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The Witten equation, mirror symmetry,
and quantum singularity theory

By Huijun FAN, TYLER JARVIS, and YONGBIN RUAN

Abstract

For any nondegenerate, quasi-homogeneous hypersurface singularity, we
describe a family of moduli spaces, a virtual cycle, and a corresponding
cohomological field theory associated to the singularity. This theory is
analogous to Gromov-Witten theory and generalizes the theory of r-spin
curves, which corresponds to the simple singularity A,_i.

We also resolve two outstanding conjectures of Witten. The first con-
jecture is that ADE-singularities are self-dual, and the second conjecture is
that the total potential functions of ADE-singularities satisfy correspond-
ing ADE-integrable hierarchies. Other cases of integrable hierarchies are
also discussed.
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1. Introduction

The study of singularities has a long history in mathematics. For example,
in algebraic geometry it is often necessary to study algebraic varieties with sin-
gularities even if the initial goal was to work only with smooth varieties. Many
important surgery operations, such as flops and flips, are closely associated
with singularities. In lower-dimensional topology, links of singularities give
rise to many important examples of 3-manifolds. Singularity theory is also an
important subject in its own right. In fact, singularity theory has been well
established for many decades (see [AGZV85]). One of the most famous ex-
amples is the ADE-classification of hypersurface singularities of zero modality.
We will refer to this part of singularity theory as classical singularity theory
and review some aspects of the classical theory later. Even though we are
primarily interested in the quantum aspects of singularity theory, the classical
theory always serves as a source of inspiration.

Singularity theory also appears in physics. Given a polynomial W :
C"™ — C with only isolated critical (singular) points, one can associate to it
the so-called Landau-Ginzburg model. In the early days of quantum cohomol-
ogy, the Landau-Ginzburg model and singularity theory gave some of the first
examples of Frobenius manifolds. It is surprising that although the Landau-
Ginzburg model is one of the best understood models in physics, there has been
no construction of Gromov-Witten type invariants for it until now. However,
our initial motivation was not about singularities and the Landau-Ginzburg
model. Instead, we wanted to solve the Witten equation
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where W is a quasi-homogeneous polynomial and u; is interpreted as a section
of an appropriate orbifold line bundle on a Riemann surface % .
The simplest Witten equation is the A,_1 case. This is of the form

ou+ra" "t =0.

It was introduced by Witten [Wit93a] more than fifteen years ago as a gen-
eralization of topological gravity. Somehow, it was buried in the literature
without attracting much attention. Several years ago, Witten generalized his
equation for an arbitrary quasi-homogeneous polynomial [Wit] and coined it
the “Landau-Ginzburg A-model.” Let us briefly recall the motivation behind
Witten’s equation. Around 1990, Witten proposed a remarkable conjecture re-
lating the intersection numbers of the Deligne-Mumford moduli space of stable
curves with the KdV hierarchy [Wit91]. His conjecture was soon proved by
Kontsevich [Kon92]. About the same time, Witten also proposed a generaliza-
tion of his conjecture. In his generalization, the stable curve is replaced by a
curve with a root of the canonical bundle (r-spin curve), and the KdV-hierarchy
was replaced by more general KP-hierarchies called nKdV, or Gelfand-Dikii,
hierarchies. The r-spin curve can be thought of as the background data to be
used to set up the Witten equation in the A,_j-case. Since then, the moduli
space of r-spin curves has been rigorously constructed by Abramovich, Kimura,
Vaintrob and the second author [AJ03], [Jar00], [Jar98], [JKVO01]. The more
general Witten conjecture was proved in genus zero several years ago [JKV01],
in genus one and two by Y.-P. Lee [Lee06], and recently in higher genus by
Faber, Shadrin, and Zvonkine [FSZ10].

The theory of r-spin curves (corresponding to the A,_;-case of our theory)
does not need the Witten equation at all. This partially explains the fact that
the Witten equation has been neglected in the literature for more than ten
years. In the r-spin case, the algebro-geometric data is an orbifold line bundle
Z satisfying the equation .#" = Kjoe. Assume that all the orbifold points
are marked points. A marked point with trivial orbifold structure is called
a broad (or Ramond in our old notation) marked point, and a marked point
with nontrivial orbifold structure is called a narrow (or Neveu-Schwarz in our
old notation) marked point. Contrary to intuition, broad marked points are
much harder to study than narrow marked points. If there is no broad marked
point, a simple lemma of Witten’s shows that the Witten equation has only the
zero solution. Therefore, our moduli problem becomes an algebraic geometry
problem. In the r-spin case the contribution from the broad marked point
to the corresponding field theory is zero (the decoupling of the broad sector).
This was conjectured by Witten and proved true for genus zero in [JKVO01]
and for higher genus in [Pol04]. This means that in the r-spin case, there is no
need for the Witten equation, which partly explains why the moduli space of
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higher spin curves has been around for a long time while the Witten equation
seems to have been lost in the literature.

In the course of our investigation, we discovered that in the D,-case the
broad sector gives a nonzero contribution. Hence, we had to develop a theory
that accounts for the contribution of the solution of the Witten equation in
the presence of broad marked points.

It has taken us a while to understand the general picture, as well as various
technical issues surrounding our current theory. In fact, an announcement was
made in 2001 by the last two authors for some special cases coupled with an
orbifold target. We apologize for the long delay because we realized later that
(1) the theory admits a vast generalization to an arbitrary quasi-homogeneous
singularity and (2) the broad sector has to be investigated. We would like
to mention that the need to investigate the broad sector led us to the space
of Lefschetz thimbles and other interesting aspects of the Landau-Ginzburg
model, including Seidel’s work on the Landau-Ginzburg A-model derived cat-
egory [Sei08]. In many ways, we are happy to have waited for several years to
arrive at a much more complete and more interesting theory!

To describe our theory, let us first review some classical singularity theory.
Let W : CN —— C be a quasi-homogeneous polynomial. Recall that W
is a quasi-homogeneous polynomial if there are positive integers d,nq,...,ny,
such that W (A" xzy,..., A" z,) = Mw(zy,...,zy). We define the weight (or
charge), of x; to be q; := . We say W is nondegenerate if (1) the choices of
weights ¢; are unique and (2) W has a singularity only at zero. There are many
examples of nondegenerate quasi-homogeneous singularities, including all the
nondegenerate homogeneous polynomials and the famous ADE-examples.

Ezxample 1.0.1.

Ap: W=zt n>1;

Dy W =2""1 +ay? n >4
Eg: W =22 +y%

Er: W =23 + zy;

Eg: W = a2 + 4.

The simple singularities (A, D, and E) are the only examples with so-called
central charge ¢y < 1. There are many more examples with ¢y > 1.

In addition to the choice of a nondegenerate singularity W, our theory also
depends on a choice of subgroup G of the group Aut(W) of diagonal matrices
v such that W (yz) = W(x). We often use the notation Gy := Aut(W), and
we call this group the maximal diagonal symmetry group of W. The group
Gw always contains the exponential grading (or total monodromy) element
J = diag(e?™1 ... e?™4N) and hence it is always nontrivial.
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Given a choice of nondegenerate W and a choice of admissible (see Sec-
tion 2.3) subgroup G < Gy with (J) < G < Aut(WW), we construct a cohomo-
logical field theory whose state space is defined as follows. For each v € G, let
CM be the fixed point set of v and W, = W/|cn, . Let 52, ¢ be the G-invariants
of the middle-dimensional relative cohomology

Ay ¢ = H™(CYM, (ReW) (M, 00),C)¢

of CN» for M >> 0, as described in Section 3. The state space of our theory is
the sum
Hy.q = @ I, G-
veG
The state space iy, admits a grading and a natural nondegenerate pairing.
For aq,...,a1 € Sy and a sequence of nonnegative integers Iy, ..., I,
we define (see Definition 4.2.6) the genus-g correlator

<Tl1 (al)v sy T, (ak»L/MG

by integrating over a certain virtual fundamental cycle. In this paper we
describe the axioms that this cycle satisfies and the consequences of those
axioms. In a separate paper [FJR] we construct the cycle and prove that it
satisfies the axioms.

THEOREM 1.0.2. The correlators (1, (1), ..., T, (ak)>Ig/V’G satisfy the usual
azioms of Gromov-Witten theory (see Section 4.2), but where the divisor axiom
is replaced with another axiom that facilitates computation.

In particular, the three-point correlator together with the pairing defines
a Frobenius algebra structure on 4y ¢ by the formula

(% B,7) = (ro(e), 0(B), T0(7))g .

One important point is the fact that our construction depends crucially on
the Abelian automorphism group G. Although there are at least two choices
of group that might be considered canonical (the group generated by the ex-
ponential grading operator J or the maximal diagonal symmetry group Gy ),
we do not know how to construct a Landau-Ginzburg A-model defined by W
alone. In this sense, the orbifold LG-model W/G is more natural than the
LG-model for W itself.

We also remark that our theory is also new in physics. Until now there has
been no description of the closed-string sector of the Landau-Ginzburg model.

Let us come back to the Witten-Kontsevich theorem regarding the KdV
hierarchy in geometry. Roughly speaking, an integrable hierarchy is a sys-
tem of differential equations for a function of infinitely many time variables
F(z,ty,ta,...) where x is a spatial variable and ¢;,t,..., are time variables.
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The PDE is a system of evolution equations of the form

251 =R, (z, Fy, Fyy, .. .),

where R, is a polynomial. Usually, R, is constructed recursively. There is
an alternative formulation in terms of the so-called Hirota bilinear equation
which ef’ will satisfy. We often say that ef” is a 7-function of hierarchy. It
is well known that KdV is the Aj-case of more general ADE-hierarchies. As
far as we know, there are two versions of ADE-integrable hierarchies: the first
constructed by Drinfeld-Sokolov [DS84] and the second constructed by Kac-
Wakimoto [KW89]. Both of them are constructed from integrable representa-
tions of affine Kac-Moody algebras. These two constructions are equivalent by
the work of Hollowood and Miramontes [HM93].

Witten’s original motivation was to generalize the geometry of Deligne-
Mumford space to realize ADE-integrable hierarchies. Now, we can state his
integrable hierarchy conjecture rigorously. Choose a basis a; (i < s) of JGy g.
Define the genus-g generating function

i1

I In
R
nl

yg,W,G = Z<Tl1 (ai1)7 sy Ty, (ain»gV’G
k>0

Define the total potential function

.@{MG = exp <Z h29—2f%fg’wvg> .
920
CONJECTURE 1.0.3 (Witten’s ADE-integrable hierarchy conjecture). The
total potential functions of the A, D, and E singularities with the symmetry
group (J) generated by the exponential grading operator, are T-functions of the
corresponding A, D, and E integrable hierarchies.

In the A, case, this conjecture is often referred as the generalized Witten
conjecture, as compared to the original Witten conjecture proved by Kontse-
vich [Kon92]. As mentioned earlier, the conjecture for the A,-case has been
established recently by Faber, Shadrin, and Zvonkine [FSZ10]. The original
Witten conjecture also inspired a great deal of activity related to Gromov-
Witten theory of more general spaces. Those cases are 2-Toda for CP! by
Okounkov-Pandharipande [OP06a] and the Virasoro constraints for toric man-
ifolds by Givental [Giv01], and Riemann surfaces by Okounkov-Pandharipande
[OP06b]. In some sense, the ADE-integrable hierarchy conjecture is analogous
to these lines of research but where the targets are singularities.

The main application of our theory is the resolution of the ADE-integrable
hierarchy conjecture, as manifested by the following two theorems.
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THEOREM 1.0.4. The total potential functions of the singularities Dy, with
even n > 6, and Eg¢, E7, and Eg, with the group (J) are T-functions of the
corresponding Kac-Wakimoto/ Drinfeld-Sokolov hierarchies.

We expect the conjecture for Dy to be true as well. However, our calcu-
lational tools are not strong enough to prove it at this moment. We hope to
come back to it at another occasion.

Surprisingly, the Witten conjecture for D,, with n odd is false. Note that
in the case of n even, the subgroup (J) has index two in the maximal group
Gp,, of diagonal symmetries, but in the case that n is odd, (J) is equal to Gp,,.
In this paper we prove

THEOREM 1.0.5. (1) For all n > 4, the total potential function of the
D,,-singularity with the mazimal diagonal symmetry group Gp, 1is a
T-function of the Aay,—s3-Kac-Wakimoto/ Drinfeld-Sokolov hierarchies.

(2) For alln > 4, the total potential function of W = 2" ly+y? (n > 4) with
the mazimal diagonal symmetry group is a T-function of the D,-Kac-
Wakimoto/ Drinfeld-Sokolov hierarchy.

The above two theorems realize the ADE-hierarchies completely in our
theory. Moreover, it illustrates the important role that the group of symmetries
plays in our constructions: When the symmetry group is Gp,, we have the
Agp_s-hierarchy, but when the symmetry group is (J), and when (J) is a
proper subgroup of Gp, , we have the D,-hierarchy.

Readers may wonder about the singularity W = 2" !y + y? (which is
isomorphic to As,_3). Its appearance reveals a deep connection between inte-
grable hierarchies and mirror symmetry. (See more in Section 6.)

Although the simple singularities are the only singularities with central
charge ¢y < 1, there are many more examples of singularities. It would be an
extremely interesting problem to find other integrable hierarchies correspond-
ing to singularities with ¢y > 1.

Witten’s second conjecture is the following ADE self-mirror conjecture
which interchanges the A-model with the B-model.

CONJECTURE 1.0.6 (ADE self-mirror conjecture). If W is a simple singu-
larity, then for the symmetry group (J), generated by the exponential grading
operator, the ring Ay, jy is isomorphic to the Milnor ring of W.

The second main theorem of this paper is the following.

THEOREM 1.0.7. (1) Except for D, with n odd, the ring Sy yy of any
simple (ADE) singularity W with group (J) is isomorphic to the Milnor
ring 2w of the same singularity.
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(2) The ring H#p, Gp, of Dn with the mazimal diagonal symmetry group
Gp, is isomorphic to the Milnor ring Qa,, , of W = 2"ty + %

(3) The ring vy, of W = 2"ty +y? (n > 4) with the mazimal diagonal
symmetry group Gy is isomorphic to the Milnor ring Zp, of D,.

The readers may note the similarities between the statements of the above
mirror symmetry theorem and our integrable hierarchies theorems. In fact,
the mirror symmetry theorem is the first step towards the proof of integrable
hierarchies theorems.

Of course we cannot expect that most singularities will be self-mirror,
but we can hope for mirror symmetry beyond just the simple singularities.
Since the initial draft of this paper, much progress has been made [FJJS12],
[Kral0], [KPAT10] for invertible singularities. An invertible singularity has the
property that the number of monomials is equal to the number of variables.
This is a large class of quasi-homogeneous singularities.

In general, it is a very difficult problem to compute Gromov-Witten in-
variants of compact Calabi-Yau manifolds. While there are many results for
low genus cases [Giv98], [LLY97], [Zin08], there are only a very few compact
examples [MP06], [OP06b] where one knows how to compute Gromov-Witten
invariants in all genera by either mathematical or physical methods. (For some
recent advances, see [HKQ09].)

Note that a Calabi-Yau hypersurface of weighted projective space defines
a quasi-homogenenous singularity and hence an LG-theory. This type of sin-
gularity has Y7; ¢; = 1. In the early 1990s, Martinec-Vafa-Warner-Witten pro-
posed a famous conjecture [Mar90], [VW89], [Wit93b] connecting these two
points of view.

CONJECTURE 1.0.8 (Landau-Ginzburg/Calabi-Yau correspondence). The
LG-theory of a generic quasi-homogeneous singularity W/(J) and the corre-
sponding Calabi-Yau theory are isomorphic in a certain sense.

This is certainly one of the most important conjectures in the subject.
The importance of the conjecture comes from the physical indication that the
LG theory and singularity theory is much easier to compute than the Calabi-
Yau geometry. The precise mathematical statement of the above conjecture is
still lacking at this moment (see [CR10] also). We hope to come back to it on
another occasion.

We conclude by noting that it would be a very interesting problem to
explore how to extend our results to a setting like that treated by Guffin and
Sharpe in [GS09al, [GS09b]. They have considered twisted Landau-Ginzburg
models without coupling to topological gravity, but over more general orbifolds,
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whereas our model couples to topological gravity, but we work exclusively with
orbifold vector bundles.

1.1. Organization of the paper. A complete construction of our theory
will be carried out in a series of papers. In this paper, we give a complete
description of the algebro-geometric aspects of our theory. The information
missing is the analytic construction of the moduli space of solutions of the
Witten equation and its virtual fundamental cycle, which is done in a separate
paper [FJR]. Here, we summarize the main properties or axioms of the cycle
and their consequences. The main application is the proof of Witten’s self-
mirror conjecture and integrable hierarchies conjecture for ADE-singularities.

The paper is organized as follows. In Section 2, we will set up the theory
of W-structures. This is the background data for the Witten equation and
a generalization of the well-known theory of r-spin curves. The analog of
quantum cohomology groups and the state space of the theory will be described
in Section 3. In Section 4, we formulate a list of axioms of our theory. The
proof of Witten’s mirror symmetry conjecture is in Section 5. The proof of his
integrable hierarchies conjecture is in Section 6.
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2. W-curves and their moduli
2.1. Wa-structures on orbicurves.

2.1.1. Orbicurves and line bundles. Recall that an orbicurve € with marked
points p1,...,pg is a (possibly nodal) Riemann surface C' with orbifold struc-
ture at each p; and each node. That is to say, for each marked point p;,
there is a local group G, and (since we are working over C) a canonical iso-
morphism G,, = Z/m; for some positive integer m;. A neighborhood of p;
is uniformized by the branched covering map z —— 2z™¢. For each node p,
there is again a local group G, = Z/n; whose action is complementary on
the two different branches. That is to say, a neighborhood of a nodal point
(viewed as a neighborhood of the origin of {zw = 0} C C?) is uniformized by
a branched covering map (z,w) — (2™, w" ), with n; > 1, and with group
action 2™/ (z,w) = (2™ z, e~ 2 M),

Definition 2.1.1. We will call the orbicurve 4 smooth if the underlying

curve C'is smooth, and we will call the orbicurve nodal if the underlying curve
C is nodal.

Note that this definition agrees with that of algebraic geometers for smooth
Deligne-Mumford stacks, but it differs from that of many topologists (e.g.,
[CRO4]) since orbicurves with nontrivial orbifold structure at a point will still
be called smooth when the underlying curve is smooth.

We denote by ¢ : ¥ —— C the natural projection to the underlying
(coarse, or nonorbifold) Riemann surface C. If .Z is a line bundle on C, it can
be uniquely lifted to an orbifold line bundle ¢*.Z over ¥. When there is no
danger of confusion, we use the same symbol .Z to denote its lifting.

Definition 2.1.2. Let K¢ be the canonical bundle of C. We define the
log-canonical bundle of C to be the line bundle

KC,log =K ® ﬁ(}h) R ® ﬁ(pk),

where €(p) is the holomorphic line bundle of degree one whose sections may
have a simple pole at p. This bundle K¢ oz can be thought of as the canonical
bundle of the punctured Riemann surface C' — {p1,...,px}.

The log-canonical bundle of € is defined to be the pullback to & of the
log-canonical bundle of C:

(1) K‘zo”,log = Q*KC,log-
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Near a marked point p of C' with local coordinate z, the bundle K¢ g is
locally generated by the meromorphic one-form dx/x. If the local coordinate
near p on ¢ is z, with 2™ = z, then the lift K¢ 1o, := 0* (K¢ 10g) is still locally
generated by mdz/z = dx/x. When there is no risk of confusion, we will
denote both K¢ jog and K¢ jog by Klog. Near a node with coordinates z and
w satisfying zw = 0, both K and Ko, are locally generated by the one-form
dz/z = —dw/w.

Note that although 0" K¢ os = K¢ 10, the usual canonical bundle does
not pull back to itself:

k
(2) 0'Kc=Ky®0 <— > (mi — 1)2%') # Kg¢,
i=1
where m; is the order of the local group at p;. This can be seen from the fact
that when z = 2™, we have

(3) dx = mz""dz.

2.1.2. Pushforward to the underlying curve. If £ is an orbifold line bundle
on a smooth orbicurve %, then the sheaf of locally invariant sections of .Z is
locally free of rank one and hence dual to a unique line bundle |-#| on ¥.
We also denote |.Z| by 0.2, and it is called the “desingularization” of .Z in
[CRO4, Prop. 4.1.2]. It can be constructed explicitly as follows.

We keep the local trivialization at nonorbifold points and change it at
each orbifold point p. If .Z has a local chart A x C with coordinates (z, s) and
if the generator 1 € Z/m = G, acts locally on .Z by

(z,8) = (exp(2mi/m)z, exp(2miv/m)s),
then we use the Z/m-equivariant map ¥ : (A —{0}) x C — A x C given by
(4) (z,8) — (2™, 27"s),

where Z/m acts trivially on the second A x C. Since Z/m acts trivially, this
gives a line bundle over C, which is |.Z|.

If the orbicurve % is nodal, then the pushforward ¢..Z of a line bundle .
may not be a line bundle on C. In fact, if the local group G), at a node acts
nontrivially on £, then the invariant sections of .Z form a rank-one torsion-
free sheaf on C' (see [AJ03]). However, we may take the normalizations ¢ and
C to get (possibly disconnected) smooth curves, and the pushforward of .2
from % will give a line bundle on C. Thus |-Z| is a line bundle away from the
nodes of C, but its fiber at a node is two-dimensional; that is, there is (usually)
no gluing condition on |.Z| at the nodal points. The situation is slightly more
subtle than this (see [AJ03]), but for our purposes, it will be enough to consider
the pushforward |.Z| as a line bundle on the normalization C where the local
group acts trivially on .Z.
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It is also important to understand more about the sections of the push-
forward 0..Z. Suppose that s is a section of || having local representative
g(u). Then (z,2%g(z™)) is a local section of .Z. Therefore, we obtain a section
0*(s) € Q°(¥) which equals s away from orbifold points under the identifica-
tion given by equation 4. It is clear that if s is holomorphic, so is p*(s). If
we start from an analytic section of £, we can reverse the above process to
obtain a section of |.Z|. In particular, £ and |.Z| have isomorphic spaces of
holomorphic sections:

0"+ HY(C,|2))—=H"(¢,2).

In the same way, there is a map ¢* : Q%!(|.Z|) — QY1(&), where Q¥1(.Z¥)
is the space of orbifold (0,1)-forms with values in .. Suppose that g(u)du
is a local representative of a section of t € Q¥1(|.Z|). Then o*(t) has a local
representative z%g(z™)mz™1dz. Moreover, ¢ induces an isomorphism

o' HY(C,| )= H'(¢,2).

Ezample 2.1.3. The pushforward | K| of the log-canonical bundle of any
orbicurve % is again the log-canonical bundle of C, because at a point p with
local group G, = Z/m, the one-form mdz/z = dz/x is invariant under the
local group action.

Similarly, the pushforward |K| of the canonical bundle of % is just the
canonical bundle of C"

(5) |K¢| = 0. K¢ = K¢,

because the local group Z/m acts on the one-form dz by exp(2wi/m)dz, and
the invariant holomorphic one-forms are precisely those generated by mz""'dz
=dx.

2.1.3. Quasi-homogeneous polynomials and their Abelian automorphisms.

Definition 2.1.4. A quasi-homogeneous (or weighted homogeneous) poly-

nomial W € Clzy,...,znN] is a polynomial for which there exist positive ratio-
nal numbers q1,...,qn € Q>Y, such that for any A € C*,
(6) W()\qll‘l,...,)\q}vl‘]\[) :)\W(:El,...,:L‘N).

We will call g; the weight of x;. We define d and n; for i € {1,...,N} to
be the unique positive integers such that (q1,...,qn) = (n1/d,...,ny/d) with
ged(d,ny,...,ny) = 1.

Throughout this paper we will need a certain nondegeneracy condition
on W.

Definition 2.1.5. We call W nondegenerate if

(1) W contains no monomial of the form z;x; for i # j;
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(2) the hypersurface defined by W in weighted projective space is non-
singular or, equivalently, the affine hypersurface defined by W has an
isolated singularity at the origin.

The following proposition was pointed out to us by N. Priddis and follows
from [HK, Thm. 3.7(b)].

ProOPOSITION 2.1.6. If W is a nondegenerate, quasi-homogeneous poly-
nomial, then the weights q; are bounded by q; < % and are unique.

From now on, when we speak of a quasi-homogeneous polynomial W, we
will assume it to be nondegenerate.

Definition 2.1.7. Write the polynomial W = >77_; W; as a sum of mono-

mials W; = ¢; Hé\[:l $ng’ with bj, € 720 and with c; # 0. Define the s x N
matrix

(7) Bw = (bje),

and let By = VTQ be the Smith normal form of By [Art91, §12, Thm. 4.3].
That is, V is an s x s invertible integer matrix and @ is an N x N invertible
integer matrix. The matrix T' = (¢;¢) is an s x N integer matrix with ¢;, = 0
unless £ = j, and t, divides t¢;1 041 for each £ € {1,...,N —1}.

LEMMA 2.1.8. If W is nondegenerate, then the group
Gw = {(a1,...,ay) € (COYN| W(arz1,...,anzy) = W(z1,...,z8)}
of diagonal symmetries of W is finite.

