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Abstract

We introduce complex cones and associated projective gauges, generalizing
a real Birkhoff cone and its Hilbert metric to complex vector spaces. We de-
duce a variety of spectral gap theorems in complex Banach spaces. We prove a
dominated complex cone contraction theorem and use it to extend the classical
Perron-Frobenius Theorem to complex matrices, Jentzsch’s Theorem to complex
integral operators, a Krein-Rutman Theorem to compact and quasi-compact com-
plex operators and a Ruelle-Perron-Frobenius Theorem to complex transfer op-
erators in dynamical systems. In the simplest case of a complex n by n matrix
A € M, (C) we have the following statement: Suppose that 0 < ¢ < 400 is such
that |Im A4;; Amn| <c <Re Ajj Apmn for all indices. Then A has a ‘spectral gap’.

1. Introduction

The Perron-Frobenius Theorem [Per07], [Fro0O8] asserts that a real square
matrix with strictly positive entries has a ‘spectral gap’, i.e. the matrix has a positive
simple eigenvalue and all other eigenvalues are strictly smaller in modulus. More
generally, let A be a bounded linear operator acting upon a real or complex Banach
space and write r,(A) for its spectral radius. We say that A has a spectral gap if
(1) it has a simple isolated eigenvalue A, the modulus of which equals r4,(A) and
(2) the remaining part of the spectrum is contained in a disk centered at zero and
of radius strictly smaller than r,(A).

Jentzsch generalized in [Jen12] the Perron-Frobenius Theorem to integral op-
erators with a strictly positive continuous kernel. Krein-Rutman [KR48, Th. 6.3]
(see also [Rut40] and [Rot44]) gave an abstract setting of this result by consider-
ing a punctured, real, closed cone mapped to its interior by a compact operator.
Compactness of the operator essentially reduces the problem to finite dimensions.
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Birkhoff, in a seminal paper [Bir57], developed a more elementary and in-
tuitive (at least in our opinion) Perron-Frobenius ‘theory’ by considering the pro-
jective contraction of a cone equipped with its associated Hilbert metric. Birkhoff
noted that this projective metric satisfies a contraction principle, i.e. any linear map
preserving the cone is a contraction for the metric and the contraction is strict and
uniform if the image of the cone has finite projective diameter.

All these results, or rather their proofs, make use of the ‘lattice’-structure
induced by a real cone on a real Banach space (see [Bir67] and also [MN91]). On
the other hand, from complex analysis we know that the Poincaré metric on the unit
disk, D ={z € C: |z| < 1}, and the induced metric on a hyperbolic Riemann surface
enjoy properties similar to the Hilbert metric, in particular a contraction principle
with respect to conformal maps. More precisely, if ¢ : U — V' is a conformal map
between hyperbolic Riemann surfaces then its hyperbolic derivative never exceeds
one. The map is a strict contraction unless it is a bijection (see e.g. [CG93, Ch. 1.4:
Ths. 4.1 and 4.2]). By considering analytic images of complex discs Kobayashi
[Kob67], [Kob70] (see also [Ves76]) constructed a hyperbolic metric on complex
(hyperbolic) manifolds, a tool with many applications also in infinite dimensions
(see e.g. [Rug02, App. D]).

Given a real cone contraction, perturbation theory allows one on abstract
grounds, to consider ‘small’ complex perturbations but uniform estimates are usu-
ally hard to obtain. Uniform complex estimates are needed e.g. when (see e.g.
[NN87], [BRS05]) proving local limit theorems and refined large deviation the-
orems for Markov additive processes and also (see e.g. [Rue79], [Rug02]) for
studying the regularity of characteristic exponents for time-dependent and/or ran-
dom dynamical systems (see §10 below). It is desirable to obtain a description
of a projective contraction and, in particular, a spectral gap condition for complex
operators without the restrictions imposed by perturbation theory. We describe in
the following how one may accomplish this goal.

In Section 2 we introduce families of C-invariant cones in complex Banach
spaces and a theory for the projective contraction of such cones. The central idea
is simple, namely to use the Poincaré metric as a ‘gauge’ on two-dimensional
affine sections of a complex cone. At first sight, this looks like the Kobayashi
construction. A major difference, however, is that we only consider disk images
in two-dimensional subspaces. Also we do not take infimum over chains (so as to
obtain a triangular inequality, see Appendix A). This adapts well to the study of lin-
ear operators and makes computations much easier than for the general Kobayashi
metric. Lemma 2.3 shows that this gauge is indeed projective. The contraction
principle for the Poincaré metric translates into a contraction principle for the gauge
and, under additional regularity assumptions, developed in Section 3, into a projec-
tive contraction, and finally a spectral gap, with respect to the Banach space norm.
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In Sections 4 and 5 we consider real cones and define their canonical complex-
ification. For example, C' ={u € C" : |u; +u;| > |u; —u;[, Vi, j} ={u e C":
Rew;u; > 0,V1i,j} is the canonical complexification of the standard real cone,
R’ . We show that our complex cone contraction yields a genuine extension of the
Birkhoff cone contraction: A real Birkhoff cone is isometrically embedded into
its canonical complexification. It enjoys here the same contraction properties with
respect to linear operators. We obtain then in Section 6 one of our main results:
When a complex operator is dominated by a sufficiently regular real cone contrac-
tion (Assumption 6.1) then (Theorem 6.3) the complex operator has a spectral gap.
It is of interest to note that the conditions on the complex operator are expressed in
terms of a real cone and, at least in some cases, are very easy to verify. Sections 7-9
thus present a selection of complex analogues of well-known real cone contraction
theorems: A Perron-Frobenius Theorem for complex matrices (as stated at the
end of the abstract), Jentzsch’s Theorem for complex integral operators, a Krein-
Rutman Theorem for compact and quasi-compact complex operators and a Ruelle-
Perron-Frobenius Theorem for complex transfer operators. In Section 10 we prove
results on the regularity of characteristic exponents of products of random complex
cone contractions. Finally, in Section 11 we discuss how our results compare to
those of perturbation theory.

2. Complex cones and gauges

Let C = CU {oo} denote the Riemann sphere. When U C Cis an open
connected subset avoiding at least three points one says that the set is hyperbolic.
We write dy for the corresponding hyperbolic metric. We refer to [CG93, Ch. 1.4]
or [Mil99, Ch. 2] for the properties of the hyperbolic metric which we use in the
present paper. As normalization we use ds = 2|dz|/(1 — |z|?) on the unit disk D
and the metric dyy on U induced by a Riemann mapping ¢ : D — U. One then has:

1
2.1 dp(0,z) =log ﬂ |z| = tanh

dp(0, z)
1—|z|’ .

2

Let £ be a complex topological vector space. We denote by Span{x, y} =
{Ax 4+ uy : A, u € C} the complex subspace generated by two vectors x and y in E.

Definition 2.1. (1) We say that a subset € C E is a closed complex cone if it
is closed in E, C-invariant (i.e. € = C ) and ¢ # {0}.

(2) We say that the closed complex cone @ is proper if it contains no complex
planes, i.e. if x and y are independent vectors then Span{x, y} ¢ €.

Throughout this paper we will simply refer to a proper closed complex cone
as a C-cone.
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Let 6 be a C-cone. Given a pair of nonzero vectors, x, y € €* = € — {0}, we
consider the subcone: Span{x, y} N %. We wish to construct a ‘projective distance’
between the complex lines Cx and Cy within this subcone. We do this by consid-
ering the complex affine plane through 2x and 2y, choosing coordinates as follows
(Lemma 2.3 below implies that the choice of affine plane is of no importance):

22) D(x,y)=D(x,y;€)={AeC:(1+M)x+(1-1)ye® cC,

with the convention that co € D(x, y) if and only if x — y € €. The interior of
this “slice” is denoted D°(x, y) (for the spherical topology on @) Continuity of
the canomcal mapping C> — Span{x, y} implies that D = D(x, y) is a closed
subset of C. As the cone is proper, D C C is a strict subset so that C— D is open
and nonempty, whence it contains (more than) three points. If, in addition, D? is
connected it is a hyperbolic Riemann surface ([CG93, Th. 1.3.1]).

Definition 2.2. Given a C-cone, we define the gauge, d¢ : €* x€* — [0, +0o¢],
between two points x, y € 6* as follows: When two vectors are co-linear we set
de¢(x,y) = 0. If they are linearly independent and —1 and 1 belong to the same
connected component U of D?(x, y) we set:

(2.3) de(x,y) = dy(—1,1) > 0.

In all remaining cases, we set d¢ = 00.
When V C € is a (sub-)cone of the C-cone 6 we write

diamg(V*) = sup dg(x,y) €0, +o0]
x,yeV*

for the projective ‘diameter’ of V in €. We call it a diameter even though the
gauge need not verify the triangular inequality, whence it need not be a metric (see
Appendix A for more on this issue).

LEMMA 2.3. Let € be a C-cone. The gauge on the cone is symmetric and
projective, i.e. for x,y € €* and a € C*:

de(y,x) =de(x,y) =delax,y) = de¢(x,ay).
Proof. For (1 + pw)a + (1 — ) # 0 we write

_(d+watd-p
2

I+wax+1—wp)y (I+R)x+(1-=R)y)

with

1+ wa—(1-p)

(I+ma+(1—p)

Then R, extends to a conformal bijection R, : t € D(ax,y) — Ry(u) € D(x,y)
(a Mobius transformation of @) preserving —1 and 1. The hyperbolic metric is
invariant under such transformations so indeed d¢(x, y) = d¢(ax, y) (but both

R=Rq(p) =
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could be infinite). Similarly, the map A — —A yields a conformal bijection between
the domains D(x, y) and D(y, x), interchanging —1 and 1, and the symmetry
follows. O

LEMMA 2.4. Let T : E1 — E» be a complex linear map between topological
vector spaces and let €1 C E1 and €3 C E3 be C-cones for which T (€7) C €3.
Then the map,

T : ((6*, d‘@l) — ((@; dt@z),

is a contraction. If the image has finite diameter, i.e. A = diamq;; T6T < oo,
then the contraction is strict and uniform. More precisely, there is n = n(A) < 1
(depending on A only) for which

de,(Tx, Ty) <nde,(x,y), Vx,y €]

Proof. Let x,y € 6T and set Dy = D(x, y;%61) and D, = D(Tx,Ty; %)
for which we have
{-1,1} c Dy Cc D CC.

Suppose that T'x, Ty € € are linearly independent and that D, and D are hyper-
bolic (if not, d¢, (T x, T'y) vanishes and we are through). Since shrinking a domain
increases hyperbolic distances, it follows that de, (T'x, Ty) < d¢, (x, y) (although
both could be infinite).

Suppose now that A < +o00. Then —1 and 1 belong to the same connected
component, V, of D°(Tx, Ty). We may suppose that —1 and 1 also belong to
the same connected component, U, of D?(x, y) (or else d¢, (x,y) = 0o) and we
are through). Our assumptions imply that U C V is a strict inclusion and that
diamy (U) < A. Choose A € U and pick p € V' \ U for which dy (A, p) < A (this
is possible as the inclusion U C V is strict and the diameter of U did not exceed A).
The inclusion U < V —{p} is nonexpanding and the inclusion V —{p} — V is
a contraction which has hyperbolic derivative uniformly smaller than some 1 =
n(A) < 1 on the punctured A-neighborhood, By (p, A)*, of p (see Remark 2.5).
In particular, the composed map (see Figure 1) U < V —{p} < V' has hyperbolic
derivative smaller than n(A) at A € By (p, A)*. As A € U was arbitrary this is true
at any point along a geodesic joining —1 and 1 in U so that

de;(Tx, Ty) =dy(=1.1) =ndy(=1,1) =nde, (x, ). o

Remark 2.5. An explicit bound may be given using the expression ds =
|dz|/(|z|log é) for the metric on the punctured disk at z € D* (see e.g. [Mil99,

Ex. 2.8]). Denoting, ¢ = tanh A /2, we obtain the bound, n(A) = 1322 log% =

sinh(A) log(coth %) < 1. Often, however, it is possible to improve this bound.
For example, suppose that U is contractible in V' (e.g. if V' is simply connected)
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V—{p}

Figure 1. The sequence of inclusions U < V — {p} < V in the
proof of Lemma 2.4

and that U is contained in a hyperbolic ball of radius 0 < R < oo. Lifting to the
universal cover we may assume that V =D and that U = {z € D : |z| < ¢} with

0 <t =tanh § < 1. The inclusion (U, dy) — (D, dp) has hyperbolic derivative
1—|z|?/t?
1—|z|2
constant. Recall that for a real Birkhoff cone [Bir57] one may take n = tanh % (an

open interval in R of diameter A is a ball of radius A /2 in R).

