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Well-posedness for the motion

of an incompressible liquid
with free surface boundary

By Hans Lindblad*

Abstract

We study the motion of an incompressible perfect liquid body in vacuum.
This can be thought of as a model for the motion of the ocean or a star. The
free surface moves with the velocity of the liquid and the pressure vanishes on
the free surface. This leads to a free boundary problem for Euler’s equations,
where the regularity of the boundary enters to highest order. We prove local
existence in Sobolev spaces assuming a “physical condition”, related to the
fact that the pressure of a fluid has to be positive.

1. Introduction

We consider Euler’s equations describing the motion of a perfect incom-
pressible fluid in vacuum:(

∂t + V k∂k

)
vj + ∂jp = 0, j = 1, . . . , n in D,(1.1)

divV = ∂kV
k = 0 in D(1.2)

where ∂i = ∂/∂xi and D = ∪ 0≤t≤T {t} × Dt, Dt ⊂ Rn. Here V k= δkivi = vk,
and we use the convention that repeated upper and lower indices are summed
over. V is the velocity vector field of the fluid, p is the pressure and Dt is the
domain the fluid occupies at time t. We also require boundary conditions on
the free boundary ∂D = ∪ 0≤t≤T {t} × ∂Dt;

p = 0, on ∂D,(1.3)

(∂t + V k∂k)|∂D ∈ T (∂D).(1.4)

Condition (1.3) says that the pressure p vanishes outside the domain and con-
dition (1.4) says that the boundary moves with the velocity V of the fluid
particles at the boundary.

Given a domain D0 ⊂ Rn, that is homeomorphic to the unit ball, and
initial data v0, satisfying the constraint (1.2), we want to find a set D =

*The author was supported in part by the National Science Foundation.



110 HANS LINDBLAD

∪ 0≤t≤T {t} × Dt, Dt ⊂ Rn and a vector field v solving (1.1)–(1.4) with initial
conditions

{x; (0, x) ∈ D} = D0, and v = v0, on {0} × D0.(1.5)

Let N be the exterior unit normal to the free surface ∂Dt. Christodoulou[C2]
conjectured that the initial value problem (1.1)–(1.5), is well-posed in Sobolev
spaces if

∇N p ≤ −c0 < 0, on ∂D, where ∇N = N i∂xi .(1.6)

Condition (1.6) is a natural physical condition since the pressure p has to
be positive in the interior of the fluid. It is essential for the well-posedness in
Sobolev spaces. A condition related to Rayleigh-Taylor instability in [BHL],
[W1] turns out to be equivalent to (1.6); see [W2]. With the divergence of
(1.1)

−�p = (∂jV
k)∂kV

j , in Dt, p = 0, on ∂Dt.(1.7)

In the irrotational case, when curl v ij = ∂ivj − ∂jvi = 0, then �p ≤ 0 so that
p ≥ 0 and (1.6) holds by the strong maximum principle. Furthermore Ebin
[E1] showed that the equations are ill-posed when (1.6) is not satisfied and
the pressure is negative and Ebin [E2] announced an existence result when one
adds surface tension to the boundary condition which has a regularizing effect
so that (1.6) is not needed.

The incompressible perfect fluid is to be thought of as an idealization
of a liquid. For small bodies like water drops surface tension should help
holding it together and for larger denser bodies like stars its own gravity should
play a role. Here we neglect the influence of such forces. Instead it is the
incompressibility condition that prevents the body from expanding and it is
the fact that the pressure is positive that prevents the body from breaking up
in the interior. Let us also point out that, from a physical point of view one
can alternatively think of the pressure as being a small positive constant on
the boundary instead of vanishing. What makes this problem difficult is that
the regularity of the boundary enters to highest order. Roughly speaking, the
velocity tells the boundary where to move and the boundary is the zero set of
the pressure that determines the acceleration.

In general it is possible to prove local existence for analytic data for the free
interface between two fluids. However, this type of problem might be subject
to instability in Sobolev norms, in particular Rayleigh-Taylor instability, which
occurs when a heavier fluid is on top of a lighter fluid. Condition (1.6) prevents
Rayleigh-Taylor instability from occurring. Indeed, if condition (1.6) is violated
Rayleigh-Taylor instability occurs in a linearized analysis.

Some existence results in Sobolev spaces were known in the irrotational
case, for the closely related water wave problem which describes the motion of
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the surface of the ocean under the influence of earth’s gravity. The gravitational
field can be considered as uniform and it reduces to our problem by going
to an accelerated frame. The domain Dt is unbounded for the water wave
problem coinciding with a half-space in the case of still water. Nalimov [Na] and
Yosihara [Y] proved local existence in Sobolev spaces in two space dimensions
for initial conditions sufficiently close to still water. Beale, Hou and Lowengrab
[BHL] have given an argument to show that this problem is linearly well-posed
in a weak sense in Sobolev spaces, assuming a condition, which can be shown
to be equivalent to (1.6). The condition (1.6) prevents the Rayleigh-Taylor
instability from occurring when the water wave turns over. Finally Wu [W1],
[W2] proved local existence in the general irrotational case in two and three
dimensions for the water wave problem. The methods of proofs in these papers
use the facts that the vector field is irrotational to reduce to equations on the
boundary and they do not generalize to deal with the case of nonvanishing
curl.

We consider the general case of nonvanishing curl. With Christodoulou
[CL] we proved local a priori bounds in Sobolev spaces in the general case of
nonvanishing curl, assuming (1.6) holds initially. Usually if one has a priori
estimates, existence follows from similar estimates for some regularization or
iteration scheme for the equation, but the sharp estimates in [CL] use all the
symmetries of the equations and so only hold for perturbations of the equations
that preserve the symmetries. In [L1] we proved existence for the linearized
equations, but the estimates for the solution of the linearized equations lose
regularity compared to the solution we linearize around, and so existence for
the nonlinear problem does not follow directly. Here we use improvements of
the estimates in [L1] together with the Nash-Moser technique to show local
existence for the nonlinear problem in the smooth class:

Theorem 1.1. Suppose that v0 and ∂D0 in (1.5) are smooth, D0 is dif-
feomorphic to the unit ball, and that (1.6) holds initially when t = 0. Then
there is a T > 0 such that (1.1)–(1.5) has a smooth solution for 0 ≤ t ≤ T ,
and (1.6) holds with c0 replaced by c0/2 for 0 ≤ t ≤ T .

In [CL] we proved local energy bounds in Sobolev spaces. It now follows
from the bounds there that the solution remains smooth as long as it is C2 and
the physical condition (1.6) holds. The existence for smooth data now implies
existence in the Sobolev spaces considered in [CL]. Moreover, the method here
also works for the compressible case [L2], [L3].

Let us now describe the main ideas and difficulties in the proof. In order
to construct an iteration scheme we must first introduce some parametrization
in which the moving domain becomes fixed. We express Euler’s equations in
this fixed domain. This is achieved by the Lagrangian coordinates given by
following the flow lines of the velocity vector field of the fluid particles.
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In [L1] we studied the linearized equations of Euler’s equations expressed
in Lagrangian coordinates. We proved that the linearized operator is invert-
ible at a solution of Euler’s equations. The linearized equations become an
evolution equation for what we call the normal operator, (2.17). The nor-
mal operator is unbounded and not elliptic but it is symmetric and positive
on divergence-free vector fields if (1.6) holds. This leads to energy bounds;
existence for the linearized equations follows from a delicate regularization
argument. The solution of the linearized equations however loses regularity
compared to the solution we linearize around so that existence for the non-
linear problem does not follow directly from an inverse function theorem in a
Banach space, but we must use the Nash-Moser technique.

We first define a nonlinear functional whose zero will be a solution of
Euler’s equations expressed in the Lagrangian coordinates. Instead of defining
our map by the left-hand sides of (1.1) and (1.2) expressed in the Lagrangian
coordinates, we let our map be given by the left-hand side of (1.1) and we
let pressure be implicitly defined by (1.7) satisfying the boundary condition
(1.3). This is because one has to make sure that the pressure vanishes on
the boundary at each step of an iteration or else the linearized operator is ill-
posed. One can see this by looking at the irrotational case where one gets an
evolution equation on the boundary. If the pressure vanishes on the boundary
then one has an evolution equation for a positive elliptic operator but if it
does not vanish on the boundary there will also be some tangential derivative,
no matter how small the coefficients they come with, the equation will have
exponentially growing Fourier modes.

In order to use the Nash-Moser technique one has to be able to invert
the linearized operator in a neighborhood of a solution of Euler’s equations or
at least do so up to a quadratic error [Ha]. In this paper we generalize the
existence in [L1] so that the linearized operator is invertible in a neighborhood
of a solution of Euler’s equations and outside the class of divergence-free vector
fields. This does present a difficulty because the normal operator, introduced
in [L1], is only symmetric on divergence-free vector fields and in general it loses
regularity. Overcoming this difficulty requires two new observations. The first
is that, also for the linearized equations, there is an identity for the curl that
gives a bound that is better than expected. The second is that one can bound
any first order derivative of a vector field by the curl, the divergence and the
normal operator times one over the constant c0 in (1.6). Although the normal
operator is not elliptic on general vector fields it is elliptic on irrotational
divergence-free vector fields and in general one can invert it if one also has
bounds for the curl and the divergence.

The methods here and in [CL] are on a technical level very different but
there are philosophical similarities. First we fix the boundary by introducing
Lagrangian coordinates. Secondly, we take the geometry of the boundary into
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account: here, in terms of the normal operator and Lie derivatives with respect
to tangential vector fields and in [CL], in terms of the second fundamental
form of the boundary and tangential components of the tensor of higher order
derivatives. Thirdly, we use interior estimates to pick up the curl and the
divergence. Lastly, we get rid of a difficult term, the highest order derivative
of the pressure, by projecting. Here we use the orthogonal projection onto
divergence-free vector fields whereas in [CL] we used the local projection of a
tensor onto the tangent space of the boundary.

The paper is organized as follows. In Section 2 we reformulate the problem
in the Lagrangian coordinates and give the nonlinear functional of which a
solution of Euler’s equation is a zero, and we derive the linearized equations
in this formulation. In Section 2 we also give an outline of the proof and state
the main steps to be proved. The main part of the paper, Sections 3 to 13 are
devoted to proving existence and tame energy estimates for the inverse of the
linearized operator. Once this is proven, the remaining Sections 14 to 18 are
devoted to setting up the Nash-Moser theorem we are using.

2. Lagrangian coordinates and the linearized operator

Let us first introduce the Lagrangian coordinates in which the bound-
ary becomes fixed. By a scaling we may assume that D0 has the volume of
the unit ball Ω and since we assumed that D0 is diffeomorphic to the unit
ball we can, by a theorem in [DM], find a volume-preserving diffeomorphism
f0 : Ω → D0, i.e. det (∂f0/∂y) = 1. Assume that v(t, x), p(t, x), (t, x) ∈ D are
given satisfying the boundary conditions (1.3)–(1.4). The Lagrangian coordi-
nates x = x(t, y) = ft(y) are given by solving

dx(t, y)
dt

= V (t, x(t, y)), x(0, y) = f0(y), y ∈ Ω.(2.1)

Then ft : Ω → Dt is a volume-preserving diffeomorphism, if divV = 0, and
the boundary becomes fixed in the new y coordinates. Let us introduce the
material derivative:

Dt =
∂

∂t

∣∣∣
y=constant

=
∂

∂t

∣∣∣
x=constant

+ V k ∂

∂xk
.(2.2)

The partial derivatives ∂i = ∂/∂xi can then be expressed in terms of partial
derivatives ∂a = ∂/∂ya in the Lagrangian coordinates. We will use letters
a, b, c, . . . , f to denote partial differentiation in the Lagrangian coordinates and
i, j, k, . . . to denote partial differentiation in the Eulerian frame.

In these coordinates Euler’s equation (1.1) become

D2
t xi + ∂ip = 0, (t, y) ∈ [0, T ] × Ω,(2.3)

where now xi = xi(t, y) and p = p(t, y) are functions on [0, T ] × Ω, Dt is just
the partial derivative with respect to t and ∂i = (∂ya/∂xi)∂a, where ∂a is
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differentiation with respect to ya. Now, (1.7) becomes

�p + (∂iV
k)∂kV

i = 0, p
∣∣∣
∂Ω

= 0, where V i = Dtx
i.(2.4)

Here

�p =
n∑

i=1

∂2
i p = κ−1∂a

(
κgab∂bp

)
where gab = δij

∂xi

∂ya

∂xj

∂yb
,(2.5)

and gab is the inverse of the metric gab and κ = det (∂x/∂y) =
√

det g. The
initial conditions (1.5) becomes

x
∣∣
t=0

= f0, Dt x
∣∣
t=0

= v0.(2.6)

Christodoulou’s physical condition (1.6) becomes

∇N p ≤ −c0 < 0, on ∂Ω, where ∇N = N i∂xi .(2.7)

This is needed in the proof for the normal operator (2.17) to be positive which
leads to energy bounds. In addition to (2.7) we also need to assume a coordi-
nate condition having to do with the facts that we are looking for a solution in
the Lagrangian coordinates and we are starting by composing with a particular
diffeomorphism. The coordinate conditions are

|∂x/∂y|2 + |∂y/∂x|2 ≤ c2
1,

n∑
a,b=1

(|gab| + |gab|) ≤ nc2
1,(2.8)

where |∂x/∂y|2 =
∑n

i,a=1(∂xi/∂ya)2. This is needed for (2.5) to be invertible.
We note that the second condition in (2.8) follows from the first and the first
follows from the second with a larger constant. We remark that this condition is
fulfilled initially since we are composing with a diffeomorphism. Furthermore,
for a solution of Euler’s equations, divV = 0, so the volume form κ is preserved
and hence an upper bound for the metric also implies a lower bound for the
eigenvalues; an upper bound for the inverse of the metric follows. However, in
the iteration, we will go outside the divergence-free class and hence we must
make sure that both (2.7) and (2.8) hold at each step of the iteration. We will
prove the following theorem:

Theorem 2.1. Suppose that initial data (2.6) are smooth, v0 satisfy the
constraint (1.2), and that (2.7) and (2.8) hold when t = 0. Then there is T > 0
such that (2.3), (2.4) have a solution x, p ∈ C∞([0, T ]×Ω). Furthermore, (2.7),
(2.8) hold, for 0 ≤ t ≤ T , with c0 replaced by c0/2 and c1 replaced by 2c1.

Theorem 1.1 follows from Theorem 2.1. In fact, the assumption that D0 is
diffeomorphic to the unit ball, together with the fact that one then can find a
volume-preserving diffeomorphism guarantees that (2.8) holds initially. Once
we obtain a solution to (2.3)–(2.4), we can hence follow the flow lines of V
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in (2.1). This defines a diffeomorphism of [0, T ] × Ω to D, and so we obtain
smoothness of V as a function of (t, x) from the smoothness as a function of
(t, y).

In this section we first define a nonlinear functional whose zero is a solution
of Euler’s equations, (2.9)–(2.13). Then we derive the linearized operator in
Lemma 2.2. The existence will follow from the Nash-Moser inverse function
theorem, once we prove that the linearized operator is invertible and so-called
tame estimates exist for the inverse stated in Theorem 2.3. Proving that the
linearized operator is invertible away from a solution of Euler’s equations and
outside the divergence-free class is the main difficulty of the paper. This is
because the normal operator (2.17) is only symmetric and positive within the
divergence-free class and in general it looses regularity. In order to prove
that the linearized operator is invertible and estimates exist for its inverse we
introduce a modification (2.31) of the linearized operator that preserves the
divergence-free condition, and first prove that the modification is invertible and
estimates for its inverse, stated in Theorem 2.4. The difference between the
linearized operator and the modification is lower order and the estimates for
the inverse of the modified linearized operator lead to existence and estimates
also for the inverse of the linearized operator.

Proving the estimates for the inverse of the modified linearized operator,
stated in Theorem 2.4, takes up most of the paper, Sections 3 to 13. In this
section we also derive certain identities for the curl and the divergence; see
(2.29), (2.30), needed for the proof of Theorem 2.4. Here we also transform
the vector field to the Lagrangian frame and express the operators and iden-
tities there; see Lemma 2.5. The estimates in Theorem 2.4 will be derived in
the Lagrangian frame since commutators of the normal operator with certain
differential operators are better behaved in this frame.

In Section 3, we introduce the orthogonal projection onto divergence-free
vector fields and decompose the modified linearized equation into a divergence-
free part and an equation for the divergence. This is needed to prove Theo-
rem 2.4 because the normal operator is only symmetric on divergence-free
vector fields and in general loses regularity. However, we have a better equa-
tion for the divergence which will allow us to obtain the same space regularity
for the divergence as for the vector field itself.

In Section 4 we introduce the tangential vector fields and Lie derivatives
and calculate commutators between these and the operators that occur in the
modified linearized equation, in particular the normal operator. In Section 5
we show that any derivative of a vector field can be estimated by derivatives of
the curl and of the divergence, and tangential derivatives or tangential deriva-
tives of the normal operator. Section 6 introduces the L∞ norms that we will
use and states the interpolation inequalities that we will use. In Sections 7
and 8 we give the tame L2∞ and L∞ estimates for the Dirichlet problem.
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In Section 9 we give the equations and estimates for the curl to be used. In
Section 10 we show existence for the modified linearized equations in the diver-
gence class. In Section 11 we give the improved estimates for the inverse of the
modified linearized operator within the divergence-free class. These are needed
in Section 12 to prove existence and estimates for the inverse of the modified
linearized operator. Finally in Section 13 we use this to prove existence and
estimates for the inverse of the linearized operator.

In Section 14 we explain what is needed to ensure that the physical and
coordinate conditions (2.7) and (2.8) continue to hold. In Section 15 we sum-
marize the tame estimates for the inverse of the linearized operator in the
formulation used with the Nash-Moser theorem. In Section 16 we derive the
tame estimates for the second variational derivative. In Section 17 we give
the smoothing operators needed for the proof of the Nash-Moser theorem on
a bounded domain. Finally, in Section 18 we state and prove the Nash-Moser
theorem in the form that we will use.

Let us now define the nonlinear map, needed to find a solution of Euler’s
equations. Let

Φi = Φi(x) = D2
t xi + ∂ip, where ∂i = (∂ya/∂xi)∂a;(2.9)

p = Ψ(x) is given by solving

�p = −(∂iV
k)∂kV

i, p
∣∣
∂Ω

= 0, where V = Dtx.(2.10)

A solution to Euler’s equations is given by

Φ(x) = 0, for 0 ≤ t ≤ T, x
∣∣
t=0

= f0, Dtx
∣∣
t=0

= v0.(2.11)

We will find T > 0 and a smooth function x satisfying (2.11) using the Nash-
Moser iteration scheme.

First we turn (2.11) into a problem with vanishing initial data and a small
inhomogeneous term using a trick from [Ha] as follows. It is easy to construct
a formal power series solution x0 as t → 0:

Dk
t Φ(x0)

∣∣
t=0

= 0, k ≥ 0, x0

∣∣
t=0

= f0, Dtx0

∣∣
t=0

= v0.(2.12)

In fact, the equation (2.10) for the pressure p only depends on one time deriva-
tive of the coordinate x so that commuting through time derivatives in (2.10)
gives a Dirichlet problem for Dk

t p depending only on Dm
t x, for m ≤ k + 1 and

D�
t p, for � ≤ k − 1. Similarly commuting through time derivatives in Euler’s

equation, (2.11), gives D2+k
t x in terms of Dm

t x, for m ≤ k, and D�
t p, for � ≤ k.

We can hence construct a formal power series solution in t at t = 0 and by a
standard trick we can find a smooth function x0 having this as its power series;
see Section 10. We will now solve for u in

Φ̃(u) = Φ(u + x0) − Φ(x0) = Fδ − F0 = fδ, u
∣∣
t=0

= Dtu
∣∣
t=0

= 0(2.13)
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where Fδ is constructed as follows. Let F0 = Φ(x0) and let Fδ(t, y) =
F0(t − δ, y), when t ≥ δ and Fδ(t, y) = 0, when t ≤ δ. Then Fδ is smooth
and fδ = Fδ − F0 tends to 0 in C∞ when δ → 0. Furthermore, fδ vanishes to
infinite order as t → 0. Now, Φ̃(0) = 0 and so it will follow from the Nash-
Moser inverse function theorem that Φ̃(u) = fδ has a smooth solution u if δ is
sufficiently small. Then x = u + x0 satisfies (2.11) for 0 ≤ t ≤ δ.

In order to solve (2.11) or (2.13) we must show that the linearized operator
is invertible. Let us therefore first calculate the linearized equations. Let δ be
the Lagrangian variation, i.e. derivative with respect to some parameter r when
(t, y) are fixed. We have:

Lemma 2.2. Let x = x(r, t, y) be a smooth function of (r, t, y) ∈ K =
[−ε, ε]× [0, T ]×Ω, ε > 0, such that x

∣∣
r=0

= x. Then Φ(x) is a smooth function
of (r, t, y) ∈ K, such that ∂Φ(x)/∂r

∣∣
r=0

= Φ′(x)δx, where δx = ∂x/∂r
∣∣
r=0

and
the linear map L0 = Φ′(x) is given by

Φ′(x)δxi = D2
t δxi + (∂k∂ip)δxk + ∂iδp0 + ∂i

(
δp1 − δxk∂kp

)
,(2.14)

where p satisfies (2.10) and δpi, i = 0, 1, are given by solving

�
(
δp1 − δxk∂kp

)
= 0, δp1

∣∣
∂Ω

= 0,(2.15)

�δp0 = −2(∂kV
i)∂i

(
δV k − δxl∂lV

k
)
, δp0

∣∣
∂Ω

= 0,(2.16)

where δv = Dtδx. Here, the normal operator

Aδxi = −∂i

(
∂kp δxk − δp1

)
(2.17)

restricted to divergence-free vector fields is symmetric and positive, in the inner
product 〈u, w〉 =

∫
Dt

δijuiwj dx, if the physical condition (2.7) holds.

Proof. That Φ(x) is a smooth function follows from the fact that the
solution of (2.10) is a smooth function if x is; see Section 16. Let us now
calculate Φ′(x). Since [δ, ∂/∂ya] = 0 it follows that

[δ, ∂i] =
(
δ
∂ya

∂xi

) ∂

∂ya
− (∂iδx

l)∂l,(2.18)

where we used the formula for the derivative of the inverse of a matrix δA−1 =
−A−1(δA)A−1. It follows that [δ− δxl∂l, ∂i] = 0 (δ− δxl∂l is the Eulerian
variation). Hence

δΦi − δxk∂kΦi = D2
t δxi − (∂kD

2
t xi)δxk + ∂i

(
δp − δxk∂kp

)
,(2.19)

where
�

(
δp − δxk∂kp

)
= (δ − δxk∂k)�p(2.20)

=−2(∂kV
i)∂i

(
δV k − δxl∂lV

k
)
, δp

∣∣
∂Ω

= 0.

The symmetry and positivity of A were proven in [L1]; see also Section 3 here.
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In order to use the Nash-Moser iteration scheme to obtain a solution of
(2.13) we must show that the linearized operator is invertible and that the
inverse satisfies tame estimates:

Theorem 2.3. Let

‖|u‖|a,k = sup
0≤t≤T

‖u(t, ·)‖a,∞ + · · · + ‖Dk
t u(t, ·)‖a,∞(2.21)

where ‖u(t, ·)‖a,∞ are the Hölder norms in Ω; see (17.1).
Suppose that (2.7) and (2.8) hold initially, where p is given by (2.10), and

let x0∈C∞(
[0, T ]×Ω

)
satisfy (2.12). Then there is a T0 =T (x0)>0, depending

only on upper bounds for ‖|x0‖|4,2, c−1
0 and c1, such that the following hold. If

x ∈ C∞(
[0, T ] × Ω

)
, p is defined by (2.10),

T ≤ T0, ‖|x − x0‖|4,2 ≤ 1, and (x − x0)
∣∣
t=0

= Dt (x − x0)
∣∣
t=0

= 0,

(2.22)

then (2.7) and (2.8) hold for 0 ≤ t ≤ T with c0 replaced by c0/2 and c1 replaced
by 2c1. Furthermore, linearized equations

Φ′(x)δx = δΦ, in [0, T ] × Ω, δx
∣∣
t=0

= Dt δx
∣∣
t=0

= 0,(2.23)

where δΦ ∈ C∞(
[0, T ]×Ω

)
have a solution δx ∈ C∞(

[0, T ]×Ω
)
. The solution

satisfies the estimate

‖|δx‖|a,2 ≤ Ca

(
‖|δΦ‖|a+r0+2,0 + ‖|δΦ‖|1,0 ‖|x − x0‖|a+r0+6,2

)
, a ≥ 0

(2.24)

where Ca = Ca(x0) is bounded when a is bounded, and in fact depends only on
upper bounds for ‖|x0‖|a+r0+6,2, c−1

0 and c1. Here r0 = [n/2] + 1, where n is
the number of space dimensions.

Furthermore Φ is twice differentiable and the second derivative satisfies
the estimate

(2.25)

‖|Φ′′(x)(δx, εx)‖|a,0 ≤ Ca

(
‖|δx‖|a+4,1‖|εx‖|2,1 + ‖|δx‖|2,1‖|εx‖|a+4,1

+ ‖|x − x0‖|a+4,1‖|δx‖|2,1‖|εx‖|2,1

)
.

The proof of Theorem 2.1 follows from Theorem 2.3 and Proposition 18.1.
In Theorem 2.3 we use norms that only have two time derivatives and our Nash-
Moser theorem, Proposition 18.1, gives a solution of (2.13)
u ∈ C2

(
[0, T ], C∞(Ω)

)
. However, additional regularity in time follows from dif-

ferentiating the equations with respect to time. In fact, if x ∈ Ck
(
[0, T ], C∞(Ω)

)
then D2

t x = −∂ip ∈ Ck−1
(
[0, T ], C∞(Ω)

)
, since (2.10) only depends on

one time derivative of x; see the proof of Lemma 6.7. It follows that x ∈
Ck+1

(
[0, T ], C∞(Ω)

)
.
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Theorem 2.3 follows from Lemma 14.1, Proposition 15.1 and Proposi-
tion 16.1. The main point is existence for (2.23) and the tame estimate (2.24)
given in Proposition 15.1. We will now discuss how to prove existence and es-
timates for the linearized equations. The terms (∂k∂ip)δxk and ∂iδp0 in (2.14)
are order zero in δx and Dtδx. The last term is a positive symmetric operator
but only on divergence-free vector fields and in general it is an unbounded
operator that loses regularity. In general δx is not going to be divergence-free
but we will derive evolution equations for the divergence and the curl of δx,
that gain regularity. These evolution equations come from the fact that the
divergence and the curl of the velocity v are conserved, expressed in the La-
grangian coordinates for a solution of Euler’s equation, Φ(x) = 0. In fact, since
[Dt, ∂i] = −(∂iV

k)∂k it follows from (2.9) that

Dt divV = divΦ, LDt
curlv = curlΦ(2.26)

where curl vij =∂ivj−∂jvi and LDt
is the space-time Lie derivative with respect

to Dt =(1,V ):

LDt
σij = Dt σij + (∂iV

l)σlj + (∂jV
l)σil(2.27)

restricted to the space components. Expressing the two form σ in the La-
grangian frame we see that this is just the time derivative:

Dt

(
ai

aa
j
bσij

)
= ai

aa
j
bLDt

σij , where ai
a = ∂xi/∂ya.(2.28)

We have the following evolution equations for the divergence and the curl
of the linearized operator

div
(
Φ′(x)δx

)
=D2

t divδx + (∂iδx
k)∂kΦi,(2.29)

curl(Φ′(x)δx) =LDt
curl

(
Dt δx − δxk∂vk

)
(2.30)

+(∂iδx
k)∂jΦk − (∂jδx

k)∂iΦk.

