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Calabi flow, geodesic rays, and uniqueness
of constant scalar curvature Kahler metrics

By X1uxioNnG CHEN and SONG SUN

Abstract

We prove that constant scalar curvature Kéahler metric “adjacent” to a
fixed Kéhler class is unique up to isomorphism. The proof is based on the
study of a fourth order evolution equation, namely, the Calabi flow, from
a new geometric perspective, and on the geometry of the space of Kéhler
metrics.

1. Introduction

The Kempf-Ness theorem relates complex quotient to symplectic reduc-
tion. Suppose a compact connected group G acts on a compact Kahler manifold
X. We assume the action preserves the Kéhler structure, with a moment map
u: X — g*. Then the action extends to a holomorphic action of the com-
plexified group GC. Under proper hypothesis the notion of stability could be
defined. Then the Kempf-Ness theorem says that as sets,

X*/GE ~ u(0)//G.
To be more precise,

(1) A G%-orbit is poly-stable if and only if it contains a zero of the moment
map. The zeroes within it form a unique G-orbit.

(2) A GC-orbit is semi-stable if and only if its closure contains a zero of the
moment map. We call such a zero a destabilizer of the original GC-orbit.
The destabilizers all lie in the unique poly-stable orbit in the closure of the
original orbit.

In Kahler geometry, according to S. Donaldson [17] (see also [25]) the
problem of finding cscK (constant scalar curvature Kéhler) metrics formally
fits into a similar picture. However the spaces involved are infinite dimen-
sional. Given a compact Ké&hler manifold (M,w,J), denote by G the group
of Hamiltonian diffeomorphisms of (M,w) and by J the space consisting of
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almost complex structures on M that are compatible with w. J admits a nat-
ural Kahler structure which is invariant under the action of G. The moment
map is given by the Hermitian scalar curvature. The complexification of G
may not exist since G is infinite dimensional. Nevertheless, it still makes sense
talking about the orbits of G&—it is simply the leaf of the foliation obtained by
complexifying the infinitesimal actions of G. Then the G€ leaf of an integrable
complex structure can be viewed as a principal G-bundle over the Kéhler class
[w]. Thus an analogue to the Kempf-Ness theorem should relate the stability
of the leaves to the existence of cscK metrics in the corresponding Kéahler class.
This was made more precise as the Yau-Tian-Donaldson conjecture (see [46]).
The notion of “stability” in this case is the so-called “K-stability”, see [47], [21].
There are also other related notion of stability; see, for example, [40], [38], etc.
Note that the Kempf-Ness theorem consists of both the existence and
uniqueness part. It is known that the existence of cscK metrics implies various
kinds of stability, however the converse is fairly difficult, due to the appearance
of fourth order nonlinear partial differential equations. Recently Donaldson
[22] proved a general result that the conjecture is true for toric surfaces. The
uniqueness part corresponding to the poly-stable case is known by

THEOREM 1.1 (Donaldson [19], Chen-Tian [15]). Constant scalar curva-
ture Kdahler metric in a fixed Kdhler class, if it exists, is unique up to holo-
morphic isometry.

Remark 1.2. When the manifold is Fano, the uniqueness of Kéhler-Einstein
metrics was previously proved by Bando-Mabuchi [2], and it was later gener-
alized to the case of Kahler-Ricci solitons by Tian-Zhu [49]. The uniqueness of
cscK metrics was first proved by the first author in the case when ¢;(X) <0

(ct. [8)).

The purpose of this paper is to prove the uniqueness in the semi-stable
case.

THEOREM 1.3. If there are two cscK structures Ji and Jy both lying in
the (C) closure of the GC leaf of a complex structure J € J™, then there is
a symplectic diffeomorphism f such that f*J, = Js.

Defintion 1.4. Let (M, w, J) be a Kéhler manifold, and let H be the space
of Kéahler metrics in the Kéhler class of w. We say another Kéahler structure
(W', J") on M is adjacent to H if there is a sequence of Kéhler metrics w; € H
and diffeomorphisms f; of M such that

ffwi— W ffT—J

in the C* sense. So, in particular, the corresponding sequence of Riemannian
metrics g; converges to ¢’ in the Cheeger-Gromov sense. Similarly, let (M, J)
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be a Fano manifold. We say another complex structure J' on M is adjacent to
J if there is a sequence of diffeomorphisms f; such that

frJ—J.

Remark 1.5. The above definition is related to the “jumping” phenome-
non of complex structures; i.e., the space of isomorphism classes of complex
structures on a fixed manifold is in general not Hausdorff. As a simple ex-
ample, we can consider the blowup of P? at three points py, p2, and p3. The
underlying differential manifold is fixed, and a choice of the three points defines
a complex structure. A choice of three points in a general position gives rise to
the same complex structure, while a choice of three points on a line provides
an example of an adjacent complex structure.

It follows from Theorem 1.3 that

THEOREM 1.6. Let (M,w,J) be a Kdhler manifold. Assume [w] is inte-
gral. Suppose there are two csc Kdihler structures (wi,J1) and (w2, J2) both
adjacent to the Kahler class of (w,J); then they are isomorphic.

COROLLARY 1.7. Let (M,J) be a Fano manifold. Suppose there are two
complex structures J1 and Jo both adjacent to J and both admitting Kdhler-
FEinstein metrics; then (M, J1) and (M, J2) are bi-holomorphic.

In terms of algebro-geometric language, Theorem 1.6 can be rephrased as
(see also Question 9.1)

COROLLARY 1.8. Let (M, L) be a polarized manifold. Suppose there are
two test configurations (My, L1) and (Ma, La) for (M, L) so that the central
fibers are smooth and admit cscK metrics; then the two central fibers are iso-
morphic as polarized manifolds.

Remark 1.9. After finishing this paper, we learned that our Theorem 1.6
and Corollary 1.7 partially confirmed a conjecture of G. Tian [48] in the case
of constant scalar curvature Kahler metric.

Now we briefly outline the strategy of our proof of the main theorem.
First, we will detect an adjacent cscK metric by Calabi flow. This is usually
viewed as a fourth order parabolic equation on the space of Kéahler potentials,
and in general little is known about this. Our new perspective is to view the
Calabi flow also as a gradient flow on the space J of almost complex structures.
By proving a Lojasiewicz type inequality, we establish the global existence and
convergence of the Calabi flow near a cscK metric. Suppose now we have two
cscK metrics adjacent to a fixed Kéahler class. Then there are two Calabi flows
in the neighborhoods of the corresponding cscK metrics. Since the Calabi flow
decreases geodesic distance, we get a bound on the two Calabi flows in terms
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of geodesic distance. It is not known whether this bound implies a C° bound
automatically. Here we get around this difficulty by showing that in our case
the Calabi flow is asymptotic to a smooth geodesic ray. This involves a local
study of the infinite dimensional Hamiltonian action of G, which is the main
technical part of this paper. We are also lead to first look at the analogous
finite dimensional problem, which concerns the asymptotic behavior of the
Kempf-Ness flow and has an independent interest. Finally, using the theory
of space of Kihler metrics, we derive a C” bound for the two parallel geodesic
rays, which enables us to prove the main theorem.

The organization of this paper is as follows. In Section 2, we review Don-
aldson’s infinite dimensional moment map picture in Kéhler geometry and re-
call some known results for our later use. In Section 3, we state the Lojasiewicz
inequality and “Lojasiewicz arguments” for the gradient flow of a real ana-
lytic function. In Section 4, we prove that in the finite dimensional case, the
Kempf-Ness flow for a semi-stable point is asymptotic to a rational geodesic
ray (optimal degeneration). In Section 5, we study stability of the Calabi flow
near a cscK metric when the complex structure is deformed. In Section 6, we
generalize the arguments in Section 4 to the infinite dimensional setting by
considering the “reduced” Calabi flow. In Section 7, the relative CY bound for
two smooth parallel geodesic rays tamed by bounded geometry is derived. In
Section 8, we prove the main theorems. In Section 9, we shall discuss some
further problems related to this study. The appendix contains the proof of
some technical lemmas used in Sections 4 and 6.

Acknowledgements. This paper forms part of the Ph.D. thesis of the sec-
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thank the department of Mathematics in UW-Madison for providing stimu-
lating research environment. Part of this work was done while both authors
were visiting Stony Brook in the year 2009-2010, and we wish to thank both
the Department of Mathematics there and the Simons Center for their gener-
ous hospitality. We also thank Professors Simon Donaldson, Blaine Lawson,
Claude LeBrun, and Gang Tian for their interest in this work. S.S. would also
like to thank Joel Fine, Sean Paul and Zhan Wang for interesting discussions.
Finally, we thank the referee for helpful comments that greatly improve the
exposition of this paper.

2. The space of Kahler structures

Here we review the infinite dimensional moment map picture discovered by
Fujiki [25] and Donaldson [17]. Let (M,w, Jy) be a compact Kahler manifold.
Denote by J the space of almost complex structures on M that are compatible
with w and by J'™™ the subspace of J consisting of integrable almost complex
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structures compatible with w. Then J is the space of smooth sections of an
Sp(2n)/U(n) bundle over M, so it carries a natural Kahler structure. Indeed,
there is a global holomorphic coordinate chart if we use the ball model of the
Siegel upper half space in the usual way. Jy determines a splitting TM ® C =
T19 @ 701 such that w induces a positive definite Hermitian inner product on
T30, Then J could be identified with the space

NT0) = {u € QN T A() = 0,Td — io > O},

where A is the composition QOP(TH0) — QOP(T*0:1) — Q0PI An element
u corresponds to an almost complex structure J whose corresponding (1,0)
tangent space consists of vectors of the form X — a(X)(X € T'P). Near Jy,
J™M is a subvariety of J cut out by quadratic equations:

N(p) = 0+ [p, p] = 0.

Denote by G the group of Hamiltonian diffeomorphisms of (M,w). Its Lie
algebra is C§°(M;R). G will be the infinite dimensional analogue of a com-
pact group, though the exponential map is not locally surjective for G. G
acts naturally on J, keeping J int jpvariant. A. Fujiki [25] and S. Donaldson
[17] independently discovered that the G action has a moment map given by
the Hermitian scalar curvature functional S — S, which can be viewed as an
element in (C§°(M;R))* through the L? inner product with respect to the
measure dy = w". When J is integrable, S(.J) is simply the Riemannian scalar
curvature of the Riemannian metric induced by w and J. We say Jy € J is
cscK if Jp is integrable and (w, Jp) has constant scalar curvature. So in the
symplectic theory we are naturally lead to consider cscK metrics.

In the complex story, we need to look at G€. Since G is infinite dimen-
sional, there may not exist a genuine complexification GC. Nevertheless, we
can still define the GC leaf of an integral complex structure Jy as follows. The
infinitesimal action of G at a point J € J is given by

Dy : C(M;R) — Q¥ (T10); 6 — 95X,
This operator can be naturally complexified to an operator from C§°(M;C) =
C°(M;R) & V/—1C§°(M;R) to Q%’l(Tl’O). Then a complex structure J is
on the GC leaf of Jy if there is a smooth path J; € J™ such that J; lies in
the image of Dj,. G acts on the leaf naturally and the quotient is the space

of Kéhler metrics cohomologous to [w]j,. So the latter could be viewed as
“GC/G”. We define the space of Kihler potentials

H={p e C®M;R)|w+v—190¢ > 0}.

1Here S is the average of scalar curvature, which indeed depends only on [w] and ¢ (w),
not on the choice of any compatible J.
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Then H /R is formally the “dual” symmetric space of G. This was made more
precise by Mabuchi [34], Semmes [41] and Donaldson [18]. Define a Weil-
Petersson type Riemannian metric on H by

(P1,92)¢ = /M P1epadig

for 11,42 € TyH. It can be shown that the Riemannian curvature tensor is
co-variantly constant and the sectional curvature is nonpositive. A path ¢(t)
in H is a geodesic if it satisfies the equation
&(t) = [V d(1)[5 ) = 0.

The first named author [8] proved the existence of a unique C! geodesic seg-
ment connecting any two points in H, and consequently that H is a metric
space with the distance given by the length of the C''! geodesics. It is proved
in [4] that under this metric # is nonpositively curved in the sense of Alexan-
derov. So far the best regularity for the Dirichlet problems of the geodesic
equation was obtained by Chen-Tian [15]. The initial value problem for the
geodesic equation is in general not well posed. But by the nonpositiveness of
the curvature of #, there should be lots of geodesic rays in H. In [9], the first
author proved the following general theorem, which we shall use later:

THEOREM 2.1. Given a smooth geodesic ray ¢(t) in ‘H that is tamed by a
bounded geometry, there is a unique relative C1' geodesic ray 1 (t) emanating
from any point 1 in H such that

[6(t) — ¥ (t)][cra < C.