<t for z € U. We may thus use n = tanh g < 1 for the contraction

3. Complex Banach spaces and regularity of C-cones

Let X be a complex Banach space and let ‘€ C X be a C-cone (Definition
2.1). We denote by X’ the dual of X and we write (-, -) for the canonical duality
X’x X — C. We will consider a bounded linear operator 7 € L(X) which preserves
%™ and is a strict and uniform contraction with respect to our gauge on 6. We seek
conditions that assure: (1) The presence of an invariant complex line (existence of
an eigenvector of nonzero eigenvalue) and (2) A spectral gap. In short, an invariant
line appears when the cone is not too ‘wide’ and the spectral gap when, in addition,
the cone is not too ‘thin’.

Definition 3.1. Let € C X be a closed complex cone in a complex Banach
space (in §4 we will use the very same definition for a real cone in a real Banach
space). When m € X’ is a nonzero functional, bounded on the vector space gener-
ated by 46, we define the aperture of € relative to m:

K(€;m) = sup W € [1, +o0].
ueer |(m,u)l
We define the aperture of € to be: K(€) =  inf  K(6;m) € [1, +00]. When
meX’',m+#0

K(€) < +o00 we say that € is of bounded aperture (or of K-bounded aperture with
K(%) < K < +o0 if we want to emphasize a value of the bounding constant).

Definition 3.2. (1) We call ‘€ inner regular if it has nonempty interior in X.
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We say that € is reproducing (or generating) if there is a constant g < 400
such that for every x € X we may find x1, x, € 6 for which x = x; + x, and

(3.4 [xll 4 llx2ll < g [lx ]l

We say that € is T -reproducing (or T -generating) if there are constants g <
400, g € NU{0} and 2 < p < 400 such that for every x € X and & > 0 there are
Y1,...,Yp € 6 with

Iyill+y2ll +--- 4+ lypll < glixll

and
Iyvi+y2+-+y,—Tix|| <e.

(2) We say that € is outer regular if K(€¢) < +o00. We say that 6 is of
K-bounded sectional aperture or of bounded sectional aperture (with a bound-
ing constant 1 < K < +o00) if and only if for every pair x, y € X, the subcone
Span{x, y} N 6 is of K-bounded aperture, i.e. there is a nonzero linear functional,
m = myy yy € Span{x, y}’, such that

1
(3.5) [{m. u)| = 2= llull flm]l,  ¥u € Spanix, y} N€.

(3) We say that 6 is regular if and only if the cone is inner and outer regular.

Remarks 3.3. When a cone is of bounded aperture then the cone has a bounded
global transverse section not containing the origin. This is often a too strong re-
quirement. For example, in L!-spaces this is usually acceptable but not in L?
with 1 < p < +00 unless we are in finite dimensions. Being inner regular means
containing an open ball and this typically fails in L? for 1 < p < 400, again with
the exemption of the finite-dimensional case. The notions of being (7 '-)reproducing
and of bounded sectional aperture, respectively, are more flexible and may circum-
vent the two above-mentioned restrictions. We illustrate this in Example 4.9 and
Theorem 7.2. Obviously, ‘inner regular’ = reproducing = T -reproducing. Also,
‘outer regular’ = bounded sectional aperture.

It is necessary to create a passage between the cone gauge and the Banach
space norm. The regularity properties defined above will enable us to do so in the
following two lemmas:

LEMMA 3.4. Let € be a closed complex cone of K-bounded sectional aper-
ture. Then € is proper, whence a C-cone (Definition 2.1). If x,y € 6™ and
m = mgy v\ is a functional associated to the subcone Span{x, y} N6 as in equation
(3.5) then:

“ x H < AK o pdexy) e de(x.y)
{m,x)  {m, y) I = |lm]| 4 7 [l
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Proof. We normalize the functional so that ||m|| = K. Then ||u|| <|{m,u)| <
K||u|| for all u € Span{x, y} N 6. Denote X = 1) and y = R) y) and consider,
as a function of A € C, the point u) = (1 + )L)x + (1 —24)y. When u, € € the

properties of m show that ||u || < |(m,uy)| =|(14+A)+(1—A1)| =2 and therefore,
ALIX = V1= lluall + AXT+ 1Y) < 4.

Setting R = ”A 5T € [2, +00] we see that D(X, §) C B(0, R). The radius R is
bounded if and only if x and y are independent so the cone is proper. Enlarging a
domain decreases hyperbolic distances and so

11 1+ %
di(x.y) = dpogz.5)(~1.1) = dpo.r) (1. 1) = dp (5. — ) = 2log .

R

Therefore, I£771 = 1 < tanh 4e52) < del®ay) “yng the stated bound follows. O

LEMMA 3.5. Let € be a C-cone of a K-bounded sectional aperture and let
X € €%, y € X. Suppose that there is r > 0 such that x +ty € €* forallt € C
with |t| < r. Then

(3.6) dr@(x,x+sy)§%|s|+0(|s|) as s —>0
and

K
3.7) NERSH)

Proof. Let |s| < r. Using the scale-invariance of the cone we see that
D(x,x+sy)={AeC:(1+1)x+(1=1)(x+sy) €€}
— {Ae@:x—l—(l—k)%ye(@}.

Our hypothesis implies that D(x, x 4+ s y) contains a disc of radius |2s—’| centered
at 1. Shrinking a domain increases hyperbolic distances, whence

1+ |s|/r
—|sl/r

Choose m associated to the subcone Span{x, y} N 46 as in equation (3.5),
normalized so that ||m|| = K. As m is nonzero on the punctured subcone, 0 <
[{m,x+ty)| =|{m,x)+t{m,y)| forall [t| <r, and this implies that r|(m, y)| <
|{m, x)|. Possibly after multiplying x and y with complex phases we may assume
that (m, x) > (m,ry) > 0. But then

de(x.x+5 ) = dgg ey (—1.1) = do (0. BL) =tog 2L = 2151 405,

2ryl = lix +ryll +llx =ryll < (m, x +ry +x —ry) <2K||x[|. O

THEOREM 3.6. Let € be a C-cone of K-bounded sectional aperture. Let T €
L(X) be a strict cone contraction, i.e. T : €* — €* with A = diam¢ T (6*) < oc.
Let n <1 be as in Lemma 2.4. Then:
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(1) € contains a unique T -invariant complex line, Ch.
We define A € C* by setting Th = Ah.

(2) There are constants R, C <+ooanda map c : 6 — C so that for any x € €
andn > 1:

(3.8) AT x —c(x)h]| < C 0" x|,
(3.9) le(x)h] < R||x]|.

Proof. Let xg € €™ and sete; = T'xo/ || T xo|| € T(€*) C 6*. We will construct
a Cauchy-sequence (e,,),en recursively. Given e,, n > 1 choose, as in Definition
3.2 (2), a functional m, € X’ normalized so that ||m,| = K, associated to the
subcone Span{e,, Te,} N 6. Set A, = (m,, Te,)/(my, e,) (for which we have the
bound 0 < |A,| < ||T|| K) and define the next element in our recursion:

A, Tey,

n TR o Tn+1(€*'
A1 Tenll

€n+1 =

Using Lemma 3.4 and then Lemma 2.4 (with a contraction constant n < 1) we
obtain for n > 1:

én Tey,

(3.10)

H ) < dq(en, Tep) < diamT"€* < Ap™*~ L.
(mn, en) (mn, Ten)

As 1 < |[(mp,en)| < K and |(my, Tey)| < ||T|| K we get:
(A1) llen—2A;'Ten| < KAR"™' and  |Anen—Ten|| < |T| K An""".
Noting that ||e, || = 1, the first inequality implies:
(3.12) len —entill <2K A"~ 1.
The sequence, (ey),cnN - is therefore Cauchy, whence has a limit,
(3.13) h=lir£nene<6*, Al = 1.
The limit belongs to ‘€ because the cone was assumed closed. Writing
(Ant1—An)ent1 = (T —An)en + Ant1 —Tens1 + (T —An)(ent1—en)

and using the second inequality in (3.11) as well as (3.12) and |A,| < ||T|| K we
obtain

(3.14) An—=Ant1] < (L+n+@Q+2K) T K Aqg"t,

so that the limit A = lim, A,, exists also. But | Th—Ah| =1lim, | Te, —Ayen|| =0
shows that Th = Ah € €* which implies that A # 0, whence that Ch C € is a
T -invariant complex line. Suppose also that Ck C € (with k # 0) is T -invariant.
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Then d¢(h, k) = de(Th,Tk) <ndg(h,k) <nA < 400 and this implies d¢ (h, k)
= 0 so that the two vectors must be linearly dependent. Thus, Ch is unique.

To see the second part, let x € €* and define for n > 1: x,, = T"x. This
time we pick m, € X’ associated to the subcone Span{x,,h} N € and set ¢, =
(mn, A7 x,)/{my, h) for which |c,| < K||[A7"xy||. As in (3.10) we get

Xn h H K

619 | i S

de(T"x, T"h)

K
diam7"¢* < —— A"~ L.
lman |l [lma |

Thus, A7 xn —caht]| < K[[A7"xa | An"~" and

AT Vg1 = A7 %0 | = AT T A X — enh) — (Ao — cah)|
< (U4 AT K A" 2] A 7"

Then A7 Ix 1| < (1 + A+ |ATITHK A 77"_1) A" x| so we get the fol-
lowing uniform bound in n > 1:

(3.16) Al = [T (14 A+IA7 T K A k) 2720
k>0

(3.17) < exp ((1 + ||)L_1T||)1KTA77) IAE T lx) = R |x]).
Writing (¢at1—¢n)h = (cn1h — A7 Ixnq 1) + AT (A xp —cnh) we
obtain
lens1 = cal = lewsih—cnhll < (n+127'T1) K A7~ Rx].
Therefore, ¢* = lim ¢, € C exists and by re-summing to 0o,

n+ AT

KAY7 IR |x|.
l—n

lc* —cp| <
Then also

1A x, — c*hl| < KA 'R|x| <C " x|

1+ A7t
1—

which implies that ¢(x) = ¢* depends only on x (and not on the choice of m,,’s).

We also have: |c(x)[ = [lc(x)h]| = lim, [A™"xp || < sup, [A7"xx[ < Rlx]. O

THEOREM 3.7. Let T € L(X) and let € be a C-cone which is a K-bounded
sectional aperture and which, in addition, is reproducing. Suppose that T is a
strict cone contraction, i.e. T : €™ — 6€* with A = diamgT (6*) < oo. Then T has
a spectral gap.
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Proof. Let x € X and let g be the ‘reproducing’ constant from (3.4). Pick
X1,x2 € € with x = x1 4+ x2 and ||x1 || + [[x2] < gllx||. We apply the previous
theorem to x; and x5 and set ¢* = c¢(x1) + ¢(x2) for which |[¢*| < R |x1|| +
R ||x2]| < gR]|x||. In a similar way we obtain |A™"T"x —c*h| < g C x|,
n > 1. Letting n — oo, we see that c¢(x) = ¢* depends on x but not on the
choice of the decomposition. Linearity of 7" furthermore implies that the mapping
x — (v, x) = ¢(x) € C must be linear, and, as a linear functional, v € X’ is bounded
in norm by A = gR. We have shown that

(3.18) A" T"x —h{v,x)|| < Cy" Yx|, VxeX, n>1,

with C < 4+o00. Therefore, A is a simple eigenvalue of T corresponding to the eigen-
projection, x — h (v, x) and the remainder has spectral radius not exceeding 7 |A|.

In the more general case, when € is T -reproducing, we let g, p, g be con-
stants from Definition 3.2. For x € X and fixed k > 1, set ¢ = 1/k and choose:
Vieoesyp €€ with [yall 4+ [y2ll 4+ 1]l < gllxl and 1+ vz 4+ yp —
Tix| < % Setting ¢ = ¢(y1) + -+ + c(yp) we obtain in this way a sequence
(¢})ik>1 for which [A™"T" 9 x —cFh| < gCn x| + %Hk‘” T"x||,n>1. The
sequence is bounded so we may extract a convergent subsequence c;m — ¢* and
conclude that A" T"t9x — c*h|| < gCn* Y|x|, Vn > 1. Again, (v, x) = c*
depends linearly on x and T has a spectral gap. O

Remark 3.8. Some explicit estimates for the constants in Theorem 3.7 when
% is reproducing:

_ _ KA
(3.19) le*ll < A =g A" T exp ((1 FIr ) :7)

and
KA
C= (1 At T||) 24
=7
Note, however, that in this setting there is no a priori lower bound on |A|. In
particular, to get an explicit bound on ||A~! T'|| one needs further information on
the map 7 and the cone €.

Example 3.9. Let X be a complex Banach space and consider e € X, £ € X’
with (€,e) = 1. We write P = e ® £ for the associated one-dimensional projection.
For 0 < o < +00 we set

(3.20) ‘60={xeX:||(1—P)X||§0||Px||}.

