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Abstract

We consider the category of modules over the affine Kac-Moody algebra g of
critical level with regular central character. In our previous paper we conjectured that
this category is equivalent to the category of Hecke eigen-D-modules on the affine
Grassmannian G((t))/ G [[t]. This conjecture was motivated by our proposal for a
local geometric Langlands correspondence. In this paper we prove this conjecture
for the corresponding 7° equivariant categories, where 79 is the radical of the
Iwahori subgroup of G((¢)). Our result may be viewed as an affine analogue of the
equivalence of categories of g-modules and D-modules on the flag variety G/ B,
due to Beilinson-Bernstein and Brylinski-Kashiwara.

Introduction

0.1. Let G be a simple complex algebraic group and B its Borel subgroup.
Consider the category D(G/B) -mod of left D-modules on the flag variety G/B.
The Lie algebra g of G, and hence its universal enveloping algebra U(g), acts on the
space ['(G/ B, %) of global sections of any D-module %. The center Z(g) of U(g)
acts on I'(G/ B, ) via the augmentation character yo : Z(g) — C. Let g-mod,,
be the category of g-modules on which Z(g) acts via the character yo. Thus, we
obtain a functor

I' : D(G/B) -mod — g-mody, .
In [BB81] A. Beilinson and J. Bernstein proved that this functor is an equivalence
of categories. Moreover, they generalized this equivalence to the case of twisted
D-modules, for twistings that correspond to dominant integral weights A € t*.

Let N be the unipotent radical of B. We can consider the N -equivariant
subcategories on both sides of the above equivalence. On the D-module side this
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1340 EDWARD FRENKEL and DENNIS GAITSGORY

is the category D(G/B)-mod” of N-equivariant D-modules on G/B, and on the
g-module side this is the block of the category O corresponding to the central
character y¢. The resulting equivalence of categories, which follows from [BB81],
and which was proved independently by J.-L. Brylinski and M. Kashiwara [BK81],
is very important in applications to representation theory of g.

Now let g be the affine Kac-Moody algebra, the universal central extension of
the formal loop agebra g((¢)). Representations of g have a parameter, an invariant
bilinear form on g, which is called the level. There is a unique inner product k¢ap
which is normalized so that the square length of the maximal root of g is equal
to 2. Then any other inner product is equal to k = k - kcan, Where k € C, and so a
level corresponds to a complex number k. In particular, it makes sense to speak of
integral levels. Representations, corresponding to the bilinear form which is equal
to minus one half of the Killing form (for which k = —h", minus the dual Coxeter
number of g) are called representations of critical level. This is really the “middle
point” amongst all levels, and not the zero level, as one might naively expect.

There are several analogues of the flag variety in the affine case. In this paper
(except in the Appendix) we will consider exclusively the affine Grassmannian

Grg = G(1)/G1].

Another possibility is to consider the affine flag scheme Flg = G((z))/ I, where
I is the Iwahori subgroup of G((¢)). Most of the results of this paper, that concern
the critical level, have conjectural counterparts for the affine flag variety, but they
are more difficult to formulate. In particular, one inevitably has to consider derived
categories, whereas for the affine Grassmannian abelian categories suffice. We refer
the reader to the Introduction of our previous paper [FG06] for more details.

There is a canonical line bundle £.,, on Grg such that the action of g((z)) on
Grg lifts to an action of gy, on Lcan. For each level k we can consider the category
D(Grg ), -mod of right D-modules on Grg twisted by SEgrlf, where Kk = k - Kcan.
(Recall that although the line bundle £ only makes sense when k is integral, the
corresponding category of twisted D-modules is well-defined for an arbitrary k.)
Since Grg is an ind-scheme, the definition of these categories requires some care
(see [BD] and [FGO04])).

Let g, -mod be the category of (discrete) representations of the affine Kac-
Moody algebra of level k. Using the fact that the action of g((z)) on Grg lifts to an
action of gy, on Lcan, we obtain that for each level « there is a naturally defined

functor of global sections:
€)) I' : D(Grg), -mod — g, -mod .

The question that we address in this paper is if and when this functor is an
equivalence of categories, as in the finite-dimensional case.



LOCALIZATION OF g-MODULES ON THE AFFINE GRASSMANNIAN 1341

0.2. The first results in this direction were obtained in [BD], [FG04]. Namely,
in loc. cit. it was shown that if « is such that k = k - kcan With k + 1Y ¢ Q>0 then
the functor I" of (1) is exact and faithful. (In contrast, it is known that this functor
is not exact for k + 1" € @>°.) The condition k + /Y ¢ @~ is analogous to the
dominance condition of [BB81].

Let us call k negative if k +h" ¢ @=%. In this case one can show that the
functor of (1) is fully faithful. In fact, in this case it makes more sense to consider
T-monodromic twisted D-modules on the enhanced affine flag scheme

Flg = G(1)/1°,

rather than simply twisted D-modules on Grg, and the corresponding functor I" to
g« -mod. The above exactness and fully-faithfulness assertions are still valid in this
context. However, the above functor is not an equivalence of categories. Namely,
the RHS of (1) has “many more” objects than the LHS.

When « is integral, A. Beilinson has proposed a conjectural intrinsic description
of the image of the category D(ﬁ(;),c -mod inside g, -mod (see Remark (ii) in the
Introduction of [Bei06]). As far as we know, no such description was proposed
when « is not integral.

It is possible, however, to establish a partial result in this direction. Namely,
let 19 C I be the unipotent radical of the Iwahori subgroup /. We can consider
the category D(ﬁG)K “mod!’ of 1 0_equivariant twisted D-modules on ﬁg. The
corresponding functor I' of global sections takes values in the affine version of
category O, i.e., in the subcategory g, -mod/ ’c g« -mod, whose objects are gj-
modules on which the action of the Lie algebra Lie(/°) C §, integrates to an
algebraic action of the group 7°.

One can show that the functor I' induces an equivalence between an appro-
priately defined subcategory of 7'-monodromic objects of D(ﬁg)x mod!” and a
specific block of gy -mod’". This result, which is well-known to specialists, is
unavailable in the published literature. For the sake of completeness, we sketch one
of the possible proofs in the Appendix.

0.3. Inthis paper we shall concentrate on the case of the critical level, when k =
—hY. We will see that this case is dramatically different from the cases considered
above. In [FG06] we made a precise conjecture describing the relationship between
the corresponding categories D(Grg )crit -mod and @i -mod. We shall now review
the statement of this conjecture.

First, let us note that the image of the functor T lies in a certain subcategory
of gerit -mod, singled out by the condition on the action of the center.

Let 34 denote the center of the category Gcrit -mod (which is the same as the
center of the completed enveloping algebra of gci¢). The fact that this center is
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nontrivial is what distinguishes the critical level from all other levels. Let 3reg

denote the quotient of 34, through which it acts on the vacuum module

Veri = Indgﬁntt]] ((B)

Let geric -modyeg be the full subcategory of geric -mod, whose objects are Geric-
modules on which the action of the center 34 factors through BEfg It is known (see
[FGO04]) that for any & € D(Grg )cric -mod, the space of global sections I'(Grg, %)
is an object of Feri¢ -mod;e,. (Here and below we write M € 6 if M is an object
of a category €.) Thus, Gerit -mod;eg is the category that may be viewed as an
analogue of the category g-mod,,, appearing on the representation theory side of
the Beilinson-Bernstein equivalence. However, the functor of global sections

I : D(Grg )crit -mod — Geri¢ -MOdreg

is not full, and therefore cannot possibly be an equivalence. The origin of the
nonfullness of I' two-fold, with one ingredient rather elementary, and another
less so.

First, the category §erit -modreg has a large center, namely, the algebra 3rgeg
itself, while the center of the category D(Grg )crit -mod is the group algebra of the
finite group 71 (G) (i.e., it has a basis enumerated by the connected components of
Grg).

Second, the category D(Grg )crit -mod carries an additional symmetry, namely,
an action of the tensor category Rep(G) of the Langlands dual group G, and this
action trivializes under the functor I'.

In more detail, let us recall that, according to [FF92], [Fre05], we have a
canonical isomorphism between Spec(3§g) and the space Opy(%) of g-opers on the
formal disc & (we refer the reader to §1 of [FGO6] for the definition and a detailed
review of opers) By construction, over the scheme Opg(@) there exists a canonical
principal G-bundle, denoted P& op Let Pz 5 be the G-bundle over Spec(3 gg)
corresponding to it under the above 1somorphlsm For an object V' € Rep(G) let us
denote by 7’3 the associated vector bundle over Spec(BQg) ie, V3=%x 3% xV.

Consider now the category D(Grg)crit -mod® I, By [MVO07], this Category
has a canonical tensor structure, and as such it is equivalent to the category Rep(G)
of algebraic representations of G; we shall denote by

V > Fy : Rep(G) — D(Grg )eri -mod ¢ 1]

the corresponding functor. Moreover, we have a canonical action of D(Grg )crit-
mod®Il a5 a tensor category on D(Grg )it -mod by convolution functors,

F > FxFy.
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A. Beilinson and V. Drinfeld [BD] have proved that there are functorial iso-
morphisms

I'(Grg, ¥+« Fy) ~T(Grg.F) ® V3,  V €Rep(G),
3t

compatible with the tensor structure. Thus, we see that there are nonisomorphic
objects of D(Grg )it -mod that go under the functor I" to isomorphic objects of
acrit ‘mOdreg-

0.4. In [FGO6] we showed how to modify the category D(Grg )crit -mod, by
simultaneously “adding” to it 3;%’ as a center, and “dividing” it by the above
Rep((v})—action, in order to obtain a category that can be equivalent to geric -modyeg.

This procedure amounts to replacing D(Grg)crit -mod by the appropriate cate-
gory of Hecke eigen-objects, denoted D(Grg )H¢*¢3 _mod. By definition, an object

crit
of D(Grg)Heke3 _mod is an object F € D(Grg )it -mod, equipped with an action

crit
of the algebra 3rgeg by endomorphisms and a system of isomorphisms
ay FxFy —> V3 ® F, V € Rep(G),
35"
compatible with the tensor structure.

We claim that the functor " : D(Grg )i -mod — Gerit -mod,e, naturally gives
rise to a functor [Heckes - D(Grg)?rfffk63 -mod — Geri -MOdyeg.

This is in fact a general property. Suppose for simplicity that we have an
abelian category 6 which is acted upon by the tensor category Rep(H ), where H is
an algebraic group; we denote this functor by F — F » V, V € Rep(H ). Let @Hecke
be the category whose objects are collections (F, {ay }y erep(H))> Where F € €
and {ay } is a compatible system of isomorphisms

ay :FxV -—>VQ®F,  VeRep(H),
C

where V is the vector space underlying V. One may think of ¢Hek¢ as the “de-
equivariantized” category ‘€ with respect to the action of H. It carries a natural
action of the group H: for h € H, we have

h-(F {ay v erepcr)) = (F, {(h ®idg) oy }y erep(a))-

The category € may be reconstructed as the category of H -equivariant objects of
dgHecke with respect to this action, see [Gail.

