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The Polynomial Carleson operator

By VicTor LIE

Dedicated to Elias Stein on the
occasion of his 80™ birthday celebration.

Abstract

We prove affirmatively the one-dimensional case of a conjecture of Stein
regarding the LP-boundedness of the Polynomial Carleson operator for 1 <
p < 00.

Our proof relies on two new ideas: (i) we develop a framework for higher-
order wave-packet analysis that is consistent with the time-frequency anal-
ysis of the (generalized) Carleson operator, and (ii) we introduce a local
analysis adapted to the concepts of mass and counting function, which
yields a new tile discretization of the time-frequency plane that has the
major consequence of eliminating the exceptional sets from the analysis of
the Carleson operator. As a further consequence, we are able to deliver
the full L”-boundedness range and prove directly—without interpolation
techniques—the strong L? bound for the (generalized) Carleson operator,
answering a question raised by C. Fefferman.

1. Introduction

In this paper we will discuss the following conjecture of E. Stein regarding
the behavior of the so-called Polynomial Carleson operator:

CONJECTURE ([118], [121]). Let G denote either T or R with G™:=[]’_, G,
n € N. Further, let Qq, be the class of all real-coefficient polynomials in n
variables with no constant term and of degree less than or equal to d, d € N,
and let K be a suitable Calderon—Zygmund kernel on G™. Then the Polynomial

Keywords: Time-frequency analysis, Carleson’s theorem, Polynomial Carleson operator,
higher-order wave-packet analysis

AMS Classification: Primary: 42A20, 42A50.

The author was supported by the National Science Foundation under Grant No. DMS-
1500958. The current paper was initially revised while the author was in residence at the
Mathematical Sciences Research Institute in Berkeley, California, during the Spring 2017
semester. The most recent revision was performed while the author was supported by the
National Science Foundation under Grant No. DMS-1900801.

(© 2020 Department of Mathematics, Princeton University.

47


http://annals.math.princeton.edu/about
https://doi.org/10.4007/annals.2020.192.1.2

48 VICTOR LIE

Carleson operator defined as'

(1) Cd,nf(x) ‘= sup
QEQd,n

/n ¢ CW K(y) f(x —y)dy

obeys the bound

(2) |Canfllrrcmy S I fllzeam
for any 1 < p < .

The main result of our paper is

MAIN THEOREM. The above conjecture holds for n = 1.

The problem concerning the boundedness properties of the Polynomial
Carleson operator has a very rich history with numerous connections to other
branches of analysis. Many of these will be extensively discussed in Section 1.3
below. In what follows, though, we prefer to start with a very concise outline
of the key results that shaped the above conjecture and our present result,
saving for later a more detailed account of the context in which these were
developed.

1.1. Previous directly related results: a brief overview. Stein’s conjecture
on the Polynomial Carleson operator can be regarded

e in the case d = 1 and n = 1 as an extension of the celebrated Carleson-Hunt
Theorem ([15], [56]) asserting that C; is bounded from LP to LP as long
as 1 < p < oo; and

e in the case d = 1 and general n as an extension of Sj6lin’s result ([110]); see
also [102], [47] and [68].

Under the crucial limiting assumption that the supremum in (1) be taken
over polynomials with no linear term, a special case of the conjecture was
established in work of Stein ([118] for dimension n = 1 and quadratic poly-
nomials) and Stein-Wainger ([121] for general dimensions n and polynomials
of arbitrary degree d). Due to the absence of linear terms in the phase of the
kernel, the Stein and Stein—Wainger results do not contain the Carleson—Hunt
Theorem.?

Finally, in [81], we made a significant advance by proving the L2-weak
boundedness of the full Quadratic Carleson operator C5 ;—incorporating poly-
nomials with linear terms—in dimension one. For this, we developed a new

!Throughout the paper, for notational simplicity, we will omit the principal value symbol
from all the mathematical displays.

2The operators considered by Stein and Wainger have no (generalized) modulation sym-
metry; thus, based on the symmetry complexity heuristic discussed in Section 1.4 below,
one expects the analysis of such operators to be significantly simpler than that of the one
corresponding to the Carleson operator.
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approach to the time-frequency analysis of the quadratic phase, relying on the
so-called relational perspective introduced in Section 2 of that paper. To this
framework for quadratic wave-packet analysis, we adapted the ideas presented
by Fefferman in his reproof of Carleson’s theorem ([36]).

