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Small scale creation for solutions
of the incompressible two-dimensional
Euler equation

By ALEXANDER KISELEV and VLADIMIR SVERAK

Abstract

We construct an initial data for the two-dimensional Euler equation in a
disk for which the gradient of vorticity exhibits double exponential growth
in time for all times. This estimate is known to be sharp — the double
exponential growth is the fastest possible growth rate.

1. Introduction

The two-dimensional Euler equation for the motion of an inviscid, incom-
pressible fluid is given in vorticity form by

(1.1) Ow + (u-V)w =0, w(z,0)=w(z).

Here w is the vorticity of the flow, and the fluid velocity u is determined from w
by the appropriate Biot-Savart law. If we consider fluid in a smooth bounded
domain D, we impose a no flow condition at the boundary: u(x,t)-n(x) = 0 for
x € OD. This implies that u(z,t) = V* [, Gp(z,y)w(y,t) dy, where Gp is the
Green’s function for the Dirichlet problem in D and it will be convenient for
us to follow the convention that V+ = (d,,, —0,, ). We will denote Kp(z,y) =
V+Gp(z,y), so that u(z,t) = [ Kp(z,y)w(y,t) dy.

The global regularity of solutions to the two-dimensional Euler equation
has been known since the work of Wolibner [24] and Hdlder [9]; see also [12],
[14], [17] or [3] for more modern and accessible proofs. The two-dimensional
Euler equation is critical in the sense that the estimates needed to obtain global
regularity barely close. The best known upper bound on the growth of the gra-
dient of vorticity and higher order Sobolev norms is double exponential in time.
This result is well known and first appeared in [25], though related bounds can
be traced back to [24] and [9]. We will sketch an argument obtaining the double
exponential bound in Section 2 for the sake of completeness.
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The question of whether such upper bounds are sharp has been open for
a long time. Yudovich [11], [26] provided an example showing infinite growth
of the vorticity gradient at the boundary of the domain by constructing an
appropriate Lyapunov functional. These results were further improved and
generalized in [19], leading to the description of a broad class of flows with
infinite growth in their vorticity gradient. Nadirashvili [20] proved a more
quantitative linear in time lower bound for a “winding” flow in an annulus.
Bahouri and Chemin [1] provided an example of singular stationary solution
of the 2D Euler equation that produces a flow map whose Hélder regularity
decreases in time. This example also has a fluid velocity that is just log-
Lipschitz in the spatial variables, the lack of Lipschitz regularity that is exactly
related to the possibility of double exponential growth. We refer to [14] and [19]
for a more thorough discussion of the history of the problem and connections
with classical stability questions.

In recent years, there has been a series of works by Denisov on this prob-
lem. In [4], he constructed an example with superlinear growth in its vorticity
gradient in the periodic case. In [5], he showed that the growth can be double
exponential for any given (but finite) period of time. In [6], he constructed a
patch solution to the 2D Euler equation where, under the action of a regular
prescribed stirring velocity, the distance between the boundaries of two patches
decreases double exponentially in time. We also refer to a discussion at Terry
Tao’s blog [23] for more information on the problem and related questions.

Our goal in this paper is to construct an example of initial data in the
disk such that the corresponding solution for the 2D Euler equation exhibits
double exponential growth in the gradient of vorticity. We do not require any
force or controlled stirring in the equation. Namely, we will prove

THEOREM 1.1. Consider the two-dimensional Euler equation on a unit
disk D. There exists a smooth initial data wy with ||Vwo| e /||wol|lree > 1 such
that the corresponding solution w(x,t) satisfies

[Vw(@, DL < N )CeXP(C“OL“t)

(1.2)
l|ewo | .o [|ewo | oo

for some ¢ > 0 and for all t > 0.

We also note that our construction yields an exponential in time growth
for || Vul| e, thus answering a question asked by Koch in [14].

