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Nodal length fluctuations for
arithmetic random waves

By MANJUNATH KRISHNAPUR, PAR KURLBERG, and IGOR WIGMAN

Abstract

Using the spectral multiplicities of the standard torus, we endow the
Laplace eigenspaces with Gaussian probability measures. This induces a
notion of random Gaussian Laplace eigenfunctions on the torus (“arith-
metic random waves”). We study the distribution of the nodal length of
random eigenfunctions for large eigenvalues, and our primary result is that
the asymptotics for the variance is nonuniversal. Our result is intimately
related to the arithmetic of lattice points lying on a circle with radius cor-
responding to the energy.

1. Introduction

The purpose of this paper is to investigate the variance of the fluctuations
of nodal lengths of random Laplace eigenfunctions on the standard 2-torus
T := R?/Z2. The nodal set of a function f is simply the zero set of f, and if
f: T — R is a Laplace eigenfunction, i.e., if f is nonconstant and

(1) Af+Ef=0, E>0,

then the nodal set of f consists of a union of smooth curves outside a finite
set of singular points (see [12]). Hence length(f~1(0)), the nodal length of f,
is well defined.

A fundamental conjecture by Yau [29], [30] asserts that for any smooth
compact Riemannian manifold M, there exist constants co(M) > ¢1(M) > 0
such that

(2) cr(M) - VE < Vol(f71(0)) < ea(M) - VE
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for any Laplace eigenfunction f on M with eigenvalue E. By the work of Don-
nelly and Fefferman [15] and Briining and Gromes [9], [10], Yau’s conjecture is
known to be true for manifolds with real analytic metrics and, in particular,
for M =T.

For T = R?/7Z2, the sequence of eigenvalues, or energy levels, are related
to integers expressible as a sum of two integer squares; if we define S :={n:n
=a? 4+ b%, a,b € Z}, the eigenvalues are all of the form

(3) E, :=4n’n, nes.

For n € 5, let
An={XeZ?: |N* =n}

denote the corresponding frequency set. Using the standard notation e(z) :=
exp(2miz), the C-eigenspace &, corresponding to F,, is spanned by the L%ortho-
normal set of functions {e ((A, z))} ¢y, - The dimension of &,, denoted by

Nn =dim¢&, = T‘Q(TL) = |An|7

is equal to the number ry(n) of different ways n may be expressed as a sum of
two squares.

1.1. Arithmetic random waves. The set A,, can be identified with the set
of lattice points lying on a circle with radius y/n, and its properties are inti-
mately related to representations of integers by the quadratic form z?+y?. The
frequency set is thus of arithmetic nature. A particular consequence is that
the sequence of spectral multiplicities {N,, },>1 is unbounded. It is thus natu-
eigenfunctions f, € &,,
and our primary interest is the high energy asymptotics of the distribution of
their nodal length L£(f,) as n tends to infinity in such a way that N, — oo.
More precisely, let f,, : T — R be the random Gaussian field of (real valued)
Ep-functions with eigenvalue F,, i.e.,

ral to consider properties of “generic,” or “random,”

1
(4) fn(l') = \/m)\g\:n a/\€(<)\7 LU)),

where ay = by + ic) are independent standard complex Gaussian random

variables, save for the relations a_) = @,. This just means that by, cy ~ N (0,1)
are standard real Gaussians satisfying the relation b_) = by, c_y = —c) and
otherwise independent. Our object of study is the random variable

Ly := L(fa) = length(f,"(0)),

henceforth called the nodal length of f,.
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1.2. Prior work on this model. In this setting, Rudnick and Wigman [24]
computed the expected nodal length of f,, to be E[L,] = ﬁ -V Ey,, in agree-
ment with Yau’s conjecture

(5) Var(£,) = O < \/EN";>

for the variance, and conjectured that the stronger bound

(6) Var(L,) = O (f/z)

holds. A nice consequence of (5) is that £(f,) concentrates around its mean.
More precisely, there is a sequence d,, — 0 such that

VE, VE,
P ((1 —(5,1)27\/§ < L(fn) <(1 +5n)m> —1 asN, — oco.

In this paper we shall determine the leading order asymptotic of Var(L,,)
as N, — oo. As consequence we improve on the conjectured bound (6) and
obtain the sharp bounds

ff:Q < Var(L,) < /]\EfZQ
It turns out that the asymptotic behaviour of the variance is nonuniversalin the
sense that it depends on the angular distribution of the points in the frequency
set A,,. In the proof, a leading order sum involving many terms of size E,, /N,
surprisingly cancels perfectly, and the variance is therefore much smaller than
expected! We may say that T exhibits “arithmetic Berry cancellation” (cf.
Section 1.6.2).

1.3. Our results. In order to describe our results we shall need some fur-
ther notation. The set A, induces a discrete probability measure p, on the
circle S' = {z € C: |z| = 1} by defining

1

7 ni= — dx,
(7) o = R gA:n 2
where d, is the Dirac delta measure supported at z. As usual, the Fourier
transform of p,, is, for any k € Z, given by fin(k) := [g1 2~ *dpn(2). For n € S,
we define
1+ (4)?
®) “T T
it is then easy to see that ¢, is real and that ¢, € [1/512,1/256]. (Since A,, is
invariant under the transformations z — Z and z — 7 - 2z, the same holds for
fn; hence, [i,(4) € R. Further, since py, is a probability measure, |fi,(4)] < 1,
and consequently i, (4)? € [0,1].)

We can now formulate our principal result.
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THEOREM 1.1. If (n;)i>1 is any sequence of elements in S such that
Np, = 00, then
9) Var (L) = cn; * - (14 0(1)).
N2
Further, given any ¢ € [1/512,1/256], there ezists a sequence (n;)i>1 of ele-
ments in S such that as i — co, we have N, — 0o together with c,, — ¢ so that

E,,
2
n;

Var (L,,) =c¢- f/:%’l (14 o0(1)).

1.4. Attainable measures. The second part of the theorem, in light of the
first one, amounts to the following. Given any « € [0, 1], there exists a sequence
(n)i>1 such that fi,, (4)?2 — a. We briefly describe the measures p,, giving rise
to the extremal points, as well as intermediate values attainable by ¢,. (See
Section 7 for full details, in particular the precise notions of generic and thin
used below.)

It is well known that the lattice points A,, are equidistributed on S! along
generic subsequences of energy levels; see, e.g., [16, Prop. 6]. Thus, for (n;);>1
a generic sequence of elements in S, the variance is minimal in the limit since
fn;(4) — 0, and thus ¢,, — 1/512. It is also worthwhile mentioning that
the nodal length variance of f,, for such generic sequences differs by an order
of magnitude from the corresponding quantity for superposition of random
planar waves with same wavelength and directions chosen uniformly on the
unit circle. (This is especially noteworthy in light of the fact that both have
the same scaling properties. See the last paragraph of Section 1.6.1 for a more
detailed explanation.)

As for the maximum, Cilleruelo [13] has shown that there are thin se-
quences (n;);>1, with N, — oo, such that p,, converges weakly to an atomic
probability measure supported at the four symmetric points +1, +i; hence,
fn;(4) — 1 and ¢,, — 1/256. For the intermediate values, we construct thin
sequences (n;);>1 of elements in S such that p,, converges weakly to the uni-
form probability measure supported on a union of four arcs.

More precisely, for a € [0, §], define a probability measure v, on S L by

3
(10) Vg 1= (le Z 5ik> * Vg,
k=0
where * stands for convolutions of measures and 7, is the uniform measure on
[—a,a] (identifying S! = R/27Z). More explicitly,
atky
[ r(eyas.

T—atky

—a

N 1o . 13
walf) = 5o [ () as, () =g 2

For a = 0, we shall use the notational convention that vy = %Z%:O Ok -
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PROPOSITION 1.2. For every a € [0,%], there exists a sequence Ey, of
energy levels such that pu,, = v, with v, as in (10). In particular, for every

b € [0,1], there exists a sequence E,, of energy levels such that c,, — 15T+Qb.

Note that the second statement follows from the first because the values
of 74(4) range over the whole of [0, 1] as a ranges over [0, T
computation shows that U,(4) = Sinﬁa).) Further, the extremal values b = 0
and b = 1 are attained by v = vz, the uniform measure on S!, and v = vy,

]. (In fact, an easy

the atomic symmetrized measure. The proof of Proposition 1.2 will be given
in Section 7.

