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proportion of elliptic curves having rank 0
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Abstract

We prove an asymptotic formula for the number of SL3(Z)-equivalence

classes of integral ternary cubic forms having bounded invariants. We use

this result to show that the average size of the 3-Selmer group of all elliptic

curves, when ordered by height, is equal to 4. This implies that the average

rank of all elliptic curves, when ordered by height, is less than 1.17.

Combining our counting techniques with a recent result of Dokchitser

and Dokchitser, we prove that a positive proportion of all elliptic curves

have rank 0. Assuming the finiteness of the Tate–Shafarevich group, we

also show that a positive proportion of elliptic curves have rank 1. Finally,

combining our counting results with the recent work of Skinner and Urban,

we show that a positive proportion of elliptic curves have analytic rank 0;

i.e., a positive proportion of elliptic curves have nonvanishing L-function at

s = 1. It follows that a positive proportion of all elliptic curves satisfy BSD.

1. Introduction

Any elliptic curve E over Q is isomorphic to a unique curve of the form

EA,B : y2 = x3 + Ax + B, where A,B ∈ Z and for all primes p: p6 - B
whenever p4 | A. The (naive) height H(EA,B) of the elliptic curve E = EA,B
is then defined by

H(EA,B) := max{4|A3|, 27B2}.

In a previous paper [8], we showed that the average rank of all elliptic

curves, when ordered by height, is finite. This was accomplished by proving

that the average size of the 2-Selmer group of elliptic curves, when ordered by

height, is exactly 3; it then followed from the latter result that (the limsup of)

the average rank of all elliptic curves is bounded above by 1.5.

In this article, we prove an analogous result for the average size of the

3-Selmer group.
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Theorem 1. When all elliptic curves E/Q are ordered by height, the

average size of the 3-Selmer group S3(E) is 4.

The above result is also seen to imply the boundedness of the average rank

of all elliptic curves. Indeed, for an elliptic curve E over Q, since the 3-rank

r3(S3(E)) of the 3-Selmer group S3(E) of E bounds the rank of E, and since

6r3(E)− 3 ≤ 3r3(E) = |S3(E)|, by taking averages we immediately obtain the

following improved bound on the average rank of elliptic curves.

Corollary 2. When all elliptic curves over Q are ordered by height,

their average 3-Selmer rank is at most 11
6 ; thus their average rank is also at

most 11
6 < 1.17.

Theorem 1 also yields the same bound of 11
6 on the average 3-rank of the

Tate–Shafarevich group of all elliptic curves, when ordered by height.

We will in fact prove a stronger version of Theorem 1, namely,

Theorem 3. When elliptic curves E : y2 = x3 + Ax + B, in any family

defined by finitely many congruence conditions on the coefficients A and B,

are ordered by height, the average size of the 3-Selmer group S3(E) is 4.

Thus the average size of the 3-Selmer group remains 4 even when one aver-

ages over any subset of elliptic curves defined by finitely many local conditions.

We will actually prove Theorem 3 for an even larger class of families, including

some that are defined by certain natural infinite sets of local conditions (such

as the family of all semistable elliptic curves).

Theorem 3, and its above-mentioned extensions, allows us to deduce a

number of additional results on ranks that could not be deduced solely through

understanding the average size of the 2-Selmer group, as in [8]. First, by com-

bining our counting techniques with the remarkable recent results of Dokchitser

and Dokchitser [17] on the parity of p-ranks of Selmer groups, we prove

Theorem 4. When all elliptic curves E/Q are ordered by height, a posi-

tive proportion of them have rank 0.

In the case of rank 1, if we assume the finiteness of the Tate–Shafarevich

group, then we also have

Theorem 5. Assume X(E) is finite for all E. When all elliptic curves

E/Q are ordered by height, a positive proportion of them have rank 1.

Next, combining our counting arguments with the important recent work

of Skinner–Urban [28] on the Iwasawa Main Conjectures for GL2, we obtain:

Theorem 6. When all elliptic curves E/Q are ordered by height, a pos-

itive proportion of them have analytic rank 0; that is, a positive proportion of

elliptic curves have nonvanishing L-function at s = 1.
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Applying Kolyvagin’s Theorem, or noting that the elliptic curves of ana-

lytic rank 0 that arise in Theorem 6 form a subset of those that are constructed

in Theorem 4, we conclude

Corollary 7. A positive proportion of elliptic curves satisfy BSD.

Our previous results on the average size of the 2-Selmer group were ob-

tained through counting integral binary quartic forms, up to GL2(Z)-equiva-

lence, having bounded invariants. The connection with elliptic curves is that

the process of 2-descent has a classical interpretation in terms of rational binary

quartic forms; indeed, this connection was behind the beautiful computations

of Birch and Swinnerton-Dyer in [9]. The process of 2-descent through the use

of binary quartic forms, as in Cremona’s remarkable mwrank program, remains

the fastest method, in general, for computing ranks of elliptic curves.

In order to prove an analogous result for the average size of 3-Selmer

groups, we apply our counting techniques in [8], appropriately modified, to the

space VZ of integral ternary cubic forms. The group SL3(Z) acts naturally on

VZ, and the ring of polynomial invariants over C for this action turns out to

have two independent generators, having degrees 4 and 6, which we denote by

I and J respectively.

These invariants may be constructed as follows. For a ternary cubic form f,

let H(f) denote the Hessian of f , i.e., the determinant of the 3× 3 matrix of

second order partial derivatives of f :

(1) H(f(x, y, z)) :=

∣∣∣∣∣∣∣
fxx fxy fxz
fxy fyy fyz
fxz fyz fzz

∣∣∣∣∣∣∣ .
Then H(f) is itself a ternary cubic form and, moreover, it is an SL3-covariant

of f ; i.e., for γ ∈ SL3, we have H(γ · f) = γ ·H(f). An easy computation gives

(2) H(H(f)) = 12288 I(f)2 · f + 512 J(f) · H(f)

for certain rational polynomials I(f) and J(f) in the coefficients of f , hav-

ing degrees 4 and 6 respectively; note that (2) uniquely determines J(f) and

also uniquely determines I(f) up to sign. The sign of I(f) is fixed by the re-

quirement that the discriminant ∆(f) of a ternary cubic form f be expressible

in terms of I(f) and J(f) by the same formula as for binary quartic forms,

namely,

(3) ∆(f) := ∆(I, J) := (4I(f)3 − J(f)2)/27.

These polynomials I(f) and J(f) are evidently SL3-invariants, and in fact they

generate the full ring of polynomial invariants over C.

Traditionally, the generators of the ring of invariants of the action of SL3

on the space of ternary cubic forms have been denoted by S and T (called
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the Aronhold invariants [2]), which are certain integer multiples of I and J ,

respectively; explicitly, we have S = 16 · I and T = 32 · J . However, any

ternary cubic form f having complex coefficients and nonzero discriminant is

SL3(C)-equivalent to a ternary cubic form E in Weierstrass form. In previous

work (see [8, §3]) we had defined invariants I(E) and J(E) of such E, and the

invariants I(f) and J(f) of ternary cubic forms f have been chosen to agree

with those same invariants of E.

Now, for ternary cubic forms over the integers, the general work of Borel

and Harish-Chandra [10] implies that the number of equivalence classes of

integral ternary cubic forms, having any given fixed values for these basic

invariants I and J (so long as I and J are not both equal to zero), is finite.

The question thus arises: how many SL3(Z)-classes of integral ternary cubic

forms are there, on average, having invariants I, J , as the pair (I, J) varies?

To answer this question, we require a couple of definitions. Let us define

the height of a ternary cubic form f(x, y, z) by

(4) H(f) := H(I, J) := max{|I3|, J2/4}.

(As usual, the constant factor 1/4 on J2 is present for convenience and is not of

any real importance.) Thus H(f) is a “degree 12” function in the coefficients

of f , in the sense that H(λf) = λ12H(f) for any constant λ. We may then

order all SL3(Z)-classes of ternary cubic forms f by their height H(f), and we

may similarly order all pairs (I, J) of invariants by their height H(I, J).

As with binary quartic forms, we wish to restrict ourselves to counting

ternary cubic forms that are irreducible in an appropriate sense. Being simply

irreducible—i.e., not having a smaller degree factor—is more a geometric con-

dition rather than an arithmetic one. We wish to have a condition that implies

that the ternary cubic form is sufficiently “generic” over Q. The most con-

venient notion (also for the applications) turns out to be what we call strong

irreducibility.

Let us say that an integral ternary cubic form f is strongly irreducible if

f is irreducible and the common zero set of f and its Hessian H(f) in P2 (i.e.,

the set of flexes of f in P2) contains no rational points. We prove

Theorem 8. Let h(I, J) denote the number of SL3(Z)-equivalence classes

of strongly irreducible ternary cubic forms having invariants equal to I and J .

Then

(a)
∑

∆(I,J)>0
H(I,J)<X

h(I, J) =
32

45
ζ(2)ζ(3)X5/6 + o(X5/6);

(b)
∑

∆(I,J)<0
H(I,J)<X

h(I, J) =
128

45
ζ(2)ζ(3)X5/6 + o(X5/6).
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In order to obtain the average size of h(I, J), as (I, J) varies, we first

need to know which pairs (I, J) can actually occur as the invariants of an

integral ternary cubic form. For example, in the case of binary quadratic and

binary cubic forms, the answer is well known: there is only one invariant—the

discriminant—and a number occurs as the discriminant of a binary quadratic

(resp. cubic) form if and only if it is congruent to 0 or 1 (mod 4).

In the binary quartic case, we proved in [8] that a similar scenario occurs;

namely, an (I, J) ∈ Z × Z is eligible—i.e., it occurs as the invariants of some

integer binary quartic form—if and only if it satisfies any one of a certain

specified finite set of congruence conditions modulo 27 (see [8, Th. 1.7]).

It turns out that the invariants (I, J) that can occur (i.e., are eligible) for

an integral ternary cubic must also satisfy these same conditions modulo 27.

However, there is also now a strictly larger set of possibilities at the prime 2.

Indeed, the pairs (I, J) that occur for ternary cubic forms need not even be

integral, but rather lie in 1
16Z ×

1
32Z; and the pairs (I, J) in this set that

actually occur are then defined by certain congruence conditions modulo 64 on

16I and 32J , in addition to the same congruence conditions modulo 27 on I

and J that occur for binary quartic forms.

