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Microdifferential systems and the
codimension-three conjecture

By MAsAKI KASHIWARA and KARI VILONEN

Abstract

In this paper we give a proof of a fundamental conjecture, the codi-
mension-three conjecture, for microdifferential holonomic systems. The
conjecture states that any (regular) holonomic module extends uniquely
beyond an analytic subset that is at least of codimension three in its sup-
port. Our result can also be interpreted from a topological point of view
as a statement about microlocal perverse sheaves. However, our proof is
entirely in the context of microdifferential holonomic systems.
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1. Introduction

In this paper we give a proof of a fundamental conjecture, the codimension-
three conjecture, for microdifferential holonomic systems with regular singular-
ities. This conjecture emerged at the end of the 1970’s and is well known
among experts. As far as we know, it was never formally written down as
a conjecture, perhaps because of lack of concrete evidence for it. Our result
can also be interpreted from a topological point of view as a statement about
microlocal perverse sheaves. However, our proof is entirely in the context of
microdifferential holonomic systems.

Let X be a complex manifold. We write Dx for the sheaf of linear dif-
ferential operators on X with holomorphic coefficients. The Riemann-Hilbert
correspondence identifies the categories of perverse sheaves and regular holo-
nomic D x-modules ([Kas84]). Both of these notions are now widely used in
mathematics. The study of microdifferential systems, € x-modules, was initi-
ated in [SKK73], where the basic properties were proved and some structural
results were obtained. In the next section we recall the definition of the sheaf
€ x along with its basic properties. The notion of micro-support of sheaves was
introduced in [KS82], [KS90]. Making use of this notion allows one to study
perverse sheaves microlocally, i.e., locally on the cotangent bundle. In addition,
using this notion, one can define microlocal perverse sheaves and establish the
microlocal Riemann-Hilbert correspondence between regular holonomic €& x-
modules and microlocal perverse sheaves. See, for example, [And93], [And96],
[Was04].

Let us fix a conic Lagrangian subvariety A C T*X. It is often important
and interesting to understand the category Px(X) of perverse sheaves on X
with complex coefficients whose micro-support lies in A. Equivalently, thinking
in terms of D x-modules we can view Py (X) as the category of regular holo-
nomic D y-modules whose characteristic variety is contained in A. The basic
structure of this category has been studied by several authors, for example,
[Bei87], [Kas86], [KK81], [MV86] and [SKK73]. In [GMV96] it is shown how,
in principle, one can describe this category: when X is algebraic, it is equiv-
alent to the category of finitely generated modules over a finitely presented
associative algebra. However, it is perhaps more interesting to describe Py (X)
in terms of the geometry of 7% X . This is the the point of view we adopt here.

The category P (X) gives rise to a stack Perp on T*X. As we explained
above, we can view this stack as either the stack of microlocal perverse sheaves
with support on A or as the stack of regular holonomic € x-modules supported
on A. As Dx is a subsheaf of rings of € x, the passage from P, (X) to Pery in
this language is rather simple as it amounts to merely extending the coefficients
from Dy to Ex. One expects the microlocal description of Py (X), i.e., the
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description of Perp (T*X) to make things conceptually simpler. Our resolution
of the codimension-three conjecture is a key step in this direction.
Let us write

(1.1) A= AUATUAY-

where A’ is the locus of codimension i singularities of A. The appropriate
notion of singularity in our context amounts to a Whitney stratification of A.
We set AZF = UkziAk. It is not difficult to show, either from the topological
([KS90, Prop. 10.3.10]) or from the analytic point of view ([KK81, Th. 1.2.2]),
that the following two statements hold for U C T*X an open subset:

(1.2) The functor Pery (U) — Perp (U \ A=) is faithful,
and
(1.3) The functor Pery (U) — Pera(U \ A=?) is fully faithful.

In particular, the latter implies

If we have a Lagrangian A = Ay U Ay with each A; Lagrangian

(1.4) and codimp (A1 NA2) > 2, then Perp (U) = Perp, (U) x Perp, (U).

In concrete terms, (1.3) means that beyond the codimension-one singularities
of A only conditions on objects are imposed. All the essential data are already
given along A” and A'. Along the locus A? we specify a (twisted) local system
(cf. [Kas86]), and along A! we specify some “glue” between the local systems
on various components of A?. This “glue” may also impose conditions on the
local system on A°. Such a description of the stack Per, (U \ A=2), in terms of
Picard-Lefschetz/Morse theory, is given in [GMV].

In this paper we answer the question as to what happens beyond codi-
mension two, i.e., we prove the following fundamental fact:

THEOREM 1.1. For an open subset U of A and a closed analytic subset Y
of UNA of codimension at least three in A, the functor Per(U) — Pery(U\Y)
is an equivalence of categories.

Note that microlocal perverse sheaves can be defined with coefficients in
any field. As our methods are analytic, our theory applies only to the case
when the field is of characteristic zero. We do not know if our results are true
beyond this case.

As was already noted, in our proof we work entirely within the context of
€ x-modules. Our arguments apply to any holonomic module that possesses
a (global) €x(0)-lattice; here € x(0) stands for micro differential operators of
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order at most zero. All regular holonomic € x-modules do possess such a lattice
but we do not know if this is true in the irregular case in general.!

We will now formulate our results in more detail and explain the strategy
of proof. Our main extension theorem takes the following form:

THEOREM 1.2. Let U be an open subset of T*X, A a closed Lagrangian
analytic subset of U, and Y a closed analytic subset of A of codimension at
least three. Let M be a holonomic (SX‘U\Y) -module whose support is contained
in A\Y. Assume that M possesses an (EX(O)]U\Y>—lattz'ce. Then M extends
uniquely to a holonomic module defined on U whose support is contained on A.

There is also the following version for submodules:

THEOREM 1.3. Let U be an open subset of T*X, A a closed Lagrangian
analytic subset of U, and Y a closed analytic subset of A of codimension at
least two. Let M be a holonomic (EX\U)—module whose support is contained

in A, and let My be an (8X|U\y)—subm0dule of Mlgny. Then My extends

uniquely to a holonomic (EX]U>-submodule of M.

We deduce these results, which we call convergent versions, from their
formal versions. In the formal versions we work over the the ring of formal
microdifferential operators €x instead. Here are the statements in the formal
case:

THEOREM 1.4. Let U be an open subset of T*X, A a closed Lagrangian
analytic subset of U, and Y a closed analytic subset of A of codimension at
least three. Let M be a holonomic (SX‘U\Y) module whose support is contained

in A\Y. Assume that M possesses an (SX( )]U\y)-lattwe. Then M extends
uniquely to a holonomic module defined on U whose support is contained on A.

And:

THEOREM 1.5. Let U be an open subset of T*X, A a closed Lagrangian
analytic subset of U, and Y a closed analytic subset of A of codimension at
least two. Let M be a holonomic (EX\U)—module whose support is contained

in A, and let My be an (EX|U\Y)—subm0dule of Mlp\y- Then M extends
uniquely to a holonomic (§X|U>-subm0dule of M.

LAfter completing this paper we discovered that in [Mal04] Malgrange states that all holo-
nomic € x-modules possess an & x (0)-lattice. As we have not carefully studied his argument,
we have left the existence of an €x(0)-lattice as an assumption in the statements of our
theorems.
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Let j: U\'Y — U be the open inclusion. The theorems above amount
to proving that the natural sheaf extensions j. M, 7M1, j*ﬁ, and j*J/V\El of
M, My, ﬁ, and J/\/\El, respectively, are coherent. By a standard technique in
several complex variables, which in this context was already used in [SKK73],
it suffices to prove the coherence of a module after pushing it forward under a
map that is finite on the support of the module. Via this technique we are able
to “eliminate” the extraneous variables and reduce the extension problems, i.e.,
the question of coherence of the sheaf extension, to a simpler form. The sheaf
€x(0) can then be replaced by the sheaf Ax whose precise definition is given
in Section 3. The Ax is a commutative sheaf of rings and it can be viewed as
a certain kind of neighborhood of X x {0} in X x C. The sheaf Ax has its
formal version Ax and we can similarly replace & x(0) with Ax . The sheaf
Ax is the structure sheaf of the formal neighborhood of X x {0} in X xC. We
will call extension theorems involving the sheaves Ax and .;L\X commutative
versions of the extension theorems.

As the proof of the submodule theorem is simpler and goes along the
lines of the proof of the codimension-three extension theorem, we will focus on
the codimension-three extension theorem in the introduction and just briefly
comment on the submodule case.

We will next state a theorem that by the discussion above implies the
formal version of the codimension-three extension theorem. Let Y C X be a
subvariety, and let us write j: X \ Y < X for the open embedding. Then

THEOREM 1.6. If N is a reflexive coherent ﬁX\y—module and dimY <
dim X — 3, then j*JTf 18 a coherent ﬁx—module.

_ The notion of reflezive is defined in the usual way. We call N reflexive if
N == D.D~ N where we have written DAN for the dual of N ie.,

DN = %omﬁX(N,AX).
In Section 6 of this paper we deduce this result from the classical extension
theorem due to Trautmann, Frisch-Guenot, and Siu [Tra67], [FG69], [Siu69],

which we state here in the form suitable for us.

THEOREM 1.7 (Trautmann, Frisch-Guenot, and Siu). If F is a reflez-
ive coherent Ox\y-module and dimY < dim X — 3, then j.J is a coherent
O x-module.

This result is explicitly stated in this form in [Siu69, Th. 5]. For a coherent
Ox-module F, we will write F* = Jomo, (F,0x) for the dual of F, and we
recall that F is called reflexive if ¥ = F**. In this paper F* will always mean
the Ox-dual of F even if F carries some additional structure.



578 MASAKI KASHIWARA and KARI VILONEN

Similarly, the “convergent” case of the codimension-three extension theo-
rem would follow from

CONJECTURE 1.8. If N is a reflexive coherent Ax\y-module and dimY <
dim X — 3, then jN is a coherent Ax-module.

We believe that this conjecture can be proved by extending the techniques
of Trautmann, Frisch-Guenot, and Siu to our context. However, in this paper
we proceed differently. Making use of the formal codimension-three extension
Theorem 1.4 allows us to make stronger assumptions on the A y\y-module N.
Namely, the codimension-three extension Theorem 1.2 follows from the formal
codimension-three extension theorem combined with

THEOREM 1.9. Let X be a compler manifold and Y a subvariety of X.
Let N be a locally free Ax\y-module of finite rank, and let us assume further

that the corresponding formal module ]l\X\y OAx\y N extends to a locally free

ﬁx-module defined on all of X. If dimY < dim X — 2, then N also extends to
a locally free Ax-module defined on X.

We give a proof of this theorem in Section 8. In the proof we make use of
a result of Bungart [Bun67, Th. 8.1]. He extends the Oka-Cartan principle to
bundles whose structure group B* is the group of units of a Banach algebra B.

THEOREM 1.10 (Bungart). On a Stein space there is a natural bijec-

tion between isomorphism classes of holomorphic B*-bundles and topological
B*-bundles.

Note that we are proving a slightly stronger statement than necessary for
the codimension-three conjecture as we have replaced the inequality dimY <
dim X — 3 by dimY < dim X — 2. The stronger version is used in the proof of
the submodule extension theorem, which we now turn to briefly.

