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Geometric and homological properties of
affine Deligne-Lusztig varieties

By XuHUA HE

Abstract

This paper studies affine Deligne-Lusztig varieties X (b) in the affine
flag variety of a quasi-split tamely ramified group. We describe the geo-
metric structure of X (b) for a minimal length element w in the conjugacy
class of an extended affine Weyl group. We then provide a reduction method
that relates the structure of X4 (b) for arbitrary elements w in the extended
affine Weyl group to those associated with minimal length elements. Based
on this reduction, we establish a connection between the dimension of affine
Deligne-Lusztig varieties and the degree of the class polynomial of affine
Hecke algebras. As a consequence, we prove a conjecture of Gortz, Haines,
Kottwitz and Reuman.

0. Introduction

0.1. This paper discusses some geometric and homological properties of
affine Deligne-Lusztig varieties in the affine flag variety of tamely ramified
groups.

To provide some context, we begin with (classical) Deligne-Lusztig vari-
eties. Let GG be a connected reductive algebraic group over an algebraic closure
k of a finite field F,, B be a Borel subgroup defined over F,, and W be the
associated Weyl group. We have the Bruhat decomposition G = Uy,ecw BuwB,
where w € G is a representative of w € W.

Let o be the Frobenius automorphism on G. Following [4], the (classical)
Deligne-Lusztig variety associated with w € W is a locally closed subvariety
of the flag variety G/B defined by

X, ={9B € G/B;g 'o(g) € BiwB}.

We know that X, is always nonempty and is a smooth variety of dimension
(w).

The finite group G? acts on X,, and hence on its cohomology. Deligne and
Lusztig showed in [4] that every irreducible representation of G? can be realized
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as a direct summand of the (l-adic) cohomology with compact support of some
Deligne-Lusztig variety, with coefficients in a local system. In [25], Lusztig
used the cohomology to classify the irreducible representations of G°.

0.2. The term “affine Deligne-Lusztig varieties” was first introduced by
Rapoport in [27]. Here “affine” refers to the fact that the notion is defined in
terms of affine root systems, which arise from loop groups.

For simplicity, we restrict our attention to the split case here. Let G be a
connected reductive group split over Fy, and let L = k((¢)) be the field of the
Laurent series. The Frobenius automorphism ¢ on G induces an automorphism
on the loop group G(L), which we shall denote by the same symbol.

Let I be a o-stable Iwahori subgroup of G(L). By definition, the affine
Deligne-Lusztig variety associated with @ in the extended affine Weyl group
W = I\G(L)/I and b € G(L) is

Xa(b) = {9l € G(L)/I;9""bo(g) € Twl},

where w € G(L) is a representative of o € W.

Understanding the nonemptiness pattern and dimension of affine Deligne-
Lusztig varieties is fundamental in order to understand certain aspects of
Shimura varieties with Iwahori level structures. There are two important strat-
ifications on the special fiber of a Shimura variety: one is the Newton strati-
fication whose strata are indexed by specific o-conjugacy classes [b] C G(L);
the other is the Kottwitz-Rapoport stratification whose strata are indexed by
specific elements @ of the extended affine Weyl group W. There is a close re-
lation between the affine Deligne-Lusztig variety X;(b) and the intersection of
the Newton stratum associated with [b] with the Kottwitz-Rapoport stratum
associated with w (see [10] and [32]). Our joint work with Wedhorn [18] shows
that the affine Deligne-Lusztig variety is also fundamental to the study of the
reduction of Shimura varieties with parahoric level structures.

There is also an important connection between affine Deligne-Lusztig va-
rieties and the moduli spaces of p-divisible groups and their analogs in function
field case, the local G-shtukas; see [12].

0.3. The affine Deligne-Lusztig variety X (b) for an arbitrary @ € W and
b € G(L) is very difficult to understand. One of the main goals of this paper
is to develop a reduction method for studying the geometric and homological
properties of X (b).

The reduction method is a combination of combinatorial, algorithmic,
geometric and representation-theoretic methods. To explain why and how the
method works, we first discuss the reason why the affine Deligne-Lusztig variety
is more complicated than its classical (finite) counterpart.

In the finite case, Lang’s theorem implies that G is a single o-conjugacy
class. This is the reason why a Deligne-Lusztig variety depends only on the
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parameter w € W, with no need to choose an element b € G. However, in the
affine setting, the analog of Lang’s theorem fails. Instead, an affine Deligne-
Lusztig variety depends on two parameters: an element w in the extended
affine Weyl group and an element b (or its o-conjugacy class) in the loop group.
Hence it is a challenging task even to describe when X (b) is nonempty .

0.4. To overcome this difficulty, we prove that Lang’s theorem holds “lo-
cally” for loop groups, using a reduction method.

We begin with the Iwahori-Bruhat decomposition G(L) = U1 wl.
Then G(L) = Uy G(L) -5 Iwl, where -, is the o-twisted conjugation ac-
tion.

Our reduction strategy can be depicted as follows:

. ~ 1 . -
(GUL) o THT, ¥ € W} ~m {G(L) -5 T], Vi € Wi}
@)

P

. 3 .
(G(L) -y 1,15 straight} ~—s {G(L) - , Vb straight},

where Wmin is the set of elements in W that are of minimal length in their
conjugacy classes.

In step (1), we apply a variation of “reduction method” & la Deligne and
Lusztig [4]. Our recent joint work with Nie [17] shows that minimal length
elements satisfy special properties that allow us to reduce arbitrary elements
to some minimal length elements.

An element @ in W is called straight if £(w™) = né(@) for all n € N, and a
conjugacy class that contains a straight element is called a straight conjugacy
class. It was shown in [17] that a minimal length element differs from a straight
element by an element in a finite Coxeter group. Thus we may apply Lang’s
theorem and reduce the minimal length elements further to straight elements.
This is step (2).

Moreover, any straight element can be regarded as a basic element in
the extended affine Weyl group of some Levi subgroup of G. Thus, using the
P-alcove introduced in [8] and its generalization in [6], we can show that any
element in w1 is o-conjugate to w for some straight . This is step (3), which
completes the reduction.

Combining this with the disjointness result in Proposition 3.6, we obtain
a natural bijection between straight conjugacy classes of the extended affine
Weyl group W and o-conjugacy classes of the loop group G(L). This yields a
new proof of Kottwitz’s classification of o-conjugacy classes in [20] and [21].
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0.5. A similar strategy can be applied to the study of affine Deligne-
Lusztig varieties, reducing the study of many geometric and homological prop-
erties of arbitrary affine Deligne-Lusztig varieties to those associated with min-
imal length elements.

Although the structure of arbitrary affine Deligne-Lusztig varieties is quite
complicated, the varieties associated with minimal length elements have a very
nice geometric structure. We prove this in Theorem 4.8, which generalizes one
of the main theorems in [16].

As a consequence, our reduction method works for the homology of the
affine Deligne-Lusztig varieties, and we prove in Section 5 that for a super-
straight element x € W, the action of the o-centralizer J; on the Borel-Moore
homology of the affine Deligne-Lusztig variety Xy (&) factors through the ac-
tion of the centralizer of z in the extended affine Weyl group W. The definition
of superstraight elements can be found in Section 5.2, which includes generic el-
ements in the cocharacter lattice of the maximal torus and superbasic element
for type A as special cases.

0.6. The emptiness/nonemptiness pattern and dimension formula for
affine Deligne-Lusztig varieties can be obtained if we can keep track of the
reduction step from an arbitrary element to a minimal length element. This is
accomplished via the class polynomials of affine Hecke algebras. In Section 6,
we prove the “dimension=degree” theorem, which provides a dictionary be-
tween affine Deligne-Lusztig varieties and affine Hecke algebras in the sense
that:

(1) The affine Deligne-Lusztig variety is nonempty if and only if certain
class polynomial of affine Hecke algebra is nonzero.

(2) The dimension of the affine Deligne-Lusztig variety X (b) is equal to
%E (w) minus the length of the Newton point of b plus a correction term
given by the degree of the corresponding class polynomials.

(3) In the split case, if b is superbasic, then the number of rational points
in the affine Deligne-Lusztig variety X;(b) can be calculated through
the corresponding class polynomial (see Section 8).

As a consequence, we solve the emptiness/nonemptiness question for affine
Deligne-Lusztig varieties in the affine Grassmannian for tamely ramified groups
in Theorem 7.1, generalizing previous results of Rapoport-Richartz [28], Kott-
witz-Rapoport [23], Lucarelli [24] and Gashi [5] for unramified groups.

0.7. In Sections 9-12, we study Xz(b) for the case where b is basic and
@ is in the lowest two sided cell of W, and we prove a main conjecture of
Gortz-Haines-Kottwitz-Reuman [8] and its generalization. This is achieved
by combining the “dimension=degree” theorem with the partial conjugation
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method developed in [13] and the dimension formula for affine Deligne-Lusztig
varieties in the affine Grassmannian in [7] and [31]. We also give an upper
bound for the dimension of X (b) for arbitrary @ and b.

1. Group-theoretic data

1.1. Let k be an algebraic closure of a finite field F,. Let F' = Fy((¢))
and L = k((¢)) be the fields of Laurent series. Let G be a connected reductive
group over F' and splits over a tamely ramified extension of L. Since k is
algebraically closed, G is automatically quasi-split over L. In this paper, we
furthermore assume that the characteristic of k does not divide the order of
the fundamental group of the derived group 71 (Gger).!

Let S C G be a maximal L-split torus defined over F' and T' = Z(.S) be
its centralizer. Since G is quasi-split over L, T is a maximal torus.

Let o be the Frobenius automorphism in Gal(L/F'), defined by o(>" ane™)
= Y- ale™. We also denote the induced automorphism on G(L) by o.

We denote by A the apartment of G corresponding to S. We fix a
o-invariant alcove ac in A. We denote by I C G(L) the Iwahori subgroup
corresponding to ac over L and by S the set of simple reflections at the walls
of ac.

1.2. Let N be the normalizer of T'. By definition, the finite Weyl group
associated with S is

W =N(L)/T(L)
and the Iwahori- Weyl group associated with S is
W = N(L)/T(L):.

Here T'(L); denotes the unique parahoric subgroup of 7'(L).

Let I be the absolute Galois group Gal(L/L) and P be the I'-coinvariants
of X,.(T). By [11], we may identify T'(L)/T(L); with P and obtain the follow-
ing important short exact sequence:

(a) 0P —=>W—=W 0.