1.5. Independence of eigenbasis choice and the covariance function. The
random field (4) is centered, Gaussian and stationary in the sense that for any
z1,...,2r € T and y € T, the random vector

(fn(xl +y)7 cee 7fn(xk + y)) S Rk

is a mean zero multivariate Gaussian, whose distribution does not depend on y.
The covariance function! r(z) = 7,(2) := E[f.(y) fu(x +y)] thus depends only
on z, and we may express it explicitly as

1 1
11 rp(x) = — e({\, x)) = —
(1) a@) = 37 Lelh ) = 5

AEA

Z cos (2m(A, x)) .
AEA

Though the normalizing factor in the definition (4) of f,, has no bearing
on the nodal length, it is convenient to work with, and we have chosen to have
r,(0) = 1 or, equivalently, for every = € T, E[f,,(z)?] = 1.

The covariance function determines the distribution of a centered Gauss-
ian random field and, in principle, one may express any aspect of the geometry
of f, in terms of r,, only (cf. Kolmogorov’s Theorem, [14, Ch. 3.3]). This im-
portant fact also shows that we would get the same random field in (4) had we
chosen a different orthonormal basis of &, in the Gaussian linear combination.

1.6. Background and results in related models. The question of distribu-
tion of various local quantities such as the nodal length, or the total curvature
of nodal lines in different settings, has been extensively studied. It is widely
believed [2] that for generic chaotic billiards, one can model the nodal lines for
eigenfunctions of eigenvalue of order ~ E with nodal lines of planar monochro-
matic random waves of wavenumber v/E. (This is called Berry’s Random Wave
Model or RWM, see (12) for the definition.) Berry [3] found that the expected
nodal length (per unit area) for the RWM is of size approximately VE, and
he argued that the variance should be of order log F.

IThe covariance function is widely referred to as the 2-point function in the physics
literature.
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The 2-dimensional unit sphere S? is another manifold with degenerate
Laplace spectrum. Here the Laplace eigenvalues are all the numbers £ =
m(m + 1) with m > 0 an integer, and the corresponding eigenspace is the
space of degree m spherical harmonics; its dimension is 2m 4+ 1. One may
define the random field of degree m spherical harmonics similarly to the torus
(4) with the plane waves (exponentials) replaced by any L2-orthonormal basis

{Nms1, - s Mms2m+1} of real valued spherical harmonics of degree m:
52 1 2m+1

with a the independent and identically distributed standard Gaussian. Setting
L ( f;ff) to be the nodal length of f;ff, Berard [1] computed the expected nodal
length

E[c(f3)] =Ver VE.

Wigman [27] found that the nodal length variance is asymptotic to

Var <£ (f;?:)) ~ clogm,
which is consistent with Berry’s prediction for the RWM.

1.6.1. Comparing the random wave model to the torus and the sphere.
The logarithmic variance is much smaller than one would expect. Taking into
account that the wavelength for either the sphere or the RWM scales as ﬁ,
one may rescale them to unit wavelength to argue that the nodal length vari-
ance should be proportional to vE. However, a computation reveals that the
coefficient in front of the expected leading term /E surprisingly vanishes due
to “Berry’s Cancellation Phenomenon” — the leading term for nodal length
variance is in fact logarithmic. A similar cancellation phenomenon is responsi—
ble for the variance (9) in our situation being of order of magnitude £ N rather

than of order j}\% as was originally conjectured in [24].

As already remarked, in general, defining a centered (or mean zero) Gauss-
ian random field f on an arbitrary domain T is equivalent to specifying its
covariance function r¢(x,y) := E[f(z)f(y)] on T x T. For the planar random
waves (RWM), the covariance function is

(12) rewm(z, y) = Jo(VE||z — y|)),
with Jy the standard Bessel function, and
rs2 (1‘, y) = Pm(COS d([E, y))

for the degree m spherical harmonics, where P,, are the usual Legendre poly-
nomials, and d is the (spherical) distance. The latter scales as

Pm(cos(y/m)) = Jo(d)
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uniformly for ¢ € [0,m - g] As the corresponding eigenvalues are m(m + 1),
this is consistent with the RWM scaling. The covariance function r,(x) for
our ensemble f, of random toral eigenfunctions given by (4) is of arithmetic
flavour. It is given by the summation (11) over lattice points A, lying on a
circle.

The equidistribution of A, along generic sequences of energy levels on the
torus mentioned earlier implies that for any fized y € R?, one may approximate

ra(y/(2m/ni)) = /COS(<y7 z))dz = Jo(llyl))

31

for a generic sequence {n;} C S. Although it is the same scaling limit as
before, the latter holds for y of fixed size only, and by no means uniformly for
y € [0,n]2. In particular, as opposed to the other cases, no “intermediate range
asymptotic” for r,(z) is known, i.e., for z - /n — oo. It is remarkable that
even in this case, in spite of the fact that the covariance function for f, has
the same scaling limit as the RWM and random spherical harmonics random
fields, the nodal length variance (9) of random arithmetic waves is of different
order of magnitude compared to the other cases.

1.6.2. Berry's cancellation phenomenon and the 2-point correlation func-
tion. In order to evaluate moments of the nodal length of a random field f, we
exploit a suitable Kac-Rice type formula (see Section 2.1). For the variance,
it means that we need to understand the fluctuations of the so called 2-point
correlation function (defined on the domain of f) around its scaled asymptotic
value at infinity. For both R? (RWM) and S?, the main contribution for the
variance comes from the “intermediate range” (i.e., a few wavelengths away
from the origin), where the asymptotic behaviour of the covariance function
and its first two derivatives translates to asymptotics for the 2-point correlation
function. No analogous asymptotics is known for the torus. The cancellation
phenomenon amounts to the fact that the leading term in the intermediate
range asymptotics for the 2-point correlation function is purely oscilliatory
and its contribution to the integral is negligible. Then, the main contribution
comes from the second term in the asymptotics.

As a substitute for pointwise asymptotics for the 2-point correlation func-
tion, we use an arithmetic formula (see (33)) valid outside a suitably defined
“singular set” (arithmetic in nature; its analogue for R? and sphere is a neigh-
bourhood of the origin, with radius of order wavelength). Although the arith-
metic formula does not give the pointwise behaviour of the 2-point correlation
function, its arithmetic structure is exploited for averaging over the torus and
is essential for evaluating the variance. The “arithmetic Berry’s cancellation”
amounts to the Fourier expansion of the highest magnitude term of the 2-point
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correlation function vanishing at the origin, an artifact of the seemingly unre-
lated trigonometric identity

4cos(0/2)* = 1+ 2cosd + cos(6)?;

see Section 4.2 for more details.

1.7. Some other related results. For a generic compact manifold M with
no spectral degeneracies, one can also consider random Gaussian linear com-
binations of eigenfunctions with different eigenvalues (sometimes referred to
as “random wave on M”). Berard [1] and Zelditch [31] found that, given a
spectral parameter E, the expected nodal length for random Gaussian super-
positions of eigenfunctions with eigenvalues lying either about E or below? E
is of order v'E, consistent with Berry’s RWM. The subtle question of the nodal
length variance in this generic setup is to be addressed in [23].

Some other generic results concerning random waves with spectral pa-
rameter F are the following. Toth and Wigman [26] found that the expected
number of open nodal lines, i.e., the connected component of the zero set that
intersect the boundary, of the random wave with spectral parameter E on a
generic surface with boundary is again of order v/E. Moreover, Nicolaescu [21]
evaluated the expected number of critical points to be of order E; the latter is
also an upper bound for the number of nodal domains.

For other related or relevant results, we refer the interested reader to
the recent survey [28]. Also, for recent interesting results and conjectures on
nonlocal quantities, such as nodal domains (i.e., the connected components of

the complement M \ f71(0) of the nodal line), see [4], [20], [6], [8], [7].

1.8. Outline of the paper. The paper is organized as follows. The proof of
Theorem 1.1, assuming certain preparatory results is given in Section 2; this
proof relies on an arithmetic formula (16) in Proposition 2.1, whose proof is
commenced in Section 4. The proof of the formula (16) is based on studying
the behaviour of the so-called 2-point correlation function introduced in Sec-
tion 3; its subtle asymptotic analysis is given in Sections 4, 5 and 8, with the
latter containing a certain technical computation essential for understanding
the asymptotic properties.

Section 6 is dedicated to the proof of Theorem 2.2, an arithmetic bound,
due to Bourgain, needed for the admissability of the error term in (16). In
Section 7, sequences of energy levels with corresponding discrete probability
measures (7) converging to the measures v, as in (10) are constructed to prove
the attainability of the latter.