In particular, the set of integral pairs (I, J) ∈ Z×Z that occur as invariants

for integral ternary cubic forms is the same as the set of all pairs (I, J) that

occur for integral binary quartic forms! We prove

Theorem 9. A pair (I, J) occurs as the pair of invariants of an integral

ternary cubic form if and only if (I, J) ∈ 1
16Z×

1
32Z, the pair (16I, 32J) satisfies

one of the following congruence conditions modulo 64:

(a) 16I ≡ 0 (mod 16) and 32J ≡ 0 (mod 32),

(b) 16I ≡ 0 (mod 16) and 32J ≡ 8 (mod 32),

(c) 16I ≡ 1 (mod 64) and 32J ≡ 31 (mod 32),

(d) 16I ≡ 9 (mod 64) and 32J ≡ 27 (mod 32),

(e) 16I ≡ 17 (mod 64) and 32J ≡ 7 (mod 32),

(f) 16I ≡ 25 (mod 64) and 32J ≡ 3 (mod 32),

(g) 16I ≡ 33 (mod 64) and 32J ≡ 15 (mod 32),

(h) 16I ≡ 41 (mod 64) and 32J ≡ 11 (mod 32),

(i) 16I ≡ 49 (mod 64) and 32J ≡ 23 (mod 32),

(j) 16I ≡ 57 (mod 64) and 32J ≡ 19 (mod 32),

and (I, J) satisfies one of the following congruence conditions modulo 27:

(a) I ≡ 0 (mod 3) and J ≡ 0 (mod 27),

(b) I ≡ 1 (mod 9) and J ≡ ±2 (mod 27),

(c) I ≡ 4 (mod 9) and J ≡ ±16 (mod 27),

(d) I ≡ 7 (mod 9) and J ≡ ±7 (mod 27).
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We note that these additional possible invariants (I, J) ∈ 1
16Z×

1
32Z that

arise for ternary cubic forms also arise in the case of binary quartics, pro-

vided one uses “generalized binary quartics”; see [13] or [20] for details on the

construction and uses of these generalized quartics.

From Theorem 9, we then conclude that the number of eligible pairs

(I, J) ∈ 1
16Z ×

1
32Z, with H(I, J) < X, is asymptotically a certain constant

times X5/6. By Theorem 8, the number of classes of strongly irreducible

ternary cubic forms, per eligible (I, J) ∈ 1
16Z ×

1
32Z, is thus a constant on

average. We have

Theorem 10. Let h(I, J) denote the number of SL3(Z)-equivalence classes

of strongly irreducible integral ternary cubic forms having invariants equal to

I and J . Then

lim
X→∞

∑
∆(I,J)>0
H(I,J)<X

h(I, J)

∑
(I,J) eligible

∆(I,J)>0

H(I,J)<X

1
= lim

X→∞

∑
∆(I,J)<0
H(I,J)<X

h(I, J)

∑
(I,J) eligible

∆(I,J)<0

H(I,J)<X

1
= 3ζ(2)ζ(3).

The fact that this class number h(I, J) is a finite constant on average is

indeed what allows us to show that the size of the 3-Selmer group of elliptic

curves too is a finite constant on average.

We actually prove a strengthening of Theorem 10; namely, we obtain the

asymptotic count of ternary cubic forms having bounded invariants that satisfy

any specified finite set of congruence conditions (see Section 2.4, Theorem 17).

This strengthening turns out to be crucial for the application to 3-Selmer

groups (as in Theorem 1), which we now discuss.

Recall that, for any positive integer n, an element of the n-Selmer group

Sn(E) of an elliptic curve E/Q may be thought of as a “locally soluble

n-covering.” An n-covering of E/Q is a genus one curve C together with

maps φ : C → E and θ : C → E, where φ is an isomorphism defined over

C and θ is a degree n2 map defined over Q such that the following diagram

commutes:

E
[n]
// E.

C

φ

OO

θ

>>

Thus an n-covering C = (C, φ, θ) may be viewed as a “twist over Q of the

multiplication-by-n map on E.” Two n-coverings C and C ′ are said to be

isomorphic if there exists an isomorphism Φ : C → C ′ defined over Q, and an
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n-torsion point P ∈ E, such that the following diagram commutes:

E
+P
// E.

C

φ

OO

Φ
// C ′

φ′

OO

A soluble n-covering C is one that possesses a rational point, while a locally

soluble n-covering C is one that possesses an R-point and a Qp-point for all

primes p. Then we have the isomorphisms

{soluble n-coverings}/ ∼ ∼= E(Q)/nE(Q),

{locally soluble n-coverings}/ ∼ ∼= Sn(E).

Now, counting elements of S3(E) leads to counting ternary cubic forms for

the following reason. There is a result of Cassels (see [12, Th. 1.3]) that states

that any locally soluble n-covering C possesess a degree n divisor defined over

Q. If n = 3, we thus obtain an embedding of C into P2, thereby yielding a

ternary cubic form, well defined up to GL3(Q)-equivalence! Conversely, given

any ternary cubic form f having rational coefficients and nonzero discriminant,

there exists a 3-covering defined over Q from the plane cubic C defined by the

equation f = 0 to the elliptic curve Jac(C), where Jac(C) is the Jacobian of

C and is given by the equation

(5) Y 2 = X3 − I(f)

3
X − J(f)

27
;

an explicit formula for this 3-covering map may be given in terms of the

SL3-covariants of f (see [1, §3.2]). Note that (5) gives another nice inter-

pretation for the invariants I(f) and J(f) of a ternary cubic form f .

To carry out the proof of Theorems 1 and 3, we do the following:

• For each rational elliptic curve EA,B and element σ ∈ S3(EA,B), choose a

weighted finite set Sσ of integral ternary cubic forms, such that

– the sum of the weights of the elements in Sσ is equal to one;

– each element f ∈ Sσ gives the 3-covering σ;

– the invariants (I(f), J(f)) of each element f ∈ Sσ agree with the in-

variants (A,B) of the elliptic curve;

– the weighted set S =
⋃
A,B

⋃
σ

Sσ is defined by congruence conditions.

The work of Cremona, Fisher, and Stoll [13] on “minimization” for ternary

cubic forms plays a key role in this construction.
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• Count these weighted integral ternary cubic forms via a weighted congru-

ence version of Theorem 8. The relevant weighted set S of ternary cubic

forms is defined by infinitely many congruence conditions, so a suitable sieve

has to be performed.

In the last step, we first use a simple sieve to obtain the optimal upper bounds.

The optimal lower bounds, on the other hand, are significantly more difficult

to obtain, and we use the techniques and results of [6] in order to prove them.

We may compare Theorem 1 with a result of de Jong [16], who showed that

for a finite field of characteristic not equal to 3, the average size of the 3-Selmer

group of all elliptic curves over Fq(t) is at most 4+ε(q) for an explicit function

ε(q) that tends to 0 as q →∞. The technique in [16] was also essentially that

of counting ternary cubic forms over Fq(t)! Our main result, Theorem 1, may

thus be viewed as a precise version of de Jong’s Theorem over the number

field Q. For more on the history of average ranks of elliptic curves in families,

and related results, see [4] and [8, §1].

This paper is organized as follows. In Section 2, following the methods

of [8], we determine the asymptotic number of SL3(Z)-equivalence classes of

strongly irreducible integral ternary cubic forms having bounded height; in

particular, we prove Theorems 8, 9, and 10. The primary method is that

of reduction theory, allowing us to reduce the problem to counting integral

points in certain finite volume regions in R10. However, the difficulty in such

a count, as usual, lies in the fact that these regions are not compact, but

rather have cusps going off to infinity. By studying the geometry of these

regions via the averaging method of [5], we are able to isolate the subregions of

the fundamental domains that contain predominantly (and all of the) strongly

irreducible points. The appropriate volume computations for these subregions

are then carried out to obtain the desired result.

In Section 3, we then describe the precise correspondence between ternary

cubic forms and elements of the 3-Selmer groups of elliptic curves. We show,

in particular, that nonidentity elements of the 3-Selmer group correspond to

strongly irreducible ternary cubic forms. We then apply this correspondence,

together with the counting results of Section 2 and a simple sieve (which in-

volves the determination of certain local mass formulae for 3-coverings of el-

liptic curves over Qp), to prove that the average size of the 3-Selmer groups of

elliptic curves, when ordered by height, is at most 4. We then use the meth-

ods of [6] to obtain the same lower bound on the average size of the 3-Selmer

groups of elliptic curves, thus proving Theorems 1 and 3.

Finally, in Section 4, we combine the results of Sections 2 and 3, as

well as the aforementioned results of Dokchitser–Dokchitser [17] and Skinner–

Urban [28], to obtain Theorems 4, 5, and 6.
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2. The number of integral ternary cubic forms

having bounded invariants

Let VR denote the space of all ternary cubic forms having coefficients in R.

The group GL3(R) acts on VR on the left via linear substitution of variable;

namely, if γ ∈ GL3(R) and f ∈ VR, then

(γ · f)(x, y, z) = f((x, y, z) · γ).

For a ternary cubic form f ∈ VR, let H(f) denote the Hessian covariant of

f , defined by (1), and let I(f) and J(f) denote the two fundamental polynomial

invariants of f as in (2). As noted earlier, these polynomials I(f) and J(f)

are invariant under the action of SL3(R) ⊂ GL3(R) and, moreover, they are

relative invariants of degrees 4 and 6, respectively, for the action of GL3(R)

on VR; i.e, I(γ · f) = det(γ)4I(f) and J(γ · f) = det(γ)6J(f) for γ ∈ GL3(R)

and f ∈ VR.

The discriminant ∆(f) of a ternary cubic form f is a relative invariant of

degree 12 and is given by the formula ∆(f) = ∆(I, J) = (4I(f)3 − J(f)2)/27.

We define the height H(f) of f by

H(f) := H(I, J) := max{|I(f)|3, J(f)2/4}.

Note that the height is also a degree 12 relative invariant for the action of

GL3(R) on VR.

The action of SL3(Z) ⊂ GL3(R) on VR evidently preserves the lattice VZ
consisting of integral ternary cubic forms. In fact, it also preserves the two

sets V +
Z and V −Z consisting of those integral ternary cubics that have positive

and negative discriminant, respectively.

