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Abstract

We give asymptotic upper and lower bounds for the number of squarefree d
(0 < d < X) such that the equation x2—d y2 = —1 is solvable. These estimates, as
usual, can equivalently be interpreted in terms of real quadratic fields with a funda-
mental unit with norm —1 and give strong evidence in the direction of a conjecture
due to P. Stevenhagen.

1. Statement of the results

Let D be a fundamental discriminant, i.e., the discriminant of a quadratic
extension of @, and let d be the unique squarefree number such that Q(+/D) =
Q(+/d). In other words, d is defined by

D if D is odd,

() = e
D/4 if D is even.

A well-known equation is the so-called Pell equation
x2—dy? =1withx, y e Z

The problem of finding nontrivial solutions of this equation has a long history; see
e.g. [42]. Nowadays it is known that there are nontrivial solutions for all squarefree
d > 1. In this work we are interested in the so-called negative Pell equation

) x2—dy?=—1withx, y € Z.

It is easy to see that this equation has no solution for negative d. For the rest of
this work we assume that we are dealing with real quadratic fields, i.e., d, D > 1.

A solution of (2) gives a fundamental unit with norm —1 of the order Z[«/E ]
and vice versa. The index of Z[+/d] in its maximal order Op (ring of integers of
the field @(+/D)) is 1 or 2. Furthermore, the index of the group of units Z[v/d]* in
07 is 1 or 3. Thus the solvability of the negative Pell equation (2) is equivalent to
the fact that the fundamental unit ep of Q(+/D) satisfies N(ep) = —1, where N is
the norm of elements of this field. By convention, we have chosen the fundamental
unit £p such that ep > 1.
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Let X be a large positive real number. We are interested in the number of
squarefree integers d < X such that the negative Pell equation (2) is solvable. By
(1), such a question is equivalent to count the number of fundamental D such that
N(ep) = —1. We easily get further restrictions on these d (or D). Let p be a prime
dividing d. By reducing (2) modulo that p, we get

x2 = —1 mod p-

The latter equation is only solvable for p =2 or p = 1 mod 4 which means that the
negative Pell equation is not solvable for d or D with a prime divisor congruent
to 3 mod 4. Therefore it makes sense to introduce the set of special discriminants

9P = {D > (0 fundamental discriminant: p | D = p =1 or 2 mod 4},
which is the disjoint union of the two subsets
Dogd = {D €D: D =1 mod 4},
and
Deven = {D €D : D =0 mod 8}.

For X > 1, we denote by &(X) the counting function of the set %, that means
the cardinality of @ N [0, X]. The same applies to Doqq(X) and Deyen(X). The
asymptotic behavior of these functions is known (for instance see [37, Satz 3] or
(41, p. 122]):

X

logX’

8 X
Dodd(X) ~ ~-cq1-

9 Vog X'
X

@(X)Ncl-

;

and
1
@even(X) ~ 6 €1

,/logX’
9 -2
c1 =3, l_[ (l—p ) .

T
p=1mod 4

where

D=

These formulas are variations of a classical theorem of Landau on the integers
which are sums of two squares (see [2, Satz 1.8.2] for instance) and are conse-
quences of the analytic properties of the function ¢ -3 (s) ]_[p1=é3 moda(1—p7%). In
an equivalent manner, by applying (1), we get

(3) #{d : 1<d <X, d squarefree, p|d = p=2or p=1mod 4} ~ ¥,

where
4 X
4) X=—=-c1- .
37! Vlog X
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It is now a canonical question to ask if it is often, for a special discriminant D, to
satisfy N'(ep) = —1. In other words we introduce the counting function

D (X)=4{De€D: 0<D <X, Nep) =—1},

in order to compare it with @(X). An analogous question concerns the functions
D gq(X) and D, (X). In the statement of our results, we shall frequently meet
the constant

even

5) l_[ (1-277)= l_[(1+2 )7l = 4194224417951 -

J odd =1
After the construction of an 1nteresting and solid probabilistic model, P. Steven-
hagen was led to the following conjectures:

CONJECTURE 1 ([41, Conjs. 1.4 and 3.4]). As X — o0, we have
D (X) ~ (1) D(X),
Doda(X) ~ (1 — &) Doaa (X),
and
(X) ~ (1 =) Deyen (X).

even

Note that the extension of this conjecture to the sets Dogg and Deyen implicitly

appears in [41, p. 123, 2nd col.]. Stevenhagen [41, p. 122] comments this conjec-

ture as follows “As it stands, this is a basic but very hard problem...”. Appealing
to (1), (3) and (4) Stevenhagen also proposed:

CONJECTURE 2 ([41, Conj. 1.2]). The number of positive squarefree d < X
for which the negative Pell equation (2) is solvable is asymptotic to

(1—-a)%.

We recall a well-known criterion to detect whether the fundamental unit of
Q(+/d) has norm 1 or —1. This norm is —1 if and only if the period of the expansion
of +/d in continued fractions is odd, e.g., see [32, Th. 3.11]. However, we have the
feeling that this criterion is useless to prove asymptotic results. Our main result is

THEOREM 1. For X — 00, we have the inequalities
(@=0(1)D(X) =5~ (X) = (5 +0(1)) D(X),
Similar inequalities hold for % _;(X) and D, (X).

We can summarize our result in familiar words as follows: Stevenhagen con-
Jjectures that about 58% of the special D satisfy N(ep) = —1. We prove that this
percentage is between 41% and 67%. By (1), (3) and (4) we easily deduce

even (

COROLLARY 1. For X — 0o we have the inequalities

(x—0(1))- X<t {1 <d < X : d squarefree and (2) is solvable } < (§+0(1))-9€



2038 ETIENNE FOUVRY and JURGEN KLUNERS

As in Theorem 1 the inequalities of Corollary 1 remain true, if we restrict the
counting functions to odd squarefree d or even squarefree d, respectively. Since
the set {d : d squarefree, p | d = p = 1 mod 4} has a positive density in the set
{d:p|d= p=1mod 4}, we easily get that the equation x> —dy? = —1 is solvable
for a positive proportion of d composed entirely of prime factors congruent to 1
modulo 4. This is exactly the content of a conjecture of Hooley (see [24, Conj. 5,
p. 118]).

As far as we know, for the lower bound, the best results were of the type
B~ (X) >, X(loglog X)¥/log X for any positive integer k, (see [41, Cor. 4.2])
and quite recently 9~ (X) > X /(log X)*¢2, due to V. Blomer [1]. For the upper
bound, nothing nontrivial was known on limsup %~ (X)/%(X) before our result
(see the comment [41, p. 122, 2nd col.]).

Theorem 1 is ineffective in both aspects: lower and upper bounds. This lacuna
means that, being given real numbers 7; and 7, satisfying 0 <7y <« and 2/3 <
n2 < 1, our proof does not give an explicit value of X; and X5, such that, for
X > X1, wehave 97 (X) > n; D(X) and for X > X5, we have B~ (X) <, D(X).
The origin of this inefficiency is the Siegel-Walfisz Theorem (see Lemma 30 and
Proposition 7).

1.1. How to attack Theorem 1. For its proof, we neglect the approach via the
Pell equation itself, we prefer the interpretation of this question via the comparison
of the ordinary class group Clp and the narrow class group Cp. Let us collect
here some well-known results. For more details we refer the reader to Section 3.1.
We have the following exact sequence of groups

(6) {1} > Foo > Cp — Clp — {1},

where Foo < Z/27. Furthermore, |Fo| = 2 if and only if D > 0 and N(ep) =1
(see e.g. [32, Cor. 2, p. 112]).
Hence the equality N'(¢p) = —1 is equivalent to the isomorphism of the groups

(N Cp =Clp.
We recall:

LEMMA 1. Let D > 0 be a discriminant with | Foo| = 2. Then the following
two statements are equivalent:

oeCp =~ Z/2Z x Clp,

o there exists a prime p | D such that p =3 mod 4.
In this case we have: C%) ~ Cl% .

The statement of Lemma 1 can be found in the literature at several places:
[17, p. 518] (with Hasse’s notation we have gt = 2tk2(Cp) apd g = 2%2Clp)y 14,
Table 14.1, p. 142], [30, Th. 8], and [28, Th. 6.9] (with a proof based on K-theory).
However, in some other places this statement appears in an uncorrect form or with
a nonconvincing proof. Using this lemma it is clear that D > 0 belongs to &
if and only if rko(Cp) = rko(Clp). Here the p-rank of a finite multiplicative
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abelian group A is denoted by 1k, (A4)(= dimg, A/A?). The 4-rank is denoted by
k4 (A) = 1ka(A4?), by definition, and more generally, we define the 2k _rank by
tkyk (A) :=1ky (Azk_l). Using this terminology and equation (6) we get for all
fundamental discriminants:

8) tk,x (Cp) — 1 <1k, (Clp) <1k, (Cp) for all k > 1.
Using Lemma 1 and (7) we get for special discriminants D € %:
©)] N(ep) =—1 & 1k (Cp) =1kyk (Clp) Vk > 2.

However, this last equality is too difficult for a general approach by analytic
methods. Hence we shall only play with the 4-rank (k = 2). Actually, the good
numerical quality of the constants appearing in Theorem 1 is due to the fact that
the main contribution comes from what happens with the 4-rank. Approaching to
Stevenhagen’s constant (1 —«) in Theorem 1 would require to play with the 8-rank,
the 16-rank, and so on. To prove the lower bound announced in Theorem 1, we
use the fact that the function k — 1k, (Cp) is positive and decreasing to deduce

LEMMA 2. Let D € 9@ such that tkqa(Cp) = 0. Then we have N(ep) = —1.

For the upper bound, we use the following lemma.

LEMMA 3. Let D € 9@ such that N(ep) = —1. Then we have the equality
tka(Clp) = rka(Cp).

Hence, our way of attacking Theorem 1 is reduced to the distribution of the

functions rk4(Cp) and rk4(Clp).

1.2. Results concerning the 4-ranks of class groups. Let a and b be two non-
negative integers. We denote by §(a, b), if it exists, the real number
. t{DeD: D <X, rkg(Cp) =a and rkq(Clp) = b}
6(a,b) := lim .
X —o00 D(X)

Similarly, we define §oqq(a, b) and Seyen(a, b). As in [41] we introduce the function

(10) Uoo(r) :=

o
[Tj=1(2/ = 1)
defined for any integer r > 0. We shall prove
THEOREM 2. The real number §(a, b) exists for all nonnegative integers a
and b, and satisfies
if0<a<b,
fo<b<a-1,
27% axo(a) ifa=>a,
(1=27%-as(a) ifa=b+1.

(11) S(a,b) =

Similar statements are true for 8oaa(a, b) and Seyen(a, b).
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The first two cases of (11) are direct consequences of (8). From Theorem 2
we easily deduce

COROLLARY 2. For any integer r > 0 and for X — oo we have
f1{De€D: D<X, rka(Cp) =r} ~ eo(r) - D(X),
and
#{DeP: D <X, tka(Clp) =r} ~3-27" g (r)- B(X).
The same relations are true when we replace % by Dodqq 0r Devyen.

Proof. Compute §(r,r) +8(r,r —1) and 6(r,r) +6(r + 1, r). O

Now we deduce Theorem 1 from Theorem 2.

Proof of Theorem 1. Combining Lemma 2 with the first part of Corollary 2
corresponding to the case r = 0, we obtain the lower bound of 9~ (X) announced
in Theorem 1.

For the upper bound of &~ (X) we proceed as follows. Lemma 3 and (8)
imply that, for every integer R > 1, we have the lower bound

R
DX)-D(X)= Y #{DeB:0<D <X, tkq(Cp)=r and rke(Clp) =r—1}.
r=1

From (11) we deduce for every positive 7 and X > X (R, n) the inequality

R
DX) =D~ (X) = (=n+ Y 801 —1))B(X).
r=1

Since ) . (8(r,r) + &(r,r — 1)) = 1, the above inequality is equivalent to

R
9~ (X) < (1 =Y 8- 1))92)(X)
r=1

R 00
E(n+§)8(r,r)+ S B0+ 80— 1)) 3(X).

r=R+1
By letting n — 0 and R — oo we obtain the upper bound announced in Theorem 1
after writing the list of equalities

d st =a)d 27" []@-D7!
r=0 r>0 j=1

r(r+1)

=ai (1/2)" (1/2)">
(1= (1/2)(1 = (1/2)3) - (1 = (1/2)")

r=0

=a [J(1+ /2%
=1

J

D0 D) -]
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The third equality is a consequence of Lemma 4 (with t = u = 1/2) and the last
one is a consequence of the definition (5) of «. O

Finally, it is time to further push the comment after (9) and to explain the
rather good quality of the inequalities contained in Theorem 1 compared with the
weakness of the criteria contained in Lemmata 2 and 3. The origin is due to the
fact that as r — oo, the density oo () goes to 0 very quickly. In other words, we
easily get that (log 000 (r))/ log 2 ~ —(r2/2), as r — oo. Hence most of the cases
D with N(ep) = —1 correspond to D with a very small value of rk4(Cp).

Our technique is optimal to give the asymptotic cardinalities of the sets of
special D such that tk4(Cp) = 0 or such that rk4 (Cp) = k4 (Clp). Using this we
are able to exhibit the bounds written in Theorem 1. On the other hand, our method
is inoperative to attack the cases, where a study of the 8-rank, (or 16-rank,...) is
required. In order to illustrate this matter of further investigations, we think that, to
improve the constant o appearing in Theorem 1, the first natural step will certainly
be to incorporate the density, if it exists, of the set of the special D satisfying

rk4(Cp) =rk4(Clp) = 1 and 1ks(Cp) = 0.

We expect! that this set has density /4, which would improve the coefficient of
the lower bound from « to 5a/4 = 0.524278 ... . In the opposite direction, to
improve the constant 2/3 in the upper bound of the same theorem, the first step
would be to subtract the density of the subset of the special D such that

rk4(Cp) = 1kq(Clp) and rkg(Cp) = rkg(Clp) + 1.

1.3. Remarks concerning Corollary 2. The first part of this corollary proves
that the probability for a special discriminant to have its 4-rank equal to r is e (7).
This value exactly fits to the value predicted by Stevenhagen [41, Conj. 3.4(ii)], but
it is quite different from the probability for a positive fundamental discriminant to
have its 4-rank equal to r, since by [11, Th. 3] and [10, Cor. 1], we know that this
probability is equal to

oo .
o—r(r+1) nf:l(l —27)

M= (1 =27H [T -27)
This distortion between special and fundamental discriminants can be easily ex-
plained by the fact that if D belongs to %, then every odd and coprime divisors Dg

and D3 of D are congruent to 1 mod 4, hence, by the quadratic reciprocity law for
Jacobi symbols, the product

(13) (=1/D3)(Do/D3)(D3/ Do),

in Lemmata 10 and 11, is equal to 1 and provides no oscillation. In other words the
function rk4(Cp) has on average a tendency to be larger when D is special than
when it is fundamental and positive (see the comment after Theorem 3).

(12)

IThis is proved in [12, Ths. 1 and 2].
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We remark that Theorem 2 is a first step in the direction of proving [41,
Conj. 3.4(1)].

COROLLARY 3. For every integer e > 0, we have the inequality
: D <X,Ded,tka(Cp) =e} 1
lim sup <.
X—oo MD =<X,De€%,tks(Cp) =e} ~ 2°

Proof. Using Theorem 2 we get that in 1/2¢ of the cases, the 4-ranks of the
ordinary and the narrow class groups coincide. By Lemma 3 the set of these cases
contains the cases, where the negative Pell equation is solvable. ([l

We remark that the bound is sharp in the case e = 0. For e > 1 we get an
upper bound of the conjectured density ﬁ

The result (12) (and more generally [11]) can be seen as the first significa-
tive evidence sustaining the truth of the so called Cohen-Lenstra heuristics [3]
(extended by Gerth [14] to the 4-rank) which predict the average behavior of the
group Cp, when D goes all over the set of positive fundamental discriminants and
of negative fundamental discriminants. Since C% and Cl%) may be different only
when D belongs to %, and since & is a negligible subset of the set of fundamental
discriminants (in terms of cardinalities), the average behavior of the 2-part of Cl%

is not covered by the heuristics of Cohen-Lenstra-Gerth as written in [3] and [14].

1.4. Results on moments. The usual way to attack the distribution law of an
arithmetic function is to compute the integral moments of this function and then
hope to deduce this law from the values of these moments. For the case of the
function D € % > rk4(Cp), we rather work with the function D € @ > 24(Cp)
which has a more natural algebraic interpretation (see Proposition 2 below). In
Section 7 and 9 (Propositions 11 and 13), we shall prove

THEOREM 3. For every integer k > 0 and for every positive € we have
k—1 4 . .
D 2Kk = TT(27 +1) - D(X) + Op o (X(log X) 272651 7%)
De%, D<X j=0

uniformly for X > 3. The same relations are true when we replace 9 by Doqq or
@CVCH‘

There exists a corresponding expansion for the sum 2k k4(Cp) oyer all funda-
mental discriminants 0 < D < X (see [11, Ths. 7, 9 and 11]). In that case, the
coefficient of the main term is equal to

(14) zik(N(k +1,2) —N(k,2)),

where N(k, 2) is the total number of vector subspaces of [F'ZC. In order to measure
the size of this coefficient we write it in the form 2V%. Then we easily see that

2 . . .
Vg ~ kT as k tends to infinity. However, by Theorem 3 the corresponding v in
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the case of special discriminants is ~ % This shows, that on average, rk4(Cp) is
significantly larger when D is special than when D is fundamental and positive.

Because Theorem 2 concerns the joint distribution of the functions D € &
— (tk4(Cp).1k4(Clp)), we would be obliged to compute the mixed moments
2k tka(Cp) . 2€rka(CD) for all k and £ > 0. However, the inequalities (8) (for the
4-rank) imply that in addition to the moments computed in Theorem 3, we only
require to compute one mixed moment. This remark avoids a huge amount of work
(see formula (100)). In Sections 8 and 10 we will prove

THEOREM 4. For every integer k > 0 and for every positive € we have

k—1
Yo 2kmaCp)pial@n) okt 4y TT @+ 1) 3(X)
Dew,D<X j=0

11
+ Ok(X(log X) 727752 7%)

uniformly for X > 3. The same relations are true when we replace % by %Byqq or
@even-

Comparing this result with the asymptotic expansion written in Theorem 3
(with the parameter k + 1), once again, we see that rk4(Clp) is oftenly strictly
smaller than rk4(Cp).

1.5. Organization of the paper. In the introduction we presented the results
and reduced the proofs of everything to the proof of Theorems 2, 3 and 4. In
Section 2 we will show how to prove Theorem 2, when we assume Theorems 3
and 4. In the rest of the paper we will prove those theorems. The proof of Theorem
3 is much easier than the proof of Theorem 4. In case we are only interested in the
proof of Theorem 3, we can skip the study of Sections 3—6. In those sections we
recall some results already given in [11] and generalize them in a way that they can
be used for proving Theorem 4. For the study of Theorem 3 we only use Lemmata
10 and 11 from Section 3. From 5 and 6 we use Lemma 30 (Siegel-Walfisz) and
Lemma 33 (double oscillation). Using these tools Theorem 3 is then proved in
Section 7 (odd discriminants) and Section 9 (even discriminants).