In fact, since [δ, ∂i] = −(∂iδx
k)∂k and [Dt, ∂i] = −(∂iV

k)∂k it follows that
δdivDtx = Dt divδx so that by (2.26) D2

t divδx = δdivΦ and (2.29) follows.
To prove (2.30) we note that [δ, ai

aa
j
b∂i] = [δ, aj

b∂a] = (δaj
b)∂a = (∂bδx

j)∂a =
ai

aa
k
b (∂kδx

j)∂i so that

δ
(
ai

aa
j
b curlvij

)
= ai

aa
j
b

(
curlδvij + (∂jδx

k)∂ivk − (∂iδx
k)∂kvk

)
(2.31)

= ai
aa

j
b curl(δv − δxk∂V k)ij

where curl(δv − δxk∂V k)ij = ∂i(δvj− δxk∂jvk) − ∂j(δvi− δxk∂ivk) and (2.30)
follows since by (2.26)–(2.28)

LDt
curl(δv − δxk∂V k) = curl(δΦ − δxk∂Φk).(2.32)

In [L1] we proved existence and estimates for the inverse of the linearized
operator at a solution of Euler’s equation and within the divergence-free class.
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We only inverted Φ′(x)δx = δΦ when δΦ was divergence-free and Φ(x) = 0,
in which case by (2.29) δx is also divergence-free. In order to use the Nash-
Moser iteration scheme we will show that the linearized operator is invertible
away from a solution of Euler’s equation and outside the divergence-free class.
This does present a problem since the normal operator is only symmetric on
divergence-free vector fields. So for general vector fields we lose a derivative.
In order to recover this loss we will use the fact that one has better evolution
equations for the divergence and for the curl that do not lose regularity. Now,
(2.29), (2.30), say that we can get bounds for the divergence and the curl of
Dt δx if we have bounds for all first order derivatives of δx. In fact (2.29), (2.30)
can be integrated even without knowing a bound for first order derivatives of
Dt δx.

We will now first modify the linearized operator so as to remove the term
(∂iδx

k)∂kΦi in (2.29) without making (2.30) worse. Without this term, (2.29)
will give us an evolution equation that allows us to control the divergence.
This together with the fact that the normal operator (2.17) is symmetric and
positive on divergence-free vector fields will give us existence for the inverse of
the modified linearized operator. The modified linearized operator is given by

L1δx
i = Φ′(x)δxi − δxk∂kΦi + δxi divΦ(2.33)

= D2
t δx

i − (∂kD
2
t x

i)δxk + ∂i

(
δp1 − δxk∂kp) + δxi divΦ + ∂iδp0.

It follows from (2.29) that

div(L1δx) = D2
t divδx + divΦ divδx.(2.34)

The operator L1 reduces to the linearized operator L0 = Φ′(x) when Φ(x) = 0
and the difference L1 − L0 is lower order. Furthermore, L1 preserves the
divergence-free condition. We will first prove existence for the inverse of the
modified linearized operator and the existence of the inverse of the linearized
operator follows since the difference is lower order. The main part of the
typescript is devoted to proving the following existence and energy estimates:

Theorem 2.4. Suppose that x is smooth and that the physical condition
(2.7) and the coordinate condition (2.8) hold for 0 ≤ t ≤ T . Then

L1δx = δΦ, 0 ≤ t ≤ T, δx
∣∣
t=0

= Dt δx
∣∣
t=0

= 0(2.35)

has a smooth solution δx if δΦ is smooth.
Furthermore, there are constants K4 depending only on upper bounds for

T , c−1
0 , c1, r and ‖|x‖|4,2 such that the following estimates hold. If divδΦ = 0

then divδx = 0 and

‖Dtδx‖r + ‖δx‖r ≤ K4

∫ t

0

(
‖δΦ‖r + ‖|x‖|r+3,1‖δΦ‖0

)
dτ, r ≥ 0.(2.36)



THE MOTION OF AN INCOMPRESSIBLE LIQUID 121

If divδΦ = 0, curlδΦ = 0 and δΦ
∣∣
t=0

= 0 then

(2.37) ‖D2
t δx‖r + ‖Dtδx‖r + ‖δx‖r + c0‖δx‖r+1

≤ K4

∫ t

0

(
‖DtδΦ‖r + ‖δΦ‖r + ‖|x‖|r+3,2(‖DtδΦ‖0 + ‖δΦ‖0)

)
dτ, r ≥ 0.

In general

‖Dtδx‖r−1 + ‖δx‖r ≤ K4

∫ t

0

(
‖δΦ‖r + ‖|x‖|r+3,2‖δΦ‖1

)
dτ, r ≥ 1.(2.38)

Here ‖|x‖|r,k is as in Theorem 2.3 and

‖δx‖r = ‖δx(t, ·)‖r =
∑
|α|≤r

( ∫
Ω
|∂α

y δx(t, y)|2 dy
)1/2

.(2.39)

The proof of the existence for (2.23) and the tame estimate (2.24) for the
inverse of the linearized operator in Theorem 2.3 follows from Theorem 2.4.
In fact, since the difference (L1 − Φ′(x))δx = O(δx) is lower order, the esti-
mate (2.38) will then allow us to get existence and the same estimate also for
the inverse of the linearized operator (2.23), by iteration. In (2.38) we only
have estimates for a one time derivative, but we also get estimates for an ad-
ditional time derivative from using the equation. The L2 estimates for (2.23)
so obtained then give the L∞ estimates (2.24) by also using Sobolev’s lemma.

The proof of Theorem 2.4 takes up most of the manuscript. The proof of
(2.36) uses the symmetry and positivity of the normal operator (2.17) within
the divergence-free class. This leads to energy estimates within the divergence-
free class. The proof of (2.37) is obtained by first differentiating the equation
with respect to time and then by using the fact that a bound for two time
derivatives also gives a bound for the normal operator (2.17) using the equation.
The normal operator is not elliptic acting on general vector fields. However, it
is elliptic acting on divergence and curl free vector fields and in general one can
invert it and gain a space derivative if one also has bounds for the curl and the
divergence; see Lemma 5.4. Here we also need to use the improved estimate
for the curl coming from (2.30). To prove (2.38) we first subtract from a vector
field picking up the divergence. The equation for the divergence from (2.34):

D2
t divδx + divΦ divδx = divδΦ(2.40)

is just an ordinary differential equation that does not lose regularity and in fact
the estimates for (2.40) gain an extra time derivative compared to the estimate
(2.36). Once we control the divergence we use the orthogonal projection onto
divergence-free vector fields to obtain an equation for the divergence-free part
by projecting the equation (2.35); see Section 3. The equation so obtained is
of the form (2.35) with divδΦ = 0 and δΦ depending also on the divergence
divδx just calculated. The interaction term coming from the divergence part



122 HANS LINDBLAD

loses a space derivative but it is in the form of a gradient so that we can recover
this loss by using the gain of a space derivative in (2.37).

In order to prove the energy estimates needed to prove Theorem 2.4 one
has to express the vector fields in the Lagrangian frame; see (2.43). Theo-
rem 2.4, expressed in the Lagrangian frame, follows from Theorem 10.1, The-
orem 11.1 and Theorem 12.1. Below, we will express equation (2.35) in the
Lagrangian frame and in Section 3 we outline the main ideas of how to decom-
pose the equation into a divergence-free part and an equation for the diver-
gence using the orthogonal projection onto divergence-free vector fields. We
also show the basic energy estimate within the divergence-free class.

As described above we now want to invert the modified linearized operator
(2.35) by decomposing it into an operator on the divergence-free part and the
ordinary differential equation (2.40) for the divergence. Hence we first want to
be able to invert L1 in the divergence-free class. The normal operator A, the
third term on the second row in (2.33), maps divergence-free vector fields onto
divergence-free vector fields. We also want to modify the time derivative by
adding a lower order term so it preserves the divergence-free condition. Let the
Lie derivative and modified Lie derivative with respect to the time derivative
acting on vector fields be defined by

LDt
δxi = Dtδx

i − (∂kV
i)δxk and L̂Dt

δxi = LDt
δxi + divV δxi.

(2.41)

As before, LDt
is the space time Lie derivative restricted to the space compo-

nents. Then

div L̂Dt
δx = D̂t divδx, where D̂t = Dt + divV ;(2.42)

i.e., D̂tf = Dtf + (divV ) f .
This is easier to see if we express the vector field in the Lagrangian frame.

Let

W a =
∂ya

∂xi
δxi.(2.43)

Then,

Dt δxi = Dt

(
W b∂xi/∂yb

)
= (DtW

b)∂xi/∂yb + W b∂V i/∂yb(2.44)

= (DtW
b)∂xi/∂yb + δxk∂kV

i

and multiplying by the inverse ∂ya/∂xi gives

DtW
a =

∂ya

∂xi
LDt

δxi and D̂tW
a =

∂ya

∂xi
L̂Dt

δxi.(2.45)

With κ = det (∂x/∂y),

Ẇ a = D̂tW
a = DtW

a + (divV )W a = κ−1Dt(κW a)(2.46)
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since Dt κ = κdivV ; see [L1]. Since the divergence is invariant,

divδx = divW = κ−1∂a

(
κW a

)
,(2.47)

it therefore follows that

divD̂tW = D̂t divW.(2.48)

The idea is now to replace the time derivatives Dt in (2.33) by L̂Dt
or

equivalently express L1 in the Lagrangian frame and use the modified time
derivatives D̂t. Expressing the operator L1 in the Lagrangian frame we get:

Lemma 2.5. Let Ẇ = D̂tW and Ẅ = D̂2
t W . Then (2.35) can be written

as L1W = F , where W is given by (2.43), F a = δΦi∂ya/∂xi and

L1W
a = Ẅ a + AW a − B(W, Ẇ )a, B(W, Ẇ )a = B0W

a + B1Ẇ
a.(2.49)

Here

gabAW b = −∂a

(
(∂cp)W c − q1

)
, divAW =0

(2.50)

gabB0W
b = σ̇

(
Dtgac − ωac − σ̇gac

)
W c − ∂aq3, divB0W= − σ̇2 divW

(2.51)

gabB1Ẇ
b = −

(
Dtgac − ωac − 2σ̇gac

)
Ẇ c − ∂aq2, divB1Ẇ=2σ̇divẆ ,

(2.52)

where qi, for i = 1, 2, 3, are given by solving the Dirichlet problem qi

∣∣
∂Ω

= 0
where �qi are given by the equations for the divergences above, σ = lnκ,
σ̇ = Dt σ = divV , σ̈ = D2

t σ and

Dt gab =
∂xi

∂ya

∂xj

∂yb

(
∂ivj+ ∂jvi

)
, ωab =

∂xi

∂ya

∂xj

∂yb

(
∂ivj− ∂jvi

)
.(2.53)

Now,

div(L1W ) = D2
t divW + σ̈divW.(2.54)

Let L1Wa = gabL1W
b, ẇa = gabẆ

b and w̃a = ẇa − (ωab + σ̇gab)W b. Then

curl(L1W ) = Dt curlw̃ + curlB4W(2.55)

curl(L1W ) = Dt curlẇ + curlB5Ẇ + curlB6W(2.56)

where B4Wa = (Dt ωab + σ̈gab)W b, B5Ẇa = −(ωab + σ̇gab)Ẇ b and B6Wa =
−σ̇(Dt gab − ωab − σ̇gab)W b.

Furthermore L0 = Φ′(x) expressed in the Lagrangian frame is given by

L0W
a = L1W

a − B3W
a, where B3W

a = −W c∇cΦa + W a divΦ,

(2.57)

where ∇c is covariant differentiation with respect to the metric gab and Φa =
Φi∂ya/∂xi; i.e., ∇cΦa = (∂xi/∂yc)(∂ya/∂xj)∂iΦj.
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Proof. Differentiating (2.44) once more gives

D2
t δx

i − (∂kDtV
i)δxk = (D2

t W
b)∂xi/∂yb + 2(DtW

b)∂V i/∂yb.(2.58)

It follows that

(2.59)
∂xi

∂ya

(
D2

t δx
i − (∂kDtV

i)δxk
)
=

∂xi

∂ya

∂xi

∂yb
D2

t W
b + 2(DtW

b)
∂xi

∂yb

∂xj

∂ya
∂ivj

= gabD
2
t W

b + (Dt gab − ωab)DtW
b.

Then, from (2.33),

(2.60)

gabL1W
b = gabD

2
t W

b − ∂a

(
(∂cp)W c − q

)
+ (Dtgac − ωac)DtW

c + σ̈gabW
b

= Dt

(
gabDtW

b − ωabW
b
)
− ∂a

(
(∂cp)W c − q

)
+ DtωabW

b + σ̈gabW
b

where q = δp is chosen so that the divergence is equal to divL1W = D2
t divW +

divW Dt divV in order for it to be consistent with (2.34). We have D̂2
t =

(Dt +divV )(Dt +divV ) = D2
t + 2σ̇Dt + σ̇2 + σ̈ = D2

t + 2σ̇D̂t + σ̈ − σ̇2 so that

D2
t = D̂2

t − 2σ̇D̂t + σ̇2 − σ̈, Dt = D̂t − σ̇.(2.61)

Hence, with Ẇ = D̂tW and Ẅ = D̂2
t W , we can write the equation (2.60) as

L1W
a = Ẅ a − gab∂b

(
(∂cp)W c − q1

)
− Ba(W, Ẇ )(2.62)

where q1 is chosen so that the divergence of the second term on the right
vanishes and

gabB
b(W, Ẇ ) =−

(
Dtgac − ωac − 2σ̇gac

)
Ẇ c(2.63)

+
(
σ̇
(
Dtgac − ωac − σ̇gac

)
W c − ∂aq0.

Here q0 is chosen as follows so that divL1W = D̂2
t divW −divB = D2

t divW +
divW σ̈. But D̂2

t divW = D2
t divW + 2σ̇D̂t divW + (σ̈ − σ̇2)divW so we must

have divB = 2σ̇D̂t divW − σ̇2 divW . Hence q0 is chosen so that this is fulfilled
and (2.49) follows by writing q0 = q2 + q3. Now, (2.54) follows from (2.34) or
(2.49) and then from (2.49) we write L1 in the two alternative forms:

gabL1W
b = Dt

(
gabẆ

b − (ωab + σ̇gab)W b
)
− ∂a

(
(∂cp)W c − q1

)
(2.64)

+(Dtωab + σ̈gab)W b + ∂aq0;

gabL1W
b = Dt

(
gabẆ

b
)
− ∂a

(
(∂cp)W c − q1

)
(2.65)

−(ωab + σ̇gab)(Ẇ b − σ̇W b) − σ̇DtgabW
b + ∂aq0.

(2.55) and (2.56) follow from these. Finally, we also want to express L0 = Φ′(x)
is these coordinates. In order to do this we must transform the term δxk∂kΦi in
(2.33) to the Lagrangian frame. If Φa = Φi∂ya/∂xi, then (δxk∂kΦi)∂ya/∂xi =
W c∇cΦa, where ∇c is covariant differentiation; see e.g. [CL], and then (2.57)
follows.
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3. The projection onto divergence-free vector fields
and the normal operator

Let us now also define the projection P onto divergence-free vector fields
by

PUa = Ua − gab∂bpU , �pU = divU, pU

∣∣
∂Ω

= 0.(3.1)

(Here �q = κ−1∂a

(
κgab∂bq

)
.) P is the orthogonal projection in the inner

product

〈U, W 〉 =
∫

Ω
gabU

aW bκdy(3.2)

and its operator norm is one:

‖PW‖ ≤ ‖W‖, where ‖W‖ = 〈W, W 〉1/2.(3.3)

For a function f that vanishes on the boundary define AfW a = gabAfWb,
where

AfWa = −∂a

(
(∂cf)W c − q

)
, �

(
(∂cf)W c − q

)
= 0, q

∣∣
∂Ω

= 0,(3.4)

i.e. AfW is the projection of −gab∂b

(
(∂cf)W c

)
. This is defined for general

vector fields but it is only symmetric in the divergence-free class. Next,

〈U, AfW 〉 =
∫

∂Ω
na Ua(−∂cf)W c dS, if divU = divW = 0,(3.5)

where n is the unit conormal. If f
∣∣
∂Ω

= 0 then −∂cf
∣∣
∂Ω

= (−∇Nf)nc. It
follows that Af is a symmetric operator on divergence-free vector fields, and
in particular, the normal operator in (2.50)

A = Ap(3.6)

is positive since we assumed that −∇Np ≥ c > 0 on the boundary. Now,

(3.7) |〈U, AfW 〉| ≤ ‖∇Nf/∇Np‖L∞(∂Ω)〈U, AU〉1/2〈W, AW 〉1/2,

if divU = divW = 0.

Since the projection has norm one it follows from (3.4) that

‖AfW‖ ≤ ‖∂2f‖L∞(Ω)‖W‖ + ‖∂f‖L∞(Ω)‖∂W‖.(3.8)

Note also that Af acting on divergence-free vector fields by (3.5) depends only
on ∇Nf

∣∣
∂Ω

; i.e., Af̃ = Af if ∇N f̃
∣∣
∂Ω

= ∇Nf
∣∣
∂Ω

. We can therefore replace f

by the Taylor expansion of order one in the distance to the boundary in polar
coordinates multiplied by a smooth function that is one close to the boundary
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and vanishes close to the origin. It follows that

‖AfW‖≤C
∑
S∈S

‖∇NSf‖L∞(∂Ω)‖W‖(3.9)

+C‖∇Nf‖L∞(∂Ω)(‖∂W‖ + ‖W‖), if divW = 0,

where S is a set of vector fields that span the tangent space of ∂Ω; see Section 4.
In order to prove existence for the linearized equations we (in [L1]) re-

placed the normal operator A by a smoothed out bounded operator that still
has the same positive properties as A and commutators with Lie derivatives,
and which also has vanishing divergence and curl away from the boundary.
This makes it possible to pass to the limit and obtain existence for the lin-
earized equations. The smoothed out normal operator is defined as follows.
Let ρ = ρ(d) be a smoothed out version of the distance function to the bound-
ary d(y) = dist(y, ∂Ω) = 1 − |y| in the standard Euclidean metric δijdyidyj

in the y coordinates, ρ′ ≥ 0, ρ(d) = d, when d ≤ 1/4 and ρ(d) = 1/2 when
d ≥ 3/4. Then we can alternatively express Af as

AfWa = −∂a

(
(f/ρ)(∂cρ)W c − q

)
, �

(
(f/ρ)(∂cρ)W c − q

)
= 0, q

∣∣
∂Ω

= 0.

(3.10)

Let χ(ρ) be a smooth function such that χ′ ≥ 0, χ(ρ) = 0 when ρ ≤ 1/4, χ(ρ)
= 1 when ρ ≥ 3/4. Since Af is unbounded we now define an approximation
that is a bounded operator: Aε

fW a = gabAε
fWb, where

Aε
fWa = −χε∂a

(
(f/ρ)(∂cρ)W c

)
+ ∂aq,(3.11)

�q = κ−1∂a

(
gabκχε∂b

(
(f/ρ)(∂cρ)W c

))
, q

∣∣
∂Ω

= 0,

where χε(ρ) = χ(ρ/ε). We have

〈U, Aε
fW 〉 =

∫
Ω
(f/ρ)χ′

ε(∂aρ)Ua(∂cρ)W c κdy, if divU = divW = 0,(3.12)

from which it follows that Aε
f is also symmetric. And in particular Aε = Aε

p is
positive since we assumed that p ≥ 0, at least close to the boundary. Now,

(3.13) |〈U, Aε
fW 〉| ≤ ‖f/p‖L∞(Ω\Ωε/4)〈U, AεU〉1/2〈W, AεW 〉1/2,

if divU = divW = 0,

where Ωε = {y ∈ Ω; d(y, ∂Ω) < ε}. It also follows from (3.12) that another
expression for Aε

f is

Aε
fWa = (f/ρ)χ′

ε(∂aρ) (∂cρ)W c− ∂aq,(3.14)

�q = κ−1∂a

(
κgab(f/ρ)χ′

ε(∂bρ) (∂cρ)W c
)
, q

∣∣
∂Ω

= 0,
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acting on divergence-free vector fields. Furthermore, by (3.12),

‖Dk
t AεW‖r ≤ Cε

k∑
j=0

‖Dj
t W‖r, where ‖W‖r =

∑
|α|≤r

‖∂α
y W (t, ·)‖L2(Ω).

(3.15)

Let us also define the projected multiplication operators Mβ with a two
form β by

MβWa = P (βabW
b).(3.16)

Since the projection has norm one it follows that

‖MβW‖ ≤ ‖β‖∞‖W‖.(3.17)

Furthermore we define the operator taking vector fields to one forms by

GWa = MgWa = P (gabW
b).(3.18)

Then G acting on divergence-free vector fields is just the identity I.
Let L1 be the modified linearized operator in (2.49) and let Ẇ = D̂tW =

DtW + (divV )W = κ−1Dt(κW ), Ẅ = D̂2
t W . We want to prove existence of a

solution W to

L1W = Ẅ + AW − B0W − B1Ẇ = F, W
∣∣
t=0

= Ẇ
∣∣
t=0

= 0(3.19)

for general vector fields F that are not necessarily divergence-free. To do this
we first subtract off a vector field W1 that picks up the divergence and then
solve (3.19) in the divergence-free class. Let us decompose a vector field into
a divergence-free part and a gradient using the orthogonal projection:

W = W0 + W1, W0 = PW, W a
1 = gab∂bq1, q1

∣∣
∂Ω

= 0.(3.20)

Then if ġab = Ďtgab, where Ďt = Dt − σ̇, we have ∂aDt q1 = Dt(gabW
b
1 ) =

ġabW
b
1 + gabẆ

b
1 and ∂aD

2
t q1 = g̈abW

b
1 + 2ġabẆ

b
1 + gabẄ

b
1 , where g̈ab = Ď2

t gab.
Hence

Ẅ a
1 = gab∂bD

2
t q1 − 2gabġbcẆ

c
1 − gabg̈bcW

c
1 .(3.21)

Since D2
t q1

∣∣
∂Ω

= 0 and the projection of a gradient of a function that vanishes
on the boundary vanishes,

PẄ a
1 = B2(W1, Ẇ1)a, where B2(W1, Ẇ1)a = −P

(
2gabġbcẆ

c
1 + gabg̈bcW

c
1

)
.

(3.22)

Since divW0 = 0 it follows that divẆ0 = divẄ0 = 0 and hence by Lemma 2.5

PL1W0 = L1W0 = Ẅ0 + AW0 − B1Ẇ0 − B0W0(3.23)

PL1W1 = AW1 − B11Ẇ1 − B01W1(3.24)
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where

B11Ẇ
a =PB1Ẇ

a+ 2P
(
gabġbcẆ

c),(3.25)

B01W
a =PB0W

a+ P
(
gabg̈bcW

c
)
.

Hence projection of (3.19) gives

L1W0 = −PL1W1 + PF = −AW1 + B11Ẇ1 + B01W1 + PF.(3.26)

Here, by (2.54)

W a
1 = gab∂bq1, � q1 = ϕ, q1

∣∣
∂Ω

= 0,(3.27)

where

D2
t ϕ + σ̈ ϕ = divF.(3.28)

By (3.23), (3.24) we also have

(I − P )L1W0 = 0(3.29)

(I − P )L1W1 = Ẅ1 − B2(W1, Ẇ1) − (I − P )B0W + (I − P )B1Ẇ1.(3.30)

Summing up, we have proved:

Lemma 3.1. Suppose that W satisfies L1W = F . Let W0 = PW , W1 =
(I − P )W , F0 = PF and F1 = (I − P )F . Then

L1W0 = F0 − AW1 + B11Ẇ1 + B01W1(3.31)

Ẅ11 = F1 + B2(W1, Ẇ1) + (I − P )B0W1 + (I − P )B1Ẇ1(3.32)

where B01 and B11 are given by (3.25), B2 is given by (3.22) and B0, B1 are
as in (2.51), (2.52). Furthermore

D2
t divW1 + σ̈divW1 = divF.(3.33)

We now find a solution of (3.19) by first solving the ordinary differential
equation (3.28) and then solving the Dirichlet problem for q1 and defining W1

by (3.27). Finally we solve (3.26) for W0 within the divergence-free class. This
gives existence of solutions for (3.19) for general vector fields F once we can
solve them for divergence-free vector fields. However, we also need estimates
for (3.19) that do not lose regularity going from F to W in order to show
existence also for the linearized equations (2.57):

L0W = L1W − B3W = F, W
∣∣
t=0

= Ẇ
∣∣
t=0

= 0,(3.34)

by iteration. It seems as if there is a loss of regularity in the term −AW1 in
(3.26). However, curlAW1 = 0 and there is an improved estimate, for (3.19)
when divF = 0 and curlF = 0, obtained by differentiating with respect to
time and using the fact that an estimate for two time derivatives also gives an
estimate for the operator A through the equation (3.19). We can estimate any
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first order derivative of a vector field in terms of the curl, the divergence and
the normal operator A and there is an identity for the curl.

Let us now also derive the basic energy estimate which will be used to
prove existence and estimates for (3.19) within the divergence-free class:

Ẅ + AW = H, W
∣∣
t=0

= Ẇ
∣∣
t=0

= 0, divH = 0,(3.35)

where A is the normal operator or the smoothed version. For any symmetric
operator B we have

d

dt
〈W, BW 〉 =

d

dt

∫
Ω

κW aBWa dy = 2〈Ẇ , BW 〉 + 〈W, ḂW 〉(3.36)

where Ẇ = κ−1Dt(κW ) and Ḃ is the time derivative of the operator B con-
sidered as an operator from the divergence-free vector fields to the one forms
corresponding to divergence-free vector fields:

ḂW a = P
(
gab(DtBWb − BẆb)

)
, BWb = gbcBW c;(3.37)

see Section 4. The projection comes up here since we take the inner product
with a divergence-free vector field in (3.37). Let the lowest order energy E0 =
E(W ) be defined by

E(W ) = 〈Ẇ , Ẇ 〉 + 〈W, (A + I)W 〉.(3.38)

Since 〈W, W 〉 = 〈W, GW 〉, where G is the projection onto divergence-free vec-
tor fields given by (3.18), it follows that

Ė0 = 2〈Ẇ , Ẅ + (A + I)W 〉 + 〈Ẇ , ĠẆ 〉 + 〈W, (Ȧ + Ġ)W 〉.(3.39)

In particular it follows from (3.4) or (3.10), respectively (3.16) and (3.18), that

Ȧf = Aḟ , Ġ = Mġ, where ḟ = κDt(κ−1f) and ġ = κDt(κ−1g).(3.40)

In fact the time derivate of an operator, as defined by (3.37), commutes with
the projection since Dt ∂aq = ∂aDt q, where Dt q

∣∣
∂Ω

= 0 if q
∣∣
∂Ω

= 0, and the
projection of the gradient of functions that vanishes on the boundary vanishes.
It therefore follows from (3.7) or (3.12) and (3.17) that

|〈W, ȦW 〉| ≤ ‖ṗ/p‖∞〈W, AW 〉, |〈W, ĠW 〉| ≤ ‖ġ‖∞〈W, W 〉.(3.41)

The last two terms in (3.38) are hence bounded by a constant times the energy
so it follows that

|Ė0| ≤
√

E0

(
2‖H‖ + c

√
E0

)
, c = ‖ṗ/p‖∞ + ‖ġ‖∞ + 2(3.42)

from which a bound for the lowest order energy follows.
Similarly, we get higher order energy estimates for vector fields that are

tangential at the boundary; see Section 10. Once we have these estimates we
use the fact that any derivative of a vector field can be bounded by tangential
derivatives and derivatives of the divergence and the curl; see Section 5. The
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divergence vanishes and we can get estimates for the curl as follows. Let
wa = gabW

b, ẇa = gabẆ
b and ẅa = gabẄ

b. Then Dtwa = ġabW
b + ẇa and

Dtẇa = ġabẆ
b + ẅa where ġab = Ďtgab = κDt(κgab). Since

ẅ + AW = H, H = B0W + B1Ẇ + F(3.43)

where curlAW = 0,

|Dt curlw| + |Dt curlẇ| ≤ C
(
|∂W | + |W | + |∂Ẇ | + |Ẇ | + |curlF |

)
.(3.44)

Note that the estimate for the curl is actually very strong. The higher order
operator A vanishes so that there is no loss of regularity anymore and fur-
thermore the estimate is point wise. This crude estimate suffices for the most
part. However, there is an additional cancellation, whereas one would not need
to assume estimate for |∂Ẇ | in the right-hand side of (3.41). The improved
estimate is for ẇa replaced by w̃a = ẇa − ωabW

b, where ωab = ∂avb − ∂bva. It
follows from Lemma 2.5 that

|Dt curlw| + |Dt curlw̃| ≤C
(
|curlw̃| + |∂W | + |W | + |curlF |

)
,(3.45)

|curl(w̃ − ẇ)| ≤C
(
|W | + |∂W |

)
.

