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Abstract

In this paper we answer a question of J. Bourgain which was motivated by
questions A. Bellow and H. Furstenberg. We show that the sequence {nz},‘;":1 is
L!-universally bad. This implies that it is not true that given a dynamical system
(X,2,,T)and f € L'(u), the ergodic means

N—o0

1 N
lim Nﬂ; £(T™ (x))

converge almost surely.

1. Introduction

Research related to almost everywhere convergence of ergodic averages along
the squares was initiated by questions of A. Bellow (see [3]) and of H. Fursten-
berg [10]. Results of Bourgain [4], [5], [7] imply that given a dynamical system
(X,2X,u,T)and f € LP(u), for some p > 1, the ergodic means

N
. .
(1) Jim szl ST (x)

converge almost surely. Bourgain also asked in [6], [7] whether this result is true
for L!-functions. In this paper we give a negative answer to this question.
Let us recall some concepts related to this problem.
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1480 ZOLTAN BUCZOLICH and R. DANIEL MAULDIN

Definition 1. A sequence {ng}2? | is L-universally bad if for all ergodic
dynamical systems there is some f € L' such that

1 N
lim — T"kx
k=1
fails to exist for all x in a set of positive measure.

By the Conze principle and the Banach principle of Sawyer (see [9], [16], or
[17]), the sequence {ny}72 , is L!-universally bad if there is no constant C < 00
such that for all systems (X, ¥, u, T) and all f € L'(u) we have the following

weak (1, 1) inequality forall t e R :
C
>t}) <5 [ 1f1dn.

N
1 n
) M(X-sup ~ 2 [T
k=1
THEOREM 1. The sequence {kz}zil is L'-universally bad.

N>1

The main result of this paper is

This theorem will be proved by showing that there is no constant C such that
the weak (1, 1) inequality given in (2) holds.

This paper is a new and substantially modified version of our preprint from
2003. The proof in that preprint contained a gap but the methods of that paper lead
to a solution of a counting problem raised by I. Assani (see [1] and [2]).

The paper is organized as follows. In Section 2 we develop the necessary
ingredients we need concerning the asymptotic distribution of squares modulo ¢
where ¢ is the product of « distinct primes. The specific technical property we
need is given in Lemma 2. In Section 3 we develop the notion of a periodic re-
arrangement of a given periodic set. Lemma 3 states a property about the frequency
squares hit such sets; we will need this later in our construction. Section 4 is the
technical heart of the paper. For positive integers K, M and a periodic set A we
define the notion of a K — M family living on A. What we need for the proof of
our main theorem is the existence of some specific families living on A = R. The
properties of these families are stated in Lemma 5. However, we need a double
induction argument to show that such families exist. In Section 4.1, in Lemma 6
assuming K — M families exist for all parameter values on R, we show that they
exist on periodic sets A. In Section 4.2 we turn to the proof that if K — M families
exist, then (K + 1) — M families exist as well, this induction on K is our outer
inductive construction. In Sections 4.2.1 through 4.2.8 we carry out the first step
of this induction, while in Sections 4.2.9 through 4.2.15 we show how this first
step of the induction should be altered for (K + 1) — M families when K > 0. The
proof of the existence of (K + 1) — M families involves an intricate inner inductive
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construction, the “leakage process”, which is outlined in Section 4.2.1 and carried
out in Sections 4.2.2 through 4.2.7. Once it has halted, it is shown in Section 4.2.8
how to adjust the functions so that the next stage of the outer induction holds. In
Section 5, we give the proof of the main theorem. We construct a sequence of
rational rotations 7T}, functions fj, and numbers 7, which witness that there is no
constant C satisfying (2).

To understand the heuristics behind our proof it might also be useful to look
at [8].

If someone prefers to have a general overview of the main ideas of the paper
before turning to the details here is a recommended quick tour: After reading the
introduction read Definition 3. Then jump to Section 5 and read the statement of
Theorem 8. Skip the proof of this theorem and read the details of the proof of
Theorem 1 at the end of Section 5. Then continue with Section 2 and read it until
(3). Jump to Definition 2 and Remark 1. Then read Section 4 starting at Definition
4 until the statements of Lemmas 5 and 6. From here jump to Section 4.2 and
read it until the paragraph above 4.2.1. Continue with Lemma 2 and the paragraph
above it. Read Remark 2. Then jump to Section 3 and read it until Lemma 3 is
stated. Finally, read Section 4.2.1 until the paragraph containing (57).

Let us fix some notation. Given f : R — R, periodic by p we put

7f — " oz,

Given a Lebesgue measurable set A, periodic by p we put

_ 1 AMAN[=N,N
A(A) = ;/\(A n[o, p)) = Nh—r>noo %

2. Number theory/quadratic residues

Foreachgq e Nandn € Zsete(n,q) = 1if n is congruent to a square modulo g,
and let e(n, ¢) = 0 if not. We denote by o, the number of squares modulo g. If p
is an odd prime, then o), = pTH. If g = p1--- pe where p1,..., p are distinct
odd primes, then (by the fact that something is a square modulo ¢ if and only
if it is a square modulo each p; plus by using the Chinese remainder theorem)
oq =172, mTH. For elementary properties of quadratic residues see [11, pp. 67—
691, or [14, Ch. 3]. We remark that though 02 = 0, when talking about quadratic
residues usually only those are considered which are not congruent to 0, but since
e(n,q) =1 when n is congruent to 0 modulo g we will regard 0 a quadratic residue
(or square) in this paper.

In Section 3 we will use the Legendre symbol. If t is an odd prime the Le-

n n
gendre symbol (—) = (—) equals O if 7 divides n, otherwise it equals +1 if
T T 19
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n is a square modulo 7 and equals —1 if n is not a square modulo 7. To avoid
notational confusion we will use the subscript &£ for the Legendre symbol. It is a

character, that is, (ﬂ) = (E) (T) ,and 1+ (E) equals the number of
T )¢ T/ e\T /g T

solutions x mod t to the congruence x2 =n mod t.
Put Ag(g) ={n € Z : e(n,q) = 1}, the set of integers which are quadratic
residues modulo ¢g. Clearly,
@) #(Ao(g) N10.9)) = 0g > 3L
Next we discuss some results from [15] concerning the distribution of the
squares modulo ¢g. Given K, consider a fixed sequence (¢1, ..., &x) of zeros and
ones. Assume that ay,...,ag are distinct integers modulo an odd prime p.
Setvp(er,....ex:ar,...,ak) =#n:0<n<p,e(n+a;, p)=c¢; fori =
1,..., K}, thatis, vp(e1,...,eK:a1,...,ak) counts the number of occurrences
of (¢1,...,€ek) in translated copies of ay, ...,ag modulo p. Then

p p
&~ KG+ VP Super.exian... ag) < 5p + KB+ Vp).

The “probability” of the occurrence of (¢1, ..., k) in translated copies of
(ai,...,akg)is
vp(er,....ex:a1,...,aK)
p

Pp(el,....ek:a1,...,4K) =
and by the above result if (a1,...,ak) is fixed, then
1
4) Pp(er,....ek:a1,...,aK) = 3 as the odd prime p — oo.

Next we want to choose square free numbers ¢ = p; --- pi, where pi, ..., pk
are distinct sufficiently large odd primes with good statistical properties.
A number 7 is a square modulo ¢ if and only if it is a square modulo each of
the primes py, ..., pc. By (4), givenay, ..., ag and keeping «, fixed as min{py, .. .
.., Pic} —> 00 we have

1 YK & 1 K-> &
(5) Q’q(sl,...,sK;al,...,aK)e(Z—K) (1—27) N

that is, statistically squares modulo ¢ look like outcomes of independent Bernoulli
trials with probabilities 2LK and (1 — 2%) Without going into technical details of
this fact from number theory, we just give an outline of a proof by induction on «.
For k = 1, (5) follows from (4). Suppose x > 1 and (5) holds for k — 1. Set
go = p1-px—1. For any possible choice of ' = (&}, ..., &%) and " = (7, ..., &),
set W(e',e")=1{n:0<n<gq, e(n+a;.q0) = ¢, and e(n +a;, p;) = ¢} fori =
L....K}, Wo(¢') = {n : 0 < n < qo, e(n+ai,qo) =¢;fori =1,...,K},
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and W (e") ={n:0=<n < pe, e(n+a;, p) =¢/ fori =1,...,K}. Observe
that for any »n the numbers n + jqo, j = 0, ..., pr — 1 hit each residue class
modulo p, exactly once, and e(n + jgo + ai,qo) = €(n + a;, qo) for all i. Us-
ing this one can see that Wy(¢’) and W, (¢”) are independent in the sense that
#W(e', ") = #Wy (") #W, (¢"). For e = (e1,...,¢k), set G(e) ={n:0<n <gq,
e(n+aij,q)=¢;fori =1,...,K}. Then#G(s) =) #W(c', "), where the sum is
taken over all pairs (&', &””) whose coordinatewise product is &. Taking the limit as
min py, ..., py goes to infinity of #G(g)/q, using (4) for the limit of # W (¢”)/ p«
and (5) for the limit of #Wy(¢’)/qo, and noting that the only thing that matters
in these limiting probabilities is the number of 1’s in the sequence, we have after
setting m = Zlel &;, that the limiting value is

1 K—m K—m 1 m 1 i 1 . 1 K—m
o 2 () () () = ()
i=0

which is what we wanted.
Consider an infinite sequence of pairwise independent random variables X; :

Y —{0,1} with P(X; (@) =1) = 5¢, P(Xj(w) =0) = 1—5¢. Then E(X;(w)) =

ZLK. By the law of large numbers if p > 0 and K — oo, then

1 & 1

p ( E;X,-(a))—z—x Zp) — 0.
1=

Given p, €1 > 0 if K is large enough, then

1 & 1
P(?Z)ﬁ(a})—z—x Zp) < €.

i=1

For odd primes p; < pp < -+ < pe put ¢ = p1--- pe. Given distinct inte-
gers ay,...,ag consider X;(n) =e(n +ai,q). By (5) as p; — oo the variables
X; (n) approximate independent random variables with Bernoulli distribution 2%,
(1 — ZLK) Hence, given a sufficiently large K if p; is sufficiently large then

#n €[0.9): | % XK, e +ai.q) - 3| = o}
q

<€1q.

In particular, we have

K
(6) #%ne[O,q)tzs(n +ai"I)22£K+KP§<€1‘]-

i=1
For later arguments we now introduce some parameters. We will need a suit-
ably small “leakage constant” y € (0, 1) of the form y =277 where ¢, € N. Then
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we work with ¥ > ¢,. Furthermore we use small constants p, p1 > 0. For large K
we have

M K2Z[(+pi29yKi] < L+ p1)(1+ p1 27K, and y2°/ Ky <er.
Thus for a large K; we can choose p/1 such that

8) py > max{K; + y2, Ky /€1 }

and, in addition if p; > p| we have for any ¢ = p1--- pic, p1 <+ < P,

K

1 1

©) #{”E[O,(I)i'z E 8(n+i,61)—2—,c
i=1

z /O} < €14.

Also, we can choose p}] > p/ such that if p; > p] then given any integers
ai....,ak, so that the difference of any two of them is less than pj we also
have, after a simple change of notation in (6)

K>
K>
(10) #{n €l0.9): ) e(=(n+a;).q) = 2—K+sz1} <eq,
i=1
the negative sign in the first argument of &(-, ¢) is due to technical reasons in later
arguments; it is clear that if n takes all possible values modulo g then so does —n.
Let ny € [0, 00) be the first number for which
LY i
— ) en1+i,q9)——
Kim T
Next choose the least ny > n1 + K such that 9(Ky,n2,¢q) < p.
Continue and set $ ={j e N:0<nj <q}. If n’ €[0,9)\Ujeg[n;,nj + K1),
then %(K1,n’, q) > p holds.
Hence, by (9)

def

(1D) #{ne[O,q):ngZU[nj,nj—i-Kl)}<61q.
JEY
If j € $, then by the definition of e(n, q)
1 1
(12) Ky (2—K—P) <#(A0(Q)ﬂ[nj+1,nj+K1]) <K (2_'<+p)’
so that the number of quadratic residues modulo ¢ in the interval [n; +1,n; + K1]
is approximately Ky /2%.

Definition 2. Set Ay(q) = —Ao(q) +{j € Z:0 < j < y2¢}, Ay(q) =
Ay(q)+1[0,1) = —Ao(g) + {x : 0 < x < y2¥}. For ease of notation in the sequel
if we have a fixed y and we do not want to emphasize the dependence on y we
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will write A(q) and A(g), instead of Ay(q) and /_\,,(q), respectively. (To make it
easier to memorize our notation for these A type sets it will be useful to keep in
mind that the sets A without the bars will be subsets of Z and the sets A C R will
be obtained from the corresponding A sets by adding [0, 1).)

Remark 1. Here are some “heuristic” comments related to the above defini-
tion.

If Ao(q) equaled {k -2 : k € Z}, then A(A(g)) would equal y.

