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Abstract

We prove the B. and M. Shapiro conjecture that if the Wronskian of a set of
polynomials has real roots only, then the complex span of this set of polynomials
has a basis consisting of polynomials with real coefficients. This, in particular,
implies the following result:

If all ramification points of a parametrized rational curve ¢ : CP! — CP’ lie
on a circle in the Riemann sphere CP!, then ¢ maps this circle into a suitable real
subspace RP" C CP".

The proof is based on the Bethe ansatz method in the Gaudin model. The
key observation is that a symmetric linear operator on a Euclidean space has real
spectrum.

In Appendix A, we discuss properties of differential operators associated with
Bethe vectors in the Gaudin model. In particular, we prove a statement, which may
be useful in complex algebraic geometry; it claims that certain Schubert cycles in a
Grassmannian intersect transversally if the spectrum of the corresponding Gaudin
Hamiltonians is simple.

In Appendix B, we formulate a conjecture on reality of orbits of critical points of
master functions and prove this conjecture for master functions associated with Lie
algebras of types 4,, B, and C;.

1. The B. and M. Shapiro conjecture

1.1. Statement of the result. Fix a natural number » > 1. Let V C C[x] be a
vector subspace of dimension r + 1. The space V is called real if it has a basis
consisting of polynomials in R[x].
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For a given V, there exists a unique linear differential operator

dr+l
D = pREa +)Ll(x) —+- —I—)Lr(x) +)Lr+1(x)

whose kernel is V. This operator is called the fundamental differential operator of
V. The coefficients of the operator are rational functions in x. The space V is real
if and only if all coefficients of the fundamental operator are real rational functions.

The Wronskian of functions f1,..., f; in x is the determinant
M Q-1
fi 2 S
f [0 0 -1
2 J2 2

Wr(fi,..., fi) = det

]'q .'<1) ______ .(i.—l)
1 1 1
Let f1,..., fr+1 be abasis of V. The Wronskian of the basis does not depend

on the choice of the basis up to multiplication by a number. The monic representative
is called the Wronskian of V' and denoted by Wry .

THEOREM 1.1. If all roots of the polynomial Wry are real, then the space V
is real.

This statement is the B. and M. Shapiro conjecture formulated in 1993. The
conjecture is proved in [EG02b] for r = 1; see a more elementary proof also for
r = 1 in [EGOS]. The conjecture, its supporting evidence, and applications are
discussed in [EG02b], [EG02a], [EGO05], [EGSVO06], [ESS06], [KS03], [RSSS06],
[Sot97a], [Sot97b], [Sot99], [Sot00b], [Sot03], [Sot00a] and [Ver00].

1.2. Parametrized rational curves with real ramification points. For a projec-
tive coordinate system (vy :---: vr41) on the complex projective space CP", the
subset of points with real coordinates is called the real projective subspace and is
denoted by RP".

Let ¢ : CP! — CP” be a parametrized rational curve. If (1 : u5) are projective
coordinates on CP! and (vy :---: v,41) are projective coordinates on CP”, then ¢
is given by the formula

¢ (uriuz) = (p1(ur,uz) -+ 1 dryp1(ur, uz)),

where ¢; are homogeneous polynomials of the same degree. We assume that at
any point of CP! at least one component ¢; is nonzero. Choose the local affine
coordinate = u1 /u on CP! and local affine coordinates vy /vy 41, ..., Vr/Vr+1
on CP”. In these coordinates, the map ¢ takes the form

| A )
f‘””(frﬂ(u)’”"frﬂ(u)

(1.1) ) where f;(u) = ¢;(u, 1).
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The map ¢ is said to be ramified at a point of CP! if its first r derivatives
at this point do not span CP" [KS03]. More precisely, a point u is a ramification
point if the vectors U (u),..., £ (u) are linearly dependent.

We assume that a generic point of CP! is not a ramification point.

THEOREM 1.2. If all ramification points of the parametrized rational curve ¢
lie on a circle in the Riemann sphere CPY, then ¢ maps this circle into a suitable
real subspace RP"™ C CP.

A maximally inflected curve is, by definition [KS03], a parametrized real
rational curve whose ramification points are all real. Theorem 1.2 implies the
existence of maximally inflected curves for every placement of the ramification
points.