Then B(e, %) C 6y and K(%5) < (1 4+ 0)| P]|| so that 6, is a regu-

lar C-cone. Furthermore, if 0 < 01 < 0 < 400, then a calculation shows that
diamcg(,(@j;l < +o00.
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Remark 3.10. We have the following characterization of the spectral gap prop-
erty: A bounded linear operator, T € L(X), has a spectral gap if and only if it is a
strict contraction of a regular C-cone. Sketch of proof: One direction is the content
of Theorem 3.7 (since a regular cone in particular is of uniformly bounded sectional
aperture). For the other direction one uses the spectral gap projection P to construct
an adapted norm (equivalent to [|-|): [[x|lg = [[PX ||+ > g>0 6=k T*(1— P)x|| for
some fixed choice of 8 € (n, 1). Using this norm to define the cone family in (3.20),
it is not difficult to see that 7T is a strict and uniform contraction of €5, o > 0.

4. Real cones

Let X denote a real Banach space. Recall that a subset €g C Xp is called a
(real) proper closed convex! cone if it is closed and convex and if

421 R %GR = €g,
4.22) Gr N —%g = {0}

The real cone is said to be reproducing (or generating) provided 6g + (—6r) =
Xg. By Baire’s Theorem and convexity of 6 it is not difficult to see that this is
equivalent to the existence of g < +o0 such that every x € Xg decomposes into
X = X4+ —Xx— with x4, x_ € 6k and such that

(4.23) el + llx-1 < g llxll-

Remark 4.1. A possible generalization: As in Definition 3.2 (1) we may say
that €R is T -reproducing (or T-generating) if there is g < +o00 and g € N so that
for every x € X and ¢ > 0O there are y,V_€ ©CRr (@R is convex) with

(4.24) Iy I+1y_l <gllx| and |y —y_ —T9x| <e.

In the following, we will refer to a real proper closed convex cone as an
R-cone. We assume throughout that such a cone is nontrivial, i.e. not reduced to
a point. Given an R-cone one associates a projective (Hilbert) metric for which
we here give two equivalent definitions (for details we refer to [Bir57], [Bir67]).
The first, originally given by Hilbert, uses cross-ratios and is very similar to our
complex cone gauge: Let R=RU {oo} denote the extended real line (topologically
a circle). For x, y € €g* = @R — {0}, we write

(4.25) Ux,y) = {z eR:(1+0)x+(1—1)y G%RU—%R}

with the convention that oo € £(x, y) if and only if x — y € g U —6R. Properness
of the cone implies that £(x, y) = R if and only if x and y are co-linear. In that case

1 Convexity of a real cone often is a useful property that a fortiori is lost when dealing with
complex cones.
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we set their distance to zero. Otherwise, £(x, ) is a closed (generalized) segment
[a,b] C R containing the segment [—1; 1]; see Figure 3 in Section 5.

The logarithm of the cross-ratio of a,—1,1,b € R,
a—1b+1
a+1b—1
then yields the Hilbert projective distance between x and y. Birkhoff [Bir57] found
an equivalent definition of this distance: For x, y € g™ = 6r — {0}, one defines

(4.27) B(x,y)=inf{A >0:Ax —y € €gr} € (0, +00]

(4.26) deg(x,y) = R(a,—1,1,b) =log

in terms of which:

(4.28) dey (x, ) = log (B(x, y)B(y, x)) € [0, +00].

A simple geometric argument shows that indeed the two definitions are equivalent.
Given a linear functional, m € X [R;, the image of the cone, (m, 6R), equals
either {0}, R4, R_ or R. One defines the dual cone as

(4.29) @ = {m € Xg :mq, > 0}.

Using Mazur’s Theorem, cf. e.g. [Lan93, p. 88], one sees that the R-cone itself
may be recovered from:

(4.30) G ={xeXp:(m x)>0, Vm ey}

Given an R-cone €i we use Definition 3.1 (replacing C by R, complex by
real) to define the aperture of €g. It is given as the infimum of K-values for which
there exists a linear functional m € X [R; satisfying (see Figure 2)

(4.31) lull < (m,u) < K|ull, ueg.

LEMMA 4.2. The aperture, K(€R) € [1, +00], of an R-cone, 6gr C Xp, is
determined by

(4.32) A T L e ] B
K(€r) el -+ [lxnl
Proof. Let x1,...,xp € 6% and note thata = Y 1 x;/ > 1 ||xi || belongs to

A = Conv(6r N dB(0, 1)), the convex hull of cone elements of norm one. The
reciprocal of the right-hand side in (4.32) therefore equals r = inf{|ja|| : a € A} €
[0, 1]. Suppose that » > 0. Then B(0, r) and Cl A are disjoint convex subsets. The
vector difference, Z ={a—b:a € Cl A,b € B(0,r)}, is open, convex and does
not contain the origin, whence [Lan93, Lemma 2.2, p. 89] there is £ € X, ﬂ% whose
kernel does not intersect Z. We may normalize £ so that

B(0,r)C{l<1} and ClAC{€> 1}
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Figure 2. A real cone € of K-bounded sectional aperture

Then

(4.33) x| < (€, x) < M Vx € 6r*,
r

and therefore K(€g) < % To get the converse inequality let m be positive and
verify (4.31). Then Y _ ||x; || <D (m, x;) = (m, > x;i) < K| D xi|. O

LEMMA 4.3. Let 6g C Xr be a d-dimensional R-cone of K-bounded sec-
tional aperture. Then Gy itself is of dK -bounded aperture.

Proof. Let F C R?. By a theorem of Carathéodory, a point in the convex
hull, Conv F, is a fortiori in the convex hull of d + 1 points in F (see e.g. [Rud91,
p- 73]). If x € d ConvF, we may even write it as a limit of convex combinations
of d points in F. Now, apply this to the set A in the proof of the previous lemma.
In the formula, (4.32), it thus suffices to consider d cone elements which we may
order decreasingly according to their norm, ||xq|| > |[x2] > --- > ||x4|. Using
Lemma 4.2 with n = 2, the K-bounded sectional aperture implies that

L flxal 4+ lxall

1 1 1
i+ txall = gl + g lxa+o 4 xg | = 2 llxall =

K d '
Thus
i+ 4 xgl 1
lxill 4+ lxall — dK
and in view of Lemma 4.2, we see that 6 is of dK bounded aperture. O

LEMMA 4.4. Let € C RY be an R-cone. Then R is outer regular.

Proof. As in the previous lemma it suffices to look at the supremum in (4.32)
over d-tuples. The set A = {x1,...,x5 € 6r: ||x1||+ -+ ||xg] = 1} is compact
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and ||x1 4 -4 x4|| is continuous and nonvanishing on A, whence has a minimum,
r > 0. It follows that K (¢g) < 1 < +oo0. O

Remark 4.5. In the literature, an R-cone ‘6 is said to be norm-directed (with
a constant 1 < K < o0) if |[x — y|| < K||x + y||, Vx,y € €r. For an R-cone
our notion of uniformly bounded sectional aperture is equivalent (up to a small
unavoidable loss in constants) to that of being norm-directed. To see this note that
if €R is of K-bounded sectional aperture and £ verifies (4.33) then Vx, y € GR:

x =yl < lixll + Iyl = (€. %) + (€. y) = {£. x + y) < Klx + y].

which shows that €k is K-norm-directed. Conversely, if € is K-norm-directed
then
Xl + Iyl < lx+yl+Ix=yl <1+ K)x+y]

and Lemma 4.2 shows that 6 is of (K + 1)-bounded sectional aperture. For exam-
ple, (R<, ||-]|1) is 1-norm directed and of 1-bounded aperture, whereas (RZ, |- || oo)
is 1-norm directed, of 2-bounded sectional aperture but only of d bounded aperture.
Lemma 3.5 is a complex cone analogue of being norm-directed.

THEOREM 4.6. Let A € L(XRr) and let g C Xr be a reproducing R-cone
which is K-norm-directed. Suppose that A is a strict cone contraction, i.e. A :
@f, — €f, with Ay = diame, A(6g™) < 4+00. Then A has a spectral gap. More
precisely, there are A > 0 and a one-dimensional projection P for which A\™' A — P
has spectral radius not greater than tanh % < 1.

Proof. The statement of this theorem is very close to Birkhoff’s Theorem 4
in [Bir57]. The proof of that theorem may be adapted to the present case. Al-
ternatively, we may here simply use Remark 5.10 below. Our Theorem 4.6 also
generalizes easily to the case when ‘reproducing’ is replaced by “I-reproducing’,
equation (4.24). We omit the proof.

COROLLARY 4.7. Let 6r be an R-cone in R4, d < 400 and suppose that
A € L(Xp) verifies A(€y) C Int €. Then A has a spectral gap.

Proof. Implicitly it is assumed that 6r has nonempty interior. Lemma 4.4
shows that €g is outer regular, in particular, norm-directed. As is easily shown, the
map X, y € €g* > de,(x, y) is continuous. Compactness of €g N {|x| = 1} then
implies that diame, A(6r™) < +00 so the corollary follows from Theorem 4.6. [

Let €g C Xr be an R-cone. It is standard to write x <y & y —x € €
for the induced partial ordering of x, y € Xg. For A, B € L(XR), we also write
A=<B & Vxe%r : A(x) < B(x).

The following dominated cone contraction theorem is trivial in the context of
an R-cone contraction. In Section 6 we show that a similar (nontrivial) result holds
in the complex case.
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THEOREM 4.8. Let A, P € L(XR) be contractions of the R-cone €. Suppose
that there are constants 0 < o < 8 < 400 for whichaP < A < BP. Then

diame, A(€r™) < 2log p + diame,, P (6r™).
«

Proof. Given x, y € €g*, suppose that A, A’ > 0 are such that \Px — Py € 6p,
APy — Px € 6R. Then also ABAx —aAy € 6 and A'BAy —aAx € GR so that

dey (Ax, Ay) < 2log b +log(AL))
o
and the claim follows by Birkhoff’s characterization (4.28). O

Example 4.9. (1) Let A € M, (R) and suppose that 0 <o < A4;; < B < 400
for all indices. Setting P;; = 1 we see that

P(RL)*)={@.....t):t >0}

which is of zero projective diameter in R’ . By Theorem 4.8 we recover the stan-
dard result:

dlamRn A ((R ) ) <Ay =2log E
o

The cone R} is regular and so Theorem 4.6 applies. If A; > 0 and |1, | denote the
leading eigenvalue and the second largest eigenvalue (in absolute value), respec-
tively, then Mz' < tanh % = g%.

(2) The standard Perron-Frobenius Theorem generalizes to integral operators;
cf. Jentzsch’s Theorem [Jen12] and the generalization given by Birkhoff in [Bir57].
We present a somewhat different generalization: Let (€2, i) be a measure space
andlet Xg=L? =LP(Q,p), 1 < p<+oo.Lethe L% (h>0,ae)andme L
(m>0,ae.) withg = p/(p—1) €[l, +0o0] being the conjugated exponent so that
0< [qhmdp<+4oo. Letky : QxQ — Ry be a u ® u-measurable map. We
suppose there are constants 0 < o < 8 < +00 so that for p-almost all x, y € Q:

a h(x)m(y) < ka(x.y) < B h(x)m(y).

Let A € L(Xr) be the integral operator defined by A¢ (x) = [q k4 (x, y)¢(y) du(y).
Then A has a spectral gap (again with a contraction rate given by yiES a)

Proof. We write 6= Li (€2, w) for the cone of positive L?-functions (¢ >0,
a.e.) and compare the operator A with the one-dimensional projection P¢ =
h [qm¢du. Our assumption, [hmdu > 0 shows that P : €}, — €6} and that
Ap = 0. By Theorem 4.8, diame, A(€r*) <2 log £.

©R is (trivially) reproducing with a constant g = 21=1/P < 2. To see that
%R is of uniformly bounded sectional aperture let f, g € ‘g be of unit norm in
L%, 1< p < +oo, and pick f,g € L% (Q) with || f]lg = gl = | (the case
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p = o0, ¢ = 1 should be treated separately; we leave this to the reader) and
[ffdu=[ggdu=1. The functional m(u) = [(f + &)u du then verifies
lullp < m(u) <2|u|p, for all u € €r N Span{ f, g}. Thus €R is of 2-bounded
sectional aperture.

5. The canonical complexification of a real Birkhoff cone

A complex cone yields a genuine extension/generalization of the cone con-
traction described by Birkhoff [Bir57], [Bir67]. More precisely, we will show that
any Birkhoff cone may be isometrically embedded in a complex cone, enjoying
qualitatively the same contraction properties.

Let Xr be a Banach space over the reals. A complexification X¢ of Xg is a
complex Banach space, equipped with a bounded anti-linear complex involution,
J : X¢ — Xe, J? =1d (the identity map), J(Ax) =AJ(x), J(x+y) = J(x)+J(»),
A eC, x,y € X¢, for which Xg = %(Id + J)Xc is the real part. Then X¢ =
Xr @i Xg is a direct sum. (Note that this is not the same as regarding X¢c as a
real Banach space. For example, C" is a complexification of R” for any £”-norm,
1 < p < oo, while the real dimension of C" is 2n.)