By [11, Prop. 13], the short exact sequence splits and we obtain a semi-
direct product W = P x W by choosing a special vertex in A. We may write
an element of W as t#w for some p € P and w € W.

1.3. Let LG be the loop group associated with G. This is the ind-group
scheme over k that represents the functor R — G(R((g))) on the category of

1Under this assumption, the affine flag variety of @ is reduced (see [26, Th. 0.2]).
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k-algebras. Let F1 = LG/I be the fppf quotient, which is represented by an
ind-scheme, ind-projective over k. We have the Iwahori-Bruhat decomposition

G(L) = Ugep Tl FU(k) = Uy T I /1.

Here @ is a representative in N(L) of the element @ € W.
Following [27], we define affine Deligne-Lusztig varieties as follows.

Definition 1.1. For any b € G(L) and @ € W, the affine Deligne-Lusztig
variety attached to w and b is the locally closed sub-ind scheme Xy (b) C Fi
with

Xo(b)(K) = {gI € G(L)/I; g~ bo(g) € T1}.

It is a finite-dimensional k-scheme, locally of finite type over k.
For b € G(L), define the o-centralizer of b by
Jo={g € G(L); g~ 'bo(g) = b}.
Then Jj, acts on Xg(b) on the left for any @ € W.

1.4. From now on, we furthermore assume that G is an adjoint group and
quasi-split over F'. As explained in [6, §2], questions on affine Deligne-Lusztig
varieties for any tamely ramified groups can be reduced to this case.

The action of ¢ on G(L) induces an automorphism on W and a bijection
on S. We denote the corresponding maps by 6.

Moreover, we may choose a special vertex in the apartment A such that the
corresponding splitting of the short exact sequence Section 1.2(a) is preserved
by §. The induced automorphism on W is also denoted by §.

Let ® be the set of (relative) roots of G over L with respect to S and @,
the set of affine roots. For a € ®, we denote by U, C G the corresponding
root subgroup and for a € ®,, we denote by U, C G(L) the corresponding
root subgroup scheme over k. By [26, §9], any affine real root is of the form
a + m for a finite root a € ® and m € Q and U], is one-dimensional for all
affine root a. Moreover, if 2a € ®, then m € Z; if %a € ®, then m € % + Z.
We call a root @ € ® a finite simple root if —a (in ®,) is a simple affine root
with respect to I. Our convention here is consistent with [8].

Let S C ® be the set of simple roots. We identify S with the set of simple
reflections in W. Then S C S is a d-stable subset. Let & (resp. ®~) be the
set of positive (resp. negative) roots of ®.

1.5. Let Gi1 C G(L) be the subgroup generated by all parahoric sub-

groups. Set Ny = N(L)NGy. By [3, Prop. 5.2.12], the quadruple (G1, I, N1, S)
is a a double Tits system with affine Weyl group

Wa = (N(L)NG1)/(N(L) N T).
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We may regard W, as the Iwahori-Weyl group of the simply connected
cover G of the derived group Gger of G. We denote by Ty, C Gy the maximal
torus giving by the choice of T. Then we have the semi-direct product

W, = X*(Tsc)l" x W.

By [11], there exists a reduced root system ¥ such that
Wo = QV(Z) A W(E)7
where QV(X) is the coroot lattice of . In other words, we identify QV(2) with
X, (Tse)r and W(X) with W. We simply write @ for QY (X).

1.6. For any element @ € W, the length £(w) is the number of “affine
root hyperplanes” in A separating w(ac) from ac.

Let Q be the subgroup of W consisting of length 0 elements. Then € is
the stabilizer of the base alcove ac in W. Let 7 € Q. Then for any w,w’ € Wy,
we say that 7w < 7w’ if w < w’ for the Bruhat order on W,,.

For any J C S, let W be the subgroup of W generated by sj for j € J
and YW (resp. W) be the set of minimal elements for the cosets W;\W (resp.
W /W;). For J,J' C S, we simply write /W7 for "W N W'. For z € "W/,
we write x(J') = J if aWypaz™! = W;. If W} is finite, then we denote by w
its longest element in W;. We simply write wq for w(S).

For J C S, let ®; be the set of roots spanned by J. Let &7 = &; N o+
and &7 = ®;N®". Let M; C G be the subgroup generated by T" and U, for

a € 5. Then WJ = P x Wy is the Iwahori-Weyl group of M.

1.7.  Two elements b, @’ of W are said to be d-conjugate if 0’ = Zwd (&)~
for some Z € W. The relation of d-conjugacy is an equivalence relation, and
the equivalence classes are said to be d-conjugacy classes.

Let (P/Q)s be the d-coinvariants on P/Q). Let

ﬁ:W%W/W = P/Q — (P/Q)s

be the natural projection. We call k the Kottwitz map.
Let Pp = P ®z Q and Py/W the quotient of Py by the natural action
of W. We may identify Po/W with Pgy 1, where

Pyp+ ={x € Py;a(x) =0 foral acdt}.

Let P&Hr be the set of d-invariant points in Py 4.

Now we define a map from W to P&  as follow. For each element w =
tXw € W, there exists n € N such that 6" = 1 and wd(w)6?(w) - - - 6" H(w) = 1.
This is because the image of W x () in Aut(W) is a finite group. Then
W6 () - - - 6" L) = t* for some A € P. Let vy = \/n € Py, and let 7 be the
corresponding element in Py . It is easy to see that v is independent of the
choice of n.
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Let 3 be the unique element in Py 4 that lies in the W-orbit of v5. Since
A = ot M=t = N g e P&Jr. We call the map W — P&Jr,u? — Uy the
Newton map.
~Deﬁme f:W = P67+ X (P/Q)s by @ +— (g, k(w)). It is the restriction
to W of the map G(L) — P(&+ x (P/Q)s in [21, 4.13] and is constant on each
d-conjugacy class of W. We denote the image of the map f by B (W, J).

2. Some special properties of affine Weyl groups

In this section, we recollect some special properties on affine Weyl groups
established in joint work with Nie [17]. These properties will play a crucial
role in the rest of this paper.

2.1. For w, &' € W and i € S, we write & 54 @' if ' = s;Wss(;) and
(W) < L(w). We write 0 —5 @' if there is a sequence w = W, W1, . .., W, = W'
of elements in W such that for any k, Wy_1 —5 Wy, for some i € S. We write
W ~g W' if 0 —s @' and @' —5 W, and we write WRsw' if W ~5 7' 5(7) "t for
some 7 € Q. It is easy to see that w ~5 @' if w —5 @' and £(w) = £(@').

We call @, %' € W elementarily strongly 8-conjugate if L(w) = ¢(w") and
there exists & € W such that @' = Zwé(z)~' and £(Fw) = £(Z) + (D) or
((wo(7)~Y) = (%) + L(w). We call @, strongly 5-conjugate if there is a
sequence W = wq, W1, ...,Ww, = w' such that for each 7, w;_ 1 is elementar-
ily strongly d-conjugate to w;. We write w~gsw’ if @ and @’ are strongly
d-conjugate. Note that w~sw’ implies that w~sw’, but the converse does not
hold in general.

The following result is proved in [17, Th. 2.10] and is a key ingredient in
the reduction step (1) in Section 0.4.

THEOREM 2.1. Let O be a §-conjugacy class in W and Omin be the set of
minimal length elements in O. Then

(1) For each element w € O, there exists W' € Omin such that w —s W'
(2) Let w,w" € Opin; then w~sw'.

Remark. For any d-conjugacy class O of W, Omin is a a single equivalence
class for the relation ~. However, in general, On;, is not a single equivalence

class for the relation ~.

2.2. Let H be the Hecke algebra associated with W; i.e., H is the asso-
ciated A = Z[v, v !-algebra with basis Ty for @ € W and multiplication is
given by

TiTy = Tay i U(T) + U(y) = U(ZY),
(Ts —0)(Ts +v 1) =0 forses.
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Then 77! = Ty — (v —v~!) and T} is invertible in H for all & € W. The map
Ty — Tj@) defines an A-algebra automorphism of H, which we still denote
by 9.

Let h,h' € H. We call [h, h]5 = hi' —h/8(h) the §-commutator of h and R’
Let [H, H]5 be the A-submodule of H generated by all §-commutators.

By Theorem 2.1, for any d-conjugacy class O of W and @, @' € Omin,
we have that Ty = Ty mod [H, H|;. See [17, Lemma 5.1]. Now for any
d-conjugacy class O, we fix a minimal length representative wg. Then the
image of Ty, in H/[H, H]s is independent of the choice of . It is proved in
[17, Th. 6.7] that

THEOREM 2.2. The elements Ty, form a A-basis of f[/[fl, E[]g, where O
runs over all the §-conjugacy class of W.

2.3. Now for any @ € W and a d-conjugacy class O, there exists unique
fiw,0 € A such that

Tw = wa@Two HlOd [f{, ﬁ]g
O

By [17, Th. 5.3], fa.0 is a polynomial in Z[v — v~!] with nonnegative
coefficient and can be constructed inductively as follows. If @ is a minimal
element in a §-conjugacy class of W, then we set

1 ifdeo,
fo,0 = -
0 ifw¢o.

Now we assume that @ is not a minimal element in its §-conjugacy class
and that for any @' € W with £(@') < £(i0), fao is constructed. By Theo-
rem 2.1 there exists @) ~s W and i € S such that U(siw185(3;)) < L(1) = £(W).
In this case, £(s;w1) < {(w) and we define fz ¢ as

-1
fzI;,O = ('U -V )fsiﬂ)l,o + fsilf)ls(g(i),O'

2.4. Let V = P®zR. As explained in [11], we may regard ¥ as functions
on V. This gives a pairing (,) between V and the root lattice of 3. Let p be
the half sum of all positive roots in the root system 3.

We call an element @ € W a -straight element if () = (7, 2p). By [15,
Lemma 1.1], w is é-straight if and only if for any m € N, £(@0§ () - - - 5™~ 1 (@)
= ml(w). We call a d-conjugacy class straight if it contains some straight
element. As we will see later, there is a natural bijection between the set of
straight d-conjugacy classes of W and the set of o-conjugacy classes of loop
group.

We have the following results on straight elements and straight conjugacy
classes:
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(1) The map f: W — P&+ x (P/Q)s induces a bijection from the set of
straight d-conjugacy classes to B(W,d). See [17, Th. 3.3].