Theorem 1.2 follows from Theorem 1.1. Indeed, if all ramification points lie
on a circle, then after a linear change of coordinates (u] : u3), we may assume that
the ramification points lie on the real line RP! and that the point (0 : 1) is not a
ramification point. After a linear change of coordinates (vy : -+ : vr4+1) on CP",
we may assume that ¢, 1 is not zero at any of the ramification points. Let us use
the affine coordinates ¥ = u1/u, and vy /vr+1,...,Vr/Vr+1, and formula (1.1).
Then the determinant of coordinates of the vectors £V (u), ..., £ (u) is equal to

f fr
Wr(frj_l e f,-+1 s 1)(“) (f )r+1 Wl‘(fl, .. ’fr’fr—i-l)(u)-

Hence the vectors f‘V(u),..., £ (u) are linearly dependent if and only if the
Wronskian of f1, ..., fy+1 at u is zero. Since not all points of CP! are ramification
points, the complex span V' of polynomials fi,..., fr41 is an (r + 1)-dimensional
space. By assumptions of Theorem 1.2, all zeros of the Wronskian of V' are real. By
Theorem 1.1, the space V is real. This means that there exist projective coordinates
on CP” in which all polynomials f1,..., fr+1 are real. Theorem 1.2 is deduced
from Theorem 1.1.

1.3. Reduction of Theorem 1.1 to a special case.

THEOREM 1.3. If all roots of the Wronskian are real and simple, then V is
real.

We deduce Theorem 1.1 from Theorem 1.3. Indeed, let Vy be an (r +1)-
dimensional space of polynomials whose Wronskian has real roots only. Let d be
the degree of a generic polynomial in Vj.

e Let C;[x] be the space of polynomials of degree not greater than d.

e Let G(r 4+ 1, d) be the Grassmannian of (r 4+ 1)-dimensional vector subspaces
in (Ed [x]
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* Let P(C(;41)(a—r)[x]) be the projective space associated with the vector space
Cir+1@—nlx]-

The varieties G(r + 1,d) and P(C(, 41)(q¢—r)[x]) have the same dimension. The
assignment V' +— Wry defines a finite morphism

m:G(r+1.d) = P(Cqui1ya—nlxD:

see for example [Sot97b] and [EG02b]. The space Vj is a point of G(r + 1,d).

Since 7 is finite and Vp has Wronskian with real roots only, there exists a
continuous curve € > Ve € G(r + 1, d) for € € [0, 1) such that the Wronskian of V
for € > 0 has simple real roots only. By Theorem 1.3, the space V is real for € > 0.
Hence, the fundamental differential operator of V, has real coefficients. Therefore,
the fundamental differential operator of Vj has real coefficients and the space Vj is
real. Theorem 1.1 is deduced from Theorem 1.3.

1.4. The upper bound for the number of complex vector spaces with the same
exponents at infinity and the same Wronskian. Let f1,..., fr+1 be a basis of V
such that deg f; = d; for some sequence d = {d; <--- <d,4+1}. We say that V has
exponents d at infinity. If V' has exponents d at infinity, then deg Wry = n, where
n= er:ll (di —i+1). Let T = [[5_;(x — z5) be a polynomial in x with simple
(complex) roots z1. . .., z,. Then the upper bound for the number of complex vector
spaces V' with exponents d at infinity and Wronskian 7 is given by the number
N(d) defined as follows.

Consider the Lie algebra sl 41 with Cartan decomposition

shy1=n-©Hhdny

and simple roots «q,...,a, € h*. Fix the invariant inner product on h* by the
condition (¢;, «;) = 2. For any integral dominant weight A € h*, denote by L p
the irreducible sl,41-module with highest weight A. Let w, € h* be the last
fundamental weight.

Fori =1,...,r, introduce the numbers

Li=Y0_y(dj—j+1)

and the integral dominant weight

(1.2) Ad)=no, =Y _; lia;.

Set N(d) to be the multiplicity of the module L 4 (g) in the n-fold tensor product
L3 =Ly, ® @ Lo,

According to Schubert calculus, the number of complex (7 4 1)-dimensional
vector spaces V' with exponents d at infinity and Wronskian 7 is not greater than the
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number N(d). This is a standard statement of Schubert calculus; see for example
[MV04, §5].
Thus, in order to prove Theorem 1.3, it is enough to prove this:

THEOREM 1.4. For generic real zy, . . ., zy, there exist exactly N(d) distinct
real vector spaces V with exponents d at infinity and with Wronskian T =[5_, (x—

Zs).

1.5. Structure of the paper. In Section 2, for generic complex zy, ..., z,, we
construct exactly N(d) distinct complex vector spaces V' with exponents d at
infinity and Wronskian 7. In Section 3, we show that all of these vector spaces are
real if zq,. .., z, are real. This proves Theorem 1.4.

The constructions of Sections 2 and 3 are the Bethe ansatz constructions for
the Gaudin model on L3".

In Appendix A, we discuss properties of differential operators associated with
the Bethe vectors in the Gaudin model and give applications of the Bethe ansatz
constructions of Section 3. In particular, we prove Corollary A.3, which may be
useful in complex algebraic geometry; it claims that certain Schubert cycles in a
Grassmannian intersect transversally if the spectrum of the corresponding Gaudin
Hamiltonians is simple; cf. [EH83] and [MV04].