Proof. The uniqueness of the weights ¢; is equivalent to saying that the
matrix By has rank N. We may as well assume that Byy is invertible. Now
write v = (ou,...,an) € Gw, as a; = exp(u; + vji) for u; € R uniquely
determined, and v; € R determined up to integral multiple of 27i. The equa-
tion W(aqz1,...,ayxy) = W(z1,...,2N) can be written as By (u+ vi) =0
(mod 27i), where u + vi = (u; + v1i,...,uny + vyi) and O is the zero vector.
Invertibility of Byy shows that uy = 0 for all £. Thus Gy is a subgroup of
U(1)Y, and a straightforward argument shows that the number of solutions
(modulo 27%) to the equation By (vi) =0 (mod 27i) is also finite. O

Definition 2.1.9. We write each element v € Gy (uniquely) as
v = (exp(2miO7), ..., exp(2miOY)),

with ©) € [0,1) N Q.
There is a special element J of the group Gy, which is defined to be

J = (exp(Qﬂ-iQ1)7 SRR eXp(27rin))7
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where the ¢; are the weights defined in Definition 2.1.5. Since ¢; # 0 for all 4,
we have ©/ = ¢;. By definition, the order of the element .J is d. The element
J will play an important role in the remainder of the paper.

For any v € Gy, let CNv := (CM)" be the set of fixed points of v in
CN, let N, denote its complex dimension, and let W, := W|.~, be the quasi-
homogeneous singularity restricted to the fixed point locus of 7. The poly-
nomial W, defines a quasi-homogeneous singularity of its own in C5”, and
W, has its own Abelian automorphism group. However, we prefer to think of

the original group Gy acting on CN7. Note that Gy preserves the subspace
CcM Cc V.

LEMMA 2.1.10. If W is a nondegenerate, quasi-homogeneous polynomial,
then for any v € Gw, the polynomial W, has no nontrivial critical points.
Therefore, W., is itself a nondegenerate, quasi-homogeneous polynomial in the
variables fized by .

Proof. Let m C C|x1,...,xzxN] be the ideal generated by the variables not
fixed by v, and write W as W = W, + Woved, Where Wioved € m. In fact, we
have Winoved € m? because if any monomial in Wioveq does not lie in m?2, it
can be written as x,, M, where M is a monomial fixed by v. However, v € Gy
acts diagonally, and it must fix W, and hence it must fix every monomial
of W, including x,,M. Since it fixes M and x,,M, it must also fix x,,—a
contradiction. This shows that Wipoved € m2.

Now we can show that there are no nontrivial critical points of W,. For
simplicity, re-order the variables so that x1,...,x, are the fixed variables and
Z¢41,--.,2N are the remaining variables. If there were a nontrivial critical
point of W, say (aq,...,a¢) € C*, then the point (a1,...,a,0,...,0) € CV
would be a nontrivial critical point of W. To see this, note that for any
i€ {l,...,N}, we have

aI/Vrnoved -0
9Ti  l(ar,s00,0,...,0)

since Wioved € m?. This gives

oW (9W7 OWhioved

= + —_— = 07

O%i l(ar,00,0,,0)  OTi l(ay,.ar) O%i (a1, 00,..0)
which shows that («q,...,p,0,...,0) is a nontrivial critical point of W—a
contradiction. O

2.1.4. W -structures on an orbicurve. A W-structure on an orbicurve € is
essentially a choice of N line bundles .2, ..., %N so that for each monomial
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b; b; . . .
W; = ot ]\J,’N , we have an isomorphism of line bundles
®bj 1 ®bj, N
o L7 Ly T —— Kgg.

However, the isomorphisms ¢; need to be compatible, in the sense that at any
point p there exists a trivialization .Zj|, = C for every i and Kiog|, = C-dz/z
such that for all j € {1,...,s}, we have ¢;(1,...,1) =1-dz/2 € C. If s = N,
we can choose such trivializations for any choice of maps {¢;}, but if s > N,
then the choices of {¢;} need to be related. To do this we use the Smith
normal form to give us a sort of minimal generating set of isomorphisms that
will determine all the maps {¢;}.

Definition 2.1.11. For any nondegenerate, quasi-homogeneous polynomial
W e Clzy,...,on], with matrix of exponents By = (bg;) and Smith nor-
mal form By = VTQ, let A := (ajp) = V7IB = TQ, and let u; be the
sum of the entries in the /-th row of V! (i.e., the /-th term in the product
Vi1, 1,. ., DT,

For any ¢ € {1,..., N}, denote by A¢(4,...,Zn) the tensor product

ALy LN) = LEN @@ LN

We define a W -structure on an orbicurve € to be the data of an N-tuple
(A, ..., ZLn) of orbifold line bundles on ¢ and isomorphisms
P : Af(fla ce 7$N)’:>K;;};log
for every £ € {1,...,N}.
Note that for each point p € €, an orbifold line bundle .Z on % induces a
representation G, — Aut(Z). Moreover, a W-structure on ¢ will induce a

representation ry, : G, — U (1)N. For all our W-structures, we require that
this representation 7, be faithful at every point.

The next two propositions follow immediately from the definitions.

ProproSITION 2.1.12. The Smith normal form is not necessarily unique,
but for any two choices of Smith normal form B = VTQ = V'T'Q', a
W -structure (4, ..., LN, P1, -, PN) with respect to VT'Q induces a canon-
ical W-structure (L41,..., LN, @1y - ., @) with respect to V'T'Q’, where the
isomorphism @} is given by

~?il ~ZiN

Gr=P7" @ QPN

and where Z = (z;j) :== (V')~1V.
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PROPOSITION 2.1.13. For each j € {1,...,s}, the maps {@¢} induce an
isomorphism

(8) pj =@ @ @FNN Wi (L. .., LN
= 1®bj1 R ® f]‘\%bi,f‘f :glze vjeaen R ® j]\;e UjeAeN K‘f,log>
where V = (vjp).

Moreover, if B is square (and hence invertible), then a choice of isomor-
phisms ¢; : $1®bjl - ® gf\?bj’N — Ky og for every j € {1,...,N} is
equivalent to a choice of isomorphisms @y : L7 @ -+ @ LN —— K%"log
for every £ € {1,...,N}.

Finally, the induced maps @; : .i”lbj‘l X ® XJZ\),J"N — K¢ 1og are inde-
pendent of the choice of Smith normal form VITQ

For the rest of this paper, we will assume that a choice of Smith normal
form By = VT(Q has been fixed for each W.

Definition 2.1.14. Given any two W-structures
L= (gl,...,gN,gﬁl,...,(ﬁN) and ,8, = (31,7731/\7795,177(2%\7)

on ¢, any set of morphisms & : & —— .i’}' of orbifold line bundles for
j€{1,...,N} will induce a morphism

El . glaa R R g]‘\lfeN g/tlla R ® g/%N

for every I € {1,...,s}.

An isomorphism of W -structures T : £ — £/ on € is defined to be a
collection of isomorphisms &; : .£; — %’l such that for every £ € {1,..., N},
we have ¢, = @) 0 Zy.

It will be important later to know that different choices of maps {¢;} all
give isomorphic W-structures.

ProroOSITION 2.1.15. For a given orbicurve €, any two W -structures
L= (A, .., LN, P10, 0N) and Lo = (LA, . NP Ply) on G
that have identical bundles A, . .., LN are isomorphic.

Proof. For each j € {1,..., N}, the composition 95]-_1 o ¢ is an automor-
phism of ngg and hence defined by an element exp(a;) € C*.

Since B := By is of maximal rank, the product T'Q) in the Smith normal
form decomposition of B consists of a nonsingular N x N block C' on top, with
all remaining rows identically equal to zero.

C
VIB=TQ=| -
0
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Let (B1,...,6n)T = C Yay,...,a™)T € QN. For every ¢ € {1,...,N}, the
collection of automorphisms {exp(3;) : £ — %} induces the automor-
phism exp(XN | anBi) = exp(ay) on L2 @ - @ L3N and hence takes @y
to exp(ay)@e = @y. Thus the collection {exp(f;)} induces an isomorphism of
W-structures £1—£5. O

T

Ezample 2.1.16. In the case where W = 2" (the A,_; singularity), a

W-structure is an r-spin structure (see [AJ03]).

Definition 2.1.17. For each orbifold marked point p;, we will denote the

~

image 7, (1) of the canonical generator 1 € Z/m; = G, in U(1)" by
Vi = Ypy i=1p; (1) = (exp(27mi07), ..., exp(2miOY))).

The choices of orbifold structure for the line bundles in the W-structure
is severely restricted by W.

LEMMA 2.1.18. Let (A,..., LN, P1,---,PN) be a W-structure on an
orbicurve € at an orbifold point p € €. The faithful representation v, :
Gp — UV factors through Gy, so v; € Gw for alli € {1,...,k}.

Proof. Recall that for each j € {1,...,s}, the bundle W;(%,..., %N) =

a?l@bl’j &R .i”;?bN’j is isomorphic to Ko, and so the local group acts
trivially on it. However, the generator v, € G, acts on W;(.Z,..., ZN) as
exp(27i Y, ;0] ). Therefore 3, b;;0] € Z, and ~ fixes W;. O

Definition 2.1.19. A marked point p of a W-curve is called narrow if the
fixed point locus Fix(y) € C¥ is just {0}. The point p is called broad otherwise.

Remark 2.1.20. Note that for any given orbicurve €, any two W-structures
on ¢ differ by line bundles .A1,..., 4y with isomorphisms &; : J1/1®“‘1 ®
e ® JV]\?‘”N—>@5). The set of such tuples (A1,..., N, &1, ...,&s), up to
isomorphism, is a group under tensor product and is isomorphic to the (fi-
nite) cohomology group H' (%, Gyy). Thus the set of W-structures on ¢ is an
HY(%,Gw)-torsor.

An automorphism of a W-curve £ induces an automorphism of the orbi-
curve ¢ and underlying (coarse) curve C. It is easy to see that the group of
automorphisms of £ that fix the underlying (coarse) curve C consists of all el-
ements in the group Gyy, acting by multiplication of the fibers of .2, ..., %n.
This gives the exact sequence

1 — Autc(L) = Gw — Aut(£) — Aut(C).

More generally, if the stable curve € has irreducible components %; for | €
{1,...,t} and nodes v € E, we denote by £; the restriction to %; of the
W -structure. To describe the automorphisms of the W-structure in this case,
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it will be convenient to choose an orientation on the edges of the dual graph
of C'. This amounts to choosing, for each node v € E, one of the components
passing through v to be designated as C,,. The other component passing
through v is designated C)_. If the same irreducible component C; passes
through v twice, then that component will be designated both C,, and C,_
The final result will be independent of these choices.

Let G, denote the local group at the node v. Any element g € Autc,(£;)
induces (by restriction) elements g,, and g,_ in G,,. We define ¢ : ]_[Z Autc, (£5)
—— [1, G to be the homomorphism defined as (5(g)), = gu, g, . We have
an exact sequence

(9) 1— Autg £ — HAutc ;) — HG
veEER
Ezxample 2.1.21. Consider a W-curve with two irreducible components %
and %, with marked points {p;|i € I, }U{q+} C €1 and {p;|i € o} U{q_} C %3,
such that the components meet at a single node ¢ = ¢4 = ¢g— and such that
LU = {1,...,k}. Denote the local group at g+ by (y+). Note that v_ = ;"
In this case we have

(10) Autc(ﬂ) = Gw X G/ (v Gw,

where Gw Xy, /(~,) Gw denotes the group of pairs (g1, g2) such that the images
of g1 and go are equal in Gy /(v4).

Ezample 2.1.22. If € consists of a single (possibly nodal) irreducible com-
ponent, then we have

(11) Autc (L) = Gw.

2.1.5. Pushforward of W -structures. We need to understand the behavior
of W-structures when forgetting the orbifold structure at marked points; that
is, when they are pushed down to the underlying (coarse) curve.

Consider, as an initial example, the case of W = z", so that a W-structure
consists of a line bundle " = Kj,,. Near an orbifold point p with local
coordinate z, the canonical generator 1 € Z/m = G, of the local group G, acts
on .Z by (z,s) — (exp(2mi/m)z, exp(2mi(v/m))s) for some v € {0,...,m—1}.
Since Kjog is invariant under the local action of G, we must have rv = £m for
some £ € {0,...,r—1}, and = = %. Denote the (invariant) local coordinate on
the underlying curve C by u = 2™. Any section in o € Q°(|.Z|) must locally
be of the form o = g(u)zs, in order to be Z/m-invariant. So ¢" has local
representative z"¢g" (u )— = ulg"(u)dL du Hence, 0" € Q°(Kiog @ O((—£)p), and
thus when ¢ # 0, we have 0" € QU(K )

Remark 2.1.23. More generally, if " = Ky, on a smooth orbicurve with
action of the local group on L defined by ¢; > 0 (as above) at each marked
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point p;, then we have

(0-2) = LT = Kiog @ <® ﬁ((—mpa) — Kiog © <® ﬁ((—r(v/m))p») .

PROPOSITION 2.1.24. Let (Z1,..., N, @1,---,9N) be a W-structure on
an orbicurve € that is smooth (the underlying curve C is nonsingular) at an
orbifold point p € €. Suppose also that the local group G, = Z/m of p acts on

Zj by
v = (exp(2miO7),...,exp(2miO)));

that is, exp(2mi/m)(z,w;) = (exp(2mi/m)z, exp(2miO] )w;) with 1 > O] > 0.
Let € denote the orbicurve obtained from € by making the orbifold struc-
ture at p trivial (but retaining the orbifold structure at all other points). Let
0 : € —— € be the obvious induced morphism, and let 9,(£) denote the
pushforward to € of an orbifold line bundle £ on €.
For any isomorphism v : L @ Q@ L3N —— Kiog, we have an induced
isomorphism on the pushforward

N
(12) 0.(LA) @ @0 (LN)N —— Kz, ® O <_ > ej@]-p) |
j=1

If € is a smooth orbicurve (i.e., C' is a smooth curve), let v, define the
action of the local group Gy, near pg. For any isomorphism ¢ : £ ® -+ @
LN — Kiog, we have a (global) induced isomorphism

k N
W] 1AL ® @ | LY — Ky ® O <‘ > q@?”") |

=1j=1

In particular, for every monomial W;, the isomorphism of equation (8)
induces an isomorphism

k N
(13) Wi(l4l, ..., |ZN]) = Kcjlog ©® O <— ¥ bij@;epe>

=1 j=1

Proof. Equation (12) is a straightforward generalization of the argument
given above when W = z”, the description of 7 as

v = (exp(2miO7), ..., exp(2miO}))

and the description of |.Z}| in terms of the action of the local group G, given
above. 0
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2.2. Moduli of stable W-orbicurves.

Definition 2.2.1. A pair € = (%, £) consisting of an orbicurve ¥ with
k marked points and with W-structure £ is called a stable W-orbicurve if
the underlying curve C' is a stable curve and if for each point p of 4, the
representation r, : G, —— Gy is faithful.

Definition 2.2.2. A genus-g, stable W -orbicurve with k marked points over
a base T is given by a flat family of genus-g, k-pointed orbicurves € —— T
with (gerbe) markings ., C % and sections o; : T — .%;, and the data
(A,...., LN, 01, .,0n). The sections o; are required to induce isomor-
phisms between T' and the coarse moduli of . for i € {1,...,k}. The .4
are orbifold line bundles on €. And the @; : A;(%4, ... ,.,S,”N)’;TK(?/T’[OQ =
(K¢ r(3° 1)) are isomorphisms to the uj-fold tensor power of the relative
log-canonical bundle which, together with the .Z;, induce a W-structure on
every fiber %;.

Definition 2.2.3. A morphism of stable W -orbicurves
(€T, A,...,.%, L, .., LN PLy -, ON)

and
€)1, A, L LBy D)
is a tuple of morphisms (7, p,a1,...,ay) such that the pair (7,u) forms a

morphism of pointed orbicurves:

A 7

T /
T T

and the a; : ,fj:u*.,%-’ are isomorphisms of line bundles that form an iso-

morphism of W-structures on % (see Definition 2.1.14).

Definition 2.2.4. For a given choice of nondegenerate W, we denote the
stack of stable W-orbicurves by # 4 ,(W). If the choice of W is either clear or
is unimportant, we simply write # g .

Remark 2.2.5. This definition depends on the choice of Smith normal form
B =VTQ, but by Proposition 2.1.12, any other choice of Smith normal form
for the same polynomial W will give a canonically isomorphic stack.

Forgetting the W-structure and the orbifold structure gives a morphism

st : Wg,k — %97]6.
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The morphism st plays a role similar to that played by the stabilization mor-
phism of stable maps. It is quasi-finite by Remark 2.1.20.

THEOREM 2.2.6. For any nondegenerate, quasi-homogeneous polynomsial
W, the stack Wgyk is a smooth, compact orbifold (Deligne-Mumford stack) with
projective coarse moduli. In particular, the morphism st : Wg,k — ]97;{ 18
flat, proper, and quasi-finite (but not representable).

Proof. Denote the classifying stack of C* by #8C*. For each orbicurve %,
the line bundle K, corresponds to a 1-morphism

€ — BC*,
and composing with the diagonal embedding A : BC* — (BC*)N, we have
(14) §:=Ao Ky : € — (BCHN.

Furthermore, each isomorphism ¢; induces a 1-morphism (ZC*)N —— ZC*,
and together they yield a morphism

(15) Dy : (BCHN — (BCHN,

It is easy to see that the data of a W-structure on % is equivalent to the data
of a representable 1-morphism

£:C — (BCTHV,
which makes the diagram
(#C*)Y

2 Dy

o
¢

(BC )N
commute.

As in [AJ03, §1.5] we let Cy, — .# ;1 denote the universal curve, and
we consider the stack

ka,W = Cg7k (,@g*)N (,%’(C*)N’
where the fiber product is taken with respect to § on the left and ®y on
the right. The stack Cyw is an étale gerbe over Cy ) banded by Gw. In
particular, it is a Deligne-Mumford stack.

Any W-curve (6¢/S,p1,---,pks L1y, EN, P15 -+, Ps) induces a repre-
sentable map ¢ —— Cj ;,w, which is a balanced twisted stable map. The
homology class of the image of the coarse curve C is the class F' of a fiber of the
universal curve Cy , — .# ;5. The family of coarse curves C —— S gives rise

to a morphism § — %g,k, and we have an isomorphism C' = S x— X Cy.k-
g,
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We thus have a base-preserving functor from the stack ng of W-curves to
the stack 7 k(Cypw /A g1, F) of balanced, k-pointed twisted stable maps of
genus g and class F' into Cy, w relative to the base stack ]g,k (see [AV02,
§8.3]). The image lies in the closed substack where the markings of C' line
up over the markings of Cy,. It is easy to see that the resulting functor is
an equivalence. Thus Wgﬁ is a proper Deligne-Mumford stack admitting a
projective coarse moduli space.

Smoothness of the stack #, follows, as in the A, case (see [AJO3,
Prop. 2.1.1]), from the fact that the relative cotangent complex Ly, of @y :
(BC*)N —— (BC*)VN is trivial. That means that the deformations and ob-
structions of a W-curve are identical to those of the underlying orbicurves, but
these are known to be unobstructed (see [AJ03, §2.1]). O

2.2.1. Decomposition of ng into components. The orbifold structure
and the image v; = 7p,(1) of the canonical generator 1 € Z/m; = G), at
each marked point p; are locally constant and hence are constant for each
component of Wg’k. Therefore, we can use these decorations to decompose the
moduli space into components.

Definition 2.2.7. For any choice v:=(71,...,7) € GF,, we define W k()
C # 41 to be the open and closed substack with orbifold decoration ~. We
call v the type of any W-orbicurve in # 1 (7).

We have the decomposition

Wg,k: = Z Wg,k(’)’)'
Y

Note that by applying the degree map to equation (13) we gain an impor-
tant selection rule.

PROPOSITION 2.2.8. A necessary and sufficient condition for W , () to
be nonempty is

k
(16) gi(29—2+k)—> O €
=1
Proof. Although the degree of an orbifold bundle on ¥’ may be a rational
number, the degree of the pushforward ¢..Z; = |.Z}| on the underlying curve
C must be an integer, so for all ¢ € {1,...,s}, the following equations must
hold for integral values of deg(|-Z}]):

N k N
(17) Y bijdeg(| L) =29 —2+k =) > b;0].

j=1 =1j=1
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Moreover, because W is nondegenerate, the weights ¢; are uniquely determined
by the requirement that they satisfy the equations Zévzl bijq; = 1 for all i €
{1,..., s}, so we find that for every j € {1,..., N}, we have

k
(18) deg(|.Z5]) = <Qj(2g—2+k)—z@}l> €Z.
=1

Conversely, if the degree condition (16) holds, then for any smooth curve C
(not orbifolded), we may choose line bundles F1, ..., Ey on C with deg(E;) =
qj(29 —2+k) —F, @]71 for each [. If we take A = (a;;) = V!B and
u=(u;) =V~1(1,...,1)7 as in Definition 2.1.11, then for each i € {1,...,s},
we have a line bundle

k N
X =B @@ EpY @ Kgli, © 0 (Z > a;0)'p l)
=1 j=1

and deg(X;) satisfies

deg(X1) il CH
: Al | @g-24+k) - A
deg(Xy) qN =t oN
1 . o' 0
—VH o | (29—24k)+) A : = :
1 = oN 0

on C. Since the Jacobian Pic?(C) of any smooth curve C is a divisible group,
and since the matrix A is of rank N, there is at least one solution (Yi,...,Yn) €
Pic’(C)" to the system of equations

Y1a1,1 R ® Y]?[LN — Xl

YlaN,l ® . ® Y]%N,N — XN

This means that the (un-orbifolded) line bundles L; := Yj_lEj satisfy L"' ®
@ LN = Ko ® O (— S Zévzl aij@;lpl) for each i € {1,...,N}.

Now we may construct an orbicurve 4 on C with local group at p; gener-
ated by v; for each [ € {1,...,k}, and we can construct the desired orbifold line
bundles .Z; on ¢ from L; by inverting the map described in Section 2.1.2 at
each marked point. It is easy to see that these line bundles form a W-structure
on ¢, and therefore %, (7) is not empty. O
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Ezxample 2.2.9. For three-pointed, genus-zero W-curves, the choice of orb-
ifold line bundles ., . .., %y providing the W-structure is unique, if it exists
at all. Hence, if the selection rule is satisfied, # 3(v) is isomorphic to ZG.

2.2.2. Dual graphs. We must generalize the concept of a decorated dual
graph, given for r-spin curves in [JKV01], to the case of a general W-orbicurve.

Definition 2.2.10. Let I" be a dual graph of a stable curve (¢, p1,...,pr)
as in [JKVO1]. A half-edge of a graph T is either a tail or one of the two ends
of a “real” edge of I.

Let V(I') be the set of vertices of I, let T'(I") denote the tails of I, and let
E(T') be the set of “real” edges. For each v € V(I'), let g, be the (geometric)
genus of the component of ¢ corresponding to v, let T'(v) denote the set of all
half-edges of T" at the vertex v, and let k, be the number of elements of T'(v).

Definition 2.2.11. Let I' be a dual graph. The genus of I' is defined as

gT) =dimH'T)+ > gu.
veV(T)

A graph T is called stable if 2g, + k, > 3 for every v € V(T').

Definition 2.2.12. A Gyy-decorated stable graph is a stable graph I' with
a decoration of each tail 7 € T'(I') by a choice of v, € Gy .

It is often useful to decorate all the half-edges—not just the tails. In that
case, we will require that for any edge e € E(I') consisting of two half edges
7+ and 7_, the corresponding decorations vy and ~y_ satisfy

(19) V- = (7+)_17
and we call such a graph a fully Gy -decorated stable graph.
Definition 2.2.13. Given a W-curve

¢ = (Cgvpla"'7pk7-=2ﬂ17--~7$N7¢717--~7¢N)7

the underlying (coarse) curve C defines a dual graph I'. Each half-edge 7 of T’
corresponds to an orbifold point p, of the normalization of %, and thus has a
corresponding choice of v, € Gy, as given in Proposition 2.1.24.

We define the fully Gy -decorated dual graph of € to be the graph I' where
each half-edge 7 is decorated with the group element ~,.

Remark 2.2.14. If a fully Gy-decorated graph I' is to correspond to an
actual W-orbicurve, the selection rules of equation (77) must be satisfied on
every vertex of I'; namely, for each v € V(I') and for each j € {1,..., N}, the
degree of |.Z}| on the component of the underlying curve associated to v must
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be integral:

(20) deg(|-Zjl.) = <%‘(29u —2+k) - ( > @Z‘TD €z
T7€T(v)
Definition 2.2.15. For any Gy-decorated stable W-graph I', we define
# (T) to be the closure in # ,, of the stack of stable W-curves with Gyy-deco-
rated dual graph equal to T'.

Remark 2.2.16. Note that no deformation of a nodal orbicurve will de-
form a node with one orbifold structure to a node with a different orbifold
structure—the only possibility for change is to smooth the node away. This
means that if [' is Gyy-decorated only on the tails and not on its edges, then
the space # (T') is a disjoint union of closed subspaces # (T') where the I’ run
through all the choices of fully Gyy-decorated graphs obtained by decorating
all edges of I' with elements of Gyy.

When a graph is a tree with only two vertices and one (separating) edge,
then the rules of equation (20) imply that the decorations on the tails uniquely
determine the decoration in the edge: each ©; for the edge is completely de-
termined by the integrality condition.

However, if the graph is a loop, with only one vertex and one edge, then
the rules of equation (20) provide no restriction on the decoration v at the
node.

Let the genus of I be g = ¢(T"), let the number of tails of T" be k, and let the
ordered k-tuple of the decorations associated to those tails be v := (7y1,..., 7).
In this case it is clear that #/(I') C # 4 x(7) is a closed substack.

