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By DANIEL A. GOLDSTON, JANOS PINTZ, and CEM Y. YILDIRIM

Abstract

We introduce a method for showing that there exist prime numbers which are
very close together. The method depends on the level of distribution of primes in
arithmetic progressions. Assuming the Elliott-Halberstam conjecture, we prove
that there are infinitely often primes differing by 16 or less. Even a much weaker
conjecture implies that there are infinitely often primes a bounded distance apart.
Unconditionally, we prove that there exist consecutive primes which are closer than
any arbitrarily small multiple of the average spacing, that is,

n>o0  log pn

We will quantify this result further in a later paper.

1. Introduction

One of the most important unsolved problems in number theory is to establish
the existence of infinitely many prime tuples. Not only is this problem believed to
be difficult, but it has also earned the reputation among most mathematicians in
the field as hopeless in the sense that there is no known unconditional approach for
tackling the problem. The purpose of this paper, the first in a series, is to provide
what we believe is a method which could lead to a partial solution for this problem.
At present, our results on primes in tuples are conditional on information about
the distribution of primes in arithmetic progressions. However, the information
needed to prove that there are infinitely often two primes in a given k-tuple for
sufficiently large k& does not seem to be too far beyond the currently known results.
Moreover, we can gain enough in the argument by averaging over many tuples
to obtain unconditional results concerning small gaps between primes which go
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far beyond anything that has been proved before. Thus, we are able to prove the
existence of very small gaps between primes which, however, go slowly to infinity
with the size of the primes.

The information on primes we utilize in our method is often referred to as the
level of distribution of primes in arithmetic progressions. Let

logn if n is prime,
1.1 = :
(4.1 6m) { 0 otherwise,
and consider the counting function
(1.2) ON:ig.a)= )Y, 0.
n<N
n=a(mod q)

The Bombieri-Vinogradov theorem states that for any 4 > 0 there isa B = B(A)
such that, for Q = N2 (log N)~B,

(1.3) Z max

g<0 (a,q9)=1

N

N
0¥ 51| < g

We say that the primes have level of distribution ¥ if (1.3) holds for any A > 0 and
any ¢ > 0 with

(1.4) 0 =N?"¢.

Elliott and Halberstam [5] conjectured that the primes have level of distribution
1. According to the Bombieri-Vinogradov theorem, the primes are known to have
level of distribution 1/2.

Let n be a natural number and consider the k-tuple

(1.5) (m+hy,n+hy,...,n+hy),

where 9 = {hy, ha, ..., hy} is a set composed of distinct non-negative integers. If
every component of the tuple is a prime we call this a prime tuple. Letting n range
over the natural numbers, we wish to see how often (1.5) is a prime tuple. For
instance, consider % = {0, 1} and the tuple (n,n + 1). If n = 2, we have the prime
tuple (2, 3). Notice that this is the only prime tuple of this form because, for n > 2,
one of the numbers 7 or n + 1 is an even number bigger than 2. On the other hand,
if # = {0, 2}, then we expect that there are infinitely many prime tuples of the form
(n,n + 2). This is the twin prime conjecture. In general, the tuple (1.5) can be a
prime tuple for more than one n only if for every prime p the /;’s never occupy
all of the residue classes modulo p. This is immediately true for all primes p > k;
so to test this condition we need only to examine small primes. If we denote by
Vp (7€) the number of distinct residue classes modulo p occupied by the integers /;,
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then we can avoid p dividing some component of (1.5) for every n by requiring
(1.6) Vp(#) < p for all primes p.

If this condition holds we say that ¥ is admissible and we call the tuple (1.5)
corresponding to this # an admissible tuple. It is a long-standing conjecture that
admissible tuples will infinitely often be prime tuples. Our first result is a step
towards confirming this conjecture.

THEOREM 1. Suppose the primes have level of distribution & > 1/2. Then
there exists an explicitly calculable constant C (%) depending only on ¥ such that
any admissible k-tuple with k > C () contains at least two primes infinitely often.
Specifically, if & > 0.971, then this is true for k > 6.

Since the 6-tuple (n,n +4,n4+6,n+ 10,n + 12, n 4+ 16) is admissible, the
Elliott-Halberstam conjecture implies that

1.7 liminf(pp4+1 — pn) < 16,
n—00

where the notation pj, is used to denote the n-th prime. This means that p,, 41— p, <
16 for infinitely many n. Unconditionally, we prove a long-standing conjecture
concerning gaps between consecutive primes.

THEOREM 2. We have

(1.8) Ay = liminf 22FL 7P _ ¢

n—o00 log Pn

There is a long history of results on this topic which we will briefly mention.
The inequality A; <1 is a trivial consequence of the prime number theorem. The
first result of type A; < 1 was proved in 1926 by Hardy and Littlewood [18],
who on assuming the Generalized Riemann Hypothesis (GRH) obtained A} <2/3.
This result was improved by Rankin [26] to A; < 3/5, also assuming the GRH.
The first unconditional estimate was proved by Erdds [7] in 1940. Using Brun’s
sieve, he showed that A1 < 1 — ¢ with an unspecified positive explicitly calculable
constant ¢. His estimate was improved by Ricci [27] in 1954 to Ay < 15/16. In
1965, Bombieri and Davenport [2] refined and made unconditional the method
of Hardy and Littlewood by substituting the Bombieri-Vinogradov theorem for
the GRH, and obtained A; < 1/2. They also combined their method with the
method of Erdés and obtained A < 0.4665. ... Their result was further refined
by Pilt’ai [25] to Ay < 0.4571..., Uchiyama [33] to A; < 0.4542... and in
several steps by Huxley [20], [21] to yield Ay < 0.4425..., and finally in 1984
to A1 <.4393... [22]. This was further improved by Fouvry and Grupp [9] to
A1 <.4342 ... . In 1988 Maier [23] used his matrix-method to improve Huxley’s
resultto A <e™7-0.4425...=0.2484..., where y is Euler’s constant. Maier’s
method by itself gives A; <e™" =0.5614.... The recent version of the method
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of Goldston and Yildirim [13] led, without combination with other methods, to

Al < 1/4
In a later paper in this series we will prove the quantitative result that
(1.9) lim inf —£1HL = Pn < 0.
"7 (log pn)2 (loglog pn)?

While Theorem 1 is a striking new result, it also reflects the limitations of our
current method. Whether these limitations are real or can be overcome is a critical
issue for further investigation. We highlight the following four questions.

Question 1. Can it be proved unconditionally by the current method that there
are, infinitely often, bounded gaps between primes? Theorem 1 would appear to be
within a hair’s breadth of obtaining this result. However, any improvement in the
level of distribution ¥ beyond 1/2 probably lies very deep, and even the GRH does
not help. Still, there are stronger versions of the Bombieri-Vinogradov theorem, as
found in [3], and the circle of ideas used to prove these results, which may help to
obtain this result.

Question 2. Is % = 1/2 a true barrier for obtaining primes in tuples?
Soundararajan [31] has demonstrated this is the case for the current argument,
but perhaps more efficient arguments may be devised.

Question 3. Assuming the Elliott-Halberstam conjecture, can it be proved that
there are three or more primes in admissible k-tuples with large enough k? Even
under the strongest assumptions, our method fails to prove anything about more
than two primes in a given tuple.

Question 4. Assuming the Elliott-Halberstam conjecture, can the twin prime
conjecture be proved with a refinement of our method?

The limitation of our method, identified in Question 3, is the reason we are
less successful in finding more than two primes close together. However, we are
able to improve on earlier results, in particular the recent results in [13]. For v > 1,
let
(1.10) A, = liminf 222~ Pn.

n—>o00 ]()g DPn
Bombieri and Davenport [2] showed A,y <v —1/2. This bound was later improved
by Huxley [20], [21] to A, <v—5/8 + O(1/v), by Goldston and Yildirim [13]
to Ay < (/v —1/2)2, and by Maier [23] to A, <e ¥ (v—=5/8+ O (1/v)). In
proving Theorem 2 we will also show, assuming the primes have level of distribution

0,
(1.11) Ay <max(v — 21, 0),
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and hence unconditionally A, < v — 1. However, by a more complicated argument,
we will prove the following result.

THEOREM 3. Suppose the primes have level of distribution . Then for v > 2,
(1.12) Ay = (Vv =V20)%.
In particular, we have unconditionally, for v > 1,
(1.13) Ay = (Vv -1

From (1.11) or (1.12) we see that the Elliott-Halberstam conjecture implies
that

(1.14) A, = liminf 2#¥2— P2
n—o00 log DPn

=0.

We can improve on (1.13) by combining our method with Maier’s matrix
method [23] to obtain

(1.15) A, <e 7 (Vv—1)>%

Huxley [20] generalized the results of Bombieri and Davenport [2] for A, to primes
in arithmetic progressions with a fixed modulus. We are able to prove the analogue
of (1.15) for primes in arithmetic progressions where the modulus can tend slowly
to infinity with the size of the primes considered.

Another extension of our work is that we can find primes in other sets besides
intervals. Thus we can prove that there are two primes among the numbers n + a;,
1 <i<h,for N <n <2N and the q;’s are given arbitrary integers in the interval
[1,N]if h < C/log N (loglog N)? and N is restricted to some sequence N,
tending to infinity, which avoids Siegel zeros for moduli near to N. It is interesting
to note that such a general result can be proved regardless of the distribution of the
a; values, in contrast to our present case where Gallagher’s theorem (3.7) requires
the a;’s to lie in an interval. The proofs of these results will appear in later papers
in this series.

While this paper is our first paper on this subject, we have two other papers
that overlap some of the results here. The first paper [15], written jointly with
Motohashi, gives a short and simplified proof of Theorems 1 and 2. The second
paper [14], written jointly with Graham, uses sieve methods to prove Theorems 1
and 2 and provides applications for tuples of almost-primes (products of a bounded
number of primes.)