Next suppose that Ag(g) is the set of quadratic residues. If the intervals mak-
ing up 1_\y(q)) were disjoint, then X(l_\y(q)) would be y [1i_; p"pfl , somewhat
larger than y. However, by results in [13] for a fixed y as « goes to oo, the nor-
malized gaps between consecutive elements of Ag(q) converge to an exponential
distribution. We will make explicit use of this fact in Lemma 7. Since the nor-
malizing factor is o4, the number of squares modulo g approximately equals g /2
and the average value of the spacing between elements of Ag(q) is very close to
2%, For each « sufficiently large if p; is sufficiently large, for a certain percentage
of different elements i,i’ € Ag(g) the intervals [i,i + y2¥) and [i’, i’ + y2¥) will
overlap. Under these conditions A(A (¢)) will be less than y, but the smaller y is,
the closer A(A(g))/y is to 1 for large ¢’s. We will take advantage of this property
particularly when we fix a leakage constant.

By Remark 1, #((Z N[0, g)) \ A(g)) is a little larger than (1 — y)#(Z N[0, q))
for large k and p;.

Suppose p > 0 is given. If a g-periodic set A C Z is “not sufficiently p-inde-
pendent” from A(g) it may happen that

(13) #(A\A(Q)N[0.9)) < (1—p)A—-y)#(AN[0.q)).

In the next lemma we consider translated copies of Ag(q). We show that for g’s
with large prime factors there is only a small portion of n’s when A, =n + Ag(q)
satisfies (13).

LEMMA 2. Given a positive integer k and €, p > 0 there exists p} such that
if the odd primes satisfy p{ < p1 <--- < pc and q = p1--- p, then

(14) #{n €1[0,q) :#(((n + Ao(q)) \ A(g)) N0, q))

<(1-p)(1- V)#(AO(CI) N 1o, 61))} <eq.

Remark 2. The heuristics behind (14) are the following. The number of n €
[0, g) for which n € A(g) is a little less than yq, due to “overlaps”. This means
that the number of those n’s for which n ¢ A(q) is a little larger than (1 — y)gq.
Now one can examine what happens when we look at translated copies of Ag(q).
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Formula (14) says that for “most” translated copies of Ag(g) we cannot have much
less than (1 —y)#(Ao(g) N[0, q)) elements of n + Ag(q) outside A(q).
Before beginning the proof of Lemma 2 we choose pg > 0 such that

1
(15 (1= =r) > (=201,
(1= po)?
Recall from number theory that if pY is sufficiently large then we have
(16) (1= po) o < #(Ao(q) N [0.9)) = 04 < =3
2¢ (1—po) 2¢

Proof. We can assume that € < 1. Take 0 < €1 < 62/32 and then choose K,
p; and p{ as above. By (8) and ¢ > p{ > p| we have g > K /€1 and by (11)

17 #{nE[O,q):ngZU[nj,nj—i-Kl)}<61q

JEy
for a suitable index set $, defined above, and for each j € § we have 9(K1,n;,q) <
p1 for a suitable p; > 0. This means that

1 1
(18) K (Z_K_Pl) <#(Ao(q)N[nj+1.n; + K1]) < K (2_’< +,01) -

By Definition 2 forn € [0, g) we have n+n" € A(q) = Ay (q) if n+n"—i e —Ao(q)
holds forani =0, ..., y2“ —1. Set A{)(q) = Ao(g)N[n; +1,n; + K] and

y2K—1

Af(q)=—( U (A{;(q)—n)
i=0

for each j € $. Using the definition of K5 in (7), and (18) choose distinct numbers
ajrj, i’ =1,..., Ky, so that
y2K—1 . K>
i i . d
19) M@= |J AJ@—ic 4= | lai} Clny—y2°.nj + K.
i=0 i’=1

Clearly, by the choice of p’1 in (8) the difference of any two of the a; ;s is less
than p/. By (19)

(n+ Ao(g) NAY(q) C (n+ Ao(g)) N (—4;).

Observe that there exists n’ € Ag(g) such that n + n’ € —A; if and only if
there exists i’ such that n +n’ = —a;/ j, thatis, n +a;/ j = —n' € —Ao(q).
Recall that n + a;/,; € —Ao(q) if and only if e(—(n + a;/,;).q) = 1. Set
K
Nj={nel0,q):) ;2 e(—=(n+aij)q)> Kz(zlx +p1)}. fngNj,nel0,q)



DIVERGENT SQUARE AVERAGES 1487

then
. 1
20) #((n + Ao(@)) N A (q)) <K (2— + pl).
By (10)
1) #N; < erg.

Here we remark that (10) can be used so that we have (21) for all j € $. Indeed,
assume A C [—y2“, K1) and A+ nj = A;, then

N =N e 0.0 Y -t ) = K5+ o1 )|

acA

There are 2¥2“tK1+1 gubsets of [—y2¥, K;]. So, we can choose p1 before (10)
so that we have #N4 < €1¢ for all subsets A of [—y2%, K1].
If n ¢ Nj, n €[0,q), then by (7) and (20)

) H@+ aol@) A @) < Ko 5+ 1

1
<0+ 25+ )
On the other hand, by (17)

q—¢€149 q

23 <#$<—+1
23) <HP <t

Ki
ForO<n<gset$(n)={je€$:ngN;}.
Consider an n such that

(24) #3(n) >q

1—61
1— .
X (1—/e1)

Later we show that for most 7’s this inequality holds.

Observe that if x € [—(nj + K1) + y2“ — 1, —nj — 1] N A(q) then there exists
ie{0,...,y2"—1} suchthat x —i € —Ao(g) and x —i € [-(nj + K1), —nj —1],
that is, x —i € —Aé(q) and hence x € A7 (q). Therefore, [—(nj + K1) + y2* —
1,—nj —1]NA(g) C A/ (q).

We want to estimate

#(((n + Ao@)\ A@) N0, q)) = #(((n + Ao@) \ A@) N (~4.0]).
By (22) for any j € $(n)
(25) #((n + Ao(@)NA(Q) N[=(nj + K1) +y2 =1,—nj — 1)

1
< (1+pD)(1+p12°)yK; (Z_K + Pl)-
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Put
Tn={teZ:te(—q,O]\ U [+ K) +y2 = 1,—n; — 1]{.
J€$(n)
It is clear that
(26)
(n+Ao(g)) N Alg) N (—¢.0]

CTuU |J 4+ Ao@)NA@) N [=(n; + K1) + 2 =1, —n; —1].
jesm

We need to estimate #7,. Since the intervals [—(n; 4+ K1), —n; —1] are disjoint
and, with the possible exception of the one with the largest index, are subsets of
(—q, 0] we have by using (7) and (24)

#Tp < g —#3(n) (K1 —y2°) <q—#F(n)(1—e)K,

2
<q—¢" 21— VK = g1 - (- - ) < ger(e).

where ¢1(€1) — 0 as €; — 0. Now we use this, (25) and (26) to estimate
#((n + Ao(9)) N Ag) N (—q, 0])

1
<#50)-(1+ p1)(1 + P12 7K, (2— + pl) +gerer)
(using (23))
q

1
T 1)(1 + p1)(1 + p12°)yK, (27 + Pl) +qgci(er)
1

K 1
= (1 + 71)(1 +p1)(1+ P12K)2Vq27 +qci(er)

(using (8) and g > p| > Ki/€1)
1
<(I+e)(I+pn( +,012K)2)/q2—,< +qci(e1)

<

2k 1 1
=@ +e)+p)(1+p12% + =ci(e1) )yg== = caler. p1) v .
y 2K 2K
where ¢ (€1, 1) — 1 as €1, p1 — 0.
We can choose €1, p1 > 0 so that

1
(1—po)

c2(e1,p1) <
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This by (16) implies

5 V#(Ao(q) N[0, q)).

1 1
6‘2(61,/01))/42—,C < m

By (15) we obtain

@ #(((n + Ao@) \ A@) N0, q)) > #(Mog) N [0.0))(1 = =)
> #(Ao(g) N[0,¢))(1—p)(1—y).

To prove (14) we need to show that there are sufficiently many »’s which satisfy
the above inequality.

Let b be the number of n’s for which

1—e€ 1

(28) #J(n) <q K (1= er).
If we can show that b < €¢, then we have finished the proof of Lemma 2 since
if (24) holds for an n then we have (27). If n satisfies (28) then by the definition
of $(n) from (23) we infer that n € N; for at least /€1 %q many j’s. Hence,
using (21) and (23)

1—¢€; q 2¢142
b/ < #N; < — 4+ 1)<
€1 K, q_z ,/_€IQ(K1+ ) K
Jjeg
which implies
2,/
b < €1q<€q. O
1—61

3. Periodic rearrangements

We need a lemma concerning the fact that one can make a periodic perturba-
tion of certain given periodic sets so that averages of the characteristic function of
the perturbed set taken along squares is close to the average measure of the original
set.

Assume F C R is periodic by t” € N and if x € F then [|[x], [x] + 1) C F.
Given a natural number t > 7/, the t-periodic rearrangement of F is denoted by
FT and it is periodic by 7, and F*N[0,7) =0, |t/7’]-T)NF.

For the proof of the next lemma we recall that by the Pélya-Vinogradov The-

orem (see for example page 324 of [12]) for any n € Z, [ € N and odd prime t, we
n+l-1 , .

have Z (i) <64/TlogT.
j=n N

LEMMA 3. Suppose T € N, F C R periodic by t" and p > 0 are given. There
exists My such that if t > M, is a prime number then for any n € N and x € R, if
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T|m, then
1 n+m—1 _
(29) — D (k) = (1= p)A(F).
k=n

Proof. Foreacha € {1,..., 7'}, let Fy = Up=4 (modar/)[n,n + 1). Since F is
the disjoint union of finitely many of the sets Fg, it suffices to prove the lemma
for some fixed F,. Also, note that it is enough to show that there is some M, such
that if T > M, is a prime number, then for any n € N and x € R,

1n+r—1 _ l—p
(30) = Y k) = (= p)A(Fa) = —-.
T k—n T

Put!/ = |t/7'].
Note ypr(x + k?) = 1 for an integer x if and only if there is some j €
{0,...,] —1}such that x + k?> = a + jr’ (mod 7).

k
Thus, using the Legendre symbol (—) , we have
njg

1
—#{ke{0,....,1—1}:k>=a+ j'—x, (mod7) foraj e{0,...,] —1}}
T

-1
1
= - § #kef0,....,t—1}:k*=a+ jT'—x, (mod7)}
T
Jj=0

=l§(1+(—a+ﬁ/—x) )=£+l§(a+ﬁ,_x)

T = T @ T T T @

Jj=0 j=0

B |_‘(/‘L'/J+ll l(a—i-jr/—x)
T (s T @

a+jt'—x

]—
Lt/7'] 1 : —
Nowasr—>oo,%—>7.Sett1ngS—Z( .

) we only need to
j=0 *

show S/t — 0, as T — oo.

We argue this as follows. Since 7’ is a prime with 7/ < , choose b such that
bt'=a—x, (modt)andset t* = (¢/)~!, (mod ) sothatb = (a—x)-t*, (mod 7).
Since the Legendre symbol is a character,

(a+j’'—x)-t*\  [(a+ji'—x T*
( T )ge_( T )sg.(T)se'
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Also, we have |(§)§B| = 1. Since

(a+ji'—x)-t*\ _ ((a—x)t*+ji't*\ _ (b+]
( T )gg_( T )55_( T )sg’

we have by the Pélya-Vinogradov inequality

-1

b+j S
|S| = E (i) §6ﬁlograndu—>Oasr—>oo.
o T P T
j=0
This completes the proof of Lemma 3. O

4. K — M families

Definition 3. For a positive integer M we say that a periodic function or a
“random variable”, X : R — R is conditionally M —0.99 distributed on the set A,
which is periodic by the same period, if X(x) € {0,0.99, 0.99- 1 .0.99.0~M+1 },
and A({xeA : X(x)=0.99-2713)=0.99. 2= M+I=13 (A) for [ =0, ..., M—1. (We
regard R as being periodic by 1 with A(R) = 1 and if A = R then we just simply
say that X is M —0.99-distributed.) By an obvious adjustment this definition will
also be used for random variables X defined on [0, 1) equipped with the Lebesgue
measure A. If we have two “random variables” X; and X, both conditionally
M —0.99 distributed on A then they are called pairwise independent (on A) if for
any y1,y2 €R

(31
Mx € A X1(x) = y1 and X5(x) = y2}A(A)

=A({x € A: X1(x) = y1)DA(x € A1 Xa(x) = y2})
or, equivalently,

Mx € A X1(x) = y1 and X2(x) = y2}/A(A)
= (A({x e A X1(x) = )1 D/AA)A{x € A : Xo(x) = y2})/A(A)).

If we say that X; and X, are pairwise independent, without specifying A then
we mean A = R.

We will use the following simple properties. Assume A; and A, are two
disjoint sets with a common period. If X; and X, are conditionally M —0.99
distributed on A and on A», then X; (and similarly X>5) is conditionally M —0.99
distributed on A1 U A,. If, in addition X; and X, are pairwise independent on each
A1 and A», then X; and X, are pairwise independent on A1 U A,. We note the
last property depends on X and X, having the same distribution on A1 and A».
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Similar properties hold if we have finitely many functions X1, ..., Xg with the
same conditional distribution.

For our argument a wide range of independent, identically distributed uni-
formly bounded “random variables” with expectations bounded from below by
constant times M2~M could be used. Howeyver, as the remark above shows we
need identically distributed random variables and out of the many possible choices
we picked the M — 0.99 distributed ones. For a motivation for this choice see [8].