As before, we say that an integral ternary cubic form is strongly irreducible

if the corresponding cubic curve in P2 has no rational flex. For an SL3(Z)-

invariant set S ⊂ VZ, let N(S;X) denote the number of SL3(Z)-equivalence

classes of strongly irreducible elements in S having height less than X. Our

purpose in this section is to prove the following rephrasing of Theorem 8.

Theorem 11. We have

(a) N(V +
Z ;X) =

32

45
ζ(2)ζ(3)X5/6 + o(X5/6);

(b) N(V −Z ;X) =
128

45
ζ(2)ζ(3)X5/6 + o(X5/6).

2.1. Reduction theory. Let V +
R (resp. V −R ) denote the set of elements in VR

having positive (resp. negative) discriminant. We first construct fundamental

sets in V ±R for the action of GL+
3 (R) on V ±R , where GL+

3 (R) is the subgroup of

all elements in GL3(R) having positive determinant.
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To this end, let f be a ternary cubic form in VR having nonzero dis-

criminant, and let C denote the cubic curve in P2 defined by the equation

f(x, y, z) = 0. The set of flexes of C is given by the set of common zeroes of f

and H(f) in P2, and hence the number of such flexes is 9 by Bezout’s Theorem.

As both f and H(f) have real coefficients, the flex points of C are either real

or come in complex conjugate pairs. Therefore, since the total number of flex

points is odd, C possesses at least one real flex point.

This implies, in particular, that any ternary cubic form over R is SL3(R)-

equivalent to one in Weierstrass form, i.e., one in the form

(6) f(x, y, z) = x3 +Axz2 +Bz3 − y2z

for some A,B ∈ R. It can be checked that the ternary cubic form f in (6) has

invariants I(f) and J(f) equal to −3A and −27B, respectively. Thus, since I

and J are relative invariants of degrees 4 and 6, respectively, two ternary cubic

forms f and g over R, having nonzero discriminant, are GL+
3 (R)-equivalent if

and only if there exists a positive constant λ ∈ R such that I(f) = λ4I(g) and

J(f) = λ6J(g). It follows that a fundamental set L+ (resp. L−) for the action

of GL+
3 (R) on V +

R (resp. V −R ) may be constructed by choosing one ternary

cubic form, having invariants I and J , for each pair (I, J) ∈ R × R such that

H(I, J) = 1 and 4I3 − J2 > 0 (resp. 4I3 − J2 < 0). We may thus choose

L+ =
{
x3 − 1

3
xz2 − J

27
z3 − y2z : −2 < J < 2

}
,

L− =
{
x3 − I

3
xz2 ± 2

27
z3 − y2z : −1 ≤ I < 1

}
∪
{
x3 +

1

3
xz2 − J

27
z3 − y2z : −2 < J < 2

}
.

The key fact that we need about these fundamental sets L± is that the

coefficients of all the ternary cubic forms in the L± are bounded. Note also

that if G0 ⊂ GL+
3 (R) is any fixed compact subset then, for any h ∈ G0, the

set h · L± is also a fundamental set for the action of GL+
3 (R) on V ±Z , and the

coefficients of the forms in h · L± are bounded independent of h ∈ G0.

We also require the following fact, whose proof we postpone to Section 3.1.

Lemma 12. Let f ∈ VR be any ternary cubic form having nonzero dis-

criminant. Then the order of the stabilizer in GL+
3 (R) (and hence in SL3(R))

of f is 3.

Let F denote a fundamental domain in GL+
3 (R) for the left action of

GL+
3 (Z) = SL3(Z) on GL+

3 (R) contained in a standard Siegel set [10, §2]. We
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may take F = {nakλ : n ∈ N ′(a), a ∈ A′, k ∈ K, λ ∈ Λ}, where

K = subgroup SO3(R) ⊂ GL+
3 (R) of orthogonal transformations,

A′ ⊂ {a(s1, s2) : s1, s2 > c},

where a(s1, s2) =

Ö
s−2

1 s−1
2

s1s
−1
2

s1s
2
2

è
,

N ′(a)= {n(u1, u2, u3) : (u1, u2, u3) ∈ ν(a)},

where n(u1, u2, u3) =

Ö
1

u1 1

u2 u3 1

è
,

Λ = {λ : λ > 0},

where λ =

Ö
λ

λ

λ

è
;

here ν(a) is a measurable subset of [−1/2, 1/2]3 dependent only on a ∈ A′ and

c > 0 is an absolute constant.

For h ∈ GL+
3 (R), we regard Fh · L± as a multiset, where the multiplicity

of a point f ∈ V ±R is equal to #{g ∈ F : f ∈ gh ·L±}. As in [8, §2.1], it follows

that for any h ∈ GL+
3 (R) and f ∈ V ±R , the SL3(Z)-orbit of f is represented

m(f) times in Fh · L±, where

(7) m(f) := #StabSL3(R)(f)/#StabSL3(Z)(f);

i.e., the sum of the multiplicity in Fh · L± of f ′, over all forms f ′ that are

SL3(Z)-equivalent to f , is equal to m(f).

For any given A ∈ SL3(Z), the set of elements in VR fixed by A has measure

0. Since SL3(Z) is countable, we see that the set {f ∈ VR : #StabSL3(Z)(f) > 1}
has measure 0 as well. Thus, by Lemma 12, the multiset Fh ·L± is essentially

the union of three fundamental domains for the action of SL3(Z) on V ±R .

For h ∈ GL+
3 (R), let RX(h · L+) and RX(h · L−) denote the multisets

defined by

RX(h · L±) := {f ∈ Fh · L± : H(f) < X}.

We will show (cf. Lemma 19) that the number of elements in RX(h·L±) having

nontrivial stabilizer in SL3(Z) (in fact, in SL3(Q)) is negligible. It follows, by

(7) and Lemma 12, that the quantity 3N(V ±Z ;X) is equal to the number of

strongly irreducible integral ternary cubic forms contained in RX(h · L±), up

to an error of o(X5/6).

Counting strongly irreducible integer points in a single such RX(h · L±) is

difficult because the domain RX(h · L±) is unbounded (although we will show
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that it has finite volume). As in [8], we simplify the counting by averaging over

lots of such domains, i.e., by averaging over a continuous range of elements h

lying in a certain fixed compact subset of GL+
3 (R).

2.2. Averaging and cutting off the cusp. Let G0 ⊂ GL+
3 (R) be a compact

semialgebraic K-invariant subset that is the closure of some nonempty open set

in GL+
3 (R), such that every element in G0 has determinant greater than 1. For

any SL3(Z)-invariant set S ⊂ V ±Z , let Sirr denote the set of strongly irreducible

elements of S. We pick dh to be a Haar measure on GL+
3 (R), and we normalize

dh as follows: if h ∈ GL+
3 (R) is equal to h = n(u)a(s1, s2)kλ in its Iwasawa

decomposition, then

dh = s−6
1 s−6

2 dud×sdkd×λ,

where dk is Haar measure on K normalized so that K has measure 1. Then

we have

(8) N(S;X) =

∫
h∈G0

#{RX(h · L) ∩ Sirr}dh
CG0

+ o(X5/6),

where L = L± and CG0 = 3
∫
h∈G0

dh.

For na(s1, s2)λ ∈ F , let us write

B(n, s1, s2, λ,X) := {f ∈ na(s1, s2)λG0 · L : H(f) < X}.

We then have the following equality, which follows from an argument identical

to the proof of [8, Th. 2.5]:

N(S;X)

=
1

CG0

∫
g∈N ′(a)A′Λ

#{Sirr ∩B(n, s1, s2, λ,X)}s−6
1 s−6

2 dn d×t d×λ+ o(X5/6).

(9)

To simplify the right-hand side of (9), we require the following lemma, which

states that the set B(n, s1, s2, λ,X) contains no strongly irreducible integral

points if s1 or s2 is large enough (i.e., when we are in the “cuspidal regions”

of the fundamental domains).

Lemma 13. Let C > 1 be a constant that bounds the absolute values of the

x3-, x2y-, xy2-, and x2z-coefficients of all the forms in G0 · L±. Then the set

B(n, s1, s2, λ,X) contains no strongly irreducible integral ternary cubic forms

if s1 > C1/3λ/c or if s2 > C1/3λ/c2.

Proof. It is easy to see that if s1 > C1/3λ/c, then the absolute values of the

x3-, x2y-, and x2z-coefficients of any ternary cubic form in B(n, s1, s2, λ,X)

are all less than 1. Therefore, in this case any integral ternary cubic form

in B(n, s1, s2, λ,X) must have its x3-, x2y-, and x2z-coefficients equal to 0,
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and such a form has a rational flex at [1 : 0 : 0] ∈ P2 and so is not strongly

irreducible.

Similarly, if s2 > C1/3λ/c2, then any integral ternary cubic form in

B(n, s1, s2, λ,X) has its x3-, x2y-, and xy2-coefficients equal to 0, and such

a form too always has a flex at [1 : 0 : 0] ∈ P2 and so is not strongly irre-

ducible. �

Now let V red
Z denote the set of all integral ternary cubic forms that are not

strongly irreducible. Then we have the following lemma, which states that the

number of reducible points—i.e., points in V red
Z —that are in the “main body”

of the fundamental domains is negligible.

Lemma 14. Let F ′ denote the set of elements na(s1, s2)λk ∈ F that sat-

isfy s1 < C1/3λ/c and s2 < C1/3λ/c2. Then∫
na(s1,s2)λk∈F ′

#{V red
Z ∩B(n, s1, s2, λ,X)}s−6

1 s−6
2 dn d×t d×λdk = o(X5/6).

We defer the proof of Lemma 14 to Section 2.5.

To estimate the number of integral points in B(n, s1, s2, λ,X), we use the

following proposition due to Davenport [15].

Proposition 15. Let R be a bounded, semi-algebraic multiset in Rn hav-

ing maximum multiplicity m and that is defined by at most k polynomial in-

equalities each having degree at most `. Then the number of integer lattice

points (counted with multiplicity) contained in R is

Vol(R) +O(max{Vol(R̄), 1}),
where Vol(R̄) denotes the greatest d-dimensional volume of any projection of

R onto a coordinate subspace obtained by equating n − d coordinates to zero,

where d takes all values from 1 to n − 1. The implied constant in the second

summand depends only on n, m, k, and `.