The present paper is organized as follows. In Section 2, we describe our
method and its relation to earlier work. We also state Propositions 1 and 2 which
incorporate the key new ideas in this paper. These are developed in a more general
form than in [14] or [15] so as to be employable in many applications. In Section 3,
we prove Theorems 1 and 2 using these propositions. The method of proof is due
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to Granville and Soundararajan. In Section 4 we make some further comments
on the method used in Section 3. In Section 5 we prove two lemmas needed later.
In Section 6, we prove a special case of Proposition 1 which illustrates the key
points in the general case. In Section 7 we begin the proof of Proposition 1 which
is reduced to evaluating a certain contour integral. In Section 8 we evaluate a more
general contour integral that occurs in the proof of both propositions. In Section
9, we prove Proposition 2. In this paper we do not obtain results that are uniform
in k, and therefore we assume here that our tuples have a fixed length. However,
uniform results are needed for (1.9), and they will be the topic of the next paper in
this series. Finally, we prove Theorem 3 in Section 10.

Notation. In the following, ¢ and C will denote (sufficiently) small and (suf-
ficiently) large absolute positive constants, respectively, which have been chosen
appropriately. This is also true for constants formed from ¢ or C with subscripts or
accents. We unconventionally will allow these constants to be different at different
occurrences. Constants implied by pure o0, O, < symbols will be absolute, unless
otherwise stated. [S] is 1 if the statement S is true and is 0 if S is false. The
symbol Zb indicates the summation is over squarefree integers, and Z/ indicates
the summation variables are pairwise relatively prime.

The ideas used in this paper have developed over many years. We are indebted
to many people, not all of whom we can mention. In particular, we would like
to thank A. Balog, E. Bombieri, T. H. Chan, J. B. Conrey, P. Deift, D. Farmer,
K. Ford, J. Friedlander, S. W. Graham, A. Granville, C. Hughes, D. R. Heath-Brown,
A. Ledoan, H. L. Montgomery, Y. Motohashi, Sz. Gy. Revesz, P. Sarnak, J. Sivak,
and K. Soundararajan.

2. Approximating prime tuples

Let
2.1 dH=1{h1,ho,... . hi} with 1 <hy, hy,..., hi <h distinct integers,

and let v, (9€) denote the number of distinct residue classes modulo p occupied by
the elements of 9.1 For squarefree integers d, we extend this definition to v ()
by multiplicativity. We denote by

—k
1 *
2.2) &) = 1‘[(1__) (1_M)
, P P
the singular series associated with #. Since v, (#) = k for p > h, we see that the

product is convergent and therefore ¥ is admissible as defined in (1.6) if and only

IThe restriction of the set % to positive integers is only for simplicity, and, if desired, can easily
be removed later from all of our results.
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if 6(9) # 0. Hardy and Littlewood conjectured an asymptotic formula for the
number of prime tuples (n +hy,n+hy, ..., n+hg), with1 <n < N,as N — oo.
Let A(n) denote the von Mangoldt function which equals log p if n = p™, m > 1,
and zero otherwise. We define

2.3) An;#):=An+hi))A(n+ha)--- A(n + hy)

and use this function to detect prime tuples and tuples with prime powers in
components, the latter of which can be removed in applications. The Hardy-
Littlewood prime-tuple conjecture [17] can be stated in the form

(2.4) > A %) = N(&(¥) +o(1)). as N — oo.

n<N
(This conjecture is trivially true if € is not admissible.) Except for the prime number
theorem (1-tuples), this conjecture is unproved.?

The program the first and third authors have been working on since 1999 is to
compute approximations for (2.3) with k > 3 using short divisor sums and to apply
the results to problems on primes. The simplest approximation of A(n) is based on
the elementary formula

2.5) Aw) =Y u(d)log =
din

which can be approximated with the smoothly truncated divisor sum

R
(2.6) AR(m) =} ju(d)log —.

din
d<R

Thus, an approximation for A (n; #) is given by
2.7) ArR(n+hi)AR(n+hy)---Ar(n + hy).
In [13], Goldston and Yildirim applied (2.7) to detect small gaps between primes

and proved
— 1
Ay = liminf(M) <-.
n—00 log pn 4

In this paper we introduce a new approximation, the idea for which came
partly from a paper of Heath-Brown [19] on almost prime tuples. His result is
itself a generalization of Selberg’s proof from 1951 (see [29, pp. 233-245]) that the
polynomial n(n 4 2) will infinitely often have at most five distinct prime factors,
so that the same is true for the tuple (n, 7 + 2). Not only does our approximation
have its origin in these papers, but in hindsight the argument of Granville and

2 Asymptotic results for the number of primes in tuples, unlike the existence result in Theorem 1,
are beyond the reach of our method.
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Soundararajan (employed in the proof of Theorems 1 and 2) is essentially the same
as the method used in these papers.
In connection with the tuple (1.5), we consider the polynomial

(2.8) Pye(ny=m+hy))(n+hy)---(n+ hy).

If the tuple (1.5) is a prime tuple then Py () has exactly k prime factors. We detect
this condition by using the k-th generalized von Mangoldt function

k
2.9) A(n) =" pu(d) (log 2) ,

din

which vanishes if 7 has more than k distinct prime factors.> With this, our prime
tuple detecting function becomes

1
(2.10) A (n; %) = FAk(P%(”))-

The normalization factor 1/ k! simplifies the statement of our results. As we will
see in Section 5, this approximation suggests the Hardy-Littlewood type conjecture

(2.11) > Ak(n: %) = N (&%) +o(1)) .
n<N

This is a special case of the general conjecture of Bateman—Horn [1] which is the
quantitative form of Schinzel’s conjecture [28].

In analogy with (2.6) (when k = 1), we approximate Aj(n) by the
smoothed and truncated divisor sum

k
> i) (10 )

dln
d<R
and define
1 R\
(2.12) Ar(n; ¥#) = — Z u(d)log— | .
k! d
d|Py(n)
d<R

However, as we will see in the next section, this approximation is not adequate to
prove Theorems 1 and 2.

A second simple but crucial idea is needed: rather than only approximate
prime tuples, one should approximate tuples with primes in many components.
Thus, we consider when Py (n) has k + £ or fewer distinct prime factors, where

3 As with A (1), we overcount the prime tuples by including factors which are proper prime powers,
but these can be removed in applications with a negligible error. The slightly misleading notational
conflict between the generalized von Mangoldt function Aj and A g will only occur in this section.
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0 <{ <k, and define

(2.13) AR(n; %, €) =

k+¢
> ) ()
d| Py (n)
d<R
where |#| = k. If # = @, then k = £ = 0 and we define Ag(n; @,0) = 1.

The advantage of (2.13) over (2.7) can be seen as follows. If in (2.13) we restrict
ourselves to d’s with all prime factors larger than /%, then the condition d | Py (n)
implies that we can write d = dyd, - - - dy uniquely with d;|n + h;, 1 <i <k, the
d;’s pairwise relatively prime, and d1d> ---d; < R. In our application to prime

1
(k +0)!

gaps we require that R < N £7¢.On the other hand, on expanding, (2.7) becomes a
sumoverd;i|n+h;, 1 <i <k,withd; <R,d» <R, ...,d; <R. The application
to prime gaps here requires that R < N %_8, andso R <N a&—%. Thus 2.7)
has a more severe restriction on the range of the divisors. An additional technical
advantage is that having one truncation rather than k truncations simplifies our
calculations.

Our main results on A g(n; ¥, £) are summarized in the following two proposi-
tions. Suppose ¥ and ¥, are, respectively, sets of k1 and k» distinct non-negative
integers < h. We always assume that at least one of these sets is nonempty. Let
M =k +ky+ 41 + Lo

PROPOSITION 1. Let # = ¥, U ¥, |H;i| = ki, and r = |#1 N K| If
RK N%(log N)™*M gnd h < RC for any given constant C >0, then as R, N — 00,

Q2.14) > AR(n: ¥, £)AR(n: ¥z, L)
<N
n :(614—62) (log R)r-‘r[]-i-ﬁz
44 (r +4€1+£2)!
PROPOSITION 2. Let # = #H1 U ¥, |#Hi| = ki, r = |#1 N FHa|, 1 <ho <h,
and #° = #H U {ho}. If R <ur N%(log N)“BM) for a sufficiently large positive
constant B(M), and h < R, thenas R, N — o0,

2.15) Y AR(n: 9. L) AR(n: 2. £2)0(n + ho)
n<N

(&(#)+om (1)N.

r+L1+4>
(£1+Ez)%(6(%0)+m(1))1\’ ifho £,

4y (r+41+4£5)!
L1+4+1
R L L S DN ifho € 91\ %
( l1+1 ) (r+€1+42+1)! (&) +om (1) if ho € 1\ %o,

(£1+€2+2) (log R +Heittatl

Gt ) ottt ©OTouDIN - ifho €31 M.
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With the assumption that the primes have level of distribution % > 1/2, i.e. (1.3)
with (1.4) holds, the asymptotics in (2.15) hold with R < N2~ and h < R?, for
any fixed ¢ > 0.

By relabeling the variables, we obtain the corresponding form if hy € ¥>,
ho & ¥1.

Propositions 1 and 2 can be strengthened in several ways. We will show that
the error terms op7 (1) can be replaced by a series of lower order terms and a prime
number theorem type of error term. Moreover, we can make the result uniform for
M — o0 as an explicit function of N and R. This will be proved in a later paper
and used in the proof of (1.9).

3. Proofs of Theorems 1 and 2

In this section we employ Propositions 1 and 2 and a simple argument due to
Granville and Soundararajan to prove Theorems 1 and 2.