4. The tangential vector fields, Lie derivatives and commutators

Following [L1], we now construct the tangential vector fields that are time
independent expressed in the Lagrangian coordinates, i.e. that commute with
Dt. This means that in the Lagrangian coordinates they are of the form
Sa(y)∂/∂ya. Furthermore, they will satisfy,

∂aS
a = 0.(4.1)

Since Ω is the unit ball in Rn the vector fields can be explicitly given. The
vector fields

ya∂/∂yb − yb∂/∂ya(4.2)

corresponding to rotations, span the tangent space of the boundary and are
divergence-free in the interior. Furthermore they span the tangent space of
the level sets of the distance function from the boundary in the Lagrangian
coordinates:

d(y) = dist (y, ∂Ω) = 1 − |y|(4.3)

away from the origin y 
= 0. We will denote this set of vector fields by S0 We
also construct a set of divergence-free vector fields that span the full tangent
space at distance d(y) ≥ d0 and that are compactly supported in the interior
at a fixed distance d0/2 from the boundary. The basic one is

h(y3, . . . , yn)
(
f(y1)g′(y2)∂/∂y1 − f ′(y1)g(y2)∂/∂y2

)
,(4.4)
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which satisfies (4.1). Furthermore we can choose f, g, h such that it is equal
to ∂/∂y1 when |yi| ≤ 1/4, for i = 1, . . . , n and so that it is 0 when |yi| ≥ 1/2
for some i. In fact let f and g be smooth functions such that f(s) = 1
when |s| ≤ 1/4 and f(s) = 0 when |s| ≥ 1/2 and g′(s) = 1 when |s| ≤ 1/4
and g(s) = 0 when |s| ≥ 1/2. Finally let h(y3, . . . , yn) = f(y3) . . . f(yn).
By scaling, translation and rotation of these vector fields we can obviously
construct a finite set of vector fields that span the tangent space when d ≥ d0

and are compactly supported in the set where d ≥ d0/2. We will denote this
set of vector fields by S1. Let S = S0∪S1 denote the family of tangential space
vector fields and let T = S ∪ {Dt} denote the family of space time tangential
vector fields.

Let the radial vector field be

R = ya∂/∂ya.(4.5)

Now,

∂aR
a = n(4.6)

is not 0 but for our purposes it suffices that it is constant. Let R = S ∪ {R}.
Note that R spans the full tangent space of the space everywhere. Let U =
S ∪ {R}∪ {Dt} denote the family of all vector fields. Note also that the radial
vector field commutes with the rotations;

[R, S] = 0, S ∈ S0.(4.7)

Furthermore, the commutators of two vector fields in S0 is just ± another
vector field in S0. Therefore, for i = 0, 1, let Ri = Si ∪ {R}, Ti = Si ∪ {Dt}
and Ui = Si ∪ {R} ∪ {Dt}.

Let us now introduce the Lie derivative of the vector field W with respect
to the vector field T ;

LT W a = TW a − (∂cT
a)W c.(4.8)

We will only deal with Lie derivatives with respect to the vector fields T con-
structed above. For those vector fields T we have

[Dt, T ], and [Dt,LT ] = 0.(4.9)

The Lie derivative of a one form is defined by

LT αa = Tαa + (∂aT
c)αc.(4.10)

The Lie derivative also commutes with exterior differentiation, [LT , d] = 0 so
that

LT ∂aq = ∂aTq(4.11)

if q is a function. The Lie derivative of a two form is given by

LT βab = Tβab + (∂aT
c)βcb + (∂bT

c)βac.(4.12)
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Furthermore if w is a one form and curlwab = dwab = ∂awb − ∂bwa then since
the Lie derivative commutes with exterior differentiation:

LT curlwab = curlLT wab.(4.13)

We will also use the fact that the Lie derivative satisfies Leibniz’s rule, e.g.

LT (αcW
c) = (LT αc)W c + αcLT W c, LT (βacW

c) = (LT βac)W c + βacLT W c.

(4.14)

Furthermore, we will also treat Dt as if it were a Lie derivative and set

LDt
= Dt.(4.15)

Now of course this is not a space Lie derivative. It can however be interpreted
as a space time Lie derivative restricted to the space components. It satisfies
the same properties (4.9)–(4.14) as the other Lie derivatives we are considering.
The reason we want to call it LDt

is simply that we will apply products of Lie
derivatives and Dt and since they behave in exactly the same way it is more
efficient to have one notation for them.

The modification of the Lie derivative

L̃UW = LUW + (divU)W,(4.16)

preserves the divergence-free condition:

div L̃UW = Ũ divW, where Ũf = Uf + (divU)f,(4.17)

if f is a function. Note that (4.16) is invariant and (4.17) holds for any vector
field U . However, since we are considering Lie derivatives only with respect
to the vector fields constructed above and only expressed in the Lagrangian
coordinates it is simpler to use the modification

L̂UW = κ−1LU (κW ) = LUW + (Uσ)W, where σ = lnκ.(4.18)

Due to (4.1), divS = κ−1∂a(κSa) = Sσ, if S is any of the tangential vector
fields and divR = Rσ + n, if R is the radial vector field. For any of our
tangential vector fields it follows that

div L̂UW = Û divW, where Ûf = Uf + (Uσ)f = κ−1U(κf).(4.19)

This has several advantages. The commutators satisfy [L̂U , L̂T ] = L̂[U,T ], since
this is true for the usual Lie derivative. Furthermore, this definition is consis-
tent with our previous definition of D̂t.

However, when we apply this to one-forms we want to use the regular
definition of the Lie derivative. Also, when applying this to two-forms, most
of the time we use the regular definition: However, when applied to two forms
it turns out to be sometimes convenient to use the opposite modification:

ĽT βab = LT βab − (Uσ)βab.(4.20)
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We will most of the time apply the Lie derivative to products of the form
αa = βabW

b:

LT

(
βabW

b
)

= (ĽT βab)W b + βabL̂T W(4.21)

since the usual Lie derivative satisfies Leibniz’s rule. Using the modified Lie
derivative we indicated in [L2] how to extend the existence theorem in [L1]
to the case when κ is no longer constant, i.e. Dtσ = divV 
= 0. This will be
carried out in more detail here.

Let U = {Ui}M
i=1 be some labeling of our family of vector fields. We will

also use multi-indices I = (i1, . . . , ir) of length |I| = r. Let U I = Ui1 . . . Uir

and LI
U = LUi1

. . .LUir
, where LU is the Lie derivative. Similarly let Û If =

Ûi1 . . . Ûir
f = κ−1U I(κf) and L̂I

UW = L̂Ui1
. . . L̂Uir

W = κ−1LI
U (κW ), where

L̂U is the modified Lie derivative. Sometimes we will also write LI
U , where

U ∈ S0 or I ∈ S0, meaning that Uik
∈ S0 for all of the indices in I.

We will now calculate the commutator between Lie derivatives and the
operator defined in Section 3, i.e. the normal operator and the projected mul-
tiplication operators. It is easier to calculate the commutator with Lie deriva-
tives of these operators considered as operators with values in the one-forms.
The one-form w corresponding to the vector fields W is given by lowering the
indices

wa = W a = gabW
b.(4.22)

For an operator B on vector fields we denote the corresponding operator with
values in the one-forms by B. These are related by

BWa = gabBW b, BW a = gabBa.(4.23)

Most operators that we consider will map onto the divergence-free vector fields
and so we will project the result afterwards to stay in this class. Furthermore,
in order to preserve the divergence-free condition we will use the modified Lie
derivative. If the modified Lie derivative is applied to a divergence-free vector
field then the result is divergence-free and so projecting after commuting does
not change the result. As pointed out above, for our operators it is easier to
commute Lie derivatives with the corresponding operators from the divergence-
free vector fields to the one forms. Let BT be defined by

BT W a = P
(
gab

(
LT BWb − BbL̂T W

))
.(4.24)

In particular if B is a multiplication operator BaW = P (βabW
b) = βabW

b −
∂aq, where q vanishes on the boundary is chosen so that divBW = 0 then

LT BaW = βabL̂T W b + (ĽT βab)W b + ∂aTq(4.25)

and if we project to the divergence-free vector fields then the term ∂aTq van-
ishes since if T is a tangential vector field then Tq = 0 as well. It therefore
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follows that BT is another multiplication operator:

BT Wa = P
(
(ĽT βab)W b

)
.(4.26)

In particular, we will denote the time derivative of an operator by Ḃ = BDt

and for a multiplication operator this is

ḂW = BDt
W = P (

(
Ďtβab)W b

)
.(4.27)

If B maps onto the divergence-free vector fields

L̂T BW a = L̂T (gabBaW ) = (L̂T gab)BaW + gabLT BaW.(4.28)

Here L̂T gab = −gacgbdĽT gcd. If B maps onto the divergence-free vector fields
then L̂T B is also divergence-free so the left-hand side is unchanged if we
project:

L̂T BW a = −P
(
gab(ĽT gbc)BW c

)
+ P

(
gab

(
LT BaW − BaL̂T W

))
+ BL̂T W a.

(4.29)

By (4.26) applied the Gab = P (gabW
b) we see that GT W = P

(
(gabĽT gbc)W c)

)
so the first term in the right of (4.29) is GT BW a. The second term is, by
definition (4.24), BT W so we get

L̂T BW = BL̂T W + BT W − GT BW.(4.30)

The most important property of the projection is that it almost commutes
with Lie derivatives with respect to tangential vector fields. If Pua = ua−∂apU

then

PLT Pua = PLT ua(4.31)

since LT ∂apU = ∂aTpU vanishes when we project again since TpU vanishes on
the boundary, a fact used just above. We have already calculated commutators
between Lie derivatives and the multiplication operators; so let us now also
calculate the commutator between the Lie derivative with respect to tangential
vector fields and the normal operator, defined by AfW a = gabAfWb, where

AfWa = −∂a

(
(∂cf)W c − q

)
, �

(
(∂cf)W c − q

)
= 0, q

∣∣
∂Ω

= 0(4.32)

and f was the function that vanished on the boundary. Since the Lie derivative
commutes with exterior differentiation it follows that

LT AfWa = −∂a

(
(∂cf)L̂T W c + (∂cŤ f)W c + (∂cTσ)fW c − Tq

)
.(4.33)

Since q vanishes on the boundary it follows that Tq also vanishes on the bound-
ary and so does (∂cTσ)fW c. Therefore the last two terms vanish when we
project again and so we get

P
(
gabLT AfWb

)
= P

(
gabAf L̂T Wb

)
+ P

(
gabAŤ fWb

)
.(4.34)
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Let us now change notation so that A = Ap, where p is the pressure. Then
having just calculated AT defined by (4.24) to be AT = AŤ p, we have

AT = AŤ p, if A = Ap.(4.35)

In particular, if T = Dt is the time derivative we will use the notation Ȧ = ADt

which then is

ȦW = ADt
W = AĎtp

W.(4.36)

Exactly the same formulas hold for Aε
f . By (3.14)

Aε
fWa = (f/ρ)χ′

ε(∂aρ) (∂cρ)W c− ∂aq,(4.37)

�q = κ−1∂a

(
κgab(f/ρ)χ′

ε(∂bρ) (∂cρ)W c
)
, q

∣∣
∂Ω

= 0

where ρ = ρ(d), d(y) = dist (y, ∂Ω). It follows that Tρ =, if T ∈ T′. Further-
more S ∈ S1 = S \ S0 vanishes close to the boundary when d(y) ≤ d0/2 and
χ′

ε = 0 when d(y) ≥ ε so it follows that

LT Aε
fWa = ((Ť f)/ρ)χ′

ε(∂aρ) (∂cρ)W c− (f/ρ)χ′
ε(∂aρ) (∂cρ)L̂T W c− ∂aTq.

(4.38)

Hence

P
(
gabLT Aε

fWb

)
= P

(
gabAε

f L̂T Wb

)
+ P

(
gabAε

Ť f
Wb

)
.(4.39)

We can now also calculate higher order commutators:

Definition 4.1. If T is a vector fields let BT be defined by (4.24). If
T and S are two tangential vector fields we define BTS = (BS)T to be the
operator obtained by first using (4.24) to define BS and then define (BS)T

to be the operator obtained from (4.24) with BS in place of B. Similarly if
SI = Si2 . . . Sir is a product of r = |I| vector fields then we define

BI =
(
. . . (BSi1 ) . . .

)
Sir

.(4.40)

If B is a projected multiplication operator BW a = P
(
gabβbcW

c
)

then

BIW = P
(
gab(ĽI

T βbc)W c
)
.(4.41)

In particular if GW a = P
(
gabgbcW

c
)

then

GIW = P
(
gab(ĽI

T gbc)W c
)
.(4.42)

If A is the normal operator then

AIW
a = P

(
gab∂b

(
(∂cŤ

Ip)W c
) )

.(4.43)

With BT as in (4.4) we have proved that if B maps onto the divergence-free
vector fields then

L̂T BW = BWT + BT W − GT BW, WT = L̂T W.(4.44)
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Repeating this gives, for a product of modified Lie derivatives:

L̂I
T BW = c I1...Ik

I GI3 . . . GIk
BI1WI2 , WJ = L̂J

T W,(4.45)

where the sum is over all combinations of I = I1 + · · · + Ik, and c I1...Ik

I are
some constants such that c I1...Ik

I = 1 if I1 + I2 = I. Let us then also introduce
the notation

G I1I2
I = c I1...Ik

I GI3 . . . GIk
,(4.46)

where the sum is over all combinations such that I3 + . . . Ik = I−I1−I2. With
this notation we can write (4.41)

L̂I
T BW = G I1I2

I BI1WI2(4.47)

where again G I1I2
I = 1 if I1 + I2 = I. Also let

G̃ I1...Ik

I = 0, if I2 = I, and G̃ I1...Ik

I = G I1...Ik

I , otherwise.(4.48)

Then we also have

L̂I
T BW = BWI + G̃ I1I2

I BI1WI2 .(4.49)

5. Estimating derivatives of a vector field in terms of the curl,
the divergence and tangential derivatives or the normal operator

The first part of the lemma below says that one can get a pointwise esti-
mate of any first order derivative of a vector field by the curl, the divergence
and derivatives that are tangential at the boundary. The second part say that
one can get L2 estimates with a normal derivative instead of tangential deriva-
tives. The last part says that we can get the estimate for the normal derivative
from the normal operator. The lemma is formulated in the Eulerian frame,
i.e. in terms of the Euclidean coordinates. Later we will reformulate it in the
Lagrangian frame and get similar estimates for higher derivatives.

Lemma 5.1. Let Ñ be a vector field that is equal to the normal N at the
boundary ∂Dt and satisfies |Ñ | ≤ 1 and |∂Ñ | ≤ K. Let qij = δij − Ñ iÑ j.
Then

|∂β|2 ≤C
(
qklδij∂kβi ∂lβj + |curlβ|2 + |divβ|2

)
(5.1) ∫

Dt

|∂β|2dx≤C

∫
Dt

(
δijÑ kÑ l∂iβk ∂jβl + |curlβ|2+ |divβ|2+ K2|β|2

)
dx.(5.2)

Suppose that δijαj is another vector field that is normal at the boundary and
let Aβi = ∂i(αkβ

k − q) and q is chosen so that divAβ = 0 and q|∂Ω = 0. Then

(5.3)
∫
Dt

δijαkαl ∂iβ
k ∂jβ

l dx

≤ C

∫
Dt

(
δijAβi Aβj + |α|2

(
|curlβ|2+ |divβ|2

)
+ |∂α|2|β|2

)
dx.
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Proof. (5.1) follows from the pointwise estimate

δijδklwkiwlj ≤C
(
δijqklwkiwlj + |ŵ|2 + (trw)2

)
(5.4)

δijδklwkiwlj ≤C
(
Ñ iÑ jδklwkiwlj(5.5)

+ (qijqkl − qikqjl)wkiwlj + |ŵ|2 + (trw)2
)

where ŵij = wij − wji is the antisymmetric part and trw = δijwij is the
trace. To prove (5.4), (5.5) we may assume that w is symmetric and traceless.
Writing δij = qij + Ñ iÑ j we see that (5.4) for such tensors follows from
the estimate Ñ iÑ jÑ kÑ lwkiwlj = (Ñ iÑ kwki)2 = (qikwki)2 ≤ nqijqklwkiwlj .
(This says that (tr(QW ))2≤n tr(QWQW ) which is obvious if one writes it out
and uses the symmetry.) Now, (5.5) follows since (δijqkl− Ñ iÑ jδkl)wkiwlj =
(qijqkl− Ñ iÑ jÑ kÑ l)wkiwlj = (qijqkl − qikqjl)wkiwlj . Also, (5.2) follows from
(5.5) and integration by parts using the fact that the boundary terms vanish,
since we assumed that Ñ = N there, and that (qijqkl − qikqjl)βi ∂k∂jβl = 0:∫

Dt

(qijqkl − qikqjl)∂kβi ∂jβl dx = −
∫
Dt

∂k(qijqkl − qikqjl)βi ∂jβl dx.(5.6)

We have Aβi = (∂iαk)βk +αk∂iβ
k−∂iq and so to prove (5.3) we must estimate

‖∂q‖L2 . Since 0 = ∂iAβi = �(αkβ
k) − �q it follows that �q = �

(
αkβ

k
)

=
2∂i

(
(∂iαk)βk

)
+ αk�βk − (�αk)βk and αk�βk = ∂i

(
αi divβ + αk curlβik

)
−

divα divβ − (∂kαi)∂kβi + (∂kαi)∂iβk, and hence �(αkβ
k) = ∂i

(
2(∂iαk)βk +

αi divβ + αk curlβik − divα βi − curlαi
k βk

)
. It follows that

(5.7)∫
Ω
|∂q|2 dx =−

∫
Ω

q�q dx

=−
∫

Ω
q∂i

(
αi divβ + αk curlβik + (∂iαk + ∂kα

i)βk − divα βi
)
dx

and integration by parts again gives ‖∂q‖L2 ≤ C
(
‖ |α|divβ‖L2+‖ |α|curlβ‖L2+

‖ |∂α|β‖L2

)
.

Definition 5.1. For V, any of the family of vector fields introduced in [L1],
and for β a two form, a one form, a function or a vector field we define

|β|Vr =
∑

|I|≤r, I∈V
|LI

Uβ |, [β]Vr =
∑

r1+...rk≤r, ri≥1

|β|Vr1
. . . |β|Vrk

(5.8)

and [β]V0 = 1. Furthermore,

|β|r =
∑
|α|≤r

|∂α
y β|.(5.9)
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If β is a function then LUβ = Uβ and in general it is equal to this
plus terms proportional to β. Hence (5.8) is equivalent to just the sum∑

|I|≤r, I∈V |U Iβ| . In particular if R denotes the family of space vector fields
then |β|Rr is equivalent to |β|r with a constant of equivalence independent of
the metric. Note also that if β is the one form βa = ∂aq then LI

Uβ = ∂U Iq so
that |∂q|Vr =

∑
|I|≤r, I∈V |∂U Iq|.

Definition 5.2. Let c1 be a constant such that

|∂x/∂y|2 + |∂y/∂x|2 ≤ c2
1,

n∑
a,b=1

(
|gab| + |gab|

)
≤ nc2

1,(5.10)

and let K1 denote a continuous function of c1.

We note that the second condition in (5.10) follows from the first and
the first follows from the second with a larger constant. We remark that this
condition is fulfilled initially since we are composing with a diffeomorphism.
Furthermore, for solution of Euler’s equations, divV = 0, so the volume form
κ is preserved and hence an upper bound for the metric also implies a lower
bound for the eigenvalues and an upper bound for the inverse of the metric
follows.

In what follows it will be convenient to consider the norms of L̂I
UW =

κ−1LI
U (κW ) if W is a vector field and of ĽI

Ug = κLI
U (κ−1g), if g is the metric.

The reason for this is simply that div(L̂I
UW ) = Û I divW and LI

U curlw =
curl(LI

Uw) and when we lower indices wa = gabW
b = (κ−1gab)(κW b) and apply

the Lie derivative to the product we get LUwa = (ĽUgab)W b + gabL̂UW b.

Lemma 5.2. Let W be a vector field and let wa = gabW
b be the corre-

sponding one form. Let κ = det (∂x/∂y) =
√

det g. Then

|κ| + |κ−1| ≤ K1, |U Iκ| + |U Iκ−1| ≤ K1c
I1...Ik |U I1g| . . . |U Ikg|(5.11)

where the sum is over all I1 + . . . Ik = I.
With notation as in Definition 5.1 and Section 4,

|κW |Rr ≤ K1

(
|curlw|Rr−1 + |κdivW |Rr−1 + |κW |Sr +

r−1∑
s=0

|g/κ|Rr−s|κW |Rs
)
.

(5.12)

Also,

|κW |Rr ≤ K1

r∑
s=0

[g/κ]Rs
(
|curlw|Rr−1−s + |κdivW |Rr−1−s + |κW |Sr−s

)
,(5.13)
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where for s = r there is the convention that |curlw|V−1 = |κdivW |V−1 = 0.
Furthermore (5.12), (5.13) hold without the factors κ and 1/κ; i.e.,

|W |Rr ≤ K1

r∑
s=0

[g]Rs
(
|curlw|Rr−1−s + |divW |Rr−1−s + |W |Sr−s

)
.(5.14)

(5.12), (5.13) also hold for the vector field W replaced by a one form w; i.e.,

|w|Rr ≤ K1

r∑
s=0

[g]Rs
(
|curlw|Rr−1−s + |divW |Rr−1−s + |w|Sr−s

)
.(5.15)

Moreover, the inequalities (5.12)–(5.15) also hold with (R,S) replaced by (U , T ).

Proof. If σ = lnκ = (ln det g)/2 then Uσ = trLUg/2 = gabLUgab/2 and
LUgab = −gacgbdLUgcd. An easy consequence of Lemma 5.1, see [L1], is: In
the Lagrangian frame we have, with wa = W a = gabW

b,

(5.16)

|L̂UW | ≤K1

(
|curl W | + |divW | +

∑
S∈S |L̂SW | + [g]1|W |

)
, U ∈ R,

(5.17)

|L̂UW | ≤K1

(
|curl W | + |divW | +

∑
T∈T |L̂T W | + [g]1|W |

)
, U ∈ U

where [g]1 = 1 + |∂g|. Furthermore

|∂W | ≤ K1

(
|L̂RW | +

∑
S∈S |L̂SW | + [g]1|W |

)
.(5.18)

When d(y) ≤ d0 we may replace the sums over S by the sums over S0 and the
sum over T by the sum over T0. In [L1] this was proved for L̂U replaced by
LU , but the difference is just a lower order term.

We claim that∑
|I|=r,U∈R

|L̂I
UW | ≤K1

∑
|J |=r−1,U∈R

(
|curlL̂J

UW | + |div L̂J
UW | + [g]1|L̂J

UW |
)

(5.19)

+K1

∑
|I|=r,S∈S

|L̂I
SW |.

First we note that there is nothing to prove if d(y) ≥ d0 since then the S span
the full tangent space. Therefore, it suffices to prove (5.19) when d(y) ≤ d0

and with S replaced by S0 and R replaced by R0. Then (5.19) follows from
(5.16) if r = 1. Assuming that it is true for r replaced by r−1 we will prove
that it holds for r. If we apply (5.16) to L̂J

UW , where |J | = r−1, we get

|L̂U L̂J
UW | ≤ K1

(
|curlL̂J

UW | + |div L̂J
UW | +

∑
S∈S

|L̂SL̂J
UW | + [g]1|L̂J

UW |
)
.

(5.20)
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If L̂J
U consist of all tangential derivatives then it follows that |L̂U L̂J

UW | is
bounded by the right-hand side of (5.19). If L̂J

U does not consist of only
tangential derivatives then, since [L̂R, L̂S ] = L̂[R,S] = 0, if S ∈ S0, we can
write L̂SL̂J

UW = L̂K
U L̂S′W , for some S′ ∈ S0. If we now apply (5.19) with r

replaced by r − 1 to L̂S′W , (5.19) follows also for r.
In Lemma 5.2 we have LI

U curlw = curlLI
Uw which however is different

from curl L̂I
UW . Now,

LJ
Uwa = LJ

U (gabW
b) = −gabL̂J

UW b + c̃ J
J1J2

gJ1
ab L̂

J2
U W b, where gJ

ab = ĽJ
Ugab

(5.21)

and the sum is over all J1 + J2 = J and c̃ J
J1J2

= 1 for |J2| < |J | c J
J1J2

= 0 if
J2 = J . It follows that

|curlL̂J
UW − curlLJ

Uw| ≤ 2c̃J
J1J2

(
|∂gJ1 ||L̂J2

U W | + |gJ1 ||∂L̂J2
U W |

)
, |J2| < |J |,

(5.22)

where the partial derivative can be estimated by Lie derivatives. Furthermore,
in Lemma 5.2, we have |U I(κdivW )| = κ−1|Û I divW | = κ−1|div L̂I

UW |. (5.13)
follows by induction from (5.12).

Definition 5.3. For V any of the family of vector fields introduced in [L1]
let

‖W‖Vr =
∑

|I|≤r, I∈V
‖LI

UW‖, ‖W‖Vr,∞ =
∑

|I|≤r, I∈V
‖LI

UW‖∞(5.23)

and let

‖W‖r =
∑
|α|≤r

‖∂α
y W‖, ‖W‖r,∞ =

∑
|α|≤r

‖∂α
y W‖∞(5.24)

where ‖W‖ = ‖W‖L2(Ω), ‖W‖∞ = ‖W‖L∞(Ω).

It follows from the discussion after Definition 5.1 and (5.11) that ‖W‖r

is equivalent to ‖W‖Rr with a constant of equivalence independent of the met-
ric. As with the pointwise estimates it will sometimes be convenient to use
‖L̂I

UW‖ = ‖κ−1LI
U (κW )‖ instead. This is in particular true for the family of

space tangential vector fields S. However instead of introducing special nota-
tion we write ‖κW‖Sr . Since κ is bounded from above and below by a constant
K1 this is equivalent to a constant of equivalence K1. Furthermore, by interpo-
lation ‖κW‖Sr ≤ K1(‖g‖r‖W‖+‖W‖Sr ) and ‖W‖Sr ≤ K1(‖g‖r‖W‖+‖κW‖Sr ),
and our inequalities anyway contain lower order terms of this form, and so the
inequalities below are true either with or without κ.
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Lemma 5.3. With a constant K1 as in Definition 5.1:

‖W‖r ≤ K1

(
‖curlw‖r−1 + ‖κdivW‖r−1 + ‖κW‖Sr + K1

r−1∑
s=0

‖g‖r−s,∞‖W‖s

)(5.25)

and, with the convention that ‖curlw‖−1 + ‖divW‖−1 = 0,

‖W‖r ≤ K1

r∑
s=0

‖g‖r−s,∞
(
‖curlw‖s−1 + ‖κdivW‖s−1 + ‖κW‖Ss

)
.(5.26)

Proof. This follows from Lemma 5.2 and the interpolation inequalities
below in Lemma 6.2.

We can also bound derivatives of a vector field by the curl, the divergence
and the normal operator:

Lemma 5.4. Let c0 > 0 be a constant such that |∇Np| ≥ c0 > 0, let K2 and
K3 be constants such that ‖∇Np‖L∞(∂Ω) ≤ K2 and

∑
S∈S ‖∇NSp‖L∞(∂Ω) ≤ K3.