Since every element ofG0 was assumed to have determinant greater than 1,

the set B(n, s1, s2, λ,X) is empty unless c1 ≤ λ ≤ X1/36, where c1 is a constant

such that 1/c3
1 bounds the determinants of all the elements in G0 from above.

By equation (9), Lemmas 13 and 14, and Proposition 15, we see that N(V ±Z ;X)

equals
1

CG0

∫
na(s1,s2)λk∈F ′
c1≤λ≤X1/36

Ä
Vol(B(n, s1, s2, λ,X)) +O(Vol(B(n, s1, s2, λ,X)))

ä
× s−6

1 s−6
2 dn d×s d×λ dk + o(X5/6)

(10)

because Vol(B(n, s1, s2, λ,X))� 1 when λ ≥ c1.

It is easily checked that when na(s1, s2)λk ∈ F ′ and λ ≥ c1, the projection

of B(n, s1, s2, λ,X) onto any coordinate in VR, apart from the x3- and x2y-

coefficients, is bounded below independent of n, s1, s2, and λ. (For example,
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the projection of B(n, s1, s2, λ,X) onto the x2z-coefficient is bounded below by

an absolute constant times λ3s−3
1 , which is bounded from below since λ ≥ c1

and s1 � λ.) Thus, the integral of the error term in the integrand of (10) is

computed to be

O
(∫ X1/36

λ=0

∫ λ

s1,s2=c
(λ27s6

1s
3
2 + λ24s9

1s
6
2)s−6

1 s−6
2 d×s d×λ

)
= O(X3/4).

Meanwhile, the integral of the main term in the integrand of (10) is equal to

1

CG0

∫
na(s1,s2)λk∈F ′
c1≤λ≤X1/36

Ä
Vol(B(n, s1, s2, λ,X))s−6

1 s−6
2 dn d×s d×λ dk

=
1

CG0

∫
h∈G0

Vol(RX(h · L±))dh

−O
(∫

na(s1,s2)λk∈F/F ′
λ30s−6

1 s−6
2 dn d×s d×λ

+

∫
na(s1,s2)λk∈F

λ<c1

λ30s−6
1 s−6

2 dn d×s d×λ
)

since Vol(B(n, s1, s2, λ,X)) = O(λ30). The error term in the above equation

is computed to be O(X2/3). Hence it follows from equation (10), and the fact

that Vol(RX(h · L±)) is independent of h, that

(11) N(V ±Z ;X) =
1

3
Vol(RX(L±)) + o(X5/6).

Therefore, to prove Theorem 11, it remains only to compute the volume

Vol(RX(L±)).

2.3. Computing the volume. In this section, we compute the volumes of

RX(L±). To this end, let R± := Λ · L±. Then the sets R± consist of one

element in V ±R having invariants (I, J) for each (I, J) ∈ R × R such that

±∆(I, J) ∈ R>0. Let R±(X) denote the set of points in R± having height

bounded by X. For a ring T , define the twisted action of the group GL3(T )

on the space VT of ternary cubic forms having coefficients in T by

(12) γ · f(x, y, z) := det(γ)−1f((x, y, z) · γ);

this induces an action of PGL3(T ) on VT . Let FPGL3 denote the image in

PGL3(R) of F . Then FPGL3 is a fundamental domain for the action of PGL3(Z)

on PGL3(R). We have RX(L±) = FPGL3 ·R±(X).

Let ω be a differential that generates the rank 1 module of top-degree

differentials of PGL3 over Z. Then ω is well defined up to sign. To compute

the volume of the multiset FPGL3 ·R±(X), we have the following proposition.



TERNARY CUBIC FORMS HAVING BOUNDED INVARIANTS 601

Proposition 16. For any measurable function φ on VR, we have

(13)
4

9

∫
R±

∫
PGL3(R)

φ(g · pI,J)ω(g) dIdJ=

∫
PGL3(R)·R±

φ(v)dv=3

∫
V ±R

φ(v)dv,

where pI,J ∈ R± is the point having invariants equal to I and J and we regard

PGL3(R) ·R± as a multiset.

The above proposition may be verified by a direct Jacobian computation.

We will also give a more noncomputational proof in Section 3.2.

Since the volume of FPGL3 is equal to 3ζ(2)ζ(3) (see [24]), we have∫
RX(L±)

dv =

∫
FPGL3

·R±(X)
dv

=
4

9

∫
R±(X)

∫
FPGL3

ω(g) dI dJ =
4ζ(2)ζ(3)

3

∫
R±(X)

dI dJ.

(14)

The quantity
∫
R+(X) dI dJ is equal to

(15)

∫ X1/3

I=0

∫ 2I3/2

J=−2I3/2
dJ dI =

∫ X1/3

I=0
4I3/2dI =

8

5
X5/6,

while
∫
R−(X) dI dJ is equal to

(16)

∫ X1/3

I=−X1/3

∫ 2X1/2

J=−2X1/2
dJ dI −

∫
R+

V (X)
dI dJ = 8X5/6 − 8

5
X5/6 =

32

5
X5/6.

We conclude that

Vol(RX(L+)) =
32ζ(2)ζ(3)

15
X5/6,

Vol(RX(L−)) =
128ζ(2)ζ(3)

15
X5/6,

(17)

which along with (11) yields Theorem 11.

2.4. Congruence conditions. In this subsection, we prove a version of The-

orem 11 where we count integral ternary cubic forms satisfying any finite set

of congruence conditions.

For any set S in VZ that is definable by congruence conditions, we denote

by µp(S) the p-adic density of the p-adic closure of S in VZp , where we normalize

the additive measure µp on VZp so that µp(VZp) = 1. We then have the following

theorem, whose proof is identical to that of [8, Th. 2.11].
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Theorem 17. Suppose S is a subset of V ±Z defined by finitely many con-

gruence conditions. Then we have

(18) N(S ∩ V ±Z ;X) = N(V ±Z ;X)
∏
p

µp(S) + o(X5/6),

where µp(S) denotes the p-adic density of S in VZ and where the implied con-

stant in o(X5/6) depends only on S.

We will also have occasion to use the following weighted version of Theo-

rem 17; the proof is identical to that of [8, Th. 2.12].

Theorem 18. Let p1, . . . , pk be distinct prime numbers. For j = 1, . . . , k,

let φpj : VZ → R be an SL3(Z)-invariant function on VZ such that φpj (f)

depends only on the congruence class of f modulo some power p
aj
j of pj . Let

Nφ(V ±Z ;X) denote the number of strongly irreducible SL3(Z)-orbits in V ±Z hav-

ing height bounded by X , where each orbit SL3(Z) · f is counted with weight

φ(f) :=
∏k
j=1 φpj (f). Then we have

(19) Nφ(V ±Z ;X) = N(V ±Z ;X)
k∏
j=1

∫
f∈VZpj

φ̃pj (f) df + o(X5/6),

where φ̃pj is the natural extension of φpj to VZpj
by continuity, df denotes the

additive measure on VZpj
normalized so that

∫
f∈VZpj

df = 1, and where the im-

plied constant in the error term depends only on the local weight functions φpj .

2.5. The number of reducible points and points with large stabilizers in

the main bodies of the fundamental domains is negligible. In this section, we

prove Lemma 14, i.e., that the number of SL3(Z)-orbits of reducible elements

in VZ of bounded height is negligible. Via a similar argument, we also show

that the number of SL3(Z)-orbits of strongly irreducible elements in VZ having

nontrivial stabilizer in PGL3(Q) and bounded height is negligible. We use the

technique in the proof of [5, Lemma 14].

Proof of Lemma 14. Suppose f is an integral ternary cubic form. If f has

a rational flex in P2, then for any prime p, the reduction f̄ of f modulo p has

a point of inflection in P2(Fp). Now let p be a prime that is congruent to 1

(mod 3), and let a, b, c be elements in F×p that are in different cube classes (i.e.,

none of a/b, b/c, c/a are cubes in F×p ). Then one easily checks that the ternary

cubic form fa,b,c(x, y, z) = ax3 +by3 +cz3 ∈ VFp has no point of inflection in Fp.
Hence none of the forms in the set Sp = {γ ·fa,b,c : γ ∈ GL3(Fp)} contain points

of inflection in Fp. It is clear that #Sp � p9, where the implied constant is

independent of p. Thus, if sp denotes the p-adic density of the set of elements in

VZ whose reduction modulo p is contained in Sp, then sp � p9/p10 = 1/p, where
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the implied constant is independent of p. Therefore, for any Y > 0, we have∫
na(s1,s2)λk∈F ′

#{V red
Z ∩B(n, s1, s2, λ,X)}s−6

1 s−6
2 dn d×t d×λdk

� X5/6
∏

p≡1 (mod 3)
p≤Y

(1− sp).(20)

Since sp � 1/p, it follows that
∏
p≡1(mod 3)(1 − sp) diverges, and hence the

left-hand side of (20) is o(X5/6) as required. �

We may use the same method to bound the number of SL3(Z)-orbits on

strongly irreducible integral ternary cubic forms having bounded height and

nontrivial stabilizer in PGL3(Q), i.e., integral ternary cubic forms of bounded

height whose associated cubic curves have no rational flex in P2, but whose Ja-

cobians possess a nontrivial 3-torsion point defined over Q (see Proposition 28).

Lemma 19. Let V bigstab
Z denote the set of elements in VZ whose stabilizer

in PGL3(Q) is nontrivial. Then N(V bigstab
Z ;X) = o(X5/6).

Proof. By equation (9) and Lemma 13, it suffices to prove the estimate

(21)∫
na(s1,s2)λk∈F ′

#{V bigstab
Z ∩B(n, s1, s2, λ,X)}s−6

1 s−6
2 dn d×t d×λdk = o(X5/6).

The Jacobian of the cubic curve defined by the vanishing of a ternary cubic

form f ∈ VZ may be embedded in P2 as a Weierstrass elliptic curve Jac(f) via

the equation

y2z = x3 − I(f)

3
xz2 − J(f)

27
z3,

and under this embedding, the 3-torsion points of Jac(f) are precisely its flex

points. Thus an integral ternary cubic form f is contained in V bigstab
Z if and

only if the curve Jac(f) contains at least two rational flex points in P2. The

proof of the estimate in (21) now proceeds very similarly to that of Lemma 14.