1.2. Insights in our proof. Passing now to the mathematical aspects of
the present paper, we mention here the two main ideas on which our proof is
based:

e Development of the proper framework for the higher-order wave-packet the-
ory that in our context needs to be adapted to the time-frequency analysis
of the (Polynomial) Carleson operator.

e A new discretization of the family of time-frequency tiles arising in the
decomposition of our operator, which is a manifestation of the local analysis
methodology that we develop around the newly introduced concept of mass
adapted to a spatial region and local counting function.? This discretization
has as a major implication the elimination of exceptional sets from the
analysis of the Carleson operator. This latter fact has in turn two main
consequences: (i) it yields boundedness for the complete range of exponents
for the one-dimensional case of Stein’s conjecture, and (ii) it provides for
the first time a direct proof—without recourse to interpolation—of the L?-
boundedness of the Carleson operator, thus answering an open question
raised by C. Fefferman in [36].

Another interesting aspect worth mentioning here is that, based on a novel
tile selection algorithm involving a single dyadic grid discretization of the time-
frequency coordinate axes,*
tion of our Polynomial Carleson operator, unlike the previous approaches to
the Carleson operator ([36], [73]) that relied on taking averages over suitable
model operators. This aspect becomes quintessential when studying the topic

our proof develops and treats an exact discretiza-

of the boundedness of the Carleson operator near L'; for the latter, please see
the last item in Section 11 as well as Section 12 in [85].

Beyond these facts, there will be several other points in our approach
(see, e.g., Section 8) that extend the intuition and methods developed in [81]
for treating the particular case d, p = 2. These latter methods were further
influenced by the powerful geometric and combinatorial ideas presented in [36].

This being said, we briefly elaborate on the two main ideas mentioned
earlier:

3For more on this as well as on a philosophical outline of the proof of our main result,
please see Section 5.
4See Section 7.2 and also Observation 12 therein.
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Regarding the higher-order wave-packet framework, we develop a tile de-
composition of the time-frequency plane into Heisenberg well-localized “curved
regions” representing area-one neighborhoods of polynomials in the class Qg 1.
The precise geometry of the tiles appears as a manifestation of the so-called
relational perspective introduced in [81] and is directly related with a good
control over the inner product—see, e.g., equation (56) below—of the “smaller
pieces” (operators) into which Qg is decomposed. Indeed, as the name sug-
gests, this perspective stresses the importance of interactions between objects
rather than simply treating such objects independently only in terms of their
L™ size localization in time and frequency; for further details, see Section 2 in
[81]. Our time-frequency representation of the tiles recovers, from a completely
different angle, the more general uncertainty principle for differential operators
developed by C. Fefferman in [37].

With respect to tile discretization, we design a new, spatially localized
procedure of partitioning the family of tiles, which relies on a refined defini-
tion of the concept of mass of a tile, recursive stopping-time arguments, and a
delicate combinatorial procedure. Within this process a special role is played
by the local counting functions associated with suitable geometric configura-
tions of tiles called “trees.” All previously known estimates for controlling
unions of such trees involved the L* size of global counting functions, which
in turn required one to excise the sets on which the L°° norms are too large.
In particular, these “exceptional” sets caused a series of technical difficulties
in all the earlier works regarding or related with the LP-boundedness of the
Carleson operator; these difficulties accounted for the lack—until now—of a
direct approach to providing strong L? bounds. In the present paper one of the
key insights is that we relate, via the localized mass parameter, the structure
(i.e., the spatial location) of the trees to the local behavior of suitable count-
ing functions, thereby enabling us to replace the previous L°°-norm estimates
with weaker BMO-norm-type estimates and thus eliminate the presence of the
above mentioned exceptional sets.

1.3. Historical background and motivation. Before explaining the under-
lying motivation for Stein’s conjecture, let us rewrite the expression (1) for the
Polynomial Carleson operator in two equivalent forms that will put matters in
proper perspective. Throughout this section, for simplicity, we will consider
the case of G = R.