The theorem shows that the double exponential upper bound is, in general,
optimal for the growth of vorticity gradient of solutions to the two-dimensional
Euler equation. The growth in our example happens at the boundary. We do
not know if such growth is possible in the bulk of the fluid. In a few lines,
the idea of the construction can be described as follows. The Bahouri-Chemin
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solution in the periodic case can be thought of as a singular “cross” stationary
solution satisfying w(z1,x2) = 1 for 0 < x1,z9 < 1, odd with respect to both
coordinate axes, and periodic with period 2 in each direction. The lines 1 = 0
and xo = 0 are separatices for this flow, and the origin is a hyperbolic point.
If one considers the fluid velocity created by the cross, one can check that
ui(z1,0) ~ x1logx; for small z1. A passive scalar advected by such a flow
will generally exhibit double exponential growth of the gradient. If one could
smooth out this flow, arrange for a small perturbation of it to play the role
of a passive scalar on top of singular behavior, and somehow arrange for the
solution to approach the singular “cross” solution of the background flow, then
one could provide an example of double exponential in time growth.

A similar idea was exploited in [5] to design a finite time double exponen-
tial growth example. However, one would face serious difficulties to extend this
approach to infinite time. First, to keep the background scenario stable, one
needs symmetry — and odd symmetry bans nonzero perturbation right where
the velocity is most capable of producing double exponential growth for all
times, on the xo = 0 separatrix. Second, it is not clear how to make a smooth
solution approach the “cross” in some suitable sense. Third, the perturbation
will not be passive and, in large time limit, will be difficult to decouple from
the equation. Our observation is that one can use the boundary to avoid deal-
ing with the first issue and to make the second issue more manageable. In this
sense, our work goes back to the idea of Yudovich that boundaries are prone
to the generation of small scales in solutions of the 2D Euler equation.

2. Preliminaries

Here we collect some background information for the sake of completeness.
First, we will sketch a proof of the following theorem. The result goes back to
[24], [9]. Throughout the paper, C' will denote universal constants that may
change from line to line.

THEOREM 2.1. Let D be a bounded domain with smooth boundary. Let
wo(x) be smooth initial data for the 2D Euler equation. Then the solution w(x,t)

satisfies
(2.1)
t oo [e's}
1+kg<1+vam%)h’>f§<1+k%<1+”VWML))mwaﬂWthﬂ-
llewo | Lo oo [l Lo

We will need a potential theory bound.

PROPOSITION 2.2. Let u,w be velocity and vorticity solving the 2D Fuler
equation in domain D. Then for every 1 > a > 0, we have

HM&MW».

(2:2) |wwmwuw<amDmmmw@+mg
l|lwol| oo
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Here and below we will use the convention that ||lw(z,t)|| denotes the
norm of the function z — w(x,t); i.e., we view w as a function of x while
t is viewed as a parameter. Also, we use the standard notation ||f(z)|ce =
1F @)l + 5upysy | () — F)]/) — I

Since our domain D is fixed, we will work with a fixed length-scale. There-
fore we can use expressions such as ||Vw(z,t)||e/||wo||e instead of the “di-
mensionally balanced” expression L||Vw(x,t)||re/|lwo||r, where L is a ref-
erence length. Our reference length is simply taken to be L = 1.

The bound (2.2) was first proved by Kato [13] in the whole plane case, and
its three-dimensional analog is a key component in the Beale-Kato-Majda cri-
terion for 3D Euler regularity [2]. Given Proposition 2.2, Theorem 2.1 follows.

Proof of Theorem 2.1. Let us denote by ®;(x) the flow map corresponding
to the 2D Euler evolution:

dq)t(SC) . o
praa u(Pe(z),t), Po(z) = .
Then
| Pi(z) — Pe(y)| [Vw(z, t)|| e
D) — iy | =V = Gl <1 o (l el >> |

After integration, this gives

(2.3) fHt < [2e(z) = 2u(y)|

lz -yl
where

F(t) = exp (cuwoum /Ot <1 +log <1 + W)) ds) .

Of course, the bound (2.3) also holds for ®,'. On the other hand,

Jwo (@7 () — wo(®; (%))

|z =y

(@ (z) — 2 ()]
|z =yl

< f(),

(2.4) Vo (@, t)]| o = sup,,

< ”V(’UO HLO" Supg 4

Combining (2.4) and (2.3), we obtain
[V (z, )] e

t \V4 .
< HVWOHL‘X’ exp C||w0||Loo/ 1+ log 1.{.% ds ),
0 [Jwoll oo

log [Vw(z,t)|[ L < log [|Vwo|| L

t oo
+CHWOHLw/ <1+10g <1+HVw(a:,s)HL>> ds.
0

llowo | Lo

or
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Let A = ||lwo||re, B = ||Vwol||re , and consider the solution y = y(t) of