For simplicity we will assume that J is an isometry on X¢ in which case the
canonical projections, Re = %(Id—l— J)and Im= % (Id—J), have norm one. We note
that any real Banach space, (X, |- |r), admits a complexification, X¢c = Xr D i Xg
as follows: We adopt the obvious rules for multiplying by complex numbers, set
J(x +iy) = x —iy and introduce a norm e.g. using real functionals,

Il + iylle = sup{|(£, x) + (€, )| : € € Xg, [|¢]| < 1}.

The latter norm is equivalent (within a factor of 2) to any other conjugation invariant
norm on X¢ having as real part the given space (Xg, || - ||g). For the rest of this
section Xg will denote the real part of a complex Banach space X¢. A real linear
functional, m € X, n%’ extends to a complex linear functional by setting (m, x +iy) =
(m,xy+i(m,y) forx +iy € Xp®iXg.

Definition 5.1. Given an R-cone €g C Xr we define its canonical complexi-
fication:

(5.34) %Cz{ueXC:Re (m,u) (€,u) > 0, Vm,ze%u;}.
PROPOSITION 5.2. We have the following polarization identity:
(5.35) Cr={A(x+iy):AeC,xtyecby}.

Proof. Let u € €¢. Our defining condition (5.34) means that (m,u) (assume
here it is nonzero) must have an argument that varies within a 77/2 angle as m €
C(%u% varies. Normalizing appropriately, we may write ¥ = Av with A € C* and
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Arg(m,v) < m/4. If we set v = x + iy with x, y € Xg then |{m, y)}| < (m, x) for
allm e (Gu;v Hence, (m,x £+ y) > 0 for all such functionals and by (4.30) this is
equivalent to x + y € 6g. If x = y (or x = —y) then we may write u = A(1 +1i) x
(or u = A(1 —i) x) so that we may always assume x £ y € €x. |

LEMMA 5.3. Let €r be an R-cone of K-bounded aperture. Then its canonical
complexification, 6¢, is of 242 K -bounded aperture.

Proof. Let £ € X, satisfy ||x| < (¢, x) < K||x|, x € 6g and extend £ to a
complex linear functional. When u € €¢ we use polarization, Proposition 5.2, to
write u = A(x+iy) with (¢, x+y)>0. Then |[xLy| <({€,x)E (£, y) <K|x=Ly|,

from which ||x|| < (£, x) and || y|| < (€, x) so that %Hx—i—iyll <{,x)<|{€,x)+
i€, y)]. As [{€, y)| < (£, x) we also have |{£, x +iy)| < V2 (£, x) < V2 K|x| <
V2 K| x +iy|. Therefore, %||u|| < |{€,u)| <2 K ||u| and the result follows. (I

PROPOSITION 5.4. Let €r be an R-cone. If €g is (1) inner regular / (2)

reproducing / (3) outer regular/ (4) of bounded sectional aperture, then so is its
canonical complexification.

Proof. (1) One checks that if € contains an open ball By, (4, r) then 6c
contains By, (h,r/2).
(2) Note that when u, v € € then by Proposition 5.2,

1—i 1414 —
u+iv:(l+i)(Tlu+ ;lv)=(1+i)(u;v+iu2v)e<€c,

because # + %57 € €g. Now, let w = u +iv € Xg @i X and use that 6 is
reproducing in X to writte u =u4 —u_ and v =vy—v_ withuy,u_, v4, v_ €€
and [lu4[| + [u—| < gllu|l and [[v4 | + lv—| < gl[v]|. Then

w= s+ +ivy)—(U—+iv_) € %bc+6c
and

e + o4 || 4+ fu— +iv- | < e | + [l + lo4 || + [l
< g(lull + vl = 2g|jw].

(3) As shown in Lemma 5.3, if €g C Xg is of K-bounded aperture then 6¢
is of 2+/2 K-bounded aperture.

4)Letuj,us e (QE and write W = Spanc{u 1, u} N%c for the subcone gener-
ated by these two elements. We also write F' = Spang{Reu1,Imu,Reu,, Imus}
and Vg = F N6Rr which is an at most four- and at least one-dimensional R-subcone
of 6g. Now, if w € W then w = A'(x” 4+ iy’) with x’ + y’ € 6 and clearly also
x’,y’ € F. But then x’ £ y’ € Vi so that also w € V¢, with V¢ the complexification
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of Vg. By Lemma 4.3, V is of 4 K bounded aperture so by Lemma 5.3, V¢ and
therefore also W, are of 8+/2 K bounded (complex) aperture. O

THEOREM 5.5. Let €r be an R-cone and let ‘6¢ denote its canonical complex-
ification (5.34). Then 6c is a C-cone (Definition 2.1). With d. for our projective
gauge on the complex cone, the natural inclusion,

(%f}g{’ d(GR) - ((6;5’ d%c) ’
is an isometric embedding.

Proof. The set ¢ is clearly C-invariant. Consider independent vectors, X,
y € 6r™. By Lemma 4.4 any finite-dimensional subcone of 6, is outer regular, and
so is in particular of uniformly bounded sectional aperture. Our previous lemma
shows that the corresponding complex cone is of bounded sectional (complex) aper-
ture. But then €¢c must be proper by Lemma 3.4.

Regarding the embedding we may normalize the points so that £(x, y) = [a, b]
is a bounded segment in R. Define the ‘boundary’ points, xg = (1 +a)x+ (1 —a)y
and yo = (14+b)x 4+ (1 —b)y. For any & > 0 the point —exg + (1 + )y is outside
the closed convex cone 6r. By Mazur’s Theorem, [Lan93, p. 88], we may separate
this point from 6 by a functional £ € C(ﬁ";{. For any & > 0 we may then find m, { € %5”;2
for which

(m,x0) = (€. yo) = ¢ and (m, yo) = (£, x0) = 1.
Then u = puxo 4+ Ayo € €c only if Re (e + A)(eA + j1) = 0 forany 0 < & < 1
whence only if
ReAL>=0 & [A+ul>=]A—ul
Conversely, when ReA &t > 0 and m, £ € %D;E then

Re (m,u) (€. u) = Re (A ) ({(m, yo) (€, x0) + (m.xo) (L, y0)) = 0,
so this condition is also sufficient. We thus have: D(xo, yo) = D. Therefore D =
D(x,y) C Cisa generalized disc, symmetric under complex conjugation for which
L(x,y)=D(x,y)N R (see Figure 3). In this situation we know explicit formulas
for both (4.26) the real and (2.1) the complex hyperbolic metrics in terms of cross-
ratios; so we get de. (X, y) =dpo(x,y)(—=1,1)=log R(a,—1,1,b) =d¢,(x,y). O

COROLLARY 5.6. Forn > 1 the set
" ={ueC":Reu;u; >0, Vi, j} ={ucC" : |u; +uj| > |u; —uj|, Vi, j}

is a regular C-cone. The inclusion, ((R".)*, ngr ) = ((C)*, dUJ'r ) is an isometric
embedding.
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Figure 3. Tllustration of two possible configurations of D(x, y)

Re zp

,§§

_—
A

Im (z1 + z2) \
— )<Re Z1

Figure 4. An attempt to illustrate the canonical complexification
Cﬁ_ of [Riﬁ_ in the coordinate system (Re z1, Re z3, Im (21 + z2))
where Im (z; — z2) = 0. We show the part of the cone contained
in the region (Re (z1 + z2))? + (Im (21 + z2))? < 1 The shaded
region shows the intersection with the real cone, [R%r.

Proof. Let £; € (R")',i =1, ..., n denote the canonical coordinate projections.
Then
RY ={xeR":({;,x)>0, Vi}
and

Ch ={ueC":Re({;,u){lju)y=>0, Vi, j}

Thus, €', is the canonical complexification of the standard real cone R} . See
Figure 4 for an illustration of Ci. O
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Below we shall need the following complex polarization:

LEMMA 5.7. Let x £y € 6, be at a distance A = dq, (X —y,x +y) < +o00.
We may then find a € R so that the ‘rotated’ vector x' + iy’ = e'*(x + iy), or
equivalently:
x' = x cosa—y sina,

y' =x sina+y cosa
verifies:

A
x' —ty' €6, V |t| <coth T

In particular, x' + y" € @5 andwehaveforallﬁe(@ﬂ%:

A 1
5.36 £,y")| < (tanh —) (£, x’ d —{,x) < {l,x") <~2{,x).
(5:36) 16y = (tanh ) (6. and —(6.3) = (6.3) = V(L)

Proof. We have that
(x—y.x+y)={teR:(1+0)(x—y)+ 1A —1)(x + y) € g U—%g}
={t e@:x—ty € 6r U —€R}.
Now write ¢ = tan(6), 6 € R and set
(5.37) Ox,y)={feR:x—tanf y € 6g U —6R}
={0e€R:cosf x—sinf y € 6g U —6R}
={fecR:Ree'¥(x +iy) € 6pU—%g}.
Let [61, 85] denote the connected component of ®(x, y) containing [—7/4; 7 /4].
Then —04, 05 e]%, 37”[ and 6, — 01 < . When we insert @ = tan 61 and b = tan 0,

in equation (4.26) (see Figure 5) standard trigonometric formulae show that the
projective distance between x — y and x + y may be written as

sin 0 + cos 6 y sin(—61) + cos(—01)
sin@y —cosfy ~ sin(—61) —cos(—01)

dth.02) =log (

If we do a complex rotation, x’ + iy’ = e'*(x +iy) then the last expression
in (5.37) shows that ®(x’, y’) = [0 — «, 6, — «]. Here, the interval J of allowed
a-values is such that ©(x’, y’) contains [-7/4,7/4]. Now, J =60y + %, 61 +
%’[ N6, — 37”,92 — Z[. The derivative of & € J — de,(x" —y' . X" + ') =
d(01 — o, 0 — ) equals

2 2
cos(2(01 —a)) cos(2(6r —a))’
which vanishes precisely at « = —(6, + 61)/2. So the minimal distance between

x"—y’ and x" 4 y’ is obtained for this value of @ and corresponds to a symmetric
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xX+Yy xX—=Yy
01 <0 92 >0
t
- -
a=tan(6;) —1 +1 b=tan(6,)

Figure 5. The subcone 6r N Span{x, y} viewed in the x,y-
coordinate system.

configuration in which £(x" —y’, x’ + y’) = [-L, L] with L = tan @ > 1 and
A>d(x'—y' ,x'+y")=2log % or equivalently,

A
L > coth —.
4

Thus x’ — 1y’ € ér whenever |t| < L and we have obtained the first claim. Since
(€, x"—ty"y >0 forall —L <t < L we also get the first inequality in (5.36). To
see the last inequality note that (£, x £ y) > 0 implies that (£, x’) = cosa (€, x) —
sina (€, y) <+/2 (£, x). Similarly (€, x) =cosa (£, x")+sina (£, y') < /2 (£, x’)
(because (£, x" £+ y') > 0). O

LEMMA 5.8. Let x1,X2 € 6p be at a distance A = dq,(x1,x2) < +00.
Through a positive real rescaling, e.g. replacing x1 by tx1 for a suitable t > 0,
we may assure that V{ € C6[;@:

(€, x1) <e®2(l, x2), (£, x2) <e®/2(€, x1)

and
A
[(€,x1 —x2)| < (tanh Z) (€, x1 + x2).

Proof. From the Birkhoff characterization (4.28) of the projective distance we
may rescale, say x1, to obtain eA/le — Xp € YR and eA/zxz — X1 € Br. Then
(€, x1) <eP/2(€, x,) and (€, x2) < e2/2(¢, x1). From this we get:

(€22 = 1)({€, x1) + (€, x2)) — (€22 + 1) (€, x1) — (£, x2))
=2(e2/2(€, x2) — (€, x1)) > 0

and similarly with x; and x5 interchanged. Rearranging terms yields the claim. [
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PROPOSITION 5.9. Let (6[}1\Q C %R be an inclusion of R-cones and denote
by C(éql: C %c the inclusion of the corresponding complexified cones. Let Ag =
diame, (€5)* € [0, +00] and Ac = diame. (6L)* € [0, +0c] be the projective
diameters of the respective inclusions. Then AR is finite if and only if Ac is finite.

Proof. From the embedding in Theorem 5.5 we see that Ag < A¢ which
implies one direction. To see the converse, suppose that = tanh Ar/4 < 1 and
let uq,us € ‘6(13*. We write u; = A1(X1 +i 1) with X1 £ y; € %qu{ (and similarly
for u;). Possibly after applying a real rescaling of e.g. #; we may by Lemma 5.8
assume that:

(5.38) (€,%1) <e®/2(0, %) and (£, F2) < eB/2(0, 7y).

Rotating the complex polarization of X; + iy; and X5 + iy, we may by
Lemma 5.7 assume that u; = x1 +iy; and up = x5 + iy; with

(5.39) (€. y)l =n(€,x1) and [(€, y2)| < n(€, x2)

forall £ € %[;&. The complex rotation may, however, push x; and x5 out of the small
cone? but using the second inequality in (5.36) as well as (5.38) we still have the
bound:

(5.40) (€, x1) <2e®%/2(0, x5) and (€, x3) <2e2%/2(0, x1).