The only difference is that we now consider, for each p ≡ 7 (mod 12), the form

fb(x, y, z) = x3 + bz3 − y2z ∈ VFp , where b is a nonresidue in Fp. We see that

Jac(fb) is then precisely the curve defined by the equation fb = 0, and it has

exactly one inflection point in P2(Fp), namely the point [0 : 1 : 0]. �

2.6. The average number of strongly irreducible integral ternary cubic forms

with given invariants (Proofs of Theorems 9 and 10). We first prove Theorem 9

by describing the set of eligible pairs (I, J) ∈ 1
16Z×

1
32Z, i.e., those pairs that

occur as invariants of integral ternary cubic forms. We begin by showing that

a pair (I, J) is eligible if and only if it occurs as the invariants of a Weierstrass

elliptic curve over Z.



604 MANJUL BHARGAVA and ARUL SHANKAR

Proposition 20. A pair (I, J) is eligible if and only if it occurs as the

invariants of some Weierstrass cubic over Z, where a Weierstrass cubic over

Z is an element in VZ of the form

y2z + a1xyz + a3yz
2 − x3 − a2x

2z − a4xz
2 − a6z

3.

Proof. This proposition is easily deduced from the results in [3]. To any

integral ternary cubic form f ∈ VZ, one may associate a Weierstrass ternary

cubic form f∗ over Z that defines the Jacobian curve (see [3, eq. 1.5]). The

invariants c4(f) and c6(f) of f are then defined to be equal to the classical

invariants c4(f∗) and c6(f∗) of the corresponding Weierstrass cubic. (See [27]

for a definition of c4(f∗) and c6(f∗).) Using [3, eq. 1.7], we easily check that

our invariants I(f) and J(f) are equal to the invariants c4(f)/16 and c6(f)/32,

respectively, for any ternary cubic form f . We conclude that I(f) = I(f∗) and

J(f) = J(f∗), as desired. �

Next, we have a result of Kraus (see [22, Prop. 2]), which describes those

pairs (c4, c6) that can occur for a Weierstrass cubic over Z.

Proposition 21. Let c4 and c6 be integers. In order for there to exist a

Weierstrass cubic over Z having nonzero discriminant and invariants c4 and

c6, it is necessary and sufficient that

(a) (c3
4 − c2

6)/1728 is a nonzero integer ;

(b) c6 6≡ ±9 (mod 27);

(c) either c6 ≡ −1 (mod 4), or c4 ≡ 0 (mod 16) and c6 ≡ 0, 8 (mod 32).

It can be checked that the set of pairs (I, J) that satisfy the congruence

conditions of Theorem 9 is the same as the set of pairs (c4/16, c6/32) for which

the congruence conditions of Proposition 21 are satisfied for (c4, c6). Thus The-

orem 9 follows from Propositions 20 and 21 and the fact that I(f) = c4(f)/16

and J(f) = c6(f)/32 for Weierstrass cubics f having integral coefficients.

The next lemma follows immediately from Theorem 9.

Lemma 22. The set of all eligible (I, J) is a union of 144 distinct trans-

lates of 36Z× 27Z in 1
16Z×

1
32Z.

Proposition 23. Let N+
I,J(X) and N−I,J(X) denote the number of eligible

pairs (I, J) ∈ 1
16Z×

1
32Z satisfying H(I, J) < X that have positive discriminant

and negative discriminant, respectively. Then

(a) N+
I,J(X) =

32

135
X5/6 +O(X1/2);

(a) N−I,J(X) =
128

135
X5/6 +O(X1/2).
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Proof. Let R+
I,J(X) (resp. R−I,J(X)) denote the set of points (i, j) ∈ R×R

satisfying H(i, j) < X and 4i3 − j2 > 0 (resp. 4i3 − j2 < 0). The sizes of the

projections of R±I,J(X) onto smaller-dimensional coordinate hyperplanes are

all bounded by O(X1/2). Using Proposition 15 and Lemma 22 then gives

N±I,J(X) =
144

36 · 27
Vol(R±I,J(X)) +O(X1/2).

The volumes of the sets R+
I,J(X) and R−I,J(X) have been computed in (15) and

(16) to be equal to 8/5 and 32/5, respectively. The proposition follows. �

Theorem 8 combined with Proposition 23 now yields Theorem 10.

2.7. Uniformity estimates and a squarefree sieve. For our applications,

we require a general version of Theorem 18, namely, one that counts weighted

ternary cubic forms where the weight functions are defined by appropriate

infinite sets of congruence conditions. A function φ : VZ → [0, 1] ∈ R is said to

be defined by congruence conditions if, for all primes p, there exist functions

φp : VZp → [0, 1] satisfying the following conditions:

(1) For all f ∈ VZ, the product
∏
p φp(f) converges to φ(f).

(2) For each prime p, the function φp is locally constant outside some closed

set Sp ⊂ VZp of measure zero.

We say that such a function φ is acceptable if for sufficiently large primes p, we

have φp(f) = 1 whenever p2 - ∆(f).

Our purpose in this section is to prove the following generalization of

Theorem 18.

Theorem 24. Let φ : VZ → [0, 1] be an acceptable function that is defined

by congruence conditions via the local functions φp : VZp → [0, 1]. Then, with

notation as in Theorem 18, we have

(22) Nφ(V ±Z ;X) = N(V ±Z ;X)
∏
p

∫
f∈VZp

φp(f) df + o(X5/6).

To prove Theorem 24, we follow the method of [6]. We establish the

following tail estimate.

Proposition 25. LetWp(V ) denote the set of ternary cubic forms f such

that p2 | ∆(f). Then, for any fixed ε > 0, we have

(23) N(∪p>MWp;X) = Oε(X
5/6/(M logM) +X3/4) +O(εX5/6).

Proof. If p2 ≤ X1/12, then the counting method of Sections 2.2–2.4, with

the relevant congruence conditions modulo p2 imposed, immediately yields

the individual estimate N(Wp;X) = O(X5/6/p2) (noting that RX(L±) =

X1/12R1(L±)). Hence, to prove Proposition 25, it suffices to assume that

M > X1/24.
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Let W(1)
p denote the set of ternary cubic forms such that p2 | ∆(f) for

“mod p reasons,” i.e., p2 | ∆(g) for every g ≡ f (mod p). For any ε > 0,

let F (ε)
PGL3

⊂ FPGL3 denote the subset of elements na(s1, s2)k ∈ FPGL3 such

that s1 and s2 are bounded above by an appropriate constant to ensure that

Vol(F (ε)
PGL3

) = (1 − ε)Vol(FPGL3). Then F (ε)
PGL3

· R±(X) is a bounded domain

in VR that expands homogeneously with X. By [6, Th. 3.3], we have

(24) #{F (ε)
PGL3

·R±(X)
⋂

(∪p>MW(1)
p )} = O(X5/6/(M logM) +X9/12).

Furthermore, the results of Sections 2.1 and 2.2 imply that

(25) #{(FPGL3\F
(ε)
PGL3

) ·R±(X)
⋂
V irr
Z } = O(εX5/6).

Combining the two estimates (24) and (25) yields (23) with Wp replaced with

W(1)
p .

Next, suppose f belongs toW(2)
p :=Wp\W(1)

p . Let f̄ denote the reduction

of f modulo p. Then the curve C ⊂ P2
Fp

defined by f̄(x, y, z) = 0 contains a

single nodal singularity. This singularity must be Fp-rational, and we can move

it to [0 : 0 : 1] using an element of SL3(Fp). In that case, the z3-, xz2-, and yz2-

coefficients of f̄(x, y, z) are zero. Evaluating the discriminant of an element f

that reduces mod p to such an f̄ , we see that ∆(f) ≡ cG(f) (mod p2), where c

is the coefficient of z3 and G(f) is an irreducible polynomial in the coefficients

of f . As f ∈ W(2)
p , we see that G(f) 6≡ 0 (mod p). Therefore, since p2 | ∆(f),

we obtain that p2 | c, the coefficient of z3. Now the element g defined by

(26)

Å
1

1
p−1

ã
· pf

has the same discriminant as f and is in W(1)
p , because its x3-, x2y-, xy2-,

and y3-coefficients are zero modulo p. We therefore obtain a discriminant

preserving map φ from SL3(Z)-orbits on W(2)
p to SL3(Z)-orbits on W(1)

p . The

following lemma states that this map is at most 3 to 1.

Lemma 26. Given an SL3(Z)-orbit onW(1)
p , there are at most three SL3(Z)-

orbits on W(2)
p that map to it under φ.

Proof. If the reduction of f ∈ W(2)
p modulo p has a nodal singularity at

[0 : 0 : 1] ∈ P2(Fp), then the form in W
(1)
p given by (26), when reduced modulo

p, has z as a factor. Moreover, for g ∈W (1)
p , the form

(27)
( 1

1
p

)
· p−1g

can be integral only if the x3-, x2y-, xy2-, and y3-coefficients of g are zero

modulo p. Therefore, the preimages under φ of the SL3(Z)-orbit of g ∈ W(1)
p

are associated to linear factors of the reduction of g modulo p. The reduction of
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g modulo p has at most three linear factors, unless g ≡ 0 (mod p). However, if

g ≡ 0 (mod p), then it is easy to see that (27) belongs toW(1)
p . Thus, the map

φ : SL3(Z)\W(2)
p → SL3(Z)\W(1)

p is at most 3-to-1, and the lemma follows. �

Therefore, since discriminants less than X can have at most 24 distinct

prime factors p > X1/24, we obtain

N(∪p>MW(2)
p ;X) ≤ 3 · 24N(∪p>MW(1)

p ;X)

= Oε(X
5/6/(M logM) +X3/4) +O(εX5/6).

(28)

This concludes the proof of the proposition. �

Theorem 24 now follows from Proposition 25 just as [8, Th. 2.21] followed

from [8, Th. 2.13].