Suppose that there is a right-exact functor G : ¢ — %', where 6’ is another
abelian category, such that we have functorial isomorphisms

) G(F*V)=GF)QY,  VeRep(H),

compatible with the tensor structure. Then, according to [AGO3], there exists
a functor GHeeke . gHecke g/ qych that G ~ GHeke o Ind, where the functor
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Ind : € — @Hecke sends F to F » O, where O is the regular representation of H .
The functor GHe*¢ may be explicitly described as follows: the isomorphisms o/
and (2) give rise to an action of the algebra O on G(%), and GHek®(F) is obtained
by taking the fiber of G(¥) at 1 € H.

We take € = D(Grg )crig -mod, €’ = Geric -modyeg, H = G and G = T. The
only difference is that now we are working over the base 3;%’ , which we have taken
into account.

0.5. The conjecture suggested in [FGO6] states that the resulting functor

3) [Heckes . D(Grc;)?r?fk‘33 -mod — Gerit -MOdyeg

is an equivalence. In loc. cit. we have shown that the functor I'Heckes  when
extended to the derived category, is fully faithful.

This conjecture has a number of interesting corollaries pertaining to the struc-
ture of the category of representations at the critical level:

Let us fix a point y € Spec(Sf;g), and let us choose a trivialization of the fiber
P Gy of P G.3 at y. Let gei -mod, be the subcategory of gt -mod, consisting of
objects, on which the center acts according to the character corresponding to y.

Let D(Grg)g?fke -mod be the category, obtained from D(Grg )it -mod, by the
procedure € - @Hecke for H = G, described above. Our conjecture implies that
we have an equivalence
4) D(Grg)Hek¢ _mod ~ Geyic -mody .

crit

In particular, we obtain that for every two points y, y’' € Spec(3rgeg) and an isomor-
phism of G-torsors P Gy = Pp Gy there exists a canonical equivalence gerit -mod,
>~ Gerit -mod,/. This may be viewed as an analogue of the translation principle
that compares the subcategories g-mod, C g-mod for various central characters
X € Spec(Z(g)) in the finite-dimensional case.

By taking y = y’, we obtain that the group G, or, rather, its twist with respect
to P G, Acts on Gerit -mod,,.

As explained in the Introduction to [FG06], the conjectural equivalence of (4)
fits into the general picture of local geometric Langlands correspondence.

Namely, for a point y € Spec(3rgeg) >~ Opy(%) as above, both sides of the
equivalence (4) are natural candidates for the conjectural Langlands category asso-
ciated to the trivial G-local system on the disc %. This category, equipped with an
action of the loop group G((¢)), should be thought of as a “categorification” of an
irreducible unramified representation of the group G over a local non-archimedian
field. Proving this conjecture would therefore be the first test of the local geometric
Langlands correspondence proposed in [FGO06].
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0.6. Unfortunately, at the moment we are unable to prove the equivalence (3)
in general. In this paper we will treat the following particular case:

Recall that 79 denotes the unipotent radical of the Iwahori subgroup, and let
us consider the corresponding I °-equivariant subcategories on both sides of (3).

On the D-module side, we obtain the category D(Gr(;)?rffke3 modl defined
in the same way as D(Grg)g‘ffke-” -mod, but with the requirement that the underlying
D-module % be strongly /°-equivariant.

On the representation side, we obtain the category gerit “modZ’ corresponding

reg’
to the condition that the action of Lie(/°) C @ integrates to an algebraic action
of 1°.

We shall prove that the functor I'Hek®3 defines an equivalence

(5) D(Grg)Hee> -mod!” — Geric -mod’;,

crit

This equivalence implies an equivalence

(6) D(Grg)Hsk® -mod!” ~ Gerie -mod!

crit

for any fixed character y € Spec(BQg) and a trivialization of ¥ 5 Gy 38 above. In
partlcular we obtain the corollarles concerning the translation principle and the
action of G on Gerit —modx

We remark that from the point of view of the local geometric Langlands
correspondence the categories appearing in the equivalence (6) should be viewed
as “categorifications” of the space of /-fixed vectors in an irreducible unramified
representation of the group G over a local non-archimedian field (which is a principal
series representation of the corresponding affine Hecke algebra).

Let us briefly describe the strategy of the proof. Due to the fact [FG06] that the
functor in one direction in (5) is fully-faithful at the level of the derived categories,
the statement of the theorem is essentially equivalent to the fact that for every object
M E Gerit - mod there exists an object & € D(Glrc;)glj’fke3 modl and a nonzero
map [Heckes (GrG %) — M, to be explained in detail in Section 3.

We exhibit a collection of objects My, reg, numbered by elements w € W,
where W is the Weyl group, which are quotients of Verma modules, such that for
every Jl € Gerit modreg, for at least one w, we have Hom(My reg, L) # 0.

We then show (see Theorem 3.2) that each such My, reo is 1som0rphlc to
[Heckes (Grg, %7)) for some explicit object 9'7% € D(Grc;)?rffke% “mod!’ , thereby
proving the equivalence (5).

0.7. It is instructive to put our results in the context of other closely related
equivalences of categories.
Using the (tautological) equivalence:

D(Grg) -mod!’ ~ D(Fig) -mod ¢
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(here and below we omit the subscript ¥ when x = 0) and the equivalence of
Theorem 5.5, we obtain that for every negative integral level x = k - k¢an there
exists an equivalence between D(Grg) “mod!” and the regular block of the cate-
gory g -mod®I | studied in [KL93], [KL94]. The latter category is equivalent,
according to loc. cit., to the category of modules over the quantum group Uz (g),
where ¢ = expmi/(k +hY).

Using these eguivalenees, it has been shown in [AGO3] that the category
D(Grg)Hecke _mod!", defined as above, is equivalent to the regular block u4(g)-modg
of the category of modules over the small quantum group u,(g). The tensor product

by the line bundle §Bc_aﬁv defines an equivalence

D(Grg )Mk -mod! ° D(Grg)?r?fke “mod!’

(but this equivalence does not, of course, respect the functor of global sections).

Combining this with the equivalence of (6), we obtain the following diagram of
equivalent categories:

7 Gerit -mod)I(0 < D(Grg)tecke _mod! '3 ug(g) -mod.

Recall that in [ABB105] it was shown that the category D(Grg)Hecke -mod! °
is equivalent to an appropriately defined category D(%F/ )! of I 0_equivariant
D-modules on the semi-infinite flag variety (it is defined in terms of the Drinfeld
compactification Buny ). Hence, we obtain another diagram of equivalent categories:

(8) Geric-mod)” < D(Grg)Heke -mod!” 5 D F)!".

crit
In particular, we obtain a functor
. 0 . 0
D(Fl = )I — Herit 'mOdf( >

which is, moreover, an equivalence. Its existence had been predicted by B. Feigin
and the first named author.

In fact, one would like to be able to define the category D(%FI %) without
imposing the 7°-equivariance condition, and extend the equivalence of [ABBT05]
to this more general context. Together with the equivalence of (3), this would imply
the existence of the diagram

Geric -mody < D(Grg)be* -mod = D(F 7).

but we are far from being able to achieve this goal at present.

Finally, let us mention one more closely related category, namely, the derived
category D (QCoh((é / E)D G -mod)) of complexes of quasi-coherent sheaves over
the DG-scheme

(G/B)PG .= Spec(Sym@é/E(Ql(é/é)[l])).
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This DG-scheme can be realized as the derived Cartesian product

g% pt,
§

where pt — g corresponds to the point 0 € g, andg = {(x,b)|x € b C g} is
Grothendieck’s alteration.

From the results of [ABGO04] one can obtain an equivalence of the derived
categories

~ > 0
D?(QCoh((G/B)PC -mod)) ~ D?(D(Grg)He* -mod)’" .
Hence we obtain an equivalence:
~ ~ ~ IO
) D?(QCoh((G/B)PY -mod)) ~ D?(Geric -mody)” .

The existence of such an equivalence follows from the Main Conjecture 6.11
of [FGO6]. Note that, unlike the other equivalences mentioned above, it does not
preserve the t-structures, and so is inherently an equivalence of derived categories.

0.8. Contents. Let us briefly describe how this paper is organized:

In Section 1, after recalling some previous results, we state the main result of
this paper, Theorem 1.7. In Section 2 we review representation-theoretic corollaries
of Theorem 1.7. In Section 3 we show how to derive Theorem 1.7 from Theorem 3.2,
and in Section 4 we prove Theorem 3.2.

Finally, in the Appendix, we prove a partial localization result at the negative
level referred to in Section 0.2.

The notation in this paper follows that of [FG06].

1. The Hecke category

In this section we recall the main definitions and state our main result. We
will rely on the concepts introduced in our previous paper [FG06].

1.1. Recollections. Let g be a simple finite-dimensional Lie algebra, and G
the connected algebraic group of adjoint type with Lie algebra g. We shall fix a
Borel subgroup B C G. Let G denote the Langlands dual group of G, and by g its
Lie algebra.

Let Grg = G((t))/G][¢t] be the affine Grassmannian associated to G. We
denote by

D(Grg)erit -mod
the category of critically twisted right D-modules on the affine Grassmannian and
by
D(Grg )erit -mod 7 11
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the corresponding G [[¢]l-equivariant category. Recall that via the geometric Sa-
take equivalence (see [MVO07]) the category D(Grg )crit -mod®l] has a natural
structure of tensor category under convolution, and as such it is equivalent to
Rep(é). We shall denote by V = Jy the corresponding tensor functor Rep(é) —
D(Grg )eri -mod ¢ 11,

We have the convolution product functors

F € D(Grg)erit -mod, Fy € D(Grg )eric -mod® I 15 F » F 1y € D(Grg )eric -mod .

These functors define an action of Rep(é), on the category D(Grg )it -mod. Thus,
in the terminology of [Gai], D(Grg)crit -mod®ID has a structure of the category
over the stack pt / G.

Now let geit -mod denote the category of (discrete) representations of the
affine Kac-Moody algebra at the critical level (see [FG06]). Let Vit € @eric -mod
be the vacuum module IndgC[[“l‘]]@C
algebra that is the center of g -mod. Let 3Leg denote its “regular” quotient, i.e.,
the quotient modulo the annihilator of V.. We denote by gerit -modre, the full
subcategory of gcri¢ -mod, consisting of objects, on which the action of the center
34 factors through Breg.

Recall that via the Feigin-Frenkel isomorphism [FF92], [Fre05], the algebra
35E g identifies with the algebra of regular functions on the scheme Op 5(2) of g-opers
on the formal disc 9. In particular, Spec(3; g -%) carries a canonical G-torsor, denoted
@G,S’ whose fiber @V,X at y € SpeC(BQg) ~ Opg(@) is the fiber of the G-torsor
underlying the oper x at the origin of the disc %. The G-torsor & glves rise to a
morphism Spec(SE,eg) — pt/ G. We shall denote by

(C). Denote by 34 the topological commutative

Vi3

the resulting tensor functor from Rep(G) to the category of locally free geg—

modules.
We define D(Grg )Heckes _mod as the fiber product category

crit
D(GrG)crlt -mod X Spec(sreg s
pt/ G
in the terminology of [Gai].
Explicitly, D(Grg)g‘i’fke3 -mod has as objects the data of (¥ ay, V Ve Rep(é)),
where F is an object of D(Grg )it -mod, endowed with an action of the algebra

;eg by endomorphisms, and oy are isomorphisms of D-modules

FxFy~VT3Q F
3reg

compatible with the action of SE,eg on both sides, and such that the following two
conditions are satisfied:
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e For V being the trivial representations C, the morphism ay is the identity
map.

e For V,W e Rep(é) and U :=V ® W, the diagram

(F*TFy)*Fy —> F x Fy
oy *idg:Wl aUl
(V3®g)*@w %3@93
35" 35"
1d°l/3 Raw
V3@ (FrxFw) —— V38W58F
35° 35" 348

1s commutative.