Then

c0‖∂W‖ ≤ C
(
‖AW‖ + K2(‖curlw‖ + ‖divW‖) + (K3 + [g]1)‖W‖

)
.(5.27)

Proof. We want to express (5.2) and (5.3) in the Lagrangian frame. We
also want to pick an extension of the normal to the interior. If d(y) is the
distance to the boundary in the Lagrangian frame, since Ω is the unit ball
this is just 1 − |y|. Let χ1(d) be a smooth function that is 1 close to 0, and
0 when d > 1/2. If uc = ∂cd then nc = uc/

√
gabuaub is the unit conormal

at the boundary and ñc = χ1(d)nc defines an extension to the interior and
Ña = gabñb is an extension of the unit normal to the interior. Similarly, by
the remarks in Section 3, the normal operator only depends on ∇Np restricted
to the boundary. Let us define αb = χ2(d)f∂bd, where f is a function that
is equal to N c∂cp = ∇Np at the boundary and extended to be constant along
rays through the origin, and χ2 is a function that is 1 on the support of χ1

and 0 when d > 3/4. Then AW a = P (gab∂b((∂cp)W c)) = P (gab∂b(αcW
c)) by

the remarks in Section 3. Now, we express (5.2) and (5.3) in the Lagrangian
coordinates and partial differentiation becomes covariant differentiation. So we
will pick up a constant coming from the Christoffel symbols, i.e. one derivative
of the metric [g]1 = 1 + |∂g|. Similarly, one derivative of the normal Na also
gives rise to one derivative of the metric. Hence (5.2) and (5.3) become

‖∂W‖ ≤ C
(
‖χ1(nc∂W c)‖ + ‖curlw‖ + ‖divW‖ + [g]1‖W‖

)
(5.28)
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and

‖fχ2(nc∂W c)‖ ≤
(
‖AW‖ + ‖f curlw‖ + ‖f divW‖ + [g]1‖fW‖ + ‖ |∂f |W‖

)
.

(5.29)

Since |f | ≥ c0 and χ2 = 1 in a neighborhood of the support of χ1, the lemma
follows.

By Lemma 5.4 we have

c0‖∂L̂J
SW‖ ≤ K3

(
‖curlL̂J

SW‖ + ‖div L̂J
SW‖ + ‖AL̂J

SW‖ + ‖L̂J
SW‖

)
(5.30)

where K3 is as in Definition 6.1 and c0 as in the physical condition (1.6). Here,
the curl of (L̂J

SW )a = gabL̂J
SW b is by (5.22) equal to the curl of LJ

Sw plus
lower order terms. In particular we see that we can get any space tangential
derivative in this way. Thus we also get:

Lemma 5.5. With K3 as in Definition 6.1,

c0‖W‖r ≤ K3

(
‖curlw‖r−1 + ‖divW‖r−1 + ‖W‖Sr−1,A +

r−1∑
s=0

‖g‖r−s,∞‖W‖s

)(5.31)

where

‖W‖Ss,A =
∑

|I|=s,I∈S
‖AL̂I

SW‖.(5.32)

6. Interpolation, the L∞ estimates for the pressure
in terms of the coordinate and the L∞ norms

Let us now first state the interpolation inequalities to be used:

Lemma 6.1. Let β be a two form, a function or a vector field. Let ‖β‖r

be L2-Sobolev norms and ‖β‖r,∞ be the Ck norms on the unit ball Ω in Rn.
Then if 0 ≤ s ≤ r and j ≥ 0

‖β‖j+s,∞≤C‖β‖1−s/r
j,∞ ‖β‖s/r

j+r,∞,(6.1)

‖β‖s ≤C‖β‖1−s/r
0 ‖β‖s/r

r .(6.2)

For a proof see e.g. [H1], [H2], for the L∞ norm and [CL], for the L2

norms. ( (6.1) for j > 0 follows from (6.1) for j = 0 applied to ∂α
y for |α| ≤ j.)

A consequence is:

Lemma 6.2. With the same assumptions as in Lemma 6.1,

‖α‖j+r−s,∞‖β‖j+s,∞≤
(
‖α‖j,∞‖β‖j+r,∞ + ‖β‖j,∞‖α‖j+r,∞

)
,(6.3)

‖β‖r−s,∞‖W‖s ≤C
(
‖β‖0,∞‖W‖r + ‖β‖r,∞‖W‖0

)
,(6.4)
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(6.5) ‖f1‖j+s1,∞. . . ‖fk‖j+sk,∞

≤ C
k∑

i=1

‖f1‖j,∞ . . . ‖fi−1‖j,∞‖fi‖j+s1+···+sk,∞‖fi+1‖j,∞. . . ‖fk‖j,∞.

Proof. This follows from use of Lemma 6.1 on each factor and the
inequality As/rB1−s/r ≤ A + B, e.g.

‖β‖r−s,∞‖W‖s ≤C‖β‖s/r
0,∞‖β‖1−s/r

r,∞ ‖W‖1−s/r
0 ‖W‖s/r

r(6.6)

= C
(
‖β‖0,∞‖W‖r

)s/r(‖β‖r,∞‖W‖0

)1−s/r

≤C
(
‖β‖0,∞‖W‖r + ‖β‖r,∞‖W‖0

)
.

This proves (6.4). The proof of (6.3) is exactly the same, (6.5) follows from
(6.3) by induction.

Let us now introduce some notation to be used in subsequent sections.
We will derive tame estimates involving the higher norms of the coordinate x

with constants that are bounded if some lower norms of the coordinate x are
bounded: Recall Definition 5.2 of c1:

|∂x/∂y|2 + |∂y/∂x|2 ≤ c2
1,

n∑
a,b=1

(
|gab| + |gab|

)
≤ nc2

1,(6.7)

and K1 denotes a continuous function of c1.

Definition 6.1. Let c1 be as in Definition 5.2 and for i = 2, 3, 4 let ci ≥ c1

be a constant such that

‖x‖2,∞ + ‖ẋ‖1,∞≤ c2,(6.8)

‖x‖3,∞ + ‖ẋ‖2,∞ + ‖ẍ‖1,∞≤ c3,(6.9)

‖x‖4,∞ + ‖ẋ‖3,∞ + ‖ẍ‖2,∞≤ c4.(6.10)

Let Ki ≥ 1 denote a constant that depends continuously on ci.

Now from Lemma 6.2, we have:

Lemma 6.3. With K1 as in Definition 5.1,

‖∂y/∂x‖r,∞ ≤ K1‖x‖r+1,∞.(6.11)

If ∂i = ∂/∂xi = (∂ya/∂xi)∂/∂ya and α = (α1, . . . , αn) let ∂α = ∂α1
1 · · · ∂αn

n .
For any function f,

‖∂αf‖r,∞ ≤ K1

(
‖f‖r+k,∞ + ‖x‖r+k,∞‖f‖1,∞

)
, k = |α|.(6.12)
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Moreover,

‖(∂i1f1)· · · (∂in
fn)‖r,∞(6.13)

≤ K1

n∑
i=1

‖f1‖1,∞· · · ‖fi−1‖1,∞‖fi‖r+1,∞‖fi+1‖1,∞· · · ‖fn‖1,∞

+K1‖x‖r+1,∞‖f1‖1,∞· · · ‖fn‖1,∞,

‖(∂i0∂i1f1)(∂i2f2)· · · (∂in
fn)‖r,∞(6.14)

≤ K1

n∑
i=1

‖f1‖1,∞· · · ‖fi−1‖1,∞‖fi‖r+2,∞‖fi+1‖1,∞· · · ‖fn‖1,∞

+K1‖x‖r+2,∞‖f1‖1,∞· · · ‖fn‖1,∞.

Proof. Let A be the matrix ∂xi/∂ya. Using the formula for the derivative
of a matrix ∂aA

−1 = −A−1(∂aA)A−1 we see that ∂α
y A−1 is a sum of terms of

the form

A−1(∂α1
y A)A−1 · · · (∂αk

y A)A−1, |α1| + · · · + |αk| = |α| = r.(6.15)

Since |A−1| ≤ Cc1 we see from (6.5) with j = 0 that this is bounded by
K1|A|r,∞ which proves (6.11). Now ∂γ

y ∂α
x f is sum of terms of the form

A−1(∂β1
y A−1) · · · (∂βk−1

y A−1)∂βk
y (∂yf),(6.16)

|β1| + · · · + |βk| = |γ| + |α| = r − 1 + k.

By (6.5), this is bounded by K1‖∂yf‖r−1+k,∞+K1‖A‖r−1+k,∞‖∂yf‖0,∞ which
proves (6.12). Also, (6.13) follows from (6.5) with j = 0, and (6.12) with
k = 1. (Note by (6.12) ‖∂f‖0,∞ ≤ K1‖f‖1,∞.) Similarly, by (6.5) with j = 0
and (6.12) we can bound the left side of (6.14) by

(6.17)(
‖f1‖r+2,∞ +‖x‖r+2,∞

)
‖f2‖1,∞ · · · ‖fn‖1,∞ +

n∑
i=2

(‖f1‖2,∞ +‖x‖2,∞)‖f1‖1,∞

· · · ‖fi−1‖1,∞
(
‖fi‖r+1,∞ + ‖x‖r+1,∞

)
‖fi+1‖1,∞ · · · ‖fn‖1,∞.

The first term is of the form on the right side of (6.14). The terms in the
sum become a sum of four terms of the form K1‖h1‖2,∞‖h2‖r+1,∞ multi-
plied by factors of the form ‖fk‖1,∞. Using (6.5) with j = 1 we can bound
‖h1‖2,∞‖h2‖r+1,∞ ≤ C‖h1‖1,∞‖h2‖r+2,∞+‖h1‖r+1,∞‖h2‖1,∞. This also proves
(6.14).

Lemma 6.4. Let p be the solution of �p = −(∂iV
j)(∂jV

i), where vi =
Dt xi and let ṗ = Dtp. Then for r ≥ 1,

‖p‖r,∞≤K3(‖ẋ‖r,∞ + ‖x‖r+1,∞)(6.18)

‖ṗ‖r,∞≤K3(‖ẍ‖r,∞ + ‖ẋ‖r+1,∞ + ‖x‖r+2,∞).(6.19)



THE MOTION OF AN INCOMPRESSIBLE LIQUID 145

Proof. We just apply Proposition 7.1 to

�p = −(∂iV
j)∂jV

i, vi = Dtx
i, p

∣∣
∂Ω

= 0(6.20)

using Lemma 6.3 to estimate the product. (Recall that ‖V ‖2,∞ ≤ K3.) Since
Dt = ∂t + V k∂k, where ∂t = ∂t

∣∣
x=const

, we have

�ṗ = �
(
(∂t + V k∂k)p

)
= Dt�p + (�V k)∂kp + 2δij(∂iV

k)∂j∂kp(6.21)

and

Dt �p = −(∂t + V k∂k)
(
(∂iV

j)(∂jV
i)

)
= −2(∂iV

j)(∂j V̇
i) + 2(∂iV

j)(∂jV
k)∂kV

i

(6.22)

so that

�ṗ = −2(∂iV
j)(∂j V̇

i) + 2(∂iV
j)(∂jV

k)∂kV
i + (�V k)∂kp + 2δij(∂iV

k)∂j∂kp.

(6.23)

The second part of the lemma now follows from Proposition 7.1 using Lemma 6.3
and the first part of Lemma 6.4.

Let us now introduce the L∞ norms to be used:

Definition 6.2.

ms(t) = ‖x(t, ·)‖1+s,∞,(6.24)

ṁs(t) = ‖x(t, ·)‖2+s,∞ + ‖ẋ(t, ·)‖1+s,∞,(6.25)

m̈s(t) = ‖x(t, ·)‖3+s,∞ + ‖ẋ(t, ·)‖2+s,∞ + ‖ẍ(t, ·)‖1+s,∞,(6.26)

ns(t) = ‖x(t, ·)‖4+s,∞ + ‖ẋ(t, ·)‖3+s,∞ + ‖ẍ(t, ·)‖2+s,∞.(6.27)

We remark that in Definition 5.2 we made an assumption that the inverses
of g and ∂y/∂x are bounded. This means that m0 etc. are all bounded from
below as well. We note that the corresponding bounds for the metrics gab =
δij(∂xi/∂ya)(∂xj/∂yb) and ωab = (curlv)ab = (∂xi/∂ya)(∂xj/∂yb)(∂ivj − ∂jvi)
follow from the bounds for x, ẋ, and ẍ:

‖g‖r,∞ ≤ K1mr, ‖ġ‖r,∞ + ‖ω‖r,∞ ≤ K2ṁr, ‖g̈‖r,∞ + ‖ω̇‖r,∞ ≤ K3m̈r.

(6.28)

The proof of this uses the interpolation inequality (6.5) in Lemma 6.2 applied
to each term we get when we differentiate. In view of the coordinate condition,
see Definition 5.1, the same bounds also hold for g replaced by the inverse of g.

Furthermore, we will now prove that the corresponding bounds for the
pressure follow from this. We will actually lose a derivative when passing to
the bounds for the pressure because we will go over Hölder spaces, but this
does not matter. In Lemma 6.4, we proved that

‖p(t, ·)‖r+1,∞≤ K3ṁr(t),(6.29)

‖p(t, ·)‖r+2,∞ + ‖ṗ(t, ·)‖r+1,∞≤ K3m̈r(t),(6.30)

‖p(t, ·)‖r+3,∞ + ‖ṗ(t, ·)‖r+2,∞ ≤ K3nr(t).(6.31)



146 HANS LINDBLAD

In particular

‖p‖2,∞ + ‖ṗ‖1,∞ ≤ K3, ‖ṗ‖2,∞ ≤ K4.(6.32)

We will frequently use interpolation, e.g.

mrṁs ≤ C(mr+sṁ0 + m0ṁr+s) ≤ K2ṁr+s,(6.33)

which follows from Lemma 6.1 and the proof of Lemma 6.2 applied to each
term we get when multiplying any of the expressions (6.24)–(6.27) together.

We must also ensure that if the physical condition (2.7) and coordinate
condition (2.8) hold initially they will hold for some small time 0 ≤ t ≤ T , with
c0 replaced by c0/2 and c1 replaced by 2c1. This will be proved in Section 11,
and until then we will just assume that T is so small that these conditions hold
for 0 ≤ t ≤ T . Furthermore, we will also assume that T ≤ c0 ≤ 1 since the
estimates derived then will be independent of T and c0.

7. The L∞ estimates for the Dirichlet problem

In this section, we give tame Hölder estimates for the solution of the
Dirichlet problem:

�q = F, q
∣∣
∂Ω

= 0.(7.1)

Our Hölder estimates lose a derivative since we want to use them for inte-
ger values. This is not important and with an additional loss of regularity,
we could have avoided using Hölder estimates altogether and just gotten the
Ck estimates from the Sobolev estimates, proved in the next section, using
Sobolev’s lemma. Apart from getting estimates for the solution of (7.1) we
also need estimates for time derivatives and variational derivatives. For this
we need to know that the solution of (7.1) depends smoothly on parameters if
the metric and the inhomogeneous term do. We remark that the coordinate
condition is critical since it is needed in order to invert the Laplacian.

One can also use the results in Section 5 to get tame estimates for the
solution of the Dirichlet problem. In fact if we take W a = gab∂bq, and wa = ∂qq,
then divW = �q and curlw = 0. Applying Lemma 5.2 to W therefore gives:

|W |Rr ≤ K1

r∑
s=0

[g]Rs
(
|�q|Rr−1−s + |W |Sr−s

)
,(7.2)

where for s = r we should interpret |�q|−1 = 0, and

|∂q|Rr ≤ K1

r∑
s=0

[g]Rs
(
|�q|Rr−1−s + |∂q|Sr−s

)
.(7.3)

Therefore it suffices to obtain estimates for tangential derivatives only. This
is easier because the Dirichlet boundary condition is preserved by tangential
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derivatives. If q
∣∣
∂Ω

= 0 then SIq
∣∣
∂Ω

= 0. The L∞ estimates use the standard
Schauder estimates for the Dirichlet problem. Because we want to have the
final result in terms of Ck norms instead of Hölder norms these results lose a
derivative.

Proposition 7.1. If q
∣∣
∂Ω

= 0 then for r ≥ 1

‖q‖r,∞ ≤ K3

(
‖�q‖r−1,∞ + ‖g‖r,∞‖�q‖0,∞

)
.(7.4)

Proof. If we apply Lie derivatives L̂I
S to W a = gab∂bq we get

W a
I = gab∂bS

Iq + c̃ I
I1I2

ĝI1ab ∂bS
I2q, ĝI ab = L̂I

Sgab, WI = L̂I
SW

(7.5)

and the sum is over all combinations I = I1 + I2, and the c̃ I
I1I2

are constants
such that c̃ I

I1I2
= 0 if I2 = I. Since divWI = div L̂I

SW = ŜI divW = ŜI�q =
κ−1SI(κ�q) it follows from the divergence of (7.5) that

�(SIq) = ŜI�q − κ−1∂a

(
c̃ I
I1I2

ĝI1ab ∂bS
I2q

)
, ĝI ab = L̂I

Ugab.(7.6)

Let ‖u‖2+α,∞ denote Hölder norms, see Section 17 and Proposition 7.2. By
Proposition 7.2 we have

(7.7)

‖SIq‖2+α,∞≤K1

(
‖ŜI�q‖1,∞

+ c̃ I
I1I2

(‖ĝI1‖1,∞‖SI2q‖2+α,∞ + ‖ĝI1‖2,∞‖SI2q‖1+α,∞)
)
.

If we let Mr =
∑

|I|≤r−2 ‖SIq‖2+α,∞, r ≥ 2, Mr = ‖q‖r+α,∞ for r = 0, 1 it
follows from Proposition 7.2 that M0 + M1 ≤ K3‖�q‖, M2 ≤ K3‖�q‖1,∞ and
for r ≥ 3 we have:

Mr ≤ K3

(
‖�q‖r−1,∞ +

r−1∑
s=1

‖g‖r+1−s,∞Ms

)
.(7.8)

Inductively it follows that

Mr ≤K3

(
‖�q‖r−1,∞ +

r−2∑
s=0

‖g‖r−s,∞‖�q‖s,∞
)

(7.9)

≤K3

(
‖�q‖r−1,∞ + ‖g‖r‖�q‖0,∞

)
where we used interpolation. With I ∈ S, |I| = r − 2 we hence get from
differentiating (7.5) and using what we used proved

‖∂WI‖0,∞ ≤ K3

(
‖�q‖r−1,∞ + ‖g‖r‖�q‖0,∞

)
.(7.10)

However, once we have bounds for the tangential components, the bounds for
all components in terms of these and R̂I�p follow from Lemma 5.2.
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Theorem 6.6 in [GT], together with Theorem 8.16, and Theorem 8.33 in
[GT], in our setting reads:

Proposition 7.2. Suppose that ‖φ‖k+α,∞ denotes the Hölder norms and
0 < α < 1, and k is an integer (see Section 17). Then

�p = gab∂a∂bp + κ−1(∂a(κgab))∂bp = κ−1∂a

(
κgab∂bp

)
(7.11)

where

‖gab‖0+α,∞ + ‖∂gab‖0+α,∞ ≤ Λ,
∑
a,b

|gab| + |gab| ≤ λ.(7.12)

Suppose that p
∣∣
∂Ω

= 0. Then

‖p‖2+α,∞ ≤ C
(
‖p‖∞ + ‖�p‖0+α,∞

)
(7.13)

where C = C(n, α, λ,Λ) and

‖p‖∞ ≤ C‖�p‖∞.(7.14)

And if �p = F + κ−1∂a(κGa), then

‖p‖1+α,∞ ≤ C
(
‖p‖∞ + ‖F‖∞ + ‖G‖0+α,∞

)
.(7.15)

Furthermore

‖uv‖α,∞≤C‖u‖γ,∞‖v‖α,∞, γ ≥ α,(7.16)

‖uv‖α,∞≤C
(
‖u‖0,∞‖v‖α,∞ + ‖v‖0,∞‖u‖α,∞

)
.

Note that if we multiply by κ then the operator is also in the divergence
form that [GT] has in Theorem 10.33. Anyway, in our case it is equivalent to
a domain in Dt with the usual metric.

Let us now prove that the solution of (7.1) depends smoothly on param-
eters if the metric g and the inhomogeneous term F do. Let us assume that
the parameter is time t. We have:

Lemma 7.3. Let φ be the solution of

�φ = κ−1∂a

(
κgab∂bφ

)
= F, φ

∣∣
∂Ω

= 0,(7.17)

where κ =
√

det g, and g satisfies the coordinate condition (2.8) on [0, T ].
Suppose that gab, F ∈ Ck([0, T ], C∞(Ω)). Then φ ∈ Ck([0, T ], C∞(Ω)).

Proof. Let us write φt, gt, Ft, and �t = �gt
, to indicate the dependence

of t. Our initial assumption is that gt, Ft ∈ Ck([0, T ], C∞(Ω)). That

�tφt = Ft, φt

∣∣
∂Ω

= 0,(7.18)
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has a solution φt ∈ C∞(Ω) if Ft, gt ∈ C∞(Ω) and the coordinate condition is
fulfilled is well known. We will prove that Ft, gt ∈ C1([0, T ], C∞(Ω)) implies
that φt ∈ C1([0, T ], C∞(Ω)). If this is the case, then φ̇t = Dtφt satisfies

�tφ̇t = Ḟt − �̇tφt, φ̇t

∣∣
∂Ω

= 0,(7.19)

where �̇t = [Dt,�] and Ḟt = DtFt. Since the right-hand side of (7.19) is
also in C1([0, T ], C∞(Ω)) we can repeat the argument to conclude that φ̇t ∈
C1([0, T ], C∞(Ω)); i.e., φt ∈ C2([0, T ], C∞(Ω)). In general we can then use
induction to conclude that φt ∈ Ck([0, T ], C∞(Ω)) since

�tD
k
t φt = Dk

t F −
k−1∑
j=0

ck
l �

(k−j)
t Dj

t φt,(7.20)

where the �(k)
t are the repeated commutators defined inductively by �(k)

t =
[Dt,�(k−1)

t ], �(0)
t = �t.

First we will show that Ft, gt ∈ C([0, T ], C∞(Ω)) implies that φt ∈
C([0, T ], C∞(Ω)). We will only prove this for t = 0 since the proof in gen-
eral is just a notational difference from the proof for t = 0:

�t(φt − φ0) = Ft − F0 − (�t −�0)φ0.(7.21)

Since the Cm(Ω) or Hm(Ω) norm of the right-hand side tends to 0 as t → 0
for any m and since we have uniform bounds for �−1

t , in Lemma 7.3, it follows
that the Cm(Ω) or Hm(Ω) norm of φt − φ0 tends to 0 as t → 0 for any m.
Hence φt ∈ C([0, T ], C∞(Ω)). Now, let φ̇t be defined by (7.19). By the same
argument it follows that φ̇t ∈ C([0, T ], C∞(Ω)). It remains to prove that φt is
differentiable. We have

�t

(
φt − φ0 − tφ̇0

)
= Ft − F0 − tḞ0 +

(
�t −�0 − t�̇0

)
φ0 + t(�t −�0)φ̇0.

(7.22)

Since Ft and gt are differentiable as functions of t it follows that the Cm(Ω) or
Hm(Ω) norm of the right-hand side divided by t tends to 0 as t → 0 for any
m. Since we also have bounds for the inverse of �t that are uniform in t we
conclude that any Cm or Hm norm of φt − φ0 − tφ̇0 divided by t also tends to
0 as t → 0 for any m. It follows that φt ∈ C1([0, T ], C∞(Ω)).

8. The L2 estimates for the Dirichlet problem

In this section, we give tame L2-Sobolev estimates for the solution of the
Dirichlet problem:

�q = F, q
∣∣
∂Ω

= 0.(8.1)

We also remark that the coordinate condition is critical in all the estimates
in this section since it is needed in order to invert the Laplacian �. As pointed
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out in the beginning of Section 7, if we use the results from Section 5 it suffices
to obtain estimates for tangential derivatives only, which is easier because the
Dirichlet boundary condition is preserved by tangential derivatives. If q

∣∣
∂Ω

= 0
then SIq

∣∣
∂Ω

= 0.

Proposition 8.1. Suppose that q is a solution of the Dirichlet problem,
q
∣∣
∂Ω

= 0, and W a = gab∂bq. Then if r ≥ 0,

‖W‖r ≤ K1

r−1∑
s=0

‖g‖r−1−s,∞‖�q‖s + K1‖g‖r,∞‖W‖,(8.2)

and if r ≥ 1,

‖W‖r + ‖q‖r+1 ≤ K1

r−1∑
s=0

‖g‖r−s,∞‖�q‖s.(8.3)

Furthermore, for i ≤ 2 and r ≥ 0,

‖D̂i
tW‖r ≤ K3

r−1∑
s=0

∑
j+k≤i

‖Ďk
t g‖r−s,∞‖D̂j

t�q‖s + K3

∑
j+k≤i

‖Ďk
t g‖r,∞‖D̂j

t W‖

(8.4)

and if r ≥ 1,

‖D̂i
tW‖r + ‖Di

tq‖r+1 ≤ K3

r−1∑
s=0

∑
j+k≤i

‖Ďk
t g‖r−s,∞‖D̂j

t�q‖s.(8.5)

Moreover if P is the orthogonal projection onto divergence-free vector fields
and W is any vector field then, for r ≥ 0,

‖PW‖r ≤ K1

r∑
s=0

‖g‖r−s,∞‖W‖s(8.6)

and, for i ≤ 2,

‖D̂i
tPW‖r ≤ K3

r∑
s=0

∑
j+k≤i

‖Ďk
t g‖r−s,∞‖D̂j

t W‖s.(8.7)

Before the proof we have a useful lemma:

Lemma 8.2. Suppose that S ∈ S and q
∣∣
∂Ω

= 0, and

L̂SW a = gab∂bq + F a.(8.8)

Then

‖L̂SW‖ ≤ K1(‖divW‖ + ‖F‖).(8.9)
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Proof. Let WS = L̂SW . Then∫
Ω

gabW
a
SW b

S κ dy =
∫

Ω
W a

S∂aq κdy +
∫

Ω
W a

SgabF
bκdy.(8.10)

If we integrate by parts in the first integral on the right, using the fact that q

vanishes on the boundary, we get∫
Ω

W a
S ∂aq κ dy = −

∫
Ω

div(WS) q κ dy.(8.11)

However divWS = Ŝ divW . Then we can integrate by parts in the angular
direction: S = Sa∂a, Ŝ = S+divS so we get

∫
Ω(Ŝf)κdy =

∫
Ω ∂a

(
Safκ) dy = 0,

where ∂aS
a = 0. Hence,∫

Ω
W a

S ∂aq κ dy =
∫

Ω
div(W ) (Sq)κ dy.(8.12)

Here |Sq| ≤ K1|∂q| so it follows that

‖WS‖2 ≤ K1‖divW‖
(
‖WS‖ + ‖F‖

)
+ K1‖WS‖‖F‖(8.13)

and so

‖WS‖ ≤ K1(‖divW‖ + ‖F‖).(8.14)

Proof of Proposition 8.1. If we apply LI
S to wa = gabW

b we get

∂aS
Iq = gabW

b
I + c̃I1I2 ǧI2 abW

b
I2

, WI = L̂I
SW, ǧI ab = ĽI

Sgab.(8.15)

The sum is over all combinations I = I1 + I2, c̃I1I2 are constants such that
c̃ I1I2
I = 0 if I2 = I. If we write SI = SSJ , WI = L̂SWJ , and use Lemma 8.2

we get (since divWJ = ŜJ divW = ŜJ�q = κ−1SJ(κ�q))

‖WI‖ ≤ K1‖ŜJ�q‖ + K1c̃
I1I2
I ‖ǧI1‖∞‖WI2‖;(8.16)

or if we sum over all of them and use interpolation,

‖κW‖Sr ≤ K1‖κ�q‖r−1 + K1

r−1∑
s=0

‖g‖r−s,∞‖κW‖Ss , r ≥ 1.(8.17)

We now want to apply Lemma 5.3 to W a = gab∂bq. Then curlw = 0 and
divW = �q so that

‖W‖r ≤ K1‖κ�q‖r−1 + K1‖κW‖Sr + K1

r−1∑
s=0

‖g‖r−s,∞‖W‖s, r ≥ 1.

(8.18)

We now use (8.17) to replace the term K1‖κW‖Sr by the terms of the form
already on the right-hand side of (8.18) and we also replace κ by 1 which just
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produces more terms of the same form. We use induction on r and interpolation
(8.2) follows.

We also need an estimate for the lowest order term:

‖W‖2 =
∫

Ω
gab(∂aq)(∂bq)κ dy = −

∫
Ω
(�q)q κ dy.