2.2.3. Morphisms. We have already discussed the morphism
st : ng —_— %g,k-
In this subsection we define several other important morphisms.
Forgetting tails. If v = (y1,...,J,...,7) is such that v; = J for some
i € {1,...,k} (that is, ©)" = ¢ for every | € {1,...,N}) and if v/ =
(V1s-eesFise-oy k) € G’&;l is the k — 1-tuple obtained by omitting the i-th

component of 4, then the forgetting tails morphism

O W gu(y) — W gp—1(7)

is obtained by forgetting the orbifold structure at the point p;.

We describe the morphism more explicitly as follows. Let € denote the
orbicurve obtained by forgetting the marked point p; and its orbifold structure,
but leaving the rest of the marked points of the orbicurve € unchanged. Let g :
¢ —— € Dbe the obvious morphism. By Proposition 2.1.24, the pushforwards
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0,(%Z;) for j € {1,..., N} satisfy

N
(@)% @ - @ (0 (L)Y =Ky © <— > aj,e@jpi>
=1

N

Wi

<Kj,log (_ Z ajZQZPi)
=1

W
‘Kj,log ( U‘Jpl) ‘5 ,log

since Zéyzl ajg@}] = Zj-v:l ajeqe = uj (because Ag =V 1Bg=V-11,...,1)T
= u). We denote the induced isomorphisms by

1 (@A) @ @ (2 (N) NS,

The tuple (?71)17"'7pi7"')pk7?*($1)7"'7@*(0%]\7)79017""@/]\[) is a
W-orbicurve of type 4. This procedure induces the desired morphism

W gp(¥) — W gp—1(7).

Note that the essential property of «; that allows the forgetting tails mor-
phism to exist is the fact that Zévzl ;0] = u for every I € {1,...,s}. Since
the weights ¢; are uniquely determined by this property (since B and A are
of rank N), this means that a marked point p; may not be forgotten unless
v =J € Gw.

Gluing and cutting. Gluing two marked points on a stable curve or on a
pair of stable curves defines a Riemann surface with a node. This procedure
defines two well-known morphisms

(21) Ptree '//gl,kﬁ-l X %gz,k’z-&-l - j/gﬁ-gz,/ﬁ-&-kza
(22) Ploop * %gfl,k+2 - %g,k-

More generally, if I' is a dual graph, then we can cut an edge to form f, and
there is a gluing map

p: (D) — M),
where . (T') denotes the closure in .#, ) of the locus of stable curves with
dual graph T'.

Unfortunately, there is no direct lift of p to the moduli stack of W-curves
because there is no canonical way to glue the fibers of the line bundles .%; on
the two points that map to a node. In fact, if anything, the morphism goes the
other way; that is, restricting a W-structure on a nodal (i.e., glued) curve to
the normalization (i.e., cutting) of that curve will induce a W-structure on the
normalization. Unfortunately, this does not induce a morphism from # (T') to
W(f‘) because for many curves, the normalization of the curve does not have
a well-defined choice of a marking (section) for the two points that map to the
node.
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Nevertheless, we can use this restriction property to create a pair of mor-
phisms that will serve our purposes just as well as a gluing morphism would.
To do this, we first consider the fiber product

Fi=A(T) x—gp 7 (T).

F is the stack of triples (‘5, (¢,L£),3), where % is a pointed stable orbicurve
with dual graph [ and € is a pointed stable orbicurve with dual graph I'; also,
£ is a W-structure on % and § : p[‘g] —— % is an isomorphism of the glued
curve p[%] with the orbicurve %.

Instead of a lifted gluing (or cutting) map, we will use the following pair
of maps:

7 (T) 1 F 22 7/(D),

where the morphism ¢ simply takes the triple to the W-curve (‘55, B*(L)) by
pulling back the W-structure to %. This is well defined because the fiber
product has well-defined choices of sections of ¢ mapping to the node of €.

Alternatively, we could also describe a gluing process in terms of an ad-
ditional structure that we call rigidification. Let p be a marked point. Let
Jp : #G, — € be the corresponding gerbe section of €. A rigidification at
p is an isomorphism

V(L@@ Ly) — [CV/G))
such that for every ¢ € {1,..., N}, the following diagram commutes:

(@3) —— [CV/Gy]

(23) Peo Ag Ay

res™

Jp(Kigg) C
where the map res"t takes (dz/z)“ to 1. Note that the two terms in the bottom
of the diagram have trivial orbifold structure. Since each monomial W, of W
is fixed by Gy, we also have that each monomial Ay is fixed by Gy and hence
by G,. This means that the vertical maps are both well defined.

One can define the equivalence class of W-structures with rigidification in
an obvious fashion. The notion of rigidification is also important for construct-
ing the perturbed Witten equation, but we will not use it in any essential way
in this paper.

A more geometric way to understand the rigidification is as follows. Sup-
pose the fiber of the W-structure at the marked point is [(Z1 & - -- & Zn)/Gp).
The rigidification can be thought as a Gp-equivariant map ¢ : @; £ — cN
commuting with the W-structure. For any element g € Gy, the rigidification
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g1 is considered to be an equivalent rigidification. The choice of 1 is equiva-
lent to a choice of basis e; € .%; such that Aj(eq,...,ex) = (dz/2)", and the
basis g(e1), ... g(en) is considered to be an equivalent choice. In particular, if
Lo L

ables x;; the broad variables), then in each equivalance class of rigidifications,

are the line bundles fixed by G}, (we call the corresponding vari-

are unique, but the
p

basis elements for the terms not fixed by G, (the narrow variables) are only

the basis elements e;,, ..., €;,, for the subspace @j; %,

unique up to the action of G,,.

It is clear that the group Gw /G, acts transitively on the set of rigidifi-
cations within a single orbit. Let # °?(T') be the closure of the substack of
equivalence classes of W-curves with dual graph I' and a rigidification at p.
The group Gy /G, acts on # °»(T') by interchanging the rigidifications. The
stack 7 #*(T') is a principal Gy /Gp-bundle over # (I') and

75 (1) /(G /Gy)| = (D).

Now we describe the gluing. To simplify notation, we ignore the orbifold
structures at other marked points and denote the type of the marked points
p+,p— being glued by v4+,7-. Recall that the resulting orbicurve must be
balanced, which means that v_ = ’y;l. Let

Vit i (L@ B L) —— [CV/G,]

be the rigidifications. However, the residues at py,p_ are opposite to each
other. The obvious identification will not preserve the rigidifications. Here, we
fix once and for all an isomorphism

I1:¢cN —.¢c¥N

such that W(I(z)) = —W (x). I can be explicitly constructed as follows.
Suppose that ¢; = n;/d for common denominator d. Choose ¢4 = —1, and set
I(z1,...,on) = (E™xq,...,EWzy). If I is another choice, then I71I" € (J)
< Gw. Furthermore, I? € (J) < Gy as well. The identification by I induces a
W-structure on the nodal orbifold Riemann surface with a rigidification at the
nodal point. Forgetting the rigidification at the node yields the lifted gluing
morphisms

~ —rig ——rig 1 N
(24) ptree,’}/ : Wg1,k‘1+1(7) X Wg27k2+1(fy ) - ng+92,kl+k'27

(25) ﬁloop,v : Wzl,iJrZ(’Y?fyil) - Wg-l-l,k?

where p is defined by gluing the rigidifications at the extra tails and forgetting
the rigidification at the node.
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Degree of st. There are various subtle factors in our theory arising from
the orbifold degrees of the maps. These factors can be a major source of
confusion. The degree of the stabilization morphism st : # ; (v) —— A g
is especially important in this paper.

As described in Remark 2.1.20, for a given choice of v € G%,, the set of
all W-structures of type < on a given orbicurve ¥ with underlying curve C
is either empty or is an H!(C, Gy )-torsor; therefore, H'(C, Gy ) acts on the
nonempty # 4 1(v) and the coarse quotient is .#Z, ;. One might think that
deg(sty) = |HY(C,Gw)|, but further examination shows that this is not the
case because %g,k is not isomorphic to [Wgyk/Hl(C, GW)] as a stack. This is
particularly evident because Wg,k has a nontrivial isotropy group at each point,
while the generic point of .#, ;. has no isotropy group. The key point is that
the automorphism group of any W-structure over a fixed, smooth orbicurve ¢
is all of Gy. Therefore, we have

(26) deg(sty) = |Gw[* 1.
Since there are |Gy |*~! choices of v that produce a nonempty W, (), this

shows that the total degree of st : # ) — M 4 is |G |[?972F,

For any decorated graph I', we also have a stabilization map

str: #(T) — 4 (1),

but the degree of str is not the same as that of st. For example, if I is a
graph with two vertices and one (separating) edge labeled with the element
v+, then the number of W-structures over a generic point of .Z(T) is still
|HY(C,Gw)| = |Gw|?, but, by equation (10), the automorphism group of a
generic point of #(T') is Gy XGw /(v4) G-

For a tree, the selection rules uniquely determine the choice of v, ; there-
fore, we have the following.

PROPOSITION 2.2.17. For a tree I' with two vertices and one edge, with
tails decorated with v := (y1,...,7) € G{“/V and edge decorated with v, the
map st~ is ramified along # ('), and

(27) deg(sty) = | (4] deg(str).

If T is a loop with one vertex and one (nonseparating) edge, such that the
edge is labeled with the element ~, then we have the following proposition.

PROPOSITION 2.2.18. Let v = (y1,...,7) € Gﬁ/ be chosen so that
Wgyk('y) 1s nonempty. For the loop I' with a single vertex and a single edge
decorated with . and tails decorated with ~, the stack # (') is nonempty.
Moreover, the morphism st~ is ramified along str and

|Gw 2972

28) dealstr) = 50 ]
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Proof. First, we claim that the number of W-structures over a generic
point of .# ,, that degenerate to a given W-structure over I' is [{y)|. To see
this, note that for any W-structure £ on a smooth orbicurve ¥ with under-
lying curve C, all other W-structures on ¢ differ from it by an element of
HY(C,Gyw). Consider any fixed 1-parameter family of W-curves such that the
W-curve (¢, £) degenerates to a W-curve (¢”,£') with dual graph T', corre-
sponding to the contraction of a cycle a € Hi(C,Z). In this case, we may
choose a basis of H!(C, Gyy) such that the first basis element is dual to a and
the second basis element is dual to a cycle 8 such that a- =1, and -0 =0
for any remaining basis element o of Hy(C, Gw ).

In this case, the W-structure obtained by multiplying £ by an element
of the form (1,e9,...,e24) € H'(C, Gy) will again degenerate (over the same
family of stable underlying curves) to £’ if and only if e5 € (7).

Second, by equation (11), the automorphism groups for both smooth
W-curves and these degenerate W-curves are isomorphic to Gy,. This, com-
bined with the previous degeneration count, proves that the ramification is [(y)].

More generally, the pair (¢, £ - (1,¢e2,...,e24)) will always degenerate to a
W-curve with dual graph I', and (€, £ - (e1,€2,...,e29)) for (e1,e2,...,699) €
H'(C,Gyw) will degenerate to a W-curve with dual graph labeled by ~e; in-
stead of by . Thus the moduli # (T") is nonempty for every choice of decoration
v € Gw of the edge of I'. O

2.3. Admissible groups G and ngg. The constructions of this paper
depend quite heavily on the group of diagonal symmetries Gy of the singular-
ity W. It is useful to generalize these constructions to the case of a subgroup
G of Gy . First, the isomorphism [ is only well defined up to an element of
(J). Therefore, we will always require that J € G. The problem is that it is
not a priori obvious that the stack of W-curves with markings only coming
from a subgroup G is a proper stack. Namely, the orbifold structure at nodes
may not be in G.

However, we note* that for any Laurent polynomial Z = 37 T, 27" of
weighted total degree 1, with a;; € Z for all ¢ and j, the diagonal symmetry
group GV~V of W:=W + Z is clearly a subgroup of Gy containing (J), and

the stack Wgyk(ﬁf) of W-curves is a proper substack of W gk (W).

~_ ProrosITION 2.3.1. For every quasi-homogeneous Laurent polynomial
W =W+ Z, where Z has no monomials in common with W, there is a natural

morphism adm : W o, (W + Z) —— W 4, (W) from the stack # ;. (W) to an

*We are grateful to H. Tracy Hall for suggesting this approach to us.
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open and closed substack of ngk(W). Moreover, this morphism is finite of
degree equal to the index of GW in Gy .

Proof. It suffices to consider the case of W = W+M, where M = Iy, x’ZB ‘
is a single monomial of degree 1 (i.e., =N, B;¢; = 1), distinct from the mono-
mials W; = ¢; [T/, :L'?l’j of W.

The morphism adm is simply the functor that forgets the additional con-
ditions arising from the monomial in M.

Given a W-structure (21, ..., %N, é1,...,¢Ps) on an orbicurve €, we can
produce s choices of a d-th root of &—one for each monomial of the original
polynomial W—as follows. For each j € {1,...,s}, let

N
i=1

Using the fact that B(qi,...,qn)" = (1,...,1)T and B (q1,...,qv) = 1, we
see that Jlg®d = ¢, where d is defined (as in Definition 2.1.4) to be the smallest
positive integer such that (dgqi,...,dqy) € Z. This gives s morphisms

__ D,
(30) Wg,k(W) - fg,k,dy

where Z, 54 = {(€,p1,....p, L0 1 LT —— Oy)) denotes the stack of
k-pointed, genus-g orbicurves with a d-th root .4 of the trivial bundle. It is
easy to see that the stack _Z, 1 4 has a connected component ¢ go’ od correspond-
ing to the trivial d-th root of &. The inverse image W[g)’k(W) = @;1(/£k’d)
of the trivial component for each j € {1,...,s} is independent of j, is open
and closed, and is the image of the forgetful morphism adm:

—_ —~ dm ——0 —_

Wg,k(W) R Wg,k(W) - Wg,k(W)'

The objects of the stack Wg,k(VNV) are W-curves

((gﬂ"zﬂla"'>$Na¢1a"'7¢s+1)7

where ¢s41 is an isomorphism ¢sp1 @ M(Z,. .., LN) —— Kiog, whereas
the objects of the stack Wg’k(W) are W-curves (¢, Z1,..., N, b1, ., 0s)
such that there exists some isomorphism ¢ : M(Z,..., Zn) — Kjog that
is compatible with the isomorphisms ¢; of the W-structure. Any W-curve
with such a 1 is isomorphic to the image of some W—curve, but since an
automorphism of a W-curve in Wg?k(W) need not fix the isomorphism 1),
the automorphism group of a generic W-curve in Wg’k(W) is Gy, while the

automorphism group of a generic W-curve is GV~V. ]

Definition 2.3.2. We say that a subgroup G < Gy is admissible or is
an admissible group of Abelian symmetries of W if there exists a Laurent
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polynomial Z, quasi-homogeneous with the same weights ¢; as W, but with no
monomials in common with W, such that G = Gy 7.

Definition 2.3.3. Suppose that G is admissible. We define the stack
W orac(W) =W 4,(W) for any W = W + Z with Gy =G.

The most important consequence of Proposition 2.3.1 is that we may re-

strict (pull back) the virtual cycle [ng(W)]Vir to the substack # 5 (W)
(see Section 4.1).

Remark 2.3.4. An admissible group G may have more than one Z such
that G = Gwz. One can show (see [CR10]) that # s := # g x(W + Z) is
independent of Z and depends only on G.

It is immediate that every admissible group contains J. Marc Krawitz
[Kral0O, Prop. 3.4] has proved the converse. For the reader’s convenience we
repeat his proof here.

PROPOSITION 2.3.5 (Krawitz). For any nondegenerate W € Clzy, ..., znN],
any group of diagonal symmetries of W containing J is admissible.

Proof. The subring of G-invariants in A := C[zq,...,2y] is finitely gener-
ated by monomials. Let Z be the sum of all G-invariant monomials in A not
divisible by monomials in W.

We claim that G is the maximal diagonal symmetry group of W + Z. If
it were not, there would be a diagonal symmetry group H, with G < H and
AG C AH. The actions of G and H on A extend to actions on the fraction
field E := C(x1,...,2zxN). Since the action is diagonal, it is easy to show that
this implies that the fraction field of A® equals E¢ and the fraction field of
AH equals Ef. Since A® = A" we have E¢ = EX. Since G and H are finite,
we have, by [Mil, Cor 3.5], that

G = Aut(E/E®) = Aut(E/E") = H.

Therefore G is the maximal symmetry group of W + Z.

Now, since J preserves each of the constituent monomials of Z, each of
these monomials has integral quasi-homogeneous degree. We may correct each
of these monomials by a (negative) power of any monomial in W to ensure that
each of the monomials has quasi-homogeneous degree equal to 1, and since we
are correcting by G-invariants not dividing the monomials of Z, we do not
change the maximal symmetry group of W + Z. a

2.4. The tautological ring of # ;. A major topic in Gromov-Witten
theory is the tautological ring of ]g,k" The stack Wg,k is similar to ]g,k
in many ways, and we can readily generalize the notion of the tautological
ring to Wgﬁ. We expect that the study of the tautological ring of Wgyk will
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be important to the calculation of our invariants. It is not unreasonable to
conjecture that the virtual cycle constructed in the next section is, in fact,
tautological.

Throughout this section, we will refer to the following diagram:

Gy — 2 Cyn
(31) gi| |
W gk

Here, €y 1 . ngk is the universal orbicurve and @ : Cy — Wg,k is the
universal underlying stable curve. The map o; is the i-th section of 7, and
we denote by &; the i-th section of w. The map g forgets the local orbifold
structure and takes a point to its counterpart in Cj ;. On €, we also have
the universal W-structure @ .Z; and the line bundles K¢ 1o and K.

24.1. ¢-classes. As in the case of the moduli of stable maps, we denote
by ; the first Chern class of the %-cotangent line bundle on Wg,k. That is,

(32) ¥i = c1(07 (Ke))-

We note that since Cy . is the pullback of the universal stable curve from ]gﬁ,
replacing the @-cotangent bundle by the C-cotangent bundle would give the
pullback of the usual -class, which we also denote by :

(33) Vi = c1(07 (K¢)) = st™ (1)
These classes are related as follows.

PROPOSITION 2.4.1. If the orbifold structure along the marking o; is of
type i, with |(i)| = m;, then we have the relation

(34) mih; = st*ap.

Proof. Let D; denote the image of the section o; in 6 ;. Note that since
a; = o o 0;, then by equation (3), we have

(35)  G;Kc,, =0 (K, , ) =0f (K«,, ® O(—(m; —1)D;))

and the residue map shows that

(36) 0" Kipg = 0,
hence
(37) 0;(0(=D;)) = 0} (K¢),

which gives the relation (34). O
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2.4.2. 4;j-classes. It seems natural to use the W-structure to try to define
the following tautological classes:

Yij = c1(0; (&)

However, these are all zero. To see this, note that for every monomial W, =
H:z:?e’j and for every i € {1,...,k}, we have, by the definition of the W-struc-
ture and by equation (36),

N
(38) > bejthij = 0.
j=1

Coupled with the nondegeneracy condition (Definition 2.1.5) on W, this implies

that every ;; is torsion in H*(# 4, Z) and thus vanishes in H*(# , 1, Q).

2.4.3. k-classes. The traditional definition of the k-classes on ]g,k is

Rq ‘= Wx (Cl (KC,log)aJrl)-

We will define the analogue of these classes for W-curves as follows:

R = m(e1(Kg1og) "),

Note that since K¢ 10 = 0" K 10g, and since deg(o) = 1, we have

(39) Ra = ﬂ*(cl(K%,log)a“) = w00 (1 (ch,log)‘”l) = Kq-

2.4.4. p-classes. The Hodge classes \; for the usual stack of stable curves
are defined to be the Chern classes of the K-theoretic pushforward Rw,K¢.

We could also work on the universal orbicurve % j SN ]g’k, but p is finite,
so by equation (5) we have

Rn,Ky = Rw.(0+K¢) = Rw. K.

Therefore, the two definitions of lambda classes agree. Moreover, it is known
that the A-classes can be expressed in terms of k-classes, so they need not be
included in the definition of the tautological ring.

A more interesting Hodge-like variant comes from pushing down the
W-structure bundles .Z;. We also find it more convenient to work with the
components of the Chern character rather than the Chern classes. We define
u-classes to be the components of the Chern character of the W-structure line
bundles:

/Aij = ChZ(Rﬂ'*.,%)
By the orbifold Grothendieck-Riemann-Roch theorem, these can be expressed

in terms of the kappa, psi, and boundary classes. (See, for example, the proof
of Theorem 6.3.3.)
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2.4.5. Tautological ring of Wg’k.

Definition 2.4.2. We define the tautological ring ofWng to be the subring
of H*(¥ 41, Q) generated by 1, Kq, and the obvious boundary classes.

We would like to propose the following conjecture.

CONJECTURE 2.4.3 (Tautological virtual cycle conjecture). The wvirtual
cycle (constructed in the mext section) is tautological in the sense that its
Poincaré dual lies in the tensor product of the tautological ring of Wg,k and
relative cohomology.

3. The state space associated to a singularity

Ordinary Gromov-Witten invariants take their inputs from the cohomol-
ogy of a symplectic manifold—the state space. In this section, we describe
the analogue of that state space for singularity theory. As mentioned above,
however, our theory depends heavily on the choice of symmetry group G and
not just on the singularity W. In this sense, it should be thought of as an
orbifold singularity or orbifold Landau-Ginzburg theory of W/G.

We have mirror symmetry in mind when we develop our theory. Some
of the choices, such as degree shifting number, are partially motivated by a
physics paper by Intriligator-Vafa [IV90] and a mathematical paper by Kauf-
mann [Kau06] where they studied orbifolded B-model Chiral rings. The third
author’s previous work on Chen-Ruan orbifold cohomology also plays an im-
portant role in our understanding.

3.1. Lefschetz thimble. Suppose that a quasi-homogeneous polynomial
W : CV —— C defines a nondegenerate singularity at zero and that for each
i € {1,...,N}, the weight of the variable x; is ¢;. An important classical
invariant of the singularity is the local algebra, also known as the Chiral ring
or the Milnor ring:

(40) Qy = Clzy,...,zn]/ Jac(W),
where Jac(W) is the Jacobian ideal, generated by partial derivatives
ow ow
ety - (2O
ac( ) 81‘1 al'N

Let us review some of the basic facts about the local algebra. It is clear that
the local algebra is generated by monomials. The degree of a monomial allows
us to make the local algebra into a graded algebra. There is a unique highest-
degree element det (%) with degree

(41) cw = Z(l - 2g;).

The degree ¢y is called the central charge and is a fundamental invariant of W.
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The singularities with ¢y < 1 are called simple singularities and have
been completely classified into the famous ADE-sequence. Quasi-homogeneous
singularities with ¢y = N — 2 correspond to Calabi-Yau hypersurfaces in
weighted projective space. Here, the singularity /LG-theory makes contact
with Calabi-Yau geometry. There are many examples with fractional value
¢w > 1. These can be viewed as “fractional dimension Calabi-Yau manifolds.”

The dimension of the local algebra is given by the formula

uzl?[(qil).

From the modern point of view, the local algebra is considered to be part of
the B-model theory of singularities. The A-model theory considers the relative
cohomology HY(CN, W C), where W> = (ReW) (M, o00) for M >> 0.
Similarly, let W= = (ReW)~!(—oc0, —M) for M >> 0. The above space is
the dual space of the relative homology Hy(CN, W™, Z). The latter is often
referred as the space of Lefschetz thimbles.

There is a natural pairing

(,): Hy(CN W=>=,2) @ Hy(CN,W>®,Z) - Z

defined by intersecting the relative homology cycles. This pairing is a perfect
pairing for the following reason. Consider a family of perturbations W such
that W) is a holomorphic Morse function for A # 0. We can construct a basis
of Hy(CN W+ 7Z) by choosing a system of wirtually horizontal paths. A
system of virtually horizonal paths uZ:t : [0, +£00) —— C emitting from critical
values z; has the properties

(i) ui; has no self-intersection,

(ii) ui is horizonal for large ¢ and extends to 4oo;

(iii) the paths uli, . ,u/jf are ordered by their imaginary values for large t.
For each ul-i, we can associate a Lefschetz thimble Ali € Hy(CN,W**® 7Z) as
follows. The neighborhood of the critical point of z; contains a local vanishing
cycle. Using the homotopy lifting property, we can transport the local vanish-
ing cycle along uit to +00. Define A;t as the union of the vanishing cycles along
the corresponding path u;IE The cycles A;t define a basis of HY (CN, W*> 7),

and it is clear that
+ - _
AN Aj = 0;j-

Hence, the pairing is perfect for A # 0.

On the other hand, the complex relative homology Hy (CY, Wfoo, C) de-
fines a vector bundle over the space of A’s. The integral homology classes
define a so-called Gauss-Manin connection. The intersection pairing is clearly
preserved by the Gauss-Manin connection; hence, it is also perfect at A = 0.
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We wish to define a pairing on HY (CY, W, C) alone. As we have done
in the last section, write ¢; = n;/d for a common denominator d, and choose
¢ such that ¢2 = —1. Multiplication by the diagonal matrix (£71,...,&"N)
defines a map I : CV —— CV sending W —— W ™. Hence, it induces an
isomorphism

I, : Hy(CN, W™, C) — Hyn(CN, W= C).
Definition 3.1.1. We define a pairing on Hy(CN, W, Z) by
(Ai, Aj) = (Ai, L(4;)).

It induces a pairing (still denoted by (,)) on the dual space HY (CY, W™, C)
that is equivalent to the residue pairing on the Milnor ring (see Section 5.1).
As noted earlier, changing the choice of £ will change the isomorphism I by
an element of the group (J), and I? € (J). Therefore, the pairing is inde-
pendent of the choice of I on the invariant subspace Hy (CN, W, 7)) or on
Hy(CN, W 7Z)C for any admissible group G.