First, notice that we can express

(3) Canflz) = Sup T f(z)],
with
() Tfla) = [ @O0 K() fo - y)dy,
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where here Qx(y) = >_1<|5<q A8 y® € Qu, is a general real-coefficient poly-
nomial with no constant term in n variables of degree at most d, with § =
(B1,...,Bn) a multi-index in® N™ and A = (Ag)s the sequence of coefficients
of Q.

Now, by making the change of variable y — x — y, we notice that the
operator Uy, is part of a larger class of maximal operators of the type

(5) T.f(x) = Sl;p

/ ! DY) K (z,y) f(y) dy|,

where @y, K : R" x R" — C are such that the phase function @) is smooth
and real-valued while K is a suitable integral kernel that is smooth away from
the main diagonal x = y.

Second, we note that it is possible to recast the problem of boundedness for
Cy,n without the parameter A (and thus, of course, without the corresponding
supremum), at the price of losing smoothness of the phase in the z-parameter
of @, in (5). Indeed, by applying the Kolmogorov—Seliverstov—Plessner lin-
earization argument ([129]), one sees that the LP-boundedness of Cy ,, follows
from the corresponding LP bounds for an operator of the form

(© [ €9 Koy 1) do

where in the specific situation of Cy,, we have Q(z,-) € Q4 , a real polynomial
whose coefficients are measurable functions of z, and K (z,y) = K(x —y) with
K a suitable Calderén—Zygmund kernel on R™.

The interest in studying the Polynomial Carleson operator comes from
several different directions, and with these alternative formulations of the op-
erator in hand, we can now turn to discuss the motivations for such a study.

A. Mazimal singular oscillatory integrals in the Fuclidean setting. The key
prototypical example of a maximal singular oscillatory integral is the so-called
Carleson operator (presented as Example A.1 below). This operator arises
naturally in the study of the almost-everywhere convergence of Fourier Series.
This latter topic originates in the effort of nineteenth-century mathematics
to provide a rigorous foundation for the theory of Fourier Series initiated by
J. Fourier in [38]. As a very brief historical overview, we mention the following
landmark results:

Dirichlet ([76]), who was a student of Fourier, established the convergence
at all points of Fourier Series for differentiable functions, while Du Bois Rey-
mond ([32]) subsequently showed the existence of continuous functions whose

®Throughout the paper we use the convention N := {0, 1, 2,...}.
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Fourier Series diverge at a point (and in fact at any rational point).® Once H.
Lebesgue ([75]) had established his theory of measure and integration—which
provided the correct framework to understand the previous divergence patholo-
gies as behavior on “negligible” sets—N. Luzin ([89]) conjectured in 1913 that
the Fourier Series of any f € L?(T) converges to f almost everywhere. A
decade later, Luzin’s Ph.D. student A. Kolmogorov ([61], [62]) showed surpris-
ingly that there are functions in L!(T) whose Fourier series diverge (almost)
everywhere. After decades of misbelief in light of Kolmogorov’s result, L. Car-
leson proved in 1966 that Luzin’s conjecture is in fact true ([15]), thereby
setting the foundation for what is known today as time-frequency analysis.

By analogy with the approach to proving Lebesgue’s differentiation theo-
rem for L' functions via the L'-weak bounds for the Hardy-Littlewood maxi-
mal function, Carleson established the almost-everywhere convergence of
Fourier Series of L? functions by providing L?-weak bounds for the correspond-
ing maximal operator sup,cy |Snf(x)| derived from the sequence of partial
Fourier sums S, f attached to f, which, up to admissible error terms, repre-
sents nothing other than the aforementioned Carleson operator C := C' .

At this point, we can present several significant examples of operators in
the literature that fit within the framework of either (5) or (6). These in turn
will lead us naturally to consider the Polynomial Carleson operator:

Ezample A.1. Consider an operator as in (5), with n = 1, Q(z,y) =

Az —vy), and K(z,y) = K(x —y) = x—iy Equivalently, in (6), set n = 1,
1

Q(z,y) = a(x) - y with @ measurable, and K(x —y) = prat

In this context,” (5) or (6) represents the Carleson operator over R whose
L?-weak boundedness implies and, based on Stein’s maximal principle ([115]),
is in fact equivalent to the affirmative answer to Luzin’s conjecture.

The LP bounds, 1 < p < oo, for the Carleson operator were established
by R. Hunt in [56].