In Appendix B, we formulate a conjecture on reality of orbits of critical points
of master functions and prove this conjecture for master functions associated with
Lie algebras of types A,, By, Cy.

2. Construction of spaces of polynomials

2.1. Construction of (not necessarily real) spaces with exponents d at infinity

and with Wronskian T = [ [_, (x —zs) having simple roots. Write z=(z1, ..., Zy).
Introduce a function of /{ + - - - + [, variables
0 (1) @) )
=1 ,. TN ST

by the formula

2.1) q)d(t;Z) — l_[ H(t(r) Zs) 1 1_[ 1_[ (l) (i))2

j=1s=1 i=11<j<s<l;

r—1 I; i

% l_[ l_[ l_[([(l) t(l-l—l)

i=1j=1k=1

The function ®4 is a rational function of ¢, depending on parameters z. The function
is called the master function.
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The master functions arise in the hypergeometric solutions of the KZ equations
[SVO1], [Var95] and in the Bethe ansatz method for the Gaudin model [RV95],
[SVO03], [MVO00], [MVO04], [MVO05], [Var06]. For more general master functions,
see Appendix B. In particular, the master function (2.1) corresponds to the collection
(wr, ..., wy) of integral dominant s/,4; weights and the integral dominant weight
A(d); see (1.2).

The product of symmetric groups ¥; = ¥j, x---x X;_acts on the variables ¢
by permuting the coordinates with the same upper index. The master function is
Y j-invariant.

We call a point ¢ with complex coordinates a critical point of ®g4(-; z) if

—109P - '
(Cb"lazfg)(t;z):o fori=1,....,rand j =1,...,1[;.
J

In other words, a point ¢ will be called a critical point if the system

I8 I

2 1
(22) 0=- Z t(-l)—t(l) +Zt(-1)—t(2)’
s=1,5#j J s s=1"J s
I ) li—1 | lit |
0=- Z D0 + Z (D _1G—D + Z (O _GFD
s=1,5%#j J s s=1"J s s=1"J s

Iy lr—1

n
1 2 1
0= Z " _ Z ) _ + Z r_ -1
[ 17— L=l

s=1"J Sos=1s#) ) s=1
of I1 + .-+ + I, equations is satisfied, where j = 1,...,/; in the first group of
equations, i =2,...,r—1land j =1,...,/; in the second group of equations, and
Jj =1,...,1, in the last group of equations. We require that all denominators in

these equations are not equal to zero.
In the Gaudin model, the equations (2.2) are called the Bethe ansatz equations.

The set of critical points of ®4(-;z) is X;-invariant.
For a critical point ¢, define the tuple y! = (y1,..., y,) of polynomials in
variable x by

li
2.3) yi(x) = H(x—t}i)) fori =1,...,r.
=1

Consider the (r + 1)-st order linear differential operator
D1 = (= () (G5~ () (5w (52) (G ~w'ow),

where In’( /) denotes (df /dx)/f for any f. Denote by V; the kernel of Dy.
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Call Dy the fundamental operator of the critical point t, and call V; the
Sfundamental space of the critical point t.

THEOREM 2.1 [MVO04, §5]. The fundamental space Vy is an (r + 1)-dimen-
sional space of polynomials with exponents d at infinity and Wronskian T. The tuple
y! can be recovered from the fundamental space Vy as follows. Let f1, ..., fr+1 be
a basis of V¢ consisting of polynomials with deg f; = d; for alli. Then y1,...,
are respective scalar multiples of the polynomials

fi. Wr(f1, f2). Wr(fs f. f3). - Wi fr).

Thus distinct orbits of critical points define distinct (» + 1)-dimensional spaces
V with exponents d at infinity and Wronskian 7.

THEOREM 2.2 [MVO05, Th. 6.1]. For generic complex z1, ..., z,, the master
Sfunction ®4(-; z) has N(d) distinct orbits of critical points.

Therefore, by Theorems 2.1 and 2.2, we constructed N(d) distinct spaces of
polynomials with Wronskian 7. All these spaces are fundamental spaces of critical
points of the master function ®4(-; z).