Proceeding as in the proof of Lemma 5.8 we see that

2e8r/2 1

2elr/2 1 <L

(5.41) [{€,x1 —x2)| <«k{€,x1 +x2) with k=

Letus write u) = (1+A)u1+(1—A)uz, A € C, and similarly for x, and y;. In
order to prove our claim it suffices to find a fixed open neighborhood U = U(Ag)
of the segment [—1; 1] C C, depending on Ag but not on u; and u,, such that
uy € 6c forevery A € U. Let —1 <t < 1. Then |{£, y;)| < n(€, x;) and we get
(with £1, {5 € €p) (a):

Re(Cr, ue)(€a,7ir) = (€1, Xe) (€a, X0) + (€1, ye) (Lo, ye) = (1= 117){€y, xe) (€2, x)

as well as (b): [(£,uz)| < 1+ n2{€, x;).

We also obtain the estimates (¢): |(€,u1 —uz)| < /n? + k2 (£, x1 + x2) and
(@): (€, x:)| = (A —xklt]){€,x1+x2) = (1 —K){€,x1 +x2). Letus write A =t + z
with —1 <t <1 and z € C. Using the expansion (¢,u,) = (€, u;) +z{({,u; —uy)

21 am grateful to Loic Dubois for having pointed this out to me.
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and inserting the estimates (a)—(d) we obtain
Re(€y.u) (L2, 17) = (1 —n") (€1, x1) (€2, x1)

21y 412 T2 (130 (a1 4 x2) + (€, 51+ X2) (€. x0)
—|z|2(? + k) (€1, x1 + X2) (€2, X1 + x2)

2 2\ 2
z(el,x,>(ez,x,>(2_(WHZ'@) )

— ./ 2
This remains positive when |z| < rg where ro = M(l — k) > 0 depends
/n2+K2

upon Ag only. The set, U, of such A = ¢ + z-values is the rg-neighborhood, of
the segment [—1; 1] C C. Since enlarging a domain decreases hyperbolic distances,
we conclude that A¢ <dy(1,—1) < o0. O

Remark 5.10. Suppose that T is a real, bounded, linear operator, that 6 is a
reproducing K-norm-directed cone and that 7€}, has finite projective diameter in
%Rr. By Theorem 4.6 the operator has a spectral gap. In view of Remark 4.5 and
the properties of the canonical complexification shown above, the same conclusion
follows when considering the complexified operator acting on the canonically com-
plexified cone. Our complex cone contraction thus contains the real contraction as
a special case (but, of course, with a more complicated proof).

6. Dominated complex cone contractions

A real operator P which contracts a real cone 6g contracts a fortiori the
corresponding complexified cone €¢ (easy). It is then natural to ask if this com-
plex contraction may be preserved when adding an imaginary part to the operator.
Several of our applications below are cast over this idea and, has led us to state an
abstract assumption for the action upon % and a corresponding complex contrac-
tion theorem for complexified cones:

Assumption 6.1. Let P € L(Xg) be a contraction of an R-cone €g. Let M €
L(X¢) be an operator acting upon the corresponding complex Banach space. We
say that M is dominated by P with constants 0 < y < o < 8 < +o00 provided that
forall £1,4, € %ﬂ% and x1, xo € 6R:

(6.42) Re(l1, Mx1){€a, Mx2) > a(ly, Px1) (L2, Px2),
(6.43) Re(€y, Mx1){€a, Mx2) < B(l1, Px1)(L2, Px2),
(6.44) |Im(€1, Mxl)(ﬁz,MXQH < )/(61, le)(ez, PJCZ).

Remark 6.2. The above conditions are R -invariant and also stable when tak-
ing convex combinations. It thus suffices to verify that these conditions hold for
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subsets, V C €g and W C ‘6[}% which are generating for the cone and the dual cone,
respectively, i.e. for which:

br=ClConv(Ry xV)={xe Xg:{{,x)>0, VL W}.

When y = 0 an operator M verifying the above assumption is essentially real.
Possibly after multiplication with a complex phase the operator maps €g into €
itself. The above condition then reduces to the real cone dominated condition of
Theorem 4.8. Our goal is here to show that the conclusion of that theorem also
applies when M is allowed to have a nontrivial imaginary part. It turns out that
the allowed ‘amount’ of imaginary part depends on the rate of contraction of P.

THEOREM 6.3. Let 6g C Xg be a proper convex cone and let P : € —
€ be a strict cone contraction; i.e. Ap = diamg, P(€g) < +oo. Write 6c for
the canonical complexification of €r. Suppose that M € L(Xc) is P-dominated
(Assumption 6.1) with constants that satisfy:

Ap
(6.45) y cosh > <a.

Then M : 6{ — € and diame, M(67) < +o00. If, in addition, €g is reproducing
and of uniformly bounded sectional aperture then M has a spectral gap.

Proof. Let u € 6{ and {1, € (6[;«. We write n = tanh%’ < 4+00. The

first step is to establish the following inequality (which, in particular, implies that
M € — €5):

(6.46)  Re(ly, Mu){ls, Mu) > ( 1, Pu)||{L2, Pu)|.

o
cosh(Ap/2) B y) I

We will use polarization twice to achieve this. First, write u = ef(x+i y) with
6 € Rand x &+ y € €. Then

(L1, Mu)(la, Mu) = (L1, M(x+iy)){la, M (x—iy))
= [(€1, Mx) (€2, Mx) + (€1, My) (€2, M y)]
+i [(€1. My)(€a, Mx) — ({1, Mx) (€2, M y)]

[(ﬁl, M(x+y))(€2,ﬁ(x+y))+(€1, M(X—Y))(Ez»M(X—Y)”
% [(€1, M(x+)) (€2, M (x—p))—(C1, M(x—y)) (L2, M (x+))]

[4]+ S[B].

R—= + =
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Since x £ y € € we may use inequality (6.42) of our assumption to deduce:

Re A = o (b1, P(x+y)){l2, P(x +y)) +a ({1, P(x = y)) (€2, P(x —y))
=2 (€1, Px)(ly, Px)+a{ly, Py){£s, Py)
=20 Re ({1, P(x +iy)) ({2, P(x —1iy))
=2a Re ({1, Pu){ls, Pu).

For the second term we have by (6.44)

Im B| < y (€1, P(x + y)) (2. P(x = y)) + ¥ (£1. P(x = y)) (b2, P(x + y))
=2y ((€1. Px) (L2, Px) — ({1, Py) (L2, Py))
=2y [{b1, P(x +iy))| [{£2, P(x —iy))|
=2y [{€1, Pu)| [(€2. Pu)l,

where for the last inequality we used Schwarz’ inequality. From these two esti-
mates we get:

(6.47) Re{€1, Mu){€y, Mu) > aRe(€y, Pu){ls, Pu)—y |{(£1, Pu)||{(£2, Pu)|.

We note that (6.47) is here independent of the choice of polarization. Since
x &y € €} we see that the elements P(x + y) € 65 and P(x —y) € 6} are at a
projective distance not exceeding A p. We may then use Lemma 5.7 to rotate the
polarization again and write Pu = e'*(x’ 4 iy’) where |(€, y')| < n{£, x’) for all
Le (6[}/@' But then

Re(ly, Pu)(la, Pu)> (€1, x")(a, x') + (L1, ¥ ) (€2, y') = (1=1?) (€1, X") (€2, X').

We also obtain (£, Pu)| = v/(£,x")2 + (€, y")2 < /1 +n2 (£, x') so that

2

n
+n2|(€1,Pu)||(ﬁz,Pu)|

Re(ly, Pu)(l2, Pu) > 1

Apy—1
— (coshT”) (1. Pu)| |(L2, Pu)].

Together with (6.47) this establishes (6.46).
In order to obtain an estimate for diame, M (‘6¢) we also need the following
inequality:

(6.48) (€. Mu)| < /B+y [{L, Pu)|, VEebgy ucc.

This follows by setting £1 = £, = £ in the expression for A and B above and using
the upper bounds (6.43) and (6.44) of our assumption:

A<BUE P(x+y))+(E, P(x—=y))2) =2B((L, Px)>+(L, Py)*)=2|((, Pu)|?
and the bound |B| = [ImB| < 2y |(£, Pu)|? as before.
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Consider u1,us € 6¢. Using the polarization identity, equation (5.35), we
may assume that u; = xy + iy with x; £ y; € 6} so that [(¢, Py{| < (£, Px1).
Then also (£, Px1) < |(£, Pu;)| < ~/2(¢, Px1) and with the same bounds for
Uy = Xz + iy,. Through a real rescaling, Lemma 5.8, we may also assume that
[{€, P(x1—x2))| <n{l, P(x1+ x2)). We also write uy = (1 +A)u; + (1 —A)us
with A = ¢ 4+ 2z, —1 <t < 1 (and similarly for x, and y,). By the choice of
polarization, x; + y; € €g so that u; € 6c, i.e. belongs to the complex cone for
all —1 <t < 1. We want to show that when |z| is small enough the same is true
for Mus4 .

First note that (¢, Px;) > (1 —n|t|) (£, P(x1 + x2)). Applying the inequality
(6.48) we deduce that [{(£, Mu;)| < /2 (B+y) (£, Pxs) and |(£, M(u1 —uz))| <
V2B +y)E, P(x1+x2)) <v2B+7y) (f,—I;]Ttt|)' Using (6.46) on u; and the
expansion (¢, Mu,4,) = (€, Muy) + z{£, M(u1 —u3)), we obtain the inequality
(6.49) L

Re ({1, Musqz) (b2, Musq,) > Re (€1, Muy) (€2, Muy;)

— |z ([(€r. Mug)| [(€2. M(uy —u2))| + [(€2. Mug)| [(€1. M(uy —u2))| )
—|z? 1{€1, M(uy —u2))| [(€1, M(uy —uz))|
> (€1, Px;s) (£ Pxy)

2
—y+2(ﬁ+y)—2(ﬂ+y)(1+ | ))

o
x (cosh(Ap/2) 1—n|t]

When condition (6.45) is satisfied, the set of ¢ 4+ z values, —1 <t < 1 for which
the quantity (6.49) is nonnegative contains an open neighborhood,
(6.50) U=U(E,Z,Ap)
o o

of the segment [—1; 1] C C. It follows that diame, M(6{) < dy (-1, 1) < +o0.

When R is reproducing and of uniformly bounded sectional aperture then
so is ¢ by Proposition 5.4. Thus, the conclusion follows from our spectral gap
theorem, Theorem 3.7. O

7. Applications

The most striking application is also the simplest. A complex Perron-Frobenius
Theorem (see also Appendix 11):

THEOREM 7.1. Let A € M, (C) and suppose there is 0 < ¢ < +00 for which
IIm A;j Amn| < ¢ <Re Ajj Amn for all indices. Then A has a spectral gap.

Proof. The cone 6g = R’} is regular in R”. By Corollary 5.6, 6c = C'} is
regular in R"”. We will compare M with the constant matrix P;; = 1 with respect
to the real cone R’j_. As in Example 4.9(1), Ap = 0. The canonical basis and its
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dual generates the cone and its dual, respectively; cf. Remark 6.2. The constants
from Assumption 6.1 then become (sups and infs over all indices) (a) @ = a(A4) =
inf ReA;j Ay, (b) B =B(A) =sup Red;; Ax; and (c) y = y(A) =sup [ImA;; Ag|.
Our spectral gap condition of Theorem 6.3 simply reads y < « and by finiteness of n
this is equivalent to the stated assumptions on A. We also note that the ‘contraction
constant’ for the spectral gap, n = n(8/a, y/a) < 1 from Lemma 2.4, cf. equations
(6.49) and (6.50), only depends on the ratios f/o > 1 and y/o < 1. |

In the following, denote by osc(h) = ess sup(/) —ess inf(%) the essential oscil-
lation of a real valued function /% on a measured space. Theorem 7.1 may (almost)
be viewed as a special case of the following complex version of a result of Jentzsch
[Jenl2]:

THEOREM 7.2. Let (2, i) be a measure space and let X = LP (2, u), with
l1<p<+4oo Lethe L, h>0ae andme L9, m >0 a.e. with%—{—é:lso
that 0 < [(hmdp < +00; ¢f. Example 4.9(2). Given g € L™ (Q2 x Q) we define
the integral operator, Mg € L(X):

(7.51) Mg(x) = h(x) /Q N () m(y) pldy).

Set 0 = osc(Im g) and A = osc(Re g). Suppose that 0 < /4 and that tanf <
exp(—2A). Then Mg has a spectral gap.

