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Euler systems for Rankin—Selberg
convolutions of modular forms
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Abstract

We construct a Euler system in the cohomology of the tensor product of
the Galois representations attached to two modular forms, using elements
in the higher Chow groups of products of modular curves. We use these
elements to prove a finiteness theorem for the strict Selmer group of the Ga-
lois representation when the associated p-adic Rankin—Selberg L-function
is nonvanishing at s = 1.
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1. Outline

In [BDR12], Bertolini, Darmon and Rotger studied certain canonical global
cohomology classes (the “Beilinson-Flach elements,” obtained from the con-
structions of [Bei84] and [F1a92]) in the cohomology of the tensor products of
the p-adic Galois representations of pairs of weight 2 modular forms. They re-
lated their image under the Bloch—Kato logarithm maps to the values of p-adic
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Rankin—Selberg L-functions. These Beilinson—Flach elements are constructed
as the image of elements of the higher Chow group of a product of modular
curves.

In this paper, we construct a form of Euler system — a compatible system
of cohomology classes over cyclotomic fields — of which the Beilinson—Flach
elements are the bottom layer. We first define elements of higher Chow groups
of the product of two (affine) modular curves over a cyclotomic field,

Emn,j € CHA(Y1(N)® ® Q(tim), 1)

for integers m > 1, N > 5, and j € Z/mZ (cf. Definition 2.7.3). These are
obtained by considering the images of various maps from higher level modular
curves to the surface Y1(IV)?, together with modular units (Siegel units) on
these curves. For m = 1, our elements reduce to those considered in [BDR12],
and as in op. cit., we show that after tensoring with QQ we can construct preim-
ages of our elements in the higher Chow group of the self-product of the pro-
jective modular curve X;(N); however, in this paper (as in [Kat04]) we shall
take the affine versions as the principal objects of study.

We show two forms of compatibility relation for our generalized Beilinson—
Flach elements: firstly, relating .=, n,; to the pushforward of .E,, np ; where
p is prime (Theorem 3.1.2); secondly, relating .=, v ; to the pushforward (or
Galois norm) of .Zp n,; where p is prime and either p | N (Theorem 3.3.2) or
p1mN (Theorem 3.4.1).

We next turn to the relation between our elements and L-values. Theo-
rem 4.3.7 shows, following an argument due to Beilinson, that the images of the
elements .=, y j under the Beilinson regulator map into complex de Rham co-
homology are related to the derivatives at s = 1 of Rankin—Selberg L-functions
of weight 2 modular forms. Theorem 5.6.4 is a p-adic analogue of this result,
generalizing a theorem of Bertolini-Darmon—Rotger [BDR12]; it gives a for-
mula for the image of our element for m = 1 under the p-adic syntomic regu-
lator, for a prime p { N, in terms of Hida’s p-adic Rankin—Selberg L-functions.

Next we consider the images of our elements in étale cohomology. Apply-
ing Huber’s “continuous étale realization” functor and the Hochschild—Serre
exact sequence, and projecting into the isotypical component corresponding to
a pair of eigenforms (f, g) of level N, allows us to construct Galois cohomology
classes

2 ™) € HY(Qpm), Vi @ Vy)

from the elements .=, n j; see Definition 6.4.4. Using the second norm relation
in the p-adic cyclotomic tower, we can modify these to construct elements of
Iwasawa cohomology groups of pairs of modular forms (under a strong “ordi-
narity” hypothesis; this is Theorem 6.8.6) or of the tensor product of Iwasawa
cohomology groups with the algebra of distributions (under a weaker “small
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slope” hypothesis; see Theorem 6.8.4). These elements satisfy compatibility
relations of Euler-system type when additional primes are added to m.

Using the first norm relation, we also obtain variation in Hida families.
More specifically, if one of the two forms (say g) is ordinary, we may deform
our cohomology classes analytically as g varies over a Hida family; cf. Theo-
rem 6.9.5. (In the special case m = 1, such results have been independently
obtained by Bertolini-Darmon—Rotger.) When f and g are both ordinary,
we obtain three-variable families that also incorporate cyclotomic twists; cf.
Theorem 6.9.8.

As an application of these constructions, we prove (under some techni-
cal hypotheses) a finiteness theorem for the strict Selmer group of a product
of modular forms (Theorem 7.4.2) when the associated p-adic Rankin—Selberg
L-function is nonvanishing at s = 1, and (under very slightly stronger hypothe-
ses) we give an explicit bound for the order of the strict Selmer group in terms
of the p-adic L-value (Theorem 7.5.1).

Remark. Tt is a pleasure to acknowledge the very deep debt this article
owes to the magisterial work of Kato [Kat04]. We have adopted many aspects
of the strategy and methods of Kato’s work, reused a number of his results,
and even in many cases adopted his notation. It is a pleasure to dedicate this
work to Professor Kato as a humble gift on the occasion of his 60th birthday.
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2. Generalized Beilinson—Flach elements

In this section we shall construct elements of motivic cohomology groups
of products of modular curves, using the explicit description of the motivic
cohomology given by the Gersten complex.

2.1. Modular curves. We begin by fixing notation in regard to modular
curves. We follow the conventions of [Kat04] very closely; see, in particular,
Sections 1, 2, and 5 of op. cit.
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Definition 2.1.1. For N > 3, let Y (V) denote the smooth affine curve
over Q that represents the functor on the category of Q-schemes
isomorphism classes of triples (E, eq, e2),
S — E an elliptic curve over .S,
e1, ez sections of F/S generating E[N]

The variety Y (V) is equipped with a left action of GL2(Z/NZ): the ele-
ment (¢ %) maps (E, ey, e2) to (E, e}, eh) where

(4)-C 2 )
eh)]  \ec d) \ex)’
In particular, this action factors through GL2(Z/NZ)/(£1).

There is an obvious surjective morphism Y (N) — p%;, where uQ; is the
scheme of primitive N-th roots of unity, which sends (E, e1, e2) to (e1, €2) g,
where (—, —) g;y] denotes the Weil pairing on E[N]. Because the Weil pairing
is nondegenerate and alternating, the induced action of GL2(Z/NZ) on pu$ is
given by o -¢ = ¢9°*7; and the fibre of Y (IV)(C) over the point e2™/N € 3 (C)
is canonically and SLy(Z/NZ)-equivariantly identified with I'(N)\’H, where H
is the upper half-plane and I'(N) the principal congruence subgroup of level
N in SLy(Z), via the map

T+ (C/(Z+ Z1),7/N,1/N).
We shall mainly be working with certain quotients of the curves Y (N),

which we now define.

Definition 2.1.2. Let M, N > 1, and choose L > 3 divisible by both M
and N. We let Y(M, N) be the quotient of Y(L) by the action of the group
a b a=1,b=0mod M,
{(c d> € GLy(Z/1Z) : c=0,d=1mod N } '
(This is easily seen to be independent of the choice of L.)

If M + N > 5, this curve represents This curve Y (M, N) represents the
functor of triples (E, e, e2) where e; has order M, es has order N, and ey, e2
generate a subgroup of E of order M N.

Definition 2.1.3. We write Y1 (N) for the smooth affine curve over Q rep-
resenting the functor
isomorphism classes of pairs (E, P),
S — E an elliptic curve over .S,
P a section of E/S of exact order N

Remark 2.1.4. Note that the cusp co, which corresponds to the generalized
elliptic curve (Gm /q%, ¢ N), is not defined over Q[[g]] but rather over Q(un)[[¢]],
so the g-expansions of elements of O(Y1(N)) do not necessarily lie in Q((q))
but rather in Q(un)((q)). See, e.g., [DI95, §9.3] for further discussion.
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It is clear that Y1(N) = Y (1, N). More generally, we may use the following
proposition to identify Y1 (N) x pg,, for m, N > 1, with a quotient of a principal
modular curve:

ProrosiTION 2.1.5. If N > 3,m > 1, and L > 3 is divisible by both N
and m, then the map

Y(L) — Yi(N)®upus,
(Beeves) — [(Bhe). (ber bea) |

identifies Y1(N) X u,, with the quotient of Y (L) by the subgroup of GLa(Z/LZ)

given by
a b\ c¢=0,d=1modN,
¢ d) ad—bc=1modm |~

We shall be most interested in the curves Y (m,mN) for m > 1, N > 1.
Note that Y (m,mN) maps naturally to u;,, with geometrically connected
fibres. It has a left action of the group

{(¢ ) se=omoanf,

compatible with the determinant action on pu,,: if z = (E, e, e2) is a point
of Y(m,mN), so e; has order m and e, has order mN, and g = (29) €
GL2(Z/mNZ) with N|c, then

g-x = (FE,ae; + bNey,c/Nej + deg).
We shall introduce some notation for maps between these curves.

Definition 2.1.6. Let m, N > 1.
(1) We write t,, for the morphism Y (m, mN) — Y1(N) x pug, given by
(E,e1,e2) = [(E/(e1), [mea]) . {e1, Nea) ppmy] -
(2) For a>1, we write 7, for the morphism Y (am,amN)—Y (m, mN) given by
(E,e1,e2) = (E/C,[e1], [aeg]) ,

where C'is the cyclic subgroup of order a generated by me;y, and [e1], [aes2]
denote the images of e; and aez on E/C.

PropoOsITION 2.1.7. Let m, N,a as above.

(1) We have a commutative diagram

Y (am,amN) Ta, Y (m,mN)
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where the bottom horizontal arrow is the identity map on Y1(N) and the

Map fgy, = Hy, given by ¢ — ¢*.
(2) Forb € (Z/mNZ)*, the map ty, intertwines the action of (§9) with the

automorphism oy : ¢ — C° of pS, and (bal 2) with the diamond operator
(b) on Y1(N).

Proof. The first statement is immediate from the definition of the maps
and properties of the Weil pairing, and the second is an easy verification (cf.
[Kat04, 5.7.1]). O

Remark 2.1.8. The use of the maps 7, is forced on us by the nature of our
construction of zeta elements. It would be much more satisfying to use the nat-
ural degeneracy maps Y (am,amN) — Y (m,mN) given by 7/ : (E,e1,e3) —
(E, aey,aez), but we do not know how to construct elements compatible under
these maps; see Section 2.9 below.

Notation. For compatibility with [Kat04], we shall use the alternative no-
tation Y1 (N) ® Q(prm) for Yi(N) X pg,.

We shall also have to deal with products of two modular curves.

Definition 2.1.9. We shall write Y (N)? (slightly abusively) for the fibre
product Y (N) x e Y/(N). This is a subvariety of Y (IV) Xgpec(q) Y (IV) preserved
by the subgroup

{(0,7) € GLy(Z/NZ)? : det(o) = det(r)} .

Similarly, we shall write Y (m, mN)? for Y (m,mN) X o Y (m,mN), which is
acted upon by the group

G= {(o—, 7)€ GLy(Z/mNZ)? : det(o) =det(r) mod m, o, 7= (;’; :) mod N}.

Evidently, the image of Y (m, mN) x o Y (m, mN) under ¢y, X t,, lands in
(Vi) X 15,) g, (Vi(N) x 25,) = Vo(N)? i,
so we may consider t,, X t,, as a morphism Y (m, mN)? — Y1(N)? x u8,, which
intertwines the action of ((§9),(§9)) € G with 0.

We shall also have to consider, occasionally, some more general classes of
modular curves. Here we shall only consider models over Q.

Definition 2.1.10. If I C SLy(Z) is a congruence subgroup, then we shall
write Y (') for the variety

(T\Y'(L)) ®q(uy) Q,

where L is any integer > 3 such that I' D T'(L); this variety is independent of
the choice of L.
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Remark 2.1.11. If a € GL3(Q), then the isomorphism of Riemann sur-
faces Y(I')(C) 2 Y (al'a™!)(C) mapping 7 € H to at extends to an algebraic
isomorphism defined over Q; similarly for degeneracy maps Y (I') — Y (I') for
rcr.

The above constructions with affine modular curves also have projective
analogues where the cusps are taken into account; we shall write X (—) for the
compactified version of Y (—) in line with the standard notation.

2.2. Siegel units.

Definition 2.2.1. For (a, 8) € (Q/Z)? — {(0,0)} of order dividing N, and
¢ > 1 coprime to 6N, let .go 3 € O(Y(N))* denote Kato’s Siegel unit, as
defined in [Kat04, §1.4].

We identify g, g with a holomorphic function on the upper half-plane, via
the identification of the fibre of Y (N)(C) over e>™/N ¢ u3/(C) with T'(N)\H
given in the previous section. (Note that g, g is defined over Q as a function
on Y(N), but in order to interpret it as a holomorphic function on H we must
make a choice of N-th root of unity, and the g-expansion coefficients of g,

are in Q(un).)
Recall that there is an element g, 3 € O(Y(N))* ® Q such that .g, 3 =

62904,6 — Yea,cfs-

ProprosITION 2.2.2 (Distribution relations). Let m > 1, and let ¢ be a
nonzero integer coprime to 6m and the orders of o, 8. Then the following
relations hold:

(1a) cJa,(mz) = [] cgap(2);
ﬁ/

where the product is over ' € Q/Z such that mf3’ = f3;
(1b) Cga,ﬁ(z/m) = H cgo/ﬁ(z)a
where the product is over o € Q/7Z such that ma' = «; and
(1c) cGa,5(2) = H Yo B/ (2),

a/7ﬁ/
where the product is over pairs (o/, 8') € (Q/Z)? such that (ma/,mp’) = («, B).

Proof. Formula (la) is Lemma 2.12 of [Kat04]. Formula (1b) can be
proved similarly, or it can be deduced directly from (la) using the action
of (97'). Formula (1c), which is Lemma 1.7(2) of op. cit., is immediate by
combining (1) and (2). O
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Remark 2.2.3. The three formulae above admit the following common
generalization: let M be a 2 X 2 integer matrix with positive determinant D.
Then we have

cga,B(M : Z) = H c9o’ B
o B’
where the product is over all (¢, §) such that (¢/, /)M’ = (a, ), where M' =
(det M)M~! is the adjugate matrix of M. Cases (1), (2) and (3) correspond
to taking M = (79), (§2) and (77 %) respectively. The case where M is

0m

invertible is (part of) Lemma 1.7(1) of op. cit.

We are most interested in the units .gg1/y, which descend to units on
Y1(N). These have the following compatibility property:

THEOREM 2.2.4 (Kato). If M, N, N’ > 1 are integers with prime(N') =
prime(N), and « is the natural projection Y (M,N') — Y (M,N) (which in-
duces a norm map o, : O(Y(M,N"))* — O(Y(M,N))*), then we have

a*(cQO,l/N/) = c90,1/N-

If N' = NU, where £ is prime and £+ M N, then we have

-1
Oé*(c.g(),l/]v/) = CgO,l/N . (c.g[), “p—1 7;/N) R
where “0=" signifies the inverse of £ modulo N.

Proof. These statements are proved in [Kat04, §§2.11, 2.13] (in the course
of proving the norm-compatibility relation for Kato’s elements of Ky, Propo-
sitions 2.3 and 2.4 of op. cit.). We reproduce the proofs briefly here.

Firstly, let us suppose prime(mN') = prime(mN). Let a = N’/N. Since
prime(mN’) = prime(mN), for each (z,y) € (Z/aZ)? we may choose an ele-
ment sg,, € GLa(Z/mN'Z) of the form

1 0
mNz 14+ mNy)’

These elements s, are coset representatives for the quotient of the two sub-
groups of GLo(Z/mN'Z) corresponding to Y (m,mN) and Y (m,mN’), so we
have

Qx (c90,1/N') = H S;y <c90,1/N') .

x’y
For any M > 1, any u € GLo(Z/MZ) and any «, 5 € (ﬁZ/Z), we have

u* (cga,ﬂ) = c9uo’,B'

where
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applying this to the formula above we deduce that
Oy (cgo,l/mN’> = H (cgz/a,l/mN’er/a) .
z,y€Z/aZ
The latter expression is equal to the product of g, s over all pairs (v, d) such
that (a7, ad) = (0,1/mN); so using the distribution property of equation (1a),
the product is cgg 1/mn as required.

In the second case, where N’ = ¢N for £ 1 M N, we pass via the interme-
diate modular curves Y (M, N({)) and Y (M (¢), N) described in [Kat04, §2.8].
Let @y : Y(M,N(¢)) — Y(M(¢), N) be the map defined in op. cit., correspond-
ing to z — £z on ‘H. We factor the projection a as oy o ae, where a1 and a9
are the natural maps

Y(M,Nl) -2+ Y (M,N(£)) ==+ Y(M, N).

By [Kat04, Step 2 of §2.13 and (2.13.2)], we have

(2) (cgo,l/Ne> = (cgo,l/N) : (690,“6*1”/N>_17

(041)*<P2(c90,1/N) = ¢90,1/N * (cgo,“efl”/N)K,

(1) (cgo,‘%*l”/N> = (cgo,“efl”/J\nyrl

(the last formula owing to the fact that the degree of ay is £ + 1). Hence, on
combining these three equations, we obtain

cleo1yne) = (01)w(a2)x (eg0,1/n¢)
= (1)« [ (cg0./) - (cgo,“éfl”/N)_l]
= (cgo,1/N : (cgo,“é—l”/N)e) ' ((cgo,“z—w/zv)fl)ﬂl
= cgoa/n - (cGooopy) - O

Remark 2.2.5. In the above proposition we excluded from consideration
the case when N’ = N¢ where ¢ | M (but £+t N). This case can also be treated
using Kato’s methods, or deduced directly from Step 1 of §2.13 of op. cit. by
applying the element ((1) 61), and one finds that in this case we have

Qs (cgo,l/Ne> = cY90,1/N ° (@Zl)* (690,“6*1”/N> .
However, we shall solely be working with modular curves of the form Y(m,mN),
so we will not need this formula.

2.3. Integral models of modular curves. The following theorem is well
known:

THEOREM 2.3.1 (Igusa). There exists a smooth scheme Y(N) over the
ring Z[Cn, 1/N], representing the functor of Definition 2.1.1 on the category of
Z[1/N]-schemes.
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For a sketch of the proof, see, e.g., [DR73].

PROPOSITION 2.3.2. The Siegel units cga,p, for all (o, 8) € (£Z/Z)? —
{(0,0)}, are elements of O(Y(N))*.

Proof. As shown in [Kat04, Prop 1.3], given an arbitrary scheme S, an
elliptic curve E/S, and an integer ¢ > 1 coprime to 6, there exists a canonical
element .0 € O(E — E|c])* whose divisor is ¢2(0) — E[c]. As noted in [Sch98,
§1.3], if the base S is integral and F has a torsion section = : S — E of
order N, where N > 1 is coprime to ¢ and either N is invertible on S or
N has at least two prime factors, then z*.0p € O(S)*. Applying this with
S = Y(N), E the universal elliptic curve over S, and = the section ae; + beg
where (o, 3) = (a/N,b/N), we deduce that .g, g extends from Y (N) to a unit
on the integral model Y(N). O

Remark 2.3.3. By passage to the quotient we also see that for any b €
Z[/NZ, b # 0, the Siegel unit gy /v is a unit on the canonical Z[1/N]-model
yl(N) of Yl(N)

2.4. Hecke correspondences. We now recall how elements of the Hecke

algebra can be interpreted as correspondences between modular curves or,
equivalently, as 1-cycles on a product of two modular curves.

LEMMA 2.4.1. Let a € GLI(Q) and T'1,T2 be finite-index subgroups of
SLa(Z). Then there is a unique morphism of varieties over Q,

o:Y([1Na 'Ta) = Y(I') x Y(Ty),

such that the diagram

o
Y (T Na 'Tea)(C) —— (Y(T1) x Y (T'2))(C)

commutes (where the vertical arrows are the natural projection maps). The

image of o is an irreducible closed subvariety of Y (I'1) x Y(I'y), and the map

o 1s a birational equivalence onto its image.

Proof. After Definition 2.1.10 and the remarks following, the only asser-
tion that needs checking is that ¢ is birational. However, by Proposition A.1.4
in the appendix (applied to the subgroups I'1 and a~'I'sa) we know that o is
injective away from a finite set. O
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Remark 2.4.2. This proposition is well known in the special case I' =
SLo(Z) and « = (g ?) for a prime p, where it shows that Yj(p) is the normal-

ization of the subvariety of A? cut out by the classical modular equation of
level p; see, e.g., [DR73, §VI.6].

LEMMA 2.4.3. Let T',T" be as above, let ai,as € GL3 (Q), and for i =
1,2, let C; be the curve in Y(T') x Y(I") that is the image of points of the

form (z,a;z). If the double cosets T'aiT' and T sl are distinct as subsets of
PGLJ (Q), then C1 N Cy is a finite set.

Proof. Suppose P € Cy N Cy. Then P admits liftings to H x H of the
form (z1,121) and (22, a222); and since both of these points are preimages
of P, we can find v € T and 7/ € T” such that z; = v22 and ai121 = 7' ag2s.
Consequently, 29 is fixed by the element

Yy rar Y ag €T arltas - (ay 'Tag).

By Lemma A.1.2, either v~ a7 9 ay is the identity in PGLJ (Q), in which case
I"oiT' and IVasI™ have the same projective image; or zy lies in one of a finite
set of orbits under the action of T'N ay ‘T ag, which implies that P lies in one
of a finite set of points of (s, as required. (|

LEMMA 2.4.4. Let T'1,T9 C SLy(Z), and let Ty C Ty and Ty C Ty, with
all four subgroups having finite index in SLo(Z). Let o € GL (Q), and suppose
Bi,--.,Bn € GLF(Q) are such that we have

h
Tyal'y = | | T4,
=1

Let C be the curve in Y (I'1) x Y/(T') that is the image of Y (T'1 Na™'Tha)
under the map o of Lemma 2.4.1. Then the preimage of C in Y (I'}) x Y(I')
is the union of h distinct curves D1, ..., Dy, where D; is the image of the map

o YT NBTTHE)  ——  Y(I) x Y(I'h)
z > (z,0i2).

Moreover, if for each i we choose some v; € I'1 such that 5; € T'say;, then
we have a commutative diagram

V(I N B ThB) — V() x Y(T)
(2) Z Yz

_ g
Y (T Na; 'Taa;) — Y(T1) x Y(Ty),

where the right-hand vertical arrow is the natural projection map.
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Proof. The definition of v; implies that diagram (2) commutes, from which
it is clear that D; is a lifting of C'. By Lemma 2.4.3, the D; are distinct.

It remains only to check that the union of the D; exhausts the preimage
of C. Let P € C, and let P be any lifting of P to % x H. Then we have
P = (112,720z2) for some v; € Ty and 9 € T'y; so P = (w,’yga’yflw), where
w = yz € H. We have yayy ! € THET) for some i € {1,...,h} so, in
particular, the image of P in Y (I'}) x Y (I'y) lies in D; as required. O

LEMMA 2.4.5. Let T' be a finite-index subgroup of SLo(Z), and let T'1,T
be finite-index subgroups of I' such that I'1I'o = I'. Then, in the diagram of
modular curves

Y(['1NTy) 2. Y (I')

B g

Y(I'2) Y(I),
where «, 3,7,0 are the natural projection maps, the two maps O(Y (I'1))* —

O(Y (T3))* given by B« o o* and 6* o v, coincide, and similarly the maps
O(Y(T'2))* = O(Y(I'1))* given by a0 B* and v* o d, coincide.

Proof. Note that the hypotheses are symmetric in I'y and I'o, so it suffices
to show that 8, o a* = 6* o v,. Moreover, since all of the morphisms in the
diagram are surjective, the corresponding pullback morphisms are injective, so
it suffices to show that

f*ofioa” =00 o,
Since the diagram commutes, this is equivalent to
(8" 0 B) 00" = a* o (" 0.
However, the map (8* o 3,) is given by the product over translates by coset

representatives for (I'y NT'2)\I'2, and the map (y* o+,) is given by the product
over coset representatives for I'y\I'. However, since I'1I'y = I, the natural map

(Fl N FQ)\FQ — FI\F

is surjective. Thus these two quotients admit a common set of coset represen-
tatives, so the two maps coincide. ([l

Remark 2.4.6. One can interpret this more “categorically” as follows: our
hypotheses imply that the diagram in the statement of the lemma is Cartesian
(in the category of curves and dominant rational maps), so Y (I'y N Ty) is
birational to the fibre product of Y(I'1) and Y (I'y) over Y(I'). The symmetry
of pushforward and pullback is then a general property of fibre products.
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2.5. Motivic cohomology, higher Chow groups and the Gersten complex.
We now recall the definition of the higher Chow group CH?(X, 1) of a variety
X and how it may be explicitly calculated using the Gersten complex. In this
section k may be any field of characteristic 0. Let Var(k) be the category of
varieties over k, by which we mean separated schemes of finite type over k.
Let Sm(k) be the full subcategory of smooth varieties. Let A = Q or Z be the
coefficient ring.

Definition 2.5.1 (Voevodsky; cf. [MVWO06, Def. 3.4]). Let X € Sm(k), and
p,q € Z with ¢ > 0. Define the motivic cohomology of X to be

H3, (X, A(g)) = Hy,, (X, Z(q) ® A),
where Z(q) denotes Voevodsky’s motivic complex of sheaves on X and HY,_
denotes hypercohomology (with respect to the Zariski topology).
Remark 2.5.2.

(1) We use a slightly different notation than Voevodsky; the notation used in
op. cit. is H%/(X, A). Our choice of notation follows [Hub00] and [Lev04].

(2) Note that HY,(X, A(q)) is zero for p > inf(2¢, ¢+ dim X). Tt is not known
to be zero for p < 0 since the motivic complex is not bounded below.

We shall not use the definition of motivic cohomology directly; we shall
rather use the fact that these groups are isomorphic to Bloch’s higher Chow
groups:

THEOREM 2.5.3. For any X € Sm(k) and any p,q > 0, there is a natural
isomorphsim

Hp(Xv Z(Q)) = CHq(X7 2(] - p)'
Here, the higher Chow groups are those defined by Bloch.
Proof. See [Voe02, Cor. 2] or [Lev04, Th. 1.2]. O

We also have an alternative description of these groups in terms of Quillen
K-theory. We will actually be interested in the special case when p = 3 and
q = 2. Here, we use a result of Landsburg [Lan91]. For X smooth over a field,
m > 0 and 0 < p < m, he constructs a map

U, CH™(X, m — p) — HP(X, #p),

where %, is the sheafification of U +— K,,(U) on X. Here, K,, denotes the
m~th Quillen K-group.

THEOREM 2.5.4. The map V,,,, is an isomorphism for p =m — 1.

Proof. See [Lan91, Th. 2.5]. O
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Remark 2.5.5. For p < m — 1, the map ¥,, , may not be an isomorphism
in general. As pointed out to us by Landsburg in a discussion on http://
mathoverflow.net/, if X = Spec(k), then CH™(X,m) is the Milnor K-group
KM(k) (by a theorem of Nesterenko-Suslin) and the map ¥, : KM (k) —
HY(X, ) = Ky, (k) is the natural map from Milnor to Quillen K-theory,
which is not generally an isomorphism for m > 2.

Finally, we address the question of how to explicitly describe elements of
these groups.

PROPOSITION 2.5.6. Suppose that X is a smooth variety of finite type
over a field k. Then there is a resolution of the sheaf Sy,

ze X0 zeX1!

Proof. See [Qui73]. O

COROLLARY 2.5.7. The group H'(X,.#3) is the first homology group of
the “Gersten complex”

(3) Gersto(X) : || Ka(k(x)) [ k@)~ ][

x€X0 reX!? rEX?2

where d° is the tame symbol map and d* maps a function to its divisor (cf.
[F1la92, §2]).

Combining the above results, we get the following statement:

PRrROPOSITION 2.5.8. Assume that X is a smooth variety of finite type
over a field k. Then we have isomorphisms

H'(Gersto(X)) & H' (X, #5) = CH*(X,1) = HY (X, Z(2)).

We shall use these to identify CH?*(X,1) with H'(Gersty(X)); it is the
latter group in which we shall actually construct elements.

Notation. We shall write Z2(X, 1) to denote the kernel of the boundary
map d' in the Gersten complex Gersta(X), so

72X, 1) = {Z(Cz’,¢i) 1Cie X' ¢ € k(Ci)szdiV(¢i) = 0} :

1

This is a slight abuse of notation since in Bloch’s theory of higher Chow
groups, Z2(X,1) is used to denote something slightly different (a certain sub-
group of the codimension 2 cycles on X x Al!); but we shall not use Bloch’s
construction directly in this paper, so this abuse should cause no confusion.
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Remark 2.5.9. We shall, in fact, construct a “Euler system” in the groups
Z%(X,1) as X varies over a family of modular surfaces; that is, our compatibil-
ity properties will hold at the level of cycles, rather than just after quotienting
out by the image of tame symbols. The groups Z?(X,1) are much easier to
work with, as they have good descent properties: for a finite surjective map
X — Y, the pullback Z2(Y,1) — Z?(X, 1) is injective.

This is, in a sense, analogous to the fact that in the construction of [Kat04]
the compatibility properties of the Euler system in K5 of modular curves are
proved at the level of K; ® K7, before quotienting by elements of the form
x® (1—x).

2.6. Zeta elements on Y (m,mN). We begin by defining elements of the
group Z2(Y (m,mN)?, 1), which we shall call zeta elements.

Definition 2.6.1. For m, N > 1, the curve C;, v j C Y (m, mN)? is defined

as the subvariety
(1
(u,v.v— (0 1>u>

For ¢ > 1 coprime to 6mN, we define
ZmNj = Cmnj @) € ZXY (m,mN)? 1),

where ¢ € O(C)* is the pullback of .gg 1/mn along either of the projections
Cm,N,j — Y(m,mN).

The first properties of these elements are the following:

PROPOSITION 2.6.2. The elements .Z,, n,;j have the following properties:

(1) We have p*cZm Nj = ¢Zm,N,—j, where p is the involution of Y (m, mN)?
that interchanges the factors.
(2) Forc,d > 1 coprime to 6mN, the element

(096 )T

18 symmetric in ¢ and d. In particular, there exists a unique element
Zm:ij € ZQ(Y(m, mN)27 1) & Q

such that Zm nj = [* = ((§2),(§9)°] Zm.n,j for any c.