We say that X : R — R is M — 0.99 super distributed if

(32) X(x)€{0,0.99,0.99-271,...,0.99. 27 M+1
and

A{x €eR:X(x)=0.99.-273)>0.99. 27 M+ =1 for | =0,.... M —1.
We need the following lemma:

LEMMA 4. Suppose T € N, X1,...,Xg : R — [0,00) are M — 0.99 dis-
tributed, © periodic and X 41 I8 M —0.99 super distributed t periodic and
Xk 41 is pairwise independent from Xy, for allh =1, ... k. Then we can choose
0<Xg4+1 =< X}H—l such that Xg 1 is M —0.99 distributed and pairwise indepen-
dent from Xy, forallh =1, ... k.

Proof. Set

kS eR: Xp, (x) = 0992775,

Then A(®%, ;) = 0.99-27 M+~ and

4ef0.99. 2~ M +i—1

T Oy
K+1,1

We also set $x = {0,0.99,...,0.99- 2~ M+ K and for (y1,..., yx) € Fx set

def
Ok sy 1. YRS €Oy 1 Xp(X) =yp. h=1..... K}

Clearly, ®/K+1,l(y1’ ..., YK ) is T periodic and for (y1,...,yg) # (¥]..... Vx) €

Sk the sets O | ;(¥1,...,yk) and O | ,(¥],..., k) are disjoint. For all

(y1,...,YK) € Pk choose a Borel measurable
Ok+11(01, -+ Yk) COk 1 V15, YK)
such that
AMOK 41,101+ ¥K)) = A Ok 11 ;1. YK))
and Og1,7(¥1,...,yk) is periodic by 7.
For x € Og41/(V1,...,yk) set Xg41(x) = X}(_H(x) =0.99-27 and for
X € ®’K+1J(y1, o VE)\ Ok 41,015 .., k) set Xg41(x) = 0. Do this for all
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(»y1,...,Vk) € g and forall/ =0,..., M — 1. Finally, for those x’s for which
Xgp1(x) =0set Xgy1(x) =0. Then 0 < Xg41 < X 4.
Suppose [ € {0, ..., M — 1} is fixed. Then

A({x: Xga(x) =099-27") = 3" A(Og111(-- -0 YK))

= Z sz(®'K+1’l(y1,...,yK)) :CIX(@’K_HJ) :0'99_2—M+l—1.
01, YK)EFK

This and (32) also implies that

M-1
(33) A Xg () =0 =1- Y 0.99.27M+1-1,
1=0

Suppose 3, € {0,0.99,0.99-271 . ..,0.99-27M+1} is fixed and denote by
Fk,y, the set of those (y1,..., yk) € Sk for which y;, = yj,. Then by the pairwise
independence of X, and X 41 on R we have

(34 A({x: Xp(x) =y and Xg o, (x) =0.99-271})

= A({x 1 Xp(x) = TR DA(x s Xy (x) = 0.99-271Y)

= A({x s Xp(x) = FaDAOk 41 )
On the other hand,
(39) Y MOk 01 K))

01, YK)ESK 3,
= A({x : Xp(x) = ¥ and X, (x) = 0.99-277}).

Since

¢l > MO 41,12+ VK))

01, YK)EFK 7,

= > A(Ok41,1(V1.---. ¥K))

01, YK)ESK 3,
= A({x : Xp(x) = ¥ and Xg41(x) =0.99-2711),
if we multiply (34) and (35) by ¢; we obtain
A(x : Xp(x) = ), and Xg41(x) =0.99-271Y)
= 2({x : Xp(x) = Tn}) - c1- MO 1))
({x : Xp(x) = yp})-0.99. 2~ M+I=1

=7
= A({x : Xp(x) = T DA - Xgp1 (x) = 0.99-271.
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By (32) and (33) we also have

A({x s Xp(x) = yj, and Xg41(x) = 0})

M-1
= A({x : Xp(x) = Fp}) — Z A({x : Xp(x) = ¥y and Xg41(x) = 0.99-277})
1=0
M-1
= A({x : Xp(x) = yph) (1= Y 0.99.27M+H)
1=0

= A({x 1 Xp(x) = Ta DA : Xgp1(x) = 0}).

This completes the proof of the fact that Xx 4 is pairwise independent from X},
forallh=1,...,K. O

Definition 4. We say that a set ? C N has sufficiently large complement if
there are infinitely many primes relatively prime to any number in .

Sometimes we need to work with the “real” squares modulo g:
Definition 5. Assume g = pp -+ py, where p1 <--- < p, are odd primes. Set

Ao(q) ={neAo(q): pj jn, forall j =1,...,«}.

If n € Aj(g), then there are 2“ many solutions of x2 =nmod g, also observe that
for fixed «

#(Ao(9) N[0.9))

(36) if p;1 — oo, then #(A{)(q) A0.9)

Given y € (0, 1) we also put
N (q)=—Ao(@)+{j €Z:0<j <2},
AL (@) = Ay (@) +0.1) = —Ag(g) + {x: 0 < x < y2“}.

In the sequel often if y is fixed we will suppress the dependence on y by writing
A'(q) and A’(q) instead of A, (q) and K;,(q), respectively. To help to memorize
our notation of these sets, “A’” means that the set “A” is built as “A” but instead
of Ag we use Ay, in our construction. We keep our earlier convention as well and
hence “A’” is the set obtained from “A’” by adding [0, 1).

Definition 6. Suppose K, M € N, A C R is periodic by g. There is a parameter
y’ associated to A. (If A = R then § = y’ = 1. Otherwise one should think of
A = [_\;,,(21') and y’ is the parameter used in the definition of A.) In the sequel we
assume that % C N has sufficiently large complement. A K — M family living on
A with input parameters § > 0, Q, ' > 1, 4 € N, ? with output objects 7, f5, Xp
(h=1,...,K); Es, w(x), a(x) and t(x) is a system satisfying:
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(i) There exist a period 7, functions f; : R — [0, 00), pairwise independent,
conditionally M —0.99-distributed on A “random” variables X}, : R — R, for
h=1,...,K, and a set Eg such that all these objects are periodic by T where

7 is an integer multiple of §.
(ii) We have A(Es) < §. For all x ¢ Eg, there exist w(x) > a(x) > A, t(x) <t
such that w?(x) < t, 283 > Q- 7(x); moreover if a(x) <n <n+m < w(x)

and 7(x)|m, thenforallh=1,..., K,

n+m—1

(37) % > filx +K3) > Xp(x).
k=n

(iii) Forall p € ?, (t(x),p) =1, (z,p) = 1.
(iv) Forall x e A\ Eg, forall h e {1,..., K}

(33) fux+j +7(x) = fulx+j)
whenever a?(x) < j < j 4+ 1(x) < w?(x).
(v) Finally, forh=1,...,K

(39) %/ fh=/fh<F-y’-2‘M“.
0

Remark 3. The input parameters in the above definition should be regarded as
something given in advance while the output objects are defined and constructed
later. The most important property is (37), while the numerous other technical
properties are needed in order to verify by mathematical induction the existence of
K — M families.

If x is not in the exceptional set Eg, then (37) says that the average of fj,
taken along the squares of a run of integers staying in the window [a(x), w(x)]
dominates X (x), provided that the length of the run is a multiple of 7(x). In (38)
we claim that these functions appear to be periodic in the window [a?(x), B2(x)],
that is, when squares stay in the window [a(x), 8(x)].

LEMMA 5. Let M € N, A = R (this implies § = y' = 1). Then for each
positive integer K and parameters § >0, Q,I' > 1, A € N, and P C N such that
P has sufficiently large complement there exist a K — M family living on R with
these parameters.

4.1. Putting K — M families on quadratic residue classes. The proof of Lemma
5 is quite involved. It will be done by induction on K. We will build a (K +1)— M
family for a given set of input parameters, provided we know the existence of
K — M families for all possible input parameters. To carry out this induction step
we need to verify that a generalized version of Lemma 5 holds.
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So we assume that K — M families on R exist for a fixed K € N for all possible
parameter values.

We will use the following lemma about “putting a K — M -family on a residue
class”. We assume that 2 is a set of natural numbers with sufficiently large com-
plement and we have a number ¢ such that

(40) G.p)=1 forallpe@, qd = DPo,1""" Poxs

and po,1 <--- < po are odd primes.
We also assume that a constant y = 27¢, the so called “leakage constant” is
given with ¢, € N and k& > ¢). This y is used in the definition of A’(§) = A},(§).

LEMMA 6. Let M € N be given and suppose for some K € N that K — M
families exist on R for all possible parameter values. Suppose that P, § and the
parameter y associated to N'(§) satisfy the above assumptions. In addition, let
6>0,R2,I >1,and A € N be given. Then for the above input parameters there
exists a K — M family living on A'(§) with output objects T, fi,, X (h=1,..., K);
Es, @(x), a(x) and T(x). Moreover, T = t§ with a suitable v € N and if E(§) =
Ujezlj§. jG + y2°) then fr,(x) =0forx ¢ B(§) andh=1,..., K.

Proof. Using @ = ® U {gG}, choose a K — M family living on R with input
parameters §, Q' = Qg, I', A. This K — M family provides us with z, f, X3, Es.,
w(x), a(x), and t(x), satisfying (i)—(v) of Definition 6. Especially,

40 for all p € P U {7} we have (t(x), p) =1 and (z, p) = 1.

We construct a new K-system, marked by overlines, which lives on A’(7) and is
periodic by T = 14.

Set fr(x) = fr(x)7/2" if x € E(@) = Ujezljq. jq + y2°), otherwise put
fn(x) =0. Then f;, is periodic by 77.

Next we define X}, (x) so that X;,(x) = Xj(x) for x € A’(§), and otherwise
let X, (x) = 0. Clearly, X}, is periodic by g and is supported on A’(7).

Next we check the distribution of X}, (x)| Ar(g)- We know that X, (x+1)=
X (x). From (41), (t,q) = 1 and thus the numbers jz, j =0,...,4 — 1 cover all
residue classes modulo g. Now we can compute

A(x € A (@) : Xp(x) = 0.99.271Y)
=2({x eR: Xp(x) =0.99-271})
= iﬁ,)t({x €10,77) : Xp(x) =0.99-271Y)
g
14

=7 > A(x e [T (j + D7) Xp(x) =0.99-27"})
Jj=0
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q-1

= fiq D A({x €[0.7): Xp(x + j1) =0.99-27"})
j=0

= %#(A/(Zj) N[0,7)) - A({x €[0,7) : X5(x) =0.99-27"})

(using that #(A'(@) N [0,7))/7 = A(A'(@)))
_ 1
=A(A(©@))- “Atx €[0,7) : Xp(x) = 0.99-2711
=A(A(§))-A(x €R: Xp(x) =0.99-2713) = A(A/(§)) -0.99. 2~ M+I-1,

Thus the “conditional distribution” of X}, on A’(§) is M —0.99.

Set T =1{0,0.99,0.99-271 ...,0.99-27M+1} and T, = T\ {0}. Next we
show that the functions X, are pairwise independent on A’(§). Suppose 11 # h».
First assume y1, y» € Y4. Then the above argument shows

@) Ax e N@) : Xp, (x) = y;}) = A({x €R: Xy, (x) = y; DA (@)
for j =1,2. A similar argument shows
@3)  A(x € A(@) : Xp, (x) = y1 and Xp, (x) = y2})

=A({x € R: Xp, (x) = y1 and X, (x) = y2)AA' @)

The range of X; n; and X, equals T = Y1 U{0} and (42) holds for all y; € Y.
Therefore,
@4 Ax e N@) : Xp, (x) =0} = A({x € R: Xy, (x) = 0HA(A'(@))

should also hold for j =1, 2.

Recalling that Xy, are M —0.99 distributed and pairwise independent on R,
using for a fixed y, € T4, (43) for all y; € T4, and using (42) with j = 2 one
can deduce
@45 A({x € N'(@): Xp, (x) = 0 and X, (x) = y2})

= A({x € N(@) : Xp, (x) = y2})
—A({x € A(§) : Xp, (x) € T4 and X, (x) = y2})
= A({x € R: X, (x) = 0 and Xy, (x) = y2)A(A'(@).
Similarly, one can see that for any y; € T4+
46)  A({x € A'@): Xp, (x) = y1 and Xp, (x) = 0})
= A({x € R: Xp, (x) = y1 and Xy, (x) = 0HA(A'(@)).
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Recalling that X3, is M —0.99-distributed on R and using (45) for all y, € T4
and (44) with j = 1 one can see that

@47)  A({x € A(@): Xp, (x) =0 and Xp,(x) = 0})
=A({x e N'(@) : Xp, (x) =0})
~A({x € A (@) : Xp, (x) =0 and Xp,(x) € T4})
= A({x € R: Xp,, (x) = 0 and X, (x) = 0)A(A'(@)).

Since X, and X}, are pairwise independent and M — 0.99-distributed on R, from
(42)—(47) it follows that X; h, and X; h, are pairwise independent on N ().

Put E5 = Eg. Clearly, Eg is periodic by T and this completes the proof of
property (i) in the definition of a K — M family.

It is clear that A(E5) = A(Es) <§. Forall x ¢ Eg, he{1,..., K}, leta(x) =
a(x), @(x) = w(x), T(x) = gr(x), then we have ng) > Q/r(x) Qgr(x) =
QT(x).

