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Abstract

Einstein’s vacuum equations can be viewed as an initial value problem, and
given initial data there is one part of spacetime, the so-called maximal globally
hyperbolic development (MGHD), which is uniquely determined up to isometry.
Unfortunately, it is sometimes possible to extend the spacetime beyond the MGHD
in inequivalent ways. Consequently, the initial data do not uniquely determine the
spacetime, and in this sense the theory is not deterministic. It is then natural to make
the strong cosmic censorship conjecture, which states that for generic initial data,
the MGHD is inextendible. Since it is unrealistic to hope to prove this conjecture in
all generality, it is natural to make the same conjecture within a class of spacetimes
satisfying some symmetry condition. Here, we prove strong cosmic censorship in
the class of 73-Gowdy spacetimes. In a previous paper, we introduced a set %; .
of smooth initial data and proved that it is open in the C! x C%-topology. The
solutions corresponding to initial data in ; . have the following properties. First,
the MGHD is C 2-inextendible. Second, following a causal geodesic in a given time
direction, it is either complete, or a curvature invariant, the Kretschmann scalar, is
unbounded along it (in fact the Kretschmann scalar is unbounded along any causal
curve that ends on the singularity). The purpose of the present paper is to prove that
%i ¢ 1s dense in the C *°-topology.

1. Introduction

1.1. Motivation and background. In [10], Yvonne Choquet-Bruhat showed
that it is possible to formulate the Einstein vacuum equations as an initial value
problem. Later, Choquet-Bruhat and Geroch [4] proved that, given vacuum initial
data, there is a maximal globally hyperbolic development (MGHD) of the data, and
that this development is unique up to isometry. There are however examples for
which it is possible to extend the MGHD in inequivalent ways [6]. Consequently, it
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1182 HANS RINGSTROM

is not possible to predict what spacetime one is in simply by looking at initial data.
This naturally leads to the strong cosmic censorship conjecture, stating that for
generic initial data, the MGHD is inextendible. The statement is rather vague, as it
does not specify exactly what is meant by generic, and since it does not give a precise
definition of inextendibility; a spacetime can be extendible in one differentiability
class but inextendible in another. In order to have a precise statement, one has
to give a clear definition of these concepts. To prove the conjecture in general is
not feasible at this time. For this reason it is tempting to consider the following
related problem. Consider a class of initial data satisfying a given set of symmetry
conditions. Is it possible to show that the MGHD is inextendible for initial data
that are generic in this class? Note that, strictly speaking, this problem is unrelated
to the original one, since a class of initial data satisfying symmetry conditions is a
nongeneric class in the full set of initial data. However, this is the problem that will
be addressed in this paper.

One way of proving that a spacetime is inextendible is to prove that, given a
causal geodesic, there are two possible outcomes in a given time direction; either
the geodesic is complete, or it is incomplete but the curvature is unbounded along it.
Note that the natural associated inextendibility concept is that of C2-inextendibility.
Note also that it is of course conceivable that one could get away with proving less
and still getting inextendibility. In this paper, we are concerned with the 73-Gowdy
spacetimes, and for these spacetimes it is known that in one time direction, the
causal geodesics are always complete, cf. [18], and in the other, they are always
incomplete. One is thus interested in proving that for generic initial data, the
curvature is unbounded in the incomplete direction of every causal geodesic. This
ties together the strong cosmic censorship conjecture with the problem of trying
to understand the structure of singularities in cosmological spacetimes. By the
singularity theorems, cosmological spacetimes typically have a singularity in the
sense of causal geodesic incompleteness. However, it is of interest to know that
one generically also has a singularity in the sense of curvature blow-up.

The fact that T3-Gowdy spacetimes are future causally geodesically complete
ensures inextendibility to the future. By a recent result of Dafermos and Rendall
[9], this can also be achieved by another argument, which is shorter, but yields less
information concerning the asymptotics and does not prove future causal geodesic
completeness.

To our knowledge, the only result concerning strong cosmic censorship in an
inhomogeneous cosmological setting is contained in [7]. This paper is concerned
with polarized Gowdy spacetimes and contains a proof of the statement that there
is an open and dense set of initial data for which the MGHD is inextendible. Note
however that the authors do not restrict themselves to 73 topology; all topologies
compatible with Gowdy symmetry are allowed. In our setting, polarized 7'3-Gowdy
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corresponds to setting O = 0 in (2), (3); (see below) i.e. one gets a linear PDE for
one unknown function. To analyze the asymptotic behaviour of this linear equation
is of course easier, but the freedom one has when perturbing the initial data is
more restricted. In other words, not all aspects of the problem are simplified by
considering the polarized subcase.

Finally, let us note that a weaker form of strong cosmic censorship can be
obtained by combining the results of [8], [21] and [20]. The weaker statement is
that there is a dense Gy set of initial data (in other words a countable intersection
of open sets which is also dense) with respect to the C *°-topology such that the
corresponding maximal globally hyperbolic developments are C2-inextendible. On
the other hand, one obtains essentially no information concerning the asymptotic
behaviour of the corresponding solutions. In this paper we obtain a complete
characterization of the asymptotic behaviour of the solutions for a set of initial data
which is open with respect to the C2 x C !-topology and dense with respect to the
C *°-topology.

1.2. Objects of study. The Gowdy spacetimes were first introduced in [11]
(see also [5]), and in [14] the fundamental questions concerning global existence
were answered. We shall take the Gowdy vacuum spacetimes on R x 7' to be
metrics of the form (1), (see below), but let us briefly motivate this choice by giving
a geometric characterization. The reader interested in the details is referred to [11]
and [5]. The following conditions can be used to define a Gowdy spacetime:

e It is an orientable maximal globally hyperbolic vacuum spacetime.
e It has compact spatial Cauchy surfaces.

e There is a smooth effective group action of U(1) x U(1) on the Cauchy surfaces
under which the metric is invariant.

The twist constants vanish.

Let us explain the terminology. A group action of a Lie group G on a manifold
M is effective if gp = p for all p € M implies g = e. Due to the existence of
the symmetries we get two Killing fields. Let us call them X and Y. The rwist
constants are defined by

KX = €apys X YPVYX? and iy = e45,5 XY PVYYY.

The fact that these objects are constants is due to the field equations. By the
existence of the effective group action, one can draw the conclusion that the spatial
Cauchy surfaces have topology 73, S3, 2 x S! or a Lens space. In all the cases
except T3, the twist constants have to vanish. However, in the case of T3 this need
not be true, and the condition that they vanish is the most unnatural of the ones on
the list above. There is however a reason for separating the two cases. Considering
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the case of 73 spatial Cauchy surfaces, numerical studies indicate that the Gowdy
case is convergent [1] and the general case is oscillatory [2]. Analytically analyzing
the case with nonzero twist constants can therefore reasonably be expected to
be significantly more difficult than the Gowdy case. We shall here consider the
T3-Gowdy case. In this case the above conditions almost, but not quite, imply the
form (1); see [5, pp. 116—117]; we have set some constants to zero. However, the
discrepancy can be eliminated by a coordinate transformation which is local in
space. Combining this observation with domain-of-dependence arguments we hope
will convince the reader that nothing essential is lost by considering metrics of the
form (1). Let

(1) g=eTM2(e27472 1 46?)
+e [P do? + 2 0dods + (e 0? + e P)ds?.

Here, 7 € R and (8, 0, §) are coordinates on 7. The functions P, Q and A only
depend on t and 6. Consequently, translations in o and § constitute isometries,
so that we have a T'2-group of isometries acting on the spacetime. The Einstein
vacuum equations become

2) P —e 2" Pgg—e?P (02— 727 02) =0,
3) Qe —e 2" Qpg +2(P:Qr—e 2" PyQg) =0,
and

4) Ae = P2+ e 2 P2+ 2P (02 + 72702,
3) Ao =2(PgP. + Y 040,).

Obviously, (2), (3) do not depend on A, so the idea is to solve these equations and
then find A by integration. There is however one obstruction to this; the integral of
the right-hand side of (5) has to be zero. This is a restriction to be imposed on the
initial data for P and Q, which is then preserved by the equations. In the end, the
equations of interest are however the two nonlinear coupled wave equations (2), (3).
In the above parametrization, the singularity corresponds to T — o0, and essentially
all the work in this paper concerns the asymptotic behavior of solutions to (2), (3)
in this time direction. Note that P =7, Q = 0 and A = 7 is a solution to (2)—(5).
The Riemann curvature tensor of the corresponding metric is identically zero.

The equations (2), (3) constitute a wave map equation with hyperbolic space
as a target; cf. [21]. The representation of hyperbolic space naturally associated
with the equations is

(6) gr=dP? +e*PdQ?
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on R2. The map taking (Q, P) to (Q,e~F) defines an isometry from (R?, gg) to
the upper half-plane model. By the wave map structure, isometries of hyperbolic
space map solutions to solutions. One particular isometry which we shall need in
order to state the results is the inversion, defined by

__9
QZ + e—2P’

The reason for the name is that it corresponds to an inversion in the unit circle

(7) Inv(Q, P) = [ P +1In(0% + e‘”’)] .

with center at the origin in the upper half-plane model. Given a solution to (2),
(3), we shall speak of the associated kinetic and potential energy densities, given
respectively by

¥ =Pr+ P Q2 P = (PF+ T 0)).

1.3. Previously obtained results. Let us state some results that were proved in
[21]. The main result of that paper is that the concept of an asymptotic velocity
makes sense. Given a solution to (2), (3), the limit lim;_, o H(z, 8) exists for every
0. We define the asymptotic velocity to be the nonnegative square root of this limit,
and denote it by v (6). If we wish to refer to the specific solution x = (Q, P) with
respect to which it is defined, we shall use the notation voo[x]. There is another
perspective on this quantity which is of interest. Let dg be the topological metric
induced by the Riemannian metric (6) and let (Qo, Py) € R? be some reference
point. Given a solution to (2), (3), we define

p(z.0) = dr{[Q(z.0), P(z.0)].[Qo. Pol}.

Note that this is the hyperbolic distance from the reference point to the solution
at (7,0). We are interested in the limit p(z, 6)/t as t — oo. Note that if this
limit exists, it is independent of the base point (Qg, Pg). Furthermore, if we apply
an isometry of the hyperbolic plane to the solution, the limit is the same for the
resulting solution.

THEOREM 1. Consider a solution to (2), (3) and let 8y € S'. Then

6
im 250 ).
T—00 T

Furthermore, v is upper semi continuous in the sense that given 0y, there is for
every e > 0a § > 0 such that for all 6 € (6g — 38, 6y + 6)

Voo (0) < voo(bp) + &.

In [21], we showed that v, has several important properties. For instance, if
0 < Voo (Bp) < 1, then v is smooth in a neighborhood of 8. If Voo (Hp) > 1 and veo
is continuous at 6y, then it is smooth in a neighborhood. Finally, if 1 < veo(6p) < 2,
then (I — veo)? is smooth in a neighborhood of . In this paper, we show that
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vgo is smooth in a neighborhood of a point at which it is zero, cf. the comments

following Lemma 7. As a consequence of the above theorem, one can prove that
for z = ¢rp o (Q, P), the limit

®) (@) = lim [i 9} (z,6)
T—00 | Zl T

always exists; cf. [21]. Note here that ¢ gp, defined in (19), is an isometry from
the P Q-plane to the disc model and that p/|z| is a real analytic function from the
open unit disc to the real numbers if p is the hyperbolic distance from the origin of
the unit disc to the solution; cf. (21). It would perhaps be more natural to refer to
v as the asymptotic velocity, since it gives not only the rate at which the solution
tends to the boundary of hyperbolic space, but also the point of the boundary to
which it converges. From a geometric point of view, the most important property
of Voo is however that if veo(fg) # 1, then the Kretschmann scalar, R¥7% Rogys
is unbounded along every causal curve ending on 6y. Note that the special solution
P =1, Q = 0 has the property that vs, = 1. In other words, the curvature need
not blow-up if v (6y) = 1.

The type of arguments used to prove the existence of the asymptotic velocity
can also be used to prove statements concerning the asymptotic behavior of the first
derivatives of P and Q; cf. [21]. Let us use the notation %, , = [fp—e ™", g +e~7].

PROPOSITION 1. Consider a solution to (2), (3) and let 8y € S1. Then
Tim 1 Pe(. )] = vo0(80) lcoag, .y =0 lim_ 1" Q)T M cogay, . =0
and
rll}l’lgo ”@(Tv ')”CO(@QOJ,R) =0.

In particular, P(t,0p) converges to vVoo(6o) or to —veo(0p). If Pr(t,0p) —
—Voo(0p), then (Q1, P1) = Inv(Q, P) has the property that P1.(t, 0p) = veo(60).
Furthermore, if voo(00) > 0, then Q1(z, 6y) converges to 0.

One important property of the asymptotic velocity is that it can be used as a
criterion for the existence of expansions. The following proposition was essentially
proved in [17]; see [21] for the details.

PROPOSITION 2. Let (Q, P) be a solution to (2), (3) and assume 0 < v (6p)
< 1. If P:(t, 80) converges to voo(60), then there is an open interval I containing
0o, Va, P, q,r € C®°(I,R), 0 < v, < 1, polynomials Ey and a T such that for all
t>T

T

&) | P(z,-) — Ua“Ck(I,R) < Bre ™1,
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(10) 1P(z,) = p(r. )l crrmy < Exe™ ™,

2p(z,) A = ,—oT

an |70 =1 Ly oy = BRET

(12) 2P0 (r, ) — g + —— < Epe o,
2vq || ok (1,R)

where p(t,") = vg T+ ¢ and o > 0. If P;(t, 6p) converges to —vso(6p), then
Inv(Q, P) has expansions of the above form in a neighborhood of 9.

In order to relate (9)—(12) to the form of the expansions given by earlier authors,
let 1w be the expression appearing inside the norm in (12). Then
Q :q+e_2p |:_L+1I)i|
204
This clarifies the relation between (10), (12) and the standard way of writing the
expansions:

(13) P(t,0)=v,(0)t+¢(0) +u(r,9)
(14) 0(r.0) = q(0) + e 2O [y (8) + w(z. 0)],

where w,u — 0 as T — oo and 0 < v, (0) < 1. Note that (13), (14) strictly speaking
do not say anything about the first time derivatives of P and Q. This is the reason
for including the estimates (9) and (11). Given the equations, (9)—(12) are however
sufficient for computing the asymptotic behavior of higher order time derivatives.
The idea of finding expansions started with the paper [12] by GrubiSi¢ and Moncrief,
and the first analysis proving the existence of solutions with expansions of the form
(13), (14) is contained in [13] and [15]. In these articles, the authors proved that,
given vq, ¢, q, ¥ with 0 < v, < 1 of a suitable degree of differentiability, there are
unique solutions to the equations with asymptotics of the form (13), (14). In [13],
the regularity requirement was that of real analyticity, a condition which was relaxed
to smoothness in [15]. Conditions on initial data yielding asymptotic expansions
were first given in [19]; see also [17] and [3].