3. Bethe vectors

3.1. Generators. Let E; j fori, j =1,...,r + 1 be the standard generators
of gl, 4. The elements E; ; fori # j and H; = E;; — E;y1,;+1fori =1,...,r
are the standard generators of sl,4+1. We have sl, 41 =ny & H P n_, where

.
ny =PC-E,;. bs=PC-H. n=EC E,.

i<j i=1 i>j
3.2. Construction of Bethe vectors. For . € h*, denote by Lgr" [] the vector
subspace of Lfr” of vectors of weight u and by Sing L%’r” [i] the vector subspace
of singular vectors of weight u, that is,
L(%’r"[u] ={ve Lgr" | hv = (u, h)v for any h € b},
Sing L%r"[u] ={ve Lffr" [npv =0, hv = (u, h)v for any h € b}.
Foragivenl = (I1,...,l),setl =1y +-- -+, and p = nwy, — > j_,; lia;. Let

C! be the space with coordinates t]‘-i) fori =1,...,rand j =1,...,I;, and let C"
be the space with coordinates z1, ..., z;. We construct a rational map

w:ClxC"— L%r”[u]
called the universal weight function.

Let P(I,n) be the set of sequences I = (ill, .. .,i,il; S L .,i,’c’n) of inte-
gersin {1,...,r}suchthatforalli =1,...,r, the integer i appears in / precisely
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[; times. For I € P(l,n), the [ positions in [ are partitioned into subsets /1, ..., I,
where I; consists of positions of the integer i. To every position § in I, assign
an integer j;' such that {j;' | § € I;} ={1,...,l;}. Foro = (01,...,07) € Xy,
denote by 77 (} ;o) the variable t((rii)(j)’ where i =1i; and j = j;’ and 07 (j) denotes
the image of j under the permutation o;. For a given o, the assignment of this
variable to a position establishes a bijection of / positions of / and the set {t(l)

Lt pee Y

REREERTSUNRRRNY i &

Fix a highest weight vector v, in Ly,. To every I € P(l,n), assign the

vector

Erv==Ej ;1 Ez,§1+1,i,§l Vo, ® @ Ejnyyin-- Ein 410 Vo,
in L&"[u] and scalar functions wy, o labeled by o = (01,...,0r) € Xj, where
W.g = wl,a,l(zl) .- -wl,a,n(zn) ,
1
a)[’(,’j(Zj) = - ; : ; - .
(tI(JQU)—fI@;U))“'(fl(ljcj_ﬁa)_tl(/](j?U)) (ll(ij;(f)—zj)
We set

3.1 w(t;z) = Z Z wreErv.

IeP(l,n) oy
The universal weight function is invariant with respect to the ¥j-action on vari-
ables t](.” .

The universal weight function was introduced in [Mat90] and [SV91] to solve
the KZ equations. The other formulas for the universal weight function can be
found in [RSVO05].

Examples. If n=2and l = (1,1,0,...,0), then
E21E3200, ® Vg, E32FE> 100, ® Ve,
(til)_tEZ))(t{Z)_Zl) (t(2) l{l))(l(l) 1)

E> 100, @ E32V0,  E32Vp, ® E21Vy,

(Zil) 1)(l(2)—22) (1{2)_21)0{1)_22)
Vo, ® E21E3200, Vo, ® E32E2 104,
1 2 2 2 1 1 :
(l( ) l‘{ ))(l( ) ) (t( ) l{ ))(l( ) 2)

w(t;z) =

Ifl =(2,0,...,0), then
( 1
(l(l) 1))(I(1) ) (Z(l) til))(til) Zl)

1 1
+ ( )Ez,lvw, ® E2,1V0,
(Zil) 1)(1(1)_22) ([(1) 1)([{1)_22)

w(t;z) =

2
)EZ,IUwr ® Vo,

+( !
(til) D)(l(l) Z) (l(l) l{l))(lil)—

2
)Uwr ® E3 1 Vo, -
Z,)
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The values of the universal weight function at the critical points of the master
function are called the Bethe vectors.

The Bethe vectors of critical points of the same X;-orbit coincide, since both
the critical point equations and the universal weight function are X;-invariant.

The universal weight function takes values in Lg’r” [p]. Butif ¢ is a critical
point of the master function, then the Bethe vector w(?; z) belongs to the subspace
of singular vectors Sing Lgf” (] C L?jr” []; see [RV95] and comments on this fact
in [MVO05, §2].

By Theorem 2.2, the master function ®4(-;z) has N(d) distinct orbits of
critical points for generic z. Form a list ¢!, ..., ¢V of representatives in each of
the orbits. These critical points define a collection of Bethe vectors w(t 1. zZ),...,
w(@N@): z) belonging to Sing Lg’r" [#]- The space Sing Lg’r” [¢] has dimension
N(d).

THEOREM 3.1 [MVO05, Th. 6.1]. For generic z, the Bethe vectors form a basis
in Sing LE" [u].

3.3. The Gaudin model. The Gaudin Hamiltonians on Sing Lg?r” [] are certain
linear operators acting on Sing Lgf [1] and (rationally) depending on a complex
parameter x. We use the construction of the Gaudin Hamiltonians suggested in
[TalO04] and [CTO04]; see also [MTV06]. We consider the sl 1-module L, as the
gl,+1-module of highest weight (0,...,0, —1).