Now we verify (37) for f; and Xj,. Assume x € A'(§) \ Eg, @(x) = a(x) <
n<n4+m<w(x)=w(x), T(x) =t(x)g|m. In fact, it is enough to consider the
case when 7(x)g = m = 7(x). We claim that forany 4 =1, ..., K we have

1n+m 1 n+m—1

— Z fh(x+k2><— Z Ju(x + k),

then we will apply (37) for f;, and Xj.
Since t(x)g =m and x € A'(q) \ Es implies x & E§, using (38) several times
we obtain

n+t(x)—1g—1

1n~|—m—1 1
— Y Mtk =— 3 Y+ K+ ()
k=n k’'=n j=0
n+t(x)—1
= S G +K).
k’=n

From x € A’(§), it follows that there exists ko such that
x € —k§ + likgd. ixed + v2°):

that is, x + k3 € [ix,q. ikoq + y2¥) for an iy, € Z, and kg € Ay(7). Recall that
there are 2 many solutions of x? = k2 modulo §.

Since (t(x), ) = 1 for a fixed k’, the set k¥’ + jt(x) forms a complete residue
system modulo g as j runs from O to g — 1, hence there are at least 2“ many jz/;’s
[ =1,...,2¢ with (k' + jg 7(x))* = kg modulo g, where kg is defined above.
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Recalling that x € A’(7) \ Es, forany kK’ =n,...,n 4+ t(x) — 1, we have

g—1 2K
DS+ K+ D) =D fulx + K+ e at(x))?)
j=0 =1

2/{

=Y fule+ & +Jk’lf(x))2)—>2kfh( +k/2)—
=1

Therefore,

1 ntm—1 1 n+t(x)—1g—1 B
— Y k== 3 Y+ K+ ()
k=n

k’'=n j=0

applying (37) for f; and X},

1 n+t(x)—1 5 n+m 1
>— ), Atk )— Z Jr(x +5%) = Xp(x) = Xp(x).
k’=n

This proves (ii) for x € A’(§) \ Es. Since X (x) =0 for x € R\ (A’(§) U Ej) for
these x’s (37) holds obviously for f_h and Xp,.

Using (41) and (7, p) = 1 for all p € P we have (T(x), p) = (Gz(x), p) =1
and (17, p) = (T, p) = 1 for all p € P. This proves (iii).

To verify (iv), suppose x € A'(§)\ Es, h € {1,..., K} and a?(x) = &% (x) <
J<J+qr(x) <@*(x) = 0?(x).

If x + j € E(7), then

48)  fulx+ )= fu(x+J)F/2 = fu(x + j +1(x))G/2"
== frlx +j +Gr(x))G/2° = fu(x + j +Gr(x))

when o?(x) = a?(x) < j < J+qT(x) < a)z(x) = w?(x).
If x+j € B(F), then f(x+ j)=0= f,(x + j +gz(x)). This verifies (iv).
Next we prove (v):

| - _
(49) r_q/o fh:/fhEF'V'2M+1-
Indeed,
12 1ot
=Y [ Aeiodr= [ 23 G+ jode= )
=0 tJo 955

To continue this computation recall that from (7, g) = 1 it follows that | x | + j hits
each residue class modulo g once as j varies from0tog—1and f,(x+j1) = fr(x)
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for all j. Thus, recalling that y’ associated to A = R equals 1 and using (v) for f},

1 (71 q 1 [ —M+1
W= /i) Ly2¥dx=—y | fy(x)dx <Ty2 M+1,
T Jo q 2k T Jo
This proves (49). O

4.2. Proof of Lemma 5. Let a positive integer M be given together with input
parameters § > 0,2, T < 1,4 € Nand 9 C N with sufficiently large complement.
To show the existence of a (K + 1) — M family living on R, we need to fix several
constants for the induction argument.

To begin with we will use the following Lemma 7 to choose a “leakage con-
stant” which will remain fixed during the inductive construction of a (K +1) — M
family from K — M families. This lemma is a more exact expression of the ideas
given in Remark 1.

Considering the sets /_\g,(q), a direct calculation shows:

(50) A(A}(g)) <y and A(R\ A, () > 1—y.

However, the closer y to 0, the smaller the percentage of “loss due to overlaps”.
To obtain estimates from the opposite sides we will use Lemma 7.

LEMMA 7. Foreach 0 <y <1/7, one can choose constants C, > 1 > 53, >0,
ky € N, such that for each k > ky there exists py,  for which if py, < p1 <++- < pi
and g = py -+ Pk, then

(51) Cy and CyA(R\ A, (g) <1—y—y>

N S
A(AY ()

In fact, we can choose

Therefore, C,, — 1 and 5,, —lasy — 0+.

We remark that in (51) the second order term in (1 —y — y2) appears for
technical reasons. It is clear that (1 —y —y2)/(1—y) — L as y — 0+.

Proof. We use the fact that the limiting distribution of the gaps between
squares is continuous. In fact, consider ¢ = p; -...- p, where p; < --+ < py
are odd primes. Let 0 = x1 < xp <-++ < Xg, < ¢ = Xg,+1 be the squares mod

g so that oy = ]_['f(p"TH). Let each gap g; = x;+1 — x; have weight 1/04. The

Sl _ 1 O¢ . — 4 _HkTTK Di :
expected gapgslze 188¢=5-2.1 & =5, = 2“TTh (355 o ). Let us normalize the
J— L

gaps; yi = . Kurlberg and Rudnick in [13, Lemma 14] proved the following
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result. For each x € R,

X

#i:yi =
(52) lim M:l_e— .

K—>00 oy
Choose «y such that if € > ky,, then #{'y;—fzy} < 1—e73 < 3y. For each
Kk > ky choose py . such that if py, < p1 < -+ < pj then []](1 + %) <2 and
[T - %) >1—y. Let g = py--- p. Letting x] be the squares modulo ¢ in
[0, ¢) which are not divisible by any of the prime factors of ¢, we have
(53)

X(/_\/())>V2K#{ / . /> 2/{}
yq—q JXjp1—X; >V
v28 (i pi—1 y2K ud 1
> (=) —#iyi<—=y[]0+—)<2}].
q (H 2 l Sq l:[ Di
By (52) and our assumptions, we get
- u 1
(54) A(AL (@) =y ((1 —y)=3y[Ja+ ;)
1 1
>y(1=y) =37 =y(1-Ty) = L
Y
We have 5
- 1—y—
AR (@) > y(1=Ty) = 1 - —L 1
Y
So,
I_V_Vz EVaN _7 A/
- 1=A(Ay (@) = AR\ AL (9)). O
Y

In order to apply Lemma 6 we need to choose a positive “leakage constant,” y,
which remains fixed during all steps of the leakage producing the (K + 1) — M
family.

Fixing the leakage constant y. We choose 0 < yo < 1077 so that

1

= <T
1="Tyo

(55) Cyo

Moreover, for each y < yp with y =27 where ¢, € N, by Lemma 7 we choose
ky such that for all k > «,, there exists py,, for which if p,, < p1 <--- < py,

q = p1--- Px, then

(A Y- % and IR\ A _r
66 ARy @)= £ =0=Tp)y > 15 and AR\ K@) <1 =75,
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We also have,
Cy>1—yo—y2>1-107°,

From now on a value of y < yg, with y =27, ¢,, € N satisfying the above
assumptions is fixed.

We note that the only input parameter that the leakage constant depends on
is I

We will write A(g), A(g) and A’(¢) instead of A,(q), A,(q) and K;,(q),
respectively.

Next, after giving an outline we start the details of the proof of Lemma 5.

4.2.1. Setting up the induction argument for Lemma 5.

Proof. We proceed by mathematical induction. To start our induction we
need to show that 1 — M families exist. During the general step of our induction
we show that from the existence of K — M families one can deduce the existence
of (K + 1) — M families. Since many steps of the 1 — M family case are shared
with the general K — M family case we work out our argument so that it can be
used for the later induction steps without any unnecessary duplication. Therefore,
working on the first step of our induction one should think of K = 0 during the first
reading of Sections 4.2.2—4.2.8 and obtain this way the (K + 1) — M, that is, the
1 — M families. Then in Sections 4.2.9-4.2.15 we discuss the alterations needed
for K > 0. It will be useful to keep in mind that if K = 0 then fx 41,0 = f1,0, only
h=1€e{l,...,K+1}and thereisnoh e {l,..., K}.

Now we discuss briefly our general plan. When K > 0 we assume that K — M
families living on R exist for all possible input parameter choices. Let § > 0, €2,
I'>1,AeNand ? C N be given. We will define our (K + 1) — M family with
these input parameters. We can assume that % is closed under products. During
the definition of the (K 4+ 1) — M family another, “inner” finite induction is used
(with respect to L) which is called the leakage process. This technically delicate
process is the focus of the next several sections. During this process we will use
Lemma 6 to define families which are almost (K 4 1) — M families on sets of
the type A’(g), except for the new functions Jrk+1,L and Xg41,1. Bach fxiqL
is the indicator function of a set. As L grows the support of fx 11, decreases.
Lemmas 2 and 3 are used to ensure that “squares hit sufficiently often” the support
of fk+1,.. (This motivated the term “leakage” since the values of fx 41,1 leak
onto some larger sets when we consider averages along the squares. See also [8].)
This also requires that before defining fx 1,7 one uses Lemma 3 to choose Ti—l
and make a t; _, rearrangement to yield an intermediate function fj 1.L-1" At
the same time we must keep track of our new random variable Xk 1 7 and other
auxiliary functions. It is essential in this induction that we can vary t and «.
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To help the reader going through the details of the proof here is an outline of
the main features of the various sections of the proof. We hope this outline might
help prevent the reader from becoming lost in the details of the proof.

When K = 0 in Section 4.2.2 we start the leakage process. We define fx 11,0
=1 and Xk 41,0. At this stage fx41,0 is supported on R. During the leakage
process the size of the support of the functions fg 41,7 is shrinking and we are
interested in how much of fx 4,1 is “leaking” onto larger sets. When K > 0 in
Section 4.2.9, in addition, we introduce a K — M family periodic by 79, consisting
of functions f; 9, Xpo forh=1,..., K.

In Section 4.2.3 (see also Section 4.2.10 when K > 0) we assume that we have
accomplished step L — 1 of the leakage and we have a family periodic by t7,—1,

consisting of functions fj, 11, Xp,p—1 forh=1,..., K + 1. We also introduce
the auxiliary sets Sz, / = 0,...,L — 1 used to describe the distribution of
XK+1,L-1-

In Section 4.2.4 (see also Section 4.2.11 when K > 0) we choose a prime
number 7; _, which is much larger than 77 _; and by using Lemma 3 we perform a
7 _, rearrangement of the family coming from Section 4.2.3. This way we obtain a

family periodic by 7; _,, consisting of functions f}: 11> X}’l _ph=1... K+1
The auxiliary sets used for describing the distribution of X} 41,71 are denoted

by S; _, ;. l=0.....L—1

In Section 4.2.5 we choose a k7, and a square free number g7, = py, -
i, . such that 2“/ is much larger than 72—1- The average value of the difference
between elements of Ag(gyr) is close to 2“2, We introduce some auxiliary sets,
among them ®7, and Wy, so that &7 C R\ A (¢1.) C W, and these two auxiliary
sets consist of intervals of the form [jz; _,,(j + 1)ty _,). j € Z. If 2/ is much
larger than 7; _,, then A(®7) and A(¥1) both approximately equal A(R\ A’(gr)).
To define our (K + 1) — M family on ¥y, (which is approximately R\ A’(gz)) we
will use mainly the functions coming from Section 4.2.4. We define X, 1 (x) =
X;I’L_l(x) if h < K+ 1 and x € ®y,. This section is identical for the cases K =0
and K > 0.

For K > 0 in Section 4.2.13 by using Lemma 6 we put a K — M family onto
A’(qr). This will yield functions ]?h,L’ Yh,L periodic by Tpgr. Forh=1,..., K
we define X}, 7 on A’(gr) by using Yh,L- For h = 1,..., K our functions will
be sums of f}: 7 Testricted to @7, and of the functions fh 1 “living” on A’(qy).
This combined family will be periodic by 77, = g 77.7; ;. The K = 0 version
discussed in Section 4.2.6 is much simpler because we do not have to deal with
this putting a lower level family on the A’(qz.) step.

The “leakage” is done when we define fx 1,7 so that it equals the restriction
of f, I,< +1,1—1 ONto the set Wy . This means that the support Fy, of fx 41,7 will have
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a very small intersection with A’(gz,). “Most” of Fy will be a subset of R\ A’(qz)
and will approximately equal the auxiliary set Sz,,9. The nested sequence Sy ;,
[ =0,..., L will describe the distribution Xg 41,7, the larger /, the smaller the
values Xk 41,7 can take on Sy ; \ S ;1.

In Section 4.2.7 we make the calculations needed to show that we have enough
“leakage” from the support of fx 41,1 so that we have the domination inequality
(37) with fgx 41,1 and Xg41,1. This section is again the same for the cases K =0
and K > 0.

Finally, in Section 4.2.8 (see also Section 4.2.15 when K > 0) we terminate
the leakage process when we have reached a suitably large L = L” < L’. The
functions fj, ;» for h =1,..., K + 1 will yield the functions f; we need for the
(K + 1) — M family. For h = 1,..., K the functions X of the (K +1)— M
family will equal the functions Xy ;~. To define Xk we use the sets Sy~ j,
[ =0,...,L" related to the distribution of Xg1,77. We will choose Xg1 so
that it is M —0.99 distributed and less or equal than Xg 1, 1~.