In order to be able to extract the maximum amount of information from the
above results, we need to define the Gowdy to Ernst transformation; see [21] for
the basic facts needed in this paper. Consider a solution (Q, P) to (2), (3) with
6 € R instead of S!. Then the conditions

(15) Pi=t—P, Qi:=-*""70y 01p=-¢*"0;

determine a solution to the equations on R?, up to a constant translation in Q. We
shall write (Q1, P1) = GEg, 1,,6,(Q, P), where the role of the constants g, 7o, 6o
is to specify that Q1 (7o, o) = qo. It is important to keep in mind that the Gowdy
to Ernst transformation does not preserve periodicity in general. However, we shall
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apply the transformation to solutions with # € S'. What we mean by this is that
we apply it to the naturally associated 2 -periodic solution and the outcome is a
solution with 6 € R, which is not necessarily periodic. Using Proposition 1 and 2
together with the Gowdy to Ernst transformation and inversions (7), we can reduce
the general situation to one in which v, < 1. The reason is the following; cf. [21]
for more details. Assume voo(6p) > 1. By performing an inversion, if necessary,
cf. Proposition 1, we can assume that P;(t, ) converges to veo(8g). Performing
a Gowdy to Ernst transformation and then an inversion, one obtains a solution
X2 = (Q2, P2) with v [x2](6p) = veo(bo) — 1; cf. (15) and Proposition 1. This
procedure can then be repeated until one obtains a solution x,; With veo[X21](60)
< 1. If veo[x2£](60) > 0, we are in a position to use Proposition 2 in order to
obtain expansions. One can then trace the solution backward in order to be able
to say something about the original solution, but it should be emphasized that it
is not in general trivial to do so. However, if v (6p) is an integer, one cannot
apply Proposition 2. On the other hand, the points at which v, = 1 are the most
important ones, since the curvature need not necessarily become unbounded along
causal curves ending on them. Note that by the above procedure, we can transform
a solution x; with the property voo[x1](fp) = 1 to a solution x, with the property
that veo[X2](Bo) = 0. In fact, all one needs to do is to first apply an inversion, if
necessary, and then the Gowdy to Ernst transformation (15). In this way one can
translate the problem of perturbing away from ve, = 1, which is of interest when
proving curvature blow-up for generic initial data, to the problem of perturbing
away from zero velocity. The main contribution of this paper is to prove that one
can perturb away from zero velocity; in fact most of the paper is devoted to proving
this fact.

1.4. Density of the generic solutions. In order to be able to define the generic
set of solutions, we need to define the concepts of true and false spikes. The reader
interested in a more detailed discussion of these concepts is referred to [16].

Definition 1. Let &, denote the set of smooth solutions to (2), (3) on R x S 1
and let ¥, . denote the subset of ¥, obeying

(16) / (P, Py +¢*F 0. 09)d8 =0,
Sl

Remark. The left-hand side of (16) is independent of 7 due to the equations.
Definition 2. Let (Q, P) € $p. Assume 0 < voo(fp) < 1 for some Gy € S!
and
lim P;(z,6p) = —veo(Ho).
T—>00
Let (Q1, P1) = Inv(Q, P). By Proposition 2, (Q1, P;) has smooth expansions in
a neighborhood I of . In particular, Q1 converges to a smooth function ¢ in /,
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and the convergence is exponential in any C k_norm. By Proposition 1, g1 (6p) = 0.
If dgq1(60) # 0, then Oy is called a nondegenerate false spike.

We refer the reader to [21] for an interpretation of false spikes in terms of
different representations of hyperbolic space. In the above setting, 0 < v (f) < 1 in
a neighborhood of 6, and in a punctured neighborhood of 6y, lim; .~ P;(7,0) =
Voo(0); cf. [21]. The reason for calling 6y a spike is that the limit of P; makes a
jump there. The reason for calling it a false spike is that it disappears if one applies
an isometry of hyperbolic space. In other words, it is not geometric.

Let us make some observations in preparation for the definition of non-
degenerate true spikes. Assume that (Q, P) € ¥, 1 < voo(fh) < 2 and that
Pr(z,00) — voo(bo). Let (Q1, P1) = GEy 1,.6,(Q, P). By (15), we see that
P1:(7,60p) = 1 —vo0(Bp). Since the limit is negative, we can apply an inversion
to change the sign; cf. Proposition 1. In other words, (Q», P2) = Inv(Q1, P1) has
the property that P»;(7, 0p) = veo(00) — 1 and Q2 (z, p) — 0. By Proposition 2,
we get the conclusion that (Q», P») have smooth expansions in a neighborhood /
of 6y. In particular, Q, converges to a smooth function ¢, and the convergence is
exponential in any C*-norm. By the above, g, (6y) = 0.

Definition 3. Let (Q, P) € ¥p. Assume 1 < v56(6p) < 2 for some 0y € S'!
and

lim P;(z,6p) = voo(Hp).
T—>00

Let (Q2, P2) = Inv o GEy 1,,9,(Q. P). By the observations made prior to the
definition, (Q>, P») has smooth expansions in a neighborhood 7 of 6y. In particular
Q> converges to a smooth function g5 in / and the convergence is exponential in
any C*-norm. If d9¢2(0o) # 0, then 6y is called a nondegenerate true spike.

In the above setting, the choice of constants is of no importance, 0 < voo(8) < 1
in a punctured neighborhood of 6y and lim;—, Pr(7,0) = vso(f) in a neighbor-
hood of 0y; cf. [21]. Again, the reason for calling 6y a spike is that the limit of Py
makes a jump there. Since vo, makes a jump in this case, the discontinuity in the
limit of P; does however remain after having applied an isometry. This justifies
the name true spike.

Definition 4. Let 9; ,, be the set of (Q, P) € ¥, with / nondegenerate true
spikes 61, ..., 0; and m nonegenerate false spikes 61, ..., 0;, such that

rlggo P(1,0) = v0(9),
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forall 0 ¢ {6],....6,,} and 0 < v(0) < 1forall 0 ¢ {61,...,0/}. Let G 0 =
b1.m N Sp,c. Finally

o0 o0 o0 o0
U U Gm 9= U Gme.
m=0
Let x € 4. By Proposmon 2, we have smooth expansions of the form (9)-
(12) in a neighborhood of all points except for a finite number of nondegenerate
true and false spikes. In a neighborhood of the nondegenerate false spikes, Invx
does however have expansions of this form. Finally, Inv o GE, r, ¢,x has smooth
expansions of the form (9)-(12) in a neighborhood of the nondegenerate true spikes.
Consequently, the generic solutions are quite well understood. We refer the reader

to [16] for more details concerning the behavior of solutions in a neighborhood of
true and false spikes. In [21], we proved the following.

PROPOSITION 3. 9 ,, is open in the C? x C'-topology on initial data and
b1 m.c, considered as a subset of &), ¢, is open with respect to the C 2 x C1-topology
on initial data.

PROPOSITION 4. Given x € 9; ,,, there is an open neighborhood O of x in the
C 1 xCO-topology on initial data such that for each % € O, vso[£](0) € (0, 1)U(1, 2)
forall 9 e S'.

Remark. Note that the solutions in O have the property that the curvature
blows up everywhere on the singularity; cf. [21].

The purpose of the present paper is to prove that 9 and 9. are dense in &),
and ¥ . respectively.

THEOREM 2. G and 4. are dense in ¥, and ¥, ¢ respectively with respect to
the C*®-topology on initial data.

The proof is to be found at the end of the paper.

Definition 5. Let (M, g) be a connected Lorentz manifold which is at least C2.
Assume there is a connected C? Lorentz manifold (1\2 , &) of the same dimension as
M and an isometric embedding i : M — M such that i(M) # M. Then M is said to
be C2-extendible. If (M, g) is not C?-extendible, it is said to be C2-inextendible.

Finally, we are able to give a precise statement of strong cosmic censorship in
the class of 73-Gowdy spacetimes.

COROLLARY 1. Consider the set of smooth, periodic initial data ¥; p ¢ of (2),
(3) satisfying (16). There is a subset §; o of ¥; p c with the following properties:

* G . is open with respect to the C'! x C°-topology on Fi,pes

* G; ¢ is dense with respect to the C *°-topology on ¥; p.c,
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e every spacetime corresponding to initial data in §; . has the property that in
one time direction, it is causally geodesically complete, and in the opposite
time direction, the Kretschmann scalar Rygy s RYBY8 s unbounded along every
inextendible causal curve,

e for every spacetime corresponding to initial data in §; ., the maximal globally
hyperbolic development is C?-inextendible.

Remark. All T3-Gowdy spacetimes have the property that every causal geo-
desic is complete to the future and incomplete to the past; cf. [18].

Proof. Let %; . be the union of the open neighborhoods constructed in Proposi-
tion 4 intersected with ¥; , .. The result then follows from Theorem 2 and [21]. [

1.5. Perturbing away from zero velocity. The contribution of the present paper
is Theorem 2. The main tool needed to obtain this result is the ability to perturb
away from zero velocity. As was pointed out at the end of Section 1.3, solutions
which have zero velocity at some point are of special importance. Let us consider
such a solution. By the continuity properties of the asymptotic velocity and domain-
of-dependence arguments, we can assume that the velocity is small everywhere and
zero at some points. The objective is then to prove that given such a solution x,
there is a sequence of solutions xz, converging to x in the C *°-topology on initial
data, which is such that x; never has zero velocity. The sequence xj is obtained
by perturbing the initial data of x at a later and later time. One is left with two
problems. First, the velocity of the perturbed solution is supposed to be nonzero
everywhere and second, the initial data of xj at a fixed hypersurface, say 7 = 0,
have to converge to the initial data of x. Obviously, the two criteria are in conflict
with each other. We want the perturbation to be large in order to achieve nonzero
velocity, and we want it to be small in order for the initial data for the different
solutions to converge on a fixed Cauchy surface. Furthermore, at first sight it might
seem unpleasant to compare the initial data for x; and x at a fixed Cauchy surface,
since this involves comparing the solutions in an interval whose length tends to
infinity. There are however scaling reasons why the above argument should work.
Consider the polarized Gowdy equation, i.e. (2) with Q =0,

(17) Prr—e 2" Pyg =0.

Define the energies
1
& = 5/1[(8’58tP)2 +e727 (k1 PY2]dp.
S

They are all monotonically decaying, so that 815 dz P are all bounded to the future by
Sobolev embedding. Integrating this bound, we obtain the conclusion that the 8’9‘ P
do not grow faster than linearly. Inserting this information into (17), we conclude



1192 HANS RINGSTROM

that 3’5 0. P converges to its limit with an error of the form O(re™27%). Say that
P converges to zero. Then the perturbation in P; necessary to achieve a nonzero
velocity is of the order of magnitude O(ze™27). Let us try to get a feeling for how
much we can perturb the initial data at late times in order to get convergence at
T = 0. Since € > —2¢;, we have

(18) €r(0) < "€ (7).

Making a perturbation of the order of magnitude O(te™27) in 8’9‘ d: P at T and
letting €, denote the energy of the difference between the solution we started with
and the perturbed solution, we conclude that € (7) is of the order of magnitude
O(t2e747). We see that this yields convergence at t = 0 due to (18). Observe
that one cannot in general perturb away from zero velocity if one restricts one’s
attention to solutions of (17). The reason is associated with the problem of finding
suitable perturbations, a problem which is easier when one considers the full Gowdy
equations instead of only the polarized case. In the nonlinear setting, the situation is
of course much more complicated. First, we need estimates for how fast the kinetic
energy density converges to the square of the asymptotic velocity. In this step it
is very important to get more or less optimal estimates for different quantities; in
particular it is important to get polynomial growth estimates for certain quantities
instead of exponential growth with an arbitrarily small exponent. The reason is that
in the nonlinear setting these quantities will appear as factors, and when a large
number of factors multiply each other there is a big difference between the two
types of estimates. Second, we need to prove convergence to the solution we started
with with respect to the C°°-topology on initial data. The last step may seem to
be unpleasant, but it is not so bad for the following reason. In the linear setting,
the energy of the difference between the actual solution and the perturbed solution,
€x (1), should obey e2*€ (r) — 0 in order for the difference to converge at t = 0.
In the nonlinear setting we get basically the same result. The reason is that the
nonlinear terms are always of higher order and involve objects that can be bounded
by the velocity, which can be assumed to be arbitrarily small. The nonlinear terms
in other words do not really play an important role, if one has the estimates already
mentioned.

1.6. Outline of the paper. In the first part of the paper, we prove that it is
possible to perturb away from zero velocity proceeding as described above. The
first task is to get good bounds on how fast the kinetic energy density converges
to the square of the asymptotic velocity. This is the subject of Sections 3 and 4.
How to find a suitable perturbation is sorted out in Section 5. The convergence to
the solution one started with in the C°°-topology on initial data is then proved in
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Sections 6-8. The remaining sections are concerned with using the tools developed
in order to prove the density result.

2. Notation and monotonic quantities

2.1. Equations in the disc model. As has already been discussed in [17], there
are problems associated with the P Q-plane as a model for hyperbolic space. In
solutions to (2), (3), false spikes typically appear asymptotically, and they require
special attention. In the disc model however, they do not appear. This is related to
the fact that if the solution has nonzero velocity at a spatial point, then it tends to the
boundary of hyperbolic space at that spatial point. In the disc model, the boundary
is a circle, and there is no distinguished boundary point. When going from the disc
model to the upper half-plane, one rips open the boundary circle into a line, and
in this way one obtains a distinguished point on the boundary, namely the point at
infinity. At a nondegenerate false spike, the solution tends to infinity, but at points
in a punctured neighborhood, it tends to the real line. We refer the reader to [17]
and [21] for a more technical discussion of this aspect. There is another problem
associated with the P Q-plane. The concept of velocity as we have defined it above
is one dimensional, and it may seem strange that we should be able to perturb away
from zero velocity. In the disc model, the asymptotic velocity however becomes
a two-dimensional object in a natural way, cf. (8), and so it becomes clearer why
it should be possible to perturb away from zero velocity. Finally, the problem of
false spikes is always present if one is close to zero velocity. For these reasons,
the arguments concerning perturbing away from zero velocity are made in the disc
model.

Let us discuss some different representations of hyperbolic space. Define

2 2
H={c) €R >0 g =50 pru(0.7)= (0.6,
Then (H, ggr) is the upper half-plane model of hyperbolic space, and ¢y is an
isometry between (R?, gg) and (H, ggr). Define

4(dx? + dy?) z—1
<D=&€Cﬂﬂ<ﬂ’8D=(;37:ﬁ?’¢HD:z+f

Then (D, gp) is the disc model of hyperbolic space, and ¢yp is an isometry
between (H, ggy) and (D, gp). Finally, what we shall refer to as the canonical
map,

_ O+ie -1
T O+ieP+1)

(19) ¢rp(Q. P)
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defines an isometry between (R?, gr) and (D, gp). The inverse is given by

20
(20) (Q,P)::[ |11n7 hml—wzﬁ)+-2hu1-zq
Let us define
1
Q1) p=tnTEL
1—|z|

i.e. p is the distance from the origin to z with respect to the hyperbolic metric.
Combining the last two equations, we get

(22) P =p—2In(1+|z])+2In|1—z|.

Let us derive the Gowdy equations in the disc model by considering the associated
action. In the disc model it takes the form

20z 2 . 20z
— —  1dfd
/ [Sl[(1—|2|2)2 © o a-zpz)

where z € C®(R x S, D). The corresponding Euler-Lagrange equations are, after
some reformulation,

Zr _ae Zg _ 2
@ () - () = e

If we use the convention that for &, € C, £ denotes ordinary complex multiplication
and £ - ¢ denotes the inner product of £ and ¢ viewed as vectors in R2, then

24 9w, 3z) = |z Pw — (w-2)zc — €72 (|29Pw — (w - 29) ),

where we have used 0z as a shorthand for (z;, e~ 7zg). Note that for a fixed dz, T
and 0, a(w) = 2w, dz(t, 8)] defines a linear function in w over the real numbers.
Observe that ¢ gp defined in (19) constitutes a bijective map from solutions of
(2), (3) to solutions of (23). If, given a solution x of (2), (3), we suddenly speak
of a solution z of (23), we shall take it to be understood that z = ¢gp o x, and
vice versa. In fact, we shall use the notation z € ¥, meaning that ¢I§11:)Z € ¥p and
similarly for & . Note that the left-hand side of (16) equals co[z] as defined in
92)if z = ¢rp(Q. P).