3. The average number of elements in the 3-Selmer groups

of elliptic curves

Recall that any isomorphism class of elliptic curve E over Q has a unique

representative of the form

(29) E(A,B) : y2 = x3 +Ax+B,

where A,B ∈ Z and for all primes p, we have p4 - A if p6 | B. For any elliptic

curve E(A,B) over Q written in the form (29), we define the quantities I(E)

and J(E) by

I(E) = −3A,(30)

J(E) = −27B.(31)

We denote the elliptic curve over Q having invariants I and J by EI,J , and we

define its height H ′(EI,J) by

H ′(EI,J) := max{|I3|, J2/4}.

We use the height H ′ instead of H on elliptic curves to agree with the height

on integral ternary cubic forms defined in (4). Note that since H and H ′ agree

up to a constant factor, they induce the same ordering on the set of elliptic

curves over Q.

In this section, we prove Theorem 3 by computing the average size of

the 3-Selmer group of elliptic curves over Q, whose coefficients satisfy finitely

many congruence conditions, when these curves are ordered by their heights.

We also prove a theorem where we bound the average size of the 3-Selmer

group of elliptic curves in more general families. To define these families, we

need the following notation. For each prime p, let Σp be a closed subset of

Z2
p\{∆ 6= 0}. We associate the family FΣ of elliptic curves to (Σp)p, where

EI,J ∈ FΣ if (I, J) ∈ Σp for all p. Such a family is said to be defined by
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congruence conditions. We can also impose “congruence conditions at infinity”

by insisting that EI,J ∈ FΣ if and only if (I, J) ∈ Σ∞, where Σ∞ is equal to

{(I, J) ∈ R2 : ∆(I, J) > 0}, {(I, J) ∈ R2 : ∆(I, J) < 0}, or {(I, J) ∈ R2 :

∆(I, J) 6= 0}.
If F is a family of elliptic curves defined by congruence conditions, then

let Inv(F ) denote the set {(I(E), J(E)) : E ∈ F}. For a prime p, let Invp(F )

denote the p-adic closure of Inv(F ) in Z2
p. We define Inv∞(F ) to be {(I, J) ∈

R2 : ∆(I, J) > 0}, {(I, J) ∈ R2 : ∆(I, J) < 0}, or {(I, J) ∈ R2 : ∆(I, J) 6= 0}
in accordance with whether F contains curves only of positive discriminant,

negative discriminant, or both. A family F of elliptic curves is then said to be

large if, for all but finitely many primes p, the set Invp(F ) contains all pairs

(I, J) ∈ Zp × Zp such that p2 - ∆(I, J).

In this section, we prove the following theorem.

Theorem 27. When elliptic curves E in any large family are ordered by

height, the average size of the 3-Selmer group S3(E) is 4.

3.1. Ternary cubic forms and elements in the 3-Selmer groups of elliptic

curves. Recall that, for a field K, we may define a twisted action of the group

GL3(K) on the space VK of ternary cubic forms having coefficients in K via

(32) γ · f(x, y, z) := det(γ)−1f((x, y, z) · γ),

which induces an action of PGL3(K) on VK . We say that a ternary cubic form

f ∈ VK is K-soluble if the equation f(x, y, z) = 0 has a nontrivial solution

over K. We then have the following result, which follows from [19, Th. 2.5 and

Rem. 2.7] (see also [7, §4.2]).

Proposition 28. Let K be a field having characteristic not equal to 2

or 3, and let E : y2 = x3 − I
3x −

J
27 be an elliptic curve over K . Then there

exists a natural injection

TE : E(K)/3E(K) → {PGL3(K)-orbits of ternary cubic forms over K},

whose image consists exactly of the K-soluble ternary cubic forms having in-

variants equal to I and J . Under this correspondence, the identity element

of E(K)/3E(K) maps to the PGL3(K)-orbit of ternary cubic forms having a

K-rational point of inflection.

Furthermore, the stabilizer in PGL3(K) of any ternary cubic form having

invariants equal to I and J is isomorphic to E(K)[3].

A rational ternary cubic form f ∈ VQ is said to be locally soluble if f is

R-soluble and Qp-soluble for all primes p. We then have the following propo-

sition (see [19, Remark 2.8]).
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Proposition 29. Let E/Q be an elliptic curve. Then the elements in the

3-Selmer group of E are in bijective correspondence with PGL3(Q)-orbits on

the set of locally soluble ternary cubic forms in VQ having invariants equal to

I(E) and J(E).

Furthermore, the set of all ternary cubic forms in VQ having invariants

equal to I(E) and J(E) that are not strongly irreducible lie in a single PGL3(Q)-

orbit, and this orbit corresponds to the identity element in the 3-Selmer group

of E.

By a result of Cremona, Fisher, and Stoll [13, Th. 1.1], any rational ternary

cubic form f ∈ VQ having integral invariants I and J is SL3(Q)-equivalent to

an integral ternary cubic form g ∈ VZ having invariants I and J . In particular,

it follows that such an f is PGL3(Q)-equivalent to either g or −g. Since g and

−g have the same invariants, we obtain the following proposition.

Proposition 30. Let E/Q be an elliptic curve. Then the elements in the

3-Selmer group of E are in bijective correspondence with PGL3(Q)-equivalence

classes1 of locally soluble integral ternary cubic forms in VZ having invariants

equal to I(E) and J(E).

Furthermore, the set of all ternary cubic forms in VZ having invariants

equal to I(E) and J(E) that are not strongly irreducible lie in a single PGL3(Q)-

equivalence class, and this equivalence class corresponds to the identity element

in the 3-Selmer group of E.

We may use Proposition 28 to prove Lemma 12, i.e., that the order of the

stabilizer of a real ternary cubic form of nonzero discriminant is always equal

to 3.

Proof of Lemma 12. Let f ∈ VR be a ternary cubic form having nonzero

discriminant. By Proposition 28, if f has invariants I and J , then the size of

the stabilizer of f in PGL3(R) is equal to the number of real 3-torsion points on

the elliptic curve EI,J/R having invariants I and J . Now the 3-torsion points

of a plane Weierstrass elliptic curve are its flex points, and it is known that any

plane cubic curve over R having nonzero discriminant has exactly three flex

points defined over R (see, e.g., [21, Chap. 13]). Furthermore, if γ ∈ GL+
3 (R)

stabilizes f , then I(γ · f) = (det γ)4I(f) and J(γ · f) = (det γ)6J(f), and so

det γ = 1. This completes the proof of Lemma 12. �

3.2. A change-of-measure formula. We begin with the following proposi-

tion, which is an extension of the change-of-measure formula in Proposition 16

so that it holds also over Zp, with 4/9 replaced by |J | for some rational con-

stant J .

1We refer to the set of all g ∈ VZ such that g is PGL3(Q)-equivalent to a fixed integral

ternary cubic form f as the PGL3(Q)-equivalence class of f in VZ.
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Proposition 31. Let K be R or Zp for some prime p, let | · | denote the

usual absolute value on K , and let s : K2 → VK be a continuous section. Then

there exists a rational nonzero constant J , independent of K and s, such that

for any measurable function φ on VK , we have∫
PGL3(K)·s(K2)

φ(f)df = |J |
∫

(I,J)∈K2

∫
g∈PGL3(K)

φ(g · s(I, J))ω(g)dIdJ

and∫
VK

φ(f)df = |J |
∫

(I,J)∈K2

∆(I,J)6=0}

( ∑
f∈ VK(I,J)

PGL3(K)

1

#Stab(f)

∫
g∈PGL3(K)

φ(g·f)ω(g)
)
dIdJ,

where Stab(f) denotes the stabilizer of f in PGL3(K) and VK(I,J)
PGL3(K) denotes a

set of representatives for the action of PGL3(K) on the set of elements in VK
having invariants I and J .

Proposition 31 follows immediately from the proofs of [8, Props. 3.11 and

3.12] (see [8, Rem. 3.14]).

In the rest of the section, we compute the value of J . To do so, we use the

following proposition, which follows from Proposition 31; the proof is identical

to that of [8, Prop. 3.13].

Proposition 32. Let p be a fixed prime number. Let S ⊂ VZp be a

set defined by congruence conditions modulo p, and let S̄ ⊂ VFp denote the

reduction of S modulo p. Assume that S = π−1(π(S)), where π is given by

taking invariants. Then

(33)

|J |p =

#PGL3(Fp) ·
( ∑
f∈PGL3(Fp)\S̄

1

#AutFp(f)

)
pdimV ·Vol(PGL3(Zp)) ·

(∫
(I,J)∈π(S)

∑
f∈

VZp (I,J)

PGL3(Zp)

1

#AutZp(f)
dIdJ

) .

Note that the numerator in the right-hand side of (33) is equal to #S̄ by

the orbit-stabilizer formula.

The next two lemmas allow us to evaluate the numerator and the denom-

inator of (33) for the set S ⊂ VZp consisting of elements whose discriminants

are prime to p.

Lemma 33. Let p be a fixed prime. Then the number of elements in VFp

that have nonzero discriminant is equal to (p2 − p) ·#PGL3(Fp).

Proof. Ternary cubic forms over Fp having nonzero discriminant corre-

spond to isomorphism classes of triples (C,L,B), where C is a genus 1 curve
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over Fp, L is a degree 3 line bundle on C, and B is a basis for the space of

sections of L; here, two such pairs (C,L,B) and (C ′, L′, B′) are called isomor-

phic if there exists an isomorphism φ : C → C ′ such that L = φ∗(L′) and

B = φ∗(B′). The number of such isomorphism classes of pairs (C,L) over Fp
is exactly p, since there is exactly one pair for each j-invariant. Once the pair

(C,L) is fixed, there are #GL3(Fp) different possible bases for the space of

sections. Since #GL3(Fp) = (p− 1)#PGL3(Fp), we obtain the lemma. �

Lemma 34. Let p be a fixed prime and let (I, J) ∈ 1
16Zp ×

1
32Zp be an

element in the image of π such that p2 - ∆(I, J). Then

∑
f∈

VZp (I,J)

PGL3(Zp)

1

#AutZp(f)
=

1 for p 6= 3;

3 for p = 3.

Proof. Since p2 - ∆(I, J), we have AutZp(f) = AutQp(f) = EI,J [3](Qp)

for f ∈ VZp(I, J). Furthermore, we have

#
VZp(I, J)

PGL3(Zp)
= #(E(Qp)/3E(Qp)).