(2) Let O be a straight 6-conjugacy class of W and @, 9%’ € Opin. Then
wAsw'. See [17, Th. 3.9].

The following result [17, Props. 2.4, 2.7] relates minimal length elements
with straight elements as needed in Section 0.4, step (2).

THEOREM 2.3. Let O be a §-conjugacy class of W and w € O. Then there
exists W € Omin such that
(1) @ —g @
(2) There exists J C S with Wy finite, a straight element x € W with
z e W) and 26(J) = J and v € Wy such that @' = ux.

Remark. In the setting of Theorem 2.3(2), we have that f(w) = f(0') =
f(x). See [15, Prop. 1.2].

2.5. Let O be a d-conjugacy class. Set vy = iy for some (or equivalently,
any) w € O and Jy = {i € S;(vo,a;) = 0}. The following description of
straight conjugacy classes [17, Prop. 3.2] will be used in step (3) of Section 0.4.

PROPOSITION 2.4. Let O be a §-conjugacy class of W. Then O is straight
if and only if O contains a length 0 element in the Iwahori-Weyl group Wy =
P x Wy for some J C S with 6(J) = J. In this case, there exists a length
0-element x in WJO and y € W7o such that v, = vy and yzd(y)~' € Omin.

2.6. Any fiber of f : W — B(W,§) is a union of d-conjugacy classes. As
we will see later, the case that the fiber is a single J-conjugacy class is of partic-
ular interest. We call such §-conjugacy class superstraight. A minimal length
element in a superstraight d-conjugacy class is called a d-superstraight element.

Let w € €. Then the conjugation by w gives a permutation on the set of
simple reflections S. We say that @ is d-superbasic if each orbit of @wod on S is
a union of connected components of the corresponding Dynkin diagram of S.
By [17, §3.5], @ is a d-superbasic element if and only if W = W™ X x W™,
where W; is an affine Weyl group of type flm,l and W o § gives an order n;m;
permutation on the set of simple reflections in W,™.

The following description of superstraight conjugacy class is obtained in
[17, Prop. 3.4], which is analogous to Proposition 2.4.

PROPOSITION 2.5. Let O be a d-conjugacy class of W. Then O is su-
perstraight if and only if there exists a 6-superbasic element x in Wy, and
y € WJo such that v, = vy and yzd(y) ™" € Omin.

COROLLARY 2.6. Let O be a d-straight conjugacy class of W. If vy is
reqular, then O is superstraight.
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2.7. In particular, let § be the identity map and A € P4 be a regular
element. Let O = {t“*;w € W} be the conjugacy class of t*. Then vy = X is
regular and O is superstraight. Since every element in O is of the same length,

t* is a minimal length element in © and hence is a superstraight element.

3. o-conjugacy classes

3.1.  We consider o-conjugation action on G(L), g-» ¢’ = g¢'c(g9)~!. The
classification of o-conjugacy classes is due to Kottwitz [20] and [21]. In order
to understand affine Deligne-Lusztig varieties, we also need some information
on the relation between o-conjugacy classes and Iwahori-Bruhat cells IwI. In
this section, we will study the subsets of the form

G(L) o Iwl = {gg'0(9) "9 € G(L), ¢ € IwI}

for any @w € W. As a consequence, we obtain a new proof of Kottwitz’s
classification.

LEMMA 3.1. Let w, @' € W. (1) If @ —s @', then

G(L) -5 T'T € G(L) -5 TwI C G(L) -5 T0'TU Uz i iy i G(L) - T2

(2) If wsw', then
G(L) o Iwl = G(L) -4 TW'1.

Proof. Tt suffices to consider the case where @' = 7wé(7)~! for some
7€ Qorw 5w for some i€ S. If ' = rwr !, then Iw'I = 7Iwlo(7)"}
and G(L) -, Iwl = G(L) -, Tw'I.

Now we consider the case where @' = s;Ws;(;) and £(@") < £(w). By [4,
Lemma 1.6.4], we have that w = @&’ or s;w < W or wss(;) < w. Now we prove
the case where s;w < w. The case wss(;) < w can be proved in the same way.

Since s;w < w, then
G(L) ¢ IWI = G(L) 5 13;I3:0] = G(L) -¢ I$700(15;1) = G(L) - I3:0I350:)1.
Moreover,

o 'l if ((0') =
Isiwlss I = . .
Il UTW' T if (') =

In either case,

G(L) -5 T0'T € G(L) -5 TwI © G(L) -5 T0'TU Uz gy (i G(L) - 121
Moreover, if s/, then (') = (). In this case, G(L) - Iwl = G(L) -4

Io'1. O
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LEMMA 3.2. Let J C S with W finite and x € W) with 26(J) = J.
Then for any u € Wy, we have that

G(L) o Tudid = G(L) - Ii1.

Proof. Let P be the standard parahoric subgroup corresponding to J and
U be its prounipotent radical. Let P = P/U be the reductive quotient of P
and p — p the projection from P to P. By definition, p +— £o(p)i~' is a
Frobenius morphism on P. We denote it by o;. Hence by Lang’s theorem,
P ={p tio(p)i~';p € P} and

Pifo(U) = io(P)/o(U) = {p~'do(p);p € P}.

Therefore, Pio(P) = P, [i1. Similarly, Pio(P) = P, Iuzl. Thus P, I[uil =
P, 1] and G(L) -5 Tuil = G(L) - I3l O

3.2.  We recall the notation of (J,w,d)-alcoves in [6, 3.3], which general-
izes the notation of P-alcoves introduced in [8].

Definition 3.3. Let J C S with §(J) = J and w € W. Let = € W. We say
z(ac) is a (J,w,d)-alcove if
(1) wzd(w) € Wy.
(2) For any a € w(®t—®%), U,N*I C U,NI, or equivalently, U_,N*] D
U_,NnI.

Following [8, Def. 13.1.1], for = € W, we say that x is o-fundamental if
every element of Ix1 is o-conjugate under I to &. The following result is proved
in [6, Th. 3.3.1, Prop. 3.4.3].

THEOREM 3.4. Suppose J C S with §(J) = J and w € W, and suppose
z(ac) is a (J,w,d)-alcove. Set Iy =" MyNI. Then the map

¢:I>< IM.fO’(IM) — Izl

induced by (i,m) v+ imo (i) "1 is surjective. Moreover, if “a(Iy) = Iy, then ©
1s o-fundamental.

Now we describe G(L) -, Iwl for minimal length element .

THEOREM 3.5. Ifw € W is a minimal length element in its §-conjugacy
class, then G(L) -, Iwl is the single o-conjugacy class G(L) -, w.

Proof. By Theorem 2.3, @ ~ uz for some J C S with W finite, straight
element * € W and u € Wy with € YW%Y) and x6(J) = J. Then by
Lemma 3.1, G(L) -, Iwl = G(L) -, Iuil. By Lemma 3.2, G(L) -, Tuil =
G(L) -, IZ1.

Let O be the é-conjugacy class of z. By Proposition 2.4, there exists
21 € Omin and y € W0 such that y~'x16(y) is a length 0 element in WJO and
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Vy—1z16(y) = Vo is dominant. Then z1(ac) is a (Jo,y, §)-alcove and “1o(I;) =
Iy, where Iny = 9YM Jo M 1. Hence every element in I/ is o-conjugate under
I to x1.

By Section 2.4(2), x~sx1. Now
G(L) o Iwl = G(L) -¢ I#] = G(L) -5 Iiy] = G(L) -4 4
is a single o-conjugacy class. Since w € G(L)-oIwl, G(L)-oIwI=G(L)-yw. O
We also have the following disjointness result.

PROPOSITION 3.6. Let @, @' € W be minimal length elements in their
d-conjugacy classes respectively. Then w and W' are in the same o-conjugacy

class of G(L) if and only if f(w) = f(0').

Proof. By the proof of Theorem 3.5, there exist d-straight elements x, z'e W
with f(w) = f(z), f(@') = f(2'), w € G(L) -, & and @' € G(L) -5 &'. If
f(w) = f(w'), then f(z) = f(«’) and by Section 2.4(1), x and 2’ are in the
same d-conjugacy class of W. Therefore G(L) -5 & = G(L) -, &'. Hence @ and
W' are in the same o-conjugacy class of G(L).

Now we prove the other direction. Notice that #(G(L) -, w) = s(w) and
k(G(L) - ') = k(w'). Thus if k() # x(@'), then G(L) - 0w NG(L) - w' = 0.

Now assume that x(d) = k(@) and Dg # Dg. Then 7, # 7. If @ and
@' are in the same o-conjugacy class of G(L), then so are & and #’. We may
assume that @ = gi'o(g) ! for some g € G(L), then for any m € N,

i (@) 0™ L&) = il (i) - o ()" (g)
There exists n € N such that
" =1, xd(x)---6" Hz)=t* and ()-8 () ="

for some p, ' € P. Then p = nv, and p' = nvy. Since Uy # Uy, p & W .
Assume that g € Iz for some z € W. Then IeF*T N T21F# 12711 + ¢ for all
ke N.

Notice that TZIe"' 137 C Uy g Tge™ ()11, So tht = gtk (i)~
for some 7,7 < z. Assume that § = ytX and § = y'tX with x,x’ € X.(T)
and y,y/ € W. Then gth (§/)~1 = tv¢#'+x=x)y(y/)~1. Hence y = 3 and
k' + x — X' = ky~'p. By definition, £(tX) < £(§) + £(y) < £(z) + £(wo).
Similarly, £(tX') < £(z) 4 £(wp). Since p ¢ W - i/, then £(t#' =¥ '#) > 1. Now

e < O YTy = (X X)) < 0Y) 4 0(#X) < 20(2) + 26(wp).
That is a contradiction. O

Now we obtain a new proof of Kottwitz’s classification of o-conjugacy
classes on G(L).
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THEOREM 3.7. For any straight §-conjugacy class O of W, we fix a min-
tmal length representative wy. Then

G(L) = I—'OG(L) ‘o 'LbOa
where O runs over all the straight &-conjugacy classes of W.

Proof. By Proposition 3.6, UsG(L) .o We is a disjoint union. Now we prove
that for any @ € W, Iwl C LUgG(L) -4 . We argue by induction.

If W is a minimal length element in its d-conjugacy class, then the state-
ment follows from the proof of Theorem 3.5.