However, there is a constant depending just on the volume of Ω, i.e.
∫
Ω κ dy,

such that ‖q‖ ≤ K1‖�q‖; see [SY]. Therefore in addition we have

‖W‖ + ‖q‖ + ‖∂q‖ ≤ K1‖�q‖, if W a = gab∂bq.(8.19)

Now, we inductively get from using interpolation again:

‖κW‖r ≤ K1

r−1∑
s=0

‖g‖r−s,∞‖�q‖s, r ≥ 1.(8.20)

Note that we can remove κ on the left since doing so just produces lower order
terms of the same form. This proves the estimate for W in (8.3) and the
estimate for q follows from this since W a = gab∂bq. In fact by (8.15) with SI

replaced by any space vector fields RI , I ∈ R, ‖∂q‖r ≤ K1
∑r

s=0 ‖g‖r−s,∞‖W‖s

and by (8.19), we also have an estimate for ‖q‖.
It remains to prove the estimate with time derivatives. We can now repeat

the argument with i of the tangential derivatives being the time derivative,
L̂i

Dt
= D̂i

t and Ľi
Dt

= Ďi
t. This gives

∂aS
IDi

t q = gabD̂
i
tW

b
I + c̃ I1i1I2i2

Ii (Ďi1
t ǧI2 ab)D̂i2

t W b
I2

,(8.21)

where c̃ I1i1I2i2
I = 1 for all (I1 + I2, i1 + i2) = (I, i) such that |I2| + i2 < |I| + i

and 0 otherwise. By Lemma 8.2 again

‖D̂i
tWI‖ ≤ C‖ŜJD̂i

t�q‖ + Cc̃ I1i1I2i2
Ii ‖Ďi1

t ǧI1‖∞‖D̂i2
t WI2‖(8.22)

where |J | = |I| − 1. Hence

‖Di
t(κW )‖Sr ≤K1‖Di

t(κ�q)‖r−1(8.23)

+K1

∑
s≤r, j≤i, s+j<r+i

‖Di−j
t (κ−1g)‖r−s,∞‖Dj

t (κW )‖Ss .

By Lemma 8.3 below and (8.23) it follows that for i ≤ 2

‖Di
t(κW )‖r ≤K3

(
‖Di

t(κ�q)‖r−1(8.24)

+
∑

s≤r, j≤i, s+j<r+i

‖Di−j
t (κ−1g)‖r−s,∞‖Dj

t (κW )‖s

)
.

(8.4) now follows from this and interpolation.
Since D̂t�q = �Dt q + κ−1∂a

(
κ(D̂tg

ab)∂bq
)
,

‖�Dtq‖≤K2

(
‖D̂t�q‖ + ‖Ďtg‖0,∞‖∂2q‖ + ‖Ďtg‖1,∞‖∂q‖

)
(8.25)

≤K3

(
‖D̂t�q‖ + ‖�q‖

)
,
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where we used (8.3) with r = 2. Therefore using (8.19) applied to Dtq in place
of q we also get an estimate for the lowest order norm:

‖D̂tW‖ + ‖∂Dtq‖ + ‖Dtq‖ ≤ K3

(
‖D̂t�q‖ + ‖�q‖

)
.(8.26)

Using this, (8.4) and interpolation gives (8.5) for a one-time derivative, apart
from the estimate for ‖Dtq‖r+1. By (8.21) with SI replaced by any space vector
fields RI , I ∈ R, ‖∂Dt q‖r ≤ K1

( ∑r
s=0 ‖g‖r−s,∞‖Ẇ‖s+

∑r
s=0 ‖Ďtg‖r−s,∞‖W‖s

)
and by (8.26) we also have an estimate for ‖Dtq‖.

Since D̂2
t�q = �D2

t q + 2κ−1∂a

(
κ(D̂tg

ab)∂bDtq
)

+ κ−1∂a

(
κ(D̂2

t g
ab)∂bq

)
,

‖�D2
t q‖≤K2

(
‖D̂2

t�q‖ + ‖Ď2
t g‖0,∞‖∂2q‖ + ‖Ď2

t g‖1,∞‖∂q‖(8.27)

+ ‖Ďtg‖0,∞‖∂2Dt q‖ + ‖Ďtg‖1,∞‖∂Dt q‖
)

≤K3

(
‖D̂2

t�q‖ + ‖D̂t�q‖ + ‖�q‖
)

where we used (8.5) for i ≤ 1. Therefore we also get an estimate for the lowest
order norm:

‖D̂2
t W‖ + ‖∂D2

t q‖ + ‖D2
t q‖ ≤ K3

(
‖D̂2

t�q‖ + ‖D̂t�q‖ + ‖�q‖
)
.(8.28)

Using this, (8.4) and interpolation gives (8.5) also for a two-time derivative,
apart from the estimate for ‖D2

t q‖r+1. By (8.21) with SI replaced by any space
vector fields RI , I ∈ R,

‖∂D2
t q‖r ≤ K3

r∑
s=0

(
‖g‖r−s,∞‖Ẅ‖s + ‖Ďtg‖r−s,∞‖Ẇ‖s + ‖Ď2

t g‖r−s,∞‖W‖s

)
and by (8.28) we also have an estimate for ‖D2

t q‖.
It remains to prove the estimates for the projections (8.6), (8.7). We have

W = W0 + W1, where W0 = PW , and W1 = gab∂bq where �q = divW and
q
∣∣
∂Ω

= 0. Proving (8.6), (8.7) for r ≥ 1 reduces to proving it for r = 0 by
using (8.3), (8.5), since R̂I�q = div(L̂I

RW ) and replacing κ by 1 just produces
more terms of the same form . (8.6) for r = 0 follows since the projection has
norm 1, ‖PW‖ ≤ ‖W‖. Since the projection of gabDk

t w1b = gab∂bD
k
t q vanishes

we obtain from Lemma 8.3 below:

‖PD̂i
tW1‖ ≤ K1

i−1∑
j=0

‖Ďi−j
t g‖ ‖D̂j

t W1‖.(8.29)

Since also PD̂i
tW0 = D̂i

tW0,

(I − P )D̂i
tW1 = (I − P )Di

tW,(8.30)

and since the projection has norm one,

‖D̂i
tW1‖ + ‖D̂i

tW0‖ ≤ K1‖D̂i
tW‖ + K1

i−1∑
j=0

‖Ďi−j
t g‖ ‖D̂j

t W1‖.(8.31)
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Hence for i = 0, 1, 2 it inductively follows that

‖D̂i
tW0‖ + ‖D̂i

tW1‖ ≤ K3

i∑
j=0

‖D̂j
t W‖, i ≤ 2.(8.32)

Since as before replacing κ by 1 just produces more terms of the same form
this proves (8.7) also for r = 0. (6.4), (6.5) follows from interpolation.

Lemma 8.3. Let W a = gabwb. Then

D̂i
tW

a = gabDi
twb −

i−1∑
j=0

(
i

j

)
gab(Ďi−j

t gbc)D̂
j
t W

c.(8.33)

Furthermore if W a = gab∂bq then

|Di
t(κW )|Rr ≤K1

(
|Di

t(κdivW )|Rr−1 + |κW |Sr(8.34)

+
∑

s≤r, j≤i,s+j<r+i

|Di−j
t (κg)|Rr−s|Dj

t (κW )|Rs
)
.

Proof. We have

Di
twb = Di

t

(
κ−1gbc κW c

)
=

i∑
j=0

(
i

j

)(
Di−j

t (κ−1gbc)
)
D̂j

t (κW c),

which proves (8.33).
Now, (8.34) follows from (5.12) by (8.33) and the fact that the curl of

wa = ∂a vanishes which estimates the curl of gabD̂
i
tW

b.

9. The estimates for the curl

We are studying an equation of the general form

Ẅ + AW = H, H = B(W, Ẇ ) + F.(9.1)

Here B is a linear combination of multiplication operators. Here A is the
normal operator and it projects to the divergence-free vector fields even if W

is not divergence-free. We have curlAW = 0 and divAW = 0 so that

divẄ = divH, curlẅ = curlH(9.2)

where ẅa = gabẄ
b as defined. Now recall that ẇa = gabẆ

b; it follows that

|Dt curlẇ| + |Dt curlw| ≤ C
(
|∂Dtg||W | + |∂g|∂W | + |∂Ẇ | + |curlẅ|

)
.(9.3)

Similarly

|D̂t divẆ | + |D̂t divW | ≤ C
(
|divẆ | + |divẄ |

)
.(9.4)
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Hence

(9.5) |Dt curlẇ| + |Dt curlw| + |D̂t divẆ | + |D̂t divW | + |curlẅ| + |divẄ |
≤ C

(
|∂Ẇ | + |∂W | + |∂g||Ẇ | + |∂g||W | + |divH| + |curlH|

)
.

Since B is of order one and in fact is a multiplication operator it follows that
the terms in curlB(W, Ẇ ) and divB(W, Ẇ ) are also going to be of the form on
the right-hand side of (9.5). However, we need to take a closer look at what the
operator B really is because on the one hand it will give an improved estimate
and on the other hand we want to find out exactly what the constants above
depend on:

Lemma 9.1. Suppose that L1W = F , where L1W = Ẅ +AW −B(W, Ẇ )
is as given by Lemma 2.4, Ẇ a = D̂tW

a and Ẅ a = D̂2
t W

a. Let wa = gabW
b,

ẇa = gabẆ
b, ẅa = gabẄ

b. Then

Dt curlwab =curlẇab + ∂a

(
ġbcW

c
)
− ∂b

(
ġacW

c
)

(9.6)

Dt curlẇab =curlẅab + ∂a

(
ġbcẆ

c
)
− ∂b

(
ġacẆ

c
)

(9.7)

curlẅab =curlF ab + curlB(Ẇ , W )ab(9.8)

where ġab = Ďtgab = Dt gab − σ̇gab and

Ba(W, Ẇ ) = −
(
ġac − ωac − σ̇gac

)
Ẇ c + σ̇

(
ġac − ωac

)
W c − ∂aq0(9.9)

and L1W = F . On the other hand, if w̃a = ẇa − (σ̇gab + ωab)W b and L1 is
given by (2.54) then

(9.10)

Dt curlwab =curlw̃ab + ∂a

(
(ġbc + ωbc + σ̇gbc)W c

)
− ∂b

(
(ġac + ωac + σ̇gac)W c

)
,

(9.11)

Dt curlw̃ab =−∂a

(
(Dt ωbc + σ̈gbc)W c

)
+ ∂b

(
(Dt ωac + σ̈gac)W c

)
+ curlF ab,

(9.12)

curlẇab =curlw̃ab + ∂a

(
(σ̇gbc + ωbc)W c) − ∂b

(
(σ̇gac + ωac)W c).

Proof. The proof uses Lemma 2.5 and the identity Dt wa = Dt(gabW
b) =

ġabW
b + gabẆ

b and (2.54).

Now we want to commute with Lie derivatives LI
R, since the Lie derivative

commutes with the curl: LR curlw = curlLRw.
By Lemma 5.2 the next follows from Lemma 9.1 and Lemma 6.2:
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Lemma 9.2. With notation as in Lemma 9.1 and Definition 6.1 we have

(9.13) ‖Dt curlw‖r−1 + ‖Dt curlẇ‖r−1 + ‖curlẅ‖r−1

≤ 2‖curlF‖r−1 + K2

r∑
s=0

(
‖x‖r+1−s,∞ + ‖ẋ‖r+1−s,∞

)
(‖W‖s + ‖Ẇ‖s).

Also,

‖Dt curlw‖r−1 + ‖Dt curlw̃‖r−1(9.14)

≤ ‖curlw̃‖r−1 + ‖curlF‖r−1

+K3

r∑
s=0

(
‖x‖r+1−s,∞ + ‖ẋ‖r+1−s,∞ + ‖ẍ‖r+1−s,∞)‖W‖s

and

∣∣ ‖curlẇ‖r−1 − ‖curlw̃‖r−1

∣∣ ≤ K2

r∑
s=0

(
‖x‖r+1−s,∞ + ‖ẋ‖r+1−s,∞

)
‖W‖s.

(9.15)

Remark. The difference between (9.13) on the one hand and (9.14), (9.15)
on the other hand is that the latter does not require estimates for ‖Ẇ‖s but
instead requires an extra time derivative of the coordinate. However, we do
control two time derivatives of the coordinates.

10. Existence for the inverse of the modified linearized operator
in the divergence-free class

We first want to show that

L1W = Ẅ + AW − B0W − B1Ẇ = F, W
∣∣
t=0

= W̃0, Ẇ
∣∣
t=0

= W̃1,

(10.1)

has a smooth solution W :

Theorem 10.1. Suppose that x and p are smooth, p
∣∣
∂Ω

= 0 and that the
coordinate and physical condition (2.8) and (2.7) hold for 0 ≤ t ≤ T . Let L1 be
defined by (2.49) and suppose that W̃0, W̃1 and F are smooth and divergence-
free. Then (10.1) has a smooth solution for 0 ≤ t ≤ T .

In case, divV = 0 and divF = 0, existence for (10.1) was proved in
[L1]. We now want to generalize this result to prove existence when divV 
= 0
and divF = 0. This is just a minor modification of the proof in [L1], with
mostly notational differences, multiplying with κ = det (∂x/∂y) and κ−1 since
divW = κ∂a(κW a). We will just give an outline of the proof.
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First we note that we can reduce to the case with vanishing initial data
and F vanishing to all orders as t → 0. In fact, we can get all higher time
derivatives by differentiating the equation with an inhomogeneous term

D̂k+2
t W = Bk

(
W, ., D̂k+1

t W, ∂W, . . . , ∂D̂k
t W

)
+ D̂k

t F,(10.2)

where Bk are some linear functions followed by projections; see (10.8) with I

consisting of just time derivatives. Let us therefore define functions of space
only by

W̃ k+2 = Bk

(
W̃ 0, . . . , W̃ k+1, ∂W̃ 0, . . . , ∂W̃ k

)∣∣
t=0

+ D̂k
t F

∣∣
t=0

, k ≥ 0.

(10.3)

Then

W̃ (t, y) =
κ(0, y)
κ(t, y)

m−1∑
k=0

W̃ k(y)tk/k!(10.4)

defines a formal power series solution at t = 0. What we are doing is just
expanding κW in a formal power series in t, since Dt(κW ) = κD̂tW . Since
divW̃ k = 0 it follows that divW̃ = 0. We also note that if the initial data are
smooth then we can construct a smooth approximate solution W̃ that satisfies
the equation to all orders as t → 0. This is obtained by multiplying the kth

term in (10.4) by a smooth cutoff χ(t/εk), to be chosen below, and by summing
up the infinite series. Here χ is smooth, χ(s) = 1, for |s| ≤ 1/2 and χ(s) = 0 for
|s| ≥ 1. The sequence εk > 0 can then be chosen small enough so that the series
converges in Cn([0, T ], Hm) for any n and m if we take (‖W̃ k‖k + 1)εk ≤ 1/2.
By replacing W by W − W̃ and F by F − L1W̃ in (10.1) we reduce to the
situation with vanishing initial data and an inhomogeneous term F vanishing
to all orders as t → 0.

We will therefore assume that initial data in (10.1) vanish and that F is
smooth, divergence-free and vanishes to all order as t → 0. Then existence of
a solution Wε for the equation where we replace the normal operator A by the
smoothed out normal operator Aε, ε > 0, in (10.1)

Lε
1Wε = Ẅε + AεWε − B0Wε − B1Ẇε = F(10.5)

follows since all the operators are bounded on Hr(Ω); see (3.15). Thus it is
just an ordinary differential equation in Hr(Ω), for any r > 0. Additional
regularity in time follows by application of time derivatives. This was proved
in [L1]. Lowering the indices in (10.5), we obtain

GẄε + AεWε − B0Wε − B1Ẇε = GF.(10.6)

Let L̂I
T , I ∈ T , stand for a product of modified Lie derivatives, see Section 4,

of |I| vector fields in T and let WεI = L̂I
T Wε. If we repeatedly apply Lie

derivatives LT and the projection, see Section 4,

c I1I2
I

(
GI1

ẄεI2 + Aε
I1

WεI2 − B0I1
WεI2 − B1I1

ẆεI2 − GI1
FI2

)
= 0(10.7)
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where the sum is over all combinations of I1 + I2 = I and c I1I2
I = 1. If we raise

the indices again we get

ẄεI + AεWεI =−c̃ I1I2
I

(
GI1ẄεI2 + Aε

I1
WI2

)
(10.8)

+c I1I2
I

(
B0I1WεI2 + B1I1ẆεI2 + GI1FI2

)
where c̃ I1I2

I = 1, if |I2| < |I|, and c̃ I1I2
I = 0 if |I2| = |I|.

Let us define energies

EI = E(WεI) = 〈ẆεI , ẆεI〉 + 〈WεI , (Aε + I)WεI〉, ET
s =

∑
|I|≤s,I∈T

√
EI .

(10.9)

Note that in the sum we also included all time derivatives L̂Dt
. The reason for

this is that when calculating commutators second order time derivatives show
up in the first term on the right in (10.7). As for (3.38), by differentiating
(10.9) we get

ĖI = 2〈ẆεI , ẄεI + (Aε + I)WεI〉 + 〈ẆεI , ĠẆεI〉 + 〈WεI , (Ȧε + Ġ)WεI〉.
(10.10)

Now, Ġ is a bounded operator by (3.17). The last term can be bounded by
〈WI , (Aε + I)WεI〉 using (4.43) which also holds for Aε by (4.37), and (3.13).
Therefore, the last two terms are bounded by ET

r , where r = |I|. Using
(10.8) to estimate the first term we see that the L2 norm of the last term
on the right of (10.8) is bounded by a constant times ET

r plus ‖F‖Tr which
=

∑
|I|≤r, I∈T ‖L̂I

T F‖, and ‖F‖ = 〈F, F 〉1/2. The same is true with the first
part of the first term on the right in (10.8) since |I2| < |I| there and since we
have included all time derivatives in the definition of ET

s . It only remains to
deal with the second part of the first term on the right of (10.8). This term
comes from the commutators of L̂I

T and Aε and we add an additional term to
the energy in order to pick it up. Let

DI = 2c̃ I1I2
I 〈WεI , A

ε
I1

WεI2〉(10.11)

where the sum is over all I1 + I2 = I, |I2| < |I| and c̃ I1I2
I = 1. This term is

lower order and is again bounded by using (3.13) on the energies CET
r ET

r−1.
Furthermore,

ḊI = 2c̃ I1I2
I 〈ẆεI , A

ε
I1

WεI2〉 + 〈WεI , Ȧ
ε
I1

WεI2〉 + 〈WεI , A
ε
I1

ẆεI2〉(10.12)

where, by (3.13) the second to last term is bounded by CET
r ET

r−1 and the last
term is bounded by CET

r ET
r , since we have included all time derivatives in the

definition (10.9). Hence, we have proved that

|ĖI + ḊI | ≤ CET
r

(
ET

r + ‖F‖Tr
)
, |DI | ≤ CET

r ET
r−1, r ≥ 0, ET

−1 = 0.

(10.13)

Using induction and a Grönwall type of argument, see [L1], we have



THE MOTION OF AN INCOMPRESSIBLE LIQUID 159

Lemma 10.2. There is a constant C depending only on t and on x(t, y)
but not on ε such that

ET
r ≤ C

∫ t

0
‖F‖Tr dτ.(10.14)

In fact, integrating the first inequality in (10.13) from 0 to t, using the
fact that EI(0) = DI(0) = 0, summing over |I| ≤ r, and using the second
inequality we have (ET

r )2 ≤ CET
r ET

r−1 + C
∫ t
0 ET

r (ET
r + ‖F‖Tr ) dτ . Hence

Er ≤ CEr−1 + C

∫ t

0
(Er + ‖F‖Tr ) dτ, where Er(t) = sup

0≤τ≤t
Er(τ).(10.15)

Introduction of Mr =
∫ t
0 Er dτ gives Ṁr − CMr ≤ CEr−1 + C

∫ t
0 ‖F‖Tr dτ .

Multiplying by the integrating factor e−Ct, we see that Mr is bounded by
some constant, depending on t times CEr−1 + C

∫ t
0 ‖F‖Tr dτ . Hence for some

other constant, Er ≤ CEr−1 + C
∫ t
0 ‖F‖Tr dτ and (10.14) follows by induction.

From the uniform energy bounds in Lemma 10.2 it follows that
‖Wε‖ ≤ C, where C is independent of ε so that we can choose a weakly
convergent subsequence Wεn

that converges weakly in the inner product to W

which is also in that space. Let U be a smooth divergence-free vector field
where 0 < t < T in the support. Then∫ T

0

∫
Ω

gab(Lε
1W

a
ε )U b κdy dτ =

∫ T

0

∫
Ω

gabW
a
ε (Lε∗

1 U b) κdy dτ(10.16)

where Lε∗
1 is the space time adjoint. The only term that depends on ε in Lε∗

1

is Aε, since Aε is self-adjoint. Since the projection is continuous it also follows
that AεU → AU , as ε → 0, strongly in L2 if U ∈ H1. Then the right-hand
side of (10.16) converges so we get∫ T

0

∫
Ω

gabW
a(L∗

1U
b) κdy dτ =

∫ T

0

∫
Ω

gabF
aU b κdy dτ(10.17)

where now W is the weak limit. Hence W is a weak solution of the equation.
Furthermore Wε is divergence-free so it follows that W is weakly divergence-
free; i.e., ∫ T

0

∫
Ω

W a(∂aq)κ dy dτ = 0(10.18)

for all smooth functions q that vanish on the boundary. We now conclude that
W has additional regularity so that we can integrate by parts and conclude
that W is a regular solution.

Note that since the curl of a gradient vanishes

curlAεWε = 0, when d(y) ≥ ε.(10.19)

It follows that the formulas in Lemma 9.1 hold true for d(y) ≥ ε and we have
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Lemma 10.3. When d(y) ≥ ε,

|Dt curlẇε|Ur−1 ≤C
(
|Wε|Ur + |Ẇε|Ur

)
+ |curlF |Ur−1,(10.20)

|Dt curlwε|Ur−1 ≤C
(
|Wε|Ur + |Ẇε|Ur

)
.(10.21)

By Lemma 5.2 (see the last statement):

Lemma 10.4.

|W |Ur ≤C
(
|curlw|Ur−1 + |divW |Ur−1 + |W |Tr

)
,(10.22)

|Ẇ |Ur ≤C
(
|curlẇ|Ur−1 + |divẆ |Ur−1 + |Ẇ |Tr

)
.(10.23)

Let C U ,ε
0 = 0 and for r ≥ 1 let

C U ,ε
r = ‖curlẇε‖Ur−1(Ωε) + ‖curlwε‖Ur−1(Ωε),(10.24)

where

‖β‖Ur(Ωε) =

√∫
Ωε

(|β|Ur )2 κdy

and Ωε = {y ∈ Ω; d(y) > ε}. Since divW = divẆ = 0 and since d(y) ≥ ε in
the domain of integration in (10.24) it therefore follows from Lemma 10.3 and
Lemma 10.4 that

|Ċ U ,ε
r | ≤ C(C U ,ε

r + ET
r ) + C‖F‖Ur(10.25)

where C depends on t and x(t, y) but is independent of ε. This together with
Lemma 10.2 and Lemma 10.4 now gives us uniform bounds:

Lemma 10.5.

‖Ẇε‖Ur(Ωε) + ‖Wε‖Ur(Ωε) + ET
r ≤ C

∫ t

0
‖F‖Ur dτ.(10.26)

We can hence pass to the limit and conclude that the limit W also satisfies
the same estimate and therefore if we integrate by parts in (10.17) and (10.18)
conclude that W in fact is a smooth solution:

Proposition 10.6. Suppose x(t, y) is smooth and (2.7) and (2.8) hold
for 0 ≤ t ≤ T . Suppose also that F is smooth for 0 ≤ t ≤ T , divF = 0
and F vanishes to all orders as t → 0. Then the modified linearized equation
(10.1) with vanishing initial data, W̃0 = W̃1 = 0, has a smooth solution W

for 0 ≤ t ≤ T , satisfying divW = 0. Furthermore, the solution satisfies the
estimate:

‖Ẇ‖Ur + ‖W‖Ur + ET
r ≤ Cr

∫ t

0
‖F‖Ur dτ, r ≥ 0.(10.27)
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11. Estimates for the inverse of the modified linearized operator
in the divergence-free class

We will now give improved estimates for the modified linearized equation

L1W = Ẅ + AW − B0W − B1Ẇ = F,(11.1)

within the divergence-free class.

Theorem 11.1. Suppose that x and p are smooth, p
∣∣
∂Ω

= 0 and that the
coordinate and physical conditions (2.8) and (2.7) hold for 0 ≤ t ≤ T . Let L1

be defined by (2.49) and suppose that W and F are smooth and divergence-free
satisfying (11.1) for 0 ≤ t ≤ T . Then if W

∣∣
t=0

= Ẇ
∣∣
t=0

= 0,

(11.2)

‖Ẇ‖r + ‖W‖r ≤K3e
K3(1+c−1

0 )T
r∑

s=0

nr−1−s

∫ t

0
‖F‖s dτ,

‖Ẅ‖r−1 ≤K3e
K3(1+c−1

0 )T
( r∑

s=0

nr−1−s

∫ t

0
‖F‖s dτ +

r∑
s=0

nr−1−s‖F‖s

)
(11.3)

for 0 ≤ t ≤ T . If in addition F
∣∣
t=0

= 0 then for r ≥ 1 and 0 ≤ t ≤ T ,

(11.4) ‖Ẅ‖r−1 + ‖Ẇ‖r−1 + ‖W‖r−1 + c0‖W‖r

≤ K4e
K4(1+c−1

0 )T
r−1∑
s=0

nr−1−s

∫ t

0

(
‖Ḟ‖s + ‖F‖s + ‖curlF‖s

)
dτ.

Here c0 > 0 is the constant in (2.7), where

ns = sup
0≤t≤T

ns(t),(11.5)

ns(t) = ‖x(t, ·)‖4+s,∞ + ‖ẋ(t, ·)‖3+s,∞ + ‖ẍ(t, ·)‖2+s,∞(11.6)

and K3 is a constant, which depends on n−1 + c1, where c1 is the constant
in (2.8).

For r = 0, (11.2) is the basic energy estimate from Section 3. For r ≥ 1,
(11.2) follows from first applying Lie derivatives with respect to space tangen-
tial vector fields to the equation and estimating the energy for these as well
as using the evolution equation for the curl and the fact that we can estimate
any derivative by the curl, the divergence and tangential derivatives. The dif-
ference between (11.2) and (10.27) is, apart from the fact that we keep track
of how the constants depend on the solution we linearize around, that we only
have space derivatives in the norms in (11.2). The commutators in the energy
estimate are now estimated using the curl as well as the energies of tangential
derivatives. (11.3) follows from (11.2) by use of (11.1) to estimate Ẅ . (11.2)
and (11.3) follow from Proposition 11.4 below.
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The importance of (11.4) is that one gets control of an additional space
derivative c0‖W‖r by only controlling an additional time derivative and the
curl of the right-hand side. (11.4) without the term c0‖W‖r on the left and
‖curlF‖s on the right, in principle follows from (11.2) applied to the equation
one gets for Ẇ by commuting D̂t through L1 in (11.1). The commutator term
ȦW can in principle be controlled by the energy of the same order but in order
not to get constants depending on Ä we will bound it using an additional space
derivative. c0‖W‖r can be controlled as follows. Using the estimate without
this term in (11.1) gives control of ‖AW‖r−1. By Lemma 5.4 this gives us
control of c0‖W‖r if we also control ‖curlw‖r−1. We then use the fact that
there is an improved evolution equation for the curl which only requires control
of ‖W‖r and not ‖Ẇ‖r, by Lemma 9.2. (11.4) follows from Proposition 11.9.

Let us rewrite (11.1) slightly:

Ẅ + AW = H, where H = B0W + B1Ẇ + F(11.7)

and by (2.51), (2.52) the operators By1 and B0 are on divergence-free vector
fields

B1Ẇ
a =−P

(
gab

(
Dt gbc − ωbc − 2σ̇gbc

)
Ẇ c

)
,(11.8)

B0W
a = P

(
gabσ̇

(
Dt gbc − ωbc − σ̇gbc

)
W c

)
.