In the case of the submodule theorems it is more convenient for us to
work with the equivalent quotient versions. The formal version version of the
submodule extension theorem follows from

THEOREM 1.11. Let X be a complex manifold andY a closed submamfold
of codzmenszon at least two, and let j: X\Y — X be the embedding. Let N be a

coherent AX module, £ a torsion free coherent AX\Y -module, andcp 7 “IN=L
an epimorphism of AX\Y -modules. Then the image ofN — j*L i a coherent
AX-module.

Just as in the case of the formal codimension-three extension theorem we
will make use of a classical result that is due to Siu-Trautmann:
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THEOREM 1.12 (Siu and Trautmann). Let F be a coherent Ox-module
on X and let G be is coherent Ox\y-module with a homomorphism j*F — G.
We assume that codimension of Y is at least two. If G is torsion free, then
Im(F — 4.9) is coherent.

This is a special case of [ST71, Th. 9.3].

The paper is organized as follows. In Section 2 we recall the notion of
the ring of microdifferential operators €x and the notions of holonomic and
regular holonomic € x-modules, and we prove the uniqueness part of the exten-
sion theorems. In Section 3 we introduce the sheaf of rings Ax and its formal
version .ZX, which will be crucial for our arguments. These are sheaves of
commutative rings on X, and hence we call extension theorems involving these
sheaves of rings on X the “commutative” versions. In Section 4 we explain a
general mechanism utilizing finite morphisms that allows us to pass between
the extension problems for microdifferential operators and the extension prob-
lems in the commutative case. We do this both in the formal and convergent
cases. A crucial ingredient in our arguments is the Quillen conjecture, which
was proved by Popescu, Bhatwadekar, and Rao [Pop02, BR83]. Section 5 con-
tains the proofs of our main extension Theorems 1.4, 1.5, 1.2, and 1.3. Each
theorem is proved in a separate subsection. We make use of Theorems 1.6,
1.11, and 1.9, which are proved in their own Sections 6, 7, and 8, respectively.
In Section 6 we prove Theorem 1.6 by making use of the classical Theorem 1.7
of Trautmann, Frisch-Guenot, and Siu [Tra67], [FG69], [Siu69]. In Section 7 we
prove Theorem 1.11 making use of a classical submodule extension theorem of
Siu and Trautmann, Theorem 1.12. In Section 8 we prove Theorem 1.9. As we
already pointed out, we make crucial use of a Theorem 1.10 of Bungart [Bun67,
Th. 8.1] . Finally, in Section 9 we state some open problems.

The results in this paper were announced in [KV10].

Acknowledgements. The second author wishes to thank Kari Astala, Bo
Berndtsson, Laszlo Lempert, Eero Saksman, Bernard Shiffman, Andrei Suslin,
and Hans-Olav Tylli for helpful conversations. The second author also thanks
RIMS for hospitality and support. Both authors thank the referee for con-
structive comments which helped them improve the exposition of this paper.

2. Microdifferential operators

In this section we will recall the definition and basic properties of the sheaf
of rings of microdifferential operators. We will also discuss the uniqueness part
of the extension theorems.

Let X be a complex manifold, and let us write Ox for its sheaf of holo-
morphic functions. We view it as a sheaf of topological rings in the following
customary fashion. Let us fix an open subset U C X. For each compact subset



580 MASAKI KASHIWARA and KARI VILONEN

K C U, we define a seminorm || ||x on Ox(U) as follows:
(2.1) Iflle = sup[f(z)]  for f € Ox(U)
TE

Via these seminorms we equip Ox(U) with a structure of a Fréchet space
providing O x (U) with a structure of a topological ring. Throughout this paper
we assume that Ox has been given this structure. We also recall that Ox (U)
is a nuclear Fréchet space and hence Ox is a sheaf of nuclear Fréchet rings. In
the rest of this paper a ring on a topological space stands for a sheaf of rings.

We also write, as usual, Dx for the sheaf of linear differential operators
on X with holomorphic coefficients. Let us now turn to the rings of microdif-
ferential operators, &x and €x (see [SKK73], [Sch85], [Kas03]). Here we will
introduce them in terms of the symbol calculus in local coordinates. For a co-
ordinate free treatment, see [SKK73]. We write 7*X for the cotangent bundle
of X and wx: T*X — X for the projection. The C*-action on T*X gives rise
to the Euler vector field x. We say that a function f(z,&) defined on an open
subset of T*X is homogeneous of degree j if xf = jf. Let us now consider a
local symplectic coordinate system (z1,...,2n;&1,...,&,) of T*X. With this
coordinate system, x is written as > ; fz% We define the sheaf EX (m) for
m € Z by setting, for an open subset U of T* X,

Ex(m)(U) :{ Z pji(x,€) ’pj(a:,f) € Op-x(U) is homogeneous of degree j}
j=—00

and then setting €x = mez €x(m). The expression Yo (T, ) is to be

viewed as a formal symbol. The formal expressions are multiplied using the

Leibniz rule:

For p =} pi(w,§) and ¢ = 3 ai(w, &), we set pg = =D ri(x,£),

7 7

(2.2) 1
where 7, = Z a(@g‘pi)(aﬁqj);
k=i+j—|al
here a = (a1, . .., ay) ranges over Z%, and |a| = a1 +---+ay, al = a1l -+ - ayl,

og = (8%1)041 (%)an. In this marnner, € x becomes a ring on 7% X.
We define € x to be the subsheaf of € x consisting of symbols Y7 pj(z, )
that satisfy the following growth condition:

For every compact K C U, there exists a C > 0 such that
0 —j

(2.3) e < oo
> oo )l <o

here ||p;(x,&)| x stands for the sup norm on K as in (2.1). Standard estimates

j=—oc

can be used to show that €x is indeed closed under multiplication and hence
constitutes a subring of € x. Often in this paper we call the case of € x-modules
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2

the “convergent” case and the case of 3 x-modules the formal case. The word

“convergence” refers to the growth condition (2.3) and not to actual conver-
gence of 375 pj(,§).

The sheaves &x and e x are coherent and Noetherian rings on T* X, see
[SKKT73]. Furthermore, coherent modules over €x and €x are supported on
analytic subvarieties of T*X. By a fundamental result,

(2.4) the support of coherent € x- and & x-modules is involutive.

For a proof see [SKK73], [Kas03]. Recall that coherent &x- and &x-modules
whose support is Lagrangian are called holonomic. In the study of both
&-modules and g—modules, we can make use of quantized contact transforma-
tions. A contact transformation between two opensets U C T*X and V C T*Y
is a biholomorphic map ¢: U — V such that ¢*ay = ax, where ax and ay
are the canonical 1-forms of T*X and T*Y, respectively. A contact transfor-
mation can be quantized, at least locally. In other words, any point in U has a
neighborhood W such that there exists an isomorphism of C-algebras between
Ex|w and (¢~ 'E€y)|w. Thus, for local questions concerning & y-modules, we
can make use of contact transformations and put the characteristic variety in
a convenient position. Recall that we say that a conic Lagrangian variety A is
in generic position at a point p € A if the the fibers of the projection A — X
are at most one dimensional in the neighborhood of p.

This condition can be spelled out concretely in local coordinates in the
following manner: Let us write (z1,...,2,;&1,...,&,) for local coordinates
where the x; are the coordinates on the base X and the &; are the corresponding
fiber coordinates. We assume that p is the point (0,...,0;0,...,0,1), i.e., that
p is dx,, at the origin. If A is in generic position at p, then

(2.5) A = T(X where S={f=0} f=2%+hot,

where h.o.t. stands for a holomorphic function in the ideal (z1,...,z,)*.

Note that T'¢ X stands for the closure of the conormal bundle T’ g\ Ssing (X'\ Ssing),
where Sing is the singular locus of S.

It is not very difficult to see that a conic Lagrangian variety can always
locally be put in a generic position via a contact transformation; see, for exam-
ple, [KK81, Cor. 1.6.4]. Hence, for local questions about holonomic modules,
we can always assume that the characteristic variety is in general position.

Remark 2.1. When working with &-modules we always assume that we
work outside of the zero section. This is not a serious restriction as we can
always add a “dummy variable” to X.

One way to justify the convergence condition for symbols in Ex is the
following basic fact:
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THEOREM 2.2. Let us assume that the support of a holonomic € x-module
M is in generic position at a point p € T*X. Then the local €x p-module
M, the stalk of M at the point p, s a holonomic Dx . ()-module, and the
canonical morphism Exp @p, . My = My, is an isomorphism.

In particular, local questions about € x-modules can be reduced to ques-
tions about D y-modules. A proof of this result can be found in [Bj693,
Th. 8.6.3], for example. The proof uses the same reduction technique that
we utilize in this paper combined with Fredholm theory. The reduction tech-
nique is explained in Section 4 of this paper. The estimates in definition (2.3)
are precisely the ones for the theorem above to hold.

Let us recall the notion of regular singularities. For a coherent € x-module
M, a coherent € x (0)-submodule N is called an € x (0)-lattice if €x ®¢ ()N —M
is an isomorphism. A holonomic &-module with support A is said to have
reqular singularities or be regular if locally near any point on the support
of M the module M has an €(0)-lattice N which is invariant under €, (1), the
subsheaf of order 1 operators whose principal symbol vanishes on A. Kashiwara
and Kawai show, using their notion of order,

THEOREM 2.3. A regular holonomic E-module possesses a globglly defined
£(0)-lattice invariant under E5(1). The analogous result holds for E-modules.

For a proof, see [KK81, Th. 5.1.6]. In the rest of the paper we make use of
the (global) existence of an &£(0)-lattice. Its invariance under €4 (1) will play
no role. For the rest of this paper we assume that our holonomic € x-modules
possess an € x (0)-lattice.

Remark 2.4. As we pointed out in the introduction, after completing this
paper we discovered that in [Mal04], Malgrange states that all holonomic
Ex-modules possess an €x(0)-lattice. As we have not carefully studied his
argument, we have left the existence of an &€ x(0)-lattice as an assumption in
the statements of our results.

Let us now consider the question of uniqueness in the convergent and
formal versions of the codimension-three extension Theorems 1.2 and 1.4 and of
the submodule extension Theorems 1.3 and 1.5. Recall that we are considering
an open subset U of T*X, A a closed Lagrangian analytic subset of U, and
Y a closed analytic subset of A of codimension at least two. We will also
write j: U \'Y < U for the open inclusion. We let M (respectively /M) be
a holonomic (8 X]U\y)—module (respectively (é X\U\y)—module) on the open
subset U of T* X, whose support is contained in A\ Y.

We argue first that if an extension of M (respectively /M) to U with support
in A exists, then they are unique and they coincide with the sheaf extension
J M ( j*ﬁ, respectively). As the arguments are the same in the convergent and
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the formal cases, we will just work with the convergent case; We first recall
that holonomic modules are Cohen-Macaulay, i.e., a module M’ is holonomic
if and only if

(2.6) é’xtlgx (M, Ex)=0 unless k =n = dim X.
Of course we have the duality statement
(2.7) Extg (Exty (M, Ex),Ex) ~ M.

This implies
If M’ be a holonomic (€ x|y)-module supported in a Lagrangian
(2.8) variety A C U, then we have H%(M') = 0 for k < codimpZ for
any closed analytic subset Z of A.