(3) We have
b 0\ (b 0))
((O 1)’<0 1)) cZm,N,j = cZm Nb-1j

for any b € (Z/mNZ)*.
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Proof. Part (1) is obvious, and part (2) follows immediately from the fact
that the Siegel units g, g satisfy

(d2cga,6 - nga,dﬁ) = (Cngoz,B - dgca,cﬂ)

for any o, 8 € %Z/Z —{(0,0)} and any c¢,d > 1 coprime to 6mN (cf. [Kat04,
Prop. 1.3(2)]). We may then define Z,, v ; = (¢* — 1)1 2, n; for any ¢ > 1
congruent to 1 modulo mN.

Property (3) follows from the identity (§9)" (é{) = ((1) b_llj) (89)7"

2.7. Generalized Beilinson—Flach elements. The Beilinson-Flach elements
of [BDR12] are elements of CH?(Y;(N)?,1) defined as (A, ¢), where A is the
diagonal and ¢ is a suitable modular unit on A. Our generalization of this
is motivated by the observation that one can recover the twists of a modular
form by Dirichlet characters modulo m from the “shifted” forms f(x + a/m)
for a € (Z/mZ)*; this is also the idea underlying the construction of the p-adic
L-function of a single modular form using modular symbols.

LEMMA 2.7.1. Let m,N > 1 with m*>N > 5, and let j € Z. Then there is
a unique morphism of algebraic varieties over C,

K Yi(m*N)® C — Y1(N) ® C,
such that the diagram of morphisms of complex-analytic manifolds

z z4j/m

H - H

Yi(m?N)(C) — 9+ yi(N)(C)

commutes. The morphism k; is defined over Q(pm) and depends only on the
residue class of 7 mod m.

Proof. The existence of such a map at the level of quotients of H follows
immediately from the inclusion of matrix groups

(o F)ramem (5 ) e

However, in order to descend to an algebraic morphism over Q(u,,) we use the
canonical models above.

We first consider the map Y (m2N) — Y (m, mN) which maps (E, e, e)
to (E/({meg),[mNe1], [e2]). This factors through the quotient by the subgroup
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(4%) :u =1 mod mZ, which we have identified with Y;(m?N) ® Q(ts,). This
map is compatible with z — mz on H. We now consider the composition

(01)

Yi(m2N) X pig —— Y (m,mN) =25 Y (m,mN) " Yi(N) X pi,

where t,,, is as in Definition 2.1.6. All three morphisms are maps of Q(fy,)-
varieties (i.e., they commute with the projection maps to p,,); and on the fibre
over (m € tm(C) they correspond to z — mz, z — z+ j, and z — z/m, so the
composition corresponds to z — z + j/m. [l

Definition 2.7.2. For m, N, j as above, let ¢, n; be the map
(1,155) : Yi(m2N) X fim = Vi (N)? X i,
and let Cy, nv; be the irreducible curve in Y; (NN )2 that is the image of L, N,j-

We now use these curves C, v ;j to define a class in CH?(Y1(N)? X pi, 1),
using the presentation of the latter group given by the Gersten complex.

Definition 2.7.3. Let N > 5, m > 1, j € Z/mZ as above. Let ¢ > 1 be
coprime to 6mN, and let o € Z/m?NZ. We define the generalized Beilinson—
Flach element

Em.Nja € CH? (Yi(N)? ® Q(ttm), 1)
as the class of the pair

(Cm,N,ju (Lm,N,j)*(Cgo,oa/mQN)) € Z? (3/1(N)2 X s 1) .

When o = 1, we drop it from the notation and write simply .Z,, v;.

The following proposition shows that these zeta elements are simply the
“Y7-versions” of those defined in the previous section:

PROPOSITION 2.7.4. The generalized Beilinson—Flach element .E, N ja
is the pushforward of the element

((CS 2)(3 2>>*CZT”’NJGZ%Y(m’mN)?,l)

along the map ty, Xty : Y (m,mN)% — Y1 (N)? X pi, introduced in Section 2.1.

Proof. It is clear from the construction of the map s, n; that Cp, N ; is
the image of Cp, n,; under t,, x t,,. So it suffices to show that the pushforward
of go,1/m2n from Y1(m2N) ® Q(m) to Y (m, mN) along the map constructed
above 1S ¢go 1 /mn-

Let U be the subgroup of GLy(Z/m?NZ) consisting of elements (25)
that satisfy ¢ = 0,d = 1 mod m?N and a = 1 mod m (and b arbitrary). This
is clearly contained in the subgroup U’ of elements satisfying a = 1 mod m,
¢ = 0mod m?N and d = 1 mod mN, and a set of coset representatives for
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U/U’ is given by the matrices

10
:0< .
{(0 1+mNt) O—t<m}

Hence the pushforward of cgo1/m2n from U\Y (m?N) to U'\Y (m?N) is given
by
11 (1 g ) go1/men = 11 cdome
c90,1/m2N — cY90,1/m2N+t/m-
otem \0 1+ MmN 0<t<m

By Proposition 2.2.2(2), this is equal to ¢, (89071 /mN). However, conjugation
by (9) sends U’ to the subgroup

U — a b . a=1,b=0mod m,
~|\¢c d) ¢c=0,d=1modmN [’
and we have U"\Y (m?N) = Y (m, mN). O

We now record some properties of the generalized Beilinson—Flach ele-
ments.
PROPOSITION 2.7.5. The elements above have the following properties:

(1) The element .=, N j.o only depends on the congruence class of o mod-
ulo mN (not m%N).

(2) The involution of Y1(N)? ® Q(uum) given by switching the two factors
interchanges .Ep N,j and Ep N, ;.

(3) For q € (Z/mZ)*, we have oy (:Em N ja) = cEm,N,g-1ja> Where oq €
Gal(Q(um)/Q) is the arithmetic Frobenius at q.

(4) For any r € (Z/mNZ)*, we have

Em,Njra = (d X d)* Em N ko

where k =125 € Z/mZ, d is the image of r in (Z/NZ)*, and {(d x d)
denotes the action on Y1(N)? @ Q(im) of the element

(d; 2) x (d(_)l 2) € SLy(Z/NZ)?.

(5) For c,d coprime to 6mN, the expression
a2 = .= .
c—m,N,j,« c—m,N,j,do

s symmetric in ¢ and d. In particular, there exist well-defined elements
EmNja € CH*(Y1(N)? ® Q(im), 1) ® Q such that we have

CEmvN’j’a = CQEm,N,j,OL - Em,N,j,ca = (C2 - <C X C>*O-2) EmvN’j’a'
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Proof. After Proposition 2.7.4, parts (1) and (2) are immediate. The
remaining statements follow from Proposition 2.6.2, together with the fact that
t, intertwines the action of (& 9) on Y (m, mN) with the arithmetic Frobenius
oqgon Yi(N) X py, (Proposition 2.1.7(2)). O

2.8. Cuspidal components. In the preceding sections we have constructed
elements of the higher Chow groups of affine surfaces. In order to be able to
apply results on regulator maps, it is convenient to have elements of Chow
groups of projective surfaces instead. We shall show that this can be achieved,
but not in a canonical way, and only at the cost of tensoring with Q.

THEOREM 2.8.1. Let N,m,j be as in Definition 2.7.3. Then the element
Emn,; of CHA(Y1(N)? ® Q(m),1) ® Q is in the image of the pullback map

CH*(X1(N)? ® Q(im), 1) ® Q = CHA(Y1(N)? © Q(ptm), 1) © Q
induced by the open embedding Y1(N) — X1 (N).

We will actually prove a slightly more precise statement; see Proposi-
tion 2.8.5 below.

Recall that we constructed .=, v ; as the class in CH?(Y1(N)2®Q(tm), 1)
of an explicit element of Z%(Y1(N)? ® Q(im), 1), which we shall temporarily
denote by . N j. It is clear that we may also regard ., n,; as an element
of Gerstd(X1(N)? ® Q(um)), whose divisor is not necessarily trivial, but is
supported on the cuspidal locus.

We will need a preparatory lemma. Let K be any number field.

Definition 2.8.2. We shall call an element of Gersts(X1(N)2®K) negligible
if it is supported on a finite union of curves of the form {c} x X;(N) or
X1(N) x {d} for points ¢,d € X1 (N)\Y1(N).

Remark 2.8.3. Here by “point” we mean a 0-dimensional point of the
K-scheme X7 (N)\Yi(N), i.e., a Gal(K/K)-orbit of points in the naive sense.
Note that this is slightly more restrictive than the definition of “negligible” in
[BDR12].

Before proving the theorem, we will need the following preparatory lemma:

LEMMA 2.8.4. Let K be any number field, and let u,v,xz,y be cuspidal
points of X1(N)® K. Then there exists a negligible element in Gersts (X (N)?
® K) ® Q with divisor (u,v) — (x,y).

Proof. By the Manin—Drinfeld theorem [Dri73], there exist elements f, g €
OY1(N)® K)* ® Q whose divisors are v — y and u — x, respectively. The the
element

(fu} x X1(N), f) + (X2 (N) x {y},9)
has the required property. O
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We can now prove the following proposition:

PROPOSITION 2.8.5. Let N, m,j,c be as in Definition 2.7.3. Then there
exist an integer r > 1 and a negligible element © such that

R-Dmn;+ 0 € ZHGersta(X1(N)? @ Q(im))).
Proof. Recall that ¢y, y ; is the map

tmvy = (1,55) 1 Yi(m*N) = Y1(N)?,

where k; is induced from the map H — H given by z — z + % It follows
that, if we regard Y, n; as an element of Z2(X1(N)? ® Q(pm),1), then
Div (cg)m N’j) is a linear combination of divisors of the form (c1,c1 + ) —

(c2,¢2 + ). But Lemma 2.8.4 implies that there exists a negligible element
O € Gerst(X1(N) ® Q(um)) such that Div(©) = Div <62)m7N,j>. Then the

element

XmNj = DN, — O € Z(X1(N)* @ Qum), 1) ® Q
has the required properties. [l

This clearly implies Theorem 2.8.1.

Remark 2.8.6.

(1) Note that the negligible element © is not uniquely determined. How-
ever, as we will see below, this will not matter for the evaluation of the
element via the Beilinson or the syntomic regulator.

(2) Since X;(N)? and Y7(N)? have the same rational function field, any
element of CH?(X1(N)? ® Q(m), 1) ® Q lifting .=, x; is necessarily
the class of an element of Z2(X1(N)? ® Q(um),1) ® Q differing from
Dm,N,; by a negligible element.

(3) Since there are only finitely many cusps on X1(N), the constant R may
be chosen to be independent of ¢, m and j, although it may of course
depend on N.

2.9. Zeta elements versus generalized Beilinson—Flach elements. At the
referee’s request, we shall briefly clarify the relations between the two classes
of elements we have introduced (the zeta elements .Z,, n ;j and the generalized
Beilinson-Flach elements .=, n,;) and how they would relate to a hypothetical
“optimal” construction. Recall that the element .Z,, v ; lies in the group
CH?(Y (m,mN)?,1), and the element .=, n; € CH*(Y1(N)? ® Q(pum), 1) is
the pushforward of .Z,, y ; via the morphism ¢,, x t,, of Section 2.1. It is the
elements .=, y; that will be used in Sections 4-7 of this paper in order to
bound Selmer groups.

One reason for introducing the elements .Z,, n,; is that they are somewhat
easier to work with than the .=, n;. In the next section we shall prove
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norm-compatibility relations for the .Z,, n; and deduce norm relations for
the .Z,, v ; as a consequence; given the somewhat opaque map ¢, n,; entering
into the definition of the elements .=, v ;, it seems unlikely that these norm
relations could be proved without the introduction of some auxilliary higher-
level modular curve.

A second reason to consider the elements .Z,, n ; is the following opti-
mistic idea: Let us fix a prime p, and a level N coprime to p, and let us consider
the curves Y (p", Np”) for » > 0, and their self-products Y (p”, Np")2. These
form a tower of surfaces with Galois group GL2(Zp) X qet GL2(Z),). Let us imag-
ine that we could construct a norm-compatible family of elements in the higher
Chow groups of this tower, analogous to the compatible family of elements in
K5 of the GLa(Z,)-tower of modular curves constructed by Kato in [Kat04].
Then one could potentially perform a “non-abelian twisting” operation analo-
gous to equation (8.4.3) of op. cit. in order to obtain classes in the cohomology
groups attached to pairs of modular forms of arbitrary weights k, ¢ > 2.

The elements .Z,- v ; represent our best attempt to realize this dream.
They do indeed live on the surfaces Y (p", Np”)?; but the norm-compatibility
relation they satisfy (Theorem 3.3.1) involves the “twisted” degeneracy map
7 Y (p" T Np™™) — Y (p", Np") of Definition 2.1.6, given by z — z/p on the
upper half-plane H, rather than the natural one corresponding to the identity
map on H. The norm-compatibility relation also involves a Hecke operator
at p, which does not appear in the setting of [Kat04]. Consequently, our
methods will only allow us to construct cohomology classes for Rankin—Selberg
convolutions of higher weight forms under additional ordinarity assumptions,
when we can use Hida’s theory of p-adic families in order to pass from weight
2 to general weights.

3. Norm relations for generalized Beilinson—Flach elements

3.1. The first norm relation: varying N. We now consider the relation
between the zeta elements at different levels N (for fixed m and 7).

THEOREM 3.1.1 (First norm relation). Let o be the natural projection
Y (m,mN'") — Y(m,mN), where N and N’ are positive integers such that
N | N
(1) If prime(N’) C prime(mN), then the pushforward map
(a x a), : CH*(Y (m,mN")%,1) — CH?(Y (m,mN)?1)
maps «Zm N'j 10 cZm N j-
(2) If N' = N{, where £ {mN is prime, then

(0 % a)e (cZmvey) = {1 - ((%1 501) , (601 £01)>T Zm N

where (561 591) is considered as an element of GLa(Z/mNZ).
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Proof. It is clear that the map a commutes with the action of ((1) { ), SO we
have (axa)(Cpm N j) = Cm,nN,;; more precisely, we have a commutative diagram

(1, (s1))

Y (m,mN') ———"+

m,N’,j
(6% a X
1, (1))
Y (m, mN) (1) ConN j-

From Theorem 2.2.4, we know that if prime(mN’) = prime(mN), then
oy (cgo,l/mN') = ¢90,1/mn 80 part (1) of the theorem follows. For part (2), we
deduce from the second part of Theorem 2.2.4 that

(Oé X O[)* (ch,N’,j) = ch,N,j - ch7N7j7“€*177’
where we write 2, N jq for the element formed with cggq/mn in place of
c90,1/mn- However, we have

_ (¢t o0 \*
Cgo,‘%*l”/mN_( 0 5—1) c90,1/mN

as elements of O(Y (m, mN))*, and the action of (%1 291 ) evidently commutes

with that of (7). O
We now deduce a compatibility relation for zeta elements on Y;(N)? ®
Q(pm)-

THEOREM 3.1.2 (First norm relation on Y7(N)). Let a be the natural
projection Y1(N') — Y1(N), where N, N’ are positive integers such that N | N'.
If prime(mN’) = prime(mN), then we have

(@ X @)y (Em N7 j) = cEm,N,j-
If N' = (N where £t mN, then we have
(0 x )u (Emavrg) = [1= (L) 0% Emvgs
where oy denotes the arithmetic Frobenius at £.

Proof. This follows immediately from Theorem 3.1.1, since the map m, v :
Y(m,mN) = Y1(N) X p, intertwines (561 2) with the diamond operator (¢),
and (§9) with the Frobenius oy. O

3.2. Hecke operators. We define Hecke operators, following [Kat04, §52.9,
4.9]. Let ¢ be prime, and let M, N > 1. (We allow £ | M or ¢ | N.) We define a
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correspondence on Y (M, N) as follows. We have a diagram of modular curves
Y(M(¢),N)

2
T N

Y(M,N) Y(M,N),
where 71 is the natural degeneracy map, corresponding to the identity on H,
and 79 is the “twisted” degeneracy map, corresponding to z — z/¢ on H. (In
the notation introduced in the proof of Theorem 2.2.4 above, m; was denoted
pry, and 7 is the composite of ¢, : Y(M(£), N) — Y (M, N(¢)) with the
natural projection Y (M,N({)) — Y (M,N).)

We denote the correspondence (ma)y(m1)* by T if £t MN and by Uj if
¢ | MN. We denote the operator (m1).(m2)* by Ty (resp. Uy); these latter
operators Ty, Uy are the familiar Hecke operators of the transcendental theory,
but it is the Ty, U, that will concern us most here.

3.3. The second norm relation for £ | N. Our goal in this section is to
prove the following theorem:

THEOREM 3.3.1 (Second norm relation, ¢ | N case). Let m > 1,N > 5,
and let £ be a prime dividing N. Let 1, denote the degeneracy map

Y (mé,m¢N) — Y (m,mN)

of Definition 2.1.6, compatible with z+z/¢ on H. Then for any j € (Z/¢mZ)*,
and ¢ > 1 coprime to 6/mN, we have

(Ué X Ué) (ch,N,j) if €| m,

(TZ X TZ)* (CZZm,N, ) = .
WU x U= A7) (cZmng) if LEm,

where Ay denotes the action of any element of GLo(Z/mNZ)? of the form
(£9),(&Y)) with x = ¢ mod m.

We shall prove Theorem 3.3.1 below. First, we note that it implies the fol-
lowing property of the generalized Beilinson-Flach elements .Z,, n j on Y7 (V):

THEOREM 3.3.2 (Second norm relation on Yi(N), £ | N case). Let m > 1,
N > 5,0 a prime dividing N, j € (Z/¢mZ)*, and ¢ € (Z/mNZ)*. Then we
have
(U; x Up) (¢Bm,n,j) if £ m,
Uy x Uy = 00) (Emn,g)  ifLm,
where normffln denotes the Galois norm map, and oy, for £ 1 m, denotes the
arithmetic Frobenius at £ in Gal(Q(um,)/Q).

normfﬁl” (cEtm,N,j) = {
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Proof of Theorem 3.3.2 (assuming Theorem 3.3.1). Let
tm Xt 2 Y (m,mN)? = Y1(N)? @ Q(tm)

be the map of Section 2.1. This map commutes with the actions of (U, Uy)
on both sides and intertwines the action of A, with the arithmetic Frobenius
o¢. Since (Epy N = (tm X tm)« (¢Zm,N,j) by Proposition 2.7.4, Theorem 3.3.2
follows from Theorem 3.3.1. O

Proof of Theorem 3.3.1. Since we are assuming ¢ | N, let us write N’ =
N/¢. We have the following commutative diagram of modular curves:

Y (m,mN) — Y (fm,mN)

N

Y (m,mN) Y (m,mN).

Here « is the natural projection Y (¢m,¢mN) — Y (¢m,¢mN') =Y (¢m, mN),
and pr is the natural projection map. Consequently, we have a commutative
diagram of surfaces

Y (¢m, mN2 prxpr
\ / T X M
mmN mmN

Applying Theorem 3.1.1, we see that (a X a)«cZem,N,; = Cng’N/J-. Since
Y (m(€),mN)? is the quotient of Y (/m, mN)? by the subgroup

(9 ) mm s}

(pl" X pr)*(pr X pr)* (czém,N’,j) = Z CZEm,N’,xj-
x€Z/mZ
z=1 mod m

we have

Let us now compute (pr x pr)*(m x m1)*cZm - Since Y (m, mN)? is the
quotient of Y (¢m, mN)? by the group

Ty r z\\_ ,v,2€Z/mZ,x=1modm,
0 1/)°\0 1)) y,z=0modm ’

we see that the preimage of C,, 1 is the union of the curves Cpy, N i, for k €
Z/¢mZ congruent to j modulo m, each of which is isomorphic to Y (¢m, mN).
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By counting degrees, they must be distinct. The modular units cgg 1 /my and
c90,1/¢mnN' coincide, and thus we have

(prxpr)*(m X ) e Zmng = Y.  ZtmN
kEZ/tmZ
k=7 mod m
By hypothesis, j is invertible modulo ¢m. Thus if ¢ | m, the sets {zj : © =
1 mod m} and {k : K = j mod m} coincide, and since (pr x pr)* is clearly
injective, we conclude that

(Pr X pr)s (cZem,nvj) = (71 X T1)*cZm, N j-

Applying (ma X m2). gives the result in this case.

If ¢4 m, there is exactly one lifting jo of j to Z/¢mZ that is not a unit.
The matrix (é jlo ) normalizes the subgroup of GL2(Z/mNZ) corresponding to
Y (m(£), mN) and thus defines a curve A in Y (m(¢), mN)?2, which is isomorphic
to Y (m(¢), mN), consisting of points (u,v) with v = (é o ) u; and we have

(m1 x 7Tl)*ch,N,j = (pr x pr) (czfm,N/,j) + (A, ch,l/mN)-

The image of A under 73 is C,, y¢-1;,; moreover, we have a diagram

Y (m(£),mN) A

o~

up) T X 779
Y(m,mN) ? m,N7f_1j0‘

We claim that (72). (Cg()’l/mN) = ¢go,1/mN- However, (m2)«cgo1/mn is the
pushforward of ¢} (cgo1/mn) € O(Y (m,mN(f)))* along the natural projec-
tion O(Y (m,mN(£)))* — O (m,mN))*, and the distribution relation of
equation (1b) shows that the pushforward of ¢j(cgo1/mn) IS cgo,1/mn, as re-
quired. Hence,

(m2 X 72)x(A, c90,1/mN) = (Con,N,t-1jo5 90,1 /mN) = cZm,Ne-1jo = A% (cZm,Nj) 5

as required. O

3.4. The second norm relation for p t mN. In this section, we shall assume
that N > 5, m > 1, j € Z/mZ, and p is a prime such that p{ mN. Our aim
is to prove the following theorem:
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THEOREM 3.4.1. We have

Z cEmp,N,k

kEZ/mpZ
k=7 mod m

ptk
= (= opH (T T+ [+ 1) (™), 07N = (07, T (T2, (7)) 03
- (< T (p” 1>T) p<<p 2, (07)) 03%) B v

Remark 3.4.2. One can formulate a version of this theorem for the zeta
elements .Z,, y;, from which Theorem 3.4.1 would follow in the same way as
Theorem 3.3.2 follows from Theorem 3.3.1. The argument given below can
easily be extended to prove this slightly stronger result; however, we shall not
pursue this here, as the above statement suffices for our applications.

We begin the proof of Theorem 3.4.1 by rewriting the TI? terms using a
related Hecke operator S:;.

PROPOSITION 3.4.3. As elements of the Hecke algebra of T'1(N), we have
T)? = S)+ (p+ 1)(p ')Ry, where S, is the double coset of( P (1)) and Ry, is

the double coset of (0 p>.

Proof. This is a simple computation from the definition of multiplication
in the Hecke algebra. |

Since R, acts trivially on everything in sight, the formula of Theorem 3.4.1
can be written as

(4) Z cEmp,N,k

k€(Z/mpZ)*
k=7 mod m

((<T,;,T;>_gp_p<<p—, Do) (14 (07, 07h) o)
— (™), 85) + (S, ") )E,

3.4.1. FEwvaluation of (T} e p)cEmJ\z,j. First we shall make a careful study
of the operator (7}, T}).
ProOPOSITION 3.4.4. If G = SLo(Z/pZ) and B is the lower-triangular

Borel subgroup, then B\G/B has ezxactly two elements, B and its complement
(the “big Bruhat cell”).

Proof. Well known. O

COROLLARY 3.4.5. Let T' be any congruence subgroup of SLo(Z) of level
prime to p, and let a € SLa(Q) be integral at p. Then the double coset T'al’
is the union of evactly two double cosets of I' = T N T%(p), corresponding to
those elements whose reductions modulo p land in the two double cosets of B
in SLo(Z/pZ).
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Proof. This is a consequence of strong approximation for SLs(Z). Since
I" has level prime to p, it surjects onto SLo(Z/pZ). Hence we may assume (by
left or right multiplying o by an appropriate element of I') that the reduction
of @ modulo p is the identity.

We first note that I' "o~ 'T'ar is also a congruence subgroup of level prime
to p, so (by the strong approximation theorem) we see that I'\I” admits a set
of coset representatives lying in I' N o 'T'a and thus T'al’ = Tal”.

Now let z = yay' € Tal”. We consider the reduction Z of z modulo p. If
this lies in B, then (since @ and 7’ are in B) we must have € B and hence
~ e T’; thus z € Ial".

On the other hand, let u be any element of I' that is not in T'%(p). If ¥ ¢ B,
then 4 € BuB; so there is some o € I' N a~'TaNT(p) such that ¥ € Bjis.
So 767 'n~! € B and thus v € I"uo. Hence z € I"uoal’; but o loa € TV
(since by hypothesis & = 1 mod p and thus conjugation by « fixes I'(p)) and
thus z € TV pal”. O

COROLLARY 3.4.6. For k € Z/mpZ, let Dy, Ny denote the curve in
Y (L1 (N)NTY(p))? consisting of points of the form (z, 2+ %) Then the preim-
age 71 (Coun ) CY (T1(N)NTO(p))? consists of exactly two components: one
is the curve Dy, N where k is the unique lifting of j to Z/mpZ that is zero
modulo p, and the other is the curve D,, n where k is any lifting of j to
Z/mpZ that is a unit modulo p (the resulting curve being independent of the
choice of lifting).

Proof. The preimage of Cp, v j in H x H is exactly the set of (u,v) such
that v = yu for some ~ in the double coset I'1 (V) (é”{”) I'1(N). The above
proposition describes the decomposition of this set into double cosets of I'1 (V)N
I'%(p), hence the result. O

For any k lifting 7 (unit or nonunit), we may erect the following diagram
of modular curves:

Y (Ty(mpN)N I (mp))

e

Y (L (mN)NT%(m) N Uy)

Cm,N,j
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Here Uy, is the preimage in SLy(Z) of the subgroup

-1 -1
1k 1k 1k 1k
5000 w) 20 )20 (y) 26

(The equality follows from the fact that conjugation by (} V) fixes B.) This
subgroup is just B if k € pZ; otherwise it is the subgroup

{(k“l(zj_—lu—l) 2) tu € (Z/pZ)X} :

which is a maximal torus in SLo(Z/pZ). The square at the bottom left of the
diagram is Cartesian. The maps «, pr and 71 are the natural projection maps,
and the remaining maps are defined by

(5.54)

/ .

Lm,N,j . z
(L z+k>
mp’ mp

H
! Cz —
mp,N,k *

H

mo i () (2,2)
e oz o= (£,2E)

Definition 3.4.7. Let a and b be the unique elements of Z/pmZ congruent
to j modulo m and such that a = 0 mod p and b = 1 mod p.

An application of Lemma 2.4.5 shows that we have

COROLLARY 3.4.8. For any a € Z/mNZ, we have
(T5, T (EmNja) = (CompNoas (T2 © Aa)scdo,a/mn)
+ (Cmp,N,ba (7T2 © )‘b)*CgO,a/mN) .
(It is convenient to allow o # 1 here, for reasons that will become clear
below.)
We first consider the term for a. Here we have U, = I'%(p), so I'1(mN) N
I'(m)NU, = T'1(mN)NI%mp). Since p | a, we see that m3 o A\, can also be

expressed as a composition
Y (T1(mN) NT(mp))

zz/p

Cmp7N7a == Cm,N, szflnj,

where “p~1” is the inverse of p in Z/mZ.
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PROPOSITION 3.4.9. The pushforward of go o /mn to Y (L1 (mN)NT%(m))
along the first map in (5) is 9o a/mn (cgo « _1,,a/mN) )
Proof. See [Kat04, 2.13.2]. O

The second map in (5) is just ¢/ so we deduce that

N « —177],

(Cmp,N,av (7T2 o Aa)*cQO,a/mN)

= (CmN p1as (U 1) (c90,0/mn (0907“p*1”a/mN)p))
= BN, 17 T P B N, =17, 4p= 170,
= (op + (™), (0™ N)op ) Em N ja
COROLLARY 3.4.10. For any a € (Z/mNZ)*, we have
(T}, Ty) = op = p((p~ "), (0™, ) Emnja
= (Cmp,N,ba (720 M) (c0,0/mn) )

In particular,
(T, Ty) —ap = (™) (0 Doy, ") (14 (71 (07 h) 0,2) Emv
= (Cmp,N,bv (71'2 o >\b) (CQO 1/mN * <90, % ’“/mN) )

Proof. The first formula is immediate from (5) and the evaluation of the
Cmp,N,a term above. The second formula follows by summing the first formula
for « =1 and for a = p~. O

3.4.2. Evaluation of the norm term. We want to compare the right-hand
side of the formula in Corollary 3.4.10 with the sum of the .Z,,, v for all unit
liftings k of j. To do this, we shall use the fact that all the terms .Z,,, x x may
be written as the pushforwards of modular units on the same modular curve
Crp,Nb- More precisely, if k and ¢ are liftings of j to Z/mpZ that are both
units modulo p, we have a diagram

£7°7

H - H

4 ~ 4

Y (T1(mN)NT%m) NU,) — Y(T1(mN) N TO(m) N U,)

Ak A

Dy Ny Dy N
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where ay is any matrix of the form (}9) with v € mNZ congruent to 3 — 3

modulo p.
Consequently, we can write Zpp Nk = (Crp,N,ps (T2 0 Ap) s f1), Where
fr = (o)« (cgo,l/mpN) .

We may regard O(Y (1 (mpN)NTO(mp)))* as a SLy(F,)-module in the obvious
way, since I't(mpN) N T%(mp) is the kernel of the surjective reduction map
[1(mN) NT%m) — SLy(F,). With this convention, we have

ul 0\"
(pk)* (CgO,l/mpN> = H (kl(u—ul) ’LL) c90,1/mpN

uEF;
and thus
u! 0 1 0\1"
Jrk = H {(kl(u_ul) U 1—k1 1 c90,1/mpN

uEF;

_ ul 0\"

= H T A e c90,1/mpN -
u€F§

Let K be the set of possible values of k, i.e., the set of elements of Z/mpZ
congruent to 5 modulo m and not divisible by p. Then as k varies over K, for
each fixed u, the expression v — k~'u~! takes every value in ), exactly once
with the exception of u, since k™ 'u~"! takes every value except 0. So

H fk: H c9vo/mpN,u1/mpN -

keK u,vel,
u#0
vFEU

Here by 1 and z for z € F,, we mean any element of Z/mpNZ congruent to
x mod p and to 1 (resp. 0) modulo mN.