It follows from (4.47) and (4.49) that

ẄI + AWI = HI + KI , KI = G̃ I1I2
I AI1WI2 ,(11.9)

HI = G I1I2
I

(
B0I1WI2 + B1I1ẆI2

)
+ FI

where WI = LI
SW , FI = LI

SF , and AI and BiI are given by (4.41) and (4.43).
Let

EI = E(WI) = 〈ẆI , ẆI〉 + 〈WI , (A + I)WI〉.(11.10)

Then

(11.11)

ĖI = 2〈ẆI , ẄI + (A + I)WI〉 + 〈ẆI , ĠẆI〉 + 〈WI , (Ȧ + Ġ)WI〉
= 2〈ẆI , KI + HI〉 + 〈ẆI , WI〉 + 〈ẆI , ĠẆI〉 + 〈WI , (Ȧ + Ġ)WI〉.

The last three terms can be estimated by EI , by (3.42), and so we get

|ĖI | ≤ 2
√

EI‖KI + HI‖ + K3(1 + c−1
0 )EI .(11.12)

However, in order to estimate the first term we must estimate ‖KI‖ + ‖HI‖:

Lemma 11.2. Let ci, Ki, for i = 1, 2, 3, ms and ṁs be as in Definitions
5.2 and 7.1. Now,

‖G I1I1
I W‖≤K1ms‖W‖, s = |I| − |I1| − |I|2,(11.13)

‖BiI1W‖≤K2ṁs‖W‖, s = |I1|, i = 0, 1,(11.14)

‖AI1W‖≤K3

(
ṁs+1‖W‖ + ṁs‖W‖1

)
, s = |I1|,(11.15)
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and if r = |I| then

‖KI‖≤K3

r∑
s=0

ṁr+1−s‖W‖s,(11.16)

‖HI‖≤K2

r∑
s=0

ṁr−s(‖W‖s + ‖Ẇ‖s

)
+ ‖F‖r.(11.17)

Proof. The proof of (11.14) and (11.15) uses (4.41) and (4.43) for AI

and BI , the bounds (3.9) and (3.3) and (7.10), (7.11) to estimate the pressure
in terms of the coordinate. The proof of (11.13) also uses the interpolation
inequalities in Lemma 6.2. (11.16) and (11.17) are just a combination of (11.14)
and (11.15) with (11.13) and the interpolation inequalities in Lemma 6.2. Note
the remark after Definition 5.2 that ‖WI‖ ≤ K1(‖W‖s + ‖g‖s‖W‖) if s = |I|.
A remark about the estimate (11.15) for AI1 is required. By (4.43) AI = AŠIp

which can be estimated by (3.9) if we control ‖∇NSŠIp‖L∞(∂Ω). In (11.17) we
claim that this will involve at most s+2 space derivatives of the metric. In fact,
ŠIp = SIp+CI1...Ik(SI1σ) . . . (SIk−1σ)SIkp) and SIkp = 0 on the boundary and
so it follows that the normal derivative must fall on SIkp so the factors SIjσ

never get differentiated by ∇N .

Definition 11.1. Let

ES
r =

( ∑
|I|≤r,S∈S

EI

)1/2
,(11.18)

CR
r = ‖curlw‖Rr−1 + ‖curlẇ‖Rr−1,

〈W 〉A,r =
∑

|I|≤r,I∈S
〈WI , AWI〉

where CR
0 should be interpreted as 0.

Summing up the results in Lemma 11.2, Lemma 9.2 and Lemma 5.3 we
have:

Lemma 11.3.

|ĖS
r | ≤ K3(1 + c−1

0 )ES
r +

r∑
s=0

(
K2ṁr−s‖Ẇ‖s + K3ṁr+1−s‖W‖s

)
+ ‖F‖r,

(11.19)

and

|ĊR
r | + ‖curlẅ‖r−1 ≤ K2

r∑
s=0

ṁr−s(‖Ẇ‖s + ‖W‖s

)
+ K1

r∑
s=0

mr−s‖F‖s,

(11.20)
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‖Ẇ‖r + ‖W‖r + 〈W 〉A,r ≤ K1

r∑
s=0

mr−s

(
CR

s + ES
s

)
,(11.21)

and

CR
r + ES

r ≤ K1

r∑
s=0

mr−s

(
‖Ẇ‖s + ‖W‖s

)
+ 〈W 〉A,s.(11.22)

Proof. The first inequality follows from (11.12) and Lemma 11.2, the
second from Lemma 9.2 and the third from Lemma 5.3. The last inequality
is just due to that ES

r contains ‖κW‖Ss and differentiating κ produces lower
order terms.

Proposition 11.4. Let c0 > 0 and c1 < ∞ be such that (2.7) and (2.8)
hold and x is smooth for 0 ≤ t ≤ T . Let ṁs = sup0≤t≤T ṁs(t), where ṁs is as
in Definition 6.2, and set

Er = ‖Ẇ‖r + ‖W‖r + 〈W 〉A,r.(11.23)

Then for r ≥ 0, there is K3, as in Definition 6.1, such that, for 0 ≤ t ≤ T ,

Er(t) ≤ K3e
K3(1+c−1

0 )T
r∑

s=0

ṁr+1−s

(
Es(0) +

∫ t

0
‖F‖s dτ

)
,(11.24)

and for r ≥ 1,

(11.25) ‖Ẅ‖r−1 ≤ K3e
K3(1+c−1

0 )T
( r∑

s=0

ṁr+1−s

(
Es(0) +

∫ t

0
‖F‖s dτ

)
+

r−1∑
s=0

mr−1−s‖F‖s

)
.

Proof. We will prove the estimate for Ẽr = ES
r + CR

r , in place of Er.
In view of Lemma 11.3 and interpolation, ṁrms ≤ K1ṁr+s, the estimate for
Er follows from this. By Lemma 11.3 and interpolation, ṁrms ≤ K1ṁr+s, we
also have

dẼr

dt
≤ K3(1 + c−1

0 )Ẽr + K3

r−1∑
s=0

ṁr+1−sẼs + K1

r∑
s=0

mr−s‖F‖s(11.26)

where we also used the fact that ṁ1 ≤ c3. Let a = K3(1 + c−1
0 ). Multiplying

by the integrating factor we get

(Ẽre
−at)′ ≤ e−atK3

( r−1∑
s=0

ṁr+1−s(Ẽs + ‖F‖s) + m0‖F‖r

)
,(11.27)
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where this is to be interpreted as the absence of the sum if r = 0. Integration
of this gives

Ẽr(t) ≤ K3e
aT

(
Ẽr(0) +

∫ t

0

( r−1∑
s=0

ṁr+1−s(Ẽs + ‖F‖s) + n0‖F‖r

)
dτ

)
, t ≤ T,

(11.28)

where the sum is to be interpreted as absent if r = 0. The proof of the estimate
with Ẽr in place of Er is by induction. Since the sum is absent if r = 0 it follows
for r = 0. In general we use the interpolation: ṁr+1−sṁs+1−t ≤ Cṁ1ṁr+1−t ≤
K3ṁr+1−t.

To prove the estimate for ‖Ẅ‖r−1 we note that by Lemma 5.3 it is bounded
by the curl and the tangential components:

‖Ẅ‖r ≤ K1

r∑
s=0

mr−s

(
‖curlẅ‖s−1 +

∑
|I|=s,I∈S

‖ẄI‖
)

(11.29)

where the curl is as estimated in Lemma 11.3 and the tangential components
can be estimated using the equation ẄI = AWI + KI + HI and Lemma 11.2:

∑
|I|≤r,I∈S

‖ẄI‖ ≤
r∑

s=0

(
K2ṁr−s‖Ẇ‖s + K3ṁr+1−s‖W‖s

)
+ ṁ0‖W‖r+1 + ‖F‖r.

(11.30)

Hence by (11.29), (11.20) and (11.30)

‖Ẅ‖r ≤ K2

r∑
s=0

ṁr−s‖Ẇ‖s + K3

r+1∑
s=0

ṁr+1−s‖W‖s + K1

r∑
s=0

mr−s‖F‖s.

(11.31)

(11.25) follows from this with r replaced by r − 1.

We now want to get estimates for an additional time derivative by differ-
entiating the equation. This gives an estimate for the normal operator through
the equation and together with estimates for the curl gives the estimate for
the additional space derivative sought. Recall that

Ẅ + AW = H, where H = B(W, Ẇ ) + F,(11.32)

and where B, given by (2.49) or (2.63), is

Ba(W, Ẇ ) = −
(
ġac − ωac − σ̇gac

)
Ẇ c + σ̇

(
ġac − ωac

)
W c − ∂aq0(11.33)

where ġab = Ďtgab. In order to differentiate with respect to time let us now
write this in the form GẄ + AW = H:

gacẄ
c + AaW = Ba(W, Ẇ ) + gacF

c.(11.34)
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Differentiating the equation gives

gac
...
W

c + AaẆ + ȦaW = Dt Ba(Ẇ , W ) − ġacẄ
c + ġacF

c + gacḞ
c.(11.35)

Now,

(11.36)

Dt Ba(W, Ẇ ) =−
(
ġac − ωac − σ̇gac

)
Ẅ c

−
(
g̈ac − ω̇ac + σ̇ωab − σ̇ġac − σ̈gac

)
Ẇ c + σ̇

(
ġac − ωac

)
Ẇ c

+
(
σ̇(g̈ac − ω̇ac + σ̇ωac) − σ̈(ġac − ωac)

)
W c − ∂qDtq0.

In conclusion we get

...
W + AẆ + ȦW = H1 where H1 = B9Ẅ + B8Ẇ + B7W + ĠF + Ḟ

(11.37)

where

B9Ẅ
b =−P

(
gba

(
2ġac − ωac − σ̇gac

)
Ẅ c

)
,(11.38)

B8Ẇ
b = P

(
gba

(
2σ̇(ġac − ωac) − g̈ac + ω̇ac + σ̈gac

)
Ẇ c

)
,(11.39)

B7W
b = P

(
gba

(
σ̈(ġac − ωac) + σ̇(g̈ac − ω̇ac + σ̇ωac)

)
W c

)
.(11.40)

Applying vector fields to (11.37) gives

...
WI + AẆI + ȦWI = H1I + K1I , where K1I = −G̃ I1I2

I

(
AI1ẆI2 + ȦI1WI2

)(11.41)

and

H1I = G I1I2
I

(
B6I1WI2 + B7I1ẆI2 + B8I1ẄI2

)
+ ḞI + G I1I2

I ĠI1FI2 .(11.42)

Let

E1I = E(ẆI) = 〈ẄI , ẄI〉 + 〈ẆI , (A + I)ẆI〉.(11.43)

Then

Ė1I = 2〈ẄI ,
...
WI + (A + I)ẆI〉 + 〈ẄI , ĠẄI〉 + 〈ẆI , (Ȧ + Ġ)ẆI〉(11.44)

=−2〈ẄI , ȦWI〉 + 2〈ẄI , K1I + H1I〉 + 〈ẄI , ẆI〉
+〈ẄI , ĠẄI〉 + 〈ẆI , (Ȧ + Ġ)ẆI〉.

The last three terms are estimated by E1I and the second term is estimated
as before by lower energies:

|Ė1I | ≤ 2
√

E1I‖ȦWI‖ + 2
√

E1I‖K1I + H1I‖ + K3(1 + c−1
0 )EI .(11.45)

However, the estimate of the first term −2〈ẄI , ȦWI〉 requires some new ob-
servations. This term could be absorbed by adding 2〈ẆI , ȦWI〉 to the energy,
which instead would produce 2〈ẆI , ȦWI〉 and 2〈ẆI , ÄWI〉. However, we want
to have an estimate that only requires two time derivatives of the coordinate
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and this would require an estimate for Ä, which requires three time derivatives
of the coordinates. Instead we will use the fact that, by Lemmas 5.4 and 5.5,

‖ȦWI‖ ≤ K3(‖∂WI‖ + ‖WI‖) ≤ K3(1 + c−1
0 )

(
‖AWI‖ + ‖curlWI‖ + ‖WI‖

)
.

(11.46)

Then there appears to be a loss of regularity, but remember that we now have
an estimate also for ‖ẄI‖ in the energy; by the equation (11.2) we can estimate
‖AWI‖ ≤ ‖ẄI‖ + ‖KI‖ + ‖HI‖, where the last two terms were estimated in
Lemma 11.2. curlWI is by (5.22) up to terms of lower order equal to LI

S curlw.
At this point we have to use the fact that we have an improved evolution
equation for the curl.

Lemma 11.5.

‖BiI1W‖≤K3m̈s‖W‖, s = |I1|, i = 7, 8, 9,(11.47)

‖ȦI1W‖≤K3

(
m̈s+1‖W‖ + m̈s‖W‖1

)
, s = |I1|,(11.48)

and if r = |I| then

(11.49)

‖K1I‖≤K3

r∑
s=0

m̈r+1−s

(
‖Ẇ‖s + ‖W‖s

)
(11.50)

‖H1I‖≤K3

r∑
s=0

m̈r−s

(
‖Ẅ‖s + ‖Ẇ‖s + ‖W‖s

)
+ ‖Ḟ‖r + K2

r∑
s=0

ṁr−s‖F‖s.

Definition 11.2. Let

ES
r,1 =

( ∑
|I|≤r,S∈S

EI,1

)1/2
, CR

r,1 = ‖curlw‖Rr + ‖curlw̃‖Rr ,(11.51)

where w̃ is as in Lemma 9.1.

Summing up the results in Lemmas 11.5, 9.2 and 5.5 yields

Lemma 11.6.

ĖS
r,1 ≤K3(1 + c−1

0 )ES
r,1 + K3

r∑
s=0

m̈r−s

(
‖Ẅ‖s + ‖Ẇ‖s

)
(11.52)

+K3

r+1∑
s=0

m̈r+1−s‖W‖s + ‖Ḟ‖r + K2

r∑
s=0

ṁr−s‖F‖s

and

ĊR
r,1 ≤ CR

r,1 + K2

r+1∑
s=0

m̈r+1−s‖W‖s + K1‖curlF‖r.(11.53)
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Now,

‖Ẅ‖r ≤ K1

r∑
s=0

mr−sE
S
s,1 + K3

r∑
s=0

ṁr−s

(
‖Ẇ‖s + ‖W‖s

)
+ K1

r∑
s=1

mr−s‖F‖s

(11.54)

and

c0‖W‖r+1 ≤ K3

(
CR

r,1 + ES
r,1 + K2

r∑
s=0

ṁr+1−s(‖Ẇ‖s + ‖W‖s)
)
.(11.55)

Proof. The energy estimate (11.52) follows from the energy estimate
(11.45) and the estimates in Lemma 11.5. The estimate for the curl (11.53)
follows from Lemma 9.2. The estimate for Ẅ (11.54) uses Lemma 5.3:

‖Ẅ‖r ≤ K1

r∑
s=1

mr−s

(
‖curlẅ‖s−1 + ES

s,1

)
+ mrE

S
0,1(11.56)

where the estimate for the curl follows from Lemma 11.3, and we use inter-
polation, msṁr ≤ K3ṁs+r. Let us now prove the additional space regularity
(11.56). We have from the equation, AWI = −ẄI +HI +KI , and Lemma 11.2,

‖W‖Sr,A ≤ES
r,1 + K2

r∑
s=0

ṁr+1−s(‖W‖s + ‖Ẇ‖s

)
+ ‖F‖r,(11.57)

‖W‖Ss,A =
∑

|I|=s,I∈S
‖AL̂I

SW‖

and (11.56) follows since by Lemma 5.5:

c0‖W‖r+1 ≤ K3

(
CR

r,1 + ‖W‖Sr,A +
r∑

s=0

mr+1−s‖W‖s

)
.(11.58)

Proposition 11.7. Let c0 > 0 and c1 < ∞ be such that (2.7) and (2.8)
hold and x is smooth for 0 ≤ t ≤ T . Let m̈s = sup0≤t≤T m̈s(t), where m̈s is as
in Definition 6.2, and set

Er,1 = ‖Ẅ‖r + ‖Ẇ‖r + 〈Ẇ 〉A,r + ‖W‖r + 〈W 〉A,r(11.59)

+‖curlw̃‖r + ‖curlw‖r + c0‖W‖r+1,

where w̃ is as in Lemma 9.1. Then for r ≥ 0 there is K4, as in Definition 6.1,
such that, for 0 ≤ t ≤ T ,

(11.60) Er,1(t) ≤ K4e
K4(1+c−1

0 )T
r∑

s=0

m̈r+1−s

(
Es,1(0) +

∫ t

0

(
‖Ḟ‖s + ‖F‖s

+ ‖curlF‖s

)
dτ

)
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and for r ≥ 1

‖ ...
W‖r−1 ≤ K4e

K4(1+c−1
0 )T

r∑
s=0

m̈r+1−s(11.61)

·
(
Es,1(0) +

∫ t

0

(
‖Ḟ‖s + ‖F‖s + ‖curlF‖s

)
dτ

)
+K4e

K4(1+1/c0)T
r−1∑
s=0

ṁr−1−s(‖F‖s + ‖Ḟ‖s).

Proof. The proof would be the same as the proof of Proposition 11.4 apart
from the fact that we must worry more about the possibility of the constant
c0 being small. As in the proof of Proposition 11.4 the estimate for Er,1 would
follow from the same estimate for Ẽr,1 = ES

r,1 +CR
r,1 +Ẽr, where Ẽr = ES

r +CR
r

is as in the proof of Proposition 11.4. The critical term with c0 is by Lemma
11.6 and Lemma 11.3 bounded by the other terms plus lower order terms. Note
that by Lemma 11.3 and interpolation

∑r
s=0 m̈r+1−sẼr bounds the lower order

terms with ‖Ẇ‖s and ‖W‖s, for s ≤ r in Lemma 11.6. By Lemma 11.6 and
the proof of Proposition 11.4 we have

dẼr,1

dt
≤K4(1 + c−1

0 )Ẽr,1 + K3(1 + c−1
0 )

r−1∑
s=0

m̈r+1−sẼs,1(11.62)

+K1

r∑
s=0

mr−s‖F‖s + C‖Ḟ‖r

where we also used the fact that m̈1 ≤ c4. Let a = K4(1 + c−1
0 ). Multiplying

by the integrating factor we get

(Ẽr,1e
−at)′ ≤ e−atK4

(
(1 + c−1

0 )
r−1∑
s=0

m̈r+1−sẼs,1 +
r∑

s=0

mr−s‖F‖s + ‖Ḟ‖r

)
,

(11.63)

where the sum is absent if r = 0. Integration of this gives

(11.64) Ẽr,1(t) ≤ K4e
aT

(
Ẽr,1(0) +

∫ t

0

(
(1 + c−1

0 )
r−1∑
s=0

m̈r+1−sẼs,1

+
r∑

s=0

mr−s‖F‖s + ‖Ḟ‖r

)
dτ

)
,

for t ≤ T , where the sum is absent if r = 0. The proof of the estimate (11.60)
with Ẽr,1 in place of Er,1 follows by induction from (11.64). Since the sum in
(11.64) is absent if r = 0 it follows that it is true for r = 0. In general we use
interpolation, m̈r+1−sm̈s+1−t ≤ Cm̈1ṁr+1−t ≤ K4m̈r+1−t. (11.61) follows as
in the proof of (11.25).
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12. Existence and estimates for the inverse of the modified
linearized operator for general vector fields

In this section we will show that the modified linearized operator can be
solved for general vector fields outside the divergence-free class; i.e., we solve

L1W = F, W
∣∣
t=0

= Ẇ
∣∣
t=0

= 0(12.1)

when F is not necessarily divergence-free. Below we give estimates for the
solution of (12.1) that are good enough that the linearized operator can be
considered as a lower order modification of (12.1). In the next section we will
use these to prove existence and estimates also for the inverse of the linearized
operator by iteration. One gets a new iterate by substituting the previous
iterate into the right-hand side of (12.3) and solving for the new iterate on the
left-hand side. We want estimates that are good enough that we get the same
regularity for the new iterate and so we need estimates for (12.1) that do not
loose regularity going from F to W .

Theorem 12.1. Let 0 < T ≤ c0 ≤ 1 and 0 < c1 < ∞ be such that (2.7),
(2.8) hold and x is smooth for 0 ≤ t ≤ T . Let ns = sup0≤t≤T ns(t), where ns

is as in Definition 6.2. Then the equation (12.1), with F smooth, has a smooth
solution W , for 0 ≤ t ≤ T . Furthermore, there is K4 as in Definition 6.1, such
that, for 0 ≤ t ≤ T ,

‖Ẇ‖r−1 + ‖W‖r ≤ K4

r∑
s=1

nr−s

∫ t

0
‖F‖s dτ, r ≥ 1,(12.2)

and

‖Ẅ‖r−1 ≤ K4

r∑
s=1

nr−s

∫ t

0
‖F‖s dτ + K4

r−1∑
s=0

nr−1−s‖F‖s, r ≥ 1.(12.3)

As in Section 3 we can decompose W = W0 +W1 where W0 is divergence-
free and W1 is the gradient of a function vanishing at the boundary. By (3.26)
W0 satisfies

L1W0 = −AW1 + B11Ẇ1 + B01W1 + PF, W0

∣∣
t=0

= Ẇ0

∣∣
t=0

= 0,

(12.4)

where all the terms on the right-hand side are divergence-free and B01 and B11

are bounded operators given by (3.25). By (3.27) and (3.28) W1 satisfies

W a
1 = gab∂bq1, � q1 = ϕ, q1

∣∣
∂Ω

= 0,(12.5)

where

D2
t ϕ + σ̈ϕ = divF, ϕ

∣∣
t=0

= Dtϕ
∣∣
t=0

= 0.(12.6)
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The solution of (12.6) is a smooth function if F is smooth so it follows that that
W1 is smooth and hence (12.4) has a smooth solution W0 by Theorem 10.1.
Therefore, we have proved that the modified linearized operator (12.1) has a
smooth solution W if F and x are smooth and the coordinate and physical
conditions are satisfied for 0 ≤ t ≤ T . However, on the right-hand side of
(12.4) the term AW1 loses space regularity since A is order one. If we just use
Proposition 11.4 and Proposition 12.3 below we are going to get an estimate
that loses space regularity going from F to W in (12.1). However, because the
curl of AW1 vanishes we can use the improved estimate in Proposition 11.7
that gains an extra space derivative to handle the term −AW1. Let us first
prove the estimate for (12.5), (12.6):

Lemma 12.2. Suppose that

D2
t ϕ + σ̈ϕ = D̂2

t ϕ − 2σ̇D̂tϕ + σ̇2ϕ = f.(12.7)

Let T < 1 and set m̈s = sup0≤t≤T m̈s(t), where m̈s is as in Definition 6.2.
Then, there is K3, as in Definition 6.1, such that for 0 ≤ t ≤ T and r ≥ 1,

‖ϕ̇‖r−1 + ‖ϕ‖r−1 ≤K3

r−1∑
s=0

m̈r−1−s

∫ t

0
‖f‖s dτ,(12.8)

‖ϕ̈‖r−1 ≤K3

r−1∑
s=0

m̈r−1−s

(
‖f‖s +

∫ t

0
‖f‖s dτ

)
.(12.9)

Proof. (12.4) is just an ordinary differential equation for each space
coordinate however one just has to make sure to integrate it in such a way
that we do not get more than two time derivatives on the metric.

Dt

(
(D̂tϕ)2 + σ̇2ϕ2

)
=2σ̇(D̂tϕ)2 + 2σ̇(σ̈ − σ̇2)ϕ2 + 2(D̂tϕ)f,(12.10)

D̂2
t ϕ − 2σ̇D̂tϕ + σ̇2ϕ = f.

Integrating this in time and space gives the lowest order energy estimate in
(12.8). The lowest order estimate in (12.9) follows from this since once we have
estimates for the ϕ and D̂tϕ we get an estimate for D̂2

t ϕ from the equation.
In order to get (12.8) and (12.9) for higher derivatives we commute through

R̂I , defined in Section 4 by R̂If = κ−1RI(κf), where I = (i1, . . . , ir) is a
multi-index and RI = Ri1 . . . Rir

is a product of the vector fields in R defined
in Section 4. Then [D̂t, R̂

I ] = 0 and with ϕI = R̂Iϕ and σ̇I = R̂I σ̇, we obtain

D̂2
t ϕI − 2σ̇D̂tϕI + σ̇2ϕI = fI , fI = 2c̃I1I2 σ̇I1D̂tϕI2 − d̃I0I1I2 σ̇I0 σ̇I1ϕI2 + R̂If

(12.11)

where the sums are over all combinations of I1 + I2 = I, respectively I0 + I1 +
I2 = I and c̃I1I2 = 1 and d̃I0I1I2 = 1 unless I2 = I in which case they are 0.
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We can now use (12.10) applied to fI in place of f and ϕI in place of ϕ. Here
the terms in fI are lower order.

Once we get the corresponding bounds for ϕ in terms of divF , the bounds
for W1 follow from Proposition 6.1.

Proposition 12.3. Suppose that W a
1 = gab∂bq, where q

∣∣
∂Ω

= 0 and
�q = ϕ where ϕ satisfies

D2
t ϕ + σ̈ϕ = divF.(12.12)

Let T < 1 and set m̈s = sup0≤t≤T m̈s(t), where m̈s is as in Definition 6.2.
Then, there is K3, as in Definition 6.1, such that, for 0 ≤ t ≤ T ,

(12.13) ‖Ẇ1(t)‖r + ‖W1(t)‖r

≤ K3

r∑
s=1

m̈r−s

(
‖Ẇ1(0)‖s + ‖W1(0)‖s +

∫ t

0
‖F‖s dτ

)
, r ≥ 1,

and

‖Ẅ1(t)‖r ≤K3

r∑
s=1

m̈r−s

(
‖Ẇ1(0)‖s + ‖W1(0)‖s(12.14)

+
∫ t

0
‖F‖s dτ + ‖F (t)‖s

)
, r ≥ 1.

We will now further decompose the solution of (12.4) into two parts
W0 = W00 + W01, where

L1W01 = −AW1 = F01, W01

∣∣
t=0

= Ẇ01

∣∣
t=0

= 0,(12.15)

and

L1W00 = PF + B11Ẇ1 + B01W1 = F00, W00

∣∣
t=0

= Ẇ00

∣∣
t=0

= 0.(12.16)

For (12.15) we use the estimate in Proposition 11.7 and for (12.16) we use
Proposition 11.4. This together with Proposition 12.3 gives Corollary 12.4
below. Our solution to (12.1) is now obtained as a sum of W = W1+W01+W00

and so it will satisfy the worst of the estimates in Corollary 12.4. This proves
Theorem 12.1.

Corollary 12.4. Let 0 < T ≤ c0 ≤ 1 and c1 < ∞ be such that (2.7) and
(2.8) hold and x is smooth for 0 ≤ t ≤ T . Let ns = sup0≤t≤T ns(t), where ns

is as in Definition 6.2. Let W1 be the solution of (12.5), (12.6), with W01 the
solution of (12.15) and W00 the solution of (12.16). Then there is K4, as in
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Definition 6.1, such that, for 0 ≤ t ≤ T and r ≥ 1,

‖Ẇ1‖r + ‖W1‖r ≤K4

r∑
s=1

nr−1−s

∫ t

0
‖F‖s dτ,(12.17)

‖Ẅ1‖r ≤K4

r∑
s=1

nr−1−s

(∫ t

0
‖F‖s dτ + ‖F‖s

)
,

‖Ẅ01‖r−1 + ‖Ẇ01‖r−1 + ‖W01‖r ≤ K4

r∑
s=1

nr−s

∫ t

0
‖F‖s dτ,(12.18)

(12.19)

‖Ẇ00‖r + ‖W00‖r ≤K4

r∑
s=0

nr−1−s

∫ t

0
‖F‖s dτ,

‖Ẅ00‖r−1 ≤K4

r∑
s=0

nr−1−s

∫ t

0
‖F‖s dτ + K3

r−1∑
s=0

nr−1−s‖F‖s.

