2.9.

Let us first illustrate this procedure for n = 1,2. It is straightforward to
check that the spinors

o~ 1
S (2) = @i%ma)? —,
(z—a)(z—qa)

__Sma)?  [b-a)b-a)i(z=b) +[6-a)b-D) (D)
[b—al+ b~ (= a)z— @) =)= - D)7

satisfy (2.7)—(2.9). Working out the expansions (2.13) and (2.14), one arrives
at

f[]HLa,b] (Z)

1
Ana) = ~ggme
1 b—al —|b—al ( 1 1 )
b) = — —
As(a,b) 8i$ma+4(\bfﬁ|+\bfa|) b—a b—a’’
and
(ASmaSmb)z  (ga0p)kee

By (a,b) =

b—al+|b—al (aaab>ﬁ '
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proving (2.23). Taking the logarithmic derivatives with respect to a of the
explicit expressions for (o,)f; and (o,03)5; given by (1.2), one arrives at (2.22)
for n = 1,2. The proof for higher n is somewhat technical, and we defer it to
the appendix. ([l

The following proposition, which is a rephrasing of Corollary 1.6, now
follows easily from Theorem 1.5 via integration with respect to the positions
of points.

PROPOSITION 2.22. As Qg approximates €2, one has
Blon o) o)

Q
(2.24) i
Q

By 00, 0a,] 60 (00, 0u,)

uniformly with respect to all ap, at distance at least € from 9 and each other,
and by obeying the same condition.

Proof. Color the faces of {25 black and white in a chessboard fashion. By
Remark 2.19, the ratio of spin-spin correlations at two adjacent spins tends to 1
uniformly away from the boundary, so we can assume that all ay, by are colored
white. Let a} € Q be such that [a1,a}] is a horizontal segment contained in
2 and disjoint with ag, ..., a,. Denote by a1 = vy ~ -+ ~ vy, = a} a straight
horizontal lattice path approximating [a1,a}]. Then, by Theorem 1.5, one has

+ +
tog 22 702102+ 0un] <E”6 [o0;100 0w ] _ 1) (1+o(1))

Egé [O'Uj Oay " Uan] Egg [av]. Oay """ O'an]
=20 - [Re Aq(vj;az, ..., an) + o(1)]

as 0 — 0, where the o(1) terms are uniform in j. Consequently,

e

ms
=26 - Z%Q.AQ(U]',CLQ, . ,Cbn) +O(1)

Ea; [Utnaaz o 'Uan]

(2.25) j=1
— Re Aq(x1 + iy1, az, ..., ay)dr.
6—0 la1,a}]

A similar formula with —Sm Aq (21 +iy1, asg, . . ., a,)dy; in the right-hand side

applies to the case when [a1, a}] is a vertical segment. Since by (2.22) one has
Re Aq(z1 + iy, a2, . .., an) = 0y, 108(0, iy, - -aan>§,
—SmAq(z1 +iy1, a2, ..., an) =0y, 10g(00; +iy, - 'Uan>$,

the proposition readily follows by applying the above computation, if neces-
sary, to several horizontal and vertical segments and to other marked points
A,y ...,0p. O
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Remark 2.23. Note that whereas Lemma 2.21 allows us to write the lim-
its of correlations in Theorem 1.2 explicitly, it is otherwise not essential for
the proof. In fact, Theorem 1.5 implies that discrete exact differential forms
dlog Egé [0a, -+ 04,] have continuous limits Lgq, given in terms of Ag;
see (2.25). Therefore, one could simply define the functions (o4, - - - 04, )¢ to be
exp([ Lq,n) with properly chosen constants of integration. The only property
of (04, +++ 04, )¢, that we use below (and which also defines their multiplicative
normalization for n > 2 uniquely) is the following:

e +
(2.26) <Gf Tan)g + — Lasa; — 0Q.
(0a1)(Tay *** Tan )y

In principle, the existence of constants of integration such that (2.26) holds
can be derived from the asymptotics

-AQ<a17 s >an) - AQ(al) = O(l)a ar — aQ:
Aq(ai,...,an) — Aq(ar,...ak...,an) =0(1),ar — 0 k=2,...,n,

which could be obtained by comparing solutions to the corresponding boundary
value problems (2.7)—(2.9) as a; — 0f.

2.8. From ratios of correlations to Theorem 1.1. This section is devoted
to the proof of Theorem 1.1. Our goal is to relate the normalizing factors
p2(9,€Q5) from Corollary 1.6 (which, in principle, might depend on §2) with
the full-plane normalization p(d). The proof is based on Theorem 1.7, which
claims the convergence of the ratios of free and + spin-spin correlations to the
explicit limit Bo(a,b) = (0400)2%/(0a03)4. We also use the classical FKG
(e.g., see [Gri06, Chap. 2]) and GHS (see [GHS70]) inequalities for the Ising

model. The small additional ingredient is given by
Remark 2.24. The following property holds:
(2.27) Ba(a,b) — 1 as Dg(a,b) — 0, and Bg(a,b) — 0 as a — 09,

where

(2.28) Da(a,b) := W

is a quantity that measures how deeply in the bulk of €2 the points a,b are.
This follows readily from conformal invariance of Bq(a, b) and explicit formulae
(1.4) for the half-plane. Also, if one denotes

1
(oqop)C :=|a —b| "1,
then

+
(2.29) ———= — 1 as Dq(a,b) — 0.
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Indeed, let ¢ be a conformal map from Q to H such that ¢(a) = i. Due to
standard estimates, one has p(b) — i and |¢'(b)| — |¢'(a)| as Dg(a,b) — 0.
Therefore,

1 1
(0000)5s _ (ToTow) I @IFILBIF _ (@) =) ~Hl¢/(a)]F

(0a0b) - (040 - a— b\_% (1+0(1))—1.

LEMMA 2.25. For any n > 0, there exists an € > 0 such that the following
holds: if Do(a,b) < € and Q5 approzimates (2, then

provided that § is small enough.

Proof. By the FKG inequality, Ef{;e l0q0b] < Eg; [0q0b] < Ega [0q0p) for
any domain As containing a,b; hence the left-hand side readily follows. For
the right-hand side, choose As = 2§ — d. We have, by Theorem 1.7,

Ef{ge (a0 Egge [Oa+6Tb+0]

= — Bg a,b).
Egé (0400 Egé (0600 50 (a,5)

Due to (2.27), one can choose € so that Bg(a,b) > 1 — 2, which gives the

result. O

Proof of Theorem 1.1. Fix n > 0. For shortness, below we will write a + ¢
for its lattice approximations a + 20| 55 ] and a+1 for its lattice approximation
a+ 26| 55]. Denote

(2:30) Ry} = (2(9))'E, [ouon)].
Recall that o(0) = Ec, [0404+1] by definition, so one can write

Eg(g [O-ao-b] ‘ EE& {O-ao-cH»e] ' E(Cg {a-ao-a+e]
Egtg [Uaaa-i-e] EQ; [UaUaJre] EC& [O‘ada+1] '

Qs _
Ra,b -

By Lemma 2.25, we can find a small € > 0 and a large domain As containing
a, b, a + € and a + 1, such that

| < B, a0 Ec, [0a0atd ER, [0a0at1]

< < 14n and 1—-9<
E(C,; [Uaaa+e]

<1+mn,
Ec, [0a0a+1] EX(S [0aTarte]

provided that § is small enough. Consequently,
(1-n)

Egts [0a00] EX(S [0a0arte]
Egé [CaCate) EL [0a0at1]

ES Ef .
< R < (g 0 B a0

Egé [CaCate) E}\: [0a0at1]

and, by convergence of the ratios of spin correlations proven in Proposition 2.22,

(1- )2 <0a0b>$ . <Uaga+e>}\F < R% < (1+ )3 <Ua0b>?z— . <Ua0a+e>x
¥ + = Map = N ¥ +
<0aaa+e>Q <0a0a+1 >A <Ua0a+e>Q <Ua0a+1>A
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for § small enough. Since 1 can be chosen arbitrary small, and the bounds do
not depend on J, it only remains to show that we can make the factor

<U a0 a+e> j\_
<Ua0a+s>$ <0a0a+1>7\_
as close to 1 as we wish by choosing e small enough and A large enough. How-
ever, this follows readily from (2.29) if we multiply this factor by (0,04+1)c=1.
Thus, Egé [0a0b] ~ 0(8)(a0p)h as 6 — 0. To derive the asymptotics of two-
point correlations for free boundary conditions as 6 — 0, note that Theorem 1.7

implies
ESS 5 [0a08] ~ Ba(a,b) - B [0a0y] ~ 0(8) - Ba(a, b){0a0s)$, = 0(8)(ga0)5.

