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The dimension and structure of the space
of harmonic 2-spheres in the m-sphere

By Luls FERNANDEZ

Abstract

We prove the conjecture, posed in 1993 by Bolton and Woodward, that
the dimension of the space of harmonic maps from the 2-sphere to the 2n-
sphere is 2d + n?. We also give an explicit algebraic method to construct
all harmonic maps from the 2-sphere to the m-sphere.

1. Introduction

A harmonic map is a map ¢ : M — N between Riemannian manifolds
that extremizes the energy functional [p, |dp|?dvol over compact domains D
in M this functional generalizes the Dirichlet integral. Examples of harmonic
maps include harmonic functions, geodesics and minimal surfaces. Harmonic
maps have been used to prove important results in geometry, including rigidity
results (see, for example, [16]).

In this paper we study the space of harmonic maps from S? to S™. Since
a harmonic map from a 2-sphere is automatically weakly conformal (see, for
example, [26]), a map from a 2-sphere is harmonic if and only if it is a minimal
branched immersion [12].

Following the twistor lift approach initiated by Calabi in [6], the moduli
space of harmonic 2-spheres in S™ was studied, among other sources, in [1],
[2], [10], [11], [17], [20], [21], [23], [24], [25]. It is known that the space of
linearly full (i.e., not lying in a proper sub-sphere) harmonic maps from S2
to S?" of degree d is isomorphic to two copies of the space SO(2n + 1,C)
when d = n(n + 1)/2, and it is empty if d < n(n + 1)/2. Apart from these
remarkable results, not much is known for arbitrary d and n. The dimension
was only known when n = 2 [20], [23], [24], [25] and n = 3 [9].

In [3], Bolton and Woodward conjectured, using heuristic arguments, that
the dimension of the space of linearly full harmonic 2-spheres of degree d in
52" is 2d +n?. In this paper we give a proof of this conjecture. To this end,
we first find a completely explicit algebraic method to construct any harmonic

Partially supported by PSC-CUNY Grant PSCOOC-39-245, and by a travel grant from
Universidad de los Andes.

1093


http://annals.math.princeton.edu/annals/about/cover/cover.html
http://dx.doi.org/10.4007/annals.2012.175.3.3

1094 LUIS FERNANDEZ

map from S? to S?". The idea is to generalize the methods used in [2], [4],
[5], [20], [23], [24], [25], where harmonic maps from S? to S* are constructed,
via the twistor lift approach, using holomorphic maps from S? to CP? satis-
fying a differential system; this is possible because the twistor space of S* is
biholomorphic to CP3. Hence, a completely explicit algebraic construction is
obtained, allowing the study of the dimension and structure of the space of
harmonic maps from S? to S4.

In the case n > 2, the twistor space of the 2n-sphere is certainly not bi-
holomorphic to any complex projective space. Nevertheless, these two spaces
are birationally equivalent, and it turns out that this is sufficient in order to
do a local study. In fact, the moduli space of harmonic maps from S? to S?"
of a given degree d is locally isomorphic to a space of holomorphic maps from
52 to CP™M™ /2 of degree d and satisfying a particular differential system,
namely equation (7). This differential system, in a different form, also appears
in [5], [13].

The next step is to study the space of solutions of this differential system.
As a space of maps from the 2-sphere to complex projective space, we can
restrict our work to tuples of polynomials, as in [20]. The naive approach—
namely to use the standard basis for polynomials and convert the differen-
tial system into a large set of quadratic equations on the coefficients of the
polynomials—does not work because the system is too big. However, a differ-
ent kind of basis for the space of polynomials leads to a description of the set
of solutions essentially as a determinantal variety on a set of parameters that
determine the polynomials, or alternatively, as the set of integral elements of
an exterior differential system in the space of parameters.

With this description, and using elementary intersection theory, we find
that 2d +n? is a lower bound for the dimension of the space of harmonic maps
from S? to S?".

To prove that 2d + n? is also an upper bound, we introduce the concept
of extendable harmonic map. A similar concept also appears in [18] (as ‘maps
with extra eigenvalues’) and [19] (as ‘collapses of maps’). A harmonic map
from S2 to S?" is extendable if, after embedding S?" into S2("*t1) geodesically,
the map can be obtained as a suitable deformation through linearly full har-

(n+1)  These deformations provide a local

monic maps whose codomain is 52
projection from the set of harmonic maps into S2("*1 to the set of harmonic
maps into S?”. This projection is used to produce an inductive procedure to
show that 2d 4 n? is an upper bound of the dimension of the space of harmonic
maps from S? to S?".

It is worth noting that the proof implies that the dimension of the set
of linearly full harmonic maps from S? to S%" is pure, i.e., all irreducible

components have the same dimension.
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The paper is organized as follows. In Section 2 we review Calabi’s twistor
construction. Section 3 describes how to translate the problem into the study
of maps into complex projective space. To prove that this translation is good
enough for our purposes is highly technical, so for expository reasons we post-
pone it to Section 7. In Section 4 we give an explicit algebraic recipe to
construct all harmonic maps from S? to spheres. Finally, in Section 5 we use
this construction to prove Bolton and Woodward’s conjecture for the linearly
full case, and in Section 6 we consider the nonlinearly full case.

Acknowledgements. 1 would like to express my gratitude to Professors
Q.-S. Chi, J. Bolton, A. Rodriguez, J. C. Wood and M. C. Cuéllar for their
guidance, comments, inspiration and support, as well as to the referees for
many useful observations. A good part of this work was done while employed
at Universidad de los Andes in Bogotd, Colombia.

2. Preliminaries

Recall ([7], for example) that a map ¢ : S? — S™ C R™H! is harmonic
if Aszgo = Ay for some function X\ : S? — R. Such a map is called linearly
full if its image does not lie in a proper geodesic sub-sphere of S™. Using the
topology of S2, Calabi showed in [6] that for ¢ : S? — S™ to be linearly full,
m must be an even number 2n.

We do a quick review of the twistor construction in [6]. The twistor
space of the 2n sphere, denoted Z, (or Z,(C?**1)), is the complex manifold
of n-dimensional linear subspaces of C2"*! that are isotropic with respect to
the complex bilinear product

2n+1
(1) (z,'w) = ((21, .. ,22n+1), (wl, ey U}2n+1)) = Z ZEWE .
k=1

In other words, Z, is the submanifold of the Grassmannian of n-planes in
C27*1 given by

Z, ={P € Gr(n,C* ") : (v,w) =0 for all v,w € P}.

We will use (z,w) := (z,w) to denote the Hermitian product in C?"*1  and
the word ‘perpendicular’ will always mean perpendicular with respect to this
Hermitian product.

The manifold Z, is a complex submanifold of Gr(n,C?"*1), so we can
restrict the Pliicker embedding Pl : Gr(n,C?"*1) — PA"C?*"*! to Z,. This
restriction (also denoted by Pl) has degree 2 [1], [21]. The tangent plane of
Z, at a point P is the subspace of the tangent plane to the Grassmannian at
P—which can be described as TpGr(n, C?"*1) = Hom(P, P+)—given by [21]

TpZ, = {L € Hom(P, P1) : (Lu,u) =0 Yu € P}.
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There is a projection 7 : Z,, — S** defined as follows: For P € Z,,, n(P)
is the unique real unit vector in C2**! such that {7 (P), Py,..., Py, P1,..., P,}
is a positively oriented basis of C*"*1, where {Py,..., P,} is a basis of P. Note
that in [10], 7 is denoted by 74, and m_ is used to denote the map —= (i.e., 7
composed with the antipodal map).

Given a linearly full harmonic map ¢ : S — S?" and isothermic coordi-
nates (z, z) in S2, Calabi defined v : S — Z,, by

. 9¢ ‘9%}
P = Span{az,..., 55

and proved that 1 is well defined and is holomorphic and horizontal (i.e., per-
pendicular to the fibers of 7). In other words, 91/0z belongs to the subspace
[21]

(2) HpZ,={L€TpZ,: L(P) L P}.

In addition, 1 satisfies m o) = ¢ or —¢ and it is linearly full, in the sense that
the image of ¢ is not contained in any submanifold of the form

(3) ZE—(WeFez,:WeZ(FaoF)) =z,

where F is an (n — r)-dimensional subspace of C?"*! with r < n (see [10]).

Conversely, if 1 : S? — Z, is holomorphic, horizontal and linearly full,
then m o and —7 o % are harmonic and linearly full. Therefore, we have a
2-to-1 correspondence between linearly full harmonic maps from S? to S2" and
linearly full holomorphic horizontal maps from S? to Z,,.

Since Ho(Z,,Z) = Z [1], [21], the homology class induced by 1) is a positive
multiple d = deg() of a generator of Ha(Z,,Z). The number d is called the
twistor degree of ; since the Pliicker embedding has degree 2, we have that
the degree of the curve Plo v in PAPC?"*! is twice the twistor degree of ¢,
and so the number d can also be characterized as Area(p(S?))/4m [21].