To define the Gaudin Hamiltonians consider the differential operators

n (s)
Xi,j(x)zgi,jj—x—ZxEL foralli,j=1,...,r +1,

_ZS

where §; ; is the Kronecker symbol and E;fi) =1®"VQE;; ® 1"~ These
differential operators act on L8"-valued functions in x. The order of X;; is one if
i = j and is zero otherwise.

Set

(32) M = Z (—1)6Xl,o—(l)(x)XZ’g(z)(x) e Xr+1,g(r+1)(x),
UGEr+1

where (—1)? denotes the sign of the permutation. The operator M is the row-
determinant of the matrix (Xj;;).
For example, for r = 1, we have

n E(s) n E(s) n E(s) n E(s)
M- (XS ) (N ()

§= §= §= s=1
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Write
dr+1
M = P +M1(x) — 4+ My (x),

where M;(x) : Lg’r” — Lg’r” are linear operators depending on x. The coefficients
Mi(x), ..., My4+1(x) are called the Gaudin Hamiltonians.

LEMMA 3.2. The Gaudin Hamiltonians commute: [M; (u), M; (v)] = 0 for all
i, j,uand v. The Gaudin Hamiltonians commute with the gl,, |-action on Lgr”;
in particular, they preserve Sing Lg’r” [1].

The first statement is seen, for example, in [KS82], [Tal04], [CT04], and
[MTVO06, Prop. 8.2]. The second statement is seen, for example, in [KS82] and in
[MTVO06, Prop. 8.3].

THEOREM 3.3 [MTVO06, Th. 9.2]. For any critical point t of the master
function ®4(-;z), the Bethe vector w(t;z) is an eigenvector of M;(x) fori =
1,...,r+1. The corresponding eigenvalues [i; (x) are given by the formula

dr+1
FrEa +/L1(X)d e U1 (x) =

(i + o) (G + ' (5) (- G G+ ()

Set

B dr+i dr
T odxrtl dxr
dr+1

d T r+1

M) 4+ (D) T M (x)

+K1(x) + +Kr+1(x)

This is the differential operator that is formally adjoint to the differential op-
erator (—1)"T1M. The coefficients K;(x) : Lffr” — Lg’r” are linear operators
depending on x. These coefficients can be expressed as differential polynomials in
Mi(x),..., My4+1(x). For instance,

Ki(x) =My (x).  Ka(x) = My(x)— rj—le (x),

and so on. Similarly, the operators My(x),..., My+1(x) can be expressed as
differential polynomials in Ky(x), ..., Kr41(x).

By Lemma 3.2, the operators Ki(x),..., Ky4+1(x) pairwise commute, that is,
[Ki(u), K;j(v)] =0foralli, j, u and v, and they commute with the g[,., ;-action
on LE".

The operators K1(x), ..., Ky41(x) will be called the Gaudin Hamiltonians,
just like the operators My (x), ..., Mp41(x).

For any critical point ¢ of the master function ®4(-;z), the Bethe vector
w(t; z) is an eigenvector of the Gaudin Hamiltonians K;(x) fori =1,...,r+1 by
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Theorem 3.3 and Lemma 3.2. The corresponding eigenvalues A; (x) are given by
the formula

dr+1
du Tor+1

r+1(x)

=(f—x—1( (e G (e~ (52)) (5 - ow)

Note that this is the fundamental differential operator Dy of the critical point ¢.

COROLLARY 3.4. For generic z,

e the Bethe vectors form an eigenbasis of the Gaudin Hamiltonians K; (x) for
i=1,...,r+1,

e the operators Ki(x), ..., Ky4+1(x) have simple joint spectrum, that is, their
eigenvalues separate the basis Bethe eigenvectors.

The first statement follows from Theorem 3.1 and Theorem 3.3.

Let us prove the second statement. If two Bethe vectors have the same eigen-
values, then they have the same fundamental operators, hence the same fundamental
spaces. The fundamental space of a critical point uniquely determines the orbit of
the critical point by Theorem 2.1. Hence the two Bethe vectors correspond to the
same orbit of critical points and hence are equal.

3.4. The Shapovalov form and real z. Define an anti-involution
t:gl,yy—>9ly, Ei;j—E;; foralli,j.

Let W be a highest weight gl, ; ;-module with highest weight vector w. The
Shapovalov form on W is the unique symmetric bilinear form S defined by the
conditions

S(w,w)=1 and S(gu,v)= Su,t(g)v)

forallu,ve W and g € g, ; see [Kac90]. The Shapovalov form is nondegenerate
on an irreducible module W and is positive definite on the real part of the irreducible
module W.