2.2. Notation and monotonic quantities. Let us define the potential and kinetic
energy densities by

4e—21|29|2
25 p=_""71
= (- [zP)
4|Zr|2
(26) I =

(1—1z[»>
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Note that these concepts make geometric sense, since they are defined using only
the metric of hyperbolic space, and that they coincide with the earlier definitions,
when z = ¢rp (0, P). If I = [a, b] is a subinterval of R, let

G ={(t.0)eR*>:0cla—e ", b+e 7]}

The definition if / is an open interval is similar. If / only consists of the point 69,
we shall also write %y, . Let

Dre=la—e ", b+e "]

We shall often use the above notation in situations where 6 € S!. We shall then
take it to be understood that we mean the image of the above objects under the map
that identifies spatial points that are at a distance k27, k € Z, apart. Let us define

5k Zrte Tzg 2
O\ 1-z2 ’
and, for notational convenience,

2 T L T gl
) a= () n=h (i

For k = 0, we shall use the notation 4+ instead of o +. In order to be able to
obtain estimates, we require the following definition,

27) gy = 2e°

Fr e =19k, +lco@, o w) + 19k, ~llco@; )

If k = 0, we shall speak of Fy,andif I = S 1 we shall speak of Fj rather than of
Fg1 . Finally, F = Fo. Compute

(29) (3; F e "0g) sty + = 2 {|ag|* — |bx|*}

9(z,02) £ e (2 20)29 — (2 29) ¢}
Tak .
+ 8e 39 |: (1—|Z|2)2 [ak :|:bk].
Note that
1 1
(30) (0; Fe “0g)Ay = 56’(57{—9’) = 5(&@4. +A_)—e"P.

The most basic and important estimate which holds for solutions to (23) is the
following.

LEMMA 1. Consider a solution to (23) and let I be a subinterval of S L Then
forall T > 19,

e "F(r) <e " Fy(t0).
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Proof. Let us estimate, for t > 79 and 6 € Dy o,

Ay (t,0) =Ax (19,0 e 0 FeF)

T
+ / [(3 F e 9g)sds](s, 0 £ e~ Fe V)ds
70

T

1
< lotelcog cm + 5 [ Fr6)ds

70
Taking the supremum over 6 € 97, and adding the two estimates, we get the
conclusion .
Fro) = Freo) + [ Frs)ds.
70
The statement follows by Gronwall’s lemma. O
The following lemma was essentially proved in [17]. It is a starting point for
the estimates of the rate at which the kinetic energy density converges to the square
of the asymptotic velocity. Since we are interested in the behaviour of families of
solutions, it is very important to keep track of the dependence of different constants
on the initial data.

LEMMA 2. Consider a solution z to (23). Assume that p(t,0) <t —2 for all
(7,0) € [T, 00) x SL. Then, there is av € C°(S', R?) such that forallt > T,

1 z(z,-) 2z.(t,")
LD - R
7|z (z,")| CO(S1,R2) 1—]z(z,)| CO(S1,R2)
2 - T
+e—r Z@(f ) 5 §6G1/2(T)_
L—1[z(z,)[* [ cocst r2) T

where G is as defined in (31).

Remark. Since p is nonnegative, it is implicitly assumed in the statement of
the above lemma that t > 2. We shall make this implicit assumption throughout in
what follows.

Proof. Consider the proof of Lemma 5 in [17]. Let

2z¢ pz 2e "zg
31 -— =
oy ZHl—mz SR EE

—z 2

CO(S1,R2) '
In the above mentioned proof it is shown that, under the assumptions of the lemma,
2
G(r) = G(w) (2)
T

for all T > 79 > T'. As argued in the proof, we have

2
()

||

o2 e () <00 (2
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assuming |z| > 0. Define g by

Note that p/|z| is a real analytic function from D to the real numbers if one defines
the value at the origin appropriately. We get, for |z| > 0,

()

since p < sinh p. By the arguments in the mentioned lemma, we get the same
estimate if z = 0. We conclude that

1
pr_£+_
T T

1 70
9eg] < — pSZGl/Z(fo)T—,

ls(e2.) = 8o eos ) <26 (w0) .
assuming 7, > 11 > 79. Thus there is a v € CO(SI, IR{Z) such that
I8 = vlicogs: 2y = 262 (r0) 2.
The lemma follows. O

In the following, C will denote any numerical constant, which may be indexed
by an integer, but which is independent of the particular solution. If the constant
depends on the particular solution, through objects such as G(tp), we shall use the
notation K, and note what parameters it depends upon. Under the assumptions of
the above lemma, we conclude that
H 2z¢ z

32 el S
G2 PR

T
<CGV2(T)—.
T

CO(S1,R2)
In principle, there is of course a problem with this estimate if z = 0. However, if
we define z/|z| to be zero when z = 0, the estimate is still valid.

3. Estimates for the corrections

The purpose of this section and the next is to obtain estimates that tell us how
fast the kinetic energy density converges to its final value, given that the velocity is
smaller than one. It is very important to get more or less optimal estimates in order
to be able to perturb away from zero velocity. It should be possible to get growth
estimates of the form e®* for some small ¢ for the norms of interest without any
greater effort. However, in the nonlinear setting, when we wish to prove that the
sequence of perturbed solutions converges to the original one in the C *°-topology
on initial data, we have to deal with terms with an arbitrarily large number of such
factors, and then we loose control. If we have polynomial growth estimates instead,
we are in a better position. We shall also need to keep track of how the estimates
depend on the particular solution, since we want to have estimates for sequences
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of solutions converging to a fixed one. For this reason, the following analysis is
unfortunately rather technical.

This section is concerned with estimates for what we shall refer to as corrections.
For technical reasons, it is not enough to consider objects of the form sy 4 defined
in (27); one has to add certain corrections to them in order to get good estimates.
The reason is roughly as follows. Consider (17). Carrying out estimates similar
to the ones obtained in Lemma 1, and observing that any spatial derivatives of P
satisfy the same equation, one obtains the result that 8§8rP and e ° 8]5 TLp are
bounded for any k. Consider (13). Clearly, the estimate obtained for 8’581P is
optimal, but the estimate for e_’alg tlpis essentially worthless. One can obtain
linear growth for 8’9‘ P by simply integrating the bound for 3’0‘ dr P, and this estimate
is optimal, as can be seen from (13). However, integrating the bound for 8]5 0P
involves the cost of one derivative, a price one can certainly pay in a linear setting
but not in a nonlinear one. When obtaining estimates for k + 1 derivatives, it is
essential to have better estimates for k spatial derivatives than one has from the
estimates for k derivatives. The solution is to add a term to g 4 involving k spatial
derivatives and to obtain an improvement for the estimate of expressions involving
k spatial derivatives simultaneously with the estimates for k 4 1 derivatives. The
question is then what factor we should choose in front of the term involving k
spatial derivatives. We have found the following correction to yield acceptable
results

@ =21 2% (p* + 1)|8§z|2.

An assumption we shall typically be making in the following lemmas is that

I

(33) e "’ Z[ sup Ak 4 + sup sdg_ + sup €x] < K;t"™,
k=1 0€S! feS!t fes!

for all T > T, where K; and m; are some constants.

LEMMA 3. Consider a solution to (23), and assume that p(t,0) <t —2 for
all (t,0) € [T, 00) x SL. Then, forallt > T,

(34) (B +e 9961 <C1 4+ C[1+GY2(M)T 1t (A1,4 + 51— +%1),

where C is a numerical constant. Furthermore, if (33) holds for all t > T and some
[ >1, then

(35) (Oc e "09)61 41 <6141
+C+ GV T (a4 + lir— + 1) + e Tl (0)
for some polynomial 111 satisfying the estimate

(36) Mp41(0) = 1+ K™+,
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Remark. Note that the constant C in (35) does not depend on /.
Proof. Let us compute
(8 £ e7T99)Cr = C€p — 207 1€ 4+ 207 2e7[(3, £ e ") p*]|0% 2|2
+4172e7(1 + p4)(8§812 + e—’a’g“z) . 3’52.

We consider (3; & e~ Fdg)p*. If p(z,0) = 0, then this expression is zero at the
point (t, #), so that we assume p # 0. Observe that under this assumption,

_ 2e7"|zg| 2|z¢|
T < 7 d <
since
p sinh” p — =
¢ "z (1—1z]2)?

and similarly for the 6 derivative. Thus

— 2|z¢| _r 2|zg]
dr £e Tdg)p*| < 4p? ‘ :

Note that

2 2
1—|z]? 1—|z[?

by Lemma 2, so that

(14 p) 718 £ e g)p*| < Cl1+ GY2(T)T]e 7.

Consider
2" (1+ p*) (0 0z £ e 05T ) - 95 2.
Note that
z 2(z-z9)z¢
38 =(1-z]*d ‘ — .
( ) Z‘L’e ( |Z| ) 9 (1—|Z|2) 1—|Z|2

Since 1 — |z| =2/(1 4 eP), we have

4(p* + 1)1/2 <C

4 1/2 2
+1 1-— <
(o' + D21z = =T — <

Thus

— z
2 0 P00 (1 ) 2

<Ct e[t (1 + pM 2|z

z _
de (ﬁ)‘ <Cr 1[&ﬁl,—i- +oly,— + 6],
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where we have used the inequality ab < (a% + b?)/2 in the last step. Consider

2(z-z9)(2¢ - 29)
1—|z]2

= 2" (1+ p%) (2 - 2¢) [( LB N if) -zQ]

I—|z> |zl |zl

__L,—Zet(l + P4)

<C1+GY*(T)T]r"e;.

Note that the sign is crucial in this inequality. Similarly to the above, we have

-t
+172eT(1 4+ pY)e Tzgg - zg = £1 27 (1 + p*) (1 — |2]?) 0 (le |ZT2) 0
— |z

T(z-zp)|zg )

e
F2r 2 (1 + p*) g S Cll+GY2(T)Tr [y 4 + sd1.— +€1].

This proves the estimate for €;. Consider (38). Let us differentiate this equality /
times. Due to the assumptions, we get

Ze ) B 2(z- 859“2)2r

I+1 _ 2y ql+1
o0 = =Py (2 ) = S s,

where R ;11 can be bounded by a polynomial. In fact, the estimate (33) and the
structure of (38) yield
(39) 1, 141] < Co(1+ KP)V2m242,

where the 42 in the exponent is due to the factor 2 contained in €. Similarly,

2(z- E)é+lz)e_f29
1—|z|?

— _ 4
eI = (1—|zP)e fag“( o )— +Rosits

-1z

where R, ;41 can be bounded by a polynomial, and we have an estimate similar to
(39). Note that

Zt
1-|z|2

r‘ze’(1+p4>(1—|z|2)a§+1( )-agﬂz5cf—l(ga,+1,++&gl+1,_+<@,+l),

as above. The other terms, except for R; ;1,1 = 1,2, can also be dealt with in the
same way we handled €1, which is why we get the same constant (independent
of /). Finally, consider
- - I _
2" (1+ p*)| Ry 41 -5 2] <0727 (1 +p4)5[z Hoptz )2 + 227, ]

<Ct ' 41+ eIy, (),
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for some polynomial H;/ 41> since p < 7. Using (39) and the similar estimate for

Ry 141, we get the conclusion that we can choose
3y 3m;+7
), () <A+ K>+

The lemma follows. O

4. Main estimates

Let us turn to the estimates for the derivative of &l 1. By (29), the relevant
expression to consider is

43! [suz, 92) £ e"(z - 2¢) 2 — (2 - 29) ¢}
o (1—z|?)2

where we have used the terminology of (28). We define this expression to be the
sum of three terms, 9; ; +, i = 1,2, 3, where, cf. the definition (24),

]'[611 +by],

|Zt|22 —(z-2¢)z¢
(1—1z1?)?

Y [ ]-[al by,

—e2{|z9|%z — (2 - 29) 2}
(1—z]?)?

Gy g4 = 43 [ ] “la; £ by],

e "(z-27)zg —e " (2-26)Z¢
(1-1]z?)?

LEMMA 4. Consider a solution to (23) and assume that p(t, 0) <t —2 for all
t>Tand O € S'. Then

G4 = £40) [ ] [a; £ b;).

(40) o1+ <CI+GYHT)TIe e (dy 4 + sty ).
Furthermore, if (33) holds for all t > T and some | > 1, then
@) Dayyr,e C+GYAT)TIT e (g 4 + Ay, + g,
where C is a constant and
(42) M1 < Crpr(1+ K™+,

Proof. Let us start by computing

3)
—e 2 {|z9122 — (z-29)z0} | _ —21 Z9 Z9
4 [ SEDE ] = [zz % EER (1—|z|2)%

9 zZg zZg Z-Zp 9 )
J— Z. —_— .
\T=z2 ) 1=z 1=z =22
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Since
e "|zg]
1—|z|2 ~

<C[1+GY*(T)T)] ™!,

we get (40). In the general case we differentiate (43) / times and get the estimate

[+1 Z0 "
% (1—|z|2)‘+nl+1’

satisfies the estimate

45l —e > {|z6|*z — (z-z9) 6} < o278
(1—]z]?)? - 1-|z|2

where C is independent of / and IT} 141

[ <G+ KV 2g3mil2 41,

When estimating %5 ;4 1,4, the polynomial term can be dealt with in the same way
it was handled in the proof of the estimates for the correction term. We conclude
that (41) and (42) hold. |

LEMMA 5. Consider a solution to (23), and assume that p(z,0) <t —2 for
allt>T and 6 € S'. Then

(44) @11i<2ﬁ[(a1 2)z —|zPa1] - (a1 £ b1)
+C[1+GYX(T)TPt e " (shy 4 + oy — +61),

with the notation defined in (28). Furthermore, if (33) holds for all t > T and some
[ >1, then

Dii+1,+ = gl z] 241 -2)z —|zas41] - (@141 £ bi41)
+C[1+ GV TP e (sl 4 + - +Grpn) + Ty,

where

M < Crpr (1+ Ko™+,

Proof. We compute

2 2
ygl+1 |ze|°2 — (2 2¢)2¢ —4 It 2 |z¢] gl+1
0 (- 2122 TR P Tt G

al—i—l S Zy z-z,
- w —2(z- al+1) | 2 21_|Z|2al+1+97i3,l+1,

where R31 = 0 and R3 ;4 satisfies an estimate

|Ra41] < Cryr (14 K7)1/2¢3mi/241,
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Estimate

I+1
|Zr|2 8l+12—28 Z-Zg
(1—|z|2)27¢ |Z|2)2

<Cl1+ GI/Z(T)T]ZT_Z(I + )2 (05 ).