Let us now assume that M’ is an extension of M to U with support A. Let
us write ¢: Y — U for the closed inclusion. Then we have the following exact
triangle:
— Riyi'M — M — Rj.M — .

From (2.8) we conclude that M’ = j,M, i.e., that the extension is unique, as
long as codimpY > 2. Thus, we are reduced to proving that j,M and j*J/\/\(
are holonomic. Note that the holonomicity of j,M and j*ﬁ amounts to them
being coherent. In this situation the sheaves j,M and j*ﬁ would fail to be
coherent if they do not have s/gﬂiciently many sections on Y'; for example, if

the restrictions of 7.,M and j,M to Y were to be zero.

3. Construction of commutative rings

In this section we introduce commutative rings on complex manifolds that
will be important for us. These rings are simpler versions of the rings € x (0) and
Ex (0). In the next section we explain the relationship between the extension
theorems for microdifferential operators and the extensions theorems for our
commutative rings that were stated in the introduction.

Consider the formal power series ring A = C[[t]]. It is a discrete valuation
ring. We define a subring A of A in the following manner. For any C' > 0, we
define a norm || ||¢ on A by the formula

(3.1) Zajt] = Z |a]]?
=0 ¢ j=0 '

We write A¢ for the subring consisting of elements a of A with llal|c < co. The
ring A¢ is a Banach local ring as can be concluded from the following lemma:

LEMMA 3.1.

(i) For any a, b € Ac, we have

lablle < llallc [Ibllc-



584 MASAKI KASHIWARA and KARI VILONEN

More generally, if a € Ac NtPA b e Ac Nt1A for p,q € Z>p, then

plq!
labllc < lallc [[blle-
(»+a)!
(ii) If a € Ao NtA, then 1 — a is an invertible element in Ac.

Proof. Set a = Y j5pat!, b=3;5,b;t/, and c:=ab = Y5, 4 ¢;t?. Then
we have ¢, = 31— a;bj and

Cck il ag| b
D S S e e ]
k=it+j,i>p,j>q i>p,j2q J)= v -
Z+j ‘al| |b | — b
p+q,Z 7 ot )|| allcbllc-
(ii) For a € Ac NtA, we have |a"||c < |lal|¢/n!, and hence 1 — a is

invertible in Ac. O

Finally, we set
(3.2) A= lim Ac.
Cc—0

PROPOSITION 3.2. The topological ring A is a dual nuclear Fréchet dis-
crete valuation ring.

Proof. Clearly, the maps Ac — Ap, for D < C, are nuclear. Thus, A is
a DNF algebra. It remains to show that A is a discrete valuation ring. This
follows from the statement
Any nonzero element a € A can be written as a = ut’ with
an invertible element u of in A.
To prove this, let a = Y72, ayt® € A with ag # 0. Then there exists a C' > 0
such that 322, |ax|C*/k! < co. We now write

(o]
a = ut’ withu= Z ak+gtk.

k=0

For u to lie in A, there has to exist a D such that

> faerel 2

|| =7 < 0.

= k!

But now
Dk CkJrE (k—i—f)' DAk
>iZo |ak+£| B =ct >R20 okl k+0! &l 5)

k12 1/2
e o (k+0)! /DyF
= (Zko’ak’k!) (Zko v (@))

The last series converges as long as D < C. O
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We write K for the fraction field of A and K for the fraction field of A.
Then K = A[t~'] and K = A[¢t~]; the field K is thus the field of formal Laurent
series. Note that we can identify K with the subring of constant coefficient
operators in Ec and K with the subring of constant coefficient operators in
E@ by identifying ¢ with (%)_1. Under this identification, A corresponds to

the subring of constant coefficient operators in E¢(0) and A to the subring of
constant coefficient operators in E¢(0).

Let X be a complex manifold. We write Ax for the sheaf of holomorphic
functions on X with values in A, and similarly for A x, Xx, and K x. We can
also view A X as a (prOJectlve) topological tensor product Ax = A®cOx, and
similarly for A x, Xx, and X x. If we denote by AC the sheaf of holomorphic
functions on X with values in A¢, then we have

Ax = lim A
C

We also have isomorphisms Ky ~ Ax[t™!] and Kx ~ Ax[t~!] and of course
Ax = Ox|[t]]. N N
Note that Ax, Ax, Kx, and KXx are Noetherian rings on X.

Let M be a coherent K x-module. We say that a coherent A x-submodule
N of M is an Ax-lattice if we have an isomorphism

(3.3) Kx ®AX:NL>M.

Note that lattices are always t-torsion free as N is a submodule of M.
Similarly, we define the notion of an A x-lattice in a coherent K x-module.

4. Reduction via finite morphisms

In this section we discuss the relationship between the microdifferential
and commutative versions of our extension theorems. We do so by a standard
technique in several complex variables, due in this context to [SKK73]. Via
this technique we are able to “eliminate” the extraneous variables and reduce
the microlocal extension problems to the commutative versions.

In this section it is more convenient to work in the projectivized setting
We consider the prOJectlve cotangent bundle P*X := T*X /C* where T*X :=
T*X \ X. Since > Ex and €x are constant along the fibers of 7*X — P*X, we
regard €x and e x as rings on P*X

Let ) be the open subset {(x; f) e P*C"; &, # 0} of P*C", and let p: Q —
C"~! be the map defined by p(z; &) = (1,...,7,_1). Let X’ be an open subset
of C" 1 and ' = p~'X’. Let p': ' — X’ denote the restriction of p.

Then p/,(Ecn o) contains K x by sending t to ;1. Similarly p,(Ecn (0)]qr)
contains Ay, and similarly for the formal case. Let us denote by DAx/ the
subring of p,(Ecn(0)|qr) generated by Ax/, the tdy for k =1,...,n — 1, and
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Zy. Similarly we denote by DK x the subring of p, (Ecnlqr) generated by Kx,
the Oy for k=1,...,n—1, and z,. Then we have

DAX/ ~ ‘AX’ Rc (C[tal, PN ,tanfl,l'n],

4.1
(4.1) DKxr ~Kxr @a,, DAxr = Kxr @c Cl04,. .., 0n-1,Tn].

We define their formal analogues DA x and DK x in the same fashion.

Let Modgod (DX x+) denote the abelian category of coherent DX x/-mod-
ules N such that there exists locally a coherent DA x/-submodule £ of N sat-
isfying the two conditions:

N~ (DK x1) @pay) L

L is a coherent A x/-module.

Let us denote by Mod,_go0d(Ecn|qr) the category of coherent Ecn|q-modules
M such that the support of M is finite over X’. We define their formal ana-
logues Modgood(DﬂCX/) and Mod,_ good(Scn|Q/) similarly. Note that, for di-
mension reasons, the modules M are holonomic.

Below we state two propositions that are analogues of classical theorems on
finite morphisms in several complex variables. The first one concerns behavior
of coherence under finite morphisms, and the second one is an analogue of the
duality theorem for finite morphisms for analytic coherent sheaves.

PROPOSITION 4.1. The two abelian categories Mod,_go0d(Ecn|ar) and
Mod,—good(Ecn|ar) are equivalent to the abelian categories Modgeed (DK x1)
and Modgood(ﬁﬂ\(){/), respectively, via the functors M — pl (M) and M
p’*(ﬁ), respectively. Their quasi-inverses are given by N +—— (Ecnlor) @pac,
o' ~HN) and N—s (Ecnloy) ®59\<x' p'Y(N), respectively.

PROPOSITION 4.2. Given modules M € Mod,_go0d(Ecn|ar) and M e
Mod,_go0d(Ecn|ar), we have the duality isomorphisms

o (Exth, (M, Ecnley)) ~ Sty (0 (M), Kx).
L (th | (O, Eenlar)) = Sath ™ (.(3D), Kx)
, <

As similar statements are proved in [SKK73, Chap. 3] and the proofs
proceed exactly in the same manner as in the classical case, we just briefly
indicate the outline of the arguments. We discuss only the microdifferential
case as the argument in the formal case is the same. The idea is to compose
the projection p into projections where the fiber is one dimensional and then
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proceed step-by-step. Thus, we consider a projection?

(4.2a) 7: CH1 x Pt — CF x P*
given by
(42b) T($1’ <. 7$k+1;£n—€7 e a{n) = (3717 o T Sty - - - 7571,)

We write Eckype for the sheaf of microdifferential operators on C* x P, Tt
is naturally a subsheaf of Ecn where the symbols just depend on the vari-
ables (1, ...,2k;&n—0,...,&n). In this language Kcn = Ecnypo. Then Eck pe
can be naturally identified with a subsheaf of 7.€cr+1,pe. We also write
Eckxpe(0)[zg+1] for the subsheaf of T.E€ck+1,pe generated by Eckype(0) and
Zr+1. Then Proposition 4.1 follows from

LEMMA 4.3. Let V be an open subset of C¥ x Pt. Write

Modrgin(Ecr+1xpe (0)]--1v7)

for the category of coherent Ecri1ype(0)| -1y -modules N such that Supp(N)—V
is a finite morphism, and write Modcon(Eckype(0)[xr41]|v) for the category
of Ecrype(0)[xpt1]lv-modules L that are coherent over Eckype(0)|v. Then
we have an equivalence of categories between Modr, (Ecrr1ype(0)|-1y) and
Modcoh (Eckxpe (0)[Tx41]|v) via the functor N — 7.N.

As we stated before, this lemma is proved in the same manner as the state-
ments for coherent analytic sheaves making use of the Weierstrass preparation
theorem and division theorems. The Weierstrass preparation theorem and the
division theorems are proved in [SKK73, Chap. 2]. Proposition 4.2 is proved
in a similar manner.

Furthermore, arguing as above, we have

PROPOSITION 4.4.

(i) Let N be an Ecn(0)|qr-module and assume that p'|guppv) : Supp(N) — X
is finite. Then N is a coherent Ecn(0)|q/-module if and only if pN is a
coherent A xr-module.

(ii) Similarly let M be an Ecn|q-module such that p'|suppar) : Supp(M) — X'
18 finite.

(a) If M is a coherent Ecn|g-module, then pM is a coherent Kx -
module,

(b) If p.M is a coherent Kx/-module and if p,M has a coherent Ax:-
lattice L such that £ is an DAx/-submodule, then M is a coherent
Ecn|qr-module.

2In an analogous manner we can consider projections of the type 7: C* x (]P’éJrl —{o0}) =
C*k x P~
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Of course we have a similar statement in the formal case.

Remark 4.5. We do not know if (iib) holds without assuming the existence
of a lattice £. Having the stronger statement available would slightly simplify
some of our arguments.

We now analyze the coherent X x,-module p, (M). We claim

PROPOSITION 4.6. The sheaf p', (M) is locally free over Xx:, and the
sheaf p' (M) is locally free over K.

—

In other words, p', (M) and p’, (M) are holomorphic vector bundles of finite
rank over the fields K and K, respectively.

Proof. We give the proof in the convergent case; in the formal case the
proof is exactly the same. To argue this, we first recall that holonomic modules
are Cohen-Macaulay; i.e., we have

(4.3) gxtlgx (M, E€x) =0 unless k = dim X.