Proof. As in Example 4.9(2) we consider the R-cone €g={¢p<Xr:¢p>0(a.e.)}
and we compare with P¢p = h [ ¢ m dju. We have that P : 6}, — €, and Ap = 0.
We obtain the following estimate for the constants

4 / H
Re e8I FTEGY) 5 (o — p2essinfReg (o g
and

7 v/ .
Im 8N+ <) = 2esssupReg iy g

The cone 6 is reproducing. As shown in Example 4.9 (2) the real cone has
uniformly bounded sectional aperture. The spectral gap condition of Theorem 6.3
then translates into the stated condition on 6 and A. O

8. A complex Krein-Rutman Theorem

Let X be a complex Banach space. We denote by Gr,(X) the set of complex
planes in X, i.e. subsets of the form Cx + Cy with x and y independent vectors
in X. If we write S(X) for the unit sphere in X then

dy(F, F') = disty (F N S(X), F'NS(X)), F,F €Gry(X)
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defines a metric on Grz(X). In the following let us fix a norm on C". The
choice may affect the constants below but is otherwise immaterial. The space
(Gra(C"), d>) is then a compact metric space.

LEMMA 8.1. Let V C X be a C-cone and let F € Gry(X). Suppose there is
ueF,r>0suchthat Blu,r)NV =&. Then Vp = F N Vhasatmostl—l—”':—”
bounded aperture.

Proof. Let m € (F)' be a linear functional with u € kerm and |m| = 1.
Choose x € F for which |[(m, x)| = ||x||. If ax +bu € VF thenu + 7x ¢ B(u,r)

so that || < |‘r’—|||x|| and therefore,

lax 4 bul| < lal [|x|| (1 +”Lr‘—”) =|(m.ax + bu)] (1 +”‘r‘_”) _

The two-dimensional space F is spanned by u and x so K(VF) <1+ ”’:—" O

LEMMA 8.2. Let V C C" be a C-cone. Then there is K < 00 so that V' is of
K-bounded sectional aperture.

Proof. Suppose that this is not the case. Then we may find a sequence F; of
planes for which the aperture K(V N Fy,) diverges. Taking a subsequence we may
assume that F, converges in Grp(X) to a plane F. As V is proper, VN F is a
strict subset of F. Thus there isu € F — V. But V is closed in C" so there is 7 > 0
so that B(u, r) is disjoint from V as well. Given another complex plane, F’, we
may find u’ € F’ for which |ju —u’|| < ||u||d2(F, F’). When F and F’ are close
enough, r’ =r — |lu||d2(F, F') > 0 and B(u’,r’) is also disjoint from V. By our
previous lemma, V' N F’ is of aperture not exceeding 1 + ||u||/(r — ||u||d2(F, F")).
But this contradicts the divergence of K(V N Fy) as F,, — F. O

LEMMA 8.3. Let V C C" be a C-cone and let W C V be a closed complex
subcone with W* C Int V. Then there is A = A(W,V) < +00 such that for
X,y e W*

dw(x,y) <+oo=dy(x,y) <A.

Proof. We denote by 7 : C" — {0} — CP"~! the canonical projection to
complex projective space. We consider CP" ! as a metric space with the metric
dp pn—1 as in equation (A.82). The projected image, 7w (W ™), is compact in the open
set w(Int V*) C CP™~! so there is ¢ = (W, V) > 0 for which the e-neighborhood
of w(W*) is contained in 7 (V™).

Let x, y € W* be linearly independent and suppose that dy (x, y) < +00. Let
F € Gr(C") be the complex plane containing x and y. Denote by C the connected
setin 7 (F*) containing x and y. Let & € C, i € J, be an ¢/3-maximally separated
set in C. Thus, the balls B(§;, £), i € J, are all disjoint and | J;; B(&i. 5) =
CP"~ 1. The cardinality of J is bounded by a constant depending on & only. Then
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B(¢;, %) Cca(V*),i € J,soby Lemma A.1(2) each B(x;, %), i € J is of radius
not greater than log }J_r—;//g = log 3 for the dy-metric. Also U;ey B(§, §) contains
C which is connected. It follows that dy (x, y) does not exceed 2 log 3 Card(J).

which is bounded by a constant depending on ¢ only. O

THEOREM 8.4. Let V C C" be a closed subset which is C-invariant and con-
tains no complex planes (in terms of Definition 2.1, V is a C-cone). Suppose that
A C" — C" is a linear map for which A(V*) CInt V. Then A has a spectral gap.

Proof. We write W = A(V) for the image of V' and use the notation and
constants from the two previous lemmas. First note that for x,y € V,

dy(x,y) <oo=dy(Ax, Ay) <ndy(x,y) and dy(Ax,Ay) <A.

To see this note that when dy (x, y) < oo then dy (Ax, Ay) < 0o so by Lemma 8.3,
dy(Ax, Ay) < A. If €* denotes the connected component of F N V* containing
x and y then also diamy A(€*) < A. By Lemma 2.4, dy (Ax, Ay) < nde(x, y) <
ndy (x, y). Iterating this argument we see that diamy A”(€*) < An"*~!,n > 1. By
Lemma 8.2, V is of K-bounded sectional aperture, so Lemma A.1(1) assures that
diamg pu—1 A" (6*) <2KAn"!. Fix n1 < 400 so that 2KAn™"1~1 < ¢/3,

Now let &, i € J, be an ¢/3-maximally separated set in W. Setting V; =
n'B(&, &) with i € J we see that diamg pn—1 A" V* <e/3,n > ny. It follows
that there is a map, 7 : J — J so that A" V.* C W) = yr_lB(Er(i), 2¢/3),n >n;.
Since J is of finite cardinality, T must have a cycle. Thus, there are i1 € J and
ny < 4oo for which A" (V;,) C W;,. The cone W;, is regular (easy) and of
bounded diameter in V;, so that A”! has a spectral gap and therefore also A. [

When the operator is sufficiently regular one may weaken the assumptions
on the contraction and the outer regularity of the cone. This is illustrated by the
following complex version of a theorem of Krein and Rutman [KR48, Th. 6.3]:

THEOREM 8.5. Let € C X¢ be an inner regular C-cone in the Banach space
Xc. Let A € L(X¢) be a quasi-compact operator or a compact operator of strictly
positive spectral radius and suppose that A6* C Int 6. Then A has a spectral gap.

Proof. Let P be the spectral projection associated with eigenvalues on the
spectral radius circle, {A € C:|A| =ry,(A)}. By hypothesis im P is finite-dimensional
and we may find 6 € R such that

Fp(A(1 = P)) < 0 <rep(A).

We claim that €* NimP is nonempty: Let x € €* and define ¢, = A"x/||A" x| €
®*, neN.

Suppose first that Px # 0. Then lim,— ||A" (1 — P)x||/||A" Px|| = 0 so
that the distance between e, and im P tends to zero. Since im P is locally compact
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and e, is bounded we may extract a convergent subsequence e* = lime,, €imP N
%*. Suppose instead that Px = 0; then Ax € Int% so there is r > 0 for which
B(Ax,r) € 6. We may then replace x by Ax + u where u € imP, ||u|| <r and
we are back in the first case. Thus €7 = €* NimP # @. Now,

A:€p > (A€")NIimP CInt¢NimP =Int€p,

the latter for the topology in imP. In particular, Int €p is nonempty so that €p
is an inner regular C-cone in a finite-dimensional space and A : 6 — Int6p.
We may then apply the finite-dimensional contraction theorem, Theorem 8.4, to
Ap = Ajimp € L(imP). It follows that Ap, whence also our original operator A4
has a spectral gap. O

Remark 8.6. In the real cone version (replacing C by R) of Theorem 8.5 it is
not necessary to assume that the spectral radius of A is strictly positive. This forms
part of the conclusion. To see this pick x € €™ of norm one. Then Ax € Int € so
that there is A > 0 for which B(Ax,A) C 6. Therefore, Ax —Ax € € and then
also B(A%x,A?) = A(Ax — Ax) + AB(Ax, 1) C by the properties of an R-cone.
More generally, B(A"x,A"") C €. As 0 € 9% it follows that

rep(A) > limsup V/|A"x| > A > 0.

The fact that this conclusion is nontrivial is illustrated e.g. by the operator, A¢(¢) =
fg ¢(s) ds, 0 <t < 1, which is compact when acting upon ¢ € X = C°([0, 1]).
It contracts (but not strictly) the cone of positive elements but has spectral radius
Zero.

In the complex setup, if one assumes that € is of K-bounded sectional aperture
then strict positivity of rg,(A4) also comes for free: Suppose that x € 6, |x| = 1 and
B(Ax,r)C%,r>0. Then Ax +Ax € 6*, V|A| <r and also A"t 1x 414" x € ¢*
for such A-values. By Lemma 3.5. we see that A" 1x| > %A x| > 0 from which
rsp(A) > £ > 0.

9. A complex Ruelle-Perron-Frobenius Theorem

The Ruelle-Perron-Frobenius Theorem, [Rue68], [Rue69], [Rue78] (see also
[Bow75]), ensures a spectral gap for certain classes of real, positive operators with
applications in statistical mechanics and dynamical systems. Ferrero and Schmitt
[FS79], [FS88] used Birkhoff’s Theorem on cone contraction to give a conceptually
new proof of the Ruelle-Perron-Frobenius Theorem. See also [Liv95] and [Bal00]
for further applications in dynamical systems. We present here a generalization to
a complex setup.

Let (2, d) be a metric space of finite diameter, D < 4+o00. We write C%()
for the Banach space of (real- or complex-valued) continuous functions on €2 under
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the supremum norm, |- |o. When ¢ : Q@ — R (or C) we write

Lip(¢) = Sip |px — @yl|/d(x,y) €[0, +o0]
x#y

for the associated Lipschitz constant. Then
Xp={¢:Q—>R||¢| =l¢lo+Lip(¢) < +o0}
(and similarly for X¢) is a Banach algebra.

Let U C Q and let f : U — Q2 be an unramified covering map of € which
is uniformly expanding. For simplicity, we will take it to be of finite degree (it is
an instructive exercise to extend Theorem 9.1 below to maps of countable degree).
More precisely, we assume that there are 0 < p < 1 and a finite index set J so
that for every couple y, y’ € Q we have a pairing P(y, y') = {(Xj,x]’.) cjeJ}of
the pre-images, f~1(y) = {xj}jes CU and f~1()) = {x}}je] C U, for which
d(xj.x) <pd(y.y").jel.

Fix an element g € X¢ and define for ¢ € C%(Q) (or ¢ € X¢):

Mgp(n)= Y FDp(0). yeQ.
x:f(x)=y
The norm of M, when acting upon C°(2) (in the uniform norm) is given by
IMgllo=sup  »_  eRes,
YEL v f )=y
and a straightforward calculation shows that My € L(X¢) with
M| < IM|lo(1+ pLip g).
THEOREM 9.1. Denote a =LipRe g, b =LipIm g and 6 = oscIm g. Suppose

that 202D 1+ 4
9+—p exp(1+ p pDa < 1.
l—p+p?Da 1—p 1—p

Then Mg € L(Xc) has a spectral gap.

Proof. We will compare M, with the real operator P =MRgc ¢. For 0>0 the set,

(9.52)

Cop =1 Q= Ry | (. 0) =¢(0) = 70g()) 20, Vy.y € Q)
defines a proper convex cone in Xg which in addition is regular. Inner regularity:
Let1(x) =1, x € Q and h € Xg. Then 1+ h € €, R provided Lip h/(1—|hlo) <o,
whence B(1, min(o, 1)) C €4 r. Outer regularity: Pick xo € Q2 and set £o(¢) =
¢ (xo). For ¢ € €5 r we have Lip¢p < o|¢|o so that

[#] < (1 +0)Iplo < (1+0)e”Plo(@),
and this shows outer regularity.
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Let0 <o’ <o and ¢1,¢, € (60, g- Asin (4.27) let B5(¢1, Pp2) = inf{A > 0
Ap1 — @2 € €5 r}. A calculation using the defining properties of the cone family
yields:

1 —exp(—(0 +0")d) $2(y) _o+0 $2(»)
Boldr, ¢2)<22% 1 —exp(—(o —0’)d) ;lelg ¢1()’) oo ySlGlg $1(y)’

and we get the following bound for the diameter Ag = diame,, RCG(’:, g (cf. (4.28)):

/
AR§2logG+ + sup log $2(y) $1(y") <2 log o+o
o—

o—0 "y yea S 1) b)) "

The injection €57 g > 64,k is thus a uniform contraction for the respective projec-
tive metrics. Given ¢ € €4 g and using the pairing P(y, y’) we get for the operator

Pey) = Y XM
x: f(x)=y
> Z eReg(¥)=lata)d(x,x) g (1) > p=plata)d(,y) pg(yy,

x/f(x)=y’
This implies that P : €5 g — 64 g With o’ = p(a+0). If we choose 0 > ap/(1—
then P becomes a strict cone contraction of the regular cone €, r. We also get
the estimate (to obtain an a priori estimate for the contraction one may here try to
optimize for the value of o):

(9.53) O .1l ) B
2 o—p(o+a)
By Theorem 4.6, P € L(Xg) has a spectral gap (see [Rue68], [FS79] and also
[Liv95]).
Returning to the complex operator, M, we fix y, y’ € Q and the correspond-
ing pairing of pre-images P(y, y’) as described above. Let ¢ € C(%;,’R and write

(Cy,y Mg) =3;(1j(g). ¢) with

(11 (2), §) = €5 (xj) — e 0IOIITECD g () e

In order to compare with the real operator, we define complex numbers w;, j € J,
through the relation

(L (9).d) = & ™MDy (11 (Re ), §).