We find that
(6&) H c9vo/mpNu1 /mpN = c90,1/mN>
u,v€EF,
1 0\
(Gb) H c9vo/mpN,01 /mpN = <0 ) c90,8/mN
p
velF,
1 0\
(GC) H c9ug /mpN,u1 /mpN = 1 1 H c90,u1 /mpN
u€ly 0 u€lFy
1 0\ (p o\
= 1o 1 0 1 c90,1/mN>
(Gd) Cgoo/mpN,Ol/mpN = CQO,B/mNa

where £ is the inverse of p in Z/mNZ.
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Combining the above, we have

(7) Z cEmp,N,k - (Cmp,N,ba (7T2 © Ab)*(cgo,l/mN : Cgo,ﬁ/mN))
kEZ/mpZ
k=7 mod m
ptk

1 0\
— (Cmp,N,b, (T2 0 X\p)s (0 p) cgo,ﬂ/mN>

1 o0\ (p 0\
_<Cmp,N,b7(7720)\b)* (10 1) (g 1) ch,l/mN>'

Combining the first term on the right-hand side of (7) with Corollary 3.4.8,
we see that Theorem 3.4.1 is equivalent to

PRrROPOSITION 3.4.11. We have

([, 8p) + (Sp (07 D)] 051 ) v
= (Cm%N,ba (71'2 o )\b)* ((1) 2>* cg(),ﬁ/mN)

1 0\ 0)"
+(Cmp,N,ba (12 0 Ap)« (10 1) (Z(; 1) c90,1/mN>-

3.4.3. The first term in Proposition 3.4.11. We now calculate how Sz/) acts
on 2, N, We may describe the correspondence SI’) in terms of the subgroup
Io(p) = Lo(p) NIO(p); we have S, = (mh).()*, where 7] and 75 are the two
maps from Y3 (1 (N) NTY(p)) to Y1(N) given by z +— pz and z — z/p.

An application of the strong approximation theorem shows (as usual) that
the preimage () x 1)71Cy, v j C Y1(T1(N)NTY(p)) x Y1 (V) is the single curve
F,, n,j given by the set of points of the form (15), z+ %)

Applying Lemma 2.4.5 once more, we have a Cartesian square of curves
(up to birational equivalence)
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The functoriality of pushforward maps gives the following:

PRrRoOPOSITION 3.4.12. We have

- 0\
(S]/w 1)c:m,N,j,a = ((ﬂé X 1)Fm,N7ja ¢* ((g 1) ch,a/mN)) s

where ¢ is the map

Y(T1(mN)NT%(m) NTH(p)) — (7h x 1)Frn; C Y1(N)?

PO (L p2+j>
mp’ m '

We first identify the curve (7 X 1)Fy, v ;.

PROPOSITION 3.4.13. We have (75 x 1)Fy, v = (1 % (p)) " Crup N ks for
any integer k congruent to p~'j modulo m and not divisible by p.

More precisely, if k = 1 mod p, and v" is a suitable element of SLa(7Z)
that we shall construct below, then there is a commutative diagram

2"z

Y (T1(mN)NT%(m) NTY(p)) Y (T1(mN)NT%(m) N Uy)

2 (7 22) 2 (75 )
Yl(N)Q (1 X <p>) _ }/*1(]\7)27

where Uy, is the level p congruence subgroup from the previous section.

Proof. We note the following matrix identity, which is easy to verify (al-
though tedious to find): for any elements p, z,y of a field F', we have

(5 D6 D )G

In particular, taking F' = Q, and z,y € Z;, we see that the double cosets of

SL2(Zp) in SL2(Qyp) generated by (é x{p) and (g ?{Z;) are equal to each other

Sl
v

8] =
<3

and independent of x and y.
Since both (p v/p ) and its inverse have entries in %Zp, it follows that

01/p
(; x{p>7€SL2(Zp) (g g;g)

for any v € SLy(Z,,) congruent to (—z}/x ?) modulo p2. (In fact, one can check

4pZpy Iy ) )

that it suffices for the matrix to lie in (_p 2Ty 14+pT,
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If z,y are in Z; N Q, and we choose 7 to be in SLz(Z) and congruent to
(*z}/x (1)) modulo p?, then the matrix

, (1 w/p\_(p u/p)
v = o
0 1 0 1/p
will be in SL2(Q) and will be p-adically integral. If we choose v to be (-adically
close to the identity for some prime £ # p, then +' will be f-adically close to
1 py/p\"t _ (1/p (pr—y)

(67P)r (1) = (r o).

So if z,y € Q are units at p and satisfy y = pxr mod 1, we may choose

7,7 € SLa(Z) such that
e v €I (m?N),
o v={_pp1) (modp?),
e v =(81)p) (mod N),

o the identity (/) =+"(}?) holds.

We now take y = j/m, and = k/m for any k congruent to p~'j modulo m
and invertible modulo p. Then we obtain a commutative diagram

Z Y2

H - H
zn—)(z,p?z—i—%) z»—>(z,z+mip>
Yi(N)? (1 x (p)) Yi(N)?2
or, equivalently,
5y 29"z Y
o () = ()

le(N)2 (1 X <p>) _ Yl(N)Q,

where 7" = (”87’?) vy (”(‘)p (1)>_1. Note that 7" is in I'y(mN) N T%(mp) and is

congruent modulo p to
1 0\ 1 0
~1/mz 1) \-1/k 1)°

In the preceding diagram, the left vertical map factors through Y (I'1(mN) N
I(m)NTY(p)), and 4/ conjugates this onto 'y (mN)NT%(m)NUy; so we finally
obtain the diagram stated in the proposition. O
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COROLLARY 3.4.14. In the notation of the preceding subsection, we have

_ - 1 0\ 0\"
(S;/w <p 1>)'Up1'c:m,N,j: (Cmp,N,bv(ﬂ-QoAb)* (10 1) (g 1) cgo,l/mN)'

Proof. This follows from the previous proposition (and its proof) since the
right-hand vertical map in the diagram of the proposition is the same as Ag
above and (")~ represents the coset ( ¢). O

3.4.4. The second term in Proposition 3.4.11. Now we are left to analyse
the operator (1, S;,). To simplify the analysis we shall also consider the operator

Sp given by (m])«(m5)* (rather than S}, = (7m3).(7])*); this is the operator

associated to the double coset (é pOQ) and is related to S;,o by the formula

Sp = (p7?)"Sp.
Again, we find that the preimage (74)™1Cp, n; in Y1(N) x Y(T'1(N) N TH(p))
is a single irreducible curve F, y ; given by points of the form (z,p(z+j/m)).

PRrorosITION 3.4.15. We have

- 1 0\
(15) (Emvsa) = (X T Enes): 6. (5 7)) o).

where the morphism ¢ is defined by
Y(T1(mN) N T%(m) NTH(p)) — Yi(N)?

RN (L pz+p2j) .

mp’ m

Proof. Closely analogous to the previous case. ([l

We also have a matrix identity

1%10:0 T\ (P Py
0 1/\~-% 1 —L prev)\0

from which we may deduce that if z,y are rational numbers that are units at
p and such that x = py mod 1, there exist 7, € SLa(Z) such that

o v eI (m?N),
1 0
ev=(_21) (modp?),

e the identity
1 2 p py
P =~
(o 1)=7( )
holds,

e 7/ is congruent to (( ,) modulo N.
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Thus the diagram
Z vz

H - H
20 (2,0°(2 + ) 2 (2,24 2/p)
Yi(N)? (Ix{p) ¥i(N)?

commutes. We take y = j/m, and x = k/m where k is congruent to pj modulo
—1
m and not divisible by p. Letting " = ("E”)p ?) v (T%p (1)) as before, we have

the diagram

— 1
Y Fere - H
2 (5, ) 2 (55, 22
1 x
Yl(N)z ( <p>) _ YI(N)Z

Again, this shows that (1x))(EFpn;) = (1% ()" Crp.n k- If we choose
k to be 1 modulo p, then the right vertical map factors through I';(mN) N
I'%(m) N Uy, and the isomorphism between the two is given by 4", which is in
I'1(mN)NT%p) and thus acts trivially on (6?))* ¢90,a/mnN- Thus we have

- . 1 0\
(1.5)0 i = (1% 6" (G (2030 (7)) e ).

Taking o = [ (the inverse of p modulo mN) and using the formula
Emnjt = (), (t))oEEm.nN,j, We see that

1 0\
<CmP7N,b7 (772 o )\b)* (O p) chﬁ/mN>

L{(p)(,s

1’<p 1>)( v< > )O-PC“mN,JIB

L ("N D)2 S)op((p™ ) (07 1)) oy 2B,
(p~

>7 ;) P c'—'mN,]

( C‘—‘m ,N,B3,8
= (
= (

= (

as required, completing the proof of Proposition 3.4.11 and hence of Theo-
rem 3.4.1.

3.5. The second norm relation: higher powers of p. We shall also need to
know how to calculate normfr’rlfm cEpim,N,; for k= 2,3. This is less central to
our theory than the &k = 1 case, but it will be needed in order to compare the
elements we construct for IV coprime to p with their “p-stabilized” versions.
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THEOREM 3.5.1. For ptmN, we have
norng2 (cEmp27N7j) = (T;7T;)c5mp,]v,j
+ (p(<p_1>, (™)) = ()1 (1)) = (1) (m )
+2((p T, 0Tyt = p(072), 7)oy ) B
and
norm % (Zsvg) = (T Th)eEmpe, s

+ (o™, ) — () (TR — (@2 0) ™)) eEmpvs
- (<<p—1>, W) (2@;,1;;) () (T + (), <p>-1>>o;1))cam,N,j.

Recall the operator S, that appeared above, satisfying S, = (T];)Q -
(p+ 1)(p~!). In terms of these operators, the formulae we wish to prove
are

normit (Enge ) = (T Ty)eEmp
+ (= @+ ™) = ()7 8)) = (S, ()7
+ (™ ey (T T — o) 7)oy ) ) B
and
norm s (Eps ) = (T3, T) ey,

—(+2(p™ ™) + ()71 8p) + (Sp, (1)) Empvig

+ <(<p1>, <p1>)<2(T,§7T;) — @+ 2™, (")

+ ()7 S,) + (S, <p>1>}ap1)>cam,jv,j.

A routine but unpleasant computation (in which the use of Sage [Sage]
was found to be invaluable) shows that Theorem 3.5.1, together with Theo-
rem 3.4.1, implies the following formulae for the norms to level prime to p:

THEOREM 3.5.2. If pt N, we have
2 [ — _ _ _
()  nomd™ (Zpeny) = po((p— D= (), 7)oy ?)

— (@, oyt + (0= 1) Pyp~'oy 1)),
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(b) normb,™ (Zpinnvg) = pPon (0= (1= (1), (p~)oy?)
— (7 o AT, Tp) + (0 — Vo NI, Th) + (0= )P, (07 0y ).
Here P, is the operator-valued Euler factor at p given by
P,(X)=1- (T, T)X
+ (@2 ™) + (7). (T)?) — 2207, (7)) X2
—p* (T, (0T X% +p*((p72), (p72) X%

3.5.1. Evaluation of the (T}, T,) term. We begin with a double coset com-

putation in SL2(Qp,). We shall write K = SL(Z,) and U for the lower-
triangular Iwahori subgroup {(¢ %) € K : b € pZ,}.

ProrosiTiON 3.5.3. Let j > 1. Then the double coset

—J
K (p Q) K
0 p
decomposes as a disjoint union of exactly four double cosets of the Iwahori U,
represented by the elements

66 )6 2 )

Proof. As shown by Iwahori and Matsumoto [IM65, §2.2], we have a de-
composition

SLy(Qp) = | | Uwl,

weD
. . J 0 0 —p—J
where D is the set of matrices of the form (% pJ') or (pj % ) for some
Jj € Z. Comparing this with the well-known Cartan decomposition SL2(Q)) =
Llj>o0 K (pgﬂ p0j> K gives the statement above. ([l

PROPOSITION 3.5.4. For a € SLy(Q,), the index of UNa U« in U is
as follows:

(a) p! for a € U(Ig pgj) U, jeZ,
2j+1] ; 0 —p~J .
(b)p‘”'ZfOéEU(pj o )U,]EZ.

Proof. Tt is clear that the index concerned depends only on the double
coset UalU, so we may reduce immediately to considering the coset repre-
sentatives in (a) and (b). In each of these cases we find that the intersection
UNa~*Ua is a subgroup of the form {(¢%) € K : p" | b,p* | ¢} for some r > 1,
s > 0; this clearly has index p"T*~! in U, which gives the above formulae. [
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COROLLARY 3.5.5. Let j € Z and m > 1, neither divisible by p, and
k > 1. Then the preimage in'Y (T1(N)NI%(p))? of the curve C, . n; € Y1(N)?
is the union of four distinct curves:

(1) the curve Dy given by points of the form

5

mapping to Cp,x N ; with degree p?;
(2) the curve Dy given by points of the form

(6 %))

for any v € T1(N) congruent to (2*) modulo p, again mapping to
Conpk N,j with degree p;
(3) the curve D3 given by points of the form

1 L 1
Z? O mf ’y_ z )

where 7y is as before, mapping to Cy,x v ; with degree p;
(4) the curve Dy given by points of the form

2z, ! m;k Ve
) 0 1 ’
mapping isomorphically to C,,x n ;-

Proof. All of these curves are evidently in the preimage of C,,x y ;. One

checks that we have
1 % 0 _p—k
mp® | e U U,
(o 1 ) (p’“ 0
R p* 0
mp
7<0 1>€U(0 )Y
1 L 1 pF 0
mp -
(0 1 )7 © U< o )Y
bar)ren( 0 e

Hence the curves D; exhaust the preimage of C,, v ;, by Proposition 3.5.3.
The calculation of the degrees of the maps down follows from Proposition 3.5.4;
and since the total degree is (p + 1)2, they must be distinct. (]

We set
J
k

1 -4 _ _
a1=<0 mf’>, ar =7ya1, az=a1y !, ag =y
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so D; is the locus of points of the form (z, ;z). Let us define

691

A= (7T2(Dz‘), (WZ)*(Wl)*(Lank’NJ‘)*cgo,l/mpkN) € Z2(V1(N)? © Q(ttypi; 1)

Then we evidently have

(Tlg’ T;/;)CEmpk',N,j = A1+ Ag+ Az + Ay

We shall evaluate each of these in turn, showing that D; is the norm of
cEmpr+1 y; and the remaining A; can be calculated in terms of Hecke op-

erators acting on .E,,,r n,; for r < k.

3.5.2. Fwaluation of Aj.

COROLLARY 3.5.6. Pushforward and pullback commute in each of the fol-

lowing four diagrams:

k k41 ZH(mi)’“;;{)
Y (T1(mpN) N T (mp* 1) N U) -~ Dy
(8a) m
k 0 k mek,N,j
V(D1 (mp"N) N T (mp")) > Crmpk,N,j»

where U is the subgroup of T'(p*) consisting of matrices whose reduction modulo

TN —1 .
pFtL lies in the subgroup ((1) %) U (é %), and both vertical arrows have

degree p;

_z N 2h
Y (T1(mp"N) nTO(mp* ™)) ad AN - Dy

!/

k 0 k Ympk N
Y (L1 (mp"N) N T (mp")) -

where both vertical arrows have degree p;

Lz g
Y (Fl (mpkN) N Fo(mpk) a U) S (7 mpk’ mpk>

Y (T (mp*N) N T (mp))
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where both vertical arrows again have degree p; and

2o (0 v it

Y (Fl(mpkN) N Fo(mpk))

(8d)

/!

bmpk N, j
Y (L1 (mp*N) N TO(mp")) e = Cph N

where both vertical arrows are isomorphisms.

Proof. Up to conjugation (and identifying Cpnpr n,j and the D; with their
normalizations) each diagram takes the form

Y(I'1Nle) — Y(I'y)

Y(T'2) Y(T)

for subgroups I'1,I's C I'. So it suffices to check in each case that I'1\I's =T,
or equivalently that [I' : I';] = [['y : I'; N I'y; that is, that the degrees of the
two vertical arrows in each diagram are the same. In each case this reduces to
an elementary local computation at p. ([

ProPOSITION 3.5.7 (Evaluation of Aj). We have

AL = > Emp.N j-
j/G(Z/mpk'HZ) X
j'=j mod p*

Proof. This follows by exactly the same argument as in the case
k = 0 considered above. From Corollary 3.5.6 we know that the modular unit
(Wl)*(bgnpkaJ)*cgovl/mN on D is equal to the pushforward of g /N along
the top horizontal arrow in diagram (8a). The subgroups U for all j in a con-
gruence class modulo p¥ are conjugate, and by exactly the same argument as
in Proposition 3.4.11, we deduce the result. O

3.5.3. Ewvaluation of Ay and Asz. We now turn our attention to As. Evi-
dently mo(Ds) is the image of Y (I'y (mp®N) NTO(mp**1)) in Y1 (N)? under the

map
0 mprtl) \0 »p "o mpF '
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Let us write v = (]{’;‘c 2), where d = 1 mod N. Then we find that

1 0 1 g _(p O a b 1 7
0 p "o mp*) N0 p)\Ne pd) \0O mpF1)"
Since scalar matrices act trivially and ( o b ) acts on Y1(N) as the diamond

pd
operator (p), we see that mo(Ds) can be written as the image of

Y (T1(mp"N) NTO(mph*h))  ——  Yi(N)?

zZ (mpi*'l y <p> : m;—il;11) .

This map factors through the natural projection
A+ Y (Dy(mpN) AT (mp* ) = ¥ (Du(mp* ™ N) A TO(mp+) ).

(Indeed, the first component obviously factors through I'y(N) N TO(mpk+1),
and the second component factors through Y (I'y(mp* ' N) N IO(mp*~1)) as

the map ¢/ DEL N constructed above composed with the automorphism (p).)

PRrRoPOSITION 3.5.8. We have

c90,1/mp*—1N if k> 2,

* -1
A (e90,1/mpkN ) = 10 .
( /e > c90,1/mN * 0 p 90, “p=17/mN ifk=1. 0O

We thus have

PROPOSITION 3.5.9. We have Ay = (C, ¢), where
e C is the image of Y (I'1(mp* = N) N TO(mp**1)) in Y1(N)? under the map

‘ z z+7J
5 Pz <mpk+17<p> : mpk_l)v

® ¢ is the pushforward of cgo 1 ympr—1 N along this map if k > 2, and if k =1,

L, * -1 . . .
it 1S ¢90,1/mN - ((62) 90, «pﬂ»/mN) along this map if k > 2 (resp. if
k=1).

3.5.4. FEwvaluation of A4. The last, and easiest, term is Ay.

PRrROPOSITION 3.5.10 (Evaluation of Ay). We have

_ -1 —1\y | cEmph—1,N,j if k> 2,
Ay=p((p~)(p7)) {(1 _p(<p,1]>7 B N07?) By =1

Proof. Contemplating diagram (8d) we know that Ay is equal to the push-
forward of ¢g 1 /pr—1 y from Y (T'1(mp* N)NTO(mp*)) to Y1 (INV)? along the map

(626 ) )G a)?)
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Since ((1) 2) v = (p) (g (1)), this is simply

2o @) (0 1) = (0 1) ?):

This evidently factors as the projection
Y (Ta(mptN) AT (mpt)) = ¥V (Da(mp* ' N) A T (mp*))

composed with the map ({p), (p)) o L;npk_lyNJ.

On the other hand, the pushforward of cgg  /mprn from Y (T (mp*N) N
O(mp")) to Y (I'1(mp*N) NTO(mp+—1)) is clearly (Cgo’l/mpkN)p, since the de-
gree of the map is p; and the pushforward from Y (T'y (mp*N) NT(mp*~—1)) to
Y (T1(mp*~tN) N TO(mp*~1)) maps 90,1 /mptN 10 cGo 1 /mprn i kK > 2 and to

1 .
c90,1/mN * (cgo, “p—lw/mN) otherwise. O

3.5.5. Evaluation of (S), (p™"))cEpr-1 ;- We now compute the image

of Z,pr—1 v ; under the Hecke operator (S, (p)).

ProprosITION 3.5.11. We have the following double coset decompositions
in SLa(Qp):

K (é j/lm) K=K=K ((1) j/lm) U°(p?)
(where K = SLy(Z,)) and
K((l) j/;ﬂ}?) K:K<p01 g) K
K (é j/inp> U(p*) UK <p01 1) U°(p?)

UK (p; i) U'(p* )UK (p; 0) U°(p?),

where £ is any quadratic nonresidue in Z;;.
Geometrically this is expressed as follows:

PROPOSITION 3.5.12. The preimage in Y (T1(N) N T%(p?)) x Y1(N) of
Cmpk_l,N,j 8

e if k =1, the single curve E consisting of points of the form (z,z + j/m),
with degree p(p + 1) over Cp, N j;
o if kK = 2, the union of four distinct curves Ei, Fo, B3, Ey, with degrees
(p, %, pgl, 1) respectively over Cpyp N j, where
— Ej is the curve consisting of points of the form (z,z + j/mp),
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— the curve Es is the locus of points of the form (d2z,z + j/mp) where
8o is any matriz in T1(N) of the form (¢4), where p | a and o
1s a quadratic residue mod p;

— the curve E3 is the locus of points of the form (d3z,z + j/mp), where
b3 is any matriz in T'1(N) of the form (¢Y) where p | a and 57
s a quadratic nonresidue mod p;

— the curve Ey is the locus of points of the form (64z,z + j/mp), where

m

b4 is any matriz in T1(N) of the form (2Y) where p | a and BT =
0 mod p.

Proof. This follows from Lemma 2.4.3 and the previous proposition, noting

the identity
. L .
1 mip = 1,1 O (p ¢ p+p£Tm o ) O
0 1 E1J\o p -2 0

PROPOSITION 3.5.13. In the case k = 1, the image of E in Y1(N)? under
(u,v) = (u/p?, (p)v) is the curve C of Proposition 3.5.15 above.

In the case k = 2, the image of E1 under this map is the curve C,
the images of Eo and E3 are both ((p), (p))Cmp,N,j, and the image of Ey is

((2)s (P Cr, N, 175

Proof. The k = 1 case is clear, as is the assertion for E; in case k = 2.
The remaining statements are a fiddly double coset computation. ([l

PROPOSITION 3.5.14. In the case k = 1, we have

(S;/y <p_1>) 'cEm,N,j = (C, B*Cgﬂ,l/mN)7

in the notation of Proposition 3.5.15.
In the case k = 2, we have

4
(Sp (p™1) - By = Y_ O,
=1

where ©; is the term corresponding to the curve E; of the previous proposition,
and

O = (Ca B*Cgo,l/mpN)'

Proof. An argument using Lemma 2.4.5 in a familiar manner shows that
the pullback of (¢ ph1 Nj)(cg()’l Jmpr—1) to E coincides with the pushforward
of ¢go,1 /mpr—1 along the map

Y (D (mp® 1 N) N IO (mpF+1)) E

—_—
z z+J
z > (mpk—la mpk—l) .
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So the pushforward of this along the map £ — Yi(N)? given by (u,v)
(u/p?, (p)v) is (C', B cgo,1/mN), since the composition of these two maps is 3.
U

Combining the preceding proposition with Proposition 3.5.15, we have
AQ = (Sz,)a <p71>) ' cEm,N,j - A’Q, where

AL — (C 5*( p) c90,« ’“’/mN) if k=1,
2 Oy + O3+ Oy if kK =2.

We may express the & = 1 case equivalently as

Ay = (C, Blego,sp17 jmn )

where 3’ is the map

Y (T'1(mN) N Ty(p) NTO(mp)) — C

given by z +— (m , (p) - m).
» m
We have seen this map before: we showed above in Proposition 3.4.13 that

there was a commutative diagram

"

Y/(T1(mN) NTo(p) NT°(mp)) Y(Ci(mN)NT(m) N Uy)

4 L
2 (5 P7) 2 (5, 2L
1x{(p
Yl(N)2 < > Yl(N)2,

where 7" is a suitable element of I'; (mN) (in fact of I'y (m.N)NI'®(mp), although
we do not need this), j/ = p~!j mod m is invertible modulo p, and Uj is the
preimage in a conjugate of the diagonal torus in SLy(IF,).

PROPOSITION 3.5.15 (Evaluation of A}). For k = 1, we have
Ay = ((p7 ") 0oy (T, 1) = op = p((p™"), (070 ) s
and consequently
A = [(Sp, 1))
~(p™h). 0Ny (T, ) = op — (07, <p71>)0;1)} *Em,N,j-

We now consider Az. By applying the automorphism of Y;(IV)? that
switches the two factors and running through essentially the same argument
as above, we see that
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PROPOSITION 3.5.16 (Evaluation of Ag). For k =1, we have
-1 /
Ag=[((p™"),5)

~(0), (e (T, 1) — o = (07 (0700 t) | - B

We now have all the ingredients necessary for the proof in the case k =1,
which will be carried out in Section 3.5.8. However, for k = 2, there are a few
more ingredients we will need.

3.5.6. Study of ©4. Let us now consider the term ©,4 that arises for k=2.
Recall that 04 was any element of I'; (IV) satisfying a certain congruence modulo
p; we may use strong approximation to make additional congruence assump-
tions modulo primes away from p, so we shall assume that §4 = ( an(\ZIC Z) with
ja = mb mod p.

For brevity, we shall write I'(M, N) for the group

a b a=1,b=0mod M,
{(C d)ESLz(Z)‘ c=0,d=1mod N }
ProPOSITION 3.5.17. There is a commutative diagram

2= (30 (8 mp) 2 (0.2p) 2)

Y(I'(mp, mpN)) - By
Zr ez (u,v) — (1%, (p>z)
o)) 2 O, O

where € is a suitably chosen element of T1(N) and jo is the unique integer
congruent to j modulo m and to 0 modulo p.

Proof. Firstly, we note that I'1(N) normalizes I'(mp, mpN), so the left-
hand vertical arrow is well defined. More subtly, the well-definedness of the
top horizontal arrow follows from the inclusion

—1
C :
04 (O mp) I'(mp, mpN) (O mp) d, CIV(p%);

indeed 44 <(1) mop) = (18 7%) &4 where 6} = (&, ™) normalizes I'(mp, mpN), so

—1
1 0 1 0 .
51 (5 ) Do) (0

= (73 2) I (mp, mpN) <7g 2) h C To(m?*N) NT2(p?).
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It remains to show that € may be chosen so that the diagram commutes.
We need to choose € so that we have

n (5 ) e=T (% Dy ) =0 (5 0 )

and so that
1 Jo _ Iy
n (g 2)e=rm (g 1),

where jg is the unique integer congruent to 57 mod m and 0 mod p.

These conditions are both satisfied if we take € to be congruent to 1 modulo
mN and to satisfy the same congruence modulo p as ), so € = (27%) mod p
for some x. O

COROLLARY 3.5.18. We have

4= (), (p )" (Cm,N, =174, (L;np,N,jo)*(6_1)*690,1/mpN> .

Now we calculate the pushforward of (€™1)*.go 1 /mpn from Y (T (mp, mpN))
to Y(I'(m, mN)).

ProrosSITION 3.5.19. Let a, BEZ be such that a=0,5=1 mod mN and
B#0mod p. Then the pushforward of cdo/mpn,g/mpn from Y (I'(mp,mpN))
to Y(I'(m,mN)) along the map z = z/p is cgo,1/mn - (cg(]’“p—lv/mN>_1, and
hence

1= (P (" Nop(1 = (), (P )0y ) Bmny-

Proof. A calculation using Theorem 2.2.4 shows that pushing forward to
Y (1 (mpN) N T%m)) gives ca/mN,B/mpN = c90,8/mpN> and we are now in
familiar territory. O

3.5.7. Study of O2 and O3. Let § be any element of I';(N) N Io(mN)

whose top left entry is divisible by p, so § = (nf]‘\}c g) with pa =d =1 mod N.

Let &' = (A‘}C 7;}5), so 0’ € (p)I'1(N) and we have ¢ ((1) ,79,,) = (gg) §.

Let Es be the locus of points in Y(I'1(N) NT%(?)) x Y1(N) of the form
(0z,z + j/mp); this clearly maps to Cp,p v ;j under the natural projection to
Y1 (N)2. We then build the following diagram of modular curves:

(5 ) 3" (6.n)

Y(I'(mp, mpN)) ~ B
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PROPOSITION 3.5.20. Suppose that §' = (‘é: 5;), with aj — b # 0 mod p.

Then the intersection

[(6’)* (5 0)1 e (5 o)

0 m
m(é 77z}g)_lrl(J\r) ((1) nzpﬂ AT(m, mN)

consists precisely of those matrices in I'(m,mN) that are congruent to +1
modulo p.

Proof. 1t suffices to show that

e ngen (5 o) (; nip>_lfl<N> (0 ) @7 (6 3)_1

consists of matrices that are +1 modulo p, since such matrices are clearly
preserved under conjugation by (§ 9)¢" (which is integral at p).

Let v € T'1(N)NTY(p). Then v is congruent modulo p to (3 q;gl
x € (Z/pZ)*. We require that

(é ép) S ((1) SL)_IVG g) J (é W{p)_leSLz(Zl,)

or, equivalently, that

3 oG 2 = (c2)

Substituting the entries of ¢’, we find that the top right-hand entry of the
product on the left is congruent modulo p to (aj — b)cj(x —x~1). So if aj — b
is not divisible by p, then we must have z — 2~! = 0 mod p; i.e., x = +1, as

) for some

required. [l

Remark 3.5.21. Conceptually, what is going on here is that we have cal-
culated the intersection of three Borel subgroups of SLy(F,) in general position
relative to each other, which is simply the centre of the group.