/
B
(2.5) S =CAQTlog(l+y),  y(0) = =w.
By Gronwall’s lemma it is enough to bound y(¢). The solution of (2.5) is given

by

(2.6) / v 4y CAt
' w y(l+log(l+y)

Hence
log (1 + log(1 4+ y(t))) — log (1 + log(1 + yo))
y(t)d { 1 1 CAt
+ - = CAt.
w Uy log(+y) (T4 y)(1+log(1 +y))

The integrant in the last expression is positive, and hence

(2.7) 1+1log(1+y(t)) < (1+1log(l+ yo))exp(CAL). O
Now we sketch the proof of Proposition 2.2.
Proof of Proposition 2.2. Let

0 = min (c ( [|wo | Lo >1/a>
"\ w(z, t)llce ’

where 1 > ¢ > 0 is some fixed constant that depends on D, chosen so that the

set of points x € D with dist(z,0D) > 26 is not empty. Consider first any

interior point = such that dist(z,dD) > 24. Standard computations (see, e.g.,

[15]) show that

(-1)’
2

The part of the integral over the complement of the ball centered at x with
radius § can be estimated as

| VEb@.ym)dy
B§ (@)

Vu(z) = P.V. /D VKp(z,y)w(y)dy + w(x)(1 — 045).

(2.8) < o||w0HLoo/
B&(

5 T

< CHLL)OHLoo(]_ + log (5_1),

)Iﬂf—yl‘2dy

where we used a well-known bound |VKp(z,y)| < Clz — y| 2.
Now recall that the Dirichlet Green’s function is given by

1
(29) GD(Zvy) = %log ‘Z - y| + h(Z,y),

where h is harmonic in D in z for each fixed y and has boundary values
—% log |z — y|. Any second order partial derivative at z = z of the first sum-
mand on the right-hand side of (2.9) is of the form r~2Q(¢), where r, ¢ are
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radial variables centered at x and €(¢) is mean zero. For this part, we can
write

(2.10)

’P-V-/ 03, log |z — ylw(y) dy
Bs(z) !

_ i [ a2 togle = yl(ey) (@) dy
Bs(z)

0
< CI!W(x,t)\ca/o rT % dr < C()8|w(@, 1) o < Cla)|lwoll L

by our choice of §. Finally, notice that our assumptions on x, our choice of
boundary values for h, and the maximum principle together guarantee that
we have |h(z,y)| < Clogd~! for all y € Bs(x), z € D. Standard estimates for
harmonic functions (see, e.g., [7]) give, for each fixed y € Bs(z),

1032, 7@, )| < C5 (2, 9) | 11 (By(2).az) < CT *log .

This gives

(2.11)

[, o, P (0, 1) dy) < Clol = log ™"
s(x

Together, (2.11), (2.10), and (2.8) prove the proposition at interior points.

Now if 2’ is such that dist(z’, D) < 26, find a point x such that dist(x, 0D)
> 2§ and |2’ — x| < C(D)4. By the following Schauder estimate (see, e.g., [8]),
we have

(2.12) |Vu(z') — Vu(z)| < C(a, D)6 ||w]|ca

At z, interior bounds apply, which together with (2.12) gives desired bound at
any 7' € D. O

3. The key lemma

As the first step towards the proof of Theorem 1.1, let us start setting
up the scenario we will be considering. From now on, let D be a unit disk
in the plane. It will be convenient for us to take the system of coordinates
centered at the lowest point of the disk, so that the center of the disk is at
(0,1). Our initial data wo(x) will be odd with respect to the vertical axis:
wo(x1,x2) = —wo(—x1, x2). It is well known and straightforward to check that
2D Euler evolution preserves this symmetry for all times.