Let LA, ®---® L, be the tensor product of irreducible highest weight gl,. , ;-
modules. Let vp; € L, be a highest weight vector and S; the corresponding
Shapovalov form on L 4 ;. Define the symmetric bilinear form on the tensor product
by the formula S = S1 ® --- ® S,. The form S is called the tensor Shapovalov
form.

THEOREM 3.5 [MTVO06, Prop. 9.1]. The Gaudin Hamiltonians K;(x) for
i =1,...,r+1 are symmetric with respect to the tensor Shapovalov form S:

S(Ki(x)u,v) = Su, K;(x)v) foralli,x,u,v.
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COROLLARY 3.6. Ifall of z1, ..., zn, X are real numbers, then the Gaudin
Hamiltonians K;(x) fori =1,...,r+1 are real linear operators on the real part
of the tensor product LA, ® -+ ® L p,,. These operators are symmetric with respect
to the positive definite tensor Shapovalov form. Hence they are simultaneously
diagonalizable and have real spectrum.

3.5. Proof of Theorem 1.4. If zy,...,z,, x are real, then all of the Gaudin
Hamiltonians on Sing Lg’r” [] have real spectrum, since they are symmetric opera-
tors on a Euclidean space. If ¢ is a critical point of ®4(-; z), then the eigenvalues
A1(x),..., Ar41(x) of the corresponding Bethe vector w(?;z) are real rational
functions. Hence the fundamental differential operator D; has real coefficients.
Therefore, the fundamental vector space of polynomials V4 is real. Thus for generic

real z1,...,z, we have N(d) distinct real spaces of polynomials with exponents
d at infinity and Wronskian []§_, (x — zs). Thus Theorem 1.4 is proved. |
Appendix A

A.1. The differential operator K has polynomial solutions only. Suppose
Z1,...,zn €C. Let Aq,..., Ap, Ao € b™ be dominant integral weights. Assume
that the irreducible s[4 i-module LA __ is a submodule of the tensor product
LA, ®---®Ly,.

Forany s =1,...,n,00,andi =1,...,r,set my; = (AS’Z§'=1 ;) and
1 r n
l: r—|—1 Z(st’i—moo’i>.
i=1 s=1
For any s = 1,...,n, we will consider the sl 1-module L4 as the gl, ;-
module of highest weight (0, —my 1, —mg2,..., —mg,). Considered as a sub-

module of the gl,;;-module Ly, ® -+ ® Ly, the sl 1 1-module LA __ has the
gl, 4 1-highest weight
(_l, _l _moosl, _l _moo’z, ceey _l _moo’r).
THEOREM A.1. Consider the operator K as a differential operator acting on

LA, ®---® L,-valued functions in x.

(1) Then all singular points of the operator K are regular and lie in the set
{z1,...,2n, 0O}

(ii) Letu(x) be any germofan LA, ®---® L A, -valued function such that Ku = 0.
Then u is the germ of an LA, ® - -+ ® L A, -valued polynomial in x.

(iii) Let w € Sing(LA, ® -+- ® L, )[Aco] be an eigenvector of the operators
Ki(x),..., Kr+1(x) with the eigenvalues A1(x), ..., Ar41(x), respectively.
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Consider the scalar differential operator

dr-‘rl dr
Dy = Jer +Al(x)dxr + o A (X).

Then the exponents of the differential operator D, at oo are

_l, _moo’l _l_l,..., _moo’r_r_l.
(v) If z1, ..., zy are distinct, then for any s = 1, ..., n, the exponents of the differ-
ential operator Dy, at zg are O,mg 1+ 1,...,mg, +7.

(v) The kernel of the differential operator Dy, is an (r + 1)-dimensional space of
polynomials.

Proof. Part (i) is a direct corollary of the definition of the operator K.

We first prove part (ii) in the special case of A; =--- = A, = w, and generic
Z1,...,Zn. By construction, the operator K commutes with the gl,. , ;-action on
Lg{_”. This fact and Theorem 3.1 imply that K has an eigenbasis consisting of the
Bethe vectors and their images under the g, , ;-action. Then by Theorems 3.3 and
2.1, all solutions of the differential equation Ku = 0 are polynomials.