Hence both harmonic and holomorphic and horizontal maps are graded
by the degree. Let

Harmg(Sz, 5?") = {Linearly full harmonic maps from S? to S?" of area 47nd},
HHg(SQ, Z,,) = {Horizontal, holomorphic, full maps
from S? to Z,, of degree d},
and let
Harm/ " ($2, 5§%") = {04 : ¢ € HH(S2, Z,)},
Harm! ™ (52, 5%") = {—m 0 1) : ¢ € HH(S?, Z,)}.

The results discussed above then imply
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TueorReEM 1 ([6], [1], [10]).
Harmg(SQ, 52y = Harmg’Jr(SZ, 52y U Harmg;’_(Sz, S2my.

For most of the remainder of this paper we will study the properties of
HH(];(SQ, Z,). First we translate the condition of horizontality into a differen-
tial system in projective space. This will be done in the following section.

3. Translation of the problem

In [8], a birational map from CP™" (where N, := n(n + 1)/2) to Z, was
constructed. Composition with the inverse of this map translates the problem
of finding holomorphic and horizontal maps into Z, to solving a system of
differential equations on CP™*. We review here some of the main results,
referring to [8] for some of the proofs.

Let 3 ={FEy, F1,...,E,, E1,...,E,} be a basis of C2"*! such that
(4)

(Eo, Eo) =1, (Eo, Ei) = (Eo, £i) = (Ei, Ej) = (B, Ej) = 0, (B, Ej) = dig;

i.e., [ is a unitary basis where 2n of the vectors are pairwise conjugate. In this
paper, these bases will be called isotropic bases.

Let E be the isotropic n-plane spanned by the vectors E;, 1 < i < n,
and let Ug be the open subset of Z,, consisting of planes whose orthogonal
projection over E is onto. Then every P € Ug can be written as the graph of
a map from E to E-. Namely, P can be written as the span of n vectors of
the form

n
a;Ey+ Ei+ Y cixEr, 1<i<n,
k=1
where «;, ¢;;, are complex numbers. Since P is isotropic, we have

oo +cij+cjp =0, 1 <14,5 <n,

which implies that ¢;; = —(a;a5 4 735)/2 for some 745 € C satisfying 7;; = —7;.

This defines a bijective, holomorphic map from an affine open subset of
CPY» onto Ug, which can be extended to a birational map bg : CPM — Zz,.
We use the subscript 8 to emphasize the dependency on the basis 3 chosen.
Explicitly, using homogeneous coordinates in CP™", bg : CPY» — Z, is the
birational map that takes

[Stapi - tQpiTi2: I Tip i T23 1 Tp_1p)

to the n-plane generated by the vectors

n
Qay O | Tk \ 4=
Yok B 3 (G ) B 1t
k=1
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where, by definition, 7;; = —7;; for 1 <4 < j < n. Using matrix notation in
the basis 3, bg is therefore the n-plane spanned by the rows of the matrix

()

2

Q] 0 ... 0 > _Qu@p T2, _QO0n _ Tin

s 252 252 , 25 252 2s

(<5} 1 0| —o1 4 72 _ 93 ce. —Q2Qn Top

s 252 2s 252 252 2s

)

a 0 O 1 [e 77X e%51 T1 QanQa2 T2 042
Qn A _Qn Tin  _Qn nooL.. _Sn

s 252 + 2s 252 + 2s 252

or in shorter notation,
(6) (a/s, In, —(a'a +sT)/25%),

where the superscript ! on the left denotes the transpose, o = t(oq, ce ),
and T is the skew-symmetric matrix whose ij-entry is 7;, 1 <,5 < n.

This map is just a common way to parametrize 2, (see, e.g., [15, p. 235]).
An alternative way to see this map appears in [13]: Z, is the quotient of
SO(2n + 1,C) by the isotropy subgroup (G.)p at a point of Z,. If (g.)o is the
Lie subalgebra of this subgroup, the vector space so(2n + 1,C) can be written
as the direct sum of (g.)o and a nilpotent subalgebra n parametrized by the
complex quantities o, 7j, with the property that € =0 for all £ € n. The
map shown above is just the equivalence class in SO(2n+1,C)/(G.)o ~ Z, of
the exponential map restricted to n.

Given ¢ € HH(J;(SZ, Z,), we would like to define ¢ := bgl o1, thus trans-
lating the problem from maps to Z, into maps to CP™, as in the following
diagram:

Figure 1. Lifts of harmonic maps.

There is, however, an initial problem: bgl is only birational, so it is not
defined in the whole of Z,, so it may not be defined in the image of ¢ at all.
Due to the fact that 4 is linearly full, it turns out that this never happens.

LEMMA 1. Ify € HH§(S27 Z,) and B is an isotropic basis, then the image
of v is contained in the image of bg except for finitely many points.

Proof. See [8, Lemma 2.4]. O
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Thus, given v € HH£(S’2, Z,), the birational map bgl o is well defined
except at finitely many points, and therefore it can be completed to give a map
¥+ 52 = CPM». It is clear that v is holomorphic. The condition of horizon-
tality for i translates into a system of differential equations on the functions
s, 0, Tji. To find this system, let us first recall how to describe 1'(z) as an
element of Hom(P, P1), where P = 4(z) and the dashes denote derivatives
with respect to the variable z: if ¢ is a curve in C?"*! such that c(z) € ¥(z),
then 1/(z) takes the vector ¢(z) € P to the perpendicular projection of ¢(z)
into P,

In our case, ¥ can be described as the span of the rows of the matrix
(a/s, I, —(a'a+ sT)/2s%). To simplify the notation, let v = «/2s and
R =T/2s. Then we can write the curve ¢(z) as

where, for our purposes, x € C" can be taken as constant. The linear map
1’ (z) takes this vector to the projection of

o (29, On, —2Y Y +295 + R))

on Pt where O,, denotes the zero n xn matrix. Since ¢/(z) is in the horizontal
subspace HpZ,, of TpZ,, defined by expression (2), we must have

projpi (% (29, On, —(2¢'H +29% + R))) L P,
where the symbol ‘1’ means perpendicular with respect to the Hermitian prod-
uct (z,w) := (z,w) for z,w € C>"*1 with (', ) defined by formula (1). This
implies that for all v € P,
(projps (o (29, On, —(27'H+ 295 + R))), v) =0.

Since P is isotropic, the projection operator in the last equation is irrelevant.
On the other hand, v can be written as % (2v, I,, —(2v% + R)) for some
y € C", so the condition of horizontality of v is equivalent to the condition

¢
(% (29, On, =2y H+2v% +R)), Yy (27, In, -2y +R))) =0
for all z,y € C". Computing this product—remember that each row vector
on the left-hand side of the last expression is written in terms of an isotropic
basis § as in (4)—we obtain % (29 5 —2y %' —R')y = 0 for all z,y € C". This
implies
2/ -2v% =R,
or in terms of the original functions,

t
oln—aad =sT —§'T.

Thus we have the following
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PROPOSITION 1. Let ¢ € HHg(SQ,Zn). Then ¢ = B~ Lot = [s:aq:
DQp I Ti2 v Tpe1p] Satisfies
Wa— e = sT — s'T,
or in components

A
=

/

/ /
(7) oy — Qo = ST — 8Ty

In addition, linear fullness of v translates into the condition

() ()

where W denotes the Wronskian.
Conversely, if ¥ : S% — CPN" is holomorphic and satisfies conditions (7)
and (8), then 1 := bg o v is linearly full, holomorphic and horizontal.

Proof. For the Wronskian condition, see [8, Prop. 2.2 and Th. 2.3]. Note
that for notational convenience, the 7;; used in this paper differ from the ones
defined in [8] by a factor of 2 in order to get rid of the annoying factor of 2
appearing in equation 2.17 of [8]. O

Definition 1. Let

PDi;(S?,(CPN") = {[s DQp QT2 Tp—1,] algebraic maps

/o
i =

!/

. . / /
of degree d satisfying a;o; — oyax 8T;; — S Tij,

a;\’ . .
and (—) , 1 <1< n, 1ndependent}.
S

Then we have well-defined maps

Bg : PDJ(S%,CPY) — | J HH/(S?, 2,,)
k=0
7,5 — w = bﬁ [¢) ’LE

and

[e.e]
Cs - HH/(S% 2,) — |J PD{(S% CPM)
k=0
Y — P =bz' o
These maps are algebraic, and clearly Bg o Cg and Cg o Bg are equal to the
identity in their respective domains.

We would like these maps to preserve the degree d, but this is not always
the case (see [8]). However, it turns out that a slightly weaker result holds.
First note that all the functions s, o; and 7, 1 <4, j, k < n can be considered
as coprime polynomials in one complex variable z of maximum degree d. For
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reasons that will become clear in Section 4, we define the following subvariety
of PD/ (52, CPNr).
Definition 2. Let
PD£70(52,CPN") = {[5 TQp i Qp iTI2  Tpelp) € PD£(S2,CIP’N")
d

with s = H(z —2z), z € C distinct, and a;(z¢) # 0, ‘V’E}.
/=1

Then PDZ;O(SZ,C]P’N") is open in PDZ;(SZ,C]P’N"), and the following im-
portant result holds.