For £ >0, #; = {h1,ha,....hi}, 1 <hy,ha, ..., hip <h < R, we deduce
from Proposition 1, for R < N2 (log N)"BM) and R, N — oo, that

G D ARG ¥, ) ~
n<N

(k+20)! (2;)6(%k)N(10g R)k+2¢,

For any h; € ¥}, we have from Proposition 2, for R < N%_‘g, and R, N — oo,
(3.2)

1 2042 k+2¢
AR(n; ¥y, 0)%6 hi) ~ ————— ¥ )N (log R)FT2+1,
2 AR, 0000+ e ea 1) SN oz R)

Taking R=N 5 , we obtain*

3.3)
2N k

= ) (Ze(n +hi)—10g3N)AR(n;%k,€)2

n=N+1 “i=1

k 2042 k+20+1
~ &9 N(log R
(k+2z+1)!(z+1) (i) N(log R)

—log3N 25)6(%k)N(1og R)k+2¢

(k+2€)!(€
2% 2041
k+20+1 £+1

log R —log 3N) 2L ) &(9) N (log R)F+2¢,

EETIY

#In (3.3), as well as later in (3.8), the asymptotic sign replaces an error term of size o(log N) in
the parenthesis term after log 3N. We thus make the convention that the asymptotic relationship holds
only up to the size of the apparent main term.



PRIMES IN TUPLES I 829

Here we note that if & > 0 then there exists an n € [N + 1,2N] such that at least

two of the numbers n + hy,n + ha, ..., n + hy will be prime. This occurs when
k 20 +1

34 D> 1.

(3-4) k+20+1 £+1

If k, £ — oo with £ = o(k), then the left-hand side has the limit 2, and thus (3.4)
holds for any & > 1/2 if we choose k and £ appropriately depending on . This
proves the first part of Theorem 1. Next, assuming ¢ > 20/21, we see that (3.4)
holds with £ = 1 and k = 7. This proves the second part of Theorem 1 but with
k =7. The case k = 6 requires a slightly more complicated argument and is treated
later in this section.

The table below gives the values of C (%), defined in Theorem 1, obtained
from (3.4). For a certain 9, it gives the smallest £ and corresponding smallest £
for which (3.4) is true. Here A (k) is the shortest length of any admissible k-tuple,
which has been computed by Engelsma [6] by exhaustive search for 1 < k < 305
and covers every value in this table and the next except /4(421), where we have
taken the upper bound value from [6].

9k L hk)
1 7 1 20
095 8 1 26
090 9 1 30
085 11 1 36
080 16 1 60
075 21 2 84
070 31 2 140
065 51 3 252
060 111 5 634
0.55 421 10 2956*

* indicates that this value could be an upper bound of the true value.

To prove Theorem 2, we modify the previous proof by considering

2N

35) F= > ( > 9(n+h0)—v10g3N) > AR 0,

n=N+1 “1<ho<h 1<hy,hs,...,hi <h
distinct

where v is a positive integer. To evaluate &, we need the case of Proposition 2
where ho & ¥y

(3.6) D ARG i, 0% 6(n-tho) ~
n<N

m(2f)6(%kU{ho}>N (log R)¥ 3¢,
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We also need a result of Gallagher [10]: as & — oo,

(3.7) > S (%) ~ h*.

1<hi,h>,...hx <h
distinct

Taking R = N%_e, and applying (3.1), (3.2), (3.6), and (3.7), we find that
(3.8)

thi peap \E 264+ DIV L+ 1
distinct
: 2t k+2¢
_ s L .
" Z (k—i-ZZ)!(g)G( « U{ho})N(log R)
l<ho<h
ho#hl’lflfk
2t k+2¢4
—vloe3N G %) N(log R
oo (k+2£)!(1{)6( ©)N(log R) )
ST 2 k k+2¢
) e formylos 3 NI (log RY<+2¢
(k—|-2f—|—1 41 og R+h—vlog )(k+2g)!(z) log &)

Thus, there are at least v 4 1 primes in some interval (n,n + h], N <n <2N,
provided that

(3.9 h>[v— 2k 2611 ﬁ—e log N
' Y k+204+1 €041\ 2 g

which, on letting £ = [v/k /2] and taking k sufficiently large, gives

(3.10) h > (v—20+48+0(%))10gN.

This proves (1.11). Theorem 2 is the special case v =1 and ¢ = 1/2.
We are now ready to prove the last part of Theorem 1. Consider

2N k

L 2
@iy Fi= ) (Z@(n~|—hi)—log3N)(ZagAR(n;%k,ﬁ))
£=0

n=N+1 “i=1
k

2N
= Z (Ze(n +h,-)—1og3N)

n=N+1 “i=1

X Z agyag, AR(n; ¥y, L) AR(n; ¥y, £2)
0<l1,4><L

= Z ag,ag,Me, ¢,
0<{y,b>2<L
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where
(3.12) Mgy 0, = M, ¢, — (log 3N)My, ¢,

say. Applying Propositions 1 and 2 with R = N %_8, we deduce that

log R k41442
My, 0, ~ (EH_EZ)—( eR) & (k)N

I (k + €1+ £2)!
and
v, bi+4,+2 (log R)k+el+e2+l
M ~k Hi)N.
btz ( € +1 )(k+£1+£2+1)!6( o
Therefore,

(IOg R)k+€1+e2

(k + €1+ £2)!

( k(€1 +L2+2)(6y + L2+ 1)
C+DUr+D)k+L1+1424+1)

ey~ (12 )stN

logR—log3N).

Defining by = (log R)‘ay and b to be the column matrix corresponding to the vector
(bo, b1, ...,br), we obtain
1 /
&(%y)N(log R)k+1
N L1+ 52) 1
osegézsLbZlbez( b S (k+ 4+ 6)!
( k(b1 +0+2)(l1 +£42+ 1) 2)

(3.13)  S*(N, %, 0. b) =

Ci+DE+D)k+L1+4+1) O
~ bT Mb,

where

Tpiegy 1 kGi+j+2)(+j+1) _E)]
G.14) M [( i )(k+i+j)!((i+1)(j+1)(k+i+j+1) ) Josij<t

We need to choose b so that S* > 0 for a given ¥ and minimal k. On taking b to
be an eigenvector of the matrix M with eigenvalue A, we see that

k
(3.15) S*~bTAb =2 |bil?
i=0
will be > 0 provided that A is positive. Therefore S* > 0 if M has a positive
eigenvalue and b is chosen to be the corresponding eigenvector. Using Mathematica
we computed the values of C (1) indicated in the following table, which may be
compared to the earlier table obtained from (3.4).
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9 kL hk)
1 6 1 16
095 7 1 20
090 8 2 26
085 10 2 32
080 12 2 42
075 16 2 60
070 22 4 90
065 35 4 158
060 65 6 336
055 193 9 1204

In particular, taking k = 6, L =1, bg = 1, and by = b in (3.13), we get

w1 (gg_ 112 ELLANEY P
st~ (96— =57 +2n (18— ) 67 (45

_41=9) (o, 18916 969 112
819 41—0) 4(1-9)

_4(1-9) ((b 180 — 16)2 1592 — 640 + 48)

819 C4(1-9) 4(1—0)2
L 189—16
Choosing b = 20=0)’ we then have

o 1502 — 649 + 48

19 (1—-10)
of which the right-hand side is > 0 if # < 1 lies between the two roots of the
quadratic; this occurs when 4(8 — +/19)/15 < ¢ < 1. Thus, there are at least two

primes in any admissible tuple ¥, for k = 6, if

4(8—+/19
(3.16) 9> % —0.970%. .. .
This completes the proof of Theorem 1. O

4. Further remarks on Section 3

We can formulate the method of Section 3 as follows. For a given tuple
H =1{hy,ha, ..., Wi} we define

2N

2N k
@n 0= L et 0a= Y (604 fetrii?

n=N+1 n=N+1 “i=1
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where f should be chosen to make Q, large compared with O, and R = R(N)
will be chosen later. It is reasonable to assume

4.2) SR %)= Y Aar.

d|Py(n)
d<R

Our goal is to select the A4 g which maximizes

1
(43) p= PN f) = (%)

for the purpose of obtaining a good lower bound for p. If p > v for some N and
positive integer v, then there exists an n, N <n < 2N, such that the tuple (1.5) has
at least v 4+ 1 prime components.

This method has much in common with the method introduced for twin primes
by Selberg and for general tuples by Heath-Brown. However, they used the divisor
function d(n + h;) in Q» in place of 8(n + h;) and sought to minimize (4.3) to
obtain a good upper bound for p. Heath-Brown even chose f = Ag(n; ¥, 1).

As a first example, suppose we choose f as in (2.6) and (2.7), so that

k
(4.4) fr(n:90) =[] Ar( +hy).
i=1
By [13], we have, as R, N — 00,’
4.5) Q1 ~ N&(3)(log R)F if R < N2,
02~ kNS (log R} if R< N1,

On taking R = N%}B’ 0 < ¥y < O, we see that, as N — oo,

log R N Yo

log N 2

Notice that p < 1, so that we fail to detect primes in tuples. In Section 3, we proved
that on choosing f = Ar(n; #,£), by (3.1) and (3.2), as N — oo,

k 20+1
k+20+1 £+1

(4.6) p~k

“4.7) p

0-
If £ = 0 this gives p ~ kk?ﬁo, which, for large k, is twice as large as (4.6), while
(4.7) gains another factor of 2 when £ — oo slowly as k — oo. This finally shows
p>1if ¢ > 1/2, but just fails if ¢ = 1/2.

9 _(1-
SFor special reasons, the validity of the formula for Q5 actually holds here for R < N 2G—1) (1-e)
if k > 2, but this is insignificant for the present discussion.