From Proposition 4.2 we conclude

(4.4) (fxt’ggcxl (0 (M), Xx) =0 unless k = 0.

Taking the germs at 2’ € X', we obtain

(4.5) Extlf,%x,’z, ((p'*(M))w/,fKX,’m,) =0 unless k=0.

Let us now consider the ring Xy ,s. Let us first note that

(4.6a)  the ring Axs v = A®cOx 4 is a commutative regular local ring
and that

(4.6b) Kxrar = Axra [t

In particular, X, is a Noetherian ring with finite global dimension. This
along with (4.5) implies that

(4.7) (p'(M)), is a finitely generated projective Ky ~-module.
We now make use of the following theorem of Popescu, Bhatwadekar, and
Rao [Pop02], [BR83]; for a nice discussion, see also [Swa98|. They show:

Let R be a regular local ring containing a field with maximal ideal m
(4.8) and t € m\ m2. Then every finitely generated projective module over
the localized ring Ry = R[t™!] is free.
This result is related to Serre’s conjecture and was conjectured by Quillen in
[Qui76]. Hence (p’',(M)), is a free K xs ~-module for any 2’ € X, and we thus
finally conclude

(4.9) 0. (M) is a locally free K x/-module of finite rank. O
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5. Proof of the main theorems

In this section we prove our main extension theorems. We first prove the
formal versions Theorems 1.4 and 1.5 by reducing them to their formal com-
mutative analogues Theorems 1.6 and 1.11 by methods of Section 4. We then
prove Theorems 1.2 and 1.3 making use of the formal Theorems 1.4 and 1.5 we
just proved and the comparison Theorem 1.9. The proofs of Theorems 1.6, 1.11,
and 1.9 are postponed, and their proofs are given in their own Sections 6, 7,
and 8, respectively.

5.1. General preliminaries. In this subsection we make some preliminary
constructions that will be used in all of the arguments.

Let us recall the setup common to all of the microlocal extension theorems.
We consider an open subset U of T* X, A a closed Lagrangian analytic subset
of U, and Y a closed analytic subset of A. As we remarked earlier, all the
extension theorems are local in nature. Thus, as far as the microlocal extension
theorems are concerned, we can assume that we work in the vicinity of a
point p € Y. Furthermore, working inductively, we can assume that the point
p is a smooth point in Y. In addition, making use of a quantized contact
transformation and the generic position lemma, [KK81, Cor. 1.6.4], we can
assume that the characteristic variety A is in generic position at p.

We will make use of the results of Section 4. In that section we worked in
the projectivized settmg We consider the projective cotangent bundle P*X :=
T*X/C* where T*X := T*X \ X. Since & °x and €x are constant along the
fibers of T*X — P*X, we regard €x and SX as rings on P*X. We will now
also regard the Lagrangian A as a locally closed subvariety of P*X. We also
continue to denote by Y the projectivization of the original Y in 7% X and
similarly for the open set U.

As A is in generic position at p we can make the following choice of lo-
cal coordinates. In the neighborhood of mx(p) we choose a local coordinate
system (z1,...,x,) such that mx(p) corresponds to the origin and the point
p corresponds to dz, at the origin. Thus we may assume that X is an open
subset of C™. By shrinking U if necessary, we can assume that U is con-
tained in Q := {(z;¢) € P*C"; §, # 0} and the restriction p|y: U — C"1 of
p: Q — C" ! has the following properties:

(5.1a) X':=p(U) € C"! is an open neighborhood of p(p) € C"~1,
(5.1b) pla: A — X' c C" ! is finite,
(5.1c) ply: Y = Y :=p(Y) is an isomorphism.

In particular, Y’ is then a smooth submanifold of X’ of the same codimension
as Y in A. By abuse of notation we will now simply write p for p|y. By
replacing U with p~1(X’) we may assume that U = p~1(X’). We also write
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U=U\p 'Y and
p:U = X'\ Y’
for the restriction of p to U.
We recall that we have written j: U\Y < U for the inclusion and we will

write 7+ X'\ 'Y’ < X' for the other inclusion. We summarize the situation in
the following commutative Cartesian diagram:

f’]c;')(]
(5.2) ﬁJ{ . l
X\ vl x,

5.2. The formal codimension-three extension theorem. In this subsection
we prove Theorem 1.4 by reducing it to its commutative version Theorem 1.6,
whose proof is given later in Section 6.

We work in the geometric setting of Section 5.1 with U an open subset
of T*X, A a closed Lagrangian analytic subset of U, and Y a closed analytic
subset of A of codimension at least three. We are given a holonomic (E X |U\y)—

module M whose support is contained in A\ Y and an (E X(O)\U\y>—lat‘cice N
of/J\\/E. We write j: q \'Y < U for the open inclusion, and we are to show that
J«M is a coherent (8X|U)—m0/(1ule.
By replacing the lattice N with the lattice
Eot o0 0y <‘°@‘”t€x< )iy N, Ex(0)lw), Ex Oy ).
we may assume from the beginning that

(5.3) N~ fxtgx(o)lU\Y (éax

(N, Ex(0)|eny): Ex(0)|ny)-

As the question is local, we can proceed inductively along Y, and so we can as-
sume that we work in a neighborhood of a smooth point p € Y. Furthermore,
we shrink the open set U as in the Section 5.1. We now make use of Proposi-

tions 4.4 and 4.6 to conclude that p, (J/\/\[|U) is a locally free f]ACX/\y,-module of

Ex(0)luyy

finite rank and p*(JTHU) is a coherent ]l\X/\y/—lattice of p. (ﬁ|U)

Then (5.3) implies that p. (ﬂ|U) is a reflexive coherent A x/\y-module by
Proposition 4.2 and 1 Proposition 4.4. Hence, we can apply Theorem 1.6 and
conclude that j.p. (N\U) is a coherent A y,-module. We now note that

(5.4) P*j*M ’E];p*(M|U) and P*j*N g]iﬂ*(N‘U)

Now we again apply Proposition 4.4, and as j;p*(ﬂ/\\HU) is a coherent A -
module, we conclude that j,N is a coherent €x(0)|y-module and 7, M is a
coherent & x|py-module.
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5.3. The formal codimension two submodule extension theorem. In this
subsection we prove Theorem 1.5 by reducing it to its commutative version
Theorem 1.11 whose proof is given later in Section 7.

It is more convenient for us to work with the equivalent quotient version
of the theorem:

THEOREM 5.1. Let U be an open subset of T*X, Y an analytic subset
of U of codimension two or more, and j: U\'Y — Y the inclusion. Let M
be a holonomic §X|U—m0dule. Let us assume that we are given a holonomic
§X|U\y—m0dule My which is a quotient of j_lﬁ. Then Im(ﬁ — j*J/V\CQ) s a
coherent (Ex|y)-module on U.

We work in the geometric setting of Section 5.1. Thus, we are working
in a neighborhood of smooth point p € Y where Y is of codimension at least
two. Furthermore, we shrink the open set U as in the Section 5.1. We choose
an € x(0)|y-lattice N of M. To be able to make this choice we might have to
shrink U further.

We now make use of Proposition 4.6 to conclude that p*(j\/() is a locally
free K x,-module of finite rank. Furthermore, p*(j;f) is a coherent A y-lattice
of ps (/JV\[) We also conclude that p*(ﬁg\U) is a locally free X xn\y’-module of
finite rank.

Because My is a quotient of j~ M, we have a morphism of p*(ﬁ)\ XNy’ =
P (/M2|U) We let £ be the image of p*(ﬂ)| ;7 under this morphism. As £ lies
in the locally free K xn\y’- module p, (j\/\(2|0), it is torsion free. Now can apply
Theorem 1.11 and conclude that

(5.5) Im(p*(i\\f) — ]iZ) ~ p,(ImN — J«Mz) is a coherent A x-module.

Now we can again apply Proposition 4.4, and conclude that Im(ﬁ — j*ﬁg) is
a coherent €x(0)|y-module. Therefore Im(M — 5. Ms) is a coherent (€x/|i7)-
module.

5.4. The codimension-three extension theorem. In this subsection we prove
Theorem 1.2 by deducing it from the formal version Theorem 1.4, which was
proved in Section 5.2 and from the comparison Theorem 1.9, whose proof is
given later in Section 8.

We work in the geometric setting of Section 5.1 with U an open subset
of T*X, A a closed Lagrangian analytic subset of U, and Y a closed analytic
subset of A of codimension at least three. We are given a holonomic (8 X |U\y)—
module M whose support is contained in A\ Y and an (8 X(O)\U\y>—lattice N
of M. We write j: U\'Y — U for the open inclusion, and we are to show that
J«M is a coherent (& x|y)-module.
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By replacing N with
ELLE 4 (0)) iy (gxth(O)\U\Y N, Ex(0)|iny); Ex (0)|iny ),

we may assume from the beginning that

(5.6) N == Erte )]y (gxtQX(O)|U\Y (N, Ex(0)|iny), Ex(0) |y )-

We first make use of Propositions 4.4 and 4.6 to conclude that p.(M|) is
a locally free Ky y/-module of finite rank and j.(NJ;) is a coherent A xn y-
lattice of p.(M|y).

We pass to the formal setting

M= (EX‘U\Y) e x|y M and N:= (EX’U\Y) Bexliy N-

We now apply Theorem 1.4, which was proved in Section 5.2, to conclude that
7:M is a coherent (8 x|v)-module. We > again make use of Proposition 4.6 to
conclude that p.( ]*M) is a locally free K xs-module of finite rank. As we work
locally near a point y € Y, we may then assume that T p*M o j*M is a free
X x-module. Hence 7, ,0*3\/[ has a free A. x-lattice L.

Now we will employ the following comparison lemma between convergent
lattices and formal lattices:

LEMMA 5 2. Let Z be a complex manifold, let M be a coherent X z-module,
and let M := KZ ®@x, M. Then the set Lat(M) of Az-lattices of M and the
set ]Lat( ) of AZ lattices ofJV[ are in one-to-one correspondence: the lattices
N € Lat(M) and N e Lat(M) correspond to each other via

N=Az o4, N, N=MNN.
Moreover, we have an isomorphism N/N(—1) == ﬁ/j\\f(—l)

As the proof is by a routine argument, we omit it.
Thus, we have the following Cartesian square:

HM ~—— p M N5 IL

(5.7 1 o

7 o M ~—— 1L

Therefore £ := p, M N £ is an Axny--lattice of p.M by the lemma above.
Since £L/L(—1) ~ Z/Z(—l) is a free O xn y--module, £ is a locally free A xn y-
module.

We now apply Theorem 1.9 to the lattice £ and then conclude that j.L
is a locally free A x/-module.

On the other hand, by shrinking X’ if necessary, there exist integers p, q
such that £ C t?p,N C t7L. Hence for any s € j.L, DAx:s C tPjLpN C jitiL.
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Hence DA x/j.L C jit1L. Since DA x/jLL is a sum of coherent A x/-submodules
of the coherent A x/-module j.t7£, we conclude that DAx/j.L is a coherent
Ax-module. Now we make use of Proposition 4.4 and conclude that j,M is a
coherent € x|y-module.

5.5. The codimension two submodule extension theorem. In this subsec-
tion we prove Theorem 1.3 by deducing it from the formal version Theorem 1.5,
which was proved in Section 5.3, and making use of the comparison Theo-
rem 1.9, whose proof is given later in Section 8.