3.2. Orbifolding and state space. Now we shall “orbifold” the previous
construction. Suppose that G is an admissible subgroup. For each v € G, W,
is again nondegenerate.

Definition 3.2.1. We define the ~y-twisted sector 2, of the state space to
be the G-invariant part of the middle-dimensional relative cohomology for W.;
that is,
(42) M, = HN (CY W2, C)°.
The central charge of the singularity W, is denoted ¢:
(43) &= > (1—2¢g:).
722627:0

As in Chen-Ruan orbifold cohomology theory, it is important to shift the
degree.

Definition 3.2.2. Suppose that v = (627”61/, e 62’”@7\!) for rational num-
bers 0 < @;’ < 1.

We define the degree shifting number
(44) by = 2(9? — )

i

/\

(45) =——"T4+ 3 (6] -1/2)

:0] #£0

(46) Tt G > (O] —aq).
7,67760
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For a class o € 77, we define

(47) degyy (o) = deg(a) + 2.
ProposSITION 3.2.3. For any v € Gw, we have

(48) by + ty—1 = Cw — Ny,

and for any o € A and € H -1, we have

(49) degyy (o) + degy (B) = 2¢w.

Proof. The first relation (equation (48)) follows immediately from equa-
-1
tion (45) and from the fact that if ©] # 0, then ©] = 1—0] and, otherwise,

1

o] =6 =0
The second relation (equation (49)) follows from the first relation and
from the fact that every class in JZ, has degree N,. O

Remark 3.2.4. HN(CN, W, C) also carries an internal Hodge grading
due to its mixed Hodge structure. This defines a bi-grading for JZ7,.

Definition 3.2.5. The state space (or quantum cohomology group) of the
singularity W/G is defined as

(50) Ay = P .
yeG
Definition 3.2.6. The J-sector #; is always one-dimensional, and the
constant function 1 defines a generator e; := 1 € 57 of degree 0. This
element is the unit in the ring J&y, and because of this, we often denote it by
1 instead of e;.

Definition 3.2.7. For any v € G, we say that the v-sector is narrow if the
fixed point locus is trivial (i.e., N, = 0). If the fixed point locus is nontrivial,
we say that the vy-sector is broad.

Since v and v~ ! have the same fixed point set, there is an obvious isomor-
phism
(S %Y —_— %y—l.
We define a pairing on &y as the direct sum of the pairings

() H® Hops — C

by (f,9)y = (f,€*g), where the second pairing is the pairing of the space of
relative cohomology. The above pairing is obviously symmetric and nondegen-
erate.

Now the pairing on J&y is defined as the direct sum of the pairings ().
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LEMMA 3.2.8. The above pairing preserves degy,. Namely, if A7 denotes
the elements » € F, with degy, () = a, then (,) gives a pairing of 5, with
%”V%/é_a :

A 2cy —a

Proof. This is a direct consequence of Proposition 3.2.3. U

Remark 3.2.9. The lemma indicates that one can view W/G as an object
of complex dimension ¢y. Under the shift, 77 has degree 0. On the other
hand, the untwisted sector has degree ¢y and the sector ;-1 has degree 2¢yy.

Remark 3.2.10. In the usual orbifold theory, the unit comes from the
untwisted sector. In our case, the unit element is from 5#7. In this sense, our
theory is quite different from usual orbifold theory and instead corresponds to
the so-called (a, c)-ring in physics.

4. Virtual cycles and axioms

In this section, we will discuss the main properties of the virtual cycles
{WQJC(W; 'y)}wr. These are the key ingredients in the definition of our invari-
ants. We formulate the main properties of the virtual cycle as axioms similar to
those of the virtual fundamental cycle of stable maps [CR04] and generalizing
the axioms of r-spin curves listed in [JKVO01, §4.1].

In the special case of the A, 1 singularity, an algebraic virtual class sat-
isfying the axioms of [JKVO01, §4.1] has been constructed for the twisted sec-
tors (often called narrow sectors) by Polishchuk and Vaintrob [Pol04], [PV01].
Chiodo has lifted this class to K-theory [Chi06b], [Chi06a], and an analytic
class has been proposed by T. Mochizuki [Moc06]—modeled after Witten’s
original sketch.

4.1. [W(F)]Vir and its axioms.

4.1.1. Review of the construction. The construction of the virtual cycle
{W%k(W)}m is highly nontrivial. The details of the construction and the
proof of the axioms are presented in [FJR], but we will outline the main ideas
here and then focus the rest of this paper on the consequences of the axioms.

The heart of our construction is the analytic problem of solving the moduli
problem for the Witten equation. The Witten equation is a first order elliptic
PDE of the form

- ow
0S; + =— =0,
881'
where S; is a C'*°-section of .Z;.

Our goal is to construct a virtual cycle of the moduli space of solu-

tions of the Witten equation. Let us briefly outline the construction. Let
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W gk (11, -, ) be the moduli space of W-structures decorated with the orb-
ifold structure defined by ~; at the i-th marked point. It can be considered as
the background data to set up the Witten equation.

To make this construction requires that we leave the algebraic world and
enter the world of differential geometry and analysis. The stack (orbifold)
Wgyk(fyl, ...,7) has a geometric structure similar to ]g,lw including a strat-
ification described by dual graphs and something like the gluing structure
at a node. Our starting point is to give a differential geometric structure
of Wg’k('yl, ...»7). This can be done in a fashion similar to that for ]g,k
[FJR, §2.2]. The variable in the Witten equation is a smooth section of the
W -structure @;L;, while the target of the Witten equation is the space of its
(0, 1)-forms. Formally, the Witten equation can be phrased as a Fredholm sec-
tion of a Banach bundle over a fiber-wise Banach manifold. Unfortunately, it is
rather difficult to solve the Witten equation due to the fact that the singularity
of W has high multiplicity. It is much easier to solve a perturbed equation of
the form W + Wy, where W) is a linear perturbation term such that W, + Wy,
is a holomorphic Morse function for every . Here W, and Wy, are the restric-
tions of W, and Wy, respectively, to the fixed point set CV». The background
data for the perturbed Witten equation is naturally the moduli space (stack)
of rigidified W-structures W;i(q/l, e YE)-

The crucial part of the analysis is to show that a solution of the Witten
equation converges to a critical point of W, + Wy,,. This enables us to con-
struct a moduli space (stack) Wz,k(ﬁjl, ..., Kj,) of solutions of the perturbed
Witten equation converging to the critical point «; at the marked point x;. We
call Wy strongly regular if (i) W,, + Wo,, is holomorphic Morse; (ii) the critical
values of W, + Wy, have distinct imaginary parts. The first important result
is

THEOREM 4.1.1. If Wy is strongly regular, then W;k(/ﬁjl,...,njk) is

compact and has a virtual fundamental cycle [W;k(njl, ooy K55, )]V of degree

2<(CW—3)(1—g)+k—ZL%> _ZNi'

Here, 1, is the degree-shifting number defined previously.

It is convenient to map the above virtual cycle into H, (W;i,@), even
though it is not an element of the latter in any way.

The state space of the theory (or rather its dual) enters in a surprising
new way, as we now describe. It turns out that the above virtual cycle does
depend on the perturbation. It will change whenever W fails to be strongly

regular. We observe that for a strongly regular perturbation, we can construct
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a canonical system of horizontal paths uzi’s and the associated Lefschetz thim-
ble Azi. When we perturb Wy crossing the “wall” (where the imaginary parts
of critical values happen to be the same), we arrive at another canonical sys-
tem of paths and its Lefschetz thimble Aéi. The relation between A;t and Afii
is determined by the well-known Picard-Lefschetz formula. The “wall crossing
formula” for virtual fundamental cycles can be summarized in the following
quantum Picard-Lefschetz theorem. For a more precise statement of this theo-
rem, see [FJR, §6.1, esp. Thm. 6.1.6].

THEOREM 4.1.2. When Wy wvaries, [W;’k(ﬁjl, ooy ki )YE transforms in
the same way as the Lefschetz thimble A; attached to the critical point kj,.

The Aj ’s transform in the opposite way as A;’s. It is well known that
the “diagonal class” 3; A7 ® A is independent of perturbation, and this sug-
gests the following definition of an “extended virtual class.” To simplify the
notation, we assume that there is only one marked point with the orbifold dec-

oration 7. Then, the wall crossing formula of [7271 (k3)]¥™* shows precisely that
> [W;l (fﬂj)]"ir@A;“, viewed as a class in H, (W;gl (7),Q®Hny, ((Civv, W, Q),
is independent of the perturbation. Now, we define

s (NI = S, (5)] ™ A
J
The above definition can be generalized to multiple marked points in an obvious
way so that

[W;k(’)/h e aﬂYk‘)]Vir S H*(W;i(’}/l, s 7’7k’)a Q) ® HHN% (CN% ) W’yolo’ Q)

has degree
2 ((CW -3)(1—y9) +k‘ZL%> .
i
COROLLARY 4.1.3. [W;k(’yl,...,vk)]"ir s independent of the perturba-
tion Wy.

Of course, Wy is only part of the perturbation data. Eventually, we want
to work on the stack Wg,k. It is known that the map so : W;i — Wg,k, defined
by forgetting all the rigidifications, is quasi-finite and proper, so we can define

C7/4 vir (_I)D S vir
(51) [Wﬁhk(’yla" . 77’6)] = deg(s0) (SO)*[Wg,k(’yl’" . 77’6)] )

where —D is the sum of the indices of the W-structure bundles:

N k
(52) D :=— Zindex(ﬁ) =cwl(g—1)+ Z Loy
i=1 j=1
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Remark 4.1.4. The sign (—1)” is put here to match the older definition
in the r-spin case.

The fact that the above virtual cycle is independent of the rigidification
implies that

[Wg,k(’yla"w’}/k)]\’ir € H*(W%k‘(’)/la'-'vf}/k ®HHN (C v, $7Q)GW

More generally, we have the following definition.

Definition 4.1.5. Let I' be a decorated stable W-graph (not necessarily
connected) with each tail 7 € T'(I") decorated by an element v, € Gy. Denote
by k :=|T(I')| the number of tails of I". We define the virtual cycle

7)€ HZ(0),Q @ [[ Hy, (CVr, WX,Q)°w
TeT(T)

as given in equation (51).
When TI' has a single vertex of genus g, k tails, and no edges (i.e, I' is a

corolla), we denote the virtual cycle by {W('y)]m, where v := (y1,..., 7).

4.1.2. The virtual cycle for admissible subgroups. We now wish to consider
the more general case of admissible subgroups. Recall that G is admissible if
G = Gy for some W = W + Z. One can show [CR10, Rem 2.3.11] that the

stack # g . 1= Wg,k(ﬁ/') is independent of the choice of Z, provided G' = G5
Denote by adm and adm™ the natural morphisms of stacks

adm : 7 g p.c = W g1 (W) — 7 g5 (W)

and

adm™ : 75 6 = W g (We) — T g5 (W),
respectively. And denote by sog the restriction of so to 7/; k.G
Definition 4.1.6. Define
7 (W3] = adm™ (773 (W5 7))

GH*(W;%ﬂ,G(W;Vh""’Yk ®HHN (C ’Y%W}?jj@)

and

(=n”

Too(am ) * Wrig W . vir
deg(sog) (SOG) [ g,k,G( 371 ’ ’Yk)]

W oWy, oyl =
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so that

W grcWin, )™ € Ho(W grc(Wim, -, %), Q)
© [[ Hn,, (Ce, W52, Q)¢

On the other hand, for any W with GV~V = (&, one may consider the virtual
cycle

[erg (W ,_y)]vnr . admm’g,* ([erg (W ,_y)]vur)
EH(erg(W7V1)°"aryk ®HHN (C %’ %7@)

and the pushforward

(_1)D —rig vir
Teatson) 500" A5 eV, w)l

in H*(Wg,k(ﬁ?v BT 7’7k)7 Q) ® Hz HNA,Z. (CNA/Z ) nyozo’ Q)G
Note that we have a canonical isomorphism of G-representations:

HNW (CNW’ (W):O vQ) = HN"/ ((CNW’W’?’@) ’

[Wg:k(ﬁ//; RATERR a’Yk)]Vir =

PROPOSITION 4.1.7. The cycles [W;ii(ﬁ};’y)]"ir and [W;%G(W;’y)]"ir are

equal in H, (erg (W,yl,...,'yk),(@) ® [l: Hw,, ((CNvi,W%F’,Q), and thus the
pushforwards also agree:

W g cWivts o) = (W (Wi, )]

Proof. This follows from the deformation invariance axiom of [FJR, Thm.
6.2.1(9)]. Namely, if we let ¢t € [0,1] C R be a parameter and let W, denote
the family of quasi-homogeneous polynomials, then

Wt =W +tZ.
Since W is nondegenerate, so is W, for every t € [0,1]. The definition of the
stack ngk(ﬁ/t) is independent of ¢, provided ¢ # 0, and for notational conve-
nience, we also define Wgyk(ﬁ//(]) to be equal to Wg7k(Wt¢g). It is clear that the
cycles [W;ii(ﬁv/o;’y)]"ir and [W;%G(W;’y)]"ir are equal, and the deformation
invariance axiom of [FJR, Thm. 6.2.1(9)] shows that for all ¢ € [0, 1], the cycles
[an (We; )]V are all equal. O

The following theorem now follows immediately from [FJR, Thms. 1.2.5
and 6.2.1].

THEOREM 4.1.8. For any admissible group G and any W-graph T, the
following axioms are satisfied for [W(I‘)}m:
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(1) Dimension: If D is not an integer, then [W(F)}Vir = 0. Otherwise, the

cycle [W(F)]Vir has degree
(53)

6g — 6+ 2k — 2#E(T) — 2D = 2 ((é—B)(l—g)—l—k—#E(F)— 3 LT) .
TeT(T)
So the cycle lies in H.(# (T),Q) ® [Trer) Hn, (CNWT,W%O,Q), where

ri=6g—6+2k—2#ET)-2D— > N,
T€T(T)

N

=2(<é—3><1—g>+k—#E<r>— S - 3 2)
reT(T) reT(I)

(2) Symmetric group invariance: There is a natural Sg-action on W g ), 0b-
tained by permuting the tails. This action induces an action on homology.
That is, for any o € Sk, we have

ot Hi(W g, Q) @ HHN’H (CMi, Wy, Q)¢

—— H (W 41, )®HHNW>(C Yo (i) W;:(),Q)

For any decorated graph T, let o' denote the graph obtained by applying o
to the tails of .
We have
(54) o. [7(D)]" = [ (o1)]"™ .

(3) Degenerating connected graphs: LetT' be a connected, genus-g, stable,
decorated W -graph.

The cycles [W(F)]Vir and [ngk('y)]m are related by
— i* [Wg,k(’)’)]\,ir ’

where i : W(T) —— W 4 x(7) is the canonical inclusion map.

(4) Disconnected graphs: Let T =][; I'; be a stable, decorated W -graph that
is the disjoint union of connected W -graphs I';. The classes {W(F)]Vir and
[W(Fi)]m are related by

— vir

(55) 7 (1))

(56) 7)™ = )] - x [FTa)]

(5) Topological Euler class for the narrow sector: Suppose that all the
decorations on tails of T' are narrow, meaning that C™v = {0}, and so we
can omit Hy. ((CN% W2,Q) = Q from our notation.

Yi
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Consider the universal W -structure (£, . .., £n) on the universal curve

76 — W () and the two-term complex of sheaves

(| Z]) — R'm (1 4]).

There is a family of maps

ow €\ o .
Wi= S0 (@) — (K @ |4 = R (4"
v J

The above two-term complex is quasi-isomorphic to a complex of vector
bundles [PV01]

d;

E? —. B!

such that
ker(d;) — coker(d;)

s isomorphic to the original two-term complex. W; is naturally extended
(denoted by the same notation) to

P E — ().

Choosing an Hermitian metric on E} defines an isomorphism E}* = E}.
Define the Witten map to be the following:

7~ @+ 1) DE — DE =D

Let 7j : P Ef — A be the projection map. The Witten map defines
a proper section (also denoted 2) 2 : @; EY — 74 @, E} of the bundle
75 @i B over @; EY. The above data defines a topological Euler class
e(2:@; E) — ;@ E}). Then,

#r]'" = (-1)Pe (9 : @EO — T @E1> N [Ar).

The above axiom implies two subcases.
(a) Concavity:! Suppose that all tails of T are narrow. Ifm. (@l_, L) =
0, then the virtual cycle is given by capping the top Chern class of the

"This axiom was called convezity in [JKV01] because the original form of the construction
outlined by Witten in the A,_1 case involved the Serre dual of .#, which is convex precisely

when our .Z is concave.
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dual (R'm, (B!_, %))" of the pushforward with the usual fundamen-

tal cycle of the moduli space:

(57) [W(r)]“” = Ciop <<le* @ﬁ) > n[7 ()]
= (-1)Pep (le*@D%) n[7 ).

i=1

(b) Index zero: Suppose that dim(# (T')) = 0 and all the decorations on
tails are narrow. If the pushforwards 7, (@ .%;) and R'w. (@ %) are
both vector bundles of the same rank, then the virtual cycle is just the
degree deg(2) of the Witten map times the fundamental cycle:

7)™ = deg(2) [7(1)],

(6) Composition law: Given any genus-g decorated stable W-graph T with
k tails, and given any edge e of T, let L denote the graph obtained by
“cutting” the edge e and replacing it with two unjoined tails 7+ and T—
decorated with v4 and ~y_, respectively.

The fiber product

has morphisms

We have

) (PFOF), = geggeerss (FOL™).

where ()1 is the map from

HZT)® [ Hy, (CY, W2,Q)% @ Hy, (CV+, W2,Q)°¢
TeT(T)

® Hy, (C™M-, W2, Q)¢

to

H@T)e [] Hy, (CV,we Q)7
TeT(T)

obtained by contracting the last two factors via the pairing

(.): Hy, (CM W2,Q)¢® Hy, (CYV-,W2,Q)% — Q.
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(7) Forgetting tails:

(a) Let I' have its i-th tail decorated with J, where J is the erponential
grading element of G. Further, let I be the decorated W -graph ob-
tained from T by forgetting the i-th tail and its decoration. Assume
that IV is stable, and denote the forgetting tails morphism by

W () — W ().

We have

vir

=0 (7).

(59) 7o)
(b) In the case of g = 0 and k = 3, the space W (y1,72,J) is empty if
Y12 # 1 andWo73(’y,'y_1,J):%GW. We omit HNJ(CNJ,WEO,Q)GW

= Q from the notation. In this case, the cycle

[P os(v. v~ )] € Ho(BGw,Q) ® Hy, (CN, W22, Q)¢
® Hy _, (CH ", W32, Q)¢

is the fundamental cycle of BGyw times the Casimir element. Here
the Casimir element is defined as follows. Choose a basis {c;} of
HNV(CNW,WVOO,Q)G and a basis {B;} of HNW_I(CNV’HWA?S“Q)G.
Let n;j = (o, B;) and (") be the inverse matriz of (n;;). The Casimir
element is defined as ) ;; ain @ B;.

(8) Sums of singularities: If W, € Clz1,..., 2] and Wa € Clziq1, ..., 2t4v]
are two quasi-homogeneous polynomials with admissible groups G1 and Go,
respectively, then G1 X Go is an admissible group of automorphisms of
Wi + Wy whose state space FGy, +w,, Gy xGo 1S naturally isomorphic to the
tensor product

(60) t%ﬂW1+W2,G1 xGy — L%ﬂWhGH ® t%ﬂWmGz?

and the stack Wg,kyglng has a natural map to the fiber product

W g k.GaxGo (Wi + Wa) —— g 1.y (W) X— W gkGa(Wa).

g,k

Indeed, since any G1XGa-decorated stable graph I induces a G1-decorated
graph T'1 and Ga-decorated graph T'y with the same underlying graph T, we
have

(61) W (Wi + Wa,T) —— F (W1, T1) X # (Wa,Ta).
Composing with the natural inclusion

__ __ A __
W gkcy(Wi) x— W grgo(Wa) = W g .60 (W1) X W g .G, (W2),

9,k
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and using the isomorphism of middle homology gives a homomorphism

w*o A" ( (ng?Ch(Wl ®HHN7 Kl C A (Wl)’yzl’Q) )

i=1

& (H (ngGQ(W2 ®HHN’Y 2 (C e (WZ)%Q’Q) )

=1
— H, (ngGl><G2(Wl +W2) Q)
k

N,
(v3,1:74,2) 00 G1xGa
® H HN(W,L“/Z',Q)((C pe ’W('Yi,177i,2)’(@) :
=1

The virtual cycle satisfies
62) w0 A ([Wyucs W)™ & [ grca(W2)]™)

= [Wg,k,cl Gy (W1 + W2)

(9) Deformation Invariance: Let W; € Clz1,...,2zN] be a family of nonde-
generate quasi-homogeneous polynomials depending smoothly on a param-
eter t € [a,b] C R. Suppose that G is the common automorphism group
of Wy. The corresponding stacks # (I'y) are all naturally isomorphic. We
denote this generic stack by # (T'). The virtual cycle [# (T')]" associated
to (W, G) is independent of t.

(10) Gw-Invariance: For any admissible G and any G-decorated graph T', the
homology Hi (W 41,c(T), Q) as well as the homology groups

HN%. (CN’YT ) (W)OO ) Q)G

V-

} vir

each have a natural Gyy -action, which induces a Gy action on

H (W 41cT),Q & [[ Hw, (CVr, (W), Q)%
T€T(T)

The virtual cycle [# (D) is invariant under this Gy -action.

Remark 4.1.9. In the case of A,_1 our virtual cycle can be used to con-
struct an r-spin virtual class in the sense of [JKVO01, §4.1]. The details of this
construction are given in [FJR11]

Remark 4.1.10. As usual, we can define Gromov-Witten type correlators
by integrating tautological classes such as 1); and p;; over the [Wg,k,(;]m.

A direct consequence of the above axioms is the fact that the above cor-
relators defined by 1;, together with the rescaled pairing (), := %( s )y
satisfy the usual axioms of Gromov-Witten theory (without the divisor axiom)
and a modified version of the unit axiom

(o, 02, €)= (V)] {1, o2)
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for a; € J, and for g € 1. In this paper, we favor a slightly different
version, which we now explain.

4.2. Cohomological field theory. One gets a cleaner formula by push-
ing [ngg('y)]m down to A g .

Definition 4.2.1. Let Al;,/k € Hom(/43%, H*(M ;1)) be given for homoge-
neous elements o := (a1, ..., a;) with a; € 4, by

W,G L |G|g — vir k '
(63) Agi (@) := deg(st)PDst*OWg,k(W,fy)] mga, ,

and then extend linearly to general elements of G%”V%}ilé Here, PD is the Poincare
duality map.

Let e; := 1 be the distinguished generator of .7, and let (,)"'¢ denote
the pairing on the state space Sy .

THEOREM 4.2.2. The collection (v, {,)"'C, {AZV,’CG ,€e1) is a cohomo-
logical field theory with flat identity. 7

Moreover, if W1 and Wy are two singularities in distinct variables with
admissible groups G1 and Ga, respectively, then the cohomological field theory
arising from Wy 4+ Was, G1 X G2 is the tensor product of the cohomological field
theories arising from W1, G1 and Ws, Ga:

Wi1+W2,G1xG
(t%ﬂW1+W27G1><G27{Ag,Ii+ e )

W1,G Wa,G
= (Hv,,61 @ AWy, {A T @A 7)),

Proof. To show that the classes form a cohomological field theory, we must
show that the following properties hold (see, for example, [JKVO01, §3.1]):

C1. The element AEE/;LG is invariant under the action of the symmetric group Sy.
C2. Let g = g1 + ¢o; let k = k1 + ko; and let

Prree © M gy ky+1 X A gy ko1 - My

be the gluing trees morphism (21). Then the forms AE@G satisfy the
composition property

w,G
(64) prreeAglJrg%k(ala ag ... 7ak)
w,G W,G
= Z A917k1+1(ai1’ e Qg ‘u) nlw ® A92J€2+1(V’ RUSESERER ’aik1+k2)
M?V

for all a; € JBy, where p and v run through a basis of J&y, and n*¥
denotes the inverse of the pairing (,) with respect to that basis.
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(65) Ploop * %g—l,k—ﬂ - ]g,k

be the gluing loops morphism (22). Then

wW,G W,G
(66) pikoop Ag7k (Oél,Oég,... aak) = ZAg—l,k-i-? (a17a27' -y Qn, W, V) 77””»
v

where oy, pu, v, and i are as in C2.
C4a. For all «; in J4y, we have

(67) Agfllﬁl(al,...,ak,el) = 19*AE;’€G(Q1,...,04;€),

where ¥ : M g1 — M g5 is the universal curve.

(68) /7 A&G(al,ag,el) = (al,a2>W.
Mo,3
Axiom C1 follows immediately from the symmetric group invariance (Ax-
iom 2) of the virtual cycle.
To prove Axioms C2 and C3 we first need a simple lemma: that the
Casimir element is Poincaré dual to the pairing. This is well known, but we
include it for completeness because we use it often.