2Called the short or long energy window random combinations respectively.
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2. Proof of Theorem 1.1

2.1. Kac-Rice formulas. Moments of the nodal length for smooth random
fields can be computed using the Kac-Rice formulas [14]. To state them, we
need some notation. For f = f,, we define its first and second correlations as
follows:

(13) Ky =E[IVIW) [ fy) =0],

Ko(z) =E[IVfW)l - IVFly+ ) | fly) = fly +2) =0],
Ko(z) = Eifcz(x).

n
Observe that K7 and K5 are independent of y because f,, is stationary. (For
general smooth Gaussian fields, they become Ki(y) and Ky(x,y).) They are
called the first and second correlations of the nodal set f,1(0). K is just a
scaled version of the second correlation. As we are dealing with Gaussians,
it is possible to write analytical expressions for these as Gaussian integrals in
terms of 7, and its derivatives (see (29), (25) and (24)).
Then, the Kac-Rice formulas say that

E[L,] = /TKMZ/ = Ki, E[L}] = /ffz(x)dw-
T

The first of these formulas gives E[L,] = 2—\1/5 -V By, as was quoted earlier.

Using this and the second gives

(14) Var(Lp) = % / (Ka(a) - i) da.
T

Full justification of their validity in our context may be found in [24]. For the
Kac-Rice formulas in general, consult [14].

It is instructive to intuitively understand the function K(z) in the fol-
lowing way. Let « € T, and take a small positive number ¢ > 0. We define the
random variables

L% =length (f,(0) N B(x,¢)),
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where B(x,¢) is the disk of radius ¢ centered at x; £X° measures the nodal
length of f, inside the corresponding disk. Then we have
Ro(a) = - lim B[ £7°00¢).

2.2. Computing the variance — the Gaussian integral. To understand
Var(L,), we need to understand the integral in (14). The function K2 may be
implicitly expressed in terms of the covariance function r, of f,, as a Gaussian
expectation of a 4-variate centered Gaussian (V f,,(0), V f,(z)) conditioned on
fn(0) = fn(z) = 0, with 4 x 4 covariance matrix Q,(z) depending on r and
its derivatives (see (29), (25) and (24)). In our case, the covariance function is
the arithmetic function (11).

In order to study the asymptotic behaviour of the integral above, we use
some ideas from [22], [24] and divide the torus into a singular set B and the
nonsingular complement T \ B; only the latter is convenient to work with, so
it is essential make the former as small as possible. We improve the analysis
of the earlier paper [24] on both B and T \ B.

A better upper bound for the measure of B is proved using the sixth
moment of r rather than the fourth one. As an artifact of the definition of
B, one has a lower bound for the values |r(z)| on Bj; using a Chebyshev-like
inequality on the sixth moment of r(z), we will bound the measure of B so
that its contribution to the variance is negligible.

On T\ B, where the main contribution comes from, we establish a precise
asymptotic expression for the 2-point correlation function compared to a par-
tial upper bound as in [24] (see Proposition 4.5). Here the (scaled) covariance
matrix 2,(z), defined by (25), is a perturbation of the identity matrix. In
order to understand its contribution to the integral, we expand Ksy(z) as a
function of €2, into a 4-variate Taylor polynomial around €2,, = I, the identity
matrix. In principle, this could be performed using brute force; we choose to
work with Berry’s elegant method [3].

The computation above culminates in the “arithmetic formula” given in
the following proposition. It is of arithmetic essence and at the heart of the
variance being nonuniversal, but the derivation itself involves no arithmetic.
Before stating the proposition, we define

(15) Ri(n) = / o () Fd
T

ProrosITION 2.1. The nodal length variance is given by the asymptotic
formula
En
A2 + O (B, - Rs(n)),

where we used the notation (8) for cp.

(16) Var(L,) = ¢, -
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The reason we refer to (16) as “arithmetic” is that both the main term and
the error term in (16) are of arithmetic nature: ¢, is related to the distribution
of lattice points A, on the circle (see Section 8), and R is controlled in terms
of arithmetics of spectrum correlation.

The proof of Proposition 2.1 will commence in Section 4. It is lengthy and
quite technical, so it may be omitted on a first reading of the paper.

In case of random spherical harmonics or the random wave model, one
arrives at analogous propositions for the variance. The proof essentially ends
there as the error term may be checked to be smaller than the main term.

2.3. Computing the variance — the arithmetic part. In our setting how-
ever, the main obstacle is in proving the admissability of the error term. We
will control various error terms in terms of the moments Ry (n) := [; |7y (z)|*dz
(cf. (15)). The even moments are naturally related to the spectral correlations;
for example, it is straightforward to check that

(1) Ro(n) = 275156,

where Sg is the 6-correlation set of frequencies

6
(18) 86(n):{()\1,...,)\6)€An: Z)\i:()}.
i=1
Since for any choice of Aq,...,A\y € A,, there are at most four possible
choices for A5, A\¢ € Ay, it follows that |Se(n)| = O (N;3) or, equivalently,

(19) Re(n) = O (A@ .

The latter bound is not quite sufficient for our purposes, but the following
result, due to J. Bourgain, is sufficiently strong for our purposes.

THEOREM 2.2. As N,, — oo, we have the following estimate:
(20) [Ss(n)] = 0 (M) -
Consequently, R¢(n) = o (/\%)

Theorem 2.2 will be proven in Section 6. We give a brief preview of
the proof of Theorem 2.2. To refute the possibility that |Sg(n)| > N2, we
invoke some techniques from additive combinatorics (see Section 6). Utilizing
a notion of “additive energy” defined in Section 6, a certain set A related
to the sum set of A, is shown to contain a large subset A; with “bounded
doubling.” Using a suitable version of Freiman’s Theorem, this implies that
A; is essentially a generalized arithmetic progression (GAP; see Theorem 6.3),
i.e., is contained inside a slightly larger GAP. This then leads to a contradiction
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via an application of Chang’s result [11] on the number of representations of a
complex number as a product of elements inside a GAP.

We note that the bound |Sg(n)| = o(N;3) is quite far from the truth;
Bombieri and Bourgain [5] have recently obtained an exponent savings. We
further remark that a trivial lower bound is that |Sg(n)| > N3; taking any
)\1, )\2,)\3 € An and letting )\4 = —)\1, )\5 = —)\2, and )\6 = —)\3 yields ‘An|3 =
N33 solutions of “diagonal type.” We believe that essentially all solutions arise
like this, and we conjecture that for every € > 0,

[S6(n)| = 0= (N;F).
(Possibly the even stronger bound |Ss(n)| = O (N2) holds.)

2.4. Proof of Theorem 1.1 assuming the preparatory results. Given Propo-
sitions 1.2 and 2.1 and Theorem 2.2, it is now straightforward to deduce Theo-
rem 1.1, our main result. Recall that Ry, are the moments (15) of r,. Using the
Cauchy-Schwarz inequality on |r(z)|® = r%(z) - |r(z)|® together with the bound
Rs=0 (ﬁ) (which follows from the same argument that yielded (19)), and

the bound Rg(n) = o (/\%) from Theorem 2.2, we obtain

(21) Rs(n) = o (@) .

Now, using (16) together with (21), we obtain (9).
Finally, using the second part of Proposition 1.2 and the definition of ¢,
(see (7)), we find that any c € [1/512,1/256] is attainable as a limit.

3. The 2-point correlation function of f,

In this section we use the Kac-Rice formula (14) that expresses Var(Ly,)
as an integral of the (scaled) 2-point correlation Ky defined in (13). For this
we will need to study some aspects of the random field f,, first. From this
point on we fix n and will usually suppress the n-dependency with no further
note.

3.1. Joint distribution of values and gradients. In order to study the vari-
ance, we shall need to study the random vector

W = Wn;:t: = (ulvUvilvUQ) = (fn(o)vfn($)vvfn(0)7vfn($)) € R%.

Since W is a linear transformation of the standard Gaussian a = (ay) € RV»,
its distribution is also centered (or mean zero) Gaussian, and by the station-
arity, 0 and = may be replaced by any y and y + x.
Let
2mi
(22) D = Dixo(z) = Vr(z) = N Ze((x\, z))- A

™ \eA
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(cf. (11)). The vector W is centered Gaussian with covariance matrix (cf. [24,

§5.1)
s=( 2).
where
10= (i V).
50 =(_pw o)
and

where Haxo(x) is the Hessian

2,,,. 7‘(’2
29 HE) = (g ) =~ 2o (o) -0

by (11). (Note that X is a row vector so that A'A is a 2 x 2 matrix.)
The covariance matrix of (V f(0), V f(z)), conditioned on f(0) = f(z) =0
is
~ L, -H 1 (D'D rD'D
— _RptA-lp 512 -
@1)  Qpa=C-BATSB (—H 512) 1—72 (mtD DtD) ’

where we write 7 = r(z) for brevity. Thus, Ky(z) = E[||[V1] - ||Va]|], where V;
are 2-dimensional random vectors with (V1,V3) having Gaussian distribution
with zero mean and covariance matrix Q(x).