Ezample A.2. In (5), set n > 1, Qx(x,y) = A (x —y) and K(x,y) =

K (x—y) a Calder6n—Zygmund kernel. Equivalently, in (6), set n > 1, Q(z,y) =
a(x) -y with a = (aq, ... a,) measurable, and K as before.

STt is worth mentioning that the surprising result in [32] generated a deep interest in
understanding the set of divergence for a Fourier Series of a continuous function, which further
was the main catalyst for the development of a new theory of measure and integration; for
this, see Lebesgue’s study [74].

"We mention here that by applying a general transference principle due to Marcinkiewicz
and Zygmund one can show that LP-bounds for the (generalized) Carleson operator over R
or T are equivalent.
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This situation corresponds to the n-dimensional Carleson operator for
which full LP bounds, 1 < p < oo, were provided by P. Sj6lin in [110] and later
reproved by different means in [102].

Example A.3. In (5), set n = 1, Qx(z,y) = X+ (z — y)?, and K(z,y) =
K(x—vy) = ﬁ’ with the obvious analogue in (6): n =1, Q(z,y) = a(x) -
(r —y)?, and K as before.

This case was proposed and treated by E. Stein ([118]). Unlike Carleson’s
theorem in [15], whose proof relies on wave-packet analysis, this result is based
on more standard Fourier analysis techniques, namely on obtaining a good
asymptotic formula for the Fourier transform of the expression Ny /y followed
by an application of T7T* methods.

Ezample A.4. In (5), set n > 1, Qx(z,y) = Y ocig<a M8 (T — y)? € Qun
with d > 2, and Ky(z,y) = K(z —y) with K a standard Calderén-Zygmund
kernel, again with the obvious analogue in (6).

This situation extends the previous setting from A.3 and was investigated
by Stein and Wainger in [121]. Notice that this latter setting does not include
Carleson’s or Sjolin’s results, since no linear term is allowed in ). The Stein—
Wainger proof is based on Van der Corput estimates and again T7T™ methods.

Convergent point of interests. A very natural motivating theme arises: to
find a common path connecting the methods of proof and the results presented
in Examples A.3 and A.4 (i.e., Stein ([118]) and Stein-Wainger ([121])) with
those of Examples A.1 and A.2 (i.e., Carleson-Hunt ([15], [56]) and Sjolin
([110])). We thus arrive naturally at the definition of the Polynomial Car-
leson operator in (1) and the formulation of Stein’s conjecture regarding its L?
bounds.

B. Singular oscillatory integrals on nilpotent groups. In an extensive study
regarding harmonic analysis on nilpotent Lie groups, [104], [105], [106], Ricci
and Stein proved that, under the assumptions that @ is a real polynomial
in both variables (z,y) € R" x R™ and K(z,y) = K(z — y) with K a stan-
dard Calderén—Zygmund kernel, the operator represented by (6) is bounded on
LP(R™) for 1 < p < oo. This of course can be regarded as a model case for our
congjecture above, in the situation in which the “stopping times” represented
by the coefficients of the monomials in y in the expression Q(z,-) € Qq,, are
themselves polynomials in x.

Stein and Ricci’s motivation in considering this problem relies on the fact
that such operators appear naturally in three distinct but interrelated contexts:

e singular integrals on lower-dimensional varieties in R™ (see, e.g., [111], [120],
[122]);
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e twisted convolution on the Heisenberg group and extensions to other nilpo-
tent groups (see, e.g., [42], [91], [92]); and

e Radon transforms and their application to the study of the O-Neumann
problem (see, e.g., [100], [101], [50], [17], [18]).

For more on this, we refer the interested reader to the specific examples corre-
sponding to each of these topics and appearing in [105] (see also Chapters XI,
XII and XIIT in [117]).

C. Connections with Radon-like transforms. With n € N as before, let
v : R — R" be a suitable (smooth) curve. We define two operators on
functions over R™ as follows:®

e the maximal function along v given by

(7) Mof(@) = sup ~ [ [f(@— () dt

O<e<1 2€ [t|<e
e the Hilbert transform along ~ given by

0 Hof@) = [ fle—vt) Y.
[t]<1

The theory of singular integral operators of type (8) arose naturally in the
study of solutions of constant-coefficient parabolic differential operators; see
the works of [57], [35], and [34]. One specific example is the L?-boundedness of
(8) obtained by Fabes ([34]) in the case n = 2 and ¥(t) = (¢,t?), by applying the
method of rotations to a singular integral associated with the heat equation.
This was later extended by several authors, e.g., in [119], [1], [60], [54].