The fact that we have (2§ —4 instead of 25 plays no role, since they both approx-
imate the same continuous domain € and the convergence of (o(d ))—1E§+25 [0a0b]
is independent of the particular choice of lattice approximations. O

Remark 2.26. As a simple byproduct of our analysis, we obtain the ro-
tational invariance of the full-plane correlations recently proven by Pinson
[Pin12]: by the FKG inequality, for any (large) domain 25, one has Eg?e [0a0]
< Eg, [040p) < Egé [0404] and, due to Theorem 1.1 and (2.27), both sides have
the same asymptotics when Qg exhausts Cs. Then, (2.29) gives the desired
result:

(p(8)) B, [0acs] = (0aop)c = |a — b3 as § — 0.

2.9. Decorrelation near the boundary and the proof of Theorem 1.2. This
section is devoted to the proof of Theorem 1.2. Note that it was already proven
above in the special case n = 2 as a part of Theorem 1.1. Our goal is to relate
the normalizing factors in Corollary 1.6 with o(J). Below we rely upon the
asymptotics (2.26), which readily follow from explicit formulae (1.4) and the
conformal covariance rule (1.5).

LEMMA 2.27. Given a domain ) with marked points as,...,an, 1 > 2,
and a number nn > 0, there exists € > 0 such that the following holds: if a1 € Q
1s e-close to the boundary, Q5 approrimates Q and § is small enough, then

1—n< Ea—a [Ual]Eg,; [0ay +* 0a,]

<1.

Egé [0y ++ 0a,]

Proof. The upper bound follows readily from FKG inequality. For the
lower one, consider first the case n = 2. A celebrated application (e.g.,
see [DM10]) of the GHS inequality [GHS70] reads Egs [040b] —Eas [aa]Eng [op] <
Egie [0a0] or, equivalently,

Egie [Uan] Ea; [UG]Egg [Ub]

11— <
Ega [0a00) Egé (060
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As § — 0, the left-hand side converges to 1 — Bq(a;b), so (2.27) implies the
claim.

To prove the result for n > 3, assume that we have already proved The-
orem 1.2 for all n’ < n. (The precise description of our induction scheme is
given in the proof of Theorem 1.2 below; see (2.31).) Let v be a cross-cut
(simple path) in 2 separating ay from ag,...,a,, and let " and Q" be the
corresponding connected components. Note that the FKG inequality implies

+ +
Egg [Ual]Egé [Uaz T Uan] ) EQ% [Ual]EQg [0ay -+~ Oa,]
Egtg [Ual e O-an] ]Egg [Ual]Egg [UQQ e Uan] B
as Egg [aal]Egg [0ay -+ 0a, ] is equal to the correlation of og,,...,04, in s

conditioned on the event that all spins neighboring ~ are +. By the induction
assumption, the second factor converges to

<0a1>§’ . <0a2 e Uan);l_”

<O'a1>$ <Uaz e Uan>?2_
as § — 0, hence it is sufficient to show that we can make this quantity arbitrar-
ily close to 1 by choosing a1 and v appropriately. We first choose the cross-cut

in such a way that Q" would be Carathéodory close to € as seen from as, . .., a,
and then put a; deeply inside ', so that " would be Carathéodory close to
Q as seen from a;. If two domains are Carathéodory close, then the conformal
maps from these domains to H mapping the marked point to ¢ (say, with pos-
itive derivative there) are uniformly close on compact sets together with their
derivatives. Thus, the lemma follows from the continuity of the half-plane
functions (g, - - 04, )7 With respect to the positions of a1, ..., ap. O

Proof of Theorem 1.2. Recall that the special case n = 2 is already done
as a part of Theorem 1.1. We proceed by induction, which (together with the
proof of Lemma 2.27 given above) starts as follows:

(231) Th&lo=T = L3=>T3=>Ly=Ty= -

(where T and L; mean the particular cases of Theorem 1.2 and Lemma 2.27).
Let n =1 and n > 0 be fixed. Similarly to (2.30), denote

1
R = (0(8)"2E{, [oa] -
For any b € (), one can write
(ieyr _ s loul B o] B o B o]
‘ Ed low]  0(9) E, [0400)]
By Lemma 2.27, if we choose b close enough to the boundary, then
Ef, [0a Eg, (03]

Egé [0a00)

1-n<

— i
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provided that ¢ is small enough. Due to Proposition 2.22 and Theorem 1.1,

one has
ES (o4 + Ed [o,0
725 o] — <Ua>$ and —l 077 700 — <O’a0'b>6.
Eg, [op) 620 (op) 0(9) §—0
Consequently,
2 <0a0b>§ Q512 2 +\2 <0a0b>$
(L= ((0a)) " g < (B < (L+m)* ((0a)) - 0
(o) ytons (o))" iftong
provided that § is small enough. Since 7 can be chosen arbitrary small, and by

(2.26) we can make the term (0,05)¢/(0a) b (0b) ¢, arbitrary close to 1 choosing

b sufficiently close to 02, we complete the proof for n = 1 by remarking that
positivity of magnetization fixes the sign of RS,

To get the convergence of R = g(é)_%Egé [0ays---0a,] for n >3,
proceed by induction and write it as

+ +
Qs _ EQ [Ual Oag " O-Cln] ]EQ [UbUGQ e Uan] . R?J RQ5

a,...,an "

@1y-esln Eg [0bCay - - - Ta,] ]E;g[ab]Eg [0ay -0, ]

The proof is finished similarly to the case n = 1: take b close to the boundary,
estimate the second ratio in the right-hand side by Lemma 2.27, then use con-
vergence of the first ratio and Riz‘s R%{m’an as  — 0 (this follows from Proposi-
tion 2.22 and the induction hypothesis, respectively) and asymptotics (2.26) for
the continuous correlation functions: (o) (0ay = Tay )y /(ObTay *** Tan )y — 1
as b — 09). O

3. Proofs of the main convergence Theorems 2.16, 2.18 and 2.20
for discrete spinors

3.1. S-holomorphicity of discrete observables. The notion of s-holomorph-
icity was essentially introduced by Smirnov in [Smi06] and used for the study
of the planar critical Ising model in [Smi06], [Smil0], [CS12], [Hon10], [HS13],
[CI13]. Our definitions follow [HS13] and are equivalent to those of [Smil0],
[CS12], [CI13] after the multiplication by v/i; see also Section 3.3 below.

Recall that with each corner x € V{,, 7 € {1,2’, )\,X}, we associate the
line £(z) = 7R in the complex plane, and we denote by Py, the orthogonal
projection onto that line:

Pé(x) [w]:%(w+r2@), w e C.