LEMMA 4.2.3. Let «; € FBy be a basis. Consider the Casimir element
> ij no; ® a of its pairing. For any u,v € 4}, we have

(u,v) :u®vﬂ2nijai®aj.
ij
Proof. Let of be the dual basis, and let u = > ;(u, ;)] and v =
>j{v, aj)aj. Therefore,

(u,v) = _(u,0q) (v, a5){0f, o).
ij
Notice that 7;; = (a;, ;) and 7% = {af, ). The right-hand side is precisely
u®vﬂzijnijai®aj. O

Let a; € 2, and let I' denote the W-graph of either the tree (two
vertices, of genus g1 and g9, respectively, with k; and ko tails, respectively,
and one separating edge) or of the loop (one vertex of genus g — 1 with & tails
and one edge) where the i-th tail is decorated with the group element ~;.

Let T' denote the “cut” version of the graph I'. Note that the data given
do not determine a decoration of the edge, so I' and [ are really sums over all
choices I'; or lA“E decorated with € € G on the edge.
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Using the notation of the Composition Axiom (6), we have the following
commutative diagram for each e:

T __
P2 )

NG

Y

(D) P A (T).

And summing over all € € G, we have the following:

A (1)

%gk.

We have p = i0p. In the second diagram, note that the square is not Cartesian.
In fact, by Propositions 2.2.17 and 2.2.18, it fails to be Cartesian by a factor
of |(¢)| on each term.

LEMMA 4.2.4. For any o € H.(W 4 1(7)), we have the relation

(71) i*stea = Z [(e)|(str, )ui*a.
eeG
COROLLARY 4.2.5. The virtual fundamental classes pushed down to .4 (T')
are related by the equality

(72) i*st. [ g ]V” SN (str. )i [ gu(v)]™
eeG

Proof of Lemma 4.2.4. The orbifold |J.cq # (I's) is the inverse image
st™1(.#(I'). We would like to be able to apply a push-pull/pull-push rela-
tion, but st is not transverse to i, so this will not work.

Instead, we deform the map st in a small neighborhood of | J.cq # (T:),
and we deform in a normal direction to get a new map st that is transverse to
i and so that the inverse image gf_l(](f‘)) lies in the normal bundle of 7. So



52 HUIJUN FAN, TYLER JARVIS, and YONGBIN RUAN

we have the following diagram:

~1 —

(A
(73) \

(
st
A (T)

—~

T st

1) = W ge(Y)

%g,k-

For any a € H,(# ,1(7)), we have st.a = st.a, since st is a deformation
of st. Now the standard push-pull/pull-push relation, which is a special case
of the clean intersection formula [Qui71, Prop. 3.3], says that we have

strai*a = i*stea = i*stea.
But since st~ (_Z(T')) lies in the normal bundle of i, we can factor the map
str as
stp = stp o pr,
where pr is the projection of the normal bundle down to |J.c # (I's). More-
over, since st is a deformation of st, we have that the pullbacks i*a and pr*i*a

are equal. The map pr is finite when restricted to st~ (.#(T)), and for each e,
we denote by deg(pr,) its degree over the component # (T'.). Therefore,

i*stea = stpyi*a
= stp.pr,prifa
= Z deg(pr,)str_.i*a.
eeG

Now, it is easy to see that deg(pr.) is equal to the number of nonisomor-
phic W-curves over a generic smooth curve that degenerate to a given generic
nodal W-curve in # (I'c). As described in Propositions 2.2.17 and 2.2.18, after
accounting for automorphisms, this number is |(¢)|. O

Now, we prove Axioms C2 and C3. To simplify computations, we choose
a basis B := {p;} of /Ay with each . ,; € 2, and we write all the Casimir
elements in terms of this basis.

In the case of Axiom C3 (the case that I' is a loop), we have

17
Ag—l,k+2(a17 sy Oy W V)n#

. k
——PD (Stf’y)* ({W(f’y)] vir n H a; U ey i U V’Y,i) nﬂq,il/,y,i
¥ =1

. k
= Z WPD (St/f‘\.y)* << [W(F'y)] Vi >i A H ai)

=1
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_y G pp ((q ot [7(T)] ™ 1 ﬁa>
e deg(Stfy)deg(qv) e v ! i

G g—1 vir
YE
- ’C71|gi1 - — vir .

— LPD 5 (str. ) ([“//(I‘ )]Vir n ﬁ ai)
22 1GR3 () ’ R

= |]G|29 £ PD p*(str, )«i” ([gk }VlrﬂHaz>

yeG
GJ9 ) vir
= PD p™st. N i
deg(st) P { sk (Y ] H “
— Ayl )

The second equality follows from the fact that the Casimir element in cohomol-
ogy is dual to the pairing in homology. The sixth follows from the explicit com-
putation of deg(str) in Proposition 2.2.18 and the seventh from the connected
graphs axiom (Axiom 3). The eighth equality follows from equation (72).

The case of Axiom C2 is similar, but simpler, because there is only one
choice of decoration v for the edge of I'. In this case, we have

. . 1924 . .
Agl,k1+1(az17 cey Qg M)U A92,k2+1(V7 QXigy 1o+ 7alk1+k2)

‘G’g —_ ~ qvir k
= ———PD (sta)« r i "
e R ik

leld —
:mPD(stf) <<[W )] > ﬂHm)

_ |G|Y * [ag7 vir T
= mPD (stp)« <(q)*]@)1r2 [V/(F)] N Hoa’)

|G|9 % (577 vir i
i=1

deg(pr;

. k
_ G’g)PD p* (str)s <[W(F)]Vlr ﬁ H CYz‘)
=1

deg(str

- &PD p*(str)« ([W(F)]Vir N ﬁ Oz¢>
deg(st)/[(7)] i=1
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G ¥ T
= deglsn PP Gt0): ({wr)] “i:Hl“Z>
=p Agilon,..., o).

Axiom C4a and Axiom C4b follow immediately from the forgetting tails
axiom. 0

Definition 4.2.6. Define correlators

(o) €= [ Al an [Tt
[‘///srak] 7 i=1
Definition 4.2.7. Let {ao,...,as} be a basis of the state space 7y such
that ap = 1, and let t = (to,t1,...) with t; = (¢]°,¢"",...,t/"*) be formal
variables. Denote by ®"&(t) € A~2C[[t, A]] the (large phase space) potential
of the theory:

q)WG Z@WG
g>0

=3 A 22 o > (mylen) - my () Ot Ak
>0 1ol QLyees Ol
In [Man99, Thm. III1.4.3], Manin shows that a cohomological field theory
in genus zero is equivalent to a formal Frobenius manifold.

COROLLARY 4.2.8. The genus-zero theory defines a formal Frobenius man-
ifold structure on Q[ ;]| with pairing (VWG and (large phase space) po-

tential (I)KV’G(t).

Three very important constraints are the string and dilaton equations and
the topological recursion relations (see [Man99, §VI.5.2] and [JKVO01, §5.2]).

THEOREM 4.2.9. The potential @W’G(t) satisfies analogues of the string
and dilaton equations and the topological recursion relations.

Proof. Let ¥ : ]g}k+1 — ]g,k denote the universal curve, and let
D; j.+1 denote the class of the image of the i-th section in ]g,k.

The dilaton and string equations for ®V:C follow directly from the for-
getting tails axiom and from fact that the gravitational descendants 1; satisfy
0 (i) = ¥i + D 1.

The topological recursion relations hold because of the relation

wl = Z 5O;T+
T UT_=[k]
kk—1eT+
€T
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on ]Qk, where do,7, is the boundary divisor in M i, corresponding to a graph
with a single edge and one vertex labeled by tails in T . O

For more details about these equations in the A,, case, see [JKVO01, §5.2].

5. ADE-singularities and mirror symmetry

The construction of this paper corresponds to the A-model of the Landau-
Ginzburg model. A particular invariant from our theory is the ring Jfy .
The Milnor ring, or local algebra, 2y of a singularity can be considered as the
B-model. One outstanding conjecture of Witten is the self-mirror phenomenon
for ADE-singularities. This conjecture states that for any simple (i.e., ADE)
singularity W, the ring J#y,(;) is isomorphic, as a Frobenius algebra, to the
Milnor ring Zy of the same singularity.

This is the main topic of this section. More precisely, we prove the follow-
ing theorem, which resolves the conjecture and serves as the first step toward
the proof of the integrable hierarchy theorems in the next section.

THEOREM 5.0.10 (Theorem 1.0.7). (1) Ezcept for D, with n odd, the
ring S,y of any simple (ADE) singularity W with symmetry group (J)
is isomorphic, as a Frobenius algebra, to the Milnor ring 2w of the same
singularity.

(2) The ring D, p, of Dn with the mazimal diagonal symmetry group Gp,,
is 1somorphic, as a Frobenius algebra, to the Milnor ring Zn-1,.,
D a9 s

(3) The ring vy, of W = 2"ty +y? (n > 4) with the mazimal diagonal
symmetry group is isomorphic, as a Frobenius algebra, to the Milnor ring

2p,, of Dy.

. =
y2 =

Note that the self-mirror conjecture is not quite correct. In particular, in
the case of D, for n odd, the maximal symmetry group is generated by J, but
the ring v,y = Hy,(s) 1s not isomorphic to Zp, . Instead it is isomorphic
to the Milnor ring of the singularity W= "ty 4192, and conversely, the ring
HW Gy, 18 isomorphic to the Milnor ring Zp,, so, in fact, the mirror of Dy,
is W/ = 2"ty + 42

This is a special case of the construction of Berglund and Hiibsch [BH93]
for invertible singularities. Specifically, consider a singularity W of the form

N N

. be 5

W=>"W, with W;=]]z"
i=1 =1

and with by, € 7ZZ°. As we did in the proof of Lemma 2.1.8, we form the
N x N matrix B := (by;). Berglund and Hiibsch conjectured that the mirror
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partner to W should be the singularity corresponding to BT; that is,

N N
wT .= ZWET, where W[ = H x?e’j.
=1 j=1
Using this construction, we find that the mirror partner to D,, = 2"~ ! +
xy? should be the singularity D! = 2"~1y 4 y2. This singularity is isomorphic
to Aop_3, so the Milnor ring of W is isomorphic to the Milnor ring of Ag,_3.
But this isomorphism of singularities does not give an isomorphism of A-model
theories. Indeed, Theorem 5.0.10 shows that the ring %D,?GDT of DI is not
isomorphic to the ring #4,, ;q,, ., but rather it it isomorpﬁic to Zp,,.
The Berglund and Hiibsch construction also explains the self-duality of A,
and Fg 7. In addition, their elegant construction opens a door to the further
development of the subject of Landau-Ginzburg mirror symmetry. Since the
initial post of this article in 2007, much progress on Landau-Ginzburg mirror
symmetry has been made by Krawitz and his collaborators [Kral0], [KPA110].
We note that Kaufmann [Kau06], [Kau03], [Kau02] has made a computa-
tion for a different, algebraic construction of an “orbifolded Landau-Ginzburg
model” which gives mirror symmetry results that match the results of Theo-
rem 5.0.10. In particular, in his theory, just as in ours, the D,, case for n odd
is also not self-dual, but rather is mirror dual to DI.

5.1. Relation between 2y and H(CV,W> C). As we mentioned
earlier, the Milnor ring 2y represents a B-model structure. In order to ob-
tain the correct action, we consider 2y w, where w = dx1 A --- A dxy. Here
an element of Zyw is of the form ¢w, where ¢ € Zy and v € Gy acts
on both ¢ and w. The A-model analogy is the relative cohomology groups
HN(CN, W C). It was an old theorem of Wall [Wal80a], [Wal80b] that they
are isomorphic as Gyy-spaces. Wall’s theorem could almost be viewed as a sort
of mirror symmetry theorem itself.

An “honest” mirror symmetry theorem should exchange the A-model
for one singularity with the B-model for a different singularity. However,
it is technically convenient for us to use Wall’s isomorphism to label the
class of HN(CN, W, C). For the A-model state space, we need to consider
HN(CN, W, C)) with the intersection pairing. It is well known that Wall’s
isomorphism can be improved to show that

(HN(CN, W=, ) () = ((2ww)") Res) .
(See a nice treatment in [Cec91].) It is clear that the above isomorphism also
holds for the invariants of any admissible group G. With the above isomor-
phism, we have the identifications

(14 v =D (HM(C,W2,0)" = @ (2w,

veG yeG
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where w, is the restriction of the volume form w to the fixed locus Fix~y. The
space @W(QWWWW)G arises in the orbifolded Landau-Ginzburg models studied
by Intriligator-Vafa and Kaufmann in [IV90], [Kau06], [Kau03], [Kau02].

For computational purposes, it is usually easier to work with the sums
of Milnor rings, so we will use the identification (74) for the remainder of the
paper. However, we would like to emphasize that while 2y has a natural ring
structure, HY ((CN , W C) does not have any natural ring structure. More-
over, the ring structure induced on the state space is not the same as the one
induced by the Milnor rings via the isomorphism (74). Furthermore, 2y has
an internal grading, while the degree of HY(CN, W, C) is just N. Hence,
they are very different objects, and readers should not be confused by their
similarity.

Before we start an explicit computation, we make several additional re-
marks.

Remark 5.1.1. One point of confusion is the notation of degree in singu-
larity theory versus that of Gromov-Witten theory. Throughout the rest of
paper, we will use degc to denote the degree in singularity theory (i.e., the
degree of the monomial) and degy, to denote its degree as a cohomology class
in Gromov-Witten or quantum singularity theory. We have

degW =2 degc .
Remark 5.1.2. The local algebra, or Milnor ring, Zyy carries a natural
nondegenerate pairing defined by

fgdzi A+ Nday
(,9) = Rese0 ™ 7w
ox1 oxrn

The pairing can be also understood as follows. The residue

fdri N Ndxy

ox1 oxr N

Res(f) := Resgz=o

has the following properties:

(1) Res(f) =0 if dege(f) < éw.
(2) Res (a‘zg;j) = u, where p := dimc(Zy) is the Milnor number.
Modulo the Jacobian ideal, any polynomial f can be uniquely expressed as

f=C(32) + f', with dege(f') < éw. This implies that
Res(f) = Cpu.

Remark 5.1.3. For any G < Aut(W), the action of the group G on the line
bundles of the W-structure and on relative homology is inverse to the action on

sheaves of sections, on relative cohomology, on the local ring, and on germs of
differential forms. For instance, the element we have called J acts on homology
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and on the line bundles of the W-structure as (exp(2miq1),...,exp(2mign)),
but it acts on Qi and on Qyw as

J . x’inl e :L’EN — 6727” Zz miQile . x%N
and
Joa" e yNdeg A Ndey = 6_2”221‘("1"“)[1%?1 coexNdry A - Nda
5.2. Self-mirror cases.

5.2.1. The singularity A,. The maximal diagonal symmetry group of A, =

n—+

2™+ is precisely the group (J). The (J)-invariants of the theory in the case

of A, agree with the theory of (n + 1)-spin curves in [JKVO01]. In that paper
it is proved that the associated Frobenius algebra is isomorphic to the A,
Milnor ring (local algebra) and the Frobenius manifold is isomorphic to the
Saito Frobenius manifold for A,,.

5.2.2. The exceptional singularity Fr. Consider now the case of F; =
x3 + 293, We have

¢z = 1/3, and g, = 2/9.
By equation (43), we get
¢r, = 8/9.
Furthermore, if £ = exp(27i/9), then J acts by (£2,£2), and
©]=1/3,  ©]=2/9.
It is easy to check that the maximal symmetry group is generated by J:
GE7 = <J> =~ Z/9Z.
Denote
eg := deAdy € H™I(CNo, WS, Q),
ey := dx € H™Y(CNo+ WS, Q) for k = 3,6,

and

e,:=1€ Hmid(CNJk7Wﬁ7Q) for 3*]?

We also denote the element 1 := e;.
Using this notation, the G g,-space @pez oz Hmid((CNJk,Wﬁ,Q) can be
described as follows:

(75)  H™I(CY, W, Q)
Er = span(eo, 2" eq, z%eq, yeo, y*eq, xyeq, x%yeo)  if k =0,

= | A2 = span(ey, zey) if k=3,6 (mod?9),
A = span(ey) if 31k.
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The Gg,-invariant elements of this space form the state space of the E7
theory:
Hg, = span(yep, 1, e, €4, €5, €7, €g).
We now compute the genus-zero, three-point correlators for the G, -invar-
iant terms of the theory. First, the degree shift

N
k
Lﬁziy@]—w

i=1

and the W-degree
degyy (z'y ey,) = deg(x'y’er) + 2upe = Ny + 20
depend only on k. For example, we have
2 2
L= (0 —q) + (8] —q)) =(2/3—1/3) + (4/9 —2/9) =5/9
and
degyy (e2) = deg(e2) + 2¢ 52 = 0+ 10/9.

The complete set of numbers ¢ and degy;, are given by the following table:

k[ o [1] 2 3 4 | 5 6 7] 8
tye || =5/9 10| 5/9 | 1/9 | 6/9 [2/9|-2/9|3/9| 8/9
degy (x'yler) | 8/9 |0]10/9|11/9[12/9]4/9| 5/9 |[6/9 |16/9

For each genus-zero, three-point correlator (aekl,bekz,cek3)0E7, we have
g =0, k =3, and we compute from equation (52) that

3 3
D = —index(.%;) — index(.Z,) = éw (0 — 1)+ Y 10, = =8/9+ > 1 ;.
j=1 j=1

The dimension axiom (equation (53)) states that the the correlator will vanish
unless

3
dimR(]Qg) =-2D — Z Nka.
J=1

That means the correlator will vanish unless
3 3

3
0= —26E7 + 2 Z Lyk; + Z Nka = —2¢w + Zdegw(ekj).
=1 =1 j=1

A straightforward computation shows this only occurs for the following
correlators:

<y2€07y2€0a 1>(€77 <y260ae5ve5>0E77<171a68>0E77 <1762’e7>57’
<17e47e5>OE77 <e57e7’e7>0E7'

Now we compute when the line bundles .Z, and %, defining the FEr-
structure, are concave. Since we are in genus zero, this occurs precisely when
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the degree of the desingularization of each line bundle (see equation (77)) is
negative:

k 3
(76) 0> deg(lZ]) = (qx@g —24k) - @;l) =1/3-Y 6"
=1 =1
and
k 3 .
(77) 0 > deg(|-Z,|) = (qy(2g —2+k)— Z@;l) =2/9->"07".
I=1 I=1
This occurs precisely for the correlators

<17 1798>§7a <1a €2, e7>g7a <1,e4,e5>517, <e57 €7, 87>g‘7.

For these concave cases, the virtual cycle must be Poincaré dual to the top
(zeroth) Chern class of the bundle R, (% ® %) = 0, which is 1. Thus these
correlators are all 1.

The correlator (y2eq, y%eg 1)537, is just the residue pairing of the element
y? with itself in the J%-sector Hmid((CNJO,WES,Q) = Z2p.. The Hessian h :=
agjg;j of W is 362%y — 9y* = —21y* in 2y, and by Remark 5.1.2, we have
(leg, heo)” = pup, =17, so

(y%e0, ye0, 1) = (leg, y'eo)™ = (leg, —h/21ep)" = —1/3.

Finally, we will compute the correlator (y%eq, es, e5>gJ7 by using the Com-

position Law (Axiom 6). The cycle [7074(]57;J5,J5,J5,J5)]Vlr corresponds
to a cycle on #o4(E7; J°, J°, J%, J®) of (veal) dimension 6g — 6 + 2k — 2D =
2 = dimg # 9 4(Er; J?,J% J5,J%), and thus it is just a constant times the
fundamental cycle.

In this case we can compute that the line bundles |.Z;| and |.Z,| have
degrees —2 and 0, respectively, and thus for each fiber (isomorphic to CP!) of
the universal curve € over # o 4(FE7; J°, J°, J°, J°), we have HY(CP',|.Z,| ®
%)) = 0@ C and HY(CP',|.%| @ |.%,]) = C © 0. The Witten map from
H° to H' is (32 + 93,2zy). This map has degree —3, so by the Index-
Zero Axiom (Axiom 5b), the cycle [#o4(Er;J% J% 0% J%)|" is —3 times
the fundamental cycle. Pushing down to the moduli of pointed curves (see
equation (63)) gives Agi(es, es5,e5,e5) = —3, and the pullback along the gluing
map p gives p*AOE71(e5,e5,e5,e5) = -3.

By the Composition Axiom, we have

—3 =" Al(es,e5, ;)T AJ(B;, e5, e5).
1,7
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However, the only nonzero three-point class of the form Agg(e5,e5,ai) is

Agg(e5,e5,y2eo). Thus, we have

2
—3 = -3 (Ag%(es, es,9%e))

and so

(78) (e es o)l = [ Af(es,esyten) = £1
Mo,3

Now the fact that our pairing matches J7, with 7 -1 means that it pairs
Ky with He—r and if k # 0, then the sectors ()7 = (Je-x)” are one-
dimensional, spanned by e; and the pairing gives (eg,eq_ ;)" = 1. We can
use these correlators as the structure constants for an algebra on the invariant
state space. If we define a map ¢, : C[X,Y] — #%. by

X a3e7 and Y — a2e5
for any a € C*, then we can make ¢ into a surjective homomorphism as follows:
1—1=ey, X% a6e4, XY — a5e2
X%y — a8e8, Y2 $3a4y2e0.
Moreover, we have the relations

$(X)xp(Y)? =0

(79)  o(Y)? = o(Y) x (F3a'y’en) = F3a° Y _{es, 5’0, a)y n™p
a,3
= —3a’es = —3¢(X)*.

So the kernel of ¢ contains XY? and Y3 + 3X?2, but
25, = CIX,Y]/(XY? Y3 +3X?)
has the same dimension as %, ; therefore,
2p. = C[X,Y]/(XY2,3X2 + V?) 2% (8 %)

is an isomorphism of graded algebras for any choice of o € C*.
We wish to choose « so that the isomorphism ¢, also preserves the pairing.
The pairing for £, has

1 1
(1,X?Y) g, = 5 and (Y, Y?) g, = -3

whereas for ¢z, the pairing is given by

(1,es), =1 and  (Fy’eo, Tyeo) s, = —3.
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This shows that the pairings differ by a constant factor of 9, and since ¢(X?Y)
and ¢(Y*) both have degree 8 in a, choosing a® = 1/9 makes ¢ into an
isomorphism of graded Frobenius algebras

o@E7 = (‘%ﬂEcia *)'

5.2.3. The exceptional singularities Fg and Eg. Our ring J4y q,, for both
of the exceptional singularities Eg = 22 + y* and Fg = 2® + 9® with maximal
symmetry group Gy can be computed easily using the Sums of Singularities
Axiom (Axiom 8). In this case, we have

(80) %E&GEG = %AQ,GAQ ® %A3,0A3 =24, ® Qa3 = g,

(81) %E87GE8 = %4270,42 ® '%44@,44 =24, ® 24, = g,

where the second isomorphism of each row follows from the A,, case. Note that
in both cases we have (J) = Gw.

Later, when we compute the four-point correlators, it will be useful to
have these isomorphisms described explicitly.

Explicit Isomorphism for Eg. Define Eg:=z3+y*. The invariants are gener-
ated by the elements e, es, €5, €7, €1, €11, where e;:=1 eHmid((CNﬂ W2, Q).

Computations similar to those done above show that the isomorphism of
graded Frobenius algebras Zp; —— Ay, is given by

Y —a’e; and X — a4e10,
with o!? = 1/12.

Explicit Isomorphism for Eg. Define Eg := 23 + y°. The invariants are
generated by the elements eq, eo, €4, €7, €3, €11, €13, €14, Where
e, :=1¢€ H™YCNs WX, Q).

Again, computations similar to those done above show that the isomor-
phism of graded Frobenius algebras £, — %E&GES is given by

Y —a’e; and X — a5e11,
with ot = 1/15.

5.2.4. The singularity Dy+1 withn odd and symmetry group (J). Consider
the case of Dy, 11 with W = 2" +2y? and with n odd. The weights are ¢, = 1/n
and ¢, = (n — 1)/2n, and the central charge is ¢p, ., = (n —1)/n. The
exponential grading operator J is

J= (62,61, where £ = exp(27i/2n).
And J has order n in the group Gp = <(§275)) >~ 7./2n7.

n+1
As described in Section 2.3, we may restrict to the sectors that come

from the subgroup (J) by restricting the virtual cycle for D,y to the locus
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corresponding to the moduli space for W’-curves, with W’ := 2" 4+ xy? +
z("t1)/2y - For the rest of this example, we assume this restriction has been
made. To simplify computations later, we find it easier to take a € (0,n]
instead of the more traditional range of [0,n).

Denote

en = dzAdy € H™(CN W3R, Q) = H™(CN°, W3, Q),
e, =1 H™MYCN9e W, Q) for a #n

so that the Gp, ,,-space @rez/nz H™d(CN sk, W5, Q) can be described as

(82) Hmid((cNJk , Wﬁ’ )

_ 1 2 -1 e
B {DnH = (ep,x €n, %€, ..., 2" ey, ye,) if k=mn,

Ay = (ep) if k#£0 (mod n).
The (J)-invariant elements form our state space
Dy = (226, yen,e1,... ,€(n—1))-
To prove that (#p,,,,*) = Zp,.,, we will choose constants «, 5 € C so
that the ring homomorphism
¢:CX,Y| — D, .,

defined by X + e3 and Y — a(x%en) + B(yey), induces an isomorphism
from QD”Jrl to %Dn+1’<‘]>‘
To determine properties of the homomorphism, we must better understand
the genus-zero, three-point correlators for the (J)-invariant terms of the theory.
The degree degyy, (r'y’e,) is determined only by a and is given as follows:

n

a—1 : :
degyy (ziyey) = { if a is odd and a € (0,n],

nta=lif g is even and a € (0,n).
For the genus-zero, three-point correlators, denote the relevant sectors by

J% for i € {1,2,3}. Using the dimension axiom, we see that the virtual cycle
vanishes unless

26Dn+1 = Z degW(eal)'
l
This occurs precisely when

(83) Zai:2n+1—nE,

where E denotes the number of a; that are even. Since 0 < a; < n for all 7, we
have >~ a; > 3, and so 0 < E < 1.