COROLLARY 3.5.22. The pullback to Es of (L;np,N,j)*C-gU,l/mpN s equal to
the pushforward along the top row of the above diagram of the modular unit

H 7*090,1/mpN € O(Y<mp7 mpN>><)7
veU; /{£1}

where Uj is (as above) the torus in SLao(F,) whose preimage is

(63 GG #6 )

and we choose a lifting of each element of U/{£1} to an element of T'(m, mN).
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Note that this depends only rather weakly on . We calculated U; explic-
itly above: it consists of all matrices of the form (j,l(Z:lu,l) 2) with u € F.

We now consider the pushforward of this to Y7 (N)? along the map (u, v)
((p)fl (pgl 2) U, v), so the image of Ej is one of the components of the image
of Cpnp,n,j under the Hecke operator ((p)S,, 1).

PROPOSITION 3.5.23. The image of Es under this map is Cyyp N, itself.
More specifically, we may find € € T'(m,mN) such that there is a commutative
diagram

(6 ) 0 (00
Y (T (mp, mpN)) ()™ (brip) 2" ( )>~Y1(N)2

e|l= id | =

/
Ymp,N,j

Y (T (mp, mpN)) - Y1(N)?.

Proof. We must show that € can be found in such a way that

(6 )7 €T (5 )

and
Ly Ly
[ Yerm( 1)
For any ¢ € I'(m, mN), the matrices
~1
1 0 10
~1 1 —1
v <0 mp>56 <0 P)
and

Loj\ a1 i
0 mp 0 mp

are integral away from p and have bottom right entry congruent to 1 modulo N;
so we need only show that € may be chosen such that both are integral at p.
So we must show that we can find € in the intersection

N R R

The nonemptiness of this intersection is equivalent to the equality of the double
cosets

U°(p) (é ‘i) U°(p) and U°(p) (é ‘i) (6" (p).
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However, as we have seen before, there is only one double U°(p) coset in K
other than U°(p) itself, so this equality is equivalent to (é {) (")t ¢ Up),
which is equivalent to our hypothesis b # ja mod p.

It remains to be shown that we can choose § and € in some reasonable

fashion. Let £ € F. Then we can take ¢ = (11 ;1,(21(;5)5) i J;f,l) and 0" =

(jilg(}fg) 705). One sees easily that (é { ) € ((1) _1]) = (17]4,%(175) j91) is lower-
triangular and that if we take £ to be a quadratic residue or a nonresidue, then
0’ satisfies the congruences stated above, so it suffices to take £ = 1 and one
nonsquare &.

Let us write I'(mp, mpN)T for the subgroup of I'(m, mN) consisting of

matrices that are congruent to +1 modulo p. Then we have a diagram

Y (8 (mp, mpN)) — = ¥ (D(mp, mpN) ) — ¥ (L(mp, mpN)*)

Y (T'(m, mN))?

Here o is the natural pushforward map.

The images of 1 and po are both given by the curve C' of points of the
form (z,z + j/p) in Y (I'(m,mN))?, which maps to Cy,p n,; under the map
(u,v) = (u/m,v/m) to Y1(N)?. We find that

" ut 0\
pi (oo Ml)*cgo,l/mpN = H . | c90,1/mpN
ueFX A
p

and hence

(12)+ 111 (00 p1) 90,1 /mpN
= ()« (™) 117 (00 p11)s 0,1 /mpnv

= (pa)(e )" ] ( o 0>*cg(),1/mpN

-1 —1
e T (u—u") w

- 1 Kﬂ(f—lu—l) 2)1 <J‘—1<5——1v—1> Sﬂ*‘:g“’”mp”

veF, /£1 ueFy
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ConJugatlng by ( 21 (1]) maps the torus U; onto the diagonal torus and

Jj €

01 ), and the above expression becomes

maps €~ onto the matrix (

I TL 9 (6 ) 357 (5 2) G D] et

’UGF;; /1 uEIE‘;f

= T0 TR G ] e
cFry

veFy /£l u

We may change variables by letting @ = wv and b = u~2. Then the
product becomes

al}%be£}?£{< ?) < it ) < gl 2) (jll ?)}*cgmlﬂnpN
e be%lz {< 1) ( Jb1> (jll ?)}*CQOJ/WPN
{( ]1 J- 1——b)> < : ?)}*CQOJ/mpN

1
= (1 00)s <]_1 1) IT co-10/mpn,G-10-6))1 fmpn-
bEF) ¢

Considering ©2 and O3 together corresponds to letting b vary over all of
Fy. If we were to extend the product over all b € F) (residue, nonresidue, or
zero), then we would get

1 0\ (p O\
(9) (/1,100')* (]_1 1) (0 1) cYa/p,1/mN>s

where « is the image of —1/mN in (Z/pZ)*. (Thus a/p = (—=1)o/mN.)
The term for b = 0 is just

j 0\’
(/‘Ll © J)* <_1 _i_ij ]1) ch,l/mpN = (Hl © U)*CQO,I/mpNa

0

71+jj72 1 ) € U;. This is what we want: it is the definition of .S, v ;.

since (
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What can we say about the expression in (9)7 Writing the pushforward
in terms of coset representatives gives us

p 0N/ 1 O\/1 o\ 'fu? 0\/1 0\]
H 0 1 j_l 1 j_l 1 0 U j_l 1 cYo/p,1/mN
ueF?
w0\ /p ON/ 1 0\]
H 0 U 0 1 j—l 1 cYa/p,1/mN

uEF;

1 o\ [/p 0\

uEF;

1 0\" » 0\ -
= j‘l 1 c90,1/mN * 0 1 c90,1/mN
1 0\ (p 0\ !
= ch,l/mN ! j—l 1 0 1 C.g(),l/mN .

The last line is justified by the fact that ( jll (1))* denotes the action of a matrix

congruent to ( j11 (1)) modulo p but to the identity modulo mN, and such a

matrix will act trivially on ¢go 1 /mn-
We have seen both of these terms before: the class in CH?(Y1(N)? ®

Q(ptm), 1) defined by (Cyp, N, pushforward of cgg 1/mn) is ((T;,,T;) —op —

p(p X p>*1ap*1)cEm7N,j, by Corollary 3.4.10; and the term corresponding to
(Cmp,N,j, pushforward of (jll (1]>* (8[1)>*C.90,1/mN) is (<p>_1>S;))cEm,N,ja by
Corollary 3.4.14.

3.5.8. Conclusion of the proof. We can now complete the proof of Theo-
rem 3.5.1 for k = 1.
We know that

(T T))cEmpNg = D1+ Do + Az + Ay,
and we have shown that

Ay = norng2 (cEmp2,N,j) (Proposition 3.5.7);

Ao = [(Sh, (™) = (™), (0o, (T3, Ty) — o
—p(p™1), ()0, )] - Emny  (Proposition 3.5.15),

Bg = [(2).8) — (™) (oo (1.1 — o
—p((p™ 1), <p_1>)0p_1)] - ¢Zm,N,j (Proposition 3.5.16),
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and

Ar=p((p ), (™) (1= (™), (™))} %) cEm,vy;  (Proposition 3.5.10).

Combining these statements gives the k = 1 case of Theorem 3.5.1.
In the case k = 2 we have again (T}, T))cEpp2 n,; = A1 + Do + Az + Ay,

pip
where
3
A = DOI‘HlZ§2 (cEmpstyj) (Proposition 3.5.7),
Ay = (S;m <p71>) “cEmp,N,j — O2 — O3 — Oy,
Az =((p"),5,) - Empn,j — 05 — O3 — O],
and

Ay=p((p Y, ") - Empn,; (Proposition 3.5.10).

Moreover, we have

04 = ((p1), (PN oL — (™1, (0 1))0;2)Emn,;  (Proposition 3.5.19)

and

2+ 63 =((p"), (7)) - Emp,n,j
—(T,. T3) = op = p(p % P) 0 )eEmng + ()7 Sp)eBm,v.j-

The obvious involution of Y1(N)? ® Q(u.m,) given by swapping the two

factors maps ¢Z,kp, n,; 10 cEpky, v,—; for each j, and it interchanges ©; with
O] for i = 1,...,4, so we obtain formulae for these terms, which are identical
with the nonprimed versions except ((p~'), Sy) is interchanged with (S, (p™!)).

Collecting terms gives Theorem 3.5.1 for k = 2.

4. Relation to complex L-values

4.1. Definition of Rankin—Selberg L-functions. We recall the definition of
Rankin—Selberg L-functions of pairs of modular forms.

Definition 4.1.1. Let f, g be cuspidal new modular eigenforms (of possi-
bly distinct weights k,¢ and levels N¢, Ny), L a number field containing the
coefficients of f and g, and p a prime. We define the local Euler factor

Pp(fvgaX) = det (1 - XFI“Ob;I |(VL)\(f) ® VL)\(g))IP> )

where A is an arbitrary place of L of residue characteristic distinct from p,
VL, (f) is the Ly-linear representation of Gg attached to f (and similarly for
g) — see Section 6.3 below — and Frob, denotes the arithmetic Frobenius at p.

This Euler factor may be defined in purely automorphic terms (cf. [Jac72,
Th. 14.8]), but the above definition is convenient for our purposes. The fol-
lowing is an elementary calculation:
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PROPOSITION 4.1.2. Ifp{ N¢Ngy, then
Bp(f,9,X) = (1 = ayX)(1 — ad X)(1 = ByX)(1 — BoX),

where a, 3 are the roots of X2 — a,(f)X +p* e, (f) and similarly ~y, 5 are the
roots of X% — a,(9)X + p*~ley(g). Completely explicitly, this becomes

Py(f.9,X) =1 = ap(f)ap(9) X
+ (P ap()2ep(9) + 0" ep(Dap(9)? — 2022, (f)en(9) ) X2
- pk+£_28p(f)ap(f)sp(g)ap(g)X?’ + p2k+2€_45p(f)25p(9)2X4-

PrROPOSITION 4.1.3. We may write
4

By(f,9,X) = [](1 = X X),
i=1

where each \; is either 0, or a p-Weil number of weight < (k+ ¢ —2). In

particular, all poles of the meromorphic function P,(f, 9,0~ %)~ have real part

at most %.

Proof. This is clear from Proposition 4.1.2 if p does not divide the levels
of f and g. The remaining cases follow from an explicit computation of the
possible local components of f and g, using the Galois-theoretic definition
adopted above (since the Weil-Deligne representations attached to f and g
must fall into a finite list of possible types). O

We now define global Rankin—Selberg L-functions as a product of local
terms in the usual way.

Definition 4.1.4. We let
L(f,9,8)= [I Bo(fr9.07%)7",

p prime

and for N > 1, we let

L(N)(f,g73): H Pp(fvgvpis)il-
p prime
pIN

PROPOSITION 4.1.5. Suppose k > ¢, and write I'c(s) = (2m)*I'(s). Then
the completed L-function

A(f7g7 S) = FC(S)F(C(S — L+ 1)L(f,g,8)

has analytic continuation to all s € C, except for a simple pole at s = k if
L=k and f =7, and it satisfies a functional equation of the form

A(f,g,]{?—i—é—l—S) 26(5)'/\(?@?,8),

where € is a function of the form AeP* for constants A, B.
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Remark 4.1.6. The function £(s) is, as the notation suggests, a global
e-factor, but we shall not use this interpretation here.

In particular, if k = ¢ = 2 and s = 1, the value L(f, g, 1) vanishes (because
Ic(s — 1) has a simple pole) and we have

(10) L'(f,g,1) =27A(f,g,1).

4.2. Real-analytic Eisenstein series. We now express the Rankin—Selberg
L-function in terms of the Petersson product with a nonholomorphic Eisenstein
series, the original example of the Rankin—Selberg method.

Definition 4.2.1. Let k >0 € Z and o € Q/Z.
(1) For 7 € H,s € C with k + 2R(s) > 2, we define
S(1)*

(mum)ez? (m7 +n+ )" |m7 +n+ a*’

EW) (1, 5) = (=2mi) *x =T (s + k)

where the prime denotes that the term (m,n) = (0,0) is omitted if
a = 0 (but not otherwise).
(2) For 7,s as above, define

2miam Cy s
Fc(uk)(Tv S) _ (—QWi)_kF(S + k‘)ﬂ'_s Z// e ; \5(7') -
(mom)ez? (m7 +n)" |m7 + n|

where the double prime denotes that the term (m,n) = (0,0) is omitted
(always).
PROPOSITION 4.2.2. The above series have the following properties:

(i) (Automorpy). If Nao = 0, then for fixred T both EY) and FF are pre-
served by the weight k action of I'1(N). Moreover, the diamond operators
act on a by multiplication in the obvious way.

(ii) (Action of Atkin—Lehner involutions). If Nao = 0, then we have

Fo(zk) (T, S) — N*kfs Z e?ﬂ’iafokEgZV (%, S) )
©€Z/NZ

(iii) (Differential operators). The Maass—Shimura weight-raising differential

P omi\dr -7
(cf. [Shi76, eq. (2.8)]) acts on the Fisenstein series via
SLEW) (7,5) = B¢ (1,5 — 1)

operator

and similarly for Fék) .
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(iv) (Analytic continuation and functional equation). For fixed k,T,«, both

functions 2% (1,5) and ) (7, 8) have meromorphic continuations to the
whole s-plane, which are holomorphic everywhere if k # 0; and we have

EW(7,5) = F® (7,1 — k — s).
(v) (Relation to Siegel units). We have
EQ(r,0) = 2log |go,a(7)];

«

where go o 15 the Siegel unit of Section 2.2.

Proof. Parts (i)—(iii) are easy explicit computations. Part (iv) is a stan-
dard application of the Poisson summation formula, and (v) is [Kat04, formula
(3.8.4)(iii)]. O

Now let f, g be any two newforms of levels Ny, Ny dividing N, and weights
k,l, with k > . Let f e Sp(T1(N))[r¢] and g € Se(T'1(IN))[my] be forms in
the oldspaces at level N attached to f and g (which we shall think of as “test
vectors”). For any a € +Z/Z, set

D(f.g.x.5) = / o T CTVIOVEE 5=k )32y
1

= (), 8(r) - BEO(rs = b+ D) -

The next theorem shows that the function D( f ,g,1/N,s) is an “approxi-
mation” to the completed L-function A(f, g, s) of the previous section, differing
from it only by possible bad Euler factors at primes ¢ | N.

THEOREM 4.2.3 (Rankin-Selberg, Shimura). We have
D(f,5,1/N,s) = 2! ENZHEREN(f, g, 5)C(f . g, ),
where
C(f.4,s) = <H Pp(f,g,p_5)> > an(Han(g)n?
pIN neS(N)
is a polynomial in the variables p=° for p | N; in particular, it is holomorphic

for all s € C. Here S(N) is the set of integers all of whose prime factors
divide N.

Proof. See [Kat04, Prop. 7.1]; our E%V(T, s) corresponds to

(—2mi) T (s + §)n (1) E(4,7,1/N, 25)
in Kato’s notation, where j = k — ¢. To see that C( V,g, s) is a polynomial,

it suffices to consider the case when f = f(az) and g = g(bz) for integers
a| N/Ng,b| N/Ng, in which case the result is clear. O
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In particular, for s = 1 and k = ¢ = 2, using equation (10) and the above
proposition gives

(11) D(f.9,1/N,1) = (4m) "' L'(f,9,1)C(f, 4. 1).

Remark 4.2.4. 1f f, g have coprime levels Ny, N, with NNy, = N, and
if we take f = f and § = ¢ to be the normalized newforms, then C’(f,g, s) is
identically 1, so in this case D(f, g, 1/N,s) is N**A(f, g, s) up to constants.

From the functional equation for the real-analytic Eisenstein series and
the action of Atkin—Lehner involutions, we have

(12)  D(f,g,ak+0—1—5)= <f*(7),g(7) F (s — ki + 1)>F1(N)

yEZ/NTZ

Here wy f is the function 7 — N~277% f(—=1/(N7)); that is, we have chosen
our normalizations so that wpy is an involution in weight 2 (but not in more
general weights).

4.3. The Beilinson requlator. For any smooth variety X over a subfield of
C, there is a canonical map, the Beilinson regulator, from wa (X,Z(2)) into
complex-analytic Deligne-Beilinson cohomology. These maps were introduced
in [Bei84]. We shall only need these maps for H3,(X,Z(2)) where X is a pro-
jective surface, in which case the target group can be identified with de Rham
cohomology.

THEOREM 4.3.1 (Beilinson; cf. [Jan88b, p. 45]). Let X be a smooth pro-
jective surface over C (or a subfield of C). There is a homomorphism

rege : CH2(X, 1) — H3(X/C)/ Fil? = (Fil' H3y(X/C))",
which sends the class of °;(Z;, g;) € Z*(X,1) to the linear functional

1
13 = 1 il
(13) et =00 ML

We now show that the images of the generalized Beilinson—Flach elements
Em,N,j under rege, paired with differentials corresponding to weight 2 modular
forms f, g, are related to the derivatives of Rankin—Selberg L-functions at the
point s = 1. More precisely, we shall apply regc to a lifting of =, v ; to
CH?(X1(N)? ® Q(tm),1) ® Q; the result will turn out to be independent of
the choice of lifting.

Definition 4.3.2. If f € So(T'1(N)), we let f* € Sy(I'1(N)) be the form
obtained by applying complex conjugation to the Fourier coefficients of f.
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We let wy denote the holomorphic differential on X (/N) whose pullback
to H is 2mwif(z)dz, and we let n?h be the anti-holomorphic differential @+,
whose pullback is —27if(—%) dz.

Remark 4.3.3.

(1) The factor 27 is convenient since % = 2rmidz.

(2) The map f — n?h is C-linear and Hecke-equivariant (whereas the more
obvious map f — @y has neither of these desirable properties).

THEOREM 4.3.4 (Beilinson; cf. [BDR12, Prop. 4.1]). Let 2y be any ele-
ment of CH?*(X1(N)2,1) lifting Z=n = =1 n1 € CH*(Y1(N)2,1), and let py,ps
be the projections of X1(N)? onto its two factors. Then for f,g as above, we
have

(regc (En) . pi(n3) Aps(wy)) = 2eD(f,5,1/N,1) = 3L/(£,9,1)C(],§,1).
Proof. We have

D'(f,g,1/N,1) = (/F f(—?)g(T)ES}V(T, 0)dz A dy)

1(N\H
=2 F(=7)g(r) 108 |go,1/v (7)| dz A dy
T (N)\H
(—2midz) A (2midz)
8724

—2 F(=7)g(r)10g |go.1 /v (7))
Di(N)\H

S <1/ log ‘90 1/N’ " /\Wg> :
2m \ 27 Jyi(n)(©) ’

We compare this with Beilinson’s formula for the regulator on CH?(X;(N)2, 1)
(Theorem 4.3.1). We know that = can be written as the class of (A, go1/n)
(where A = Cj 1 is the diagonal in X;(N)?) plus a linear combination of
elements supported on cuspidal components. It is clear that p} (n?h) A p3(wg)

restricts to 0 on any horizontal or vertical component and to n?h N wg on A;
so we obtain

~ 1
= ah ah /
= A = — 1 ANwy = 21D 1
<reg(c( N) r: wg> o /YI(N) 0g ‘QO,I/N‘ Ny Ny ©D'(f,g,1)
as required. The final equality follows from equation (11). O

We are interested in a version of Theorem 4.3.4 for m > 1, incorporating
twists by Dirichlet characters. This relation becomes easier to state if we
introduce “equivariant” versions of some of our objects, as follows:

Definition 4.3.5. For N > 5,m > 1 as above and for cusp forms f, g of
level N that are eigenforms for the Hecke operators away from N, we define
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the following elements:

gm= >, ld7@g(z+2) €Cl(Z/mL)]@c S (1 (m’N),C)
a€(Z/mZ)*

and the C[(Z/mZ)*]-valued Dirichlet series

Linn)(£:9,(Z/mZ)*,s) = 1] Pu(f,g,[007%)7".

UmN

(There is no obvious way to define an equivariant Euler factor at the
primes dividing m.)

PROPOSITION 4.3.6.
(a) We have

an(gm) = an(g)T(nv m)7

where T(n,m) is the “universal Gauss sum” Zae(z/mz)x[a]_le%ma/m €

Cl(Z/mZ)™].
(b) If we extend the Hecke operators on So(T'1(N)) linearly to C[(Z/mZ)*] &c
Sg(Fl(mzN)), then we have

T0(gm) = [nltg(n)gsm,
(n)(g,) = [n)*eg(m)g,y,

for all n such that (n,mN) =1, where ty(n) and e4(n) are the eigenvalues
of g for the T,, and (n) operators respectively.

(We can interpret (b) above as stating that g,,, transforms under the Hecke
operators away from mN as “g twisted by the universal character of level m.”)

Proof. Part (a) is immediate by a g-expansion computation. For part (b),
we note that the statement regarding the diamond operators can be verified
directly — by essentially the same computation as Proposition 2.7.5(4) — and
the statement for the T},’s now follows immediately from the standard formulae
for the action of T}, on g-expansions, together with the easily verified fact that
7(nn',m) = [n]r(n/,m) if (n,m) = 1. O

We extend the Beilinson regulator to a homomorphism

regcyz/mz)yx] | CHA(X1(N) ® Q(um), 1) — Cl(Z/mZ)*] ®¢ (Fil' H3x(X/C))"

by mapping d to Y e (z/nz)x [a] @ rege (o - §). (Note that this is not a homo-
morphism of modules over the group ring C[(Z/mZ)*]; the Poincaré duality
(Z

pairing interchanges the natural action of C[(Z/mZ)*] with its inverse.)
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THEOREM 4.3.7. Let f,gj be as above, and let ém,]\m be any lifting of
EmN1 to X1(N)2. Then as elements of C[(Z/mZ)*], we have
<1"eg¢:[(2/mz>x](ém,N,l),pT(nj}h) APS(W§)>
= 3 Liuny (£1 9, (Z/mZ)* D A(f, G, m, 1),
where we define

A(f,.é?m, S) — Z [a]fl Z an(f)an(g)ewrian/mnfs.

a€(Z/mZ)* neS(mN)

Proof. As we showed in the previous section, ém, ~,; may be represented
as the class of an element in Z2(X1(N)2®@Q(jm), 1) @ Q[(Z/mZ)*] that differs
by negiligible elements from

(Cm,N,jv (Lm,N,j)*(go,l/mQN)) .

As in the case m = 1 considered above, these negligible elements pair to 0 with
the differential p*{(nj}h) A p5(wg). Hence we have

(rege(Zm,n), PE(F") A p3(wy))

= S U tou|Gmva)e(ongmen)| PG A B3 y)

JE(Z/mZ) m,N,j
= Z [J’]fl/ , 10%‘90,1/m2N‘
JE(ZImT)* X1(m2N)

(P10t NG (1FY) A (D2 © tan,ng) " (wg).-

By construction, pi o ¢y, n,; is just the natural projection map X; (m2N) —
X1(N), so the pullback of n?h along this map is just n?h again (where now we
consider f as a modular form of level m?N). On the other hand, py o Lm,N,j
corresponds to the map z — z+ % on the upper half-plane, so (p2otm N j)* (wy)

is the differential whose pullback to H is 2wig (z + %) dz, and hence we have

> U7 (02 © tmv,)F(wg) = 2ig,, (2) dz
J
as elements of C[(Z/mZ)*] ® QL (X1(m?N)). Hence, by exactly the same
computation as above,

—_

(rege G )P )AP3 @) =47 [ F(=T)g,(r) 1og [go 1 /men| dn dy.
X1(m?2N)

As remarked above, g,, is an eigenform for the Hecke operators away from
mN; so we may now apply exactly the same formal manipulations as in the
proof of [Kat04, Prop. 7.1], but with group ring coefficients rather than C
coefficients, and the result follows in this case also. O
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4.4. A nonvanishing result. In this section, we shall use the results of the
previous section, together with a deep theorem of Shahidi on the nonvanishing
of Rankin—Selberg L-values, to show that the elements Z,, n ; are not all zero
(which is in no way obvious from their construction).

THEOREM 4.4.1 (Shahidi; [Sha81, Th. 5.2]). Let f, g be any two newforms
of weight 2. Then the completed L-function A(f,g,s) is holomorphic and non-
vanishing on the line R(s) = 2, unless f = g*, in which case it has a simple
pole at s = 2.

Remark 4.4.2. We have stated only a special case of Shahidi’s very general
theorem, which applies to automorphic forms on GL,, x GL,, over an arbitrary
number field. Note also that Shahidi’s normalizations are slightly different

from ours (He normalizes the L-function so that the abcissa of symmetry is
1

s = 5, independently of the weights of f and g, while we normalize it to be at
2 2"

COROLLARY 4.4.3. If ¥ is a finite set of primes, the function Lx(f,g,s)
has a zero at s =1 of order r1 + 9, where

_ )L i #g
r =
0 ifff=g

and 19 is the sum of the orders of the poles at s = 1 of the Euler factors
L,(f,g,s) for primes p € ¥.

Proof. Applying the functional equation for the completed L-function,
which switches s with 3 — s, we deduce from Shahidi’s result that A(f,g,s)
is holomorphic and nonvanishing (resp. has a simple pole) at s = 1 if f # g*
(resp. if f = g%).

However, the L-factor at co, Loo(f,g,8) = I'c(s)['c(s — 1), has a simple
pole at s = 1, so the order of vanishing of L(f,g,s) is 1 as defined above.
Since Lx(f,g,s) is L(f, g, s) divided by the product of the L-factors at primes
in ¥, the result clearly follows. ([

Remark 4.4.4. Note that if f* = g, then the local L-factor vanishes at
s = 1 for every prime, so ry will tend to be rather large in this case.

COROLLARY 4.4.5. Let f,g be any two newforms, ¥ any set of primes,
and p any prime in Y. Then for all but finitely many Dirichlet characters x of
p-power conductor, [[ees: Le(f,9 ® X, s) is holomorphic and nonzero at s = 1.

Proof. 1f x has sufficiently large p-power conductor, then the local L-factor
of f ® g ® x at p is identically 1; so it suffices to consider the L-factors at
primes ¢ # p. However, since x has conductor prime to ¢, L;(f ® ¢ ® x,s) =
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Py(x(£)¢=*)~1, so it suffices to arrange that x(¢£)¢/~! does not lie in the finite
set of zeroes of the polynomial Ly(f ® g, X). It is clear that this may also be
achieved by ensuring that the conductor of x is sufficiently big. ([

COROLLARY 4.4.6. Given any two forms f, g of level N that are eigenvec-
tors for all Hecke operators, and p any prime, there is k > 0 such that the pro-
jection of E,x n.1 to the (f, g)-isotypical quotient of CH?(Y1(N)2@Q(thynp ), 1)
is nonzero.

Proof. Immediate from the previous corollary and Theorem 4.3.7. U

5. Relation to p-adic L-values

In this section we develop an analogue of the m = 1 case of Theorem 4.3.7
in the p-adic setting. This is essentially a variant of the main theorem of
[BDR12].

5.1. Holomorphic Fisenstein series. We begin by constructing some holo-
morphic Eisenstein series that may be defined over a number field. We follow
Chapter 3 of [Kat04] closely, but we work on Y; (V) rather than Y (V). Our
purpose is to define, for o € Q/Z, the following modular forms:

o B € My(T1(N), where k> 1, k # 2;
o EY € My(I'y(N));
o F{ € My(Ty(N)), for k> 1, with a # 0 if k = 2.
We set
E{ (r) = BL(7,0),

and similarly for F'(*).

PROPOSITION 5.1.1. If k > 1, k # 2, then E&k),Fo(ék) € Mi(T'1(N)) for
any o € +ZJZ.

For k = 2, we have F? e M5(T'y(N)) for any o # 0, and BP =
EY — Eé2) € My(T'(N)) (for any o). The function FD(Q) = E[()Q) is a C
function on H invariant under the weight 2 action of I'1(N), with slow growth
at the cusps, but is not holomorphic.

Proof. See [Kat04, §3.8]; our EY is Kato’s Eék; O

We have g-expansion formulae for both families. Let @ € Q/Z. For
R(s) > 1, define

C(a, 8) = Z n° and ("(a,s)= i gZmiany =s
n=1

neQ,n>0
n=a mod Z
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as in [Kat04, §3.9]. Then both ((«a,s) and (*(«, s) have meromorphic contin-
uation to all s € C and satisfy

C*(a7 1-— S) = (I;Sj))s

a version of the standard functional equation for the Hurwitz zeta function.

(efiﬂs/2c(_a’ S) + eiﬂ'S/QC(a,S)> 3

PROPOSITION 5.1.2. Let k> 1, a € Q/Z.
(1) Assume k # 2. Then we have

E((lk) = qag + Z (Z dk—1(€27riad + (_1)ke—27riad)> q",

n>1 \ dn
where
ao_{gl‘*(a,l—k) if k>3,
3 (¢ (@, 0) = ¢* (=a,0)) ifk=1.
(2) We have
E&Q) =ag + Z (Z d(e%md 4 e~ 2miad _ 2)> q",
n>1 \_dn

where ag = ¢* (o, —1) + 5.
(3) Assume o # 0 in the case k = 2. Then

F()(ék) =ag+ Z (Z (%)k—l (627rio¢d + (_1)k€—27riad)> q",

n>1 \_dn

where

L(¢* (@,0) = ¢* (—a,0)) if k= 1.

Proof. This is [Kat04, Prop. 3.10]. Note that there is a typographical
error in the statement of the proposition loc. cit.; there is an extra star in the

{((l—k) ifk> 2,
ag =

formula for Y~ a,n™* in case (1), and the formula should read

S aun ™ = oy s)C(Bys — k4 1) + (—1)FC(~a, )¢ (~B,s — k+1). O
neQ,n>0
5.2. Nearly holomorphic modular forms. For k > 0, we define (follow-
ing, e.g., [Shi86], [Shi00]) the space of nearly holomorphic modular forms
MP(T1(N),C). This is the space of C*° slowly-increasing functions on H
that are invariant under the weight k action of I';(/V) and are annihilated by
some power of the Maass—Shimura weight-lowering differential operator
2 d
d7’

—1
L = —
R o ()
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Any such function is in fact annhilated by */2+1 and can be expanded as a
finite sum

[k/2] ‘
(14) fr)y =3 fi(0) (@S(r)
j=0

where the f; are holomorphic functions. (In particular, any nearly holomorphic
form of weight 0 or 1 is in fact a holomorphic form.) For K a number field
containing the N-th roots of unity,! we shall say that f € MM(I'1(N), K) is
defined over K if the Fourier coefficients of the holomorphic functions f; are
in K, and we write M(T'1(V), K) for the space of such functions.