Proof. (12.17) follows from Proposition 12.3. By Proposition 11.7 we
have for r ≥ 1

(12.20) ‖Ẅ01‖r−1 + ‖Ẇ01‖r−1 + c0‖W01‖r + ‖W01‖r−1

≤ K4

r−1∑
s=0

nr−1−s

∫ t

0

(
‖Ḟ01‖s + ‖F01‖s + ‖curlF01‖s

)
dτ.

It follows that also Ẅ01

∣∣
t=0

= 0 since AW1

∣∣
t=0

= 0. Here the curl of F01 = AW1

vanishes and D̂tAW1 = AẆ1 + ȦW1 − ĠAW1 so that

‖Ḟ01‖r−1 + ‖F01‖r−1 ≤ K4

r∑
s=0

nr−1−s

(
‖Ẇ1‖s + ‖W1‖s

)
.(12.21)

Using (12.17), (12.20) and (12.21) we obtain (12.18). Note that the constant
c0 in (12.20) can be replaced by 1 since we have two consecutive integrals and
we assumed that 0 ≤ t ≤ T ≤ c0. Finally from Proposition 11.4 we get

‖Ẇ00‖r + ‖W00‖r ≤K3

r∑
s=0

nr−1−s

∫ t

0
‖F00‖s dτ,(12.22)

‖Ẅ00‖r−1 ≤K3

r∑
s=0

nr−1−s

∫ t

0
‖F00‖s dτ + K3‖F00‖r−1.

Now, the operators B01 and B11 in (12.16) are bounded, which is given by
(3.25), of the same form already studied in Section 9, and PF , the projection,
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is bounded by the estimates in Proposition 6.38; so it follows that

‖F00‖r ≤ K4

r∑
s=0

nr−s(‖Ẇ1‖s + ‖W1‖s) + K1

r∑
s=0

nr−s−2‖F‖s.(12.23)

Combining these inequalities, using interpolation as usual, also gives (12.19).

13. Existence and L2 estimates for the inverse
of the linearized operator

In this section we finally prove existence and estimates for the the inverse
of the linearized operator

L0W = F, W
∣∣
t=0

= Ẇ
∣∣
t=0

= 0,(13.1)

where L0 = Φ′(x) is given by (2.14). Now, (13.1) can be written

L1W = B3W + F, W
∣∣
t=0

= Ẇ
∣∣
t=0

= 0,(13.2)

where the modified linearized operator L1 is given by (2.49) and B3 is given
by (2.57). In the previous section we proved existence and estimates for the
modified linearized operator L1:

L1W = F, W
∣∣
t=0

= Ẇ
∣∣
t=0

= 0.(13.3)

The existence and estimates for (13.3) can now be used to prove existence and
estimates for (13.2), and hence for (13.1), by iteration. We simply define a
sequence by W0 = 0 and for k ≥ 1:

L1Wk = B3Wk−1 + F, Wk

∣∣
t=0

= Ẇk

∣∣
t=0

= 0.(13.4)

We will use the estimates for (13.3) to show that Wk converges to a solution
of (13.2) and that the solution of (13.2) satisfies the same estimates as the
solution of (13.3).

Theorem 13.1. Let 0 < T ≤ c0 ≤ 1 and 0 < c1 < ∞ be such that (2.7)
and (2.8) hold and x is smooth for 0 ≤ t ≤ T . Let ns = sup0≤t≤T ns(t),
where ns is as in Definition 6.2. Then the equation (13.1), with F smooth,
has a smooth solution W , for 0 ≤ t ≤ T . Furthermore, there is K4 as in
Definition 6.1, such that, for 0 ≤ t ≤ T ,

‖Ẇ‖r−1 + ‖W‖r ≤ K4

r∑
s=1

nr−s

∫ t

0
‖F‖s dτ, r ≥ 1,(13.5)

and

‖Ẅ‖r−1 ≤ K4

r∑
s=1

nr−s

∫ t

0
‖F‖s dτ + K4

r−1∑
s=0

nr−1−s‖F‖s, r ≥ 1.(13.6)
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Proof. The existence and the estimates in the theorem for (13.3) were
given in Theorem 12.1. The estimate for (13.1) follows from the estimate for
(13.3) by writing (13.1) in the form (13.2). If W satisfies

L1W = B3W̃ + F, W
∣∣
t=0

= Ẇ
∣∣
t=0

= 0,(13.7)

where B3 is given by (2.57), then by (13.5) for (13.3),

‖Ẇ‖r−1 + ‖W‖r ≤ K4

r∑
s=1

nr−s

∫ t

0

(
‖F‖s + ‖W̃‖s

)
dτ, r ≥ 1.(13.8)

We claim that (13.5) for (13.3) follows from this with W̃ = W , by induction,
for some other K4. In fact, assume that (13.5) is true for r ≤ k − 1; then it
follows from (13.8) and interpolation that

‖Ẇ‖r−1 + ‖W‖r ≤K4

r∑
s=1

nr−s

∫ t

0
‖F‖s dτ + K4

∫ t

0
‖W‖r dτ(13.9)

+K4

r−1∑
s=1

s∑
k=1

nr−sns−k

∫ t

0

∫ τ

0
‖F‖k dz dτ

≤K4

r∑
s=1

nr−s

∫ t

0
‖F‖s dτ + K4

∫ t

0
‖W‖r dτ

for some other K4. By a standard Gronwall argument we can get rid of the
‖W‖r, replacing K4 by some other K4. Let g(t) =

∫ t
0 ‖W‖r dτ and f(t) =∑r

s=0 nr−s

∫ t
0 ‖F‖s dτ . Then g′(t) ≤ K4g + K4f so that (ge−K4t

)′ ≤ K4f and
integrating this up gives g ≤ K4

∫ t
0 f dτ for some other K4 and for t ≤ T .

Similarly it follows from (13.5) that the solution of (13.7) satisfies

‖Ẅ‖r−1 ≤K4

r∑
s=1

nr−s

∫ t

0

(
‖F‖s + ‖W̃‖s

)
dτ(13.10)

+K4

r−1∑
s=0

nr−1−s

(
‖F‖s + ‖W̃‖s

)
, r ≥ 1

(13.6) for (13.1) follows from this with W̃ = W by the estimate (13.5) just
obtained.

It remains to prove existence for (12.2). We put up an iteration W0 = 0
and L1Wk = F + (L1 − L0)Wk−1, for k ≥ 1. Then L1W1 = F so that W1

satisfies the desired estimate and is smooth. Let W k = Wk −Wk−1, for k ≥ 1.
Then W 1 = W1 and L1W k = (L1 − L0)W k−1, for k ≥ 2. In conclusion

L1W 1 = F, L1W k = B3W k−1, k ≥ 2, W k

∣∣
t=0

= Ẇ k

∣∣
t=0

= 0

(13.11)
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where B3 is a bounded operator given by (2.57). By estimate (13.8) for each k,

(13.12)
N∑

k=1

sup
0≤τ≤t

(
‖Ẇ k(τ, ·)‖r−1 + ‖W k(τ, ·)‖r

)
≤ K4

r∑
s=1

nr−s

∫ t

0

(
‖F‖s +

N−1∑
k=1

‖W k‖s

)
dτ, r ≥ 1.

Note that the supremum is inside the sum since we use (13.8) for each W k

and since on the left of (13.8) we may take the supremum of τ ≤ t. The same
argument that leads to the proof of the estimate (13.5) for (13.1) from (13.8)
now gives the uniform estimate

N∑
k=1

sup
0≤τ≤t

(
‖Ẇ k(τ, ·)‖r−1 + ‖W k(τ, ·)‖r

)
≤ K4

r∑
s=1

nr−s

∫ t

0
‖F‖s dτ, r ≥ 1,

(13.13)

where K4 is independent of N . (One replaces the sum on the right of (13.12)
by the larger sum on the left of (13.12).) Similarly the uniform estimates
corresponding to (13.5) also hold, as is seen by using (13.10) for each k and
replacing the sum on the right by the larger sum on the left and using (13.13):

N∑
k=1

sup
0≤τ≤t

‖Ẅ k(τ, ·)‖r−1 ≤K4

r∑
s=1

nr−s

∫ t

0
‖F‖s dτ(13.14)

+K4

r−1∑
s=0

nr−1−s sup
0≤τ≤t

‖F (τ, ·)‖s, r ≥ 1.

It follows that WN =
∑N

k=1 W k is a Cauchy sequence in C2([0, T ], Hr−1(Ω)),
for any T , and hence there is a limit W ∈ C2([0, T ], Hr−1(Ω)), for any T . Ad-
ditional regularity in time follows from differentiating this equation. We have
already proved that D̂2

t W = AW +B0W +B1Ẇ +B3W ∈ C1([0, T ], Hr−2(Ω));
i.e., D̂2

t W is continuously differentiable with respect to time so that
W ∈ C3

(
[0, T ], Hr−2(Ω)

)
and so on. Since this argument is true for any r

it follows that W is smooth.

14. Estimates for the physical and coordinate conditions

We assume that the physical condition and the coordinate condition hold
initially at time 0 for some constants c0 > 0 and c1 < ∞ and we need to show
that this implies that they will hold with c0 replaced by c0/2 and c1 replaced
by 2c1, for 0 ≤ t ≤ T , if T is sufficiently small.

Let us introduce the space time norms:

‖|u‖|r = sup
0≤t≤T

‖u(t, ·)‖r,∞, ‖|u‖|r,k = ‖|u‖|r + · · · + ‖|Dk
t u‖|r.(14.1)
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Lemma 14.1. Let M(t) = supy∈Ω

√
|∂x/∂y|2 + |∂y/∂x|2. Then

M(t) ≤ 2M(0), for t ≤ T, if T‖|ẋ‖|1M(0) ≤ 1/8.(14.2)

Let N(t) = supy∈∂Ω |∇Np|−1. Then when T is so small that (14.2) holds,

N(t) ≤ 2N(0) for t ≤ T, if T‖|ṗ‖|1M(0)N(0) ≤ 1/8.(14.3)

Proof. We have |Dt ∂x/∂y| ≤ ‖|ẋ‖|1 and |Dt ∂y/∂x| ≤ |∂y/∂x|2|Dt∂x/∂y|
so that M ′(t) ≤ (1 + M2)‖|ẋ‖|1 ≤ 2M2‖|ẋ‖|1, since also M(t) ≥ 1. Hence

M(t) ≤ M(0)
(
1 − 2‖|ẋ‖|1M(0)t

)−1
, when 2‖|ẋ‖|1M(0)t < 1.(14.4)

Now, ∇Np = Na∂ap, where N is the unit normal, so that Dt∇Np = ∇NDtp +
(DtN

a)∂ap = ∇NDtp + (DtN
a)gabN

b∇Np, since p
∣∣
∂Ω

= 0. Furthermore
0 = Dt(gabN

aN b) = 2gab(DtN
a)N b + (Dtgab)NaN b and Na = (∂ya/∂xi)N i,

where δijN
iN j = 1. Hence |Dt∇Np| ≤ M

(
|∂Dtp|+ |∂Dtx||∇Np|

)
. Therefore if

N(t) = supy∈∂Ω |∇Np|−1, we have N ′ ≤ M‖|ṗ‖|1N2 + M‖|ẋ‖|1N/2 and if we
use (14.2) and multiply with the integrating factor, Ñ(t) = N(t)e−tM(0)‖|ẋ‖|1 ,
we get Ñ ′ ≤ 2e1/8M(0)‖|ṗ‖|1Ñ2. Hence

(14.5) N(t) ≤ N(0)e1/8
(
1 − N(0)2e1/8M(0)‖|ṗ‖|1t

)−1
,

when N(0)2e1/8M(0)‖|ṗ‖|1t < 1.

This proves the lemma.

It now follows from Lemma 14.2:

Lemma 14.2. Let x0 be the approximate solution satisfying (2.12) and
suppose that (2.7) and (2.8) holds when t = 0. Then there is a T0 > 0,
depending only on an upper bound for ‖|x0‖|4,2, c1 and c−1

0 such that (2.7)
and (2.8) hold for 0 ≤ t ≤ T with c0 replaced by c0/2 and c1 replaced by 2c1

provided that

0 < T ≤ T0, and ‖|x − x0‖|4,2 ≤ 1, and (x − x0)
∣∣
t=0

= Dt(x − x0)
∣∣
t=0

= 0.

(14.6)

Proof. We need to satisfy the conditions (14.2) and (14.3) in Lemma 14.1.
Since ‖|ẋ‖|1 ≤ ‖|x0‖|4,2+1, (14.2) holds if T ≤ (8c1(‖|x0‖|4,2+1))−1. To satisfy
(14.3) we use the estimate in Lemma 6.4, where K3 is as in Definition 6.1, to
obtain ‖ṗ‖1,∞ ≤ F

(
‖x‖3,∞ +‖ẋ‖2,∞ +‖ẍ‖1,∞

)
for some increasing function F .

Hence (14.3) holds if T ≤ c0(8c1 + F (‖|x0‖|4,2 + 1))−1.
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15. Tame L∞ estimates for the inverse of the linearized operator

We are now going to modify the estimate for the inverse of the linearized
operator in Theorem 13.1 so that it can be used with the Nash-Moser inverse
function theorem in Section 18. We want tame estimates for the inverse of the
linearized operator

Φ′(x)δx = δΦ, 0 ≤ t ≤ T, δx
∣∣
t=0

= Dt δx
∣∣
t=0

= 0,(15.1)

but the norms in Theorem 13.1 are in terms of W a = δxi∂ya/∂xi and F a =
δΦi∂ya/∂xi and we like to see our operator as an operator on δx. Using
interpolation and Theorem 13.1 we get

‖δẍ‖r + ‖δẋ‖r + ‖δx‖r(15.2)

≤K2(‖Ẅ‖r + ‖Ẇ‖r + ‖W‖r)

+K2(‖ẍ‖r+1 + ‖ẋ‖r+1 + ‖x‖r+1)(‖Ẅ‖ + ‖Ẇ‖ + ‖W‖)
≤K4 sup

0≤τ≤t
‖F (τ, ·)‖r+1 + K4 sup

0≤τ≤t
(‖ẍ(τ, ·)‖r+4,∞

+‖ẋ(τ, ·)‖r+4,∞ + ‖x(τ, ·)‖r+4,∞) sup
0≤τ≤t

‖F (τ, ·)‖1

≤K4 sup
0≤τ≤t

‖δΦ(τ, ·)‖r+1 + K4 sup
0≤τ≤t

(‖ẍ(τ, ·)‖r+4,∞

+‖ẋ(τ, ·)‖r+4,∞ + ‖x(τ, ·)‖r+4,∞) sup
0≤τ≤t

‖δΦ(τ, ·)‖1.

Another issue is that we have L2 estimates of δx but we need L∞ estimates
for x. The L2 norm is bounded by the L∞ norm and the L∞ norm is, by
Sobolev’s lemma, bounded by the L2 norm of an additional n/2 derivatives so
one can obviously turn one into the other with an additional loss:

‖u(t, ·)‖r ≤ cr‖u(t, ·)‖r,∞ ≤ Cr‖u(t, ·)‖r+r0 , r0 = [n/2] + 1.(15.3)

Furthermore, the Nash-Moser theorems to follow (§18) are in terms of Hölder
spaces, but one can obviously also turn Hölder norms into L∞ norms with a
loss of an additional derivative:

C−1
k ‖u(t, ·)‖k,∞ ≤ ‖u(t, ·)‖a,∞ ≤ Ck‖u(t, ·)‖k+1,∞, k ≤ a ≤ k + 1(15.4)

where ‖u(t, ·)‖a,∞ denotes the Hölder norms in Section 17. Let us now intro-
duce the norms

‖|u‖|a,k = ‖|u‖|a + · · · + ‖|Dk
t u‖|a, , where ‖|u‖|a = sup

0≤t≤T
‖u(t, ·)‖a,∞.

(15.5)

It follows that if (2.7) and (2.8) hold then (15.1) has a solution that satisfies

‖|δx‖|a,2 ≤ K4

(
‖|δΦ‖|a+r0+2 + ‖|δΦ‖|1 ‖|x‖|a+r0+6,2

)
, a ≥ 0.(15.6)
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We in fact want to solve for u in (2.13):

Φ̃(u) = Φ(u + x0) − Φ(x0) = fδ.(15.7)

Then Φ̃′(u) = Φ′(u + x0) and the norm of x in (15.6) may be replaced by the
norm of u = x − x0 since

‖|x‖|a,2 ≤ ‖|x − x0‖|a,2 + ‖|x0‖|a,2 ≤ ‖|x − x0‖|a,2 + Ca(15.8)

for some constant Ca depending on x0. Hence we have proved:

Proposition 15.1. Suppose that x is smooth for 0 ≤ t ≤ T and that the
conditions in Lemma 14.2 hold. Then if δΦ is smooth for 0 ≤ t ≤ T, (15.1)
has a smooth solution δx. Furthermore there are constants Ca, depending on
the approximate solution x0, on (c0, c1) in (2.7), (2.8) and on a, such that

‖|δx‖|a,2 ≤ Ca

(
‖|δΦ‖|a+r0+2 + ‖|x − x0‖|a+r0+6,2‖δΦ‖|1

)
, a ≥ 0,(15.9)

provided that

‖|x − x0‖|4,2 ≤ 1.(15.10)

16. Regularity properties of the Euler map and tame estimates
for the second variational derivative

Recall that the Euler map is given by

Φ(x)i = D2
t xi + ∂ip, in [0, T ] × Ω, where ∂i =

∂ya

∂xi
∂a(16.1)

and where p = Ψ(x) is solved by setting

�p = −(∂iV
k)∂kV

i, V i = Dt xi, p
∣∣
∂Ω

= 0.(16.2)

We will now discuss the regularity properties of Φ needed and the defini-
tion of derivatives of Φ: Let F = C∞(

[0, T ] × Ω
)
, FM = {x ∈ F ; |∂x/∂y| +

|∂y/∂x| < M} and let Ik = I×· · ·×I be k copies of I = [−ε, ε], ε > 0. Suppose
that x ∈ Cm(Ik,FM ), m ≥ k; then we claim that Φ(x) ∈ Cm(Ik,F). In fact,
by the proof of Lemma 7.3, p = Ψ(x) ∈ Cm(Ik,F), since there, t ∈ R was just
any parameter and we can replace it by t ∈ Rk and replace the derivatives
with respect to t by partial derivatives.

Definition 16.1. Suppose that x ∈ F = C∞(
[0, T ] × Ω

)
and wj ∈ F , for

j ≤ k. Set x = x+r1w1 + · · ·+rkwk and suppose that Φ(x) is a Ck function of
(r1, . . . , rk) close to (0, . . . , 0) with values in F . We define the kth (directional)
derivative of Φ at the point x in the directions wi, i = 1, .., k by

Φ(k)(x)(w1, . . . , wk) =
∂

∂r1
. . .

∂

∂rk
Φ(x)

∣∣
r1=···=rk=0

, x = x + r1w1 + · · · + rkwk.

(16.3)
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We say that Φ(x) is k times differentiable at x if Φ(x) is a Ck function of
(r1, . . . , rk) close to (0, . . . , 0) with values in F , and if Φ(j)(x)(w1, . . . , wj) is
linear in each of the arguments w1, . . . , wj , for j ≤ k.

It is clear that (16.3) is independent of the order of differentiation, but to
conclude that it is multi linear in w1, . . . , wk one also needs to assume that it is
continuous as a functional of x, w1, . . . wk; see [Ha]. We instead take (16.3) as
the definition of the derivative and once we calculate it the linearity follows by
inspection, in our case. We will assume that Φ is twice differentiable in which
case it follows from the above definition that Taylor’s formula with integral
remainder of order two holds:(

Φ′(v) − Φ′(u)
)
w =

∫ 1

0
Φ′′(u + s(v − u)

)
(v − u, w) ds,(16.4)

(16.5) Φ(v) − Φ(u) − Φ′(u)(v − u)

=
∫ 1

0
(1 − s)Φ′′(u + s(v − u)

)
(v − u, v − u) ds.

The Nash-Moser technique uses these remainder formulas together with tame
estimates for the second variational derivative that we will now derive:

Proposition 16.1. Suppose that x is smooth for 0 ≤ t ≤ T and that the
conditions in Lemma 14.3 hold. Then Φ is twice differentiable and the second
derivative satisfies the estimates

‖|Φ′′(δx, εx)‖|a ≤Ca

(
‖|δx‖|a+4,1‖|εx‖|1,1 + ‖|δx‖|1,1‖|εx‖|a+4,1

)
(16.6)

+ Ca‖|x − x0‖|a+5,1‖|δx‖|1,1‖|εx‖|1,1

)
provided that

‖|x − x0‖|4,2 ≤ 1.(16.7)

Here the norms are as in (15.5).

Let us now calculate the second derivative of Φ and afterwards prove the
tame estimates for it. Let us first recall the commutator identities:

Lemma 16.2.

[δ, ∂i] =−(∂iδx
k)∂k,(16.8)

[δ, ∂i∂j ] =−(∂iδx
k)∂j∂k − (∂jδx

k)∂i∂k − (∂i∂jδx
k)∂k.(16.9)

Furthermore

[δ,�] = −(�δxk)∂k − 2(∂iδxj)∂i∂j(16.10)
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and if ε is another variation then[
δ, [ε,�]

]
=

(
(�δxl)∂lεx

k + (∂l∂mδxk)∂lεx
m(16.11)

+(�εxl)∂lδx
k + (∂l∂mεxk)∂lδx

m
)
∂k + 2

(
(∂kδxm)∂mεxl

+(∂kεxm)∂mδxl + (∂mδxk)∂mεxl
)
∂k∂l.

Proof. (16.8) was proved in Lemma 2.2 and (16.9) follows from this since
[δ, ∂i∂j ] = [δ, ∂i]∂j + ∂i[δ, ∂j ]. (16.10) follows from contracting (16.9). (16.11)
follows from using (16.9) and (16.10) applied to δ as well as ε in place of δ.

Let x(t, y, r) = x(t, y)+ r δx(t, y). The first variational derivative Φ′(x) of
the Euler map

Φ′(x)δxi = δΦ(x)i =
∂Φ(x)i

∂r

∣∣
r=0

(16.12)

is given by

Lemma 16.3.

Φ′(x)δxi = D2
t δxi − ∂kp ∂iδx

k + ∂i p
′(δx).(16.13)

Here δp = p ′(δx) = Ψ′(x)δx satisfies

�δp = δ�p + ∂kp�δxk+ 2(∂i∂kp)∂iδxk, where(16.14)

δ�p = 2∂kV
i ∂iδx

l ∂lV
k− 2∂kV

i ∂iδv
k(16.15)

where δv = Dtδx and δp
∣∣
∂Ω

= 0.

Proof. This follows from a calculation using the fact that δ − δxk∂k

commutes with ∂i and hence with � or by (16.9).

Let x(t, y, r, s) = x(t, y)+rδx(t, y)+s εx(t, y). Then the second variational
derivative is given by

Φ′′(x)(δx, εx)i = εδΦ(x)i =
∂2Φi(x)
∂r∂s

∣∣∣
r=s=0

,(16.16)

which in turn is given by:

Lemma 16.4. Let δv = Dtδx and εv = Dtεx. Then

Φ′′(δx, εx)i = ∂kp
(
∂iεx

l ∂lδx
k + ∂iδx

l ∂lεx
k
)

(16.17)

−∂kp
′(εx) ∂iδx

k − ∂kp
′(δx) ∂iεx

k + ∂i p
′′(δx, εx)

where δp = p ′(δx) = Ψ′(x)δx and δεp = p ′′(δx, εx) = Ψ′′(x)(δx, εx) satisfies

�(δεp) = [�, δε]p + δε�p, [�, δε]p = f1 + 2f2 − f3 − 2f4,(16.18)

δε�p = −2f5 + 2f6 − 2f7
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where:

f1 = (�δxi)(∂iεp) + (�εxi)(∂iδp),

f2 = (∂i∂jδp)(∂jεx
i) + (∂i∂jεp)(∂jδx

i),

f3 = ∂jp{(∂iδx
j)(�εxi) + (∂iεx

j)(�δxi)

+2(∂kδx
i)(∂k∂iεx

j) + 2(∂kεx
i)(∂k∂iδx

j)},
f4 = ∂i∂jp{(∂kδx

j)(∂kεx
i) + (∂kδx

i)(∂jεx
k) + (∂kεx

i)(∂jδx
k)},

f5 = (∂kv
l)(∂lv

j){(∂iδx
k)(∂jεx

i) + (∂iεx
k)(∂jδx

i)}
+(∂iv

k)(∂jv
l)(∂kδx

j)(∂lεx
i),

f6 = (∂kv
j){(∂iδv

k)(∂jεx
i) + (∂iεv

k)(∂jδx
i)

+(∂jδv
i)(∂iεx

k) + (∂jεv
i)(∂iδx

k)},
f7 = (∂iδv

j)(∂jεv
i),

and δεp
∣∣
∂Ω

= 0.

Proof. A calculation using the fact that [δ, ∂i] = −(∂iδx
k)∂k and εδx = 0

gives (16.17). (16.18) follows from Lemma 16.2 and

�δεp = [δ,�]εp + [ε,�]δp +
[
δ, [ε,�]

]
+ δε�p.(16.19)

The estimates for the first and second derivatives of p = Ψ(x) are given
in the following lemma:

Lemma 16.5. Let p = Ψ(x) be the solution of �p = −(∂iV
j)∂jV

i,
p
∣∣
∂Ω

= 0, where V = Dtx. Let δp = p ′(δx) = Ψ′(x)δx be the variational
derivative. When Dtδx = δv and Dtεx = εv,

(16.20) ‖δp‖r,∞ ≤ K3

(
‖δv‖r,∞ + ‖δx‖r+1,∞

+
(
‖x‖r+2,∞ + ‖v‖r+1,∞

)(
‖δx‖1,∞ + ‖δv‖1,∞

))
and when p′′(δx, εx) = Ψ′′(x)(δx, εx) is the second variational derivative,

(16.21)

‖p′′(δx, εx)‖r,∞

≤K3(‖δv‖r+1,∞ + ‖δx‖r+2,∞)(‖εx‖1,∞ + ‖εv‖1,∞)

+K3(‖εv‖r+1,∞ + ‖εx‖r+2,∞)(‖δx‖1,∞ + ‖δv‖1,∞)

+K3(‖v‖r+2,∞ + ‖x‖r+3,∞)(‖εx‖1,∞ + ‖εv‖1,∞)(‖δx‖1,∞ + ‖δv‖1,∞).
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Proof. The proof of (16.20) is similar to the estimate of a time derivative
in the proof of Lemma 6.4. By Lemma 16.3, Lemma 6.3 and Lemma 6.4,

(16.22)

‖�δp − δ�p‖r−1,∞≤K1‖δx‖r+1,∞‖p‖1,∞ + K1‖p‖r+1,∞‖δx‖1,∞

+K1‖x‖r+1,∞‖p‖1,∞‖δx‖1,∞

≤K3‖δx‖r+1,∞ +
(
‖v‖r+1,∞ + ‖x‖r+2,∞

)
‖δx‖1,∞

and

‖δ�p‖r−1,∞≤K3

(
‖δx‖r,∞ + ‖δv‖r,∞

)
(16.23)

+K3

(
‖v‖r,∞ + ‖x‖r,∞

)(
‖δx‖1,∞ + ‖δv‖1,∞

)
,

which proves (16.20). Similarly by Lemma 16.4, Lemma 6.3, Lemma 6.4
and (16.20),

‖[�, δε]p‖r−1,∞≤K1‖δx‖r+1,∞‖εp‖1,∞ + K1‖εp‖r+1,∞‖δx‖1,∞(16.24)

+K1‖x‖r+1,∞‖εp‖1,∞‖δx‖1,∞

+K1‖δp‖r+1,∞‖εx‖1,∞ + K1‖εx‖r+1,∞‖δp‖1,∞

+K1‖x‖r+1,∞‖εx‖1,∞‖δp‖1,∞

+K1‖δx‖r+1,∞‖εx‖1,∞+K1‖εx‖r+1,∞‖δx‖1,∞

+K1(‖x‖r+1,∞ + ‖p‖r+1,∞)‖εx‖1,∞‖δx‖1,∞

≤K1

(
‖εx‖r+2,∞ + ‖εv‖r+1,∞

)
‖δx‖1,∞

+K1

(
‖δx‖r+2,∞ + ‖δv‖r+1,∞

)
‖εx‖1,∞

+K1(‖x‖r+3,∞ + ‖v‖r+2,∞)‖εx‖1,∞‖δx‖1,∞

and

(16.25)

‖δε�p‖r−1,∞

≤K3

(
‖δx‖r,∞ + ‖δv‖r,∞

)(
‖εx‖1,∞ + ‖εv‖1,∞

)
+K3

(
‖εx‖r,∞ + ‖εv‖r,∞

)(
‖δx‖1,∞ + ‖δv‖1,∞

)
+K3

(
‖v‖r,∞+ ‖x‖r,∞

)(
‖δx‖1,∞ + ‖δv‖1,∞

)(
‖εx‖1,∞ + ‖εx‖1,∞

)
which proves (16.21).