Remark 2.2. For the precise definition of “tameness” we refer to [9]. But
we point out that this is merely a technical condition imposed on the behavior
of ¢(t) at infinity so that the analysis on noncompact manifolds work. In
our later applications where the geodesic ray ¢(t) arises naturally from a test
configuration with smooth total space, this assumption is always satisfied.

Defintion 2.3. Two geodesic rays ¢(t) and ¢ (t) in H are said to be parallel if
du(o(t),9(t)) < C.
Hence it is clear by definition that if |¢(t) — ¥ (t)|co < C, then ¢ and 9
are parallel.
Analogous to the finite dimensional Kempf-Ness setting, there is a rele-

vant functional E defined on H, called the Mabuchi K-energy. It is the anti-
derivative of the following closed one-form:

1) ABs(0) = = [ (S(6) = Syvdus

So the norm square of the gradient of F is the Calabi energy:
Cald) = [ (S(6) - S)dus
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By a direct calculation, along a smooth geodesic ¢(t), we have

d—2E(¢>(t)) = [ |Dip(t)|Pdpg =0
a2 = /M 1 d(t)] Moty = V.
According to [7], E can be extended to a continuous function on all C'!
potentials in H. However, it is not clear why F is still convex. The first author
proved some weak versions of convexity. In the case when [w] is integral, we
gave simplified proofs in [14] using quantization (see also [3]). We recall them
for our later purpose.

LEMMA 2.4 ([9], [14]). Given any ¢o, ¢1 € H, we have
E(¢1) — E(do) < v/Ca(er) - (o, ¢1)-

LeEMMA 2.5 ([9], [14]). Given any ¢o, ¢1 € H, let ¢(t) be the CL1 geodesic
connecting them. Then the derivatives of E(p(t)) at the end-points are well
defined and they satisfy the following inequality:

Lo B(0(1)) < Ll B((1).

This lemma implies that

LEMMA 2.6 ([4]). The Calabi flow on H decreases geodesic distance.

3. Lojasiewicz inequality

In this section we recall Lojasiewicz’s theory for the structure of a real an-
alytic function. The following fundamental structure theorem for real analytic
functions is well known:

THEOREM 3.1 (Lojasiewicz inequality). Suppose f is a real analytic func-
tion defined in a neighborhood U of the origin in R™. If f(0)=0 and V f(0)=0,
then there exist constants C' > 0 and o € [%, 1), and shrinking U if necessary,
depending on n and f, such that for any x € V, it holds that

(2) IVf(@)] = C-|f(x)]*

This type of inequality is crucial in controlling the behavior of the gradient
flow. If a = %, then we get exponential convergence. If o > %, then we can
obtain polynomial convergence:

COROLLARY 3.2. Suppose f is a monnegative real-analytic function de-
fined in a neighborhood U of the origin in R™ with f(0)=0 and with Lojasiewicz
exponent o € (%, 1). Then there exists a neighborhood V-C U of the origin such
that for any xg € V, the downward gradient flow of f,

La(t) = =V f(x(t)),
z(0) = o,
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converges uniformly to a limit o € U with f(xs) = 0. Moreover, we have
the following estimates:

W) fa(t) <Ot mT
(2) d(x(t),z(c0)) < C -t 201,

Proof. The proof is quite standard, and we call it “Lojasiewicz arguments”
for later reference. Denote

Vs = {z € R"[|z] < d},

and fix 6 > 0 small so that inequality (2) holds for € V5 . In our calculation
the constant C' may vary from line to line. If x(t) € Vj for t € [0, T] , then we
compute

%fl’“(x(t)) =—(1—a) f7%=®) - [Vfa®)P < -C-|i),

and thus for any T > 0,
r . 1 -«
| il < & - - o)
0

For any ¢ < % small, we choose d2 < § small such that f(z) < (C - 6)ﬁ for
x € Vg, and 01 = min{e, d2}. Then the flow initiating from any point xy € Vj,
will stay in Va.. So the Lojasiewicz inequality holds for all z(t). Now

%fl’%‘(w(t)) = —(1=20)- f72@(t) - [Vf(z(®)* > 2 - 1) - C?,
fla) <C 77,
For any 177 < T3, we get

Ty 1—a
d(@(T)), 2(Th)) g/T lE(6)|dt < C - Ty~ 3.

Therefore we obtain polynomial convergence and the required estimates. [

4. Finite dimensional case

4.1. Kempf-Ness theorem. Let (M,w,J) be a compact Kéahler manifold,
and assume there is an action of a compact connected group G on M that pre-
serves the Kéahler structure, with moment map p. This induces a holomorphic
action of the complexified group G®. Let g and g® be the Lie algebra of G
and G respectively, and let I be the natural complex structure on g€. Then
the Kempf-Ness theorem relates the complex quotient by G to the symplectic
reduction by G ([23]).
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THEOREM 4.1 (Kempf-Ness). A GC-orbit contains a zero of the moment
map if and only if it is poly-stable. It is unique up to the action of G. A
GC-orbit is semi-stable if and only if its closure contains a zero of the moment
map; this zero is in the unique poly-stable orbit contained in the closure of the
original orbit.

In this paper we are only interested in the uniqueness problem. We will
first give a proof in the finite dimensional case, using an analytic approach. An
essential ingredient in the proof of the Kempf-Ness theorem is the existence of
a function F, called the Kempf-Ness function. Given a point x € M, one can
define a one-form a on GC as

ag(Rg) = —(u(g.x), IE),

where R, is the right translation by g and § € gc. It is easy to check that « is
closed and invariant under the left G-action. Then « is the pullback of a closed
one-form @& from GC/G. Tt is well known that GC/G is always contractible,
S0 « gives rise to a function F, up to an additive constant. Notice that if the
G action is linearizable, this coincides with the usual definition given by the
logarithm of the length of a vector on the induced line bundle. In any case,
we call a GC-orbit poly-stable (semi-stable) if the corresponding function E is
proper (bounded below) on G®/G. It is a standard fact that F is geodesically
convex; i.e., & is monotone along geodesics in G®/G. The critical points of
E consist exactly of the zeroes of p in the given GC-orbit. So any GC-orbit
contains at most one zero of the moment map, up to the action of G. In
the semi-stable case, we consider the function f(z) = |u(z)|?* on M and its
downward gradient flow x(t). The flow line is tangent to the GC-orbit and
the induced flow in G®/G is exactly the downward gradient flow of E. We
call either flow the Kempf-Ness flow. As we will see more explicitly later, a
theorem of Duistermaat [33] says that for 2:(0) close to a zero of u, the flow x(t)
converges polynomially fast to a limit in z~!(0). Now suppose z is semi-stable
and 1, z9 are two poly-stable points in G€.z. Without loss of generality, we
can assume pu(xy) = p(xy) = 0. Take y1,42 € GC.x such that y; is close to
z;. Then the gradient flows z;(t) converges to a point z; € u~'(0) near z;.
Denote by ;(t) the corresponding flow in G€/G. Since the gradient flow of a
geodesically convex function decreases the geodesic distance, d(~;(t),y2(t)) is
uniformly bounded. By compactness, we conclude that z; and z9 must be in

the same GC-orbit, and by the uniqueness in the poly-stable case, we see that
z1 and z9 must lie in the same G-orbit. By choosing y; arbitrarily close to x;,
we conclude that 1 and xo are in the same G-orbit.

The above argument proves the uniqueness of poly-stable orbit in the
closure of a semi-stable orbit. There are technical difficulties extending this
argument to the infinite dimensional setting, due to the loss of compactness.
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As a result, we need to investigate the gradient flow in the finite dimensional
case more carefully. Our goal in the next subsections is to prove Theorem 4.6;
that is, for a semi-stable point, the gradient flow is asymptotic to an “optimal”
geodesic ray at infinity. We first introduce the notion of a “asymptotic geodesic
ray.”

Defintion 4.2. We say a curve y(t)(t € [0,00)) in a simply-connected non-
positively curved space is asymptotic to a geodesic ray x(¢) if for any fixed
s >0, d(v(s),x(s)) tends to zero as t tends to oo, where ~; is the geodesic
connecting x(0) and «(¢) that is parametrized by arc-length. In other words,
X(t) is the point in the sphere at infinity induced by ~(t) as t — oco.

It follows from the definition that any two geodesic rays xi(t) and xa(t)
that are both asymptotic to a given curve ~(t) must be parallel; that is,
d(x1(t), x2(t)) is uniformly bounded.

4.2. Standard case. Let (V,Jy, go) be an n dimensional unitary represen-
tation of a compact connected Lie group G, so we have a group homomorphism
G — U(n). Then V is naturally a representation of the complexified group
GC. Denote by € the induced Kihler form on V. It is easy to see that the G
action admits a natural moment map u : V — g* ~ g, where we have identified
g with g* by fixing an invariant metric. It is defined as

1
(3) ((0), &) = 5Q0(E0,v).
For any v € V, denote the infinitesimal action of G at v by
Ly:g—V;E— &,

Then it is easy to see that

1
() p(v) =~ L3,
L, can also be viewed as a map from g® to V, and then u(v) = $I1L;v.

Now consider the Kempf-Ness flow, i.e., the downward gradient flow of
the function f: V — R;v — |u(v)|?,

d

(5) 7V = ~V/f(v) = —JoLo(u(v)).

Since f is a homogeneous polynomial, and thus real analytic, the Lojasiewicz
inequality holds for f; i.e., there exist a constant C' > 0 and «a € [%, 1) such
that for v close to zero,

V)| >C-|f(v)]"
The previous Lojasiewicz arguments show that for v close to 0, the flow (5)
starting from v converges polynomially fast to a critical point of f.
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From now on we assume 0 destabilizes v, i.e., 0 € @\ GC.v. Thus the
gradient flow (5) converges to the origin by Theorem 4.1. For our purpose
we need a sharp estimate of the order of convergence. Since everything is
homogeneous, we can study the induced flow on P(V). The action of G is
then holomorphic and Hamiltonian with respect to the Fubini-Study metric
on P(V), with moment map i : P(V) — g. It is then easy to see that

ooy ()
,U'([U]) - |’U|2 .
Let f = |/i|?. Then we can study the downward gradient flow of f on P(V):
d 5 .
(6) 210 = ~VI([]) = —JoLpy (a([v]))-
Let m: V — P(V) be the quotient map. Then clearly

T (Vf(v)) = [PV f([0]).

So the flow (6) is just a re-parametrization of the image under 7 of the
ﬂAow (5): if v(t) satisfies (5), then [v(s)] satisfies (6), with % = |v(t)|?. Since
f is also real analytic, the flow [v(s)] converges polynomially fast to a unique
limit [v]oc.

LEMMA 4.3. [i([v]eo) # 0.

Proof. Otherwise [v] is semi-stable with respect to the action of G* on
P(V), thus the corresponding Kempf-Ness function log |g.v|? is bounded below
on GC. This contradicts the assumption that 0 € GC.v. O

Thus we know that
p(v(s))
v(s)[?

is bounded away from zero when s is large enough. So for t sufficiently large,

= [i([v]eo) + O(s77) (v > 0)

we have

3
(7) V@) = C-|fu®)]7.

The Lojasiewicz arguments then ensure that v(t) actually converges to 0 in the
order O(t_%). So we obtain s < C' - log t.

Now since the gradient flow of f is tangent to the GC orbit, it can also
be viewed as a flow on GC/G. This is given by a path ~v(t) = [g(t)], where
g(t) € G© satisfies

() = 9(6)g() ™" = ~Ip(g(t).v).
Note the Lojasiewicz exponent % in equation (7) is optimal, since if we have a
Lojasiewicz inequality for a > 3/4, then |v(t)| = O(f%*‘s) for some 6 > 0 and
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this would imply the length of «(¢) is bounded as ¢ — oo, which contradicts
the fact that 0 ¢ GC.v.
The re-parametrized equation corresponding to (6) is

(s) = 9(s)g(s) ™" = —If(g(s)-[v]),
and
Y(s) = —Ii([v]eo) + O(s77).
Here we have identified the tangent space at a point in G/G naturally with
= /—1g. In the following we shall use this re-parametrization because

|7(s)| has a lower bound as s — oo, which makes it more convenient to analyze
the asymptotic behavior.

PROPOSITION 4.4. v is asymptotic to a geodesic ray x in GC/G that is

rational (i.e., generates a C* action) and also degenerates v to 0. Moreover,

the direction of x is conjugate to \I;Z([EHLT))\ under the adjoint action of G.