We will take smooth initial data wo(x) so that wo(x) > 0 for ;1 > 0 (and
so wo(z) < 0 for z; < 0). This configuration makes the origin a hyperbolic
fixed point of the flow; in particular, u; vanishes on the vertical axis. Let
us analyze the Biot-Savart law we have for the disk to gain insight into the
structure of the velocity field. The Dirichlet Green’s function for the disk is
given explicitly by Gp(z,y) = o= (log |z — y| — log |z — §| — log |y — ea|), where

™
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with our choice of coordinates §j = e + (y — e2)/|y — e2|?, e2 = (0,1). Given
the symmetry of w, we have
(3.1)

1 |z —yllz — 7
uw,t:VL/G T, Y)w ,td:—vl/ lo <~ w(y,t)dy,
(z,1) A (@, y)w(y,t) dy= o o 8\ ==l (y,t) dy
where DV is the half disk where x; > 0, and & = (—x1,22). The following
lemma will be crucial for the proof of Theorem 1.1. Let us introduce notation
Q(z1,z2) for a region that is the intersection of DT and the quadrant z; <
y1 < 00, T2 < Yo < 00.

LEMMA 3.1. Take any v, /2 > v > 0. Denote by D] the intersection of
DT with a sector m/2—~ > ¢ > 0, where ¢ is the usual angular variable. Then
there exists & > 0 such that for all x € D] such that |z| <8, we have

(3.2)  wi(xy,z0,t) = —41:1/ yl—gfw(y,t) dyidys + x1B1 (21, x2,1),
T JQara2) Y]
where |By(z1, x2,t)| < C(v)llwoll e
Similarly, if we denote by DJ the intersection of DV with a sector m/2>
¢ >, then for all x € Dy such that |z| <, we have

4
(33)  wa(zr,x0,t) = *fﬂz/ yliyfw(.%t) dy1dys + w2 Ba (w1, w2, 1),
Q0 Q(z1,x2) ’y‘

where | By (w1, x2,t)| < C(v)|lwol Lo

Remarks. 1. The lemma holds more generally than in the disk; perhaps
the simplest proof is for the case where D is a square.

2. The exclusion of a small sector does not appear to be a technical
artifact. The vorticity can be arranged (momentarily) in a way that the hy-
perbolic picture provided by the lemma is violated outside of D7; for example,
the direction of u; may be reversed near the vertical axis.

Essentially, Lemma 3.1 makes it possible to ensure that the flow near the
origin is hyperbolic, with fluid trajectories just hyperbolas in the main term.
The speed of motion along trajectories is controlled by the nonlocal factor in
(3.2), (3.3) (denoted Q(x1,x2,t) below), and this factor is the same for both
uy and us.

Proof. The proof of the lemma can be carried out in a number of ways.
Here we present a version that uses the scaling symmetry of the estimates. For
R >0, welet Dp = RD = {Rz, x € D} be the disc of radius R centered at
(0, R). We will also use the notation D}, = R D" and D}, = R D]. We denote
by 1 the stream function generated by w (via the equation AY = w and the
boundary condition ¥|gp = 0). For € DT, we set

Uy 1 o0y U 1 o0y

3.4 = = -— g = ——
(3.4) q1(x) 1 71 027’ q2 o 29 021
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These quantities are of course time-dependent, but our estimates will be proved
at each fixed time, and therefore the dependence of the quantities on ¢ does
not have to be indicated. For A > 0, we consider the scaling transformation

(35) w@) —sw(3), v@ N (7). w@-e(5) i=12

Using the transformation, we see that instead of proving (3.2) in D], we can
prove instead the same estimate in Dzz (for the new quantities obtained by the
rescaling) under an additional assumption z; = 1, as long as the estimate will
be independent of R > 1. We still use the notation w,, ¢1, g2 for the rescaled
quantities. Also, the inversion with respect to the disc Dy will still be denoted
as y — ¥, with a slight abuse of notation. (It would be more precise to use the
more cumbersome gy instead of 7.)

We have
(3.6) ()= [ Gz, y)w(y)dy,
DR
with G = G'r given by
(3.7) 2nG(x,y) = log |v —y| —log |T —y|+log |T —g| —log |z —7|, ¥ =Yg

Let us prove estimate (3.2) in D}, while assuming 1 = 1. We fix r > 0 such
that

(3.8) 2 > 100(1 + cot? ),
and we will assume
(3.9) R > 10r.

As it is clearly enough to show the original estimate only for small 21, condition
(3.9) can be assumed without loss of generality. We will use the usual notation
B, ={x, |z| <r}.