Morphisms in this category between (%, ary) and (%', a},) are maps of D-mod-
ules ¢ : F — F that are compatible with the actions of l’)ifg on both sides, and such
that

(idoV3 Rp)oay = O{%, o (¢ *idg,, ).

1.2. Definition of the functor. Recall that according to [FG04], the functor of
global sections

¥+ I'(Grg, F)

defines an exact and faithful functor D(Grg )cric -mod — Gesi -mod;eg. Let us recall,
following [FG06], the construction of the functor

Heckes . Hecke ~
r 3 D(GrG)crit 5 — Gerit 'mOdreg .

First, let us recall the following result of [BD] (combined with an observation

of [FG06, Lemma 8.4.3]):

THEOREM 1.3. (1) For % € D(Grg )it -mod and V' € Rep((v}) there is a
functorial isomorphism

v :T'(Grg, T« Fy) ~I'(Grg, F) @ V5.
3
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(2) For &,V as above and W € Rep(é), U:=V QW the diagram

[(Grg, (F x Fy) x F) ——> T(Grg, F x (Fy * Fw))

] |

[ (Grg, (F*Fy)) @ W I'(Grg, % » Fy)
35

al bu |

I'Grg. %) @ V3 @ W3 ——>  I'(Grg. %) ® U3
3¢ 3g° 3"

is commutative.

Consider the scheme Isoms : Spec(f')geg X _ Bf;g). Let 1isom5 denote the unit
pt/G
section Spec(35°) — Isoms.

We denote by R3 the direct image of the structure sheaf under Spec(3;eg) —
pt/ G, viewed as an object of Rep((v}). It carries an action of 34 by endomorphisms.
Let %3 be the associated (infinite-dimensional) vector bundle over Spec(3rgeg); by
definition, we have a canonical isomorphism

R 3 ~ Fun(lsom3z).

We will think of the projection p; : Isomz — Spec(3rgeg) as corresponding to the
original Sf;g—action on R3, and hence on R 3, by the transport of structure. We
will think of the other projection p; : Isomz — Spec(3rgeg), as corresponding to
the Brgeg—module structure on R 3 coming from the fact that this is a vector bundle
associated to a é-representation.

We claim that for every object F € D(Grg)?r‘i’fke?j -mod, the @cri-module
I'(Grg, &) carries a natural action of the algebra Fun(lsom3) by endomorphisms.

First, note that I'(Grg, %) is a 3;eg—bimodule: we shall refer to the 3;eg—action,
coming from its action on any object of Feri¢ -mod;eg, as “right”, and to the one,
coming from the 3;eg—action on %, as “left”.

On the one hand, we have:

Br
T'(Grg, F«Fry) ~ T'(Grg,F) ® Fun(lsoms),
r,3a5,1

and on the other hand,

QR
T'(Grg, %« Fr,) ~ Fun(lsoms) ® T'(Grg,%).
1,3:8,1

sJg s
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By composing we obtain the desired action map

C(RaoﬁEl 1I>’s<orn
I'(Grg.¥) ® Fun(lsoms) —> ° Fun(lsom3) ® I'(Grg,%)—sT(Grg.%).
r,3rgeg,l I, rgeg s
The fact that it is associative follows from the second condition on ¢y and Theorem
1.3(2).
We define the functor I'Heckes by

reg

¥+ I'(Grg, %) ® g -
Fun(lsom‘g),ll’zoms
Since the functor I' is exact, the functor I'Heke3 g evidently right-exact, and
we will denote by L ['Heckes g left derived functor D~ (D(Grg) s -mod) —
D~ (ﬁcrit 'mOdreg)
The following was established in [FG06, Th. 8.7.1]:

THEOREM 1.4. The functor L THeKe3 yestricted to

DP(D(Grg)Heckes _mod),

crit
is fully faithful.
In [FGO6] we formulated the following:

CONIJECTURE 1.5. The functor THe*®s s exact and defines an equivalence of

categories D(Grc)gffke?’ -mod and Gerit -MOdyeg.

1.6. The statement of the main result. Recall that both categories gerit -mOd;eg
and D(Grg)?r?fkea -mod carry a natural action of the group G((¢)) (see [FG06, §22],
where this is discussed in detail). Let / C G[[¢]] be the Iwahori subgroup, the pre-
image of the Borel subgroup B C G in G[¢t] under the evaluation map G[[¢]—G.
Let 7° be the unipotent radical of 7. Let us denote by D(Grg)?r‘ffke3 “mod!" and
Gerit -modrle(; the corresponding categories of 7°-equivariant objects. Since 79 is
connected, these are full subcategories in D(Grg)gffk°3 -mod and Gerit -mMOodieg,
respectively.

The functor THeekes jnduces a functor D(Grg)g‘;‘fk"'-3 -mod!’ — Gerit -modrle(;.

The goal of this paper is to prove the following special case of Conjecture 1.5:

THEOREM 1.7. (1) For any & € D(Gr(;)gietcke3 “mod!’ we have
LiTHekes (Grg, F) = 0 forall i > 0.
(2) The functor

0o . 0
PS5 - D(Grg )52 -mod” — G -mody

is an equivalence of categories.
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2. Corollaries of the main theorem

We shall now discuss some applications of Theorem 1.7. Note that both sides
of the equivalence stated in Theorem 1.7 are categories over the algebra 3rgeg.

2.1. Specialization to a fixed central character. We fix a point y € Spec(Brgeg),
i.e., a character of 3;eg , and consider the subcategories on both sides of the equiv-
alence of Theorem 1.7(2), corresponding to objects on which the center acts ac-

. . . N 0
cording to this character. Let us denote the resulting subcategory of geyit —modrIeg by

Gerit -mod)l(o. The resulting subcategory of D(Grg)?r'ftd‘e3 “mod!” can be described
as follows.

Let us denote by D(Grg )¢ -mod the category, whose objects are the data

crit
of (¥,ay), where F € D(Grg )it -mod and oy are isomorphisms of D-modules
defined for every V € Rep(G),

FxFy~VQF,
C

where V' denotes the vector space underlying the representation V. These isomor-
phisms must be compatible with tensor products of objects of Rep(G) in the same

sense as in the definition of D(Gr(;)?r?fk63 -mod.

Note that D(Grg)gffke -mod carries a natural weak action of the algebraic

group G:! Given an S -point g of G and an S -family of objects (%, ay) of

D(Grg ?r?fke -mod we obtain a new S-family by keeping % the same, but replacing

oy by g-ay, where g acts naturally on ¥V ® Og.

In addition, D(Grg ?riefke -mod carries a commuting Harish-Chandra action of
Hecke

the group G((?)); in particular, the subcategory D(Grg ) i;
Let P X be the fiber of the G-torsor & G3atx Tautologically we have:

0
-mod!" makes sense.

LEMMA 2.2. (1) For every trivialization y : P = QP% there exists a canonical
equivalence respecting the action of G((t)),

(D(Grg)feckes -mod)X ~ D(Grg)He*¢ _mod,

crit crit

where the LHS denotes the fiber of D(Grg)?riefke?' -mod at y.

) Ify' = g-y for g € G, the above equivalence is modified by the self-functor
of D(Grc;)l'l‘ffke -mod, given by the action of .

Hence, from Theorem 1.7 we obtain:

COROLLARY 2.3. For every trivialization y : P g = 97)06 there exists a

canonical equivalence
~ 0 0
Gerit —mod)I( ~ D(Grg)He*® _mod!" .

crit

1'\We refer the reader to [FGO06, §20.1], where this notion is introduced.
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From Corollary 2.3 we obtain:

COROLLARY 2.4. (1) For any two points x1, X2 € Spec(SBBg) and an isomor-
phism of G-torsors P - Py “ there exists a canonical equivalence

~ JO o~ 7O
Herit 'mdel = Herit —Il’lOdX2

(2) For every y € SpeC(SQg) the group of automorphisms of the G-torsor

P Gy acts on the category Jerit —mod

More generally, let S be an afﬁne scheme, and let y1,s and x5 s be two
S-points of Spec(BQg) Let Gerit -modZ S 1 and Geric - modSO2 be the corresponding
base-changed categories.

By definition, the objects of it -mod; s are the objects of Gerit -mOd;eg, €N-
dowed with an action of Og compatible with the initial action of Brgeg on Jl via the
homomorphism Bg’g — Og, corresponding to x; s. Morphisms in this category are
Geric-morphisms compatible with the action of Og.

COROLLARY 2.5. For every lift of the map

(X1,5 X x2,5) + S — Spec(34°) x Spec(3g°

to a map S — Isoms, there exists a canonical equivalence
~ 10 ~ IO
Herit 'mOdsﬁl = Yerit 'mOdS,Z .

2.6. Description of irreducibles. Corollary 2.3 allows us to describe explicitly
the set of irreducible objects in Feyi¢ modreg For that we will need to recall some
more notation related to the categories D(Grg)He*® -mod and D(Grg )Hekes mod.

crit crit
Consider the forgetful functor D(Grg )¢ -mod — D(Grg )cri¢ -mod. It admits

crit
a left adjoint, denoted Ind"®*® which can be described as follows.

Let R be the object of Rep(é) equal to O under the left regular action;
let g denote the corresponding object of D(Grg)crit -mod®l ] Then for F €
D(Grg)crit-mod, the convolution % x & g is naturally an object of D(Gr(;)?r?fke—mod,
and it is easy to see that Ind™®*(F) := F « Fp is the desired left adjoint.

Similarly, the forgetful functor D(Grg)gffk63 -mod — D(Grg )crit -mod admits
a left adjoint functor Ind"°°*®3 given by F > F » F R5- The next assertion follows

from the definitions:
LEMMA 2.7. (1) For F € D(Grg )it -mod there exist canonical isomorphisms:

['(Grg, Ind"™*3 (%)) ~ I'(Gr, %) ® Fun(lsoms),
3¢

where Fun(lsoms) is a module over 321%’ via either of the projections lsomz —
Spec(3reg .
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(2) For & as above,
rHekes (Grg, Ind"****3 (F)) ~ I'(Gr, F).

Let us now recall the description of irreducible objects of D(Grg g‘ffke—modl 0,
established in [ABBT05, Cor. 1.3.10].

Recall that 7 -orbits on Grg are parametrized by the set Wyg/ W, where Wy
denotes the extended affine Weyl group. For an element W € Wy let us denote by
IC Gr; the corresponding irreducible object of D(Grg )crit -mod” .

For an element w € W, let )va € Wy denote the unique dominant coweight
satisfying:

(@. )V\) _ 0 %f w(a;) %s positi.ve, and
1 if w(w,) is negative,
for 1 running over the set of vertices of the Dynkin diagram.