Proof. We already know 4(s) is getting close to fi([v]eo), but this is not
immediate to conclude that v is asymptotic to a geodesic ray with direction
i([v]o). We shall analyze this more carefully, by elementary geometry. First
it is easy to see that

()] = L3y () Ll () AU [V](5))];

where Lj,)(5) denotes the infinitesimal action of g at [v](s). Since [v](s) = [v]oo
as s — oo, by Corollary 3.2 we get

Oo"ss - (1([v](s))|ds = h f(s)|ds T8
[ Beds < [ T iuoils)ids = ¢ [ T IVisds < ¢ o1,

where 8 = 3 Oj % > 0. Notice that here « is the exponent appearing in the

Lojasiewicz inequality for f, not the original f. From the above we know
lims o0 [¥(s)| = |f([v]oo)]| > 0, so if we parametrize v by arc-length and denote
the resulting path by J(u), then we have

gy G A()
Al = () H() —

a1 < C-Fis)l.

Therefore,

/ E(u)|du < C-TP.
T

Now for any u > 0, let 7,(v)(v € [0,1]) be the geodesic in G¢/G connect-
ing 7(0) and J(u). Denote by L, (v)(v € [0,u]) the distance between 7(v) and
u(v). Then L, (0) = Ly (u) = 0 and a standard calculation of the second varia-
tion of length (using the nonpositivity of the sectional curvature of G€/G) gives

— Ly (v) > —[A(v)]-
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Now define the function

mwzﬁjmewm—Z£%fmmmm.

This is well defined by the above decay estimate of |5, and f,,(0) = fu(u) =0 and

2 .
) = )]

Thus by the maximum principle, L,(v) < f,(v) for all w > 0 and v € [0, u].
Fixing v we see that

v [e.e]
sup Ly (v) < / / () |drdw < C - o' =5,
u>v w

Moreover, for any us > u; > 1, by comparison argument the angle between
Yu; and 7y, is bounded by d(Yy, (u1), Yuy (u1)) /w1 = Ly, (u1)/uy, which is con-
trolled by C' - ul_ﬁ . Thus we conclude that the direction of 7, is converging
uniformly to some limit direction, and so 7 (and thus ) is asymptotic to a
geodesic ray x starting from (0). Now for any s > 0, in the same way we get
a geodesic ray xs starting from ~y(s) that is asymptotic to 7. So the rays xs
are all asymptotic to each other and it follows that they are all parallel, and
then x4(0) are all conjugate to each other under the adjoint action of G. On
the other hand, if we denote by ~s, s, (u) (u € [0,1]) the geodesic connecting
v(s1) and 7y(s2) for s1 < sg, then again by second variation,

d ;7(82) 781,82(1) > > "7(82)‘

55 o] P (D1 = i) =~ P2

So we get

7(52) ’.)/51,52(1) B s2 Nldu - ‘S_/B
<H@MW%w4n>21 Llh(wlzl C-s7”.

We know (s2) = Ii([v]eo) + O(s5“), and when we fix s1, as s — oo up to
the adjoint action of G, we have LQ(D‘ — Xs;(0). So (xs;(0), Ii([v]oo)) >

s1.52 (D)
1-— 0.51*5, Let s1 — 0o. We see x(0) is conjugate to ﬁ(([gjt"))' under the adjoint

action of G.

It is now not hard to see that x(s) also degenerates v to the origin since
the path v(t) is of order O(t_%) = 0(e~“*). By Kempf [30] and Ness [35] ,
the direction I/i([v]s) is indeed rational; i.e., it generates an algebraic one-

parameter subgroup A : C* — GC. Moreover, the direction I/i([v]s) is the
unique (up to the adjoint action of G) optimal direction for v in the sense of
Kirwan [31] and Ness [35]. O
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4.3. Linear case. Now we suppose G acts linearly on (V = C", Q,.Jy),
where Jp is the standard complex structure on C" and € is a real-analytic
symplectic form compatible with Jy. Then the action has a real-analytic mo-
ment map p with ©(0) = 0. p is not necessarily standard but the Lojasiewicz
inequality still holds for f = |u|?2. Suppose 0 € GC.v. Then the downward
gradient flow v(t) of f(v) = |u(v)|? converges to the origin polynomially fast.

PROPOSITION 4.5. v(t) converges to 0 in the order O(f%). Moreover, let
v(t) be the corresponding flow in G€/G. Then there exists a rational geodesic
ray x in GC/G that also degenerates v to 0 and is asymptotic to 7.

We prove this by comparing with the Kempf-Ness flow for the standard
moment map. Let ©(¢) be the downward gradient flow of f(v) = |7(v)|?, where
f is the moment map for the linearized G action on (V = TyV,Qg, Jy). By
Proposition 4.4 in the previous subsection, ©(t) converges to zero in the order
O(t_%) and the corresponding flow 4(¢) is asymptotic to a rational geodesic ray
x(t). Let v(t) in G®/G be the flow corresponding to v(t). We want to show ~(t)
is also asymptotic to x(¢). It suffices to bound the distance L(t) between ~(t)
and (t). Let ¢4(s)(s € [0,1]) be the geodesic connecting y(¢) and 4(t). Then

(8) L(t)%L(t) = (e(1), ~Ip(0(t))) — (&e(0), ~Iu(v(t)))

= ((L4he(1), m(0())) = (T2 (0), p(w(£)))) + (e (1), TR0 (1) +In((2)))
< L) ao(t)) — u(a(0))];

where we used the fact that the Kempf-Ness function is geodesically convex.
To estimate the last term, notice that since the G action is linear, for any £ € g
and v € V, we have

1
(1(0),6) = [ QuEo,v)dt = F00(E0.0) + O(of?) = (3(0). &) + O(ol).

Since 0(t) = O(t_%), we obtain %L(t) < C- t_%, and so L(t) is uniformly
bounded. Therefore, we conclude Proposition 4.5.

4.4. General case. Let (M,w,J,G,u) be a real analytic Hamiltonian
G-action on a compact real analytic Kdhler manifold. Fix a bi-invariant met-
ric on g, and identify g with g* as usual. Suppose y € M is semi-stable but
not poly-stable. Denote by y(¢) the Kempf-Ness flow starting from y. Since
f = |p|? is a real-analytic function on M, as before by the Lojasiewicz argu-
ments, y(t) converges polynomially fast to a unique limit = with pu(x) = 0. By
assumption we know x € G.y \ G.y.

THEOREM 4.6. The corresponding flow ~(t) in GC/G is asymptotic to a
geodesic ray x(t) that is rational and also degenerates y to .
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Remark 4.7. Here we could define x(t) as the “optimal” degeneration of
Y, generalizing the usual definition in the linear case.

The proof of this theorem follows a similar pattern as that in the previous
subsection, but the analysis is more involved. The main difficulty is that we
cannot linearize the problem since the isotropy group Gy of x may be strictly
smaller than G, and we have to compare 7(t) with the Kempf-Ness flow for the
group GGo. We first denote by ch the isotropy group of z in G€. The following
well-known lemma justifies the abuse of notation:

LEMMA 4.8. GY is the complexification of Go (hence is reductive).

Proof. In the Lie algebra level, we just need to show that if £.x+Jn.x =0
for some &,n € g, then £.x = n.z = 0. This follows easily from the definition
of the moment map:

w(n.x, Jn.x) = (du(Jn.z),n) = (du(Jn.x + §.x),n) — (Adgu(z),n) = 0.
Hence n.z = 0 and £.2 = 0. (]

Let go be the Lie algebra of Gg. The bi-invariant product on g allows a
Gy invariant splitting g = go @ m. The action of Gg on M is also Hamiltonian,
with moment map f given by the orthogonal projection of u to go.

PROPOSITION 4.9. There is a point in the GC-orbit of y, say ¥, so that
T € G§.9.

Given this, let g(t) and g(t) be the Kempf-Ness flow starting from ¢ with
respect to the group G and Gy respectively, and let 4(t) and 4(t) be the
corresponding path in G®/G and G5 /Gy respectively. Since Gy fixed , locally
we can holomorphically linearize the action; i.e., there is a Gp-equivariant
holomorphic equivalence ® from a neighborhood V of 0 in T, M to M so that
®(0) = x. Then we are reduced to the linear case considered in the previous
subsection, and by Proposition 4.5, g(t) converges to = in the order O(f%)
and 4(t) is asymptotic to a rational geodesic ray x(¢) that also degenerates ¢
to . On the other hand, Gg /Gy is naturally a totally geodesic submanifold
of G®/G, and we have

PROPOSITION 4.10. The distance between (t) and 4(t) in GC/G is uni-
formly bounded.

Since by the distance decreasing property of the Kempf-Ness flow the
distance between «(t) and 7(t) is uniformly bounded, Theorem 4.6 then follows
easily.

Now we prove Propositions 4.9 and 4.10. Denote by N the orthogonal
complement of g®.2 = g.x @ Jg.x in T, M. Then N is a Go-invariant subspace
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of T, M, endowed with the induced Kéahler structure (Jy,Q2y). The linear Gy
action on N has a canonical moment map py : N — go (cf. (4)).

The proof of Proposition 4.9 makes use of the normal form for the com-
plex group action, which is G x GS N. More precisely, we can choose a G
equivariant embedding ¥ : T, M — M, with ¥(0) = x and d¥(0) = Id. Then
we define @ : G© Xge N = M; [(g,v)] = ¢.¥(v). This is a local diffeomor-
phism around [(Id,0)]. So for any y close to z, there is a (g,v) € G® x N with
|v] < Cd(x,y) such that y = ¢.®(Id,v). By assumption, the Kempf-Ness flow
y(t) starting from y converges to x. Choosing a subsequence tj — 0o, we obtain
(9(tj),v(t;)) € GE x N such that y(t;)=g(t;).®(Id, v(t;)) and lim;j_, v(t;) =0,
Since y(t;) € GC.y, we have v(t;) € G§.v. Let § = ®(Id,v) = g~ .y; then
r € G§.9.

To prove Proposition 4.10 we need to use the Marle-Guillemin-Sternberg
normal form for the Hamiltonian group action; cf. [28], [37]. The local model
Y is the symplectic reduction by Gy of the product T*G x N, where T*G is
endowed with the canonical symplectic form €y, and the Gy action on T*G

is induced from the right multiplication on G. To be more explicit, we can
trivialize T*G ~ G x g* ~ G x g by left translation. Then at (g, p), for two
tangent vectors (1, p1), (&2, p2) € g @D g, we have

Qo((&1, 1), (&2, p2)) = (p2,&1) — (p1,&2) + (p, [£1,&2])-

The action of Gy on T*G x N is given by h.(g, p,v) = (gh~!, Adpp, h.v), with
moment map

:U’O(gvp7v) = —TgoP + HN(U)

Then the symplectic reduction ¥ = G xg, (m @ N). A tangent vector at
[g,p,v] € Y is given by [£1, p1,v1] € (B m@ N)/go. Then the symplectic form
on Y is given by

Qy ([€1, p1,v1], [€2, p2,v2]) = (p2 + dupun (v2),&1) — (p1 + dupn (v1), E2)
+ (p+ un(v), [&1,&]) + Qv (v1, v2),

where d, v is the differential of px at v. The left G action on Y is Hamiltonian
with moment map py ([g, p,v]) = Adg(p + pn(v)). Then Y is the local model
for the Hamiltonian action. More precisely,

LeEMMA 4.11 (Marle-Guillemin-Sternberg). There ezists a local G equi-
variant real-analytic symplectic diffeomorphism ® from a neighborhood U of
[Id,0,0] € Y onto a neighborhood of x in M so that ®*p = py and ®([1d, 0, 0])

=xT.
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For our purpose we also need to control the complex structure. Let L :
m — m be the linear map such that

(9) (L(&),n) = Qu(Xe, JX),

where X is the infinitesimal action of { at x. Let Jy be the almost complex
structure at [Id, 0, 0] that, viewed as linear endomorphism of m@m @ N, sends
(&, p,v) to (=L~ Y(p), L(§), Jn.v). We denote also by Jy the extension to a
neighborhood of [Id, 0, 0]—which we identify with an open subset of m@&m® N
by the exponential map on G. The new ingredient that we need is

LEMMA 4.12. We may choose ® so that Jy := ®*J is equal to Jy at
[Id,0,0] and ®*J — Jy = O(r?) on N.

This follows from the proof of the Lemma 4.11. The proof of these two
lemmas will be given in the appendix.

We continue to prove Proposition 4.10. Using the above two lemmas, we
may work on (U, Qy, Jy). We denote by 1/;(s)(s € [0, 1]) the geodesic in G¢/G
connecting ¥(¢) and 4(t) and by L(t) the length of ;. Then similar to (8),
using the convexity of Kempf-Ness function on G/G, we have

S L) < n(3(0) — (o)

In our situation we can write §(t) = [g(¢), p(t),v(t)], where g(t) are p(t) are
uniquely determined by the choice at ¢ = 0 if we require g(¢)~*¢(t) € m. Then

(1) — AG(1) = Adypp(t). Let f = |l
Vf = JY'([Oa aduN(v)pa MN(U)'U]) = [_L_l(aduN(v)p)a 0,Jo - (:UJN(U)"U)]
+ (Jy — Jo)ad,,ywyp + (Jy — Jo)un (v).v.