We note that the contribution to g; from the region DE N B, is bounded
by standard elliptic estimates; this can be also shown by a direct computation
using explicit formula (3.1). In fact, the estimate we need is elementary, it

essentially reduces to [ % < C(r). We can therefore assume without loss of

generality that w is supported in DE\BT. With this assumption the calculation
reduces to finding a suitable expansion of G(x,y) = Ggr(x,y) for large y. We
note that

2uy | o 2y | o

4FG(x,y)=10g<1—+> —log<1—+>

> |yl > |yl?

21 W) 25 |af?
—10g<1—+ —Hog l1-—+:—=]-
91> 1yl 91> 1yl
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Using
2t
where 5(t) is an analytic function with s(0) = 1, we easily check that

T1T2Y1Y2  T1X2Y1Y2 1 1
—=—2 +2—— +0 ( + ) .
|9]? ly|* lg|* yl* g

Ty T1Y1

(3.11) 7G(x,y) = — e +

Here and also in the expressions below the implied constants in the O-notation
can depend on <, but they are uniform in x once -y is fixed and x lies on the
segment x1 = 1,22 < coty,x € DE. We calculate

Y1 Y1 Yo Yo 1
(312) T — T 9 T — )
191>yl 9 2 R

which gives

T1T2Y1Y2 T1T2Y1 1 1
3.13 7Gx, y) = —4 +2 +O<+> .
(3.13) ) wi Per TO\RE P

We can also easily check that, denoting by S the segment z; = 1,29 <
cotvy,x € Dg, we have

oG (z,y) Y12 Y1 ( 1 1 )
3.14 T ees = 47 +2—=+ 0 5+ =3 )
(314 ory 1€ y* " TR PR

In addition, it is easy to see that for y € Dpg, we have |y| > |y|. The proof
of (3.2) now follows from the following elementary estimates:

1 11
/D;\BT (\yIR lyl® W’) .

Yy1Yy2
== dy=0(1), R — .
/(Dg\cm))mw;\&) ly|*

The proof of (3.3) is the same, except that we rescale to xo = 1 and re-
oG
O

place (3.14) by the corresponding expression for —m 7.

Before proving Theorem 1.1, we make a simpler observation: with the aid
of Lemma 3.1 it is fairly straightforward to find examples with exponential in
time growth of vorticity gradient. Indeed, take smooth initial data wg(z) that
is equal to one everywhere in DT except on a thin strip of width equal to &
near the vertical axis x; = 0, where 0 < wo(z) < 1 (and wp vanishes on the
vertical axis as it must by our symmetry assumptions). Observe that due to
incompressibility, the distribution function of w(x,t) is the same for all times.
In particular, the measure of the complement of the set where w(z,t) = 1
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does not exceed 24. In this case, for every |z| < §, x € D, we can derive the
following estimate for the integral appearing in the representation (3.2):

1 pm/3
[ By dydye 2 / [ e <z>>sm2¢’ dédr
Q(

z1,22) ’y‘4 /6

/3
/ / d(;5d
26 Jm/6 r

The value of the integral on the right-hand side is minimal when the area where
w(r, @) is less than one is concentrated at small values of the radial variable.
Using that this area does not exceed 26, we obtain

/31

4
(3.15) —/ yl—yfw(y,t) dydys > cl/ / fdgbdr > Cplogd !,
T JQ(w1,m) Y] N

where c¢1, co, and C are positive universal constants.
Putting the estimate (3.15) into (3.2), we get that for all for |z| < §,
x € DT that lie on the disk boundary, we have

ui(z,t) < —z1(C1 log - Cy),

where C1 2 are universal constants. We can choose ¢ > 0 sufficiently small so
that up(z,t) < —xq for all times if x| < §. Due to the boundary condition
on u, the trajectories that start at the boundary stay on the boundary for all
times. Taking such a trajectory starting at a point xg € 9D with 2o 1 < 9, we
get ® (o) < xo,1e”" for this characteristic curve. Since w(x,t) = w(®;(x)),
we see that ||Vw(z, )|/ grows exponentially in time if we pick wp that does
not vanish identically at the boundary near the origin (for example, if wo(d, 1 —

VI—62) £0).

4. The proof of the main theorem

To construct examples with double exponential growth, we have to work
a little harder. For the sake of simplicity, we will build our example with wq
such that ||wol|/z = 1.