834 DANIEL A. GOLDSTON, JANOS PINTZ, and CEM Y. YILDIRIM

In (3.11) we chose

L
Ly, o log(R/d)
(48) fR(n’%)—Z(:)(logR)ZAR(n’%k’Z)_d|P2:Mn)M(d)P( log R )
d<R

where P is a polynomial with a k-th order zero at 0. The matrix procedure does
not provide a method for analyzing p unless L is taken fixed, but the general
problem has been solved by Soundararajan [31]. In particular, he showed that p < 1
if ¢ = 1/2, so that one can not prove there are bounded gaps between primes
using (4.8). The exact solution from Soundrarajan’s analysis was obtained by a
calculus-of-variations argument by Conrey, which gives, as N — oo,

k(k—1)
=9,
p 28 0
where B is determined as the solution of the equation
1 k-2 2

1 YV rq)tdy _k
4.10) - = f? e withg(y) = Jk—2 2V B)—y T2 Jk2(2VBY).

B o vElq'(n)?2 dy
where Ji is the Bessel function of the first type. Using Mathematica, one can check
that this gives exactly the values of k in the previous table, which is in agreement
with our earlier calculations; but it provides somewhat smaller values of ¢ for which
a given k-tuple will contain two primes. Thus, for example, we can replace (3.16)
by the result that every admissible 6-tuple will contain at least two primes if

@.11) $>.95971....

4.9)

5. Two lemmas

In this section we will prove two lemmas needed for the proof of Propositions
1 and 2. The conditions on these lemmas have been constructed in order for them
to hold uniformly in the given variables.

The Riemann zeta-function has the Euler product representation, with s =
o +it,

-1
(5.1) ;@):H(l—%) , o> 1.

p
The zeta-function is analytic except for a simple pole at s = 1, where as s — 1

(5.2) Z(s)zslj—l-y—i-O(Is—lD.

(Here y is Euler’s constant.) We need standard information concerning the classical
zero-free region of the Riemann zeta-function. By Theorem 3.11 and (3.11.8) in
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[32], there exists a small constant ¢ > 0, for which we assume ¢ < 1072, such that
(o +it) # 0 in the region
4c

S = e +3)

for all . Furthermore, we have

1
54  llo+it)— ———— log(|t| +3), < log(|z| +3),
o—1+1it

o
(o +it)

4 : 1
= 1)+ ——— L log(|t| +3),
{(O-f-l )+0—1+it < log(|t] +3)

in this region. We will fix this ¢ for the rest of the paper (we could take, for instance,
¢ = 1072, see [8]). Let £ denote the contour given by

c
—— +it.
log(|t| + 3)

LEMMA 1. For R>C,k>2,B <Ck,

(5.5) s =

RS —
50 [ toallsl+3)® |5 ds| « ChR 4 VR,

where C1, cp and the implied constant in <K depends only on the constant C in the
Sformulation of the lemma. In addition, if k < c31log R with a sufficiently small c3
depending only on C, then

& e—./?logR/Z‘

(5.7) /(log(|s| +3)8 R—k ds
P s

Proof. The left-hand side of (5.6) is, with C4 depending on C,

« [ ool 4)®
0

(It| +c/2)k
Cy =3 R_m 0
58) <</ C{‘R‘czdt+/ %dwr/ 1=32dy
0 Cy 13/ w—3

Clog R

K CFR™2 47 o 4072,

D=

where now C is a constant depending on C. On choosing logw = /¢ log R, the
first part of the lemma follows. The second part is an immediate consequence of
the first part. U

The next lemma provides some explicit estimates for sums of the generalized
divisor function. Let w(g) denote the number of prime factors of a squarefree
integer ¢g. For any real number m, we define
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(5.9) dm(q) = m®@,

This agrees with the usual definition of the divisor functions when m is a positive
integer. Clearly, dy, (¢q) is a monotonically increasing function of m (for a fixed gq),
and for real m1, my, and y, we see that

(5.10) Am, (Q)dmy (@) = dmym> (@), (dm(q))” = dmy (q).

Recall that Zb indicates a sum over squarefree integers. We use the ceiling function
[y]:=min{n € Z; y <n}.

LEMMA 2. For any positive real m and x > 1 we have

(5.11) D'(x,m): = Zb m(4) < ([m] +1logx)™ < (m + 1 +1ogx)™+,
g<x

(5.12) D*(x,m): = Zb dm(q) < x([m] +1log )™ < x(m + 1 + log x)" 1.
g<x

Proof. First, we treat the case when m is a positive integer. We prove (5.11)
by induction. Observe that the assertion is true for m = 1, that is, when d;(q) = 1
by definition. Suppose (5.11) is proved for m — 1. Let us denote the smallest term
in a given product representation of g by j = j(g) < x!/™_Then this factor can
stand at m places, and, therefore, with g = ¢’ j(¢) =¢’J,

1/m
b d bl z:bd —1(¢’
Z m(q) <m § : = Mfm(]—klogx#) (m—1+logx)M—1
q q

g=x j=1 Ja'sx/j

< (m +1log x)(m +log x)" ™! = (m + log x)™.
This completes the induction. For real m, the result holds since D’(x,m) <

D’(x,[m7). We note that (5.12) follows from (5.11) because D*(x, m)<xD’(x,m).
O

6. A special case of Proposition 1

In this section we prove a special case of Proposition 1 which illustrates the
method without involving the technical complications that appear in the general
case. This allows us to set up some notation and obtain estimates for use in the
general case. We also obtain the result uniformly in k.

Assume 7€ is nonempty (so that k > 1), £ =0, and Ag(n; #,0) = Agr(n; ¥).

PROPOSITION 3. Suppose

6.1 k <y, (log R)%_"O with an arbitrarily small fixed ng > 0,
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and h < RC, with C any fixed positive number; then

6.2) > " Ar(: %) = S@H)N + O(Ne VER) 4+ O(R(210g R)*).

n=1

This result motivates the conjecture (2.11).

Proof. We have

N k
(6.3) S”R(N;%):ZAR(n;%):% Zu(d) (10g§) Z I

n=1 "d<R 1<n<N
d|Py(n)
If for a prime p we have p|Ps(n), then among the solutions n = —h; (mod p),
1 <i <k, there will be v, () distinct solutions modulo p. For d squarefree we
then have by multiplicativity v, (3¢) distinct solutions for n modulo d which satisfy
d| Py(n), and for each solution, n runs through a residue class modulo d. Hence
we see that

(6.4) > =409 (N + 0(1))
1<n<N

d|Py(n)

Trivially, vg () < k®@ = d; (q) for squarefree ¢. Therefore, we conclude that
(6.5)

1 w(d)vg () R\* (log R)¥ b
FRN: %) = N FZTd(logg) +O (=72 va(0)

"d<R d<R
= NTr(%) + O(R(k +log R)*),
by Lemma 2.
Let (a) denote the contour s = a +it, —00 < t < co. We apply the formula
1 x5 0 if0<x <1

. — | ——ds= -

6.6) 2 /Sk+1 s { %(logx)k if x>1,
(c) '
for ¢ > 0, and have that
o

©7) TR0 =5 [ FO)rd

ey

where, letting s = o + it and assuming o > 0,

(6.8) F(s) = Z a (‘;)lvfs(%) ]_[(1 - ‘Z’fj?).

p
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Since v, (#) = k for all p > h,

_ Gxl(s)
(6.9) F(S)_—§(1+s)k’
where by (5.1)
% 1 \7*
(6.10) Gy(s) = l_[ (1 - Uppl(_'_s)) (1 - pl—l—s)

p
:l;[(1+ pl+s + On (p2+20 ’

which is analytic and uniformly bounded for 0 > —1/2 + § for any § > 0. Also, by
(2.2) we see that

(6.11) G%(0) = &(%).
From (5.4) and (6.9), the function F(s) satisfies the bound
(6.12) F(s) < |Gy(s)|(C log(t] + 3))¥

in the region on and to the right of &. Here Gy (s) is analytic and bounded in this
region, and has a dependence on both k and the size / of the components of F. We
note that v, (%) = k not only when p > h, but whenever p fA, where

(6.13) A= T Ihj—hil
1<i<j<k

since then all k of the /;’s are distinct modulo p. We now introduce an important
parameter U that is used throughout the rest of the paper. We want U to be an
upper bound for log A, and since trivially A < h¥* we choose

(6.14) U := Ck?log(2h)
and have
(6.15) logA <U.

We now prove, for —1/4 <o <1,
(6.16) |Gy (s)| < exp(SkU‘s loglogU), where § = max(—o,0).

We treat separately the different pieces of the product defining Gg. First, by use of
the inequality log(1 + x) < x for x > 0, we have
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:exp(Zlog(l+pf€_8))SeXP(Z K )

= p1—8

1
<exp (kU5 Z ;) < exp (kU‘sloglog U).

Second, by the same estimates and the inequality (1 —x)" ' <143xfor0<x<2/3,

we see that
—k -1\ k
1 1
(o) = (11 (-5)")
p=<U p<U
k
3 1 1 2
<(1_[(1+ )) (since <—<—)
— 1-6 1-§ — »3/4 ’
o<U )4 )4 2 3
<L exp (3kU8 loglog U) .

Hence, the terms in the product for Gy (s) with p < U are
)
K exp(4kU° loglog U).