It was shown in loc. cit. that the objects IndHek¢(IC,,,. A,) for w € W are the
irreducibles of D(Grg)?r?fke “mod!’.

Combining this with Lemma 2.7 and Corollary 2.3, we obtain:

. . . . ~ 0
THEOREM 2.8. Isomorphism classes of irreducible objects of it —modrIeg
reg

are parametrized by pairs (x € Spec(34°),w € W). For each such pair the
corresponding irreducible object is given by

[(Grg.ICy.,,) ®g Cy.
*

2.9. The algebroid action. Let isom3 be the Lie algebroid of the groupoid
Isom3. According to [BD] (see also [FG06, §7.4] for a review), we have a canonical
action of isom3 on Ucrfi’f () by outer derivations, where ﬁcrff (9) is the topological
associative algebra corresponding to the category gcrit -modree and its tautological
forgetful functor to vector spaces.

In more detail, there exists a topological associative algebra, denoted by
U™ 8(§.i¢) and called the renormalized universal enveloping algebra at the critical
level. It is endowed with a natural filtration, with the O-th term U™ (g.i()o being
U™ (gerit), and

U™ (@eri) 1/ U @eri)o = U™ (Berit) @gisom3.
3g

The action of isom3 on U Crff (9) is given by the adjoint action of isom3, regarded
as a subset of U™ (geri)1/ U™ (Gerit)o-

Let S be an affine scheme, and let yg be an S-point of Spec(3;eg). Let &g
be a section of isom3|s. Set S’ := S x Spec(C[e]/&?); then the image of £g in
T(Spec(34%))|s gives rise to an S’-point, denoted, x's, of Spec(35%).
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Let geric -modg (resp., geiic -modg-) be the corresponding base-changed cate-
gory, where the latter identifies with the category of discrete modules over Crff 6)]

® Og (resp., U Cm (g) ® Os/). Then the above action of isom3 on gyt -modye, gives

rlse to the following constructlon
To every Jl € §erie -modg we can functorially attach an extension

(10) 0—M—> M —M—0, M’ € Gerig -modg: .

The module " is defined as follows. The above action of isomz by outer

derivations of Ucrlt (9) allows us to lift £ to an isomorphism

AEs) : U@ ® Osr — U (@) ® Oslel/&

crit

39 XS/ 3g s XS
We set . to be the Ugff(g) ® 0s/-module, corresponding via A(£g) to M[g] /2.
g ’XS/

The isomorphism A(£g) is defined up to conjugation by an element of the

form1l+e-u,uc Ucrff(g) ® Og. Since this automorphism can be canonically
reg

3g75XS
lifted onto Jl[g]/&2, we obtain that .’ is well-defined.
By construction, the functor Jl > " respects the Harish-Chandra G((¢))-
actions on the categories g -modg and g -modg-, respectively.
Let us note now that data (xs : S — Spec(35°), £s € isoms|s) as above can
be regarded as a map S’ — Isom3z, where first and second projections

S’ — Isom3 = Spec(35°)

are equal, respectively, to

s 8K Spec(Sng) and 8’23 Spec(f'); ).
Hence, Corollary 2.5 gives rise to an equivalence
Berit —modé0 QClel/€? = Ferit -modg(,),
and, in particular, to a functor
(11) Gerit -mod}” — Gerit -mod}, |

PROPOSITION 2.1(2). The functor M+ M : Geri -mods — Gerie -mods- of (10),
restricted 10 Qerit —mod{g , is canonically isomorphic to the functor (11).

Proof. The assertion follows from the fact that for & € D(Grg )cri¢ -mod, the
Gerit-action on I'(Grg, %) lifts canonically to an action of U™™€(g ;) (see [FGO06,
§7.4]), so that for (S, ys,£&s) as above we have a canonical trivialization

vg : T(Grg, %) ~ I'(Grg, %)[¢] />
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in the notation of (10). Moreover, this functorial isomorphism is compatible with
that of Theorem 1.3 in the sense that for every V' € Rep(G), the diagram

VFxF
I'(Grg, & = @V)/ —> I'(Grg, % * fv)[S]/S
ﬂVl ﬁv®ldl
71
(F(Grg,%) ® °l/) Ye&is (F(Grg,%) ® °V)[s]/82,
3 3

commutes, where the bottom arrow comprises the isomorphism yg and the canonical
action of &g on ¥'3. The latter compatibility follows assertion (b) in Theorem 8.4.2
of [FGO6]. |

2.11. Relation to semi-infinite cohomology. Let us consider the functor of
e ~ 0
semi-infinite cohomology on the category gerit —modrIeg

M HZ T (@), nf], M ® Vo)

(see [FGO6, §18] for details concerning this functor).
For an S-point yg of Spec(ﬁgeg) and M € Geric -modg, each H 2 T (n(1)),
n[[z]], M ® Wp) is naturally an Og-module.
Let now (x1,s, x2,s) be a pair of S -points of Spec(jgg) equipped with a
lift § — Isomsz, and let Al € Gerit -modZ S , and My € Gerit rnodS , be two objects
corresponding to each other under the equivalence of Corollary 2.5.

PROPOSITION 2.12. Under the above circumstances the Og-modules
HZH (@), n[e], My ® Wo) and HZ+ (n(1), 0], M2 ® Yo)
are canonically isomorphic.

Proof. The assertion of the proposition can be tautologically translated as
follows:
The functor

r . H T (n@),nlle],20W0)
D(GrG)Crit -mod — Herit ‘mOdreg - ° 3reg

factors through a functor
P+i ~
v : D(Grg)eric -mod — Rep(G),

followed by the pull-back functor, corresponding to the morphism Spec(3rgeg) —
pt/ G. Moreover, for V € Rep((v}) we have a functorial isomorphism

(12) H2 T T )~H2+’(J«>)®V

compatible with the isomorphism of Theorem 1.3(1).
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The sought-after functor H (;7 * has been essentially constructed in [FGO6,
§18.3]. Namely,

Homg (V4 H2 ™ (3)) i= HI(N(@). Fl 01 ® Po).

in the notation of loc. cit. The isomorphisms (12) follow from the definitions. [

Finally, we would like to compare the 1som0rphlsms of Proposition 2.12 and
Proposition 2.10. Let Jl be an object of Geri modreg, let ys be an S-point of
Spec(SQg) and &g a section of isom3|s.

On the one hand, in Proposition 18.3.2 of [FG06] we have shown that there
exists a canonical isomorphism:

au: H T (@), nli], A ® Wo) ~ HZ H (n(t), n[t], M ® Bo)[e] /&>

valid for any Jl € Gerit -mMOdeg.
On the other hand, combining Proposition 2.10 and Proposition 2.12 we obtain
another isomorphism

buc: B2 (@), nr] M @ Wo) = H M (n(0) nlr]. M ® Wo)le] /6.
Unraveling the two constructions, we obtain the following:

LEMMA 2.13. The isomorphisms ay and by coincide.

3. Proof of the main theorem
In Section 1.6 we constructed a functor

~ 0
PHeekes : D(Gra) it -mod”” — for -mod;,

Now we wish to show that this functor is an equivalence of categories. This will
prove Theorem 1.7.

We start by considering in Section 3.1 certain objects 9?3 w € W, of the
category D(Grg)lc'lr‘ffke3 “mod!’ such that 1"I'I‘°'°ke”0(%3 ) 22 My reg, the latter being
the“standard modules” of the category Gerit modreg. The main result of Section 3.1,
Theorem 3.2, which states the existence of 9?3,, will be proved in Section 4.

Next, in Section 3.4 we prove part (1) of Theorem 1.7 that the functor I"Heckes
is exact. We then outline in Section 3.9 a general framework for proving that it is an
equivalence. Using this framework, we prove Theorem 1.7 modulo Theorem 3.2.

In Section 3.14 we explain what needs to be done in order to prove our stronger
Conjecture 1.5. Finally, in Sections 3.16-3.19 we give an alternative proof of part
(1) of Theorem 1.7.
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3.1. Standard modules. For an element w € W, let
My, = Indg(ﬁ?]] (M (p)—p)
be the Verma module over g, where for a weight A we denote by M the Verma
module over g with highest weight A. Let

My ;reg — = My ® Sreg

be the maximal quotient module that belongs to gyt -mod;eg. In fact, it was shown in
[FGO6, Cor. 13.3.2], that as modules over 34, all My, are supported over a quotient
algebra 3“”? and are flat as 3mlp modules. The subscheme SpeC(Breg) C Spec(3g)
is contalned in Spec(Smlp) so that the definition of My, s does not neglect any
lower cohomology.

The main ingredient in the remaining steps of our proof of Theorem 1.7 is the
following:

THEOREM 3.2. For each w € W there exists an object %% € D(Grg)lc'lriefke3 -
0 . .
mod!", such that T'Heckes (Grg, Fy) is isomorphic to My, reg.

The proof of this theorem will consist of an explicit construction of the objects
, which will be carried out in Section 4.

The proof of Theorem 1.7 will only use a part of the assertion of Theorem 3.2:
namely, that there exist objects FD € D(Grc;)gffk63 modI endowed with a sur-
jection

a~3

(13) THeekes (Grg, F2)) — My reg.
What we will actually use is the following corollary of this statement:

COROLLARY 3.3. For every M € Qerit - mod o there exists an object F €

D(Grg)g‘:’fke3 -mod!’ and a nonzero map T'Heckes (GrG F) — M.

Proof. By [FG06, Lemma 7.8.1], for every object Jl € Gerit mod there exist
w € W and a nonzero map My, ;g — J. O

3.4. Exactness. Let us recall from Section 2.6 the left adjoint functor IndHeckes

to the obvious forgetful functor D(Grc;)HeCke3 -mod — D(Grg )crit -mod.

It is clear that every object of D(Glrc;)g?fkea -mod can be covered by one of
the form Ind"°**¢3 (%), From Lemma 2.7(1) we obtain that we can use bounded-
from-above complexes, whose terms consist of objects of the form Ind"ecke3 (%),

in order to compute L I'Hecke3 Thus, we obtain:

LEMMA 3.5. For % € D(Grg)Heckes -mod,

1t

[.i T Heckes (Grg, F) ~ TOI‘Fun(lsom3) (F(GrG F), sreg)‘
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We shall call an object of D(Grg)HeCke3 -mod finitely generated if it can be
obtained as a quotient of an object of the form Ind"®*®3 (%), where F is a finitely
generated object of D(Grg )cric -mod.

It is easy to see that an object & € D(Grc;)}g,“kw -mod is finitely generated if
and only if the functor Homp gy yteckes -mod (¥, ) commutes with direct sums.

We shall call an object of D(Gr(;)HeCke3 -mod finitely presented, if it is iso-
morphic to coker(IndHeCke3 (F1) — IndHeCke3 (%2)), where %1, %, are both finitely
generated objects of D(Grg )crit -mod. The following lemma is straightforward.

LEMMA 3.6. (1) An object F € D(Grg)He*¢s _mod is finitely presented if and

crit
only if the functor Homp gy, Heckes _mod (F, ) commutes with filtering direct limits.

crit

(2) Every object of D(Grg )Hekes _mod is isomorphic to a filtering direct limit

crit

of finitely presented ones.
The proof of the following proposition will be given in Section 3.13.