THEOREM 2. Given ¢ € HH]dc(SQ, Z,), there exists a basis B and an open
set Ug > 1 such that Bg : PDZ;O(SQ, CPN") — Uy is an algebraic isomorphism.

The proof of this theorem is complicated and technical, so we will post-
pone it to Section 7. Now we continue translating the problem of describing
harmonic maps from S? to S?" into a suitable ‘parameter space’ via a simple
algebraic construction.

4. Explicit algebraic construction

In this section we analyze the system of equations (7) given by

/ / ! / .o
ey — iy = sT;; — 815, 1<4,j<n

and the condition (8) given by

(2 (2]

where the functions s, «;, 7j; are polynomials in one complex variable z of
maximum degree d and without common factors.

This analysis will lead to an explicit algebraic construction of any linearly
full harmonic map from S? to S?". The approach is quite simple: solve system
(7) for the polynomials 7;; and find a smaller more compact condition on the
remaining polynomials.

System (7) is equivalent to the conditions

/

.

9) a;aj—aia;-:ﬁ(ﬂ), 1<i<j<n,
s

which is equivalent to
/

/
;0 — OGO,

(10) “————2 has no residues

s
and

oy — il ) .
(11) Tij =8 | — 5 dz is a polynomial of degree < d.
s
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It is not easy to translate condition (10) into a simple formula unless we
assume something about the zeros of s. This is actually the motivation for the
definition of PD£70(52,C]P’N"). From this point on we will assume that s has
d distinct complex zeros located at {z1,...,zq}. This requirement allows us to
find a simple formula for the residues of (a;jof — a;aj)/s?, as follows.

LEMMA 2. The function (oo — aioz;-)/sz has residues only at zp, 1 <
{<d, and

res ———— =
/ 3/

/ / / AN
2=z 52 s

|z:z5

Proof. Tt is clear that the residues of (ja; — a;a)/ s? are only at the 2.
To find the value of the residue at zy, use the formula
/ ! / AN
s, MG = i (- M)
The right-hand side gives
/

ooy — ool \' (z — 2)? oo — ool \!
. / ; ‘ _ : o
lim <(z — 2)? M) = lim <s' anl J)

zZ—rzy 52

/ / ! / N\
. (z — 2)? ;o — ool 1 [ o — ool
/ J J
=1 Bl e A
= lm | s 5 S + - S .
2=z s s s s
|z:ze |z:ze

It is elementary to show that the first term of the last expression is 0. This

proves the lemma. O

The following lemma translates system (7) into a completely algebraic
condition.

LEMMA 3. The polynomials s, o, Tji, are solutions of the system (7) if
and only if s divides W (s, o, aj), and 7 is given by formula (11), 1 <i,j < n.

,.
J
" "

i = STij —

Proof. Suppose that oa; — a;a); = s7/; — s'7;;. Differentiating, we obtain

"

"
a; O — oG S Tij-

This implies

s" (i — ajag) — ' (o] — af o) =" (' — si;) — §' (8”05 — 57]})
=s(s'r; — s"7];).
Thus,
W (s, i, aj) = s(ajaj — ajay) — s' (o] — of o) + " (i — o)
= s(oz;oz;-/ — aé’a;» + S/Ti/;- — S//Ti/j).

This proves the ‘only if’ part. Note that it holds in general, i.e., without the
restriction that s has simple zeros.
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Now we prove the ‘if” part. If s|W (s, i, a; ), then s|(s"(afa; — aiaf) —
s'(ajaj — a;alf)). Since

/!

1 [l — oz’
s" (G — o) — ' (af aj — azaff) = —(s’)3? (”’J>

8/
and since s'(z¢) # 0, 1 < ¢ < d, we have that the function

/o YA
l ;0 — Q0
s s!

must vanish at the points 2, 1 < ¢ < d. Thus, by Lemma 2, (oo — aia;-)/sz

has no residues at the zeros of s, so it cannot have residues at all. Hence,
/

s — cus
/ Qo — G0
52

is a rational function whose poles are simple and at the zeros of s. Furthermore,
an elementary calculation shows that the functions

Tij :tij03+8/ .

where t;jo are arbitrary integration constants, are polynomials of degree less
than or equal to d. O

P A
Qg — 0G0
2 Y

Now we analyze the condition s|W (s, ay, a;) further. This condition is
satisfied if and only if W(s,a;, ;) = 0 at the points z, 1 < £ < d, which
happens if and only if the three vectors

t(S(Zg), Oél(Zg), <o 705?1(25))’ t(sl('z€>a 0/1 (Zg), ceey 04;1(25))7
"(s"(20), 0 (20), - - o (20))
are linearly dependent for each . Or equivalently, if and only if for each /¢,
1 </ < d, there exist complex numbers py, q¢, 7¢ not all equal to 0 such that

(12) pes(ze) + o8’ (z0) + qus” (z0) = 0,
(13) pec(zg) + 70 (20) + qea” (2¢) = 0,
where « := (ay, g, ..., a,) € (C[z]4)", as before.

Since s(z¢) = 0 and §'(27) # 0, equation (12) is equivalent to r, =
—q¢s"(z0)/s'(z¢). Renaming the constants, solving equations (12) and (13)
is therefore equivalent to solving

(14) pea(ze) — qu(s" (20)e (z¢) — 8'(z0)0"(20)) = 0, 1< €< d.

Since s is monic with distinct roots at zi1,...,zq € C, the polynomials
{s,s/(z —z1),...,8/(2 — zq)} form a basis of C[z]4, and we can write

d d d
S S

(15) s = H(Z—Zg), o = aios—i—z Qiyp ——, Tjk = tjkos-i-z tjkg ,
/=1 /=1 2=z — z zy

for some complex numbers a;, tjxe, with 1 < 4,75,k <nand 0 < ¢ < d.
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The idea now is to introduce expressions (15) into equation (14). But first
we translate condition (8) in terms of the quantities z¢, aie, tjne-

LEMMA 4. Suppose that d > n. Then

ailr az1 ... anl
! ! a a Lo
[e5] (6% 12 22 n2
w ( ),,(—n) #0 < Rank . L . =n.
S s : : .. :
a1qg AaA24 .- - Qnd

Proof. Since all the functions involved are rational, the vanishing of the
Wronskian implies linear dependence [22]. Notice that «;(z¢) = ai 8'(z¢). Thus

w((2) o (22)) =0

s s
n N/

— Zbl-(%) =0 for some by,...,b, € Cnot all 0
i=1 5

= Zbiai:cs, bi,...,b, € C not all 0, for some ¢ € C
=1

= Y biai(z) =0, 1<€<d, by,...,b, €Cnotall0
i=1

n
g Zbiams'(zz)zo, 1<¢<d, by,...,bp, € Cnot all 0
i=1

a1l ao1 ... anl
a2 a2 ... Aan2

<= Rank . . ] . < n. O
Q1q Aa2d ... Qnd

The following proposition provides an explicit way to construct maps in
PDgo(SQ, CP™) in terms of the quantities sy, a;, tike-

PROPOSITION 2. Let ¢ : S2 — CPN* be a holomorphic curve of degree d,
and write

Y=[star:- o iTI2t I Taoln),

where s, «;, T, are coprime polynomials in z € C. Suppose that s has only

stmple roots at z1,...,2zq € C, and write
d d s d
§= H(Z—Zd ai:az’OS‘FZaiéiy Tjk::tjk03+2tjk£ .
=1 - A = AT

Then 1 € PDQO(SQ,CPN”) if and only if the following conditions hold.



THE SPACE OF HARMONIC 2-SPHERES IN THE m-SPHERE 1105

(i) Qg Z — QA ¢ Z

3 AjeQr — AkeQjr .
J J
(11) t]kﬁ = Gp0aj¢ — G;0Qk¢ + Z ?, 1< 7, k < n.
., l T

(iil) a;£0, 1<0<d.

a1l a1 ... Gl
. aip az2 ... an?2
(iv) Rank i L . =n.

A1q A2d ... Qnd

Proof. In view of Lemma 4 and the discussion leading to equations (12)
and (13), ) =[s:aq:-- :Tig:---] € PDQO(SQ,(CIP’N") if and only if (iii) and
(iv) hold, 7; is given by equation (11), and for each ¢, 1 < ¢ < d, there are
complex numbers py, g¢ not both zero such that equation (14) holds, i.e.,

pea(z0) — qu(s” (20)a! (z0) — 8 (20)a”" (2)) =0, 1</ <d.

Note that if gy = 0 for some ¢, then aq(z¢) = 0, which is false by assumption.

Introduce the expressions (15) into equations (11) and (12). Long and
straightforward computations then show that equation (11) is equivalent to
(ii) and that, for 1 < j <mn,

5" (ze)cr;(2) =5 (20) 22 ]u

utt - zu)?