Before turning to the details of the induction to help the reader going through
the details of the proof for easy reference we collect some definitions and properties
(some of them will be discussed later during the proof) at the same place.

Quick reference summary:

Alg) =Ay(g@) =—NAo(q) +1{j €Z:0= ] <y2°},

A(q) = Ay(q) = Ay(q@) +0,1) = —Ao(g) +{x : 0 =x < y2°},

Ay(g) ={neAo(q): pj fn, forall j =1,... «},

A(q) =N)(q) = —Ay(q) +1j €Z:0<j <y2“},

N(q) = N,(q) = Ay(q) +10.1) = —Aj(g) + {x : 0 < x < y2¥}.

At Step L = 0 of the leakage process we have: fxi10=1, Fo =R, So,0 =R,

def ~ ~ =
ro=1,Xg+1,0=(1-p)Cy = (1= p)CyA(Fo) < 1.

After Step L — 1 of the leakage process we have: The set Fr_1, an excep-
tional set EL~1, a period 77 _; such that FL=1 EL-1 Xnr—1, foL—1, (h =
1,..., K +1) are periodic by 771, fp,1—1 :R— [0, 00), the “random” variables
Xp1—1 : R — R are pairwise independent for h = 1,..., K + 1, X} ;_; are
M —0.99-distributed for h =1, ..., K, but not for » = K + 1. For the distribution
of Xg41,0—1 the auxiliary sets Sz _; are used. For all x ¢ EL~1 there exist
wp—1(x)>ar—1(x) > A, tp—1(x) < t1—1.

Then we do a t; _, periodic rearrangement. We choose and fix a sufficiently

large prime 7; _,. The set F, Zﬁ‘l‘ is the 7; _, periodic rearrangement of Fy ;. We
modify our sets and functions so that they are all periodic with respect to 7; _;.
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The new functions are: f; ; a7 (x) @p _ (%) 17 _;(x) X} , _,(x). We define

E'F71 0 that it satisfies (72). We set S; _, ; _; = R and define the sets S; _ .

These sets are used in (75) for the distribution of X }( YL

Then we choose a sufficiently large q1,, and several important auxiliary sets:
E(qr) = Ujezliqr, jqr +y2*),
@7, = {x :dist(x, A'(qL) U E(qr)) > 277 4}
@y = U{lj7,_. (G + Dty ®r N,y (j + Dty _,) # @}, which sat-
isfy: &, CcdL C DL C R\ A’(qr) C U, C WUy C Uy The sets @7, and ¥y,
are periodic by t; _;qr and the sets EEL, 5L, EL, and ‘/I}L are periodic by ¢r..
They satisfy (90). We put E; = W7 N EFT El =R\ (A'(qp) U ®;) and
E} =R\ (A'(qL) U ®L) C Ef. The set E is periodic by qr, while E] is
periodic by 7; _,¢q1.. The exceptional set E;” is defined at (112) and E}” in (114).

From this place on our definition of our new objects, like the functions fj, I,
and Xy, 1, splits and follows two different paths. One will be the definition of these
objects on R\ A’(q1) and the other the definition of these objects on A'(qr).

For the first path we are unable to use exactly the set R\ A’(¢gz). We need to
use the auxiliary sets ;7 and W7, which are good approximations of this set. We
have for example fx41,1 = fI/(+1,L—1X‘I’L'

For the second path by our induction assumption we put a K — M -family on
A’(gr). The sets and functions obtained at this step are periodic by 77.¢r. They
are ]Th,b oy, oL, T, Yh,L and there is an exceptional set Es j..

We combine these two paths when we define f;, 1 = fh,, 11 Xo, + fh 1 for
h=1,...,K.

Quick reference summary ends here.

Next we turn to the details of our argument. We start by choosing some
constants.
Choose a positive integer L’ such that

(57) (1—%)” < 2LM

By recursion we construct pairs of functions fx+1,0, Xk+1,0,---, fK+1,L>
Xk 41, and some associated objects. The inner finite induction, the “leakage”
will halt at some step L” < L’. We show that the functions fx41,.7, XKk+1,L”
and their associated objects form a (K 4 1) — M family except for the distribution
of Xg1,17. However we will know enough about its distribution to easily obtain
a(K+1)— M family.

By (55) we have C), < C),, < T.
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We recall that the only input parameter that the leakage constant depends on
is I'. This dependence, and the possibility of using different values for I" will play
an important role during the definition of (K 4 1) — M families with K > 0.

Fix a constant I'g > 1 such that
(58) C,To <T.

Put

o1, for L=0,...,L".

T AL )
Next we choose sufficiently small positive constants p, p’ and p.
We suppose that

(59) (I-p)(1—=2y)>1-3y.
Recall that 1 > 5}/ > 1—107% and we choose p’ > 0 such that
(60) 0.999 < C,(1—p') <1 < 1.001.

Since 0 <y <y <1077 and 1 > 6)/ > 1—107% we can suppose that p and
o’ are so small that

~ 1-0)C, 1 1
61 =21 =2p2(1 = )Ty = 0=y 1991
Moreover, choose p > 0 such that
p/
(62) (1—5)(1—270)>1—p/.

Finally, we set %9 = ® U P, U---U P, where ? and each %} contains
infinitely many primes and all their possible products, but numbers in different
sets are relatively prime; moreover Pg has sufficiently large complement.

4.2.2. Step L = 0 of the leakage process. We put fxi1,0=1. Set Fp =R,
So.0 =R, 7o =1. S0, A(Fo) = 1 and Xg41.0=(1—p")Cy = (1—p")CyA(Fo) < 1,
see (60).

For the case K = 0 we use the following argument. For K > 0 see a different
argument in 4.2.9.

We choose a sufficiently large g, and functions «g(x), wo(x), to(x) taking
integer values for all x € R (in fact, these functions can be constant on R), such
that the following assumptions hold: wg(x) > ao(x) > A, t0(x) < 70, wg (x) < 10,
ggg; > Q19(x) = Qo70(x), and for all p € Py, (ro(x), p) =1, (19, p) = 1. For
example, we could take ag(x) = A + 1, 79(x) to be the smallest odd prime which
is relatively prime to all elements of Pg, wo(x) = 70(x)2(A + 2) and 79 be the
smallest prime relatively prime to the elements of P and greater than (wg(x))?2.
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By our choices; fk+1,0 = f1,0 = 1. We put Es, = @ and E° = @. For any
m € N we have the all important “domination” property: for all x € R\ E°,

1 n+m—1
- > frolx +k%) > Xy 0(x).
k=n

It is also clear that for all x € R, f1,0(x 4+ j + t0(x)) = f1,0(x+ j) forany j € R.

4.2.3. The setting after step L — 1 of the leakage. Assume we have accom-
plished step L — 1 of the leakage process. We have constructed some objects
satisfying the following conditions. There is an exceptional set EL~1 with

Y Ll—1 L .
(63) MEFT) < T 1)8,
Pr1=PUP, U---UP,; there exists a period 77— such that EL-1, Xn—-1.
Jno—1, (h =1,...,K + 1) are periodic by 771, fp.1—1 : R — [0,00), (for
K > 0) the “random” variables X} ;_; : R — R are pairwise independent for
h=1,....,K+1, X, are M—0.99-distributed for » = 1,..., K (in (67)—
(70) we list the assumptions about the distribution of Xg 1,71, recall that for
K = 0 there is no h satisfying & = 1,...,K). For all x ¢ EL™! there exist
wr—1(x) >ar—1(x) > A, t7p—1(x) < 171 such that o7 _ (x) <171, Z’LL:—:EQ
Q17,-1(x); moreover if oy —1(x) <n <n+m < wr_1(x) and 77— (x)|m, then
forallh=1,...,K+1,

1 n+m—1
(64) — > Sur (k) > Xy Lo (0);
k=n

forall p € P11, (tz—1(x), p) = 1, (tz—1. p) = 1; moreover for all x & EL™1,
S bt (A j A TL-1 (X)) = fin 1 (x+)) whenevera? | (x) < j < j +17-1(x) <
wi_l(x) forallhe{l,..., K+ 1}.

We suppose that the values of fx1,7—1 are O or 1, that is, it is an indicator
function.

If L—1=0,then Xg41,7—1 is constant.

If L —1> 0, that is, L > 2 then we give the extra assumptions about the
distribution of Xg 11,71 as follows.

Recall Fy = R and also recall that for a Lebesgue measurable set F, periodic
by p we have A(F) = %)L(F N[0, p)) = limy oo w We suppose that
the sets Fj periodic by t; and the numbers r; have been defined for [ =0, ..., L—2
during the previous steps of our induction,

A(F)

(65) =
A(F1—1)

=rland1—2y<rl<1—g
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hold for I = 1,...,L — 1. Clearly, A(F;) = ro---r;. We also have 7; periodic
functions fx 417 = yF, foreach0</ <L —1.

_ A(Fr—1)

==z < 1. We also assume
A(FL—2)

Set Fr 1 ={x: fg+1,L-1(x)=1}and rp
Y
(66) l—2)/<rL_1<1—5,

MFr—1)=r1---1L—1 =70+ r—1. In (103) we explicitly show that this holds
for r1. The sets Sp—1,0 C ... C Sp—1,.—1 = R are defined so that

1 - _ _
(67) E/\(FL—I) > A(SL-1,0) > (1 = p)A(FL-1),

if x € Sp_1,0 then Xg 411 1(x) = (1 —p)Cy = (1 — p')CyA(Fp). For | =
0,...,L—1 we have

l—p —
P A (Si-1.0).
ro .o rl

1 _ _
(68) ——————A(SL-1,0) > A(SL—1,1) >
(I=p)ro---r

which is equivalent to

) GTyMS-10) > AE) - ASp-1) > (1= p)A(SL-1.0).
Ifxe€Sp—17\Sp—1,7—1 forl €{l,..., L —1j}, then
(70) Xkt1,0-1(x) = (1= p)rg---11Cy = (1= p)A(F))C,y.

The sets S;,_;; are increasing almost by a factor 1/r; in size, whereas the value
of Xk41,.—1 on the difference is decreasing by a factor r;. We also assume that
Fr 1 has the property that if x € Fy,_; then [|x], |x] + 1) C Fp—1.

We note that by (65)

o l
/fK+1,,5(1—§) forl =0,...,L—1.

4.2.4. Rearrangement with respect to t; _,, choice of t; _;. In order to con-
struct the next set of objects in the recursion, we first create, by rearrangement,
some associated objects to the (L — 1)-st step which are denoted by attaching
primes.

Since the set Fy_; is periodic by t7,—; and is the union of some integral
intervals we can apply Lemma 3. We choose M/, such that for all prime numbers

. . 7] Ny
T,y > My, if we consider F;~7', the r; | periodic rearrangement of Fy_p,
then for any x € Rif z; _,|m, then

1 n+m—1 N
(71) > XFr/L_l(erkz) > (1—%) A(Fp—1).

m- . -1
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We will choose and fix a sufficiently large prime fi—1 € QP/L_I. We define the
numbers J;, i = 1,...,5 below. We choose Ti—1 so that it is larger than the
maximum of J1,...,J5 and M, ,,. Hence (71), (73), (76), (77), (78), (80), (81),
and (82) hold.

Now, we modify our sets and functions so that they are all periodic with
respect to 7; _,. Since we are going to define functions which are periodic by
t; _4. it is sufficient to define them on [0, 7; _,).

If x €[0, [t; _;/tL—1]-T2—1) and the right-hand side of the equation is defined
at x, set

fi:,L—1(x) = fpr-1(x), h=1...,K+1,
O‘/L—1(x) =ar—1(x),
w2—1(x) =wr-1(x),
11 (0) = 11 (%),

Xy () =Xpp1(x), h=1,...,K+1.

On [|t; _,/t—1]tL—1, 7] _,) We define all the above functions equal to zero

with the exception of the functions X }/l 1> h=1,...,K+1.
When K > 0 for these functions some minor adjustments will be made on this
interval in order to ensure that they are pairwise independent for h =1,..., K 4+ 1

and are M —0.99-distributed for h =1, ..., K.

We can also assume that X}<+1,L—1 has constant value (1 — ,o/)X(FL_l)(Afy
on[|t;_;/tL—1]tL—1.7;_;). When L — 1 = 0 then this implies that X
takes this constant value on R.

We define E/57! so that it is periodic by t;_, and

+1,L—-1

(72)
EF 0.7
SR (=T N (E=T )
TL—1 TL—1

By choosing 7; _; sufficiently large we can make 0 < MEE™Y —A(ELY) as
small as we wish, hence, using (63) there is J; such that if 71:—1 > 71, then

- - L
73 A(EE! s.
(73) ( ) < T+
When L — 1 = 0 then
(74) Xk 1,000 = (1= p)A(Fo)Cy for all x € R.