We let S2B(T';(N), K) be the subspace of rapidly decreasing functions in
MPM(Ty(N),K). If k > 2, then SI(T'1(N), K) coincides with the space de-
fined algebraically in [DR14, §2.4] using the “Hodge splitting” of the de Rham
cohomology.

COROLLARY 5.2.1. Let k, j be integers with k > 1 and j € [0,k—1]. Then
for any o € %Z/Z, the function T — g (1,—7) lies in MM (T'1(N), Q(un))-

Proof. We first note that EX FP e MP(Ty(N), K) for all k> 1. This
is clear for kK = 1 or k > 3 (since holomorphic forms are certainly nearly

holomorphic), and for k = 2, it suffices to check that E[()Q) = [52) is nearly
holomorphic, which is clear from the formula

E(()Q)(T) = 47r‘;(7') — 5 +2 Z (Z d) q".

n>1 \_dn

With this in hand, we obtain the near-holomorphy of EW (1,—j) for
0<j< % by applying 87 to E&kizﬂ') = E&ki?j)(ﬂ 0). Applying the same
argument to FF72) shows that F{F) (1, —J) is nearly holomorphic for j in the
same range; but F(gk) (r,—j) = E&k) (1,1 —k+j) by the functional equation, as
required, so we obtain the result for all j € [0,k — 1]. O

We define the g-expansion of a nearly-holomorphic modular form f to
be the Fourier expansion of the holomorphic Z-periodic function fy, when we
write f in the form (14). Then § corresponds to qd% on g-expansions, and
the following is clear from Proposition 5.1.2 and the proof of the previous
proposition:

IThis is for compatibility with our notation for classical modular forms, since in our model
of Y1(IV), the cusp oo is not rational.
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PROPOSITION 5.2.2. For any j € [0,k — 1], the q-expansion of the nearly-

holomorphic form EP (1,—J) is

ap + Z (Z dk—l—j (%)J (627riad + (_1)k6—27riad)) qn,

n>1 \ d|n
where ag = 0 unless j € {0,k — 1}.

5.3. P-adic families of Eisenstein series. We now use the g-expansion for-
mulae above as motivation for defining a two-parameter family of p-adic Eisen-
stein series, which can be regarded as an analogue of the E(k)(—, s), with two
continuous p-adic parameters ¢1, ¢2 replacing the discrete parameter k and the
continuous real-analytic parameter s.

Definition 5.3.1. Choose some (sufficiently large) finite extension L/Q,,
and let A = OL[[Z,]], the Iwasawa algebra of Z. Let 2 = Spf A, the weight
space classifying continuous characters ¢ : Z; — C,, and consider the formal
power series with coefficients in A ® A given by

n>1 \_dln

Ealrsd2) =Y (Z o1(d)de () [P +€62”iad}> q" € Orllq]],

where € = —¢1(—1)¢2(—1).

Note 5.3.2. We consider Z xZ as a subset of {2x{2 in the natural way. Then
for k > 1,k # 2, we have &,(k —1,0) = (E&k))[p] and £,(0,k — 1) = (Fé’“))bﬂ,
where (—)[?! denotes the “p-depletion” operator.

We now fix a newform g € Sy(I'1(Ny)) for some ¢ and some N, | N.
(Although the weight ¢ will be fixed in our discussion, it is convenient to keep
it in the notation as a parameter, since this will make our notation more
consistent with [BDR12].) We will write g for any element of Sy(N)[m,].

Definition 5.3.3. For integers k, j, we define
E(k, 6,0, )" = eoa [Ea(f — 6k —1—5) - 4]

This is an ordinary A-adic family of modular forms, parametrized by k
and j. (We are taking ¢ to be fixed here, in order to avoid the need to make
any ordinarity hypotheses on g.) For any (k,7), Z(k, ¢, a, j)°
modular form of weight k.

P is a p-adic

We now compare this with the complex-analytic theory. It is clear that
Ea(j — L,k — 1 —j) is the p-depletion of the nearly-overconvergent form 7 —
E®R=0(r, k4 j+1).
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Definition 5.3.4. For £ < j < k — 1, let Z(k, 4, «,j) denote the nearly-
holomorphic modular form of weight k£ given by

(kb f)(7) = BEO (T ~k 4+ +1) -4,
and let Z(k, ¢, a, )"! be its image under the holomorphic projector.

Notation. Let H'(Y1(N), Ly_2,V) denote the de Rham cohomology of
Y1(N) with coefficients in the (k — 2)-nd symmetric power of the relative de
Rham cohomology sheaf of the universal elliptic curve over Yi(N), endowed
with its Gauss-Manin connection.

PROPOSITION 5.3.5. Let k, ¢ be fized, with k> {. Let f be a newform in
Skp(T'1(Ny)), for some N¢ | N, and let e« be the projection to the f*-isotypic
component in the Hecke algebra acting on Sp(I'1(N)). Assume f is ordi-
nary at p, and let j € [{,k — 1]. Then we have the following relation in

H'(Y1(N), Li—2,V):

= -\ OT' g 1 9,J = -\ ho
€f*:(k‘,f,05,j) 4P = g(fg)J)ef* €ord :(k,£>avj)h 17
where
E(f) =1 _pilﬁp(f)ap(f)il
and

E(f,9,9) = (L =7 Bp(Haw(9)) (1 = p77 Bp(f)Bp(9))
X (L= tap(f) " ap(e) (L — P ap(F) T Bp(9) ).
Here ay, By are the roots of the Hecke polynomial of f at p, and similarly for g.

Proof. This follows from Corollary 4.13 of [DR14] with the f,g,h of the
theorem taken to be f, E((Xk_e)(—, —k+j+1) and g. (Note that the special

case j > ®H=1 is [BDR12, Prop. 2.7].) O

5.4. Interpolation in Hida families. We now interpolate the left-hand side
of Proposition 5.3.5 in Hida families.

Notation. Let f be a newform (of some level Ny | N), and let f be the
Hida family through f (with coefficients in some finite flat A-algebra A¢). Then
we define the space S°™4(N; Af)[rmf] for the A-module of families of oldforms
at level N corresponding to f, which is simply the space of formal g-expansions
spanned over Ay by f(¢?) for d | N/Ny. We write f for a generic element of
Srd(N; Ay)[ms], which we shall think of as a “test vector” associated to f.

We shall continue to write g for a newform in Sy(Ny) for some Ny | N,
and g for a generic element of Sy(N; K)[m,].
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PROPOSITION 5.4.1. For any f € ST N; Ap) ] and § € Se(N; K)[my]
as above, and any o € %Z/Z, there exists an element

Dy(f,§, ) € Frac(As) & A
such that for all integers k,j with k > 2, we have

(fi, Sk, L, a, )ordP)
E(fr) (fur fr)

where fr and fk are the eigenforms at level N whose ordinary p-stabilizations
are the weight k specializations of f and f, and

E(fr) = 1= Bp(f)on(fi) "

Combining this with the previous proposition, we have

Dp(}’gva)(kvj) =

PROPOSITION 5.4.2. For integers k,j with £ < 7 <k — 1, we have

r sy N g(fkhga]) Py .
Dp(fvg7a)(k7.7) - g(fk) 5*(fk) ] <fk7fk>p(fkvg7a7])

Note 5.4.3. We know that the Atkin—Lehner operator gives an isomor-
phism

Se(N; K)[mg] =2 S(N; K)[mge].
Less obviously, there is also an operator

SN Ap)[my) 2> STUN: Ag)lye]
interpolating the action of the Atkin—Lehner operators on the weight k special-
izations. To see this, it suffices to note that the inclusions Si(N) < Sk(Np) —
S (Np?) — --- commute with the action of wy and this operator is continuous
with respect to the p-adic norm (by the g-expansion principle); the resulting
operator on the completion Si(Np™) commutes with U, and hence preserves

€ord Sk(Npoo)
PROPOSITION 5.4.4. For any k,j € 0y x £, we have
Dp(}lhaaa)(k?k—i_g_l_]):Nlij Z 62ﬂiax/NDp(wN}7wN§7'r/N)(k?j)'
yeZ/NT.

Proof. Tt suffices to check this result for all pairs of integers k, j with k > j
since these points are Zariski-dense in €y x Q. By the classical functional
equation, we find that for such k, j, we have

Dp(}7§7a)(kak+€_1_j>:A'Nl_j Z 627riax/NDp(wN.;cawN§7@)(kuj)a
YyEZ/NZ
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where the quantity A is defined by

Azg(fk,%k—i-ﬁ—l—j)'( £(f7,4"7) )1
Efi)E* (fi) (frs fr) EUNE N )

We obviously have (f, fi) = (fi, fx). More subtly, we have o, (f*) =
PP/ Byp(f) and By(f*) = pF1/ap(f); similarly, we have {ay(g%), By(9")} =
{p=t/ap(9),p"1/By(g)}. From these relations, it is clear that E(f;) = £(fx),
ENfE) = E(fr), and E(fr, 9.k +£—1—3) = E(fF, 9", 7). So the ratio A is
identically 1. O

Notation. We write Dp(f, g, «) for the restriction of Dp(]", g, ) to kx§ C
Qf x Q, where f is any element of SO*d(N ;Af)[ms] whose specialization in
weight k is f. (This is independent of the choice of family f.)

Note 5.4.5. If k > £, then the L-function Dp(f, g, «) interpolates the crit-
ical values D(f, g, a, s); but when k = ¢, there are no such critical values.

5.5. The syntomic regulator. Let p be prime and K be a finite extension
of Q, with ring of integers O, and let X be a smooth proper scheme over O
with generic fibre X. Then there exists a map, the syntomic regulator,

regn : CH2(X, 1) = Hip(X/K)/Fil® = (Fil' H}z(X/K))"

with the property that the diagram

CH%*(X,1) CH%*(X,1)

Tsyn Tét

H3r(X/K)/Fil? €% BY(K, H(X,Q,)(2))

commutes (cf. [Bes00]). Here exp denotes the Bloch-Kato exponential map
constructed in [BK90] for the crystalline G k-representation V = HZ (X, Q,)(2).

Remark 5.5.1. Note that since X has good reduction, all eigenvalues of
Frobenius on Des(V) are Weil numbers of weight —2; thus Des(V)9=! = 0,
implying that exp is injective. This also implies that H(K,V) = H}(K, V).
Note that we do not necessarily have H}' (K,V) = H,(K,V)since V*(1) has all
weights equal to 0. It is conjectured that the image of r4; is precisely H, gl (K, V),
but this is only known in a few special cases; cf. [SS10, Fact 1.1].

5.6. Generalization of a theorem of Bertolini—-Darmon—Rotger. Note that
there is a map

dlog : O(Y1(N))* ® Q — Ms(T'1(N)),
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which corresponds to F'(7) — %(TT)) as functions on H, and this commutes with

the Atkin—Lehner involutions.

PROPOSITION 5.6.1. For any a # 0 € Q/Z, we have
dlog go.o = —F?.

Proof. Immediate from comparing the g-expansion of Fo(f) with that of
90,, which is given in [Kat04, §1.9]. O

We recall the following result, which is a slight reformulation and extension
of the main theorem of [BDR12]:

THEOREM 5.6.2. Let uq be the modular unit on Y1(N)QZ(un) such that
dlog uq = E&z),
and let A, be any element of CH?(X1(N) ® Z(un),1) whose pullback to
CH2(V1(N) ®Z(un), 1) is the class of (A, uy), where A is the diagonal subva-
riety.
Let f,g be any two newforms of weight 2 and levels Ny, N, dividing N,

with f ordinary at p, and let f,g be test wvectors attached to f,g as before.
Then we have

(Dol 5.0)(2) — Dy, 0)(2)) = 92

E(f)-€(f)

Here, as in Proposition 4.6 of [DR14], 77}? denotes the unique class in

(rovn (B, ) DY) A pri(wy)-

Hlp (X1(N)/Qp) that lies in the ¢ = a,(f) eigenspace and whose image in
Hl(Xl(N),Oxl(N)) agrees with that of ﬁnj}h, where nj‘;h is as in Defini-
tion 4.3.2 above.

Proof. By Fourier inversion on the multiplicative group (Z/NZ)*, which
acts on both sides of the claimed formula, it suffices to show that for each
Dirichlet character ¥y modulo N, we have

£(f,9.2) . ur .
£ -0 <7‘syn(Au¢)a Pr1(77f ) A pr2(w§)>
_ [ Sae@nay< (d) T Dy(f g, da)(2) if g # 1,
ZdE(Z/NZ)X (Dp(fa g, da)(2) - Dp(fméa 0)(2)> if ¢ =1,
where uy = 33 9(d) ™! @ uga € Z(x) ®z O(Y1(N)*). However, it is clear that
both sides of equation (15) are zero unless 1) = x = x;l X;17 SO wWe may assume
V=X
If x # 1 and « has exact order N, then we can assume without loss of

generality that & = 1/N, and we are in the case studied in [BDR12]. In the
remaining cases, the argument goes through essentially identically. O

(15)
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Remark 5.6.3. If in fact x is primitive modulo N, then both sides are zero
unless a has exact order IV, so we may reduce to precisely the case covered by
[BDR12].

We can now deduce our main theorem of this section.

THEOREM 5.6.4. Let f,g,f,é be as above. Then we have

Dl 3. 1/N)(0) = = 0% (rem(Evo) pri ) A i)

Proof. Applying the previous theorem to wy f and wyg, we have
(Dp(wn fwng, z/N)(2) = Dy(wn f,wng, 0)(2))
g(f’ g7 1) * ur *
= 50 o) o o) PO ) AP n))
We multiply by e2™@/N and sum over = € Z /NZ. The left-hand side becomes

Y. ETND (wn f,wng, @/N)(2) = NDy(f, g, 2/N)(1)
*€Z/NZ
by the p-adic functional equation.
Meanwhile, the right-hand side is
Z 627ri:v/N g(f,g,l)

COAY . oex(Ff) \'S H(Auz N); *( Z}r ) A *( wNV) .
r€x€Z/NZ ECf)-E5(f) <Ty ) PR, ) 7 PT2\ Wy g >

By the functoriality of the syntomic regulator, we have

(ren(Buiy ) PEL(T, 2) A DTS (@ang)) = (Poyn (B, ) P15 AP ()
As elements of Q(un) ®z O(Y1(N))*, we have

Z e27ri$/N ® U)T\[(u;v/]\f) =—-N ®gO,1/N7
:(:EZ/NZ

and the result follows. O

Remark 5.6.5. One could also prove this statement directly (without the
extended detour via Atkin-Lehner involutions and functional equations) by

generalizing some of the calculations of [BDR12] to use the weight 2 Eisenstein

series F>E2) = ZxE(Z/NZ)X X(I‘)_lFx(igv in place of E>(<2) = ZCEE(Z/NZ)X X(I)_IE:(EQ/)]V
(Note that F>52) is always a holomorphic Eisenstein series if N > 1, while E>(<2)

becomes nonholomorphic if x is the trivial character.)

Remark 5.6.6. If we impose slightly more restrictive hypotheses, we can
avoid the need for any generalization of the main theorem of [BDR12]. If x
is primitive, then it suffices to check that the main theorem of [BDR12] holds
without the assumption that f, g are eigenforms for the Uy with ¢ | N; but this



722 A. LEI, D. LOEFFLER, and S. L. ZERBES

assumption is not used anywhere in the paper, except in order to explicitly
evaluate the Euler factors at ¢ | N. If Ny = N, = N, then we can dispense
with this assumption as well.

6. Families of cohomology classes

In this section, we will construct étale cohomology classes from the gen-
eralized Beilinson—Flach elements in motivic cohomology defined above and
investigate their properties.

6.1. The étale regulator. In [Hub00], Huber constructs a p-adic regulator
map from motivic cohomology into Jannsen’s continuous étale cohomology:

PROPOSITION 6.1.1. Assume that X is a smooth variety over a charac-
teristic O field k. Then there is a regqulator map

(16) re: CHY(X, 1) — H2 (X, Z,(2)).
Proof. See the second example on [Hub00, p. 772]. O

ProproSITION 6.1.2. If X is any smooth variety over k, then we have a
Hochschild—Serre spectral sequence

HP(k, HY(X, Z(2))) = Hignt (X, Zy(2)),

cont

where H*(k, —) denotes continuous Galois cohomology.
Proof. See [Jan88a, Rem. 3.5]. O

COROLLARY 6.1.3. Suppose that X is a smooth affine surface over k.
Then we have an edge map

(17) Heont(X, Zp(2)) — H' (k, HE(X, Z(2))).

cont

Proof. The fact that X is defined over an algebraically closed field im-
plies that H (X,Z,(2)) = 0 for ¢ > 2, as a d-dimensional affine variety over
an algebraically closed field has étale cohomological dimension d [Del77, Ar-
cata IV.6.4]. Consequently, we have H3 (X,Z,(2)) = 0, and we obtain the
required edge map by Proposition 6.1.2. [l

COROLLARY 6.1.4. If X is a smooth affine surface over k., the étale reg-
ulator induces a map (which we also denote by rg by abuse of notation )

(18) re: CH(X,1) — H'(k, H3(X, Z(2))).
Proof. Compose r¢ with the edge map (17). O

The regulator maps have the following functoriality property:

PROPOSITION 6.1.5. The regulator maps (18) are compatible with pullback
along flat morphisms of surfaces X — 'Y over k and pushforward along finite
morphisms. In particular, they are compatible with the Galois restriction maps
for arbitrary extensions k' /k and with the corestriction maps for finite ones.
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Proof. This is true essentially by construction for Huber’s regulator into
continuous cohomology since it arises from a realization functor on Voevodsky’s
category DM, of geometrical motives, which in turn is built up from the
category (denoted by SmCor in [Hub00]) whose objects are smooth varieties
over k and whose morphisms are finite correspondences X = Y. It remains
only to check that the Hochschild-Serre exact sequence (17) has the required
functoriality property, which is standard. O

6.2. The Kinneth formula. We also recall the Kiinneth formula for étale
cohomology (cf. [Mil12, Th. 22.4]): if U and V are varieties of finite type over
an algebraically closed field of characteristic 0, then we have an exact sequence

0 ’ Z Hgt(Uv Zp) 1z, Hégt(v7 Zp) HQ(U xV, Zp)
r+s=m
— Y Tor\"(HL(U.Zy), Hi (V. Z,)) — 0.
r4+s=m+1

We are interested in the case when m = 2, and U and V are smooth
curves. If U and V are affine, then they have étale cohomological dimension 1;
so the third term vanishes, as do two of the three summands in the first term,
and we have the following result:

LEMMA 6.2.1. For affine curves U,V , the Kinneth formula gives an iso-
morphism

Helt(U7 ZLp) @1z, Helt(v7 Zp) — Hegt(U x V., Zyp),
functorial in U and V' and compatible with the Galois action.

We shall also need to consider the case when U and V' are projective (and
connected). In this case, we shall assume the ground field k¥ is Q. By the
compatibility of étale cohomology with Betti cohomology after base extension
to C, we find that in this case the étale cohomology is Z, in degree 0 or 2 and
Zgg in degree 1, where g is the genus. Hence all the Tor terms vanish, since
the cohomology groups are free Z,-modules. We conclude that H, é2t(U XV, Zyp)
is the direct sum of Hg (U, Zy) @z, H (V, Z,) and two other summands, which
are both isomorphic (as Galois representations) to Z,(—1).

6.3. Galois representations attached to modular forms. We recall the con-
struction of the Galois representations attached to cuspidal modular forms of
weight 2, using the cohomology of the affine modular curves Y;(N).

Notation. Let f be a cuspidal modular form of weight 2 and level N. We
assume that f is a normalized eigenform for all the Hecke operators T, (for
v{ N) and U, (for v | N). (We do not assume that f is new of level N.) As
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usual, we write a, (f) for the v-th Fourier coefficient of f, which is its eigenvalue
for T, if v{ N and for U, if v | N; we also write g4(f) for the eigenvalue of f
for the (d) operator for d € (Z/NZ)*.

By [AS86, Prop. 4], the space Héetti,c(}/l(N)(C)?(c) is isomorphic to the
space of modular symbols of level I'1 (V) with coefficients in C. This contains
a unique 2-dimensional C-linear subspace V(f) on which the Hecke operators
T,,U, act as multiplication by the Fourier coefficients a,(f); and the period
isomorphism relating Betti and de Rham cohomology allows us to regard f as
an element of V¢ (f). Moreover, if L is any finite extension of Q containing
the Fourier coefficients of f, Vi (f) is the base-extension of a 2-dimensional
L-subspace VL,(f) € Hpuy; (Y1(N)(C), L).

Let p be a prime. Invoking the comparison theorem between (compactly-
supported) p-adic and Betti cohomology, we can regard Q, ®q V.(f) as a
subspace of L&gH, gm (Y1(N),Qp). Both of these are free modules of rank 2 over
L®gQp = [1p|p Ly, where the product is over primes of L above p; so we obtain
for each p a 2-dimensional Ly-linear subspace Vi, (f) € H, ét,C(Yl (N), Ly).

The following proposition is well known:

PROPOSITION 6.3.1. The Galois representation Vi, (f) is “the” irreducible
Ly-linear Galois representation attached to f. That is, for each prime v{ Np,
the representation Vi, (f) is unramified at v and we have

tracer, (Frob;1 ‘ VLp(f)> = ay(f),

where Frob, is the arithmetic Frobenius.

We note that under Poincaré duality, the dual space Vi (f)* is identified
with the maximal quotient of Hp;(Y1(N)(C), L) on which the transposes T},
and U] of T, and U, act as multiplication by a,(f). Tensoring with Q,, and
noting that Poincaré duality holds in étale cohomology with a twist by the
cyclotomic character, we obtain an identification of Vi, (f)* with a quotient of
Hg (Y1(N), Ly)(1).

Definition 6.3.2. Let Oy be the ring of integers of L,. We define To, (f)*

as the Op-submodule of Vi, (f)* generated by the image of H} (Y1(N),Z,)(1),
which is a Gg-stable Op-lattice in Vi, (f)*.

Remark 6.3.3. Note that our conventions are somewhat different from
those of [Kat04, §§6.3, 8.4]: we define V7, (f) as a subspace of compactly-
supported cohomology of a modular curve, while Kato uses the same symbol
to denote a quotient of the noncompactly-supported cohomology. If f is new
of level N, then our Vp,(f)* coincides with the space Kato would denote by
Vi, (£)(1) where f is the complex conjugate of N, and similarly for the integral

lattices. (Our To,(f)* is Kato’s Vo, (f)(1).)
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Remark 6.3.4. One can also define a lattice in V7, (f)* using the coho-

mology of the projective modular curve. The inclusion Y;(N) — X;(N) in-

duces a pullback map H'(X1(N),Z,) — HY(Y1(N),Z,), which is injective
with cokernel isomorphic to Z;’,_l, where r is the number of cusps. The action
of the Hecke algebra on the boundary term Z;fl is Eisenstein, so the map
HY(X1(N),Qp) — HY(Y1(N),Q,) is an isomorphism on the f-isotypical com-
ponent. We define fop (f)* as the image of HY(X{(N),Zp) ® Op in Vi, (f)*.
Note that TOP (f)* € To,(f)*, and equality holds if f is not congruent modulo
p to an Eisenstein series.

6.4. Generalized Beilinson-Flach classes. Let N >5. Observe that Y1 (V)2
® Q(um) is a smooth variety over Q(uy,) for any m. By (18), for any prime p,
we therefore have an étale regulator

Tet.Q(um) * CH (Y1(V)? © Q) 1) — H' (Q(um), H&(Y1(N)2,Z,(2))) -

Definition 6.4.1. Let f, g be modular forms of level N that are normalized
eigenforms for all the Hecke operators Ty (for £ 1 N) and Uy (for ¢ | N), L a
number field containing the Fourier coefficients of f and g, and p a place of L
above the rational prime p.

Remark 6.4.2. In the situation of Definition 6.4.1, we can use the Kiinneth
formula (Lemma 6.2.1) to regard

To,(f,9)" = To,(f)" ®o, To,(9)"

as a quotient of O, ®z, HZ (Y1(N)?,Zp)(2).
Definition 6.4.3. Define the map

K £.9.00um) * CH(Y1(N)? © Qg ), 1) — H'(Q(pm), To, (£, 9)*)

to be the composition of r¢; g(y,,) With the map on Galois cohomology induced
by the projection

HE (Y1(N)2, Zp)(2) — To,(f,9)".
Definition 6.4.4. We define the generalized Beilinson—Flach class
2N = K p g 0 (Emn1) € HY(Qpm), To, (f:.9)")
and its nonintegral version

29N = g 0(u) Em1) € HY (Qpm), Vo, (f,9)")-

The compatibility relations we have shown for the generalized Beilinson—
Flach elements for varying m carry over to the cohomology classes:
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COROLLARY 6.4.5. For any integers m > 1, N > 1, and ¢ a prime such
that £ | N, we have

’ 7N .
o ( (f,g,N)) (aray) -z o™ if €| m,
FOg — 00) - cZin if £4m,

where ay, ay are the Ug-eigenvalues of f and g, and in the latter case oy is the
arithmetic Frobenius element at ¢ in Gal(Q(pm)/Q).
If £ is a prime not dividing mN, then

cores| (czph ™) =00 ((0=1)(1=ep(Ozg(0)o; )= LP £, 9.6 o)) 2o ),
where Py(f, g, X) is the local Euler factor of f and g at ¢ (cf. Proposition 4.1.2).

Proof. Immediate from Theorems 3.3.2, 3.4.1 and the compatiblity of the
regulator map with corestriction (Proposition 6.1.5). O

The dependence of cz%’g N on ¢ is as follows:

PROPOSITION 6.4.6. There exist classes

29N € HY(Q(pm), Vi, (f,9)")
such that the relation

(19) CZ%’Q’N) — (02 _ e’ff(C)_lEg(C)_l[6]2)z(f’g’N)

m

holds for any ¢ > 1 coprime to 6mN.

Proof. Immediate from Proposition 2.7.5(5). O

PROPOSITION 6.4.7. If there exists d > 1 coprime to 6mN such that d* —
ep(d)teg(d)~ d)? is invertible in Op[(Z/mZ)*], then there exists 20N €
HY(Q(pm), To, (f-9)*) such that equation (19) holds in H (Q(um), To,(f,9)*)
(not just modulo torsion).

In particular, this holds if the conductor of the reduction modulo p of ere,
1s divisible by some prime that does not divide mp.

Proof. Clear, since if such a d exists, we may define
20N i (& () ey () ) ) 0

6.5. Local properties of the generalized Beilinson—Flach classes (I). We
now study the local properties of the Beilinson—Flach classes. We shall first
recall some standard definitions.

Definition 6.5.1. If K is a local field and M is a topological G g-module,
we define H! (K, M) to be the image of the inflation map
HY K™ /K, M%) - HY(K, M),
where [ is the inertia subgroup of Gx and K™ the maximal unramifed ex-
tension of K.



EULER SYSTEMS FOR RANKIN-SELBERG CONVOLUTIONS 727

If V is a finite-dimensional Q,-vector space and £ is the residue character-
istic of K, we define

H! (K,V if ¢
H}(K,V): 1’11‘( ? ) 1 #p’
ker(HY(K,V) — HY K,V ® Bess) if £ = p.
If T is a Zy-lattice in V stable under G, we write H} (K, T) for the preimage
of H}(K, V) in HY(K,T); cf. [BK90].

PROPOSITION 6.5.2. IfT is a finite-rank free Z,-module with a continuous
action of Gg that is trivial on I and if £ # p, then

Hi(K,T)=Hy(K,T).

Proof. We have an inflation-restriction exact sequence
0 — H(K,T) — HY(K,T) — H(K™/K,H'(Ix,T)) — 0

and a corresponding sequence for V in place of T. Suppose = € H} (K,T).
Then the image of z in H'(Ix, V) is zero, so the image of x in H(Ix,T) is
torsion. However, H'(Ic,T) = Hom(Ix,T) is torsion-free since T is; thus the
image of z in H'(Ix,T) is zero, and hence z € H} (K, T). O

Definition 6.5.3. If K is a number field and M is a topological G g-module
and v is a prime of K, we say that = € H' (K, M) is unramified at v if its image
in HY(K,, M) lies in HL (K, M). If M is a finite-rank Z,-module or Q,-vector
space and v is a prime above p, we say x is crystalline at v if its image in
HY(K,, M) lies in H}(Kv,M).

ProOPOSITION 6.5.4. The generalized Beilinson—Flach class cz,(n,{’g’N) 7
unramified outside the primes dividing mNp. If pt mN, it is crystalline at the
primes above p.

S

Proof. By the preceding proposition, it suffices to check this result after
inverting p. Let us choose a prime ¢ { mNp. The compactified modular curve
X (m,mN) associated to Y (m, mN) admits a smooth proper model X' (m, mN)
over Z[1/mN]; hence it has such a model over Z,. It is clear that the class
¢Zm.N1 lies in the higher Chow group Z2(Y(m,mN), 1) of the integral model
of Y(m,mN), and we can choose the “negligible elements” of Theorem 2.8.5
in order to obtain a lifting of .Z,, n1 to CH?(X(m,mN),1) ® Q.

For proper smooth schemes S over Zy, with ¢ # p, there is a regulator
map

CH%(S,1) ® Q, — H3.(S,Q,(2))
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(see, e.g., [Fla92]) compatible with the regulator map r¢ on the generic fi-
bre S. Moreover, the étale cohomology HZ (S, Q,(2)) is unramified as a rep-
resentation of G,, by the proper base change theorem; and the Hochschild-
Serre spectral sequence maps H3 (S, Q,(2)) to HY(Q)/Qu, HZ(S,Q,(2)) C
HY(Qq, HZ(S,Qp(2)), where S =S ® Qy (cf. [Fla92, Lemma 2.3]). Hence the

class Cz%’g M) is unramified at the primes above /¢, as required.