3.2. The scaled 2-point correlation function. It is more convenient to work
with the scaled covariance matrix
2 ~
(25) Qx) = Q(z) = E—Qn(m)
n
Then, the scaled 2-point correlation function defined in (13) may be written
as

1
K(2) = —=——==E[[W] - [IV2]],

21y /1 — ()2
where V1, Va are centered Gaussians with covariance matrix (z).

At the origin = 0 the matrix Q(z) is singular and hence corresponds to a
covariance matrix of a degenerate Gaussian. However for almost all x € T, Q(x)
is nonsingular; see [24, Prop. A.1]. We claim that ©(z) is a small perturbation
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of the 4 x 4 identity matrix I4, at least, for “generic” x. To quantify the latter
statement, write

X v
(26) Q) =1+ (Y X) ,
where
(27) X—-— 2 pip y-—-2* (H +— DfD)
 E,(1—-1?2) ’ - B, 1—r2 ’

and both X = X,,(z) and Y = Y,,(z) are small for “typical” z.
With these computations, we may rewrite the Kac-Rice formula (14) as
follows.

PROPOSITION 3.1 (Cf. [24, Prop. 5.2]). The nodal length variance is given
by
B

(28) Var(L,) = — (Kg(a:)—l) da,
2 ) 4

where Ko is the scaled 2-point correlation function given by
1

21\ /1 — ()2

here Vi, Va € R? are centered Gaussians with covariance matriz given by (26),
with X and Y as in (27).

(29) K () = Koyn(z) = E[lVall - [[valll;

We shall need the following lemma later.

LEMMA 3.2. The matrices X,, and Yy, are uniformly bounded (entry-wise);
i.e.,

(30) Xn(2), Ya(z) = O(1),

where the constant involved in the ‘O’-notation is universal. In particular,
1

(31) Kon(z) < Wi

Proof. To prove that (30) holds it is sufficient to show that the diagonal
entries of X are uniformly bounded, by (26). (The nondiagonal entries of a
covariance matrix are dominated by the diagonal ones, by the Cauchy-Schwarz
inequality.) For the latter, it is sufficient to notice that the diagonal entries of
() are positive, and the diagonal entries of X are < 0 (recall (27)).

To prove that the bound in (31) holds, we use (29), the Cauchy-Schwarz
inequality and (30). O
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4. Proof of Proposition 2.1

To find the asymptotics of the integral (28), we will study the pointwise
asymptotic behaviour of K. Even though we will only be able to determine
the precise asymptotics outside the so-called singular set, already used in [22]
and [24], we will prove that the exceptional singular set is small, so that its
contribution is negligible (see Lemma 4.4). To quantify the last statement,
we will control the contribution using a Chebyshev-like inequality, so that
the corresponding error term will naturally involve the moments (15) of the
covariance function (11). We improve upon the analysis of [22] by working
with the sixth moment Rg(n) rather than Ry(n).

4.1. The singular set. For r(x) bounded away from 1 we may expand the

1
V1-r2
Since the moments of r are “small” (by Theorem 2.2, say), a Chebyshev-like

factor in (29) and related expressions into the Taylor series around r = 0.

inequality implies that r(z) is small outside a small set. This is the main idea
behind the notion of the singular set to follow. We use a slightly stronger
definition in order to endow the exceptional set with a structure as a union of
squares, necessary in order to find its contribution to the integral (28). The
following definitions are borrowed directly from [22, §6.1].

Definition 4.1. A point x € T is a positive singular point if there is a set
of frequencies A, C A with density

Aal T
Al 78

for which cos(2m(X,x)) > 3/4 for all A\ € A,. Similarly we define a negative
singular point to be a point  where there is a set A, C A of density > g for

which cos(2m(\, z)) < —3/4 for all A € A,.

Let M ~ \/E, be a large integer. We decompose the torus T as a union
of M? closed squares Ij: of side length 1/M centered at k/M, k € Z*. The
squares have disjoint interiors.

Definition 4.2. A square I} is a positive (resp. negative) singular square
if it contains a positive (resp. negative) singular point.

Definition 4.3. The singular set B = B, is the union of all singular
squares.

Note that, by the definition, each singular square contains a singular point;
however, points in B are not necessarily all singular. Let y € B be a point
lying in a positive singular cube, z be the corresponding positive singular point
lying in the same singular cube and A, C A the frequency set prescribed by
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the definition of a positive singular point. It is easy to see that
Vv En
M 9
where the implied constant is absolute so that one may choose M ~ +/FE, for
which the latter expression is < +; it will then imply

|cos(2m(\, y)) — cos(2m (A, )

_47

cos(2m(\, y)) >

N | =

for every A € A,. We then conclude that

1
r(y) = |A| Z cos(2m(\, y)) + o] Z cos(2m(\, y))

AEA, AEA\A,

1 1 1 7 1 )
N 23 2 P18 16
AlLER, | ‘AEA\AI

and, similarly, if y is lying in a negative square, then r(y) < %. Hence we
have |r(y)| > = on all of B. We then write

Re(n) > meas(B) - (156)4

to obtain the Chebyshev-type inequality
(32) meas(B) < Rg(n).

It was proven ([22, §6.5]) that if S is any singular square, then its contri-
bution to the integral (28) is

1
K _
<<S/| o(a)ldr < e

Since the number of the singular cubes is
< M?meas(B),

the total contribution of B to (28) is bounded by
1 M

Ky(x)|dx < M?meas(B) - —— —

B/ o (o) (B) 57 T

by (32) and M ~ /E,. The latter is summarized in the following lemma.

= meas(DB) < Rg(n),

LEMMA 4.4 (cf. [22, §6.3]). The contribution of the singular set to (28) is
bounded by

| 1Kal@)de = O (Ro(m).
B
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Lemma 4.4 bounds the contribution of the singular set to the integral
in (28). The main contribution comes from the nonsingular set. In order to
evaluate it, we will need a precise point-wise estimate for Ka(x) in this range.
This is given by the following proposition, up to admissible error terms. (To
verify the admissibility, see Lemmas 4.6 and 5.4.)

PROPOSITION 4.5 (“Intermediate range” asymptotics for Ks). For z €
T\ B, we have

(33) Ko(z) = i  Lo(x) + £(),

where the main term Lo(x) is given by
1 (7“2 tr X tr(Y?) N §7"4 Ctr(XY?) tr(XP)

2 2 8 8 16 32

tr(Y4)  tr(Y?2)?2 tr Xtr(Y?) 1, 1, 9
— St X 4 — Y

256 512 R T

with X = X, (x), Y = Y,(z) and r = rp(x). The error term e(x) is bounded
by
(35) le(x)] = O (r(x)" + tr(X?) + tx(YF)) .

(34) Lao(x) = 1

_l’_

Proposition 4.5 will be proved in Section 5. Assuming it, we arrive at the
proof of Proposition 2.1.

Proof of Proposition 2.1 assuming Proposition 4.5. To express the nodal
length variance, we invoke Proposition 3.1. Since the contribution of Ks(x) to
the integral (28) on B is

by Lemma 4.4, we have

(36) Var(Ly) = % [/ (Kol - i)dm} + 0 (B, Re(n))
T\B

E,
== / Lo(@)dz +O | E, - / le()|dz | + O (Bn - Ro(n),
T\B T\B
by Proposition 4.5. Note that

[ @iz < [ |e@de = O (B, ().
T\B T
by (35) and Lemma 4.6 to follow (see parts 10-11), so that (36) is

(37) Var(Ly,) = % / Lo(2)dz + O (En - Re(n)).
T\B
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We further note that, since Lo(z) is uniformly bounded thanks to Lemma 3.2,

LZ”/LQ(Q:)dx = O (E, -meas(B)) = O (E, - R¢(n)),
B

so that we may rewrite (37) as
E
(38) Var(£,) = = / Lo(@)dz + O (En - Re(n)),
T
the upshot being that we are now able to use the definition (34) of Ly and
integrate the right-hand side of (34) term by term, as in Lemma 4.6 (where

the domain of integration is the whole of torus T rather than T\ B). We then
perform the term-wise integration of (34) to obtain (with Lemma 4.6)

1 /1 1 1
T n

1 1 1 3 1 1 1 ~
(—-2—-4+-3+-4—-8+-2(11+un(4)2)