Definition 2.3 says that a function F' : V' — C is s-holomorphic in Qs (we
use the same definitions when working on double covers) if for every z € V§,
and z € Vg, that are adjacent, one has

F(x) = Py [F (2)] .
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Remark 3.1. The set V(é’; = Vé(; U V(é& may be viewed as a square lattice,
divided into Vé and V(é in a chessboard fashion. By definition, the restriction
of an s-holomorphic function F' to V(C is real on V(C and purely imaginary on
VQ It is not difficult to check ([Smil0]) that this restriction is in fact discrete

holomorphic in the most usual sense; that is, for any x € V((lj’;, one has

(3.1) F(zx+1id) — F(x+96) =i [F(x+ (1+0)d) — F(z)].

The converse is also true: given a discrete holomorphic function F : V(é’; —
RUiR, one can ﬁrst extend it to VE. by the formula F(z) := F(z+ig)+F(z—i%)

and then to V(C by F (z) := Py [F (:c + g)] (Due to (3.1), these projections
coincide.)

We now check the s-holomorphicity of discrete spinor observables, essen-
tially mimicking [CS12], [HS13], [CI13]. For shortness, below we use the nota-
tion '

ay =ay +% € Vg,-
Proof of Proposition 2.4. Let z € V[Igé . be a medial vertex and x
d
2

be one of the four nearby corners so that |z — z| = §. We should check that

(32) Pf(x) [F[Q(;,al,...,an} (Z)} = F[Q(;,al,...,an] (CC) s

where the values of Flg, 4,,.. 4, are defined as sums over the sets Co; (a1”, 2)
and Cq, (a7”, z) respectively. There is a simple bijection w,, : v, — 7, between
these two sets provided by taking XOR (symmetric difference) of a configura-
tion with the two half edges (zv) and (vx), where v denotes the vertex that
is adjacent to both = and z. Hence, it is sufficient to check that for any
7. € Cq,4 (a7, 2), one has

(3.3)

(COS ) Pﬁ(x) { #edges(r:) “@a ai,...,a (’727 Z)] = a#edges 7=) ¢a1, e (7907 )
(The additional factor (cos §)~' comes from our definition of the discrete ob-
servable on medial vertices; see Remark 2.2.) There are two cases: either (zv)
is contained in ~y,, which leads us to

+ix

#edges(yz) = #edges(v.),  exp[—gwind(p(yx))] = €™ 5 exp[—Swind(p(72))],

or not, which leads to
#edges(vz) = #edges(7:) + 1,
y . 3 1T .
exp[—$wind(p(7,))] = e*5 exp[—Fwind(p(7))].
Let us also note that in both cases

(—1)#eoPtosan ) sheetay ., (2, 7)
= (- 1)#100p8a1 AAAAA an (V) sheetq, . ap (V2 2),
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since if w., destroys a loop in 7, that contributed to #loops,, .. (72), leading
to the change of the first factor, then this loop becomes a part of p(v,), so the
second factor changes simultaneously. Thus, one can factor out ozfE edges(yz) |
Gar,....an (72, z) from both sides of (3.3). In the first case (3.3) readily follows,

while in the second it becomes equivalent to
(cosg)_lcos%7r =V2-1=a,.

Thus, Flgq,.....q,] 18 s-holomorphic. It has multiplicative monodromy —1
around each of the marked points ay, ..., a, due to the factor sheety, .. 4, (7, 2)
n (2.1). In order to prove that Figq, .. 4, Obeys boundary conditions (2.3), it
is sufficient to note that wind(p(y)) = vout(z) mod 27 if z is on the boundary.
O
The spinor Fg 4, .. 4, is not defined at the corner a;” and is not s-holo-
morphic there. The next lemma shows, in particular, that its values at the
nearby medial vertices a; + %(5 have different projections onto the imaginary
line iR = ¢(a7"), so one cannot extend Fiq,, . 4, t0 a7’ in an s-holomorphic
way.

LEMMA 3.2. For medial vertices ai + %ﬂé taken on the same sheet of the
double cover [Qs,a1,...,ay,] as the “source” ay’, one has

Pir [Flosar,.an] (a1 + 3526)] = Fi.

Proof. We consider the medial vertex z := a1 + %5; the opposite case
is similar. Given a configuration v € Cs(a;”, z) and applying, as above, the
XOR bijection with two half-edges (a7”,a1 + 0) and (a; + 6, z), we obtain a
configuration w(y) € Cs. Since the normalizing factor Z;{é [a1,...,ay] is a sum
over Cs (see (2.2)), it is sufficient to show that, for any =,

(cos @*me [afedg%(v)%lwan (v, z)] = —j-qffedses(w()) (_1)#10oPSa; . an (W)

Consider two cases, as in the proof of Proposition 2.4 above. If (a3 + 6, 2) € v
(respectively, (a1 + 0, 2) ¢ ), then

#edges(w(7y)) = #edges(y) (respectively, H#edges(w(y)) = #edges(y) +1).

We may disregard all loops in w(7) that do not contain the edge (a1+0, a1 +19),

as they contribute the same sign to both sides. Further, if (a1 44, z) € v, then
3 Vi

wind(p(y)) = °f mod 4m, otherwise wind(p(y)) = ‘F mod 27. Hence the

lemma boils down to the following elementary identities:

37 Tmi

(cos %)_1 -Pirle” 8] =—i and (cosg)_1 -Pirle” 8 ] = —iae. O
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3.2. The full-plane discrete spinor Fc, o and its discrete primitive G(c; q]-
This subsection is mainly devoted to the construction of the full-plane analogue
of discrete spinor observables, as announced in Lemma 2.14. After this, we also
prove Lemma 2.17 and the double-sided estimate (2.18) of the normalizing
factor 9(9).

3.2.1. Discrete harmonic measure in the slit plane. We start with an im-
portant technical ingredient — the discrete Beurling estimate with optimal
exponent % On the square lattice, it was obtained by Kesten [Kes87] and
then generalized by Lawler and Limic [LL04]. Given a face a, let X5 C Véé
denote the slit discrete plane:

Int X5 == V¢, \ La, Lo:={zx+a"+6:x <0}
(Recall that a?+d=a+ % € 12

LEMMA 3.3. For all z € X5, A C X, and some absolute constant C > 0,
the following estimates are fulfilled:

(3.4) hms{ggﬁw} (2) < 05%\2 — a]*%,
(3.5) hm™® (a7 + 6) < C62 (dist(a; A)) "2,

where hmié(z) denotes the discrete harmonic measure of a set A in X5 viewed
from z, i.e., the probability for the simple random walk on Véa (considered as a
properly scaled, rotated and shifted square grid) started at z to reach A before
it hits the boundary of X;.

Proof. This easily follows from [LLO04] and simple reversibility arguments
for random walks. g

Below we also need some additional estimates for the discrete harmonic
measure hm?{i‘j_, +5) and its discrete derivatives.

LEMMA 3.4.

(i) For z € Xs such that |arg(z—a) — 7| < §, one has

(3.6) hm?, . (2) < C62|Sm (2 —a)| |z —a| 2 .

{a=+6}

(ii) For all neighboring z, 2" € Xg, one has
- X X 1 _3

(3.7) 67 (s, ) () Bl (2)] < OOz —a] 7.