Similarly, if p  mN, we can lift .2, y1 to a class in CH?*(X(m, mN), 1)
® Q where X (m, mN) is proper and smooth over Z,. However, the regulator
r¢y for proper smooth Zpy-schemes takes values in H}, as a consequence of
the commutative diagram of Section 5.5 above relating r¢ to the syntomic
regulator rgy,; so we are done. ([

Remark 6.5.5. We believe it is known that the regulator map r¢ for arbi-
trary varieties over p-adic fields takes values in H, gl, as remarked in Section 5.5,
which would imply that the localization at p of the Beilinson—Flach classes
always lies in this subspace.

6.6. Local properties of the generalized Beilinson—Flach classes (II). In
order to control the local properties of the generalized Beilinson—Flach classes
at the “bad” primes, we shall make use of the compatibility in the p-adic
cyclotomic tower, under mild additional hypotheses.

ASSUMPTION 6.6.1. The level N is divisible by p, and the Uy-eigenvalues
af,aq of f and g satisfy
vp(apoyg) < 1.

PROPOSITION 6.6.2. Suppose that Assumption 6.6.1 holds. Then for

any m > 1 divisible by p and any prime v 1 p of Q(um), the cohomol-
ogy class 259N lies in H}(Q(Mm)v,T@p(f,g)*). If vy(apay) =0, it lies in
HL(Q(pm)v, To, (f,9)*). If m > 1 is coprime to p, and ajay is not a root of

unity, then again we have 2N € H}(Q(um)v,T@p(f,g)*).

Proof. To lighten the notation, we write K =Q(fm )y and M = To, (f, g9)*.
We assume first that p [ m. We write K; = Q(fi,i)» (after choosing one of
the finitely many primes of Q(pmp~) above v). Each Kj; is contained in K™
since v { p.

For each i, there is an inflation-restriction exact sequence

0— HY(K™/K;, M) — HY(K;, M) — H°(K™/K;, H'(I,, M)) — 0,

and the corestriction maps H'(K; 1, M) — H'(K;, M) correspond to the trace
maps

HY(K™/K; 1, H (I,,M)) — H*(K™/K;, H'(I,, M)).
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Since M is a finitely-generated Z,-module, H'(I,, M) is finitely generated
over Zp, by [Rub00, Prop. B.2.7(iii)]; thus the sequence of modules M; =
H(K™/K;, H'(I,, M)) stabilizes at some ip > 0. So for i > ig, the trace
maps M;11 — M; are simply multiplication by p on M;41 = M; = M. Let

z; be the image of cz(f’gi’N) in M;. It then follows that for 7 > iy, we have
mp

(apag)'zg = p'~ " cores (z;).
If ayay is a p-adic unit, then this immediately implies that zp = 0 since it is
divisible by arbitrarily high powers of p. Thus cz%’g N is unramified at v.

Otherwise, we can only deduce that
pi~io
el — | M M,
20 ((afag)l) o+ ( O)tors
for all 4 > 0, which implies that zo € (Mo)tors as vp(apay) < 1. Hence the
image of zg in My®Q, is zero, so the image of Cz%’g’N) in HY(Q(tm)v, M 2Qp)
is unramified. Thus Cz%’g’N) € H}(Q(um)v, M). Now suppose p 1 m. Applying
the above argument with m replaced by mp and using Corollary 6.4.5, we see

that (aray — ap)czv(q{’g’N) lies in H}, but since ayay is not a root of unity, the
factor (afag — 0p) is invertible after extending scalars to Q. O

6.7. Relation between p-stabilized and non-p-stabilized classes. For the ar-
guments of the previous section, we assumed throughout that p | N. If we are
given forms of levels prime to p, then we can obtain forms of level divisible
by p via “p-stabilization” (choosing old eigenforms of level divisible by p with
the same Hecke eigenvalues at all other primes). In this section, we shall in-
vestigate the relations between the classes obtained for the p-stabilized and
non-p-stabilized forms.

Let f be a normalized eigenform of weight 2 and level N, and let p be
a prime such that p { N. Then there are two eigenforms f,, fg at level Np
in the oldspace attached to f, whose U),-eigenvalues are the roots «, 3 of the
Hecke polynomial X2 — a,(f)X + pep(f). (We assume, by enlarging the field
if necessary, that these lie in our coefficient field L.)

Then there are projection maps

pry, : Hi(Yi(Np), Lp) = Vi, (fa)*,
prfﬁ : Hélt(m, Lp) — VLp (f/g)*7
pry : Hy(Yi(N), Ly) = Vi, (f)*

and a pushforward map 7 : HY (Y1(Np), Ly) — HL(Y1(N), Ly).

PROPOSITION 6.7.1. In the above situation, there is a nonzero, Gg-equi-
variant map

7l Vi, (fa) = Vi, ()
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and similarly =), with the property that
7@ o pry, +(8) Opry, = pryom

as maps H(Y1(Np), Ly) — Vi

Proof. Let H} (Y1(Np), Lyp)(s denote the maximal quotient of the space
HZ (Y1(Np), Ly) where the operators T}, for v{f Np and U], for v | N act via a,(f).
Then, by comparison with modular symbols, we see that H} (Y1(Np), Ly)(y is
4-dimensional, and the Uzlv operator on this space is annihilated by the Hecke

polynomial.
By [CE98, Th. 2.1], the roots a and f are distinct, so we may write

H} (Y1(Np), Ly)(s as a direct sum of Gg-stable eigenspaces, which map iso-
morphically onto the quotients V7, (fo) and Vi, (fg). This gives a lifting of

VL, (fa) to a subspace of H} (V1 (Np), Ly)(s), and the map pryom clearly fac-
tors through HE (Y1(Np), Ly)(s as stated. O

Now let us suppose we have two normalized weight 2 eigenforms f, g, of
level N prime to p as before. Let «, 8 be the roots of the Hecke polynomial
of f at p, and similarly ~,d for g. By the Coleman—Edixhoven theorem cited
above, we have a # 3 and v # 6.

A choice of root of each polynomial gives p-stabilized eigenforms f,, g, of
level Np. Then for each m, we have

e a class zgn’g M in the cohomology of V,(f,g)*, which is a quotient of

HZ (Y1(N)?, Ly)(2);

e an element z%“’g”’Np ) living in the cohomology of the representation

Vi, (far 9y)*, which is a quotient of HZ (Y1(Np)?, Ly)(2).
These two representations are isomorphic as abstract Galois representa-

tions but are realized differently as quotients of étale cohomology. We can
regard both as quotients of the following space:

Definition 6.7.2. Let HZ(Y1(Np)?, Ly)sy denote the maximal Ly-linear

quotient of HZ(Y1(Np)2, Ly) on which the operators (77,1) (for v { Np) and
(U;,1) (for v | N) act via the Fourier coefficients of f, and similarly for g.

Note 6.7.3. Using the Kiinneth formula and a modular symbol calculation,
we see that HZ (Y1(Np)2, Ly) 7.4 has dimension 16 and can be viewed as a direct
sum of four simultaneous eigenspaces for the two operators (U,, 1) and (1, Uj,),
corresponding to the stabilizations («,7), (a,9), (8,7) and (8,d). Each of
these is a 4-dimensional Gal(Q/Q)-stable Ly-linear subspace.

For the remainder of this section, we shall assume the following;:

ASSUMPTION 6.7.4. We have ary # f36.
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Remark 6.7.5. Assumption 6.7.4 is a consequence of Assumption 6.6.1,
since vy (By8) = vp(pPef(p)eg(p)) = 2, so if vp(ay) < 1, then v,(85) > 1.
PROPOSITION 6.7.6. If Assumption 6.7.4 is satisfied, then the operator
(U — ad)(U — By)U — BF)
(ay — ad)(ay = By)(ay — B5)’
where U = (U,,U,), is an idempotent in Endr, HZ(Y1(Np)2, Ly)g; it is equal
to the identity on the (o, ) eigenspace and zero on the other three eigenspaces.

Joy =

Proof. We know that oy # ad and ay # 87 by the Coleman—Edixhoven
theorem, so if ay # 59, the ay eigenspace for the operator U coincides with
the (a, ) simultaneous eigenspace for (U, 1) and (1,U,). We may thus define
a projection onto this eigenspace by applying to U a polynomial that is 1 at
ay and zero at the other three eigenvalues. ([

PROPOSITION 6.7.7. There is a Gal(Q/Q)-equivariant Ly-linear isomor-
phism

T Ve (fasgy)* — Vi, (f,9)"

with the property that

7-‘—(0477) o pr( =TT O Ja,,y

a,y)
as maps HL(Vi(Np)%. Ly) 14(2) = Vi, (f,9)", where

™ Hy(Y1(Np)?, Ly)rg = Vi, (£,9)"
is the natural map induced by the pushforward map Y1(Np)? — Y1(N)2.

Proof. We define 7@ as 7o (@) where (*7) is the section of PTq ~

identifying Vi, (fa, gy) with the (a,v)-eigenspace of HZ (Y1(Np)?, L),y The
composition ¢(*7) o pr, , is therefore equal to the projection operator J,
above, and the proposition follows. O

COROLLARY 6.7.8. For p{m, we have

@) (2ot ay (1= Do) (1=, !) (1= Ty ') A,

(v —0)(a—p)

Proof. We shall prove this by a slightly roundabout argument, using the
second norm relation “in reverse” to understand how U acts on the zeta ele-
ments. Let us write the polynomial

(X —ad)(X — B7)(X — B9)

€ Lyl X
(@ — ad) (r — Ay — o) < P
as jo + 1X + 72 X% + j3 X3, and let czﬁ,{’g’Np) be the image of regy (cZm np,j)

in HE (Y1(Np)2, Ly) f.g-
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Essentially, by definition, we have czﬁ,{“’g”’Np) = pr,., czy(yjlc’g’Np), and hence

we may apply the preceding proposition to obtain
7T(Oé7,Y) (cZ,Sr{a’g%Np)) =T (Ja,'\/ : ng,g,Np))
= ((do + 31U + jol® + jalh®) 2P

By the second norm relation for p | N (Theorem 3.3.2) and induction on r we
see that for r > 1, we have

U (A7) = normty ™ (2P

. pr_lm (f,9,Np)
+ op - normy, (Czpr,lm

) + o, 29 NP),

On the other hand, by the first norm relation (Theorem 3.1.2) we know that
for r > 1, we have

v ’ 7N 4 ’ 7N "
T (normﬁlm(cz},{,ﬁl p))) =norm” "'m (w(cz;f,i p))) = norm? ™ .z/:9N

while for r = 0, we have
7 () = (1= eplDeplg)oy el

Combining these statements, we have

7@ (29N = (o + 1o, + a2 + 303 (L = e(Heplg)oy ez
+ (j1 + j20p + jsop) norm?y” (czz()ﬁ;g’N))

. . 2 N
+ (j2 + 0pja) normb, ™ (2L )

) + 73 normﬁi’m (cz(f’g’N)) )

p3m

The prime-to-p case of the second norm relation (Theorem 3.4.1) gives a for-
mula for the second term, and Theorem 3.5.2 extends this to the remaining
two terms. Substituting these in, the entirety of the right-hand side simpli-

fies to a linear combination of terms, each of which is cz,(q{’g ) acted on by a
polynomial in oy, 0, ! with coefficients given as rational functions in a, 3,7, 6.

After a computation (which was carried out using Sage, [Sage]), one finds the
polynomial simplifies to the product of Euler-type factors stated above. O

This extremely laborious computation allows us to prove the following
theorem, which will be crucial to the Iwasawa-theoretic applications of our
Euler system:

COROLLARY 6.7.9. Suppose f,g admit p-stabilizations f.,gy such that
vp(ay) < 1. Suppose m is coprime to p and neither of the quantities ad/p,
Bv/p is an r-th root of unity, where r is the order of p in (Z/mZ)*.

Then for every prime v { p of Q(um), the localization of .z59N at v lies
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Proof. We know from Proposition 6.6.2 that the class sz;‘f’gﬁ’Np is in H}

at all primes away from p. Since ay # 8 by Remark 6.7.5, the formula of the
previous corollary applies.

We note that for A € Ly, the element 1— Ao, ! is invertible in Ly [(Z/mZ)*]
if and only if A" # 1, where 7 is the order of o), as above. It is clear that %S
cannot be a root of unity of any order, as its p-adic valuation is strictly positive.
By assumption neither ad/p nor S/p is an r-th root of unity; so the quantity

oy (1= 5o!) (1= 9o !) (1= Fop!)

(y = 08)(a=p)
is invertible in Ly[(Z/mZ)*]. Hence 259N g also in H} O

Remark 6.7.10. Note that the conclusion of Corollary 6.7.9 does not ex-
plicitly mention the choice of p-stabilization («,<); we use only the fact that
one exists. We conjecture that the conclusion holds much more generally.

6.8. Twasawa cohomology classes.

Notation. We now let S be a finite set of places of Q containing p, oo,
and all primes whose inertia groups act nontrivially on To, (f,g)* (which can
only happen for primes dividing N). Let Q° be the maximal extension of Q
unramified outside S.

Definition 6.8.1. For K a finite extension of Q contained in Q%, i > 0,
and T a topological Z,|G k|-module unramified outside S, define

HL(K,T) = H (Q%/K,T).

If T is also a finitely-generated Z,-module and K, is a p-adic Lie extension of
K unramified outside S, define
Hiy s(Kso,T) = lim H5(L,T),

—
L

where L varies over the set of finite extensions of K contained in K., and the
inverse limit is with respect to the corestriction maps.

Remark 6.8.2. If K., contains finite extensions of K of degree divisible by
arbitrarily large powers of p — for instance, if Ko /K is Galois and its Galois
group is a p-adic Lie group of positive dimension — then HIOW7 g(Kx,V) is zero,
and Hllw’ (Koo, T) is in fact independent of S, as long as S contains the set Sy
consisting of all primes above p or oo, all primes ramifying in K.,/K and all
primes at which T is ramified.

We now let f, g be eigenforms of level N, with coefficients in a field L, as
in Definition 6.4.1.
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PROPOSITION 6.8.3. Suppose m > 1 and there is no Dirichlet character
¥ of conductor dividing mp™ such that f ~ g1, where ~ signifies that these
two eigenforms have the same Hecke eigenvalues away from their levels (i.e.
correspond to the same newform). Then

HO(Qptmpee), Vi, (f, 9)") = 0.

Proof. The space H(Q(ptmp=), Vi, (f,g)* is preserved by the residual ac-
tion of the abelian group Gal(Q(pmp=)/Q), so if it is nonzero, it contains a
subspace on which Gal(Q(gmp=)/Q) acts by some character A (possibly after
a finite extension of the field L). This gives a nonzero Gal(Q/Q)-equivariant
homomorphism

Vi, () = Vi, (9)"(A) = Vi, (9) (XN),

where x is the cyclotomic character. Since both sides are irreducible represen-
tations of Gal(Q/Q), this map must be an isomorphism; consequently, 1) = y\
has finite order and f ~ g ® . O

We can now prove the main result of this section, which shows that the

(£:9:N)

elements (ozfoeg)*iczmpl for i > 0 can be glued together into a (possibly

unbounded) Euler system.

THEOREM 6.8.4. Let m, N > 1 with (m,p) = 1, and let p be a prime
dividing N. Let f,g be modular forms of level N that are eigenforms for all
the Hecke operators, with Uy-eigenvalues oy and ag such that h:=wvy(apay) <1.
Suppose that f o g & ¢ for all Dirichlet characters ¢ of conductor dividing
mp™>. Then for any r such that h < r < 1, there is a unique element

™ € Ho(T) ©aqr) Hiy,s(Qpmp), To, (£, 9))
whose projection to HE(Q(fty), VLp(f, 9)%) is equal to

(afOég) oz (fpg N)

ifi > 1 and to

(1= (ayag)” Up) (fg’ )
ifi=0.
Moreover, if £ is a prime not dividing mIN, the corestriction map sends
iy 10

o (6= 1)(1 = e(0)eg(D)o7 %) — P oy h)) g™

cdmr
Proof. The existence of cg%’? ) satisfying the projection formula for i > 1

is immediate from Corollary 6.4.5 and Proposition A.2.10. The projection
formula for ¢ = 0 follows from the ¢ = 0 case of Corollary 6.4.5. (]
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Note 6.8.5. The elements cg%j?’N) are in fact independent of r € [h, 1), in

(f,9,N) (f,9,N)

the sense that if vy(apay) <7 <71’ <1, then (3,77 is the image of 3mr

under the natural map

He (D) @ar) Hi,s(Qtmp<), To, (f,9)")
—— (D) @) Hiy 5(Qutmp), To, (f,9)")
induced by the inclusion H,(I') < H,(I).

In the case when v,(ayray) = 0, we can prove a stronger result; in this
case we can dispense with the assumption that f is not a twist of g, and we
even get integral coefficients.

THEOREM 6.8.6. Assume that f and g are eigenforms of level dividing N

and such that vy(apay) = 0. Then there is a unique element ng’g’N) €

i, s(Qpmp=), To,(f;9)*) whose projection to Hg(Q(pyi), To, (f,9)*) is
equal to

—1 (fvg’N) £
(afag) Zczmpi ifi>1,
(1 — (apag)~toy) 280N ifi=o.
Proof. For i > 1, let
9N —i .9, N
0357{,3 )= (ayag) lczf?{:p‘i g

As vy (afay) = 0, we have Cgff;’f’m € HY(Q(kmpi), To, (f,9)*). Moreover, it is
clear from Corollary 6.4.5 that

2 7N 9. 7N
COYGSi/i—l(cé%J‘g )) = czg,f_l);

ie., 05%79’1\7) = (Cz,gf’N))Dl defines an element in H11W7S(Q(Mmpoo)7 To,(f,9)%)-

The projection formula for i = 0 follows as before. O

Remark 6.8.7. The difficulties arising when v,(aray) > 1 are somewhat
reminiscent of the “critical slope” case in the Iwasawa theory of a single mod-
ular form over the cyclotomic tower; cf. [PS11], [PS13], [LZ13]. However, in
our situation the conditions we must impose are more restrictive; in partic-
ular, given forms f’, ¢’ of level prime to p, at most two of the four possible
choices of p-stablizations f, g of f’, ¢’ will be possible, and in many cases (e.g.
if a,(f") = ap(g’) = 0) there are no valid choices at all.

Our methods using higher Chow groups can perhaps be thought of as
an “algebraic avatar” of the modular symbol computations of [AVT75]. It is
interesting to speculate whether the overconvergent modular symbols of [PS11]
also admit such an algebraic analogue, which could conceivably be applied in
the critical-slope cases.
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6.8.1. Dispensing with ¢. We now investigate the extent to which the
“smoothing factor” ¢ may be removed.

Notation. If R is a integral domain, we write Q(R) for its field of fractions.
For integers ¢ and m such that (¢,m) = 1, we write [c] for the image of o, in

Zp|Gal(Q(pm)/Q)]-
Under the hypotheses of Theorem 6.8.6, there exists an element

39N € L, (@), To, (£.9)") @) QATY))

such that
(20) 0N = (= ep(e)eg(e) T [P,
Remark 6.8.8. Note that we are identifying It with Gal(Q(ttmpe)/Q(ttmp))-

We may define 3(f’g7N)

(@ — e5(d) e (d) M d]?) " agoN)

for any d > 1 coprime to 6N and congruent to 1 mod mp; then [d] lies in I'y,
so the expression is well defined, and it is evidently independent of the choice
of d.

Notation. Write T(™) = Gal(Q(pmp)/Q) = (Z/mZ)* x T.

LEMMA 6.8.9. Let p be a prime ideal of A(I'™) of height 1 that does
not contain p. If the conductor of the Dirichlet character €rey does not divide
mp>, then there exists an integer ¢ > 1 coprime to 6mpN such that c¢® —

ef(c) " eg(e)H® ¢ p.

Proof. Since p does not contain p, it corresponds to a Galois orbit of
continuous characters I'(™) — @p. Let kp be a representative of this orbit.
Define h : T(™) — @; by h(x) = kp(x)?/x(x)?, where y : D™ — Z) is the
p-adic cyclotomic character. We need to show that there is an integer ¢ > 1
coprime to 6mpN such that h([c]) # er(c)eg(c).

However, if no such integer existed, then ¢ te, would have to factor through
the natural map 7% - (™) i.e., would have to have conductor dividing mp°
contrary to our hypotheses. ([

COROLLARY 6.8.10. Ifeyey does not have conductor dividing mp™, then
57(7{797]\[) € Hllw,S(Q(Mmp"o)a To, (f,9)") @Q.

Proof. Let Zy be the A(T'(™))-module generated by Cg«,(f 9N for all possible
¢, and let Z; be the A(T'(™)-module generated by 5(f’g ) By (20), Zy C Zy
and there exists u € A(I'™)) such that uZ; C Zg and Zo/uZl is p-torsion free.
Hence, it is enough to show that Zy, = Z; for any prime ideal p of height 1
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that does not contain p. Fix such a p. By Lemma 6.8.9, there exists ¢ such
that ¢ —eg(c) " tey(c)~1c]? ¢ p, so

5%’97]\[) 6 Zo’p

by (20), as required. O

Remark 6.8.11. Note that if the mod p reduction of the Dirichlet character
€reg does not have conductor dividing mp>, then we can even deduce that

359N € Hi, §(Qump<), To, (f,9)%)-

LEMMA 6.8.12. If the residual representation of To,(f,g)* restricted to
Ga,,, is irreducible, then Hy, ¢(Q(pmp=), To, (f,9)*) is a free AT -module.

Proof. This follows from the argument of [Kat04, §13.8], which we briefly
outline here. For simplicity, let T = To,(f,9)*, A = AT and HY(T) =
HIIWyS(Q(/meoo),T@p (f,9)*). It is enough to show that if (x,y) is a maximal
ideal of A, the two maps

o: H(T) -~ HYT) and g:HYT)/zH (T) -+ H'(T)/z2H"(T)

are injective.
If x = p, the injectivity of a follows from the fact that

lim H*(Q(pmpr), T/p) = 0,

which is a consequence of the finiteness of T'/p. If z is such that A/xA is
p-torsion free, it is enough to show that H°(Q(jm), T ® A/zA) = 0, where the
action of o € Gg(y,,) on A is given by multiplication by !, where & denotes
the image of ¢ in I" (m) But T is irreducible, so non-abelian. This implies that
HY(Q(pm), T ® AJzA) = 0.

To show that 3 is injective, it is enough to show that HO(Z[1/mp], T ®
A/(z,y)) = 0. But A/(z,y) = Op/M,(r) for some r, so we are done by the
irreducibility of T'/9t,. O

COROLLARY 6.8.13. If erey does not have p-power conductor and the
residual representation of To,(f,g)* restricted to Gq,, is irreducible, then

359N € Hi, 5(Qpmp), To, (f,9)").

Proof. This follows from the argument in [Kat04, §13.14]. Let Z; be the
A(T(™)-module generated by 3%’9’]\[). By the proof of Corollary 6.8.10, Z1, C
Hllwﬂ(Q(umpoo)p for any prime ideal p of A(I'™)) height 1. But HIIWVS(Q(,u,mpoo)
is a free A(I'™)-module by Lemma 6.8.12, hence the result. O
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6.9. Variation in Hida families. We now make use of the first norm rela-
tion (Theorem 3.1.2) to build elements in the cohomology of towers of modular
curves, under additional ordinarity hypotheses. Let us begin by recalling some
of Ohta’s results in [Oht99], [Oht00] concerning the structure of the module

GES, (N, Zy) = lim Hg (Y1 (Np"), Zp),

n>1

which can be roughly summarized by the statement that one can build a Hida
theory for this module after replacing the usual Hecke operators with their

transposes.
We note that the full Hecke algebra does not act on GES,(N,Z,), since
the operator U, = (52) does not commute with the trace maps. Rather,

we obtain an action of the Hecke operator Uz’,, corresponding to (g?). Ohta
shows that one may use the operator UI’) to define an “anti-ordinary projector”
ef)rd = limnﬁoo(U}’,)”!, analogous to the usual Hida ordinary projector eq,.q =
limy, 00 (Up)

Ohta proves the following control theorem for the anti-ordinary part of

n!

GES,(N)z,, which is naturally a module over the Iwasawa algebra of I'y =
(1+pZ,)* via the diamond operators:

PROPOSITION 6.9.1 ([Oht99, 1.3, 1.4]). The module e 4 GES,(N)z, is
free of finite rank over A(T'1), and for each r > 1, there is a Gg-equivariant
isomorphism

e:)rd GESP(Nv Zp)/wr = e:)rd HI(H (Npr)’ Zp)’
where w, 1is the kernel of the natural map A(I'y) — Z,[(Z/p"Z)*].

From this isomorphism, we deduce that €/ ; GES,(V,Z,) has an action of
the Hecke algebra

e:)rd H/(Nﬂ Zp) = I&n e:)rd ,Hl(rl(Npr)7 ZP)?
r>1

where H'(I'y(Np"), Zy) is the Zy-subalgebra of Endg, M>(I'1(Np"),Q,) gener-
ated by the Hecke operators T"(n) for n > 1 and (q) for ¢ € (Z/NZ)*. Here
T'(¢), for ¢ prime, corresponds to the double coset (§ ) so, in particular, for
(m, Np) = 1, we have T'(m) = (m)~'T(m) (the adjoint of T'(m) with respect
to the Petersson product).

The algebra €/ ; H'(N,Zy) algebra is finite and free as a A(I'1)-module.
(Note that it is not generally free as a A(T')-module, although it is evidently
projective.)

PROPOSITION 6.9.2 ([Oht99, 2.2]). The Hecke algebra €. ,H'(N,Zy) is
isomorphic to the Hecke algebra Hord(N,Zy) = eqra H(N,Zy) acting on the
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module eorg Ma(N,A(T'1)) of ordinary A-adic modular forms (not necessarily
1

cuspidal), via the map sending T'(n)" to T(n) and (n) to (n)~*.

Definition 6.9.3. In the above situation, by a Hida family of tame level
N, we mean a maximal ideal of the ring Horq(N, Zp). For each Hida family g,
we define

T(g)" = (€ora GESp(N, Zp))g (1).

COROLLARY 6.9.4. Let g be an ordinary weight 2 Hecke eigenform of level
Np®, with coefficients in some finite extension Ly/Q,, with ring of integers O,.
Then we have an isomorphism of Op-linear Galois representations

Op @ a(Nzy) T(9)" = To,(9)",
where To, (g)* is the representation defined in 6.3 above.

Proof. Clear from the definition of T, (g)* and the control theorem (The-
orem 6.9.1). O

THEOREM 6.9.5. Let N > 1 be prime to p. If g is a Hida family of tame
level N, and f is any eigenform of level Np* for k > 1 whose Up-eigenvalue
ay satisfies vy(ay) < 1, then for each integer m > 1, there is a cohomology
class

29 € HY(Q(um), To, (f)* ©z, T(g)")

such that for each classical weight 2 specialization g of g with coefficients in

L, the image of Cz%’g) m

HYQ(pm), To, (f)* ®0, To,(9)*) = H (Q(im), To, (f.9)*)

s the generalized Beilinson—Flach element cz%’g’N/), where N' is the greatest

common divisor of the levels of f and g.

Proof. We know that the elements .=, nyps;1 for s > 1 are unramified
outside S and are compatible under pushforward via the natural projection
maps. Hence the sequence of elements defined by pushing forward .=, nps1
to CH?(Y1(Np") x Y1(Np®*) x Q(pm), 1), for s > r, are compatible under push-
forward maps in the Y7(Np®) factor alone. Applying the étale regulator, we
obtain elements of the module

1'£1 HY(Q(pm), HZ (Y1 (Np") x Y1 (Np®), Zp)(2)).

s>r

For each s, we may decompose HZ (Y1(Np") x Y1(Np*®),Z,) as the tensor prod-
uct of the H'’s of the two factors, using the Kiinneth formula. Projecting to the
quotient To, (f) of H, L(Y1(Np"),Z,)(1) and applying the anti-ordinary projec-

tor e/ 4 to H}(Y1(Np®),Z,)(1), we may argue exactly as in Proposition 6.6.2
to deduce that the elements we obtain are unramified outside Np.
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Since the restricted-ramification cohomology groups H5(Q(fm), —) com-
mute with inverse limits, we obtain an element of

Hg(Q(pim), To, ()" @ €oa GESp(N)z, (1))

Pushing forward along the canonical map €] ; GES,(N)z,(1) — T(g)*, we
obtain the required elements. O

We also obtain a corresponding result for the product of two Hida families,
whose proof is essentially identical to the above:

THEOREM 6.9.6. Let N > 1 be prime to p. If f, g are Hida families of
tame level N, then for each integer m > 1, there is a cohomology class

29 € Hy(Qpm), T(£)" ©T(g)")

such that for classical weight 2 specializations f, g of f, g with coefficients in

L, the image of czﬁ,’f’g) in

HYQ(pm), To, (f)* ®0, To,(9)*) = H (Q(tun), To, (f, 9)*)

1s the generalized Beilinson—Flach element Cz%’g’N,), where N’ is the greatest

common divisor of the levels of f and g.

Remark 6.9.7. We do not know if one can formulate a result analogous to
Theorem 6.8.4 incorporating Hida-family variation in g since we do not know
whether the results of Appendix A.2 apply for “big” Galois representations;
but if f is ordinary, there are no such issues.

THEOREM 6.9.8. In the situation of Theorem 6.9.6, for each m prime to
p, there exists a cohomology class

319 € Hhy 5(QUimpe), T(F)* $T(g)")

P
whose image in H11W7S(Q(/mei),T(f)* ®z,T(g)*) for each i > 1 is equal to
(agag) - 2l ?

mp* *

iz

6.10. Integrality of the Poincaré pairing. In this section, we prove a tech-
nical lemma that will be needed in our applications to bounding Selmer groups.
We assume that p >3, N > 5, and pt N.

Recall that X;(/N) admits a canonical smooth proper model over Z[1/N]
([DR73]) and hence over Z,. By [FMS87], the integral de Rham cohomology
H'(X1(N), Q% vz ) is a filtered Dieudonné module over Z,, and

P

TH(X1(N), Q% (vy/2,)) = Ha (X1 (N), Zy),

where T'(—) is the Fontaine—Laffaille functor.
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We define versions of these in the f-isotypical component by projection.
As in Remark 6.3.4, we define Tp,(f)* to be the image of HE (X1(N),Z,)

® Op in VL, (f)*, and similarly for g. We define Deris (T 0,(f)*) as the image
of H'(X1(N),Q%, ) /2,) @2, Op i Deris(VL, (£)*); then Deris(To, (f)*) is a
strongly divisible Op-lattice, and its image under T'(—) is To, (f)*.