The main difference in the proofs of Theorems 3 and 4 comes from the fact
that the algebraic criterion for the 4-rank of the ordinary class group is much more
complicated than the criterion of the narrow class group. The latter one can be de-
scribed by a suitable product of Jacobi symbols (see Lemmata 10 and 11), where the
first one additionally needs the square of quartic characters over Z[i] (see Theorem
6). The goal of Section 3 is to prove Theorem 5. In Section 4 we collect properties
of quartic residue symbols. Using those we can reformulate Theorem 5 in a way
which can be used for counting purposes and the result is Theorem 6.

In the analytic part we make heavy use of oscillation of characters. Here we
use two important tools, namely Siegel-Walfisz theorems and double oscillation. In
Section 5 we recall in Lemma 30 the Siegel-Walfisz theorem for primitive Dirichlet
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characters. The main result of this section is the proof of the corresponding result
for squares of quartic characters (see Proposition 7).

The same story applies for the double oscillation of characters in Section 6.
In Lemma 33 we recall the corresponding result for Jacobi symbols. Again, we
prove a corresponding version for the square of quartic characters in Proposition 9.

In Section 7 (odd discriminants) and Section 9 (even discriminants) we prove
Theorem 3. Finally we prove Theorem 4 in Sections 8 and 10.

The structure of those four paragraphs is very similar. Therefore we only give
an overview of what happens in Section 7.

In Section 7.1 we introduce the functions 1 and kj which allow us to express
the k-th moment 2K ™4(CD) i 3 clever way. The function kj, appears as an exponent
of any possible Jacobi symbol. It takes the values O or 1 and so detects which
Jacobi symbols appear and which do not. The result is given in Lemma 36. In the
following subsections we want to compute the asymptotic behavior of this function.

In Section 7.2 we start with the first preparations of the summation. In a
first step we can restrict to those discriminants which do not have too many prime
factors; see the discussion before formula (61) for the precise formulation. By
introducing the dissection parameter A := 1 4+ (log X )_2k we are allowed to split
our sum in many small pieces (see (62), (63), and (64)), which we can analyze
separately. These pieces are parametrized by A = (A,). In formulas (66) and (67)
we show that we can get rid of the constraint [ [ D, < X and make the variables
independent this way. In [11, p. 47, (33)] this was the first family. In Lemma 38
we prove that we can ignore the contribution of all A such that at most 2k 1
of the A, are bigger than some constant X* defined in (70). In the proof of this
lemma we use a result of Shiu (Lemma 37) in order to get a sufficiently good error
bound. In [11, p. 475] this was the second family. We remark that this is the only
place for the error term, where we have to use the fact that we deal with special
discriminants. Certainly, we have to use properties of special discriminants, when
we compute the main term.

In Section 7.3 we introduce the notion of linked indices (this notion was in-
troduced by Heath-Brown in [18] and already exploited in [11]). The goal is that
we want to find other families which disappear in the error term. In Sections 5 and
6 we prepared Siegel-Walfisz and double oscillation techniques which we want
to apply here. When two indices r¢ and sg are linked, we can use the oscillation
of the symbol (g—:") in order to prove that some families disappear in the error
term. In Section 7?4 we apply Lemma 33 (double oscillation) to suitable linked
indices. This was the third family in [11, p. 476]. In Section 7.5 we apply Lemma
30 (Siegel-Walfisz) to suitable linked indices. We remark that during the proof
of this step we use the fact that we bounded the number of prime factors of our
discriminants. In [11, p.476] this was our fourth family. After having done all this
work we arrive at Lemma 39. In condition (83) of this lemma the remaining cases
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are listed which we have to consider in the following paragraphs. This condition
has to be compared with [11, (48)].

The goal of the final two subparagraphs is to compute the main term. We
have to interpret condition (83) in more geometric terms in order to compute it
efficiently. As in [18] we are confronted with questions of geometry in character-
istic 2. In Section 7.6 we introduce in (84) a quadratic form Py defined over [F%k .
It turns out that it is of great interest to us to find maximal subspaces of [F%k which
consist only of vectors which are pairwise unlinked. These spaces correspond (see
Lemmata 40 and 41) to subspaces of [F%k on which the quadratic form P, = 0
vanishes identically. As a result we get that our main term heavily depends on the
number of maximal unlinked vector subspaces of [F%k in Lemma 42. Finally, by
using the theory of quadratic forms in characteristic 2, we compute this number in
Section 7.7.

1.6. Differences to the case of fundamental discriminants. We already men-
tioned that many of the analytic tools already appear in [11], where we determined
the asymptotic behavior of the 4-rank of the narrow class group of quadratic number
fields. The proof of Theorem 3 is very similar, because it only deals with the narrow
class group. The main difference is that we only look at special discriminants,
which has the following two effects:

(i) The number of special discriminants smaller than X behaves like ¢ J%'
(i) Many Jacobi symbols become trivial for special discriminants.

When we look at all real quadratic number fields, the contribution of special dis-
criminants disappear in the error term. The second difference is that for special
discriminants many Jacobi symbols become trivial and the formula for the 4-rank
of the narrow class group simplifies (see Lemmata 10 and 11), e.g., the formula
forodd D >0

=gz, 2 (6)(5)(5)(5)(5)
~ 2.20(D) D\ Do )\ D)\ D: )\ Do
2:200) | L \D3J\Do)\D3)\ D3\ Do

simplifies for D € %@yq4q to the equality

SkaCp) _ | 3 (ﬂ) (&)
.20(D) '
2290 pepiDaps NP2/ \D3

As usual w(D) is the number of distinct prime factors of D. In order to deal
with the k-th moment of those functions this expression has to be raised to the
k-th power. In order to avoid a combinatorial nightmare, we use an idea of Heath-
Brown to describe the right possibilities by quadratic forms in characteristic 2.
Because of the different nature of the above mentioned formulas for the 4-rank,
the description is different. In [11, p. 471] we can describe the exponent function
®; by a polynomial. Here we have to use an abstract function «1 defined in (54).
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When we come to the definition of linked indices, amazingly in both cases we can
use the same quadratic form over FX; see (84) and compare it with the quadratic
form P defined in [11, p. 473]. Nevertheless, we get different constants due to the
fact that the above mentioned formulas for the 4-rank of the narrow class group
are different. In both cases we have to count maximal unlinked vector spaces of
[F%k on which P; = 0, but in the case of [11] these subspaces must satisfy the
extra condition that some bilinear form over I]:%k is identically equal to 0. This
explains why the coefficient (14) of the main term of [11, Th. 7] is smaller than
the corresponding one in Theorem 3 and quantitatively shows the effect of the
oscillations due to the extra factor (13).

The biggest differences occur when we prove Theorem 4. Since the criterion
for the ordinary class group is much more complicated and involves quartic sym-
bols, we have to develop the corresponding theory to deal with those. We remark
that in the ordinary class group case both types of symbols occur. However, since
the function 2%+(C1p) appears with exponent 1, we can connect the combinatorics
associated to the mixed moments treated in Theorem 4 to the combinatorics treated
in Theorem 3. This is an important gain of work to deal with the main term. In
order to summarize we can say that the case of the function rk4(Clp) appears to
be more involved than the case of rk4(Cp), not only by the required tools coming
from algebraic number theory, but also by the fact that analytic number theory is
made over the Gaussian integers instead over Z.

2. From Theorems 3 and 4 to Theorem 2

2.1. A first approach. This paragraph uses analytic and combinatorial meth-
ods. The strategy is similar to [10, §4] (see also [18, §8]). Our first step is to work
with Theorem 3 only, to deduce, roughly speaking, the value of §(a, a) +68(a,a—1),
without proving the existence of the terms of this sum (for more precisions, see (21)
below). In other words, we directly prove the first part of Corollary 2. For r > 0
and X > 5, let

#1{D e : D <X, tka(Cp) =r}
D(X) '

d(r, X) =

This is the proportion of special discriminants < X with 4-rank of the narrow class
group equal to r. Let

k—1
Ce:=[]@ +D.
j=0
Then we write Theorem 3 in the form

o0
(15) Y dr. X) 2K = Cr+or(1) (X > 00, k=0.1,2,...).
r=0
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Applying (15) with k replaced by k + 1 and using positivity, we obtain
d(r, X) - 240" = 0, (1),

which leads to

(16) 0<d(r,X) = O (27%+Dr),

uniformly for X >5 and r > 0. Since for all r >0 and X > 5 we have d(r, X) €[0, 1],
by an infinite diagonal process, we construct a sequence (d;);>o € [0, 1], and an
infinite sequence .l of integers m with the property

d(r,m) —d, (me M, m — 00).
The relation (16) allows us to apply Lebesgue’s dominated convergence theorem

to (15). This gives the equality

o0
Y a2 =Cp(k=0.1,2....).
r=0

Therefore we consider the infinite system of linear equations
o0
(17) Yox 2 =G (k=0.1.2....).

Before we can give a solution to the system (17), we need the following combinato-
rial tool coming from the theory of partitions (see, e.g., [5, formula [5k], p. 105]).
LEMMA 4. We have the formal equality
m(m—+1)

mt P}

u
H(l—l—ut _1+Z(1—t)(1—t2) A=)

i>1 m>1

Now we can give a solution, where oo () is defined in (10).
LEMMA 5. The sequence x, = 0oo(r) (r > 0) satisfies the system (17).

Proof. By replacing x, by aeo (r) in the left of (17) we get

00 r(r+1)

or 2kr 2—
Zer —aZH_ (2]_1) ZH_I(I_z 7y

We apply Lemma 4 with the choice u = 2% and t = 1/2 and get

-1
Zxrz’” =a][a+2"") = ]_[(2-/' +1) = Cg,

i>1 Jj=0
by the definition of « given in (5). O

In order to ensure the unicity of solutions of (17), we appeal to the following
lemma, which is proved by Jensen’s inequality. We have
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LEMMA 6 ([10, Lemma 6]). Let £ > 0 be an integer and a € C such that
|a| > 1. Furthermore let g(z) be an entire function which has a zero of order £ at
z = 0 and satisfies g(a*) = 0 for any k > 0. Then for every k > 0 the function g(z)
satisfies the inequality

590)]

k(k+1)
7 |a|72 +k€‘

sup |g(2)| =

|z|=lal*

Now suppose that we have two nonnegative solutions (x,) and (x..) of (17).
By positivity we have the inequalities

(18) 0<x,, x. <27%rCy,

for any k and r > 0. By the definition of Cy we easily obtain the inequality Cy <
Co 2k(k2_1) for an absolute cg. By choosing k = r in (18) we obtain

-2
(19) 0<x, x, <cp2™ 2.

Now consider the function
o0
(20) gz) =) (xr—x)z"
r=0

of the complex variable z. The radius of convergence of this series is +oo by (19).
It is an entire function, which by assumption is zero at each 2k (k > 0). It also
satisfies the inequality

o0 2
.
8(2) <2c0 ) 277 |zI".
r=0
In particular, in the case |z| = 2¥ we get for some absolute co:

o0 r2 k k2
lg(2)] <2¢0) 277 2 <¢p27.
r=0
Suppose that g has a zero of finite order £ at z = 0. By Lemma 6 we would have
the inequality
2 _ 1890 sopn

which is false for k large. This contradiction means that g = 0, in other words, we
have x, = x,. for every r > 0. So we proved

LEMMA 7. The system (17) has at most one nonnegative solution (x,),>o.

By Lemma 5, we know that the system (17) has a positive solution and now
we know that it is unique. This unique positive solution is given by X, = dso(r),
from which we deduce that we have d, = oo (7). This equality also implies that,
as X tends to infinity, d(r, X)) has only one limit point which is the density of the
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set of special discriminants with 4-rank equal to r and its value is equal to oo (7).
This is exactly the first part of Corollary 2.

2.2. Proof of Theorem 2. We always assume that Theorems 3 and 4 are proved.
For r > 0 and X > 5 define
#1{D €% : D <X, ka(Cp) =rka(Clp) =r}

o(r,r, X) = 50X

and
ﬁ{D €% : D <X, rkq(Cp) =1kq(Clp)+1= r}

s(r,r—1,X) := D)

We trivially have the equality
S(ror, X)+6(r,r—1,X)=d(r, X),
and in Section 2.1 we proved
(21 s(r,r, X)+6(r,r —1,X) > aco(r), (X 00, r=1,2,...)
and
lim §(0,0, X) = axo(0).
X—o0

For k > 0 we define

k—1
Ci="+nCG ="+ ][]/ +D,
j=0

and we write Theorems 3 and 4 in the following equivalent forms:

o0
DG X)+ 8 = 1. X)) 25D = Gy +o(D),
r=0

o0
s(ror—1,X
> (a(r, r. X)+ Srnr=1.%) > )) 2FDr — ¢l 4 o(1).
r=0

By linear combination and by the equality 2C ]é —Cg +1 = Ci, we deduce the equality

o0
Z (2’8(r,r,X))2kr =Cr+o(l)for X - ooandk =0,1,2,....
r=0
Then we recognize equation (15) with d(r, X) replaced by 2"§(r, r, X). Therefore
we deduce that

8(r,r,X) = 27"apo(r) for X - occandr =0,1,2,....
Using equation (21) we get that
S(r,r—1,X) > (1 —=2")ago(r) for X > occandr =0,1,2,....

This is exactly the content of (11) in Theorem 2.
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3. From 4-ranks to symbols

The goal of this section is to give criterions for the 4-rank of the class group
and the narrow class group. For the narrow class group we give in Proposition 2 a
criterion which we already used in [11]. Using this criterion we are able to produce
formulas given in Lemmata 10 and 11. Dealing with the ordinary class group is
more difficult. As a general rule we need to decide how many of the unramified
degree 4 extensions of our given quadratic field are real. Later on we only need
Theorem 5. More or less all the results in this section can be already found in
old papers by Redei, Reichardt, and Scholz. The proofs are distributed over many
papers and sometimes they are a little bit sketchy. For this reason we decided to
give proofs for those results.

In Section 4 we show how to transform this criterion to the ordinary class
group and give a new formula in Theorem 6. This result is analogous with Lemmata
10 and 11.

3.1. Hilbert class fields and some class field theory. In this section we collect
some necessary tools from class field theory. In the introduction we introduced the
notion of ordinary and narrow class groups of a (quadratic) number field. In the
following let D be a fundamental discriminant and K := Q(+/D) be a quadratic
number field. Denote by /g the (multiplicative) group of fractional ideals of K
and by Pg the (multiplicative) group of fractional principal ideals. Furthermore
we introduce PI? which is the group of fractional principal ideals which have a
generator which is totally positive. For D < 0 all elements are totally positive and
therefore Px = P I—<F . For D > 0 every element of K has two real conjugates and an
element is totally positive if both conjugates (as real numbers) are positive. Now
the ordinary class group is Clp := I/ Pk and the narrow class group is defined
via Cp := Ig/ PI'; . Since P; C Pk and everything is abelian we easily see that
Clp is a quotient of Cp and we have the following exact sequence (see (6)):

(22) {I} > Foo — Cp — Clp — {1},

where F 1s a group of order at most two. We can assume that elements in Foo
are represented by principal ideals generated by units of the ring of integers of Ok.
In order to distinguish those elements in F, only the signs of the two conjugates
are important. Therefore we have at most four possibilities. Since («) = (—«) the
number of possibilities is reduced to two, i.e., we have to distinguish the case that
both conjugates have the same sign or not. We are able to show the classical result,
already mentioned in the introduction:

LEMMA 8. Let D > 0 be a fundamental discriminant. Then Cp = Clp if
and only if Ox has a unit of norm —1. This situation is equivalent to say that the
negative Pell equation for d defined in (1) has a solution.

Proof. This is very classical and the proof can be found in various places in
the literature, e.g., [32, Cor. 1, p. 112] or [27, p. 243]. O
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We will make heavy use of the main theorem of class field theory which states
that for every class group there is an abelian extension of our given field which has
the class group as Galois group. We only need the Hilbert class field and the
extended Hilbert class field. We formulate the following proposition for general
number fields.

PROPOSITION 1. Let K be a number field with class group Clg and narrow
class group Cg. Denote by Hg the maximal abelian at all places unramified
extension and by H ; the maximal abelian at all finite places unramified extension.
Clearly, Hg C H;t and we get that Gal(Hg / K) = Clg and Gal(Hg /K) = Ck.

A proof for this proposition can be found in every textbook about class field
theory, e.g., in [27, pp. 228 and 242]. We remark that a field extension of a totally
real field is unramified (at all places) in infinity, if and only if it is totally real. Our
question concerning the equality Cp = Clp can be reformulated as the question
whether the extended Hilbert class field is totally real or not. It is clear that only the
even parts of Cp are interesting for that question. In this section we are interested
in the 4-part. We want to consider the maximal abelian extension N of K which
is unramified at all finite places and which is of exponent dividing 4. By the main
theorem of Galois theory this extension N/ K has Galois group 4 := Cg / C‘}( o~
C(4)" x C(2)*, where C(m) denotes the cyclic group of order m.

We are interested in the following question: How many extensions of K do
exist with Galois group C(4), which are unramified at all finite places? This count-
ing will be performed by using the following lemma from abelian group theory
and by applying the main theorem in Galois theory.

LEMMA 9. Let A= C(4)" x C(2)S with r > 1 be an abelian group. Denote by
H < A a subgroup such that A/H = C(4) and denote by H < U < A the unique
intermediate subgroup U of index 2 in A. Then:

(i) The number of C(4)-quotients of A is exactly (2" —1)-2"+5~1,
(ii) The number of subgroups H < U such that AJ H = C(4) is equal to 2" 571,
Proof. (i) By dualizing it is equivalent to count subgroups of A isomorphic to

C(4). Each of those subgroups has two generators of order 4, so we need to count
half of the elements of order 4:

1 1
5(4"25 _27‘+S) — 5(27‘ _ 1)(27‘+S)

(ii) There are 2" — 1 subgroups U of index 2 which contain a subgroup H
such that A/H = C(4). Therefore for our given U we have 2" 75~ possibilities
using the first part of this lemma. O

3.2. Case of narrow class group. In a first step we quote rather old results
concerning the 4-rank. There are two similar criterions to determine the 4-rank of
the narrow class group of a quadratic number field. The first criterion is the one we
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used to determine the asymptotics of 4-ranks of narrow class groups of quadratic
number fields ([11] and [10]). Here (a | b) denotes the norm symbol which was
introduced in [11, Def. 2] and which is defined by:

Definition 1. Let a and b be two nonzero rational numbers. Then we have
(@a|b)=0o0r1,and (a | b) = 1 if and only if the quadratic equation x> —ay? —
bz? = 0 has a nontrivial solution in Q3.

Now we recall

PROPOSITION 2 (First criterion). For every fundamental discriminant D, pos-
itive or negative, we have the equality

1
aka(Cp) — Eﬁ {a| D : a>0,asquarefree, (a|—D/a)=1}.