(iii) Being normalized by the value ¥(9) at the proper lattice approximation of
the point a+1, the functions (ﬂ(é))_lhmigg_ura} converge to Re [1/v/z — a
as & — 0, uniformly on compact subsets of C\ Lo. Moreover, this con-
vergence holds true in the C' sense meaning that the discrete derivatives
(3.7) converge to the corresponding partial derivatives as well.
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Proof. (i) In order to prove (3.6), note that the probability for the random
walk started at z to leave the ball of radius %|z — a| around z before hitting
0X; is O(|Sm (2 — a)| - |z — a|™!), and once this has happened the probability
to hit a™ + ¢ is uniformly bounded by 0(5%|z — alf%) due to the Beurling
estimate (3.4).

(ii) The estimate (3.7) for the discrete derivatives follows from (3.4), (3.6)
and the (discrete) Harnack estimate (e.g., see [CS11, Prop. 2.7]), applied to
the ball of radius |z — a| (or 3|Sm (2 — a)|, if 2 is close to L,) around z.

(iii) This is essentially a special case of [CS11, Th. 3.13|, which claims
the C'-convergence of discrete Poisson kernels normalized at some inner point
to their continuous counterparts. The fact that our domain is unbounded
plays no role here as, for any r > 0, the positive discrete harmonic functions
2= (000) Mt
Indeed, if f9 is big at some point v in this annulus, then, by the maximum

are uniformly bounded in the annulus {z : |z—a| > r}.

principle, fg is also big along some nearest-neighbor path running from v to
a—"+ . Since the discrete harmonic measure of such a path as seen from a + 1
is bounded from below (by a constant depending on r but not on §), this leads
to a contradiction with fo(a + 1) = 1. O

3.2.2. Construction of the full-plane spinor Fic; . Now we are ready to
construct Fic; 4], as announced in Lemma 2.14.

Proof of Lemma 2.14. Let X(;i denote two copies of the slit plane X5 C
Véa. We first define the real component F| [%Ca o] ON X? as

1 X5 +
Since F[}CM] vanishes identically on L,, by identifying the upper side of this
cut in X; with the lower side in X and vice versa, we obtain a function F| [%C(s al
that is defined and harmonic everywhere on V[l(cé o €xcept at the (two) points
over a” + 0. Recall that Lemma 3.4(iii) ensures the convergence

(3.9) (W(0)) " Fie,a(2) s Re[1/Vz—a]

as well as the convergence of discrete derivatives of F[(lc& al (z) to partial deriva-
tives of Re [1/y/2 — a], uniformly on compact subsets of C\ L.

We then define the imaginary component F; [%C& ok Vf@;, =] = V[ica, a]\{aﬁ}
— iR as discrete harmonic conjugate of F[%ca, o that is, by integrating the
identity (3.1) along paths on VECM_W starting from, say, one of the two fibers
of the point a™ + 24. Since F[(lcé’ ol is harmonic, its discrete harmonic conju-

gate is well defined at least on the universal cover of [Cs,a]. Further, let w
denote some simple loop in Véa, starting and ending at ¢ + 2J, symmetric
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with respect to the horizontal line {x : Sm(x — a) = 0}, and surrounding
the singularity (so, it lifts to [Cs,a] as a path connecting two different fibers
of a”+ 2§). It follows from the antisymmetry of F[(IC(;,a] with respect to L,
(also, note that w changes the sheet once passing across the cut), that the
total increment of F; [%C,;,a} along w is zero. Thus, F; [%C(s,a] vanishes at both fibers
of the point a™ + 2§, and hence inherits the spinor property of its discrete
harmonic conjugate F[%Ca,a]' Moreover, for b := a + 2j6, 5 > 1, the discrete
holomorphicity equation (3.3) and the symmetry of F; [%C(s, d with respect to the
half-line Ry :={x +a~ : z > 0} imply

Fle, a1 (b+20) = Fie, 4(b) = Fi[Fit, o(b £ i6)
— 2F, o (b+8) + Fib, (b + (2£1)8)] = 0.

Therefore, Fﬁca ol vanishes everywhere on R,. Further, the estimate (3.7) guar-
antees that F [%cé al is uniformly bounded: just take a path of discrete integration

in the definition of F [Z('cé al running from R, to z along the circular arc centered
at 0.
It is worth noting that F[fc(; al also admits a discrete harmonic measure

representation similar to (3.8). Namely, let Ygt denote the two sheets of
V[i(cé a1 \ R,, where signs in the notation are chosen so that F[(1C5 a > 0 in

the upper half-plane on Y; and in the lower half-plane on Y. Then,

. Yi
(3.10) Fig,q(?) = Fi-hml 4 (2), z €Y.
Indeed, on each of the sheets ch one can further extend F| &:5,a] (as a harmonic
conjugate of F[<1c5, a]) to the point a™: the only obstruction to do so on [Cs, al
was that the increment of F[’(C&’ ] along the smallest loop surrounding a™ + §
would be nonzero as F[}C& al is not harmonic at ¢+ J, but now this loop inter-

sects the cut R,. Since the bounded function F[fcg a] is harmonic on Y(Si and
. . . Y . .
vanishes on R,, it is proportional to hm { (;L}- Finally, it follows from symmetry

arguments that

+ +
thm ) (a7 + (14+0)8) — (£1) =2hm?, 5 (a7 +i8) — (£1)
= Fig, ) (@7 +18) — Fig, o (a7 +9)
=79 - [F[%Cg,a} (CL—>+ (1+Z) (S) — F[%Cg,a} (a%)],
which fixes the multiplicative constant Fi in (3.10).
Similarly to (3.9), we have

(3.11) ((6) ™ Fey g (2) —2 Sm[1/vz—a]
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together with the convergence of discrete derivatives, uniformly on compact
subsets of C\ R,. Now, following Remark 3.1, we extend Fic, 4] to V[fg al and

V[)(‘C’Xa] as an s-holomorphic function. The convergence (2.16) readily follows
from (3.9) and (3.11). (For points lying near L,, one can approximate F[(lcé ]

by summing discrete derivatives of F; [fc& a] and vice versa near R,.) (]

The following lemma explains the future role of Fic; 4 it has the same
“discrete singularity” (whatever it means) at a™ as Fios.a1,....an) has at ay’.
This allows one to handle this singularity by taking the difference Fig; 4, ... a,]—
F[(Cé

a1

LEMMA 3.5. The spinor F[ng(; rran] T Fios.a1,...an) — FlCs,a1); €xtended
to be zero at ay’, is s-holomorphic in any simply connected neighborhood of a;

that does not contain other branching points ag, ..., ay.

Proof. By Lemma 3.2, it suffices to check that P;g [F[(Cé’al] <a1 + %5)] =
F¢ on the sheet X;{. The considerations given in the previous proof show that,
being considered on Y(:St instead of X;, the spinor Fic; 4,) can be extended at
ay’ in an s-holomorphic way and

P.r [F[(C(;,al} (al + %5)] = F[%Cg,m](al—}) = Fi on Y(Si.

However, by definition, Xj{ coincides with Yj{ in the upper half-plane and with
Y5 in the lower half-plane. O

3.2.3. Construction of the harmonic spinor G|c, 4. Now we “integrate”
the real component of Fic; 4 in order to construct a discrete counterpart of
the harmonic spinor Re v/z — a, as announced in Lemma 2.17. Along the way,
we also prove the double-sided estimate (2.18) of the normalizing factor 9(9).
Note that the upper bound ¥(J) < C4V/0 directly follows from the discrete
Beurling estimate (3.4), so we need to prove the lower bound only.

Proof of Lemma 2.17 and the estimate (2.16). We use the notation for the
sheets and the cuts of [Cs,a] introduced above. For z € X} C V[%Cé a)’ define

(3.12) Gicya)(2) :=10- ZF[}CM(Z« —250).
j=0

Due to the estimate (3.6) for F[é:(;,a]( 0) = hmi‘;_ura}( -), this sum always con-
verges. Note that F[%C(; o = 0 on the cut L, so G|cy,q vanishes on L, too.