From Lemma 16.1, Lemma 16.6, the fact that ∂i = (∂ya/∂xi)∂/∂ya and
interpolation we have,
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Lemma 16.6.

(16.26)

‖Φ′′(εx, δx)i‖r,∞

≤K3(‖δv‖r+2,∞ + ‖δx‖r+3,∞)(‖εx‖1,∞ + ‖εv‖1,∞)

+K3(‖εv‖r+2,∞ + ‖εx‖r+3,∞)(‖δx‖1,∞ + ‖δv‖1,∞)

+K3(‖v‖r+3,∞ + ‖x‖r+4,∞)(‖εx‖1,∞ + ‖εv‖1,∞)(‖δx‖1,∞ + ‖δv‖1,∞).

Finally, also using (15.8) we get Proposition 16.1.

17. The smoothing operators

We will work in Hölder spaces since the standard proof of the Nash-Moser
theorem uses them. The Hölder norms for functions defined on a compact
convex set B are given by, if k < a ≤ k + 1, where k ≥ 0 is an integer,

‖u‖a,∞ = ‖u‖Ha = sup
x,y∈B

∑
|α|=k

|∂αu(x) − ∂αu(y)|
|x − y|a−k

+ sup
x∈B

|u(x)|(17.1)

and ‖u‖H0 = supx∈B |u(x)|. Since we use the same notation for the Ck norms,
‖u‖k,∞ = ‖u‖Ck , we will distinguish these by simply using letters a, b, c, d, e, f

etc. for the Hölder norms and i, j, k, l, .. for the Ck norms. However, since
a Lipschitz continuous function is differentiable almost everywhere and the
norm of the derivative at these points is bounded by the Lipschitz constant,
we conclude that for integer values this is the same as the L∞ norm of ∂αu for
|α| ≤ k, and furthermore, since all our functions are smooth it is the same as
the supremum norm. Our tame estimates for the inverse of the linearized op-
erator and the second variational derivative are only for Ck norms with integer
exponents, with B = Ω. However, since ‖u‖k,∞ ≤ C‖u‖a,∞ ≤ C‖u‖k+1,∞, if
k ≤ a ≤ k + 1, see (17.2), they also hold for noninteger values with a loss of
one more derivative.

The Hölder norms satisfy

‖u‖a,∞ ≤ C‖u‖b,∞, a ≤ b,(17.2)

and they also satisfy the interpolation inequality

‖u‖c,∞ ≤ C‖u‖λ
a,∞‖u‖1−λ

b,∞(17.3)

where a ≤ c ≤ b, 0 ≤ λ ≤ 1 and λa + (1 − λ)b = c.
We will use norms which consist of Hölder norms in space and supremum

Ck norms only in time

‖|u‖|a,k = sup
0≤t≤T

(
‖u(t, ·)‖a,∞ + ‖Dtu(t, ·)‖a,∞ + · · · + ‖Dk

t u(t, ·)‖a,∞
)
.(17.4)
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For the Nash-Moser technique, apart from tame estimates one also needs
smoothing operators Sθ that satisfy the properties below with respect to the
Hölder norms, and in fact also with respect to the norms above since the
smoothing operators will be invariant under time translation. We have:

Proposition 17.1.

‖Sθu‖a,∞ ≤ C‖u‖b,∞, a ≤ b(17.5)

‖Sθu‖a,∞ ≤ Cθa−b‖u‖b,∞, a ≥ b(17.6)

‖(I − Sθ)u‖a,∞ ≤ Cθa−b‖u‖b,∞, a ≤ b(17.7)

‖(S2θ − Sθ)u‖a,∞ ≤ Cθa−b‖u‖b,∞ a, b ≥ 0(17.8)

where the constants C only depend on the dimension and an upper bound for
a and b.

Moreover, these estimates hold with the norms replaced by the norms (17.4)
for fixed k.

First we note that (17.8) follows from (17.6), when a ≥ b and from
(17.7), when a ≤ b. (This alternatively follows from an additional property
‖d/dθSθu‖a,∞ ≤ Cθa−b−1‖u‖b,∞, a ≥ 0, that also holds.)

For compactly supported functions on Rn there are standard smoothing
operators, see [H1], that satisfy the above properties (17.5)–(17.8), with respect
to the norms defined in (17.1). However we have functions defined on the
compact set Ω that do not have compact support in Ω. Therefore we need to
extend these functions to have compact support in some larger set, without
increasing the Hölder norms more than with a multiplicative constant. There
is a standard extension operator in [S] that turns out to have these properties;
see Lemma 17.2 below. If S̃θ is the standard smoothing operator mentioned
above, that satisfies (17.5)–(17.8), we define our smoothing operator by

Sθu = S̃θũ
∣∣
Ω
, where ũ = Ext(u).(17.9)

Since S̃θ satisfies (17.5)–(17.8) and since ‖ũ‖b,∞ ≤ C‖u‖b,∞, by Lemma 17.2,
it follows that Sθ satisfies (17.5)–(17.8).

Lemma 17.2. There is a linear extension operator Ext such that Ext(f)
= f in {y; |y| ≤ 1}, supp Ext(f) ⊂ {y; |y| ≤ 2} and

‖Ext(f)‖a,∞ ≤ C‖f‖a,∞(17.10)

where the norms on the left are Hölder norms in {y; |y| ≤ 2} and the norms
on the right are Hölder norms in {y; |y| ≤ 1}, and C is bounded when a is
bounded.
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Proof. We will introduce polar coordinates and for fixed angular vari-
ables ω extend a function defined for the radial variable r ≤ 1 to r ≥ 1.
Away from the origin, the change of variables given by polar coordinates is a
diffeomorphism and Hölder continuity is preserved under composition with a
diffeomorphism κ:

‖f ◦ κ‖a,∞ ≤ Ca‖f‖a,∞.(17.11)

Therefore, let us first remove the origin by a partition of unity. Let χ0 ∈
C∞

0 (R) satisfy χ0(|y|) = 1, when |y| ≤ 1/2 and χ0(|y|) = 0, when |y| ≥ 3/4,
and let χ1 = 1−χ0. Furthermore, we multiply with another cutoff function so
that the extension has compact support in |y| ≤ 2. Let χ2 ∈ C∞

0 (R) satisfy
χ2(|y|) = 1, when |y| ≤ 5/4 and χ2(y) = 0, when |y| ≥ 3/2. If Ext1(f) is
the extension operator in the radial variable, defined in (17.14) below, we now
define the extension Ext(f) of f to be

Ext(f) = χ2Ext1(χ1f) + χ0f.(17.12)

Hölder continuity in (r, ω) follows from Hölder continuity of Ext1(f) in the
radial variable and the linearity and invariance under rotations of Ext1(f),
using the triangle inequality. In fact if fω(r) = f(r, ω) then ∂α

ωExt1(fω) =
Ext1(fα

ω ), where fα
ω = ∂α

ωfω and if j + |α| = k < a ≤ k +1 then by (17.18) and
(17.17)

|∂j
rExt1(fα

ω )(r) − ∂j
rExt1(fα

σ )(ρ)|(17.13)

≤ |∂j
rExt1(fα

ω )(r) − ∂j
rExt1(fα

ω )(ρ)|
+|∂j

rExt1(fα
ω − fα

σ )(ρ)|

≤ sup
r′,ρ′

|∂j
r∂α

ωf(r′, ω) − ∂j
r∂α

ωf(ρ′, ω)|
|r′ − ρ′|a−k

|r − ρ|a−k

+ sup
ρ

sup
ω′,σ′

|∂j
r∂α

ωf(ρ, ω′) − ∂j
r∂α

ωf(ρ, σ′)|
|ω′ − σ′|a−k

|ω − σ|a−k.

It therefore remains to prove the estimates (17.17) and (17.18) for the extension
in the radial variable only given by (17.14).

Suppose that f(r) is a function defined for r ≤ 1. We define the extension
f by Ext1(f)(r) = f(r), when r ≤ 1, and

Ext1(f)(r) =
∫ ∞

1
f(r − 2λ(r − 1))ψ1(λ) dλ, r ≥ 1,(17.14)

where ψ1 is a continuous function on [1,∞), such that∫ ∞

1
ψ1(λ) dλ = 1,

∫ ∞

1
λkψ1(λ) dλ = 0, k > 0,(17.15)

|ψ1(λ)| ≤ CN (1 + λ)−N , N ≥ 0.
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The existence of such a function was proved in [S] where the extension operator
was also introduced. In [S] it was proved that this operator is continuous on
the Sobolev spaces but it was not proved there that it is continuous on the
Hölder spaces; so we must prove this. As pointed out above, we only need to
prove that it is Hölder continuous with respect to the radial variable.

First we note that if f ∈ Ck then the extension is in Ck. In fact

∂j
r Ext1(f)(r) =

∫ ∞

1
f (j)(r − 2λ(r − 1))(1 − 2λ)j ψ1(λ) dλ, r ≥ 1.

(17.16)

From the continuity of ∂j
rf and (17.14), (17.15) it follows that

lim
r→1

∂j
r Ext1(f)(r) = ∂j

r f(1),

that Ext1(f) is in Ck, and that for k, an integer

sup
r

|∂k
r Ext1(f)(r)| ≤ Ck sup

r
|f (k)(r)|.(17.17)

Suppose now that k < a ≤ k +1 where k is an integer. We will prove that

sup
r,ρ

|∂k
r Ext1(f)(r) − ∂k

r Ext1(f)(ρ)|
|r − ρ|a−k

≤ Ca sup
r,ρ

|f (k)(r) − f (k)(ρ)|
|r − ρ|a−k

.(17.18)

If r ≤ 1 and ρ ≤ 1 there is nothing to prove. Also if r < 1 < ρ or ρ < 1 < r,
then |r−ρ| ≥ |1−ρ| and |r−ρ| ≥ |1− r| so in this case, we can reduce (17.18)
to two estimates with either r = 1 or ρ = 1. Also it is symmetric in r and ρ so
it only remains to prove the assertion when r > ρ ≥ 1. Then we have

(17.19)∣∣∣ ∫ ∞

1

(
f (k)(r − 2λ(r − 1)) − f (k)(ρ − 2λ(ρ − 1))

)
(1 − 2λ)k ψ1(λ) dλ

∣∣∣
≤ sup

r′,ρ′

|f (k)(r′) − f (k)(ρ′)|
|r′ − ρ′|a−k

|r − ρ|a−k

∫ ∞

1
|(1 − 2λ)a ψ1(λ)| dλ

and using the last estimate in (17.15), (17.18) follows.

18. The Nash-Moser iteration

At this point, given the results stated in Sections 11–14, the problem is
now reduced to a completely standard application of the Nash-Moser technique.
One can just follow the steps of the proofs of [AG], [H1], [H2], [K1] replacing
their norms with our norms. The main difference is that we have a boundary,
but we have constructed smoothing operators that satisfy the required proper-
ties for the case with a boundary. Furthermore, we avoid doing smoothing in
the time direction; a similar approach was followed in [K2]. Alternatively, one
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could follow the approach of [Ha], where it is proved that C∞ of a compact
manifold with a boundary is also a tame space. Just one small detail is missing
which is that the the set [0, T ] × Ω is not smooth at {0} × ∂Ω, and again we
get back to the situation were it is preferable just to do smoothing in the space
directions only.

We will follow the formulation from [AG] which is similar to [H1], [H2].
The theorem there is stated in terms of Hölder norms, with a slightly different
definition of the Hölder norms for integer values. However, the only properties
that are used from the norms are the smoothing properties, (17.5)–(17.8) and
the interpolation property (17.3) which we proved with the usual definition,
i.e. the one used in [H1].

Let us also change notation and call Φ̃(u) in (2.13) Φ(u). Let

‖|u‖|a,k = sup
0≤t≤T

‖u(t, ·)‖a,∞ + · · · + ‖Dk
t u(t, ·)‖a,∞, ‖|u‖|a = ‖|u‖|a,0,

(18.1)

where ‖u(t, ·)‖a are the Hölder norms; see (17.1). Proposition 15.1 and Propo-
sition 16.1 now say that the conditions (H1) and (H2) below hold:

(H1): Φ, is twice differentiable and satisfies

‖|Φ′′(u)(v1, v2)‖|a ≤Ca

(
‖|v1‖|a+µ,2‖|v2‖|µ,2 + ‖|v1‖|µ,2‖|v2‖|a+µ,2

)
(18.2)

+Ca‖|u‖|a+µ,2‖|v1‖|µ,2‖|v2‖|µ,2,

where µ = 5, for u, v1, v2 ∈ C∞([0, T ], C∞(Ω)), if

‖|u‖|µ,2 ≤ 1, µ = 5.(18.3)

(H2): If u ∈ C∞([0, T ], C∞(Ω)) satisfies (18.3) then there is a linear map
ψ(u) from C∞([0, T ], C∞(Ω)) to C∞([0, T ], C∞(Ω)) such that Φ′(u)ψ(u) = Id
and

‖|ψ(u)g‖|a,2 ≤ Ca

(
‖|g‖|a+λ + ‖|g‖|λ ‖|u‖|a+d,2

)
,(18.4)

where λ = [n/2] + 3 and d = [n/2] + 7.

Proposition 18.1. Suppose that Φ satisfies (H1), (H2) and Φ(0) = 0.
Let α > µ, α > d, α > λ + 2µ, α /∈ N. Then:

There is neighborhood Wδ = {f ∈ C∞([0, T ], C∞(Ω)); ‖|f‖|α+λ ≤ δ2},
δ > 0, such that, for f ∈ Wδ, the equation

Φ(u) = f(18.5)

has a solution u = u(f) ∈ C2([0, T ], C∞(Ω)). Furthermore,

‖|u(f)‖|a,2 ≤ C‖|f‖|α+λ, a < α.(18.6)
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In the proof, we construct a sequence uj ∈ C∞([0, T ], C∞(Ω)) converging
to u, that satisfies ‖|uj‖|µ,2 ≤ 1 and ‖|Siui‖|µ,2 ≤ 1, for all j, where Si is the
smoothing operator in (18.7). The estimates (18.2) and (18.4) will only be
used for convex combinations of these and hence within the domain (18.3) for
which these estimates hold.

Following [H1], [H2], [AG], [K1], [K2] we set

ui+1 = ui + δui, δui = ψ(Siui)gi, u0 = 0, Si = Sθi
, θi = θ02i, θ0 ≥ 1.

(18.7)

The gi are to be defined so that ui formally converges to a solution and then

Φ(ui+1) − Φ(ui) = Φ′(ui)(ui+1 − ui) + e′′i = Φ′(ui)ψ(Siui)gi + e′′i(18.8)

= (Φ′(ui) − Φ′(Siui))ψ(Siui)gi + gi + e′′i = e′i + e′′i + gi,

where

e′i = (Φ′(ui) − Φ′(Siui))δui,(18.9)

e′′i = Φ(ui+1) − Φ(ui) − Φ′(ui)δui,(18.10)

ei = e′i + e′′i .(18.11)

Therefore

Φ(ui+1) − Φ(ui) = ei + gi(18.12)

and adding, we get

Φ(ui+1) =
i∑

j=0

gj + SiEi + ei + (I − Si)Ei, Ei =
i−1∑
j=0

ej .(18.13)

To ensure that Φ(ui) → f we must have

i∑
j=0

gj + SiEi = Sif.(18.14)

Thus

g0 = S0f, gi = (Si − Si−1)(f − Ei−1) − Siei−1(18.15)

and

Φ(ui) = Sif + ei + (I − Si)Ei.(18.16)

Given u0, u1, . . . , ui these determine δu0, δu1, . . . , δui which by (18.9), (18.10)
determine e1, . . . , ei−1, which by (18.15) determine gi. The new term ui+1 is
determined by (18.7).
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Lemma 18.2. Assume that ‖|ui‖|µ,2 ≤ 1, ‖|ui+1‖|µ,2 ≤ 1 and ‖|Siui‖|µ,2

≤ 1. Then

(18.17)

‖|e′i‖|a ≤Ca

(
‖|(I − Si)ui‖|a+µ,2‖|δui‖|µ,2 + ‖|(I − Si)ui‖|µ,2‖|δui‖|a+µ,2

)
+Cr‖|Siui‖|a+µ,2‖|(I − Si)ui‖|µ,2‖|δui‖|µ,2

and

‖|e′′i ‖|a ≤ Cr

(
‖|δui‖|a+µ,2‖|δui‖|µ,2 + ‖|ui‖|a+µ,2‖|δui‖|2µ,2

)
.(18.18)

Proof. The proof of (18.17) makes use of

(Φ′(ui) − Φ′(Siui))δui =
∫ 1

0
Φ′′(Siui + s(I − Si)ui)(ui − Siui, δui) ds

(18.19)

together with (18.2). Note that from the third term in (18.2) we get a term
that is not present in (18.17) since it can be bounded by the others using the
assumptions. In fact, since ‖|ui‖|µ,2 + ‖|Siui‖|µ,2 ≤ 2,

‖|(I − Si)ui‖|a+µ,2‖|(I − Si)ui‖|µ,2‖|δui‖|µ,2 ≤ 2‖|(I − Si)ui‖|a+µ,2‖|δui‖|µ,2.

(18.18) makes use of

Φ(ui+1) − Φ(ui) − Φ′(ui)δui =
∫ 1

0
(1 − s)Φ′′(ui + sδui)(δui, δui) ds(18.20)

together with (18.2). Here we used the fact that ‖|δui‖|a+µ,2‖|δui‖|2µ,2 ≤
2‖|δui‖|a+µ,2‖|δui‖|µ,2.

Let α̃ > α and α̃− µ > 2(α− µ). Throughout the proof Ca will stand for
constants that depend on a but independent of n in (18.21).

Our inductive assumption (Hn) is,

‖|δui‖|a,2 ≤ δθa−α
i , 0 ≤ a ≤ α̃, i ≤ n.(18.21)

If n = 0 then if a ≤ α̃, we have ‖|δu0‖|a,2 ≤ Cα̃‖|f‖|α+λ ≤ Cα̃δ2, so it follows
that (18.21) holds for n = 0 if we choose δ so small that Cãδ ≤ θα̃−α

0 . We must
now prove that (Hn) implies (Hn+1) if C ′

α̃δ ≤ 1, where C ′
α̃ is some constant

that only depends on α̃ but is independent of n.

Lemma 18.3. If (18.21) holds then for i ≤ n

i∑
j=0

‖|δuj‖|a,2 ≤ Caδ
(
min(i, 1/|α − a|) + 1)(θa−α

i + 1
)
, 0 ≤ a ≤ α̃.

(18.22)
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Proof. Using (18.21) we get
∑i

j=0 ‖|δuj‖|a,2 ≤ Caδ
∑i

j=0 2j(a−α) and
when

∑i
j=0 2−sj ≤ C(min (1 + 1/s, i) + 1), if s > 0, (18.22) follows.

Lemma 18.4. If (Hn), i.e. (18.21), hold and α̃ > α, then for i ≤ n + 1,

‖|ui‖|a,2 ≤ Caδ(min(i, 1/|α − a|) + 1)(θa−α
i + 1), 0 ≤ a ≤ α̃,(18.23)

‖|Siui‖|a,2 ≤ Caδ(min(i, 1/|α − a|) + 1)(θa−α
i + 1), a ≥ 0,(18.24)

‖|(I − Si)ui‖|a,2 ≤ Caδθ
a−α
i , 0 ≤ a ≤ α̃.(18.25)

Proof. The proof of (18.23) is just summing up the series ui+1 =∑i
j=0 δuj , using Lemma 18.3. (18.24) follows from (18.22) using (17.5) for

a ≤ α̃ and (17.6) with b = α̃ for a ≥ α̃. (18.25) follows from (17.7) with b = α̃

and (18.23) with a = α̃.

Having assumed that α > µ, we note that in particular,

‖|ui‖|µ,2 ≤ 1 and ‖|Siui‖|µ,2 ≤ 1, for i ≤ n + 1 if Cµδ ≤ 1.

(18.26)

As a consequence of Lemma 18.4 and Lemma 18.2 we get

Lemma 18.5. If (Hn) is satisfied and α > µ, then for i ≤ n,

‖|e′i‖|a ≤Caδ
2θ

a−2(α−µ)
i , 0 ≤ a ≤ α̃ − µ,(18.27)

‖|e′′i ‖|a ≤Caδ
2θ

a−2(α−µ)
i , 0 ≤ a ≤ α̃ − µ.(18.28)

As a consequence of Lemma 18.5 and (17.8) we get

Lemma 18.6. If (Hn) is satisfied, then for i ≤ n + 1,

‖| Siei−1‖|a ≤ Caδ
2θ

a−2(α−µ)
i , a ≥ 0,(18.29)

‖|(Si − Si−1)f‖|a ≤ Caθ
a−β
i ‖|f‖|β, a ≥ 0,(18.30)

‖|(I − Si)f‖|a ≤ Caθ
a−β
i ‖|f‖|β, 0 ≤ a ≤ β.(18.31)

Furthermore, if α̃ − µ > 2(α − µ):

‖|(Si − Si−1)Ei−1‖|a ≤Caδ
2θ

a−2(α−µ)
i , a ≥ 0(18.32)

‖|(I − Si)Ei‖|a ≤Caδ
2θ

a−2(α−µ)
i , 0 ≤ a ≤ α̃ − µ.(18.33)

Proof. (18.29) follows from (18.27). For a ≤ α̃ − µ we use (17.5) with
b = a and for a ≥ α̃ − µ, we use (17.6) with b = α̃ − µ. (18.30) follows
from (17.8) and (18.31) follows from (17.7). Now, Ei =

∑i−1
j=0 ej and so by

Lemma 18.5 ‖|Ei‖|α̃−µ ≤ Caδ
2
∑i−1

j=0 θ
α̃−µ−2(α−µ)
j ≤ C ′

aδ
2θ

α̃−µ−2(α−µ)
i , since

we assumed that the exponent is positive. (18.32) follows from this and (17.8)
with b = α̃ − µ and similarly (18.33) follows from (17.7) with b = α̃ − µ.
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Now, we have

Lemma 18.7. If (Hn) is satisfied, α̃ − µ > 2(α − µ), and α > µ then for
i ≤ n + 1,

‖|gi‖|a ≤ Caδ
2θ

a−2(α−µ)
i + Caθ

a−β
i ‖|f‖|β, a ≥ 0.(18.34)

Using this lemma and (18.4) we get

Lemma 18.8. If (Hn) holds, α̃ − µ > 2(α − µ), α > µ, α > d then, for
i ≤ n + 1,

‖|δui‖|a,2 ≤ Caδ
2θ

a+λ−2(α−µ)
i + Ca‖|f‖|βθa+λ−β

i , a ≥ 0.(18.35)

Proof. Using (18.7), (18.4), (18.34) and (18.24) we get

‖|δui‖|a,2 ≤Ca

(
δ2θ

a+λ−2(α−µ)
i + ‖|f‖|βθa+λ−β

i

)
(18.36)

+Ca

(
δ2θ

λ−2(α−µ)
i + ‖|f‖|βθλ−β

i

)
·δ(min(i, 1/|α − a − d|) + 1)(θa+d−α

i + 1).

The lemma follows from the fact that

min (i, 1/|α − a − d|) + 1 ≤ Cθa
i /(θa+d−α

i + 1),

where C is a constant depending on α − d > 0 but independent of i.

If, we now pick β = α+λ, and use the assumptions that λ+α < 2(α−µ),
and ‖|f‖|α+λ ≤ δ2, we get that for i ≤ n + 1,

‖|δui‖|a,2 ≤ Caδ
2θa−α

i , a ≥ 0.(18.37)

If we pick δ > 0 so small that

Cα̃δ ≤ 1,(18.38)

the assumption (Hn+1) is proven.
The convergence of the ui is an immediate consequence of Lemma 18.2:

∞∑
i=0

‖|ui+1 − ui‖|a,2 ≤ Caδ, a < α.(18.39)

It follows from Lemma 18.6 that

‖|Φ(ui) − f‖|a ≤ Caδ
2θa−α−λ

i(18.40)

which tends to 0, as i → ∞, if a < α + λ.
It remains to prove u ∈ C2([0, T ], C∞(Ω)). Note that in Lemma 18.8 we

proved a better estimate than (Hn). In fact if we let γ = 2(α−µ)−(α+λ) > 0
and α′ = α + γ, then ‖|f‖|α′+λ ≤ C implies that

‖|δui‖|a,2 ≤ Caθ
a−α′

i , a ≥ 0.(18.41)
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Using this new estimate, in place of (Hn), we can take Lemma 18.3 to Lemma
18.8 and replace α by α′ and δ by 1. Then it follows from Lemma 18.8 that

‖|δui‖|a,2 ≤ Caθ
a+λ−2(α′−µ)
i + Caθ

a+λ−β
i ‖|f‖|β(18.42)

and if we now pick γ′ = 2(α′ − µ) − (λ − α′) = 2γ and α′′ = α′ + γ′ = α + 2γ,
and use the fact that ‖|f‖|α′+γ′ ≤ C, we see that

‖|δui‖|a,2 ≤ Caθ
a−α′′

i , a ≥ 0.(18.43)

Since the gain γ > 0 is constant, repeating this process yields that (18.41)
holds for any α′ and hence that (18.39), (18.40) hold for any α ≥ 0 (with δ

replaced by 1). It follows that uj is a Cauchy sequence in C2
(
[0, T ], Ck(Ω)

)
,

for any k, and hence that uj → u ∈ C2
(
[0, T ], C∞(Ω)

)
and Φ(uj) → f ∈

C
(
[0, T ], C∞(Ω)

)
. (18.6) follows from (18.37) with δ2 = ‖|f‖|α+λ. This con-

cludes the proof of Proposition 18.1.
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[K1] S. Klainerman, On the Nash-Moser-Hörmander scheme, unpublished lecture notes.

[K2] ———, Global solutions of nonlinar wave eqautions, Comm. Pure Appl. Math. 33
(1980), 43–101.

[L1] H. Lindblad, Well-posedness for the linearized motion of an incompressible liquid
with free surface boundary, Comm. Pure Appl. Math. 56 (2003), 153–197.

[L2] ———, Well-posedness for the linearized motion of a compressible liquid with free
surface boundary, Comm. Math. Phys. 236 (2003), 281–310.

[L3] ———, Well-posedness for the motion of a compressible liquid with free surface
boundary, Comm. Math. Phys., to appear (2005).

[Na] V. I. Nalimov, The Cauchy-Poisson problem (in Russian), Dynamika Splosh. Sredy
18 (1974), 104–210.

[Ni] T. Nishida, A note on a theorem of Nirenberg, J. Diff. Geometry 12 (1977), 629–633.

[SY] R. Schoen and Y. T. Yau, Lectures on Differential Geometry, International Press,
Cambridge, MA, 1994.

[S] E. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton
Math. Series 30, Princeton University Press, Princeton, NJ, 1971.

[W1] S. Wu, Well-posedness in Sobolev spaces of the full water wave problem in 2-D, Invent.
Math. 130 (1997), 39–72.

[W2] ———, Well-posedness in Sobolev spaces of the full water wave problem in 3-D, J.
Amer. Math. Soc. 12 (1999), 445–495.

[Y] H. Yosihara, Gravity waves on the free surface of an incompressible perfect fluid of
finite depth, RIMS Kyoto Univ. 18 (1982), 49–96.

(Received January 17, 2002)
(Revised April 4, 2004)