If L—1>0,thatis, L > 2 we need to deal with the auxiliary sets related
to the distribution of X} 41.2-1- WeputS 1 _1.1—1 = R. Observe that (72) holds
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with E'F71, gL-1 being replaced by S; _; ; _;.and S 1,71 = R, respectively.
For/ =0,..., L —2 we define the sets Si_l ; so that they are periodic by 7,
and we have

Sp_1a N0, 7)) =SL—1, N[0, (Lrg 1 /tL—1] = DTL—1).
The above definitions and (70) imply

(75)

Xgy1.0-1(0) = (1 =p)CyA(Fo) for x € Sp_ o,

and

Xiy1.01(0) =0 =pVCA(F) forx € Sp 1 \S] ;. I=1.....L—1.
By the strict inequalities in (67), (68) and (69) we can choose 7, such that if

/ ar
7y _, > T2 then

1 - - -
(76) EX(FL—O > A(Sp—1,0) > (1 = p)A(FL-1)

and for/ =0,...,L—1

1 EWEN EWaG BV
P 1—
0N e M0 = A1) > (=) 1 0)
or, equivalently,
1 - — — —
(78) EA(SLI,O) > A(Fp)-A(Sp_y ) > (1= p)A(ST 1 0)-

Set Fy | ={x: fg 1 p1(x) =1} thatis, F;_ N[0,7; ;)= F—1N

[0.17)_,/t-1]t-1) = F/1]! N[0, ey _y/to—1Jw-1) and fe () =
X i (x) for all x € R. Clearly, A(F; _;) < A(FL—1).

L—1
For the case L —1 = 0 we note that Fo N[0, 7; ;) = [0, |77 _,/t2—1]t2-1).

By (71) for any x € R from t; _,|m, it follows that letting fx_ | ; ; =

XFLr}_‘l_l we have
1n-i—m—l P/ B
(79) - Z f1/<+1,L—1(x +k2) > (1 —3) AMFr—1).
k=n

This formula is the main motivation for introducing the z; _, periodic rearrange-
ments.
Observe that if ;| — oo then A(F] _;)/A(FL—1) — 1.
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Hence we can choose 73 such that if 71/4—1 > I3, then

) |

(80) l—p<’Z <1
SSYTI

We remark that for L — 1 = 0 inequality (80) simply means 1 —p < X(Fé).
Moreover, we can choose J 4 such that if ‘(i_l > J4, then

A(F]
81) AL Gl VA
10 X(FL) 10
Finally, by (67) and (76) if L > 2 we can choose J 5 such that if ti_l > J 5 then
1 — _ _
(82) EA(FI:—I) > A(Sli_l,()) > (1 _P)/\(FIC_1)

holds as well.

Ifxel0,7;_)\ E'F7! then put o _(x)=ar—1(x), 0; _(x) =wr_1(x),
1 (x)=1 -1(x) <111 K7y _;. Thisdefines o} _;(x),w; _,(x),and r; _;(x)
forallx e R\ E’ L=1 a5 well since these functions are periodic by 7; _,. Itis also
clear that (t] _,(x), p) = 1forall p € ?;_;. We have (@] _,(x))? < 17— and

oy (%)

83
(83) o ()

> Q4 (x).

Suppos]ei cxl/L_l(x) <n<n+m=w;_;(x)and 7; _,(x) = 11 (x)|m. Since
x & E’~"", formula (72) implies that x + k2 € [0, Lt} _y/tL—1ltL—1) for k €
{n,...,n+m—1} weinferby (64) forh=1,..., K +1

n+m—1 1 n+m—1

LS e+ =~ Y fraGk?)
k=n

- m
k

=n

> Xp,p—1(x) = Xp, 1 (x).

Forall x € [0,7; D\ E" L he{l,... K+ 1}, ifd]_j(x) <j <
J+t_(x) <0 (). Jhp—1(c+j+r—1()=fy p (x+j+r ()=
I -1+ j)= fa,—1(x + j). By periodicity with respect to z; _,, the above

estimates hold for any x ¢ E'F7!.

4.2.5. Choice of kL, qr, ®L, YL, and Xp 1, on R\ A'(gr). Our goal in this
section is to describe some sets, in particular ®7 and ¥y, so that we can take
JK+1.L = fI/(+1,L—1X‘IfL in Section 4.2.6. The functions f1,<+1,L—1 and yy, are
“independent” which allows us to reduce the integral of fx 1 z. In this section we
construct three components of the next exceptional set £L. The fourth component
will be defined in Section 4.2.13. This last component is the exceptional set coming
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from the K — M family which we put on A’(gz). We also construct the function
Xk +1,0- To construct the sets mentioned above we choose a number g7, € P/,
qL = P1,L """ Dx;,L> P1,L < ' < Dk, L, Where kg, and pq 1 are both sufficiently
large.

In fact, we will suppose that ky, is larger than the maximum of the numbers
Hi,i=1,...,7and k), we also suppose that pj ;, is larger than the maximum of
mi(kr), i =0,...,7, p’l/’L, and py ., where J;, ; and p’l’,L are defined below, the
numbers k, and p,, , were defined in Lemma 7. With these assumptions we will
be able to use (85), (92), (94), (98), (100), (102), (107), and (113) simultaneously.

Recall that we assumed that p > 0 satisfies (62). An application of Lemma 2
with k7, € = §/4L" and p instead of p yields p{ ; sufficiently large so that g, =
D1,L*** Dk, .L> With p/l/’L < p1,L satisfies (14) and hence we will be able to use (113).

By (36) for given ky, we can choose mo (k) such that for py 1 > mo(xkr) we
have

(85)  #((Ao(qr) \ Ag(qr)) N10.q1)) < B(1 —y)#(Ao(qL) N[0.qL)).

Recall from Remark 1 that the average gap length between points of Ag(qr)
is approximately 2“/ and we can assume that it is much larger than 7; _,. The
normalized difference between elements of Ag(qz) approximates Poisson distri-
bution by the results in [13], see also Lemma 7. We also recall from Lemma 6 that

E(qr) = Yjezljqr. jqL +y2**). We put

(86)  ®p = {x:dist(x, A'(q2) U E(qr)) > 2]},

®7) @ =Ulljtr_y, G+ Drpoy) @ Nljtg_y. (G + D1poy) # 25,
;= {x :dist(x, A(qr)) > 1
Uy = {x :dist(x, R\ A(qr)) < 1)
U = Uty G+ Drp) s LNy (G + D) # 8

and finally
Wy, = {x :dist(x,R\ A'(qr)) <277 _;}.

It is clear that

(88) &, Cc P Cc DL CR\A(qr) C ¥y C Uy C Uy,
It is also important that by (86) and (87) we have

(89) ®LNE(qL) = 2.

The sets ©7 and ¥y, are periodic by ri_qu and the sets EL, 6L, EL, and @L
are periodic by gy . If «r, is sufficiently large, then 2“2 and hence most of the
gaps between points of Ag(gz) are much larger than 7; . In the sequel by ~
we mean that if py,7 and 2“* (compared to 7; _,) are sufficiently large, then the
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ratio of the two sides of = is sufficiently close to 1, later we will specify further
this assumption. Since A’(gy,) consists of intervals of length y2¥Z which is much
larger than 7; _,, we have

(90)  A(Wp) ~ A(DL) ~ A(WL) ~ A(Dr) ~ A(Wy) ~ A(Dy),
O1)  A(®1) <AR\A'(qr)) < A(¥r) and AR\ A'(q1)) ~ A(¥L).

Using this and (50) we can choose J{; and a function 71 such that if k7, > ¥
and pq,7 > (k) then

(92) M(@L) > AR\ A'(q2))/2> (1-y)/2.
Set Ef =R\ (A'(q) U ;). this will be part of the new exceptional set EL.
We also introduce

(93) E] =R\ (A'(qL)U®) C EJ.

It is clear that E} is periodic by ¢z, while E 7 is periodic by 7; _,qr.
We can choose J{, and a function 75 such that if k7, > H> and py,1 > m2(k1)
then

-~ = §
4 E// < E// .
(94) MEL) =MEL) <
Set
(95) Xpo(x)=X; ; (x)if h <K+ 1andxe®L.

For K > 0 we can make the following comment: Since ®; consists of in-
tervals of the form [jz; _,,(j + 1)z, _,), this definition and the remark after the
definition of X 1’1 11 In Section 4.2.4 ensures that the functions Xj, ; are pairwise
independent for 7 = 1,..., K + 1 and are conditionally M —0.99 distributed on
oy forh=1,...,K.

On E 7 we will have

(96) Xk +1,0(x) = (1 - p)A(FL-1)C,

and we define X, 1 for h =1, ..., K so that they are pairwise independent on E 7
furthermore, (for K > 0) the functions X}, 7 are conditionally M —0.99-distributed
on EZ for h =1,...,K. Since Xk, is constant on EZ it is automatically
independent on this set from X, ; forh =1,..., K.

The functions X}, ; are periodic on EZ byr;_jqrforh=1,....K+1.In
this way the X}, 1’s are defined on &7 U E! =R\ A'(qr).

We set E;, =W N E'L1

Next we consider some sets which are used to describe the distribution of
XK+1,L-
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If L=1setS;0=R\A'(q1) and S;; =R.

If L > 2 first we define S;; for/ = 0,...,L — 1 so that §;,; N & =
Sl/,—l,l N®y for! =0,..., L—1. We choose Sy ; so that Sy ; N (R\ ®1) = & for
[ =0,...,L—2. Wechoose S, 1—1 sothat Sp. 11 = EZ U (Si_l’L_1 Ndy) =
EZ U®;, =R\ A’(qr). Finally, we set S 1 = R, then S, \SL,L—1= AN (qr).

We have by (75), (for the case L = 1 by (74)) and (95)

97) Xg+41,0(x)=(1 —p’)X(Fo)a, for x € Sz 0, and
Xg+1,L(x) = (1=p)A(F)Cy for x € Spy\Sp g1, I=1,..., L—1.

The case when [ = L will be considered in (101). By (93) we have EZ Nd, =0
and hence Sz, ; N EZ = @ for [ < L — 2. This implies EZ CSr.L—1\SL,L—2.
Hence (97) applied with [ = L — 1 implies (96).

Let F; = Wy N F;_,. Using the fact that F; _, is periodic by t; _; and ¥,
is the union of some intervals of the form [jz; _,,(j 4 1)t;_;) and is periodic by
T; _,qL one can easily see that A(FL) = X(WL))_\(Fi_I). Moreover,

AMF]_))

. def A(FL) A
A(FL-1)

< ~AVL) ~ A(DL) ~ AR\ A .
TN, (VL) ~ A(®L) ~ AR\ A'(qL))

= A(¥r)
Since I(Fi_l) < A(Fr_1) by (91) there is %3 and a function 73 such that if
kL > J3 and py 1 > m3(kL), then

MF]_)) 1=

(98) AT o < @\ ).

By (51) we obtain

~ ~ AF, ~ -  MF]
(99) Gy =T, 20D & 7,2

- = = 1—y.
MFr_1) A(FL-1)

By (50), (56), (81) and A(¥z) ~ A(R\ A’(qz)) there is ¥4 and a function 74 such
that if k7, > H4 and py 1 > m4(kr), then

MFL) = A(F]_) y
100 1-2 = T _Fy)Lt oY
(100) Yy <FrL 7(FL_1) ( L)X(FL_1) < 7

We set
(101) Xkt1,0(x) = (1= p)A(FL)Cy for x € S 1.\ Sp,1—1 = N (qL).

If L = 1 then A(F1) = A(W1)A(F)) ~ AR\ A’(g1)) and A(S1,0) = A(R\
A’(g1)). Furthermore, A(S1,1) = A(R) = 1, r; ~ AR\ A’(q1)).
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By (50), (51), (90) and (91) there is K5 and a function 75 such that if k; > K5
and p1,1 > ms(ky), then

— 8 X R 1_\/
(102) L= Lly <2 <1- ang1—p < 2EVAGD)
10 A(Wr)
From (80), (81), (91) and (102) it follows that
(103)

1-2y<r = A(Wl)%i 0; <1- g
Fo

|- 1 ,
lTpMFl) = m/\(‘l’l)/\(Fo)

> A(S1,0) = AR\ A'(g1)) > (1 = p)AWD)A(Fg) = (1= p)A(F1),
(keeping in mind Fp = R)

(104)
1 - AR\ A (@))AMF) < B
(= piror 510 = (1— AW MGy =1
O AR\NA (@A) 1 -
> (l p) X(WI)X(F(;) - (1 p) rOrlk(Sl,O)
and
(105) ﬁml,o) > T(FOA(S1.1) > (1— p)A(S1.0).

This shows that (109) and (110) below hold for L =1 and/ = 1. For L = 1 and
[ =0, (109) and (110) are obvious. B
If L >2 we have A(S,0) = A(®r)-A(S]_; ,)- From (82) it follows that

AMF}_))
A(Sz_1.0)

Therefore, by (90) and (91) there is H¢ and a function g such that if k7 > H¢ and
P1,L > (k) then

(106) 1> (1-p)

(107) 1> Me) (1—p)—>_t=1" M)

~ (V) A(S_10)
Using this, (82) and (91) a simple calculation shows that

- 1 - _ o
(108) EA(FL) = EA(WL)A(FLI) > A(SL,0) = AMPLIA(ST 1 )

> (1= p)APLAF]_;) = (1= p)A(FL).
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It is also clear that /_\(SLJ) = A(Pr) 'X(Si—1 ) forl=0,...,L—2. Using (77)
we have for[ =0,...,L—2

1 _ _ _
(109) ————A(SL,0) > A(SL1) > (1—p) A(SL,0)
(L—p)ro-—71 ro-ri
and by A(F}) = rg---r;, we have
1 - - _
(110) E/\(SL,()) > AFDA(SL,) > (1= p)A(SL,0)-

~ Wllen [I=L—-1a l_ittle caution is needed. We have /_\(SL,L—1) = ()_k(CDL) +
MED)A(S]_y 1—1) = AR\ A'(qL)). By (77),
1 M8 _10)

o > 1.
(I=p)ro---rL—1 A(S;_y ;)

Hence, there is H7 > H; and a function 77 > m; such that if k7 > 7 and
p1,L > m7(kL), then using (92) and (94),

1 (S _ 2A(E
(111) B0 2MED
(I=pro-re—1 A(S;_; ;_,) 1—y
ME!Y MNP AE"
>1+_( L): ( L_)+ (L)
A(®Pr) A(Dr)

Using this zind (77) one can deduce that (109) and (110) hold when / = L — 1.
From A(Sz,1) =1 and (108) it follows that

ﬁmm ~ T(F)A(SL.L) > (1 — p)A(SL.0)-

Using the fact that M(Fr) = rg---rz, we find that (109) and (110) hold for [ = L
as well.
Denote by E;” the set of those n’s for which

(112) #(((n +Ao(gr))\ Alqr)) NIO. QL)) <(1=p)(A—=y)#(Ao(qL)N[0.qL)).