Using equation (77) for the degree of the bundles |.Z;| and |.Z)|, we have
the following two cases:
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(1) If E =1, then deg(|-Z;|) = deg(]-Z,|) = —1. In this case the concavity
axiom shows that the correlator is 1.
(2) If E =0, then at most two of the a; can be n. There are three cases:

(a) If E = 0 and none of the a; is n, then deg(|-%;|) = —2 and
deg(]-Z,|) = 0.
(b) If E = 0 and exactly one a; is n, then deg(|-%;|) = —1 and
deg(]-Zy) = 0.
(c) If E = 0 and exactly two of the a; are n, then deg(|-%;|) =
deg(|-Zy[) = 0.
For Case 2, first note that all correlators of the form
(v, 1>0D,§+1
for v,v" € A are simply the pairing of v with v’ in 7. In particular,
_ _ N _ _ 1
(D2, o(n1/2¢ 1>£?3+1 = (z(" 1)/2%735(”1 D2, = 5
Dy, -
<yenayen7 1>0’3+1 = <yenayen> = 2 )

and
<m(n—1)/2em Yyeén, 1>£§+1 = <x(n_1)/2em yen> = 0.

For Case 2a, the line bundles |.%;| and |.Z,| have degrees —2 and 0, respec-
tively, and thus H*(CP!, |.Z,| @ |.%,|) = 0& C, H'(CP!, |.Z| © |.%,]) = C 0,
and the Witten map from H to H' is (nz"~! +%2,2Zy). This map has degree
—2, so, as in previous arguments, the Index-Zero Axiom (Axiom 5b) shows
that the correlator, is —2.

Case of n > 3. If we assume that n > 3, and letting 1 and v range through
the basis {z(*~1)/%e, ye,, e1,... ;€(n—1)}, We have

esxe3 =Y (es, es,u)n" v
mv
= (es,e3,e,_5)1°" v
14

= (e3,€3,€,_5)€5 = €5.

Similar computations show that for [ < (n —1)/2, we have

eé = €2]41-
In the case of eénfl)/z, we have
oD/ _ gy 4 P92

= <e37 €(n-2), x(n—l)/Qen>2nx(n—l)/2€n + <63, €(n—2); yen)(_2)yen'
To simplify notation, we denote

ri= (eg,e(n,g),x("_l)ﬂen> and s := (e3,€(,_2), Yen)
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so that

e:(gn_l)/2 = (2nrz"V/2e, — 2syey).
Note that a computation like the one done above for Case 2a shows that
i (T3, 7072073 J=2)] " 4o the
boundary is zero-dimensional and equals —2. The Composition Axiom applied

the restriction of the virtual cycle [70747 D

to this class shows that
—92 = 2nr? — 252,
This shows that

egn+1)/2 = e3* ((2nrz"V/%e, — 2sye,))

= 2nrley — 2s%ey
= —2es.
Proceeding in this manner, we find that
ey = —2e(g_np1y If (n+1)/2<1<n—1.
We wish to choose constants a and § so that the homomorphism
¢:CIX,Y] — Hp, ., 5y, lrel, X —es Vi az™ %, + Bye,

has both XY and nX"! + Y2 in its kernel, but so that ¢(Y) is not in the
span (6(1), (X),..., o(X""V).

A straightforward calculation shows that

N a2 /82
(Z5(Y ) = <2n — 2) €n_1.

Combining this with our previous calculations, we require

a2 /82

om T3 T 2n.
Moreover, one easily computes that ¢(XY) = (ar + 3s)ea, and so o = —fs/r.
This gives

B8 ==22nr, andthus o= F2ns.
With these choices of o and 3 it is easy to check that ¢(Y) is not in the
span (¢(1), p(X), ..., d(X™ D). This means that ¢ is surjective and the ideal
(XY, nX"14+Y?) lies in its kernel, and thus it induces the desired isomorphism
of graded rings ¢ : 2p, ., — (KD 1 (7Y %)
As in the case of E7, we wish to rescale ¢ to make it also an isomorphism

of Frobenius algebras. The pairing for Zp, ., is

(X1 1)=1/2n and (Y2 1)=—-1/2,
whereas the paring for #p, (s has

(@71 = (2ear ) = =2 and (G2, 1) = —n(G(X"1),1) = 2n,
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Thus the pairing of #p, (s is a constant —4n times the pairing of Zp, ;.
Since both rings are graded and the pairing respects the grading, rescaling
the homomorphism ¢ by an appropriate factor (namely, ¢(X) = o2e3, and
oY) = 0" Y az""D/%e, + Bye,), with 02"~2 = 1/(—4n)), shows that we can

construct an isomorphism of graded Frobenius algebras

B@D = (%Dn+17<J>7*)'

n+1

Case of n = 3. In the case that n = 3 we can determine all the correlators
just by the selection rule (equation (83)) and the pairing. Specifically, we have
the correlators

<ela e17 e2>(?4 = 1’ <$e37$e3,el>0D4 — 1/67
(yes.yes, e)s ' = —1/2, (ze3,yes er)g" =0,

and all other three-point correlators vanish.
It is easy to verify that the map ¢ : C —— #p, (5 taking X — zes and
Y — yes3 induces an isomorphism of graded Frobenius algebras

Dp, = (A, 1y %)
5.3. Simple singularities that are not self-mirror.

5.3.1. The singularity D, 1 with its mazimal Abelian symmetry group. In
this subsection we will show that, regardless of whether n is even or odd, the
ring D, +1.Gp, 4y with its maximal symmetry group Gp,,, is isomorphic, as
a Frobenius algebra, to the Milnor ring Z;n, 2 of D;{H = 2"y + y2.

Regardless of whether n is even or odd, the maximal Abelian symmetry
group G := Gp,,,, of Dyt = 2" +axy? is isomorphic to Z/2nZ. 1t is generated
by A = (¢7%,¢1), with ¢ = exp(27i/2n). We have J = A"~L. If n is even,
then J generates the entire group G, but if n is odd, it generates a subgroup
of index 2 in G. The case of D1 with n odd and with symmetry group (.J)
has already been treated in Section 5.2.4.

Define

e := dzAdy € H™I(CV W%, Q),
e, :=1¢ H™MYCM W2 Q)for 0<a<norn<a<?2n,

After computing G-invariants, we find that the state space #p,, , ¢ is spanned
by the elements

Yep,€1,€2,...,en—1,€n+1,€n42,-..,€2n—-1.
We have
e Ja/n if0<a<n,
a/n—1 ifn<a<2n,
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. o if a =0,
(85) 0y = .
l1—a/2n if0<a<2n,

-1 .
== 4+1 if0o<a<n,
(86) degyy(eq) = { "

el_1 ifn<a<2n
Dn+1
0,3

For three-point correlators of the form (s, sr9, 73) , with each ¢ in

the A\*-sector, the dimension axiom gives the selection rule

3
2¢p,, = ) degy (54)
i=1
which, using equation (86), gives
3
d ai=2nB—-n+1,
i=1

where B is the number of a; greater than n.
Similarly, we compute the degree of each of the line bundles in the D, 1-
structure to be

(87) deg(| L) =1- B
deg(lZ,)) = R+ B -3,

where R is the number of broad sectors »; € H™4(CNx, W5, Q). A straight-
forward case-by-case analysis of the possible choices for B and R shows that
(up to reindexing) the only correlators that do not vanish for dimensional
reasons are the following:

Dy, .
(€ntas€ntbr€nti—ab)os  With0 <a,banda+b<n,

(yeo, €ntitas egn_a>£§+1 with0 <a<n-—1,
D, 1
<y60, Yyeo, enJr1>0,3Jrl = Tlyeo,yeq — _5'
Using equation (87), we see that correlators of the first type are all concave
and so are equal to 1. Those of the second type can be computed using
the Composition Axiom; specifically, the Index-Zero Axiom shows that the
restriction of the virtual cycle [WOA(DnH; Antita )\”+1+a,)\2n_a,)\2n_a)}m
to the boundary is —2 times the fundamental cycle. The Composition Axiom
now shows that

p* €p, € Dyt1 2 ep,ye
(<y 0 ’I’L+1—|—a,62n—a>0,§b ) ’]7y 0,Y€0 2’
which gives

Dy,
(88) <ye07 €n+l+as 92n7a>073+1 = =£1.
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Using these computations, it is now straightforward to check that, regardless
of the choice of sign in equation (88), the map

¢ Dynyrye = CIX,Y]/(X"Y, X" +2Y) — (HD,,,.60%),
defined by

ent1+i for0<i<n-—1, .
7 . X el
X'—=<SF2yey fori=n-—1, and Yb—)—Tz—E,
€-_nt1 forn<i<2n—1,
is an isomorphism of graded algebras. The pairing on
Dynyry2 = CIX,Y]/(X"TY, X" +2Y)

is given by
<X2n72, 1>"@Dn+l = —1/77‘7

whereas the pairing on Jp, , ap " is easily seen to be given by

<¢(X2n_2)7 1>%Dn+l = <en717en+l>%Dn+l =1

Since ¢ and the pairing both preserve the grading, we can rescale ¢ to be
#(X) = ae,i2 and ¢(Y) = —a"e; /2 with a?"~2 = —1/n to obtain an isomor-
phism of graded Frobenius algebras:

Doy g (%Dn+17GDn+1 LK)

5.3.2. The mirror partner Dgﬂ of Dp+1. The mirror partner of Dy, is
the singularity DI =2y + y?. In this subsection we show that the ring
%DZ;-H of Dgﬂ with its maximal Abelian symmetry group is isomorphic, as
a Frobenius algebra, to the Milnor ring Zp, ,,. Since we have already shown
that the ring 7p, ., with its maximal Abelian symmetry group is isomorphic
to the Milnor ring of DT 41, this will complete the proof that, at least at the
level of Frobenius algebras, D, is indeed the mirror partner of Dy 1.

For this singularity, the weights are ¢, = 1/2n and ¢, = 1/2, and the
central charge is éDZ+1 = (n—1)/n. If £ := exp(27i/2n), then the exponential
grading operator is J = (£,£"). The element J generates the maximal Abelian
symmetry group (J) = Gw = Z/2nZ.

Denote

eg := drAdy € H™I(CNo, W, Q),
e, =1¢ Hmid(CNJ“,Wﬁ,Q) for 0 < a < 2n.
The Gy -invariant state space is

1
Ay = Hvay = (" Veg, e, e3,e5,...,€2,-1).
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As always, we have

n—1
on

Also, we have ©/" = a/2n for a € {0,...,2n — 1} and @Za =a/2 (mod 1), so
the degree of any element s in the J%-sector is given as follows:

degy (2" eg) = éw = 2

a—1 .. .
degy () = QT if @ is odd and a € (0, 2n).
n

For the genus-zero, three-point correlators <%1,%2,%3>(% with homoge-
neous elements s; € #5q;, the dimension axiom gives that the virtual cycle
vanishes unless

20D7{+1 = ;degw(%i).
This occurs precisely when

(89) > a;=2n+1-nR,

where R denotes the number of a; that are equal to 0; that is, the number of
broad sectors.

Equation (89) shows that R € {0,1,2}. And a simple computation shows
that the degree of the W-structure line bundle %, is not integral if R = 1,
so we have only the two cases of R = 0 and R = 2. In the case of R = 2,
equation (89) shows that the only nonvanishing correlator is
w 1

e0>0,3 = Ngn—leg,zn—ley — _g'

<ela xn—le()’ xn—l
In the case that R = 0, we have deg(.%,) = deg(.Z,) = —1, so by concavity,
these correlators are all 1.

Now define a map ¢ : C[X,Y] —— %DTH by X! — egiy1 and YV —
na™ leg. It is straightforward to check that ¢ is a graded surjective homomor-
phism with kernel (n X" 1 +Y?2 XY). So ¢ defines an isomorphism of graded
algebras

QDTL+1 %‘l (%DT

n+1’*)'

The pairing on each of these algebras also respects the grading, and the two
pairings differ by a constant multiple of 2n. So rescaling the homomorphism
¢ by X' — O'Qie2i+1 and Y — no" lz" leg with o272
isomorphism of graded Frobenius algebras.

= 1/2n makes an

This shows that DZ 1 is indeed a mirror partner to D1, and it completes
the proof of Theorem 1.0.7.
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6. ADE-hierarchies and the generalized Witten conjecture

The main motivation for Witten to introduce his equation was the follow-
ing conjecture.

CONJECTURE 6.0.1 (ADE-integrable hierarchy conjecture). The total po-
tential functions of the A, D, and E singularities with group (J) are T-functions
of the corresponding A, D, and E integrable hierarchies.

The A,-case was established recently by Faber-Shadrin-Zvonkin [FSZ10].
One of our main results is the resolution of Witten’s integrable hierarchies
conjecture for the D and E series. It turns out that Witten’s conjecture needs
a modification in the D, case for n odd. This modification is extremely in-
teresting because it reveals a surprising role that mirror symmetry plays in
integrable hierarchies.

6.1. Overview of the results on integrable hierarchies. Let us start
from the ADE-hierarchies. As we mentioned in the introduction, there are two
equivalent versions of ADE-integrable hierarchies—that of Drinfeld-Sokolov
[DS84] and that of Kac-Wakimoto [KW89]. The version directly relevant to
us is the Kac-Wakimoto ADE-hierarchies because the following beautiful work
of Frenkel-Givental-Milanov reduces the problem to an explicit problem in
Gromov-Witten theory. Let us describe their work.

Let W be a nondegenerate quasi-homogeneous singularity, and let ¢;
(¢ < p) be the monomial basis of the Milnor ring with ¢; = 1. Consider the
miniversal deformation space C* where a point A = (t1,...,t,) parametrizes
the polynomial W +t1¢1+ta¢2 - - - +t,¢,. We can assign a degree to ¢; such that
the above perturbed polynomial has the degree one; i.e., deg(t;) = 1 —deg(¢;).
The tangent space T} carries an associative multiplication o and a Euler vector
field E = Y; deg(t;)d,, with the unit e = 22 It is more subtle to construct

oty
a metric. We can consider residue pairing

fgw
<fa g>)\ = ReSIZO W oW

81’1 a:BN

using a holomorphic n-form w. A deep theorem of Saito [Sai81] states that one
can choose a primitive form w such that the induced metric is flat. Together,
it defines a Frobenius manifold structure on a neighborhood of zero of C*.
We should mention that there is no explicit formula for the primitive form in
general. However, it is known that for ADE-singularities, the primitive form
can be chosen to be a constant multiple of standard volume form; i.e., ¢ dx for
A, and cdx A dy for DE series.

Furthermore, one can define a potential function .%, playing the role of
genus-zero Gromov-Witten theory with only primary fields. It is constructed
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as follows. We want to work in flat coordinates s; with the property that
degc(si) = dege(t;) and (s;, s;) are constant. The flat coordinates depend on
the flat connection of the metric and hence the primitive form. Its calculation
is important and yet a difficult problem. Nevertheless, we know that the flat
coordinates exist thanks to the work of Saito [Sai81]. Then, consider the three-
point correlator Cj;, = <85i,85].,85k> as a function near zero in C*. We can
integrate Cjj;, to obtain .#. Here, we normalize .# such that .# has leading
term of degree three. We can differentiate .# by the Euler vector field. It has
the property Lg% = (¢w —3).%. Namely, % is homogeneous of degree ¢y — 3.
The last condition means that, in the Taylor expansion

RN
F = Za(nl,... ,n#)m,

we have a(n1,...,n,) # 0 only when > n; =" n;(1—degc(s;)) = > dege(si) =
¢w — 3. Note that the degree in the Frobenius manifold is different from that
of the A-model. For example, the unit e has degree 1 instead of zero. The
A-model degree is 1 minus the B-model degree. With this relation in mind, we
will treat the insertion s; with degree 1 — degc(s;). Then, the above formula
is precisely the selection rule of quantum singularity theory.

It is known that the Frobenius manifold of a singularity is semisimple in
the sense that the Frobenius algebra on T) at a generic point A is semisim-
ple. On any semisimple Frobenius manifold, Givental constructed a formal
Gromov-Witten potential function. We will only be interested in the case that
the Frobenius manifold is the one corresponding to the miniversal deformation
space of a quasi-homogeneous singularity W. We denote it by

_ 29—2 g9
@I/V,formal = exp E h*9 <g\formal
g=>0

The construction of Zyy formal is complicated, but we only need its following
formal properties:

(1) Z2 ... agrees with .Z for primitive fields, i.e., with no descendants.
(2) Z{ .. satisfies the same selection rule as a Gromov-Witten theory
with C7 = 0 and dimension ¢éyy.

(3) Pw tormal satisfies all the formal axioms of Gromov-Witten theory.
The first property is obvious from the construction. The second property is a
consequence of the fact that Py ormal satisfies the dilaton equation and Vira-

soro constraints. A fundamental theorem of Frenkel-Givental-Milanov [GMO05],
[FGM10] is

THEOREM 6.1.1. For ADE-singularities, Zw formal 15 @ T-function of the
corresponding Kac-Wakimoto ADE-hierarchies.
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Remark 6.1.2. Givental-Milanov first constructed a Hirota-type equation
for Givental’s formal total potential function. Later, Frenkel-Givental-Milanov
proved that Givental-Milanov’s Hirota equation is indeed the same as that of
Kac-Wakimoto.

Our main theorem is

THEOREM 6.1.3. (1) Exzcept for D, with n odd and Dy, the total po-
tential functions of DE-singularities with the group (J) are equal to the
corresponding Givental formal Gromov-Witten potential functions up to a
linear change of variables.

(2) DD,,.Crax = P Aoy formal, Up to a linear change of variables.

(3) For DI = a"~ly 4+ 42 (n > 4), Dpr
change of variables.

= 9p,, formal, up to a linear

max

Using the theorem of Frenkel-Givental-Milanov, we obtain

COROLLARY 6.1.4. (1) Except for D,, with n odd and Dy, the total po-
tential function of DE-singularities with the group (J) is a T-function of
the corresponding Kac-Wakimoto hierarchies (and hence Drinfeld-Sokolov
hierarchies).

(2) The total potential function of all D, -singularities for n > 4 with the max-
imal diagonal symmetry group is a T-function of the Asy,_3 Kac-Wakimoto
hierarchies (and hence Drinfeld-Sokolov hierarchies).

(3) The total potential function of DI = z" 'y +4? (n > 4) with the maz-
imal diagonal symmetry group is a T-function of the D, Kac-Wakimoto
hierarchies (and hence Drinfeld-Sokolov hierarchies).

Remark 6.1.5. There is a technical issue in Givental’s formal theory, as
follows. For any semisimple point ¢ of Saito’s Frobenius manifold, he defined
an ancestor potential <%. From this he obtains a descendant potential function
9 = S*tszft, where S; is certain quantization of a symplectic transformation Sy
determined by the Frobenius manifold. Then, he showed Z is independent
of t. However, to compare with our A-model calculation, we need to expand
2 as formal power series at t = 0. Although Z is expected to have a power
series expansion at ¢ = 0, we have been informed that a proof is not yet in
the literature. Our strategy to avoid this problem is to show that (i) the
A- and B-models have isomorphic Frobenius manifolds, and (ii) in the ADE
cases the ancestor functions of both models are completely determined by their
respective Frobenius manifolds. Therefore, the A- and B-model have the same
ancestor potentials and hence the same descendant potentials.

Definition 6.1.6. An ancestor correlator is defined as
k copies

(1, (1), ..., Tln(an»g{/’G(?ﬁ) = Z(Tll (1), ...,m, (), t,... ,t)gV’G.
k
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Then, we define ancestor generating function ﬁgw ‘G (t) of our theory with these
correlators similarly.

Givental ancestor potential is defined for semisimple points t # 0. In the
above definition, ¢ is only a formal variable. To be able to choose an actual
value t # 0, we need to show that the ancestor correlator is convergent for that
choice of ¢. This is done in the following lemma.

LEMMA 6.1.7. Choose a basis T" of y,a, and writet =Y, t;Tt. For the
simple (ADE) singularities, the ancestor correlator (7, (a1), ..., T, (an)>gV’G(t)
is a polynomial in the variables t;. Furthermore, if ly = --- =1, = 0, (i.e.,
if there are no 1-classes), the ancestor correlator is also a polynomial in the
variables aq, . .., an.

Proof. Consider correlator (11(a1),...,m(an), Tiy, .-, Ti,
mension condition is

2((ew —3) 1 —g)+n+k)= Z(Zli + degyy a;) + Zdegw T;,.

? J

)¢ "G, The di-

This implies that
2(2 —degy T,) = Z(Qli + degyy ;) — 2((éw — 3)(1 — g) + n).

J (2
Therefore, if we redefine degly T;; := 2 — degyy Tj;, the ancestor correlator is
homogeneous of a fixed degree. When W is an ADE-singularity, it is straight-
forward to check that 2 — degy, T;; > 0. Hence, it must be a polynomial. The
same argument implies the second case. O

This lemma shows that we can consider ﬁtW’G

point ¢ # 0.

The proof of the main theorem depends on four key ingredients. The
first ingredient is the reconstruction theorem for the ADE-theory, which shows
that the two ancestor potentials are both determined by their corresponding
Frobenius manifolds. The second step is to show that the Frobenius manifolds
are completely determined by genus-zero, three-point correlators and certain
explicit four-point correlators. The third ingredient is the Topological Euler
class axiom for narrow sectors, which enables us to compute all the three-point

and %W’G for a semisimple

and required four-point correlators. The last ingredient is the mirror symmetry
of ADE-singularities we proved in last section. The required modification in
the D,, case when n is odd is transparent from mirror symmetry.

6.2. Reconstruction theorem. In this subsection, we will establish the
reconstruction theorem simultaneously for ADE-quantum singularity theory
and Givental’s formal Gromov-Witten theory in the ADE-case. We use the
facts that
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(i) both theories satisfy the formal axioms of Gromov-Witten theories,
(ii) they both have the same selection rules,
(iii) they both have isomorphic quantum rings up to a mirror transforma-
tion.

The last fact has been established in the previous section. To simplify the nota-
tion, we state the theorem for the quantum singularity theory of the A-model.

We start with the higher genus reconstruction using an idea of Faber-
Shadrin-Zvonkine [FSZ10].

THEOREM 6.2.1. If¢ < 1, then the ancestor potential function is uniquely
determined by the genus-zero primary potential (i.e., without gravitational de-
scendants). If ¢ = 1, then the ancestor potential function is uniquely deter-
mined by its genus-zero and genus-one primary potentials.

The proof of Theorem 6.2.1 is a direct consequence of the following two
lemmas, using the Faber-Shadrin-Zvonkine reduction technique. For this ar-
gument, we always assume that ¢ < 1.

LEMMA 6.2.2. Let oy € J, ¢ for all i € {1,...,n}, and let B be any
product of ¢ classes. If ¢ < 1, then the integral

/7 B'Ayn+k(a17"‘7anaﬂ17"wlIlik)

%g,n+k
vanishes if deg B < g for g > 1. If ¢ = 1, then the above integral vanishes when
deg 8 < g for g > 2.

Proof. The integral fZMM B - Ag[fnJrk(al, oo, Ty, .o, T;,) does not

vanish only if
n+k

degf8=3¢g—3+n+k—D — Z:N%/27
T=1
where D = é(g — 1) + Y, ty,. Recall that 1, = SN, (0] — ¢;).
Now we have the inequality

n+k
(90) degB=(B-¢&)(g—1)+ Y (1-1y,)
T=1
n—+k
=B-0g-D+> (1-é¢+é—1ty, — N, /2)
=1

>B-0—-1)+Mn+k1-0),

where we used the fact (easily verified for the simple singularities AD and E)
that the complex degree degcay = ty + Ny/2 of a class o, € 2, always
satisfies

degc oy =ty + Ny /2 < €.
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Hence if ¢ > 2, we have deg 3 > ¢g. If g = 1, then deg8 > 0 for ¢ < 1 and
deg 8 > 0 for ¢ = 1, where the equality holds if and only if deg¢ v, = ¢ for
all 7. O

The following lemma treats the integral for higher-degree v classes. It
was proved in [FSZ10], where it was called g-reduction.

LEMMA 6.2.3. Let P be a monomial in the ¥ and k-classes in ]97;6 of
degree at least g for g > 1 or at least 1 for g = 0. Then the class P can be
represented by a linear combination of dual graphs, each of which has at least
one edge.

Proof of Theorem 6.2.1. Take any correlators
<Td1(a1)”'Tdk(an)aﬂp"' ik gn+k

dp AW
_/ ...¢k"Ag,n+k(a1,...,an,Til,...,Tik).

q n+k

The total degree of the i-classes must either match the hypothesis of
Lemma 6.2.2 or match the hypothesis of Lemma 6.2.3. If the total degree
is small, then it vanishes by Lemma 6.2.2. If it is large, then the integral is
changed to the integral over the boundary classes while decreasing the degree of
the total integrated ¢ or k classes. Applying the degeneration and composition
laws, the genus of the moduli spaces involved will also decrease. It is easy to
see that one can continue this process until the original integral is represented
by a linear combination of integrals over moduli spaces of genus zero and genus
one, without gravitational descendants. ]

Remark 6.2.4. There is an alternative higher-genus reconstruction, using
Teleman’s recent announcement [Tell2] of a proof of Givental’s conjecture
[Giv01l]. However, in the ADE-case the above argument is much simpler and
achieves the same goal.