We proceed as in Section 5.4, this time making use of the fact that we
have already proved the formal version Theorem 1.5. We write M:=¢€ x®e M
and J\/[1 =& x Q¢ x M;j. By Theorem 1.5 we conclude that M1 extends uniquely
to a holonomlc e x-module ]*Ml on U. As in the previous section we argue
that p. ]*Ml is a locally free X x-module. As we work locally near a point
y €Y, we may then assume that ]*p*Ml o~ p*]*Ml is a free JCX/ module.
Hence ]*p*Ml has a free A. x-lattice L.

Making use of Lemma 5.2 again, we conclude as above that £ := p,M; N
7% is an Axny-lattice of p.My. Since £/L(—1) ~ j'_l(Z/Z(—l)) is a free
O xny/-module, £ is a locally free Axnys-module. As in the previous section
we apply Theorem 1.9 to the lattice £ and then conclude that j.£ is a locally
free Ax/-module. Again as in the previous section, DA x/j. L is coherent over
Ax. Now we make use of Proposition 4.4 and conclude that j.M; is coherent.

6. The commutative formal codimension-three extension theorem

This section is devoted to the proof of Theorem 1.6. Let us recall our
setup. We consider a complex manifold X and a subvariety Y of X such that
the codimension of Y in X is at least three. We write j: X \' Y — X for the
open inclusion. We are given a reflexive coherent A x\y module Non X \Y.
We will show that j*J/\\f is a coherent A x-module. As the question is local,
proceeding inductively along Y, we can and will assume that Y is a smooth
submanifold without loss of generality.

Recall that we write Dﬁff for the dual of ﬁ; ie.,

(6.1) D

Since N is reflexive, the homomorphism N — D 7D ﬁfN is an isomorphism. We

shall show that j*ﬁ is a coherent A X-modulg. N
The idea of the proof is as follows. As N is a coherent A x\y-module, we
have

S
(6.2) N 2% lim N/,



594 MASAKI KASHIWARA and KARI VILONEN

where the /J\T/tkﬁ are coherent Oy\y ® (C[t]/t*C[t])-modules and, of course,
they are also coherent as O x\y-modules (see [KS12]). We write N = 3/\\f/ £,
and by convention we set ﬂk = 0 for k < 0. However, there is no reason
to expect that the /J\\fk. are reflexive as Ox\y-modules. We can remedy this
situation by replacing them with (Nk)** here the dual is taken in the sense
of Ox\y-modules, i.e. Nk = Homoy, (Nk, Ox\v)- As the sheaves (Nk)** are
reflexive, we can make use of the classical extension Theorem 1.7, and so we
know that the j,(N;)*™ are coherent O y-modules. We will then show that

(6.3a) N =5 lim (Nj.)*
and
(6.3b) lim j, (ﬂk)** is a coherent A y-module.

The key, of course, is to show (6.3b).
In what follows we will be making use of the following well-known char-
acterization of torsion free and reflexive sheaves:

LEMMA 6.1. Let Z be a smooth complex manifold.

(i) Let F be a coherent Oz-module. Then we have
(a) F is torsion free if and only if codimz(Supp éowtfgz (F,0z)) >i+1
for any i > 0.
(b) F is reflexive if and only if codimy(Supp Exty (F,02)) > i+ 2 for
any 1 > 0.
(i) Let F be a coherent Az-module. Then we have
(a) F is torsion free (i.e., F — D 2D ~(F) is a monomorphism) if and only
if codimy (Supp é"xtﬁ (ff, AZ)) >1 and codimy (Supp é"xt% (f}", 9ACZ))
zZ zZ
>i+1f07“anyi>0
(b) F is reflezive if and only if codimy (Supp éaxtA (3" AZ)) >i+1 and

codimy (Supp @%tﬁ (3", ZKZ)> > i+ 2 for any i > 0.
A

We comment briefly on the proof. The criterion (i) is well known and can
be found in [ST71, Chap. 1], for example. As for (ii), it is a statement on the
level of local rings and the dimension of the local ring A. 72 is dim(Z)+1. (We
have added one formal dimension to Z.) Thus, we conclude (ii).

Note that we have

codimspec(ﬁz)(Supp é”xtA (7, AZ))

(6.4) N~
= sup(l + codimzSupp éaxt% (F,Az),codimzSupp @@:L't’ (3” K ))
zZ

We also make use of the following:
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N LEMMA 6.2. Let Z be a smooth complex manifold, and let F be a coherent
A z-module that is t-torsion. Then we have

uth (F,Az) = Homo,(F,07) = (F)".

zZ

Proof. As the sheaf F is t-torsion and ¢ acts bijectively on X x, we conclude
that

Euth (F,Xx) = 0 forall k.

X

Making use of the long exact sequence associated to the exact sequence
0—>ﬁz—>5€z—>iz/ﬁz—>0,

we conclude that

(6.5) @@xt}lz(f}",ﬂz) ~ ,%”omflz(.’}'", Kz/Az).

Now we have

(6.6) J/ZZ/JTZ ~ Ot @O 2@ as an Og-module.

Thus, an element f € %omﬁz (7, JACZ/f/l\Z) consists of f € Homg,, (F, 07t
(k > 1) such that fpot =to fry1. By mapping f — f1 we get an isomorphism
ffomﬁz(ﬁf, Ky /Az) ~ Home,(F,0z).

This gives us the desired result. O

We will now begin the proof of (6.3a) and (6.3b). To that end we consider
the exact sequence

tk ~

0 N N Ny, — 0.

Dualizing it, we obtain

~ ¢k ~ ~
0= DN — DN~ é"xtﬁx (Nes Ax\y)

\Y

1 N A t* 1
— gxtﬁx\y(N,AX\y) — Cgal'tﬁx

(ﬁa ‘A\X\Y)

\Y
By making use of Lemma 6.2 we can rewrite the exact sequence as follows:
0= (DgN)k = (Ni)*

(6.7)

o~ o~ tk o~ o~
— Ker(eﬁxt}lx Y(N, Ax\y) — fxth\y (N, Ax\y)) — 0,

\
where we have written (D 2Ny = D/TN/tkD;q\fN. Setting
o~ o~ k o~ o~
Gp:=Ker(éxth (N, Ax\y) & Gty (N, Ax\y)),
Ax\y Ax\y
we rewrite this sequence as

(6.8) 0— (D7 Nk = (Ni)* = G — 0.
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As N is reflexive and making use of Lemma 6.1(iib), we conclude that
. 1 ~F 1
codlmX\ySupp(@“’mtﬁX\Y(N, AX\Y)) > 2.

Thus, by definition of G5 we obtain
(6.9) codimy\y (Supp(Sk)) = 2

This, in turn, implies that
Homo,., (S Ox\y) = Exty,, (S, Ox\y) = 0.
Finally, dualizing the exact sequence (6.8), we conclude that
(6.10) (Nk)™ 25 (D2N);.
Substituting Dﬁﬁ/\\f for N in (6.7) and setting
L 1 A/\ -~ tk 1 A/\ —~
(611) ?k» = Ker(&ntﬁx\y (DAN’ Ax\y) — g.ﬁﬁt;l\x\y (DAN’ AX\y)),
we obtain the exact sequence
0— Ny — (Dﬁﬂ)z — T — 0.
Making use of (6.10) we can rewrite this exact sequence in the following form:
(6.12) 0 — N = (Ng)™ = Fi — 0.
Arguing as we did before for Gj, we see that
(6.13) codim y\y (Supp(J)) > 2

The last two statements form the basis for the rest of the argument. The

Fk form an increasing sequence of coherent submodules of a coherent A y\y-

module @%t}l (Dflﬂ, .;L\X\y). Hence the union F:=UyFj is a coherent .ZL\X\y—
X\Y

module. Note that by definition, F is precisely the t-torsion part

gxt}lx\y (DﬁN, AX\Y)t—tors

of &xth (DAﬂ, A x\v)- Hence ¢ acts locally nilpotently on J and J is a
Axyy © A

coherent O y\y-module.
Let us us introduce the A, x-module N by setting

By the classical Theorem 1.7, the Nk are coherent O x-modules.

Let us write i : Nk — ka+1 for the map induced by the multiplication
map t: Nk — Nk+1 and pg: Nk+1 — Nk for the map induced by the natural
projection Nk+1 — Nk Then we have a commutative diagram
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~ ik ~
N — N1

lpk_\l,\ |

—~ o N~
Ni_1 —— Np.

Recall that we already know that the Jﬁ\vfk are coherent O x-modules. Thus,
in order to prove that l'glNk is coherent, it suffices to show, according to
[KS12, Prop. 1.2.18], that the pro-objects (see ibid.) “lim” Ker(j\vfk 5N ﬂk) and

k

“@” Coker(ﬂk LN ﬁk) are locally represented by coherent A x-modules. These
k

pro-objects are isomorphic to “1.&1” Ker(?Tfk LN Nk+1) and “@1” Coker(ﬂk LN
k k
Nj41), respectively. Hence @Nk is coherent as soon as

(6.14a) Ker(ﬂk Sy ijk+1) — Ker(Nk,l Zk—71> ﬂk) is an isomor-
phism locally for k > 0,

(6.14b) Coker(ﬂk ey Nk+1) — Coker(ﬂk_l BN Nk) is an iso-
morphism locally for k& > 0.

In order to prove the statements above, we consider the following commutative

diagram:
~  pktl —~ ~
0 D N D N (DEN)]chl —0
(6.15) Tid Tt Tt
~ tk —~ ~
0 D N D N (D le) . 0

with exact rows.
Dualizing the diagram, we obtain a commutative diagram

(Njs1)**
!

Srth (D N)psr, Axy) — Ext

—~ o~ tk+1 1 —~ o~
Axyy b A X\y(D;NaAX\Y)%&:tﬁx\y(DﬁN,Ax\y)

v |

1 .7 1 37 ¢ 1 N7
gxt/\x\y((D;{\N)k’AX\Y) I é()dft;l\x\y(DﬁN,.Ax\y) — Cgol’tﬁx\y (DﬁNa‘AX\Y)

(Nk)**
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Making use of (6.12) and (6.11), we obtain the commutative diagram:

0—— ﬂkz—i—l — (ﬂkz—i-l)** —Jpt1—>0

(6.16) l lPkX\Y lt

0 Ni (N},)** Fy 0

with exact rows. Here the commutativity of the right square follows from the
previous diagram.
As the first column is a surjection, we conclude

(6.17) Coker(pr)|x\y = Coker(Fp11 ty Fr).
Hence along with (6.13), we obtain the estimate
(6.18) codimx (Supp(Coker(py))) > 2.

We make one further observation at this point. From (6.16) we also obtain
an exact sequence

0—N— @(Nk)** — lim 5,
where the last projective system is given by
S Tl D T S T o
We now recall that

Fr CTF = gxti’[x (Dﬁj\\ra ‘A\X\Y)tftors-

\Y
Since ¥ is a coherent O x\y-module, we obtain
Locally on X \ Y there exists a integer ko such that
(6.19) thoF, = 0 for all k.
This implies that
(6.20) ImF; = 0 on X\Y.