(20))? +aﬂ<(8"(§e))2 Sl(zé)g///(zé))

Hence equation (14) is equivalent to
(16)

"(20))? s"(20))?  §'(z0)8" (2
i (20) — <22% LY i £ m)) s

UL (ZE - Zu)

Now we simplify this expression. Since g, and s’(z;) are nonzero for 1 < /¢ < d,
we can divide equation (16) by —2q¢(s'(2))? to obtain
M%H—Z =0, 1<j<n, 1<(0<d,
o (z¢ — zu)
where Ay, 1 < £ < d, are suitable constants.

Up to this point every step is reversible, so it only remains to prove that
the last equation is equivalent to (i). Thus let 1 <,7 < n. Then we have

e Z = —N@igaje = ajo Y

o (e — zu) s, (ze - Zu)2

as desired. Conversely, suppose that

—WZ

- S, 1<ij<n.
upl (Z@ B Z") e (2t — Z“>
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Since aqy # 0 for all ¢, defining

1 A1y
A= S
aiy 1%&:8 (ZZ - ZU)z

we have

Maje+ 3 —2 ——0, 1<j<n, 1<<d. O

Remark. Equation (i) of Proposition 2 can be written, in matrix notation,

as
A 1 A S
11 (21—22)2 (21—1zd)2 aip azr ... Gnpl
1 Ao cee L a
20—21)2 290—24)2 12 a22 cee an2
an | = (z277a) = 0.
Ad aidg Gzd ... Qpd

(za—21)?  (2a—22)?

Note that the definition of A, is implicit in the previous formula. This essen-
tially describes equation (i) of Proposition 2 as a determinantal variety. We
will use this description when we calculate the dimension of PDZ;O(SQ, CPN»).

An alternative and interesting way to think of equation (i) of Proposition 2
is the following. Let Z = {(z1,...,24) € C%: 2; # 2; if i # j}. Consider the
exterior differential system in Z generated algebraically by the forms

wy ::Z

e 2)2dzu/\ng, 1< <d.
-y u AL

Then the columns of the matrix (a;r);, form a basis for the integral elements
of this exterior differential system. It may be interesting to explore this point
of view in order to understand more deeply the structure of Harmf;(SQ, Sy,
Note that the construction above provides the following ‘recipe’: to con-
struct every linearly full harmonic map from S? to S?" of a given degree d,

1) Find a meromorphic function g : S? — S? bounded at oo (g corresponds
to ay1/s above) with only simple poles at z1,z29,...,29 € C and with
residue a1y # 0 at zy such that

1 1
M Gar T G
(= —12 )? A2 (z —1z )?
dim ker e 2 >n,
1 1 '
(z4—21)2  (24—22)2 Ad
where \y = Z —u (zu — 20)%

utt aye
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2) Find vectors (a1, ...,a;q) € C%, 2 < i < n, in the kernel of the matrix
above such that the set {!(a;1,...,a;q), 1 <i < n} is linearly indepen-
dent.

3) Choose arbitrary complex numbers ajp, 1 < i < n, and t;0, 1 < i <
J < n, and write s, oy, Tj as in expression (15), with the t;,, given by
expression (ii) of Proposition 2.

4) Choose an isotropic basis 3, and let ¢ : S2 — Z,, be given by the span
of the rows of the matrix (5).

5) Let ¢ = mo1. Then 7 is harmonic, linearly full and has degree d.

Using this recipe one can construct completely explicit examples of har-
monic maps. Note that the main difficulty is to find the function g of item 1).
In fact, once this function is found, the rest of the procedure is essentially lin-
ear. Exact (i.e., not approximate) examples of such functions g can be found
for given values of d, n and the distinct complex numbers z1, ..., z4. In fact,
for n = 2, d = 3 it is possible to find a formula that gives all such functions g:
if the (3 x 3 in this case) matrix in condition 1) above has nullity 2, then it is
easy to first find the Ay and then a vector t(all, ...,a14) with nonzero entries
in the kernel of that matrix. Then let g(z) = 2%, a1s/(z — z). This gives a
family of functions depending on two nonzero complex parameters c1, ¢o:

0(x) =1 (<Z2 —5)  (a- zo?) . <<23 — P (- 21)2) |

zZ— 23 z—2 zZ— 29 zZ—2

For d = 4, n = 2, one can obtain a similar, yet more complicated, formula.
For higher values of n and d (of course with d > n(n + 1)/2), given distinct
numbers z1, ..., zq one strategy is to solve equation (17) (which is quadratic
in the Ay and a;¢) by giving arbitrary values to some of the variables—so some
equations become linear—and solving for the others. With this procedure and
the help of a computer one can find examples, for instance, when n = 3, d > 8
and when n = 4, d > 12. The formulas, however, generally involve very large
numbers.

We do not know the meaning of the condition on the meromorphic function
g in 1) above. It is interesting that much of the information about the space of
harmonic maps from 52 to $2" is encoded in this function. The function g is, in
the terminology of the next section, extendable in the sense that from it, using
the process above, one can generate harmonic maps into higher dimensional
spheres.

Now we define the parameter space that we will analyze in the next section.

Definition 3. Let PSS); C Cd+(d+)n+(d+)n(n—1)/2 he the quasi-affine va-
riety given, in the coordinates

(217"'Zd)a105"'a1d7a207"' y " aandat1207"' at12d5t1307"' a"'tn—l,n,d)v
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by the conditions
e 2,...,z4 distinct;

o ajy#0for1</1<d;

e aj and ;0 arbitrary for all i, j, k;
A 1 1
1 (21—29)2 (zlfzd>2 ot an o s
(22—21)2 A2 (za—29)2 a2 a2 ... an2
) L . L =0 ned
i i ' : a1d A3q - Ang
B U S N
(za—21)2 (2q—22)2
ail az1 ... anl
a2 a2 ... an2
e Rank|{ . . . . = n;
aid aéd a;d
QjeQkr — ApeQjr
_ 00y ;
o bk = arotje — ajoare + s L —— 2

20— Rr
For convenience, we will use the short notation (z,a,t) to denote an ele-
ment of PSSj.

Although PSS} and PD£,0(5’2, CP™") are not algebraically equivalent,
there is an algebraic map from PSS]] to PDZ;O(S2 ,CPN"). Thus we have

THEOREM 3. The space PSS]] has the same dimension as PD£0(52, CPM).

Proof. Proposition 2 implies that the algebraic map

(18) PSS} — PDJ (52, CPY")
(z,a,t) —[s:a1:-ay:Ti2:  Tp_1nl,
d d s d
where s = H(z—zg), a; = aios+z g . Tk = tjkos+z tike ,
=1 = T = T

is onto and finite-to-one (the inverse image of any point in PD(’;O(SQ,C]P)N”)
is given by all the possible permutations of the ‘¢’ index in expression (18)).
Therefore, the two spaces have the same dimension. O

In view of this theorem, it only remains to find the dimension of PSS} in
order to prove Bolton and Woodward’s conjecture. This is done in the next
section.

5. Study of solutions in parameter space

We will first find that the dimension of PSS} is at least 2d + n?. The
methods used are elementary intersection theory. For convenience, we will use
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the notation

1 1
A GEaP T Grar
EEn N
EZ7A . 2 . 1 . 2 . d
Ad

(za=21)?  (2a—22)?
PROPOSITION 3. The dimension of PSS} is at least 2d + n®.
Proof. Let Z = {z = (21,...,24) € C¥: z; # 2; if i # j}, and consider
the maps
PSSt 24 Z x C4 22 Symy(C)
given by

Vl(Z,a,t):<Z,;Z_a . Z d) >, vo(z,A)=%, x.

The image of v, o 11 is the open subset of the quasi-affine variety
{Ez)\ 1 (z,A) € Z x (Cd} N{M € Sym,(C) with nullity at least n}

consisting of matrices that have an element in the kernel whose components
are all different from 0. (Note that this is needed so that (aii,...,a1q) has
this property.) The dimension of the set of matrices of the form ¥, y is 2d —1,
and the codimension of the set of symmetric matrices with nullity at least n is
n(n +1)/2. The set PSS} is not empty, so vz o v (PSS])) is not empty, so
n(n+1)
—

The fiber of the map v, over ¥, y has dimension 1 everywhere (namely
VEI(EZ)\) ={(z1+u,...,2g+u,A1,...,A\q) s u € C}), so
n(n+1)
—
The fiber of the map vy over any point (z, X) € Z xC? consists of all tuples

dim(vg o vy (PSS])) > 2d — 1 —

dim(v (PSS]) > 2d —

(z,a,t) such that the n vectors *(a;1,...,a;q), 1 <i <mn, span ker (X ), aio,
1 <7< mnandt;, 1 <i<I[<n are arbitrary complex numbers, and the rest
of the t;;, are given by expression (ii) of Proposition 2. This set is isomorphic to
an open subset of C"° x C" x C*("~1/2 50 it has dimension n?+n+n(n—1)/2.
Therefore,

1
dim(PSS§)22d—n(n2+)+n2+n+n(n—1)/2—2d+n2. O

The opposite inequality, namely that dim(Harmg(S?, S%")) < 2d + n?,
appears at the end of [18]. Before this came to our knowledge, a proof of this
fact was found, so we include it here for the sake of completeness. It seems
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also that this fact was essentially known by Bolton and Woodward, at least
for some particular cases.