2

The resulting terms can be dealt with as in earlier lemmas. The polynomial term
is also not a problem. In the remaining terms, we can replace 2z, /(1 — |z|?) with
VooZ/|z|, with an acceptable error term, since we have (32). Thus, we only need to
consider

E |[2(a1+1 z)z—(z- a1+1)z—|z| ajy1]l = —[(al+1 Z)Z—|Z| ar1)-

The lemma follows. O

LEMMA 6. Consider a solution to (23), and assume that p(t,0) <t —2 for
allt>T and 0 € S'. Then

(45) D314 < izﬁ[ (b1-2)z + |z|*b1] - (a1 £ by)

+C1 4+ GY2(T)TPr e " (sdy 4 + sy +€1).
Furthermore, if(33) holds for all t > T and some | > 1, then

D3 1+1,+ = 42 2 [~(bi41-2)2 + |21*b141) - (@141 £ br41)

2]
+C[1+ GV TP e (g4 + igpr,— +Grpn) + gy,

where
Mgy < G (14 K™+,

Proof. We need to consider

Sgl+1 [e—wz-zr)zf; —e—f(z-zQ)zf} 0Tz zeTTzg
! _

(1-1z?)? (1—1z?)?
_ I+1
e Tzg Z+Z¢ _ 0y z-zg)z¢
+2(z-a;41) +2 bjy1—2¢ " ————
Tz Tz (1-1z2)?

-7

Zz Z-2g
2z b)) —E et 22 Pa 111,
(z l+1)1_|z|2 ¢ TR +Ra141

where R4 ;11 satisfies the same sort of estimate as PR3 ;41 in the previous lemma.
Furthermore, R4,1 = 0, a conclusion which does not depend on any assumptions.
Due to estimates of the form

(319+IZ -zp)e Tzg

(1—1z[?)?

< ClL+ G2 TP 21+ ph) 21957 2]
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and

e Yz
20l _ ey 4+ 612 r)yT)e,
1—|z|?
the only terms that cannot be dealt with by arguments already presented are the
ones that contain b; ;. In the case of these terms, we replace 2z /(1 — |z|?) with
VooZ/|z| similarly to the proof of the previous lemma. The relevant terms are then

U
ﬁ[|2|2bl+1 —(z-biy1)z].

The lemma follows. O

COROLLARY 2. Consider a solution to (23), and assume that p(t,0) <t —2
forallt > T and forall @ € S'. Then

_ 1
(46) (0; Fe "dg)dy+ < 5(&@1,+ + )
+C[1+ G2 TPt (s 4 + sy~ +61).

Furthermore, if (33) holds for all t > T and some | > 1, then

(47) (O Fe "0g)As41,+ < %(ﬂl+1,+ + sAi1,-)

+ClU+ G2 TP (g4 + ig1,— +Gr41) +e T4 (7)
where
(48) M1 < Cryq(1+ KoMt

Proof. Consider (40), (44) and (45). We need to compute
[(a1-2)z —|z|Pay F (b1 -2)z £ |z|?b1] - (a1 £ b1)
= (a1-2)* = |zP|a1> = (z-b1)* + |z 1b1 |* < [22[b1 2.
We conclude that
3
Y Binx < 2e0lzl|b1? + C1L+ GV TP T e (shy 4 + sty +€1)

i=1
<2/b1]* + C[1+ GVAT) TP e " (dy, 4 + sy — + 1),

since voo < 1 and |z| < 1. By (29), we get the first conclusion of the corollary. The
second statement follows by a similar argument. O

Before stating the next corollary, let us introduce

&di,:ﬁ: = &Qk’i +(6k, Flg,:t(T) = ||&Qi’:|:(‘[, ')”CO(SI,IR)’ Flg = ch’+ + ch’_.
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Note that

Z[sup Ag,4 + sup g _+ sup €] <C Ze_tFk
k=1 0€S! feS! feS!

COROLLARY 3. Consider a solution to (23), and assume that p(t,0) <t —2
forallt>T and 0 € S'. Then, forallt > T,

(49) e TFE(r) <e T FE(T)r™
where my = C[1 + GY2(T)T)2. In general,
(50) e "F (1) S Kpgpq o
where Kj11 is a polynomial in e_Tch_H(T), j=0,...,1,and
mi1 = Cryq[l+GY2(T)TP.
Proof. Due to (34) and (46), we get
(e F €5 0g)olf 4 < 5 (615 -8 )+ 3 (o 985,
where m = C[1 + G/?(T)T1]?. Thus
Al 4 (.0 £e™ ") =l 4 (v0,0 £ e ™)

T
-|—/ [(0r F e ™ 0g) ] 4](u, 0 e ™)du
70

< Ff (1) + / ' ( + —) Ff (u)du.

70

Taking the supremum over 6 and adding the two estimates, we get

FE(t) < F (o) + /

7o

(1 v @) FE(u)du.
u
Gronwall’s lemma then yields
T\™
Ff(v) < Ff (rg)e™™ (;0) .

We get (49) if we insert 7op = T in the above estimate and observe that 7 > 2. This
result constitutes the zeroth step in an induction process. Let us assume that we
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have an estimate of the form (33) for some / > 1. Then
ﬁf+1’i(t,0:|:e_f)= ;"H,i(ro,@ﬂ:e—’o)

T
+/ [(0: F e 0g)sA] | 41 (u. 0 e *)du
T

0

T(1 m
< Fiy1,+(0) +/ [(5 + ﬂ) Ffypp ) +€unl+1} du,

70

where m = C[1 + G'Y/2(T")T]?, due to Lemma 3 and Corollary 2. Taking the
supremum in 6 and adding the two estimates, we get

T

(51) FIC+1(I)§FIC+1(IO)+f [(1+%)Ff+l(u)+e“n,+1] du.

0

Let us denote the right-hand side by /. Then

W= (142t e T,
so that
(52) dele "t h] < T 4.

Note here that m = C[1 + G'/2(T)T]?, where C is independent of /. Thus there
is no restriction in the assumption that m <m; <msy ... . Since ;4 satisfies an
estimate of the form (36), we conclude that

T
[ u T4y (w)du < Cp(1 + K)o +8,
T

0

Thus, (52), the definition of 4 and (51) yield
T m
e_TFlC_H(r) < e_toFlC+1(ro) (T_o) +Ci(1+ Kl3)r3m1+8.
If we let o = 7', an induction argument leads to the conclusion that
e_rF[c.;_l(T) < Kjqpq o™,
where K; 1 is a polynomial in e_TFjC_H(T), j=0,...,1,and
mipy = Crq[1+GY2()TP.

The corollary follows. |
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It is in fact possible to improve these estimates slightly. In the formulation of
the next lemma, it will be convenient to use the notation

N NY T ‘
(53) ex(7) = ao(l_|2|2)(r,) .
(54) dk<r)=”<1—|z|2>a’5( o 2)(r,-> .
1—|z| CO(S1,R)

COROLLARY 4. Consider a solution to (23), and assume that p(t,0) <1 —2
forallt>T and 0 € St Then for eachk > 0andt > T,

(55) di (1) + cp(t) < Lt™*,

where my = Ci[1 + GY2(T)T)? and Ly is a polynomial in e_TI7j-c+1(T) and
cj(T),j=0,....k

Proof. Compute

Z-Zg k Zr Zr
9.0k =9 R SIS WY (P 2
‘ 9(1—|z|2) 9[29 EER "(1—|z|2)]

— VY Zr
- X el (i)

i+j=k+1

By the previous corollary, we get the conclusion that
(56) (1) < cp(T) + Kgt™*,

where my, = Ci[l1 + GY/2(T)T]?, and K}, is a polynomial in e_TFj"H(T), j=
0,...,k. Note that

Zg oz i ( z-z¢ : z-Zg
3k = ;o ; 971 cogdm [ 20 )
9(1—|z|2) 2 iioein T % (1—|z|2) 6 1=z

Multiplying this equation by 1 — |z|?, we can bound the right-hand side as in the
statement of the lemma due to the previous corollary and (56). O

Let us try to say something concerning the optimality of the estimates. Note
that by [13] and [15], it is possible to construct solutions to the Gowdy equations
with the asymptotics (13), (14) as long as 0 < v, < 1 and vg, ¢, g, ¥ € C®(S, R).
The functions u and w tend to zero as t — oo. Note that if z = ¢rp o (Q, P),
where ¢rp is as defined in (19), then

4)zg|?

_ p2 4 ,2P 2
-z~ oo

Furthermore

-zl <1—|z?<2(1—|z]), eP<l—|z|<2e”
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so that e ™ < 1 —|z|? < 4e™P. Thus (49) implies 2P Q(% < IMe?V>°T, where IT is a
polynomial, since p = vooT + O(1). On the other hand, there is a point 8y at which

qg(60) # 0. Then
€2P(I’00)Q§(T, 00) ~ COeZvoo(e())‘[’

where co # 0, since we have (13), (14) and P = veot + O(1). We see that the
only way the estimate ||zg||co(s1 g2y < I can be improved lies in the degree of
the polynomial.

LEMMA 7. Consider a solution to (23) and assume that p(t, 0) <t —2 for all
t>Tand O € S'. Assume furthermore that voo < 1/4. Then there are constants
Ly, L', mj of the form

L) = Liexp{C[l+GY2(I)T}, my=C[1+GY>(T)T)?,
where L1 is a polynomial in e_Tch_H(T) and cj(T), j =0, 1, such that if t > m»
and 0 € S, then
2ze(.0)]
1—|z(z, 0)|?
Proof. Let us take the scalar product of (23) with z; /(1 —|z|?). We get
Zt Zt 27 Zg |29|2 |z<|
-0 < 0 4 ,
‘1— 212 (1 —|Z|2) = [ ? (1 —|Z|2) " (I1—=|z»)> ] 1]z

where we have used the fact that |z| < 1. Let us introduce the function

Voo(0)| < 2L exp[—27 + 2v00(0)T]T™2.

|Zr|2

SO
Due to the Corollaries 3 and 4, we get the conclusion that
e f| = Lie7 (1= [z a2 f 12,

where L is a polynomial in e_TFj"’_'_1 (T)and ¢;(T), j =0,1, and m> is as in the
statement of the lemma. Note that

(1—1z]?)72 < €2 < exp[2v00T + 12GV/2(T)T],
where we have used (21) and Lemma 2. Consequently
(57) 9. f| < L/le—2r+2voor_rm2f1/2’
where L is as in the statement of the lemma. Let us assume that vo, < 1/4. Since
d:(e " t™) <0

if T > m,, we then get

00 00
/ e—25+2voossm2ds < e—t_[mz / e—s+2voosds < 26_2t+2v°°rtm2.
T T
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Using this estimate together with (57) and the fact that f 1/2 converges to Voo /2,
we get the conclusion that

12 1/2(2.0) — voo (0] < 2L} exp[—27 + 2v0(8) ] ™2,
assuming t > my. -

Note that by arguments similar to ones given in the proof of the lemma,

|Zr|2
9.0k | 2Tt
oo [(1—|z|2>2

converges to zero exponentially, when we assume vo, < 1 —y for some y > 0, so
that v2, is smooth under these assumptions. Using this observation, domain-of-
dependence arguments and the fact that the velocity is continuous in a neighborhood
of every point where it is zero, we get the conclusion that vgo is smooth in a
neighborhood of every point where it is zero; cf. Lemma 14.

5. Perturbations of the initial data

Given a solution whose asymptotic velocity is not always positive, we wish to
perturb the initial data at some late time 77 in such a way that the perturbed solution
never has zero velocity at the singularity. Furthermore, we wish to prove that if
one lets 77 tend to infinity in this construction, the perturbed solution converges to
the solution one perturbed around, assuming the distance is measured in the C*°
topology of initial data on some fixed Cauchy surface. The purpose of this section
is to produce a candidate perturbation, and in later sections we prove that it has the
properties we desire.

As a preparation for the construction, we make the following observation.

LEMMA 8. Consider o € C'([a,b],R?). Let ¢ > 0 and define
Telol= |J Belo(s)l,
s€la,b]

where Bg(p) denotes the open ball with center p and radius s. If | denotes the
Lebesgue measure on R?, then

b
(58) piTelo]} < dnelo] + 8ne®, where [[o] =/ lo”(s)|ds.

a

Remark. The estimate is hardly optimal, but it will do for our purposes.

Proof. Define a sequence s¢g < s1 <--- <5} by the conditions:

Si+1 b
so =a, / lo’(s)|ds =€, i=0,....k—1, / lo’(s)|ds < e.
S; K

k
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Note that k could equal zero. We shall also denote b by si ;. Define
k+1

Se = U B28[U(Sj)]'
j=0

Note that T¢[o] € S.. We get
1{Te[o]} < u[Se] < (k +2)4me? < 4melfo] + 8me?,
since ke < [[o]. The lemma follows. |

LEMMA 9. Consider a solution to (23) with p(t,0) < v —2 for (t,0) €
[T,00) x S'. Let « = 19/10 and B = 11/10. Then there is a T' > T such that for
any t > T', there is a point po € R? satisfying

—B7 . Z¢(z,0)
<e and inf |———

In terms of data at T, it is sufficient if

—po|=e "

T'=CInK +C[l+GY*T)T]*
where K is a polynomial in e_TchH(T), j=0,1

Proof. For the sake of brevity, let us introduce the notation
Zt

YT

Due to the estimates (50), we have
(59) ly(@. Hlc2estmey < Ko™,
forall T > T, where m = C[14+G/2(T)T]? and K is a polynomial in e_Tch_i_1 (T),
j =0,1. We wish to find a pg € R? such that
(60) Po € Bry(0) and By, (po) N{y(r.0):0€S'}=0.
where rg = ¢ BT and r, = e, Let us introduce the notation
A(0) =10 € S' y(1.0) € Bay, (0)}.
Aep@= J Brly(z.0)

OEAﬁ(‘C)

We wish to prove that

(61) M Aa,g(0)] < 1[Brg (0)].

This would then immediately imply the existence of a pg € By, (0) — Ay g (7). That
po has the first of the desired properties in (60) is clear. To prove that it has the
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second, let us assume the opposite. Then there is a 6 such that | pg — (7, 0)| < rg.
Since rq < rg, we conclude that

V(Is 9) € B2rﬁ (O),

which implies that 6 € Ag(t), and thus that pg € Ay g (7). We get a contradiction,
and thus pg has the desired properties (60).