PROPOSITION 3.7. For every finitely presented object of D(Grg )13 -mod,

crit
the corresponding object

LTHS (Grg, F) € D™ (Gerie -Mm0dreg)
belongs t0 D® (Gerie -m0dieg).
The crucial step in the proof of part (1) of Theorem 1.7 is the following:

PROPOSITION 3.8. If JPeD(Grg)HCCkC? “mod! " is such that L THeekes (Grg , F)
belongs to Db (Gerit modreg) , then
L' THekes (Grg, 7)) = 0, i>0.

Proof. Let .l be the lowest cohomology of L I'Heckes (Grg, %), which lives,
for example, in degree —k. By Corollary 3.3 there exist another object %, €
D(Grg )Heckes “mod!” and a nonzero map M3 (Grg, F1) — . Hence, we
obtain a nonzero map in D~ (Gcri¢ -MOdyeg)

L THeekes (Grg, F1)[k] — L THRes (Grg, F).

But by Theorem 1.4, such a map comes from a map %;[k] — %, which is
impossible if k > 0. O

Proof of part (1) of Theorem 1.7. Combining Proposition 3.7 and Propo-
sition 3.8, we obtain that L' THek¢3 (Grg, %) = 0 for any i > 0 and any F €
D(Grg)Heckes “mod!”, which is finitely presented.

However, by Lemma 3.5, the functors

F 1> L' THeekes (Grg, %)

commute with direct limits, and our assertion follows from Lemma 3.6(2). O
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3.9. Proof of the equivalence. Consider the following general categorical
framework. Let G : €; — %, be an exact functor between abelian categories.
Assume that for X, Y € 6, the maps

Home, (X, Y) — Home, (G(X), G(Y))

and
Extg, (X,Y) — Exty, (G(X), G(Y))

are isomorphisms.

LEMMA 3.10. If G admits a right adjoint functor F which is conservative, then

G is an equivalence.”

Proof. The fully faithfulness assumption on G implies that the adjunction map
induces an isomorphism between the composition F o G and the identity functor on
1. We have to show that the second adjunction map is also an isomorphism.

For X’ € €, let Y’ and Z’ be the kernel and cokernel, respectively, of the
adjunction map

GoF(X')— X'.
Being a right adjoint functor, F is left-exact, hence we obtain an exact sequence
0—>F(Y')—>FoGoF(X') = F(X’).

But since F(X’) — F o G(F(X’)) is an isomorphism, we obtain that F(Y') = 0.
Since F is conservative, this implies that Y = 0.

Suppose that Z’ # 0. Since F(Z’) # 0, there exists an object Z € 61 with a
nonzero map G(Z) — Z’. Consider the induced extension

0—GoF(X)—= W —G(Z)—0.
Since G induces a bijection on Ext!, this extension can be obtained from an extension
0->FX)=>W-—=>Z->0

in €. In other words, we obtain a map G(W) — X’, which does not factor through
GoF(X’) C X', which contradicts the (G, F) adjunction. |

Thus, in order to prove part (2) gf Theorem 1.70 it remains to show that the
functor ['Heckes . D(Grg )Heckes -mod’” — Geric -modrIeg admits a right adjoint. (The
fact that it is conservative will then follow immediately from Corollary 3.3.)

Recall from [FG06, §20.7], that the tautological functor
D(Grg)Heckes _moqd! RN D(Grg)Heckes _mod

crit crit

admits a right adjoint, given by Av;o. Hence, it suffices to prove the following:

2Recall that a functor F is called conservative if for any X # 0 we have F(X) # 0.
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PROPOSITION 3.11. The functor

Heckesz . Hecke ~
r 3 D(GrG)crit % -mod — Gerit ‘mOdreg

admits a right adjoint.
Proof. First, we will show the following:

LEMMA 3.12. The functor I" : D(Grg )crit -mod — Geri¢ -Modyee admits a right
adjoint.

Proof. We will prove that for any level k the functor I" : D(Grg )y -mod —
Gerit -mody, admits a right adjoint (see the Introduction for the definition of these
categories). That is, we have to prove the representability of the functor

(14) F > Homg, oa(C(Grg, %), )

for every given Jl € g -mod.
Consider the following general set-up. Let 6 be an abelian category, and let
%9 be a full (but not necessarily abelian) subcategory, such that the following holds:

o ¢0 is equivalent to a small category.

e The cokernel of any surjection X" — X’ with X/, X" € €9, also belongs to
6°.

* ¢ is closed under filtering direct limits.

e For X € %Y, the functor Home (X, -) commutes with filtering direct limits.

« Every object of € is isomorphic to a filtering direct limit of objects of €.

Then we claim that any contravariant left-exact functor F — Vect, which maps
direct sums to direct products (and, hence, direct limits to inverse limits, by the
previous assumption), is representable.

Indeed, given such F, consider the category of pairs (X, f), where X € €¢°
and f € F(X). Morphisms between (X, f) and (X', /) are maps ¢ : X — X/,
such that ¢*(f’) = f. By the first assumption on €°, this category is small. By
the second assumption on € and the left-exactness of F, this category is filtering.
It is easy to see that the object

lim X

—

X.0)
represents the functor F.

We apply this lemma to € = D(Grg ) -mod with €° being the subcategory of
finitely-generated D-modules. We set F to be the functor (14), and the representabil-
ity assertion follows. Note that we could have applied the above general principle to
@ = D(Grg)Heckes _mod, where €0 is the subcategory of finitely presented objects,

crit
and obtain the assertion of Proposition 3.11 right away. O
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Thus, for A, let & be the object of D(Grg)crit -mod that represents the functor
F1 > Homg, mod,., (C(Grg. F1). M)

for a given JM € Geric -modyee. We claim that & is naturally an object of D(Gr(;)?r‘ffke3
-mod and that it represents the functor

(15) F1 > Homg . mod., (THeckes (Grg, F1), ).

First, since the algebra 35° g acts on ./l by endomorphisms, the object F carries
an action of 3;6‘% by functoriality. Let us now construct the morphisms «y . Evidently,
it is sufficient to do so for V finite-dimensional. Let V* denote its dual.

For a test object % € D(Grg )it -mod we have:

HomD(Gr(;)ml mod(dpl * JPV) ~ HomD(Grc;)Lm mod(d"l * JPV* JP)
~ Homg_, -mod,., (F(Gr(;, 1 * Fy=), Jl/L)

= Homgcnt mOdreg (r (GrG ) d" 1) 3@1% OVargcg s J‘/L)
g
= Homgcnt mOdreg (F (GrG ) 9;1)’ OV3 g%g ../‘/L) ,
g

where the last isomorphism takes place since V'3 is locally free. For the same
reason,

Homp(Gre )ory -mod(F1, V'3 3% F) ~ Homg,_ moq,., (['(Grg. F1). V'3 3% A),
g

9

which implies that there exists a canonical isomorphism oy

FxFy =T33 F
30°
as required. That these isomorphisms are compatible with tensor products of objects
of Rep(G) follows from Theorem 1.3(2).
Finally, the fact that (%, ay ), thus defined, represents the functor (15), follows
from the construction. This completes the proof of Proposition 3.11. O

Thus, we obtain that the functor ['Hek¢3 admits a right adjoint functor. More-
over, this right adjoint functor is conservative by Corollary 3.3. Therefore part (2)
of Theorem 1.7 now follows from part (1), proved in Section 3.4, and Lemma 3.10,
modulo Proposition 3.7 and Theorem 3.2. It remains to prove those two statements.

Proposition 3.7 will be proved in the next subsection and Theorem 3.2 will be
proved in Section 4.

3.13. Proof of Proposition 3.7. Recall the category D(Grg g‘ffke -mod, in-
troduced in Section 2.6. Recall also that the G-torsor Px &3 on Spec(Sgg) is
noncanonically trivial, and let us fix such a trivialization. This choice identifies the
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category D(Grg)Hekes _mod with D(Grg )1 -mod ®3§g, i.e., with the category

crit crit

of objects of D(Grg g‘ffke -mod endowed with an action of Bf;g by endomorphisms.

Under this equivalence, the functor % > Ind"°°%®3 (%) goes over to
Hecke reg
F 1> IndHecke () @ 358,

Note also that the trivialization of P 3 identifies Isom3 with Spec(SLeg) x G x

reg
Spec(34°), §0 thz.it the. map 1jsom; corresponds to ASpec(Sgg) x1 G For % as above,
we have an identification

I'(Grg, Ind™%*3 (%)) ~ T (Grg. %) ® 05 ® 3.

Let & be a finitely presented object of D(Grc)g‘;’fke3 -mod equal to the cokernel
of a map

¢ . IndHecke(ggl) ® 3rgef;’ N IndHeCke(g;z) ® Brgeg-

Recall that Bi;g is isomorphic to a polynomial algebra C[xy,...,Xxs,...].
Since &; was assumed finitely generated, a map as above has the form ¢,; ®

el 11, %m12,...1» Where ¢ is a map
IndHeCke(g;l) ® (C[X1, e xm] — IndHCCke(g,fz) Q C[xl» ey xm]

defined for some m.
reg

Hence, as a module over Fun(lsom3) >~ 3, ® Ox ® 358

g o
(16) I'(Grg,%) 2L QClxm+1, Xm+2,-- -]

where £ is some module over S;Gg ®0x® Clx1, ..., Xm].

We can compute

o L reg
I'(Grg, %) ® 3 g
Fun(lsom3)

in two steps, by first restricting to the preimage of the diagonal under
Spec(35%) x G x Spec(35*
—> Spec(ClxXm+1, Xm+2, - - - |) X Spec(C[Xm—+1, Xm+2, .- ])»
and then by further restriction to
Spec(C[x1, ..., Xxm]) X Spec(ClXm+1, Xm+2,---])
sitting inside
Spec(Clx1, ..., Xm]) X G x Spec(Clx1, ..., xm]) X Spec(C[Xm+1, Xm+2,--.]).

When we apply the first step to the module appearing in (16), it is acyclic of
cohomological degree 0. The second step has a cohomological amplitude bounded
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by m + dim((v}). Hence,
Tor, """*°™3) (I (Grg, 7). 35%) = 0

fori >m+ dim(é), which is what we had to show.
This completes the proof of Proposition 3.7. Therefore the proof of Theorem 1.7
is now complete modulo Theorem 3.2.

3.14. A remark on the general case. We note that the proof of Theorem 1.7,
presented above, would enable us to prove the general Conjecture 1.5 if we could
show that the functor

Loc : Gerit -Modreg — D(GrG )eric -mod,

right adjoint to the functor I' : D(Grg)cit -mod — Gerit -mod;eg, 1S conservative.
In other words, in order to prove Conjecture 1.5, we need to know that for every
M € Geric -modye, there exists a critically twisted D-module % on Grg with a nonzero
map ['(Grg, %) — M. This, in turn, can be reformulated as follows:

Let Diff(Grg)cic be the *-sheaf of critically twisted differential operators on
Grg. This is a pro-object of D(Grg )it -mod, defined by the property that

Hom(Diff(Grg)cerit, ) ~ I'(Grg, F)

functorially in & € D(Grg )crit -mod.
Explicitly, let us write Grg as ”li_n>1”0y, where Y C Grg are closed sub-

Y
schemes. For each such %, let Dist(¥)¢rit € D(Grg)crit -mod be the twisted D-
D(GIG )crit -mod

QCoh(Gre)  (Ow), which means by

module of distributions on %, i.e., the object Ind
definition that

D(G crit = d
HomD(Grg)cm -mod (IndQ(C O;IC(;C)er )mo (Ow). 9’7) = Hochoh(Gr ) (@Y R 9’7) .