By considering only the second factor, we obtain
9()] = [VF@0))] < C- (d@(t), @)l n (®)]|pE)] + d(@(2), )| (D)0 (D))
Since d(j(1), z). |p(t)], v(t)] = O(t7), we have

X _3 _5

GO < C- (@2 p(t)] +172).
Since p(o0) = 0, it is then easy to obtain |p(t)| < C - 2. So L(t) is uniformly
bounded.

5. Stability of the Calabi flow

We first recall the definition of the Calabi flow. It is an infinite dimensional
analogue of the previously mentioned Kempf-Ness flow. Let (M,w,Jy) be a
Kahler manifold. As before, we have the group G acting on J and preserving
J The action of G on J has a moment map given by the Hermitian scalar
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curvature functional S — S : J — C3°(M;R). Its norm is called the Calabi
functional:

Ca(J) = /M(S(J) )2,

The gradient of Ca under the natural metric on J is given by
1
VCa(J) = §JDJS(J).2

The Calabi flow is the downward gradient flow of Ca on J™. Its equation is
given by
d

(10) C7(1) = 5 T0D ST 1).

As in the finite dimensional space, the Calabi flow can be lifted to G€/G, which
in this case is just the space of Kahler metrics

Hy={p € C°(M;R)|w + V~19,0,¢4 > 0}.

The equation reads

(1) Lo(t) = 5(o(1)) - 5.

By (1), this is also the downward gradient flow of the Mabuchi functional E.
The two equations (10) and (11) are essentially equivalent.

LEMMA 5.1. Any solution of (11) naturally gives rise to a solution of
(10); any solution J(t) of (10) induces a solution of (11) if J(t) all lie in J™*.

Proof. Given a pgth o(t) € H, we consider the time-dependent vector
fields X (t) = —%V¢(t)¢(t). Let f; be the family of diffeomorphisms generated
by X (t). Then f;(w ++v/—190¢(t)) = w. Let J(t) = f;J. Then

d

$J(t) = —%J(t)DJ(t)qB(t)-

This proves the first half of the lemma. For the second half, we assume J(t)
is a solution to (10). Then we consider the vector fields X (t) = %VJ(t)S(J(t))
and the induced diffeomorphisms f;. Then f/J(t) = J(0) since J(t) € J™t,
and fiw = w+v/—1dJ(0)de(t), with Lp(t) = S(e(t)) — S. O

Equation (10) is not parabolic, due to the G invariance. But (11) is para-

bolic, and we have the following estimates:

2The factor comes from the fact that the metric we choose on J is (p1,p2)s =
2Ref]w<lu17/‘l‘2>‘]wn'
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LEMMA 5.2 (see [12]). Suppose there are constants C1,Cy > 0 such that
along the Calabi flow

(12) 5=5-5
$(0) = ¢o,

we have

[[Rm(g ()| oo (g(1)) < Ch,
and the Sobolev constant of g(t) is bounded by Cy for allt € [0,T). Then for
anyl >0 andt € [1,T), we have

Vi Rm(g ()| o< (g(1) < O

where C' > 0 depends only C1,Co, 1, n.

The Calabi flow equation in the form (11) was first proposed by E. Calabi
[5], [6] to find extremal metrics in a fixed Kahler class. The short time exis-
tence was established by Chen-He [11]. They also proved the global existence
assuming Ricci curvature bound.

The equation (10) also has its own advantage. Namely, when the space
H does not admit any cscK metric, the solution of equation (11) must diverge
when ¢ — oco. However, it is still possible that the corresponding J(t) still
converges in the bigger ambient space J. In this section we are interested
in the Calabi flow (10) starting from an integrable complex structure in a
neighborhood of a cscK metric. We shall prove the following theorem:

THEOREM 5.3. Suppose that Jy € J is cscK. Then there exists a small
CF Mk > 1) neighborhood U of Jy in J™ such that the Calabi flow J(t)
starting from any J € U exists globally and converges polynomially fast to a
cscK metric Jo € J in C** topology. Up to a Hamiltonian diffeomorphism
we can assume Joo is smooth. Then the convergence is also in C™°.

Remark 5.4. When J lies on the leaf of Jy, i.e., the corresponding Kéahler
metrics are in the same Kéhler classes, this was proved in [11] and the conver-
gence is indeed exponential. In general, the convergence is exponential if and
only if Jy and J,, are on the same GC leaf.

Remark 5.5. There are also studies of stability of other geometrical flows
(such as Kéahler-Ricci flow) in Kéhler geometry when the complex structure is
deformed; see, for example, [13], [50]. We believe the idea in this section could
also apply to other settings. In a sequel to this paper [43], the second author
and Y-Q. Wang proved a similar stability theorem for the Kéahler-Ricci flow
on Fano manifolds. We should mention that two alternative approaches in the
study of the stability of K&hler-Ricci flow have been announced by C. Arezzo-
G. La Nave and G. Tian-X. Zhu.
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In general this type of stability result is based on a very rough a priori
estimate of the length of the flow and the parabolicity. Here the key ingredient
is the following Lojasiewicz type inequality, which yields the required a priori
estimate:

THEOREM 5.6. Suppose Jo € J™ is cscK. Then there exist an L2 (k > 1)
neighborhood U of Jo in J™ and constants C > 0, a € [%, 1) such that for any
J e U, the following inequality holds:

(13) I1DsS(Dlz = C-[IS(T) = 8|73,

where Dyjp = 5JX¢ + X¢.NJ. When J 1is integrable, Dj¢ = 5]X¢ is the
Lichnerowicz operator.

Remark 5.7. The Lojasiewicz inequality was first used by L. Simon [42]
in the study of convergence of parabolic partial differential equations. Rade
[39] used Simon’s idea to study the convergence of the Yang-Mills flow on two
or three dimensional manifold. It also appeared in the study of asymptotic
behavior in Floer theory in [20]. Here we follow [39] closely.

We begin the proof by reducing the problem to a finite dimensional one
and then use Lojasiewicz’s inequality(Theorem 3.1).

To simplify the notation, we assume the function spaces appearing below
consist of normalized functions, i.e., functions with average zero. We have the
elliptic complex at Jy (see [27]):

L3 (M) 2% T, = QG (1) 25 13, (242 (T)),
where Q%’p (T'9) is the kernel of the operator A in Section 3. So we have an
L? orthogonal decomposition:
(14) Q%N (1Y) = Im Dy @ Ker D},
On the other hand, the infinitesimal action of the gauge group G is just the

restriction of Dy to L%H(M;R), which we denote by Qg. Since Jy is cscK,
DiDy is a real operator. Thus

Im(Dy) = Do(Li,o(M;R)) ® Do(L74o(M;/—1R))
is an L? orthogonal decomposition, and so
Ly Qg (T")) = Tm Q) & Ker @,

where explicitly, Qo = Re D p.

Now as in Section 2, we identify an Lz neighborhood of Jy with an open
set in the Hilbert space L%(Q%’l(Tlvo)). By the implicit function theorem, any
integrable complex structure J = Jo 4 p € J™ with ||ul| L2 small is in the G
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orbit of an integrable complex structure Jy + v with v € Ker Qf and ||v|| 2
small. Since both sides of (13) are invariant under the action of G, it suffices
to prove it for pu € Ker Q).

We still need to fix another gauge. The reason is that the Hessian of the
Calabi functional restricted to Ker Q) is essentially the operator DyDgj, which
from the above complex is not elliptic. This is also the reason that in the
statement of the theorem we have to restrict to integrable complex structures.
Recall that J™ is the subvariety of J cut out by the equation:

N(p) = Oopt + [, 1] = 0.

We would like to linearize this space to Kerdy. Let W = Ker Q5 N Ker .
Consider the operator

 : (WNLY(QG (T10))) x (Im QN L1 (g7 (T0))) = Im N LR (Qg°(T0))

by sending (11, @) to the orthogonal projection to Im dy of N (u+09g5a). We have
the linearization D®¢(v, 3) = 0pJ;3, whose second component is an isomor-
phism. So by the implicit function theorem, for any v € W N Li(Qg’l(Tl’O))
with HVHLi small, there exists a unique a= a(v) € Imdy C LzH(Q%’Z(TLO))
with ||O‘||Li+1 small such that p = v 4+ Jja satisfies () = 0. Furthermore,

we have
la@)||p2, <C- HVHii-

k+1
Define a map L from B, (W N Lz(Qg’l(Tl’O))) to Ker Q5 N L%(Qg’l(Tl’O)) by
sending v to p. Then L is real analytic and a neighborhood of Jy in J™* N
Ker Q} ﬂLi(Q%’l (T'9)) is contained in the image of L. Moreover, we have that
for all v € B.,W N L2(Q%' (T10)) and A € W N LZ(QY (T10)) (for any I < k),

(15) - [Nl < DL NIz < Cr- 1Al 2
and
(16) e 1Al < I(DL)LDLY, (Wl < Cr- [Nz

To be explicit, the differential of o at v is given by
(Da)y(A) = (D®) ) (0, =)' 0 (DP) ) (A, 0).
So if we denote pp = L(v) and 8 = (Da),(A), then 3 satisfies
50565 + Hlméo [Ma 5()§B] = 50)‘ + Hlméo [M? )‘] = Hlméo [/‘Lv )‘]
Thus by ellipticity we obtain for v small that
(a7) D), Wllzz., < C- Il - [Allz-

(15) follows from (17), and similarly we can prove (16).
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Now consider the Hilbert space W N L? (QOS’I(T 1.9)) with the constant L?

metric defined by Jy. Define the functional Ca on a small neighborhood of the
origin in W N L%(QOS’I(TLO)) by pulling back Ca through L; i.e.,

—~ 1 1

Ca(v) = 5Ca(L(v)) = / (S(L(v)) — )2
It is easy to see that

INS(L(v)) = 2Isz(V)((DL),,()\)).
So the gradient is
VCa = (DL)}(JD1)S(L(V))).
We first prove that in a neighborhood of 0 in W,
(18) IVCa(v)|[12 > C - (Ca(v))™.
The linearization of the gradient is the Hessian
Ho:=6.VCa: L3(W) = L} _,(W): A — 2JyDyDiA.

Hy is an elliptic operator, so it has a finite dimensional kernel Wy consisting
of smooth elements, and W has the following decomposition:

W=W,oW,

where Hy restricts to invertible operators from LZ(W') to L7_,(W’). So there
exists a ¢ > 0 such that for any p/ € W', we have

Ho ()l

By the implicit function theorem, for any po € Wo with ||uol|z2> small,

there exists a unique element p/ = G(uo) € W’ with ||i/|| r2 small such that

V@va(/m + /) € Wy. Moreover, the map G : B., Wy — B.,W' is real analytic.

Now consider the function

f Wy — R g — 62;(/1,(] + G(,U,g))

> O Iz

4

By construction, this is a real analytic function. For any g € Wy, it is easy
to see that Vf(u0) = VCal(uo + G(uo)) € Wo.

Now we shall estimate the two sides of inequality (18) separately. For any
w € W with HNHLi < e, we can write p1 = po + G(uo) + 1/, where pp € Wy,
w € W, and

lollzz < e llullze: Gz < e llullze: Nllzz < e il

3Since W is finite dimensional, any two norms on it are equivalent. We use the L? norm
for our later purpose.
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For the left-hand side of (18), we have
VCal(p) = VCal(uo + G(uo) + 1)

N 1 —
= VCalj+ Gly) + [,V Calyia + Gly) + st )ds
= V(o) + 6,,VCa(0)
1 . —
+ / (8,0 Calpo + Glpo) + sit') — 6,/ VCa(0))ds.
0

The first two terms are L? orthogonal to each other. For the second term, we
have
16, VCa(0)l1Z2 = [[Ho(1)l[Z2 > C - ||w'[[7.
For the last term, we have
16,09 Capo + G110) + st') — 8,V Ca(O)]| < C - [lall 2 Il gz < C -2 [l
Therefore, we have
(19) IVCa(p)llz2 > [V f(uo)lz2 + C - |ln'[[72-
For the right-hand side of (18), we have

Ca(y) = Calpo + G(po) + 1)

|
=(ﬁWMo+CﬂuM)+lé VCalpio + G(uo) + spt') ' ds
1 .1 N
= fpo) + Vf(po)p' + /O /0 8,V Cal(po + G(po) + stu')p/dtds

= f(uo) + Ho(u')p' + /01 /01(5M'V55(uo + G(uo) + sty')
— 8,V Cal(0))/ dtds.
So
(20) Ca() < |f(no)lpz + C - [|ilI7z.
Now we apply the Lojasiewicz inequality to f and obtain that
IV f(uo)lrz = C - [ f (po) |

for some o € [3,1). Together with (19) and (20) we have proved (18).