Proof of Theorem 1.1. We first fix some small v > 0. Denote

4 Y1y2
Q(z1, 29, t) = - /Q(ml’m) P w(y,t) dyi1dys.
We will take the smooth initial data like in the end of the previous section,
with wo(z) =1 for x € DT apart from a narrow strip of width at most 6 > 0
(with ¢ small) near the vertical axis where 0 < wp(z) < 1. Then (3.15) holds.
We will also choose § so that C;logé~! > 100C(y) where C(7) is the constant
in the bound for the error terms Bj, By appearing in (3.2), (3.3).
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For 0 < 2} <z} < 1, we denote
(4.1) O(x), x}) = {(:Bl,l'z) €DT, 2} <a <af, 29 < ml} :

For 0 < z; <1, we let

4.2 uy(xy,t) = min ui (1, x9,t
(42 mlen )= min e
and

(4.3) uy(z1,t) = max uy(x1, o, t).

(z1,x2)ED z2<71

It is easy to see that these functions are locally Lipschitz in 1 on [0,1), with
the Lipschitz constants being locally bounded in time. Hence we can define
a(t) by

(4.4) a=1(a,t), a(0)=¢"
and b(t) by
(4.5) b=uy(b,t), b0)=e¢

where 0 < € < § is sufficiently small, its exact value to be determined later.
Let

(4.6) O; = O(a(t), b(t)).

At this stage we have not yet ruled out that O; perhaps might become empty
for some ¢ > 0. However, it is clear from the definitions that O, will be
nonempty at least on some nontrivial interval of time. Our estimates below
show that in fact O; will be nonempty for all ¢ > 0.

We will choose wp so that wp = 1 on Oy with smooth sharp (on a scale
< €'0) cutoff to zero into DF. This leaves some ambiguity in the definition of
wo(x) away from Op. We will see that it does not really matter how we define
wo there, as long as we satisfy the conditions above. For simplicity, one can
think of wp(x) being just zero for |x| < ¢ away from a small neighborhood
of Op. Using the estimates (3.2), (3.3), the estimate (3.15) and our choice of
§ ensuring that Cylogé~! > C(v), we see that both a and b are decreasing
functions of time and that near the diagonal z1 = x5 in {|z| < §}, we have

r1(logd—! - C) < —uq (z1, T2) < r1(logd~! +C)
ro(logd=1+C) =  wug(wy,m2) ~ wa(logd—! —C)’
This means that all particle trajectories for all times are directed into the
¢ > m/4 region on the diagonal. We claim that w(z,t) = 1 on O;. Indeed, it is
clear that the “fluid particles” that at ¢t = 0 are in DT \@0 cannot enter Oy
through the diagonal {z1 = x2} due to (4.7) at any time 0 < ¢’ < ¢. Due to the

very definition of a(t),b(t) and Oy, they cannot enter Op through the vertical
segments {(a(t'),z3) € DT, 29 < a(t')} or {(b(t'),z2) € DT, x5 < b(t')} at

(4.7)
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any time 0 < t/ < t either. Finally, they obviously cannot enter through the
boundary points of D. Hence the “fluid particles” in O; must have been in Oy
at the initial time and we conclude that w(-,¢) =1 in O from the Helmholtz
law, or simply the vorticity equation w; + (u - V)w = 0.
By Lemma 3.1, we have
uy (b(), 1) = —b(t) b(2), w2(t)) — C b(t)

for some xa(t) < b(t), (w2(t),b(t)) € DT as ||w(z,t)||L= < 1 by our choice of
the initial datum wg. A simple calculation shows that

Q(b(t), z2(t)) < Q(b(t),b(t)) + C.

Indeed, since z2(t) < b(t), we can write
(4.8)

2 b 2 2
Y192 1 1 1 2 _3
7dy2dy1=*/ Y1 (—) dy1 <b yy “dyy < C.
/b o |y 2.y v} yi 02 b

Thus we get
(4.9) uy (b(t), 1) = —b(t) Q(b(t), b(t)) — Cb(t).

At the same time, for suitable Zo(t) with Zo(t) < a(t), (a(t),Z2(t)) € D,
we have

1 (a(t), t) < —a(t) Qa(t), Z2(t)) + Ca(t) < —a(t) Qa(t),0) + Ca(t)
by an estimate similar to (4.8) above. Observe that
4
2a(t).0) > - [ Byt dyndys -+ 20b(1), (1))
Since w(y,t) =1 on Oy,
/4 (t)/cos ¢ gin 2
/ B o (y.t) dyrdys > / / 29 ede
Oy |y‘ a(t)/ cos ¢ 2r
8( log a(t) + log b(t)) — C.