For the terms p > U, we first consider those for which p|A. In absolute value,

5]_[(1+ . )(1+ f_a)kfexp(z i )

1-8 1-§
plA P P plA P
p>U p>U

Since there are fewer than (1 +0(1)) log A < U primes with p|A, the sum above is
increased if we replace these terms with the integers between U and 2U . Therefore
the right-hand side above is
1 5 1 5
< — )< —) <
<exp (4k Z nl—S) <exp (4k(2U) Z n) <exp(4kU°®).
U<n<2U U<n<2U

Finally, if p > U

A

k
pH—s

<
- UI—S
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so that in absolute value the terms with p > U and p J A are

k 1 \7k
- ﬂ(l_pm)(l_ﬁ)
p>U
N IV SN I BN
(T (X6 D))
pIA v=1 p v=1 p
p>U
> 2 k v s k v
oo (LX) ) <o (X X (i)
p>Uv=2 p>Uv=2
)
<exp (2]{2 Z 5 28) _exp(tﬁ?US )fexp (ZkUS)
n>U

Thus, the terms with p > U contribute < exp (6kU 5), from which we obtain (6.16).
In conclusion, for & <« R€ (where C > 0 is fixed and as large as we wish)
and for s on or to the right of &, we have

(6.17) F(s) < (C log(|t| + 3))* exp(5kU® log log U).

Returning to the integral in (6.7), we see that the integrand vanishes as |t| — oo,
—1/4 <o < 1. By (6.9) we see that in moving the contour from (1) to the left
to & we either pass through a simple pole at s = 0 when ¥ is admissible (so that
S (7€) # 0), or we pass through a regular point at s = 0 when ¥ is not admissible.
In either case, we have by virtue of (5.2), (6.11), (6.14), (6.17), and Lemma 1, for
any k satisfying (6.1),

s

1 R
(6.18)  TR(¥) = Gx(0) + — | F(s)———ds = S(¥) + O(e Ve Ry,
2711 Sk+1
L7
Equation (6.2) now follows from this and (6.5). O

Remark. The exponent 1/2 in the restriction k < (log R)!/270 is not signifi-
cant. Using Vinogradov’s zero-free region for {(s) we could replace 1/2 by 3/5.
7. First part of the proof of Proposition 1

Let
(7.1) H=39UHs, || =k, |92 =ka, k =ki + k2,
r=#1NHa|, M =ky+ka+L1+ 5.

Thus |#| = k — r. We prove Proposition 1 in the following sharper form.
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PROPOSITION 4. Let h < RC, where C is any positive fixed constant. As
R, N — oo, we have

0+ 4 (logR)’Hle
7.2 A ;%,E A ;%’g — 1 2\ Jog R oo
. "<ZN R )R ) ( 4 )(V+£1+£2)! (%)
r+£1+62 |
+ N Z @j(ﬁl,fz,%1,%2)(10gR)r+151+52_1
j=1

+ Oy (Ne™ Ve Ry 4 O(R?(31og R)3*+M),

where the D (L1, 42,31, #2)’s are functions independent of R and N which satisfy
the bound

(7.3) B (L1, Ly, 91, 96) <pr (log U)C < py (loglog 10h)C7

where U is as defined in (6.14) and C; and C J/ are two positive constants depending
on M.

Proof. We can assume that both #; and ¥, are nonempty since the case where
one of these sets is empty can be covered in the same way we did in the case of
£ = 0 in Section 6. Thus k > 2 and we have

(7.4) N
FRON: 91, %2, 01, L2) ==Y AR(n; %1, £1)AR(n: ¥z, L)

n=1

1 > @) (>( D (e ) 2
= u(dyu(e log—) (log—) 1.
(k1 +€) (ko +£2)! S d ¢ 1<n=N
d[Py, (n)
e|P3€2(n)

For the inner sum, we let d = ajaja, ¢ = azaiz where (d,e) = ayz. Thus a;,
ay, and a2 are pairwise relatively prime, and the divisibility conditions d | Py, (n)
and e| Py, (n) become a1| Py, (1n), az| Py, (n), ai2| Py, (n), and aiz| Py, (n). As
in Section 6, we get vg, (#1) solutions for n modulo a;, and vg, (#2) solutions
for n modulo a,. If pl|ajz, then from the two divisibility conditions we have
Vp(#1(p) N 2(p)) solutions for n modulo p, where

H(p)={h'"r.....h 5 : h'j = h; € ¥ for some i, 1 <h'; < p}.

Notice that #(p) = # if p > h . Alternatively, we can avoid this definition which
is necessary only for small primes by defining

(15)  Tp(Ha#2) := vp (31 (p) N Ha(p)) = vp(H1) + vp(32) — vy (36)
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and then extending this definition to squarefree numbers by multiplicativity.® Thus
we see that

_ — N
Z 1= Va, (%l)vaz(%Z)valz(%ln %2) (m + 0(1)) s
1<n<N 142612
d| Py, (n)
elp%z(n)
and have

(1.6)
N
(k1 +£1)!(k2 + £2)!
plar)p(az)u(a2)?va, (%1)va, (€2)Vay, (110 2)
x )

SRIN;L1,45,%1,3) =

aijasa
a1a12<R 1426412
aza;2<R

R k1441 R ko+4>
X (log ) (log )
aaiz aaiz

+o<(logR>M > u(al)zmaz)zmau)%al(%)vaz(%z)nu(%lﬁ%))

aiai2<R
azaip<R

= NTr(£1,L2: %1, %) + O(R?(3log R)** M),

where Y indicates the summands are pairwise relatively prime. Notice that by
Lemma 2, the error term was bounded by

<UogRMY" S d(g)=og AIM Y ds(g)di (@)

g<R2 q=ai1azai> g<RZ?
b
= (log M Y~ d3r(q) < R*(3log R)* M.
q<R?

By (6.6), we have

(1.7)
R® R%2

1
gR(El’Ez; %1’ %2) - W // F(SI’SZ)slkl-i-Zl-i-l s2k2+€2+1 dS1 dSz,
(D)

where, by letting s; = 0; +i#; and assuming o1, 02 > 0,

OWe are establishing a convention here that for Vp we take intersections modulo p.
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(7.8)

Z pl@n)p(@z)n(@2)?va, (#1)va, (#2)va,, (310 #2)

F(s1,82) = a11+s1a21+s2a121+S1+52

1<aj,az,a12<00

_ H(l _vp(#y)  vp(32) N ip(%lﬁ%z))‘
p

p1+S1 p1+S2 p1+S1+S2

Since for all p > h we have v, (#1) = k1, vp(¥2) = k2, and v, (¥ NH2) =7,
we factor out the dominant zeta-factors and write
C(1+s1+52)

(7.9) Flons2) = Gt 2 i Ok e 4 sk

where by (5.1)
(7.10)

1 — o) _ vp(ia) + Vp (91 N%2) 1— 1 g
p1+sl pl-l—sz p1+51+52 p1+s1+s2
Gy, 9, (51,52) = | |

1)k 1 \*
P (1 - pl-‘rsl) (1_ p1+S2)

is analytic and uniformly bounded for o1, 05 > —1/4 + §, for any fixed § > 0. Also,
from (2.2), (7.1), and (7.5) we see immediately that

(7.11) Gaty 4, (0. 0) = S(3).

Furthermore, the same argument leading to (6.16) shows that for 51, s, on & or to
the right of &

(7.12) G, 56, (51. 52) < exp(CkUP1 T2 1oglog U),
with §; = —min(o;,0) and U as defined in (6.14). We define
(7.13) W(s):=st(1+s)
and
(7.14 DSt = G o102 g S
so that
(7.15)
1 RS1H52
Tath. i31.90) = s [ [ Dlsvsa) e s,

M@
To complete the proof of Proposition 1, we need to evaluate this integral. We
will also need to evaluate a similar integral in the proof of Proposition 2, where
the parameters k1, k2, and r have several slightly different relationships with %
and ¥, and G is slightly altered. Therefore we change notation to handle these
situations simultaneously.
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8. Completion of the proof of Proposition 1: Evaluating an integral

Let

1 D(s1, s2) R H52
8.1)  Th(a.b.d.uv.h):= 2// u+fsiff) — dsi ds,
Cri? ) J st 4 )

where

G(s1,52) W9 (s1 +52)

®-2 Dlsr,22) = Wea(s))WP(s2)

and W is from (7.13). We assume G(s1, 52) is regular on & and to the right of &
and satisfies the bound, with §; = — min(o;, 0),

(8.3) G(s1,52) <M exp(CMU‘SlJrS2 loglogU), where U = CM?log(2h).
LEMMA 3. Suppose that
(8.4) 0<a,b,du,v<M, a+u>1, b+v>1, d<min(a,b),

where M is a large constant and our estimates may depend on M. Let h < R€,
with C any positive fixed constant. Then we have, as R — o0,

logR)“'HH'd
85) T b.d.wv.h) = (w+v)1e R L0
u+v+d .
+ Y @j(a.b.d v, h)(log RUHTITI 0y (e VIER),
j=1

where the Dj(a,b,d,u,v, h)’s are functions independent of R which satisfy the
bound

(8.6) B (a,b.d u,v.h) <p (log U <y (loglog 10h)C7
for some positive constants Cj, C j’ depending on M.