We are going to prove that G|c; 4 is harmonic everywhere inside X,
including the point a™ + § right near the cut L,. For z outside R,, this
harmonicity readily follows from the harmonicity of F| [%ca a) SO let z € R,. By
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Sn(z) denote
Int Sy (z) == Vqué N{z:|Re(w—2)|, |Sm(w — 2z)| <2N§}

a sufficiently large square centered at z, and write the discrete Green formula:

N
Z AF[%CL;,(I] (Z — 2](5) = Z AF[(ICL;,G,} ('U])
Jj=l2/24] weSN (2)

= > (Frg@) = Fe, ).
(ww’)€dSN (2)

Let N be large enough so that |w — a| > N for all boundary edges of the
square Sy(z). Then, it immediately follows from the estimate (3.7) that the
last sum is O(N - 5%(]\7(5)_%) = O(N_%). Passing to the limit as N — oo, we
conclude that

AGic,a(2) =0+ Y AFg, 4(z —2j6) = 0.
j=12/25]

Thus, G[cy,q) is indeed discrete harmonic in X;. Moreover, since it vanishes
on Lg, one can harmonically extend G|c, 4] to the double cover V[%C(;, al by sym-
metry.

Let v(0) denote the value of G [Cs,a] 11 @ lattice approximation of the point
a + 1. Arguing as in the proof of Lemma 3.4(iii), we see that, uniformly on
compact subsets of C\ L,

(3.13) (V((S))_IG[(C&G}(Z) P Revz — a.

Indeed, since G[c;,q vanishes everywhere on L, and remains bounded near 0
by the maximum principle, in this case the limiting positive harmonic function
should be proportional to Re+/z — a, and the multiplicative normalization is
fixed at a + 1. Moreover, a similar convergence holds true for discrete deriva-
tives, yielding

(w(8) " %F[}CM}(Z) pes DeRevz—a=JRe [1/\/2 — a} .

In particular, v(J) ~ 9() as 6 — 0, which allows us to give a simple proof of
the lower bound in (2.18): as discrete harmonic functions (v (6)) ' G|c, 4] are
uniformly bounded near the unit circle around a and vanish identically on L,
the discrete Beurling estimate (3.5) implies

(v (6)™ 0= () Gy (@™ +8) < CVG.

Finally, the convergence (3.13) near L, follows from the convergence of
F[%c(; . (z), since the tails in (3.12) are uniformly small due to estimate (3.6). O
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3.3. The boundary value problem for spinors. In this section we reformu-
late the Riemann-type boundary value problem for holomorphic spinors (both
discrete and continuous) using primitives (antiderivatives) of their squares.
Note that this approach is not completely straightforward, since the square of
a discrete holomorphic function, in general, does not have a discrete primitive.
However, it was noted in [Smi06] that one can naturally define the real part of
this primitive using the s-holomorphicity of observables. Moreover, a technique
developed in [CS12] (see, in particular, Sections 3.4 and 3.5 therein) allows one
to treat this real part essentially as if it were a harmonic function. Below, we
summarize the tools we will use. We warn the reader that all our definitions
are equivalent to those of [CS12] after the multiplication of the spinor by \/i,
which means that imaginary parts, sub-/super-harmonicity and positivity of
functions and their (inner) normal derivatives used in [CS12] should be replaced
by real parts, super-/sub-harmonicity and negativity, respectively.

3.3.1. Discrete integration of the squared spinor observables. Let A§ be
the standard (unnormalized) discrete Laplacian acting on functions Hy : Vs
— R (which are defined on faces of €5):

ASHS (z) = Z (H§ (w) — H§ (2)), z€IntVg,,

where the sum is over the four neighbors w € Vg of z. Similarly, for functions
Hg =V, — R defined on vertices of €5, let A§ denote the slightly modified
discrete Laplacian:

AJHS () = Y o (H3 (w) — HP (2), =€ IntV,,

where the conductance c;,, is equal to 1 for inner edges (i.e., for w € IntV§ 6)

and ¢, = 2(v/2 — 1) for the boundary edges. (See Section 3.6 in [CS12] or
[DCHN11] for the reason of this “boundary modification” of A$.)

PROPOSITION 3.6. For an s-holomorphic spinor observable
Fs = Figsa1,a0) * (25,077, an] = C

satisfying boundary conditions (2.3), one can define a real-valued function
Hs = Higs 1,00 * VO, — R that is a discrete analogue of the primitive
Re [(F5(2))%dz, so that the following properties are fulfilled:

e For any adjacent w € V5, and v € V¢, , one has

2

9

(3.14) HS (w) — HY (v) = 25'F5 (3w +v))

where %(w +v) € Vg, is the corner between v and w. (In accordance with

Lemma 3.2, we set |F5(a7”)| :=1 in the case w = a; and v = a1 + 4.)
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e H; satisfies Dirichlet boundary conditions: Hg (v) =0 for any w € 9Vg_,
and Hj (v) =0 for any v € 9Vg_.

e H} has a “nonpositive inner normal derivative,” i.e., Hs(v) < 0 for any
vertez v € V3, adjacent to a boundary vertex.

o Hy is Ag-subharmonic on Vg \{a1, ..., an}, while HY is A§-superharmonic

on Vo, \ {a1 + 6}

Proof. All the claims follow directly from the results of Section 3.3 in
[CS12]. Since all listed properties are local, the spinor nature of Fs plays no
role here. (Note that the right-hand side of (3.14) does not depend on the
sheet.) O

Remark 3.7. By construction, Hy(w) > Hj(v) for adjacent w and v. Com-
bined with the sub-/super-harmonicity, this implies a maximum principle for
Hy: if Qf C Q5 does not contain aj + 0 (respectively, any of ay,...,ay), then
min Hs = min Hy (respectively, max Hs = max Hy ).

5 =minH;  (resp y, max Hs = max H;)

/
Q& 4 3 é

Moreover, if hm4(z) denotes the discrete harmonic measure of a set A in
viewed from z, then

Hy(=) 2 (1~ by (2)) min H3 + by (2) min 73,
13

Hs(2) < (1-— hm%(z))%lglxﬂg + hm? (2) mijg.
8

Remark 3.8. The subharmonicity of Hj fails at the faces aq,...,a, be-
cause Fjg; q;..q,] branches at those points, while the superharmonicity of Hg
fails at the vertex a; +4d because of the discrete singularity of Fg; 4, ...q,], Which
is not defined at a7”. Due to Lemma 3.5, one can remove the latter singularity
by subtracting the full-plane observable Fic; ,,1- Then, the function

H(;r = I‘I]L ] = §Re f(Fg(Z))ZdZ, Fg = F[Qg,al...,an] — F[(Cg,al]

[Qéval---7an

(defined in the same way as Hy accordingly to Proposition 3.6) is subharmonic
on Vg, \ {a1} and superharmonic on Vg everywhere in a neighborhood of a;.
Moreover, since F g (a7”) = 0 on both sheets, the values of F. g at the nearby
corners a; £ %, a] % and midedges a; * 1711‘5 satisfy the s-holomorphicity
conditions as if F g were nonbranching at a;. Thus, H;r is subharmonic at the
point a1 € Vg, too.