Note that in the estimate (58), there is a “boundary” term 8me2, which is
a nuisance. The reason is the following. Say that Ag(zr) can be written as the
union of intervals I,...,Ix, and say that we apply (58) to each of the intervals
I;. Then the first term in the estimate, 4 ¢l[o], is insensitive to the number k
since it has nice additive properties, but the boundary term certainly is sensitive to
how many times we enter By, (0). There is a technical way around this. Consider
only subintervals I of [0, 27r] such that the solution has to travel from dB3,(0)
to dB2,4(0) in the interval, and apply (58) to /. This leads to the conclusion
that I[y(t,-)|7] > rg, and since we wish to use (58) with ¢ = ry, we see that the
boundary term in this case is insignificant in comparison with the first term. Let us
be more precise. Fix 7. Given a 6 such that |y (z, 8)| < 2rg, let I be the maximal
interval such that |y(t, 8")| < 3rg for all 6" € Iy. By continuity, |y(z, §’)| = 3rg
on the boundary of Ig, or Iy = S!. The set Npg of points where |y (7, 0)| < 2rg is
compact, and the interiors of the /g constitute an open covering. Let the interiors
of I; = Iy, i =1,...,k constitute a finite subcovering. Note that by maximality, if
two intervals intersect each other, they have to coincide; otherwise the union would
be the maximum interval. In other words, we can assume that the /; have empty
intersection. Note that if Ng is empty, Ay g(7) is empty, which is an unproblematic
special case. Let us therefore assume that k£ > 1. The set

k

A, 5@ = Trly (@)1,

j=1

contains Ay g(7), and we shall estimate its measure. Note that if y(z,-) never
leaves B3y, (0), then k = 1 and 11 = S. If it does leave, we have the estimate

Z[V(T7 ')|Ij] ZTrB
for all j. Since ro < rg, we thus get

pATr, [y (T, )11} < R27rel [y (z, )1, ]-

Consequently

k
(62) 1l Aa,p(D] < ulA, g (D] < 12776 Y 1y (z,9)I1,]:
j=1
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What remains to be estimated is

k
/ (B9)(r.6)|d6. where S(r)=| ] I;.
S(v) P

Let § = B/3 and define
S5,1(7) =10 € S(v):[(gy)(z. O) =715}, S52(v) ={0€S(x):|(9gy)(z. O)| =75}
where rg = =97, Since

63) / (9)(z. 8)[d6 < 277,
Ss.1(7)

we shall only be concerned with the set Ss »(7). Consider S ! to be the interval
[0, 27r] with the endpoints identified, and let J = [¢1, ¢2] S S5 »(7) be maximal;
i.e. any larger interval will contain a point in the complement of Ss »(7). Let

rs

3=+ eom

where K and m are the constants that appear in (59), and define vy = dgy(z, ¢1).
By assumption, |v1| > rg, and by the bound on the second derivative of y, (59), we
get the conclusion that for 6 € [¢1, ¢3],

1
(64) |(30V)(T’9)—U1|§Z|vll-

Let us estimate the distance the curve y has carried out in the direction 91 = v1/|v1]
during an interval [@1, ¢] C [P1, ¢3]. Using (64), we get the conclusion that

[Y(5.6)~ 7w 60]- 1 = 39 —g0luil

Note that if (¢ —¢1)|vi| > 9rg, then ¢ ¢ Ss »(7). This inequality holds if ¢ > ¢4,
where ¢4 = ¢1 + 9¢~287 We assume that 7 is great enough that

e—St
(65) S LI —
4K 1™
Note that J C [¢1, ¢a] and that [¢4, ¢3] N S5 2(r) = @. In particular,
|92 — ¢l < CKiMeb7.
|3 — 1]

For every maximal interval J in Sj »(7), except for possibly the last one, there
is thus an interval J C J, whose left boundary point coincides with that of J, such
that if w1 is the Lebesgue measure on R,

1[J N Ss2(7)]
plJ]
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Due to this estimate and the fact that one maximal interval does not add more than
¢=257 {0 the measure, we have

111[S5.2(7)] < CKt™e ™,

Using the estimate (59) again, we have

/ (97)(x. 0)|d6 < / ((997)(x. 0)|d6 + / (97)(x. 0)|d6
S(1) Ss.1(7)

S5.2(7)
<2mrg + CK2¢2me=8t < cg22m =0t

By (62), we conclude that

W[Ag ()] < CK?2me=(@td)r,
In order to obtain (61), we require
(66) CK?¢?me=@F0T < 7o=2bT,

This inequality is satisfied for 7 large enough if o« + 6 > 28, i.e. if « > 5§. However,
o — 56 = 1/15. Both (65) and (66) follow from t > C In K + CmInt, which
follows from t > C In K and t > Cm In 7. The last of these inequalities follows
from 71/2 > Cm and the fact that r1/2 > In 7. Also, the last of these inequalities
holds if T > 4. The lemma follows. O

6. Perturbations, basic identities

Let z and Z be two solutions to (23), and let Z = z — Z. Define

N k Zr r —1qk Zg > A L2
ar=0; | ———= ), br=e "0 , A =2e%a; £ b |”.
‘ 9(1—|z|2) ‘ 0(1—|z|2) ok = 2671

Let us compute

(0 F e ")l o = 2¢° {|&k|2 — by |? + 20% [arao — e dgho
— 29 — 2r A ~
+e 7 T _ . + .
¢ a’(l—lzv)*e a9(1—|z|2)] @ "")}

dzdo — e Tdghy = I1 + I,

Furthermore,

where, by the definition (24),

_29(z.02)  20(3.03)
A=z (- zP( -2}

1
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and
, 53, -z
I=— ) 2z zg)——
2 1—|2|2{ [ T2
. Zg 5.3, 1— 52
) €Mz -2p)— 1
e 1—|z|2{ =P T2
Finally, let
— 29 — 2'z:
Iy=e"%9 T
3T ’(1—|z|2) ¢ 9(1—|z|2)
e "Zg 2z-z¢ Zy 2e Fz-zg

TI—ZPT—zP 1= 1=z
With this notation,
(67) (3 F " g)dly e =27 {lax | = b ? + 20 (11 + 2 & 13) - @k by

Consider, for some & > 0,

@ = —e2e%|6r|?, where & =oF [ —2 ).
k=S¢ |kl =%\ 1o

Now,

~ ~ z :l: —T2
(68) (D % 09) Bt = Gy + &2 (u) "

1—|z|?
2 ok 2 2z-(zcteTzg)] .
a .
e "[1—|z|2 |22

7. Perturbations, convergence

We consider a solution to (23), and assume that

e Tzg(t,")
1— |Z(T’ )|2

Zt (‘Cv )

- <
1—|z(r.)]2 ©

(69) ‘ =<
CO(S1,R2)

CO(S1,R2)
and p(t,0) <t —2for t > T, where ¢ > 0. We are interested in modifying the
initial data at 771 > T, by letting

Zt

(70) (A—) (Tv,)=cr,, Z(T1,))=z(T1,"),

1—|z[?
where cr, is a constant satisfying
(71) ler, | <P,

for some B > 1. In fact we shall take cr, to be the point py whose existence is
guaranteed by Lemma 9, and so, in particular, we can take 8 = 11/10. Note that
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(70) and (71) lead to the conclusion that € (77, -) = 0 for all k, that sy 1 (T}, -) =0
for all £ > 1, and that

(72) o +(T1.-)| <2e0728T1

Note that we shall keep § fixed and let T; tend to infinity. Let us fix k£ and make
the following bootstrap assumptions:

(73) ‘ Z(I’ .)—2 =&
1—1z(z,)[* [ cocst m2)
—T2 . Z .
o e "Zy(x, )2 n ‘ Z(7, ) _ <e
1=1z(z.)P llcostmey  I11=12(x. ) | cocst mey
-T2 . z .
(75) e Z@(T, )2 + Zr(f, ) > <1,
1—|z(t,) 1 |l crsipey  I11=12(0 )12 [l cr (st mey
(76) ") 2 =1
1—1z(z,)[* | ck(s1 R2)

Note that for 77 great enough, the bootstrap assumptions are satisfied in a neigh-
borhood of v = T7. We shall assume that the above inequalities are satisfied in the
interval [T%, T1] for some T; € [T, T1]. We shall then use the assumptions to prove
that for a fixed 8, ¢ small enough and T large enough, we obtain an improvement
of the estimates as a conclusion. This then implies the validity of the bootstrap
assumptions on the entire interval [T, T1]. It is perhaps of some interest to point
out that in the end, ¢ is only required to be smaller than a numerical constant
independent of the solution. Let us introduce some notation.

Definition 6. Let z be a solution to (23) with the property that (69) holds
for some 0 < e <1/4andall t > T, and p(t,0) <t —2 forall t > T and all
6 € S!. Then z is said to be an &, T-solution. Given an &, T-solution z, let Z be a
solution to (23) defined by (70), where ¢, is some constant satisfying (71), where
B=11/10and T7 > T. Then Z is said to be a T7, z-solution. Given an ¢, T -solution
z, a constant Kj which is a polynomial in e=7 ch [zI(T), j =1,...,k iscalled a
Ky [z]-constant, a constant my, of the form Ci[l + G/2[z](T)T]? is referred to
as an my[z]-constant and a constant Ly which is a polynomial in e =7 F /.c 1 [21(T)
and ¢;[z](T) for j =0,...,k —1is called an Ly[z]-constant.

Let us write down some consequences of the bootstrap assumptions. We shall
always assume ¢ < 1/4, so that (73) implies

77 1<
(77) 5 =
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Combining (69) with (74), we conclude that

—T = . = .
78) e "Zy(x, )2 H Ze(7, ) _ <2e.
1=1z(t. )P |costmey  |1=12(x. )% | cocst re)
Combining (75) with (50), we conclude that
—T = . > .
(79) e "Zg(t, )2 HL)Z < Ky,
1—|z(z,)| Ck(S1,R?) 1—|z(z,)| Ck(S1,R2)

where Ky is a Ky [z]-constant and my, is an my[z]-constant. Note that z is a fixed
solution. Compute

J . A
o Y, Z — :
0)Z =—0)2+dz=-) (; )ag (1_|Z|2)ag f(1—1z%) + )z
=0

Using (50) and (76), we conclude that
(80) IZllck(st,ry < KT,

where Kj and mj have the same structure as above. Consider

23 -5 z 5 Z-Zg z
=1z~ \1=1z2) 1= zp 1=z

Using this identity together with (76) and (55), we conclude that

81)

< Lyt™k,

Ck—1 (Sl ,IRZ)

1—|z[?

where Ly is an L [z]-constant. Since
z-zg—Z-Zg _ Z-zg+Z-Zg
I=z2 — 1=z2

we conclude that
Z-Zp

(82) 1= z]2

< Lyt™k,

Cck—1 (Sl ,R)
where Lj and my are of the same form as above. Finally,

5 (1—|Z|2) 2z-z9 1—|z|>  (1—]z]?)? 2Z-Z
0

1—E2) " 1=]zP1—FP T =P 1—z)>

Using this identity and the above inequalities, we inductively conclude that

1—|z|?

1—|Z? < Lyez™.

CK(S1R)

) |




STRONG COSMIC CENSORSHIP IN T3-GOWDY SPACETIMES 1217

7.1. Notation. Let us introduce the notation
Ay 4 = A+ + 6, Fk L()= sué)l &ﬂk 4(0.0), Fg=F  +F_
fe
Note that

A ~ o 1 ~ ~ 1 A~
e lla | + bl +Gr < Sl 4+l )< SFE

7.2. The zeroth order. We consider the consequences of the bootstrap assump-
tions in the case k = 0.

LEMMA 10. Let z be an ¢, T -solution and Z a Ty, z-solution. Assume further-
more that z and Z satisfy the bootstrap assumptions (73), (74) in an interval [T, T1].
Then, for T € [T», T1],

T R
(84) FE(v) < F§(Th) +/ (14 Ce)F§(s)ds.

T

Proof. Let us estimate |/;|,i = 1,2, 3. Consider /;. We exchange one factor
(1—1z|*)~! in the first term with (1 —|Z|?)~!. To this end, we use (77) to estimate

1 e 20| _ 4
1=z 1=Z2| 7 A=z = 2> ~ A =|z]»)?*

Using (69), (78) and this sort of estimate, we conclude that

|1;] < C&*|éo| + Ce(laol + |bol)

if i = 1. In fact, the same type of estimate holds if i =2, 3. Using (67), we conclude
that

|0 F e 09)lo,<| = 2¢7 {laol® + b0l + Celaol? + lbol?) + Celol}
Using (68), we get
|0 + e 0g) 0| = T + Cee™ [Jaol + [bol? + 210 ]
Let 7 € [T, T1] and estimate
Af (. 0+e ) =dl§ (T, 0£e™ )
T R
_ / [(ar ¥ e—fag)&ag,i] (5,0 +e%)ds
T
~ i ~
< F$ (T +/ [5 +C8j| FS(s)ds.

Taking the supremum over 6 and adding the two estimates, we get (84). O
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7.3. Higher orders. To be able to deal with the higher orders, we shall in the
end have to carry out an induction argument. In preparation for this, we prove the
following lemma.

LEMMA 11. Let z be an &, T-solution and Z a Ty, z-solution. Assume fur-
thermore that z and Z satisfy the bootstrap assumptions (73)—(76) in an interval
[T2, T1]. Then, fort € (T2, T1]and j =1,...,k,

@)  Ff(s= / [(1+ Ce)Ff () + e R; (5)(Ff) ' 2(s))ds.
T
where C is a numerical constant independent of j and R; satisfies the estimate
j—1
(86) Rj(r) <& 'Lit™ e 2 (FA)Y2(0)
=0

forall vt € [T, T1]. Here L; is an L;[z]-constant and m; is an m;|z]-constant.

Proof. Let us consider 8£ I; fori =1,2,3. Let us divide /; into a sum of /1
and /1,, where

2 _ 32
I = ﬁ .92 =20, ha=g _2|(|ZZ||2)2(1|Z_| |)2|2)gz(z,a§).
It is convenient to divide /;; into the sum of /117 and /115, where
I111 = ﬁ [2(z,02) —2(z,02)], I112= m&(é, 0Z).
Most of the terms that appear when computing the derivative can be estimated by
j—1 Jj—1
87)  Lit™ Y (ag] + |bi| + &) < e LT T2 Y (FO)V(w).
i=0 i=0

We shall denote terms that can be estimated in this fashion by R, possibly with
some suitable index. Let us consider the jth derivative of a representative term in
I111, namely

9/ 2(|z:* = 17z 5/ 2(zgZe+Zc-Z0)z
9( (1—1z?)? ) ( (1—1z]?)? )

; z z
—2ly T ) T
[ o (1—|Z|2) 1—|z|?

; z z
YA ‘ — R.
+9(1—|z|2) e

In order to arrive at this conclusion, we of course have to use the bootstrap assump-
tions (73)—(76) and their consequences (77)—(83). We shall use these inequalities

— 3/
-
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without further comment in the following. For the remaining terms in /111, we
have similar expressions, and we obtain the estimate

18] 111 ] < Celag] + b 1) + [Rana, 1.

Note that C does not depend on j. Let us consider /712. Due to the definition
of the energy and of the corrections, it is convenient to pair together z;, e *zy
and % with factors (1 —|z|?)~!. This leaves one factor 1 — |z|2. Considering a
representative term in /71,, we get

o 2|7:)%2 21Z:1% i 2
88 0’ = 97 R.
(88) 9((1—|z|2>2 —ple\ioze) *

The arguments for the other terms are similar, and we conclude that

195711 < Celaj|+ b1 + elé; ) + 1P -
Consider 11,. Note that we can write it as
Iy = 2(z-2472-2) 1_|f|2 9(Z, 0%) '
I—[z]> 1-]2)2 (1—|z[?)?

When differentiating, we pair Z with (1 — |z|?)~! in the first factor, and in the third
factor, we pair together each derivative with a factor (1 —|z|?)~!. The important
terms that result after differentiation are the ones in which all the derivatives hit
2/(1 —|z|?). We have

|05 112] < Ce?|&j| + Rz, .