* N2\ 2 8 8 16 32 256
b= -4(7+ﬁn(4)2)+1-8—1-2+1-8> + 0 (Rs(n))
512 32 4 16
=~ (4)2
= J\%W+O(R5(n))
Collecting all the constants encountered and bearing in mind (38) yields (16),
which is the statement of the present proposition. ([l

4.2. Some remarks on arithmetic Berry cancellation. While the constant
i cancels out with the expectation squared, the leading nonconstant term
of the scaled 2-point correlation function (i.e., the leading term of Ky(z)—7) is
1/, tr(Y?) 145 2 1 9
= tr X = — —DD'"+ —+trH
8<r+r+4 87“ . —i—E%r ,
where we neglected some lower-order terms. Denote the expression in paren-

term

thesis as
2 1
(39) v(z) =12 — E—nDDt + o] tr H2,
We may substitute (11), (22) and (23) into (39) to rewrite v(z) as
1 2 AN
v(z) = — Z e((M+Xo,2) + — Z e ({A\1 + Ao, )
N2 e N2y, Soen, En/dn®
1 (ALA9)?
—- ——s=e((A1+ A
A2 (Byanrpe (A

A1, A2€A,

t t\2
= /\% > (1 +2)‘1:2 + (Aln);” )e(</\1 + A2, 7)),

A1, 2€A,

on recalling (3).
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Note that

A1 A
ln 2 — cos (A1, \2),

where (-, ) is the angle between two vectors in R%. Thus we may write, up to
lower order terms,

u(x):% > (142c080(A1, A2) + cos (0(A1, A2))?) e (A1 + Az, 7))

>\17A26An
4 0(M, M)\
=2 Z cos(( 12 2)> e((A1 + Ao, z)),
A1, 260,

by the usual trigonometric identities. Upon integrating (28), all the summands
vanish except for A\; + A2 = 0; the corresponding angle 6 is given by

0 =00\, \) =,

so that cos(6/2) = 0. Thus the arithmetic cancellation phenomenon in the
length variance amounts to cos(f/2)* vanishing at 6 = 7.

4.3. Integrating matriz elements. We may obtain an asymptotic expres-
sion for the nodal length variance upon using (28) with Proposition 4.5, pro-
vided that we are able to integrate the expressions on the right-hand side of
(33), term-wise. This is done in Lemma 4.6. We choose to control the various
error terms encountered in terms of the moments of r, Ry, (recall the notation
(15)). It will turn out that we will be able to control the error terms in terms
of R5 (and Rg < Rs5), admissible thanks to Theorem 2.2 via a simple Cauchy-
Schwarz argument (see the proof of Theorem 1.1 in Section 2.4). The proof of
Lemma 4.6 is left to Section 5.1.

LEMMA 4.6. As N,, — oo, we have the following estimates:
1. [tr X (z)dx = fﬁ; - /\% + O (Re(n)) .
T n

2. irftr(Y(:r)Q)d:c =5 — a2 + O (Re(n)).

3. T[tr(X(x)Y(x)Z)dx = —x7 + O (Rs(n)).

4, 1{tr(X(;c)?) = 2 + 0 (Re(n)).

5. 1{tr(if(l~)‘1)cz 25 (11 + [in(4)2) + O (Rg(n)) .
6. Tftr(Y(:c)Q)?dx = 32 (3 + [1n(4)%) + O (Rg(n)) .
7. ftrX(:c) tr(Y (2)?)dz = — 35 + O (Rs(n)).

8. Tfr 2)?tr X (z)dz :—A%%—FO(R(;(n)).

3

@m‘
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9. Tf?“(al:)2 tr(Y (x)?)dr = /\%‘f + O (Rg(n)) .

10. irftr(X(ac)3)da: = O(Rg(n)).

11. 1{tr(Y(x)6)d:13 =0 (Rg(n)).

5. Asymptotics for the 2-point correlation function

The ultimate goal of this section is to prove Proposition 4.5. To establish
the desired asymptotics for (29), one needs to understand the behaviour of
E[||Vi|l - IV2]]] where (Vi,V2) is a centered Gaussian with covariance €, the
latter being a small perturbation of the indentity matrix, given by (26), where
both X and Y are small. That is, we expand F(X,Y) = E[||V1]| - ||V2]|] into a
Taylor polynomial of the entries of X,Y, about X =Y = 0.

The degree of the required Taylor polynomial in each of the variables is
determined according to its (average) order of magnitude and the admissible
error term. In principle, one may compute the polynomial by brute force,
computing each derivative separately, but this approach results in a long and
tedious computation. In this manuscript we employ Berry’s method [3] in order
to compute the nodal length fluctuations for the random monochromatic planar
waves. The following lemma provides the Taylor approximation of F(X,Y) for
perturbed standard Gaussian.

LEMMA 5.1. Let A € My(R) be a positive definite matriz such that

X Y
sere (X 0).

where X,Y € My(R) are symmetric, rank(X) = 1. Define

FX,Y) =E[[[Wall - [Wal,

where (W1, Ws) € R? x R? is centered Gaussian with covariance A. Then
T trX  tr(Y?)  tr(XY?)  tr(X?)  tr(Y?)

FX,)Y)=—(1 - -
(’)2<+2+8 16 32+256
tr(Y2)2  tr X tr(Y?)

512 32

) + 0 (tr(X?) + t(Y7)) .

Proof of Proposition 4.5 assuming Lemma 5.1. Note that since D'D is a
rank 1 matrix, it satisfies
tr(D'D) = DD".
A straightforward application of Lemma 5.1 with X and Y given by (27)
yields (for z € T \ B, r is bounded away from +1, so we may write \/% =

1—r2
1+ 3r2 4+ 311+ O(r°)) the following:
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1
Ka(z) = Py el F(X,Y)

B 1 tr X . tr(Y?)  tr(XY?)  tr(X?)
4T 2 2 8 16 32

tr(Y4)  tr(Y?)?2  tr X tr(Y?) 3 6

— tr(X tr(Y
256 512 32 +0 (ir(X%) + (1))
1 14 ﬁ i tr X tr(Y?) . §r4 B tr(XY?) B tr(X?)
4 2 2 8 8 16 32

tr(Y4)  tr(Y?)?  trXtr(Y?) 1 1
) O X0 L L)

256 512 32 4
+0 (r® + tr(X?) + tr(Y9)) . 0
To present the proof of Lemma 5.1, we need some notation.

Notation 5.2. For a matrix A and a number a, we write A = O(a) if the
corresponding inequality holds entry-wise.

Notation 5.3. For t € 0, we denote m(t) := min{¢, 1}, and for ¢,s € R,
m(t,s) :=m(t) - m(s).
Proof of Lemma 5.1. Following Berry (see [3, eq. (24)]),
_at, dt

1 (o0}
\/a:mo/(le Q)W’

and we have

(@0 B{IW - W] = 5= [ 170,00 = £(0.0) = F0.8) + £(0.9)] s,
R2

where

(41 7 (s) = o0) = B o (5 (1007 +19207)) | = Gy

with Vil o Vil o

=" )2 (%" )
Now by the well-known formula for the determinant of a block matrix (see,
e.g., [14, p. 210]), we have
det(I+M) = det (L+1)I+tX) - det ((1+8)I+sX — stY (1+)[+tX)7'Y),
so that
(42)  det(I + M)~"? =det (1 + )T +tX) /? x

x det ((1+ )] +5X — stV ((1+ )T +¢X)1y) "2,
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Now we compute each of the two factors of the right-hand side of (42), up
to the admissible error terms X3 and Y°, as in the formulation of Lemma 5.1:

(48)  det(T+ A =1 St At (A7) + é(trA)2 +0(4%),

so that the first factor in the right-hand side of (42) is

(44)
-1/2
—2 L ( t ) 1
det ((14+t)I +tX) —thet I+—1+tX
Lot ux x4 0(x?)
= — —_— —_— —_— T .
1+t 2(1+1) 4(1+1)? 8(1+1)2

To compute the second factor in the right-hand side of (42), we write
(I+A)t=IT—A+0(4%,

and we have

(45)

S st t -1
det ( I X — Y(I —X) Y
T+s ¢ < T T Oasarn U )
st 9

S
X——Y
I+s°  (A+s)(1+0)

St2 ) —1/2
— Y XY Y X°Y
a1+ +0( )>

1
= det<I+
1+ s

—

1 st
P, N L— '
S X sarsage v

Il

—_

+ |~
[V
/N
=
|

—_

+|®

upon using (43) with

t t2
X - i Y24 i YXY + O(Y X2Y).