The lemma therefore follows from Lemma 40 in Section 3.4. �

We may now compute the value of |J |p using Proposition 32. For each

prime p, we pick S to be the set of elements f ∈ VZp such that p - ∆(f).

Since Vol(PGL3(Zp)) = #PGL3(Fp)/p8, equation (33), in conjunction with

Lemmas 33 and 34, implies that

|J |p = |3|p
p− 1

pVol(π(S))
.

We may now use Theorem 9 to compute the volume of π(S), yielding

Vol(π(S)) =


p−1
p if p ≥ 5;

2
81 if p = 3;

2 if p = 2.

We conclude that J = 4/9, as desired.

3.3. Computations of p-adic densities in terms of local masses. Proposi-

tion 30 asserts that the nonidentity elements in the 3-Selmer group of EI,J

are in bijection with PGL3(Q)-orbits on the set of strongly irreducible locally

soluble integral ternary cubic forms having invariants I and J . In Section 2,

we computed the asymptotic number of SL3(Z)-equivalence classes of strongly

irreducible integral ternary cubic forms having bounded height. In order to

use this to compute the number of PGL3(Q)-equivalence classes of strongly
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irreducible locally soluble integral ternary cubic forms having bounded height,

we must count each locally soluble orbit PGL3(Z) · f weighted by 1/n(f),

where n(f) is the number of PGL3(Z)-orbits in the PGL3(Q)-equivalence class

of f in VZ. Since we have shown that all but a negligible number of integral

ternary cubic forms have trivial stabilizer in PGL3(Q), we may instead count

each locally soluble orbit PGL3(Z) · f weighted by 1/m(f), where

m(f) :=
∑

f ′∈B(f)

#AutQ(f ′)

#AutZ(f ′)
=

∑
f ′∈B(f)

#AutQ(f)

#AutZ(f ′)
;

here B(f) is a set of representatives for the action of PGL3(Z) on the PGL3(Q)-

equivalence class of f in VZ, while AutQ(f) and AutZ(f) are the stabilizers of

f in PGL3(Q) and PGL3(Z), respectively.

For a prime p and an ternary cubic form f ∈ VZp , define mp(f) by

mp(f) :=
∑

f ′∈Bp(f)

#AutQp(f ′)

#AutZp(f ′)
=

∑
f ′∈B(f)

#AutQp(f)

#AutZp(f ′)
,

where Bp(f) denotes a set of representatives for the action of PGL3(Zp) on

the PGL3(Qp)-equivalence class of f in VZp , while AutQp(f) (resp. AutZp(f))

denotes the stabilizers of f in PGL3(Qp) (resp. PGL3(Zp)). Then we have the

following proposition, which explains the advantage of using the weights m(f)

rather than n(f), and whose proof is identical to that of [8, Prop. 3.6].

Proposition 35. Suppose f ∈ VZ has nonzero discriminant. Then

m(f) =
∏
p

mp(f).

Suppose now that F is a large family of elliptic curves. Recall that we

denoted the set {(I(E), J(E) : E ∈ F} by Inv(F ) and the p-adic closure of

Inv(F ) in Z2
p by Invp(F ). Let S(F ) denote the set of all locally soluble integral

ternary cubic forms having invariants I and J such that (I, J) ∈ Inv(F ), and let

Sp(F ) denote the p-adic closure of S(F ) in VZp . We now determine the p-adic

density of Sp(F ), where each element f ∈ Sp(F ) is weighted by 1/mp(f), in

terms of a local (p-adic) mass Mp(V, F ) involving all isomorphism classes of

soluble 3-coverings of elliptic curves over Qp.

Proposition 36. We have∫
Sp(F )

1

mp(f)
df = |4/9|pVol(PGL3(Zp))Mp(V, F ),

where

(34) Mp(V, F ) =

∫
(I,J)∈Invp(F )

#(EI,J(Qp)/3E
I,J(Qp))

#EI,J(Qp)[3]
dIdJ.

The proof of Proposition 36 is identical to that of [8, Prop. 3.9].
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3.4. The average size of the 3-Selmer groups of elliptic curves in a large

family (Proof of Theorem 27). In analogy with Mp(V, F ), we define the local

mass Mp(F ) by

(35) Mp(F ) =

∫
(I,J)∈Invp(F )

dIdJ.

We also define the following analogues at infinity of Mp(F ) and Mp(V, F ),

respectively:

M∞(F ;X) :=

∫
(I,J)∈Inv∞(F )
H(I,J)<X

dIdJ,

M∞(V, F ;X) :=

∫
(I,J)∈Inv∞(F )
H(I,J)<X

#(EI,J(R)/3EI,J(R))

#EI,J(R)[3]
dIdJ.

(36)

We then have the following result counting the number of elliptic curves in a

large family, which is [8, Th. 3.17].

Theorem 37. Let F be a large family of elliptic curves, and let N(F ;X)

denote the number of elliptic curves in F that have height bounded by X . Then

(37) N(F ;X) = M∞(F ;X)
∏
p

Mp(F ) + o(X5/6).

We say that an element f ∈ VZ is bad at p if either f is not Qp-soluble or

mp(f) 6= 1. To deduce Theorem 27 using Theorem 24, we need the following

result.

Proposition 38. Let f be an integral ternary cubic form such that either

f is insoluble at p or mp(f) 6= 1. Then p2 | ∆(f).

Proof. Suppose that f is an integral ternary cubic form such that the curve

defined by f(x, y, z) = 0 has no Qp-points. We claim that f is geometrically

reducible over Fp (i.e., f (mod p) factors into a product of lower degree forms

defined over Fp). This is because if f were geometrically irreducible over Fp,
then the Lang–Weil estimates [23] would imply that the curve f(x, y, z) = 0

has a smooth point in P2(Fp). By Hensel’s lemma, this smooth point lifts to

a point in P2(Qp). Therefore, f is geometrically reducible over Fp, implying

that p2 | ∆(f).

If f ∈ VZ satisfies mp(f) 6= 1, then there exists an element γ ∈ PGL3(Qp)

such that γ ·f ∈ VZp . By an appropriate change-of-basis in PGL3(Zp), we may

assume that γ is of the form γ =

Å
p−a

1
pb

ã
, where a and b are nonnegative

and at least one of a and b is nonzero. If b > a, then clearly z is a factor of

the reduction of f modulo p. Now assume that a ≥ b, so that a > 0. In this

case, consider the form f1 =

Å
p−1

1
1

ã
· pf , which is an element of VZp having
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the same invariants as f . The reduction of f1 modulo p, being a multiple of x,

is a reducible ternary cubic form. We conclude that p2 | ∆(f1) = ∆(f). �

Theorem 27 will be deduced from the following result.

Theorem 39. Let F be a large family of elliptic curves. Then

lim
X→∞

∑
E∈F

H′(E)<X

(#S3(E)− 1)

∑
E∈F

H′(E)<X

1

= Vol(PGL3(Z)\PGL3(R))
M∞(V, F ;X)

M∞(F ;X)

∏
p

[
Vol(PGL3(Zp))

Mp(V, F )

Mp(U1, F )

]
.

(38)

Proof. The numerator of the right-hand side of (38) is equal to the number

of PGL3(Z)-orbits on S(F ) having height bounded by X, where each orbit

PGL3(Z) · f is counted with weight 1/m(f). Therefore, by Theorem 24 and

Propositions 35 and 38, we obtain

∑
E∈F

H′(E)<X

(#S3(E)− 1) = N(VZ ∩ S∞(F );X)
∏
p

∫
Sp(F )

1

mp(f)
df + o(X5/6)

=
4

9
Vol(PGL3(Z)\PGL3(R))M∞(V, F ;X)

×
∏
p

î∣∣∣∣49 ∣∣∣∣pVol(PGL3(Zp))Mp(V, F )
ó

+ o(X5/6)

= Vol(PGL3(Z)\PGL3(R))M∞(V, F ;X)

×
∏
p

î
Vol(PGL3(Zp))Mp(V, F )

ó
+ o(X5/6),

(39)

where the second equality follows from Proposition 36. Taking the ratio of

(39) and (37), we obtain the theorem. �

To evaluate the right-hand side of (38) we need the following fact, whose

proof is identical to that of [11, Lemma 3.1].

Lemma 40. Let E be an elliptic curve over Qp. We have

#(E(Qp)/3E(Qp)) =

#E[3](Qp) if p 6= 3;

3 ·#E[3](Qp) if p = 3.
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Proof. A well-known result of Lutz (see, e.g., [27, Chap. 7, Prop. 6.3] for

a proof) asserts that there exists a subgroup M ⊂ E(Qp) of finite index that is

isomorphic to Zp. Let G denote the finite group E(Qp)/M . Then by applying

the snake lemma to the following diagram,

0

��

// M

[3]

��

// E(Qp)

[3]

��

// G

[3]

��

// 0

��

0 // M // E(Qp) // G // 0,

we obtain the exact sequence

0→M [3]→ E(Qp)[3]→ G[3]→M/3M → E(Qp)/3E(Qp)→ G/3G→ 0.

Since G is a finite group and M is isomorphic to Zp, Lemma 40 follows. �

By Lemma 40 and the definitions of Mp(V, F ) and Mp(U1, F ), we have
(40)

Mp(V, F )

Mp(F )
=

∫
(I,J)∈Invp(F )

#(EI,J(Qp)/3E
I,J(Qp))

#EI,J(Qp)[3]
dIdJ∫

(I,J)∈Invp(F )
dIdJ

=

1 if p 6= 3;

3 if p = 3.

Furthermore, we know that M∞(V, F ;X)/M∞(F ;X) = 1/3. Therefore, The-

orem 39 yields

lim
X→∞

∑
E∈F

H′(E)<X

(#S3(E)− 1)

∑
E∈F

H′(E)<X

1
= Vol(PGL3(Z)\PGL3(R))

∏
p

Vol(PGL3(Zp)),

which is then equal to 3ζ(2)ζ(3)
∏
p

Ä
(1 − p−2)(1 − p−3)

ä
= 3, the Tamagawa

number of PGL3(Q). We have proven Theorem 27.

4. A positive proportion of elliptic curves have rank 0

We have shown in the previous section that the average rank of all elliptic

curves, when ordered by height, is less than 11
6 . This immediately implies that

a large proportion (indeed, at least 62.5%) of all elliptic curves must have rank

0 or 1.