The above theorem implies that all the ancestor correlators are determined
by genus-zero ancestor correlators without ¢ classes. On the B-model side,
Givental’s genus-zero generating function is equal to Saito’s genus-zero gener-
ating function. Hence, it is well defined at t = 0. Furthermore, Lemma 6.1.7
shows that both the A- and B-model genus-zero functions without descendants
are polynomials and are defined over the entire Frobenius manifold. Finally,
we observe that the genus-zero ancestor generating function is determined by
the ordinary genus-zero generating function (i.e., at ¢ = 0). Therefore, it is
enough to compare the ordinary genus zero generating functions.

Next, we consider the reconstruction of genus-zero correlators using the

Witten-Dijkgraaf-Verlinde-Verlinde Equation (WDVYV).
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Definition 6.2.5. We call a class v primitive if it cannot be written as
v = v %72 for 0 < dege(yi) < dege(y) (or, in the case of our A-model
singularity theory, 0 < degy, (i) < degy (7).

We have the following lemma.

LEMMA 6.2.6 (Reconstruction Lemma). Any genus-zero k-point correla-
tor of the form (y1,...,Yk—3,a, B,€* @)y can be rewritten as

(91) <'717"'77k737a7675*¢> =S5+ <71a"-77k73a047676*¢>0
+ <71>"'7’7k—3,a*€aﬁ7¢>0
- <f}/17' "77k—37a*/87€7¢>07

where S is a linear combination of genus-zero correlators with fewer than k
imsertions.

Moreover, all the genus-zero k-point correlators (yi,...,Vk)o are uniquely
determined by the pairing, by the three-point correlators, and by correlators of
the form (au,...,ap 9, ap_1,00) for k' < k and such that o; primitive for
all i < k' — 2.

Proof. Choose a basis {d;} such that dyp = € x ¢, and let ¢, be the dual
basis with respect to the pairing (i.e., (;,d}) = d;5). Using WDVV and the
definition of the multiplication x, we have the formula
(92)

<’Yla o 77k73704;575*¢>0 = <’Ylv o 77k*37a767€*¢>0<5[/)787 ¢>O
= Z Z <7i€[7a7€a6€>0<527¢aﬁ7’7j€;]>0

k—3=IUJ ¢

- Z Z<7i€[aaa67 5€>0<527¢7677j6¢]>0'

k=3=IUJ ¢
J#D

All of the terms on the right-hand side are k’-point correlators with k' < k
except

Z <7i§k737 a, g, 5f>0<527 ¢7 /B>0
]
+ > {a,e,8000(00, b, B, Vi<k—3)o — D (e, B, 60)0 (00, d: €, Vj<k—3)0
] ]

= <7j§k—3705a6>¢*6>0 + <OK*E,¢, 677j§k‘—3>0 - <05*/3167¢77j§k—3>07

as desired. This proves equation (91).

Now, suppose that (y1,...,7%) is such that v is not primitive, so v =
€ % ¢ with e primitive. Applying equation (91) shows that (v1,...,7%) can be
rewritten as a linear combination of correlators S with fewer insertions plus
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three more terms:

(V1,00 = S+ (Vj<k—3, Vh—2: €, V=1 * D)
F (Vi<k—3, Th—2 * €, Y—1, D)o — (Vi<k—3, Th—2 * Vh—1, &, P)o-

Note that we have replaced v;_s, Yx—1, V% in the original correlator by vx_s, €, ¢
in the first and third terms and by v¢_1, ¢, 7x—2 * € in the second term. So the
first and third terms now have a primitive class ¢ where there was originally
vk—1- The second term has replaced ~; by ¢, which has lower degree. We
repeat the above argument on the second term (vj<i—3,Vk—2 * €,Yk—1,®)g to
show that the original correlator (y1, ..., Vk—3, Yk—2, Vk—1, Vi) Can be rewritten
in terms of correlators that are either shorter (k' < k) or that have replaced
one of the three classes vp_9,7%x_1, or 7; by a primitive class.

Now move the primitive class into the set v;<;_3. Pick another nonprim-
itive class and continue the induction. In this way, we can replace all the
insertions by primitive classes except the last two. O

Definition 6.2.7. We call a correlator a basic correlator if it is of the form
described in the previous lemma; that is, if all insertions are primitive but the
last two.

For a basic correlator, we still have the dimension formula
(93) Z degc(ai) = ¢+ k — 3.
i

This gives the following lemmas.

LEMMA 6.2.8. If dege(a) < é for all classes a and if P is the mazximum
complex degree of any primitive class, then all the genus-zero correlators are
uniquely determined by the pairing and k-point correlators with

1+¢

4 <2 .
(94) k<24

Proof. Let (a1,...,ar—2,ar—1,ar)y be a basic correlator, so a;<j_2’s are
primitive. Then, degc(a;) < P for i < k—2 and degc(ak—1),dege(ar) < é. By
the dimension formula, we have

é+k—3<(k—2)P+ 2. 0

LEMMA 6.2.9. All the genus-zero correlators for the Ay, Dyy1, g, E7, E,
and DgH singularities, in either the A-model or the B-model, are uniquely
determined by the pairing, the three-point correlators, and the four-point cor-
relators.
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Proof. Since the pairing, the three-point correlators and the selection rules
in the A-model and the B-model have been shown to be mirror, it suffices to
prove the conclusion in the A-model side.

Let P be the maximum complex degree of any primitive class. It is easy
to obtain the data for these singularities:

. _ 1 ~_ n—1 . _ 1 4_5
An.P—{H_l,cg—m_l, Eﬁ.P—i,),c—?Zi
E7'P:§,c:§, Eg:P:§,C:ﬁ,
Dpyi(neven): P=21 ¢=21"" D i(nodd): P=2%1 é=11

)
T . _n—1 ~_ n—1
DI, :p=n-l g=nl

By formula (94), we know that
(1) k <4 for Ay, Eg, E7, Es, and Dy41(n even) singularities,
(2) k <5 for Dyiq(n odd) and DI ; singularities.

For the singularities D,,11(n odd) and D’ +1, we need a more refined estimate.
For the singularity D, 1 (n odd), we have the isomorphism

(%Dn+1,<(]> Y *) = QDH+1 .

Here Zp, , is generated by {1,X,... , X" 1 Y} and satisfies the relations
nX" 1 +Y2=0and XY =0. X and Y are the only primitive forms, and
they have complex degrees as follows:

n—1

1
dege X = — ,degc Y =
€gc n’ €gc m

The basic genus-zero, five-point correlators may have the form (X, Y)Y, a, B)o.
By the dimension formula (93) for k = 5, we have

n—1 1 2n —1 2n — 2 .
- — = > = 2¢.

d d =¢c+2—
egeca+dege f=cC+ - - -

This is impossible, since for any element a, we have degg(a) < ¢é. Similarly
we can rule out the existence of the basic five-point functions of the form
(X, X, X,a,8)0 and (X, X,Y,a, B)g. Therefore the only possible basic five-
point functions have the form (Y,Y,Y, a, 8)¢. In this case, we have the degree
formula

3n+1

degc o + dege 5 = o

Because of the fact that X xY = 0, and for dimension reasons, « or 5 cannot
contain Y. So the only possible form of the basic five-point correlators are

3nt+l . .
2 Z)o, 1> 0.

Y,Y,Y, X', X
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Using formula (91) with a =Y, 8= X’,e = X, and ¢ = X%_", we have

3n+1 . 3n—1

(Y,Y,Y, X, X"5 ) = S+ (VY. Y, X, X5 )

371271 7Z>0
3n

T, X)q

+ (Y)Y, X xY, X", X

— (Y)Y, Y x X", X
=6.

This shows that any basic, genus-zero, five-point correlators can be uniquely
determined by two-, three-, and four-point correlators.
For the D,{ 1 singularity, we have the isomorphism

(Hor, %) = @p,., = CLX,Y)/ (X" + Y2 XY)

and the degrees for the primitive classes X and Y

n—1

2n

1
dege X = —, degeY =
n

Hence the reduction from basic five-point correlators to the fewer-point corre-
lators is exactly the same as for the singularity D,1 with n odd. O

The Reconstruction Lemma, yields more detailed information for the basic
correlators as well.

THEOREM 6.2.10. (1) All genus-zero correlators in the A,_1 case for both
our (A-model) and the Saito (B-model) theory are uniquely determined by the
pairing, the three-point correlators, and a single four-point correlator of the
form (X, X, X""2 X"=2),, where X denotes the primitive class that is the
image of x via the Frobenius algebra isomorphism from 24, = Clz]/(z"1).

(2) All genus-zero correlators in the Dy1 case of our (A-model) theory
with mazimal symmetry group and in the D7TL+1 case of the Saito (B-model)
are uniquely determined by the pairing, the three-point correlators, and a single
four-point correlator of the form (X, X, X?"2, X2n—2>0. Again, X denotes the
primitive class that is the image of x via the Frobenius algebra isomorphism
from 2p, ., = Clz,y]/(nz" ™' + y?, zy).

(3) All genus-zero correlators in the D;{—H case of our (A-model) the-
ory, in the Dp41 case of our theory with n odd and symmetry group (J), and
in the Dy41 case of the Saito (B-model) theory, are uniquely determined by
the pairing, the three-point correlators, and four-point correlators of the form
(X, X, X" X"2) and (X, X,Y,X?),. The second of these occurs only in
the case that n = 3. Here X and Y denote the primitive classes that are the
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images of x and y, respectively, via the Frobenius algebra isomorphism from
2pr = Cla,yl/(z"" 1y, 2" + 2y).

(4) In the Eg case of our theory (A-model) with mazimal symmetry group
and in the Eg case of the Saito (B-model) theory, all genus-zero correlators
are uniquely determined by the pairing, the three-point correlators, and the
correlators (Y, Y, Y2 XY?), and (X, X, XY, XY),. Here X andY denote the
primitive classes that are the images of x and y, respectively, via the Frobenius
algebra isomorphism from 2p, = Clz,y]/(z?,y3).

(5) In the E7-case of our theory (A-model) with maximal symmetry group
and in the Er7 case of the Saito (B-model) theory, all genus-zero correlators
are uniquely determined by the pairing, the three-point correlators, and the
correlators (X, X, X2, XY),, (X,Y, X% X?),, and (Y,Y, XY, X?Y),. Here X
and Y denote the primitive classes that are the images of x and y, respectively,
via the Frobenius algebra isomorphism from 2p. = Clx,y]/(3z% + y3, xy?).

(6) In the Eg-case of our theory (A-model) with maximal symmetry group
and in the Eg Saito (B-model) theory, all genus-zero correlators are uniquely
determined by the pairing, the three-point correlators, and by the correlators
(Y, Y, Y3 XY3), and (X, X, X, XY3),. Here X and Y denote the primitive
classes that are the images of x and y, respectively, via the Frobenius algebra
isomorphism from 2, = Clz,y]/(z?,y*).

Proof. Applying Lemma 6.2.9, all genus zero correlators are uniquely de-
termined by the pairing, three- or four-point correlators. Let us study the
genus zero four-point correlators in more detail.

In the A,,_1 case, X is the only ring generator and hence the only primitive
class. It has degc X = 1/(n+1). A dimension count shows that the only four-
point correlator of the form (X, X, a, 8), is (X, X, X" 72, X"72),.

A similar argument shows that in the D, 11 A-model with the maximal
symmetry group and D} 11 B-model cases the only basic four-point correlator
is (X, X, X?n=2 X2n=2)

In the case of the DI ; A-model, and for the D,41 A-model for n odd
with symmetry group J, and for the D,,+; B-model, the central charges are
the same, ¢ = "T_l, and all have only two primitive classes X and Y with the
same degrees
n—1

2n
Hence the basic four-point correlators are the same for the three cases. Let us

1
dege X = —, dege Y =
n

consider the case D, 11 A-model for n odd with symmetry group J. There are
several cases for the form of the basic four-point correlators.

Case A: form (X, X, «, B)g. The dimension formula shows that dege a+degq
= % So the only possibility is (X, X, X"~ X"=2) .
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Case B: form (X,Y,«,3),. By the dimension formula, we have degca +

degq 8 = 33;3. There are two cases:

Case B1: «, 8 do not contain Y. Then for j > 1, the correlator has the form
(X,Y, X% X7),. Setting a =Y, = X' e =X"1 ¢ = X in for-
mula (91), we have

(XY, X", X7)y = S+ (X, Y, X7~ X"y
(X, Y« XL X X) g — (X, Y+« X', X7 X)),
=S+ (X,V, X771 X = ... = S+ (X, Y, X, X"0),.

The dimension formula shows that the only four-point correlator
(XY, X, X"), does not vanish only if n = 3 and in this case i = 2.

Case B2: «, 8 contain Y. In this case (X,Y,q, ), has the form (Y)Y, X, 8),
which can be included in the following Case C.

Case C: form (Y,Y, a, 5),. We have the degree formula dege o + deg = 1.
There are two cases:

Case C1: «, 8 do not contain Y. We have the form (Y,Y, X X7), with j > 1.
Let a=Y,8=X'e= X" ¢= X in formula (91); we obtain

VY, X', X7)g = S+ (Y, Y, X771, X"+,
+ (VY XL XU X)) — (VY « X', X771 X)),
=S+ Y, X7 Xty = ... =S4 (Y, Y, X, X" 1),
Now
VY, X, X" 1) = (X,Y,Y, X" 1),
=S+ (X,Y, X, Y x X""?),
+ (X, X xY,Y, X" %), — (X, Y%, X"% X),
=8S.
1

Case C2: a, 8 contain Y. The basic correlator has the form (Y,Y,Y, X 27 ),.
Similarly, we have

(V.Y X5 )= S+ (VY X, Y » X7 ),

n—1 n—1

+ (Y, Y+ XV, X 2 )g— (Y, Y2 X2 X),
=5.

In summary, if n > 3, then the basic four-point correlator is only
(X, X, X" X"
if n = 3, then the basic four-point correlators are

(X, X, X% X), (X,Y,X,X?),.
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In the Eg case, the primitive classes are X,Y. The dimension condition
shows that the only four-point correlators with two primitive insertions are

VY, Y2, XY?),, (X,X,X,XY?),, (X,X,XY,XY),.

Applying equation (91) and the fact that X?=0, we can reduce (X, X, X, XY?),
to (X, X, XY, XY),.

In the E7; case, the primitive classes are X and Y with degc X = 1/3,
degc Y = 2/9, and ¢ = 8/9. The dimension condition shows that the only
basic four-point correlators are

(X, X, X2, XY),, (X,X,X,X%),, (X,Y,X? X?),,
(X,Y, Y2 X%Y),, (Y,Y,XY,X?Y),.

We can use equation (91) to further reduce (X, X, X, X2Y), to the remaining
four and to reduce (X,Y, Y2 X2Y), = (Y, X, Y2, X?Y), to (Y,Y, XY, X2Y),.

Finally, in the Fg case, a dimension count shows that the only basic four-
point correlators are

(X, X, X,XY3,, (X,X,XY,XY?%),, (Y,Y,Y3 XY3),.

Again equation (91) shows that (X, X, XY, XY?2), can be expressed in terms
of (X, X, X, XY3),. O

6.3. Computation of the basic four-point correlators in the A-
model.

6.3.1. Computing classes in complex codimension one.

Definition 6.3.1. Let T'y 1w denote the set of all connected single-edged
W-graphs of genus g with k tails decorated by elements of .73y,. Further, denote
by T'g k. w,cut the set of all W-graphs with no edges (possibly disconnected), but
with one pair of tails labeled + and —, respectively, such that gluing the tail
+ to the tail — gives an element of I'y ; . Furthermore, we require that the
decorations vy and y_ satisfy vy y_ = 1.

Similarly, let g 5 w(7v1,-.., %) and Ty g wicus (71, - - -, V%) denote the sub-
set of I'yw and of I'y ., respectively, consisting of decorated W-graphs
with the é-th tail decorated by ~; for each i € {1,..., k}.

For any graph I'cyt € Ty k. wicut, We denote by I' € T'y , w the uniquely
determined graph in I'gxw obtained by gluing the two tails + and —. We
further denote the underlying undecorated graph by |I'|, and we denote the
closure in .# 4, of the locus of stable curves with dual graph |T| by .Z(|T).
Finally, denote the Poincaré dual of this locus by [](H—‘D] € H*(M 4, C).
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Remark 6.3.2. In genus zero, the local group at an edge (or at the tails
labelled 4+ and —) is completely determined by the local group at each of the
tails.

THEOREM 6.3.3. Assume the W -structure is concave (i.e., m. (@i_; %)
= 0) with all marks narrow. If the i-th mark is labeled with group element
v; and if the complex codimension D is 1, then the class Ag‘fk(e%, N =

H*(AM 41, C) is given by the following:
(95)  Agi(eys--- ey

% 3 (113 _ %@gm ) [,//z(|r|)]] |
Peut €0 gk, w,cut (Y15--7k) J

Proof. The proof follows from the orbifold Grothendieck-Riemann-Roch
(0GRR) theorem [Toe99]. After we finished this paper, we became aware of
an elegant alternative treatment of this type of problem by Chiodo [Chi08].
We now review the oGRR theorem in the case we are interested in, namely,
orbicurves. For more details on oGRR, see [TselO, App. A].

For any k-pointed family of stable orbicurves (¢ —— T, 01, ...,0)) over
a scheme T', with W-structure (4, ..., 2N, ¢1, ..., ds), if the W-structure has
type v = (71,.-.,7) then the inertia stack A ¢ = [[4eq €(4) consists of the
following sectors:

k ri—1 ) rp—1 )
ANe=<su]l Il #“6Hu  IT I 2e06h).
i=1 j=1 rely ,w(y) j=1

Here r; is the order of the element 7; and rr is the order of the element ~p.
Also, Z;(v; J) := .7 is the i-th gerbe-section of ; that is, the image of o; with
the orbifold structure inherited from ¢. The notation .%; (%) just indicates
that this is part of the 7/-sector of A€ Slmllarly, Zr (71“) Zr is the locus
of nodes in ¢ with dual graph I lying in the ~{.-sector. As in the case of marks,
the nodal sector 2t should be given the orbifold structure it inherits from %.

Let v : A€ —— % denote the obvious union of inclusions. Further-
more, let Im : A6 —— T denote the composition Im = mowv. And let
p: K(NC) — K(A\%)® C denote the Atiyah-Segal decomposition

E) :ZCE’YC
¢

where for each sector ¢(,), the sum runs over eigenvalues ¢ of the action of v
on F, and E, ¢ denotes the eigenbundle of E where 7 acts as .
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Define
Ch=Chopov': K(¢) —> H* (/\%,(C)
and
—~ Td((v*E)1)
Td(E) := .
)= Chlpora(Sem (B
The oGRR theorem states that for any bundle F on €, we have

(96) Ch(Rm.E) = Im.(Ch(E)Td(T}))

Writing this out explicitly for one of the W-structure bundles .%; on our

W-curve € —» T, we have
(97) Ch(m% © R'm. %) = m(Ch(L) Td(Ty))

k ori—1 exp (2m’®zgcl(v*,,%)> 1
+ Z Z T (1 — exp(2mijgeci(v*K))) + 2 Z

i=1 j=1 Ceut €Ty g, w,cut (1)
_ AT s
TPeut ~1 exp | 210, " c1 (V")
X T — —
ot (1 — exp(2mijqec1 (v*K))) (1 — exp(—2mijqeci (v*K)))

For our present purposes, we need only compute the codimension-one part
of this sum. Denote the first Chern class of %, on ¥ by L,. Note that because
% is part of the W-structure and because the singularity is nondegenerate (so
the matrix B has maximal rank), we have

Ly = c1(Z) = qeKiog.

Copying Mumford’s argument given in [Mum8&3, §5], one computes that
the codimension-one part of the untwisted sector contribution to this sum is

2 2 1 .
Ty (L5/2—LgK/2+K/12+24 Z (V)ZI‘*(l) y

Ceut ng,k,W,Cut

where ir is the inclusion into ¢ of the nodes corresponding to the edge of I,
For each sector .#;(77), the induced map m, is just %Jj; therefore, on
these sectors we have

1 q
msLp = ;U:Lz = ;Uleog =0.
(] (]

Now ~; acts on the canonical bundle K at the mark .#; by multiplication by
& = exp(2mi/r;), and it acts on & at . by exp(2mi©)) = &' for a; :=
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r®)" € [0,7;) N Z. Expanding the denominator in equation (97), one sees that
the codimension-one part of the contribution from the marks is

k ri—1 5(aﬂrl)]

(98) 3y =

=1 j=1 TZ gj)
Similarly, letting &p := exp(2mi/rr) and choosing ar := rr©;" € [0,rr) N Z so
that &7 = exp(2miO]"), one sees that the contribution to equation (97) from

the nodes is

Trcut 1 é'(arcllt+1)

(99) DD S

Fcuterg,k,W,cut ('7) ':1 1 o grc‘lt)

T (irs (1))

A long but elementary computation shows that for any primitive r-th root
¢ of unity and any a € [0,7) N Z, we havet

-1 (a+1)j 1 — 2 1
(100) Z (f —o7 _ 127“ + 5@(1“ —a).
j=1

Using the definition 1 = m,(c1(Kiog))? = mu(c1 (K))? + X5, 3, together
with equation (100) and the fact that a;/r; = ©)" and ap/rr = ©]", we now
have

Ch(’ﬂ'*o% S/ Rlﬂ_*o%)

4y W*iF*(l)
<2 -5 ) Z T
Ferg,k,W(‘Y)

r; 1 . ~

1 ra 1

where the last equality follows from the fact that {/;Z = i /r; and T, (1) =

7 (D)] /-

fWe would like to thank H. Tracy Hall for showing us this relation.



86 HUIJUN FAN, TYLER JARVIS, and YONGBIN RUAN

Finally, in the concave case, we have 7.(.%;) = 0, so pushing down to

g,k gives

Agk(e%, S ey) deg ZS 1 (—R'm. %)
N 2 k
_ %_% i _ (i_, ’711_ '71)
;[(2 Fagn) -3 (- pera-ep)
1 (1 @w o+ ) (T
;Y (Hozera-em) ()
Fcuterg,k,W,cut('Y)

since k1 and 1; on WQJC(W) are equal to the pullbacks st*x; and st*i;, re-
spectively, and [W(F)] = st* [](H‘m /Tr. O

6.3.2. Four-point correlators for E7. Now we compute the genus-zero four-
point correlators for E7 with symmetry group Gg. = (J). We will continue to
use the notation of Section 5.2.2. By Theorem 6.2.10(5) we need only compute
the following correlators to completely determine the Frobenius manifold, and
thereby the entire cohomological field theory:

YV, XY, X’ (X7, X2, X2 (x, X, X% XY)E

We use the identification of X,Y with the A-model classes from last section.

To simplify the notation, we choose o = 1 instead of o = %. Later, we will
re-scale the primitive form to take care of discrepancy between the pairing.

These correspond to the correlators

(e2,€5,€5,€3)0", (e4,eq,e5,e7)7, (ea,eq,e7,e7)57.

These are all concave and have only narrow markings, so we may use Theo-
rem 6.3.3 to compute them. To apply that theorem, we need to use the fact

that
/7 . ¢i:/7 ()] =
Mo,4 Mo,4 Mo,4

for every i € {1,...,4} and every graph I" € Ty 4. We also need to compute the
group element ~r for each of the four-pointed, genus-zero, decorated W-graphs.
This is uniquely determined by the fact that the sum of the powers of J on each
three-point correlator must be congruent to 1 mod 9. We will work out the
details in the case of (eg,e4,e7,e7>gj7—the others are computed in a similar
manner.

There are three graphs in T'g 4 g, (J2, J4, J7, J7). The first we will denote
by TI';. It is depicted in Figure 1. There are two cut graphs Fl,CUtvFll,cut IS
To.4.pycut(J%, J4 J7,J7) that glue to give the graph I'y. These have the tail
+ labeled with v, = J* and the tail — labeled with y_ = J?, or in the second
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Figure 1. The graph I'; € I‘0747E7(J2, JHJTT.

77 )’

Figure 2. The graph I's. Two of the three graphs in
To4.p,(J%, J% J7, J7) are decorated as in this figure.

case, 74 = J° and y_ = J*. The formula gives the same result for each of
these two cases, canceling the factor of % outside the sum for this term.

The other two graphs are both decorated as in Figure 2. We will abuse
notation and denote both of them by I's and simply count the contribution of
I'y twice. The edge of T's is labeled with v, = J or 74 = J®, and again, the
contribution to the formula from these two choices is identical and cancels the
factor of % outside the sum.

Now, it is easy to check that the degree of .%, is —1, so R'7,.%, = 0 and
this will not contribute to the correlator. We have

(X, X, X%, XY)o" = /

Afi(e2,eq,e7,€7)

Mo,4

= \12 12

4
g 1 11 | 11
—y+>—§j(—2632(1—@;1))+<—2@;F1(1—@;F1)>

1 1 1
2 qy) + (f@ﬂu - @f)) + (5954(1 - @;“) +2 (5(9;7(1 - e{))
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1@J4 9]4 1®J1 ®J1
_§y(1_y)_2§y(1_y)

S T R I

- \2.81 2.9 2 .9 9 2 9 9 2 9 9

(181> 2(127>
299 299

1

9
Similar computations show that
1
E
<X’ Y7X27X2>07 - _§

and

2y By _ L

(Y)Y, XY, X°Y)," = 3
6.3.3. Four-point correlators for Eg. By Theorem 6.2.10 we need only

compute the correlators (Y, Y, Y2 XY2>6E6 and (X, X, XY, XY>6E6. Here, again,

we choose av = 1. These correspond to the correlators (e, ejg, €7, e11>§6

E
<e57 e57 92, e2>0 6-
The correlators in question are easily seen to be concave. Applying The-
orem 6.3.3 in a manner similar to the previous computations, we find that

1
(Y, Y, Y2, XY = (e19, €10, €7, €11)0° = 1

and

and

(X, X, XY, XY)p* = (5,5, €2,€2)5° = <.