The methods we use are actually very similar to those in [18] (namely
doing induction on n), and the concept of ‘k-extendable maps’ defined below
turns out to be a particular case of the concept of ‘maps with k pairs of extra
eigenfunctions’ used in [18]. It may be, in fact, that these two definitions are
equivalent.

Definition 4. An element (2, a,t) e PSS} is ‘k-extendable’if dim(ker(3, ))
=n+ k. The set of k-extendable elements in PSSy will be denoted by 57%; ).

The term ‘k-extendable’ comes from the fact that an element of PSS}
can be extended to an element of PSSZZLHC . A different way to say this is the

following. Consider the projections

+1
(Z, a10,° " s Ant1ds - - - 7t12d) s 7tn,n+1,d) € Pssg
+ pn
(Z,al(),"‘ 7an7d7"'7t12d7"'7tn—1,n,d) € PSSQL

given by deletion of all the components a, 41 and ;41,1 <0 <d, 1 <5 < n.
Then £} = ppak o+ 0 pn(PSS)TF).

The corresponding objects in PDg 0o(9%, CPM) are as follows. The projec-
tions p, correspond to

. . . . . . . . . . 2 N
[S T L 1O O] ST12 0 DTl S T23 000 'Tn,n+1] € PDZ;O(S ,(C]P n+1)

1

[star: iapiTiei T T3 Tae1 n) € PD£70(52,CPN"L)

given by deletion of all the components that have n + 1 as subscript. It is well
defined since o is not zero at the zeros of s, and s has degree d. Then an
element in PD(];O(S 2, CPN") is k-extendable if it is in the image of k consecutive
projections.

The projection p,, : PSSQJrl — 57(131) C PSS] is onto. Therefore, by
computing the dimension of the fibers of p, and the dimension of Efj ) we will
be able to find a relation between the dimensions of PSS’ and PSS?%.

LEMMA 5. The variety £ has codimension at least 1 in PSSy.

Proof. Suppose not. Then ES(; ) would contain some open subset of PSS?,
and then there would be a point ¢ € 57(5; )
in PSS” with ¢ = ¢ would be contained in Sffdl ) for u in a neighborhood of 0.

We will prove that this is not the case. Let ¢ = (2,a,t) € S;L?Cll). Then
the corresponding matrix ¥, x has nullity greater than or equal to n + 1. Let
q := d—n and let £ be the rank of 3, x, so £ < ¢q. By reordering the indexes we

can assume that the first £ columns of X, x are linearly independent. Consider

such that every continuous curve ¢%
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the matrix

0 0 0
EZ,A =+ Oluly— |0
0 0 0

obtained by adding u € C to the diagonal entries of 3,  from £+ 1 to q. The
nullity of this matrix is at least d — ¢ = n. For 1 < ¢,5,k < n, 1 < ¢ < d,
let (a}y)ie be a continuous family of matrices of rank n whose columns are in
the kernel of E“A and such that aw = aj, let ajy = a;p, let th be given by
the formula in Proposition 2(ii) and let ¢, = tj0. Then the curve ¢* =
(z¢,al, t”;k) € PSS} constructed this way satlsﬁes ¢¥ = ¢, and for u # 0, it is
not hard to see that the matrix X7 ) has nullity n. Therefore, ¢ ¢ Er(:dl) for
u # 0. This proves the lemma. O

PROPOSITION 4. The dimension of PSSY is less than or equal to 2d +n?.

Proof. We proceed by induction. The case n = 1 is straightforward since
PD£70(52, CP') is an open subset of the set of meromorphic functions of degree
d from S? to CP', and therefore it has dimension 2d + 1. The cases n = 2 and
n = 3 were proved in [20], [23], [24], [25] and [9] respectively.

Suppose that the dimension of PSS! is less than or equal to 2d + n.
Consider the projection

. +1 (=1)
P PSSIHL — £2D)

Note that pn(é’nikl) = 5<>k+1> Thus p,, restricts to

Pssn+1 \g(>11) d (>1) \ (>2
T .

This restriction is onto, so we can find the dimension of PSS&hLl by adding the
dimension of é’fdl '\ ST(L’Z; ) and the dimension of the fiber.

Let ¢ = (z,a,t) € 57(5;) \5,(5;) C PSS?. Then p,'(¢) consists of those
(20, aip, tike) € PSSIT where 1 < 4,5,k < (n+1) and 0 < £ < d, obtained by
inserting an41,¢, tjnt1,6, 0 <€ < d, 1 < j <mn,in the appropriate slots in the
original (z,a,t), where

® (ant1,1,an412,-- -5 ant1,a) € ker(S, 2).
® tintie 1 <j<n, 1</ < dare given by Proposition 2(ii).
® ayy1,0 and tj 41,0, 1 < j < n, are arbitrary complex numbers.

Therefore, p,'(¢) is isomorphic to an open subset of ker(X. ), which has
dimension n + 1 since ¢ € £\ £ times C x C", and therefore p;*(¢) has
dimension n+1414n=2n+2.

On the other hand, Lemma 5 implies that the dimension of p,(PSS5*!\
EGH ) =€) \ECT s less than or equal to dim(PSS}) — 1 and that PSS;*!

n

and PSS”Jrl \S(Tl)d have the same dimension. Putting it all together, we
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obtain

dim(PSS;*) = dim(PSS; ™\ €34 )
< dim(Image of p,) + dim(Fiber of p,,)
< (dim(PSSj) — 1) +2n+2
<2d4+n’+2n+1

=2d+ (n+1)% O
THEOREM 4. The space Harmf;(SQ, S?1) has pure dimension 2d + n?.

Proof. In each irreducible component, Theorem 3 and Propositions 3 and 4
show that PDQO(S 2, CPN") has pure dimension 2d+n2. Then Theorem 2 shows
that every element of HH§(S27 Z,,) is contained in an open subset of dimension
2d + n?, so HHg(S 2. Z,) has pure dimension 2d + n?. Finally, use Theorem 1
to identify Harm/ (52, §2") and Harm’ ™ (S2, §2%) with HH/(S2, Z,). O

6. The nonlinearly full case

In order to complete the study of the dimension of the moduli space of
harmonic maps from S? to S™, we need to consider the set Harmg(S2, S™) of
all (full and nonfull) harmonic maps from S? to S™. Evidently,

Harmgy(S?, S™) = Harmg(SQ, S™ U Harmsf(52, S™),

where Harmgf (52,5™) denotes the set of nonfull maps. Note that when m is

odd, the set Ha,rmg(SQ, S™) is empty [6]. So it is clear that the properties of
these sets are quite different depending on the parity of m.

The variety of all holomorphic and horizontal maps from S? to Z,, will be
denoted HH4(S?, Z,,), and HHZf (82, Z,,) will denote the subvariety of nonfull
maps.

It is convenient to split the space of nonfull harmonic maps into pieces
corresponding to the dimension of the sphere where the image of the map lies,
as follows.

Definition 5. For £ < m, let
Harm&g)(SQ, S™) = {go € Harmy(S?,8™) : ¢(S%) € S™ NV,
for some V € Gr(£ + 1,R™ 1)} |

and let

Harm ™ (52, 5™) = Harm{=*" (52, §7) \ Harm (="~ (52, gm).
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The corresponding objects in HHZf (8%, 2,) are
HH((5%, 2,) = {y e HHY (52, 2,) : (5?) € 2}
for some F € Gr(n — k, CQnH)}

and
HH (52, 2,) = HHSM (52, 2,) \ HH(S 1 (82, 2,,),
where, for F' € Gr(n —r,C*"*), ZF = (Wao Fec Z,: W e Z.((Fo F)h)).

These definitions also appear in [10]. Note that the set Harm&zk)(SQ, S™)
consists of maps that are linearly full in some 2k-dimensional geodesic sub-
sphere of S™.

The map 7 : Z, — S?" induces surjective maps

I : HH,4(S?, Z,,) — Harm’5(52, 527) U HarmY (52, 5%7)

defined by TI* (¢)) = £ o4). Note that II* map the variety HHElk)(SQ, Z,) onto
HarméZk)(SQ, S?1) for k < n and take HH&H)(SQ, Z,) = HHZ;(SQ, Z,,) bijectively
onto Harmd’i(SQ, S?7) (Theorem 1).