Let us recall here the definition of .

Definition 6.10.1. Let X = X (V) and

ah _ f*(z)di 1
= T e © HanlXe):

We denote by 7y its image in H'(X/C, Ox ), which lies in H'(X/Q,, Ox/q, );
then 7¢" is defined to be the lift of 7y to the unit root subspace of H, (}R(ch)f A

Our aim is to investigate the denominator of the class 17}” relative to the
sublattice

Or ®z, H' (X1(N), 2%, (v)/z,) € Lr ©0, H' (X1(N), 2%, (v)/0,)-

Since the unit root lifting is obviously integral, it suffices to show that 1, €
Or, @z, H'(X1(N), Ox,(n)/z,)-

PROPOSITION 6.10.2. An element of
Ly ® H' (X1(N)/Qp, Ox,(v)/0,)
lies in the sublattice
Oy ® H'(X1(N), Ox,(n)/z,)
if and only if it pairs to an element of O, with all elements of
Op ® H(X1(N)/Zp, i, (v)/2,)-
Proof. Since the pairing between
HY(X1(N), Ox,(n)/z,) and H*(X1(N)/Zp, U, (xy/2,)

is defined over Z,, it suffices to assume O, = Z,. But Serre duality shows
that this pairing is perfect, i.e., identifies H(X1(N)/Zy, Qﬁ(l(N)/Zp) with the
Zp—dual of Hl(Xl(N)/ZpaoXl(N)/Zp)- O

LEMMA 6.10.3. Let ¢ € So(N;Ly). Then the element wy of H'(X/L, QE(/L)
lies in HO(X/OL,QQ/OL) if and only if ¢ € Sa(N;O,).

Proof. We have by definition wg(q) = ¢(q)dq/q, which is defined over Oy,
if ¢ is. O
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Definition 6.10.4. If f € So(I'1(N), L), let I denote the ideal in O such
that

(f*,9) 1
P € S(N,0O)py =17

(fy oemmol =1
Remark 6.10.5. Note that I ]?1 contains O, so Iy is an integral ideal (rather

than a fractional ideal). The ideal Iy essentially measures the extent to which
f is congruent to other eigenforms in Sa(N, Q).

COROLLARY 6.10.6. For any prime p{ N, we have
np €It 0y @z, H (X1(N), Ox, (n)/z,)-

Proof. By the construction of the class n¢, for any ¢ € Sa(I'1(N), O), we
have

(", 0) 1
ngwe) = 7o € 1; O,
el = (e ey €11
so the result follows by Lemma 6.10.3 and Proposition 6.10.2. (]

COROLLARY 6.10.7. The linear functional
]D)cris(VLp (fa g)*) - LP

given by pairing with Ny ®wg maps the submodule
Deris(To, (£)*) @ Dexis(To, (9)")
mto I;lOp.
PROPOSITION 6.10.8. Let z € H} (@p, [To,(f) ® To, (g)]*>. Then

(log(2),nf" ®@wy) € If_l (1-atyH 1 -a e H 0y,
where « is the unit root of the Hecke polynomial of f and 3,6 are the roots of
the Hecke polynomial of g.

Proof. By Fontaine-Laffaille theory, for any crystalline Op-linear Gg,-
representation V whose Hodge filtration has length < p and such that we have
Deris(V)?=! = 0, the map

=~ Deris(V)
lo CHHQ,, V) — — =
ng,V f (@p ) Fllo Dcris(v)

induces an isomorphism of Op-modules
Hj(Qp,T) = (1-¢)"'D
torsion (1 —)~1D NFil° Deis (V)

for any Gg,-stable lattice T C V' with corresponding strongly divisible lattice
D C Dyis(V); cf. Theorem 4.1 and Lemma 4.5 of [BK90).
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In our case we may take V =W ® Vg, (g)*, where W is the 1-dimensional
unramified quotient of Vi (f)*, since the linear functional given by pairing
with 73" ® wy factors through this quotient. Let us suppose that g is ordinary;
using the explicit description of the strongly divisible lattices in ]DCMS(VLp (9)")
given in [LZ13, §5], one checks that

(1-¢)'D c ok D
(1— @) 'DNFIDes(V) ~©  DOFIL Ders(V)

where k = v, [(1 — a1y 1) (1 — @~ 1§~ 1)]. In the nonordinary case one reasons

similarly using the description of the Wach module of the (unique up to scaling)
lattice in Deris(Vz, (9)*) given in [BLZ04]. Combining this with Corollary 6.10.7
gives the result. ([

7. Bounding strict Selmer groups

Let f, g be newforms of weight 2, level N and characters x; and xg,
respectively. Let L be the subfield of Q generated by the coefficients of f
and g. For a prime p of L, denote by Vi, (f) and VL, (g) the Ly-representations
of Gg attached to f and g, respectively. The aim of this section is to apply
Theorem 7.1.5 to the representation V, (f) ® Vz,(g).

7.1. The method of Fuler systems. We recall some definitions and results
from [Rub00]. Let O be the ring of integers of a finite extension E/Q,, and
let T" be a free O-module of finite rank with a continuous action of Gg that is
unramified at almost all primes. Let V =T®@p Eand W =V/T =T ®o E/O.

Let ¥ be a finite set of primes containing p and all prime numbers at
which the action of Gg on T ramifies. Let A be a set of integers such that

e if m € A, then all divisors of m are in A;
o if r,s € A, then LCM(r,s) € A;

o (€ A for all primes ¢ ¢ ¥.

For a prime ¢ & 33, define

pe(X) = detp (1 - Frob, ' X|V*(1)) € Z,[X],
where Froby is the arithmetic Frobenius at £.

Definition 7.1.1 (cf. [Rub00, Def. 2.1.1]). A Euler system for (7, A,Y) is
a system of elements

cm € HY(Q(um), T) for all m € A

such that if £ is a prime such that m, mf € A and £ # 3, then the corestriction
map

H'(Q(pem), T) = H'(Qkm), T)
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sends ¢y, to
pe(o; Nem if £4m and £ # X,
Cm if¢|morteX.
Here, o, denotes the arithmetic Frobenius of ¢ in Gal(Q(um,)/Q).

Remark 7.1.2. Our notation differs slightly from that of [Rub00]. Firstly,
Rubin writes T* for the “Tate dual” Hom(7,Z,(1)), while we write this as
T*(1). More significantly, Rubin considers an infinite abelian extension K and
a class cp for every finite subextension F' of K; in our case K is the extension
Ka=Q(u,: 7 € A), and it suffices to specify a class for each subextension of
the form Q(t4y, ), which is our ¢, and to fill in the remainder via corestriction.

Definition 7.1.3. For each prime /, let H}(QZ,W) be the image of H}(Qg,V)
in H1(Qg,W). Define
S{p}(Qa W) ker <H1 Qv @H @Z) /Hf(Qfa ))a
L#p
and define the strict Selmer group of W over Q as
Sipp(Q, W) = ker (SWHQ, W) —~ H'(Q,, W)).

(Thus Sy, is the Selmer group with local conditions given by the Bloch—
Kato condition at primes away from p and the zero local condition at p.)

We define S1P}(Q, T') similarly, and also S1P} (K, T") similarly, for any num-
ber field K. (We shall only need this when K = Q(u,), see Hypothesis
Hyp(S®, V) below.)

In order to state the main theorem, we introduce the following sets of
hypotheses. Note that Hyp(Q,T) is strictly stronger than Hyp(Q, V), but
Hyp(p, A) and Hyp(S {r} V') are independent of each other.

Hypothesis (Hyp(Q,T)). T ® k is an irreducible k[Gg]-module, where k
is the residue field of O, and there exists an element 7 € Gg that satisfies the
following conditions:

(i) 7 acts trivially on pyee;
(ii) T'/(r — 1)T is free of rank 1 over O.

Hypothesis (Hyp(Q, V')). V is an irreducible E[Ggl-module, and there ex-
ists an element 7 € G that satisfies the following conditions:

(i) 7 acts trivially on piyee;
(ii) dimg, (V/(r —1)V) = 1.
Hypothesis (Hyp(p, A)). The set A contains all powers of p.

Hypothesis (Hyp(S1P}, V). The following three conditions hold:
(i) TG = 0;
(ii) em € SPHQ(um), T) for all m € A,
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(iii) there exists an element v € G such that
e 7 acts trivially on e,
e v — 1 is injective on 7.

THEOREM 7.1.4. Assume thatV is not the trivial representation, and that
Hypothesis Hyp(Q, V') and at least one of hypotheses Hyp(p) and Hyp(S(p), V)
are satisfied. If ¢ = (¢y)mea is a Euler system for (T, A,X) and the image of
c1 in HY(Q, T) is not contained in H(Q,T)tors, then S (Q, W*(1)) is finite.

THEOREM 7.1.5. Assume that p > 2 and that Hypothesis Hyp(Q,T') and
at least one of hypotheses Hyp(p) and Hyp(S®),V) are satisfied. If ¢ =
(cm)mea is a Euler system for (T, A,X), then

lengtho (Spp (@ W*(1)) < indo(c) + ny + iy,

where indp(c) is the largest power of the maximal ideal by which c¢; can be
divided in H*(Q,T)/torsion and the quantities ny and njy, are as defined in
Theorem 2.2.2 of [Rub00)].

Proofs. If Hyp(p, A) holds, then Theorems 7.1.4 and 7.1.5 are Theorems
2.2.3 and 2.2.2 of [Rub00] respectively. If Hyp(S®, V') holds instead, then the
necessary modifications to the proofs are outlined in Section 9.1 of op. cit. [

7.2. Verifying the hypotheses on T. The main result of this section is
Proposition 7.2.18, which implies that under some mild technical assumptions
there is a large supply of primes where the condition Hyp(Q, 7T") is satisfied.

7.2.1. Big image results for one modular form. We begin by some results
from [Mom81] and [Rib85] regarding the image of the Galois representations
attached to a modular form. Let f = 37,1 a,q" be a new eigenform of weight
k > 2, level N and character €, not of CM type. Let L = Q(ay, : n > 1) be its
coefficient field, with ring of integers Op,.

Recall that an extra twist of f is an element y € Gal(L/Q) such that v(f)
is equal to the twist of f by some Dirichlet character x,. We let I C Gal(L/Q)
be the group of such v. We let ¥ C L be the fixed field of I', and we let
H C Gal(Q/Q) be the absolute Galois group of the finite abelian extension K
cut out by the Dirichlet characters x.

For each prime A of L, it is clear that the trace of the Galois representation
pr, (f)|u takes values in F),, where y is the prime of F' below A.

THEOREM 7.2.1 (Momose-Ribet; see [Rib85, Th. 3.1]). For all but finitely
many A, the image of the Galois representation pr, (f)|g is a conjugate of the
group

{9 € GL2(Op,,) : det(g) € Z;' },

where u and £ are the primes of F' and Q below .
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Remark 7.2.2. For a “generic” modular form f, there will be no extra
twists if the character f is trivial, but there will always be at least one if f has
nontrivial character since the complex conjugate f* is a twist of f.

We will need the following slight strengthening:

PROPOSITION 7.2.3. Let K' be any finite extension of K that is abelian
over Q, and let H' C H be its absolute Galois group. Then for all but finitely
many A, the image of pr, (f)|m ts a conjugate of the group {g € GL2(OF,,) :
det(g) € Z;' } above.

Proof. If A is a prime satisfying the conclusion of the theorem, then the
image of pr, (f)|n contains SLy(Op,) since SLa(Op,) is equal to its own
commutator subgroup. But for all but finitely many primes ¢, the field K’ is
linearly disjoint from Q(ug~) and thus the cyclotomic character is a surjection
H' — Zy. O

7.2.2. Big image results for pairs of modular forms. We recall the follow-
ing result from group theory:

PROPOSITION 7.2.4 (Goursat’s Lemma; cf. [Lan02, Exercise 1.5]). Let
G1, Gs be groups and H a subgroup of G = G1x G4 such that the projections w; :
H — G; are surjective. Let Ny = HN (G x {e2}) and Na = HN ({e1} x Ga),
which we identify with subgroups of G1, G2 in the obvious manner. Then the
N; are normal in G;, and H is the graph of an isomorphism G1/Ny = Gg/Na.

COROLLARY 7.2.5. Let T, be finite fields of the same characteristic,
both of order > 4. Let H be a subgroup of SLo(F) x SLa(F') surjecting onto
both factors. Then either H is the whole of SLo(F) x SLa(F'), or F = F and
H is conjugate in GLa(F) x GLo(IF) to one of the following subgroups:

(i) the diagonal subgroup {(z,¢’(x)) : € G} for some 0 < j < k, where

F =T,k and ¢ is the p-power Frobenius of F;

(ii) the subgroup {(z,y) :y = £’ (x)} for some 0 < j < k.

Proof. This follows immediately from Goursat’s lemma and a case-by-case
check, given that the groups PSLo(FF) for fields F of order > 4 are pairwise
nonisomorphic simple groups, and the automorphism groups of SLs(F) and
PSLy(IF) are both isomorphic to PGLa(IF) x (). O

PROPOSITION 7.2.6. Let O, O’ be the rings of integers of any two unram-
ified extensions of Qp, where p is a prime > 5, with residue fields F,F'. Then
any closed subgroup H C SLa(O) x SLa(O') that surjects onto SLa(IF) x SLo(F)
must be the whole of SLa(O) x SLa(O').

Proof. We follow the argument given for SLy(Z,) by Swinnerton-Dyer
in [SD73]. It suffices to show that for each n > 2, the image H, of H in
SL2(O/p™) x SLa (O’ /p™) contains the subgroups K, X 1 and 1 x K], where K,
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is the kernel of SLy(O/p™) — SLo(O/p™~!) and similarly for K/,. Note that
for each n, the group K, is abelian and is isomorphic (via m + 1 + p™~m)
to the group of trace zero matrices in My (IF), which is generated by matrices
u such that u? = 0.

We now proceed by induction on n. Let u € My(F) satisfy u? = 0. By
assumption, we may then find h € H congruent to (1+u, 1) modulo p; and, as
shown in op. cit., we have h? = (1 +pu, 1) mod p?. Thus (1 +pu,1) € Hs, and
thus Hy O Ky x 1. Similarly, Hy contains 1 x K, so in fact Hj is the whole of
SLy(O/p?) x SL2(O'/p?).

Suppose n > 3 and H,_; is everything. We claim H,, contains K, x 1.
Again, K,, consists of matrices of the form (1+p" 'u, 1), and by the induction
assumption we can find h € H congruent to (14 p" 2u,1) modulo p"~!. Then
kP is congruent to (1 + p" tu,1) modulo p", so (1 + p"~'u,1) € H,. Thus
H, O K, x 1 and similarly H,, O 1 x K], so we are done. O

As a corollary, we obtain the following result:

PROPOSITION 7.2.7. Let O, be as above, with characteristic > 5, and
let H be a subgroup of SLa(O) x SLa(O') that surjects onto both factors. Then
either H = SLg(O) x SLy(O'), or O' = O and H is contained in the subgroup

{(z,y) € SLy(0) : z = :tcpjy mod p}
for some j.

We shall now boost this to a statement about GLs. For O, O’ as before,
let G denote the group

{(z,y) € GL2(O) x GL2(O') : det(z) = det(y) € Z, }.

We can regard this as a fibre product G Xz Ga, where G1 = {z € GL2(0O) :
det(z) € Z, } and similarly for Ga.

PROPOSITION 7.2.8. Let H be a subgroup of G that surjects onto G1 and
Go. Then either H = G, or we have O = O' and H is contained in the
subgroup of G given by {(x,y) : * = £y mod p} for some j.

Proof. Let G° = SLa(O)xSLy(0'"), and let H° = HNG®. Then H® has full
image in each of SL2(O) and SLa(0’), so either H° = G°, or O’ = O and the
image of H° modulo p is contained in the subgroup {(z,y) : £ = +¢’y mod p}
for some j.

Suppose first that H° = G°. Then we must have H = G, since for each
g € G, there is some h € H with det(h) = det(g), and then h=1g lies in G° so
by assumption it must be in H.

In the remaining case, by replacing H with its image under the automor-
phism ¢’ x 1, we may assume without loss of generality that j = 0. Then any
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h € H° is of the form (z,y) with x = £y modulo p. Let (x,y) be any element
of H, and consider the class of ¢t = 27!y in PSLy(F); then for any (u,v) € H°,
we have

1

[t = ™2™ yu] = [T [(wue ™) T yoy Tyl ] = [27hy] = [

since (zuz~!,yvy~!) € H°. Thus the classes [t] and [u] commute in PSLy(F).
However, since H° surjects onto SLa(Q), this forces [t] to be in the centre of
PSLy(IF), which is trivial (since it is a simple group). Thus = = +y mod p for
all (z,y) € H, as claimed. O

Assume now that we have two newforms f and g, and let L be the subfield
of Q generated by the coefficients of f and g. For each prime p of L, we may
consider the image of the Galois representation pr, X pgp : Gal(Q/Q) —
GLQ(LP) X GLQ(LP) -

Let H be the subgroup of Gal(Q/Q) cut out by the Dirichlet characters
corresponding to the “extra twists” of f and g, and let K be its fixed field (an
abelian extension of Q). Let F, F’ be the subfields of L fixed by the extra twists.
By Proposition 7.2.3, we know that for all but finitely many p, the image of
pfpla is the group {z € GL2(O) : det(x) € Z,' }, where O is the completion of
F at the prime below p and p is the residue characteristic of p; similarly, the
image of py | Will be the group {z € GL2(0’) : det(z) € Z,’ } where O is the
completion of F” at p. Then the image of the Galois representation py, X pgp is
a subgroup of the group G\, = G defined above that surjects onto either factor.

PROPOSITION 7.2.9. In the above situation, either the image of H under
Pip X Pgp 18 Gy, or O" = O and there is an element v € Gal(L/Q) and a
quadratic character x : H — {£1} such that the equality

(21) prp(0) = £psp(o)” mod p
holds for all 0 € H.

Proof. We know from above that if the image of py, X pgp is not G, then
O = O and psp(0) = £¢7pgp(0) mod p for all o € H, where ¢’ is the mod p
Frobenius.

Now we may take v to be any element of the decomposition group of p in
Gal(L/Q) reducing to ¢/ modulo p. (Of course, there will almost always be
only be one such element since only finitely many primes ramify in L/Q.) O

We now lift to characteristic 0. Let w be a prime of the field K; we define
aw(f) = trpsa(oyt), where o, is the arithmetic Frobenius at w in H and A
is some prime of L; if w is a degree 1 prime, then this is just a,(f) where v
is the rational prime below w, and for general primes w, it may be expressed
as a polynomial in a,(f) and x,(f). In any case it is obviously independent
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of the choice of auxilliary prime A, and (since K is abelian over Q) it depends
only on the prime v of Q below w. We define a,(g) similarly.?

Definition 7.2.10. Let us say a prime p of residue characteristic > 5 is a
good prime for the pair (f,g) if the image of H under p¢, X py, is the whole of
Gyp. If the image is a proper subgroup, but has full projection to either factor,
we say p is a bad prime.

Remark 7.2.11. If p divides 2 or 3, or is such that ps, or p,, has small
image, we consider p to be neutral, neither good nor bad. By the theorem of
Momose-Ribet (Theorem 7.2.1), there are only finitely many neutral primes.

COROLLARY 7.2.12. If there are infinitely many bad primes for (f,g),
then there is v € Gal(L/Q) such that the equality

aw(f) = £y(aw(g))

holds for all primes w of K.

Proof. For each bad prime p, there exists a v € Gal(L/Q) such that
the congruence (21) holds and, in particular, (by taking o = o,') we have
aw(f)? = v(aw(g)?) mod p for all primes w of K.

Since Gal(L/Q) is finite, there exists some ~ such that the congruence
(21) of the proposition holds for all p in an infinite set B. In this case, we have

aw(f)? = 7(aw(g)?) mod p

for infinitely many p. So we must have an equality a,(f)? = v(aw(g)?), since
a nonzero element of a number field cannot be divisible by infinitely many
primes. ([

COROLLARY 7.2.13. If there are infinitely many bad primes for (f,g),
there ezists a quadratic Groessencharacter k of K (equivalently, a continuous
quadratic character of H) such that

aw(f) = K(w)aw(g)
for all primes w of K.

Proof. This follows from the strong multiplicity-one theorem for SLy /K
(cf. [RamO00]): the Satake parameters of the base-change representations BC(7y)
and BC(7)) of GL2(Af) agree up to sign at any prime w, and Ramakrishnan’s
result guarantees that the sign relating the two is given by a quadratic char-
acter. (]

20f course, we can define the quantity a. (f) intrinsically in “automorphic” terms, as (up
to normalizations) it is the trace of the d-th power of the conjugacy class in GL2(C) that is
the Satake parameter of 7y ,, where d is the degree of the unramified extension [Ku : Q.];
this makes the independence of \ self-evident.
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Remark 7.2.14. Frustratingly it does not seem to be possible to show the
existence of xk without such heavy automorphic machinery, even though we
know that for infinitely many primes p, the sign relating p; and py modulo p
is given by a character.

THEOREM 7.2.15. Suppose there are infinitely many bad primes for (f,g).
Then f is Galois-conjugate to some twist of g.

Proof. From Ramakrishan’s theorem, we know that we have

piAlr = pyyln@T

for a quadratic character 7 of H and any choice of prime A. Inducing up from
H to H' = Gal(Q/Q), we have

pra @Tndff (1g) = pgr @ Indff (7).

But the left-hand side contains py ) as a direct summand, while the right-
hand side is a direct sum of representations of the form p;’ y ® p where g is
an irreducible Artin representation. Hence there must be at least one u that
is 1-dimensional and such that ps\ = P;,A ® w, in which case we must have
=9 @u. a

7.2.3. Ezxistence of the special element. As in the previous section, let f
and g be two newforms, and let L be the subfield of Q generated by the
coefficients of f and g. We assume that f is not Galois conjugate to a twist
of g, so by Theorem 7.2.15 there are only finitely many bad primes for (f,g).
We retain the notation of the previous section.

Let p be a good prime that does not divide the levels of f and g, and p
the rational prime below p.

We make the following crucial assumption:

ASSUMPTION 7.2.16. The character x = (xfXg)~" is nontrivial, and its
conductor is not a power of p.

For simplification, we also make the following assumption:

ASSUMPTION 7.2.17. We have Ly, = Lgp = Qp, so after a suitable

choice of basis, we may assume that the image of pyy X pgyp s contained in
GLZ(ZP) X GLQ(ZP).

We can now prove the main result of this section.

PROPOSITION 7.2.18. There exists an element T € GQ(upoo) such that
V/(t = 1)V is 1-dimensional, where V =V, (f,g)*.

If x is not congruent modulo p to any character of p-power conductor,
then there exists T such that T'/(T — 1)T is free of rank 1 for any Gg-stable
lattice T in V.
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Proof. Choose some a € Gal(Q/Q) such that x(a) # 1 but « is in the
kernel of the p-adic cyclotomic character. Note that such « do exist, since the
conductor of x not a power of p. Consider the coset - (H N G Since

p is a good prime, under pg, X pgp, the coset a- (H N Go

(Pf.p(@), pgp(c)) - SLa (Zp)Qa

which consists of all pairs (u,v) of matrices such that det(u) = x¢(«) and

;,Lpoo))

upoo)) is mapped to

det(v) = x4(a). In particular, it contains the pair

6 ) (0 o)

for any x € Z;. The image of this pair under the tensor product homomor-
phism GLg x GLy — GL4 is the diagonal matrix with entries

{1, 273 (@), %X, (), Xf(a)xg(a)} .

By choosing x appropriately, we can arrange that neither z=2x ¢(«) nor z2x, ()
is equal to 1. Thus 1 is an eigenvalue of 7 on V1, (f) ® VL, (g) with multiplicitly
exactly 1.

If we assume the stronger condition on x in the statement, then we can
assume that x(a)xg () is not 1 modulo p. By choosing = appropriately we
can assume that 7%y () and 2%y, () are also noncongruent to 1, so it follows
that T'/(7 — 1)T is free of rank 1 as required (for any 7-stable Or-lattice in V'
and, in particular, any Gg-stable lattice). ([l

7.2.4. The quantities nyy and ny,. We recall the definitions of the quanti-
ties ny and njy, in Rubin’s theory. Let T be a finite-rank free O-module with
a continuous action of Gg. As usual, write V=T ® E and W = V/T.

Definition 7.2.19. Define €2 to be the smallest extension of Q whose Galois
group acts trivially on W and on g, and define
nw = Lo (H'(Q/QW)nSPHK,W)),
niy = fo (HY(Q/Q, W* (1)) N Sy (K, W(1)))
We now give conditions under which these quantities are zero.

PROPOSITION 7.2.20. Suppose the centre of Q0 acts on each of T ® k and
T*(1) ® k via a nontrivial character. Then ny = nj, = 0.

Proof. We shall show that the hypotheses imply that H'(Q/Q,W) =
HY(Q/Q,W*(1)) = 0. We give the argument for W; the proof for W*(1)
is similar.

Clearly we have H'(Q/Q,V) = 0, and hence H'(Q/Q,W) is finite. So
it suffices to show that H'(Q/Q,W)[w| = 0, where tw is a uniformizer. But
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we have a surjection H'(Q/Q, W[w]) - H'(Q/Q, W)[w], so we are reduced
to showing that H'(Q2/Q,W[w]) = H(2/Q,T ® k) is zero. However, this is
immediate since any representation of nontrivial central character cannot have
a nontrivial extension by the trivial representation. ([

7.3. The Euler system. As above, let f and g be newforms of weight 2,
level N and characters xy and x4, respectively. Let p be a prime not dividing
N. Let L be a number field containing the coefficients of f, and gg, and let p
be a prime of L above p. Let £ = Ly, and let O be its ring of integers. We
write T' = To(f, g)* and pg(X) = det(1 — Frobq_1 X|T*(1)) = Py(f,g9,071X) €
OL[X]. We assume that the following conditions are satisfied:

ASSUMPTION 7.3.1.

(i) the character x = X Xq4 is not trivial and, moreover, is not trivial modulo p;
(ii) there exist p-stabilizations fu,gy of f and g with Up-eigenvalues o,y re-
spectively such that
o vp(ay) <1,
e /v is not a root of unity.

Fix ¢ > 1 coprime to 6N, and let A be the set of square-free integers prime
to Npc. By Corollary 6.4.5, we have, for every integer m € A, a cohomology

class .z/ 9N € H'(Q,,,T) that satisfies the following compatibility property:

f,9,N

7 under

if m € A and £ is a prime comprime to mNpc, then the image of z
the corestriction map H(Qgp, T) — HY(Qp, T) is

~opAy(oy Ve,
where Ay(X) is a polynomial in Or,[X] congruent modulo ¢ — 1 to pg(X).

LEMMA 7.3.2. There exists a system of cohomology classes
{zl:9N € HY(Q,,, T) : m € A}
such that

~f7g7N — fvg7N
cZ] cZ]

and if m € A and ¢ is a prime such that mé € A, then the image of Cié’g’N

under the corestriction map H'(Qgp, T) — HY(Qp, T) is
Ag(ay Ve,

Proof. By induction on the number of prime factors of m, we can choose
(noncanonically) a system of elements 7, € (Z/mZ)* for every m € A such
that Yme = £~ 'y, mod m. Identify v, with an element of Gal(Q(u,,/Q) via
the inverse of the cyclotomic character, and define .zl 9"Y = (—1)5(m),,
219N where s(m) is the number of prime factors of m. It is clear by con-
struction that the elements have the required property. O
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Note 7.3.3. By Corollary 6.7.9, the classes czf,;g’N are in the Selmer group
SPHQ(pm), To,(f,9)%). As SPHQ (), To,(f,9)*) is invariant under the ac-

tion of Gal(Q(um)/Q), it follows that the same is true for the modified classes
759N
czh 9N

We now show that we can convert the classes (.z/:9"V),c4 into a Euler
system. Let T, > and A be as defined at the beginning of Section 7.1. Then
we have the following result (cf. [Rub00, Lemma 9.6.1]):

LEMMA 7.3.4. Suppose that for all primes £ € A we have polynomials
ro(X),s0(X) € O[X] such that
r¢e(X) = s¢(X) (mod ¢ —1),
and suppose we have a collection of cohomology classes {6m € HY(Q(pm),T) :
m € A} such that if £ € A is coprime to m, then
1y~ :
COTESQj10m)/Qprn) (Ctm) = {?(% o %m

Cm

Then there exists a collection of classes {cm € HY(Q(pm),T) : m € A} with
the following properties:
(i) for all m,
cm € O[(Z/mZ)*] - ém;
(ii) if ¢ is a prime such that m,ml € A, then
-1 .
se(oy )em if L4m,
COTESQjug,) /Qpum) (Clm) = {cm ! if 0| m:
(iii) if m € A and x is a character of Gal(Q(um)/Q) of conductor k such that
prime(m) C prime(k) U X, then

> X(V)v(em) = > XV (Em).-

v€Gal(Q(pm)/Q) v€Gal(Q(pm)/Q)

Definition 7.3.5. Define {279 ¢ HY(Q(pm), To,(f,9)*)) : m € A} to
be the classes obtained by applying Lemma 7.3.4 to our classes ciﬁﬂN , where
we take r¢(X) = Ap(X) and s¢(X) = pe(X) = Pi(f, 9,471 X) and, as above, A
is the set of square-free integers coprime to Npc.

Note 7.3.6. By construction, the classes {279 : m € A} are a Euler sys-
tem for (7,3, A) in the sense of Definition 7.1.1, where ¥ is the set of primes di-
viding Npe. Moreover, because of (i), we have (z,, € S} (Q(m), T) for all m.