Equivalently (when the denominator is nonzero):

+2Da < 400.

. —od(y.y :
eg(x_,)¢(xj)_e (o (J’J’)'i‘g(x])(p(xj{)

el Ime(x))

eReg(xj)¢(xj) _e—Ud(y,y’)+Reg(xj)¢(x})
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We may apply Lemma 9.3 below with the bounds
Re(z1—22) = (0 —p(o +a)) d(y. ")
and |[Im(zy —z3)| < pb d(y, y’) to deduce that

ob
o—p(oc+a)

2

(9.54) |Arg wj| < so = and 1 < |wj|2§1+s0.

Giveni, j € J and ¢1,¢5 € %;,’R we obtain:

(1) (&), 1) (1i (), P2)
= (e meCDTMECD ;77 ) (1 (Re g). @) (ki (Re g). 8)-

The two last factors are real and nonnegative (because 0 — p(0 4+ a) > 0) and the
complex pre-factor belongs to the set
A= {rei“ l<r<l +s§, |u| <6+ 2sp}.

Summing over all indices we therefore obtain

(Ly,yr. Mgd1)(lww. Mgd2) = Z(ly . Pd1)(bww', P2).

in which Z is an average of numbers in A and thus belongs to Conv(A), the convex
hull of A.

When 6 + 259 < n/4 we conclude that the bounds in Assumption 6.1 are
verified for the constants & = cos(6 +2sg), y = (1 +s§) sin(6+2s¢) and B =1 +s3.
The spectral gap condition in Theorem 6.3 then reads as follows:

A
(9.55) (14 s2) tan(d + 2s9) cosh TP <1

Now, in order to get a more tractable and explicit formula we make the fol-
lowing (not optimal) choice for o

2a 1
'O+

1—p ' pD’
Then ¢/ = p(a + o) < 1+p0’ so that (o6 + p(a + 0))/(0 — p(a + 0)) <
(3+ p)/(1—p). Using (9.53) we obtain

A 3
coshTP§eAP/2: 1+pexp (1—|—2aDp#)

—p p

One also checks that (6 + 2S0)ﬁ < 1 implies that (1 + S%) tan(6 + 2s0) 725 3+'°
< 1 so we may replace (9.55) by the stronger condition

1 4
(6 +2s0) exp(l—i—pﬂ Da)—<1.
1—p 1—p
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Finally inserting so = p> D b/(1 — p + p?> D a) we obtain the claimed condition
which thus suffices to ensure a spectral gap. O

Remark 9.2. In the literature, one often includes a statement on Gibbs mea-
sures as well. If we let Ah ® p denote the leading spectral projection of P = Mg ¢,
then positivity of P implies that the ‘state’ ¢ € Xr > v(¢p) = u(¢h) is uniformly
bounded with respect to |¢|o. By continuity, v extends to a linear functional on
C%(Q). If, in addition, we assume Q compact, then by Riesz, this functional de-
fines a Borel probability measure dv on 2. The measure is invariant and strongly
mixing for f. It is known as a Gibbs measure for f and the weight g. This part of
the theorem, however, needs the partial ordering induced by the cone of positive
continuous functions and does not extend to a complex setup (in general, it is even
false there).

In the proof we made use of the following complex estimate:

LEMMA 9.3. Let z1,z5 € C be such that Rez1 > Re z, and define w € C
through

ei Ilew _ eZl — 22 .
eRe Z1 _eRezz
Then
Im(zy—z Im (z1 — 22) \ >
Re (z1 —z2) Re (z1 —z2)
Proof. Writing t = Re (z1 —z2) > 0 and s = Im (z; — z2) we have:
l_e—t—is
w=——+
l—et
Taking real and imaginary parts, Re w = l_le__—;f?” and Im w = el__teSi_“,s , we get
2 _ g sin’(s/2) 2 9 —|Ldw|_ - <1
|w|* = l—i—mf 1+(3)%. Also |5 logw|=|; 57| = |1_:714s‘ <i5= =<7
so that |Arg w| < % O

10. Random products of cone contractions

A conceptual difference between standard perturbation theory and cone con-
tractions is the behavior under compositions. Composing a sequence of operators
that uniformly contracts the same cone, one obtains again a contraction, even with
a sub-multiplicative bound for the contraction rate. This is extremely useful when
studying time-dependent and/or random products of such operators as it allows for
the use of an implicit function theorem. In [Rue79], Ruelle showed the real-analytic
behavior of the characteristic exponent of a product of random positive matrices.
He did not use Birkhoff’s cone contractions (which would have simplified some
estimates and avoided some unnecessary assumptions) but the central part of his
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proof may still be viewed as an argument based upon real ‘cone contractions’. We
will here show how results similar to [Rue79] hold for complex cone contractions.
The resulting theorems and examples of this section may not be deduced from
either real cone contractions, nor from standard analytic perturbation theory.

In the following we will assume that the C-cone 6 is regular (Definition 3.2).
This is convenient (if not necessary). In particular, for p > 0 sufficiently small the
(closed) subcone

(10.56) €(p) ={pc€:B.plol) C€;

is nontrivial (not reduced to {0}). We fix such a value of p > 0 in the following.
Also let A < 400 be arbitrary but fixed. We write n = 1(A) < 1 for the contraction
constant from Lemma 2.4.

Definition 10.1. Let Ml = M(A, p) C L(X) be the (nonempty) family of cone
contractions: M € L(X), M : 6* — €™ subject to the following uniform bounds:
diamgM(6*) < A and M(%) C 6(p).

Let (£2, ) be a probability-space and t : @ — Q a p-ergodic transformation.
We denote by E an average taken with respect to ;. When A is a subset of some
Banach space Y we write €(£2, A) for the set of Bochner-measurable maps from 2
into A (the image of a set of full measure has a countable dense subset). We write
B(2,Y) C€(2,Y) for the Banach space of (u-essentially) bounded measurable
maps equipped with the (u-essential) uniform norm of Y. For M € €(€2, M) we
write M(a'ﬁ) =M, ---M,n—1, for the product of operators along the r-orbit of
w € Q. It is again an element of €(2, Al). Our goal here is to show the following:

THEOREM 10.2. Lett € D +— M(t) € €(2, M) be a map for which

(1) (t,w) eDx Q> My(t) € L(X) is measurable and ¥V w € Q. t = My, (¢) is
analytic.

2 sup{H% Mw(t)” /IMp@)]: et e ID} < 4o00.
(3) E( | log Mo (O] ]) < +oc.
Then for each t € D the following limit exists [i-a.s. and is [L-a.s. independent
of w € Q:
.1
(10.57) x(t) =lim = log HM(g)(z)H.

The functiont € D+ x(t) € R is real-analytic and harmonic.

We first use our theory for complex cone contractions to get some necessary
uniform bounds. Using outer regularity we find (and fix throughout) m € X’ of
norm one and K < +00, such that

(10.58) el > 1m, )] > 2 lul, Vuee.
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For M : €¢* — %™ a (linear) cone contraction, we write

Mu
(1059) ﬂM(u)Zm, ME(‘@*,

for the natural projection of Mu onto the (bounded) subset:
Cm=1=€N{(m,u) =1}.

LEMMA 10.3. Given a sequence of matrices, (My), N C M, let M® =
M, -+ My, and write 7™ = Ty = Tpg, O+ 0Ty . Suppose that h € 6(p) and
[(m,h)| = 1. Then for ¢1, ¢ € 6* and ¢ € X :

(10.60) 7™ (@) -7 (g2)ll < K "' A;

1061 7™ (h+¢)—x® )] < K 1" (% 161 +o(||¢||)) Las ¢ —0.

Proof. Using Lemma 3.4 and then Lemma 2.4 we see that the left hand side
in (10.60) is bounded by K dq¢(M ™ ¢, M™¢,) < K n*~1 A. For the second
inequality, equation (10.58) and our assumption on A show that ||z|| > 1 and then
that B(h, p) C 6. The first part of Lemma 3.5 implies that d¢(h + ¢, h) < %||¢|| +
o(||¢ll). We then use Lemmas 3.4 and 2.4 as before. O

LEMMA 10.4. Forany M € M and u € €[p]*,

KZ
= M| =
0

(m, Mu)

(10.62) I ‘—(m’M”)
(m,u)

K

{m, u)

Proof. Let ¢ € X*. The assumption on u implies that u + ¢ ¢ € €* when
l£] @]l < pllull, i.e. for |t| <r = p|lul|/||¢]||. Then also Mu +tM¢ € 6™ whenever

M 2 M
lt| < r. By Lemma 3.5, [|[M¢| < £||Mu| = [|¢]| £LIL < g £\ im0

flue]l (m,u)
where the last inequality is a consequence of the properties in (10.58) of m. We

also have: [(m. Mu)| < M| |[u] < M| |(m.u)| K. o

LEMMA 10.5. Let M E./I/Landh €6 with (m, h) = 1. Suppose that U € L(X)
and ¢ € X verify [|U||/| M| < ;5= and ||| < ;%= Then

(10.63) [(m, (M +U)(h+$))| = M|l = 41<2

and

16K3
(10.64) 17y B+ D = .
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Proof. We need to show that the denominator in (10.59) stays uniformly
bounded away from zero:

[(m, (M +U)(h+¢))| = [(m, Mh)|— M| [|¢]| = U+ [l
= M 51— = ;0 + D) = M) o
(we have used: ||h]| < K|(m,h)| = K and ||¢|| < p/4K? < K). Then:
IM|-2-2K _ 16K?
M| (o/4K2) — p
We define for 1 € D the (measurable) map m; : €(2,6*) — €(R2,6m=1)
through:
(10.65) (m:(h)oy = a1, (1) (hew), @ €Q, he€(Q,€%).

|

ENUERIEY

LEMMA 10.6. For each t € D the map w has a unique fixed point h*(t) in
E(R2,Cm=1) C B(2, X).

Proof. The subsets [ (€(£2,6,,=1)), n > 1 form a decreasing sequence in
€(Q2, €m=1) CRB(2, X). By (10.60) the diameters verify: diam 7} (€(2, €n=1))
< Kn"'A. Pick h° € €,,—; and define (h°(¢)), = h°, ® € Q. The sequence,
W' Tl(t) = m, (W (1)) € B(RL, X), n > 0, is thus Cauchy so the map has a (clearly
unique) fixed point h*(¢) = 7, (h*(¢)) € €(Q,6;m=1). O

Recall that (m,hy(z)) = 1 for all w € Q. We definethe mapp:t €D —
€(22,C) by

(m, M, (t)he (7))

(10.66) Po(t) = (m, hy (1)) = (m, My (H)h (1)), o€ Q.

LEMMA 10.7. We have for everyt € D: x(t) = [ log |pe(?)| dp(w).

Proof. By Lemma 10.4, |p,(¢)] is equivalent to |M 4 (¢)| (within uniformly
bounded constants). Assumption (2) in Theorem 10.2 implies that it is also equiv-
alent to |M 4 (0)|| which, by Assumption (3) of that theorem, is log integrable. It
follows that (w € Q > log |pw(¢)|) € L1 (2, ). Our uniform bounds in Lemma
10.4 show that for every w € Q:

+0o(=)
n

(m . MD (1)hgne (1))
(m,hw(t»
n—1
= illkzolog |ptkw([)| + 0(%)

1 1
Jlog (MO0 = 1og

The latter sum is a ‘Birkhoff’-average of the L!-function log |p(¢)| so the almost-
sure convergence follows from Birkhoff’s Ergodic Theorem. This a.s. limit is (a.s.)
independent of w € €2 since t was supposed ergodic. O
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LEMMA 10.8. The mapt € D +— h*(t) € B(QL, X) is analytic.

Proof. Pick to € D. It suffices to show that h*(¢) is analytic in a neighborhood
of t9. Using Assumption (2) of Theorem 10.2 we may find § > 0 so that for
|t —to] < 6:

(10.67) [Mg(1) =M (o) || < 4K3 — My (t)]l. e Q.
By Lemma 10.5 the map,
o
* —_—
(10.68) (. h) € By, §) x B(h (to), 41<2) > .(h) € B(Q, X)

is analytic (because it is fiber-wise analytic and uniformly bounded). We denote
by To = Dnmyy(h*(20)) € L(B(R2, X)) the derivative of x4, at the fixed point
h*(t9). By linearization of the uniform bound in (10.61) we see that for each n > 1,
D (0*(t9)) = TJ € L(B(R, X)) verifies: | T ]| < 2K /p)n™. It follows that
rsp(To) < n < 1. The derivative, 1 — Ty € L(B(2, X)) of h— h — w4, (h) at the
fixed point h*(z9) is therefore invertible.