6.3.4. Four-point correlators for Eg. By Theorem 6.2.10 we need only
compute the correlators (Y, Y, Y3 XY3), and (X, X, X, XY3), with a = 1.
These correspond to the correlators (e, er, eq, e14)y and (€11, €11, €11, €14)-

The correlators in question are easily seen to be concave. Applying The-
orem 6.3.3 in a manner similar to the previous computations, we find that

1
(Y, Y, Y3 XY3) 5 = (er,er,es,e14)5 = =

and
1
(X, X, X, XY3>OES _ <e11,e11,e11,e14)0ES _ 5

6.3.5. Four-point correlators for Dyy1 withn odd and symmetry group (J).
Next consider the case of D, for n odd with symmetry group (J). We will
use the notation of Section 5.2.4 but with ¢ = 1 instead. By Theorem 6.2.10
we need only compute the correlator

n—1 yn—2\Dnt+1 __ n—1 n—2\Dn+1
(X, X, X" X"2) 0" = (es, ez, —2e5 ™, —2ey 7)) "



QUANTUM SINGULARITY THEORY 89

Jn—l

=J(n—5)

1

J3 Jn—3

Figure 3. The graph I'y € I‘074’Dn+1(¢]3, J3, g gnT3),

R P

X“:J(n—l

1 n-3

I J

Figure 4. The graph I's. Two of the three graphs in
I'o4,D,,1 (JS, J3, gt J”*?’) are decorated as in this figure.

To apply Theorem 6.3.3 we need only compute the group element acting at
the node over the three boundary graphs.

There are three uncut graphs in I'p 4 p,, ., (€3, €3,e,_1,€,_3). The first we
will denote by I'y. It is depicted in Figure 3. As before, the choice of labeling
the internal edge with + and — gives each term in the sum twice and will
exactly cancel the factor of % in each case. The edge of I'y is labeled with
yr, = J ¢ for a = n — 5, assuming n > 3. This gives

5(n —5)

n? — 25
n? '

4n?
The other two graphs are both decorated as in Figure 4. We will abuse

notation and denote both of them by I's and simply count the contribution of
I’y twice. The edge of I'y is labeled with vp, = J (n=1) " This gives

0, 1(1-0,"1) = and O, '(1-0,") =

n%—1
4n?

n—1
n2

O:2(1—0,72) = and  ©,2(1—0,72) =

Putting these into equation (95) gives

(eg,eg,eg_l,eg_2>5”+l =1/n and (X,X,X”_l,X”_Q)OD"Jrl =1/n.
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In the case of n = 3 we have to compute the correlators (X, X, X2, X)0D4 =
(res, res, e3/6, :ze3>0D4 and (X, XY, XQ)(]?4 = (zes, xes, yep, e2/6>0D4. Unfor-
tunately, because of the broad sectors, we cannot use the standard tools for
computing these correlators.

6.3.6. Four-point correlators for Dy+1 with maximal symmetry group. By
Theorem 6.2.10 we need only compute the correlator (X, X, X272, XQ”_2>£)"“.
Here, we use the corresponding notation from Section 5 with o = 1. This cor-
responds to the correlator (e,12,€,42,€,-1, en_1>é)"“.

By equation (77) we compute that the degrees of the structure bundles
are deg(|-Z;|) = —2 and deg(|-Z,|) = —1. This shows that the correlator is
concave and that le*fy = 0, so the y terms makes no contribution to that
correlator.

To apply Theorem 6.3.3 we need to know (using equation (84)) that

9;‘n+2 =2/n and @i‘n_l =(n-1)/n.
We also need to compute the contribution of the different boundary (nodal)
terms. It is easy to check, in the same manner as we did in the case of
(e2,€4,€7,€7)57, that there is one graph T'; with ©; ' = (n — 3)/n and two
copies of a graph I's with 0.2 = 0.
By Theorem 6.3.3, we have

Dpy1 Dy
(€nt2,€nt2,€n—1,€n-1) " ://// AgiT (en+2,€nt2,€n-1,€5-1)
/0,4

4
_ 24: eI (1 — @;F)/f W(\F\)])

M
I'elo,4,5, (€n+2,€n+2,8n—1,8n—1) 0,4

1/1 1 2n—2 In—-1 3n-3 1
=-\l=z—-+2= + 2— - — = —
2 \n n n n n n n n n
This gives
- —2\Dp, Dy, 1
(X, X, X2 X723 M = (enq2, €nt2,€n—1,€n—1)g " =

6.3.7. Four-point correlators for DE_H. By Theorem 6.2.10 we need only

DT .
compute the correlator (X, X, X"~1 X"=2) "' Here, we choose o = 1. This
DT
corresponds to the correlator (e, es, e2,_1,€2,-3)9 " .
A now-familiar computation shows that the correlator in question is con-

cave (and all markings are narrow), so we may apply Theorem 6.3.3. Applying
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that theorem in a manner similar to the previous computations, we find that

n—1 n—2 Drj; 1 Drj; 1 1
<X, X,X ,X >0 S <e3,e3,e2n,1,e2n,3>0 S %

6.4. Computation of the basic four-point correlators in the B-
model. The primary potentials on Saito’s Frobenius manifolds of the A, D,
and E singularities have been computed by a variety of computational meth-
ods (see [DVVO1], [NY98], [Wit93a], [KTS92], etc.). However, these results
are scattered in different papers and are difficult to follow. For the reader’s
convenience, we present explicit computations of the basic four-point correla-
tors using the Noumi-Yamada formula for the flat coordinates of the A, D,
and E singularities [Nou84], [NY98]. Recall that the primitive forms for the
ADE-singularities are C dx for A,-case and Cdx A dy for the DE-cases. The
calculation of the flat coordinates does not depend on the leading constant C,
but the pairing and potential function will be re-scaled by C.

6.4.1. The Noumi-Yamada formula for flat coordinates. We must make
several definitions before writing the Noumi-Yamada formula for the flat coor-
dinates.

Definition 6.4.1. Let .4 be the following set of exponents for a monomial
basis of the Milnor ring Qy:

{reN:0<v<n-1} itw =4, ,
{(11,0)eN?:0< vy <n—-2}U{(0,1)} if W = D,
N = {(r,10) EN?:0< 11 <2,0< 1y <1} if W = Fg,
{(r1,12) eN?:0< 1, <2,0<1n,<1}U{0,2} if W= Ey,
{(r1,12) EN?:0<1; <3,0< 1 <1} if W = E.

For each v € A, we let ¢, = x” be the corresponding monomial in
Qw. Recall that a miniversal deformation of W is a family of polynomials
Wy =W+ e r tup,. We want to find flat coordinates {s, } with the property
(SyySy) = Opp. One can formally write s, in terms of power series in t,.
One special property of the simple singularities is that the s, are always a
polynomial, but this is not true for general singularities.

Definition 6.4.2. For W € Clzy,...,zy| quasi-homogeneous, with the
weight of each variable x; equal to ¢;, and for any v € .4 we define the weight
of s, to be

N
oy = wt(sy) :=1— Z Vigi-

=1
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For any o € N*''| we define the weight of a to be
wt(a) = (a,0) := Z a0y
veN
We also define a mapping ¢ : N — NV by
o) = Z va,, € NV,
veN

THEOREM 6.4.3 (See [NY98, Thm. 1.1]). The formula for the flat coordi-
nates for the simple singularities with primitive form /\Z-]\Ll dx; is as follows:

tCl{
(101) sv=toduo+ D a(la))—,
st

where the function ¢, : NV —— C is given below.

Case (Ayp). For any v € A4 ={0,1,...,n—1}, let L(v) :={a € N: «a
mod (n+1)} ={v+k(n+1): k> 0}. Define

o { VMR e e L)
o (a) =
0 otherwise,

Il
N

where (z;k) :=TI'(z + k)/I'(z) denotes the shifted factorial function.

Case (D). For any v € A, let L(v) := N2N (v + span{(n — 1,0),(1,2)})
= {(1/1 + kl(n — 1) + ko, vo +2ky 1 ke >0, k1 > —(l/1 + ]{:2)/(71, — 1)} . Now
define

(o) = {(_1)k1+k2<2ff — st ) () ifa € L),

0 otherwise,

where (z;k) :=TI'(z + k)/I'(z) denotes the shifted factorial function.

Case (Eg). For any v € A = {(v1,12) : v1 = 0,1,2, 15 = 0,1}, let L(v) :=
{(a1,a2) € N?: a; = v mod 4,a3 = vy mod 3} = {(vy + 4k, ve + 3ko) :
k1, ke > 0}. Now define

e (@) = (_1)k1+k2(le—H§k1)(V2T+l;k2) if a € L(v),
’ 0 otherwise,

where (z; k) :=T'(z + k)/I'(z) denotes the shifted factorial function.

Case (E7). For any v € A4, let L(v) := N?Nspan{(3,0), (1,3)} = {(v1 +3k1 +
ko, 9 + 3k2); ko > 0,k1 > —(1/2 + k‘l)/?)}. Now define

. (a) _ {(_1)k1+k22(V1§‘1;k1)(1/2;‘1 _ 1/1;-1;]@) for a € L(I/),

0 otherwise,

where (z;k) :=T'(2 4+ k)/I'(z) denotes the shifted factorial function.



QUANTUM SINGULARITY THEORY 93

Case (Eg). Forany v € A = {(v1,10);v1 =0,1,2,3; 19 = 0,1}, let L(vy,12) =
{(a1,a2) € N> : a1 = v; mod 5,0 = o mod 3} = {(v1 + k1,12 +
3]€2); k’l, k‘g Z 0}. Now define

() = (—D)frthe (2 k) (25 ke) i @€ L(v),
0 otherwise,

where (z;k) :=I'(2 + k)/I'(z) denotes the shifted factorial function.

6.4.2. Four-point correlators for F;. We start with the primitive form
dx A dy = dx1 A dxs. Assume that the deformation of Fr is given by

W = :L‘i)’ + 1»‘1:16% + t1fU%IL‘2 + tsfﬂf + tqx122 + t5$% + tex1 + t7zo + to.

Then the flat coordinates s and ¢ have the asymptotic expansion formula (to
second order):

t1 = s1, t3 = s3,
ty = 54+ 5SS, ts = ss,
te = s + %8581 + %53, t7 =s7+ %8681 + %84837
ty = sg + 25653 + 5S554.
To compute the four-point correlators, we first use the residue formula
computing the three-point correlators of the deformed chiral ring and then

take the possible first order derivatives with respect to the flat coordinates.
We have

4 1
Op, W = 3:1:% + x% + 2512122 + 28371 + (84 + §5153) To + sg + 58581,
1

4 1
Oz, W = Bxlxg + slx% + <84 + 55153) T1 + 28519 + 57+ 68681 + 55453,

Hess(W) = 36x3xy — 923 + lower order terms
= 63x229 4 lower order terms or — 213 + lower order terms,
Hyy := Hess(W)/7

= 92225 + lower order terms or — 3x3 + lower order terms.

Let Ciji(s) := Ress(%—‘g, g—g‘;, gTM;:) Then

OW OW oW\ | ~
i =|=—=—+-")/H d .
Cijk(s) <8si 7s; 8sk)/ w mod Jacy
For example, Cgg1(0) = (22x2-1-1)/(92%x5) = 1/9. All the possible three-point
correlators can be obtained below:
Coo1(0) = 1/9, Coi(0) = 1/9,  Csrr(0) = —1/3,
Cs59(0) = —1/3, Cee7(0) =1/9,  Co37(0) =1/9.
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Now, we change primitive form from dz; A dzo to 9dxy A dre. This rescales
the pairing and entire potential function by 9. The cubic term of the primary
potential function is
F5 = %slsg + 848689 — 23533 — 23339 + %3337 + 8387S89.

Recall that the ring structure with current rescaled pairing has already been
proved to be isomorphic to the quantum ring in the A-model; and moreover,
the three-point correlators in the B-model and the A-model are identical.

Using the isomorphism of the ring structure, we make the following iden-
tification between the basic four-point correlators in the A-model and those in
the B-model:

(X, X, X% XY)o ¢ sis3s4,
(X,Y, X% X% < sgs752,
(Y, Y, XY, X?Y)g ¢ s25451.

We have the formula for the four-point correlators

d
Cijki = dT;lC'ijk Y

Now it is easy to obtain
Cep3a = —1/9, Cer33 =1/9, and Cry = —1/3.

The part of the fourth-order term of the primary potential we need is
1 1
Fy= —1—853548% — 681848% + T8838687.
The computation here coincides with the result in [Nou| and in [KTS92] (under

a quasi-homogeneous coordinate transformation).

6.4.3. Four-point correlators for Eg. Assume that the deformation of Fjg
is given by

W = a::f + x% + tzfﬂ%m +tsr102 + tﬁl’% + tgx1 + tgxa + t12.

We choose the primitive form 12dxi A dxo. The metric and the third- and
fourth-order terms of the potential are given below:

nij = 0i,14—; for 4,5 € {2,5,6,8,9,12},

1 1
F3 = sgsgs12 + S589S12 + 5528%2 + 58853,
1 1 1
Fy = —§55593§ - ﬁsgsg - ﬁ@s% - §323633.

We make the following identification between the A- and the B-models:
(Y)Y, Y2 XY?) ¢« s2s6s0  and (X, X, XY, XY) ¢ s2s2,
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and we get the basic four-point correlators in the B-model:

(102) Coge2 = —i and  Cggss = —%-
6.4.4. Four-point correlators for Eg. Assume that the deformation of Ejg

is given by

W = :c:i‘ + :z:g + tlx%xl + ty;%xl + tga:% + trxoxy + tgxg + t1ox1 + tioxo + ti5.

We choose the primitive form dz; A dze. In the same manner as before, we
obtain

nij = 0i16—j, fori,j € {1,4,6,7,9,10,12,15},

1 1
2 2
F3 = 54512815 + 5789515 + 86510515 + 581815 + S9s10812 + 587812,
1 1 1 1 1
F4 = _733310 — f868782 — 73732312 — f8483 — 7848782
1877 10 9 10776 1579 6 10
1 3 1 2 1 2
— —848659512 — —=S81S10 — 7==<S5S159512 — —=<-S5156S519-
5 187710 107 10 12

By the following correspondence between the A- and the B-models,
(V,Y,Y3 XY3) ¢ s%ys65182  and (X, X, X, XY?3) <— s3gs1,

we get the basic four-point correlators in the B-model:

1 1
(103) C(12)(12)61 = 5 and C(lO)(lO)(lO)l = 3
6.4.5. Four point correlators for Dyy1. Assume that the deformation is
given by
n—1 ]
W =a +z125 + Y tix} + torza.
i=0

Then we have the flat coordinates by Noumi’s formula
Sp = tp + Cp Zk21 trtkln—k,
s01 = to1-

Here ¢, is just the Noumi-Yamada function ¢, defined before, but if r + k =
n — k, then ¢, := ¢, /2.
Now the inverse function is given by

tr = 8p — Cr D ok>1 Sr+kSn—ks
to1 = So1-
We have the derivative formula

8tr_{0 if j<r,

9s; - (1- 5rj)(—cr3n+r—j) +0, ifj>r
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Here the indices should satisfy the restriction
n+r—j3>1,5>r+1.

We have the basic computation

n—1
Op, W = nzl'™ —|—l’2—|—Z’Lt$Z L 0z, W = 2x129 + to1
i=1

Hessyy = (—2)(n + 1)z3

The n + 1 primary fields ¢;(s),0 <i <n — 1 and ¢(y)(s) are given as below,
which are functions of the flat coordinates s:

®i(s) 851 Z )

19144
P(o1)(s) = Dsony 7.

Choose primitive form 2n dxi A dxs. Then, we re-scale pairing and potential
function by 2n. Let (¢) := 2nResw(W). Then in flat coordinates, we
can normalize the metric 77 and the three-point functions such that

Ipg — <¢p¢q>»
Cpgr(s) = <¢p¢q¢>r>-

Actually, Cpqr(s) is the coefficient of the equality

OpPqPr = Cpgr - (Hessw /(n+1)) mod 0y, W.

After a straightforward calculation, we obtain

PROPOSITION 6.4.4. The three-point correlators of D41 are given as fol-
lows:

Cijk = 0itjrkn—1 Jor 0<4,5,k <n—1,
(104) Cio1yo1) = —ndoi  for 0<i<n—1,
Co1)(01)(01) = 0.
The four-point correlators are
(105)
Cigw = (%) (= (n—i—J—3)birjen—1— (n—k —=j = §) Shrjzn
—(n—i—k—%)éprkgn,l) for 0<4,5,k<n-—1,
Cijony(o1) = —28itin for 0<i<n-—1,
Ci(o1)(01)n—i = —% for 0<i<n-1.



QUANTUM SINGULARITY THEORY 97

The function d,<y is defined as

1 ifz <y,

) =
=y 0 ifzx>uy.

COROLLARY 6.4.5. The basic four-point correlator for n > 3 is
Cll(nfl)(n72) =1/2n.

6.4.6. Four-point correlators for DE;_H. The singularity DZ_H is isomor-
phic to As,_1 = 2'*® + 32 by the quasi-homogeneous isomorphism

x = (21’)%3:’, y=1v —ix'™.
This induces an isomorphism of Saito’s Frobenius manifolds with primitive
1
forms cdz A dy — ¢(2i)ndx’ AN dy'.

6.4.7. Four-point correlators for A,. The three- and four-point correlators
have already been calculated in [Wit93a]. Suppose that the deformation is
given by

n—1
W = wnJrl + thl'z
=0

We choose primitive form dx. We list the metric, three- and four-point corre-
lators below:

nij = (n+1)0i4jn—1,
Cijk = Oitjtkn—1,
1

Cz'jkl = —m (l + (n -7 — k)5j+k§n—1 + (n — 7 — k)5i+k§n—1

+(n =i = )it jen1)
for 0 <4,5,k <n—1.

6.5. Proof of Theorem 6.1.3. Because of our reconstruction theorem,
to prove Theorem 6.1.3, it suffices to compare the two-point, three-point, and
the basic four-point functions in our theory (A-model) with their analogues in
the B-model.

We have established the isomorphism of Frobenius algebras in Section 5.
This means that we have matched the unit, the pairing, and the multiplication
and hence all three-point functions, by the explicit identification of state spaces.
The remaining task is to match the four-point basic correlators. We shall
keep the identification of the unit and multiplication fixed. The main idea is
to explore the flexibility of re-scaling the primitive form by a constant. Re-
scaling the primitive form by ¢ corresponds to re-scaling h by 1/c. Hence, it still
satisfies the corresponding hierarchies. However, the corresponding Frobenious
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manifold structure is different in general. This approach seems to give a better
conceptual picture. For the reader’s convenience, we shall list the explicit value
of constant we used in the proof.

Our main technical tool is the following observation. Let F3', F{* be the
three- and basic four-point functions of the A-model and F¥, FZ be the three-
and basic four-point functions of the B-model. Suppose that F§4 = Ff. Now,
we re-scale the primitive form by ¢ and make an additional change of variable
S; — )\l_degc(si)si. Notice that the above change of variable preserves the unit
e of the Frobenius algebras. This change of variables gives Ff — c)\éWFSB
and Ff — eAXWHLEP. If we choose ¢ = A=W then F remains the same
and F — AFP. Since the linear map s; — A —degc(si) g, preserves the unit, it
preserves the metric as well.

6.5.1. E7 A-model versus E7 B-model of primitive form (—1)7%9d:c1 Adxs.
The Frobenius manifold in the A-model is given by the small phase space
quantum cohomology. Take the flat coordinates {74, T3, Ty, T5, T4, T, Ty} cor-
responding to the primary fields {es = X?Y,ey = X2, es = XY, +y’eq =
Y2, er = X,e; = Y,e; = 1}. The three-point correlators give the cubic term
of the primary potential Fi':

3

1 3 1
Fit = 5T92T1 + ToTr T3 + ToTeTy — §T9T52 - 5T?T5 + 5T7T62.

The basic four-point function is

(106) Tls ST5Ty + éT?T4T1 - %8 sToT2.

Choose primitive form 9dxi A dzs on the B-model side. We obtain the same
metric and the same cubic terms. However, Ff = —Ff!. Then, we choose
A=—1and c= (—1)_%. It means that we choose primitive form (—1)_%9da;1 A
dxo. The corresponding linear map between state spaces is

T; — (—1)desc(si) g,

6.5.2. Fg A-model versus Fg B-model of primitive form (—1)7%12 dxri A
dzy. Consider the A-model. Let the flat coordinates {T»,Ts,Ts, s, Ty, T12}
correspond to the primary fields {XY?2, XY,Y? X,Y,1}. Then we obtain the
three-point potential functions:

1 1
(107) F{ = §T2T122 + T5ToTha + TeTsTho + §T8T92.
The polynomial corresponding to the basic four-point correlators is
1 1
§T2T6T92 + ETng.

On the B-model side, we start from primitive form 12dz; A dzy and a
linear map between state spaces T; — s;. It matches the unit, pairing, and



QUANTUM SINGULARITY THEORY 99

multiplications and hence F§' = F?. But we have
(108) FB = —F{.

Similar to the E7, a choice of A = —1 and ¢ = (—1)_% will match the A-model
to the B-model of the primitive form (—1)7612dx; A dzs.

6.5.3. Fs A-model versus Eg B-model of primitive form (—1)7% dxi A
dxo. Let {T1,Ty,Ts,T7, Ty, Th0, Th2, T15} be the flat coordinates in the A-model
corresponds to the primary fields {XY3 XY?2 Y3 XY, Y2 X,Y,1}. We can
obtain the three-point potential, the basic polynomials, and the basic four-
point potential:

1 1
(109) F{' = §T1T125 + 171915 + TeTr0115 + TuTr9T15 + §T7T122 + T9T10T12,
1 1
A 2 3
Choose primitive form dzi A dzo and the linear map T; — s;. Then,
we match the unit, pairing, and multiplication. Hence, we have F3A = F?fB .

But F{! = —FP. Then, a choice of A = —1 and ¢ = (—1)7% will match the
A-model with the B-model.

6.5.4. (Dpy1,(J),(n odd )) A-model versus Dy11 B-model of primitive
form (—1)1771771471 dxy Adzo. Consider the A-model. Let {7y, T4,...,Th—1,701}
be the flat coordinates corresponding to the primary field 1, X,..., X" 1 Y.
Here {X, Y} has already been identified with {es, +onreT e, + F2nsye,} in
the state space #p, (7). We have the computation of the 2-point correlators
(metric)

(X" 1 1)=—-2 and (Y2 1)=2n.
The three-point potential is

F=-2 Y auDTTe +nTpTH,

i+j+k=(n—1)
where
1 if 4, j, k are mutually not equal,
aijr =4 1/2 if only two of i, j, k are equal,

1/6 ifi=75=k,
and the basic four-point polynomial for n > 3 is
1
Fi = %Tan,QTn,l.

In the B-model, by choosing primitive form —4ndx; A dxs and linear map
T; — s;, we have the same pairing as the A-model and cubic term F¥ = F§4
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and the basic four-point polynomial for n > 3:

L o
2n315n725n71-
Then, a choice of A = —1 and ¢ = (—1)_nT_1 will match the A-model with the

B-model.

6.5.5. Dny1(Gp,,,) A-model versus As,_1 B-model of primitive form

2n(s2%) " dz. Recall that

ent1+i for0<i<n-—1,
X' F2yeg fori=n-—1,

€-nt1 formn<i<2n-—1

is an isomorphism of graded algebras 7p, 1.Gp,y, 24,, .- The pair-
ing on 24, , is given by (X272, 1>QA2TL*1 = 1/2n, whereas the pairing on
HD, 1.8, is easily seen to be given by

(X272 1) P = (&1, €n01) Prt1 = 1.

The basic four-point correlator is

1
<X7 X7 X2n727 X2n72>0Dn+1 = <en+2a €n42,€n—1, en_1>0Dn+l - —.
n
We start with the primitive form 2n dz on the B-model side. Then, we have
an isomorphism between the A-model and the B-model ring with pairing, and

hence the potential functions have the same cubic terms, i.e., F?f‘ = Ff. The

basic four-point correlator of the B-model is Ciy(2,—2)2n—2) = —(4n — 5).
Hence, Ff = —ﬁFf. Now, a choice of A\ = —"= and ¢ = A will

match the A-model with the B-model.

6.5.6. Dg—s—l A-model versus Dy11 B-model of primitive form 2n dxq Adzs.
In the DI 41 A-model, the state space Jyq,, is generated by n + 1 ele-
ments {nz" ey, eq,es,...,€11,€0, 1}. Identify es; 11 with X? and na" e

with Y. We have computed the metric and the three-point correlators:

0

(XL, X7 XMy =1 if i+j+k=n—-1, (1,Y,Y)=—n,
and the other three-point correlators are zero.
The basic four-point correlator is
1
2n’
Let {To,T1,...,Tnh—1,To1} be the flat coordinates with respect to the primary
fields {1,X,..., X" 1. Y}. On the B-model side, we choose primitive form

<X, X, Xn—l’Xn—2> —
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2ndxi A dro and the linear map T; — s;. Comparing the A-model and the
B-model, we have the identity

(110)

Fi,(T) = Ff,(T).

This shows that F4 = F'B with primitive form 2n dz; A dxs and completes the
proof of Theorem 6.1.3.
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