A=15 (1+s)(1+1) (1+s)(1+1)2
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Cross multiplying (44) and (45) and substituting into (42) and finally into
(41), we obtain an asymptotic expression for f*Y (¢, s) of the form

(46)
XY (t,s) = 1)<1 N . tr X + ls—ttr(w)

(1+t)(1+

S ATIATI tr(Y XY)

s2t? 1
(14 5)2(1 +t)2 2(14s)2(1+1)
2 2t2

1 s
X"+ S T o

tr(Y?) — tr(XY?)

_l’_

tr(Y?2)?

+
,p\»—n Ol — x| l\D\'—‘ w

+5)2
s%t
(1+5)%(1+1)
t2 9
+ 0502 tr(X*) +
1 ts

RIS

+ O((tr(X?) + tr(Y6))>

L 1 s t st
- (1“‘t)(1+3)(1_2 (1+3+1_|_t>trX+2(1_i_3>(1_i_t)tr(Y2)

_ I st® s%t Xy

2 ((1+s)(1+t)2+( 11 s2(1+ )>t (XY7)
3 82 3 t2 1 ts

+<8(1+8) +8(1—i—t) +4(1+t)(1+3)>tr(X2)
1 242 - 1 5242 2

+Z(1+s)2(1+t)2 r( )+§(1+8)2(1+t)2 r(Y?)
1 52t o2

4 <(1 TRy Ate +t)2> tr X ()

+ O(tr(X3) + tr(YG))>,

where we used
(47) tr(YXY) = tr(XY?), tr(X?) = (tr X)?,

the latter thanks to rk X = 1.
It is important to identify (46) as the Taylor expansion of f*XY (¢, s) for
fixed t, s, as a function of X,Y around X =Y =0 (i.e., a Taylor polynomial in
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terms of the entries of X and Y). In the next step we perform the integration
in (40) by integrating the various terms in (46). The main problem is that
the error term does not depend on t,s, so that its integral against m is
divergent at the origin. We improve the error term in the following way. Define

(48) gX7Y(t7 S) = f(0,0) - f(tv O) - f(07 S) + f(t7 S)’
so that under the new notation, (40) is

R2

It is evident that for every X,Y the function ¢* vanishes if either ¢ = 0 or
s =0, so that for t,s > 0,

gX’Y(t, s) = Ox y(ts).

We now substitute (46) into (48) in order to expand ¢g*¥ (¢, s) into a Taylor
polynomial around X =Y = 0; by the latter observation, the remainder term
may be improved from O (tr(X?) + tr(Y)) to

O (mit, s)(tx(X?) + tx(¥")))

(recall Notation 5.3). To compute the contribution of each of the summands in
(46), we notice that each summand splits into a product ¢(t)i(s) for some ¢

and 1 (which are read off directly, for example, for the constant term m,

o(t) = %H and Y(s) = 1—}&,), so that the corresponding term of ¢g%¥ (¢,s) in
(48) is

P(t)Y(s) — o(t)1(0) — $(0)1(s) + ¢(0)1(0) = (&(t) — ¢(0))(1b(s) — 1(0)).
Therefore, the corresponding term in the integral (49) splits as well. We then
finally obtain

ts 1 t s t s
50) g V(ts)= > 4= tr X
(50) 97" () (1—|—t)(1—|—s)+2<1+t(1+s)2+(1+t)21+3> g

t S

1
EET T e tr(V?)
1 t2 s ¢ 2
_2((1+t)3 Ats2  Tro2 (Hs)g)tr(XYQ)
3 t 52 3 t2 s 1 ¢ 5
_(81+t(1+8)3+8(1+t)31+s_4(1+t)2(1+8)2>tr(x2)
1 t2 32 Y4 1 t2 52 Y2 )
+Z(1+t)3(1+5)3t1"( )+§(1+t)3(1+s)3tr( )

—_

t S t 52
1 ((1 P+ Tax020 +s)3> tr X tr(¥)
+0 (m(t, s)(tr(X?) + (V7)) .
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Note that rather than improving the error term in the last step, we may incor-

porate the improvement into more precise versions of (44) and (45) and then

carry the improved error term along; it would result in the same formula (50).
Inserting (50) into (49) yields

tr X tr(Y?)  tr(XY?)  tr(X?)
Il 2l = (14 S5 + TG - MO 0C8
tr(Y4)  tr(Y?)?2  tr X tr(Y?) 3 6
— tr(X tr(Y
T 756 T s 32 O (r(X7) +1r(Y9)),
using the elementary integrals
7<t>dt_.7 wfﬂdt
S AL+t EA / (1+t2\/{% 2 (141
which is the statement of the present lemma. ([l

5.1. Proof of Lemma 4.6. To prove Lemma 4.6 we will need the following
lemma (which establishes the asymptotics for some expressions involved in X
and Y’; see (27)), whose proof is relegated to Section 8.

LEMMA 5.4. We have the following estimates:
L [r@fde = 3. [r(e)'de = 35 (1+0(3))
T T " "

2. [ D(z)D(x)'d = £ % (D(z)D(2)")? da = 2- JET (1+0()).

n

3. i[7“(LIJ)QD(:L“)D(ac)tdav = /%% (1 +0 (ﬁ)) :

4 [u(H(@))ds = iy [ () er(H (@) = 2 % (1+0(%))
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9. [(D(z)D(z)!)3dz = O (E3Rs(n)) .
T

10. irfr(;v)‘lD(:z:)D(:z:)td:L‘ =0 (E,Re(n)).

11. [tr(HS)dx = O (ESRg(n)) .
T

Proof of Lemma 4.6 assuming Lemma 5.4. In this proof we will suppress
the dependence on x (and n), i.e., use the shortcuts r = r,(z), X = X, (),
Y =Y, (z), D= D,(x), H= H,(x). We have

/tera:: /tera:+O(meas(B))
T T\B

by the uniform boundedness (30) of X. On T \ B we use the approximation

1 2 4
- =14+r"+0(r"),

and since meas(B) is small (32), we have

/terx = _Ei (/ DD'dx + /TZDDtdx) + O (Rs(n))
"\ T

T
2 2
TN, AR + O (Rg(n))
by parts 10, 2 and 3 of Lemma 5.4. Arguing in a similar fashion, we obtain
4 4 4
/ tr(V2)dz ~ / [i0(11%) + 20 DHD'| dr = = = 5 40 (o),
T T
2 8 2 Mt 4
/tr(XY Ydx ~ ] /DH Ddx = Az + O(Rs5(n)),
T T
4 16 4
/tr(Y )i~ o /tr(H )+ 0 (Re(n)) ,
T "
212 16 212 4 2
/tr(Y Pdr =, /tr(H Pda -+ O (Ro(n) = 175(7 + in(4)?) + O (Ro(n)).
T " "

This shows parts 1, 2, 3, 5 and 6, parts 4, 7, 8 and 9 being similar.

To see part 10, we notice that as X is uniformly bound (30) and meas(B)
is small (32), it is sufficient to bound the contribution on T \ B only, so that
we may assume that r is bounded away from +1:

(51) / (X3 dz < % / (DDY)3dz + Re(n).
T T
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Part 10 of Lemma 4.6 then follows upon applying part 9 of Lemma 5.4 with
(51). The proof for part 11 is very similar, using part 11 of Lemma 5.4, and
we omit it here. (]

6. Proof of Theorem 2.2

We begin by recalling some needed results from additive combinatorics.
An additive set is a finite and nonempty subset of an ambient (additive) abelian
group Z. Given an additive set A, we define E(A, A), the additive energy of
A, by

E(AA) = ‘{(y17y27y3ay4) €AYty 4o =y +y4}] :

We shall use the following “large energy version” of the Balog-Szemeredi-
Gowers theorem (see [25, Chs. 2.4-5]).

THEOREM 6.1 (BSG). Let A be an additive set, and let K > 1. There
exists an absolute constant C' with the following property. If E(A, A) > |A]?/K,
then there exists a subset A1 C A satisfying

(52) [Ar] > K914
and
(53) | A1+ A1) < K9|A]

Remark 6.2. Theorem 6.1 can easily be deduced from Proposition 2.26
and Theorem 2.31 of [25] as follows. By Theorem 2.31, E(A,A) > |A?/K
implies that there exist subsets A; C A, Ay C A with |A;| > K~ |A],|Ay| >
K=Y |A] satisfying d(A;, Ag) < C'log K (where d(A1, A3) denotes the Rusza
distance between Ap, A2, and C” is an absolute constant.) By Proposition 2.26,
d(A1,As) < C'log K implies that |[A; + 41| < KC”|A1\ for some C” only
depending on C’. Taking C' = max(C’, C"), the result follows.