3.3.2. Integration of squared spinors in the continuous setup. We now give
a characterization of the continuous spinors solving the boundary value prob-
lem (2.7)—(2.9) in terms of the primitives of their squares. In the next section,
this characterization will be used in the proofs of the main convergence results.
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PROPOSITION 3.9. Let Q be a simply connected domain, and suppose a
holomorphic spinor f = fiq.a,,. . a, Solves the boundary value problem (2.7)-
(2.9) (or is defined according to Remark 2.10 if Q is not smooth). Define two

harmonic functions

h:=Re [(f(2))%dz and h':=Re [(f(z) - f[C,al](z))de,

where ficqa,)(2) = 1/y/z —a1. Then, the following holds true:

(1) his a single-valued function in Q\{a1,...,a,}, continuous up to O, which
satisfies Dirichlet boundary conditions h = const on 0. (Since h is de-
fined up to an additive constant, below we assume that h =0 on 0.)

(2) There is no point zg on 92 such that h(z) > 0 in a neighborhood of z.

(3) h is bounded from below in a neighborhood of each asa,. .., an.

(4) Al is single-valued and bounded in a neighborhood of a;.

Moreover, if h and h' satisfy (1)~(4), then f solves the problem (2.7)~(2.9).

Proof. Note that, being integrated, the covariance property (2.10) claims
the conformal invariance of both h and hf. As the properties (1)-(4) are
preserved under conformal mappings too, we will further assume that € is
smooth. Note that the property (2.7) is equivalent to (1) and (2): it states
that f2(2)vout(2) is nonnegative on the boundary, which yields Oryh =0
(where 7(z) denotes a tangent vector) and 9, ()b > 0 everywhere on 0.
A straightforward integration of the asymptotics of f near aj given by the
conditions (2.8) and (2.9) yields

Ri(z) = O(1), z — ay,
hz) = —cplog|z —ak| + O(1), z—ap, 2<k<n

for some ¢ > 0, giving (3) and (4). Vice versa, (3), (4) imply (2.9), (2.8) by
differentiating and taking the square root. ([

(3.15)

3.4. Convergence of discrete observables away from singularities. We now
prove the convergence of the (properly normalized) discrete spinor observables
to their continuous counterparts on compact subsets of Q \ {a1,...,a,}.

Proof of Theorem 2.16. Let the discrete integrals

_ 2
H(S = 3%e/ ((19 (5)) IF(S(Z)) dZ, F6 = F[Q(;,al,...,anb
be defined on Vo, accordingly to Proposition 3.6. Given € > 0, denote
Qs(e) :== Qs N {z: dist(z;{a1,...,an}) > €}.

Assume for a moment that

for any € > 0, the functions Hs remain uniformly

(3.16) bounded on Qg(e) by some constant C(€) as § — 0.
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Then by [CS12, Th. 3.12], the functions (¥(5))~'Fs are equicontinuous on
Qs(e) for any € > 0. Therefore, by passing to a subsequence and applying
the diagonal process, we can assume that (9 (8))"*Fs tends to a limit f and
Hs — h := Re [ f? uniformly on compact subsets of Q\{a1,...,a,}. Our
goal is to check that f satisfies the properties (1)-(4) given in Proposition 3.9.
Then, the uniqueness of a solution to the boundary value problem (2.7)—(2.9)
proven in Lemma 2.9 implies f = f[9.a1,....an]-

Clearly, f is a holomorphic spinor on [Q,a1,...,a,]. By superharmonicity
of Hy, for 2 < k < n, we have

min  Hg(z) > min  Hj(z);

|z—ak|<e e<|z—ay|<2e

thus /4 is bounded from below in the neighborhoods of as, ..., a,, so property
(3) holds true. By the maximum principle for Hs (see Remark 3.7), taking
into account that Hs = 0 on 0€)5, we have that

H3(2) > —C(e)(1 — hmp?(2)),
(3.17) -
H3(2) < C(e)(1 — hmpi® (2))

Since hmgg‘;ga) (z) — 1 uniformly in § as z approaches the boundary of €, this

implies . = 0 on 99, giving (1). Moreover, thanks to Remark 6.3 in [CS12],
we also have (2): there is no point on 02 such that A > 0 in its neighborhood.
Now consider the function discussed (up to normalization) in Remark 3.8:

1Y = Re [((06) 7 (Fs(2) = Fiey)(2))) 2,

which is well defined in the disc {z : |z — a1| < r} provided that r is small
enough. Since (9(0)) "' Fs and (9(6)) " Fic, q,) converge to f and fic,a]s Te-
spectively (see Lemma 2.14), uniformly on compact subsets of A4, := {z:0 <
|z—a1| < 7}, we conclude that H(;r converges to hf := Re [(f(2) —f[Qaﬂ(z))de
everywhere in A,. By Remark 3.8 (sub-/super-harmonicity of Hg on V°/V*
near the point aj), the functions Hg are uniformly bounded in A,, so Al is
bounded in A, too, which concludes the proof of the property (4). Therefore,
f = f[Q,a1,...,an]-

It remains to justify (3.16). On the contrary, suppose that

M;(e) := Qméz(iz): |Hs| >

for some € > 0 and along some subsequence of §’s. Then the re-normalized
functions (Ms(e))~* Hs are uniformly bounded in Q5(¢), and thus (Mj;(e))~1/2-
(9(6))"1Fs and (M;s(e))~"2Hs have (taking subsequences) the limits f and
h = Re Ik f2, which are holomorphic and harmonic in Qs(€), respectively. An
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important observation, proven in Lemma 3.10 below, is that k cannot be iden-
tically zero. In particular, for any 0 < € < e, we have My(¢') < C'Ms(e) with
some C' = C(€¢, €) independent of 4.

Applying the diagonal procedure, we may assume (Ms(e))~1/2-(9(8)) " F;
tends to a limit f (and (Ms(e)) ' Hj tends to b = Re [ £2) uniformly on each of
Qs(€"). Arguing as above, we see that h is harmonic in O\{a,...,a,}, satisfies
the Dirichlet boundary conditions, has nonnegative outer normal derivative,
and is bounded from below near as, ..., a,. Moreover, repeating the last step
of the proof given above we see that the function

B =T (M5(0) " Re [ (000) 7 (Fs(2) = Figy ) (2))) 2

= lim (My(e)) " Re [ ((9(0) 7 Fy(2))dz =

is also bounded in a neighborhood of a;. (One can neglect Fic, 4,)(2) in the last
expression since (9(8)) ' Fig,,q,1(2) tends to fic q,) and Ms(e) — oc.) Thus, h
is bounded from below near all a1, ..., a, and has a nonnegative outer normal
derivative. This contradicts the maximum principle since h does not vanish
identically. O

LEMMA 3.10. In the notation of the proof above, none of the subsequential
limits of (Ms(€))™ Hy is identically zero in Q(e).

Proof. Suppose by contradiction that (Ms(e)) ™' Hs — 0 uniformly on com-
pact subsets of Qs(€). Let 25" be the point of {25(¢) where the maximum of
|Hs| is attained. Since Hs vanishes on 0€s, the sub-/super-harmonicity of Hs
implies that z3'** belongs to one of the “discrete circles”

wi(€) :={z:e< |z —ax| < e+ 5}

of radius € around ay,. Passing to a subsequence, one can assume that 25 —
z™Ma% - Recall that H° > H*® at adjacent points (see (3.14)). Hence, either
zg € Vg, and Ms(e) = Hy (25™), or 25" € V§, and Mj(e) = —Hj (25"™).
Suppose that 2" € wy,(e) for some 2 < k < n. Denote
ms(2¢) := min  Hj(2).
zi|z—ag|<2e

As H} is superharmonic inside of the disc bounded by wy(2¢) and (Ms(e)) "L H}
tends to zero uniformly on wy(2¢) by our assumption, we have

(3.18) (Ms(e))™! - ms(2e) — 0.