Then Diff(Grg)eric := " 1(21 ” Dist(Y) it € Pro(D(Grg )eric -mod).
Yy
Let I'(Grg, Diff(Grg )crit) be the corresponding object of Pro(geric -modyeg).
We obtain:

COROLLARY 3.15. The following assertions are equivalent:

(1) Conjecture 1.5 holds.
(2) The object I'(Grg, Diff(Grg )crit) is a pro-projective generator of Gerit -M0dyeg.
(3) The functor on Gerit -modreg

M — Homz

Gerit “MOdeg (F (GrG ’ lef(GrG)CI‘lt) P /‘/L)

is conservative.
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3.16. Another proof of exactness. In this subsection we present an alternative
proof of part (1) of Theorem 1.7.

According to Lemma 3.5, proving the exactness property stated in part (1) of
Theorem 1.7 is equivalent to proving that

(17) To Fun(lsomg)(F(GrG,Jp) 13reg)

foralli >0 and & € D(Grg)Hrffke3 “mod!". We will derive this from the following
weaker statement:

PROPOSITION 3.17. For every & € D(Grg )crit -mod!” , the space of sections
I'(Grg, %) isflat as a 39 -module.

Note that our general conjecture 1.5 predicts that both (17) and the assertion of
Proposition 3.17 should hold without the 7 °-equivariance assumption. However, at
the moment we can neither prove the corresponding generalization of Proposition
3.17 nor derive (17) from it.

Let us first show how Proposition 3.17 implies (17) on the I °-equivariant
category.

PROPOSITION 3.18.  Every finitely generated object of the category
D(Grg )HeCke3 “mod!" admits a finite filtration, whose subquotients are of the form

(18) Indfeckes (7) @ &,

reg
where £ is a 3rgeg—m0dule.
Let us deduce (17) from this proposition.

Proof. 1t is enough to show that (17) holds for finitely presented objects of the
category D(Glrg)gffke3 “mod!”. By Proposmon 3.18, we conclude that it is enough
to consider objects of D(Grg )Heckes “mod!" of the form given by (18). Now, we

crit
have:

I'(Grg, Ind™*®**3 (F) @ ) % 3% ~T'(Grg. %) & .

3¢ Fun(lsom3) 0"
and the assertion (17) follows from Proposition 3.17. O
Let us now prove Proposition 3.18.

Proof. Choosing a trivialization of & ~ 348 in the prev1ous subsection, we can
identify D(Grg )Heckes “mod!” with D(Grg )Hecke “mod!’ ®3reg Similarly to the

crit crit

case of D(Grg)!¢k¢3 -mod, we shall call an object of D(Grg)gffke -mod finitely

generated if it is isomorphic to a quotient of some Ind™®*® (%) for a finitely generated
% € D(Grg )crit -mod.
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Let us recall from [ABBT05, Cor. 1.3.10(1)], that every finitely generated
objectin D(Grg ?rffke “mod!" has a finite length. Therefore, every finitely generated
object of D(Grg g‘ftcke “mod’" ®3;€g admits a finite filtration, whose subquotients
are quotients of modules of the form ¥ ® SLeg with & € D(Grg)?rietCke ~mod!”
being irreducible. However, every such quotient has the form ¥ ® & for some

rgeg—module <.

Moreover, as was mentioned in Section 2.6, by [ABB105, Cor. 1.3.10(2)],
every irreducible in D(Grg)g?fke “mod!’ is of the form Ind"e*¢ (%) for some F €

D(Grg)crit -mod’". This implies the assertion of the proposition. O

3.19. Proof of Proposition 3.17. We can assume that our object % € D(Grg )crit-
mod!" is finitely generated, which automatically implies that it has a finite length.
This reduces us to the case when % is irreducible.

It is easy to see that any irreducible object of D(Grg )crit “mod” is equivariant
also with respect to (,,, which acts on G((¢)), and hence on Grg, by rescalings
t — at. Moreover, the grading arising on its space of sections is bounded from
above. (Our conventions are such that V. is negatively graded.)

Recall now that the action of U crflf (§) on a module of the form I'(Grg, %) for
an object & € D(Grg )it -mod canonically extends to an action of the renormalized
algebra U™™™¢(g,;;). Recall also that U™™™¢(g.;) contains a BBeg sub-bimodule

and a Lie subalgebra (7;61% (ﬁ)ﬂ, which is an extension

0— UG — ﬁreg(ﬁ)ﬁ — isomz — 0.

crit crit

(The resulting action of isom3 by outer derivations on ﬁ;ﬁ% (§) is the one discussed
in §2.9.)
We will prove the following general assertion, which implies Proposition 3.17:

LEMMA 3.20. Let M be an object of Qerit -modyeg, such that the action of
U crfl% (9) on it extends to an action of U™™"8(gcit). Assume also that M is endowed
with a grading, compatible with the one on U™ "8 (§.1), given by rescalings t — at.
Finally, assume that the grading on M is bounded from above. Then M is flat as a
:’)Leg-module.

The proof is a variation of the argument used in [BD, §6.2.2]:

Proof. We can identify SEeg with a polynomial algebra C[xq,...,Xs,...].
Moreover, we can do so in a grading-preserving fashion, in which case each
generator x; will be homogeneous of a negative degree.

It is enough to show that J is flat over each subalgebra C[xy, ..., x| C 3rgeg .
We will prove the following assertion:

For every vector v.e A™ := Spec(C[x1,...,Xm]), the C[x1,...,Xm]-
module M is (noncanonically) isomorphic to its translate by means of v.
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Clearly, a countably generated module over C[x1, .. ., X5 ] having this property
is flat. To prove the above claim we proceed as follows. Choose a section & of
isom3, which projects onto v under isomz — 7 (Spec(3 gg)) where we think of v
as a constant vector field on 3 ¢ ~ Spec(C[x1, ..., Xn,...]). Let us further lift £
to an element &’ of Ucrff @".

Since the grading on the x;’s is positive, we can choose &’ to belong to the
(completion of the) sum of strictly positive graded components of Ucff (g)ﬁ.

Then the assumption that the grading on Jit is bounded from above, implies that
exp(£’) is a well-defined automorphism of JIL as a vector space. This automorphism
covers the automorphism exp(v) of C[x1, ..., X;], and the latter is the same as the

translation by v. O

4. Proof of Theorem 3.2

Heckes_

In this section we construct the objects F;;, of the category D(Grg ).

0 . . .
mod!~ whose existence is stated in Theorem 3.2.

4.1. We start by describring the analogues of these objects in the category
D(Grg)?rffke “mod!”. These objects, which we will denote by %,,, were studied in
[ABBT05] under the name “baby co-Verma modules”.

First, we consider the case w = wg. Recall that the Langlands dual group
comes equipped with a standard Borel subgroup B C G; we shall denote by T the
Cartan quotlent of B.

Let B~ C G be a Borel subgroup in the generic relative position with respect
to B. The latter means that B N B~ is a Cartan subgroup; we shall identify it with

T by means of the projection
BNB~ <> B—>T.
For . € AT let Ei be the line of coinvariants (Vi) —» Where V)VL denotes the

standard irreducible é—representation of highest weight 1 with respect to B.

The assignment A — ¢ is a T-torsor, and we obtain a collection of maps

(19) Vi S,
satisfying the Pliicker relations; i.e., for any two dominant coweights A and [L, the
diagram

P

yhgyi KO ol g g
L

. A+t .
vitn TR i
commutes.
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Let Flg = G((¢))/I be the affine flag variety. We have the category D(Flg)crit-
mod of right critically twisted D-modules on Flg and the corresponding Iwa-
hori equivariant category D(Flg )eric -mod’ . Given F € D(Grg ), -mod! and M €
D(Flg )cric -mod? , we can form their convolution, denoted by M %, which is an
object of Db (D(Flg )eric -mod)? (see [FGO6] for details).

For a dominant map A let j 5, denote the x-extension of the critically twisted
D-module corresponding to the constant sheaf on the Iwahori orbit of the point
t* € Flg. Let ji,Grc,* € D(Grg)erit -mod’ be ji’*’;Sl,GrG; in other Wordsv it is the
s-extension of the constant D-module on the Iwahori orbit of the point 4 € Grg.
Note that for ;i € A1 we have a canonical map

ji,Grc,* * g;V'a - j/V1+,ll,Grc;,*’
obtained by identifying Fy,; with ICg..
Consider the object of D(Grg )¢ _mod equal to the direct sum

crit

Fuo = @ Tnd™(j; Yol
leA+

For a dominant coweight i we have an evident map
1) Jii % Fug > Q@ Fy,.

We obtain two maps ’9\5% * Fyn = @fwo ® (1 that correspond to the two

circuits of the following noncommutative diagram:

~ ay v ~

l )
j,d,* '}‘?j;wo — (R ®§w0,
where the left vertical arrow comes from the following map, defined for each A
ji,Grg,* * FRxFyn j;l,GrG,* *FynxFRr— j/vl-l-,ll,GrG,* *Fp.

Here we are using the object g of D(Grg)crit -mod®ID introduced in Section 2.6,
so that Ind"e*¢(F) ~ F » Fp.
We set &y, to be the maximal quotient of &, which co-equalizes the resulting
two maps
PR Fyy x Fria =2 Fuy,
for every [1 € AT, Note that the map (21) gives rise to a map
(22) Jii % Fug = P @ Foy.-

By construction, Jy,, has the following universal property:



LOCALIZATION OF g-MODULES ON THE AFFINE GRASSMANNIAN 1369

Let & be an object of D(Grg)crit -mod’, endowed with a system of morphisms
(23) JiexF >R,
compatible with the isomorphisms
(24) Jiw % Jiire = it

and £ ® (1 ~ (AHI
Let ¢ : Fg — F be a map, such that for every [i € A the following diagram is
commutative:
id, ; ® i

o ~ v
Fr*Fpn —— VEQFr —0 VAQF ——s (AQF

idj. *¢
. ~ . M, * .
Fyu*FR —> JuGigx *FR —> Jux ;@R > Juax* F.
LEMMA 4.2. Under the above circumstances, there exists a unique map

Fwy = F
extending ¢, and which intertwines the maps (21) and (23).