This result is given in [11, Th. 5], but it was already known to Redei ([33] and
[34]). We want to make Proposition 2 more practicable. We appeal to Legendre’s
Theorem on ternary quadratic forms (see Lemma 12 below), which implies that, if
a and b are squarefree and coprime with » > 0, then (a | b) = 1 if and only if a is
a square modulo b and b is a square modulo |a| (see [11, Lemma 6]), and to the
classical detecting identity

1 l—[ (1 4 (m)) __J L, if mis a square mod n,
20(m) )4 B 0, otherwise

pln

(which is true for m and n coprime integers, with n odd and positive). We arrive
at two of the key formulas of [11]:

LEMMA 10 ([11, Lemma 27 and formula (77)]). For any positive odd funda-
mental discriminant D we have the equality

ska(cp) _ ! Sy (—_1) (&) (&) (&) (&)
. D )
2.20( D—DD. DD D3 J\ Dy J\ D3 )\ D3 J\ Dy
In particular, for D € %yqq we have the equality
SkaCp) _ | 3 (ﬂ) (&)
.2w(D) '
2.2 D=DyD; D>Ds D2 )\ D3

For even discriminants we have:

LEMMA 11 ([11, Lemma 38 and formula (111)]). For any positive fundamen-
tal discriminant D = 0 mod 8 we have the equality

D= Y (5)(5)(5)(5)(5:)
= 5.70(D/8) AN AT AT WAUN
22&)(/>D=8DODIDZD3 D3 J\ Do)\ D3 )\ Dy )\ D;

y -1 N -1
Dy D3 )|’
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In particular, for D € %Beyen we have the equality

1 2 D D
ka(Cp) __ = _O _1
2 - 20(D/8) 2 (Ds)(Dz)(Ds)'

D=8DygDD>D3

Redei also found another characterization of the 4-rank, based on the number
of decompositions of second type.

Definition 2. Let D be a fundamental discriminant. We say that { D1, D} is

a decomposition of D if D = D1 D5 and the integers D; and D, are fundamental

or 1. A decomposition {D1, D,} of D is called decomposition of second type, if
the following conditions hold:
(i) forall p| Dy : (72) 1,
(ii) forall p | Dy : (7‘) =1,

where (%) denotes the Kronecker symbol.

Since D; and D, are fundamental discriminants, at most one of them can be
divisible by 2. In the following we assume 2 } D, by changing the order of D
and D if necessary. We always meet the trivial decompositions {D, 1} and {1, D}.
As usual we want to express this condition with our symbol defined in Definition 1.
For this the following result of Legendre is useful.

LEMMA 12 (see [8, p.428]). Let a, b, and ¢ be three integers, not all of the
same sign, such that abc is squarefree. Then the quadratic form

ax?® +by? +cz?
has a nontrivial zero (x, y,z) € Z* if and only if —bc, —ac, and —ab are squares
modulo |a|, |b| and |c|, respectively.

We want to apply this to our symbol (D1 | D,) and the above lemma states
in the case D odd that this symbol is 1 if and only if the following three conditions
hold:

(1) D1 >OorD2>O,

(i1) D; is a square modulo |D5|,
(iii) D5 is a square modulo | D1|.
When D is even, we necessarily have D; = 8,12 mod 16. Using the equality
(D1 | D3) = (D1/4 | D) we recover the conditions (i), (ii), and (iii) with Dq
replaced by D1/4. Now we are able to prove

LEMMA 13. Let D be a fundamental discriminant and { D1, D>} be a decom-

position of D, where we assume that 2 t D. Then {D1, D2} is a decomposition
of second type if and only if the following two conditions hold:

@ (D1]D2) =1,

(ii) if 2| D1, then we have D, = 1 mod 8.
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Proof. Let { D1, D>} be a decomposition of second type. If 2 | D then 2 | D,
and therefore from the Kronecker symbol we get (%) = 1 which implies that
D> =1 mod 8.

For odd primes the Kronecker symbol behaves like the Jacobi symbol. So by
the hypothesis, we have (%) = 1 for all primes dividing D, and (%) =1 for
all odd primes dividing D;. This implies that D is a square modulo | D»| and D,
is a square modulo |D1]| (if D is odd) or modulo |D;|/4 (if D; is even). Recall
in the last case that every odd number is a square modulo 2. It remains to check
that D; and D5 cannot be both negative. This is trivial for D < 0 and for special
discriminants. Since we do not need the other cases in this paper, we leave these
cases as an exercise to the reader.

Now assume that the conditions (i) and (ii) of Lemma 13 are satisfied. The
second one gives the right value for the Kronecker symbol at p = 2. When D is
odd, the condition (D; | D3) = 1 implies D is a square modulo |D»| and vice
versa, which gives the right values for the Kronecker (resp. Jacobi) symbols at odd
primes p. When D is even, (D | D) = 1 implies that (D/4 | D>) = 1. Again,
we can deduce that Dy/4 (and D) is a square modulo | D;| and D is a square
modulo |D1]|/4. This gives the right values for the symbols at odd primes, too. [

For special discriminants we can improve this result.

LEMMA 14. Let D be a special discriminant and {D1, D2} be a decomposi-
tion of D, where we assume that 2  D,. Then {D1, D2} is a decomposition of
second type if and only if (D1 | D2) = 1.

Proof. Using the preceding lemma, we only need to check that (D1 | D) =1
and 8 | D imply D, = 1 mod 8.

We define D} := D1/4 which is exactly divisible by 2 and look at the non-
trivial solution of

2 ) 2
x“ =Dy =Dz =0,

where we can assume that xz D5 is odd. Certainly we have that x> = z2 = 1 mod 8
and we get

1— D} y*— Dy =0mod 8,

and this equation has only a solution if 2 | y and D, = 1 mod 8 since we know
that D> = 1 mod 4. O

For nonspecial discriminants the second condition of Lemma 13 is important
since for D = —20 we get —20 = —4 -5, which is not a decomposition of second
type, but (—4 | 5) = 1. Certainly 5 # 1 mod 8 in this case.

The following proposition is proved in [33]. As a side effect we will reprove
it later in this section in the case of special discriminants.
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PROPOSITION 3 (Second criterion). Let D be a fundamental discriminant.
Then we have

1
2ka(Cp) — EH{{Dl, Dy} : {D1, D3} is a decomposition of second type ofD}.

These two criterions are different since they are counting different objects as
the following example shows.

Example 1. Consider D = 21. Then using Proposition 2, we compute the
symbols

(1|-21)=1,3|=7)=0, (7| -3)=1, and (21 |—=1) = 0.

This gives I‘k4(C21) =0.
If we apply Proposition 3, we compute the symbols

1)12)=1,(-3|-7)=0,(-7|-3)=0, and 21 | 1) =1,
and of course we recover the equality tkq(Cp1) = 0.

Note also that for D € 9, the two criterions coincide, i.e., we can give a
canonical bijection between symbols used in the first and second criterion. Let
{D1, D>} be a decomposition of second type of a special D. We note that (D1 |
—1) = 1 and define a to be the squarefree part of D1, i.e. a = Dj ora = D1/4.
Then

(D1|D2)=(D1|—D2)=(a|—-D/D1) =(a|—-D/a).

This means that for special discriminants Propositions 2 and 3 are equivalent.

In [11] we used the first criterion because from an analytic point of view, it was
more natural to consider ordinary factorizations of D compared to decompositions
in fundamental discriminants. The decompositions of the second type have the big
advantage that algebraically speaking they have more structure which we want to
use for a criterion for the 4-rank of the ordinary class group. For us it is nice that
for special discriminants these two approaches coincide.

Now we are able to give an algebraic interpretation which was already known
to Redei and Reichardt [36]. It is a well-known fact that unramified cyclic exten-
sions of quadratic number fields are normal over (2 with dihedral Galois group. We
have not found a good citation for that, so we provide an elementary proof for our
situation.

LEMMA 15. Let D be a fundamental discriminant and K := Q(~/D). Fur-
thermore assume that K4/ K is a C(4)-extension which is unramified at all finite
places. Then K4/Q is Galois with dihedral Galois group D4 of order 8.

Proof. Let o be the automorphism of K defined via o(v/D) = —+/D. Further-
more denote by N/K the maximal abelian at finite places unramified extension of
K of exponent 4. Then N/Q is normal since conjugated extensions stay unramified
and the normal closure is the union of those. We remark that Gal(N/K) = A :=
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Cp/ C4D. Since N/K is unramified, we get that a ramified prime ideal in Op has
ramification index 2. Using Theorem 16.30 (or Corollary 16.31) in [4, p.206], we
get that the Galois group G of N/Q is generated by elements of order 2.

We get the following exact sequence:

l1>A4—-G— (o) —1.

Now o acts by conjugation on A4, i.e., for a € A we define a® := cac~!. We
would like to prove that a® = a~! for all a € A. For elements of order 2 this is true
by genus theory, since we know that unramified quadratic extensions of K lead
to V4-extensions which implies the trivial action of o, i.e., a® = a1l = a. Here
V4 = C(2) x C(2) is the Klein 4-group. Let a € A be an element of order 4. We
have three different possibilities for the action of 6: a® = a,a’ = a Y ora®=b
with b ¢ (a). Let us consider the first case, i.e., a° = a and a € A is of order 4.
This means that a central C(4)-extension of C(2) is a quotient of G. Such a group
is either C(4) x C(2) or C(8) and both groups need a generator of order at least 4
which is impossible since G is generated by elements of order 2 and therefore all
quotients, too.

Now we consider the last case and define ¢ := ab. Then ¢® = ab% = ba =
ab = ¢ and we get an element ¢ of order 4 with trivial action. We have seen in the
first case that this situation is impossible.

Therefore we have proved that a® = a~! for all a € A which means that an un-
ramified C(4)-extension K4/ K leads to a normal non-abelian degree 8-extension.
Now Dy is the only group of order 8 which satisfies these restrictions, since the
quaternion group cannot be generated by elements of order 2. O

Remark. The same type of proof works for other abelian groups of expo-
nent m. We want to stress the fact that it is important that the base field is Q,
otherwise we cannot apply Theorem 16.30 in [4, p.206] and we can produce coun-
terexamples. For example there exist unramified degree 8 extensions of quadratic
fields which are normal with quaternion group QOs.

Now we prove

LEMMA 16. Let D be a fundamental discriminant, K := Q(~/D), and K4/ K
be an at finite places unramified C(4)-extension. Then K4/Q contains three qua-
dratic extensions of Q with discriminants D, D1, Dy and the relation D = D1 D> is
true. There are exactly 2! =2 fields K4 which correspond to the same decomposition

{D1, D2}, where t = w(|D|).

Proof. The existence of K4 implies rkq4(Cp) > 1 which certainly is only possi-
ble when 7 > 2 (see Proposition 2). Using Lemma 15 we know that K4/Q is normal
with Galois group D4. In this case the maximal abelian quotient of D4 is V4 =
C(2) x C(2) which implies that K4 contains three quadratic subfields, one of which
must be of discriminant D. The discriminant of the V4-field is D? since it is unrami-
fied over Q(+/D). An easy application of the “Fiihrerdiskriminantenproduktformel”
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(e.g. see [39, p. 104]) yields that the discriminant of a Vy-field is just the product
of the discriminants of the three subfields. This gives D? = D; D5 D and therefore
D = D1 D,, where Dy and D5 are the discriminants of the other two quadratic
subfields.

Denote by N/ K the maximal abelian at finite places unramified extension of
exponent 4. The Galois group of this extension is A :=Cp / C4D and our given field
K4 is a subfield of N. We are interested to count the number of fields I?4 < N such
that [K4 : K] = 4 and K4 contains Q(+/D1, +/D3). The latter field corresponds
by the main theorem of Galois theory to a subgroup U of index 2 in A. Our given
field K4 corresponds to a subgroup H < A of index 4 such that A/H =~ C(4)
and H < U. We need to count all subgroups H < U such that A / Hx~cC (4).
Since |4/A%| = |Cp /C% | =2""! we get that we have 2’72 such H by applying
Definition 1. O

Now we can show that unramified C(4)-extensions will lead to decomposi-
tions of second type.

N

Q(v/D1) K =Q(vVD) Q(v/D2)

N

LEMMA 17. Let K4/ K be an unramified C(4)-extension corresponding to
the decomposition {D1, D2} of D (as in Lemma 16). Then {D1, D>} is a decom-
position of second type of D.

Proof. Let p | D1 be a prime and choose a prime ideal p of Ok, lying over (p).
Then the ramification index is 2 and therefore the inertia field L of p has degree 4.
Since all prime ideals above (p) in K := Q(+/D1, /D) are ramified, we get that
L # K, and therefore L/Q is not normal. Therefore p must be ramified in L and
we get that there must be at least two prime ideals in Ok, lying above p. This means
that the decomposition field of p must contain Q (/D7) which implies that p is split



2058 ETIENNE FOUVRY and JURGEN KLUNERS

in this field. Therefore the Kronecker symbol (%) is 1. By switching the roles

of Dy and D, we get the other direction. Therefore {D1, D5} is a decomposition
of second type by Definition 2. O

Remark. For a nontrivial decomposition {D1, D5} of second type of a funda-
mental discriminant D we can construct an unramified C(4)-extension K4/K such
that K4/K contains Q(+/D1, /D). We say that K4 corresponds to {D1, D>}.
However, we only need this result for special discriminants and the corresponding
proof is given in Lemma 20.

Field theoretically there is a nice description of all fields K4 which corre-
spond to a given decomposition {D1, D,}. Define K := Q(+/D) and K, :=
Q(+/D1, v/ D>) and let K4 be one field corresponding to {D1, D>}, i.e., K C K.

Now let D | D be a fundamental discriminant not contained in {1, D, D>, D}.
Now K4 Q(\/B) /K> is an unramified (at finite places) V4-extension and therefore

contains three subfields Ky, Kz(\/B), and E4. 1?4 /K is an unramified C(4)-
extension which contains K,. We remark that we get the same E4 if two different
D only differ by a square in K,. D has 20(D) different squarefree divisors which
means that modulo squares in K5 we have 20(D)=2 possibilities to twist. This
coincides with the number given in Lemma 16.

The following result is only interesting when D € %, since otherwise we know
that the 2-ranks of our class groups differ and therefore the 4-ranks are the same.

LEMMA 18. Let D be a special discriminant and D = D1 D,. Assume that
K4 and K4 are two different unramified C(4)-extensions corresponding to the non-
trivial decomposition {D1, D>} of D. Then Ky is totally real if and only if K4 is
totally real.

Proof. Since D € 9 all fundamental divisors are positive. By the above con-

struction this means that K4 is contained in K4(\/3) for some D | D. Therefore
K4 is totally real if K4 is totally real and vice versa. O

We remark that the corresponding statement is wrong if we want to consider
8-ranks. In this case it may happen that only some of the corresponding unramified
C(4)-extensions are embeddable into an unramified C(8)-extension.

Our goal is to find a criterion to detect when the extensions corresponding to
{D1, D} are totally real. This will give a criterion to compute rk4(Clp). In order
to decide reality it is useful to explicitly compute a corresponding extension to a
decomposition of second type.

The following results are very classical; e.g., see [36], [35]. However, we
think that these references are too sketchy. We prefer to give a proof which is
based on a unpublished preprint of Franz Lemmermeyer [29] (see Lemma 21 and
Proposition 6). Later on we will use the following proposition of Hecke which we
will use to show that some quadratic extension is unramified at all finite places.
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The only critical places are the ones above 2. The corresponding local result can
be found in [32, Thm 5.6, p. 221].

PROPOSITION 4. Let L be a number field and a € L\ L? which is chosen
relatively prime to 2. Then L(\/a)/L is unramified at all finite places if and only
if the (fractional) principal ideal () (in L) is a square and the congruence

X? =« mod 4
is solvable for some number X € L.
Proof. This is the special case £ = 2 of [22, Th. 120]. O

We will apply this proposition in the following way. An odd prime ideal
p C O is unramified in L(/a)/L if p  («). For even prime ideals this is only
necessary, but not sufficient. We have to check a further congruence.

In order to simplify the following proofs we restrict to special discriminants.

LEMMA 19. Let D be a special discriminant and {D1, D,} be a decompo-
sition of second type of D, where we assume that D is odd. Then there exists a
nontrivial solution (x, y,z) € Z3 of

(23) x2—D1y?>—Dyz2=0
such that the following holds:
1) x2, D1y2, D>z2 are pairwise coprime, y > 0,z > 0,

(11) x odd, D1y even, and D3z odd (by changing the roles of D1 and D>, if
necessary),

(i) x+y=1mod4if2}+ D, x=1mod4if2|D and y even, x =3 mod 4, if
2| D andy odd.

Proof. Note that D; and D, are always coprime even if 2 | D because D1
and D, are fundamental discriminants. Using Lemma 14 and Definition 1 we
get a nontrivial solution in @3 which can be assumed to be in Z3 by clearing
denominators. Let p be an odd prime which divides more than one of the terms
of (23). Then it must divide all the terms and furthermore p? t D1 D5 which
implies that p divides x, y, and z and therefore we can simplify the solution. For
p = 2 we can apply the same argument when 2 D1 D,. Now assume that 2
divides all terms which means that 2 | x, 2 | D1, and 2 | z. We can assume that
2 } y, otherwise we can easily simplify our solution. Since D is special we have
that 8 exactly divides D. By considering the equation modulo 16, we get that

x2=0,4mod 16, D;y? =8 mod 16, D>z% = 0,4 mod 16.

A solution of this type cannot exist. By choosing y, z > 0 we have proved the first
claim.
For (ii) we first note that exactly one of the summands x2, D;y?2, and D,z?
is even. Then consider the equation modulo 4 which implies that x> must be odd.
By choosing the sign of x we can easily reach the last condition. O
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Let D be a special discriminant and {D1, D, } be a nontrivial decomposition
of second type of D. Choose the solution (x, y, z) from the previous lemma and
note that y, z are positive. Let us define « := x + y+/D7 and let us look at the
following fields:

K :=Q(vD), K> := Q(y/D1,v/D2) = Q(vD)(+/D1), Ka := K2(/a).

LEMMA 20. K4/K is a cyclic extension of degree 4 which is unramified at all

finite places. Furthermore the extension K4/Q is normal with Galois group D4 of
order 8. The quadratic subfields contained in K4 are K, Q(\/D1), and Q(v/D>).

Proof. By the above we only need to prove that K4/K is unramified and
normal with Galois group C(4).

Define B := x — y+/D1 and
0: K4 — K4, o> /B, /D1 —/Di, /D> —/Ds.
Using /a/B = /x2—D1y2 = z./D; we get: 02(Ja) = o(/B) = —Va,

which implies 62 # 1 and 0* = 1. Therefore K4/K is cyclic of order 4. The
extension K,/K is unramified at all finite places which means that we need to
prove the same for K4/ K>. For this we want to apply Proposition 4 with L = K.

First we want to prove that the ideal (o) is the square of an ideal in the ring
of integers of K5. This is equivalent to prove that no prime ideal p divides () to
an odd power. First consider a prime ideal p of odd norm dividing («) to an odd
power. Since K (y/a) = Kz(\/B) we deduce that p | (8) from which we deduce
that p | (o + B) and therefore p | (x) since p is odd. Similarly, we have p | (y /D)
which leads to a contradiction because we assumed that gcd(x, yD1) = 1. Secondly,
the norm « over Q is (¢f)? = (x? — y2D1)? = (D»z?)? which is odd. Therefore
no even prime ideal divides «. In conclusion, we checked the first condition of
Proposition 4.

We have to check the second condition: X? = & mod 40k,. Note that y =
4 mod 40k, for two elements y, § € O, simply means that y — ¢ is divisible by 4
in Og,. We remark that the sign of x in equation (23) (iii) is chosen in a way such
that X2 = & mod 40k, is solvable. We consider the different cases corresponding
to the value of y.