Directly from the definition, and using the fact that Harm((f%ﬂ)(SQ, S™)

= Harm = (52, 5™) [6], we have [10]

Harmg(S?, 5%") = Harm§’+(52, 52 U Harmg’_(sz, S2m)
(2(n=1)) rc2 g2n (2(n=2)) 1 a2 g2n . 2 e2 q2n
U Harm, (8%,5°") U Harm, (8%,8*")U--- U Harm,;’ (S, 5°").
and
Harmg(S?, $*" 1) = Harmgn)(SZ, Sl
U Harm&Q(n_l))(Sz, Sy Ly Harm&Z)(SQ, Sty

Now we address what is meant by the dimension of these sets. For the
linearly full case this was clear: we implicitly assumed that Harmg’i(SQ, S2n)
had the structure induced by the bijective maps II*. In the nonlinearly full
case, if k < n— 1, the maps IT* : HHElk)(S2, Z,) — Harmg%)(SQ, S?1) are onto
but not bijective; furthermore, when m is odd, we need to discuss the structure
of Harm&Qk)(SQ, S™) before being able to study its dimension.

A natural topological structure for the sets Harmy(S2S™) and HH,(S? Z,,)
is the compact-open topology. On the other hand, since Z, is a subvariety of
degree 2 [1] of P(A"C?*"*1) ~ CPM" (where M, := (**/') — 1) via the Pliicker
embedding, the space HH,(S?, Z,,) is a subvariety of the space of holomorphic
maps of degree 2d from S? to CPM» | which is regarded as the projectivization
of the set of (M, + 1)-tuples of coprime polynomials in z with maximum
degree exactly 2d. Therefore, HH,(S?, Z,) is a quasi-projective subvariety of

IF’((C[Z]%”H) and, in particular, each irreducible component is a topological
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manifold, maybe with singularities. (In fact this topology coincides with the
compact-open topology.) It is shown in [10] that the maps II* : HH,(S?, Z,,) —
Harmg(S2, $?") are continuous and closed. Further, ITF : HH&k)(SQ,Zn) —
Harmé%)(Sz, S$21) is a fiber bundle with fiber SO(2(n — k),R)/U(n — k). For
any m, we also have the fiber bundle

Pk Harmé%)(,sa, S™) — Gr(2k + 1,R™*1)

¢ — (2k + 1)-subspace where ¢(S5?) lies,

with fiber Harm£’+(52, S2F). Hence the sets Harm((j%)(SQ,Sm) are finite di-
mensional topological manifolds away from possible singular points. This is all
the structure we need in order to calculate their dimension.

In addition, the space HHd(SQ7 Z,,) has an analytic structure as a subvari-
ety of ]P’((C[z]%"“), and so does Harmy(S2, S™) as a subvariety of the manifold
C>(S%,8™). With these structures, the maps II* are real analytic submer-
sions, and the bundles described above are real analytic, of course away from
the (possible) singular locus. (See [19] for the n = 2 case; for n > 2 it is
similar.)

Further, for £ > n — 1, the complex structure of HHElk)(SQ,Zn) can be
transferred to Harmgk)(SQ,SQ”) via the diffeomorphisms II*. However, for
k < n—1, we do not know if the spaces Harmngk)(Sg, S21) admit a complex
structure; we use complex instead of real dimension in the theorem below just
to have a more compact statement.

Now we find the dimension of Harml(i%)(SQ,Sm) using the fiber bundle
given by p; explained above.

THEOREM 5. When m = 2n is even,
dime (Harm(?? ($2, §2%)) = 2d + n? — (n — k)(n — k — 1).
In particular,
dimgc (Harmg(S?%, S%")) = 2d + n®.
When m = 2n+ 1 is odd,
dimg (Harm{?¥ (82, §2"+1)) = 2[2d + n® — (n — k)(n — k — 1)] 4+ 2k + 1.

In particular,
dimg (Harmg(S?, S 1)) = 2(2d + n?) + 2n + 1.

Proof. The fiber of the surjective map

pr : Harmg(S?%, 52%) — Gr(2k + 1, R™ 1)
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is Harm§’+(5’2, S2k)) at every point. Therefore
dimR(Harm&%)(SQ, Sm)):dimR(Harm£’+(52, 52%)) + dimg (Gr(2k + 1, R™1))
=2(2d + k%) + (2k 4+ 1)(m — 2k),
so for m even,
dimR(Harmgk)(SQ, S2M)) = 2[2d +n* — (n — k)(n — k — 1)],
and therefore
dime (Harm?% (82, §%%)) = 2d +n? — (n — k) (n — k — 1),

and for m odd,

dimp (Harm (P ($2, §2"11)) = 2[2d +n? — (n — k)(n —k — 1)) + 2k +1. O

It is an interesting fact that dim(c(Harme(SQ, S?1)) is 2d + n?, i.e., equal
to dime(Harm?/ (52, §27)).

7. Proof of Theorem 2

We fix the following notation.
e If S is a subset of a vector space, we will use (S) to denote the span of S.
e For an isotropic basis 8 = {Eg, E1,..., En, E1,..., E,} of C?"*1 the sub-
spaces (E1,...,E,) and (Ey,. .., E,) will be denoted by Eg and Ejg, respec-
tively.
e Given two subspaces Vi, Vs of CV | we will denote (‘ISO’ refers to ‘isotropic’)
HomISO(Vl, VQ) = {L S HOm(Vl, Vz) : (L(Ul),’l)l) =0 Yu; € Vl}.

o Let 1y € HHf;(SQ, Z,), and let B be an isotropic basis of C2"*!, The compo-
nents of C3(¢)) corresponding to s and «; in homogeneous coordinates (i.e.,
the first and second components) will be denoted by (Cg(%)))s and (Cg(¢))a,,
respectively. In other words, writing Cg(¢) = [s g : -+t ap 1 T12 1 -+ -
Tn—1,n), define

(Cs(1))s :=s and (Cs(¥))as = 1.
The proof of Theorem 2 goes as follows:
(i) Show that Bﬁ(PDg,O(SQ, CPM)) c HHZ;(SQ, Z,). This is done in Proposi-
tion 5.
(ii) Show that BB(PDQO(SQ,(CIP’N")) is open in HH§(52,Zn) and that every
(NS HHZ; (S%, Z,) is in the image of Bs for some basis 3. This is done in
Lemma 9, after preparing it with several lemmas.

Since Bg is algebraic and has algebraic inverse Cg, this will prove the theorem.
The following proposition asserts that Bg(¢)) has the same degree as 1
when ¢ € PD[J;O(SQ, CPM). Its proof is unexpectedly simple.
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PROPOSITION 5. Let B be an isotropic basis 9f CNn.,
(i) If¢ € PD(];(SQ, CPN"), then the degree of Bg(1) is at least d.
(ii) Bs(PDJ (52, CPY)) € HHJ(S2, 2,).

Proof. Let 1; =[s:taq -t T2 Tpoin] € PDg(SQ,(CIP’N"),
and let ¢ = B(zﬁ) = bgo Y. We need to prove that the degree of ¢ is d, or
equivalently, composing with the Pliicker embedding, that the degree of Plo
is 2d.

The map Plot) = Plobgo : §2 — PA"C?"*! is given, in a suitable basis
of A"C?"*+1 by the projectivization of the vector whose components are the
n X n minors of the n x (2n 4+ 1) matrix

(a)s, In, —(a v+ sT)/25?)

(notation as in expressions (5) and (6)). To study the degree of Plo ¢, we
will multiply the components of the vector formed by the n by n minors of
this matrix by a suitable homogenizing factor h so as to obtain a vector whose
components are polynomials without common factors. Since all the minors of
the matrix above are homogeneous rational functions of degree 0, and since
one of them is 1, the degree of Pl o ¢ must be equal to the degree of the
homogenizing factor h.

Note that the expressions a?/s?, 1 < i < n, and Tj2k/82, 1<j,k<n,
appear as minors of the matrix (a/s, I,, —(a o+ sT)/2s?). Since s, ; and
Tjk cannot vanish simultaneously, i must be a multiple of s2. This implies that
the degree of BB(Q;) is at least d, proving (i).

If ¢ € PDQO(Sz,CIPN"), we can use the assumption that s has simple
7€ros 21, 22,...,24 and a1(zp) # 0, 1 < m < d. Since the denominators of
all the minors divide a power of s, the homogenizing factor h can only have
roots at the zeros z1, 23, ..., zq of s. Performing row operations on the matrix
(a/s, I, —(ae+5T)/25%) does not alter the map Plot. So torow i, 2 <i < n,
let us add the first row times the factor

—o o + ST

2
aq

so as to obtain zeros in the n + 2 column, rows 2 to n.
Then, for 2 < i < n, the (i,1)-entry of the new matrix becomes 7;/aq,
the (i,2)-entry becomes
—104 + STy
a? ’
the (i, n+2)-entry becomes 0 and the (¢, j)-entry, n+3 < j < 2n+1, becomes

Q1Tji + Ty + QTin T1iT1y
2say 202




THE SPACE OF HARMONIC 2-SPHERES IN THE m-SPHERE 1117

Here is where the magic appears: since ¢ € PDQO(SQ, CIP’N"), the equations

/ ! / /
QO — a1Qy = STy; — S Tiy,

!N A U
oy — ooy = STy — STy,

aoy — o) = st — $'Ti
must hold for 1 < i,j < n. (When ¢ = j, define 7;; = 0.) Multiplying the first
equation by «;, the second by a7, the third by «;, and adding, the left-hand
side cancels, and we obtain the equation
5/(0517']'2‘ +auTij + i) = 5(017},@' + O‘iT{j + ajTill)'

Therefore, the matrix obtained after doing these row operations and multiply-
ing the first row by 2s? is given by

(19)
| |
2say 252 , 0 0| —a?, (—ara; = s715);
,,,,,,,,,,,,, e
Tii —oi i +sTii ‘ I 0 | (carfitonTi;tayTh _ T1iT1
P) | n—1 | 7 p)
a1 /41 aj 2, ‘ 2s’ay 2(J¢1 ij

As before, multiply the components of the vector formed by the n x n
minors of this matrix by a suitable homogenizing factor h to obtain a vector
whose components are polynomials without common factors. The same argu-
ment as before shows that i can only vanish at the zeros of s’ and «q, which
by hypothesis are different from those of s.