Let us consider /5. It is convenient to write it as the sum of two terms, /57 and 155,
where

, 2oz, -z
1 = — -2 20z z;)—————
21 1—|z|2% = T2 mpe
_ Ze 1—|z|> (2 z.+%- 2, ZeZy Zoz4+Z-Z
S TICEPI=ER Y I=EP TR 1=

When differentiating, a derivative should always be paired together with a factor of
(1—1z|*>)7!, and similarly for 2. Finally, the quotient (1 — |z|?)/(1 — |Z|?) should
be viewed as one unit. In particular, before differentiating, we write

Z-Zg 5 z Zr
—_— 1— Z . .
1—|z|? (- |)1—|Z|2 1—|z|?
Again, the only terms that cannot be estimated as in (87) arise when all the derivatives
hit the terms involving Z or Z;. The argument concerning /5,5 is practically identical,
and we get

|05 12| < Ce(laj| + 1bj] +elé; ) + R, .
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Finally, we can treat /3 similarly to the above expressions, and we obtain
195131 < Ce(lag] + ;1) + 19,1
Adding up, we get
4e7|13) (11 + I £ I3) - (a; £ b))
< Cee™(1aj1% + 1B 1” + €71 %) + e¥ 191 (las | + 16, ).
Combining this with (67) and (68), we conclude that

~ 1 ~ ~ ~ ~
(0 F e Tdg)sds 4| < (5 + Cs) (S 4 + 505 ) + ™2 || (A5 | + st )2

We can argue as in the case j = 0 in order to obtain

T - ~
Ff(v) < FS(Th) + / [(1+ Ce)FF(s) + /2R, (5. ) | cogst my (FF)2(9)]ds

T
T . .
= / (14 Ce)Ef (s) + €2 Rj (s. ) | cogst my (F) /2 (9))ds,
T
since 13;"(T1) = 0 by definition. The lemma follows. |

7.4. Induction argument. We are now in a position to put together the previous
two lemmas in order to control the size of Z and Z; at T = T..

LEMMA 12. There is an 0 < g9 < 1/200 such that the following holds. Let z
be an go, T -solution and Z a Ty, z-solution. Fix k. Then there is a T j, depending
continuously on e_TFjC_i_1 [z)(T), ¢j[z](T) for j =0,...,k—1and GY2[:(T)T,
suchthatif Ty > Ty x, j =0,...,k and v € [T, T1], then

(89) eTTFE(v) <692 LTV exp[—(B — 1) T1 — (2 + koo) ],

where kg is a positive numerical constant, L; is an L;[z]-constant and m; is an
m[z]-constant.

Remark. The condition that &9 < 1/200 will be needed in the proof of
Theorem 3. We take it to be understood that & = g¢ in the definition of 6;, and
thus in the definition of ﬁjc.

Proof. Before proceeding to the proof, let us make some preliminary observa-
tions. Note that the constant C appearing in (85) is independent of j so that we can
assume it coincides with the constant C appearing in (84). We denote the common
constant by kg. Let us define g¢ by

1 1
50=miﬂ{50,1»rw}7 where (ko + 1)€o,1 :,3—1:%_
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Let us assume that the bootstrap assumptions (73)—(76) are satisfied in [1>, T1].
As long as T is large enough, depending only on 8 and g (i.e. on numerical
constants), the bootstrap assumptions are fulfilled in a neighborhood of 7. Thus
we know that [T3, T1] is nonempty. What remains to be shown is that, assuming 7
to be large enough, depending on the objects mentioned in the lemma, 7> can be
taken to equal T'. This will follow if we can prove that the bootstrap assumptions
imply an improvement of themselves.

Let us first prove (89) for j = 0. By (84) and a Gronwall’s lemma type
argument, we get

F§(v) < F§(T1) exp {(1 + kog0)(T1 — 1)}

Due to the comments made in connection with (72) and the definition of F¢, we
conclude that

e TTF§ (1) < C expl(2 + kogo — 2P)T1 — (2 + Koeo) 7]
< Cexp[—(B—1)T1 — (2 + Kkogo)7].

since kggg < f — 1. In other words, (89) holds for j = 0 with Lo a numerical
constant and mqy = 0. For T large enough, we get the conclusion that the right-hand
side is less than sg /16. This reproduces (73) and (74) with a margin.

Assume inductively that (89) is true for j — 1, where j > 1. Due to (86) and
the inductive assumption, we get

_; : 1 1
(90) Ri(r) < EOJLJ-TImJ exp |:—§(,B - 1T — (1 + EKogo) ‘C:| ,

where we used the fact that 7 < 77. Let us denote the right-hand side of (85) by #,
and define g = hexp[(1 + ko&o)7]. Estimate, using (85) and (90),

y . 1
g =~  LiT{" exp [—5(5 - 1)T1] g2
Integrating this inequality yields, since 7" > 0,
~ _; . 1 1
(ch)l/z(f) <&’ LTV exp [—5(/3 -1 - 5(1 +K080)T] ,

which implies the induction hypothesis with j — 1 replaced with j. Again, for
Ty great enough, we have no problem producing improvements of the bootstrap
assumptions. The lemma follows. O

8. Perturbing away from zero velocity

Finally, we are in a position to prove that we can perturb away from zero
velocity.
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THEOREM 3. Consider a solution z to (23) and assume that p(t,0) <t —3
and (69) hold forall t > T > 4 and 6 € S, with ¢ in (69) replaced by gq, which g
is the constant appearing in the statement of Lemma 12. Then there is a sequence
of solutions zj to (23) such that the z; converge to z in the C*° topology on initial
data for t =T, and veo[z;] > O.

Proof. Consider Lemma 12, for a fixed k, and Lemma 7. Choose a sequence
T; > Ty ., T', where T} x is the constant mentioned in the statement of Lemma
12 and T” is the constant mentioned in Lemma 9, such that 7; — oo. For each T7,
choose a pg; as in the statement of Lemma 9, and define z; to be the solution to
(23) defined by specifying initial data at 77 by (70), where c7, should be replaced
with pg ;, T1 should be replaced by 7 and Z by z;. Then z; is a T}, z-solution.
Note that Lemma 12 is applicable to the solutions z; and that (89) holds for z; with
T replaced with 7;. Consequently, the distance between z and z; converges to
zero when measured in the C*¥+1 x C*-norm on initial data at t = T'. Let us prove
that the asymptotic velocity of z; is nonzero for [ great enough. In order to do this
we need to prove that Lemma 7 is applicable to z; for / large enough. Combining
(69) and (74), we conclude that e~7 F[z;](T) is bounded by 168(2). Consequently,
by Lemma 1,

1
<4gg < —

CO(SI,[R) — 50

221,‘[(1—7 )

Ob “ [ )P

for all 7 > T. In particular veo[z;] < 1/50. Furthermore p;(7,0) < T —2 for [
large enough, where p; is p defined with respect to z;. Since p; ; is dominated
by the left-hand side of (91), we conclude that p;(t,0) <t—2 forall t > T and
6 € S!. Assuming k is at least 2, we conclude that for / large enough, we can use
the same constants as in the statement of Lemma 7 if we increase the numerical
constants involved. By construction and Lemma 7,

' 2z;,.(Ty, ")
1—|z(T;, )2
‘ 2|z1,(171.0)|
1—|z(T;,0)1

—(xT[

iy ’

Voo[21] ()| < 2L7 exp{=2T; + 2v00[z/ () T1} T},

where o = 19/10 and the constants L) and m are independent of /. We conclude
that for 7; large enough vo[z;] is never zero, since —2 + 2vo0[2z;] < —49/25. To
conclude, what we have proved is that for any k£ and any 1 > 0, there is a solution
Z to (23) such that the asymptotic velocity corresponding to Z is never zero, and
the distance between z and %, when measured in the C¥T1 x C¥-norm of initial
data for T = T is less than 7. The theorem follows. O
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9. Velocity identically equal to zero

Consider a periodic solution z to (23). In order to get an actual solution to
Einstein’s equations, we need an integral condition to be satisfied, namely cg[z] = 0,
where

4z, -z9
(92) colz] _/sl a-zpe??
Note that co[z] is independent of T due to (23). Furthermore, cg[z] coincides with
the integral appearing on the left-hand side of (16). Let us consider a solution for
which the asymptotic velocity is identically zero, and try to perturb away from that,
preserving co[z] = 0. Note that by Lemma 7 and Lemma 1, if v is identically
zero, then ¢o[z] = 0.

THEOREM 4. Consider a solution z to (23) and assume that veo[z] = 0. Then
there is a sequence of solutions zj to (23), with veo[z;] > 0 and co[z;] = O such that
z; converges to z in the C°°-topology on initial data.

Proof. Using Lemma 7 and the fact that the velocity is identically zero, we
conclude that
H Z‘E(Tv ) < Lll .L,mze—Zr'

1=1z(z,)* | cocst
Thus, we do not need Lemma 9 in order to prove the existence of pg satisfying

the conditions of the statement of Lemma 9. In fact, at a late enough time, any
po satisfying | po| = e~ BT will do. The argument to prove that there is a sequence
of solutions z; converging to z; with veo[z;] > 0 is as in the proof of Theorem 3.
What remains is to prove that we can choose pg such that cg[z;] = 0. We perturb
as in (70), with ¢, = po and Z = z — Z. Since co[z] = 0, we have

4z -Zg _ 4zg
[ e s aodo=—p- [ [1505] o

By letting po be orthogonal to

i [ o

we conclude that co[Z] = 0 (if the integral is zero, we are of course free to choose
po arbitrarily). O

10. Density of generic solutions

10.1. Perturbation and localization tools. Due to how the domain-of-depen-
dence looks, two different spatial points are outside each other’s domain of influence
at a late enough time, when looking in the direction toward the singularity. This
allows us to focus our attention on limited regions of the singularity. On a formal
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level, the most convenient way to do this is to modify the initial data outside the
region one wishes to study so that the behaviour outside is simple in some sense.
One lemma that will be needed in the process is the following, it was proved in
[21].

LEMMA 13. Consider a solution z to (23), where 6 € R, and let z; — z in the
C! x C%topology on initial data. Assume voo[z](0) < 1 forall 0 € I = [0y, 65].
Then v|z] is continuous in I, as well as v|z;] for | large enough, and

lim |Jv[z] = v[z/]l|cocz,r) = O-
[—o00

Remark. We defined v in (8) and the C! x C°-topology on initial data for
solutions with 6 € R was defined in [21].

We shall also need the following results from [21].

PROPOSITION 5. Let (Q, P) be a solution to (2), (3) and assume voo = 0 in
a compact interval K with nonempty interior. Then there are q, ¢ € C°°(K,R),
polynomials By, and a T such that forall t > T

(93) | Pe(r. ek g gy + I1P(r.) = Bllcrim < Bre ™",

(94) 10:(x. )Merxm + 10 ) —qller km < Exe 2"
PROPOSITION 6. Let (Q, P) solve (2), (3). Then there is a subset € of S

which is open and dense, and for each 0y € €, there is an open neighborhood of

8o such that either (Q, P) or Inv(Q, P) has expansions of the form (93), (94) or
(9)-(12). If voo(B0) > 1, then the q appearing in the expansions is a constant and o

[x

[1]

k€

can be taken equal to 2.

Remark. A result of this form was already obtained in [3].

The following lemma gives one way of modifying the initial data in order to
achieve the objective alluded to above.

LEMMA 14. Consider a solution z to (23) where 8 € R. Let [ = [01, 62] and
assume that Vo [2](0) < « for all 8 € I and some a € R. For every g, > 0, there
is a solution Z to (23) and a T, both depending on €, n and z, such that

e Z coincides with z in [T, 00) X I,
e 2(1,0) = 0 for t > T outside of [T, 00) x [61 — 1, 02 + 7],
* Vo[Z](0) <a+eforall 0 eR.

Remark. We shall refer to Z as an &, n-cutoff of z around I, and we shall call
T the cutoff time.
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Proof. Let ¢ > 0. For each i = 1, 2, there is a closed interval /; containing 6;
in its interior and a 7; such that

2
95) e TF[z](r) < (a + %8)

for all T > T;. This follows from continuity and monotonicity. Let > 0 be small
enough that [8; —n, 61] C I1 and [02, 6> + n] C I,. Due to Proposition 6, there are
closed intervals Ii’ , 1 = 1,2, with nonempty interiors, such that / { C (01 —n,601)
and I C (62,02 + n) with the property that we have asymptotic expansions of
the form (9)—(12) or of the form (93), (94) in [ i, , after applying an inversion, if
necessary. If voo[z](6p) > 1 for some 6y € I/, we get expansions with ¢ equal to
a constant, say qo, and « = 2. Since the arguments are essentially the same for
the two I/, we consider only /;. Let 7y = |I{| and let 6] be the center of /;. Let
T > Ty, T, be large enough that e =7 < 5, /4.

Let ¢; € C*°(R, [0,1]), i = 1,2 have the properties that ¢ equals 1 in [0] +
n1/4,00) and 0 in (—o0, 0], and ¢ equals 1 in [#], c0) and 0 in (—oo, 6] — 11 /4].
After having applied d’l_e})’ plus possibly an inversion, we obtain a solution (Q, P)
to (2), (3) with expansions. In particular Q converges to g in / 1/ Modity the initial
data at T according to

P=¢:P. O=¢2l1Q+(1—1)ql. Pr=¢1Pr. Q=101

Note that ¢ (1 — ¢1) has support in 7, so that ¢ (1 — ¢1)q is well defined. Since
the isometry maps the origin of the P Q-plane to the origin of the disc model, the
first statement and half of the second statement of the lemma follow. Note that

e Py =e""[p1g P + p1 P

can be assumed to be arbitrarily small in /{ by demanding that t be great enough,
since P and Pg do not grow faster than linearly due to the existence of the expan-
sions, and since ¢;¢ has a bound only depending on 7;. Note that ¢,9 # 0 implies
¢1 = 0 and that ¢1 ¢ = ¢1. Compute

P09 =" P10 + (1— P1)g] + $ald16(Q —9) + $1 Q0 + (1 — p1)go]}
=¢"ha0q +e"T$16(Q —q) + pre” T Qg + " (1 - p1)ge.
If voo = 0 in I7, it is clear that this expression converges to zero there. In the
remaining cases, Voo > 0 in /{ and we can assume that T is great enough that
P is positive in I{. Consequently, P < P. The first term can be assumed to be
arbitrarily small by assuming 7 to be great enough, since ¢,9 has a bound only
depending on 7. The two middle terms can be assumed to be arbitrarily small due
to the existence of the expansions. For the last term there are two cases. If voo < 1,
it converges to zero. Otherwise, ¢ had to be a constant to start with, so that the
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term does not exist in that case. We conclude that

€_2r[ﬁ92 + €2P Qé]
can be assumed to be arbitrarily small in /| for ¢ great enough, due to the existence
of the expansions. Since

P24 TG < 12 402
in /{, we can assume that e " F7, (7) < (¢ + €)? for 7 large enough, yielding half of
the third statement. In order to arrive at this conclusion, we just noted that to the left

of I, P, Q P, Q r are zero and to the right, they coincide with the corresponding
objects for P and Q. O

LEMMA 15. Consider a solution z to (23), where 6 € R and let I = (01, 05).
Assume there are a T and a sequence z; of solutions to (23), where 6 € R, such that
[z1(z,"), 21, (. )] converge to [z(t,"), z¢(z,")] in the C topology on I for every
© > T. Then for any 0 < § < |I|/2, there are a sequence Z; of solutions to (23),
where 8 € R, and a T’ such that

e Z; converges to z in the C topology on initial data,
e Z; coincides with z for t > T' outside of [T', 00) X I,
e Z; coincides with z; in [T', 00) x [0y + &, 02 — ).

Remark. We shall refer to Z; as a §-interpolation of z and zj in I.