(i) If 4| y then o = x mod 40k, and by choosing X = 1, we have X2 = x mod
40k, and x = 1 mod 4 by Lemma 19 (iii).

The same applies when y is even and D1 is even, since in this case y/D1
is divisible by 4 in Ok, .

(ii) In the case y =2 mod 4 and D odd we have x = 3 mod 4. Then (x — 1) +
y+/Dyj is divisible by 4 since x — 1 and y are congruent to 2 modulo 4 and
elements of the form a + b+/D1 are divisible by 2 for ab odd. Therefore
a = 1 mod 40k, and by choosing X = 1 our equation is solvable.

(iii) The final case is y odd which implies that D; = 0 mod 8. Here we choose

X=1+ —VZD' € Ok, and get that



ON THE NEGATIVE PELL EQUATION 2061

X?=1+4 D1+ D1/4=1+ /D1 +2=3+ /D1 mod 40k, .

In this case we have x = 3 mod 4 by Lemma 19 (iii) and we see that our
equation X2 = & mod 40k, is solved. O

Now we are able to give a proof of Proposition 3 in the case of special dis-
criminants. However, this restriction suffices for the proof of Theorems 1-6.

Proof of Proposition 3. Let A:=Cp / C}‘) =~ C(4)" x C(2)%. From Lemmata
16 and 17 we know that an at finite places unramified C(4)-extension K4/ K with
K C K> =Q(+/D1, +/D>) < K4 gives rise to a nontrivial decomposition { D1, D5}
of second type. On the other hand we have shown in Lemma 20 that a nontrivial
decomposition {D1, D»} leads to an at finite places unramified extension K4/K.
Applying Definition 1 we see that there are exactly 2" — 1 groups U of index 2
which contain subgroups H such that A/H =~ C(4). We have to add the trivial
group (corresponding to {1, D}). Since {D1, D>} and {D», D} correspond to the
same extension, we count everything twice which explains the factor 1/2. O

3.3. Case of the ordinary class group. We are searching for similar formu-
las contained in Propositions 2 and 3 when we replace Cp by the ordinary class
group Clp.

For any integer a and any odd prime p we define

1 if (%) = 1 and if a is a fourth power mod p,
la,pla={-1 if (%) =1 and if a is not a fourth power mod p,
0 otherwise.

Let also
1 ifa =1 mod 16,

[@a,2]s=43—-1 ifa=9mod 16,
0 otherwise.

Finally, for » and ¢ positive, we impose multiplicativity with the formula
la,bclq :=[a,bls|a,cls.

We remark that this symbol is not multiplicative in the first component.

As before, we restrict our attention to special discriminants D. In this case,
D is positive, D is either odd and squarefree or D is divisible by 8 and D/8 is odd
and squarefree. Now, we refer to the following result in [38, Formula (7), p. 109]:

PROPOSITION 5. Let D € 9 and {D1, D>} be a nontrivial decomposition of
second type of D. Then the corresponding unramified C(4)-extensions are totally
real if and only if

[D1. D2]a = [D2, Di]a.
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Let us postpone the proof of this proposition for a moment. In case rk4(Cp) =
rk4(Clp) all unramified C (4)-extensions are real and therefore we have [D, D»]4 =
[D2, D1]4 for all decompositions of second type. When the 4-ranks are different,
then they differ by 1 (see inequality (8)), i.e., half of the unramified C(4)-extensions
are real and half of them are complex (here we count the trivial extension as a real
extension). Therefore we proved the following theorem using Proposition 5 and by
the remark that all squarefree positive divisors of D are fundamental discriminants
(except for 2, but multiplying by 4 does not affect the value of the symbol).

THEOREM 5. For any special discriminant D we have the equality

1
2ka(Clp) — 5-tt{(a,b) eN?: D=ab,[a,bla=[b,als=1
orla,bla =1|b,als = —1}.

We remark that if D is even, no (a, b) with a and b even contribute to the right
part of the above equality. This is a consequence of the definition of the symbol
[a, b]4. Therefore we are allowed to replace the D D, by divisors ab.

In order to simplify the proof of Proposition 6 we compute some symbols in
the following lemma.

LEMMA 21. Let D € % and {D1, D,} be a decomposition of second type. Let
(24) x2—D1y?—Dyz2=0

be the corresponding solution computed in Lemma 19. Write D1 = wD’ and
y = 2/ u, where w € {1,8}, D', and u are odd. Then,

0 ()= (%)=

Proof. We remark that all numbers, except possibly D1, w and y, are odd. In
particular, we have

(25) D} =Dy =1mod 4.

(i) By reducing (24) modulo z we see: x? = Djy? mod z which implies 1 =
(2) = (20 (%) () wes

(ii) By reducing (24) modulo u we get: x?> = D»z? mod u which implies (&)

u
=1.
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(iii) We reduce (24) modulo each p | D5 and get: x> = D;y? mod p and therefore
we have ( ) [D1, pla ( ) Then we use the multiplicativity of the symbols
and the equality (D_z) = 1 which is a consequence of (25).
(iv) Reduce (24) modulo each p | D/1 and proceed as in (iii).
(v) Reducing (24) modulo each p dividing |x| and using multiplicativity we get:
= () -G ) :
|x] |x] IxI )*
Now Proposition 5 is an immediate consequence of the following proposition

since all corresponding fields to the decomposition {D1, D} are real or not, by
Lemma 18.

PROPOSITION 6. The extension K4 = K (/) defined above is totally real
if and only if [D1, D3]4 = [D2, D1]4.

Proof. Since K4/Q is Galois we have that K4 is totally real or totally complex.
Furthermore K4 = K> (/@) = Kz(\/B) which means that K4 is totally real if and
only if ¢ > 0 and 8 > 0 which is equivalent to x > 0.

We assume the notations of Lemma 21. Using the cases (iii) and (iv) of
Lemma 21 we get

o= ()2 2)(3)
() ()

We simplify the last two symbols using Lemma 21 and by multiplying with [D,, w]4
we get the equality:

[D1, D2]alD2, Di]a = (D|1xl|)2)(|x|)(w)(D22) [D2, wla.

A further simplification with Lemma 21 yields

(26) [D1, D2]a[D2. Di]a = (| l|)(|l§|)(w)(52)j[l)z,w]4-

The first case is D1 odd which implies w = 1 and j > 1. By considering (24)
modulo 8 we see that j = 1 implies D> =5 mod 8, and j > 2 implies D =1 mod 8

J
which trivializes the symbol (%) to (—1)¥/2. Therefore the right-hand side of

(26) simplifies to ( )( 1)7/2 = (=1)(*+y=D/2_ Using x + y = 1 mod 4 we
get that the rlght—hand side equals +1 if and only if x > 0.

The case D; even splits into two cases, namely y odd or even. We remark
that D, = 1 mod 8 since D = D D5 is a decomposition of second type. Let us
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start with y even. We consider (24) modulo 16 and get
x2 = D222 mod 16.

Since an odd square is congruent to 1,9 mod 16 we get that an even number of

x2,z%, D, are congruent to 9 mod 16. Furthermore we have that x2=1mod 16
if and only if x = £1 mod 8 which is equivalent to (%) = 1. Therefore an even

number of the symbols (%) (%) and [D5, 2]4 are equal to —1, which means that
IxI )\ D2
D> =1 mod 8. Therefore the right-hand side is +1 if and only if |x| = 1 mod 4,
which is equivalent to x > 0 since we assumed that x = 1 mod 4 (see Lemma 19
(iii)).
The last case is D even and y odd, i.e. j = 0. Again we consider (24)
modulo 16 and get

J
the right-hand side of (26) simplifies to (_—1)( 2 ) = (ﬁ) = (—=1)xI=1/2 gince

x2-8= Dzz2 mod 16.

With the same argumentation as in the last case we now get that an odd number
of the symbols (l), (%), and [D3, 2]4 are equal to —1. Therefore the right-hand

|x]

J
side of (26) simplifies to —(_—1)( 2 ) = —(_—1) = (=1)(*¥I*+D/2_ Therefore the

IxI J\ D2 |x]
right-hand side is +1 if and only if |x| = 3 mod 4, which is equivalent to x > 0
since we assumed that x = 1 mod 4 (see Lemma 19 (iii)). O

As we already said, the proof of Lemma 21 and Proposition 6 is taken from
the unpublished preprint of Franz Lemmermeyer [29].

4. Gaussian integers and the quartic residue symbol

This paragraph is useless for the proof of Theorem 3, but it will be used for
the proof of Theorem 4. Theorem 5 is based on conditions for some integer to be
or not to be a fourth power modulo another integer. This detection will be done
with the help of the quartic (or biquadratic) residue symbol. The paragraphs below
gather several classical facts and fix some conventions. All this material can be,
for instance, found in [25, pp. 119-127], in [26, pp. 53-56] and is the algebraic
framework of [13]. The goal of this section is to prove Theorem 6.

Let Z]i] be the ring of Gaussian integers and denote by ~ the complex conju-
gation. This ring is principal and it has the four units =1 and 4-i. Up to units, the
irreducible elements are (1 4 i), the rational primes ¢ = 3 mod 4 and the elements
7 of Z[i], such that 77 is a rational prime p = 1 mod 4. An element of Z[i] or an
ideal of Z][i] are said to be odd when its norm is odd. Furthermore we denote by N
the norm function of Z[i]. The associates of the Gaussian integer z are +z, £iz.

To choose one element in the set of its associates, we introduce the notion of
primary. A nonunit element v =a +ib € Z[i] is called primary if and only if it
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satisfies v = 1 mod 2(1 + i), or, in other words,

a=1mod4andb=0mod4 if|v|>=1modS8
or
a=3mod4andbh=2mod4 if |v|> =5 mod 8.

A primary element is odd and every odd element has exactly one primary associate.
The product of two primary elements is also primary. Every primary element can
be written as the product of primary irreducible elements in a unique way up to the
order. If v is primary, then v is also primary.
Let 7 be an odd irreducible element of Z[i], primary or not, and let v € Z[i].
We define the quartic (or biquadratic) symbol (%) 4 by the formulas
v

(), =7 @to.

/4
where j is the unique integer 0 < j < 3 such that

pN=D/4 — iJ mod 7,

and
(%)4 —0, if (7 | v).

If # and 7/ are associated, then we have (;) A= (7) 4 and the function v +— (%) 4
is a multiplicative character of the group (Z[i]/mZ[i])*. If ¢ is a rational prime

= 3 mod 4, the restriction to Z of the corresponding quartic character (;)4 is

simply the principal character modulo g. We extend the definition of the quartic
character to any odd element w € Z][i], by the formula

w/a II w;i ),
j i/ 4
where w is factorized into irreducible elements w = []; w;. Note the identity

(2) =(5),= (%) = (),

for any v and odd w € Z[i]. Now we recall the reciprocity law for quartic symbols.

LEMMA 22 ([25, Th. 2, p 123]). Let v and w be two primary elements, rela-
tively prime or not. Then we have the equality

(E) _ (E) (_1).,N"(vi—l_.,N"(wX—]’
w/4 v/4

()= (s

The link between quartic characters and Legendre symbols is given by

and in particular
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LEMMA 23. Let p = 1 mod 4 be a prime number, decomposed as p = n7,
where 1 is primary and irreducible. Then we have for every integer v:

(2).=(;
nla \p)
Finally, the quartic residue symbol is useful to detect fourth powers.

LEMMA 24. Let a € Z be coprime to a given prime p = 1 mod 4. Suppose
that p is decomposed into p = n7ww, where 7 is a primary and irreducible element
of Z[i]. Then we have

a
a is a fourth power mod p <= (—) =1,
/4
and u
a is a square but not a fourth power mod p < (—) =—1.
/4

To treat the case of Deyen, we shall require the value of the quartic symbol
at 2.

LEMMA 25. Let v = a + ib be a primary element. Then we have

()t

We obtain this formula from [26, Th. 3.6] (which corresponds to the case v
primary irreducible) by using multiplicativity and decomposing v in a product of
primary irreducible elements. Now we give a key formula for the symbol [a, p]4,
which can be easily deduced from Lemma 24.

(SIS

LEMMA 26. Let p =1 mod 4 be a prime, decomposed as p = nww. Then for
every integer a (divisible by p or not) we have the equality

=i () ),

Of course, the formula in Lemma 26 is invariant by interchanging = and 7.
This ambiguity in the notation between 7 and 7 leads us to make the following
convention. We explain in the remark at the end of Section 8.3 why we need this
definition.

Definition 3. An irreducible element & = a +ib € Z[i] is privileged if it is
primary and satisfies the conditions

N(r)=1mod 4 and b > 0.

We denote by ‘B, the set of privileged irreducible elements. An element of Z[i] is
privileged if it is the (eventually empty) product of elements of ‘3.

The set 3 has the property that it is included in the upper half-plane of com-
plex numbers, and the characteristic function of this subset of C can be approached
by Hecke characters (see §5). We shall frequently use the fact that
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LEMMA 27. Every special odd discriminant D can be written in a unique
way as

D =,

where 0 is a privileged element of Z[i]. Such a factorization of D is called privi-
leged.

We continue our transformation of the symbol [a, b]4 defined in Section 3.3
and we are obliged to separate the case D odd from the case D even.

LEMMA 28. Let b € 9,44 with its privileged factorization b = bb. Then for
every integer a, odd or even, coprime or not with b, we have the equality

(28) [a,b]s = ﬁ I1 (1 n (%)) . (%)4
plb

In particular, if a is coprime with b, we have

1 a a 1 l.f[a,b]4 =1,
(29) 15 w®) ((E>4 + 77) 5}! (1 + (;)) - {0 otherwise,

for any choice of n € {£1}.
We also have, for every b € @oqq, and for every integer a, coprime or not with
2b, the equality

. _a,2]4 a a

(30) [0 8b)s = [a.2b]a = 2o TT(1+ 5)) (5)4.

plb
In particular, if a is coprime with 2b, we have
(3D

1 a a 2 _ )1 ifla.2bls=n.
had ,2 1 — 2|47 =
nz.zw(b) ((5)4[a ]4+n)11;1!( +(p))[a Js {0 otherwise,

for any choice of n € {£1}.

Proof. We apply multiplicativity to Lemma 26, to prove (28) and (30). For
(29) and (31), we first check these formulas when «a is not a square modulo b or
when [a, 2]4 = 0, and then treat the remaining cases. O

We deduce from Lemma 28 a more practical expression of Theorem 5.

COROLLARY 4. Forany D € %yqq we have the equalities
(32)

Ska(Clp) _ 2rka(Cp)

> 2 G ()T (5)

pla
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and
ka(@sp) _ L b 2_0))
(33) 2 = > B;h I];[(H(p))ﬂ(w(p
1 2 ay 2 b 2a
“zaon 2 02(C) ELIT(+ ()T 0+ (5))
2.2 (D)ng *\b 4(5)4};[ P ll;g P

where a = aa and b = bb are the privileged factorizations of a and b.

Proof. From Theorem 5 and from (29) (applied to the symbols [a, b]4 and
[b, a]4 with the choices n = £1), we deduce (for D € %qq) the equality

a2 = LS T (i () TT(1+(4))

D=ab pla plb

LG ) (((0), )]

In the previous line, the quantity inside [-- -] is equal to

(35) 2 ((%)4 (%)4 + 1).

By the multiplicativity of the quartic character, by a double application of the reci-
procity formula (see Lemma 22) and by (27) we have

o 62,6 (6,6, (6), -0

By (34), (35), and (36) we finally have the equality

e =t £ (GO (= GDI0+ (),

pla

It remains to insert the following equality

oz ST (S (5)

D=ab pla

which is true for any D € %44, to complete the proof of the formula (32). Note
that (37) is an easy consequence of Propositions 2 or 3 and of the properties of the
symbol (a | b). This formula is also an easy consequence of [11, Lemma 27] and
implies the second part of Lemma 10.

The proof of (33) has a lot of similarities with the above proof. So we only
give two hints. By Theorem 5 and by the definition of the symbol [a, b]4, we must
only consider the factorizations of 8D in two coprime integers. By symmetry,
it is sufficient to consider factorizations of 8D of the form 8D = (8a) - b and
finally multiply the result by 2. Secondly, in the formula (31) of Lemma 28 we
can suppress the factor [a, 2]42 if we suppose that a = 1 mod 8. O
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Actually, similarily to (32), the first term on the right part of (33) is equal to
2ka(CsD) /2 This fact will be flagrant in the next theorem, where we transform
Corollary 4 in terms of characters.

THEOREM 6. For any D € @oqq we have the equalities

2rk4(Cp) 1

—\ 2
ab
S 2 (3)

D=abcd 4

7tka(Clp)

and

—\ 2

e I ) (b)
. D ’ — — 9’

2 2-2¢ D=abcd ab/4\c0 4

where a = ag, b = bb, ¢ = ¢, and d = 00 are the privileged factorizations of a, b,

c,and d.

Proof. It is a game with (32), Lemma 23, the second part of Lemma 22, the
reciprocity law for Jacobi symbols, and the multiplicativity of the symbols. At first,
we have

> LI+ G)I0+(5))

: -y @((2)

D=ab tla

(=)

v|b

Writing @ = tu and b = vw and introducing the privileged factorizations of ¢, u,
v, and w, the previous expression is equal to

W T () () - X (O

D=tuvw =tuvw

-, 2 (T,

D=tuvw

- = (GN0).6).

D=tuvw

We continue the transformations by appealing to the following equalities

(3), = (0% 2= (5w ()= (),

which, inserted in (38) gives the first equality of Theorem 6.
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By similar techniques, we transform the expression of 2%4(C18D) given in (33)
into

—\ 2

1 2 ab
39 oka(Clsp) — 30y b,2 (—_ =_ 1,
(39) 2.2w(D) Z [ab. 2]4 ab/4\ o .

D=abcd
where
1 2\ saN (b
o et 2 ()O0)
2.20(D) Lg:f”fddg a (c) d

Using that @ and b are congruent to 1 modulo 4, we can replace the condition
ab =1 mod 8 by inserting the factor

(@)

in the summation of (40). Using the multiplicate properties of the Jacobi symbols,
the equality (%)2 = 1, and the symmetry between the variables a and b, we arrive

at the equality
1 2\ /a\ (b
0= 5 e 2 (5) (E) (E)‘
D=abcd

Finally, Lemma 11 gives the equality o = 2ka(Csp) /7, Combining with (39) we
get the desired formula for 24 (Clgp), O

5. Privileged primes in arithmetic progressions and applications.

First recall the celebrated Siegel-Walfisz theorem which gives the behavior
of the quantity 7 (x;¢,a). Here m(x; ¢, a) counts the number of positive rational
primes p < x which are congruent to a modulo g, where a and g are given positive
and coprime integers. One of the numerous versions of this theorem is

LEMMA 29. For every positive A there exists a constant c¢1(A) > 0 such that
for all coprime integers a and q with g > 1 we have the equality

*ode

n(x:q,a) = / x exp(—c1(A4)+/log(2x) ),
) logt ( ( )

for any real number x > 2 such that 1 < g < logA (2x). The constant implied in the

O-symbol is absolute.