The study of maximal operators of type (7) was hinted at by use of the
method of rotations in connection with Poisson integrals on symmetric spaces
([116]). The first LP results were obtained by Nagel, Riviere, and Wainger
in [96], [97], while a more general Euclidean-translation-invariant theory was
developed by Stein and Wainger ([120]) in the case of one-dimensional subman-
ifolds. All of the above results relied fundamentally on (1) Fourier methods via
the Plancherel formula and (2) a suitable non-degeneracy curvature condition
on vy via the method of stationary phase.

With these settled, the interest naturally shifted to the case of “variable”
curves? 4. Thus, in this new context, one is concerned with operators of the
form

(9) Meyf(@) = sup — [ f@ —(z,t)|dt

O<e<1 2€ [t|<e

8The function f here is assumed to be in Lj,.(R™).
90r, more generally, submanifolds.
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and the associated singular integral form

(10) Moyl @)= [ Ja =) S

[t]<1

This more general situation brings many complications for which new methods
needed to be developed; in particular, one finds oneself in a non-translation-
invariant setting, suggesting that one needs to go beyond Fourier-analytic tools.
A first step in this direction was made by Nagel, Stein, and Wainger in [98],
where they obtained an L? result in the special case of some smooth variable
curves v.'0 Their approach relied on T'T* methods. This work was greatly
extended in the deep study of [18]. Other extensions to more general con-
texts such as nilpotent Lie groups or integral operators arising from the study
of boundary-value problems in connection with the 9-Neumann problem for
strongly pseudo-convex domains were already discussed in the “Singular os-
cillatory integrals on nilpotent groups” subsection above. All of these results
relied on various curvature and smoothness conditions.

In an effort to unify and extend many of the above themes one could aim to

(i) require minimal or no smoothness in the z-parameter, or
(ii) preserve smoothness but drop the curvature condition in the t-parameter.

The various possible combinations of the presence of one or both of the
above items give rise to a new class of problems, which generally are signifi-
cantly more involved than the problem described above and for which there is
presently no satisfactory answer. To understand the relevance and difficulty of
some of these classes of problems we list here several important examples; for
simplicity, we focus only on the case n = 2 and hence = = (21, 72) € R?%:

Ezample C.1: The case y(x,t) = (t,v(x)t). This is one of the most strik-
ing examples. Let us assume first that we only have (ii) above and thus presume
v is sufficiently smooth. For v analytic, Bourgain ([12]) proved LP bounds on
(9),'* while the analogous result for the Hilbert transform was proved in a
slightly more general context by Stein and Street in [112].

Assuming now that both (ii) and (i) are present, the story is as follows: If
v(z) = v(x1,22) = v(r1) is a function of only one variable and only assumed
to be measurable, then the L?-boundedness of (10) is equivalent to Carleson’s
theorem on the pointwise convergence of Fourier Series discussed in Exam-
ple A.1. (This equivalence is almost immediate and can be found for example
in [70].) More general LP bounds—but still not within the fully expected

0Note that here it is essential that ~(x,t) be smooth not just in the ¢t-parameter but also
in the x-parameter.

1 Strictly speaking his result is for p = 2, but the extension to the case 1 < p < oo is more
or less standard.
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range 1 < p < oo—were only recently obtained in [5] and [6]. Other similar
but slightly more general results (i.e., addressing a Lipschitz perturbation of a
single variable vector field) can be found in [51] and [52].

Regarding the general setting of genuinely two-variable vector fields wv,
it is a well-known fact that mere measurability, or even a-Holder continuity
with any a < 1, is not enough to guarantee any LP bounds'? for either (9) or
(10). The difficult and long-standing open problem of whether or not Lipschitz
regularity'® of v is enough to imply any non-trivial LP bounds for (9) is often
referred to as the Zygmund conjecture. The analogous problem for the Hilbert
transform (10) was raised by Stein and is currently also widely open. As of
today, the best general'* regularity result is due to Lacey and Li ([69]), who via
time-frequency analysis proved—using only measurability assumptions on v—
LP control for p > 2 over the Hilbert transform restricted to annuli. As a
consequence of this last result, in [70], they proved a conditional result of the
following flavor: if a suitable Kakeya-type maximal operator obeys appropriate
bounds then, assuming that v has C'*€ regularity, one has that H () is bounded
on L2(R?). For more on all these, we invite the reader to consult [69], [70] and
[6] and the bibliographies therein.