To prove (13), we need to compare ||[VCa(L(r))||2 and ||[VCa(v)|| 12, ie.,
we want

(21) I(DL);(Dru)S(L(w)llz2 < C - |[Dr)S(Lv))]|z2-
We can take the L? decomposition

Drw)S(L(v)) = (DL),A + B,
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where A € W and 8 € Ker (DL)}. So we just need to prove
(DL)(DL)yAll2 < C - [[(DL)y Al 2

for any A. This follows from (15) and (16).
Now we follow the Lojasiewicz arguments. Suppose we have a Calabi flow
J(t) along an integral leaf staying in an L2 neighborhood of Jy. Then by (10),

d

SCa())' " = ~(1 - a)Ca(J) |V Ca()| 2y < ~C - IVCal) |12
Thus
(22) / 1l 2syds = / [VCa(J(5)) |2 ds < C - Ca(J(0))' .

So we get an L? length estimate for the Calabi flow in terms of the initial

Calabi energy. For « slightly bigger than «, we have for § =2 — 1 <1,
d _
Cal)! 7 = (1= 2)Ca()|IVCa(D)[f2) < ~C - [IVCA() |12y

So for B € (2 —1,1), we have

(23) /llJ )| 2y ds = /HVCa ()] ds < C(B) - Ca(J(0)' =D,

Also we have polynomial decay:

d 1—2«
—_— >
dtCa( ) >C >0,
SO
(24) Ca(J(t) < C - (t+1) 7T,

Now we define
Uy = {J € C*MIT™) | |luslloea < 63,

where again we identify J close to Jo with py € Qg’l(T 1.0y, Notice that if

0 < 1, then for any tensor &, the chA 7" norms defined by (J,w) are equivalent
for any J € Z/lk. We omit the subscript J if J = Jy. Also for k sufficiently
large, the Sobolev constant is uniformly bounded in Z/{,f )

THEOREM 5.8. Suppose Jy is a cscK metric in Jmt  Then there exist
d2 > 61 > 0 such that for any J(0) € U,fﬁrw, the Calabi flow J(t)(t > 0)
starting from J(0) will stay in Z/lgz all the time.

Proof. Choose § > 0 such that the previous a priori estimates hold in
L{;g . If suffices to prove that there exists §; < d9 < & such that for any Calabi
flow J(t) with J(0) € Up' 1o, if J(t) € U for ¢ € [0,T), then J(T) € U>. By
Lemma 5.2, for t > 1 and [, we have

| Rm(J (@)l crr < C(0).
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Now fix g € (2— é, 1). For any p, there is an N(p)(independent of ¢t > 1) such
that the following interpolation inequality holds:

1 O)llzz0) < C@) - 1017y - PSSO " o < CW)- IOy

So by (23), we have

/1T Hj(t)HLg(t)dt < C(p)- Ca(J(l))1*(2*5)a
< C(p) - Ca(J(0))'" P < C(p) - 2(5y).

Since the Sobolev constant is uniformly bounded in Z/I,‘Cs , for any [, we obtain

T .
/ ()] endt < C(1) - £(00).
1 t
Therefore,

T
() = J(1)][orn S/l 1S (@)[|cradt < &(61).
Now we use Lemma 5.1 and the finite time stability of the parabolic equa-
tion (10). We have
17(1) = Jollgran = €(61).
Note here that we have to lose derivatives because of the gauge transformation
involved. Thus
IJ(T) = Jollgra < e(61).
Now choose 09 = g and £(d1) < d2. Then the theorem is concluded. O
From Theorem 5.8, we know the Calabi flow exists globally in C** and
thus by sequence converges to Jso in C*# for § < a. Now, again by the
Lojasiewicz arguments, we see the limit must be unique and the convergence
is in a polynomial rate in C**.
Now we assume that J., = Jy is smooth. Then we can prove smooth
convergence. We first use the ellipticity to obtain a priori estimates in U,‘j for
k>1. Any p € Z/{,‘gS satisfies the following elliptic system:

Im Dy = S(p) + O(|[ull7,),
(25) Re Djp = Qj(w),
A+ [p, ] = 0.
So we have the following a priori estimate:
(26) ullciree < C - ([lullcir + 11S()llcrr + 1Q0 (1)l cen)-
From the proof of Theorem 5.8, we know that ||u(t)||cr.r and |[S(u(t))]|cwa

are uniformly bounded. Since

Qo (@) cra < /too Q5 (A(s)| rands < e(Ca(J(s)))
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is bounded, we obtain ||u(t)||ck+2. bound, so we can derive smooth conver-
gence by a bootstrapping argument. This finishes the proof of Theorem 5.3.

Theorem 5.3 has its own interest. This yields a purely analytical proof
of an extension of a theorem due to Chen [10] and Székelyhidi [44]. This is
inspired by an observation of Tosatti [51]. One of the advantages of this new
proof is that we do not require the Kéahler class to be integral.

THEOREM 5.9 ([10]). For any J € U, the Mabuchi functional E on the
space of Kahler metrics compatible with J is bounded below, and the lower
bound is achieved by the infimum along the Calabi flow initiating from J.

Proof. From the proof of Theorem 5.3 we know the Calabi flow J(t) € J™*
starting from J converges to a limit J,, with the estimate

Ca(J(t) < C - (t+1) 71,

By Lemma 5.1, this is equivalent to the Calabi flow ¢(t) in the space of Kéhler
metrics compatible with J. Then

B(9(t)) = /’Ca

a 200—2

5o o L (E+ 1)) > -C".
For any other Kahler potential ¢, we have by Lemma 2.4 that
E(¢) = E(¢(t)) — /Cal(o(t)) - d(o, ¢(t)).

> E(¢(0)) - C-

Since
A(6,6(1)) < d(6,6(0)) + d(6(0), 6(1))
<C+ /Ot /Ca((s))ds < C-[1+ (¢ + 1)15=3),
we have
E(¢) > liminf B(¢(1) — C - (t+1)752 - [L + (¢4 1) %3] = lim B(6(1))
is bounded below. ([l

6. Reduced Calabi flow

In this section we shall discuss a reduced finite dimensional problem. The
usual Kuranishi method provides a local slice as follows. Assume Jy is cscK.
As before, we have the following elliptic complex:

Ceo(M;C) 2% Ty, 7 = Q%N (TH0) 2% Q% (T10).

Let Oy = DoDg+ (9500)? and H! = Ker[y. Let G be the isotropy group of Jy,
which is the group of Hamiltonian isometries of (M,w, Jy), with Lie algebra
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g = Ker Dy N C§°(M;R). By the classical Matsushima-Lichnerowicz theorem,
Ker Dy is the complexification g© of g, and so the complexification G€ of G is
a subgroup of the group of holomorphic transformations of (M, Jy), with Lie
algebra g® = Ker Dy. Then the linear G action on H! extends to an action of
GC. For convenience, we include a proof of the following standard fact:

LEMMA 6.1 (Kuranishi). There ezist a neighborhood B of 0 in H' and a
G-equivariant holomorphic embedding
. B—>J
such that

(1) ®(0) = Jo.

(2) If vi and vy in B are in the same GC-orbit and ®(vy) is integrable,
then ®(v9) is integrable, and ®(vy) and ®(vy) are in the same G leaf.
Conversely, if ®(v) is integrable and (d®),(u) is tangent to the GC leaf
at ®(v), then u is tangent to the GC-orbit at v.

(3) Any integrable J sufficiently close to Jy lies in the G© leaf of some
element in the image of P.

Proof. We can identify any J close to Jy with an element u in Qg’l(Tl’O),
and J is integrable if and only if
N(p) = dop + [, 1] = 0.
We can first choose a G-equivariant holomorphic embedding ¥ from a ball in
Qg’l(Tl’O) into J with d¥y = Id, by using an “average trick.” Let
V = {p e Qg"(T"")|Dju = 0}

and o1

U={ueQg (T"°)|N(n) = 0,Dyp = 0}.
Denote by G the Green operator for Uy and H : Qos’l(Tl’O) — H'! the orthog-
onal projection. Then for any u € U, we have

= GOopu+ Hp = =G0 [, ] + Hp.
Define a G-equivariant map

F Qg (1) = Q' (T0): s i+ G005 e, 1],

where both spaces are endowed with the Sobolev L% norm. Its derivative
at 0 is the identity map, so by the implicit function theorem, there is an
inverse holomorphic map F~! : Vj(C Qg’l(TLO)) — Wa(C Qg’l(Tlvo)). Let Q
be restriction of F~' on B = V; N H' and ® be the composition

®:B— J;v— ¥YoQ(v).

Since H! consists of smooth elements, the image of ® also consists of smooth
elements.
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Now we check ® is the desired map. For any v € B, we have
DyQ(v) = ~DyGIded;[Q(v), Q(v)] = 0
and

N(Q(v)) = =00GI;0951Q(v), Q(v)] + [Q(v), Q(v)]
= G(9500)*[Q(v), Q(v)] = H[Q(v), Q(v)]
=2G005[N (Q(v)), Q(v)] — H[Q(v), Q(v)].

So N(Q(v)) = 0 if and only if H[Q(v),Q(v)] = 0, as in [32]. Therefore a
neighborhood of 0 in U is an analytic set contained in the image of ). Since
both ¥ and F' are G-equivariant and holomorphic, the first part of (2) is true.
Now we prove (3). Given Y € L7 (M,TM), we define an L7, dif-
feomorphism Fy by setting Fy (x) = exp, (Y (z)), where exp is defined using
a fixed metric g. For o > 0, we let L, be the o ball in L ,(M,TM) and
B, the o ball in B. Consider the map ¥ : L, X B, — Imdy C Lz+1(9360)’
which sends (Y, v) first to the (2,0) component (with respect to J, = ®(v))
of (Fy')*w — w. Then L? project to Imdy using the metric (w,.Jo). Since
o (v) depends smoothly on v, one sees that ¥ is smooth and if o is small,
then (Y,v) € (L, x B,) N X71(0) implies (Fy')*w is compatible with J,,
e., F}J, € J. Furthermore, dX|o(Y,v) = —do(tyw)!? is surjective with
a bounded right inverse. For ¢ = ¢; + igs € L3 1+o(M;C), the vector field
Xg = Xg, + Jy Xy, lies in the kernel of d¥(g ). So by implicit function theo-
rem, for o small there is an open set W in L, ,(M; C) and a smooth embedding
R : W x By — L} ,(M;TM) so that R(0,v) = 0, dR|(0,)(¢,0) = X4 and
R(d),v)‘]” € J. So for any v with J, € J™t, FE((Z),U)JU lies in the GC leaf of
Jy. Let p(o,v) € L%(Q%’I(Tl’o)) be the element representing Fr  Jy. Notice
N (p) differs from the Nijenhuis tensor of p by an algebraic projection (which
relates the different Dolbeault decompositions with respect to p and Jy). Since
Q(v) satisfies the above equation, we see pu(¢,v) satisfies an equation of the
form

(27) 0T (6, v, N (1)) = 2050005 [T (6, v, N (1)), S(6, v, )]

Here T, S depend continuously on (¢,v) and smoothly on the last component,
with S(0,v, u) = p, T(0,v,N) = N, and T depends linearly on N. Now given
any J € J™ close to Jy in Lz, the corresponding u satisfies N(u) = 0, so
it also satisfies (27) for all (¢,v). Denote by II; and IIs the projection from
Li(ﬂ%’l(Tl’O)) to Im Dy and Ker Oy respectively. Then it follows from standard
elliptic theory that if we have two pq, po with Li norm sufficiently small and
both satisfy (27) for some (¢,v) small, then IT;(u1) = II;(p2) and Ia(pr) =
o (po) imply g1 = po. Now we define a map P : W x B, — ImDy x H' by
sending (¢,v) to (HI(FE((b,U)Jv)’H2(FE(¢,U)JU))' This is a smooth map, and



CALABI FLOW, GEODESIC RAYS, AND KAHLER METRICS 435

dPo,0)(¢,v) = (Do¢, v) is surjective with finite dimensional kernel. By implicit
function theorem and the above discussion, any u € J int that is Li close to Jy
is in the G leaf of some element in the image of ®. So (3) is proved.