Proof. Let y € C§°(R, [0, 1]) satisty ¢ = 1 in [0; + 36/4, 0 — 36/4] and
Y = 0 outside (61 + /4, 65 —§/4). Assume also that exp(—T") < §/4. Define
(T ) =yz (T ) +A=y)z(T". ), Z1(T" ) =9z (T". ) +(1=9)ze(T', ).
All the desired properties follow. |

Consider a solution z to (23), where 6 € R. Say that the asymptotic velocity
is small in some interval I = [0;, 6>], but it is nonzero on the boundary of 7. It
will be convenient to know that it is possible to find a sequence z; of solutions
converging to z with the properties that for some 7', z; coincides with z for t > T

outside of a set of the form [T, 00) x I, and z; has nonzero asymptotic velocity
in 1.

LEMMA 16. Consider a solution z to (23) where 6 € R. Let I = [0, 03] be
such that |1| < 2w,

Voo(Bi) =e>0 and ve(f) <&

forall 6 € I, where ¢ < gy and &g is as in the statement of Lemma 12. Then there
are a T and a sequence of solutions zj to (23), where 6 € R, such that

e z; converges to z in the C topology of initial data,
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e z; coincides with z for t > T outside [T, 00) x I,
* Voolz7](0) >0 forall 6 € 1.

Proof. Let n < 2m — |I])/2 and perform an g¢/2, n-cutoff of z around
I. The resulting solution Z has the properties stated in Lemma 14. In particular,
Voo|Z] < 380/2 and we can view it as a solution to (23) with # € S!. For a late enough
time, Z will thus satisfy the conditions of Theorem 3 due to Lemma 2. Consequently,
there is a sequence Z; of periodic solutions to (23) converging to Z such that
Voo[Z7]>0. Let 0 <§ < |1]/2 be such that veo[z] > 0in S5 = [61, 61 +5]U[02—6, 62]
and let z; be a §-interpolation of z and Z; in int/. Let us prove the third statement.
In [61 4+ 8,62 — 8], voolz]] = Voo[Z;] > 0, and in S5 we can use Lemma 13 to
conclude that for [ large enough, veo[z;] > O there. The remaining statements
follow by construction. O

When carrying out perturbations, the condition cg[z] = 0 is not always pre-
served. The point is then to perturb the perturbed solution so that one achieves
colz] =0.

LEMMA 17. Consider a smooth periodic solution z to (23), satisfying colz]
= 0, where cg is as defined in (92). Assume the following:

e z; are periodic solutions to (23) converging to z in the C* topology on initial
data,

o S C S'iscompact, J = [03,04] has nonempty interior and J N S =@,
e there is a T such that z; coincides with z for T > T outside of [T, 00) X S.

Then there are a T' and a sequence of periodic solutions Z,’C to (23) such that

. Z;c converges to z in the C*® topology on initial data,
* co[z;] =0,

o z; = zx for T = T outside of [T', 00) x J,

* if 0 < voolz] < lin J, the same is true of z} .

Remark. We shall say that Zl/c is an S, J-correction to zj.

Proof: Let Ty > T be large enough that J" = [0, 6] = [63 +e T gy—e T,
considered as a subinterval of S, has nonempty interior. We have the following
two cases.

Case 1. Assume there is a 6y € (65, 0) such that zg(T71,6p) # 0. Let ¢ €
C°(S1, R) have the properties that the support of ¢ is contained in the interior of
J', $(6p) =1and 0 < ¢ < 1. Define, for t = T,

zp=z, and z;_ =z, +e1¢zy,
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where &; has been chosen so that

4z} -z, 4z; - 4 2

R 21,0 " Zl,t Plzol

(96) 0:/ —_— d@z/ — d9+81/ —————d6.
st (I—1z*)? st (I—1z[?)? st (1—1z[*)?

Note that the integral that ¢; multiplies is a fixed positive number, so that there is

an ¢; fulfilling (96). Furthermore, the first integral on the right-hand side of (96)

converges to zero, so that the sequence ¢; converges to zero. We conclude that

the sequence of solutions Z§ has the property that cq [Zl’] =0, zf converges to z

in the C®° topology on initial data and Z; coincides with z; for T > 77 outside
[T1, 00) x J. The last statement of the lemma follows from Lemma 13.

Case 2. Assume zg = 0 in J'. In this case, it will be convenient to consider
the problem in the P Q-variables instead of in the disc model. Then P is constant
in J’/, and we shall denote this constant pg. Let
:9£+9§ h:%—@g

2 7 2 7
Let ¢ € C*®(S!, R) have support in the interior of J; and assume that it is not
identically zero. Let

Om J1 =105, 0m], J2=[0m,04].

$1(0) =¢(0), ¢2(0) =¢(0 —h).
Then ¢, has support in the interior of J,. There are two subcases to consider.

Subcase 1. Let us first assume that for T = 77,
©7) /S Pelgr— $2)d6 £ 0.
Define, for 8 € J',
0
pe(®) = pote [ [91(5) =261
3
Define, in 77,
P/(Ty,0)=P(T1,0) VO ¢J', P/(T1,0)=pg,0)V0ecl
0,=01, P, =P 01.=0
where &; has been chosen so that

OZ/ (Pl gP], +€*F1Q] 4 0] )db
Sl bl bl 9 9

:/SI(PI,GPI,I+32PIQI,9Ql,r)d9+81[gl Pr(p1 —¢2)d0.

Note that (P9, Q7,9) = 0in J' for all /. The argument can now be finished as in
the first case.
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Subcase 2. Assume that the left-hand side of (97) is zero. Define, for T = T,
P/(T1,0) = Pi(T1,0), P; (T1,0) = P (T1,0) VO ¢ J',

0;=01 0;,=0i:
P/(T1,0) = pe,(0), P;(T1,0) = P1.(T1,0) + |e1|¢1(0) YV 0 € J',

where ¢; has been chosen so that
0= /sl (PlgP[+€*710] 40 )df

=/SI(PZ,@PZJJrEZP’Ql,@Ql,r)d@Jr81|€1|/sl prdb.

We can complete the argument as before. O

COROLLARY 5. Consider z € &), with veo[z] < 1. Then there is a sequence
of z; € ¥p such that z; converges to z in the C* topology on initial data and
0 < voolz7] < 1. If co[z] = O, then co[z;] = O.

Proof. If the velocity is identically zero, we can apply Theorem 4 and Lemma
13; so let us assume that this is not the case. Let 6y € S! be such that 2§ :=
Voo(0p) > 0 and let N be the set of points where v = 0. If N is empty we are
done, and so we assume it is not. Let 0 < & < §, g9, where g¢ is the constant
appearing in the statement of Lemma 12. For 01 € N, let Iy, be the largest interval
containing 01 such that ve,(6) < € for 6 € Iy, . Note that Iy, is a compact proper
subinterval of S, since Voo(bo) > 2¢. Let x; € N, i = 1,2. Either the I, are
disjoint or coincide. The reason is the following. Assume Iy, N I, is nonempty.
Then the union is an interval /, and voo < ¢ in /. By maximality /,, = I for
i =1, 2. Since v is continuous in the present setting, v = € on the boundary of
Iy, and the boundary points of /g, are accumulation points of the set where v, > €.
Since v € C2(ST, R), N is a compact set. For each y € N, int/, is an open set
containing y. Since the corresponding open covering has a finite subcovering, there
is a finite number of points 6; € S 1 i =1,...,k, such that int/y, is a covering
of N. By the above argument, we can assume that the /g, are disjoint. For each
i =1,...,k, wecan apply Lemma 16 in order to get a 7; and a z; ; with properties
as stated there. Letting 7 = max{77, ..., Tx }, we can define the initial data of z;
to coincide with those of z; ; in g, and with those of z elsewhere. Let S = Uly,
and let J be a compact interval with nonempty interior in the complement of S. If
co[z] =0, let z; be an S, J-correction of z;. Otherwise, let z; = zx. Then z; has
the desired properties. O

Consider, for k € N, k > 1, the set

WU ={z e C*>(Rx S, D):zis asolution to (23), veo[z](F) <k V 0 € S'}.
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LEMMA 18. The set WUy, is open in the C' x C°-topology of initial data.
Remark. The topology mentioned was defined in [21].

Proof. Let z € Uy and @ € S'. Then there are a Ty € R, an gy > 0 and
an interval Iy, containing 6 in its interior, such that for t = Ty, e " Fy,[z](7) <
k? — gg. The reason is that the same can be assumed to hold with 7 replaced
by {0} and &4 replaced by 2e4. The statement then follows by continuity. Since
e~ ' Fy,[z] is monotonically decaying, we conclude that the same holds for all
T > Ty. Since the interiors of the Iy form an open covering, there is a finite
number of points 64, ..., 8, such that the interiors of the I; = [ g; cover S 1 Let
T =max{Ty,,..., Ty, },e=min{eq,,...,cq, }. Wehavee " Fy,[z](tr) <k?—e for
alli =1,...,m, and r > T. There is an open neighborhood O of z in the C! x C°-
topology of initial data at T = T such that if Z € O, then e™* Fp, [Z](7) < k*—¢/2
foralli =1,...,m and T = T. By the monotonicity of the left-hand side for each
i, and the fact that the interiors of the I; cover S!, we draw the conclusion that
O CUg. O

We shall need the following result from [21].

THEOREM 5. Let (Q, P) solve (2), (3) and assume that k < vso(0) <k +2
for all 6 € K, where K is a compact interval with nonempty interior and k € N,
k > 1. Then either (Q, P) has expansions in K of the form (9)—(12) or Inv(Q, P)
has such expansions. Furthermore, the q appearing in the expansions is a constant
and o = 2.

LEMMA 19. Consider z € Uy 41,k € N, k > 1. Let
V, ={0 €S vs[z](0) > k}.

Then V' ; is compact. Furthermore, if I C V' is a compact interval with nonempty
interior, then Vo |z] restricted to I is continuous, and after applying ¢1_2;), plus
possibly an inversion, the solution has smooth expansions in I of the form (9)—(12)
with q constant and a = 2.

Proof. Since S is compact, all we need to prove is that V', is closed. Let
O — 6', with 0, € V' ,. Assume voo[z](0") < k. Then this must also be true of
Voo[2](Bg) for k large enough, due to the upper semicontinuity of v ; cf. Theorem 1.
The remaining part follows from Theorem 5. O

10.2. Characterizations of true and false spikes. It will be useful to have a
more flexible characterization of the concepts true and false spikes. The following
result proves the existence of an object to be used for that purpose.

LEMMA 20. Consider a solution z to (23) and assume that 0 < veo(0) < 1 for
all 0 € K, where K is a compact subinterval of S with nonempty interior. Then
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there is a ¢ € C*°(K, [Rz) such that |@(0)| = 1 for all 6 € K and
Iz(z.) = ¢llcr kr2y < T (r)e ™27,
where a = infge g Voo (0) and Iy, is a polynomial in t.
Remark. Tt is allowed to take K = SI.

Proof. Due to the section on uniform convergence in [21], we conclude that
p/ T converges uniformly to v in K. Using (37), we conclude that z(z,-)/|z (7, )|
converges uniformly. Finally |z(z,-)| converges uniformly to 1. Consequently,
z(t,-) converges uniformly to a continuous function ¢. Let 8 € K. After having
performed an inversion if necessary, we can assume that z(z, #) does not converge
to 1; cf. (98). Looking at the solution in the PQ-plane, keeping (22) in mind,
we conclude that P(t, #)/t must converge to veo(8). Due to Proposition 2, we
conclude that there must be smooth expansions in a neighborhood 7 of 6. Applying
$rp to the solution we see that z(z, -) has to converge exponentially in every C¥
norm on / to a smooth function. Using the compactness of K, we get the global
statement of the lemma. O

Note that an inversion in the P J-plane corresponds to the isometry —Z in the
disc model; i.e.

(98) drp oInvo gz (z) = —Z.

LEMMA 21. Let (Q,P)eSpandz =¢rpo(Q, P). Assume 0 < voo(6p) < 1.
Note that then there are an open neighborhood Iy of 6y and a ¢ € C*°(1y, C) such
that |¢| = 1 and z(t,-) converges to ¢ in any Ck norm on Iy. The following two
statements are equivalent:

o Oy € S' is a nondegenerate false spike of (Q, P),

* 9(6o) = 1 and pg(6o) # 0.

Proof. Let (Q1, P1) =Inv(Q, P) and z; = —Z. Regardless of whether 6y is
a nondegenerate false spike or ¢(6p) = 1, we get the conclusion that (Q1, P1) has
smooth expansions of the form (9)-(12) in a neighborhood /¢ of 6y; cf. Proposition
2. Say that QO converges to ¢;. Then

Ot Pi—1) g1 —i
Qi+i(e™Pr+1) qr1+i

Z1

where - -+ represents terms that converge to zero exponentially in the C ! norm on
Iy. We conclude that

_611+i
qgi—i

99) ¢ =
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From this it is clear that the conditions ¢g1(6p) = 0 and g14(80) # 0 are equivalent
to the conditions ¢(6g) = 1 and g (6y) # 0. Note that the fact that g1 (6p) = 0 and
the fact that we have expansions of the form

Q1=q1+e 2> Y+ 0(e )], P1=vooT+¢+ O )
imply that
lim Pr(‘L', 90) = —UOO(Q()).
T—>00
O

It will be convenient to have a different characterization of the concept of a
nondegenerate true spike.

LEMMA 22. Let (Q, P) € &) and assume that
(100) 1 < lim Py(t,6p) <2
T—>00
for some Oy € S1. Then Q converges to a smooth function q in a neighborhood of

0o, and the convergence is exponential in any C k norm. Furthermore, qe(60) =0
and the following two statements are equivalent:

Oy is a nondegenerate true spike,
* qgg(6o) # 0.
Proof. Let
(Q2, P2) =InvoGEy 1,.6,(Q. P)
for some ¢, 79, 6p. Then
rlggo P22 (7,0p) = voo(tp) — 1.

By Proposition 2, there are asymptotic expansions of the form (9)—(12) in a neigh-
borhood of 6. Since

(le Pl) = InV(QZv P2) = (Q’ P) = GEQ(‘E(),GQ),‘[(),G()(QL Pl)’

we can compute

09 =—e2P101, =e?P20205, — 02: —2P». 0.

By the existence of the expansions, Q> converges to ¢, e2P2 Q2; to rp and Py
converges to vy. The convergence is exponential in any C k_norm in a neighborhood
of 6. Note that g2(6p) = 0. We conclude that Qg converges to

qo = 1295 — 20242

exponentially in any C¥-norm, so that ¢4 (fy) = 0. Note that Q(z, fy) converges
due to the fact that P;(t, y) converges to a positive number and the fact that e?’ Q.
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is bounded. Thus we are allowed to conclude that Q converges to a smooth function
¢ in a neighborhood of 6y and that the convergence is exponential in any C k _norm.

If 6y is a nondegenerate true spike, then g2 (6g) =0, g9 (o) 7 0 and v (6g) #O.
We conclude that the second characterization holds. Assuming ggg(6p) # 0, we
get the first characterization, since ¢, (6p) = 0 by construction. O

COROLLARY 6. Let (Q, P) € ¥, and assume that Oy € S is a nondegenerate
true spike. If Q(z, 0p) converges to a nonzero value, then 8y is a nondegenerate

true spike of (Q1, P1) =Inv(Q, P).