(See [9, Th. 55] and [6, p. 133] for instance.) Actually, in this work we apply
the Siegel-Walfisz theorem in the following form:

LEMMA 30 ([26, Cor. 5.29]). For every q > 2, for every primitive Dirichlet
character y mod g, for every positive A, and for every x > 1 we have the inequality

Y x(p) 4 V4 x log™*(2x).

pP=Xx
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We wish to have generalizations of Lemmas 29 and 30 to the case of the
Gaussian integers Z[i]. First, we fix some notations. For any z € C* we define the
argument arg z of z as satisfying 0 < argz < 2.

For any a and 0 # w € Z][i], any real 0 satisfying 0 <6 <1, and x > 0 we
define

mzpi(x:w, a: 0)
as the number of irreducible elements 7 € Z[i] satisfying the conditions
7| <x, m=amod wand 0 <argz <2m-0.

For 0 # w € Z[i] we define ¢(w) as the generalized Euler function, that means the
number of invertible elements of Z[i]/(wZ[i]). With these conventions we have

LEMMA 31. Let a, w, 6, and x as above. Then for every A > O there exists a
positive constant cp(A) such that the equality

40 % dt
mzii(x:w, a; 0) o) ), Tog: + (x exp( c2(A)+/log( x)))
holds uniformly for x >2,0<60 <1, (a,w)=1,and 1 < N(w) < logA (2x). The
constant implied in the O-symbol is absolute.

This lemma is a particular case of [31, Main Theorem p. 35], where the author
deals with a similar question in a very wide generality: counting (in a number field
K of degree n = r1 4 2ry) the number of prime ideal numbers (for this notion, see
[21]), in arithmetic progressions, such that the associated angles and the norms of
the conjugates (considered as complex numbers) satisfy prescribed inequalities. In
our application, we have K = Q[i], r; =0, and r, = 1. Note that || is the absolute
value of some conjugate of 7 and that we have the relation |7|?> = N'(rr). Since
Z]i] is principal, the notion of prime ideal numbers is equivalent to the notion of
irreducible elements, and the factor 4 in the above formula is the number of roots
of unity in Z[i] (or the number of elements associated to an irreducible one).

5.1. Consequences of Lemma 31. Now we want to deduce information on the
distribution of privileged primes in arithmetic progressions through the function

Tpriv(X; W, a) := 14 {n eP : N(r) <x, m =a mod w}.

We remark that we now use N instead of the complex norm in the above definition.
We have

LEMMA 32. Let a and w # 0 be two elements of Z[i] with (a, w) = 1. If the
congruences z = a mod w and z = 1 mod 2(1 + i) are not compatible, then we
have

Tpriv(X; w, a) = 0.
Otherwise, these two congruences are equivalent to a unique congruence z =
a’ mod w’, where w' = lem(w,2(1 + i)). Furthermore for every A > 0 there
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exists a positive constant c3(A) such that the following equality holds
( ) ~ ¢ ! ( ( ( ) 1 ( ))>
Tprivi X, W,a) = + (0] X exp|\—c¢ A vV 10, 2x y
priv (w ,) logt 3 g

for every x > 2, uniformly for a and w as above and satisfying the inequality
1 < N(w) <log4(2x). The constant implied in the O-symbol is absolute.

Proof. Since an irreducible element 7 is primary if and only if it satisfies the
congruence 7 = 1 mod 2(1 + i), we apply Lemma 31 with w replaced by w’, x
by x? and with the choice 6 = % Note that if w is odd, we have w’ = 2(1 +i)w,
hence ¢ (w’) = 4¢(w). O

Actually, in Section 6 we shall use the following version of the Siegel-Walfisz
theorem for Z[i] for the square of the quartic symbol on the set of privileged primes.
This version mimics Lemma 30.

PROPOSITION 7. For every A > 0 there exists a constant c4(A) such that the
following inequality holds

‘ > (%)j‘SM(A)x VN (w)log™(2x),

TeP

N(T)<x

for every x > 1, for every w # 1, which is the product of distinct elements of 3 U'E.
Similarly, we have

‘ Z (z)2(3)4[anﬁ,2]4‘504(A)x VN W) log=4(2x),

o \w/alr
N(T)<x
for every x > 1, for every integer a, and for every w (eventually equal to 1) which
is the product of distinct elements of 53 U ‘B.

Proof. We may suppose that N'(w) < long (2x), otherwise the result is trivial.

. . \2
By the assumptions concerning w, the character (5)

4 1s nonprincipal. In order to

apply Lemma 32 we write

2
@ Y ()= (%) iy (X3 W, 1)
N"ZTG)‘EX (i: n;())()iib 1 *

(2¢(w) / x 1:; t)( (%)i)w (#@)x exp(—c3(24) Viog(2)) ).

()\ w) 1

Using that the sum over all A is 0, we deduce the inequality

| g (g)j’f“(f‘)xv“w) log=*(2x),

N(m)<x
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where we bound exp(—c3(2A4)+/log(2x)) by 0(log_2A (2x)) and use the inequality
$(w) < N(w) < /N(w)log?(2x). This gives the first part of Proposition 7.

For the second one, we note that we can restrict to the case where a = 1 mod 4,
otherwise the sum is zero. We appeal to Lemma 25, which asserts that the value
of the symbol (%) 4 depends only on the class (modulo 8) of the imaginary part of
7. Similarly, the value of the symbol [am?, 2] 4 depends only on the class of 7
modulo 87Z][i]. Let y be a variable running over the set

C:={1,5, 3+6i, 7+6i, | +4i, 5+4i, 3+2i, 7+2i}.

This set I" represents all the primary classes modulo 8Z[i]. Then the symbol (%)4

respectively takes the values

(42) 1, 1,4, 1, =1, —1,—i,—i.
Modulo 16, yy takes the values

(43) 1,9, 13,5, 1,9, 13, 5.

We apply Lemma 32 with w replaced by 8w (then we have w’ = 8w) and make a
computation analogous to (41). We also use the fact that

£, © ()0

yel Y A mod w 4
A, w)=1

which is trivial when w # 1. When w = 1, it can be checked easily, by using
the formulas (42) and (43) and by discussing according to the congruence class of
a mod 16. O

Remark. Actually, in order to prove Proposition 7 it is not necessary to ap-
peal to the deep result of Mitsui [31] (now generalized by Goldstein [15]). It is
possible to prove this proposition, ab initio by the theory of Hecke L-functions
L(s, x), where x(z) = (%)i(z/|z|)k and k is an integer. In the case of Z[i] these
L-functions are simpler and all the necessary analytic tools (zero-free regions, up-
per bounds, ...) are for instance gathered in [13, §16] and [26, Chap. 5].

6. Double oscillations of characters.

6.1. The case of Jacobi symbols. We recall the following

LEMMA 33 ([11, Lemma 15]). Let ay, and By be complex numbers of modu-
lus less than one. Then for every M, N > 1 and for every positive &, we have

> 2 “mﬂnuz(2m)u2(2n)(%) &e MN(M™3%¢ 4 N73¢),
m<M n<N

Such an upper bound for Jacobi symbols appears at several places in the lit-
erature, maybe for the first time in [23]. The proof followed in [11, Lemma 15]
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mixes an important result of Heath-Brown [19] and the large sieve inequality for
multiplicative characters. However, the method which will be developed in Section
6.2 applies here also, leading to an upper bound of lower quality when M and N
are of comparable sizes (see Proposition 9). This is harmless since we only want
to improve the trivial bound by a power of logarithm (see (75)).

6.2. The case of the square of quartic characters. The purpose of this para-
graph is to give nontrivial upper bounds for the sum

(44) EM.Nap)= > T ZT“mﬂ”“z(m)“z(”)(%)Z’

Nm)<M N(n)<N

where

e the sum is over the Gaussian integers m and n;

e { means that we are summing over odd primary elements of Z[i];

¢ 1 denotes the natural generalization of the Mobius function to Z[i];

e o = (o) and B = (B,) are complex numbers of modulus less than 1 (this
restriction on these coefficients will be sufficient for our application in §§8
and 10).

The trivial bound for E is
EM,N,a,B) < MN,

and we want to beat this bound as soon as M is not extremely small compared
with N. The way that we are following is quite classical and is based on three prop-
erties: any type of reciprocity relation leading to the equality |E(M, N, «, B)| =
|E(N, M, B,a)| and the multiplicative properties for the numerator and the de-
nominator. Before we can give a first nontrivial upper bound we need two helping
lemmata. The first one is an easy result from euclidean geometry.

LEMMA 34. Let R > 0 and Q¢ be a point in the euclidean plane R?. Let
B(R20, R) be the closed disk of center 29 and radius R. Then the number of
(a,b) € 7? such that the square [a,a + 1[x[b, b + 1] is included in B(Q, R) is

equal to
TR? 4+ O(R)

and the number of those squares which intersect the edge of B(R29, R) is equal to
OR+1).

We apply a homothety and the definition of residue classes in Z[i]:

LEMMA 35. Let a # 0 and  be elements of Z[i]. Then the number of m € Z|[i]
satisfying N(m) < M and m = ¢ mod a is equal to

M M

uniformly for M > 0, a and ¢ as above.
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Now we give a nontrivial upper bound of (44). We remark that the missing §
in the first sum and the missing ;4% (m) can be reached by changing ., accordingly.

PROPOSITION 8. Let oy, and B, be any complex numbers of modulus less
than 1. Then we get uniformly for M > 1 and N > 1 the bound

2
Z ZT U Bn 12 (n) (ﬁ> < MN(N_%—FM_%N%).
Nm=M N =N "o
Proof. Let E(M, N) be the sum studied in Proposition 8. We can suppose
(45) N=<=vM,

otherwise Proposition 8 is trivial. By applying Cauchy-Schwarz inequality and by
expanding the square, we easily get the inequality

[E(M. N)P? <<M-{ZTZ*u2(n1)u2(nz)(Z( = )]}

o ninz

Now we apply Lemma 35 by summing over m, with N'(m) < M, according to its
congruence class { mod nn;, leading to

|E(M, N)|? <<M-{ZTZT

e ) (s )|
po(n)p”(n2) Emglnz (n1n2)4(N(n1n2) +0 N(ninz) ! .

2
Since n1 and ny are odd, squarefree and primary, the character ( nl'n2)4 is

principal if and only if n; = n. Hence, by (45) we deduce
IE(M,N)> < M- {MN +M3N? N4} <M- {MN + M%N3}. 0

Now we want to loosen the restriction (45). In order to enlarge the summation
over m, we apply Holder’s inequality in another way. For the sum £ studied in
Proposition 8, we have the inequality

d6)  EMN)<N'7E( 3T 2m| Y am(%)z‘%)”,

N)<N N(m)<M 4
for every even integer 2k > 2. Expanding the 2k-power we write (46) in the form
(47) E(M.N) < N'=3% E(M?% N)%,

where E (M?* | N) has a similar definition as E(M, N) but with a,, replaced by
the coefficient

Uy = E aml ”.Olmkamk—i-l .”amZk’
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which satisfies &, <z M*, for every positive ¢ and where 8, is replaced by some
Brn with modulus less than 1. Inserting in (47) the upper bound contained in Propo-
sition 8, we obtain

1
@9 E(M.N) < N'72% - ME{MPN(N™2 + M~5N %)}
e ME(MN'"3% + M3N'Far),

Note that (48) is nontrivial in regions which were not covered by Proposition 8 (for
instance M = N, with k = 2). Hence we have for every ¢ > 0 the inequality

E(M.N) <, MNmin{N~% + M~5N2 M(N"% + M4 N¥)},.

By Lemma 22, the variables m and n play a symmetric role in the symbol (%)i,
hence we have the equality (M, N,a, B) = E(N, M, B, ), which leads to

PROPOSITION 9. For every € > 0, we have
49) E(M,N,a,B) < MN min{N‘% FMTINI, MTI 4 MENTE,
ME(N"8 + MEN$), NS(M~% + M%N—%)}.

6.3. Comments. The proof of Proposition 9 is quite standard and works for
a lot of characters: Jacobi symbols (see Lemma 33 above), cubic characters [20],
quartic characters. In [13, pp. 1025-1027], such a proof was already given to
characters that some authors will later call Jacobi-Dirichlet symbols to refer to the
seminal work of these two pioneers. We recall the definition as it appears in [26,
pp- 55-56] (see also [13, pp. 1018-1021]): Let g be a squarefree positive integer,
with all prime factors congruent to 1 mod 4. Let ¢ be its number of prime factors.
It is well known that ¢ has exactly 2! decompositions in the form

(50) g = u? 4 v? with u + iv primary.

There is a bijection between the set {(u, v)} of representations of ¢ in the form (50)
and the set {w} of solutions to the congruence

(51) w?+1=0mod q.

This bijection is given by (u,v) + —uv mod ¢, where u is the multiplicative
inverse of ¥ mod g. To each root w of (51) we associate the following Jacobi-
Dirichlet character ¥, defined in terms of the usual Jacobi symbol

Vo: Z[i] — {0,%1}

(52) o rtos
z=r—+1s — (T)

It is easy to see that v, satisfies ¥, (2) = V(2 +q) = Y (z +iq) for any z € Z[i].
Hence it is a multiplicative real character over (Z[i]/qZ]i])*.

Apparently, in [13] and [26] the following equality between Jacobi-Dirichlet
characters and squares of quartic symbols was not noticed:
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PROPOSITION 10. Let g be a positive squarefree integer with all its prime
factors congruent to 1 mod 4. Let v, as in (52). Then we have the equality
. 2
Vo) =(-—) .
u—iv/a
Proof. By multiplicativity, it is sufficient to prove this proposition for ¢ prime.
Since Z[i]/(u —iv)Z[i] is a field with ¢ elements, it has only one character of order

N2 . . .
2. The character (m) 4, has this property. The order of ¥, is also 2. Hence it is
sufficient to prove that v, is a character modulo u —iv. In order to prove this we
must check for every z the equalities

V() = Yoz + U —iv)) = Yu(z +i(u —iv)).

Coming back to the definition (52), the proof of these equalities is equivalent to
the divisibility properties g | u —wv and ¢ | v + wu. This is a trivial consequence
of the definition ® = —uv mod q. O

In conclusion, thanks to Proposition 10 we may say that our Proposition 9 is
only a variant of [13, Prop. 21.3 and p. 1027].

7. Proof of Theorem 3. Odd discriminants

Now we have finished the description of the algebraic and analytic scenery of
our proof. It is time to enter in this proof itself. Let

(53) Sodd(X,k) = Z 2krk4(CD)‘

D EDodd
D<X

This is the k-th moment of the function 2%4(Cp) on the set 9oad. The aim of this
paragraph will be to prove
PROPOSITION 11. For every integer k > 0 and for every positive &€ we have
uniformly for X > 3 the equality
k—1 ' . .
Soad(X. k) = [T@7 + 1) Boaa(X) + Op (X (log X) 27281 %),
j=0
The case k = 0 is trivial. In Section 9, we shall prove a similar statement for

the set Deven (see Proposition 13). Then, by additivity, we will have completely
proved Theorem 3.

7.1. First transformation of the sum. For r and s elements of the set
9:={0, 1, 2, 3},
let k1 (r, s) be the function defined on 92 by
1 ifs—r=2,

(54) k1(r,s) =
1(r.5) 0 otherwise.
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We appeal to the second part of Lemma 10, to write the equality

(r,s5)
(55) 2rk4(CD) _ 1 Z 1_[ & K1(r,s
2.20(D) Dy ’

D=DgD 1D, D3 r,s€2

for D € Byqq, with the convention that 0° = 1. In order to raise this formula to the
kth-power, we use the same technique as in [11, §5.1], which was already applied
in [18]. To solve the k-fold equation

(56) DWW pM — .. = p® p® ) p®) _ py
we introduce, for r = (ry.....rg) € 2%, the 4F g.c.d. (greatest common divisor)

D, = g.c.d.(D,(}), e, fo)).
This parametrizes the solutions of (56) as
DD =[] De(re2. 1<) <k),
reak

rj=r

with the constraint [ [, D, = D. With these changes of variables and by the multi-
plicativity of Jacobi symbols, we arrive at the equality

- 2k ey 1 Z 1_[ l_[ & ki (r,s)
" 9k .ok w(D) D ’
(D) t s *

wherer = (r1,...,7%), s = (51,...,Sk) €9k and
k
ki (r,s) = ZKl(rj,Sj).
J=1

In (57) the sum is made over all the 4%-tuples (D,) such that [leox Dr = D. The
equality (57) is the analogue of [11, formula (25)].

Summing (57) over all D € %44, less than X, we get the following lemma,
which can be seen as the analogue of [11, Lemmata 17 and 28].

LEMMA 36. For every k > 1 and every X > 1, we have the equality
(58) S )=~ 3 (T2 )11 D49
O ’ 2k DS ’
(Dr)pcok T ros
where the sum is over all the 4k-tuples (Dr)eok of coprime integers Dy such that

(59) Dy €WouaU{l}and [] D= X.

reak
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7.2. Preparation of the variables. Let £ > 1 be an integer and 7;(n) be the
number of ways of writing n as the product of £ positive integers. Note the equality
o(n) = £20) for squarefree integers n. From (58) and (59) we directly deduce the
inequality

1 - 1
DE@OM DG@‘)dd
b=x D<X

which finally gives uniformly for X > 3:
(60) Soaa(X. k) < X(log X)* ',

This is a consequence of a now classical result of Shiu [40, Th. 1], which we will
use in the following version:

LEMMA 37. Let y be a positive real number. Then we have the inequality

Y o™ <, Ylogx)2 71,

nedy
X-Y<n<X

uniformly for2 < X exp(—,/log X) <Y <X

If in (60), the summation is over all fundamental discriminants, the crude
upper bound would be < X(log X )2k—1' The aim of Proposition 11 is to show
that the order of magnitude of Soqq(X, k) is < X/+/log X, that means much less
than the crude estimate (60) by some powers of logarithm. The oscillations of the
Jacobi symbols in (58) will be the reason for this gain of powers of log X .

We closely follow the method exposed in [11, §§5.3 and 5.4] (see also [18])
which has many similarities with our problem. This allows us to quote the corre-
sponding inequalities in [11] without proving them again in great details. Our first
task is to restrict the summation in (58) to the (D) such that every Dy has not too
many prime divisors. By a classical result of Hardy and Ramanujan [16], we know
that there exists an absolute By, such that for every X > 3 and for every £ > 1 we
have the inequality

X  (loglog X + Bg)t!
log X -1

t[{n <X :owh) =L u*n) = 1} < By

Introducing the parameter
Q = edk (loglog X + By),

and denoting by X; the contribution to the right part of the equality (58) of the
(Dr)regk» which does not satisfy the equality

w(Dy) <9, forall r € 9F,
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we have the inequalities (see [11, formula (30)]):

S ) w2 W= T pAm2te®
n<X n<X
w®r)>Q+1 wn)>Q+1

12
< 2B, X Z 2kz(loglog)( + By) ’
log X £!
{=Q
which finally give
(61) 1K o
"™ logx”

by Stirling’s formula. This error term is acceptable in view of the error term an-
nounced in Proposition 11.