If @ is not a minimal length element in its J-conjugacy class, then by
Theorem 2.1, there exists i € S, @', %" € W with @' ~;5 w, £(@") = £(0') — 2
and @' 255 w". By Lemma 3.1,

i1 € G(L) o Ti/'1 C G(L) -6 It TUG(L) -5 Tt"1.

Notice that £(s;w"), (w") < £(@") = £(w). Now the statement follows from
induction hypothesis on s;w’ and w”. O

3.3. As a consequence of Theorem 3.7, any o-conjugacy class of G(L)
contains a representative in W. For split groups, this was first proved in
[8, §7] in a different way.

Moreover, the map f : W — B(W, d) is in fact the restriction of a map
defined on G(L), b — (o, k(b)). We call 7, the (dominant) Newton vector of b.

4. Affine Deligne-Lusztig varieties

4.1. We first recall the definition and some properties on the (finite)
Deligne-Lusztig varieties. Let H be a connected reductive algebraic group
over [F, and F' be the Frobenius morphism on H. We fix an F-stable maximal
torus 1" and a F'-stable Borel subgroup B D T'. Let W be the finite Weyl group
and S be the set of simple reflections determined by (B, 7). The morphism F
on (G induces bijections on W and S, which we still denote by F'.

Following [4, Def. 1.4], the Deligne-Lusztig varieties associated with w €
W is defined by

Xy = Xy = {9 € G/B;g 'F(g) € BuB}.

The finite group H" acts on X,, in a natural way. We denote by H''\ X,, the
space of orbits.

It is known that X,, is smooth of dimension ¢(w). Moreover, we have the
following result on Deligne-Lusztig varieties associated with minimal length
elements, which is essentially contained in [16, 4.3].

THEOREM 4.1. Letw € W be a minimal length element in its F'-conjugacy
class. Then HY\X,, is quasi-isomorphic to the orbit space of an affine space
k) by an action of a finite torus.
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The case where w is elliptic is in [16, 4.3(a)]. The general case is not
stated explicitly in [16]. However, it can be trivially reduced to the elliptic
case as follows.

Let J be the minimal F'-stable subset of S such that w € Wy, and let M
be the standard Levi subgroup of H of type J. Then w is an elliptic element
in Wy, and the statement follows from the elliptic case by using the fact that
HI\XH > NI\ XM (see, e.g., [2, §2]).

Now we recall the “reduction” a la Deligne and Lusztig for affine Deligne-
Lusztig varieties (see [4, proof of Th. 1.6] and [9, Cor. 2.5.3]).

PROPOSITION 4.2. Let x € W, and let s € S be a simple affine reflection.

(1) Ifb(sx0(s)) = £(x), then there exists a universal homeomorphism X, (b)
- Xs:v&(s)(b)

(2) If L(sxd(s)) = £(x) — 2, then X, (b) can be written as a disjoint union
X.(b) = X1 U Xo, where X is closed and Xo is open, and such that
there exist morphisms X1 — Xp5(5)(b) and Xo — Xs:(b) that are com-
positions of a Zariski-locally trivial fiber bundle with one-dimensional
fibers and a universal homeomorphism.

It is easy to see that

LEMMA 4.3. Let & € W and 7 € Q. Then Xz(b) is isomorphic to
Xoz5(r)-1(D).

As a consequence of Lemma 4.2 and Lemma 4.3, we have that

COROLLARY 4.4. Let w,w' € W with w&sw'. Then Xgz(b) and Xz (b)
are universally homeomorphic.

Next we show that straight elements are automatically o-fundamental.

PROPOSITION 4.5. Fvery d-straight element x is o-fundamental; i.e., ev-
ery element of Itl is o-conjugate under I to .

Proof. Let O be the straight §-conjugacy class of z. Then by the proof
of Theorem 3.5, there exists 2’ € Opn such that 2’/ is o-fundamental. By
Section 2.4(2), z~s2’. Now the proposition follows from the following lemmas.

LEMMA 4.6. Let x € W and 7 € Q. If x is o-fundamental, then so is
Taé(T) 7L,

Proof. Set 2’ =7x6(t)~!. Any element in I3'I =I7io(7) " =7Iilo(7)™}
is of the form 7i1digo(7) "t for some i1,i9 € I. Since x is o-fundamental, there
exists i € I such that iyidiy = ido (i) . Thus

Fiydigo (1) = Fido (i) o (7) 7 = (7it ) Fao(7)  (o(F)o (i) lo()7h)

= (tit" Vdo(7) o (rir )7L
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So any element in Ii'l is o-conjugate under I to 7io(7)~!. Hence 2’ is
o-fundamental. O

LEMMA 4.7. Let x € W and s € S with ((sz8(s)) = £(z). If x is o-funda-
mental, then so is szd(s).

Proof. We prove the case that sz < x. The other cases can be proved in
the same way. Since x is o-fundamental, the map I — IZI, g — gio(g)~! is
surjective. Notice that I&I =2 IsI xj IstI. Thus the map

Ix T — IsIxIszl, (9,9") — (g5(g) 1, ¢ 520(9)™ 1)

is also surjective.
The map I$I x Isxl — Izl x Io(8)I, (h,h') — (W' o(h)) is surjective.
Hence the map

Ix 1= 132l x Io(3)I,  (9,9) — (¢'380(9)7,a0(9)a(3)o(g") )

is also surjective.
The quotient of Il x Io($)I by the action of the first I is I$xl X;
Io(s)I = Isio(s)I. Hence the map
I— Isi0($)1, g — ¢st0(3)o(g) !
is surjective. (]

Now we prove the main result of this section, which generalizes Theo-
rem 4.1.

THEOREM 4.8. Letw € W be a minimal length element in its §-conjugacy
class. Let b € G(L) with f(w) = f(b). Then dim X4(b) = ¢(w) — (v, 2p) and
I\ X () is in bijection with the orbit space of the affine space k@)= {":20)
under an action of a finite torus.

Remark. Here we use the convention that the dimension of an empty
variety is —oo.

Proof. By Theorem 2.3, W A5 uz for some J C S with W finite, straight
clement x € W and u € W with z € /W%) and z6(J) = J. By remark
of Theorem 2.3, f(w) = f(z) = f(b). Then & and b are o-conjugate and
0(x) = (D, 2p). Then Xy(2) and X(b) are isomorphic and we have a natural
bijection J;\Xg(2) = Jp\Xw(b). By Corollary 4.4, Xy(%) and X, (%) are
universally homeomorphic.

Let P be the standard parahoric subgroup corresponding to J and U
be its prounipotent radical. Let g € G(L) with g~lio(g) € Iuzl. By the
proof of Lemma 3.2, there exists p € P such that (gp)~'2o(gp) € I2I. By
Proposition 4.5, there exists p’ € I such that (gpp’)~*
g € J:P.

zo(gpp’) = ©. Hence
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Notice that J;P is in bijection with the quotient space J; Xj,~np P. Then

we have a natural bijection

X (w) =Ts XJzNP ng(‘r)7
where X2 () = {g € P/I;9 'd0o(g) € Tuzl}. In particular, Ju\Xgz(b) =
(T N P\XD, ().

Moreover, the projection FI — LG/P sends X,z (&) onto J;/(Jz N P)
and each fiber is isomorphic to X7 (&). Hence dim Xg(b) = dim X, (&) =
dim X (). )

Let o; be the Frobenius morphism on P defined by p — @0 (p)2~!. Notice
that I = I/U is a Borel subgroup of P. Therefore X (i) is isomorphic to the
classical Deligne-Lusztig variety

X' ={peP/I;p to:(p) € Tul})T
of P. The action of J; NP on X (i) factors through an action of (J; NP)U/U
=~ Po:. Hence we have a natural bijection (J; N P)\ X7, (%) = P7#\ X',

The map v — vz sends a oz-conjugacy class in W into a d-conjugacy

class in W. Since uz is a minimal length element in its d-conjugacy class, u is

a minimal length element in its o;-conjugacy class in W;. Moreover, {(u) =
l(ux)—Ll(x) = L(w) — (7, 2p). Now the theorem follows from Theorem 4.1. [

By the same argument, we have the following result.

PROPOSITION 4.9. Let J C S with W finite, x € WO with 26(.J) = J
and u € Wy. Then for any b € G(L),

dim X, (b) = dim X (b) + £(u).

5. Homology of affine Deligne-Lusztig varieties
5.1. Notice that X(b) = lign X, for some closed subschemes X; C Xy C

-+ C Xy(b) of finite type. Let [ be a prime not equal to the characteristic
of k. Then H}(X;, Q) is defined for all j. Set

Then H ]BM (X5(b), Q) is a smooth representation of J,. Hence it is a semisim-

ple module for any open compact subgroup of Jj.
The following result can be proved along the lines of [4, Th. 1.6].

LEMMA 5.1. Let b € G(L) and K be an open compact subgroup of J,. Let
w e W, and let 1 € S. Then

(1) If €(siwss()) = L(Ww), then for any j € Z,
H]BM(XID(b)v@l) = H]BM(Xsiu?s(;(i)(b)v@l)

as Jp-modules.
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(2) If U(siwss(y) = (W) — 2, then for any simple K-module M that is a
direct summand of @]HBM( (), Q)), M is also a direct summand of
B HPM (Xs, sy sy (0), Qi) © @ HPM (Xs,a(b), Qu)-

Now we can show the following “finiteness” result.

THEOREM 5.2. Let be G(L) and K be an open compact subgroup of Jp.
Let M be a simple K-module. If M is a direct summand of

D WEW @] HBM( u”)(b)v @l)a

then M is a direct summand of HBM(X (b),Qy) for some j € Z and 7 is a
minimal length element in its 6-conjugacy class and f(Z)= f(b).

Remark. Given b, there are only finitely many Z satisfying the conditions
above.

Proof. Let @ € W be a minimal length element in its d-conjugacy class
such that M is a direct summand of @jHBM( (0),Q;). By Theorem 2.1
and Lemma 5.1, w is a minimal length element in its -conjugacy class. By
Theorem 3.5, G(L) .o Il is a single o-conjugacy class. Hence Xg(b) # 0 if
and only if b € G(L) -, Iw1; i.e., f(b) = f(b). O

In the rest of this section, we discuss the special case where b is a super-
straight element. We first describe its centralizer in the affine Weyl group and
in the loop group.