4.3. We shall now establish the equivalence between the present definition of
Fw, and the objects defined in [ABBT05].

For a weight v € A consider the inductive system of objects of D(Grg )it -mod,
parametrized by pairs of elements A, i € AT |1 — L = ¥, whose terms are given by
; —J+ i
Ti,Gr e * Faviys ® LT

The maps in this inductive system are defined whenever two pairs ()vL’ ,i1') and
(A, /1) are such that A’ — A = i’ — i =: 7 € AT, and the corresponding map equals
the composition

- —Hi A+
TG * F @iy O 2 3 g * Ty x Fyige * Fyiye @ LT
- — A=+ (L+7
= Jtirg e * Fytnys @ CHTITUED,
Let F,,, (V) € D(Grg )cit -mod be the direct limit of the above system. We
endow %, 1= @ Fuo (V) with the structure of an object of D(Grg Hecke
vEA

in Section 3.2.1 of [ABBT03].

-mod as

PROPOSITION 4.4. There exists a natural isomorphism

g/~ G
JPwO >~ Fwg-
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Proof. The map JPwO - %, , 1s constructed using Lemma 4.2, and the corre-
sponding property of % estabhshed in [ABB105, Cor. 3.2.3]. To show that this
map is an 1som0rphlsm We construct a map in the opposite direction va 0 > Fuwo
(as mere obJects of D(Grg)cm -mod) as follows:

For each . 1L E AT, we let J)L Grg .+ * F iy @ A+it embed into ]A Grg.x *
FrROL™ -4 by means of

Fiy ® o s F (v iy« ®l/‘2 — Fpg,
where the second arrow is given by
Ot~ (N sy,
It is straightforward to check that this gives rise to a well-defined map from the

inductive system corresponding to %, , (), and that the above two maps Fy, < @/
are mutually inverse. El

COROLLARY 4.5. The maps (22) j; « 11\' Fwo — h Fuw, are isomorphisms.
Proof. The assertion follows from the fact that the maps
Jii k Frpg ) = O @ Fy (5 + 1)
are easily seen to be isomorphisms. O

Let us now define the objects %, for other elements w € W. We set
Fw = jw~w0,!’;gwo-
In other words, if wg = w’- w, then
Fwe = jw’,*;%w-

From Proposition 4.4 it follows that &,, are D-modules, i.e., that no higher coho-
mologies appear.

4.6. We define the sought-after objects 0} of the category D(GrG)gffke3 mod.

Consider the G -torsor Px G.3 over Spec(ng) Recall from Section 1.1 that
we have a canonical 1somorphlsm Spec(3; 9 8 ~ Op;(%), under which & &3 goes
over the canonical G-torsor QP » O the space of opers (see [FGO6, §8. 3] for
detalls) Thus, we obtain a canonlcal reduction of P 5 3 to B denoted by P % 5.3
This B-reduction defines a B~ -reduction on @G 308 follows

In order to define a B~ -reduction, we need to specify for each leha
line bundle, which we will denote by SB ,» and for each AleAta surjective
homomorphism 3 3 3

ichs3 ‘VA — 2’1 .

These line bundles should be equipped with 1somorphlsms §EA+M ~ 33'1 ® SBwO,

and hence give rise to a T -torsor on Spec(3 gg) which we will denote by Py W’
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In addition, the maps k*3 should satisfy the Pliicker relations, as in (20). Now
observe that our B -reduction & gives rise to a collection of compatible line
subbundles $* of °V’1 5

We define SZA as the dual of the line bundle £~ wo(d) Vs “woth) (°V§)*.

It follows from the definition of opers (see [FGO06, §1]) that the line bundle

55* over Spec(3 gg) is canonically isomorphic_to the trivial line bundle tensored
W1th the one-dimensional vector space a)(p wo(A)) , where wy is the fiber of wg, at
the closed point x € 9.

We define the object 53)0 € D(Grg)Hekes _mod as a direct sum

crit

V D IndHeckes (ji,Grc;,*) ] §£_
leA+ 3q

We define 9?3,0 to be the quotient of @53,0 by the same relations as those defining
Fuw, as a quotient of }wo
If we choose a trivialization of the G -torsor P 5 in such a way that 33 ~
reg ® EA (such a trivialization exists), then under the equivalence

D(Grg)Hekes _mod ~ D(Grg )k -mod ®34°,

crit crit

the object 973 corresponds to Fy,,.
By construction, we have a system of maps

(25) i Fio = L0 B T
g

which by Corollary 4.5 are in fact isomorphisms.
For other elements w € W we define

TS —waov;rd"%o

4.7. Our present goal is to define the maps
(26) ¢w . FHeCkBS (GrG’ @%) g Mw,reg ® C!))(CZP’[)) .

Since My reg 2 Jw-wo,! ;Mwo,mg, it is enough to define ¢, for w = wy. Let J be
an object of Feri -mod,ee. Assume that .l is endowed with a system of maps

27) i M — P © M,
* T 3reg

defined for every [t € At, compatible with the isomorphisms (24) and 3 ® éBwO i~
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Let ¢ be a map V. — M, such that for any ji € At the diagram
1d i @

ﬂVﬂL /‘2 3 M’ ( .3
[(Grg, Fyn) —> VE @ Vayw ——— Vhou > 2 oM
3;eg rgeg 3?0
(28) l T
ldju N *¢P

I'(Grg, ];/, Grg, %) — ]u, Grg ,* * Vrit — ];L * *\/crlt B J,u,,* *J‘/L
is commutative.

By the construction of @wO, we have:

LEMMA 4.8. Under the above circumstances there exists a unique map

rheckes (Grg, 3, o) — M,

which intertwines the maps (25) and (27).

Thus, to construct the map as in (26) for w = wg we need to verify that the
module M := My reg ® a)(z’o 2 possesses the required structures.

First, the map
2od
Verit = Mwo,reg ® (t))(c p:P)

was constructed in [FGO06, §7.2].

4.9. To construct the data of (27) we need to recall some material from [FGO6,
§13.4]. According to loc. cit. there exist some T -torsor {)VL - £ A o) on Spec(3reg
and a system of isomorphisms

. A
J i, ;’ Mwo reg — ~ ® Mwo,reg-

wo reg
3"

Thus, to construct the map ¢y,,, we need to prove the following assertion:
LEMMA 4.10. There exists an isomorphism of T-torsors
S/ AN
which makes the diagram (28) commutative for M := My, reg ® a)<2p o)

Below we will prove this assertion by a rather explicit calculation. In a future
publication, we will discuss a more conceptual approach. The crucial step is the
following statement:

LEMMA 4.11. The composition

idj,&,* *¢

I'(Grg, @Vﬂ) - ]/:L,* ’;\/crit - ]u * * Mwo,reg X CU(ZP A

is nonzero.
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This proposition will be proved in Section 4.12. Let us assume it and construct
the required isomorphism .EE’J)O ~ %0.

Proof of Lemma 4.10. Recall from [FGO6, Cor. 13.4.2], that there exists an
isomorphism, defined up to a scalar, SE’J,O ~ {f,o, compatible with the action of
Aut(%).3 We will show that any choice of such an isomorphism makes the diagram
(28) commutative, up to a nonzero scalar.

Thus, we are dealing with two nonzero maps

OVg ®g Verit = Mwo,reg & CU;(Cp’wO(ﬂ)+2ﬁ) .
*

Recall from [FGO6, §17.2], that there exists an isomorphism

3% =~ Homyg

220
Berit (Verit, Mwo,reg ® a)(p p)),

X

compatible with the above G;,-action. Thus, we are reduced to showing that the
space of grading-preserving maps of Bg’g—modules

o,/g — piPwo) g 3

is 1-dimensional._
However, Vg admits a canonical filtration, whose subquotients are isomorphic

to a))(cp ) & SEf’g, where /i’ runs through the set weights of V# with multiplicities.

For all /i’ # wo(ft), we have (p, /') > (p, wo(f1)). Since the algebra 3;;* is non-
positively graded, the above inequality implies that the space of grading-preserving
maps

wlP) @ 38 s o {pwoli)) g 3t

is zero for i’ # wo(t), and 1-dimensional for ji’ = wq(jt). O
4.12. Proof of Lemma 4.11. It is clear that if [t = [i; + l2, with i1, jio € AT,
and the assertion of the proposition holds for i, then it also holds for ft;. Hence it
is sufficient to consider the cases of /i that are regular.
To prove the proposition we will use the semi-infinite cohomology functor,

denoted by HZ (n((t)), n[[¢],? ® W), as in [FG06, §18]. We will show that the
composition

HZ (n(@),n[t]. T (Grg, Fya) ® Yo)
— HZF (n(0). n[t]. T (Gr6. j6r6.4) ® o)
— HZ (n((t)), 0[], Mg reg ® 0297 @ Wg)
is nonzero (and is, in fact, a surjection).

3Choosing a coordinate ¢ on %, we obtain a subgroup G, C Aut(®) of rescalings ¢ > ar.
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First, note that by [FG06, §18.3], the first arrow, i.e.,

HZ (n(@), n[t], T (Grg, Fyi) @ Vo)
— H'Z (n(t). n[t]. T (Grg. jji,rg,+) ® o)

is an isomorphism. Hence, it remains to analyze the second arrow. By [FGO06,
Prop. 18.1.1], this is equivalent to analyzing the arrow

HZ (07 (@), 007 1. Jugp  T(GIG G ,0) ® W) =
HE (0 (@) 1071 e s Musgaeg ® 007 @ W),

We claim that the corresponding map

(29) jwo-ﬁ,* * F(GI'G, j/l,GrG,*)
1

~ 7 . . P P (2p,0)
X Jwo-p,* * J i, *\/Cl‘lt — Jwop,* * Ji,* * Mwo,reg ® Wy

1 1 1 1
is surjective for [t regular. This would imply our claim, since the semi-infinite
cohomology functor H = (n_ (@), tn"[t].?@WV_ /3) is exact by Theorem 18.3.1 of
[FGO6].
Note that jw()'l;,f“ ;Jﬂ* > Jwo(u),* a;jwo.,;,*. Recall from [FG06, §17.2], that
we have a commutative diagram

Wwgrpx P (20,6)
Jwo-p,* ’;\/“it T Jwobx ¥} Mipg,reg ® wx™
(G ; . § M {p,P)
(Grg, Jwop,* }‘ l,grg) EE— Lreg@wyx ™,

where the bottom arrow has the property that its cokernel, which we denote by N,
is partially integrable, i.e., it is admits a filtration with every subquotient integrable
with respect to a sub-minimal parahoric Lie subalgebra corresponding to some
vertex 1 of the Dynkin diagram.

Thus, the map in (29) can be written as

jwo(,&),* ’; (jwo-ﬁ,* ‘;\/crit) - jwo(/l),* ‘; (Ml,reg &® wfcp’m)’

and since the functor jwo(ﬁ),*;? is right-exact, it suffices to show that j, ), « 7N
is supported in strictly negative cohomological degrees. In fact, we claim that this
is true for any partially integrable 7-integrable g.;ii-module and regular dominant
coweight /1.

Indeed, by devissage we may assume that N is integrable with respect to a
sub-minimal parahoric corresponding to some vertex : of the Dynkin diagram.
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Then jg, « ;N lives in the cohomological degree —1. But since fi is regular,
Jwo (1), ’;js,,! > Jwo(ji)-s, x> and hence,
Jwo(yx ¥ N 2= Jug(iys, % sy 2 N,

and our assertion follows from the fact that the functor of convolution with jy, (1).s,,
is right-exact. O

4.13. Proof of Corollary 3.3 and completion of the proof of Theorem 1.7. Thus,
we have proved Lemma 4.11 and therefore Lemma 4.10. By Lemma 4.8, this
implies that we have a canonical map

buo : THEKS (Grg, T3 ) — My reg ® 0297,
According to the remark after formula (26), we then obtain maps
G : T3 (Grg. F5) — M reg ® 077
for all w € W (as in formula (26)).
PROPOSITION 4.14. The map
¢1 : FHeCkGB (GI‘(;, @‘?) - Ml,reg X a))(CZp,,ﬁ)
is surjective.