Our next task is to control the order of magnitude of each of the variables
D, appearing in the summation (58) and make these variables independent by
transforming the condition [ Dy < X. We introduce the dissection parameter

A= 1+ (log X)~ %,

and for eachr € 9]‘, Ay denotes any number in the set {1, A, AZ A3 .. }. For
A = (Ay)egk, we define the restricted sum Soqq(X, k, A) by the formula
(62)

Sodd (X, k,A) = 2Lk Z “2(1_[ Dr) (l—[ 2—kw(D,)) 1_[1_[ (%:)Kk(l‘,s)’

(Dr)regk
where the sum is over all the 4%-tuples (Dr)reor of integers Dy such that

(63)  Ar<Dr<Adr, Dr€BoaaU{l}, o(Dy) <Q, [] De<X.

reak

From Lemma 36, and from formulas (61), (62), and (63), we easily get the equality

(64) Sodd(X, k) =Y Soaa(X, k, A) + O(X(log X)),
A

Actually, in (64), the summation is restricted to the A such that [[. Ar < X (other-
wise the corresponding Soqq(X, k, A) = 0), and by the definition of A, the number
of terms of A in consideration in that sum is

(65) <« (log X)¥ (12
We can even restrict to the A such that

(66) [T 4 <27 x.

reak
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since the error introduced by this restriction in the right part of (64) is (see also
[11, formula (34)]):

©) < Y 22k « (1-a)X(og X)* ' « X(log X) 7,
n€9Doqd
A_4k X<n<X
by Lemma 37 and by the definition of A. The restriction (66) implies that, in the
condition of summations (63), the inequality [ [,cox Dr < X is now superfluous.
In other words, the conditions of summation in the definition (62) of Soqq(X, k; A)
are reduced to

(68) ArSDr<AAr7 Dre@oddu{l}» w(Dr)fgz-

Our next purpose is to prove that in the summation relative to (64), we can
also restrict to the case where at least 2% of the A, are large. To be more precise
we introduce two numbers X T and X* defined by

(69) XT = (log X311 +45(142°)]
and
(70) X¥ is the least A* > exp(log"® X),

where 7(k) is chosen as a small positive constant 7(k) = 2 X¢. We introduce the
condition

(71) At most 2¥ — 1 of the Ay are larger than X i
We shall prove

LEMMA 38. For every positive ¢, for every k > 1, we have

11
> [Soaa(X. k. A)| g X(log X) 2T HFTTE,
A satisfies (71)

uniformly for X > 3.

Proof. We follow the proof of [11, (39)], but we must incorporate the fact that
Dodd 18 thin. We start from the trivial equality

(72) Yo |SawX kA< Y [[27Re?,

A satisfies (71) I (DLZQX r
where the sum is over the 4%- tuples (Dy), where the D, are coprime elements of
Doad U{1}, such that at most 2k 1 of them are larger than X¥ Letr (0<t<2k—1)
be the number of these components D, which are larger than X*. Let n be the
product of these D, and m be the product of the remaining ones. Note that n
is also a special odd discriminant. With these conventions and with the help of
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Lemma 37 and Mertens formula, we transform (72) into

> [Soa(X k. A)|

A satisfies (71)

2k—1
=D D rAmTg m2TRe S T g 2R

= k_ <X
1=0 < (xH)$ ia

2%—1
- —k—1_
<DL D T m)27E (X m)(log Xy 2T
=0 mf(Xj;)4k—z
2k—1

< X( Z (log X)t2*k71_1)< Z 12(m) 2k w(m))
=0 m<(X1)4¥ "
& X - (log X) 27 FFT . 4k 1og X 52"
which gives Lemma 38 with the choice (70). O

7.3. Linked indices. In order to push the analysis of the term Soqq(X, k, A)
we must enter into the oscillations of the Jacobi symbols. First, we have to de-
termine which symbols (Dy/Ds) really appear in the expression (see [11, §5.2],
highly inspired by [18]).

Definition 4. Two indices r and s € 9% are linked if they satisfy the equality
ki (r,s) + ki (s,r) = 1 mod 2.
They are unlinked when
ki (r,s) + ki (s,r) = 0 mod 2.
The same definitions extend to the variables D, and Dy, and similarly to A, and As.

The idea behind this notion of linked indices is quite simple: if ro and sg
are linked indices, then, after reduction and simplification of the exponents, in the

Kx (r,s)
product [, [, (%:) *

appearing in (62), exactly one of the symbols (%)
S0
or (g—i‘;) is really present. If the intervals of variations of Dy, and Dy, are large

enough, there will be cancellations when summing these characters. And the con-
tribution of these terms goes into the error term.

7.4. First case of oscillation. We consider the contribution to the right part
of (64) of the A such that

the condition (66) is satisfied
(73) and
there exist two linked indices r and s such that A, and Ag > X T,
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The following proof mimics [11, (42)]. In that case, we see that S(X, k, A) defined
in (62) with the condition of summation (68) satisfies the inequality
(74)

Soas Xk A< ([T Awsup| 3" Y ambar’Cmpp?en)(>)

u#r,s Ar<m<AA . A;<n<AA;

’

where the supremum is taken over all the sequences (o) and (8,) with modulus
less than 1.
We apply Lemma 33 to the double sum and transform (74) into

_1 _1 1

75 1Soas Xk A < (T 4u)-Ards(4r +457°) < x(x 75,
u#r,s

By (65), (69), and (75) we arrive at

(76) > 1Seaa(X k. A)| < X(log X) 7.

A satisfies (73)

7.5. Second case of oscillation. Now we consider the contribution of the A
such that
(77)
the condition (66) is satisfied,
there exists no pair {r, s} of linked indices such that A, and A5 > X T, and
there exist two linked indices r and s such that 1 < A, < X1 and 4, > X¥.

Now we prove

(78) > 1Seaa(X. k. A)] < X(log X) 71
A satisfies (77)

The proof is exactly the same as [11, (43)]. By the assumption (77), we know that
there exists an index s such that 43 > X ¥ and such that the set ® of indices r, which
are linked to s, contains no index r’ such that Ay > X T and contains at least one
index r such that A, > 1. Note that the integer d defined by d = [ [, Dr is odd,
squarefree, and satisfies the inequality 1 <d < (X T)4k. With these conventions,
we have the inequality

(79) |Soad (X, k, A)| < (nAu)-ngc) Z Z_k“’(DS)(&)‘,

u#s ’ As<Ds<AAg
(Ds.a)=1

where
e the maximum is taken over the integers a satisfying 1 <a < X and over the

odd squarefree integers d satisfying 1 <d < (X T)4k,
e Dy € Poqq satisfies w(Dg) < Q2.

We sum over the value £ of w(Ds) and denote by P (n) the greatest prime
divisor of the integer n > 1. Therefore we write Dy = np in the following formula,
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where p is the largest prime divisor of Dy and the interior sum of (79) satisfies
(80)

T () a2 |y (D)

1<(<Q n,w(n)=£—1 max(P+(n).As/n)<p<AAs/n
p=1mod4, (p.a)=1

We apply Lemma 30 with ¢ = 4d, giving the inequality

31) 3 (S) <ad- % : (log(%))_A +log X,
V4

for every constant A. We remark that the final log-term is coming from the condi-
1
tion (a, p) = 1 From the conditions of summation over p, we deduce that p > A¢?

then n < AA € and finally

A
(82) 1og( ) > log AZ > log™% X,

by (70), (77), and the definition of 2. Inserting (82) into (81), then into (80),
summing over n and £ and inserting the result into (79), we finally prove (78), by
appealing to (65) and choosing A = A(k, ¢) sufficiently large.

Gathering Lemma 38, (64), (76), and (78) we arrive at

LEMMA 39. For every k > 1 we have

_1__1
Soad(X, k) = Z Sodd(X. k. A) + O ¢(X(log X) 27 2FFT +‘9),
A satisfies (83)
where

The condition (66) is satisfied.

At least 2 indices r satisfy Ay > X .

(83) Two indices r and s such that Ay, Ag > X T are always unlinked.
If r and s are linked with Ay < As, then

either Ay =1 0or (2 < Ar < X and A, < Ag < X¥).

7.6. Reinterpretation of unlinked indices. Now we want a deeper knowledge
of unlinked indices, to further push the study of the main term in Lemma 39. This
will be accomplished by appealing to the geometry over the field F», as it was
done in [11], inspired by [18]. Let ¢; be the bijection between 2 and [F% defined
by ¢1(0) =(0,0), ¢1(1) = (0, 1), $1(2) = (1,0), $1(3) = (1, 1). This function ¢;
can be interpreted as the binary expansion. By concatenation, we obtain a bijection
¢ between 2K and [F%k . We shall interpret the property of being unlinked in terms
of the quadratic form over F2X:

k
(84) Pe(w) == > w1 (w21 + w2)).
j=1
where w = (w1, ..., Wy ) with w; € F,. We have
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LEMMA 40. Two indices r and s € [F%k are unlinked if and only if

Pr (¢ (r) + pr(s)) = 0.

Proof. By Definition 4, two indices r and s € 9% are unlinked if and only if
the equation |r; — s;| = 2 has an even number of solutions ini € {1,...,k}. To
finish the proof of Lemma 40, it suffices to incorporate the property for elements
rands €9:

|r—s| =2 <<= P1(¢1(r) + ¢1(s)) = 1.

This property can be checked case by case. g

For simplicity, we systematically replace the indices r and s by their images
u = ¢ (r) and v = ¢y (s) in our computations. Hence u = (uq,...,uo;) and
v = (v1,...,Vy) are unlinked if and only if P;(u+ v) = 0. We remark that this

definition coincides with the notion introduced in [11, §5.2]. For A satisfying (83),
let U = U(A) be the set of indices u such that A, > X*. The set U satisfies

(85) tau(A) > 2,

and if u and v belong to U, we have Py (u+ v) = 0, by Lemma 40. The set U is
a set of unlinked indices. We recall some properties of these sets, obtained by the
theory of quadratic forms in characteristic 2.

LEMMA 41 ([11, Lemma 18]). Let k > 1 an integer and let U C I]:%k be a set of
unlinked indices. Then U < 2 and for any ¢ € F2¥, ¢+ is also a set of unlinked
indices. If fU = 2K then either O is a vector subspace of [F%k of dimension k or a
coset of such a subspace of dimension k.

By (85) and by Lemma 41, we deduce the equality ff U(A) = 2% and that U(A)
is a vector subspace or a coset of a vector subspace of dimension k. Furthermore,
since there exists no unlinked subset of cardinality 2K 4+ 1, we deduce that if v is
such Ay < X T, there exists an index u linked with v, and such that Au> X . The
last condition in (83) implies that Ay = 1. In conclusion, for every u € U(A), we
have A, > X*, and for every u ¢ AU(A), we have A, = 1. If U C [F%k is an unlinked
subset of indices u, with cardinality 2K we say that U is maximal, and if we have
U =U(A), we say that A is associated to U.

From the above discussion and from Lemma 39, we deduce the following
equality

(86)  Soqa(X.k) = Zikz > e[ 0w (T2 @)
U A (Dy)uen u u

_1__ 1
+ O(X(log X) 27 2FFTHE),

where the first sum is over all the maximal unlinked subsets U of [F%k, the second
sum is over all A, associated to U and satisfying (66), and the last sum is over all
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(Dy) such that
Au = Du < AAu’ Du € gboddv w(Du) = Q.

Recall that the index r € 2% has been replaced by its image ¢y (r) =u € [F%k .

In (86), we forget all the indices u which do not belong to °U, since the cor-
responding Dy is equal to 1. By the same techniques which gave (67) and which
led from (72) to Lemma 38, we glue back all the subsums corresponding to the
different A in (86) to obtain the equality

87)  Seaa(X.k) = 2ik > Y ([Tea([T2 o)
u u u

(Dw)uen
[Tuea Du=X

_1l__1
+ O(X(log X) 27 FFT ),
where now (Dy)ueq satisfy the other conditions Dy € Doqq U {1} and w(Dy) < Q.

For instance, the error term in (87) contains the contribution of the (Dy)yeq, such
that, at least one of Dy is less than X ¥, This contribution is

< Y ke N (2 Re®

d €9odd 1€ odd
d<x* n<Xx/d
X _1__1
< Z 2 kw(d)-(—)-(logX) 27 2kF1
d
d€Podq
d=<x*

1__ 1
< X(log X) 27 2F+1 +e

by Lemma 37 and Mertens formula. By a computation made to obtain (61), in (87),
we can drop the condition of summation: w(Dy) < Q2 with an acceptable error. By
putting D = [[,cq, Du We write (87) as

1 11
(88) Soad (X, k) = o Z Z 1+ O o(X(log X) 27 2KFT +E),

aL D €%ygq
D<X

By Lemma 41, each AU is a coset of some maximal unlinked vector subspace Uy,
and since to each U correspond exactly 2¥ cosets U, we finally transform (88)
into

LEMMA 42. For every k > 1, and for every positive € we have uniformly for
X >3:

_1__1
(89) Soad (X, k) = tj.J‘/LEf(k) *Dodd(X) + Ok,g(X(IOg X) 2 gk+1 +8)’
where MS (k) is the set of maximal unlinked vector subspaces Uyg in IF%k .

7.77. Quadratic forms in characteristic 2. For the purpose of computing the
coefficient ff MF (k) of the main term in (89), we shall require the following results
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concerning quadratic forms in geometry in characteristic 2. All these facts can be
found in [7].

Let k > 1 and E be the vector space E = [F%k. Each element of E is written
as X = (xq,..., X ). We consider the quadratic form Q over E defined by

O(X) = X1 Xg 41+ + X Xok.-
(Note that by a linear change of variable, we can transform the quadratic form Py,
defined in (84) into Q.)
The form Q is nondegenerate. Since [, is perfect and since dim £ is even,
Q is nondefective (see [7, p. 36]). We say that a vector subspace F is singular if
Q|r = 0. Every singular vector space has dimension < k. All the maximal (for the
inclusion) singular spaces have the same dimension (see [7, pp. 23 and 36]). Let

F:={(x1,...,%,0,...,0) :x; €y, (1 <i <k)}.

We see that F is trivially singular and it is maximal singular, since it has dimen-
sion k. Hence Q has index k (see [7, p. 34]). We want to know the cardinality of
the set MF(E, Q) of maximal singular vector subspaces contained in (E, Q).
The orthogonal group O(E, Q) is the subgroup of GL(E) containing all the
linear automorphisms u of E, satisfying Q(u(X)) = Q(X), for all X € E. The
orthogonal group naturally operates on MS(E, Q). It operates in a transitive
way, since for every F; and F> maximal singular spaces, there is at least one
u € O(E, Q), such that u(Fy) = F». This is an extension of Witt’s theorem due to
Arf in characteristic 2 (see [7, p. 36]). From these results we have
1O(E, Q)
fi Stab(F)’
where Stab(F') denotes the set of u € O(E, Q) such that u(F) = F.
The numerator of the right part of (90) is well known: This group O(E, Q)
contains a subgroup of index 2: the group of rotations O (E, Q). Its cardinality
is given by [7, p. 69]

(90) fMI(E, Q) =

k—1
10T (E, 0) =105, (F2, 0) = @* - 1) [ (2¥ @¥ - 1)),

J=1

from which we deduce
k—1

(91) HO(E. Q) =202 — 1) [[ (2% @* - 1)).
=1

To characterize an element u € O(E, Q), such that u(F) = F, we study its matrix
U in the canonical basis of E. It has the shape

A B
(92) U= )
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where A = (a;,;), B = (b;,j), C = (¢;,;) (with 1 <i, j <k) and O are square
matrices with size k, A and C belong to GL(k, F,) and O is the zero matrix. With
these conventions, for X = (x1,..., xax), for u(¥) = (y1,....yar) and 1 < j <k,
by (92), we have the equalities
yj = aj,1X1 + -t aj’ka + bj,le_H + et bj’kak,
Yk+j = Cj1Xk41 + 0+ Cj e Xog.
The condition Q(u(X)) = Q(X) leads to the equality

k

Z(aj,lxl + oo ajpXp +bja X1+ +bjkxok)
=1

k
X (Cj,lxk+1 + Cj,kxzk) = erka-
=1

By equalizing the coefficient of xyxg4,, (for 1 <, m < k), we get the equality

k .
1 ifl=m

©03) 4yicim =

]; PEIMTN0 i 4 £ m,
and by equalizing the coefficient of xg 4 ¢Xg4,, we have for 1 <{, m <k

k
O4) Z(bj,ecj,m + bj,ij,e) =0if L #m,
j=1
and
k
(95) ijiecj’e :0
Jj=1

Equation (93) is equivalent to

(96) 'CA =1dy,

and the equations (94) and (95) are equivalent to the property
97 'CBisa symmetric matrix with a zero diagonal.

Since the characteristic is 2, the condition (97) is equivalent to say that the bilinear
form W associated to CB is alternate, i.e. W(X,x) = 0 for all X € F’zc . With
these characterizations, it is easy to count the cardinality of those U: there are
f GL(k, F,) choices for the matrix A4, then C is uniquely determined by (96) and
belongs also to GL(k, F»). Since the set of symmetric matrices with dimension k
and with zero diagonal is a [F,-vector space of dimension k (k —1)/2, the condition

(97) determines 2% matrices B when C € GL(k, F») is given. Hence we arrive
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at the equality

# Stab(F) =

k—1 k
) l—[(zk _2]‘) — 2k(k—1) l_[(zj
j=1

j=0
It remains to insert this last equation and (91) into (90), in order to prove
LEMMA 43. For every k > 1 the number of maximal singular vector sub-
spaces of E equipped with Q is equal to

k—1

M (k) = MF(E, Q) = [[ (27 +1).

J=0

Together with Lemma 42 we complete the proof of Proposition 11.

8. Proof of Theorem 4. Odd discriminants

Let
gclilé((X k) := Z 7k ka(Cp) , orka(Clp)

DEDogq
D<X

be the mixed moment of order k. The aim of this paragraph is the following odd
part of Theorem 4 in the form of

PROPOSITION 12. For every integer k > 0 and for every positive € we have
uniformly for X > 3 the equality

k—1
. _l_ 1
SINX. k) = @+ 1) [T @7 + 1) Doaa(X) + Op o (X (log X) 7272872 7%),
j=0

The proof of the even part of Theorem 4 will be given in Proposition 15.

8.1. First reduction. Replacing 2™ (Clp) by its expression given in Theorem 6,
we directly have
LEMMA 44. Let
N2
2k ka(Cp) ab
SaaXk)= > —m— 2 |5
D €Boqq abcd=D

D<X

Then we have for every k > 0:

Sedd (X, k) = _Sodd(X k+1)+ - S (X, k).
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By Proposition 11 and Lemma 44, the proof of Proposition 12 is reduced to
the study of the sum S2,,. The equality (57) implies the equality

—\ 2
2k tka(Cp) ab
98 —m 2 (=
(D)
2¢ abcd=D co 4
1 D Kk(l‘,S) ‘O 5 2
“wawme L (5) (55),
2k . p(k+1)w(D) BT s Dy 0203 /4

where the sum is over (Dy),cox and d = (do, d1. d2, d3) such that

(99) D= ]‘[ Dy = dodydads.
r

When k = 0, the set 2% contains only one element and we fix ko = 0. We also
follow the convention that d; = 0;0; is the privileged factorization of d;. For
i€92={0,1,2,3}andre 9k et D, ; =g.c.d.(Dy, d;). These numbers parametrize
the solutions of equation (99) by writing Dy = [[; Dy,; and d; =[], Dy, if we

impose the conditions
[[pe=»
ro

This classical trick was already used to study (56). Summing (98) over the set of
odd special D < X, we have the equality

(100)
et Z A )
X{UU@—:Z)}{HH(ZZ) (2 (22) )

e the indices r and s belong to 9k,
e the indices i and j belong to 2,
o the 4%+ 1 tuples (Dy,i) satisfy

(101) Dyj€@oaU{l}and [T []Dri <X.

reok i€l
e and D;; =D, ;D is the privileged factorization of D ;.