If G is a (torsion free) abelian group, a Generalized Arithmetic Progression
(GAP) of dimension d is a subset P C G of the form

d
(54) P={fo—i—ijfk:OSjk<ka0rk:1,...,d},
k=1

with &y,...,&1 € G. A GAP P is called proper if |P| = [[¢_, Jx (i.e., all
elements in the sum &y + Zzzl Jr&k are distinct). It is easy to see that a
GAP has “bounded doubling,” i.e., that |A + A|/|A| is “small.” A surprising
converse is Freiman’s celebrated structure theorem — an additive set with
small doubling is essentially a proper GAP.
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THEOREM 6.3 ([25, Th. 5.33]). Let A be an additive set in a torsion free
group G such that |A + A| < K|A|. Then there exists a proper generalized
arithmetic progression P, of rank at most K — 1, that contains A such that

|P| <exp (O (K°W)) Al

If AC C and z € C, let ro(z, A) denote the number of representations of
z as a product of two elements from A. The following result by Chang shows
that r2(z, A) is quite small when A is a GAP.

PROPOSITION 6.4 ([11, Prop. 3]). Let P C C be a GAP of the form (54),

where &y, ..., &q € C. Then, for all z € C,
log J
)< e (ca LY,
(55) r2(z, P) < exp CdloglogJ

where J = maxi<p<q Ji and the constant Cq only depends on the dimension d
of P.

Proof of Theorem 2.2. Assume that |S,| = o(N2) does not hold, i.e., that
there exists some § > 0 such that

(56) |S6(n)| > 6N,

for N, arbitrarily large. Using sum-product type estimates, we will show that
this leads to a contradiction.

To simplify the notation, let S = Sg(n) and N = N,. From this point
on in this proof we assume that § is fixed; we will write F' < G for some
expressions F', G (resp. F' 2 @), if there exists a constant C' (which may
depend on § only), such that F* < C -G (resp. F > C - G).

Define

(57) A=A, = (An + An) \ {0}

Note that A then consists of elements that have two (or exactly one for elements
of the form 2\, A € A,)) representations as sums of elements of A,. Also also
note that A is symmetric around the origin. Thus

(58) |A| = N?/2 4+ O(N),
and (56) implies
(59) {(y1,90) € AX A:ys +yo € A} > NL.

(Note that the number of solutions to 329 ; \; = 0 with the additional con-

straint that one of A\; + A2, A3 + A4, A5 + Ag equals zero is O(N?); this follows

immediately on noting that \; + A\; = z has at most four solutions if z # 0.)
Letting 14 denote the characteristic function of the set A C Z?, we have

(60) {(y1,y2) € AX Ay +ys € A} = (Lax 14, 14),
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where we understand both the inner product and the convolution as defined
on L?(Z?*). Together with (59) and the Cauchy-Schwarz inequality, the obser-
vation (60) yields

1
NS Qaxlg,1y) < H]lA*]lAHQ-]A\l/zNEH]IA*]IAHQ-N.

We may hence estimate the additive energy of A as

E(AA) = [{(y1,y2.y3,y1) € A* 1 y1 +y2 = y3 + v}
= [[Lax1al3 2 N® > |AP.

We now apply Theorem 6.1 on A with K = K(4) constant to construct
a large subset A7 C A having the “bounded doubling” property (53) and, in
addition, (52). Together with (58), the latter implies

(61) |A1| > N2.

Hence, by applying Theorem 6.3 with G = Z? and A; C G, there exists a
proper GAP

d
(62) PZ{fo—i—ijfk:OSjk<ka0rk:1,...,d},
k=1

as in (54), of bounded dimension (depending on ¢ only)
(63) d(6) = d(K(9)),
so that A C P and
|P| <exp (O (KOW)) |A1] S |Ai.
We then have

|A1|=|PNA| <|PNA|l< Z (P —2) N Ayl
Z‘eAn

where for the latter inequality we used the definition (57) of A. Hence, by (61),

N*< D (P —2)n A,
(EEAn

and therefore (the length of summation being N)
(P —z)NAn| 2 N
for some x € A,,. Replacing P by P — z if necessary, we may assume that

(64) PN A, = N.
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Using Chang’s Proposition 6.4 the latter leads to a contradiction as fol-
lows. If P = {&+ 01 jkér:0 < jix < Jy for k=1,...,d}, then PUP is
contained in a GAP, of dimension 2d + 1, of the form

d 2d
P = {fo +io6o— &)+ Dbk + Y jk&cd} ;
k=1 k=d+1
where 0 < jp < 2, 0 < jp < Jpfor k =1,...,d and 0 < jp < Jp_q for
k=d+1,...,2d.
Considering P’ as a subset of Z + iZ, it is clear (since for every z € A,
z+-Z =n) that

(65) ro(n, P') > |P'NA,| 2 N,
by (64). On the other hand, Proposition 6.4 applied on P’ implies that
log J
P <o (Cannapg )
ra(n, P') < exp 204110 Tog T )

where

J = max Jj, < |P| < N2,
1<k<d

with Jy as in (62), and thus
log N
P < (C 7) .
r2(n, P') < exp Qdﬂlog log N
Combined with (65) the latter estimate implies
log N
VS o (G i)
~ €Xp 02d+110g log N
or, taking logarithm of both sides,
log N
loglog N
for some C' = C(J) that may depend on ¢ only (by (63)). This is clearly
impossible for N arbitrarily large, and the desired contradiction concludes the

logN < C

proof. O

7. Probability measures on S! arising from A,
Recalling that S = {n € Z:n = a® + V?, a,b € Z}, define
S(z) :={neS:n<uz},

and for a subset S” C S, similarly define S’(z) := {n € §' : n < x}. We say that

a set S’ C S has asymptotic density s € [0,1] if li_)m ‘g((;”)) = s. Further, we say
X o

that a subsequence (n;);>1 of elements in S is thin if the subset {n;};>1 C S
has asymptotic density zero.
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It is known [19] that as © — oo, S(z) ~ \/EL, where ¢ > 0 is known
ogx

as the Landau-Ramanujan constant. In particular, N,, grows as ~ cy/logz on
average for n < x. Moreover, a straightforward modification of an Erdos-Kac
type argument to the set S shows that

{n € S(z) : log N, > loglogn}| = |S(z)| - (1 + o(1))

as ¥ — oo, and consequently there exists a density one subset S’ C S such
that V,, = oo if n € S’ and n — oc.

Further, the lattice points A, are equidistributed on S! along generic
subsequences of energy levels (see, e.g., [16, Prop. 6]) in the following sense.?

There exists a density 1 subsequence S” C S so that u, :E v, where v is
nes”

the uniform probability measure dv(f) = 5-df on S* = R/2rZ. (As usual, the
notation v; = v stands for weak convergence of probability measures on S,
i.e., that [ fdv; — [ fdv for every continuous bounded test function f.) In
particular, for a generic sequence of elements n € S, N,, — oo and the points
in A, are equidistributed in S*.

In the other direction, Cilleruelo [13] has shown that there are thin se-
quences (Ey,);~; with Aj,, — oo such that p1,,, converges to the atomic proba-

bility measure supported at the 4 symmetric points 41, 4i:

1 3
k=0

7.1. Some number theoretic prerequisites on Gaussian integers. Before
proceeding with the proof of Proposition 1.2, we begin with some number
theoretic preliminaries on u, (see, e.g., [13]).

To describe p,, we recall some basic facts about Gaussian integers. Given
a prime p = 1 mod 4, the equation 22 4+ y? = p has exactly eight solutions in
integers x,y, and there is a unique solution satisfying 0 < y, < x,. We can
hence attach an angle 6, € [0, 7/4] to each such p by writing x, + iy, = \/foewp.
On the other hand, given a prime ¢ = 3 mod 4, the equation 22 4+ y? = ¢ has
no solutions, whereas 2 4+ y? = 2 has exactly four solutions. Moreover, the
following holds for the ring of Gaussian integers: the units are given by i* for
k € {0,1,2,3}, the set of Gaussian primes are, up to units, given by 144, primes
q € ZT with ¢ = 3 mod 4, and to each prime p = 1 mod 4 there correspond
two Gaussian primes, namely z, + iy, = \/ﬁeiep and x, — iy, = \/ﬁe_wp.