7.4. Finiteness of the strict Selmer group. We now combine the above
results to prove a finiteness theorem for the strict Selmer group. For the
convenience of the reader, we shall recapitulate all of the assumptions we have
made on f and g.
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ASSUMPTION 7.4.1. Assume that f and g are weight 2 newforms with
coefficients in a number field L and that p is a prime of L above the rational
prime p, with the following properties:

(i) Neither f nor g is of CM type;
(ii) f is not a twist of g;
(i) The character ey is nontrivial;
(iv) p > 5
(v) p does not divide the levels of f and g;
(vi) p is totally split in the field L, so Ly = Qp;
(vil) the p-adic Galois representations of f and g are surjective onto GLa(Zp);
(viii) there exists some prime v such that x(v) =1 for all inner twists x of f
or g, and a,(f) # +a,(g) mod p;
(ix) f is ordinary at p;
(x) there exists a root v of the Hecke polynomial of g at p such that vp(y) <1
and a/7 is not a root of unity, where a is the unit root of the Hecke
polynomial of f.

If we assume hypotheses (i)—(iii) (which do not depend on p), then there
will be many p such that the remaining hypotheses hold.

THEOREM 7.4.2. Suppose Assumption 7.4.1 is satisfied, and the p-adic
Rankin—Selberg L-function Dy(f, g,1/N) does not vanish at 1, where N is some
integer divisible by the levels of f and g. Then

VLp (f7 g)
i (0 Tty ) <

Proof. Tt suffices to show that the hypotheses of Theorem 7.1.4 are sat-
isfied for T' = Tp,(f,g)*. By Proposition 7.2.18, the element 7 required by
Hypothesis Hyp(Q, V') exists, and the Euler system of Definition 7.3.5 satisfies
Hypothesis Hyp(SP}, V)(ii). Since T is nontrivial and irreducible, T¢x = 0,
and the element ~ in Hypothesis Hyp(StP}, V)(iii) clearly exists.

By Theorem 5.6.4, if Dy(f,g,1/N)(1) # 0, the image of reg,Z; x,1 in
the (f, g)-isotypical quotient of H2y(X1(N)/Qp)/Fil? is nonzero. Hence, by
the diagram of Section 5.5, the localization of the Galois cohomology class
z{9" at p is nonzero so, in particular, .z'%" is nontorsion as an element of
H'(Q, Tr,(f,9)*) for any ¢ > 1. Thus we may apply Theorem 7.1.4 to the
Euler system (ciﬁ’ﬂ’N)meA of Definition 7.3.5 to obtain the finiteness of the
strict Selmer group. O

7.5. The order of the strict Selmer group. Theorem 7.1.5 gives a bound
for the order of the strict Selmer group, under slightly stronger hypotheses
than Theorem 7.4.2.
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THEOREM 7.5.1. Suppose Assumption 7.4.1 is satisfied and, in addition,
the mod p reduction of €yeq is not trivial. Then we have

V )
lengthy Sip) (Q, 77,2’ ((J;, Z; (1))

(1-p'pa)
<o (T P LN ) A

where X is the p-adic valuation of the ideal Iy of Definition 6.10.4 above.

Proof. Our condition on the mod p reduction of € re, implies that Hypoth-
esis Hyp(Q, T) is satisfied (again by Proposition 7.2.18; note that the mod p
reduction cannot be a nontrivial character of p-power conductor as p does not
divide the levels of f and g). The condition also assures that the quantities
ny and njy, appearing in Theorem 7.1.5 are zero (Proposition 7.2.20).

We consider the linear functional a on H'(Q, VL, (f,9)*) given by x
(logg, (%), n}" ® wg). On the lattice Top(f, g)* this takes values in

oy ) a0,
by Corollary 6.10.7; but since the Galois representations of f and g are assumed

to have big image, we have T@p(f,g)* =To,(f, 9)".
Theorem 5.6.4 shows that 7 maps the class zf 41 to

E(N)E(S)
E(f,9,1)

Hence the index of divisibility of Z{’g N is bounded above by
EHE(NHA—aty Hl—até !
up ( ELLELN X 1Dy(1.9. /M) ) + A

Dp(fvga 1/N)(1)

£(f.9.1)
We can ignore the factor £*(f) == 1 — o™, since ay is a unit and By is a
nonunit so £*(f) € O,°. Substituting the definitions of £(f) and £(f,g,1), we
have
ENA-ay Y1 —a"6") _ (1-ppa) -
£(f,9.1) (1—p'1By)(1 —p~1B0)

7.6. An example. It may seem slightly unclear whether the long list of
conditions in Assumption 7.4.1 may be simultaneously satisfied, so we present
the following explicit example (computed using Sage [Sage]):

Let f be the unique weight 2 newform of level 11 (corresponding to the
elliptic curve E : y?+y = 23—2). Let g be the unique newform of weight 2, level
26, and character x := (73) with az(g) = i, so the g-expansions of f and g are

f=q-2¢-¢+2¢" + " + 0(¢%,
g=q+i¢® — ¢ —q* - 3ig® + O(¢%).
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Note that x has conductor 13, so the local component of 7, at 2 is an
unramified twist of the Steinberg representation; on the other hand f is un-
ramified principal series at 2 and Steinberg at 11. So f cannot be a twist of
g, and neither f nor g is of CM type (since CM forms cannot be Steinberg
at any prime). The form f has no inner twists (since it is non-CM and has
coefficients in Q); as for g, its Galois orbit consists of g and g, so its only inner
twist is g.

To calculate the image of the Galois representations of f and g, we note
that Sage [Sage| has a facility to compute all the exceptional primes for the
Galois representation attached to an elliptic curve (i.e., those primes for which
the image of the Galois representation is not GLa(Z,)). This speedily tells us
that py,, is surjective for all p # 5.

The form g does not correspond to an elliptic curve, but there is a Dirichlet
character ¢ : (Z/13Z)* — Q(i)* such that g ® ¢ corresponds to an elliptic
curve E’ of conductor 2 x 132 = 338 (the curve with Cremona label 338d, given
by y? + 2y = 23 + 22 + 5042 — 13112), and the only exceptional primes for £’
are {3,5}. Letting H = GQ(\/E)’ the kernel of the character y, we see that for
all primes p ¢ {2,3,5,13}, the image of H under pg,, for any prime p of Q(7)
above p, is GLa(Z,).

Moreover, the only prime such that a,(f) = a,(g) for all v split in Q(+v/13)
is p = 5. We deduce that for any p congruent to 1 mod 4 and not in {5, 13},
and any prime p of Q(¢) above p, the hypotheses (i) — (viii) are satisfied.

We check that both f and g are ordinary at the primes above 17 (it does
not matter which prime we take, since a17(g9) € Z). For any choice of roots
a,~ of roots of the Hecke polynomials of f and g, the minimal polynomial of
a/v over Q is z* + %x?’ — %xQ + %a: + 1 so, in particular, a/~ is not a root
of unity. Thus hypotheses (ix) and (x) are satisfied if p is either of the primes
above 17.

Note added after submission. Since this paper was originally submitted,
the 17-adic L-values appearing in this example have been computed modulo 173
by Alan Lauder, using the techniques described in [Laul4]. It is actually more
convenient to compute Dy(g, f,1/N)(1) rather than Dy(f,g,1/N)(1). This
quantity is indeed nonzero, so applying Theorem 7.4.2 gives finiteness of the
Selmer group.

8. Conjectures on higher-rank Euler systems

We now explain how the cohomology classes constructed in the previous
section may be reconciled with the general conjectural setup of cyclotomic
Iwasawa theory for motivic Galois representations formulated by Perrin-Riou,
and its extension to the two-variable situation as formulated by the second and
third authors in [LZ12].
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8.1. FEuler systems: rank 1 and higher rank. Let us place ourselves again
in the general setting of Section 7.1 above, so T is a free O-module with a
continuous action of Gg unramified outside a finite set ¥ > p, and A is a set
of integers satisfying the conditions loc. cit. Suppose that all integers in A are
coprime to p.

Perrin-Riou’s conjectures, as formulated in [PR98] (cf. also [Rub00, §8.5]),
discuss the following class of objects:

Definition 8.1.1. A Fuler—-Iwasawa system of rank r > 1 consists of the
data of, for each m € A, a class

Cm € /\ HIlw(Q<ﬂmp°°)7V)
ATm)

with the property that if £ is prime and ¢, m¢ € A, we have

Q(Umép‘x’) )= {pf(a-gl)cm lf E * mE,

cores c
Qmpoe) Cm if 0| mX.

Note that a rank 1 Euler-Iwasawa system is equivalent to the data of a
Euler system for (T, Ap,Y) in the previous sense, where A, = {pFm : m € A,
k> 0}.

As noted in [PR98, §1.2.3], a higher-rank Euler system can be used to
construct rank 1 FEuler systems, by pairing with appropriate “rank r — 17
elements. We make the following definition:

Definition 8.1.2. We define a Perrin-Riou functional to be the data of,
for each squarefree m prime to S as above, an element
r—1
®, € [\ Homyp (Hpy 5(Qump=),T),A)"
with the property that for each ¢{mS, we have

_ Q(Hm@pm)
P, =P, 0 TES Q) (o) -

Lemma 1.2.3 of op. cit. shows that if (¢,(m)) is a Euler system of rank 7,
and (®,,) is a Perrin-Riou functional, then the elements

Dy (cp(m)) € HIIVV,S(Q(MmpOO)’ T)

define a Euler system of rank 1. (Here, as explained loc.cit., we interpret ®@,,
as a map

T
/\ HIlw,S<Q<IU/mP°O )7 T) — HIlW,S(Q(/'LmPOO )7 T):
which we also denote by ®,,.)

Appendix B of op. cit. shows that (under mild hypotheses on T') there
is a plentiful supply of Perrin-Riou functionals, although there is no obvious
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canonical choice. More specifically, given any m and any ®,,, there exists a
Perrin-Riou functional extending ®,,. Hence, given as a starting point a rank
r Euler system, one may construct a rank 1 Euler system (indeed many such
systems) and obtain Iwasawa-theoretic results from this rank 1 system; but
these rank 1 Euler systems are noncanonical and, in particular, there is no
reason to expect that they should have any relation to L-values.

Remark 8.1.3. An alternative approach to bounding Selmer groups in the
r > 1 case by directly utilizing a notion of “higher-rank Kolyvagin systems,”
rather than by constructing rank 1 Euler systems, has been initiated by Mazur
and Rubin (unpublished).

8.2. Otsuki’s functionals. We now explain a construction due to Otsuki
[Ots09], who has shown how to construct canonical linear functionals on co-
homology groups by composing the dual exponential map with an appropriate
“weighted trace.” These maps do not satisfy the compatibility properties of a
Perrin-Riou functional, and thus they give rise to systems of elements of group
rings satisfying a modified compatibility property; we shall show that this
modification is consistent with the results we have shown for our generalized
Beilinson—Flach classes.

For technical reasons we shall work in the limit over the cyclotomic exten-
sion, rather than directly over Q(uy,); this avoids problems caused by zeroes
of local Euler factors (cf. the discussion at the start of Section 9.1 of [Rub00]).

Choose a system of roots of unity ¢, € Q for all m > 1 that satisfy (7, =
(m for all integers m, n. Let G, = Gal(Q(ur,)/Q) and I'y;, = Gal(Q(pmp=)/Q);
we identify I, with G,,, x I" in the obvious way.

Let V be an E-linear p-adic representation of Gg, where E/Q, is a finite
extension, that is crystalline at p with nonnegative Hodge-Tate weights and
such that no eigenvalue of Frobenius on Deis(V) is a root of unity. Then for
all m > 1, the p-adic regulator map

‘C&(um),v : HIIW(@(:U’WPOQ)? V) - @(um) ®Q HE(F) KF ]D)cris(v)

is well defined (as the sum of the local regulator maps at the primes of Q(,)
above p).

Let D = Deyis(V*) = Deyis(V)*, and let Dyppee = Ap(I') @ D ®@g Q(ptm)-
We regard Dy, as a I'y,-module, via the usual action of Gy, on Q(py,) and of
I' on Ag(T"). Following [Kur02] and [Ots09], we have the following definition:

Definition 8.2.1. Define a pairing
i Doy % Hby (Qptmp=), V) — [T

tm(z,2) = Y [o]tracegqu,,)/q (02, Luv(2)) . -
oc€Gm
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Here we extend (, )¢ris to be I-linear in the second variable and T'-antilinear
in the first. One checks that

tm(ox,72) = [0 7] -t (z, 2)

for all 0,7 € 'y, (not just in I').

Now fix two families Fy, Gy of polynomials in E[X], indexed by primes
¢ ¢ 3, such that Fy, G, € 1+ X E[X] for all £.

Let A be the set of square-free integers prime to X. For each prime ¢ ¢ ¥
and each m € A, consider the A(I',)-linear endomorphism of Ag(I") ®g Q(tm)
given by 64(z ® ¢) = 1z ® ¢, for all roots of unity ¢ € fi,, where 74 is the
arithmetic Frobenius at ¢ in I'. Thus &y is the action of the Frobenius at £ in
Iy, if £1m and is a possibly noninvertible endomorphism if ¢ | m; and the &,
all commute with each other.

PROPOSITION 8.2.2. The endomorphism Fy(64) is invertible in

Endg (@ @ Q(pm))
where @ = Frac Ag(T).

Proof. Clear, since the roots of the characteristic polynomial of 6, on
Q(um,) are scalars. O

For each m € A, let us define an element 2, € Q ®g Q(pm) by

Ty = (H FE(@)_lGe(&e)) (1@ ).

Lm

PROPOSITION 8.2.3. If ¢t m, then we have

tr(w1,0) = 0 Fo(oe) ™" (€ = 1)Galor) — €Fy(00)) 7.

m \*"m

Proof. This is a straightforward generalization of (one case of ) Proposition
2.5 of [Ots09]. We define Hy(X) = w, so we have

Fy(60) ' G(64) = 1+ Hy(60)Fu(60) 64

in Endg Q ®g Q(ftme). The operator &, commutes with tr™* whenever v # .
Hence

i (@) =ty (( I1 Fvwv)le(av)) cmg>
v|ml

— (H Fv(&u)_le(&v)) trt (Fy(60) " Gol00)Cme)

vlm
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= ( (&v)) trmt ((1 + He(t?e)Ff(&Z)fl&e) Cme)
v|m

> b (Gt (He(60) Fe(62) ™ G
> —07 )+ (0= 1) (He(60)Fu(60) ™ )]

+ (L= 1) Hy(o0) Fo(oo) ") 2,
(where we have dropped the hats, since gy acts on Q ® Q(uym,) as the usual
Frobenius o). Since o,H(0oy) = Gy(o¢) — Fy(oy), we have
— o, 4+ (€= 1) Hy(o0) Fo(oe) ™"

=0, ' Fo(o0) ™" (=Fy(oe) + (€ — 1)oeHy(ov))

=0, 'Fy(o0) ™ (=Fu(oe) + (£ = 1)(Ge(oe) — Fu(or)))

=0, Fy(o0) ™ (€ = 1)Gilor) — LFy(00))
which gives the formula stated above. O

COROLLARY 8.2.4. If we are given, for each m € A, an element

2m € Q An(r) Hiy (Qttmp=), V)
satisfying
cores™ (zn) = Fr(oy M) 2m
for each m and each prime £ {m, { ¢ ¥, and if we define x,, = x},v € Dpypeo
for some fired v € D, then we have the relation

P i (Tmes 2me) = 00 (€ — 1)Ge(0) ) = LF(07 1)) tin (T 2m) -

By base extension we may regard t,,(x,,, —) as a map /\?\(Fm) M, — M,

where
My, =Q QAT HIIW(Q(,U/mpOO)’ V),

so it makes sense to evaluate t,,(z,,, —) against a rank 2 Euler-Iwasawa system.

We now specialize to the case where V = Vi, (f,g)* for some weight 2
eigenforms (f, g) of levels divisible only by primes in ¥ —{p}. We take Gy(X) =
1 —eo(f)ee(9)X? and Fy(X) = P,(¢71X) as before. Choose a p-stabilization
(a,y) of f and g, and let v = v, ® v, be the obvious p-eigenvector in Deyis(V*)
of eigenvalue ay.

PROPOSITION 8.2.5. Let (wp)m>1 be a Euler-Iwasawa system of rank 2
for (T, A, Y), for some lattice T in V', and let

Um, =t (T, Win ).
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Then we have
vm € Hp(T) @y Q@ @y H (Qptmp=), V),
where h = vy(avy). The elements vy, satisfy the compatibility relation
cores™ vy, = oy ((£ —1)Gy(o, 1) — €Fg(ae_1)> U

Note that the growth condition H,(I") is consistent with what we have seen
for the elements 3,1;? 9 NP (cf. Theorem 6.8.4) and the compatibility condition
between levels m and m/f is consistent with Theorem 3.4.1. This suggests the

following conjecture:

CONJECTURE 8.2.6. Then there exists a rank 2 Fuler—Iwasawa system
(wp,) for (To, (f,9)*, A, X) with the property that for allm € A, and all choices
of p-stabilizations («,v) of (f,g), the Iwasawa cohomology class 55,%’g”’Np of

Theorem 6.8.4 is given by
5;;?7%’]\727 = tm<mma wm)

in the notation above.

This gives a conceptual explanation for the (somewhat surprising) growth
and compatibility properties of the generalized Beilinson—Flach elements in
the context of Perrin-Riou’s theory of higher-rank Euler systems. The authors
would like to express their cautious hope that similar rank 1 “shadows” of
higher rank Euler systems might also exist in other contexts.

Remark 8.2.7. Note that it is implicit in this conjecture that the elements
tm(Tm, wy) have no poles (except possibly at the trivial character), so the
singularities of ¢,,, at the characters where one of the Fy(d,) for ¢ | m fails to
be invertible, must be “cancelled out” by zeroes of wy,.

Appendix A. Ancillary results

A.1l. Fized points of double cosets. Here we shall prove a result that is
used in the proof of Theorem 3.4.1 above.

Let T' be a discrete subgroup of PSLy(R). Recall that a fundamental
domain for I is a closed subset D of ‘H such that

e D is equal to the closure of its interior D°,

® U’\/GF 7D = Ha
e vD°N D° = & for all nonidentity elements v € T.

We assume henceforth that I' is a Fuchsian group of the first kind, i.e.,
that I' admits a fundamental domain D with finite hyperbolic area. We shall
say that a fundamental domain D is polygonal if D is the region bounded by a
finite number of geodesic arcs in H; it is known that every I admits a polygonal
fundamental domain.
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LEMMA A.1.1. Let D be a Dirichlet domain for I', and let E = oD where
a lies in the commensurator Comm(I"). Then there are only finitely many
v €T such that aD N~vD # @.

Proof. Tt is clear that aD is a Dirichlet domain for al'a~!. In particular,
it is polygonal. Hence it can be decomposed as the union of a compact set M
and a finite number N; of “cusp neighbourhoods,” which are subsets bounded
by two geodesics intersecting at a vertex at infinity, which is a parabolic point
z; of al'a™! on the boundary P!(R), and an arc of a Euclidean circle tangent
to the real line at x;.

Since M is compact, it can intersect only finitely many I'-translates of D
(cf. [Kat92, Th. 3.5.1]). Moreover, since o € Comm(D), the sets of parabolic
points of I" and al'a~! are the same; so for each vertex-at-infinity = of aD,
we may choose some vy € I' that maps a vertex-at-infinity y; of D to x;, and
it is clear that NN; is contained in a finite union of translates of vy'D where ~/
lies in the stabilizer of y;. Each of these, in turn, intersects finitely many other
translates of D (since D has finitely many sides). O

LEMMA A.1.2. Let T' be Fuchsian group of the first kind, and let X C
Comm(T") be a finite union of double cosets Tal'. Then the set

Fix(X) ={u e H :yu=u for somey e X, v# 1}
is a finite union of I'-orbits in H.

Proof. Since X — {id} is preserved by conjugation by I, the set Fix(X) is
a union of orbits of I'. So it suffices to show that Fix(X) N D is finite, where
D is a Dirichlet domain for T'.

We claim that there are only finitely many = € X such that xtDND # @.
From Lemma A.1.1, we know that for each a € G, there are finitely many
~v € I' such that yD N aD # @ and hence finitely many « € I'a such that
xDND # @. Since X is the union of finitely many left cosets I'ci;, this implies
the claim.

However, each nonidentity element in the finite set {x € X : tDND # o}
can only have finitely many fixed points in H and, in particular, in D; so
Fix(X) N D is finite, as required. O

LEMMA A.1.3. Let I'1, Ty be commensurable Fuchsian groups of the first
kind. Then the set

{u € H:3ceTl,deTy such that cd # 1 and cdu = u}
is a finite union of orbits under I'y N[y,

Proof. This follows from the previous lemma applied to I' = I'y N I's and
X =T1T%. O
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(Note that if 'y = I'y, or more generally if the group generated by I'; and
I’y is Fuchsian, this generalizes the well-known result that Fuchsian groups of
the first kind have finitely many elliptic points in I'.)

In particular, we have the following:

PROPOSITION A.1.4. Let I'1,I'y be commensurable Fuchsian groups of the
first kind. Then the natural map

(Fl N FQ)\H — (Fl\H) X (FQ\H)
is injective away from a finite subset of its domain.

Proof. Let z, 2’ be two points of H such that 2z’ € I';z and 2’ € T'2. Then
we may write 2/ = 1z for some y; € I'1 and 2’ = 9z for some 5 € I's.

Hence v, 'y2z = 2. So either z lies in the finite subset Fix(I'1I's) of
(T1NT2)\H, or vy 72 = 1, in which case z and 2’ are clearly in the same orbit
under I'1 N . O

A.2. Unbounded Iwasawa cohomology. In this section, we shall consider
inverse systems of cohomology classes in Z, -extensions that are not bounded
(as in the usual definition of Iwasawa cohomology) but satisfy a weaker growth
condition.

Let K be a finite extension of either Q or Q,. If K is global, suppose that
either p # 2, or K has no real places.

Notation. In order to handle the two cases in a uniform manner, we
shall adopt a notation that is slightly abusive: for T' a Z,-representation of
Gal(K/K), the notation H*(K,T) will mean either H(K,T) as defined above
if G is local, or what we previously called H§(K,T) if K is global, where S is
some fixed finite set of places containing all infinite places and all those divid-
ing p. In the latter case, we will assume that S contains all primes at which T'
is ramified.

As before, we let K, = K(pp») and Ko = |J,, Ky, and define Iwasawa
cohomology groups Hi (Koo, T) as the inverse limit of the H'(K,,T) with
respect to corestriction, with their natural module structure over A = Az, (T").

PrOPOSITION A.2.1 (Nekovar). For any j € {0,1,2}, we have a short
exact sequence

(22) 0 — H (Koo, T)r, — H/ (K, T) — HIT' (K., T)' — 0.

Proof. This is Corollary 8.4.8.2 of [Nek06]. We briefly recall the proof.
There are natural isomorphisms

HfW(KOCHT) = HZ(KaA ®Zp T)7
H'(Kn,T) = H'(K,Zy[l /T ©2, T)
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(for a suitable A-linear action of G on the tensor products); see Proposition
8.3.5 of op. cit. Then the result above follows from the long exact cohomology
sequence of K-cohomology attached to the short exact sequence of A[Gk]-
modules

n]—1
00— Awy, T 2" A@y T — 2,0/, @y, T — 0. O

PROPOSITION A.2.2 (Perrin-Riou). There is an exact sequence

0 —» 7O —» Hi (Koo, T) — Homy(H'(Ku, V/T)", A’

— (finite) — 0,

where v signifies that the A-module structure is composed with the automor-
phism v — v~ L. In both cases, this exact sequence identifies T e with the

A-torsion submodule of H} (Ks, T).

Proof. The local case is [PR92, Prop. 2.1.6]; note that in the local situa-
tion, Tate duality furnishes an isomorphism H! (K, V/T)V = H{, (Koo, T*(1))
and the middle map can be interpreted as Perrin-Riou’s pairing H Ilw(K 0oy T') X
H} (Ks,T*(1)) — A. The global case is [PR95, Lemma 1.3.3]. O

The main object of study in this section is the following module. Let
V= @p Xz, T.

Definition A.2.3. For K,T,V as above, and 0 < r < 1, let Y, (K, V)
be the space of sequences (cp)n>0 € lim HY(K,,V) such that there exists
§ < oo independent of n for which pl"/*9¢, is in the image of H* (K,,T) in
HY(K,,V).

PROPOSITION A.2.4. For all 0<r <1, the natural map A, : H,(I') ® g, (T)
Hiy (Koo, V) = lim H'(K,, V) has image contained in Y, (Koo, V).

Proof. This is clear from the definition of #,(T"). O

Remark A.2.5. The map A, is not necessarily injective, even for r = 0
(where H,(T") is just A ® @,). A counterexample is provided by the represen-
tation T' = Z,(1). Then the cocycle ¢, given by o — % is well defined
as an element of H'(K,,T) (for either local or global K). The sequence (c,)
defines an element of H{. (K, T) that is not p-torsion and thus is nonzero as
an element of Hllw (Koo, V). But p"c¢, is a coboundary for all n, so the image
of ¢, in HY(K,,V) is zero for all n. Thus (c,) lies in the kernel of the above
map.

PROPOSITION A.2.6. The kernel of A\, is contained in Hllw(Koo, V)tors =
VKoo
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Remark A.2.7. We note first that this statement does make sense, since for
any Ag, (I')-torsion module M, tensoring with 1 € H,.(I") gives an isomorphism
Hr(I') ®pq, () M = M.

Proof. Tensoring (22) with Q,, we find that the map

Hiy (Koo, V), = H'(Ky, V)
is injective. Thus the kernel of A, consists of those elements lying in
N (= 1) (Ho(T) @1, vy B (Koo, V) -
n>0

Since H (K, V) is a finitely-generated module over the subring Ag,(T1)
C Aq,(T'), which is a PID, we may write it as the direct sum of its torsion
submodule and a complementary free submodule. Since r < 1, we find that

() (O = DH(T) =0,

n>1
and hence the kernel of A, is contained in the torsion part of HIIW(KOO, V),
which is equal to V@&~ by Proposition A.2.2. O

Remark A.2.8. Although we shall not need this, it clearly follows that the
kernel of A, is equal to J,>0(yn — 1)V %o, which is the unique I-invariant
complement of J,, H*(K,,V) in H*(Kw, V).

PROPOSITION A.2.9. Let K be a p-adic field, and suppose that VK = 0.
Then the map

(D) @ng, () Hiw (Koo, V) = Yi(Koo, V)
s an tsomorphism.

Proof. By Proposition A.2.2, our hypotheses imply that Hi, (Koo, V) is a
torsion-free Ag, (I')-module; hence it is free, since Ag, (') is a finite product of
principal ideal domains (and the ranks of the I'yops-isotypical direct summands
of Hf (K, V) are all equal). Thus there exists a free basis x1,...,z4 of
Hl, (Ko, V), where d = dimg, (V).

For each n, the cokernel of the projection map

Hi,(K,T) — H'(K,,T)
is finite, and its order is bounded independently of n. (In fact, the cokernel of
this map is isomorphic to the I',-invariants of
Hiy (Koo, T) 2 HY (Koo, (V/T)*(1))",
and H(Kw, (V/T)*(1)) is finite, since HO(Ko, V*(1)) = H*(Kw, V)*(1)=0.)
Thus the map
Hiy (Koo, V) = HY(K,, V)
is surjective for all n, and there is v < oo independent of n such that the

Zy-submodule spanned by the images of x1,...,z4 in H'(K,,V) contains p” -
HY(K,,T)
torsion *
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Consequently, given any sequence (¢, )n>0 € Yy (Koo, V'), we have for each n

uniquely determined elements bgn), . ,b((jn) € Q,[I'/T',,] such that ¢, bgn)xgn)
(n)

= ¢y, where x;  is the image of ; in H Y K,,V). Also, for each i, the sequence

(bl(n))nzo is compatible under projection (by uniqueness), and its valuation is
bounded below by —[rn] —d — v; so (as r < 1) there is a unique element
bi € H,(I') whose image at level n is bg”) for all n. Then it is clear that
c=>Y,b®x; € H,() ®ng, (T) H} (K, V) is a preimage of (cp)n>0; by the
previous proposition, it is unique. [l

In the global case we cannot prove quite such a strong result, as we do
not have such good control over HIQW (Koo, T'); the following rather more specific
result (which applies to both local and global cases) will suffice for our purposes:

ProproOSITION A.2.10. Let r < 1, and suppose T has the structure of a
module over O, for some finite extension E/Qp, and that TCkoo =0. Leta €
Op such that vy(a) < r, and suppose we are given elements x,, € H (K, T)
for n > 0 satisfying

CoreSZH(an) = axy,.

Then there is a unique element x € H,(I') ®p Hi, (Koo, T) whose image in
HY(K,,V) is equal to o "c,, for all n.

Proof. We claim that the hypotheses of the theorem force each ¢, to be
the image of an element of Hllw(Koo, V)r, . To prove this, we shall argue much
as in the proof of Proposition 6.6.2. We begin by noting that HZ (Keo,T)
is a finitely-generated A-module and the subgroups M,, == HZ (Ko, T)' are
A-submodules (since T' is abelian). As A is a Noetherian ring, the ascending
chain of submodules (M,,),>0 must eventually stabilize; that is, there is an ng
such that M,, = My, for all n > ng.

The corestriction map H'(K,y1,T) — H'(K,,T) corresponds to the
trace map Mpy11 — My; when n > ng, this is simply multiplication by p
on Mp,. Since v,(a) < 1, we deduce as in Proposition 6.6.2 that for all n > 0,
the image of x,, is contained in the torsion submodule of M,,. Inverting p, the
torsion is killed, and the image of z,, in HZ (K, V)™ is 0; so x,, lies in the
submodule H{. (Kw,V)r, € HY(K,,V).

Now let us choose a basis of the free Ag,(T')-module H{, (Ks,V). In
order to apply the argument of the previous proposition, we need only check
that the order of the torsion subgroup of M, is bounded independently of n;
but this is immediate from the fact that the M, stabilize for large n (and
are all finitely-generated as Z,-modules). This shows that there exists a p
such that a "¢, lies in p‘LmJ_“HIlW(KOO, T'), and the argument proceeds as in
Proposition A.2.9. (]
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