At that point, we see that (100) is already highly intricate. It is really a chance
that the remark (8) avoids to have to treat the more general mixed moment sum
3 p 2k ka(Cp)trka(ClD) for any k > 0 and any £ > 0.
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8.2. Analytic preparation of the variables. By many points of view, the mixed

sum S (X, k) has similarities with the sum Soqq(X, k + 1), in particular by the

number 4K+1 of independent variables D ;. The technical preparation is the same

as in Section 7.2. For (r,i) € 2¥*1, we introduce 4¥ T 1-tuples A = (Ar,i) . )cok+1,
where A, ; are any numbers of the form 1, A, AZ,...and the dissection parameter
A has the value

A=1+(ogXx)2"".

Now, for bounding the number of prime divisors of the variables of summation, €2
is replaced by

(102) Q' = e4*+1(loglog X + By).

We also introduce the partial sum of S?,(X, k):

(103) Sgu(X.k.A):= LS 2 ([ pe) (1_[2 (k+1)w(D”))

(Dr.i) r,i

AN )

I e i ()}

where the conditions of summation are the same as in (100), with the difference
that (101) is replaced by

(104) Ari < Dyj <AArj, Dyji € Doga U{l}, o(Dy;) < Q.
With these new conventions we have

LEMMA 45. For every integer k > 0 and for every positive & we have the
equality

(19 Seaa(X. k) =) Sgia(X.k, A) + O (X (log X)_%_ﬁ“),
A

where the sum is over all the 4+ -quples (Ar,i) (r,iyeok+1 satisfying

(106) [TAei <2~ "'x

r,i

Proof. See the proofs of (61) and (67). O
Note that the number of A participating to the summation in (105) is

(107) <« (log X)¥ FHa+27h,
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We can even suppose that

(108) [TA4w = x=.
r,i

since the contribution to the right part of (105) of the terms A = (A,,;) which do
not satisfy (108) is trivially negligible by Lemma 37.

8.3. Oscillations of the symbol ()i In this section, we shall concentrate on
the cancellations having their origins in the oscillations of the square of some quar-
tic symbol in (100). We shall prove

LEMMA 46. We have the equality

(109) D ISga(X. kA = O(X(log X)),
A

when the sum is made over the A such that (106) is satisfied and the following
inequalities hold:

([TAro0) - (J]Ar1) > 1and ([ Ar2)- (] | Ar3) > 1.

Proof. In (100), we clearly see which symbols ()‘2‘ do participate to the
expression. The idea of the proof of Lemma 46 is rather simple: find two (rather
large) variables which collaborate to one ()i symbol, then use of its oscillation
by Proposition 7 or Proposition 9, having in mind that this oscillation cannot be
destroyed by some associated Jacobi symbol, if any.

By (108) the biggest A, ; is rather large, that means > X ﬁ For simplicity,
we suppose that this happens for the index (rg, 0) for some rg € 9%, The cases
(ro,i) fori =1, 2 or 3 are handled in the same way. We separate the discussion
in several cases.

e There exists an index sy which satisfies

Ary0 > Agy2 > (log X)100~10k and {rg, So} unlinked.

By Definition 4 there is no Jacobi symbol (g"”g) in (103). Hence, in order to
S0

I Dr.0 )2 . .
benefit from oscillations of the character (53 "’Z>4, we write S2,(X, k, A) in the
s0»

form
(110)  |SSy(X. k. A)| 5( I1 Ar,i)'
(r:i)sé(r()ao)s (5052)

where E is defined in (44) for some coefficients o, and B, of modulus less than 1.
A direct application of Proposition 9 leads to the inequality

E (AAl'o,O’ AAS(),29a’ ﬂ)"

(111) E (A Ar .0, Adgy 2,0, B) K Ary 0 Asy 2 (log X)~3010%
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1
To be more precise, if Ag, 2 < X 545+1 we use the first term inside the min-symbol.

If we have X ﬁ < Ag)2 < Ary,0, We use the third term with the choice ¢ =
(200 - 10K)~1,

Inserting the bound (111) in (110) and summing over the corresponding A
and using (107), we see that the contribution of these A to the sum of (109) is in
O(X(log X)™1).

e There exists an index sy which satisfies
Aro > Ag2 > (log X)10010° and {1y, so} linked.

Since the indices r¢ and sg are linked, the Jacobi symbol (g’—“’g) is really present
s
in (103). But Lemma 23 allows us to write

5 — 2
(b) (&) _ [ Bro0
Dso,2 950,2 4 ©50,2 4’
and we are led to the former case by now considering oscillations of the symbol
(%)
D2 4'

e By working with conjugates, the same type of reasoning applies if there
exists an index sg such that

Al‘o,O = As0,3 > (log X)100~10k
(see formula (103)).

e From the previous cases and from the hypothesis of Lemma 46, we are
reduced to suppose that

(112) 1 < max(Ag2, Ag3) < (log X)10010,
s€Qk

We are now discussing the sizes of the A, ;, when the second index is O or 1.

e There exists an index s¢ such that

Argo = Agy.0 > (log X)191% and {ro. se} linked.

This means that in (103), there is the Jacobi symbol (g"”g), but no square of the
S0

quartic symbols with arguments the primary variables associated to the privileged
actorization of Dy, o an s0.0. We benefit from oscillations of the character
fact t f Dy,, d Dg,,0. We benefit fi llat f the charact

(g"”g), exactly as we did in Section 7.4, by appealing to Lemma 33. The contri-
S0

bution of these A to the sum in (109) is also is O(X(log X)~1).

e By symmetry the same study applies if there exists an index sg, such that

Aro = As1 > (log X)10010% and {1y, so} linked.
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e By the condition (112) and by the two previous items, we see that we are
reduced to the case, where the variable Dy, o appears as a numerator of Jacobi
symbols or of squares of quartic symbols, where all the corresponding denomina-

K . .
)100-10% 'Note that this event happens 45T times at most.

tors are less than (log X
To be more precise, by multiplicativity, we have to consider six types of symbols

where Dy, o appears:

(113) (%)2’ (@r_o,())z, (DI'O;O)’ (Dro,o)’ (Dl'o,o)’ (Dro’o)’
a 4 b 4 c d e f

where aa =[], Dsp:=a,bb=[]; Ds3:=b,c =[] Dso,d =[] Ds,1.¢ =[] Ds.2,
f =] Ds,3, where these last four products are made over the indices s € 9* linked
with rg. Note that the integers a, b, ¢, and d are pairwise coprime, that e is a divisor
of a and f a divisor of b, hence we write a = ee’ and b = ff’. Note that the
condition (112) and the above discussion imply the inequalities

(114) ab > 1 and abedef < (log X )40040%

Lemma 23 and multiplicativity properties of the symbols reduce the product of the
six symbols appearing in (113) to

(m),
ccooee§7/,

In the denominators of this symbol we recognize factors of the privileged factor-
izations of the variables ¢, d, e, ¢’, f, and f’. Hence we have the inequality
(115)

@ 2
|S(;>dd(X,k,A)|§ Z ‘Z /‘L 1_[Dl‘l 2 ka)(DrOO)( 9,0 ) ‘,

(Do) ccooee §f

ro 0
(r, l)f-‘:(ro 0)

where the variables of summation satisfy the conditions (104). The denominator
of this symbol appearing in (115) is squarefree. The condition ab > 1 implies
¢¢/ {f/ # 1. This symbol is not trivial and its conductor has its norm less than a fixed
power of log X by (114). We can apply Proposition 7 (Siegel-Walfisz Theorem for
privileged primes) in an efficient manner to the (privileged) largest prime divisor of
Dr,,0. as we did in Section 7.5; see formulas (79)—(82). We choose the parameter
A of this Proposition very large, in terms of k, in order to give the bound

(116) SCq(X. k. A) < X(log X)~1=4 1 A+257h),

It remains to sum over all A and to use (107) to complete the proof of Lemma 46.
O

Remark. It is time to explain our choice of the set ‘B3 of privileged primes.
The formulas given in Lemmata 23 and 26 remain true if we replace 7 by 7. Now
suppose that, to each p = 1 mod 4 we associate ¥ (p) := &, where 7 is primary and
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irreducible, and w7 = p. For every p we have two possibilities and any choice of
the function i will equally produce the notion of privileged primes and privileged
factorization (relative to v). All the algebraic transformations on the symbols ()

and ()i will lead to a formula analogous to (115), but relative to yr. However, the

set {¥(p) : p = 1 mod 4} must have some geometric regularity in order to apply
Hecke’s theory used in the proof of Proposition 7. The choice of defining ¥ by
imposing I (¥ (p)) > 0 satisfies this regularity condition and certainly is the most
natural one. This choice of V¥ is crucial only in the proof of (116).

8.4. The final step. By Lemmata 22, 45, and 46 and by symmetry we have
for every k > 0 and for every positive & uniformly for X > 3 the equality

() Soaa(X. k) =2 Z Seua(X. k, A) 4 O (X (log X)_%_ﬁ“),

where the sum is over all the 4k *1 tuples (Ar,i)(r,iyeak+1, satisfying (106) and

(118) [] 42 [] Ars=1.

reak reak
Actually, the condition (118) simply means that we have

Dro=Dr3=1 forallre2¥

in the corresponding summations (104). By (100), for the A satisfying (118), the
sum S, (X, k, A) can be written as

(119)  SS(X.k.A) = kZZ“ (]_[Dr(,]_[D”)

rODrl

D k(r,S)
(1‘[2 (k+1)w(DroD,1)){l—“—[( ro rl) }
sODsl

where
A <Dpj<AAp;, Dr;i €DogqU{1}, and o(Dy;) <’ for all (r,i) €2¥x{0,1}.

Putting back together all the sums S, (X, k, A) appearing in (117) and bounding
the error terms as it was done in Sectlon 8.2, we arrive at the equality

(120)  Sga(X.k)=2"("D X" )2 (HDrol_[Drl)

rODrl

oD, rOD kg (r,s)
<1_[2 (k+1) w(Dy 0D 1))%“1—[( soDsl) }

+ O (X (log X)‘Tzk+2 ),

where the variables Dy o and Dy belong to @4¢ U {1} and satisfy the inequality

[[Deo] [ Der < x.
r r
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Setting Dy = Dy 9Dy,1 (we have 2@(Dr) possibilities) we modify (120) into

Se (X k) =273 u2(TT o) (T2 P { [111] (%)Kk(w}
D, r . I by

I
+ O o(X(log X) 727 2FF2 1),
with the constraints Dy € 9o4qU{1} and [, Dy < X. Lemma 36 implies the equality
S N

od (X k) =2S0aa(X. k) + O (X(log X ) 27 2F+2 +8).

Now we apply Lemma 44 and the previous equality in order to write
mix 1 1 11 ..
Sodd (X k) = 5 Soaa(X.k +1) + 5 Soaa(X. k) + Ok (X(log X) ™27 2FF27%),

Now we incorporate Proposition 11 twice and easily check the equality

N =

k . 1k—1 . k—1 .
[]e’ +D+3 [[e/+D=""+D]]@ +0D.
j=0

j=0 j=0
and finish the proof of Proposition 12.

9. Proof of Theorem 3. Even discriminants

In this section we prove the last part of Theorem 3 which concerns properties
of Deven. Of course there are a lot of resemblance with the study of %,q4 made in
Section 7. Similar to (53) we introduce

(121) Seven(X. k) 1= Y 2krha(Co),

D €%eyen
D<X

Our purpose is to prove

PROPOSITION 13. For every integer k > 0 and for every positive € we have
uniformly for X > 3:
kL 1 1
Seven(X. k) = [ ] (2 + 1) Deven(X) + Op 6 (X (log X) ™27 2FFTF5),
j=0
This proposition is the last part of Theorem 3. Hence, by combination with
Proposition 11, the proof of Theorem 3 will be complete.

9.1. Transformation of Seven(X, k). Let L1:9— {0, 1} defined via L1(3) =1
and L1(0) = L;(1) = L1(2) =0. Now we appeal to Lemma 11 in order to write
for every D € Peyen the following equality which has to be compared with (55):
(122)

12 (Cp) 1 2 Li(r) Dr k1 (r,s)
2ka(Cp) — N —_— .
wom . 2 ((5) )IL(%) )

D=8DgD1D,D3 r,S€E
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Now we raise (122) to the k-th power giving

123) okmatcp) — ! 2\ 0 Dy |k
(123) _2kw(D/8)Z l_[ E 1_[ Fs ,

(Dy) ‘reak r,s€Qk

withr = (r1,...,r¢) and s = (s1, ..., 5;) € 2% and
k

Li(r) =Y Li(r)),
j=1

and the sum being made over all the 4%-tuples (Dy) such that [],cox Dr = D/8.
This equality is the even analogue of (57). We easily see that the even analogue of
Lemma 36 is

LEMMA 47. For every k > 1 and every X > 1 we have the equality

Seven(X. k)= ) (l—[ (D%)Lk(r)) (l_[ z_kw(Dr)) (1_[1:[ (%:)Kk(r,S))’

(Dr)re’:)k reak
where the sum is over all the 4 -tuples (Dy),cok of coprime integers Dy such that

(124) Dy € Boga U {1} and || De < X/8.
reok
We follow the technique employed in Sections 7.2—7.6 to prepare the variables
and to use of the oscillations of the characters with however tiny differences to take
care of the character D, — (D%) When we appeal to Lemma 30, we notice that

the character D, — (D%) (%:) has conductor 8 Ds.
Recall that, by the bijection ¢y (see §7.6), we can work with indices taken in

[F%k, hence, foru = (uy,...,us) € [F%k we define the function A by

k
Ae(w) = Le (o' (W) =D uzj—quz;.

j=1
Then we arrive at the analogue of (86):
(125)
9\ Ak @
St =X Y Y a([Toa(IT(2) ) (o)
U A (Dyuen u u u u

_1__ 1
+ O(X(log X)™ 27 2FTFe),

where the first sum is over all the maximal unlinked subsets U of I]:gk, the second
sum is over all A, associated to U and satisfying

[T4u<a"*x/8.
u
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and the last sum is over all (Dy) with
Ay = Dy < AAy, Dy € Doga, w(Dy) <2,

for all u € L. By definition, if A is associated to U, we have Ay > X ¥ if and only
if u € AU. Otherwise we have 4, = 1.

9.2. Oscillations of the symbol (2) We can restrict the set of summation on
U in (125) by considering the oscillations of the symbol (D%,) as follows. Let U
be a maximal unlinked subset of [F%k such that there exists an ug € U satisfying

Ax(up) =1 and let A associated to U. By definition we have Ay, > X *. Then for
every B > 0 we have

’ koD 2 A (ug) B
(126) > ([ | Du)2*@Pw (D_) <p Au log % X,
u

AUOSDu0<AAuO ug
Duy €Dodd. @ (Duy) =2
by applying Lemma 30 to the character (%), where p is the largest prime divisor of

D, to express that p is uniformly distributed between the classes 1 and 5 mod 8.
The technique is the same as in Section 7.5. Then for such an A we trivially
sum over the corresponding Dy (u # ugy) and see that the corresponding sum is
<« X(log X)™B. Choosing B very large, we see that (125) remains true if we
restrict the sum over the U (maximal unlinked subset of [F%k), such that A (u) =0
for each u € AU.

By the same technique which led from (87) to Lemma 42 and which glues
back the intervals of summation of the Dy, we finally prove

PROPOSITION 14. For every integer k > 1 and for every positive &€ we have
uniformly for X > 3 that

1__1
(127)  Seven(X, k) = 1 MF* (k) - Deven(X) + O o (X (log X) ™27 2FF1 ),
where MS* (k) is the set of maximal unlinked subsets . in [F%k with A (U) = {0}.

9.3. Computation of f MF* (k). By Lemma 41 we know that every maximal
unlinked subset of [F%k is of the form AU = AUg + ¢ where ¢ is any element of F2k,
and g is a maximal unlinked vector subspace of F2X.

LEMMA 48. Let Ug be a given maximal vector subspace of F2k | and let
@(Wo) := {c € F2¥ : Ag(c+u) =0 forallu e Up}.
Then we have the equality
(128) € (Uo) = pr + Uo.
where p, = (0,1,...,0,1).



ON THE NEGATIVE PELL EQUATION 2099

Proof. This is an exercise in linear algebra (see [11, Lemma 36]). First of all,
we trivially see that €(Ug) is stable by translation by any vector of AUy, in other
words

(129) € (Up) + Up = 6(Uop).-
Remember that P, (u) = uy + ujus + - + Uog—1 + Uop_1Usi = O for every
u € AUg. This allows us to write
@) = {c € F3* : Ax(c) =0 and (cz + Duy

+cruz + -4 (c2x + Duog—1 + cop—1uzx = 0 for all u € Up}.
We see that p; belongs to €(Ug). Since the bilinear form

(u,v) =uiva +usvy + -+ Upk—1V2k + Uk Vok—1
is nondegenerate and since 9o has dimension &, the equation
(c2+ Dui +crup +-- -+ (cop + Dtpg—1 + cop—1t2k =0
implies that €(Uy) is included in an affine subspace of dimension k containing py.
Combining this last property with (129), we obtain (128). O
From Lemma 48 we deduce the equality
T ML (k) = g MF* (k).

By Lemma 43 we know the cardinality ff MF (k) of the set of Ug and by Proposition
14, we finish the proof of Proposition 13.

10. Proof of Theorem 4. Even discriminants

In order to prove the even part of Theorem 4, we introduce

SMIX (X ) 1= Z 2k 1ka(Cp) pka(Clp)

even

D E%even
D<X

and we shall prove

PROPOSITION 15. For every integer k > 0 and for every positive € we have

uniformly for X > 3:
. k-t 1 1
SIX (X, k) = QT+ D) [T @ + 1) Deven(X) + Op (X (log X) 7272672 7).
Jj=0

Of course, the proof has much to do with what was done in Section 8§, but the
symbols containing 2 create extra difficulty. To express 2k k4(Csp) we shall use
(123) and for 2%4(CIp) we appeal to the second part of Theorem 6, which we write

2rka(Csp)

(130) ke (Clsp) — —— +2(D),
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with obvious notations. The expression (130) splits S™* (X, k) into

even

1
(131) Sle(Xsk):E'Seven(X:k‘{‘l)‘{‘G(Xvk)s

even

where Seven(X, k) is defined in (121) and studied in Proposition 13, and
(132)

| Li(r)
G(X,k)zi Z 2(k+1)w(D) Z (1_[( r) )

D €%y4q ,-) (E) reglk

D<X/8
D\ T\ 2 € &
x( I (_r) )( _) 01 [5253,2]4,
. \Ds ¢/ /4\ &8s 4

r,s€

where the sums are over D € @oqq, D < X /8, and over (Dy),eox and (E;);ea such

that
D=]]D:=]]E:.

reak i€l

and E; = ;¢ is the privileged factorization of E;.