Proof. One would expect to proceed exactly as in Section 6 by moving both
contours to the left to £. There is, however, a complication because the integrand
now contains the function ¢ (1 + s; + s2) which necessitates also that s; 4 s be
restricted to the region to the right of & if we wish to use the bounds in (5.4).” By

7This was pointed out to us by J. Sivak and also Y. Motohashi and was handled in similar ways in
[30] and in [15]; we have also adopted this approach here.
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the conditions of Lemma 3, (5.4), and (8.3), we have
D(s1,52)
Su+1 v+1(S]+S2)d

exp(CM U152 loglog U) (log(|11] +3) log(2] +3)) > max(1. |s1 +s2 =)
|S1 |a+u+1 |52|b+v+1

8.7

<m

provided s1, 52, and 57 + $» are on or to the right of £. We next let

(8.8) Y = VieR

and define the contours, for j =1 or 2,

, 47J¢ 47 c¢
(8.9) L= )={ +lt:—oo<t<oo},
7 MogV logV
4—J
Lj:{ C it |t] < 4/V}
logV
4—J .
§Ej={— C tir: |t|§4‘fV},
logV

H; = {ajj:z4 TV oy <

By (8.7) the integrand in (8.1) vanishes as |t;| — oo or |t2| — oo provided s and
s are to the right of L). We first shift the contours (1) for the integrals over s
and s, to L' and L/, respectively. Next, we truncate these contours so that they
may be replaced with L1 and L;. In doing this there are two error terms which are
estimated by (8.7). For example the error term coming from L/ and the truncated
piece of L) is

c [ [ (oglt|+3)*M

v + lt|a+u+1

o0 1 2M
. ( | %m)
V/16 t

|4log

log V)M
M (og V)77 gl_)i( < e CVIER,
16

Hence

D(s1, sz)Rsl‘H2 _
8.10) J% = dsids, + O cvlog Ry
(8.100 JTg= (2m)2 // (o s1dsy+ Op (e )

LyL,

To replace the s;-contour along L; with the contour along &£; we consider the
rectangle formed by L1, H;, and £ which contains poles of the integrand as a
function of 51 at s; = 0 and s; = —s,. Hence we see that
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1 D(sy,s2) R¥1+52
®11) ITpr=-— Res( u+1(s1)+s12) d)dS2
51 577085 (51 +52)

L,

1 D(Sl Sz)Rsl 52
— Res ds
+ s1=—52 ( u+l v+1(S1 +55)4 ?

D RS1t52
/ / e ds1 dsz + Oy (e R).

(27”)2 UGt (51 + 52)9

L, $1UH,

Here the contours along £ and H; are oriented clockwise. In the first and third
integrals we move the contour over L, to &, in the same fashion, but now we only
pass a pole at s, = 0. Thus we obtain

(8.12)

D(s1,52)RS1152
T = Res Res TSN +1
52=051=0 s (s1+52)4

1 D , Rs1+s2
+— / Res ( MH(SLL?) d) dsy
2mi 51=0 59 (Sl +32)

$rUH>
1 D(sy, s5)RS1152
L / Res (51,52) ds;
2mi 2=0 sy 53 T (1 +52)4
$1UH,

1 D(s1,52)RS1152
+— Res 1(1 12) dsy
27” s1==s2\ s sy (51 + 52)4

D(S1,S2)Rsl+s2 —c+/log N
(2711)2 / / u+1 +1(S1 F52)d dsydsy + Op (e )
iZUHz §£1UH1

=T+ 11 + I + I3 4 14+ Opg (e VIR,

We will see that the residue Iy provides the main term and some of the lower order
terms, the integral /3 provides the remaining lower order terms, and the integrals
11, I, and 14 are error terms.

We consider first Iy. At s; = 0 there is a pole of order <u + 1, and therefore®
by Leibniz’s rule we have

. _DGiso)RY =l2u:( )(10 Ry 3 (D(S1 sz))
0

(¢
s1=0 ¥ (s; +52)8  ul & (s1+52)¢ 5120

8If G(0,0) = 0 then the order of the pole is u or less, but the formula we use to compute the
residue is still valid. In this situation one or more of the initial terms will have the value zero.
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and
31(29322) 1y ROs@ D i
asi (s1+ Sz)d 51=0 N Sg-i-l
dd+1 d — i1
B0 ]t steriion

where in case of i = j (including the case when i = j = 0 and d > 0 arbitrary)
the empty product in the numerator is 1. We conclude that

(8.13) Res ————F——
51=0 s 1 (51 + 52)4

D(s1,52)R5! :iia(l , j)(log R)*— 3/
0s?

dTi—] D(S1,Sz)
i=0,/=0 ) 51

51=0

with a(i, j) as given explicitly in the previous equations. To complete the evaluation
of Iy, we see that the (7, j)th term contributes to Iy a pole at s, = 0 of order
v+ 1+d+i—j (orless), and therefore by Leibniz’s formula

R*2 3/
B8 ST 3] 70 52)
s1=0
1 U+d+l_j v . . o am 8J
- - +d+i—j 1 Rv+d+l—j—m__D
(v+d+i—j)! mZ::O ( m )(og ) ds3" ds] (sl’sz)”:o
52=0

This completes the evaluation of [, and we conclude

(8.14)
u i vtd+i—j

Ip=>_>" Z b(, j. m)(——D(s1 52)

)(log R)u+v+d—j—m’
s1=0

s2=0

0 1 G K e

The main term is of order (log R)*+?*¢ and occurs when j = m = 0. There-
fore, it is given by

wtord [ L jdd+1)-(d+i=1)
G(0,0)(log R) (u 12(:)( )( 1) wrdi )

It is not hard to prove that

| jdd+D--@d+i=1) iy 1
(8.16) EZ< )(— ) Ww+d+i) _(uu v)(u—l—v—i—d)!’

1=
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from which we conclude that the main term is

1
(8.17) G0, 0)(“::”)m(10g RydHutv,

Motohashi found the following approach which avoids proving (8.16) directly and
which can be used to simplify some of the previous analysis. Granville also made a
similar observation. The residue we are computing is equal to

1 D(s1,s2)RS1152
271 )2 U+l v+l 4 dsy dsa,
(27i) sy 8y (s1+52)
I

where 'y and I'; are the circles |s1| = p and |s2| = 2p, respectively, with a small
p > 0. When s; = s and s, = sw, this is equal to

1 D(s, sw)RSW+D .
(2mi)? s“+v+d+1wv+1(w+l)d s aw,

I3 T

with I'3 the circle |{w| = 2. The main term is obtained from the constant term
G(0,0) in the Taylor expansion of D(s,sw) and, therefore, equals

G(0,0)

dw=G(0,0
(u+v+d) 2mi wvtl w=60, )(u+v+d)!
I

(log R)#tvtd (w+ ¥t (log R)#+v+d (u n v)
‘U 9

by the binomial expansion.

To complete the analysis of /o, we only need to show that the partial derivatives
of D(sy,s2) at (0,0) satistfy the bounds given in the lemma. For this, we use
Cauchy’s estimate for derivatives

(8.18) Do) < max |£G)]L
| |=n n/

z—zp|=

if f(z) is analytic for |z — zg| < 1. In the application below we will choose zg on
¥ or to the right of & and

1

8.19 ==
(8.19) 7 ClogUlogT

,  where T = |s1| + |s2| + 3.

Thus we see the whole circle |z —zg — 1| = n will remain in the region (5.3) and the
estimates (5.4) hold in this circle. (We remind the reader that the generic constants
¢, C take different values at different appearances.) Thus, we have for s1, 5o on &
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or to the right of &£, and j < M, m <2M,

8.20 o 3 D
(8.20) @Q (51,52)

< jm!(ClogUlogT)’ ™™ max |D(s}.s3)|

[sT—s11<n,ls3—s2]<n

max(1, |s1 + s2|)d

<y exp(CM U 12 100 10g U) (log T)M ,
M exp( glogU)(log ) max(1,|s1|)“max(1,|sz|)b

which, if max(|sy], |s2]) < C, reduces to

(8.21) ﬂa—jD(sl 52) <1 exp (CMU5‘+52 log log U)
. dsy' 8s{ ’ .

In particular, we have

m o/
(8.22) ——.D(Sl,Sz)

<y (log U)CM.
m
ds5 8s{

s1=0
s2=0

849

We conclude from (8.14), (8.17), and (8.22) that Iy provides the main term and

some of the secondary terms in Lemma 3 which satisfy the stated bound.
We now consider /7. By (8.13) and (8.20),
(8.23)

1< (log R)" /
$rUH>

MU 10g10g U (108(I22] +3))*M max(1. |s2])
e
|S2|v+1+d max(l, |s2|b)

|R*?||ds2).

By (8.4) we have b + v > 1, along H,, |R%?| K eVIogR and along both ¥, and

H, we have U% « 1. When |s2] > 1,

max(1, |s2|%) 1 < 1
|s2[F1+d max(1, |s2[P) 7 [sa[vHIFE T |sa2

and therefore the contribution from H, to [; is

TM/2—1/2
wpy Lo R)V2 eCVIER ) omeVI0ER,

Similarly the integral along &, is bounded by

|4
pa— C 1 1
oM < 3M _ - —
< (log RY*M R~ 16107 /_ | (log(le] +3)) mm((logv)_3M’,2)dt

< (log R)*M R~ Toleev
<Ly e eVIe R,
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and therefore I; also satisfies this bound. The same bound holds for /5 since it
is with relabeling equal to /. Further, /4 also satisfies this bound by the same
argument on applying (8.7) and noting that |s1 + s3] > @ in 4.

Finally, we examine /3, which only occurs if d > 1:

(8.24)
R D(sy,s2)RS1152 i 1 3471 [ D(sy,s2)RS1T52
€S = mm
S1=—s2 S}‘HSEH(Sl + 52)4 si=>=s2 (d —1)! §g, 91 spUutlgyvtl
d—1
d—1— z
1), Z Bi(s2)(log R)
where

(8.25) Bi(s2) .
~(7)Z (Do
j:

Therefore by (8.12), (8.24), and (8.25),

(=D u+1)(u+j)
(Lt +1gutvtia2

s1=—52

d—1
1 d—1-
(8.26) Iz = =P Z%l(log R)4—1-1,
where
1

(8.27) % :—,/%i(sz)dsz, 0<i<d-1.

2mi

L,

By (8.20) and (8.25) we see that for s, to the right of &

aM
(log(|r2] +3))
|t2|u+v+a+b+2 max(l, |t2|").

(8.28)  Bi(s2) Kar exp (CMU‘52| log log U)

In (8.27) we may shift the contour L, to the imaginary axis with a semicircle of
radius 1/log U centered at and to the right of s, = 0. Further, we can extend this
contour to the complete imaginary axis with an error Opz (e ¢ V102 R) ysing (8.28)
and the same argument used above (8.10). Letting

eiz?