Thus, we obtain (6.3a). The remainder of this section is devoted to the proof
of (6.3b).
Let us consider a slight variant of (6.16):

0 Ne (N},)** Fp 0
e
0 Nt (Npy1)™ — Fpp1 — 0,

where the rows are exact.
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As N is torsion free, the left vertical arrow is a monomorphism. As the
right vertical arrow is an inclusion, we conclude that (Ng)** 5N (Ngy1)™ is also
a monomorphism and hence

(6.21) The maps iy,: ifk — ﬂlﬁ_l are monomorphisms.

It of course implies (6.14a). It only remains to prove (6.14b).
We will argue next that the square

ﬂk; —ﬂc—> ﬂkﬂ
(6.22) Pk1l lpk
Ni—1 e, Ni

is Cartesian.
To this end we consider the following commutative diagram:

The columns are exact as they are obtained from (6.12), and the top row is
exact as

N —— Nit1
pkll J{Pk
~ g ~
%%_1 ———i+ %@

is Cartesian. We check easily that the bottom row is exact as follows. Let
(a,b) € Fp—1 ® Fyy1 such that a = tb. Then, clearly, b € Fr. Thus, we
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conclude that the middle row is also exact and hence

N —2 (Ngyr)™

- l lpk

(Ne—1)™ == (Np)™
is Cartesian. As j, is a left exact functor, we conclude that (6.22) is Cartesian.
Let us now consider the following commutative diagram:

(6.23) 0 0
0 — Ker(pg—1) — Ker(px) 0
0 5\}]{ * j\\Jkarl Coker(ik) — 0
Pr—1 Pk
0 Nk,1 et Nk Coker(z‘k,l) — 0
0 —= Coker(pg_1) — Coker(pg) — Coker(Nj,_1 @ Nyy1 — Nj) = 0

0 0 0.
The fact that the square (6.22) is Cartesian implies

Coker(ix) — Coker(ix—1) and Coker(pg—1) — Coker(py) are
monomorphisms.

(6.24)

Thus all the rows and columns in the diagram above are exact.

By induction on codim Y, it suffices to prove (6.14b) in the neighborhood
of a smooth point y of Y.

We will now analyze Coker(fﬁk_l &) JTka — ﬂk) From (6.18) it follows
that

(6.25) codim y Supp(Coker(Ny_y & N1 — Nyg)) > 2.
We will next argue
(6.26) codimXSupp(Coker(ﬂk_l D Nk_}rl — Nk)) >3 fork>0
on a neighborhood of y.

To do so, we write X locally as a product X ~ D,, x D,, where D,, is an
m-dimensional ball of radius 2 in C™ and Y corresponds to {0} x D, and y
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to (0,0). Hence by the assumption, we have m > 3. Let us write 7: X — Dy
for the projection with respect to this decomposition. Let us take a relatively
compact neighborhood U of 0 € D; and set W/ :={z € D,,;1/2 < |z| < 1}
and W :={z € Dy, ; |z| < 1}. By compactness, the Fj stabilize on W’ x U:

there exists an integer kg such that for k > kg,
(6.27)
Frlwixv = Frolwxu-

By (6.17), Coker(py)|x\y =~ F/tFp41, and therefore

COkeI‘(pk_l)‘W/XU — Coker(pk) |W’ <U

is an isomorphism for & > ky. Thus, the exactness of the bottom row in (6.23)
implies

Supp(Coker(Njy—1 & Nyy1 — Np))lwixy =0 for k > k.
Therefore, the projection 7 restricted to
Supp(Coker(Nj,_1 & N1 = Np)) N (W x U) — U
is proper and hence is a finite morphism. This implies that
codim x Supp(Coker(Nj_1 & Nyy1 — Ni)) N (W x U) > dim W > 3

for k > ko.
Thus, shrinking X if necessary, we may assume that

(6.28) codim x Supp(Coker(Ny_1 @ Nis1 — Npg)) > 3 for k> 0.
Let us recall the Cartesian square (6.22):
Nk N Nkﬂ
(6.29) pk1l m lpk
Ni_1 —= N,
We have seen that this Cartesian square has the following properties:

(i) the Ny, are reflexive O x-modules,

(ii) Ny, = 0 for k < 0.

)
)
(6.30) (iii) the i are monomorphisms,
(iv) codim xSupp(Coker(py)) > 2,
)

(v codimXSupp(Coker(ﬂk,l @ﬂkﬂ — ﬂk)> >3 for k> 0.
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We dualize this square to obtain
N L AN
k ? N1
(6.31) i;;_ll Jk
j\\}* Pi—1 5\?*
k=1 7 Ng-

Assuming only (6.30), we shall show that this square is Cartesian and that
it also satisfies the properties in (6.30). Of course, (i) and (ii) are obvious.
Because codimy (Supp(Coker(pg))) > 2, we have

(6.32) the maps p, are monomorphisms.

As (6.29) is Cartesian, the sequence

0 ﬂk (Pk—1,tk) ﬂk—l@j\\?k—ﬁ—l (th—1,—DPk) ﬂk

is exact. Let us brake this into two exact sequences:

(6'33) 0 j\\/fk (g1 44 ﬂk—l S ﬂk-}-l y K 0
and
(6.34) 0— K — Ny — Ni/K — 0.

Dualizing the first exact sequence we obtain an exact sequence

(6.35) 00— X — 5 N ey, D R

By (6.30)(v), we conclude that codimX(Supp(JTfk/JC)) > 3. Hence (6.34)
implies that
Np = K*.
The exact sequence (6.35) then reads as

(Z']:_l’ipz) N (P;;_l,l;;) N

Nie1 ®Npyy — N

0 >if;;

and thus we conclude that (6.31) is Cartesian.
Let us now show that the i} satisfy (iv). Dualizing

0 —— Ng SN Ngs1 — Coker(iy) — 0

ol

0 —— j\\fk_l & :T\fk R COkeI‘(ik_l) E— 0,
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we obtain
JTI}‘;H kL JTF}Z &xt'(Coker(iy), Ox)
(6.36) szl pzT T
ﬁ;‘; e Ney Ext! (Coker(ip_1), Ox).

Let us now make a sequence of observations. First, Coker(i) is torsion free
as Coker (i) C Coker(ig) = Ny and Nj is torsion free. Hence, by Lemma 6.1,
we obtain

codim x Supp(&xt! (Coker(ig), Ox)) > 2,
and so
codim x Supp(Coker(iy)) > 2;

that is, the iy satisfy the condition (6.30)(iii).
Second, let us consider the exact sequence

0 — Coker(iy) — Coker(ig_1) — Coker(ﬂkq 5> Nk+1 — ﬂk) — 0.

From it we obtain an exact sequence
Ext* (Coker(Nj_1 ® Nipy1 — Ni), Ox) — Ext’(Coker(ig_1), Ox)
— &t (Coker(iy), Ox) — Ext*(Coker(Njy_1 ® Njp1 — Ni), Ox).
Now, by (6.30)(v), we conclude that, for a sufficiently large integer ko,
éaxt”(Coker(Nk,l &) ﬂkH — ﬁk), Ox)=0forv=0,1,2 and k > ko,
and hence
Ext'(Coker(if_1), Ox) = Ext! (Coker(iy), Ox) for k > ko.
From (6.36) we conclude that a sequence {Coker(if)}i>k, is an increasing
sequence of coherent subsheaves of &xt!(Coker(iy, ), Ox). Possibly by shrinking
X, we see that

There exists an integer k; such that

6.37
(6.37) Coker(iy, ) == Coker(iy,) for k > k1.
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The following diagram dual to (6.23) has also exact rows and exact columns:

0 JTI,’; 1 Ni Coker(p;_,) —0

0 — Coker(i}_,) — Coker(i}) — Coker(Nj_, ® Nj,, — Nj) — 0

0 0 0.
Hence (6.37) implies that
(6.38) Coker(Nj_; @ Ni,; — Ni) ~ 0 locally for k> 0.

In particular, the dual diagram (6.31) satisfies (6.30)(v).
We can now reverse this process and start from the dual diagram

*

(6.39) iZ-{ lii
Ne o T N
Dualizing it we obtain our original diagram

~ ix ~
Nk e Nk—f—l

pkll lpk

Nict = N
All the hypotheses (6.30) are satisfied for the dual diagram (6.39), and therefore
the dual statement of (6.38) holds; namely,
Coker(JTfk_l @ ﬂk_}rl — JTI;C) =0 locally for £ > 0.

Therefore the right column in (6.23) implies that Coker(ix) — Coker(ig_1) is
an isomorphism for k£ > 0. Thus we established (6.14b), and the proof of
Theorem 1.6 is complete.
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7. The commutative formal submodule extension theorem

In this section we give a proof of Theorem 1.11. Let us recall the set up.
We consider a complex manifold X and a subvariety Y of X of codimension at
least two, and we write j: X \Y — X for the inclusion. Let N be a coherent
A x-module, £ a torsion free coherent A x\y-module, and let ¢: j “IN-=Z be
an epimorphism of A x\y-modules. We will show that the image of N — ;*Z
is a coherent A x- module

Set £/ = D.D AL Then £’ is a reflexive coherent A Ax\y- -module and we
have a monomorphlsm £—L' because £ is torsion free A x\y-module.

We first observe that
(7.1) /L\/ (Z nkL! ) is torsion free coherent O x\y-module.
The coherency is easily deduced, for example, from the fact that Z, £’ are all
lattices. To argue that it is torsion free we note that £ /(£ NtkL") c £'/thL/,
and thus we are reduced to showing that £z / tk L' is a torsion free O x\y-module.

This is a general fact about reflexive A-modules that can be argued directly
but also that follows immediately from (6.12).

Set N, = N/ #*N. Then we have an epimorphism j~ Ny —£ /| (LﬂtkL ). We
now apply the Siu-Trautmann Theorem 1.12 and conclude that Nk :Im<Nk —
Jx (Z/ (Z ntkg ))) is coherent. Then the morphism N — j,£ decomposes into
the composition of N — l&nﬁk and a monomorphism

lim Ny— lim 5. (£ /(£ N L)) 2 j. im /(L N #°L7) ~ j.L.
Hence we have reduced the problem to the coherency of @ﬂ ,. In order to see
this, we proceed as in the previous section and appeal to [KS12, Prop. 1.2.18].