Therefore, 25 € Vg,. By the subharmonicity of Hg, we can find a
discrete nearest-neighbor path 7° 1= {2 = 21 ~ 20 ~ ---} C Vg, with
Ms(e) <--- < H§(zj) < H§(2j41) < ---, which may only end up at aj, where
the subharmonicity fails. By [CS12, Rem. 3.10], the functions H§ — mgs(2¢)
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and H§ — ms(2¢) are uniformly comparable at adjacent points inside wy(2¢).
Taking into account (3.18), this implies H§(z) > cMjs(e) for some absolute
constant ¢ > 0 and all z € *, where +* is the set of vertices adjacent to v°.
Further, the maximum principle gives

H§(z) > eMs(e)hm3 (2) + (1 — hm3(2))ms(2¢) for z @ [z — ag| < 2,

where hm? denotes the discrete harmonic measure of v in {z : [z — ay| < 2¢}.
It follows from the discrete Beurling estimate that hm?(z) > 3 if 2 is chosen
close enough (but at fixed distance that is independent of §) to z™#* where the
path « starts. For such z, one has (Ms(e)) "' H3(z) > 3¢+ o(1) as § — 0, and
hence the limit of (Ms(e)) "' Hs(2) cannot be identically zero in Q(e).

It remains to treat the case z5"** € wi(€). Consider the function

(Ms(e) ™ H = (Ms(e) ™" Re [((0(8)) " (F5(2) — Ficya(2)))2dz.

Note that it tends to zero on w1 (2¢) since one can neglect the term Fic, 4,1(2)-
(Recall that (ﬁ(é))_lF[Céval](z) — fic,a;) and Ms(e) — oo.) Therefore, by
Remark 3.8 and the maximum principle, it also tends to zero in a neighborhood
of wi(€), so we consequently derive that each of the functions

Fs — Flcgan) Fs H;

QL)20(8) (Ma@)729(0) ™ My(o)

tends to zero uniformly on @y (€). In particular, 1 = (Ms(e)) ™| Hs(28%)| — 0,
which is a contradiction. ]

3.5. Analysis near the singularities. We now pass to the most delicate
part of our analysis: matching the second-order terms in the values Fs(a; + 32—5)
with the second coefficient in the expansion of the continuous spinor near a;.
For shortness, below we use the notation a := a1, Fs = Flg; 4.a,,..,a,] and

A= A[Q,a,a2,~~7¢1n]'

Proof of Theorem 2.18. Let R denote the reflection with respect to the
horizontal line {z : Sm (z — a) = 0}, and let As be a small neighborhood of a
in Qs NR (2s). Recall the notation L, = {x + a + % : & < 0}, and denote by
Af C V}\é one of two sheets of [As, a] \ L, such that Fs(a+ 375) >0onAf. We
define a real-valued function Sy : A; — R by

S5 = (9(9)) " (3(Fs + Fy)) = Fic, ) — 2Re A~ Gic, ),

where F(S(R) = Fir(@s),0,R(a2),...R(an)] and the functions Fic 4, Gicse Were

constructed in Section 3.2. By symmetry, one has F(;(R) (a+ 375) = Fs(a+ 376)
Thus,

(3.19) Ss(a+32) = (0 (8)) " (Fs(a+3) — 1 —2Re A-0)
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and our goal is to estimate this value. Note that Ss vanishes on the cut L,: both
Fic;,q) and Gc; q) vanish by construction, and F(S(R) = —F5 on L, due to the
spinor property. (Fs changes the sign between opposite sides of L, since they
belong to different sheets.) It is clear that Ss is discrete harmonic everywhere
in A;{ except at the point a + 375 since all terms are discrete harmonic there.
Moreover, due to Lemma, 3.5, it is discrete harmonic at a + % also. Therefore,
for any (small, but fixed) r > 0, the discrete Beurling estimate (3.4) implies

(3.20) |Ss(a + 3—2‘5)| <062z m(a>)<:|551,

where w(r) :={z: 7 < |z—a| <r+55} denotes the “discrete circle” of radius
r around a. Further, it follows from Theorem 2.16 and Lemmas 2.14 and 2.17
that

Ss 3 8= Re [L(f + fP) — fiea] — 2Re A+ gic.a),

uniformly on w(r), where f = f[Q,aL---,an]? f(R) = f[R(Q),a,R(ag),...,R(an)]7 and
fica(2) = Re[1/v/2 — a] and g|c 4)(2) = Re v/z — a. Recall that, by definition

of the coefficient A, one has
f—ficaq =2AVz—a+ O(|z — a]?’/2)7 zZ — a.

It is easy to check that f(R)(z) = f(R(2)) (since this spinor solves the corre-
sponding boundary value problem), and hence

R — fica = 2Avz —a+ O(|z — a\3/2), Z = a.
Thus, we arrive at s(z) = O(|z — a|*/?) as z — a, which means

(3.21) P2 max |Ss| — re SO = O(r).
w(r) 0—0

Combining (3.19)—(3.21), one concludes that, for any given r > 0,
|Fs(a+30) —1—2Re A- 8| < C9(8)52r

if 0 is small enough. Since ¥(4) = 0(5%) by (2.18), and 7 can be chosen
arbitrary small, this yields (2.20). All estimates are uniform with respect to
ai,-..,ay, at definite distance from the boundary and from each other. O

To prove Theorem 2.20, we need to analyze the discrete spinor Fig; 4
near the point b. In contrast to Theorem 2.18, where the second-order in-
formation near a was extracted, here we only need to match the first-order
coefficients. Note that the situation is slightly different from the first-order
analysis near a, as Flq; .5 does not have an explicit discrete singularity, re-
maining s-holomorphic near the branching point b, while its limit blows up
at b. Still, the strategy for the identification resembles the one used above
and appeals to the symmetrization with respect to the horizontal line passing
through b. Let Lj :={x +b+ g tx <0}
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Proof of Theorem 2.20. Let R denote the reflection with respect to the
line {z : Sm(xz — b) = 0}, and let As C QsNR (Qs) be a small neighborhood of
b. Fix the sheet A C V4, of [s,a,b]\ L}, so that Fy(b+ 3) = iBs with B; > 0
(recall that the values of discrete spinors on V(’éé are purely imaginary), and do
the same for the continuous spinor: fix a sheet so that Sm fiq 44)(0 + ) > 0
as x J 0 (see (2.14)).

Let Ws := hm {b+2 }( - ) denote the harmonic measure of the point b+ g in

the slit discrete plane Cj \ L, and
Ts = (0 (8) ' (A(Fs + F) — iBs - W) : A} — iR,

where F(; = F[Qg,a,b] and F(S(R) = F[R(Q),R(a),b]' By symmetry, F(S(R) (b—i—g) = iBls,
where the sheet for F. (;(R) is fixed by the same condition Sm F (;(R)(b + %) > 0.
We have to prove that Bs — B = Bjg 4 as 6 — 0. Note that, by passing to a
subsequence, one may assume that Bs — B for some B € [0, +o0].

Suppose that B is finite. Then, for any fixed (small) > 0, Theorem 2.16
and Lemma 3.4(iii) imply the uniform convergence

(322)  Ty(x) — 1(2) =i Sm[L(f(z) + fR(2)] —iB - Re[1/Vz —b]

on compact subsets of {2z : 0 < [z —b| < r}, where f = fig . and R (z) =

JiR©Q)R(a)](2) = —f(R(2)) due to our conventions about sheets. Note that
(3.23) t(z) =i(B—B) - Re[1/vVz—b]+O(]z—b"/?), z—b.