Therefore

(4.10) Ty (a(t),t) < — a(t) (%(— loga(t) + log (1)) + Qb().b(1)) ) + Ca(t).

Note that from estimates (4.9), (4.10) it follows that a(t) and b(t) are
monotone decreasing in time, and by finiteness of ||u||f these functions are
Lipschitz in t. Hence we have sufficient regularity for the following calculations:

(4.11) %log b(t) > —Q(b(1), b(1)) — C,

(4.12) %loga() 2i(1oga() log b(¢)) — Q(b(£), b(t)) + C.
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Subtracting (4.11) from (4.12), we obtain

(4.13) % (log a(t) — log b(t)) < % (log a(t) — log b(t)) + 2C.
From (4.13), the Gronwall lemma leads to
(4.14) loga(t) —logb(t) <log(a(0)/b(0))exp(t/2m) 4+ C exp(t/2m)

< (9loge+ C) exp(t/2m).

We should choose our € so that — log e is larger than the constant C' that ap-
pears in (4.14). In this case, from (4.14) we obtain loga(t) < 8exp(t/27) loge,
and so a(t) < e3P(/27) Note that by the definition of a(t), the first coordi-
nate of the characteristic that originates at the point on 0D near the origin
with 21 = €' does not exceed a(t). To arrive at (1.2), it remains to note that
we can arrange ||Vwo||pe < e 10 O

Remarks. 1. Tt is clear from the proof that the double exponential growth
in our example is fairly robust. In particular, it will be present for any initial
data in a sufficiently small L ball around wqg. Essentially, what we need for
the construction to work is symmetry, the dominance of 2 terms in Lemma 3.1,
and some additional structure of vorticity near the boundary.

2. What can be said about the long-time behavior of the solutions away
from the point (0,0)7 This is a difficult question related to the general prob-
lem of the long-time behavior of 2D Euler solutions. Plausible conjectures can
be made using methods of Statistical Mechanics; see, for example, [18], [21],
[22], [16], in which one relies on conserved quantities and ergodicity-type (mix-
ing) assumptions (rather than the actual dynamics). Such assumptions are
notoriously difficult to verify. In our situation this approach (conjecturally)
predicts that as t — oo, the vorticity field w(x,t) should weakly* approach a
steady-state solution, which — under our symmetry assumptions — can be
expected to have a discontinuity along the axis of symmetry {x; = 0}. More
specific predictions might depend on details of a particular model one would
use. Most models would likely lead to a steady solution with two counter-
rotating vortices, symmetric about the axis {1 = 0}. Deciding rigorously
whether the actual dynamics will follow such predictions seems to be beyond
reach of existing methods.

5. Discussion

This paper proves that the double exponential in time upper bound on
the growth of the vorticity gradient is sharp for the 2D Euler equation on a
disk. The growth in our example happens at the boundary. The scenario we
provide is fairly robust and insensitive to small perturbations of the initial
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data within the same symmetry class. It looks likely that it should be pos-
sible to generalize our example yielding fast small scale creation to domains
with smooth boundary that possess an axis of symmetry, or to domains that
lack a symmetry axis but have corners. The rate of growth may depend on
the geometry of the domain. Whether such examples can be constructed for
an arbitrary domain with smooth boundary is an interesting open question,
though given the elements of robustness in the construction it is tempting to
guess that exponential and double exponential growth should be fairly com-
mon in domains with boundary. The question of whether double exponential
growth of the vorticity gradient can happen in the bulk of the fluid in periodic
or full plane case also remains open.

The example constructed in this paper has been inspired by numerical
simulations of Tom Hou and Guo Luo [10] who propose a new scenario for the
development of a finite time singularity in solutions to the 3D Euler equation
at a boundary. Our construction here implies that double exponential in time
growth in derivatives of vorticity is certainly possible in 3D Euler; one does
not need any growth in the amplitude of vorticity to achieve that. Any further
growth in the 3D case must come from more complex nonlinear interactions
and by the Kato-Beale-Majda criterion must involve infinite growth of vorticity.
Controlling such solutions is a challenge.
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