PROPOSITION 5.3. Let J C S and x be a §-superbasic element in Wy with
vy € Py y and J = {i € S; (v, a4) = 0}.
(1) Let Zyy, s5(z) ={w € W;wzd(w) = x} be the §-centralizer of x in W.
Then Z, 5(x) consists of length 0 elements y in W with y =z (y) =
(2) M;(L)NINJ; is a normal subgroup of J; and

3o/ (My(L)NINJs) = Zy, ().

Proof. Let n € N with 6" = id and xd(x)---d""1(x) = t"=. Hence
io(z)---0" (&) € e™=T(L);. Thus after replacing @ by h~lio(h) for a
suitable h € T(L)1, we may assume that &0 (&) ---0"" L(d) = gmve,

(1) Let w € W with w™'26(w) = 2. Then

w e w = wlzd(z) - (2) 0" (w)
= (wtzd(w))d(wtazd(w)) - - " Hw zd (w))

=z6(x) - 6" Hx) =t

Thus wv, = v, and w € WJ.
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Let S/ be the set of simple reflection in W. Let £; be the length function
and < ; be the Bruhat order on W;. If Cy(w) > 0, then there exists i € S’ such
that s;w < w. Since the map W; — Wy, y — xd(y)xz ! preserve the Bruhat
order, we have that

ms(;(i)x*lw = xs(;(i)é(w)mfl <y zé(w)z™t = w.
Similarly, (Ad(x) 0 0)™(s;)w <j w for all m € Z. However, x is d-superbasic
for Wy, and thus §' is a single orbit of Ad(z)o 4. Hence sjw < w for all j € S
This is impossible. Thus £;(w) = 0.
(2) Let g € J;. Then g~ 'io(g) = . We prove that
(a) g € My(L).

Similar to part (1), we have that g~'e™=0"(g) =™ and e W= ge™s =
0"(g). Let U(L) be the subgroup generated by U, for a € @ — ®F. We may
assume that g = umam/u’ for u,u’ € U(L), m,m' € M;(L) and w € 7W".
Since v, is neutral for M;(L), we have that

—NVg & NlUg

e we™ = ym/ (7™ g™ ) =0 (u)o" (m)a" (W)™ (m)o" (u).

(e™™=ue™*)m(e

Therefore m(e™"=we™=)m’ = o™(mwm').

Let M'(L) be the derived group of M;(L) and Z be the center of M;(L).
Then Z C T(L) and M;(L) = M'(L)Z. We may write m as miz and m’ as
m}z’ for m,m’ € M’ and z,2’ € Z. Then we have that

—NVyg 2 Mg

we™r) 2 = zsn(w”f”z)(

z(e w2 = o™ (z?).

Notice that zwz"w~t € T(L). Hence

gn(wyz —vg) _

(2w 1) Lo (22w ) (0" (w)w ).

We have that (zwz'w =)~ Lo" (22" ~1), 0" ()~ € T(L);. Thus g™(wv=—vz)
€ T(L); and wv, = v,. Therefore (v, wla) = (wg,a) = (v, a) = 0 for
all @ € ®;. Therefore wla € ®; for all « € &; and w = 1. Hence g = um
for some v € U(L) and m € M;(L) and e ™*ue™* = ¢"(u). Notice that
(Ug,a) > 0 for all @ € @ — ®F; we must have that w = 1. Thus g € M, (L)
and (a) is proved.

Now set I' = I N M;(L). Then we may assume that g € I'yI’ for some
y € Wj. Since z is a length 0 element in Wy, &I’ = I'z. Thus g = do(g)i~' €
il'o(y) i~ = I'io(y)2~ I and I'yl’ N I'io(y)i~ 1" # (. Therefore y =
2é(y)x~! and y € Zﬁ,?&(m) is a length 0 element in W;. Thus g € I’y and

g J:nINgCling Tg=T;ny ' I'y=TJ;n1TI.

Hence J; NI’ is a normal subgroup of J;. Moreover, we have an injective
group homomorphism

7:J:/JeN ) — ZVT/,6($)'
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On the other hand, let y € Zj;, 5(x). Then y 'zé(y) = x and y 'io(y) €
#T(L)1. Replacing ¢ by yh for a suitable element h € T'(L);, we have that
1
Yy

to () = . Hence the map 7 is surjective and J;/(Jz N I') = Z3, 5(z). O

THEOREM 5.4. Let © € W be a 8-superstraight element. Then for any
w € W with Xg(&) # 0 and j € Z, the action of J; on HJBM(Xw(b),@l)
factors through an action of the j-centralizer Zy, s(x) of =.

Proof. By Proposition 2.5, there exists a superbasic element z; € WJO
and y € W70 such that v,, = vy and y216(y) ™! € Omin. After o-conjugating
by a suitable element in G(L), we may assume that @ = gi10(y)~!. Then
Ji = 9Js, 9"

By Proposition 5.3, M, (L) NI NJz, is a normal subgroup of J;, and

(a) Ji‘l/(MJo (L) nin Ju’m) = ZVV,(S(Scl)'

Set K = ¢(My,(L)NI)y~1NJ;. Then K is a normal subgroup of J; = 9J;, 9}
and JZ/K = yZWﬁ(ml)y’l = ZW,B(x)
By the proof of Theorem 4.8,

(b) X, (&) = Je1/1 2 J:/(Ja N 1).

Since y € W7o, (M, (L)NI)y~t C I. Thus K acts trivially on X, (&) and also
trivially on H}BM(Xm(i'), Q) for any j € Z. By Theorem 5.2 and Lemma 5.1(1),
any simple K-module that appears as a direct summand of H jBM (Xa(2), Q) is
trivial. Hence K acts trivially on H]BM(X@(:'E), Q) and the action of J; factor
through Zg s(x). O

5.2. Now we discuss some special cases. Let A € P be a regular element
and O be the d-conjugacy class that contains t*. Then v9 = X is regular.
By Section 2.7, O is superstraight. By Section 2.4, t* is d-superstraight since
((t*) = (A, 2p). By Proposition 5.3, Zy, 5(t*) = {t";p = &(n) € P} = P°.
Therefore by Theorem 5.4, for any w € W and Jj € Z, the action of J.» on
H JBM(X@(H‘),@Z) factors through an action of P%. The special case for split
SLs and SL3 was first obtained by Zbarsky [33] via direct calculation.

Let 7 be a d-superbasic element. Then 7 is d-superstraight and by Propo-
sition 5.3, ZWﬁ(T) = Q9. Therefore by Theorem 5.4, for any @& € W and j € Z,
the action of J; on HJBM(Xw(%), Q) factors through an action of Q°.

6. Dimension “=” degree

In this section, we give a formula that relates the dimension of affine
Delgine-Lusztig varieties with the degree of the class polynomials.
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THEOREM 6.1. Let b € G(L) and v € W. Then

. | _
dim(X (b)) = max 5(6(11)) +£(0) + deg(fa,0)) — (T, 2p),
where O runs over §-conjugacy class of W with f(O) = f(b) and £(0) is the

length of any minimal length element in O.

Remark. Here we use the convention that the dimension of an empty
variety and the degree of a zero polynomial are both —oo.

Proof. We argue by induction on ¢(w). Let O be the d-conjugacy class

that contains w. If w € O, then

w) ifO=0,

1
§(g(w) +£(0) + deg(fa,0)) = {_OO if O # 0.

Thus the right-hand side of (a) is —oo if f(w) # f(b) and (W) — (7, 2p)
if f(w) = f(b). Now the statement follows from Theorem 4.8. )
If w ¢ O, by Theorem 2.1 there exists w; ~5 w and i € S such that

£(siw185(;y) < £(w1) = £(w). Then by Section 2.3,

-1
fzI;,O = (U -V )fsiﬂ)l,o + fsiﬁ)ls,;(i),O'

Notice that the coefficients of class polynomials are nonnegative integers.
Thus the highest terms of (v —v™!) 5.5, .0 and fsiﬁ,lsé(i)’o do not cancel with
each other. Hence deg(fs,0) = max{deg(fs;i,0) + 1, deg(fs;as5,,0)} and

t(w) + deg(fa,0)
— max{f(siﬁ)l) + deg(fsiuyl,o), K(Sﬂblslg(i)) + deg(fsiwlsg(i)ﬂ)} + 2.
By Lemma 4.2,
dim(X(b)) = dim(Xg, (b)) = maX{dim(XSiﬁimsF (0)), dim(XSiwls(S(i) (b))} +1.
Now the statement follows from induction hypothesis. O

6.1. This is a key part of this paper. On one hand, it provides both the-
oretic and practical way to determine the dimension of affine Deligne-Lusztig
varieties. On the other hand, it shows that the dimension and nonempti-
ness pattern of affine Deligne-Lusztig varieties X (b) only depend on the data
(W, 6,1, f(b)) and thus are independent of the choice of G.

Now we construct another group (split over L) with the same data (W, 0)
as follows. Recall that G is an adjoint group. Let H be a connected semisim-
ple group of adjoint type over k with the root system . The Iwahori-Weyl
group of H(L) is just W. The standard Frobenius automorphism on H in-
duces an automorphism on H (L), which we denote by o¢. The corresponding
automorphism on W is just the identity map.
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If 4 is not identity, then ¢ induces a nontrivial diagram automorphism on
the (finite) Dynkin diagram of H. Since H is adjoint, such automorphism can
be lifted to an automorphism (of algebraic groups) on H. We denote it by 7.
The automorphism 7 o o on H (L) induces the desired automorphism § on W.

The question on the dimension and nonemptiness of affine Deligne-Lusztig
varieties for G can be reduced to the same question for the group H(L)™°?°. In
other words, for the dimension/nonemptiness pattern of affine Deligne-Lusztig
varieties, it suffices to consider the case where G is split over L.

Now we list some easy consequences of Theorem 6.1.

COROLLARY 6.2. Let b € G(L) and w ENW. Then Xg(b) # 0 if and only
if fi,0 # 0 for some 0-conjugacy class O of W with f(O) = f(b).

COROLLARY 6.3. Let O be a superstraight 6-conjugacy class in W, and
let © € Omin be a d-superstraight element. Then for any w € W,

dim (X (#)) = 5 (£0) + des(fi0)) ~ (vo, o).
In particular, Xg(2) # 0 if and only if fg0 # 0.