Clearly, the function Ty is harmonic everywhere in A} except at the point
b—i—g, and T5 = O on Lj: indeed, FéR) = —Fj on L due to the spinor property of
Fs and symmetry reasons. Moreover, Tg(b—i—g) =0as Ws (b+g) = 1. Therefore,
B # B would contradict the maximum principle for the discrete harmonic
function Ty: in this case (3.22) and (3.23) imply that, for sufficiently small §,
the values of T5 near b are bigger than those near the circle {z : |z — b| = r}.

The similar argument works if B = +o0: in this case one would have

B 'Ts(2) P —i-Re[l/vVz—b]

which contradicts the maximum principle for Ty, just as before. ([

A. Appendix

The goal of this appendix is to derive the explicit formulae (1.4) for the
scaling limits of m-point spin correlations in the upper half-plane H. Recall
that we have reduced this problem to the computation of the coeflicients
2AH,a,,....a,) 0 front of /2 —ay in the asymptotic expansion (2.13) of the
SpInor fimq,,....a,]- Lhe latter is defined to be the unique solution to the bound-
ary value problem (2.7)—(2.9) with additional regularity condition f = O(|z|~1)
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at infinity. What remains to be proven is the equality (2.22), which claims that
those coefficients A q, ... 4, are logarithmic derivatives of the explicit quan-
tities (04, * 04, ) given by (1.4).

Proof of (2.22) for n > 3. Recall from the proof of Lemma 2.9 that the
function fimq, ..., can be written in the form

. Q(z)
Al folz) =e7 - ’
(A.1) Q%) \/(z—al)(z—m)'”(Z—an)(Z—an)

where @ is a polynomial of degree n — 1 with real coefficients. This polynomial
is to be determined from the conditions

Re ( lim vz — aj - fmal,...ﬂn](Z)) =1,

zZ—raq

e (zhﬁrgk \/Z_ak:'f[ﬂ,al ..... an](z)) =0, k=2,...,n,
which are equivalent to

(A.Q) Q(ak) — + — Q(ak> — — = 28may, - 01k,

1 V0 —aj)ax —a;) ] /(@ — a;) (@, —a;)

J#k Jj#k
where k = 1,...,n and dy is the Kronecker delta. We can write Q(z) in the
form

n n
i
(Ag) Q(Z) = E =1 - I | (Z — aj),
— z—a :
]:1 J j=1
with some unknown coefficients qi, ..., q,. Then, (A.2) is equivalent to

= 2%mak . 51k,

a“- 12k Var — a; N i 0 (@ — a) [Tj4r vVar — a;
[Lzevae —a; = (ak — as) [Tz Var — a;

which can be further rewritten as
n

(A4) Z(Dk’s + Cis)gs = c(ay,...,ag) - o1x, k=1,...,n,
s=1
for a constant c(aq,...,a;) # 0 that only affects the overall normalization of

the spinor figq,,....a,), Where D is the diagonal matrix with entries

1 3 (ar — a;)(ax — a;)
Dyr = = Xij Xkj = Xjk = o= I —
ay — ai ]l;lk kj 7 J (ar, — a;)(ax — a;)

and C' is the Cauchy matrix

2
ar — a;

)

ak — a;

1
ag — Qg ’
Solving (A.4) by Cramer’s rule, one gets ¢;/q1 = (—1)7*1det A/ det Apy,
where det A1;) stands for the minors of the matrix A = D+C'". Plugging (A.1)

Cks =

1<k,s<n.
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and (A.3) into the expansion (2.13) of fia,, . 4,)(2) = fQ(2) as z — a1, we
arrive at the formula

2A[H7a1,...,an} = 82(10g[fQ(z)M])

z=a1
_ zn: (— )j+1 det A[]_]] 1
(a1 — aj) det Ay "~ 2(a; —ay)

2
1 & 1 1
+2Z<a1—aj_a1—aj)'

Recall that principal minors of the Cauchy matrix C' are given by

det(Cyg) = Xkm = X
() kl;lsak_ak kgn " kl;!@a’“_a’fkgn e
k,meS k,seS

Hence, expanding det A[;y) by linearity and encoding a subset S C {2,...,n}
by the collection of signs u € {£1}", where u; = —1 and ps = 2145 — 1 for
s=2,...,n, we find

detA[H} = Z (detC’S~detD§)
Sc{2,...,n}
n 1 .
“ 15t S (I da T e
k=2 %k — Ok Sc{2,...,n} “k,meS keg j=1
k#m J#k

n 1 3+P«k#m n 1—py,

- Ha " > ( II xn®  ITOmxan) ™
k=2 Yk T Ak ety \km=2 f=2

,Ulf—l k;ém

n 3 o1 tetim
= [I-— v Ild S I v
k=2 Uk T Ok ime k2 pe{£11" km=1
k;ém wi=—1 k#m

Note that we can also write

=2 a1 — aj
where D and C are n- by-n matrices, D is diagonal with entries D11 =0

and Dkk = Dy for 2 < k < n, and the entries of C are given by 011 = 0,

Cis = 1/(a1 — as) for 2 < s < n and Cy = Cls = =1/(ar —as) if2 <k <n.
We now compute the principal minors of C. If 1 ¢ S, then det CS =

det Cg. Otherwise, denote S := {1} U Sy, where S; C {2,...,n}. Treating @
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and a; as independent variables (note that C does not contain a1), we obtain

det 55 = lim (det Cg — — det Cgl)

al1—al al — aj

1 -1

= H — Xkm ‘,lim H—séfl Xls

kesS; ap — Ak bem ai—al aj] — aj
k,meSy
1 1 1 1
ot Tode (ot ats)
keS; kT Yk potm sesy N4 T s 1= s
k,meSy

Note that 1/(a1 — @s) — 1/(a1 — as) = —0q, log x1s. Similarly to the computa-
tion of det Ajjq) given above, we have

detD+Cl= > (detCs-detDz)= > (detCs-det Dg)
SC{T o} s={1jUs1,
51C{2,...7TL}
B [ T
N o Ok =0k 3 ”o K k=2 ks
k#m
n wpm M 1+ .
S (I v Cauoen)
pe{£1}™ ‘Me,m=1 s=2

,u1:—1 k;ém

where we set ps = 21gcg, — 1 for s = 2,...,n. Taking into account the
symmetry of it and pips under the simultaneous sign flip of all uj, j =
1,...,n, we obtain

Kl Em

n 1— s
det[ﬁ -+ 5] . Zue{:l:l}" <H1§k<m§n kale T 2us=2 % (_6(11 log Xls))
det A o Lhm
i Youef+yn [Ti<k<m<n Xpm

Therefore,

K Hm
det[D + O | 204, (Zue{il}” [Ti<k<m<n Xim >
Tdotdgy 2 2 Owlogximt o

[11] m=2 Sonefx1yn [Ti<k<m<n Xpm

and we arrive at

Kl km

1
A[H,al,...,an] = —m + Og, log( Z H anf )7

pe{+1}m 1<k<m<n

thus concluding the proof of the identity Ay q,,....a,] = 204, 10g(oa, - - Tan )1
[l
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Remark A.1. When preparing the first version of our paper, we were only
able to check the explicit formula (1.4) in some special cases; thus, the exposi-
tion went along the lines of Remark 2.23. It later turned out that “interpola-
tion problems” similar to (A.2) also appear in the analysis of the critical Ising
model with mixed free/fixed boundary conditions, in which case the collection
a1,ai,...,0n, a, should be replaced by 2n boundary points where these bound-
ary conditions change. In particular, a computation similar to the one given
above, combined with the Edwards-Sokal coupling, yields general 2n-point
crossing formulae in the random cluster (Fortuin-Kasteleyn) representation of
the critical Ising model; see [Izy14].
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