We first decompose ﬁk LN ﬂk into a composition of two maps just as in
the previous section. We begin with the commutative diagram

ﬁk i> ﬁk-ﬁ-l
(7-2) pkll \\\% lpk
N

=~ lg—1
Ng—1 —— Ng,

where we have written iy : 3/\\fk —>3Tfk+1 for the multiplication map t¢: ifk — ﬁk+1

and pg: Niy1 — N for the natural projection Nygi1 — Ng. The maps pj are,

obviously, epimorphisms. We have a similar commutative diagram on X \ Y:

T/(ENL) — 2w T/(E N E+1EY

]

/(L N2 2 T/ N kL,
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where the i; are monomorphisms and the p; are epimorphisms. Applying j.
to this diagram we obtain

(BT NEE) —s G (L)L MR

(7.3) pkll lpk

G (L)L Nty 2 G (L)L N tkL)
where, by the left exactness of j., the i are still monomorphisms. Taking
the image of the diagram (7.2) to the diagram (7.3) we obtain a commutative
diagram

N1
(7.4) pkli \t\ ipk

Ni—1 ——> Ng,

where the i, are monomorphisms and the pj, are epimorphisms.
In order to see that l&nNk is a coherent A x-module, it suffices to prove
the following two statements:

(7.5a) Kef(ﬂk ey jTfchrl) — Ker(ﬂk,l %;> ﬂk) is an isomorphism
for k> 0,

(7.5b) C}(}ker(?fk i:oﬂk_i_l) — Coker(ﬂk_l e, thk) is an isomor-
phism for ,

by [KS12, Prop. 1.2.18]. The first stability (7.5a) is obvious. Let us show
(7.5b). We write Fj, = Ker(p), and then we have

0 0 0
0 —— ‘rfk,1 — ?k e &"k/ﬁ‘k,l — 0

0 —— Nk _ Ngy1 —  Coker(iy) —— 0

DPk—1 Dk 28

0 —— ﬂk,1 Zk—71> Nk _— Coker(ik,l) — 0

0 —— 0 —— Coker(py)) —— 0
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From this commutative diagram with exact rows and columns we conclude
that it is enough to show that F,_; — Fj is an isomorphism for £ > 0. We
also note that the Fj are torsion free Ox-modules as they are submodules of
the torsion free O x-module Ny.

Let us first work locally outside of Y. Outside of Y, we have

—~ —~

c L ) LNtk

. - K ~ N n A
(7.6) Trlxv = er(L N Zate) | LAt

We now identify
k7 A7 I
(7.7) Filoy = 2L 2
kLNl L
Under this identification the map t: F,_1 — F5 becomes an inclusion and we
get an increasing family of coherent subsheaves of £z / L. By the Noetherian
property this sequence stabilizes locally on X \ Y.

Let us now work in the neighborhood of a point y € Y. We then proceed
in the same manner as in the last section. We write X locally as a product X =
D,,, x Dy, where D,, is an m-dimensional ball of radius 2 in C™, Y = {0} x Dy
and y = (0,0). Let us write m: X — Dy for the projection with respect to this
decomposition. We consider a relatively compact open neighborhood K of y
of the form

(7.8) K ={z€Dp;|zl| <1} x U,

where U is a relatively compact open neighborhood of y € Dy. Since the Fj
stabilize on any compact subset of X \ Y, the projection Supp(Fy/Frp—1) N
(W x U) — U is a finite map, and this implies that

codimx Supp(Fi/Fr—1) N (W x U) > 2 for k > ko.

Hence shrinking X if necessary, we may assume that codimxSupp(Fy/Fr_1)
> 2 for k > ko. It implies that J;*; — 37" is an isomorphism for k£ > K.
As Jj, is torsion free, I3, C I}~ Thus, again by the Noetherian property, the
increasing sequence F C Fp* locally stabilizes. This concludes the argument.

8. Comparison of the formal and convergent cases

In this section we prove Theorem 1.9. Let us recall the statement. We are
glven a locally free Ax_y-module N of finite rank on X — Y, and we assume
that N := AX y ®4ax_y N extends to a locally free AX module to all of X.
We are to show that if dimY < dim X — 2, then N also extends to locally free
A x-module on all of X.

Let us begin with a reduction. The question being local, we can assume,
proceeding by induction, that we are working in the neighborhood of a smooth
point y of Y. Furthermore, we can and will assume that the codimension of
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Y is precisely two. We can do so because if Y is not of codimension two, we
can always replace it in the neighborhood of y by a larger codimension two
submanifold. Furthermore, we may assume that N is a free A x\y-module.

Thus, we are reduced to the following situation: Let us write C™ = C? x
C™2. Let us consider a small neighborhood

W ={(z1,...,2m) €C™;|zil <pforalll<i<m}

of the origin. We consider W as a neighborhood of a smooth point y € Y in X
such that y corresponds to the origin and Y in the neighborhood of y to the
locus ({0} x C™~2)NW. Let us write Z = ({0} x C™~2)NW. We now restate
our hypotheses in this context. We are given a locally free Ay _z-module N
on W — Z such that the corresponding JZL\W, 7z module N is trivial on W — Z.
If we can show that the locally free module N is trivial on W — Z, then of
course it would extend. This is probably true, but we will prove a slightly
weaker statement where we shrink the neighborhood W. This is harmless for
our purposes. Let us then write

(8.1) N = {(z1,--,2m) €CT [ |zi] < p'} CW
for p’ < p. We consider the following family of open subsets of N:
(8.2) Ny = N\{(zl,...,zm)E(Cm; ’ ‘leg(s, ’22‘ Sd},

where we vary § with 0 < § < p/. Note that N C¢ W and Ns C W \ Z are
compact for § > 0.

From the discussion above we conclude that Theorem 1.9 follows from the
claim

(8.3) N is trivial on Np.
We first observe that
(8.4) N is trivial on Np if it is trivial on Ny for all sufficiently small § > 0.

Let us argue this. We write d for the rank of N. For all small §, we have an
isomorphism
@d ~

A Ns —f;) N| Nj-

For ¢’ < §, we then have a map
fytols
@d o ®d
Ay, —— A NI

which is defined and is an isomorphism on Ns. By Hartogs’ theorem this map
extends to all of N. Let us write ry s for the resulting automorphism of A%d.
Then we have

fs = fyorss  on Ns.
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As the right-hand side of the formula is defined on N for any 0 < ¢’ < §, we
see that the map f5 extends to an isomorphism

A@d N| No-

Thus we have established (8.4).

We will now work on a particular Ng, keeping the assumption that ¢ is
small. This hypothesis will be used at some point for purely technical reasons.

We now consider N on Ns. As N is locally free, N is also a locally free
Ay z-module. Hence there will be a finite open cover V; of Njs so that N is
trivial on V;. We choose particular trivializations on each of the V;. As the
cover is finite, we can find a C' > 0 such that all the transition functions take
values in GL4(A¢). We conclude

there exist C' > 0 and a locally free (A% |y, )-module N¢

(8.5) such that N|n,; ~ Ax|n, ®A)C(|N5 Ne-

We will be working with transition functions, and to this end we need
to set up some notation. Let us consider the groups GL4(A¢), GL4(A), and
GL4(A). As usual, we will write gl; for d x d-matrices and consider it as a
group via its usual additive structure.

Let us introduce the Banach algebra gl;(A¢). Pick a € gl;(Ac). We write

o
(8.6) a = Z ant” with a,, € gly(C) (n > 0).
We now define a norm on g[d(Ac) in the following manner:
(8.7) llallc = Z HanH where ||a,,|| is the operator norm on gl;(C).

Thus, we have
(8.8) for a € gly(A), a € gl(Ac) if and only if ||a|c < oo.

Therefore gl;(Ac) is a Banach algebra and GLg(A¢) consists of units in the
Banach algebra gl;(A¢). Also, gl;(A) is a topological algebra and we can view
GL4(A) as units in gl ;(A). We have, of course,

(8.9) gla(A) = limgly(Ac),  GLq(A) = lim GLq(Ac).
C>0 >0

It follows from Lemma 3.1 and Proposition 3.2 that
(8.10) the rings Ac and A are local rings.

Thus, it is easy to describe the units. Let a € gl;(Ac). We write it as in (8.6).
Then

(8.11) a € GLd(Ac) if and only if ag € GLd((C)
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Let us consider the canonical map GLg(Ac) — GL4(C) mapping a — ag. Let
us write
FC = Ker(GLd(AC) — GLd((C))
We then obtain a semidirect product
GLd(Ac) = FC X GLd((C)

Now,
o] 00 cn
n=1 n=1

and hence I'c is contractible. Therefore GL4(A¢) and GL4(C) have the same
homotopy type. Thus we conclude

PROPOSITION 8.1. On a complex manifold there is natural bijection be-
tween topological rank d vector bundles and topological Ac-bundles of rank d.

We will now make use of a result of Bungart. Let B be a Banach algebra,
and let us write B* for the units in B. Then

THEOREM 8.2. On a Stein space there is a natural bijection between iso-
morphism classes of holomorphic B*-bundles and topological B* -bundles.

For a proof, see [Bun67, Th. 8.1].

We will apply this result for B = gl;(A¢), in which case B* = GL4(Ac¢).
Set

(8.12) Ui ={(#1,...,2n) € N5 ; |zi| > 0} fori=1,2.

The U; (i = 1,2) form a Stein cover of Nj.

As the U; have the homotopy type of a circle, all topological complex
vector bundles on them are trivial. Making use of the proposition and theorem
above, we conclude

(8.13) the restrictions N¢ |y, are trivial.

We now trivialize the bundle Ng on U; and Us. This way we obtain an
element ¢ € GLd(A]C\',B(Ul N Uy)); i.e., ¢ is a holomorphic function on Uy N Us
with values in GL4(A¢). As the corresponding formal bundle N is trivial on
Ng, this class is trivial in H!(Ng, GLd(jl\ N;)) and therefore there are elements
a € GLg(An(U1)) and b € GLy(An(Us)) such that ¢ = ab. The elements a
and b are unique up to an element e € GLg(Ax (Ns)); i.e., we can replace the
pair (a,b) by (ae,e 'b). Note that, by Hartogs’ theorem, GLg(An(Ns)) =
GLg(An(N)), and so we view e € GLg(An(N)).

Our goal is to choose the e € GLy(Ax(N)) in such a way that ae €
GL4(AN(U7)) and e71b € GLg(An(Us)), showing that the bundle N is trivial
on Ns. In this process we will replacing the C' by a smaller constant.
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We write
c=> cut" g € GLg(On(U1NU2)) cn € gly(On (UL N Uy)) for n > 1,

a=> ant"  ag € GLy(ON(U1)) an € gly(On(U1)) for n > 1,

(0.0
b=> but" by € GLg(On(U2)) by € gly(On(Ua)) for n > 1.
The fact that ¢ = ab amounts to the equations
n
(8.14) Cn = aibn_;.
i=0
As a first step let us deal with the first terms ag, by, and cg. We replace

the term c by aalcbgl, the term a by aala, and the term b by bbal. This
modification reduces us to the situation where

(815) apg = 1, bo = 1, Cco = 1.
We will now expand the term a in the z; coordinate and the term b in the zo
coordinate:
a=at +a, a= Z ge(z2, ..., 2m) 2L,
(8.16) ==
+:ng(z27--'7 Z17 ng 22500y & Z{7
>0 £<0
and
o
b=b"+0b, b= > he(z1,%2,...,2m)25,
(8.17) f=—o0
+=th(21,7j’2,..., Z2, Zhg Zl,ZQ,..., )S
>0 £<0

We now choose the element e. We will make use of it in the following
form:

H (1+ent™) = (1 +ert) 1 +eat?)(1+est®) -, en € gly(On(N)).

With a suitable choice of {eg}x>1, we define
a(k) € GLg(An(U1),) b(k) € GLg(An(Uz))
such that
alk+1) = a(k)(1 +ext®)  bk+1) = (1 + ept®)1b(k),
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with the initial conditions a(1) = a, b(1) = b. Then we can easily see that
a(m)gy =alk+ 1) =a(k)r +ep form>k+1.
We make the following choice:
er = —a(k);.