Recall that by our choice py,7, > p ; and hence g7, satisfies (14) with € =§/4L’
and p instead of p. Lemma 2 yields

— )
(113) #(E} N[0,q1)) < VIS

Set

(114) E}'={xeR:|x] € E/}.
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Then A(E}") < §/4L’ and if x ¢ E}’ we have
(115) qiL#{k/ €[0.q1)NZ: [x] + k7 & Alqr)}

> qLL#{kf €10,q1) NZ: x| +K% ¢ Algr). k' € Ay(qr)}

> qiLzKL#(((LxJ + Ap(@r)\ Agr)) N[0.q1))

= o (#(((LxJ T Ao(gz) \ A@L) N10,q1))

(o0 \ Aglae)) N0.01))

(using that for | x| & E}” we have the negation of (112))

> o0 (((1 — B = 1)#(Aolg) N[0, q1))

—#((Ao(gz) \ Ap(gz)) N [0, qL))) — (%),

Recall that we assumed that py 7 > mo(kr). Thus we can apply (85) yielding

() > qiszL(l “23)(1— )#(Ao(gr) N [0.42)) = (+%).

Using (3) we can finish with the inequality

qL
2KL

(116) (45) > qiLzKLu 31— IE — - 2p)1—p).

4.2.6. Putting K — M families on A’(qz). In this section we check the dom-
ination property of averages along squares for one part of the complement of EL.
We put

(117) Jk+1,L = f[/(+1,L—1 XL

Then indeed, F; = {x: fx41,.(x) =1} =¥z NF; _,, and we have 7fK+1,L =
A(FL). Since Jx 41,01 isperiodicby ;| €] | and Wy is periodic by 7; ;g1
the function fx 11,z is also periodic by 7; _,qr.

When K >0and h € {1,..., K} we will define fj 7 in (135) so that

JnL(x) = f,:,L_l(x) for x € ®p.

Choose %] C P/ such that it contains infinitely many primes and all their
possible products, moreover all numbers in %7 are relatively prime to g7, € P

and set P =PUP]UP;  U---UP],.
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When K =0, i.e., when constructing a 1 — M family we have to put a vacuous
“0— M family” on A’(qr).

Hence, for K = 0, for the definition of a 1 — M family we just set 77 =
qL(Ti_l):;’ ESL = Q.

When K > 1 this step is crucial, see Section 4.2.13.

Set P, =PUP;,_,U---UP, CPr CPr_1. Wealso put EL = Es, U
E; UE/UE] and 1y = qr7 7;_;. When K = 0 we defined 77, = qL(t£_1)3
and hence 17, = q%(ti_l)“. Then for all p € P; C P, we have (17, p) = 1
and (t;_,(x), p) =1 when x € R\ EL. Assume x € R\ (A’(gz) U EL). Then
X € 5L C ®;, and the old estimates work.

In other words, for x € R\ (A’(qz) U EL) C @y, set ar(x) = o _;(x),
wr(x)=w)_(x),L(x)=1]_(x) =711-1(x). Then 07 (x) <11—1 <T] _, <TL
and by (83) we have

0 () _ o)
Oli_l(x) aL(x)

> Q1 (x) = Qrp(x).

Observe that if x € R\ (A/(q)UEL) C S \E, =S, \E'* ' c®p Cc @y,
then from x € E'X ™ ap (x) <n <k <n+m <wg(x), and wi(x)<t—1<7_,
it follows that x + k2 € ®; C ¥ and hence by (117), Jrk+1,L(x + k?) =
S (x+ k?) and by (84) , if 77 (x) =t} _, (x)|m, then

1 n+m—1 1 n+m—1
— D Tk @R =— 3 0 fiepnn(x +k%)
k=n k=n

> Xg+1,0(0) = Xg 11 ().

Finally, for all x € R\ (A'(q) U EL) ¢ @\ E), = &\ E'F7! € @y,
hzl,...,K—i—l,ifai(x)fj <j+rL(x)fa)]%(x)<rL_1,thenx+j,x+
Jj+1t(x) e & and

Jhpa i+t ()= fr o (x+j +1L() = frr(x+ )= fy 1 (x+)).

tAssume x € A'(q)\ EX C A'(qL) \ E3, -
For the K = 0 case set oz (x) = a; _;(x), wp(x) = 1, _;qrw; _,(x), and
1 (x) =1 _,qr7y _;(x). Then w? (x) < (v _,)*q?(r; _,)*> =1z and

wp(x)  wp ()T _4qL
ar(x) oy (%)
Since fx 41,1 is periodic by t; ¢z and 7; _,qr|t1(x) we have fgxiq1,p(x+j+
71.(x)) = fk+1,.(x + j) forall x and j.
Instead of the above paragraph we will have a different argument in Section
4.2.13 for the K > 0 case.

>Qrp (0717 qL = Qrr(x).
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4.2.7. Properties of fk+1,.- In this section we check the domination prop-
erty for averages along squares for x in the remaining part of the complement
of EL.

We need to check (64) when & = K + 1 and

xeN(@)\EF =(Sp,.\Se,.-1)\ EX, and 7z (x) = 1} _,qrt]_; (x)|m.

If we can show that (64) holds when m = t; _ ¢y, then this clearly implies that
it holds when 77 (x)|m. Recall that ¥, is periodic by ¢z.. Since T, €P 4,
qr € P implies (t; _;,qr) =1, k' + jqr covers all residues modulo 7; _, as j
runs from O to ‘L’i_l —1. Since fI/<+1,L—1 is periodic by ‘L’i_l, using (79) we obtain

/
711

Z Sre1L—1(x + (K +jqL)?) > ( P )X(FL—I)-

/ 1- 9
T
L-1 ;=9

(118)

Also observe that from the periodicity of v 1 by g it follows that if x + k’ Zew L
then x + (k' + jgr)? € ¥y C Wy, as well. Hence from x + k’* € Uy, it follows
that fx41.0(x + (k' + jqr)?) = f1/<+1,L—1(x + (k" + jqr)?). Therefore,

n+t; _1qr—1

1
7 Y frkrrL(x+k?)
TL—19L k=n
| a1t
== Yo > frrun+ &+ jqr)?)
L—19L k’'=n  j=0
1 ntqr—1 Tl
== > > frerne+ K+ jqr)?)
1—19L Ken j=0
x+k’2€(IJ\L

n+qr—1 1 1 _1—1

= Y Y e K o)

qL e L—1 =0
x+k’2€/\I7L
(using (118))
1t o\ =
> — 1= ) A(Fp-1)
qL kz ( 2)
'=n
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(using (88))

[
> — —
L

iL( __) M(FL-)#K €[0,qL)NZ: x + K ¢ A(qL)}

<
|

)A(FL DK €[0.40)NZ: x + k7% € K (qp)}

™,

%

Q9

/
—(1-2) AP0 WK < 0.0 02 L+ # AL,
Now use the estimates (115) through (116) and obtain that for x & E Z/ c EL
1
MK €0.a)nZ:x) +k? ¢ AqL)} = (1-2p)(1 - ).

Thus, if x € (Sr,2. \ Sz.,.—1) \ EL = A'(gr)\ EL we have

n+t;_1qr—1

Y. frrnLx+k?)

k=n

(1 - ﬂ) A(Fr_1)(1—25)(1 —y)

(using (62), (99) and (101)) 3 o
> (1=p)Y1 =Y)A(FL—1) > (1= p")CyA(FL) = Xg+1,(x).

4.2.8. Finishing the leakage. We keep repeatlng the leakage steps until for the
first time for some L” we have A(Fr») <2~M which implies A(Fp»_;) >2"M.
By (57) and (100) applied to all L < L’ we have L” < L’ and by y < yo < 1077
we have L” > 2.

We set f, = fpprforh=1,...,K+1,and X, = X, p»forh=1,... K.

From the induction steps we have FE§ LIEL” such that AM(Es) < (L7+1) 5 <§. There

1
/
Tp—149L

(L'+1)
exists rdéfty/ such that fp, h=1,...., K+ 1, X, h=1,...,K and Xg41,1~
are periodic by 7, X, h =1,..., K and Xk 41,1~ are pairwise independent X,

h=1,...,K are M—0.99-distributed. By using the distributional properties of
Xk 41,07 we will define Xg 11 at the end of this section.

For all x & Ej there exist w(x) = wp(x) > a(x) = ap(x) > A, 1(x) =
t77(x) < T such that 0?(x) < , :‘[’g) > Qr(x). Setting fx4+1 = fx+1,07 (see

also (117)), if 7(x)|m then

1 n+m—1
(119) . Z fr+1(x + k%) > Xg 41,07 (x).
k=n

When K > 0 one also needs to use (139); see Section 4.2.15.
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Forall p € Pr» D P, (t(x),p) =1, (r,p) = 1. Forall x € Eg and for
allhe{l,.... K+ 1}, fp(x+ j +1(x)) = fr(x + j) whenever a?(x) < j <
j + 7(x) < w?(x). Finally,

(120) / fr+1=A(Fpr) <27M+lL <o~ M+1

when K > 0 we also need (140) from Section 4.2.15.

We have met all the requirements for a (K 4 1) — M family except the distribu-
tion of Xk 1,7~ is not quite right. We need to replace Xg 1,1~ by a suitably cho-
sen Xk +1 which is M —0.99-distributed, moreover for K > 0 it is pairwise indepen-
dent from X5, when h = 1,..., K. By choosing Xg 1 so that Xg 1 < Xg41,17
from (119) we infer that if a(x) <n <n +m < w(x) and t(x)|m, then

1 n+m—1
(121) p > frkr(x k) > X (x).
k=n

Since L” is the first index when A(Fz») < 2~M we have A(Fpr_q) >2~M
which by (100) implies

(122) AFrr)>(1=2y)2~M,
What is the distribution of Xg 11,77 Recall Fpr = {x : fk+1(x) = 1},

1-2y <rp =A(Fp)/M(Fr—1) <1=% for L=1,...,L", and A(FL) =11 =
r1---rz. By (108) and (59)

(123) 11?2—1” > ﬁX(FLu) > A(Szr0) > (1= p)A(Fpr) > (1=3y)2™™,
By (97), Xk 41,L(x) = (1=p")Cy - 1 = (1 = p)C, A(Fp) if x € Sp .
By (97) and (101) if x € Sg» ; \ Sp7j—y thenfor [ =1,...,L",

(124) Xk 1,00 (x) = (1= p))ro---11Cy = (1= pA(F)Cy.

This and (60) imply that for x € Sg» 1~ \ SL»,L7—1

(125) Xgi1.07(x) = (1= p)CyA(Frr) <27 M (1= p)C) <0.999.27M+1,

Using (109) we have the following measure estimate:

A(SL7,0) > A(Sprp) > (1—p) A(SL70).

(= p)ro-11 ro- i
which by (110) is equivalent to

1 — _ _ _
(126) T M S10) > REDASL) > (1= p)A(SLr0).
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Suppose for / =0,..., M —1, £/(l) is chosen so that
(127) Xit1,07(x) >0.999-27" when x € Sz ¢/,

but Xg 11.27(x) <0.999-27 for some x € Srr.e(y+1, by (125) suchan £'(1) < L”
exists. By (124)
(1= p)A(Feay+1)Cy < 0.999-27,
and
(1= YA(Fp))Cy > 0.999-27
hold. Therefore, using X(Fg/(l)ﬂ)/X(Fg/(l)) > (1 —2y) we infer

0.999
ol
2y

(128) 0.999-27! < (1—p ))L(Fg/(l))C,,
Set Sy (1) = 9. By using (124) and the above definitions, estimates for
[=0,....M—1,x¢€ SL”,K’([) \ SL”,E’(I—I) we have

(129) 0.999-27" < Xg 41 pr(x) <0.999.27¢—D.

By (126)

A(SL// Z’(l)) < —)&(SL 0)_
A(Fy @)

(using (123) and (128))

L —NC _ 1=pG2
(1 )2 0.999-2—1 0.999. (1 —p)?

on the other hand, by using (126)

E)

_ (1—p)A(SL7.0)
A(SL”,@/(I)) > _—LO
AFyy)

(using (123) and (128) again)

J = P)2A(FL)(1—p/)Cy (1 —2y)
0.999. 21

(using (122))

> (1=p)P(-2p)227 M2 (1-p)C,.
Thus using (61) for/ =0,..., M —1
(130) A(Spr ey \ SLr.e/—1))

(1 —Pl)gy p—M+1-1

1—p)2(1 =222 M+lqg_hC, - — 227

>0.99.2~M+i-1
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By (129)if l =0,....M —1, x € Sp» )y \ Sv7(1—1) We have Xg 1, 17 (x) >
0.999-27".