(8.29) $’={s=iz |Z|>$}U{S:10gU: —%5195%}

oriented from —i oo up to i 0o, we conclude

1
(8.30) € =5 / B (52) dsa + Opg(e~VIERY 0 <ij<d—1.
T
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The integral here is independent of R but depends on /. Therefore this provides in
(8.26) some further lower order terms in Lemma 3. The contribution to %6; from
the integral along the imaginary axis is

(8.31) <y (log U)y¥tvFitatb+leyn(CM loglog U) < pr (logU)E™M

This expression also bounds the contribution to €¢; from the semicircle contour,

completing the evaluation of /3. Combining our results, we obtain Lemma 3. [
9. Proof of Proposition 2

We introduce some standard notation associated with (1.2) and (1.3). Let

O (ga)= Y logp=[a.q) =1]-"~+E(xiq.a).
ot ¢(q)
p=a(mod q)

where [S] is 1 if the statement S is true and is 0 if S is false. Next, we define

(9.2) E'(x,q):= max |E(x;q,a)|, E*(x,q)=maxE'(y,q).
a, (a,q)=1 y<x

In this paper we only need level of distribution results for E’, but usually these
results are stated in the stronger form for E*. Thus, for some 1/2 < < 1, we
assume, given any A > 0 and ¢ > 0, that

X
9.3) Y EM(x,q) Kde ——-
= (log x)
g<xv—¢
This is known to hold with ¢ = 1/2.
We prove the following stronger version of Proposition 2. Let

1 if h() Q/%,
({1+42+1)]log R
Cr(br1, L2, 1, Ha, ho) = (01 +1)(r+01+L2+1)
1+£24+2)(l1+L€2+1)log R
C+D)La+ D)+l +HE+1)
By relabeling the variables we obtain the corresponding form if hg € 2 \ #1. We
continue to use the notation (7.1).

if h() € %1 \%2,

if ho € #1 N ¥s.

PROPOSITION 5. Suppose h < R. Given any positive A, there exists B =
B(A, M) such that for

9.4) R<umAaN3/(ogN)® and RN — oo

we have
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N
9.5) > ARG 1. €1) AR(n: 2, £2)0(n + ho)
n=1
Cr(L1, €2, 91, %2, ho) (0, 4 ¢, 0 C140
= S(#°)N(log R)" 1142
(r+4£1 +£2)! ( 8} ) (%) (og £)
,
: N
+N Y DBl L. %1, ¥, ho)(log RY T T27T 1 0y 4 (—A) :
= (log N)

where the D (L1, L2, ¥1, 32, ho)’s are functions independent of R and N which
satisfy the bound

(9.6) @ (91, 9a. ho) <ar (Iog U <y (loglog 10m)S

for some positive constam;s C;,C j’ depending on M. If conjecture (9.3) holds, then
(9.5) holds for R <3y N2 —e and h < R?, for any given ¢ > 0.

Proof. We assume that both ¢; and #, are nonempty so that k; > 1 and
ko > 1. The proof in the case when one of these sets is empty is much easier and
may be obtained by an argument analogous to that of Section 6. We have

N
©.7) FR(N:;%1,%2, €1, L2, ho) := Y ARG ¥, L1)AR(n; 3o, £2)0(n + ho)
n=1
1 R\Kk1+4 R\ k2tt2
= , ;2 K (log—) (log—)
(k1 +€1)!(k2 + £2)! de=R d e
x Y O(n+ho).
1<n<N
d| Py, (n)
eng{Z(l’l)

To treat the inner sum above, let d = ajai, and e = azay2, where (d, e) = ay,
so that ay, ap, and a1, are pairwise relatively prime. As in Section 7, the n for
which d| Py, (n) and e|Py,(n) cover certain residue classes modulo [d,e]. If
n =b (modajazayy) is such a residue class, then letting

m=n+ho=>b+ ho(modaiazais),
we see that this residue class contributes to the inner sum

9.8) > 6(m)

14+ho<m<N-+ho
m=b+hy (modaiazaiz)

= 60(N+ho;araza12,b+ho) —0(ho; arazai2, b+ho)

N
= [(b + ho,a1az2a12) = || -————— + E(N;ajaza12,b+ho) + O(hlog N).
¢(arazarz)
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We must determine the number of these residue classes where (b + ho, ajazai»)
= 1 so that the main term is non-zero. If p|ay, then b = —h; (mod p) for some
hj € ¥1, and therefore b + hg = ho —h; (mod p). Thus, if hg is distinct modulo
p from all the h; € ¥, then all v, (1) residue classes satisfy the relatively prime
condition, while otherwise ho = h;(mod p) for some h; € ¥ leaving v, (#;1) —1
residue classes with a non-zero main term. We introduce the notation v; (%,°) for
this number in either case, where we define for a set % and integer /¢

9.9) Vr (%) = vp (%) — 1,
where
(9.10) #° =9 U {ho}.

We extend this definition to v} (%) for squarefree numbers d by multiplicativity.
The function 1); is familiar in sieve theory; see [16]. A more algebraic discussion
of vz* may also be found in [14], [15]. We define v’} ((9¢,N32)°) as in (7.5).

Next, the divisibility conditions az| Py, (n), a12| Py, (n), and a12| Py, (n) are
handled as in Section 7 together with the above considerations. Since E (n; ¢, a) <
(logN) if (a,q) > 1 and ¢ < N, we conclude that

_ N
9.11) O(n + ho) = v* (%" (5,°)vF  ((%,N%5)°) ———
1<;N ( 0) = vy, (#1°)v, (H2")vy , ((H1NH2) )¢(a1a2a12)
d [Py, (n)
e| Py, (n)

+ O(dk(alazalz)( max  |E(N:iara2a1.)| +h(logN))).
(b,ajazaiz)=1
Substituting this into (9.7) we obtain for §’R (N;H1,%2,21,£2, hp) the value
N
(k1 +£1)! (k2 + £2)!
3 plan)p(az)ularz)?vy (962, (36:°)v5 ) ((6:1N%2)°)
¢(arazaiz)

aija;2<R
aza12<R

R k1444 R ko+Lo
X (log ) (log )
ayaiz azain

+ O((Iog R)M Z dk(alazalz)E/(N,alazalz))

aja;2<R
aza2<R

+ O(hR2(3 log N)M+3k+1),
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that is to say,
(9.12)  FR(N: 91,90, L1, L2, ho) = NT p(¥1, %2, L1, L. o)
+ O((log RYM € (N)) + O(hR?*(3log N)MT3k+1)

where the last error term was obtained using Lemma 2. To estimate the first error
term we use Lemma 2, (1.3), and the trivial estimate E’(N,q) < (2N/q)log N for

g < N to find, uniformly for k¥ < ,/(log N)/18, that
(9.13)  [€x(N)|

= Y de@) max [EVia )] Y

g<R? (b,g)=1 g=aiazaiz
b b d3i(q)?
=Y de@ds@E'(N.g) < | Y =2 [N g(E/(N.g))?
q<R? g2 1 q<R?
<V (og N)° /2N TogN | Y E'(N.q) < N(log N)©®K*+1=4)/2,
g<R2

provided R? < N 2 /(log N)B. On relabeling, we conclude that given any positive
integers A and M there is a positive constant B = B(A, M) so that for R <
N#/(log N)B and h < R,

9.14)

~ ~ N
SRIN: H1, Ha, €y, L2, ho) = NTR(H1, Ha, L1, €2, h0) + Om | ——— |-
(log N)
Using (9.3) with any ¢ > 1/2, we see that (9.14) holds for the longer range
R<y N275, h < N°.
Returning to the main term in (9.12), we have by (6.6) that

(9.15) T Rr(¥1.%2. L1, L2, ho)

- [ [F ol R 4nd
B (27'[1')2// (Sl’s2)31k1+el+152k2+ez+1 51452,
1@

where, by letting s; = 0; + if; and assuming 01,02 > 0,

(9.16) F(Sl, 52)
Z pan)plaz)plarz)?vy, (6:°)vi (#2075 ) ((#:1N32)°)

S1 52 S1+582
I<d1 s <00 p(ar)ar® ¢(az)az*2¢(aiz)arz

_ l—[ (1 v (3:°) v (32°) N v, ((%1ﬁ?€2)0))
2

S (p—Dpst (p—D)p2 | (p—l)psits
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We now consider three cases.

Case 1. Suppose hy & #. Then we have, for p > h,
VIO = ki, VR0 = ko, T ((907196)°) =
Therefore in this case we define Gy, %, (51, 52) by

C(1+s1+82)"
E(1+s)k1E(1+ sp)k2

Case 2. Suppose hg € #; but ho & #,. (By relabeling this also covers the
case where hg € ¥, and ho & #;.) Then for p > h

9.17) F(s1,52) = Gy, 5, (51, 52)

V(%) =ki—1, vi(6:°) =ky, v ((91N%2)°) =7
Therefore, we define Gy, 9, (s1.52) by

(1451 +52)"
C(A+s)F=1E(1 4 sp)k2

Case 3. Suppose hy € #1 N H,. Then for p > h

(9.18) F(Sl,Sz) = G%1’%2(51,52)

VEIOO) =k — 1, 0 =ka— 1, TS ((90192)°) =r— 1.
Thus, we define Gy, 3, (s1.52) by
(1 +s1+ Sz)r_l
C( 4 sk (1 4 sp)k2=t

In each case, G is analytic and uniformly bounded for 01,0, > —c, with any
c<1/4.
We now show that in all three cases

9.19) F(s1,52) = Gy, 5, (51, 52)

(9.20) G, 96, (0,0) = S(#0).