The proof of part (ii) for arbitrary Aq,..., A, and z1, ..., z, clearly follows
from the special case and the following remarks:

e The operator K is well defined for any z1, ..., z;, not necessarily distinct, and
rationally depends on z1, ..., zj.

e If for generic z1, ..., z,, all solutions of the differential equation Ku = 0 are
polynomial, then for any zy, ..., z,, all solutions of the differential equation
Ku = 0 are polynomial.

e Assume that some of z1, ..., z, coincide. Partition the set {z1,...,z,} into
several groups of coinciding points of sizesn1, . .., n, whose sumis n. Denote
the representatives in the groups by uq,...,u; € C, where uy,...,u; are
distinct. Denote Wy = Lg’:’ S fors =1,...,k. Choose an irreducible module
Ly, C W for every s. Then the operator K defined for those z1,...,z, on
W1 ® --- ® W, preserves the space of functions with values in the submodule
Ly, ®- - ® L,,. If we restrict K to the space of functions with values in
Ly, ®---® L,,, then this restriction coincides with the operator K defined
for the tensor product L, ® --- ® Ly, and uy,..., ug.

* Any highest weight irreducible finite dimensional gl, , {-module with highest
weight (mo, ..., m;), where mg € Z<g, is a submodule of a suitable tensor
power of L, (considered as the gl,  {-module with highest weight (0, ..., 0, —

1)).
Part (ii) is proved.
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To calculate the exponents of the operator D, at singular points, we calculate
the exponents of its formal adjoint operator. Namely, we consider the operator

" dr-‘rl dr
v gt dy
dr+1 dr

= W+M1(X)w+"'+ﬂr+l()€).

D () 44 (=D A (x)

The vector w is an eigenvector of the operators M1 (x), ..., My4+1(x), with eigen-
values p1(x),..., ur+1(x), respectively.

LEMMA A.2. Let the exponents of D} at a point x =z be py, ..., pr+1. Then
the exponents of Dy, at the point x =z are ¥ — pr41,...,7 — p1. O

Consider the U(gl, 1 )-valued polynomial

(A1) Ax)= Z (=D ((x =r)é1,000 — Eg,1) -+
OCEX, 4
((x = Dbror — Eoirr) (X8r 41,00+ — Ectra1yr+1)-

It is known that the coefficients of this polynomial are central elements in U(gl, 1 1);
see for example [MNO96, Remark 2.11]. If v is a singular vector of a gl,.  -weight
(p1,..., pr+1), then formula (A.1) yields

r+1
Ax)v = l_[(x—r—l—i—i—p,-)v.

i=1

Hence, the operator A(x) acts on L A as the identity operator multiplied by

Vo) =[JG—r+i+mg).

=0

Let s = 1,...,n. It follows from (3.2) that the indicial polynomial of D at
the singular point z is the eigenvalue of the operator 1961 @ A(x) ® 19¢—)
acting on the vector w, that is, ¥, (x). Similarly, the indicial polynomial of Dy
at infinity is the eigenvalue of A(—x) acting on the vector w that belongs to the
submodule L __ of the gl ;-module LA, ®---® Ly, , that is,

Voo) = [[(—x —r+i+1+meo) .
i=0

Hence, by Lemma A.2, the exponents of the operator D, are as required. This
proves parts (iii) and (iv). Part (v) follows from parts (1)—(@iv). O
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COROLLARY A.3. Assume that the operators K;(x), ..., Kr41(x) acting on
the subspace of weight singular vectors Sing(Lp,® -+ ® L, )[A o] are diagonal-
izable and have simple joint spectrum. Then there exist

dim Sing(LA,® -+ ® L, )[Aco]

distinct polynomial (r 4+ 1)-dimensional spaces V with the following properties. If
D is the fundamental differential operator of such a space, then D has singular

points at z1, . .., Zp, 00 only, with the exponents
0.ms1+1,....mgp+r at zg for any s,
—l, —me1—1-1,..., =Moo r—1r—1 atoo.

Consider all (r 4 1)-dimensional polynomial spaces V', whose fundamental
operator has exponents at z1, ..., zZ,, 00 as indicated in Corollary A.3. Schubert
calculus says that the number of such spaces is not greater than the dimension
of Sing(LA,® -+ ® La,)[Ax]; see for example [MV04]. Thus, according to
Corollary A.3, the simplicity of the spectrum of the Gaudin Hamiltonians on
Sing(LA, ® -++ ® La,)[Ao] implies the transversality of the Schubert cycles
corresponding to these exponents at z1, . . ., z,, 00; cf. [MV04] and [EH83].

The operators K1(x), ..., Kr41(x) acting on Sing(L A, ® -+ ® La,,)[Aco]
are diagonalizable if zq, ..., z, are real; see Section 3.4.

Remark A.4. It was conjectured in [CTO04] that the monodromy of the dif-
ferential operator M, acting on LA, ®---® L, -valued functions in x, is trivial.
However, the proof of this statement in [CT04] is not satisfactory. On the other
hand, Theorem A.1 implies that the monodromy of the differential operator K,
actingon LA, ®---® L A, -valued functions in x, is trivial. Together with Theorem
3.5, this implies that the monodromy of the operator M is trivial as well.