It suffices to prove the last statement in (2). Suppose p = ®(v), and
v = (d®),(u) is tangent to the G* leaf; i.e., v = D, ¢ for some complex valued
function ¢. This implies that dP.(¢,0) € InD, N H' = 0. By the semi-
continuity of the dimension of kernel of dP ., we see ¢ must be in g€ and u
is tangent to the GC orbit of v. O

By [17], the action of G on J has a moment map given by the scalar
curvature functional p = S-S : J — C5°(M;R). The downward gradient flow
of |u|? is just the Calabi flow. Now we reduce this flow to a finite dimensional
flow. Note that G as a subgroup of G acts on J with induced moment map
i =1I4(S — S). It is the L? projection of p to g with respect to the natural
volume form. We can consider the gradient flow of |ji|?, whose equation reads

d 1
2 LT =2 JIDsa)).
(28) ) = —5JPsalJ)
If we have a solution to equation (28) such that .J; is integrable for all ¢ € [0, T,

then we can translate it to a flow in H given by

(29) 50 =Tig(S(6) - 5),

where f; is the family of diffeomorphism satisfying

d 1
%ft = —§JtXS(Jt),

and the projection is taken with respect to the volume form of ffw. We will
study the relation between this flow and the Calabi flow later on. Let us
call the flow (28) or (29) the reduced Calabi flow. It is the gradient flow of the
norm squared of the moment map of a finite dimensional compact group action.

Now we can pull back the Kéhler structure on J to B, denoted by (€2, .J).
By the previous lemma, we know G acts on (B, (, J) holomorphically and iso-
metrically, with moment map fi equal to ®*ji. We can then study the reduced
Calabi flow on a finite dimensional ambient space B. Let J be an integrable
complex structure J close to Jy such that the Calabi flow J(t) converges to
Jo. Suppose Jy is not in the G€ leaf of J. By property (3) in Lemma 6.1, we
can smoothly perturb J(t) to J(t) in the GC-orbit such that J(t) = ®(v(t))
for v(t) — 0 € B. Since j(t) is tangent to the GC leaf, by property (2) in
Lemma 6.1, we see that ©(t) is tangent to the GC-orbit. So v is destabilized
by 0 in B under the G€ action. By our previous study of the finite dimen-
sional case, the reduced Calabi flow starting from v exists for all time and
converges to 0 in the order O(F%), and the corresponding flow J(t) in G¢/G
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is asymptotic to a rational geodesic ray y that also degenerates v to zero. We
can view x as a geodesic ray in ‘H as well, and it is then natural to expect
that the reduced Calabi flow in H is asymptotic to a smooth geodesic ray with
the same degeneration limit. This requires slightly more clarification. Now we
define a map F from an open set in G®/G to H as follows. This open set is a
geodesic convex open set U in G€/G such that [g].v still lies in the previously
constructed Kuranishi slice. For [g] € U, choose an arbitrary smooth path
g(t) in G®/G with g(0) = Id, g(1) = g and [g(t)] € U. Let v(t) = g(t).v and
J(t) = ®(v(t)). Write g(t) - g(t)~ = £(t) + vV—1n(t) € g ® v/—1g. Then J(t)
is integrable for each ¢, and

d
@J(t) =Dyp)&(t) + J(t)Dypyn(t),
where £(t) and 7(t) are viewed as functions on M through the inclusion g C
C§°(M;R). Choose an isotopy of Hamiltonian diffeomorphisms f; such that
%ft = —X¢)- Then J(t) = f;J(t) satisfies

d ~ ~ _
&J(t) = J(t)Dj(t)Tl(t),
where 7(t) = f{n(t). In fact, J(t) = ®(h(t)g(t).v), where h(t) is a path
in G so that h(t)h(t)~! + Adppé(t) = 0. By Lemma 5.1, if we choose an
isotopy of diffeomorphisms k; with %kt = —Vj(t)?](t), then kfJ(t) = J and
kjw = w; = w+ /—100¢(t). We define F([g]) to be ¢(1). Of course we need
to show this is well defined. It suffices to show the definition is independent
of the path chosen in G€/G. Since G®/G is always simply connected, we
only need to show it is invariant under based homotopy. For this, we choose
a two parameter family gs; in GC such that gs,0 1s equal to identity, and
gsq = g. Correspondingly we have h(s,t) in G with h(s,0) equal to identity.
Let gst = hst - gst. Then we have

g
795t 'gs,tl =V—1n(s,t) € V—1g.

Also we have
0. __
%gs,t : gs,tl =¢&(s,t) +vV—1((s,t) € gD V—1g.

So we have the relation

VT, 0) = 5605, 8) 4+ VT rC(s,6) — [V Tn(s,0), €05, 8) + VIG5, 1)

In particular,

0 0
%U(‘S?t) = ot (s,t) — [77(5775),5(5775)]‘
Also &(s,0) = ((s,0) = &(s,1) = ((s,1) = 0. Let Jg; = P(gs¢.v), and let

ks be the two parameter family of diffeomorphisms obtained by fixing s and
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integrate along the ¢ direction as before. In particular, k(s,0) is equal to
identity for all s. Using Cartan formula it is straightforward to calculate that

90, a . 0 . B o,
ERET s = —%ks’tdt]s,tdn(s,t) = —%dek&tn(s,t) = —djdak&t((s,t).
Thus
0 . Lo, X
Sk = —dia ([ ks 0de ) = —drd(k (s, 1) =0

So the map F' depends only on the point [g], not on the path chosen. Therefore
F' is a well-defined smooth map. Similarly, one can show that F' is a local
isometric embedding; in particular, the image is totally geodesic. Since the flow
J (t) is asymptotic to a rational geodesic ray C* in GC/G that also degenerates
v to 0, under the map F' we see the corresponding reduced Calabi flow in H is
also asymptotic to a smooth rational geodesic ray x with the same degeneration
limit. Then it follows from general theory (see, for example, [44]) that x is
tamed by a smooth test configuration, so it is tamed by a bounded geometry
in the sense of [9].

To prove that the Calabi flow is asymptotic to the reduced Calabi flow, we
need to generalize Lemmas 4.11 and 4.12 to the infinite dimensional case. Then
by the same argument as before, together with Lemma 2.5 that the Mabuchi
functional is weakly convex, one can show

LEMMA 6.2. Let J(t) be the reduced Calabi flow as before, and let ¢(t) be
the corresponding flow in H. Then for any Calabi flow path ¢(t) € H, there is
a constant C > 0 so that for all t, d(¢(t), p(t)) < C.

The proof will be given in the appendix. Combining all these we arrive at
the following theorem:

THEOREM 6.3. Let (M,wp, Jy) be a csc Kdhler manifold. Let J be a
complex structure in J close to Jy. The Calabi flow starting from J converges
to Jo at the infinity. Suppose Jy is not in the GC leaf of J. Then there is a
smooth geodesic ray ¢(t) in the space of Kdhler metrics H,, j that is tamed by
bounded geometry and degenerates J to Jy in the space J. Furthermore, ¢(t) is
asymptotic to the Calabi flow with respect to the Mabuchi-Semmes-Donaldson
metric, in the sense of Definition 4.2.

7. Relative bound for parallel geodesic rays

The goal of this section is to obtain a C? estimate of potentials from
geodesic distance bound. In general this seems to be very difficult, but we will
show such an estimate holds if we are along two parallel geodesic rays tamed
by bounded geometry. It is well known that in a Riemannian manifold with
nonpositive curvature, the distance between two geodesics is a convex function.
We first justify this property for the infinite dimensional space H.
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LEMMA 7.1. Let ¢1(t) and ¢a(t) be two CH! geodesics in H. Then the
function d(p1(t), p2(t)) is a convex function of t.

Proof. We first assume both geodesics are C™. Let 7.(t, s) be the e-geo-
desic connectlng ~1(t) and ~2(t) (see [8]). Then

=] k. e

_/ <7€,5$77€,tt> <7€,377€,ss><’76,377€,tt> ds
0

(’Ya 59 Ve t)}dS + — <’Y£757'Ya,tt>|(1)

+
’76,8‘ ‘76,8’3

Along the e-geodesics, we have
1
|’Y€,ss| = \//0 (¢E,S$ - v¢g,s¢€,8)2wgs < C(t)\/gv

where C(t) is uniformly bounded if ¢ varies in a bounded interval. Also |y 4| <
C(t), and |v. s| — L¢ uniformly for s € [0, 1] and ¢ bounded. Therefore, we have

d2
L) = ~CHVE,

so for any a < b,
L.(ta+ (1 —t)b) < tL.(a) + (1 —t)L.(b) + C\/e(t —a)(b—t).
Let ¢ — 0. Then we have

L(ta+ (1 —t)b) < tL(a) + (1 — t)L(b).

So L(t) is still a convex function, and the argument of the lemma yields the
same conclusion.

In the general case we need to define the distance between two C1! poten-
tials, which is just the infimum of the length of all C'*! paths connecting the
two points. Clearly the distance between any two points is always nonnegative.

Now we assume ¢; and ¢p are C1'' but ¢;(0) and ¢;(1) are smooth. We
want to prove that for ¢ € [0, 1],

(30) L(t) < (1 — t)L(0) + tL(1).

To prove this, choose a §-geodesic qbf; approximating ¢; with endpoints fixed.
Let ¢ 4(t,s) be the geodesic connecting ¢3(t) and ¢3(t), and let L. 5(t) be its
length. Then similar calculation shows that

j;Lag(t) > —CV6 - C(5,t)V/z.
So

Lea(t) < (1= )L (0) + Les(1) + 5 (CVE + C(6 VRN —1).
Let € — 0, we have

Ls(t) < (1 —t)Ls(0) 4 tLs(1) + CV5.
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Let 6 — 0. Then we get the desired inequality. So the theorem is true in this
case.

If ¢;(0) and ¢;(1) are not assumed to be smooth, we can approximate them
weakly in C'b! by smooth potentials ¢£(0), ¢ (1) respectively. Let ¢5(¢) be the
geodesic connecting ¢5(0) and ¢ (1). Then we know d(¢5 (), $5(t)) is a convex
function. By maximum principle for the Monge-Ampeére equations, we know

¢ (t) = ¢i(t)|co < max(|¢;(0) — $i(0)]co, [¢5(1) — di(1)]co).

Hence [¢5(t) — ¢i(t)|co — 0; in particular, d(¢$ (), ¢i(t)) — 0. Therefore,
d(¢5(t), #5(t)) converges uniformly to d(¢1(t), p2(t)). So the latter is also con-
vex. U

LEMMA 7.2. If ¢1 is in H (i.e., ¢1 is smooth and wy is positive) and ¢o
is C11, then d(¢1, ) = 0 if and only if ¢1 = ¢o.

Proof. We can choose C™ potential ¢§ converging to ¢ weakly in C1:! as
¢ — 0. Then by [8],

don65) zmax ([ -t [ (@3- o0 ).

S >

1205 5>¢1

Let € — 0. Then we get

d(1, ¢2) > ma ( /

¢1>¢2

(61— ol [

P2>

(62— 00 )
So if d(¢1,¢2) = 0, then

L @imdoei = [ (@2—snwi=o.
1202 221

The first equation implies ¢1 < ¢2. The second equation implies that

/ wy = 0.
$2>¢1

Let Q = {x € M|¢p2(x) > ¢1(x)}. Then by Stokes’ formula,

[wt= [ wp -
Q Q

n—-1 )
:/Q V=100(¢1 — ¢2) - Y w] Awy ™'
=0

n—1
:/ \/—15(([51 — qbg) . Z w{ /\wgili]
o0 oy
=0.
So €2 is empty. Thus ¢1 = ¢s. O
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COROLLARY 7.3. Let ¢1 be a geodesic ray tamed by bounded geometry (see
[9]), and let ¢2 be another geodesic ray parallel to ¢y with ¢2(0) smooth. Then
#1 — ¢ has a uniform relative C1* bound (with respect to W, )-

Proof. By [9], there is a C*! geodesic ray ¢3 emanating from ¢»(0) such
that |¢3(t) — ¢1(t)| 10 < C. Thus d(¢2(t), ¢3(t)) is uniformly bounded. Since

$2(0) = ¢3(0), by L¢elmma 7.1, d(¢2(t), ¢3(t)) = 0. Lemma 7.2 then implies
P2(t) = ¢3(t). So ¢2(t) — ¢1(t)|0;711 <C. O

COROLLARY 7.4. Let ~1(t) and ~2(t) be two smooth paths in H with
d(v1(t),y2(t)) uniformly bounded. Suppose ¢(t) is a smooth geodesic ray in
H asymptotic to v1. Then it is also asymptotic to o.

Proof. Let v;(t, s) be the geodesic connecting ¢(0) and v;(¢) parametrized
by arc-length. Fix s. By assumption, d(v1(¢,s),#(s)) — 0 as t — oo. So, in
particular, d(¢(0),71(t)) — oo. Suppose d(71(t),v2(t)) < C. Choose T large
enough so that d(¢(0),v1(T)) > s+C. Then d(v1(T,T—-C), (T, T —C)) <4C.
By Lemma 7.1, as T" — oo,

d(vi(T,s),7(T,s)) < = -4C — 0.

N w

By definition, ¢(t) is asymptotic to 7s. O
The following follows similarly, and we omit the details.