6.2. By Theorem 6.1 and its consequences, we obtain all the informa-
tion on the emptiness/nonemptiness and dimension formula of affine Deligne-
Lusztig varieties if the degree of the class polynomials are known. The lat-
ter problem requires a thorough understanding of trace formula of all finite-
dimensional representations of affine Hecke algebras and thus computing class
polynomials is quite hard in general and not known yet.

However, at present, Theorem 6.1 is still quite useful in the study of affine
Deligne-Lusztig varieties. It implies that the emptiness/nonemptinss and di-
mension formula of affine Deligne-Lusztig varieties only rely on the reduction
method. Such an observation will play a key role in the proof of the empti-
ness/nonemptiness pattern of affine Deligne-Lusztig varieties for basic b, which
will be discussed in [6].

6.3. One can show that the reduction method also works in the p-adic
case and the p-adic variant of Xg(b) (for b € W) is nonempty if and only if
fw,0 # 0 for some d-conjugacy class O of W with f(O) = f(b).

There is no known good notion of dimension for the p-adic variant of affine
Deligne-Lusztig varieties. However, one may hope that once it is established,
then the dimension of X;(b) should agree in the p-adic and function field case,
and thus the “dimension=degree” theorem remains valid for p-adic case.

7. Mazur’s inequality and its converse

7.1. In this section, we discuss some application of Theorem 6.1 to the
hyperspecial case. Let G be the smooth affine group scheme associated with the
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special vertex of the Bruhat-Tits building of G, and let L™G be the infinite-
dimensional affine group scheme defined by LTG(R) = G(R[[]]). The fpqc
quotient Gr = LG/L*S is called the (twisted) affine Grassmannian. We have
the Cartan decomposition (see [29]):

G(L) = Unep, LT §(k)e" LT G(k),
Gr(k) = Upep, LTG(k)e*LTG(k)/LTG(k).

The affine Deligne-Lusztig variety in the affine Grassmannian associated
with b € G(L) and p € Py is the locally closed sub-ind scheme X, (b) C Gr
with

Xu(b)(k) = {g € G(L);9™'bo(g) € L*G(k)e"L*G(k)}/LTG(k) C Gr(k).”

7.2. Let J C S with §(J) = J. Let X; be the quotient of P by the
sublattice of @) generated by the simple coroots in J. The action of § extends
in a natural way to X ;. Let Y; = X;/(1 — )X be the coinvariants of this
action and er be the image of Py in Y.

Following [5], we define a partial order <; on er as follows. For p, i/ € Yy,
we write u <y u/ if g/ — p is a nonnegative integral linear combination of the
image in Y} of the simple coroots in S — J.

Now we have the following result.

THEOREM 7.1. Let J C S with 6(J) = J. Let p € Py and b € M;(L)
be a basic element such that rp,(b) € Y. Then X, (b) # 0 if and only if
K, (b) 2 p.

Remark. The “only if” side was proved by Rapoport and Richartz in [28],
which is the group-theoretic generalization of Mazur’s inequality. The “if” side
was conjectured by Kottwitz and Rapoport and proved for type A and C in
[23]. It was then proved by Lucarelli [24] for classical split groups and by Gashi
[5] for unramified cases.

Proof. Since LTG(k)t*L*TG(k) = Ugewww Iwl, X, (b) # 0 if and only if
Xip(b) # () for some w € WtFW. Let C be the set of d-conjugacy classes O in
W with f(O) = f(b). Then C only depends on ks, (b). Thus by Corollary 6.2,

(a) X, (b) # 0 if and only if fy o # 0 for some w € Wt*W and O € C.

The latter one only depends on the combinational data (W, 6, u, J, ks, (b)) and
is independent of the loop group G.

To the pair (W, ), we may associate a quasi-split unramified group H.
By [5, Th. 5.1], the statement holds for H. Thus by (a), we have that

2Here we distinguish between the element p € P and the element t* € W. In particular,
X, (b) is a sub-ind scheme of the affine Grassmannian and X« () is a sub-ind scheme of the
affine flag variety.
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(b) kar, (b) = p if and only if fi o # 0 for some w € WtHW and O € C.
The theorem then follows from (a) and (b). O

8. Superbasic elements

For b € G(L), if X;(b) is nonempty, then usually it has infinitely many
irreducible components. However, for superbasic elements, the affine Deligne-
Lusztig variety is much nicer.

PROPOSITION 8.1. Assume that G is semisimple and x € W is a §-super-
basic element. Then for any w € W, Xy (&) has only finitely many irreducible
components.

Proof. We argue by induction on ¢(w). Let O be the d-conjugacy class con-
taining w. If @ € Opip, then by Theorem 3.5 and Proposition 3.6, X (2) #0 if
and only if f(w) = f(z). Since x is §-superbasic, we have that @ is J-conjugate
to . By the proof of Theorem 5.4, Xy(#) = Xg(w) can be identified with a
subset of Q. Hence X(%) is a finite set.

If @ ¢ Omin, then by Theorem 2.1 there exists W ~5 @ and i € S such
that ((s;w185(;)) < £(w1) = £(w). By induction hypothesis X, (4) and
Xs,w, () both have finitely many irreducible components. Therefore by Propo-
sition 4.2, X (&) is universal homeomorphic to Xy, (%) and has only finitely
many irreducible components. O

COROLLARY 8.2. Assume that G is semisimple and x € W is a 8-super-
basic element. Then for any p € Py, X, (&) has only finitely many irreducible
components.

Remark. The split case was first proved by Viehmann [31] in a different
way.

Proof. Let w : Fl — Gr be the projection. Then
7 X(E) = Ugewmw Xa(4)

is a finite union. Since each X (%) has only finite many irreducible components,
71X, (&) has only finitely many irreducible components and so is X, (). O

8.1. Since for superbasic element b, X;(b) contains only finitely many
irreducible components, the number of rational points is finite. Now we show
that for split groups, there is a simple formula for this number in terms of class
polynomials.

PROPOSITION 8.3. Assume that G = PGL,, is split over F' = F,((¢)) and

z is a superbasic element in W. Then for any w € W,
. Lw)
1 Xa(2)(Fq) =ng 2 fa,0 lo=ya

where O is the conjugacy class of W that contains x.
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Proof. We argue by induction on ¢(w). Let O be the d-conjugacy class
that contains w. If w € O/, then O’ = O and w is conjugate to z. There-
fore, 1 Xg(2)(Fy) = $X.(2)(Fy). By equalities (a) and (b) in the proof of
Theorem 5.4,

X (#)(Fy) = 0o/ (5 1 1) = Zy (a).
By the third paragraph of Section 5.2, Z;, (x) = 2. Hence § X4 (%) = n.
If w ¢ O by Theorem 2.1 there exist @; ~ @ and i € S such that

min?

0(s;w18;) < £(wy) = ¢(w). By the proof of [4, Th. 1.6],

X (2)(Fq) = X5, (2)(Fg) = (¢ — DiXs,a, (2)(Fg) + g X505, (2) (Fy).-
Hence by inductive hypothesis,
1Xa(2)(Fq) = (¢ — 1) Xs,m, (£)(Fg) + g1 X s 045, (2) (Fy)
o(w)—1 (@) —2

=(¢—1ng" 2 f5;31,0 lo=yg T4 2 foiis:,0 lo=yg

£(D)

=nqg 2z ((\[ - \/a_l)fsiu?l,(‘) |U:\/§ +fsiw1si,(‘) |v:\/§>
£L(w)
=nq 2 fi,0 lv=y7 - O

9. Reduction method: via partial conjugation

9.1. In this section, we investigate the reduction method via “partial
conjugation” introduced in [13] and use it to compare the dimension of X (b)
for various @ in the same W x W-coset of W.

Notice that any W x W-coset of W contains a unique maximal element
and this element is of the form wgt* for some p € Py. An element in this
double coset is of the form ztty for z € W and y € {WW. Here I(p) = {i €5;
<:u7 ai> = O}

The main result of this section is

THEOREM 9.1. Let p € Py, z € W and y € HWW . Then for any b €
G(L),
dim Xgppy(b) < dim Xoygen (b) — £(wo) + £(z).
In particular, if Xy (b) # 0, then Xy (b) # 0.

In the rest of this section, we will prove this theorem. The proof is rather
technical and relies heavily on a detailed analysis of partial conjugation.

9.2.  We consider the “partial conjugation” action of W on W defined by
w-sw = wwd(w)"! forw € W and w’ € W.
For x € SW, set

I(z) = max{J C S; Ad(z)do(J) = J}.
This is well defined as Ad(x)d(J1UJ2) = J1UJs if Ad(z)d(J;) = J; fori =1, 2.
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By [13, Cor. 2.6], we have that

W =Usesip W s Wr@)?) = Upesip W -5 (2Ws(1(2)))-
Moreover, we have the following result (see [13, Prop. 3.4]).

THEOREM 9.2. For any € W, there exists x € SW and u € Wiy such
that
_—h ik
W —r§ - —>§ UL,
where i1,...,i € S.

Now we apply this theorem to the affine Deligne-Lusztig varieties.

LEMMA 9.3. Letz,y € W and p € Py withy € W)W . Then there exists
w e '"WW such that

dim Xyuy (b) < dim Xy (b) + £(x).

Proof. We prove the lemma by induction on ¢(x). Suppose the statement
is true for all 2’ with ¢(z') < ¢(x) but fails for x. Let z = s;, ---s;, be a
reduced expression of x. There are four different cases
(1) yss(i,) < y- In this case, yss(,) € iy,
(2) 8i) > Y and YSs(iy) € .
(3) Yss(i) = Sipy,y for some iy € I(p) and €(si,ws;, ) = £(z) — 2.
(4) YSs(i) = Sip,,y for some i1 € I(p) and £(si w54, ) = {(2).

Ys
YS

If yss(i,) <y, then £(xtty) = £(s;, 2t ys;;,)). By Proposition 4.2,
dim X4y (b) = dim st'lwt“y%(m ().
By induction hypothesis for s;,z, there exists w’ € (MW such that
dim X;Et,uy(b) < dithuw/ (b) + K(Silx) = dim Xtuw/(b) + E(x) —1.

That contradicts our assumption on .

If yss5,) > y and yss,) € W, then £(xthy) = U(siy ot*yssi,)) +2. By
Proposition 4.2,

dim X4y (b) = max{dim st'lwt”ysml) (b), dim Xsilggtuy(b)} + 1.