A.2. Bethe vectors in Sing(LA, @+ ® LA, )[Asc]. Letz=1(z1,...,z,) be
a point in C" with distinct coordinates. Let Aq,...,A;, A € h* be dominant
integral weights. Assume that the irreducible sl 1 1-module L 5 is a submodule
of the tensor product L, ®--- Q@ Ly,,.

Introduce I = (Iy,...,l,) by the formula Aoo = Y 51 As— Z;H lio;. Set
[ =11 +---+[,. Consider the associated master function

O(t;z) = 1_[ 1_[ 1_[(;(1) z5)~ (Ag,ai) 1_[ 1_[ (1) (i>)2

i=1j=1s=1 i=11<j<s<l;
r—1 l 1+l

% 1_[ 1_[ l_[(t(l) (/+1)

i=1j=1k=1
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Consider the universal weight function @ : C! x C* — (LA, ® - ® La,)[A]
defined by the formulas of Section 3.2. The value w(?; z) of the universal weight
function at a critical point ¢ of the master function ®(-; z) is called a Bethe vector
(see [RV95] and [MV04]), and belongs to Sing(L A, ®---® LA, )[Acc]; see [RVIS].

For a critical point ¢, define the tuple y* = (y1,..., y,) of polynomials in
variable x by formulas of Section 2.1. Define polynomials 77, ..., T, in x by the
formula

n
Ti(x) = [ [ —zp) e,
s=1

Consider the linear differential operator of order r + 1 given by
D,::(EL_JN(TH~-E))(gg_hf(mﬂﬁ~oﬂgl))
dx Vr dx Yr—1

() (& o),

All singular points of Dy are regular and lie in {zy, ..., z,, 00}. The exponents
of Dy at zg are 0,my,1 + 1,...,mgs, + r for any s, and the exponents of Dy
at oo are —/, —moo,1 —1—1,..., —moo, —r — 1. The kernel V¢ of Dy is an
(r + 1)-dimensional space of polynomials; see [MV04].

The tuple y? can be recovered from V; as follows. Let fi,..., fy+1 be a
basis of V; consisting of monic polynomials of strictly increasing degree. Then
Y1,...,yr are respective scalar multiples of the polynomials

f Wi(f1. f2)  Wr(/1. f2. f3) Wr(fi...-, fr) |
a T T2 T T TA,. TV

see [MV04].

THEOREM A.5 [MTVO06, Th. 9.2]. For any critical point t of the master
function ®(-;z), the Bethe vector w(t;z) is an eigenvector of Ki(x) for i =
1,...,r+1 and the corresponding eigenvalues A1 (x), ..., Ar+1(x) are given by
the formula

dr-i—l d

,
m'ﬁ'kl(x)d - +-- 4+ Arp1(x) = Dy

by
COROLLARY A.6. Any two distinct nonzero Bethe vectors cannot have the
same eigenvalues for all Gaudin Hamiltonians.

The proof of the corollary is similar to the proof of the second statement of
Corollary 3.4.

Appendix B

Let g be a simple Lie algebra, let b its Cartan subalgebra, let o; € h* for
i =1,...,r be simple roots, and let (-, -) be the standard invariant scalar product
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ong. Let A=(Aq,...,A,) beintegral dominant weights of g. Letl = (I1,...,1;)
be nonnegative integers such that the weight

Aoo = Z?=1 As— Z;=1 lia
is dominant integral. Let z = (zy, ..., z;) be distinct complex numbers. Introduce
the associated master function depending on variables

t=" V)

seeen by N

...,tl(,_’))

by the formula

DA, 1(t;z) = IL[ 1_[ 1_[(1(’) z5)~ (As,ai) l_[ 1_[ (z) (i))(ai,ai)

i=1j=1s=1 i=1 l<]<s<l

l_[ l_[ ll_[(l‘(l) [<]>)(a,,a,

1<i<j<rs=1lk=1

The function @ is a rational function of ¢ and depends on parameters z. The master
function is X;-invariant with respect to permutations of variables with the same
upper index. The critical set of the master function with respect to variables ¢ is
Y ;-invariant. If z consists of real numbers, then the critical set is invariant with
respect to complex conjugation.

CONJECTURE B.1. If z consists of real numbers, then every orbit of critical
points is invariant with respect to complex conjugation.

For a critical point ¢, define the tuple y! = (y1,...,y,) of polynomials in
variable x by formulas of Section 2.1. Conjecture B.1 can be reformulated as
follows. If z consists of real numbers and # is a critical point, then the tuple y*
consists of real polynomials.

Theorems 1.1 and 2.1 imply this conjecture for g = sl, 1. In the same way,
Theorems 1.1 and 2.1 imply Conjecture B.1 for g of types B, or C;; see [MV04, §7].
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