In order to deduce analogous positive proportion statements for the indi-

vidual ranks 0 and 1, we may attempt to make use of information regarding

the distribution of the parity of the ranks—or of the 3-Selmer ranks—of these

curves. Indeed, if we knew that even and odd 3-Selmer ranks occur equally

often in a large family of elliptic curves, then this would imply by Theorem 27

that a positive proportion of curves in that family have rank 0, and (assuming

finiteness of the Tate–Shafarevich group) a positive proportion have rank 1.
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In Section 4.1, we use a recent result of Dokchitser–Dokchitser [17] (see

also Nekovář [25]) to construct a large, positive proportion family F of elliptic

curves in which the parities of the 3-Selmer ranks of the curves in F are equally

distributed between even and odd, thus unconditionally yielding a positive

proportion of elliptic curves having rank 0.

We may also combine our counting techniques with the recent work of

Skinner–Urban [28] in order to deduce that a positive proportion of all elliptic

curves, when ordered by height, have analytic rank 0; i.e., a positive proportion

of all elliptic curves have nonvanishing L-function L(E, s) at s = 1. Since

these analytic rank 0 curves form a subset of the rank 0 curves of Section 4.1,

it follows that a positive proportion of all elliptic curves satisfy the Birch and

Swinnerton-Dyer conjecture. This is discussed in Section 4.2.

4.1. Elliptic curves having algebraic rank 0. Recall that the conjecture of

Birch and Swinnerton-Dyer implies, in particular, that the evenness or oddness

of the rank of an elliptic curve E is determined by whether its root number—

that is, the sign of the functional equation of the L-function L(E, s) of E—is

+1 or −1, respectively. It is widely believed that the root numbers +1 and −1

occur equally often among all elliptic curves when ordered by height. Indeed,

we expect the same to be true in any large family as well.

In this subsection, we prove

Theorem 41. Suppose F is a large family of elliptic curves such that

exactly 50% of the curves in F , when ordered by height, have root number +1.

Then at least 25% of the curves in F , when ordered by height, have rank 0.

Furthermore, if we assume that all the elliptic curves in F have finite Tate–

Shafarevich groups, then at least 5/12 > 41.6% of the curves in F have rank 1.

We will construct an explicit positive proportion family F satisfying the

hypotheses of Theorem 41; this will then imply Theorem 4. (Of course, it is

expected that the family F of all curves satisfies the root number hypothesis

of the theorem; however, this remains unproved.)

Our proof of Theorem 41 is based on Theorem 27 in conjunction with a

recent remarkable result of Dokchitser and Dokchitser [17], which asserts (as

predicted by the Birch and Swinnerton-Dyer conjecture) that the parity of the

p-Selmer rank of an elliptic curve E (for any prime p) is determined by the

root number of E.

Theorem 42 (Dokchitser–Dokchitser). Let E be an elliptic curve over Q
and let p be any prime. Let sp(E) and tp(E) denote the rank of the p-Selmer

group of E and the rank of E(Q)[p], respectively. Then the quantity rp(E) :=

sp(E)− tp(E) is even if and only if the root number of E is +1.

We now prove Theorem 41.



TERNARY CUBIC FORMS HAVING BOUNDED INVARIANTS 617

Proof of Theorem 41. First note that Lemma 19 implies that the number

of elliptic curves over Q that have a nontrivial rational 3-torsion point is negli-

gible. Thus for a density of 100% of elliptic curves E, we have rp(E) = sp(E).

Now, by Theorem 27, the average size of the 3-Selmer group of curves in

F is at most 4. On the other hand, by Theorem 42 we know that that exactly

50% of the curves in F have odd 3-Selmer rank and thus have at least three

elements in the 3-Selmer group. Hence the average size of the 3-Selmer groups

among the 50% of elliptic curves in F having even 3-Selmer rank is at most 5.

Now if the 3-Selmer group of an elliptic curve has even rank, then it must have

size 1, 9, or more than 9. For the average of such sizes to be 5, at least half

must be equal to 1. Thus among these 50% of curves in F having even 3-Selmer

rank, at least half have trivial 3-Selmer group and therefore have rank 0.

Next, suppose that every odd rank curve in F has a finite Tate–Shafarevich

group. A well-known result of Cassels states that if E/Q is an elliptic curve

such thatX(E) is finite, then |X(E)| is a square. Now if the 3-Selmer group

of an elliptic curve has odd rank, then it must have size 3, 27, or more than 27.

For the average of such sizes to be at most 7, at least 5/6 of them must equal 3.

Thus among these 50% of curves in F with odd 3-Selmer rank, at least 5/6 of

them have 3-Selmer group of size 3. Since X is always a square, we conclude

thatX[3] for all these elliptic curves is trivial and so they each have rank 1. �

We now construct an explicit positive proportion large family F of elliptic

curves for which exactly 50% of the curves have root number equal to 1. By

Theorem 41, this will then imply Theorems 4 and 5.

First, recall that the root number ω(E) of an elliptic curve E over Q may

be expressed in terms of a product over all primes of local root numbers ωp(E)

of E, namely, ω(E) = −∏p ωp(E). The local root number ωp(E) is easy to

compute when E has good or multiplicative reduction at p. In fact, it is known

(see, e.g., [26]) that ωp(E) = 1 whenever E has good or nonsplit multiplicative

reduction at p, and ωp(E) = −1 when E has split multiplicative reduction at p.

Suppose an elliptic curve E/Q has multiplicative reduction at a prime

p ≥ 3. Then it is easily checked that E has split reduction precisely whenÄ
−2J
p

ä
= 1. It is also clear that if E−1 denotes the twist of E over Q[i], then

J(E−1) = −J(E). Hence, given an odd prime p for which E has multiplicative

reduction at p, we have ωp(E) = ωp(E−1) if and only if p ≡ 1 (mod 4).

Let F denote the set of all elliptic curves E over Q satisfying the following

conditions:
• The curve E and its twist E−1 both have additive reduction at 2, and

furthermore the j-invariant of both curves E and E−1 are 2-adic units.

• E has square-free discriminant away from 2.

• ∆′(E) ≡ 1 (mod 4), where ∆′(E) := |∆(E)/2v2(∆(E))| is the positive odd

part of the discriminant of E.
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The set F is a large family. Moreover, if E ∈ F , then the twist E−1 of E by −1

is also clearly in F , since the odd part of the discriminant of an elliptic curve

is preserved under such a twist. Since ∆′(E) is squarefree, the third condition

implies that the number of distinct primes congruent to 3 (mod 4) that divide

the discriminant of E is even. Now for a prime factor p of the discriminant, we

have already observed that ωp(E) = −ωp(E−1) if and only if p ≡ 3 (mod 4).

Furthermore, the first condition implies that ω2(E) = −ω2(E−1) (see [29,

Lemma 12]); therefore, ω(E) = −ω(E−1) for all E ∈ F . Since the height of

an elliptic curve also remains the same under twisting by −1, it follows that

a density of exactly 50% of elliptic curves in F , when ordered by height, have

root number +1, as desired.

We have proven Theorems 4 and 5.

4.2. Elliptic curves having analytic rank 0. We may similarly prove that

a positive proportion of all elliptic curves have analytic rank 0, by combining

our counting arguments with the recent beautiful work of Skinner–Urban [28].

Their work implies, in particular, that if E/Q is an elliptic curve satisfying cer-

tain mild conditions and having trivial 3-Selmer group (and therefore rank 0),

then the L-function of E does not vanish at the point 1! The following theorem

is a consequence of [28, Th. 2].

Theorem 43 (Skinner–Urban). Let E/Q be an elliptic curve such that

(a) the 3-Selmer group of E is trivial ;

(b) E has good ordinary reduction at 3;

(c) the action of GQ on E[3] is irreducible;

(d) there exists a prime p 6= 3 such that p‖Cond(E) and ρ̄(E, 3) is ramified

at p,

where ρ̄(E, 3) : Gal(Q̄/Q)→ GL2(F3) denotes the usual Galois representation

obtained from the action of Gal(Q̄/Q) on the 3-torsion points of E. Then

L(E, 1) 6= 0.

We may use Theorem 41 in conjunction with Skinner and Urban’s Theo-

rem to prove

Theorem 44. Suppose F is a large family of elliptic curves having good

ordinary reduction at 3 such that 5‖Disc(E) for every curve E ∈ F . Further

assume that exactly 50% of the curves in F , when ordered by height, have root

number +1. Then at least 25% of elliptic curves in F have analytic rank 0.

Proof. It is easy to see (e.g., by Hilbert irreducibility) that a density of

100% of elliptic curves E, when ordered by height, have the property that the

action of GQ on E[3] is irreducible. (In fact, it has been shown by Duke [18,

Th. 1] that 100% of all elliptic curves E, when ordered by height, have the
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property that the action of GQ on E[p] is irreducible for all primes p.) As F

is a large family, it contains a positive proportion of all elliptic curves, and so

100% of the curves in F satisfy condition (c) of Theorem 43. As 5‖Disc(E)

for E ∈ F , we see that E has multiplicative reduction at 5, which implies

that 5‖Cond(E). Furthermore, since 3 - v5(Cond(E)), [14, Prop. 2.12] implies

that condition (d) of Theorem 43 is satisfied by E. The proof of Theorem 41

now implies that at least 25% of the curves in F satisfy all four conditions of

Theorem 43, and so Theorem 44 follows. �

As in Section 4.1, we may construct an explicit union F of positive propor-

tion large families of elliptic curves satisfying the hypotheses of Theorem 44.

Indeed, let F denote the family of all elliptic curves E satisfying the following

conditions:

• The curve E and its twist E−1 both have additive reduction at 2, and

furthermore the j-invariant of both curves E and E−1 are 2-adic units.

• E has square-free discriminant away from 2, and 5‖Disc(E).

• E has good ordinary reduction at 3.

• ∆′(E) ≡ 1 (mod 4), where ∆′(E) := |∆(E)/2v2(∆(E))| is the positive odd

part of the discriminant of E.

Then, just as in Section 4.1, we see that 50% of the curves in F have root

number +1. Thus, by Theorem 44, a positive proportion of these and thus

all elliptic curves, when ordered by height, have both algebraic and analytic

rank 0; we have proven Theorem 6 and Corollary 7.
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