We may apply the implicit function theorem and conclude that there is 0 <
81 < § and an analytic function

(10.69) t € B(tg,81) > h*(1) € B(h*(to) C B, X)

i)
for which h*(¢) —;(h*(¢)) = 0 € B(R2, X) for all |t — o < §1. O

Proof of Theorem 10.2. For fixed w € Q2 the map ¢ € D — py(¢) € C is holo-
morphic (being a continuous bilinear form composed with analytic functions). The
difficulties here are that the images need not be uniformly bounded (with respect

to w) and that we want to define a complex logarithm in a consistent way. We
proceed as follows: For ¢ € B(tp, 61),

|pw(t) _pw(t0)| = “Mw(t) _Ma)(tO)” : ”hrw(t)“
+”Ma>(t0)” ”hra)(t) hra)(tO)“

K+ 35)
<|(—=K M, (2
(4K3 + 123) Mo (o)
= 525 Mo o).
Lemma 10.4 shows that |p,(¢9)] > F M 4 (¢0)| so we conclude that
Pw (1) 1
(10.70) ——1‘5—, ,w € Q, |t —to| <.
Pw (f0) 2 | |
The difference,
_ Po(f)
(10.71) x(1) = x(to) = | log dp(w),
w(IO)
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is thus the real part of the following holomorphic function (with the usual logarithm
on C—R_):
4
(10.72) H(t) =[ log (p“’( ))du(w), It —to] < 61.
Po (o)

Therefore, x(¢) is harmonic, whence real-analytic. O

Theorem 10.2 applies to certain classes of dominated complex cone contrac-
tions as defined in Section 6. We need to impose a further:

Assumption 10.9.

(1) We assume that €g C Xg is a regular cone in a real Banach space. (The
real-subcones €r(p), p > 0, are then defined analogously to (10.56)).

(2) Let P € L(Xg), P : €} — 65. We assume that there is pg > 0 such that
P(6r) C 6r(po). (And also that Ap = diamq, P(€f) < +00).

Given a complex operator M € L(X¢), which is dominated by P, we write
a(M), B(M) and y(M) for the optimal constants in Assumption 6.1. Now, let
0 < k < 1 and define the following subset of complex operators:

M M A
(10.73) M, =M € L(Xc) : 1— M<K, 0< y(M) cosh =2 <
B(M) a(M) 2

THEOREM 10.10. Suppose that Assumption 10.9 holds. The class of opera-
tors M, C L(Xc¢) defined in (10.73) verifies the uniform bound in Definition 10.1
(for suitable values of A and p). So Theorem 10.2 applies when M = M ..

Proof. The bound (6.50) in the proof of Theorem 6.3 shows that there is
A = A(x, Ap) < oo (depending upon k and Ap only) so that for any M € M ,:
diame, M(6¢) < A. We still need to show that M € ., maps €c uniformly into its
interior: € is assumed regular. Proposition 5.4 shows that 6¢ is then also regular.
We may assume that we have found m € %u%, extended to m € X which verifies
(10.58). By the assumption on P we have for any u € 6g: B(Pu, po|| Pul|) C 6g.
When £ € 6’ is of norm one this implies: (¢, Pu) > po || Pu||. Using the bound

(6.48) we then get for x € €R:
K./
ﬂ(g’ Px).

Po
Let u € 6 and (by Proposition 5.2) write u = e (x+iy)withd eRandx+y e CR-
Then

[Mx|| < K|(m,Mx)| < Ky/B+ylPx]l <

IMul) < [MGx+ )l + M=)
- K—Vi”w,mx» < 2KVBEY 4y,

Po
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Denote 02 = (—%— —y)/(B+y) € 10,1[ and let £1,{> € (gu;e be of norm 1.

cosh TP
Given ¢ € X¢ we use (6.46) to obtain:

Re(ly, Mu + @) (€a, Mu + ¢)

o 2
> (@ —)l{er, Pu)ll{ez, Pu)l = 2l¢ll1(€, Mu)| - 9]

2
2 P 2 2
z 07 e IMull” = 2|l | Mull — 6]

2
This is nonnegative when ||¢||/||Mu|| <p=+/1+ 024'0% — 1. Thus,
B(Mu, p|Mu|) € 6c. O

COROLLARY 10.11. In the case of finite-dimensional matrices Assumption
10.9 is indeed verified. The class of matrices in (10.73) then reduces to (see Theo-
rem7.1):
inf ReA;j A, ImA;; A
Mo = A e My©) 1 MEReAy A g sup Imdij Aw] ()
sup ReA,-jAkl inf ReAij Akl

Theorem 10.2 thus applies when M = M.

Example 10.12. Let (§5),cN be a sequence of independent and identically
distributed random variables with values in D. For ¢ € D define:

(8=t T+E&
M“”_(7—@n6+n)‘

One checks that (see e.g. the calculation leading to (11.78) below) each M, (¢) €
My=0.75,t € D. By the previous corollary, a.s. () =lim ’ll log |M1(2)--- Mu(t)|
exists and defines a harmonic function of ¢ € D.

For a closely related result we mention [Rue79] in which Ruelle was able to
show that the characteristic exponent of a product of random real matrices (under
additional assumptions) behaves real-analytically with respect to the matrices. Us-
ing Corollary 10.11 above, it is possible to recover the result of Ruelle together
with an explicit estimate for the analytic extension.

It seems plausible that a result similar to Theorem 10.2 should hold for inte-
gral operators of the type given in our Theorem 7.2 (a complex generalization of
Jentzsch’s Theorem), but our proofs are insufficient as the cones needed in Theorem
10.2 are not regular.
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11. Complex cone contraction versus perturbation theory

The applications in Sections 7 and 9 were based upon Theorem 6.3 on dom-
inated complex cone contractions. In Theorem 6.3 one may view the complex
operator M as a ‘perturbation’ of a real operator P. It is natural to ask what
are then the benefits from our above-mentioned applications relative to applying
standard analytic perturbation theory when looking for a spectral gap for one fixed
(real) operator. We address this question here.

We consider the case of an operator T contracting a regular real cone so that
T = AP + R where P is a projection of rank 1, A > 0 and the residual operator R
verifies RP = PR =0 and |[A™"R"|| < Cn""!, n > 1 for some C < +oo and
0 <7 < 1. Now, recall what can be obtained within the framework of perturbation
theory; see e.g. Kato [Kat95, I11.§6.4 and IV.§3.1]: If we perturb 7" then the spectral
gap persists provided that the perturbation is ‘small’ compared to the resolvent on
a suitable separating circle. To be more precise, for z ¢ os,(7T') we have:

(11.74) Rz.T)=C-T)'=C-)"'P+@-R)11-P).
When A > |z| > 1 A, one has:
(11.75) RET)=(E-)"'"P+z7'1-P)+ > z"'R",
n>1
Using the estimate for the residual operator and re-summing we get:
(11.76) IR <AL =P, €4
A=z 2] |z (|z[=An)

Consider now the closed curve (our not necessarily optimal choice for a separating
circle), ' ={zeC :|z| = /\HT"}. Forz e I':

2IP| 21— P 4c i
AMl=m  A+n)  A(d-n)  p*

When || S| < p*, the von Neumann series

(11.77) |R(z,T)| <

(z—T—-8)'=R(zT)+ R(z T)SR(z,T)+---

converges normally on I'. It follows that [Kat95, II,§1.3 and IV.§3.1] the spectral
projections on the two components of C —I" depend analytically on S. In particular,
the algebraic dimension of the spectral projection on the unbounded component
stays constant, i.e. equals one. In other words the spectral gap persists.

To be more concrete, consider then the case of a real matrix T € M4 (R) and
constants 0 <m < M < +o0 such that m < T;; < M for all indices. Let us perturb
by a purely imaginary matrix iS with S € M;(R) and such that |S;;| <7
for all indices. The matrix A = T +iS then verifies Re 4;; Ag; > m? —r? and
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Im A;; A_kl < 2Mr. Thus, the condition in Theorem 7.1 simply reads: 2rM <
m? —r2. Consequently if
m2
(11.78) r< YNk
then A has a spectral gap. For example if m =3 < T;; < M = 4 then [S;;| <
= J%+4 = 1 suffices to proved a spectral gap. Also, one cannot take r to be

bigger than 3 or else (gfg’l’ g’;g’l ) provides a counter-example of a matrix without

a spectral gap.
Perturbation theory works well in a special case, namely when T is itself of

rank one. For example, suppose that 7;; = 1, so that (by the Euclidean norm)
m=M=1,||P||=|1—P|=1and A =d. In this case C = n = 0 so that setting
|z| = d/2 we obtain from (11.76):
Pl =Pl _ 4

11.79 R(z, T)| < <— .
Thus, if we add S € My (R) with ||S|| < p* =d /4 then T +iS has a spectral gap.
In particular, when [S;;| < r then || S| <rd so one needs r < 1/4 in order to apply
this result. By comparison, the bound obtained from the complex cone contraction
(11.78)is r < 1+1 7 On the other hand, and in favor of the perturbation result,

note that it applies to some perturbations which are not immediately seen by the
complex cone contraction, e.g. when only one element of S;; is nonzero, and this
element is strictly smaller than d /4.

Consider now the case when the original matrix 7 is not of rank one. In order
to make a computation within perturbation theory note that the matrix contracts the
real standard cone R’} . Given the constants 0 <m < M < +o0 from above, one has

(see Example 4. 9) dlan’an (TRL) <A =2log 7 M Brom this, 7 = tanh 2 A %;’IZ

M+m Usmg IT|| < Md and A > md we also see that ||A T| <
M/m. One also has | P| < % In order to get a bound on C we may use the
constants in Remark 3.8, equation (3.19), which were obtained for the complex

and 1 —n =

cone but apply equally well to the real case. With the Euclidean norm on R" one
has K =g=+/2 and

(11.80)
V2)2 1o My (V2)2log 4
A= f_ ((1+ )()2—mg’”),(]:(1+—)()2—mgmA
M+m m M-+m
When |z| = )Ll% we have the bound:
MM M 2 CcM 21
a181)  [Re.T)| < MM Am) (M +m) (M +m) =

dm3 dMm? dMm? o*’
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When m = 3 and M = 4 we obtain from these estimates that r = p*/d =
0.01835... ensures a spectral gap. This is within two orders of magnitude to r = 1
which we obtained above from equation (11.78).

Increasing, however, the ratio of M to m substantially deteriorates the pertur-
bative bounds. When e.g. m = 10 and M = 100 we obtain r ~ 2- 107173 (1)
from (11.80) and (11.81). This should be compared to the bound r = 0.4987 ...
obtained from equation (11.78) when using the complex cone contraction.

Appendix A. Projective space

Let X be a complex Banach space. Given nonzero elements x,y € X* =
X — {0} we write x ~ y if and only if Cx = Cy. Let 7 : X* — X*/ ~ denote the
quotient map and write [x] = C*x for the equivalence class of x € X*. We equip
the quotient space 7 (X *) with the following metric

(A.82) dyx+)([x]. [y]) = distg (Cx N S, Cy N S)
— inf{ L 4
[x]l vyl

in which distg is the Hausdorff distance between nonempty sets and S = S(X) is
the unit-sphere.

:,u,veC*}, x,yeX*

LEMMA A.1. (1) Let € C X be a C-cone of K-bounded sectional aperture.
Then forall x,y € €*:

dr(x+) ([x], [y]) = 2Kd¢(x, y).
(2)Letx € X*,0<r <1andset V =n"1Byx+ ([x].r). Thenforally € V*

r+daxs (%] YD

dV(-x’ J’) = log r —dﬂ(X*)([x]’ [y]) .

Proof. Using the inequality
Y

(R A

we obtain from Lemma 3.4:

(A.83)

(11 .
2||x_y||mln IMTERTIRETY & X,yEX )
ol Iyl

x/{m, x) H
I/ (m.x)|| ||Y/ m, y)|l

and the first conclusion follows.
For the second claim, normalize so that d,,(X*)([ x],[yD = |lx—yl| <r and

x| =yl =1 Letup = H2x+ 152y = x + LS4 (y—x). By<A83> Iy —xl =
|1

<2Kd¢(x,y)

y
)

M |ly —x|| which remains smaller than  when |1 —A| < ” =2Re (2, +].
Then dy (x,y) < dp.2r)(=1,1) = dp(0, %) =log §X{ R“ m
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Given any two points x, y € €* we may follow Kobayashi [Kob67], [Kob70]
and define a projective pseudo-distance between x and y through:

de(x,y) =inf{)  de(xi, Xi41) i X0 = X, X1,.... X = y € 6*}.
Since d(x+) is a (projective) metric, the previous lemma implies that

THEOREM A.2. Suppose that 6 is of K-bounded sectional aperture in X.
Then the inclusion map, (€*, d¢) — (€™, dy(x*)) is 2K-Lipschitz.

In other words, this new distance does not degenerate when taking the inf over
finite chains, so distinct complex lines in ¢ have a nonzero de-distance. This is
conceptually very nice, but, in our context, not particularly useful. The reason is
that even if 7 € L(X) maps €™ into a subset of finite diameter in €* for the metric
d, this does not seem to imply a uniform contraction of 7', i.e. no spectral gap. We
leave a further study of this metric to the interested reader.
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