3Proposition 6 in [16] implies that all the exponential sums are o(1) for a density one
sequence of energy levels. The equidistribution follows from the Weyl’s criterion.
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The elements of A,, can then be parametrized as follows. Let

n=2%. H pfp' H q?e‘%

€p 2e
pEIn g

where p; and ¢; are all the primes satisfying p; =1 mod 4 and ¢ =3 mod 4.
Each pair (z,y) arises as follows. With z = z + iy, we have

Z:$+Zy:lk(1+l)62 H (\/ﬁep616p—2lp9p . H qZ ,

p°Pln % n

where k € {0,1,2,3} and 0 <[, < ¢, for each p|n.
We can now describe pu,, as convolutions over prime powers. Define

13
k=0
(11 = vg as in (66)), figer := 5((1+i)/\[)62, and

fpep : 1 Z 0 ilep—21p)0p 5
T ,0

(the “desymmetrized” version of y,,). Then

Hn = p1 % (*p|n/1pep)a

where the convolution of two measures p, ¢/ on S! is given by

(1)) = [ )l (zfw)dw.
Sl
7.2. Proof of Proposition 1.2.

Proof. That v and v, /4 arise as weak limits of (py,)i>1 was already noted
in the introduction of Section 7. To show that the same is true for v, for
a € (0,7/4), we argue as follows. An easy consequence of Gaussian primes
being equidistributed in sectors (cf. [17], [18]) is that there exists an infinite
sequence of primes p; < pg < --- such that ¢, — 0, where each p; =1 mod 4.
(Also see [13].) To proceed we construct a sequence of integers n; such that

(67) finy, = Vg;

this will immediately imply that p,, — v, since u,, and v, are the sym-
metrized versions of fi,, and 7, respectively.

Thus, let ey = [a/0,,], where [a/8,,] denotes the integer part of a/6,,,
and define

ng = py.
Then, for f any continuous function on S?,
1 &,
~ _ i(er—21)6,
(68) [ 100 (6) = = > (e ex ),

=0
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The latter is the 20, -spaced Riemann sum for the integral

g

1 0
- / ()0

oy,
with
o = epk : [a/epk] =a- epk ) {a/epk}v

where {-} is the fractional part of a real number.
Note that since 6, — 0 (so that the Riemann sum spacing vanishes),

’0131@ ’ {a/epk}’ < Hpk — 0,
and so aj — a. Therefore, as k — oo, we have

1 & 1 f
} : i(ep—21)6 0
e+ 1 fle ) 2a /f(e )do

=0

| 107 6) =
S1

for any continuous test function f. Thus all v, are attainable as limiting
measures, and the proof of the first statement is concluded.

To see that the Fourier coefficient ,(4), for a € [0, 7], attains all values
in [0, 1], it is sufficient to notice that

w4) =m4) =1, vru4) =0,
and clearly the function a — 7,(4) is continuous. Therefore, by the interme-
diate value theorem, given any value b € [0, 1], there exists a number a = a(b)

so that v,(4) = b. Since v, is attainable for all a, the second statement of
Proposition 1.2 follows. O

8. Proof of Lemma 5.4
For a probability measure ;o on S*, we define
Biw) = [ () duCa)du(za),

21,2268

the fourth moment of cosine of the angle between two random points on S*
drawn independently according to . For instance, if g = u, are the atomic
measures in (7), then

1 1
(69) Bi(pn) = TEm S (A )t = A > cos(f(A, M2)!
n AL, €A, A, €A,

is the fourth moment of cosine of the angle #(\1, A2) between two random uni-
formly and independently drawn A,-points Aj, A2. While the expression By(n)
comes up naturally from some of the expressions evaluated in Lemma 5.4, it
is simply related to fi,(4) as in the following lemma.
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LEMMA 8.1. For any probability measure . on S*, invariant with respect
to x — iz and x — T, we have

3 1
Ba(p) = = + =fi(4)?
a(p) = g+ gh4)
Proof. For z1, 2z € S', use
2122 + Z122
<Zla22> = ﬁ

together with the binomial formula for (z;, z2)* or, alternatively, the standard
identity

1 1
cos(9)* = % + 3 cos(40) + 3 cos(26),

to rewrite By(u) as
3 1 1
By(p) = 3 + / (§§R (zfz_f) + 58% (z%z’f)) du(z1)dp(z2).

21,22€8!

The statement of the present lemma follows upon noting that [ z*du(z) =
S

[z*du(z) = fi(4) € R and [ 2%du(z) = [Z?du(z) vanish by the symmetry
S S S

assumptions. O

Proof of Lemma 5.4. In order to evaluate the integrals we will use (11),
(22) and (23), and the orthogonality relations of the exponentials

(70) /e(()\, ) dz = {1 A=0,

0 otherwise.
T

Most of the computations are similar in nature, and we will only show a few
examples in detail, omitting the rest.

The statement of part 1 of the present lemma concerning the second mo-
ment of r is evident in light of (11) and (70). For the fourth moment, we

have
1
() [ @) = 18a(m)l,
T n
where

4
Sy(n) = {(Al,...,)\4) ENn: D N :0}
=1

is the length-4 correlation set of frequencies (cf. (18)). Note that since two
circles may have at most two intersections (i.e., circles of radius y/n centered
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at 0 and A\ + A2), (A1,..., 1) € S4(n) implies that either of the following
holds:

(72) ()\1 = —)\2 and )\3 = —)\4) or
(A = —Ag and Ay = —)\y) or
()\1 = —)\4 and )\2 = —)\3).

Conversely, every tuple of either of the forms above is lying inside S4(4). In
particular,

sum| =382 (1+0(5-)).

the error term being an artifact of the existence of degenerate tuples of the
form

(£, A, £, £N) € S4(4)

(with precisely two plus and two minus signs). Part 1 of the present lemma then
follows upon substituting the latter into (71). We will use the fine structure
(72) of S4(n) in the course of the proof of most of the other statements of the
present lemma.

Now we turn to part 2 of the present lemma. While the first statement
is clear from (22) and (70), to show the other statement, we invoke the fine
structure (72) of S4(n). We have

1
[(D@)D(@) s = (3\2 S M

T " A1y Ae)ES4(n)

_@N2n2+ ST () AL+ O (A2
_Nle " 1’2>+Z 1221+(n),

A1, 2€A, A1, 2€A,

The result of the present computation then follows upon making the simple
observations
9 1 2
> (87 = SNunlié]
AeA,
for every ¢ € R? (see [22, Lemma 5.2]) and

1
D NA= SN I,
AEA,
To show part 3, we note

2 t (27T)2 ’
@Dt —-C0 ¥,
T ()\17---7)\4)654(n)
and only tuples with A3 = —\4 contribute to the latter summation, i.e., those

of the first type in (72). The computation for part 4 is very similar to what we
encountered before, using (23) with (70) for the first statement and exploiting
the fine structure (72) of S4(n) for the second one:
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2 (47r2)2 t t
tr(H(z)?)dx = e > Mz
T ()\1,...,)\4)654(71,)
To compute the integrals in part 5, we exploit Lemma 8.1. Similarly to
the previous computations, by (23) and (70), we have

471'2 4
/ tr(H (z))dz = ( N4) > tr (A A A A AEAZNE N g)
T n (A1y--sA2)ESs(n)
(47T2)4 t ¢ t t t t t t
=i St (MMM AN )+ YTt (MMM A AR, )
n A1, 2€A, A1, 2€A,
t t t t E4
+ > & (A1A1A2A2A2>\2)\1)\1)} +0 (Ng)
AL, 2€A,
47T2 4
= (N4) {nz Z (A1, A2)? + Z (A1, A2)*
n )\1,/\2€A )\1,)\26/\
E4
+n? Y <)\1,/\2>2} +0 (NS)
A, 2€A,

4 4
— B +0 ().

where we used sums as above and the definition (69) of B4(n). Using Lemma 8.1,
we may then rewrite the latter expression in terms of fi,,(4), as in the statement
of the present lemma.

A similar computation shows that the second integral in part 5 is given by
4

2\2 E; E}
[ wtaeas = 25+ 23 +0 (5.
T
and using Lemma 8.1 again yields the result given. Evaluating the integrals
for parts 6-8 of the present lemma is straightforward and very similar to the
above computations, and we omit it here.
We now prove part 9 of the present lemma. By symmetry, we have

r 6

(73) /(D(w)D(x)t)3d:c:/HD(:U)Hde <</<§xl> da,

T T T
whence

(2" 6
(74) dx = Msin(27(\ z)) | dx
11*/ Oy A 1r/ <A(A1§7;2)6A )
(27)© E3

= Z )&-...-)\é<<m'|86(n)|:E3/r(x)6da:,

T
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by (17), where we used the uniform bound

A < Vn < VE.

The present statement of Lemma 5.4 then follows upon substituting (74) into
(73). The proofs for the last parts 10 and 11 of the present lemma are very
similar, and we omit them here. O
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