By induction hypothesis for s;, z, there exists w’ € /("W such that dim X, (b)
< dim Xy (b) + £(si,2) + 1 = dim Xyuq (b) + (x). That contradicts our
assumption on .

Therefore, yssi,) = siy,,y for some ixy1 € I(p). So sijxthyssy,) =
8,084, . I L(ss w84, ) = 0(x) — 2, then £(xthy) = £(s; 54, t'y) + 2. Hence

dim X:ct“y(b) = max{dim X5i1$5ik+1t“y(b)7 dim Xsilz‘t“y(b)} + 1.

By induction hypothesis for s;, z, there exists w’ € /(") such that dim Xatry (D)
< dim Xy (b) + £(z) — 1. That contradicts our assumption on x.
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Hence only case (4) can happen. Now apply the same argument to

8iy TS, = Siy" - Si,,, instead of v = s; ---s;,. We have that YSs(iy) =
Sipyoy for some dpyo € I(p) and £(si,---s4,,,) = L(siz---si,.,). Repeat
the same procedure. One may inductively define i,, € I(u) for all n > k
by s;, = ys(;(inik)y_l and prove that £(s;,_,. ., ---si,) = k. In particular,
i1,...,1 € I(t*y). By Proposition 4.9, dim Xy (b) = dim Xyuy(b) + £(x).
That also contradicts our assumption on z. O

9.3. Now we recall Bédard’s description of /W [1]. Let T(J) be the set
of all sequences (Jy,, Wy )n>1, where J,, €S and w, € W such that

(1) Ji=J,
(2) Jp=JNAd(wp—1)6(Jp—1) for n > 1,
(3) wn € TWOUn) and w1 € w,Wy(g,,) for all n.

Then Jy, = Jpt1 =+, Wi = W1 = -+ - and Ad(w)d(Jp,) = Jp, for m > 0.
Moreover (J,,wp)n>1 — Wy, for m > 0 is a well-defined bijection between
J(J) and /W

LEMMA 9.4. Let i € Py and w € TWW. Then
dim Xtuw(b) < dimegtN (b) - f(’wo)
Proof. Let J = I(p) and (J,,wy,)>1 be the element in T(J) that corre-

sponds to w € YW. Then there exists m € N such that .J,, = m+1 = -+ and
Wy, = W41 = ---. We prove by descending induction on n < m that

. . Jn
(a) dim Xy (b) < dim wajntﬂwn(b) — L(wy™).

Notice that Ad(w)d(Jpm) = Jm,. Thus J,, C I(t*w). By Proposition 4.9,
dim X sy, (b) = dim Xipueg (b) + £(wi™).
0

Thus (a) holds for n = m. Now assume that n > 1 and (a) holds for n. We
will prove that (a) also holds for n — 1.

Set u = 6 Y(w,'w,_1). Then w,_1 = w,d(u). By definition of T(J),
we Wy, ,,u~t € W and l(w,) = £(w,_1) + £(u). Now £(u" wi"thw, 1) =
((wirt*wy) + 2¢(u). By Proposition 4.2,

(b) dimeg"tuwn(b) < dim X b) — (u).

mlwgntuwn,l( )
We prove that
(c) For any v/ € W’» and i € J,,_1 with s;u’ </, dim Xu'w({"tuwn,l(b) >
D N O

Note that w,_1 € Tn-1170(In-1) " Thus E(wn_lsa(i)) = l(wp—1) + 1. There are
two possibilities.
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(i) Wn—-185(;) € It
Then
E(siu'wo‘]"t”wn,ls(;(i)) E(slu'w‘oj”) +L(t") — L(wn-1550))
' wd™) = 1+ 0(t") — b(wn—y) — 1
/

( g"t“wn_l) — 2.

(ii) wn-1850) & 71 W.

Then wn,lsd(i)w,ﬁl is a simple reflection in W _,. By Section 9.3(2), it is a
simple reflection in W, . Hence

suwbj Wy 155(2)w 1t“wn 1)
suw(‘)]”wn 185(i) W )—l—ﬁ(t“wn 1)

E(siu'w(‘)}"t“wn,ls(g(i))

"N+ B( ") =24+ 4(tFwp—1)

f(
«
0(siu ) + K(wonwn_ls(;(i)w;,l) + ((tHwy—1)
= {(u
= ((u w" tMwn 1) — 2.

In either case, K(siu’w({”t“wn,lslg(i)) = ((u'wi trw, 1) — 2. (c) follows
from Proposition 4.2.

Now u=! € W; _, N W7/». Then wJ” ! (‘)]" = vu~! for some v € W, _,
with £(vu™t) = £(v) + £(u). Let v = s;, -+ s, be a reduced expression, where

k= E(w(‘)]"’lwo‘]”) —£(u). Then s;;8;;,, - siku_1 € W'n for all j. By (c),

dim X

u—lwg"t“wn_l(

b) < dim X

Si u—lw‘]"t“wn 1(

b) — 1
b) — 2

_ J
Sij_qSipl 1w0"t“u)n_1(

(a) is proved.
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In particular, dim Xyu,(b) < dim X 7y, (b) — ((wy). Here wy € JWO),
By the same argument as we did for (b), we have that
dim wa’tuwl(b) < dim X514,y o (b) — £(wn).
Similar to the proof of (c¢), we have that
(d) Let v € W7 and i € S with s;u’ < u'. Then dim Xyrgn(b) 2
dim X o g (b) +1.

Let wowy = (w1)~! = s, -+ sj, be a reduced expression, where | = £(wp) —
¢(wg) — £(w1). Then by (d), we have that
dim lewgtu(b) < dim X wlet#(b) -1
< dlmell 1silw1w0tﬂ (b) -2
<
< dim Xypoen (b) — L(wo) + £(w) + £(wy).

Now

dim X5*1(w1)w(‘)7tl‘ (b) 5(1{)0) - e(wl)
dim Xwot“ (b) - E(w()) O
9.4. Now we prove Theorem 9.1. By Lemma 9.3, there exists w € /W

such that dim X 4u,(b) < dim Xy (b) + €(z). By Lemma 9.4, dim Xiu,,(b) <
dim X en (b) — €(wp). Hence

dim thuy(b) < dim Xwotﬂ (b) — ﬂ(wo) + E(I’) O

10. Virtual dimension

In this section, we discuss some applications of Theorem 9.1. First we
compare the dimension of affine Deligne-Lusztig varieties in the affine Grass-
mannian and the affine flag.

THEOREM 10.1. For u € Py and b € G(L),
dim X,,(b) = dim Xygx (b) — £(wp).
Proof. Let m : F1 — Gr be the projection. Then each fiber of 7 is iso-

morphic to LTG/I, which is of dimension ¢(wg). We have that 771X, (b) =

Uapewnw X (b).
By Theorem 9.1, dim X(b) < dim Xy, (b) for all w € WtHTW. Hence

dim Xyyn (b) = dim(Ugewmw Xa (b)) = dim 71 X, (b)
= dim X, (b) + £(wp). O
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By combining Theorem 10.1 with Theorem 7.1, we have the following
“converse to Mazur’s inequality” in the Iwahori case.

COROLLARY 10.2. Let J C S with §(J) = J. Let p € Py and b € M;(L)
be a basic element such that ki, (b) € Y . Then Xy (b) # 0 if and only if

KM, (b) jJ L.

We define ns: W — W as follows. If & = xthy with u € P, z € W and
y € 1WW | then we set n5(z) = 6 (y)z. Then

THEOREM 10.3. For any b € G(L) and © € W with () = r(b), we
have that
{(w) + £(ns(w))
2
Proof. We may assume that w = ztty with x € W and p € Py and y €
W, Let 6~ '(y) = siy8i, -+~ 5i, be a reduced expression. Since y € [WW,
((thy) = L(t*) — k and for 1 < I < k, ths;, ---s;, € SW and £(ths;, -+ s5,) =
((t*) — 1. Hence
U0 (i 30,)0 7 ()attsiy - sy) = (0 (i 80,)0 " (y)a) + 0(H) — L.
Notice that (67 (s - si,)0 L (y)x) = (0 (ssy_, - 8i,)0 Hy)z) — 1.
Thus
6(6_1(51‘171 e sil)(;_l(y)xt“,sil T 51’171) 2 5(5_1(81'1 T Sil)(s_l(y)xtusil T Siz)'
So

dim X(b) < dim X, (b) + — (1, p).

6_1(y)33t“ il—)g 6_1(si1)5_1(y)xt“sil iQ—n; ik—n; Ttty.
By Proposition 4.2,
dim Xy (b) < dim X1y (0) + %(é(xt“y) — (6 (y)ath)).
By Theorems 9.1 and 10.1,
dim Xy () < dim Xopgue (b) — €(wo) + %(E(mt“y) + 067 (y)z)) = (1, p)
— dim X, (b) + %(E(xt“y) 00 (y)3)) — (s ). 0
10.1. For @ € W with k(x) = k(b), we define the virtual dimension:

i () = 5 (£(0) + Ens(12)) — def(b)) — (31, p).

Here def(b) is the defect of b. See [22, 1.9.1].
It is proved in [7, Th. 2.15.1] and [31, Th. 1.1] that if G is split over F,
then

(a) dim X, () = (u — 7,p) — 5lef(b).
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As discussed in the proof of Theorem 7.1, dim X,,(b) depends only on the
combinatorial data (W, d,w, f(b)). Hence (a) remains true if § = id. Therefore

COROLLARY 10.4. If § = id, then for any b € G(L) and @ € W with
k(W) = k(b), we have that dim X(b) < dy(b).

11. Class polynomial: lowest two-sided cell case

We have established an upper bound for the dimension of affine Deligne-
Lusztig varieties in the last section. In this section, we study in details of class
polynomials for the lowest two-sided cell case. The main result is Theorem 11.4,
which is a key step in establishing a lower bound for the dimension of affine
Deligne-Lusztig varieties.

We assume in this section that G splits over L. Hence ® = X is a reduced
root system. We denote by «; (for i € S) the set of simple roots.