But then the component corresponding to Ejg (i.e., the minor of columns
2 to n+ 1) is, on the one hand equal to the homogenizing factor h (which has
zeros only at the zeros of s), and on the other hand equal to 2s2h. Since this
last expression only vanishes to order 2 at the zeros of s, the homogenizing
factor h must be a constant multiple of s%. Since s has degree d, h has degree
2d, and we conclude that the degree of Pl o % is 2d, which implies that the

degree of ¢ = Bg() is d. O

Now we must prove two things: first, that Bg(PDQO(SQ,(C]P’N”)) is open
in HHZ;(SQ,Z”), and second, that every ¢ € HHZ;(SZ,ZH) is in the image
of Bg(PDiO(SQ, CPM)) for some 8. What we will actually do is, given 1 €
HH§(S2, Z,), describe an open subset of HHg(SQ, Z,,) containing 1 (essentially
the set of those ¢ so that dim(z(z) N Eg) < 1Vz) and show that it equals
By (PD] (52, CP")).

First we need some tools. Note that the ‘trouble’ for ¢ = Bg(z)) only
happens at the zeros of its first component s. These points correspond, for

the map ), to incidence with the n-plane E’g. This motivates the following
definition.
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Definition 6. For F € Z,, let

179 ={P € 2, : dim(F N P) >k},
IV ={Pe€ 2, :dim(FNP)=k}

The relationship between the vanishing of s and the variety I gﬁ” is clarified

in the following lemma.

LEMMA 6.

(i) Let ¢ € HH/(S2,2,), and let B = {Eo,E1,...,En, E1,...,E,} be an
isotropic basis of CNn. Write Co(p) =[s: a1t - t0pn T2t Tpoinl
Then

=) _
¥(z) GIEﬁ = s(z) =0.
(ii) Let 1/; =[star:- o T2 Tho1 ) € PDZ;(SQ,(CPN”). Then, if s

has only simple zeros (in particular if () € PDQO(SQ, CPM)),

s(2) =0 = (Bs(¥))(2) € I

Proof. (i) If s(z) # 0, then v¥(z) is the span of the vectors

n
Qy 871893 Tk \ -
?EO‘FEZ—Z(QSQ —F?S)Ek7 1<i<n,
k=1

with s, a; and 7 evaluated at z. This implies 1(2) N Eg = {0}, and therefore
v(e) 157,

(ii) As in the proof of Proposition 5, if s(z) = 0 and a1 (z) # 0, then Bg(v)
can be expressed as the subspace spanned by the rows of the matrix (19):

(l) (1) ! I 0 ottt tayTh Tmy
ar/q | \Car Jig n—l ! 25'a 22 ) .
I I Zj

where all the functions involved are evaluated at z. (Note that since s has
only simple roots, s'(z) does not vanish.) This implies that (Bz(¢))(z) N Eg =
(—a1(a1 By + -+ + apEy)), and therefore (Bg(1))(2) € I]%;.

If s(z) = 0 and a1 (2) = 0, note that since ¢ satisfies equation (7), and since
s has only simple roots, not all the «;, 1 < ¢ < n, can vanish simultaneously at
any of the zeros of s, for otherwise equation (7) would imply that the 7;; also
vanish at that point, which is impossible. Therefore, we can proceed as in the
proof of Proposition 5 to obtain an expression similar to (19) using «; instead
of a1 and then use the same argument as in the last paragraph. O
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Now the idea is the following. The variety I%;) generates the codimension

2 homology of Z,. Therefore, a map 1 € HH£ (82, Z,,) will intersect Ig;) at
exactly d points, counted with multiplicity. If we are able to choose a basis 3
so that v intersects Igl) transversely and only in Ig) , it will do so at d distinct
points, and therefore s will have d distinct roots; with some additional light
conditions on 4, this will imply that Cs(1)) lies in PDJ (52, CPN»).

It is for this reason that we now study some properties of the sets Ig;).
The following is well known.

LEMMA 7. Let F' € Z,,. The set I}?k) is a subvariety of Z, of codimension
k(k+ 1)/2 and I}If) is an open subvariety ijl(:zm.

Proof. Let {Fy, Fy,...,F,} be a basis of F. Then I}Zk) can be expressed
as

IFY ={P € Z,: PUP)AF;, NFiy A-- -\ F; =0, 1<41,...,0h_ 41 <0}

n—k+1

Thus I}Zk) is a projective variety. This description also shows that, for all k,
Ilﬂ?k“) is a proper closed subvariety of II(;ZM. Hence, since I](;Zk) = Il(f) UI}?“H)7
I}f) must be an open subvariety of I}Zk).

To compute the dimension of I}Zk), consider the incidence correspondence

U, ={(T,P): T Cc P} C Gr(k, F) x Z,.
The projection into the first factor is onto with the fiber over I' € Gr(k, F')
being the set of pairs (I', '@ W) where W is an isotropic (n — k)-plane lying in

(I' @ I')*. This set is isomorphic to Z,_; and hence irreducible of dimension
(n—k)(n—k+1)/2. Hence ¥y, is irreducible of dimension

k(n — k) + (n—k)(n —k +1)/2 = n(n +1)/2 — k(k +1)/2

(see for example [14, Lecture 11]). Since the variety Ii=" is the image of Wy,
under the second projection, which is one-to-one except in the closed sub-
set I}Zk“) - I}ZM, we have that I}Zk) is also irreducible with codimension
k(k+1)/2. O

The following lemma gives a criterion for transversality. It is also proved
that I}Zl) generates the codimension 2 homology of Z,.

LEMMA 8. Let F € Z, and let P € 1. Write P = (Py) @ P', where
PLe PNF and P' L Py. Let 0 # Py € (P ® P)* with Py = Py. Then
i) Pr=(R)ya(P)e(P+F)nPL

(i) TpZ,=Hom((P1), (Py))®Hom (P, (Py))®Homso (P, (P)®(P+F)NPL).
(Recall that Homgo(V7, V2) was defined at the beginning of Section 7.)
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(iii) Tply = Hom(P', (Py))®Homyso (P, (Py)@® (P+ F)NPL). Therefore, I
s reqular.

(iv) (Criterion for transversality). Let vy : S* — Z, be a holomorphic curve
such that P = ~(z) € I3 for some z € S%. Let 0 # P, € PN F, and
suppose that v'(2)(P1) € (P @ P)*. Then v intersects Iy transversely at
P if and only if v'(z)(P1) # 0.

(v) The variety I\Z" intersects a generator of Ha(Z,,7) = Z [21] transversely
in a single point. Therefore, a curve in Z,, that intersects I}?l) transversely
and only at regular points of I}Zl) has degree equal to the number of points
of intersection.

Proof. (i) It is clear that P+ 2 (Py) + (P1) + (P + F) N P*. In addition,
since P+ F has dimension 2n — 1, (P + ) N P+ must have dimension at least
n — 1, so we only have to prove linear independence.

Suppose that agPy+ai P, +vp+vp = 0, where ag,a; € C, vp € P, vp € F,
and vp + vp € (P4 F) N P*. Since (P, Py) = (P1,vp) = (P,vp) = 0, we
must have 0 = (P, aoPy + a1 Py +vp +vr) = a1 (P, P1), so a; = 0.

Therefore, agPy + vp = —vp, so since (Py,vp) = (vp,vp) = (vp,vr) = 0,
we must have a3 (P, Py) = (agPy + vp,aoPy + vp) = (vp,vr) = 0, s0 ag = 0
and therefore vp +vp = 0.

(ii) Let L € Hom(P, P*). Then L can be written as L = Lo + L1, where
Lo € Hom(P, (Py)) and Ly € Hom(P, (P,) @ (P + F) N P).

The map Lo+ L is in TpZ, if and only if, for all uw € P, (Lo(u)+ L1(u),u)
= 0. Since (Lo(u),u) =0 for all v € P, (Lo(u)+Li(u),u) =0 if and only if
(Li(u),u) = 0, ie., if and only if Ly € Hom(P,(Py)) = Hom((Py), (F)) ®
Hom(P’, (Py)), L1 € Homyso (P, (Py) @ (P + F) N PL).