The end result is as follows:
(8.18) ae has the property that for all n > 1 (ae)! = 0.
Here a™ = 325° ja,t" is given in (8.16).

Thus, after replacing a by ae and b by e~ b, we have
(8.19) c = ab, al = 0 foralln>1.

n

We claim that after this modification both a and b are convergent.

PROPOSITION 8.3. Ifc € GLy(An(U1NU2)) can be written as ¢ = ab with

o~

a € GLd(AAN(Ul)) and b € GLy(An(Uz)) such that af = 0 for n > 1, then
a € GLy(ANn(U1)) and b € GLg(An(Us2)).

In particular, this proposition implies that the bundle associated to the
cocycle c¢ is trivial thus completing the proof. The rest of this section is devoted
to the proof of this proposition.

In order to prove the lemma we need to make estimates on an exhaustive
family of compact sets. First let us write

(8.20) K = {(z1,...,2m) € C" | |zi] < R} C N.
We choose the families in the following manner:
Ki={(z1,...,2m) e K |0<r <|znl|} C U,
Ko ={(z1,...,2m) € K|0<r <|z|} C Us,
Kio=KiNKy={(21,...,2m) e K|0<r<|z| 0<r <]z} CcU NU,.
In the arguments that follow we make the convention that

ASSUMPTION 8.4. From now on we will assume that R/r > 16. We can
always achieve this by enlarging the compact sets K; by shrinking the r.

Note that shrinking the r also forces us to consider only those § that are
sufficiently small.

Remark 8.5. The choice R/r > 16 is of course rather arbitrary and simply
depends on the way we write the estimates in Lemma 8.7.

Let us recall our norm || || for gl ;(Ac). We have set
o Cn o0 n
191 = SRS for =3 fut” € glalAo),
n=0 ’ n=0

where || f,,|| denotes the operator norm of f,, € gl (C).
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Given a holomorphic function h: U — gl;(C) on an open set U, its norm
||| stands for the continuous function on U whose value at = € U is ||h(z)]|.
If K C U is compact, we write ||h x for the sup norm of |[A[| on K i.e.,

(8:21) [hllx = sup [|h(z)].
rzeK

We will be using this notation for the elements a, b, and ¢. As analytic functions
achieve their maximum on the boundary of the region, we make the following
observations:

maximum on K; is achieved on
(8:22) {|z1] = 7, ]zi| = R for i # 1} U{|z;| = R for all i}.
Similarly, we see that
maximum on K5 is achieved on
(8:23) {|z2| = r,|2zi| = R for i # 2} U {|z;| = R for all i}.
Finally, the maximum on Ky = K1 N K> is achieved on
{lz1] =7, |22] =7, |2zi| = R for i # 1,2} U{|z1| =1, |zi| = R for i # 1}
U{|z2| =7, |zi| = R for i # 2} U {|z| = R for all i}.
Remark 8.6. We will make crucial use of the fact that the maximum on
K4 and K5 are achieved on K7i5. Hence, we have
|h||x, = ||~||k,, for a holomorphic function h defined on Uy,

|hl|x, = ||P]|Ky, for a holomorphic function h defined on Us.
This allows us to compare the norms on different compact sets.

Let us now consider the element ¢ € GLg(AN (U1 NUz)). Given the com-
pact set Ko there exists a D > 0 such that

(8.24) llenllky, < D™nl o for all n.

Note that our element ¢ actually lies in GLy(A$ (U N Us)), but we do not
actually need to use this fact here as we argue on a family of compact sets.
We need to show that we can find a possibly larger D such that

(8.25) lanllx, <D"n! and ||bu|lx, < D"n! for all n.

We will be proceeding by induction, which we will begin at some particular
ng that will be chosen below. Let us now consider the induction step, and so
we assume that we have the estimate (8.25) up to n — 1.

To this end, we consider the equation

n—1

(8.26) cn, = by, + Z aibp—; + an,
i=1
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and use it bound the norms of a, and b,. Let us first observe that by the
remark above, we have

(8.27) laillk, = llaillkis,  N0illxe = [1bill koo
Thus all the estimates in the rest of this section can be done on Ki5. We now
have
n—1
(8.28) < Z laill & 1bn—ill g1, <D il(n — i)1D"
K2 i=1
Let us write
Lil(n — 1) s
(8.29) En = =1 T
n! i=1 l
Then
n—1 B
(8.30) H > aibn—; < &,D"n!
i=1 Kiz

and we conclude that

n—1
(8.31) =Y aibn—i < D"n! + e, D"n! = (D™ + ¢, D")n!.
i=1 Kiz
Note that
(8.32) Jim &, = 0.

Thus, given any ¢ with 0 < £ < 1, we will choose ng and D such that

(8.33a) (8.25) is satisfied for all n < ng,
(8.33b) for n > ng, we have g, < %,
and
(8.33¢) I

€

With these choices we can now prove estimate (8.25) by induction, beginning
with ng and making use of (8.31). So we assume that the estimate (8.25) has
been proved up to n — 1. Then

n—1
(8.34) llan + bull 1y = llen — Z aibn—il| K1y < (D™ + e, D™)nl.

But now, using (8.33), we see that
(8.35) D" 4 e,D" < D™
Thus, we have

(8.36) lan + bnllxp, < eD™nl.
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Now, using (8.19), i.e., the fact that a;} = 0 for n > 1 we conclude, for n > 1,
that

(8.37) la,, + b, + b} |k, <eD™nl.
We now apply the following:

LEMMA 8.7. Set f, = b} +b,, +a,,. Then there exists a universal constant
E <8, only depending on Ko, such that

”br—H|K12 < EanHKmv Hb;HKn < EHfTLHKm: ||a”;HK12 < EanHKm

Let us first argue that this lemma will finish our induction argument. It
immediately implies that

(8'38> Hbr—iz_HKm < E&“Dnn!, Hb;HKm < EED"TL!, Ha;HKm < EEDnn!,

and furthermore that
1bnll ey = 1bnllrcre < 107 1K1z + 107 1, < 2ED™n!
and
lay |, = llay, ||k, < EeD™nl.

Thus, any choice of € < ﬁ allows us to obtain (8.25), and hence our induction
is complete.
It remains to prove the lemma.

Proof of Lemma 8.7. We first observe that it is enough to consider the
case m = 2 as it is enough to prove estimates for fixed zs, ..., 2z, with |z| = R.
So, we let m = 2.

We make the following observations:

the term ||b, (2)|| obtains its maximum ||b;" || ,, on the locus

(8.392)
where |z1| = R and |z2| = R,
(8.390) the term ||b,, (2)|| obtains its maximum ||b,, || x,, on the locus
' where |z1| = R and |z2| =1,
the term ||a,, (2)|| obtains its maximum ||a,, || x,, on the locus
(8.39¢)

where |z1| = r and |z2| = R.

We first assume that

1 _ _
(8'40) ||b1i_||K12 > imaX{anHKlw Ha’nHKlz}‘
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Then by using the Schwarz lemma, we see that

On the set where |z1| = R and |22| = R, we have

_ roo_ 4r 1
(8.41) 16, ()| < Ean K1y < ﬁHbillKlz < ZHbf{HKlzv

_ roo_ 4r 1
llan () < Fllan s, < ﬁHbIHKlz < ZIIbIIIKu;

the last inequalities follow from our Assumption 8.4. As ||b}(z)|| assumes its
maximum on the set |z1| = |z2| = R, we have

105 1o = 1fn = @ = by 2y = 0= < [ fnllir, + (1/4 4 1/4) 10 || 5, -
We then conclude
(8.42) 16511k < 201 fll 22

and so then also by (8.40),

(8'43) Hb;HKm < 8”fn||K12’ ||a’T_L||K12 < 8an||K12

Let us now assume
1 _ _
(8'44> ||b:”K12 < Z maX{an ”K127 Han HK12}‘

We first assume that max{||b,, || ks, ||lan || K12} = |16, || K15 Then, again by
utilizing the Schwarz lemma, we obtain

On the set where r < |23| < R and |z1| = R, we have

(8.45)
llag (2)II < f\lanHKm < IIb Ik < 16||b 1K1z

where we have again made use of Assumption 8.4. As ||b, (z)| achieves its
maximum on the set where |z3] = r and |z1| = R, we have

Hb;LHKlz = ”fn —a, — erLr|||zz|=r,|zl|:R < an||K12 + (1/16 + 1/4)Hbr:||K12’

which implies

(8'46) Hbr_LHKm < 2”fn||K127
and hence also
(8'47) "bx||K12 < 2”fn||K12, Ha;HKm < 2an||K12'

Finally, we consider the remaining case max{||b;, || x5, ||an || 15 } =l | K1s
> 4| ||k, - Again by the Schwarz lemma, we obtain

On the set where r <|z1] < R and |22| = R, we have

(8.48) _ 1
[br () < — IIb K12 < ||anHK12 < Tglan K-
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As ||la;, (2)|| achieves its maximum on the set where |z1| = r and |2z2]| = R, we
then conclude that

(8'49) ||a7—LHK12 < 2||anK127
which implies
(8'50) Hbr—i_HKm < 2an||K12a Hb;HKlz < 2||anK12' U

Remark 8.8. For the purposes of the codimension-three conjecture it would
have sufficed to prove this theorem for dim Y < dim X — 3. Then one can give
a slightly different argument, which is not substantially different from the ar-
gument presented here. We note, however, that in the case dimY < dim X —3,
formal triviality on W — Z amounts to triviality of the associated rank d com-
plex vector bundle.

9. Open problems

In this section we discuss open problems that are closely related to our
main result. One can prove the following result:

PROPOSITION 9.1. The category of regular holonomic & x-modules is a
full subcategory of the category of regular holonomic & x -modules

Thus, it is natural to conjecture

CONJECTURE 9.2. The category of regular holonomic € x -modules is equiv-
alent to the category of regular holonomic & x -modules

Let us fix supports and consider the subcategories or regular holonomic
€ x-modules and regular holonomic e x-modules where the objects have a fixed
conic Lagrangian support A. One can check that the two categories coincide
outside a codimension-one locus in A by direct verification. On the other
hand, by making use of Theorem 1.11, it suffices to show that the categories
are equivalent outside of a codimension two locus. Thus the problem is reduced
to pure codimension-one locus on A.

Recall that we wrote Pery for the stack of regular holonomic € x-modules
in the introduction, where we also discussed the general structure of Per,. In
particular, in [GMV] a description of the stack Per, is given in terms of the
geometry of A outside of a certain codimension two locus AZ2. As our main
theorem implies that we can ignore a codimension-three locus on A and we
know that for any open U C T*X the functor Pery(U) — Perp (U \ AZ2) is
fully faithful, we are left with the following problem:

PROBLEM 9.3. Describe, in terms of the geometry of A, the conditions

imposed by the codimension two locus A% that cut out the subcategory Per(U)
in Perp (U \ A=2).
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Finally, microlocal perverse sheaves can be defined with arbitrary coeffi-
cients. Thus we can consider the stack Pery (k) of microlocal perverse sheaves

with coefficients in k on T*X supported on A. It is natural to conjecture

CONJECTURE 9.4. The codimension-three conjecture holds for the stack
Perp (k) when k is, for example, Z or a field of positive characteristic.

We have neither any evidence nor a strategy of proof for this conjecture.
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