11.1. Let @ € W, and w2let supp(w) be the set of simple reflections
of S that appears in some (or equivalently, any) reduced expression of w and
supps (W) = Ujend" (supp(w)). N

By [14, Lemma 1], for any w, @’ € W, the set {uv'; u < w, v’ < @'} has
a unique maximal element, which we denote by w * @w’. Then * is associative.
Moreover, supp(w * ') = supp(w) Usupp(w’) and supps(w * w') = supps(w) U
supp (). ~ ~

Let Ay =Zy[v—v']and Hy = Y, iy A4 Ty. Notice that for any s € S,
T? = (v —v 1T, + 1. We have that

LEMMA 11.1. Foranyic S, H. T,, C H,.
Proof. Let @ € W. Then

Tis.: if ws; > w,
(@) Lol =4 ™ 1 o
TiTs, = (v—v" " )Ty + Tps, otherwise.

In particular, T3Ts, € fI+ and A TypTs, C f]+. O

LEMMA 11.2. For any x,y € W, we have that
(1) T,T, € Ty + Hy. )
(2) TzTy c (U — v*l)é(m)+€(y)—£(z*y)Tz*y + H+-

Proof. We argue by induction on £(y). If {(y) = 0, then x *x y = zy and
T, T, = T,T,. The statement is obvious.

Now assume that £(y) > 0 and the statement holds for all 4/ € W with
((y) < (y). Let i € S with ys; < y. Set ¢ = ys;. Then y = y xs;. By
induction hypothesis on 7/,

T.Ty = T.TyTs, € (Toy + H)Ts, C Ty Ts, + Hy
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and
T Ty = ToTyTs; € ((v — v Y @HW= =y BT,
C (v— U—l)f($)+€(y')—f(m*y’)TIy,Tsi +H,.
By (a) of Lemma 11.1, Ty T, € Tyyrs, + H, and
Tpy T, € (0 — ,U—l)é(:c*y')—i—l—ﬁ((x*y’)*sﬂT(x*yl)*Si ..

Notice that (z*y') * s; = x % (¥ * 5;) = x xy. Hence T, T, € T,y Ts, + H, =
Ty + Hy and

TxTy c (U o v—l)f(x)+£(y/)_z(x*y/)Tx*leSi n f{+
C (U _ Ufl)f(x)Jrf(y)fZ(:v*y)Tx*y + ﬁ+. ]
As a consequence, we have that
COROLLARY 11.3. For any w € W, TgHy C Hy, and H Ty C H,.

11.2. We follow [30, 7.3]. Let (W,S) be a Coxeter system and § : W — W
that sends simple reflections to simple reflections. For each d-orbit in S, we
pick a simple reflection and let ¢ be the product of the corresponding simple
reflections (in any order). We call ¢ a d-twisted Coxeter element of W.

The main result we will prove in this section is

THEOREM 11.4. Assume that G is simple. Let W' be the lowest two-sided
cells of W. Let w € W N1W, for 7 € Q. Let n be the number of 5-orbits
on'S. Then there exist a mazimal proper Ad(7) o §-stable subset J of S and a
Ad(7) o 0-twisted Cozeter element ¢ of Wy such that

Ty € (v—ov H@)=ny o [+ [H, H)s.
The proof relies on the following three propositions.

ProposITIiON 11.5. Let w = zthty with p € P, x € W and y € iy,
If v € W' and supps(6~L(y)z) =S, then there exists a € W with supps(a) = S
and v € Py such that

Ty € (v — o Him@)=la) o 7+ [H, Hls.
Proof. Let J = {i € S;s;y <y} and py € P, with
1 ifjed
<p},05i> = -
0 ifjé¢.J

Since y € /MWW, TN I(u) = 0. Hence p— pY € Py. Let J' = I(— pY). Then
6 (y)z = wz for some w € W/ and z € Wy. Define v € Yy and y/ € W/()
by pu— py +wpia g =y
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Set 1w = xzflt“_”gy’ and Wy = (y’)*lztpyy. Then W = w9 and

LatPiys (i) = () etPryd(zz~ DS (tHPiy)

/

wad(wn) = (y)~
= () 2SS w)a ) = () st )
= () 28wt 1Y) = () 28 (wy').
By [9, §3. 5], () = £(w1) + £(w2) and £((y))"12) + L(wy') = £(6~ 1 (y)z).
Set a = (()7'2) * 6(w ) Then supps(a) = S since S = supps(§—1(y)z) C
suppg(wy') Usupps((y')~12). We have that

T = Ty Ty € Tay Ts(ay) + [H, H]s = Tiyy-1.T s + [H, H]s

y’)*lz
C Tiyy-1:Toqwyen) + Hy + [H, Hs = Ty 1. Tsuyn Tir + Hy + [H, H]s
C (v—v YO WO, T A+ [H, H]s

C (v — o YO W MIT,, 7, 4 (A, H]s. O

PROPOSITION 11.6. Assume that G is simple. Let J C S with §(J) = J
and W = ztty such that x € Wy with supps(v) = J, y is a d-twisted Coxeter
element in Ws_j, 1 # 0 and tty € SW. Then there exists a 0-twisted Cozeter
element ¢ of W such that

Ty € (v — v V) @HWO=LIT, + B+ [H, H)s.

Proof. We proceed by induction on |J|. Suppose that the statement is
true for all J* C J but not true for J. We may also assume that the statement
is true for all 2’ with supps(2’) = J and £(z’) < ¢(z) but not true for z.

Since G is quasi-simple and p # 0, there exists i € J such that t*ys; € SW.
Let J; = {i € J;tfys; ¢ SW}. Then J; is a proper subset of .J. For any i € .J;,
thys; = s;tty for some j € S. Since y € Ws_, this is possible only if j = 4
and j commutes with .

We prove that

(a) x € W(;—I(Jl).
We write z as uxy for u € Wéfl(‘]l) and x1 5" (J)W. Then T@ETwltuyT(g(u) —
Ty, Ts(u)Tiny mod [H, H]s. Let 2/ = z1%6(u). Notice that supps(z) =supps(u)
U supps (1) = supp;(21) U supp;(d(u)) = supps(a’). Hence supp(z’) =J. By
Lemma 11.2 and Corollary 11.3,

Ty € Txlt“yT(S(u) + [fI, ﬁ]g C(v— v—l)é(m)—é(m’)Tmltuy + f[_,_ + [I:L ﬁ]g

If x ¢ Ws-1(7,), then 21 # 1 and there exists i € 6§~ 1(Jp) with s;my < 271.
Then s;z" < 2’. Moreover, £(yss;)) = £(y) + 1 and thys;; € SW. Hence

(s’ thyssiy) = L(sx’) + L") — Lysse) = (") + L") — L(y) —
= {(2'thy) — 2.
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If supps(s;x’) = J, then
Loy = Ts; Tsariny € TsiaromnyLssiy + [H, H]s
C (v — v NTyuny + Hy + [H, Hls.
By induction hypothesis on s;z’, we have that
Tyriny € (v — oYUM, + By + [H, H)s
for some d-twisted Coxeter element ¢ of W. Therefore
Ta € (v — o) OHOOT, 4 [T, + [, Hs.
That is a contradiction.
If suppg(s;x’) # J, then
Ty = T, Tsriny € ToywrnyTssiy + [H, Hls
C Toyartiysys + Hy + [H, Hs.
By induction hypothesis on supps(s;z’), we have that
Toattngs; € (v — v HEHO=OT, A, 1 [H, H);
for some d-twisted Coxeter element ¢ of W. Therefore
Ty € (v — v H@HO-IT, + A, + [H, H]s.
That is also a contradiction. Now (a) is proved. o
We have that Tg € TinyTs(z) + [H, H]|s = Ts(z)my + [H, H]5. By the same
argument for 0(x) instead of z, we have that 6(z) € Ws-1(,). Repeat the same

procedure, §'(x) € Ws-1(s,) for all i. Thus supps(z) C 6~ 1J1) & J. That is
again a contradiction. O

PROPOSITION 11.7. Assume that G is simple. Let 7 € Q. Then there ez-
ists a mazimal Ad(T)od-stable proper subset J of S and a Ad(7)od-twisted Coa-
eter element ¢ of Wy such that ¢t is a minimal length element in its §-conjugacy
class of W and t'w —s et for any 6-Cozeter element w of W and p € P with
k(tH) = k().

It is proved in a joint work with Yang [19, Th. 1.1]. A partial result for
some classical groups was previously obtained in [15].

11.3. Now we prove Theorem 11.4. By Proposition 11.5, there exists
a € W with supps(a) =S and A € P such that

(a) Ty € (v—ov D@~ o+ A+ [H, H)s.

By Proposition 11.6, there exists a d-twisted Coxeter element w of W such
that

(b) Ton € (’U — U_l)g(a)_nTtvw + FIJF + [E{, f[](s
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Now by Proposition 11.7, there exists maximal Ad(7) o d-stable proper subset
J of S and a Ad(7) o §-twisted Coxeter element ¢ of W such that tYa —; c7.
Thus by Section 2.3,

(c) Trw € Tor + Hy + [H, H;.
The theorem then follows from (a), (b) and (c).

12. Conjecture of GHKR
Now we give a lower bound of dim X (b).

THEOREM 12.1. Assume that G is simple. Let v € W', and let b € G(L)
be a basic element with suppgs(ns(w)) =S and k(W) = k(b). Then dim Xz (b) >
di(b).

Remark. 1t is proved in [8], [9] for a split group and [6, Th. B] for any
tamely ramified group that if w € W’ and b € G(L) is a basic element with
k(w) = k(b), then X (b) # 0 if and only if supps(ns(w)) = S.

Proof. By Theorem 11.4, there exist a maximal proper Ad(7) o -stable
subset J of S and a Ad(7) o d-twisted Coxeter element ¢ of W such that

Ty € (v—ov D@ =ny o [+ [H, Hls.

Let O be the d-conjugacy class of W that contains ¢r. Then fao0 €
(v— v~ 1)ims(@)=n 4 A, In particular, deg fgz.0 = £(15(1®)) — n, where n is the
number of §-orbits on S.

By Theorem 6.1,

dim X(b) = - (U(w) + £(c) + deg fi.0)

> S (U(w) + L(ns(w)) + £(c) — n).

By the definition of defect, def(b) = def(7) = n — ¢(c). Therefore dim X (b) >
ds (b). O

By combining Theorem 12.1 and Corollary 10.4, we have that

N — DN —

COROLLARY 12.2. Suppose that G is simple and 6 = id. Let @ € W' and
b € G(L) be a basic element with supp(n(w)) = S and k(w) = k(b). Then
dim X5 (b) = dg(b).

Remark. The split case was first conjectured in [8, Conj. 1.1.3]. A weaker
result for some split classical groups was proved in [9].
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