By (124), Xk 41,1~ takes different constant values on the set Sz~ ¢ and on
the sets Sp.»y\ Sprj—q forl =1,...,L".

When K > 0 we also know that Xg 1 1~ is pairwise independent from
Xy for h =1,..., K. Hence, any function which is constant on the sets Sz~ o,
Spra\Spri—1,1=1,...,L" is still independent from each X}, forh =1,..., K.

Set X}(H(x) =0.99-2 if x e SL”,K’(I)\SL”,K/(I—I) for [=0,...,M—1.
Set X}(_H(x) =0if x € Spv r(m—1)- Now X}(+1 < Xk+1,.7- When K > 0,
X }( 11 is still independent from each X, 2 = 1,..., K and it takes its values in
{0,0.99,...,0.99.2~M+11 Byt it is M —0.99 super distributed. By Lemma 4 we
can choose an M —0.99-distributed Xx 1 < X 41 Which is still independent from
Xp, foreach h = 1,..., K. This completes the part of our proof when we build the
1 — M family, that is for K = 0 our argument ends here.

4.2.9. The K > 0 cases of our induction Step. L = 0 of our leakage. Next
we assume that K > 1 and we can define K — M families.

We use the definitions of the first paragraph of Section 4.2.2. After the defi-
nition of Xg 1,0 we argue this way:

Choose a K — M family on R with input constants §o = ﬁ, Qo = Q,
[oCy <T', Ag = A, Po. Then there exist a period 7o; functions f3 ¢ : R — [0, 00),
pairwise independent M —0.99-distributed “random” variables X} o : R — R, for
h=1,..., K, aset Eg, periodic by 7o, with X(E(go) < 8o. Moreover, forall x ¢ E,
there exist wo (x) > oo (x) > A, 79(x) < 7o such that w3 (x) < 7o, 2’883 > Qro(x) =
Qo1o(x), if wg(x) <n <n+m <wp(x),and 7o(x)|m thenforallh=1,..., K+1
(for h = 1,..., K by the definition of the K — M family, for # = K + 1 by the
definition in the first line of Section 4.2.2) there exists 0 < f, o such that

1 n+m—1
— ) Tuo(x k%) > Xpo(x).
k=n

Forall p € Py, (to(x), p) =1, (r0, p) =1. Forallx ¢ Eg, andallh=1,..., K+1,
Jro(x 4 j +70(x)) = fro(x + j) whenever ag(x) < j < j +70(x) < g (x).
Finally,

1 [% o _
—/ fh,OZ/fh,0<CyF0'2 M+l
7o Jo

forh=1,...,K.

4.2.10. Case K > 0, the setting after step L — 1 of the leakage. We can re-
peat almost exactly the argument of Section 4.2.3. We only need to add after the
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paragraph ending with (64) that for h =1,..., K

1 et i M1
/ Jh—1= /fh,L—l <CyTy-2 -
0

-1
We emphasize that we do not expect that (131) holds for # = K + 1 and continue
with the paragraphs of Section 4.2.3 concerning the distribution of Xg 11,7,—1.

(131)

42.11. Case K > 0, rearrangement with respect to t]:_l, choice of ‘L'I/J_l.
This subsection is again almost completely identical to Section 4.2.4. The only
extra remark we need after the first line of the last paragraph of Section 4.2.4 is
the following: We also have

(132) ff;{ -1 = /fh,L—1 < CyF0'2_M+1,
forh=1,... K.

4.2.12. Case K > 0, choice of kr, qr, ®r, Y1, and Xp 1 on R\ A (qr).
This subsection is identical to Section 4.2.5.

4.2.13. Case K >0, putting K — M families on A’ (qr). This is the subsection
where we have a huge difference. This is where we need to use the results from
the previous step of the induction on K.

The first four paragraphs until the definition of ?;, are identical to the ones
in Section 4.2.6.

Contrary to the K = 0 case now we have to put a K — M family on A’(qz).

For the choice of the K — M family living on A’(gz,) use Lemma 6 with Py ,
8 =68/4(L"+1), Q2 =Q-qr7;_,;, Tp and A.

(i) We obtain functions ﬁ L X n,1 periodic by T qp forh =1, ..., K, where 7,
is a suitable natural number. The functions X h,L - R — R are pairwise inde-
pendent and conditionally M —0.99 distributed on A’(gz,). There exists Eg .
periodicby Ty .. Forh=1,..., K and x ¢ E(q1) = Ujez[jqL, jqL +y2*F)
we have fh’L(x) =0.

(i) We have X(E(gL) <ér =38/4(L" +1). For all x ¢ Eg, , there exist g (x) >
ap(x)> A, Tp(x) <Trqr. @7 (x) <Trqr,

wr (x) _ _
— > Qr7(x) = Qqrry_To(x).
ar(x)
Moreover, if oy (x) <n <n+m <wr(x) and 7z (x)|m thenforh=1, ..., K,
1 n+m—1

(133) — 2 Jur(r k%) > XL ().
k=n

(iii) For all p eP;, (zr(x),p) =1, (tLqL, p) = 1.
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(iv) For all x € K/(qL)\E,;L, foralh=1,...,K,

InL (x4 + 7)) = fa,L(x + )
when G%(x) <Jj<j+Tx)= ﬁﬁ(x).

(v) Finally, forallh=1,..., K

(134) /fh,L<F0-y-2_M+1.

We now define the functions X} 7, on A(qr) for h =1,..., K, by setting
Xnp(x)=Xp(x)ifx e A'(qr), h=1,..., K; also define

(135) S =fr g1 xe, + fopforh=1._ K

Where f}:,L—l is defined in Section 4.2.4 and ®;, in Section 4.2.5. It is important
that by (89), E(gz,), which contains the support of fh L is disjoint from ®7 which
contains the support of fh/ L1 XL

Recall from (132) that [ f; ; | < [fyp—1forh=1,....K.

Using (134) and that f,;’L_l is periodic by 7; _; and ®; C R\ A’(gL) consists
of blocks of length 7; _,

ol T '_ 14 —M+17 (X! _
136) [ fi <@ [ frz+To (—X(z‘v(qm))z AR (1) = (9.

Since ®;, C R\ A’(gr) by (132) we have

A(CDL) -M+1
<Io-C,2 .
(/f“ 1) AR\A(qL)

Hence, we can continue our estimation by using (54)

(137)

!’ ﬂ._ N ~M+17 K7
(+) < ( / fh,L_l) TR\ M®\A @) + TG 2 AR )

<Tp-Cy-27M+1,

After these observations we can return to Section 4.2.6, to the definition of
%1, and read everything until the paragraph marked by a .

When K > 0 we need to add the following estimate to the case when x €
R\ (A'(gr)UEL) Cc ®p C .
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If ap(x) <n <n+m < wr(x) and 77, (x)|m then by (84) and (95) for
h=1,....K

(138)
1 n+m—1 1 n+m—1
— > fha @R == 3T fip (bR > X () = X ().
k=n k=n

Next suppose x € A’(qr)\EL C /_\’(qL)\EgL. Forh=1,..., K the estimates
which we have for the K — M family put on A’(gz) can be applied. In other words,
for these x, set a)L(x)d=echL(x) > aL(x)d=ef&L(x), rL(x)déf?L(x)thi_l <71 =
g7t ;. Then a),%(x) < 17, and

wr(X)

ar(x)
Furthermore, if oy (x) <n <n+m < wr,(x) and 77, (x)|m, then T (x)|m and by
(133) and (135) we have forh =1,..., K
n+m—1

Y Sur(+k%) > X L(x).

k=n

> Q170 (x) = Q1 (x).

1
m
For all p € ®; C @1 we have (T.(x)qL7, _,,p) = (t£(x), p) = 1 and for
h=1,...,K,if ai(x) <j<j+1x < a)]%(x) then oei(x) = &i(x) <j<
JHTL(x) << jHqrr_ To(x) < wi(x) = 5%()() and hence
T+ j + 1) = fro G+ j + 1) = fio G+ j +qrry_ T (x))
= fpo(x+j +(qrrp_y — D7 (%))
== foLx+j)= fpo(x+)).
4.2.14. Case K > 0, properties of fx+1,1. This section is again identical to

Section 4.2.7.

4.2.15. Case K > 0, finishing the leakage. We start to argue as in Section
4.2.8. We need to insert just before the sentence containing (119) the remark:
Moreover, if a(x) <n <n+m < w(x) and t(x)|m, then forall h =1,..., K
letting f; = f 1~ (see also (64) which is used with L = L” + 1)

1 n+m—1
(139) — kX_: Fn(x + k%) > Xp(x).

Before (120) we need to add the comment that by (136)—(137) for h=1,..., K

(140) /f,, < CyTo2 M+l <.~ M+1
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The rest of the argument is identical to Section 4.2.8 and this way we can
complete our induction. O

5. Proof of the main result

Lemma 5 yields the next theorem which, as we will see, easily implies Theo-
rem 1.

THEOREM 8. Given 6§ > 0, M and K there exist 19 € N, Eg c [0,1), a
measurable transformation T :[0,1) — [0, 1), T(x) = x+% modulo 1, f:[0,1) —
[0, +00), Yh, h=1,..., K which are pairwise independent M —0.99-distributed
random variables defined on [0, 1) equipped with the Lebesgue measure, A, such
that M(Eg) < 8, for all x € [0, 1) \ Eg there exists Ny satisfying

1 Ni 2 K _
— > T @) > D X,
¥ k=1 h=1

and [ig 1y fdA < K -27M+2,

Proof. Use Lemma 5 with §, 2 = 1000, ' = 1.1, A =1, % = & to obtain a
K — M family with Ej, f; and X, periodic by t = 79. Set Es = - E5 N[0,1)
and for x € [0, 1) set f5(x) = 1.01- f4(z0-x), Xp(x) = X5 (0 - X).

Assume x € [0, 1)\ Es. Since Qa(79-x)7(t9-X) < w(t9-X) we have a(tp-x) =
n<n+(Q—Da(rg-x)t(r9-x) < w(tp-x) and (37) used with n = a(rp - x) and
m = (22— Da(to-x)7 (70 - x) implies
a(t0-x)+(Q2—1)a(to-x)t(to-x)—1

3 falzo- (T¥ x))
k=a(ty-x)
a(tox)+H(Q—1)a(ro-x)t(r9-x)—1
Fu(to-x+k?)>Xp(10-x).

1
(2 —Da(ro-x)t(r0 - x)

1
~(Q - Da(w x)t(0-x)

k=a(to-x)

Since f5, >0, if we let Ny = (7o -x) + (2 — Da(zo - x)t (70 - x) — 1, then since
Q =1000, Ny /(22— Da(tp-x)t(t0-x) < 1.01, forallh =1,..., K

e 1.01 &
- k2 . k2 >
(141) Egnwm=mgﬁwwmn&m

Let f(x) be the restriction of Z,I;l £, (x) onto [0, 1). Therefore, using (39) with
y’ =1 from Lemma 5 we obtain

1 K —
f f(x)dk(x)z1.012/fh<1.01-F-K-2_M+1 < K-27M+2
0 h=1
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For all x € [0, 1)\ Ej by (141) there exists N, such that
1 & 2 K
— > (T > Xx). O
Y k=1 h=1

Now we can complete the proof of Theorem 1.

Proof. For each p € N set M, = 4”. On the probability space ([0, 1), 1) con-
sider M, —0.99-distributed random variables X; pforh=1,..., K for asufficiently
large K. Assume that ¥ denotes the mean of these variables. An easy calculation
shows that

Mpy—1
U= / Xp(x)dA(x) = Y 0992270 .27 MpH=1 5 0.9 pg, .27 MrmL,
[0,1] I—o

By the weak law of large numbers

A{

Fix K so large that

1 & u 1
h=1
and let
| & 0.9
U’f: X:EZ n(x)>—-M 2_MP_1$

We have A(UI;) > 11— %. By Theorem 8 used with § = %, M, and K there
exist 79 € N, Ey/, C [0,1) and a periodic transformation T : [0,1) — [0, 1),
T (x) =x+r—10 modulo 1, £ :[0, 1) = [0, +00), X}, pairwise independent M,—0.99-
distributed random variables defined on [0, 1) such that A(E, /p) < % and for all
x €[0,1)\ Ey/p there exists Ny such that

1 N 2 K
— Y [T ) > Xh(x)
* k=1 h=1
and f[o 1 fdr < K-2~Mpt+2 pyt Uy = UI; \ El/p. Then A(Up) > 1 —% and for
x € U, there exists Ny such that

1 X > K 0.9
— Y ST ) > Xp(x) > K- M- 27 Mo
Y k=1 h=1 2
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. _ 0.9 —M,—1
Thus letting 7, = K - T'MP 2771 and

~

N
1 k2
Uy,=1x: —Ej T >t
p xs]lglek_lf( xX)>1p

we have U, C U, and hence A(U ) > 1 — %. On the other hand

S fdx [1fldA B K.2~Mp+2 2
Iy tp K.%.Mp.z—Mp—l M,

Hence, A(ﬁp) — land [|f|dA/t, — 0 as p — oo. Therefore there is no C
for which (2) holds with g = A. This implies that the sequence njy = k2 is L!-
universally bad. O
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