(iii) The geometric idea is the following. Given a curve in I}Zl), any curve
in C2"*! tracing the intersection between the given curve and F must have
derivative contained in F', which essentially implies the claim.

More algebraically, the variety I}zl) C Z, is the zero locus of f(Q) =
P1(Q) A PI(F). Thus TpI} consists of those L € TpZ, such that dfp(L) = 0.
We need to prove that L(P;) € (F + P) N P+,

So let L € TpZ, and let {Ps,..., P,} be a basis of P’. Take curves ¢;(t)
in C?"*1 such that ¢;(0) = P, and ¢;(0) = L(P;) € P+, 1 <i < n. Then, since
P eF,

o d

dt =0
= (0) APy A--- AP, API(F)
=L(PL))ANPaN--- NP, NPI(F)

which is 0 if and only if L(P;) € (F + P) N P+. This proves the claim.

dfp(L) c1(t) A Acn(t) APLEF)
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(iv) Since Tpll(;l) has codimension 1 in TpZ,, proving transversality is
equivalent to showing that 0 # +/(z) & T, pII(;l). Using the hypotheses on v and
part (iii), 7/(2) € Tpl’ if and only if ¥/(2)(P1) € (P+F)NPH)N (P& P)+ ={0}.

(v) The curve G : CP' — Z, given by

2
G([wo : wl]) = <w0w1Po + wgPl — 11;1]51> ) PI(P/)

is a generator of Hy(Z,,7) [21]. This curve intersects I=" only at P, i.e.,
when wg =1, w; = 0.

Let g(z) € G([1 : 2]) be the curve g(z) = 2Py + P, — 22P;. Then g(0) = P
and ¢/(0) = Py # 0, which implies that 0 # G'([1 : 0])(P1) = Py € (P & P)*,
and therefore, by (iv), the curve G intersects TPI;;I) transversely at a single
point. U

Suppose that ¢ € HH£(S2, Z,). In view of the previous lemma, our goal

is now to find a basis 8 such that ¢ intersects E’g = (Ey,..., E,) transversely
at d points and with some additional properties. This is what we do in the
following lemma.

LEMMA 9. Given ¢ € HHZ;(SQ,ZH) there exists a basis [ such that the
image of 1 intersects Igﬁl) only at Ig; and transversely, such that (Cg(¥))a, 15
not 0 at the points of intersection, and such that (Cg(v))s is not 0 at the point
0 € S2.

Proof. The idea is to show that the set of elements £ € Z,, that are ‘bad’
(meaning that 1 intersects Ig”, or intersects I}%Zl) nontransversely, etc.) is a
proper closed subset of Z,, so its complement is nonempty.

To this end, consider the following subvarieties of Z,:

A= {E €Z,:9Y(z) € Ig” for some z € S?
and ¢/(2)(P1) =0 for some 0 # P, € ¢(2) NE},
Ay ={FE € Z, : 1 intersects ="}
To study .A;, consider the incidence correspondence
Uy = {(z,P1,E) € S®x(C*"™\{0})x Z, : P, € ENt(z) and ¢'(2)(P;) = 0}.

Then A; = m3(V1), where 3 denotes projection on the third factor. We calcu-
late the dimension of m3(W1) as follows. Consider the incidence correspondence

Uy = {(z,P) € §% x (C*"*1\ {0}) : P, € ¢(2) and o/(z)(P)) = 0}.

Projection in U, into the first factor is clearly onto S?, and the fiber over
z € 5% is the set of pairs (z, P) such that P; # 0 is in the kernel of ¢/(z) :
P(2) — (¥(z))*. Since ¢ € HH(];(SQ,Z,L), Y’ (z) is horizontal so the image of
Y (2) lies in (¢(2) ® 9(2))*. Hence the kernel of ¢/(z) has dimension n — 1
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except at the finite set of points where 1 is singular, where it has dimension n.
This implies that /\171 has dimension n.

Now look at the projection w9 : U1 — (11\1 defined by mi2(z, P, E) =
(z, P1). This projection is onto, and its fiber over a point (z, P;) € U, is given
by {(z, P, E) : E > Pi}. Given 0 # P; € C*"! isotropic, we have

{E€Z,:EsP}={P®F :Ecz(PohP))},

which is isomorphic to Z,_; and therefore has dimension n(n — 1)/2. This
implies that ¥; has dimension n +n(n —1)/2 =n(n+1)/2.

Finally consider the projection w3 : W1 — Z, on the third factor. The
fiber of this projection over E € Z, consists of the triples (z, P, E) such that
P(z) € I%l), and 0 # P, € ENker(¢/(z)). The set of z € S? satisfying the
first condition is finite (because 9 is linearly full) and, for each z in this set,
the set of P; satisfying the second condition has dimension at least 1. This
implies that A; = m3(¥1) is a subvariety of Z,, with codimension at least 1.

To study Az, use the incidence correspondence given by

Uy ={(2,E) € S* x Z, :(2) € Ig2>}.

Note that Ay = m(Ws), where 7o denotes the projection on the second factor.
Projection over the first factor in Wy is onto, and the fiber over z € S? is the
set of pairs (2, E) such that E € Iffé)), which has codimension 3 in Z,. Hence
dim(¥y) = dim(Z,,) — 2, which implies that m2(¥2) = A2 must be a subvariety
of Z,, of codimension at least two.

Therefore, we have that A; and As are proper subvarieties of Z,. If
is any basis such that E’g € Z, is outside of these two sets, then ¢ does not
intersect I%;), 1 intersects Ig[;) only in Ig;, and by Lemma 8(iv), v intersects

IY transversely.
Es ¥

Now we have to deal with the remaining constraints. Let

Az = I;bl) ) N (Zn \ (.Al U Ag))

(00

The quasi-algebraic variety A3 has codimension 1, and if 5 is any basis such
that Es ¢ As, then Lemma 8(v), together with Lemma 6(i), implies that
(Cs(¢))s has only d simple zeros, located at the points z where ¥(z) € Ij%;.
Since ¢ € A3, P(o0) ¢ Ig;, Lemma 6(ii) implies that (Cg(¢))s is not 0 at
infinity.

Finally, let 3 = {Ey, Ex, ..., Ey, F1,..., E,} be a basis such that Eg € Z,
is outside of Ajg. For convenience, write (Cg(¢))) =[s: a1 - tap:Tig -
Tpn—1n). Since s has only simple zeros, equation (7) implies that at least one
of the oy, 1 < 7 < n, must be nonzero at the zeros of s. Therefore, we can
find a matrix (a;;);; € U(n) such that a1 + - - - + ai1py, is not zero where s
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vanishes. Then the basis
n n n B n B
B = {Eo, Z ayi B, ... Z an; Ei, Z ayi b, .. ., Z C_Lm'Ei}
i=1 i=1 i=1 i=1

is isotropic and satisfies Eﬁz = Eg & Az and (Cg (¥))a, = a1101 + -+ + @1p00p,
which by hypothesis does not vanish at the zeros of s. O

We restate Theorem 2 here and complete its proof.

Theorem 2. Given ¢ € HHg(SQ,Zn), there exists a basis B and an open
set Ug C HHé(SQ,Zn) containing v such that

Bs : PDY (S%,CPM) — Uy
s an algebraic isomorphism.

Proof. Let B be a basis with the properties of Lemma 9. Then consider
the set

Us = {i € HHg(SZ7 Z,) - Im(¢h) N Ig;) =0, ¢ intersects I;jl; transversely,

-~ -~

(Cs(1)))s(00) # 0, and (C3(¢)))a, (2) # 0 at the points of intersection}.

The set Ug C HHi; (82, Z,) is defined by open conditions and it is nonempty
since 1) € Ug.

So let 1 € Ug, and write CB(QZ) =[s:ap: -ty T2 Thoin)
Since 1 intersects I}il) transversely and only in I]%;, which by Lemma 8(iii)

is regular, Lemma 8(v) implies that QZ intersects Ig; only at d distinct points

{¢(Zl)a B ¢(Zd)}

Now Lemma 6(ii) implies that s(zy) = 0, 1 < ¢ < d. Since s(o0) # 0,
zp € Cfor 1 < ¢ < d. Also, since 15 € Ug, ai(z;) # 0, and therefore the
degree of Cg(iz) is at least d. But on the other hand, Proposition 5(i) asserts
that this degree cannot exceed d. Therefore, C5(1[}) has degree d, s has d
distinct roots z, € C and ay(z) # 0 for 1 < ¢ < d. This implies that
Cs(Us) C PDyj (5 CP™™).

On the other hand, from Proposition 5(ii) and Lemma 6(ii) it follows that
Bﬁ(PDQO(SQ,C]P’N”)) C Ug. Since Cg is, by definition, the inverse of Bg and
they are both algebraic, the proof is complete. O
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