COROLLARY 7.5. Let v(t) be a smooth path in H that is asymptotic to
two smooth geodesic rays ¢1(t) and ¢a(t). Then ¢1 and ¢ are parallel; i.e.,
d(p1(t), P2(t)) is uniformly bounded. If we assume one of them is tamed by
bounded geometry, say ¢1, then by Corollary 7.3, |p1(t) — gbg(t)\cé,ll <C.

8. Proof of the main theorems
Now we proceed to prove the main theorems.

LEMMA 8.1. Suppose g; is a sequence of Riemmanian metrics on a mani-
fold M. If there are two sequences f; and h; of diffeomorphism of M such that
ffgi = g1, and hig; — g2 in C*, then f;o h;l converges by subsequence to a
diffeomorphism f in C* with f*go = ¢1.

The proof is standard using compactness; see, for example, [26]. We omit
it here.

COROLLARY 8.2. The quotient J /G is Hausdorff in the C* topology.

LeEMMA 8.3 (The C° bound implies no Kéhler collapsing). Suppose there
are two sequences ¢;, V; € H converging in the Cheeger-Gromov sense, i.e.,
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there are two sequences of diffeomorphisms f;, h; such that
fz‘*(‘]v w¢i) = (J1,w1)
and
h?(‘]?wwi) - (JQJWQ)
in the C™ topology. If |¢pi — Yi|lco < C, then |¢; — ¢i|cgg¢ is bounded for

7

all k, and there is a subsequence k; such that f,;l o hy, converges in C™° to a

diffeomorphism f with f*J; = Jo and f*wi = we + /—107,01,¢.

The proof is quite standard now, given the volume estimates in [11]. We
refer the readers to [11] for detailed proof.

Proof of Theorem 1.3. We may assume J; and Jp are not in the GC leaf
of J, the proof in the other case is similar. We proceed by contradiction.
Suppose J; and Jy were not in the same G-orbit. Then by Corollary 8.2
we can assume there are disjoint G invariant neighborhoods U;, Us of Ji, Jo
respectively. Pick J! in the intersection of U; with GC leaf of J. Now by
Theorem 5.3, we know that the Calabi flow J;(¢) starting from J/ exits globally
and converges to J;(0c0) € U;. So Ji(00) and Ja(00) are not in the same G-orbit
either. By Theorem 6.3, the corresponding Calabi flow ¢;(t) in the space of
Kaéahler metrics is asymptotic to a smooth geodesic ray that also degenerates
some other J; to J;(co). Since J| and J} are both in the GC leaf of .J, we
can pull everything back to J, and then we have two Calabi flows ¢;(t) each
asymptotic to a smooth geodesic ray x;(t) tamed by bounded geometry. By
[4], d(¢1(t), P2(t)) is decreasing, so by Corollary 7.4, ¢;(t) is also asymptotic
to x2(t). By Corollaries 7.3 and 7.5,

Xa(t) = x2(t)|crn < C.

So Lemma 8.3 implies there is no Kéahler collapsing, and there is a diffeomor-
phism f with f*.J;(00) = Ja(00), and f*w = w + v/ —180¢. Since(f*w, Ja(c0))
and (w, J2(00) are both csc Kéhler structures in the same Kéhler class, by The-
orem 1.1, there is a diffeomorphism h with h*Js(c0) = Ja(o0) and h* f*w = w,
so (f o h)*(w, Ji(00)) = (w, J2(00)). Contradiction. O

Proof of Theorem 1.6. Suppose f;(wg,,J) — (wi,J1) and hf(wy,,J) —
(w2, J2). Since [w] is integral, we see that [f;ws,] = [w1] for i large enough, so
we can further assume that f;ws, = w1 and hjwy, = ws. Then we can follow
the proof of Theorem 1.3. O

Proof of Corollary 1.7. Suppose f*J — Ji. Since ¢1(J1) > 0, we have
c1(f¥J) > 0, and we can choose a sequence of Kéhler metrics w; in ¢;(J) such
that fw; — w1. Then we can apply Theorem 1.6. O
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9. Further discussion

There are also some further interesting questions.

(1) One important question would be a general notion of optimal degen-
erations and its relation to the Calabi flow. For example, one may like to
generalize the theorem to the uniqueness of some “canonical” objects in the
closure, allowing the occurrence of singularities. On the other hand, inspired
by the Yau-Tian-Donaldson conjecture, one would like to know if there is an
algebraic-geometric counterpart of Theorem 1.3. That is, given a polarized
variety (M, L), suppose (My, L) and (Ma, Ly) are K-polystable (possibly sin-
gular) varieties that are both central fibers of some test configurations for
(M, L), then we would like to know whether (M, L1) ~ (Ma, Lo).

(2) The quantization approach [20], [24]. In the case of discrete automor-
phism group, Donaldson [20] proved that the existence of a cscK metric implies
asymptotic Chow stability. Theorem 1.1 in this case follows from the proof.
One may try to extend this approach to prove Theorem 1.3 too. However,
this cannot be straightforward. The reason is that for an adjacent csc Kéhler
structure whose underlying complex structure is different from the original one,
the automorphism group cannot be finite; and it is known that the existence
of a cscK metric (or even KE metric) does not necessarily imply asymptotic
Chow poly-stability; see the recent counterexample in [36], [16]. It seems to
the authors that more delicate work is required to proceed by the quantization
method.

(3) Our result partially confirmed Tian’s conjecture [48] for cscK metrics.
(The original conjecture allows mild singularities.) In the case of general ex-
tremal metrics, the original statement in [48] has to be modified. This can
be easily seen in the corresponding finite dimensional analogue. In that case
any gradient flow can be reversed and we can get critical points in the limit
along both directions of the flow. Clearly they are not in the same G-orbit
and therefore “adjacent” critical point is not necessarily unique. In our infinite
dimensional case, the naive uniqueness also fails for adjacent extremal metrics.
Such examples were already implicit in Calabi’s seminal paper [6]. Namely,
we consider the blowup of P? at three distinct points p;, p2 and p3(denoted by
Bly, o5 (P?)). Then by [1], the class 7*[wrs] — %([E1] + [E2] + [F3]) contains
extremal metrics for € small enough. If p1, pe and p3 are in general position(i.e.,
they do not lie on a line), then Bl ,, », (P?) are all bi-holomorphic and by [6]
the classes 7*[wrg] —&2([E1]+[Ea] +[E3]) have vanishing Futaki invariant; thus
the extremal metrics are cscK. If p1, ps and ps lie on a line, Calabi pointed out
in [6] that there is no cscK metric due to the Lichnérowicz-Matsushima theo-
rem. It is easy to see that for a fixed Kéhler class m*[wpg] —&2([E1]+[Ea]+[Es]),
the extremal metrics in the case where pi, po and ps lie on a line are adjacent
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to the cscK metrics in the case pi, p2, ps are in general position. So we can
find proper extremal metrics even adjacent to cscK metrics. C. LeBrun also
pointed out to us another example, where we can look at the Hirzebruch sur-
faces Fbsy, of even degree. If n > m, then with appropriate polarization, Fsy,
is adjacent to Fy,,, while in [5], Calabi explicitly constructed extremal metrics
in any Kéahler classes.

The reason why the uniqueness fails can also be seen from the fact that
our proof depends on the Calabi flow in an essential way. Since the Calabi flow
can only detect destabilizing extremal metrics, we might want to consider only
the uniqueness of destabilizing (i.e., energy minimizing) extremal metrics, as a
modification of Tian’s conjecture. This idea of destabilizing extremal metrics
has already been implicitly discussed in [9].

(4) The integrality assumption in Theorem 1.6 is used only for fixing the
symplectic form. It seems possible to remove this assumption.

Appendix A. Marle-Guillemin-Sternberg normal form
In this appendix, we prove Lemmas 4.11, 4.12 and 6.2.

A.1. Model case. Suppose w is a Kahler metric defined in a neighborhood
of 0 in C". In general, we cannot trivialize both the complex structure and
the symplectic structure simultaneously; however, we can make either of them
standard, with appropriate control on the other. First, by the Kahler condition,
one can choose local holomorphic coordinate such that

w = wp + O(|2]?),

where wy is the usual symplectic form on C". In this way the complex structure
is made standard, while the error on the symplectic form is quadratic.

We can also make the symplectic form standard, by applying the usual
Moser trick. Let o = w —wp. Then we can write a = ff'a — fyo = df, where
0 = fol fi(Xla)dt, and f; is the isotopy generated by the radial vector field
X. So 0 =0(]z]?). Let w; = (1 — t)w + twp. Then ¢jw; = wp, where ¢y is the
isotopy generated by the vector fields Y; satisfying Y; wy = —60. It is easy to
see that Y; = O(|z|?), and so ¢;(2) = z + O(|z|?) and

¢iJo — Jo = O(|z[).
So we can ensure a quadratic error on the complex structure.

A.2. Proof of Lemmas 4.11 and 4.12. We adopt the notation in Sec-
tion 4.4. Since §2 is Kahler, we can choose local adapted holomorphic co-
ordinates near x and identify a neighborhood V of x with an open set in T, M,

and such that Q — Qg = O(r?). Here Qy = Q|r,n. Let exp, be the expo-
nential map with respect to the metric induced by J and 2. Then exp, is
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Go-equivariant, and
(31) exp,(p+v) = p+v+O0?).

Recall we have a decomposition T, M = g.x & Jg.x & N. We may identify
§ € m with X € g.z by the formula (§,7) = Q(X,,JX). Then we may view
T,M =m®me N. Consider the Gy equivariant map

U:Gxg, (mdN)— M;[g,p,v] — g.exp,(p+v).
The derivative at [Id, 0, 0] is given by the linear isomorphism
dV - memadN - T,M=mdmd N;(p,v)— (LE),p,

where L is the map defined in (9). So we may assume VU is a G equivariant
diffeomorphism from a neighborhood U of [Id,0,0] onto Vi3 C V. Denote
Q = exp*Q and J' = exp* J. Then

J[/Id,O,O} (57 P U) = (_L_l(p)a L(g)v JNU)

Thus we have J' = Jy at [Id, 0, 0].

On T, M we denote by 0, the coordinate vector field on N, (94, 0p = J0y)
on g.x®Jg.x ~ mdm. These can be viewed naturally as vector fields on V7 and
thus on U by the map ¥. On U, let (9,,0,) be the vector fields corresponding
to (9p,0.) on m @ N through the projection G x (m ® N) — Y, and let O
be the vector field induced by left translation of L=1(9,). It is easy to check,
using (31), that at [Id, p, v], we have

0: = 0y + O(r*);9p = 0y + O(r*); 94 = L(9¢) + O(r).
Then it is straightforward to check that at [Id, p, v],
Qy (X1, Xo) = (X1, X2) + O(r?),
for X7, X € {0;,0,}, and at [Id, 0,0], Qy = . Therefore, we obtain
a=Q — Oy = 0r?)(dzdz + dzdp + dpdp) + O(r)(dzdq + dpdq + dqdq).
Now let f; : U — U;lg,p,v] — [g,tp,tv]. Then we have a = df, and at
[Id, p, v],
6— /0 " (Xisa)dt = O(?)dg + O().
Let Q = (1 —t)Qy +t. Then ¢;Q = Qy, where b, =Y, satisfies Y, Q) = 6.
At [Id, p, v], we have
Y; = O(r?)9, + O(r*) = O(r*)9, + O(r).

Since Y; is G-invariant, this is also true at [g, p, v] € U. Thus the integral curve
of ¥; satisfies vy = v + O(r®); p; = p+ O(r?). Therefore,

(prJNDy = Jy Dy + O(r2).



CALABI FLOW, GEODESIC RAYS, AND KAHLER METRICS 445

Let ® = ¢1. Then we have ®*Q' = Qy. We get the required estimate that
o*J' — Jy = O(r),
and
*J X —Jy - X =0 X]|
for X € N. This proves Lemmas 4.11 and 4.12.

A.3. Proof of Lemma 6.2. Now we proceed to our infinite dimensional
problem, following the same route as in the finite dimensional setting. However,
there are a few more technical issues, as we shall see below. Suppose (M, w, Jp)
is a constant scalar curvature Kahler manifold. Then the relevant group G is
the group of Hamiltonian diffeomorphisms of (M, w), which acts on the space
J of almost complex structures compatible with w. Here in order to apply
the implicit function theorem, we shall put C'° topology on these infinite
dimensional objects, which makes them into tame Fréchet manifolds in the
sense of [29]. Here we use the collection of norms |- |, the C*¥ norm on tensors
with respect to the fixed background metric. The fact that J is a smooth tame
space follows easily from the definition, and we also have

LEMMA A.1. G is a smooth tame Lie group.

Proof. We first prove it is a smooth tame space. We can identify a Hamil-
tonian diffeomorphism H with an exact Lagrangian graph Gz in M = M x M,
i.e.,

Gg ={(z,H(x))|zr € M}.