Since the functors jy, « are right-exact, this proposition implies that the same
surjectivity assertion holds for all w € W. Hence, Proposition 4.14 implies Corollary
3.3 and Theorem 1.7.

Proof of Proposition 4.14. For )vL, such that A — 0 is dominant and regular, let
us consider the map

. A . —2 . ~ . a3
Fudoe 7R BTy = Juo 15,4 §T Ry B@giwoﬁjwo,!;%ﬁ‘m% Juwo T, =T,
g g

and the resulting map

: - b1 -
Jwo-d,x ¥ Verit ® ifwé — THeekes (Grg, %?) — My reg ® w}(CZP,,O).

By construction, this map is obtained by applying the functor ij' 5 *alr? to the
map

20,0
Verie — Mwo,reg &® a).)(c P p)’

and it coincides with the map from (29) for [t = A - 0. Hence, it is surjective by
Section 4.12. O
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4.15. Completion of the proof of Theorem 3.2. Thus, the proof of Theorem 1.7
is complete. Let us now finish the proof of the fact that the morphisms ¢,, are
actually isomorphisms and hence complete our proof of Theorem 3.2. Clearly, it is
enough to do so for just one element of W. We shall give two proofs.

Proof 1. This argument will rely on Theorem 1.7. We will analyze the
map @y,. By [ABBT05, Prop. 3.2.5], the canonical map g — %y, identifies
Ind"e*¢ (8 G,..) with the co-socle of Fy,,. Hence THekes (Grg, @5’,0) does not
have sub-objects whose intersection with Ve = [Heckes (Grg, R 3) is zero.

Therefore, to prove the injectivity of the map ¢y, it is enough to show that
the composition

¢u)0 v
Verie = [Heckes (Grg, R3) — [ Heckes (Grg, @3)0) = Myg,reg ® a))(czp’p)

is injective. However, the latter map is, by construction, the map Vg — My reeg ®
a),<C2p P of [FGO6, §17.2], which was injective by definition.

Proof 2. This argument will be independent of Theorem 1.7(2). We will
analyze the map ¢;. There is a canonical map

. T —p s F -6 _ az3
Icwo~p,Gr *F Ry (%g ‘Sgwo = Jwo-p,* a; F R, 3% SEwO — F7,
g g

and by [ABB105, Props. 3.2.6 and 3.2.10], its cokernel is partially integrable.
The composition

['(Grg.ICyy.5.Gr) 3;3 Pty = TS (G ICy0. 5.0 xF Ry © Lyh)
g g

¢ v
~ l-wHecke3 (GrG, @:15) _1) Ml,reg ®g w}(CZP,P)
30

comes from the map

['(Grg, Icwo-ﬁ,Gr) - Ml,reg ®g wip’b),
3q

of [FGO06, §17.3], which is injective by loc.cit.

Hence, the kernel of the map ¢; is partially integrable. But we claim that
[ Heckes (Grg, %?) admits no partially integrable submodules.

Indeed, suppose that N is a submodule of I"Heckes (GrG, %‘;’), integrable with
respect to a sub-minimal parahoric, corresponding to a vertex 1 of the Dynkin
diagram. Since the functor jg, ok is invertible on the derived category, we would
obtain a nonzero map:

T % ;N —» [ [Heckes (Grg,jsl,* 7%{’)
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But the LHS is supported in the cohomological degrees < 0, and the RHS
is acyclic away from cohomological degree 0.4 This is a contradiction, which
completes the proof of Theorem 3.2.

5. Appendix: an equivalence at the negative level

5.1. Let k be a negative level, i.e., k = k - kcan With k + 1Y ¢ Q9. Let I?IG
be the enhanced affine flag scheme, i.e, G((t))/1°, and let D(I?lg),c -mod be the
corresponding category of twisted D-modules.

Note that FlG is acted on by the group 7/1° ~ T by right multiplication. We
denote by D(Flg)K -mod”*¥ the corresponding category of weakly T -equivariant
objects of D(Fl(;)K -mod (see [FG06, §20.2])

For an object & € D(Flg)K -modT¥ con51der F(Flg, F) € gy -mod. The
weak T'-equivariant structure on & endows F(FIG, %) with a commuting action of
T. We let

I'":D(Flg)c -mod"¥ — §, -mod
be the composition of F(l?lg, -), followed by the functor of T -invariants.

Recall from [FGO06, §20.4], that every object of D(ﬁg)x -mod”*¥ carries a
canonical action of Sym(t) by endomorphisms, denoted a®.

For A € t* let

D(Flg), -mod”* c D(Flg), -mod’>¥+*

be the full subcategories of D(l?lg),c -mod”*¥, corresponding to the condition that
a®(t) = A(t) for t € t in the former case, and that a¥(t) — A(t) acts locally nilpotently
in the latter. Since the group T is connected, both of these categories are full
subcategories in D(Flg)K -mod.

We let D(D(Flg)K -mod) w4 D(D(Flg)K -mod) be the full subcategory
consisting of complexes, whose cohomologies belong to D(Flg)K -mod %A, 1t
is easy to see that the functor I'T, restricted to D(Fl(;)K ~mod”>% 4
functor

, extends to a

RTT : DT (D(Fig)c -mod) ¥4 — D* (G, -mod).
Assume now that A satisfies the following conditions:

(A+p,a)¢7= fora e AT

+(A+p,a)+2n ktza) ¢ 7=% fora € AT and n € 77°.

Following [BD, §7.15], we will prove:

THEOREM 5.2. (1) For & € D(ﬁg)x -mod"%A | the higher cohomologies
R' TT(Flg,%),i > 0, vanish.

4Here we are relying on part (1) of Theorem 1.7, which was proved independently.
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(2) The resulting functor RTT : Db(D(ﬁg)K -mod) ¥4 — Db (G, -mod) is
fully-faithful.

5.3. Let D(ﬁg)K “mod!*Tw:A D(ﬁg)K -mod)T"%4 be the full subcate-
gory, consisting of twisted D-modules, equivariant with respect to the /%-action on
the left. Our present goal is to describe its image under the above functor I'.

Consider the category Oy := gy -mod?! 0. This is a version of the category O
for the affine Lie algebra g,. Its standard (resp., co-standard, irreducible) objects
are numbered by weights p € t*, and will be denoted by M, (resp., M,/ o Lic)-
Since xk was assumed to be negative, every finitely generated object of Oy has finite
length.

The extended affine Weyl group Wyge:= W x A acts on t*, with w € W C Wy
acting as

w-p=w(pw+p)—p,
and L e A C Wage by the translation by means of (k — Kcrit) ()Vt, ) e t*.

For a Wyg-orbit v in t* let (Ou), be the full-subcategory of Oy, consisting
of objects that admit a filtration, such that all subquotients are isomorphic to L, »
with A € v.

The following assertion is known as the linkage principle (see [DGK82]):

PROPOSITION 5.4. The category Oy is the direct sum over the orbits v of the
subcategories (Oyf)y.

For A as in Theorem 5.2 let v(A) be the Wyg-orbit of A. (Note that by assump-
tion, the stabilizer of A in Wy is trivial.) We will prove the following:5

THEOREM 5.5. The functor T'T defines an equivalence
~ 0
D(Flg)« -mod)" T — (Outr) -

5.6. Proofs. To prove pomt (1) of Theorem 5.2, it suffices to show that
R FT(Flg F) =0 for F € D(Flg)K -mod”* and i > 0. However, this follows
immediately from [BD, Th. 15.7.6].

To prove point (2) of Theorem 5.2 and Theorem 5.5 we shall rely on the
following explicit computation, performed in [KT95]:

For an element W € Wy let jz « 2 € D(l?lg),c ~mod!":T:A (resp., jz1.2) be
the *-extension (resp, !-extension) of the unique 7 °-equivariant irreducible twisted
D-module on the preimage of the corresponding 7 °-orbit in Flg. We have:

THEOREM 5.7. We have:
I'(Flg, Jw*)t) Oandr(FlG Jw')t) lch

5This theorem is not due to the authors of the present paper. The proof that we present is a
combination of arguments from [BD, §7.15], and [KT95].
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Let us now proceed with the proof of Theorem 5.2(2). Clearly, it is enough to
show that for two finitely generated objects %, %, € D(Flg )« -mod”** the map

RHOM p, @), moqy 74 (F- F1) = RHOMp g -moay (T (Flg. F). T (Flg . F1))
is an isomorphism.
By adjunction (see [FG06, §22.1]), the latter is equivalent to the map
RHOmMp, (i), mody 7+ (1,1, F77 % F1)
— RHomp g, moay’-» (U7 (Flg. j1,1,2). RTT (Flg, F°F % F1)).
an isomorphism, where %°7 € D(G((t))/ K) -mod” ** is the dual D-module, where
K is a sufficiently small open-compact subgroup of G[[¢].

Using the stratification of Flg by [ -orbits, we can replace %°? x ¥, by its
Cousin complex. In other words, it is sufficient to show that

RHomD(D(ﬁG)K —mOd)I‘A (jl,!,k’ ]ﬁ,),,*)
— RHomp g moayr-+ (T (Flg. j1,1,). TT (Flg. jg a.4))

is an isomorphism, for all W such that jgz 1 « is (/, A)-equivariant.
Note that the LHS is 0 unless w = 0, and is isomorphic to C in the latter case.
Hence, taking into account Theorem 5.7, we now prove the following:

LEMMA 5.8. (1) RHompg.. -mody?-» (Mi, 1, My/,) = 0 for & # ju € t* but
such that M KV u € Gerit -mod?* is (1, M)-equivariant.
(2) The map C — RHomp g . mody! -+ (M. a, M KV 3) is an isomorphism.
Proof. For any M € Gerit -mod/+*,
RHomp g . mody?-2 (M, M) >~ RHomy oa(C, M@ c™).
Since M, ,;’ u 1s co-free with respect to / 0 we obtain

R Hom/ oa(C. My, ® C™*) = RHomy noa(C. € ® C4),

implying the first assertion of the lemma.
Similarly,

RHomp g, . -mod)? (Mic,a MK\CA) ~ RHomy _04(C, M,;/’)L)
~ RHom7 _»04(C, C) >~ C,

implying the second assertion. O

Finally, we prove Theorem 5.5. Taking into account Theorem 5.2, and using
Lemmas 3.10 and 3.12, we now show that for every Jl € (Oatr)y (1) there exists an
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: ~ 0 :
object F € D(Flg) -mod! *T*¥-* with nonzero map

7 (Flg, F) — M.

It is clear that for every Jl € (Ogutr), (1) there exists a Verma module M, ;, €
(Oafr) v (1) With a nonzero map M, ;, — . Hence, the required property follows
from Theorem 5.7.
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