10.1. Study of G(X, k). Starting from (132), and by applying the same pro-
cess as in Sections 8.3 and 8.4 we introduce

Dy; =g.cd.(Dy, E;),

forr € 9K and i €9, to finally write the even analogue of (100):

(133) G(X.k)= (DZ) ]:[Drz (Hz—(k+1)w(or,i)){lr—l[!—][( )Kk(l‘s)}
A i) )

X(H(Dzr,i)Lk(r)) (H (©r2©r3) )[HD”D”’ } ’

r,i

where

e the indices r and s belong to 9k,
e the indices i and j belong to 2,
o the 4%+ 1 tuples (Dy,;) satisfy

(134) Dyj€@osgU{l}and [] []Dri <X/8.
reak i€2
o Dy; =D,;Dy; is the privileged factorization of Dy ;.

Our next task is to detect the main terms in (133), by following the path of
Section 8.3. However, there is a big difference in the present situation since there
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is no more symmetry between the pairs of indices {0, 1} and {2, 3}. By the same
approach, leading to (120), we have

! 3=y +e
(135 G(X.k) = 3 (Goa(X. k) + Ga3(X.K)) + O(X(log X) 252 *),
with

(136)

Goa(X. k)= "> "u? (]_[ DroDr., 1) (1‘[ 2—(k+1)w(Dr,oD,,l))
Dy,0 Dr,1
r,0Dr,1 <k (r.5) o) L (r)
{l_[l_[( sODsl) é(U(Dr,ODr,l) )’
and

(137)  Gos(X.k)=)_ > p? (l‘[ D Dm) (l—[ 2—(k+1)w<or.zbr,3>)
D.5 Dy 3 r r

AN (a52) (0 (ss) )
X(l:[(@n@w) )|:1_[Dr2Dr3’ i|

where the variables of summations satisfy (134). In (136), we write Dy = Dy oDy 1
and we see at once the equality (see Lemma 47):

(138)  Go1(X. k) = Seven(X. k) + Op o (X(log X) 25672 +%),

But G, 3(X, k) is an error term because of the oscillations of the symbols
containing 2. To prove this, we argue as in Sections 8.2 and 8.3. First of all, we
split the summations in (137) in order to make the variables D,; (i = 2 or 3)
independent. This means that we split the summation into subsums corresponding
to the extra inequalities

Ar,i = Dr,i < AAr,i, CU(Dr,i) = Q' (l =2, 3)
with an admissible error (2 is defined in (102)). We may also suppose that

(139) X3 <[ Ar2drs <A~ x/8

with an admissible error.
For notational simplicity, we suppose that the largest A, ; is of the form Ay, 2,

x4~ kHD

hence it is greater than . We consider two cases:

e There is an index (sg, 2) satisfying

(140)  Aryz > Ag2 > (log X)101% and ke (ry. s) + ki (S0, o) = 1 mod 2.
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The last condition means that the indices rg and sg are linked. The symbol (g"“;)
S0 -
is really present in (137) and the associated variables are large. Hence Lemma 33

is efficient. The same holds if the index (sg, 2) is replaced by (so, 3).

o All the variables which are linked with Dy, > are small (which means that
their sizes do not satisfy the inequality in (140)). Let d be the product of these
variables. Note that d = 1 mod 4 is an integer. This integer d may be equal to 1
but it is less than some power of log X. The sum we are studying can be written
as

Dy 2
(141) S:=) "> "agy »_ 27 kiDeDn2) (_0’2)( ) [d€Dry 2, 2]4,
L Dr0.2 d ®r0,2 4

d

or as its conjugate, according to the value of Ly (r¢). In (141), oty ¢ is some complex
number with modulus less than one, the product d €Dy, » replaces [ [, Dy 2 Dy, 3.
We apply the last part of Proposition 7 to the largest prime privileged divisor of
Dy, .2 (as we did several times before) by using the equality

Dr0,2 — ®r0,2 2
d d )

S < (]_[ Ar,zAr,3)(1og X)"B « X(log X)~B,
r

This leads to

for any constant B. Summing over all the A, ; satisfying (139), we get

B W T
(142) G23(X. k) = O o(X(log X) 27 2kF27°),
Inserting (138) and (142) in (135), we get

1 S R
G(X.k) = 5 Sexen(X. k) + O (X (log X) b5 o)

k—1
1 ; S W
=3 [T + 1) Bae(X) + O(X(log )27 +)
j=0
by Proposition 13. It remains to insert this equality into (131), to apply Proposition
13 to Seven(X, k + 1) and to sum the coefficients of the main terms to conclude the
proof of Proposition 15.

Acknowledgements. The authors are grateful to A. Faisant, E. Kowalski, Ph.
Michel, and P. Sarnak for interesting conversations about our results.

References

[1] V. BLOMER, On the negative Pell equation, 2006, preprint.

[2] J. BRUDERN, Einfiihrung in die Analytische Zahlentheorie, Springer-Lehrbuch, Berlin, 1995.
Zb1 0830.11001



ON THE NEGATIVE PELL EQUATION 2103

[3] H. COHEN and H. W. LENSTRA, JR., Heuristics on class groups of number fields, in Number
Theory (Noordwijkerhout, 1983), Lecture Notes in Math. 1068, Springer-Verlag, New York,
1984, pp. 33-62. MR 85j:11144 Zbl 0558.12002

[4] H. COHN, A Classical Invitation to Algebraic Numbers and Class Fields, Springer-Verlag, New
York, 1978. MR 80c:12001 Zbl 0395.12001

[S] L. COMTET, Advanced Combinatorics, enlarged ed., D. Reidel Publishing Co., Dordrecht,
1974. MR 57 #124 Zbl 0283.05001

[6] H.DAVENPORT, Multiplicative Number Theory, second ed., Grad. Texts Math. 74, Springer-
Verlag, New York, 1980, Revised by Hugh L. Montgomery. MR 82m:10001 Zbl 0453.10002

[71 J. A. DIEUDONNE, La Géométrie des Groupes Classiques, Springer-Verlag, New York, 1971.
MR 46 #9186 Zbl 0221.20056

[8] P. G. L. DIRICHLET, Vorlesungen iiber Zahlentheorie, Chelsea Publishing Co., New York,
1968. MR 38 #5573

[9] T. ESTERMANN, Introduction to Modern Prime Number Theory, Cambridge Tracts Math. and
Math. Phys. 41, Cambridge, at the Univ. Press, Cambridge, 1952. MR 13,915b Zbl 0049.03103

[10] E. FOUVRY and J. KLUNERS, Cohen-Lenstra heuristics of quadratic number fields, in Algo-
rithmic Number Theory, Lecture Notes in Comput. Sci. 4076, Springer-Verlag, New York, 2006,
pp. 40-55. MR 2008f:11125 Zbl 1143.11352

[11] , On the 4-rank of class groups of quadratic number fields, Invent. Math. 167 (2007),
455-513. MR 2007k:11187 Zbl 1126.11062
[12] , The parity of the period of the continued fraction of Vd, PLMS 101 (2010), 337-391.

[13] J. FRIEDLANDER and H. IWANIEC, The polynomial X2 4 Y# captures its primes, Ann. of
Math. 148 (1998), 945-1040. MR 2000c:11150a Zbl 0926.11068

[14] F. GERTH, III, The 4-class ranks of quadratic fields, Invent. Math. 77 (1984), 489-515. MR
85j:11137 Zbl 0533.12004

[15] L. J. GOLDSTEIN, A generalization of the Siegel-Walfisz theorem, Trans. Amer. Math. Soc.
149 (1970), 417-429. MR 43 #181 Zbl 0201.05701

[16] G. H. HARDY and S. RAMANUJAN, The normal number of prime factors of a number n, Quart.
J. Math. 48 (1920), 76-92, see also Collected Works of G. H. Hardy, Vol. 11, Oxford Univ. Press,
1967, 100-113.

[17] H. HASSE, Number Theory, Grundl. Math. Wissen. 229, Springer-Verlag, New York, 1980.
MR 81¢:12001b Zbl 0423.12002

[18] D. R. HEATH-BROWN, The size of Selmer groups for the congruent number problem. I, Invent.
Math. 118 (1994), 331-370. MR 95h:11064 Zbl 0815.11032

, A mean value estimate for real character sums, Acta Arith. 72 (1995), 235-275.

MR 96h:11081 Zbl 0828.11040

, Kummer’s conjecture for cubic Gauss sums, Israel J. Math. 120 (2000), 97-124.
MR 2001m:11134 Zbl 0989.11042

[21] E. HECKE, Eine neue Art von Zetafunktionen und ihre Beziehungen zur Verteilung der Prim-
zahlen, Math. Z. 6 (1920), 11-51. MR 1544392 JFM 47.0152.01

, Lectures on the Theory of Algebraic Numbers, Grad. Texts Math. 77, Springer-Verlag,
New York, 1981. MR 83m:12001 Zbl 0504.12001

[23] H. HEILBRONN, On the averages of some arithmetical functions of two variables, Mathematika
5(1958), 1-7. MR 20 #3831 Zbl 0125.02604

[24] C. HOOLEY, On the Pellian equation and the class number of indefinite binary quadratic forms,
J. Reine Angew. Math. 353 (1984), 98-131. MR 86d:11032 Zbl 0539.10019

[25] K. IRELAND and M. ROSEN, A Classical Introduction to Modern Number Theory, second ed.,
Grad. Texts Math. 84, Springer-Verlag, New York, 1990. MR 92¢:11001 Zbl 0712.11001

[26] H. IWANIEC and E. KOWALSKI, Analytic Number Theory, Amer. Math. Soc. Collog. Publ. 53,
Amer. Math. Soc., Providence, RI, 2004. MR 2005h:11005 Zbl 1059.11001

(19]

(20]

(22]




2104 ETIENNE FOUVRY and JURGEN KLUNERS

[27] G.J. JANUSZ, Algebraic Number Fields, second ed., Grad. Stud. Math.s 7, Amer. Math. Soc.,
Providence, RI, 1996. MR 96j:11137 Zbl 0854.11001

[28] M. KAROUBI and T. LAMBRE, Sur la K-théorie du foncteur norme, J. Algebra 321 (2009),
2754-2781. MR 2010g:11199 Zbl 1178.19003

[29] F. LEMMERMEYER, The 4-class group of real quadratic number fields, preprint. Available at
http://www.rzuser.uni-heidelberg.de/~hb3/rank4.ps Zbl 0634.12008

[30] S. LOUBOUTIN, Groupes des classes d’idéaux triviaux, Acta Arith. 54 (1989), 61-74. MR 91a:
11051

[31] T. MITSuUIL, Generalized prime number theorem, Jap. J. Math. 26 (1956), 1-42. MR 19,1161g
7Zbl 0126.27503

[32] W. NARKIEWICZ, Elementary and Analytic Theory of Algebraic Numbers, second ed., Springer-
Verlag, New York, 1990. MR 91h:11107 Zbl 0717.11045

[33] L. REDEI, Arithmetischer Beweis des Satzes iiber die Anzahl der durch vier teilbaren Invari-
anten der absoluten Klassengruppe im quadratischen Zahlkorper, J. Reine Angew. Math. 171
(1934), 55-60. Zbl 0009.05101 JFM 60.0125.02

, Eine obere Schranke der Anzahl der durch vier teilbaren invarianten der absoluten
Klassengruppe im quadratischen Zahlkorper, J. Reine Angew. Math. 171 (1934), 61-64. Zbl
0010.33801

, Uber die Grundeinheit und die durch 8 teilbaren Invarianten der absoluten Klassen-
gruppe im quadratischen Zahlkorper, J. Reine Angew. Math. 171 (1934), 131-148. Zbl 0010.
33802

[36] L. REDEI and H. REICHARDT, Die Anzahl der durch 4 teilbaren Invarianten der Klassen-
gruppe eines beliebigen quadratischen Zahlkorpers, J. Reine Angew. Math. 170 (1933), 69-74.
Zbl 0009.29401

[37]1 G.J. RIEGER, Uber die Anzahl der als Summe von zwei Quadraten darstellbaren und in einer
primen Restklasse gelegenen Zahlen unterhalb einer positiven Schranke. II, J. Reine Angew.
Math. 217 (1965), 200-216. MR 30 #4734 Zbl 0141.04305

[38] A. ScHOLZ, Uber die Losbarkeit der Gleichung t2 — Du? = —4, Math. Z. 39 (1935), 95-111.
MR 1545490

[39] J.-P. SERRE, Local Fields, Grad. Texts Math. 67, Springer-Verlag, New York, 1979. MR 82e:
12016 Zbl 0423.12016

[40] P. SHIU, A Brun-Titchmarsh theorem for multiplicative functions, J. Reine Angew. Math. 313
(1980), 161-170. MR 81h:10065 Zbl 0412.10030

[41] P. STEVENHAGEN, The number of real quadratic fields having units of negative norm, Experi-
ment. Math. 2 (1993), 121-136. MR 94k:11120 Zbl 0792.11041

[42] A. WEIL, Number Theory: An Approach Through History, From Hammurapi to Legendre,
Birkhéuser, Boston, MA, 1984. MR 85¢:01004 Zbl 0531.10001

(34]

(35]

(Received July 5, 2007)
(Revised July 25, 2008)

E-mail address: Etienne.Fouvry @math.u-psud.fr

UNIVERSITE PARIS-SUD, LABORATOIRE DE MATHEMATIQUE, UMR 8628,
CNRS, F-91405 OrRsAY CEDEX, FRANCE
http:/www.math.u-psud.fr/~fouvry/

E-mail address: klueners @math.uni-paderborn.de
UNIVERSITAT PADERBORN, INSTITUT FUR MATHEMATIK, 33095 PADERBORN, GERMANY

http://www?2.math.uni-paderborn.de/people/juergen-klueners.html



ISSN 0003-486X
ANNALS OF MATHEMATICS

This periodical is published bimonthly by the Department of Mathematics at Princeton University
with the cooperation of the Institute for Advanced Study. Annals is typeset in TgX by Sarah R.
Warren and produced by Mathematical Sciences Publishers. The six numbers each year are divided
into two volumes of three numbers each.

Editorial correspondence

Papers submitted for publication and editorial correspondence should be addressed to Maureen
Schupsky, Annals of Mathematics, Fine Hall-Washington Road, Princeton University, Princeton, NJ,
08544-1000 U.S.A. The e-mail address is annals @math.princeton.edu.

Preparing and submitting papers

The Annals requests that all papers include an abstract of about 150 words which explains to the
nonspecialist mathematician what the paper is about. It should not make any reference to the
bibliography. Authors are encouraged to initially submit their papers electronically and in PDF
format. Please send the file to: annals@math.princeton.edu or to the Mathematics e-print arXiv:
front.math.ucdavis.edu/submissions. If a paper is submitted through the arXiv, then please e-mail us
with the arXiv number of the paper.

Proofs

A PDF file of the galley proof will be sent to the corresponding author for correction. If requested, a
paper copy will also be sent to the author.

Offprints

Authors of single-authored papers will receive 30 oftprints. (Authors of papers with one co-author
will receive 15 offprints, and authors of papers with two or more co-authors will receive 10 offprints.)
Extra offprints may be purchased through the editorial office.

Subscriptions

The price for a print and online subscription, or an online-only subscription, is $390 per year for
institutions. In addition, there is a postage surcharge of $40 for print subscriptions that are mailed to
countries outside of the United States. Individuals interested in subscriptions for their own personal
use should contact the publisher at the address below. Subscriptions and changes of address should
be sent to Mathematical Sciences Publishers, Department of Mathematics, University of California,
Berkeley, CA 94720-3840 (e-mail: contact@mathscipub.org; phone: 1-510-643-8638; fax: 1-510-
295-2608). (Checks should be made payable to “Mathematical Sciences Publishers”.)

Back issues and reprints

Orders for missing issues and back issues should be sent to Mathematical Sciences Publishers at
the above address. Claims for missing issues must be made within 12 months of the publication
date. Online versions of papers published five or more years ago are available through JSTOR
(WWw.jstor.org).

Microfilm

Beginning with Volume 1, microfilm may be purchased from NA Publishing, Inc., 4750 Venture
Drive, Suite 400, PO Box 998, Ann Arbor, MI 48106-0998; phone: 1-800-420-6272 or 734-302-
6500; email: info@napubco.com, website: www.napubco.com/contact.html.

ALL RIGHTS RESERVED UNDER THE BERNE CONVENTION AND
THE UNIVERSAL COPYRIGHT CONVENTION

Copyright © 2010 by Princeton University (Mathematics Department)
Printed in U.S.A. by Sheridan Printing Company, Inc., Alpha, NJ



TABLE OF CONTENTS

SHIGERU MUKAI Curves and symmetric spaces, IT....................... 1539-1558
MANJUL BHARGAVA. The density of discriminants of quintic rings and

IS O ol e O A b B oo T G 71 NS Bl 4 ey rat 5 1559-1591
SHUJI SAITO and KANETOMO SATO. A finiteness theorem for zero-cycles

oveLep=adiC fields - it wr T M R i e R e e S A e 1593-1639
SYLVAIN CROVISIER. Birth of homoclinic intersections: a model for the

central dynamics of partially hyperbolic systems....................... 1641-1677

JOSEPH BERNSTEIN and ANDRE REZNIKOV. Subconvexity bounds for
triple L-functions and representation theory........................... 1679-1718

SANDOR J KovAcs and MAX LIEBLICH. Boundedness of families of
canonically polarized manifolds: A higher dimensional analogue of

Shafarevichisieon|ceture SHts Rt S RaN s HE S S U S S i e | 1719-1748
ANDREI TELEMAN. Instantons and curves on class VII surfaces .......... 1749-1804
DANIJELA DAMJANOVIC and ANATOLE KATOK. Local rigidity of partially

hyperbolic actions I. KAM method and Z¥ actions on the torus........ 1805-1858
JORGE LAURET. Einstein solvmanifolds are standard..................... 18591877

PascaL CoLLIN and HAROLD ROSENBERG. Construction of harmonic
diffeomorphisms and minimal graphs ............. ..o, 1879-1906

JoHN LEwis and KAJ NYSTROM. Boundary behavior and the Martin
boundary problem for p harmonic functions in Lipschitz domains... ... 1907-1948

JENS MARKLOF and ANDREAS STROMBERGSSON. The distribution of free
path lengths in the periodic Lorentz gas and related lattice point

Problems sy s wds. Wi et SV ad T anaNed Ty UM Y oHes Wil ol R R e 1949-2033
ETIENNE FOUVRY and JURGEN KLUNERS. On the negative Pell

cqQUATIOMEA. 2 U o S e e L e, ST e AR 2035-2104
LEx G. OVERSTEEGEN and EDWARD D. TYMCHATYN. Extending

1S01EPIESSOLPlaAN AT COIMITIIE = 5% - - oo St s ot e oo e ) S 5 2105-2133
JAN BRUINIER and KEN ONO. Heegner divisors, L-functions and

harmonic weak Maass formns. X, .55t o 02 el = R 2135-2181
FLORIAN PoB. Henselian implies large .~ -5 o oo oils o8 2183-2195

MIKHAIL BELOLIPETSKY, T'SACHIK GELANDER, ALEXANDER LUBOTZKY
and ANER SHALEV. Counting arithmetic lattices and surfaces......... 2197-2221

SASHA SODIN. The spectral edge of some random band matrices ......... 2223-2251



	
	
	