Notice that in Cases 2 and 3 we have #° = ¥. By (5.1), (7.5), (9.9), and (9.16),
we find in all three cases

(9.21) Gy, %,(0,0)
_ 1—[(1 0p(1°) + 1p (9:°) — T (911192)°) — 1)(1 - l)—a(%l,%z,ho)

» p—1 p
v (% )— 1 1\ —a(¥1.92,ho)
=10, -) ’

where a(#1, #2, ho) =k1+ko—r =k—rinCase 1; a(#1, #2, ho) = (k1—1)+ko—
r=k—r—1linCase2;and a(#1,#o,ho)=(k1—1)+(ko—1)—(r—1)=k—r—1
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in Case 3. Hence, in Case 1 we have

922) Gy 9,(0,0) = H(M) (1= 1y
p

p—1 p
(- 2)(0-5) T e
p

while in Cases 2 and 3 we have

— —(k—r—
p pvp(%))(l_ 1) ( 1)

] o

(923) Gy, ,%,(0,0) = 1_[( P

p
~T1(- @) (1- %)‘”‘") —S@) (=),
4

We are now ready to evaluate I g(#1, #2,£1,£2, ho). There are two differ-
ences between the functions F' and G that appear in (9.16)—(9.19) and the earlier
(7.8)—(7.10). The first difference is that a factor of p in the denominator of the Euler
product in (7.8) has been replaced by p—1, which only affects the value of constants
in calculations. The second difference is the relationship between k1, k», and r,
which affects the residue calculations of the main terms. However, the analysis of
lower order terms and the error analysis are essentially unchanged and, therefore,
we only need to examine the main terms. We use Lemma 3 here to cover all of the
cases. Taking into account (9.17)—(9.19) we have in Case 1 thata =k, b=k,,d =
rnu=4~41,v=4~{y;inCase2thata =k —1,b=kr,d =r,u=4£4;1+1,v=1{5;
andin Case 3thata =k1—1,b=ky,—1,d =r—1lL,u=41+1,v=4,+1. By
(9.22) and (9.23), the proof of Propositions 5 and 2 is thus complete. O

10. Proof of Theorem 3

For convenience, we agree in our notation below that we consider every set of
size k with a multiplicity k! according to all permutations of the elements /; € ¥,
unless mentioned otherwise. While unconventional, this will clarify some of the
calculations.

To prove Theorem 3 we consider in place of (3.5)

(10.1) Fr(N.k, £, h,v)

2N 2
1
n=N+1 “1<ho<h #C{1,2,..., h}
o=k
- log 3N
— MIR(N, Kk, 0, h) —v—22 MR (N, k, €, h),

h
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where
2N

1 2
(10.2) MR(N,k,E,h):W > ( > AR(n;%,e)),

n=N+1 > %c{1,2,...,h}
%=k

(10.3) Mg(N. k., £, h)
2N

2
:W 3 ( 3 0(n+ho))( 3 AR(n:%,z)).

n=N+1 " 1<ho<h #C{1,2,....,h}

o=k
To evaluate Mg and Mg we multiply out the sum and apply Propositions 1 and 2.
We need to group the pairs of sets #; and #» according to the size of the intersection
r = |#1 N ¥>|, and thus |¥| = |#; U 2| = 2k — r. Let us choose now a set
3¢ and here, exceptionally, we disregard the permutation of the elements in .
(However for #; and ¥, we take into account all permutations.) Given the set ¥
of size 2k — r, we can choose ¥; in (Zkk_r) ways. Afterwards, we can choose the
intersection set in (lrc) ways. Finally, we can arrange the elements both in #; and
¥ in k! ways. This gives

(10.4) (%) (F) v = er-m(¥) n

choices for #; and #,, when we take into account the permutation of the elements
in 7, and 9,. If we consider in the summation every union set # of size j just
once, independently of the arrangement of the elements, then Gallagher’s theorem
(3.7) may be formulated as

(10.5) >, 600 ~ —.
J!
#*C{1,2,...,h}
%=/

where Y indicates every set is counted just once. Applying this, we obtain on
letting

log R
(10.6) Xx=—
and using Proposition 1, that
(10.7)
244r
| 20\ (log R) *
MR(N.k £, h) ~ h2k Z(zk i ) (% )—( oV 2 e

|%#|=2k—r

r

(26)(1°gR)2ZZ( ) r+1)- x(r+2z)'
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By Proposition 2 and (10.5),

k

~ 1 k\2
(10.8) MR(N,k,Z,h)~W§)(2k—r)!(r) "z,

. _ 2041 2041\ (20N Loy 207!
Where,abbrevmtmga——E_i_1 —(€+1 )(6) —2(£+1>(€) , wWe
have
(10.9)

20 (log R)*“+r * log R
Z, = - 2a———&(#
r (e) (r +20)! T%I—X: @1 OON
* log R 0
2k —2 H)N )N
o Yo R saov s Y Y so)
|%|=2k—r |%|=2k— rZoﬂl
(0]

NN(zg)(logR)zeJ” h?*=r 2aklogR  2k—r+1 5,44
) (r+20! | Qk—r)!r+20+1 Qk—r+1) )

In the last sum we took into account which element of %#° is ko, which can be
chosen in 2k —r 4+ 1 ways. Thus we obtain

(10.10) Mg(N,k,€,h)

k
2/ k\2 x" 2ak
N(Z )(IOgR)M;)(r) r+ 1) (r +20) (r+2£+1x+1)'

We conclude, on introducing the parameters

1 og R )
10.11 = — h =2—0), = —) hat R=(3N)"),
(10.11) ¢ 1 (so that a ®) log 3N (so that (3N)®)
that
(10.12) SR(N, k., €, h, v) ~ <2€£)(log R Py (),
where
k r [

k\2 X 4(1-%5)k v
10.13) P = 1 _ .
(10.13) P, (x) ;)(r) (r+1)---(r+2e)( +x<r—|—2€—|—1 ®
Let

®

(10.14) h=2Alog3N, sothat x = T

The analysis of when § > 0 now depends on the polynomial Py 4, (x). We examine
this polynomial as k,{ — oo in such a way that £ = o(k). In the first place, the
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size of the terms of the polynomial are determined by the factor
2
)= (%),

and since g(r) > g(r — 1) is equivalent to
k+1

r< :
1+ N
we should expect the polynomial is controlled by terms with r close to k/(z + 1),
where

10.15 z=—.
( ) NG
Consider now the sign of each term. For small x, the terms in the polynomial are
positive, but they become negative when

: 41-5)k v 0
T\ T2 o)

When r =k/(z+ 1) and k, £ — 00, £ = o(k), we have heuristically

40-%Hk v 1[4k v 1 5 V
1+x<m‘6) ~ita (z‘@) Zz—z(<”2) ‘@)-
z+1

Therefore, the terms will be positive for r near k/(z + 1) if z > /v/® —2, which
is equivalent to A > (v/v —2+/©)2. Since we can take O as close to /2 as we
wish, this implies Theorem 3. To make this argument precise, we choose rg slightly
smaller than g(r) maximal, and prove that all the negative terms together contribute
less than the single term rg, which will be positive for z and thus A close to the
values above.

For the proof, we may assume v > 2 and 1/2 < g <1 are fixed, with 9y < 1
in case v = 2. (The case v = 1 is covered by Theorem 2, and the case v = 2,
Y9 = 1, E5 = 0 is covered by (1.11) proved in Section 3.) First, we choose &g
as a sufficiently small fixed positive number. We will choose ¢ sufficiently large,
depending on v, ¥y, &g, and set

(10.16) k=({L+1?>=¢" 2,  £>Lo(v,0,c0), sothate < @o(v,D,e0).

Furthermore, we choose
_ logR _ #o(1—¢)
~ log3N 2

and (because of our assumptions on v) we can define

(10.18) zg 1= /2v/%e—2> 0.

(10.17)

El
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Thus, we see that

1 4k 2v 1 5 2V
(10.19) 1+—2 — |== (zo+2)?-=") =0,
0 zo+1 190 0 190
Let us choose now
k+1
(10.20) r0=|: + ], ri=ro+ek=ro+4+1,
zo+ 1
and put
(10.21) z =zo(l +&9p).
The linear factor in each term of Pk,g’,,(x) is, forrg <r <rq,
(10.22)

41-%k v 1 4k(1+ 0(p)) 2v
Itx|—— "5 |=1t= 2 | % B
r+20+1 © zo(1+20)? \ K5 + O(kg)  Do(1-9)

—25 + O(Vvp) + O(vy)
zg(1+&9)?
>c(v,%)eo  if ¢ < @o(v,V, o),

where c¢(v, ¥¢) > 0 is a constant. Letting

. k 2 X
(10.23) f(r)-—(r) (r+1)-(r+2¢)°

r

we have, for any r, > rq,

f(r2) k+1—r 1\? k+1—r 1\?
1024)  ZoS < I1 (—r 'Z) <r0<r]_[§r1 (—r .;)

ro<r=<rp

24 24
() ) (e
ro+1 z zo(1+€o)

Thus, the total contribution in absolute value of the negative terms of Py ¢, (x) will
be, for sufficiently large £, at most

4(k
(10.25) k (1 + (—jv)) e f(ro) < e f(ro),
zZ
while that of the single term ro will be by (10.22) at least
(10.26) c(v,90)e0 f(ro) > e 502 f(rg) if £ > Lo(v, Do, £0).

This shows that Py ¢ ,,(x) > 0. Hence, we must have at least v + 1 primes in some
interval

(10.27) [n+1,n+hl=[n+1,n+Alog3N], ne[N+1,2N],
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where

9
(10.28) A=0z2< 7023(1 +80)2 = (1 + 80)% (Vv — v200)2.

Since gg can be chosen arbitrarily small, this proves Theorem 3.
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