Here M is endowed with a canonical symplectic form w’ = 7fw — mjw, where
m; is the projection map to the i-th factor. A Lagrangian graph is called
eract if it can be deformed by exact Lagrangian isotopies to the identity.
We can construct local charts for G as follows. Given any H € G, by We-
instein’s Lagrangian neighborhood theorem [52], we can choose a symplectic
diffeomorphism between a tubular neighborhood U of G in M and a tubular
neighborhood V of 0 section in the cotangent bundle 7*M. Then locally any
Hamiltonian diffeomorphism close to H is represented by the graph of an exact
one-form, i.e., the differential of some real valued function on M. So locally
U can be identified with an open subset of C§°(M;R). Thus G is modelled on
C§°(M;R). To check the transition function is smooth tame, we notice that in
our case, locally between any two charts there is a symplectic diffeomorphism
of the cotangent bundle F': T*M — T*M that is identity on the zero section.
Then the induced transition map is smooth tame, by observing that the C*
distance between the graph of exact one-forms d¢; and d¢o is equivalent to
the C*+1 distance between ¢, and ¢g. Similarly we can prove that the group
multiplication and inverses are both smooth tame. O
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J inherits a natural (weak) Kéhler structure (€2,1) from the original
Kahler manifold M. As recalled in Section 2, there is a global chart which
identifies J with the space Qos’l(T 1.0). Using this, the Kihler form satisfies

|2 — Qoli, < Cilul

for p € QOS’I(T LOY close to zero, where )y is the constant Kihler form on
Qg’l(TLO). Let ¥ be the exponential map on J with respect to the natu-
ral Riemannian metric. This is well defined since it is simply the fiberwise
exponential map on the symmetric space Sp(2n)/U(n). It is also clear that

W () — i < Crlulp-

The action of G on J preserves the Kahler structure and has a moment
map given by the Hermitian scalar curvature functional m(J) = S(J) — S

Denote by G the identity component of the holomorphic isometry group of
(M,w,Jy). Let g and gg be the Lie algebra of G and G respectively. Then
we have an L? orthogonal decomposition g = go @ m, where m is the image of
Q* = ReDj (cf. (14)). The local model space we consider is

Y:gXG<m@N)?

where G acts adjointly on g by f.¢ = f*¢. N is the orthogonal complement of
the image of Dy in Q1(T10), and G acts on N by pulling back: g.u = g*p.
Since G acts smooth tame and freely on G x (m @ N), we know that Y is a
tame space with a smooth tame left G action.

The action of G on N is Hamiltonian with moment map given by

M N = go; (ma(v),€) = 3w, v).

Since go is finite dimensional, my(v) is a well-defined tame map. As in the
finite dimensional case, there is a canonically defined (weak) symplectic form
on Y given by
Qy l1g,0,0] (Lg&1, p1,v1), (Lgéa, p2,v2))
1= (p2 + dopn (v2),&1) — (p1 + dopn (1), &2)
+ {p+ pn(v), [61,&2]) + Qo(v1,v2)
= (&1, p2) — (o1 + dopn (V1) — [p+ pun(v), &1, §2)
+ Qo(v1,v2) + (&1, dopn (v2)).

The left G action on Y is Hamiltonian with moment map given by

my :[g,p,v] = g"(p + mn(v)).

Now, as before, we identify £ € m with X € g.Jy by (£,1) = Qo(Don, JX).
More precisely, using the operator L : m — m;{ — DiDo&, we identify p € m



CALABI FLOW, GEODESIC RAYS, AND KAHLER METRICS 447

with /—1Do(L~1p) € Ig.Jo C QOS’I(TLO). We then define
.Y = T;lg, 00— g"¥(p+v).
LEMMA A.2. ® ¢s smooth tame with a local smooth tame inverse around
[Id, 0, 0].

Proof. 1t is clear by definition that the map is smooth and tame. The
k-th derivative of ® is tame of degree k + 1. To apply the implicit function
theorem, we need to study the derivative of ® near [Id,0,0]. At § = [g, p,v],
we denote p = ®(J). Then we have

Ds® :mama N — Q% (TH0); [¢, ¢, ]
= =+ p( = )" )~ = )M Qu(9)
+ 9" D0 (V=1Qo(L ™) + w))(T — ).
To find the inverse to Dgs, we need to first decompose QOS’I(TLO) into the direct

sum of DU~! o Im Qulm and Ker Qf with estimate. This can be done using
elliptic theory. We then obtain

v=(D¥)" o Qué+V—1QoL ' + 1,

where n € Ker D§. Take the map P, : v — (¢,v/—1QoL ™ + 7). Then it
is smooth tame again by elliptic estimates. Since the inverse of Ds® is the
combination of P, with some other smooth tame operator, it is also smooth
tame. Moreover, (Ds®)~! is also tame in the ¢ variable. Then we can apply
the Nash-Moser implicit function theorem [29] to conclude the lemma. O

By the above lemma we can pull back the symplectic form €2 and the
complex structure I to a neighborhood U of [Id, 0, 0], which we denote by Q'
and I’ respectively. There is also a canonical almost complex structure Iy on
U defined by

Ip:m&moON >mdmo N; (§7p7 U) - (_(DSDO)ilfLDSDOg?[(0)(v))
It is easy to see that I’ = Ij at [Id, 0,0].

PROPOSITION A.3. There are neighborhoods U;, V;(i = 1,2) (Us C Uy) of
[Id,0,0] in Y and two G-equivariant smooth tame maps

21:u1—>V1; 222V2—>UQ,

that fix the G-orbit of [1d,0,0] such that X1 o X9 is equal to the identity and
such that
I =Q; 230 =Q.
Furthermore, there exists k and s large so that for any X € N and [g, p,v] € Vs,
(DX1) o I' 0 (DE2)(X) = Io(X) [k < Ck, 8)| X |ks77ps:
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and at [1d, 0, 0],
(DX1) o I' o (DY) = I.

Here the estimate is only in the tame sense; i.e., the norm on the left-hand side
might be weaker than that on the right, ri s is the distance between [g, p,v] and
[Id, 0,0], measured by the C*+s norm with respect to the background metric.

Proof. The idea of the proof is the same as the finite dimensional case. The
main difficulty is to solve an ordinary differential equation in infinite dimension.
Once this is established, then everything else will follow formally. First we have

(1= B([1d, L~ p, ]):
Uy p-1p0) (€1, L7 p1,01), (€2, L7 p2, v2))
= Q,(Du&1 + dV..(V—1Dop1 + v1), Do + d¥. (v —1Dopa + v2))
= —Im(Dyu& + AV, (vV=1Dyp1 + v1), Duéa + d¥..(V—1Dops + v2)) 12
= (—=ImD};Dyés — Re D} 0 d¥,(Dopr — vV—10v1),&2) 12
+ (ReDj o (dV,)"(Dy&1) + Im D o (d¥,)'dV.(Dopr — vV—1v1), p2) 12
+ (V)" (Duéy + d.(V=1Dop1 + v1)), v2) L2

Let @ = (1 —¢)Qy +tQ. Then Q; = Qy = Q at [Id,0,0]. The iso-
topy fi : [g,L " p,v] — [g,tL~!p,tv] gives rise to time-independent vector
field X;(f:([g, L 'p,v])) = [0,L 'p,v]. We first need to solve for the time-
dependent vector field Y; through the following relation:

1
(32) Qt [g,L—lp,v](}/t’ Z) = /0 (Q/ - Q)[g,sL—lp,sv]((Ov Lilpv U)’ fS*Z)dS'

Notice that Y; is G-invariant, so we can assume g = Id. Let Y; = (&1, L™t py1,v1)
cemdmae N and Z = (&, L™ !pa,v9). By choosing Z arbitrarily, we get the
following system of equations:

(33)
- tImD;Dufl —tRe D; o dV.(Dop1 — vV —1v1)
— (1 =8)DgDopr — (1 = t)dvpn (v1) + (1 = 1)[DoDop + pn (v), &1

1
:/ ReD;, 0dV¥s,(sDop + vV —1sv) + DyDo(sp) — dppun(sv)ds mod gy,
0

(34)  tReDfo (dV.)'D,&
+tIm D} o (dV,)" o (d¥,)(Dop1 — V—1v1) + (1 — )DiDoéy

1
= —/ Im D o (dV,)% o (d¥,).(sDgp — v/—1sv)ds mod g,
0
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and
(35)

tH(d¥,)" o (Dpéy + d¥.(vV=1Dgp1 4 v1)) + (1 — t)or + (1 — t)(dupn)*(&1)
= - /l(d‘l’s*)t 0dV,,(sv/—1Dgyp + sv) — svds mod Im Dy.
0

We claim this system has a unique smooth solution for [p,v] small in C°.
For this, we first notice that when [p,v] = [0,0], the operators are simply
[D§Dop1, DiDoé1, v1) and the system with any prescribed right-hand side can
be solved by elliptic theory (Hodge theory). Then for [p,v] small, the unique
solvability follows from an easy application of the implicit function theorem
(for Banach manifolds), and again by ellipticity the solutions are smooth and
with estimates.

Next we prove that there are two neighborhoods Ni, A3 of 0 in m x N,
and a smooth tame map F from N to C*°([0,1],m x N) such that the time
1 evaluation of the image of F is a smooth tame map from N; to A5 and for
any (P, U) € N].a

(36) {iFt(p,v) = (m(t),v1(t)), tel0,1],

Fo(p,v) = (p,v).

To prove this claim, we shall exploit Hamilton’s implicit function theorem
again. Define a map

H:C>*(0,1],mx N) = (m x N) x C*°([0,1],m x N)

that sends (p(t),v(t)) to (p(0),v(0)) x (p(t) — p1(t),0(t) — vi(t)). It is clear
that H is a smooth tame map and H(0) = 0. We need to show that for
x = (p(t),v(t)) close to zero, the derivative of H at x is invertible and its
inverse is smooth tame. Let dx = (p(¢),0(t)). Then the derivative of H along
oz is given by (5(0),9(0)) x (5 — dp1(p), (0 — 6v1(9)). So the invertibilty of dH
is equivalent to the solvability of the Cauchy problem of the following linear
system along (p(t), v(t)):

dr(a,u) = (Opi(a), dui(w)) + (B,q), tel0,1],
((0),u(0)) = (p(0),2(0))-

Thus we need to linearize equations (33) and (35). By collecting highest
order terms, we get the following:

(37)

(38)
a(t) = Ai(p(t),v(t))e(t) + B-a(p(t), v(t))u(t) + B(1),
u(t) = Ca(p(t), v(t))a(t) + Da(p(t), v(t))a(t) + Eo(p(t), v(t))u(t) + q(t),
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where the A;’s are pseudo-differential operators of order ¢ whose coefficients
depend smoothly on (p(t),v(t)). The first operator A; is of order 1 due to the
bracket term (1 — )[DgDop, &1]. Let w(t) = u(t) — Ca(p(t), v(t))a(t). Then
the systems of equations for («(t),w(t)) become symmetric hyperbolic, for
which the Cauchy problem is always solvable with estimates; see [45, §0.8].
One problem is that here the operator Ay, as the composition of an inverse of
a fourth order elliptic operator and a fifth order differential operator, is not
precisely in the Hérmander class OPS!. But this can be taken care by using
the parametrix of the elliptic operator. From the proof we can check that the
solution depends tamely on (p(t),v(t)), (B(t),q(t)) and the initial condition
(p(0),0(0)). Moreover, we can ensure that the solution («(t),u(t)) still lies in
m x N. So by the Nash-Moser implicit function theorem [29], H has a local
smooth tame inverse. Let ' = H~!(—,0); the claim is then proved. Now for
any [g,p,v] close to [Id,0,0], we obtain a path (p(t),v(t)) = Fi(p,v). Then
we can solve the ordinary differential equation g(t) = Ly4)&1(t), where & (1) is
determined by (p(t),v(t)). Then [g(t), p(t),v(t)] is an integral curve of Y; by
the G-invariancy. Now we define

Yo : Vo = Uss [g, p,v] = [g(1), Fi(p,v)].

Then from the previous arguments we know that Yo is smooth tame and fixes
G.[1d,0,0]. Moreover, 350" = Qy. It follows from equations (33), (34) and
(35) that we have a tame estimate

o1 ()] < Ck) - (Ip(O) ks + [0(E)rs1)
Since [(v(t), p(t))|k+s, < C(k) - |(v(0), p(0))]x+s for some s > s1, we obtain

[0(1) = 0(0) ], < C - (|p(0) ks + [0(0)[1+)*.

By symmetry, we can obtain the map ;. Then one can check that the required
estimates hold. (]

Now to prove Lemma 6.2, we just need to apply the previous proposi-
tion to the path J(t) and use exactly the same argument as in the proof of
Theorem 4.6.
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