Proof. By the second characterization of a true spike given in Lemma 22, we
know that Q converges to a function ¢ such that gg(69) = 0, but ggg(80) # 0. Since
q(6o) # 0, we know that P1(t, 6p) converges to voo(6p) so that by Lemma 22,
01 has to converge to a smooth function ¢; exponentially in any C¥-norm in a
neighborhood around 6. Since

0
0= 071 2P
we conclude that g; = 1/¢g. Due to the properties of ¢, we have that 6y is a
nondegenerate true spike of (Q1, P1). O

LEMMA 23. Let (Q,P) € ¥ and z = ¢rp(Q, P). Assume that for all
0 eSS 0<[l—vu(0)]? < 1. Then z(z,-) converges to a smooth function ¢ such
that |¢| = 1, and the convergence is exponential in any C k_norm. Furthermore,
assuming 1 < veo(60) < 2, @9(6p) = 0 and the following two statements are
equivalent:

Oy is a nondegenerate true spike,
* (o) # 1 and pgg # 0.

Proof. Using arguments as in the proof of Lemma 20, one sees that in a
neighborhood of a point & where 0 < vo,(0) < 1, z(z, ) converges exponentially
in any C¥-norm to a function ¢. If 1 < veo(#) < 2 we can apply an inversion, if
necessary, in order to obtain the conclusion that z(t, 8) converges to something
different from 1. Viewing the solution in the P Q-variables, we have

Tim_Pe(r,6) = voo(6).

Let
(Qz, P2) = InVOGEQO,TO,QO(Q’ P)

Just as in the proof of Lemma 22, we get smooth expansions and the conclusion that
Q converges to a smooth function g. Furthermore, the convergence is exponential
in any C k_norm. Using the notation of the proof of Lemma 22, we have

€_P — ePI—‘C — €P2_I(Q§+€_2P2).
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Since the asymptotic velocity associated with (Q», P») is strictly less than one, we
conclude that e =P converges to zero exponentially in any C¥-norm. Since

L_ Qi -
T O+i(eP+1)

we conclude that z(z,-) converges to (¢ —i)/(g + i) exponentially in any C*-
norm. Note that since gg(6) = 0 by Lemma 22, we obtain ¢g(8) = 0. Inverting the
solution, if necessary, we conclude that there is a neighborhood of 6 such that z(z, -)
converges to a function ¢, exponentially in any C k norm. Since S! is compact,
there is a ¢ € C*°(S!, C) such that |¢| = 1 and z(t, -) converges exponentially to
¢ inany C k_norm.

Assume that 0y is a nondegenerate true spike. Then, as argued above, Q
converges to ¢ and e~F converges to zero, and the convergence is exponential
in any C¥-norm in a neighborhood of #y. Consequently ¢ = (¢ —i)/(q + i)
in a neighborhood of 8y. Since g(6p) € R, gg(6o) = 0 and ggg(6o) # O, the
second characterization holds. Assuming that the second characterization holds,
we conclude that Pz (z, 8p) tends to veo (fp), so that Q converges to ¢, e~ to zero
and ¢ = (¢ —i)/(q +i). We conclude that 6y is a nondegenerate true spike using
the second characterization of Lemma 22. |

10.3. Density of the generic solutions. We prove that the generic solutions are
dense in the full set of solutions by an induction argument. The following lemma
constitutes the zeroth step.

LEMMA 24. Let z € WUy NFp. Then there is a sequence of z; € ¥ such that

e z; converges to z in the C*® topology on initial data,

e ifco[z] = O then colz;] =0,

e 0 <voolz](8) < 1forall®eS?,

o z;(t,-) converges to ¢ € C®(S, C) such that |¢;| = 1 and if ¢;(0) = 1, then
p16(0) # 0.

Remark. Note that in particular, the number of 6 for which z; converges to 1
is finite.

Proof. Let the sequence z; be as in the statement of Corollary 5 and ¢; denote
the limit of z;(z,-). By Lemma 20, ¢; € C®(S!,C), with |¢;| = 1. Let .,
denote the image under ¢; of the set of points where ¢;9 = 0. By Sard’s theorem,
the measure of J; is zero, and consequently the union of the Jl;, say Jl, has
measure zero. We conclude that there is a sequence y; € R, yr — 0 such that if
@1 (0) = €'k then @;9(0) # 0. Given [, let us choose a k; such that d(z;, 7)) <1/1,

where z; = e 1 z; and d is a metric reproducing the C ®-topology on initial data.
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Note that the sequence z; has the same properties as the sequence z;. Furthermore,

if z;(z, 0) — 1, then ¢; (6) = e'7k1 50 that ¢ (0) # 0. The set of points for which
Z; converges to 1 is thus discrete so that it is finite. O

COROLLARY 7. 9is dense in W1 NSy and G is dense in U1 N SFp ¢
Proof. The conclusion follows by combination of Lemmas 21 and 24. O

LEMMA 25. Assume § is dense in WUx NSy for some k € N, k > 1. Consider a
solution (Q, P) to (2), (3) with 8 € R and an interval I = [0y, O] with0 < |I| <2n
such that

—(k—1+2e< lim P (1,0)<k+1-2¢
T—>00
forall 8 € I and some 0 <& < 1/2. Then, given 0 <§ < |I|/2, there area T and a
sequence (Qy, Pr) of solutions to (2), (3) such that
e (Qy, P;) converges to (Q, P) in the C topology on initial data,
e (Qy, Py) coincides with (Q, P) for t > T outside of [T, 00) x I,

o in[01+438,0>—38], P;(t,0) converges to a number in the interval (0, 1) except
for a finite number of points in which the limit belongs to the set (—1,2),

e ifk =1, then P (1, 0) converges to a number in the interval (0, 1) in [01 +
8,6, — 8] except for a finite number of nondegenerate true spikes, where
0 (z, 0) converges to a nonzero number.

Proof. In the present proof, we shall speak of several different solutions; z, z;
etc. If we then speak of (Q, P), (Q», P») etc., we shall take it to be understood that
z=¢rp(Q, P), z2 =¢rp(Q2, P,) etc. and vice versa. Furthermore, the proof
consists of several simple steps. Since there are many of them, we shall however
state the simple conclusions of the steps clearly.

Step 1, definition of z,. Let
(QZ’ P2) =Invo Gqu,r1,01 (Q’ P)v
for some choice of g1, 71, 01. We get
—k+2e < lim Pay(7,0)<k-—2¢
T—>00
forall 6 € I.

Step 2, definition of z'. Let n < (2w —|I|)/2 and z’ be an &, n-cutoff of z,
around I with cutoff time 7. Note that we can view z’ as a 27 -periodic solution to
(23), and that z' € U N Sp.

Step 3, definition of Z. Let us consider z’ to be a function from R? to D. Let
(Q,P)=S(Q’, P'), where

(101) S = GEg(r,0,),1,6, ©InV.
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Then Z = z in [T, 00) x I. The reason is that if one takes the square of the Gowdy
to Ernst transformation, the resulting P, Qg and Q- are the same as the ones we
started with. The only freedom is a constant, which we have set to be the right one
in the definition of S.

Step 4, definition of Z;. By assumption, there is a sequence z; € ¢ converging
to z’. By Sard’s theorem we can shift each solution an arbitrarily small distance in
the Q-direction in order to obtain the following conclusion: if

(102) Py (7,0) = voo[z7]1(6) and Qj(z,0) — 0,

then veo[z;](0) < 1 and Q;’e(r, f) converges to a nonzero number. The reason
is the following. By assumption, Z; only has a finite number of true spikes. For
each true spike Pl,,‘[ converges to the corresponding voo[zg ], so that Q; converges
to some value. Let us denote the set of limit values of Q; for nondegenerate true
spikes by A;. Note that A; is finite. Any translation outside of —A; will ensure that
the limit of Q for the resulting solution is nonzero for each nondegenerate true spike.
We can thus assume without loss of generality that (102) implies voo[z;](0) < 1.
Since A; is finite this statement is stable under small perturbations. The rest follows
by Sard’s theorem.

Step 5, definition of %;. Let (O}, P;) = S(Qj. P/), where we view z; and Z;
to be functions from R? to D. Since S is a continuous map with respect to the
C°°-topology on initial data, we conclude that Z; converges to Z with respect to
this topology. Since Z = z in [T, 00) X I, we conclude that Z; converges to z with
respect to the C°°-topology on initial data on the interval {t} x [ forall t > T.

Note that in 7, ﬁl’f converges to a number in the interval (0, 1) except for a
finite set of points in which it converges to an element in (—1,2). If k = 1, and if
ﬁl,r (z, 6) does not converge to a number in (0, 1), then 6 has to be a nondegenerate
true spike by construction. By shifting an arbitrarily small distance in the Q-
direction, we can assume that if 6 is a nondegenerate true spike, then 0,(z,0)
converges to a nonzero number. Letting z; be a §-interpolation between z and Z; in
I yields the conclusions of the lemma. O

Let us denote by U 41 ¢ the set of solutions z € AUy for which there is a
0 € R such that v [2](0) < k.

LEMMA 26. Assume that § is dense in WUy N F) for some k > 1. Then
WUg 1,6 NFp is dense in W1 NSFp and WUy 1,g NS p ¢ is dense inUg 11 N Fp c.

Proof. Letz € U1 NFp but z €Uy 1 ¢ NSFp. Then voo[z] > k forall 0 € St
By performing an inversion on z, if necessary, and viewing it in the P Q-variables,
we have
lim P(t,0) = ve0(0)
T—>00
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for all § € S1; cf. Theorem 5. Let I be an interval with 0 < |/| <27,0<8 < |I]/2
and let (Q;, P;) be a solution as constructed in Lemma 25. Denote the corresponding
solution in the disc model by z;. By construction, z; has points in / such that
Voo[z7] < 1. Let J be a compact subinterval in the complement of / with nonempty
interior. If co[z] = 0, let Z; be an I, J correction to z;. Otherwise, let Z; = z;. Then
Z; has the desired properties, since AUy is open by Lemma 18. O

LEMMA 27. G is dense in Uy NSy and G is dense in WUy N Fp c.

Proof. Let z € AUy NFp. If voo[z] < 1, we can apply Corollary 7, so let us
assume that this is not the case. Due to Corollary 7 and Lemma 26, we can assume
that there is a 6y € S such that 0 < vso[z](0p) < 1. The lower bound is due to the
fact that (1 — veo[2])? is continuous under the conditions of the present lemma; cf.
[21], and the fact that veo[z] <2 — & for some & > 0 due to the semicontinuity of
Uoo; cf. Theorem 1. Let Iy be a closed interval containing 6y in its interior such
that 0 < veo[z] < 1 in Ig. Let @ € ST be such that veo[z](9) > 1 and let Ig 1 be the
maximal interval containing ¢ such that veo[z] > 1 in I ;. Considering Inv(Q, P)
instead of (Q, P), if necessary, we can assume that

Jim Pr(7,0') = voo[2](6)

in g 1; cf. Theorem 5. Then there is a closed interval /g containing Iy ; in its
interior, an ¢g > 0 and a Ty such that

1 _ _
(103) 53 [(Pe— 17 Pp)> + €7 (Qc £¢7700)llcoqay, . iy < 1280
+

for all T > Ty. Note that the left-hand side is monotonic by [21]. We can assume
that /o and Iy are disjoint and that 0 < v [z] < 1 on the boundary of I4. Since V',
defined in Lemma 19 with k = 1 is compact (due to Lemma 19 ) and the interiors
of the Iy form an open covering of V', we can find 6y,...,6; € ST such that the
interiors of /; = Iy, cover V';. We can assume that no /; is contained in the union
of the I; for j #i. As a consequence, no pointin S! is contained in the intersection
of three different /;, since the I; are intervals. For the sake of argument, let us
assume that /; intersects one of the other intervals. Let & € I be such that it does
not belong to any other of the intervals. Moving to the right inside 71, let 6’ be the
first point belonging to, say, /1 N [;. If there is no such point we are done. Then
0’ € d1; so that 0 < veo[z](0") < 1. We can then redefine I by letting the right
most boundary point be a point ] somewhat to the left of 6. We can assume that
0 < voo[z](67) < 1. We can repeat the argument going to the left. The redefined
Iy, has the same properties as /g, , and additionally, it does not intersect any of the
other I;. We can repeat the procedure with all the /;, and can consequently assume
that no two [; intersect each other.
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Let T =max{Ty,,..., Ty, } and e =min{eg,, ..., &g, }. Consider I1 = [0, Op].
After applying an inversion if necessary, we have (103). We are thus in a position
to use Lemma 25, since we have Corollary 7. Let § > 0 be small enough that
0 <veolz] < linIs 4 = [04 —§, 0, + 8], and similarly in 5 , defined analogously.
Apply Lemma 25 to I, §, with § as above. We then get a T} and a sequence of
solutions (Q;, P;) with the properties stated in that lemma. By the definition of g,
we know that ve[z;] belongs to (0, 1) in /5 , and I5 j for / large enough due to
Lemma 13. By Corollary 6, the only exception to 0 < veo < 1 in [0, + 8, 0 — 8]
is a finite number of nondegenerate true spikes. We may of course have some
false spikes. We can repeat the procedure in I, ..., [;. If there are points with
Voo[2z] = 0, we can deal with them as in the proof of Corollary 5. Furthermore, we
can do the necessary operations while still keeping away from Iy, ..., I. Finally,
we can arrange c¢o[z;] to be zero by doing a suitable correction, only modifying the
solution inside /9. What remains is then the problem that there can be infinitely
many false spikes. Due to Lemma 23, we conclude that z;(z, -) converges to a
smooth function ¢;. By Sard’s theorem, the measure of the image of the set of points
at which ¢;9 = 0 is zero. We can thus rotate the solution by an arbitrarily small
angle in order to obtain a solution with the property that every time ¢;9 =0, ¢; # 1.
Note that the rotation will map nondegenerate true spikes to nondegenerate true
spikes, and that the rotated solution will only have a finite number of nondegenerate
false spikes. Finally, beyond the finite number of nondegenerate true and false
spikes, P; converges to a number in the interval (0, 1). O

Proof of Theorem 2. We proceed by induction. Let us assume that 4 is dense in
Fp NUg. Note that this is true for k = 2 due to Lemma 27. Let z € Uy NFp. By
Lemma 26, we can assume that z € Uy 1, NFp. Let 1o be a compact interval with
nonempty interior such that vso[z] < k in Ip. By an argument which is basically
identical to the beginning of the proof of Lemma 27, we get intervals I, ..., I;
with the property that %', defined in Lemma 19, is contained in the union of the
interiors of the /;. Furthermore, the /; are disjoint, and there are an ¢ >0 and a T’
such that after applying an inversion if necessary,

—(k—1)+2e< lim P(1,0) <k +1-—2¢,
T—>00

for 6 € I;. Finally, vs[z] < k on the boundary of /;. We use the notation
I; = [0i1,6;2], and I;; 5 = [0;; — &,0;; + 8]. Since voo[z](8;) < k, there are,
assuming § to be small enough, a £ > 0 and a T’ such that

eTTFy,, 4[2](0) < (k —26)2

for all T > T’. We can now apply Lemma 25 to each of the intervals I; using
8 as above. We thus get a sequence of solutions (Q,,, Py) converging to the
original solution and coinciding with the original solution for T > 7" outside of
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[T, 00) x Ull-zlli, for some T"”. For m large enough, we have
e_tFI,'j_s [Zm](f) = (k - 5)2

for all i, j and r > T"” for some T"". By construction we have voo[z] < k on S
since k > 2. If we had cg[z] = O to start with, we can use /¢ to correct z, so that
we have co[z;,] = 0. In doing so, we do not violate the condition veo[z] < k, for
m large enough, due to an argument similar to the proof of Lemma 18 with S!
replaced by /o. The theorem follows by induction since z € ¥, implies z € Uy for
somek eN, k> 1. O
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