Ezample C.2: The case v(z,t) = (¢, v(z)t?). In this situation we com-
pletely remove item (ii), reimposing a non-trivial curvature in ¢. If v is only
assumed to be measurable, then LP bounds with 2 < p < oo are known to be
true for (9) ([90]) and to fail for (10) ([58]). If v is Lipschitz, then LP bounds
for the full range 1 < p < oo hold for both M, ([53]) and H,) ([28]). Notice
again that if v(z) = v(z1) is a measurable function of only one variable, then
the L?-boundedness of (10) is equivalent to Stein’s result ([118]) discussed in
Example A.3. above.

Ezample C.3: The case y(z,t)=(t>_1<5<4vp(21) %) with deN, d>2 and
vg measurable functions. This represents a natural attempt to unify Examples
C.1 and C.2 in terms of the t-variable behavior, at the price of restricting the
z-dependence of the vg’s to only the first variable. Based on our comments
above, one can easily see now that the L? bounds of (10) in this setting are in
fact equivalent to the Polynoimal Carleson conjecture stated the beginning of
our paper for the case n =1 and p = 2.

The case v(x,t) = (t, 22§5§d05(m1)t5) for both (9) and (10) within
the maximal range 1 < p < oo was very recently solved by the author in
[87]. In the same extensive study we provide a new method for approaching

2Excepting of course the trivial case p = oo for the operator defined by (9).

13With suitable smallness condition on ||v]|Lip-

147 e., with no extra assumption that v be essentially a Lipschitz perturbation of a single-
variable vector field.



THE POLYNOMIAL CARLESON OPERATOR 57

several classes of singular integral operators in particular including the one-
dimensional Polynomial Carleson with no linear phase case addressed by Stein
and Wainger in [121] and discussed earlier within Example A.4.

1.4. Further motivation: a wave-packet analysis perspective. Our discus-
sion in this subsection aims to classify/group various families of operators

depending on their behavior relative to the following fundamental classes of
15

symmetries:

e Translations:

(1) (@)= fz—y), acR;

e Dilations:

(12) Dyf(x) == A% f(Az), A€ Ry;
e Generalized modulations of order j, j € N:

(13) My, f(z) = 6% f(), aj €R.

We end this introductory commentary by stating the following guiding
heuristic:

A HEURISTIC SYMMETRY PRINCIPLE: The classes of symmetries of an op-
erator are responsible for the nature of the approach [techniques to be involved
in the analysis of its boundedness properties. Following this line, loosely speak-
ing one observes a correlation between the richness of the class of symmetries
obeyed by an operator and the difficulty of proving its boundedness proper-
ties, due to the fact that one’s approach must be invariant under the operator’s
symmetries.

Below, by gradually increasing the complexity of our objects, we discuss
several fundamental classes of operators.

1.4.1. Calderén—Zygmund theory (wavelets): Hilbert transform. As is well
known, the classical Hilbert transform over R, deﬁned as

(14) /fx dy

is the only L?-bounded linear operator (up to hnear combinations with the
identity operator) that commutes with translations and dilations, that is,
(1) Hry = 7,H,;
(2) HD) = D)H.

The LP-boundedness, 1 < p < oo, of the Hilbert transform is due to
M. Riesz ([107]), and over the years several other proofs have been found. A
particularly suggestive approach studies the action of the Hilbert transform
over a wavelet system, using as an intermediate step the existence of wavelet

5Below one may consider f € Li . (R).
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systems that form bases for L?(R). Recall that a wavelet system may be
generated by the discrete action of dilation and translation symmetries on a
single function, that is, { Do i}k jez With ¢ a suitable smooth function on R.

It is precisely this symmetry of the Hilbert transform with respect to the
translation and dilation actions generating wavelet bases that gives symbolic
value to the wavelet-based study of the Hilbert transform, thus confirming the
principle stated above. In this sense, one can view the wavelet theory as a
dyadic framework for Calderén—Zygmund theory.

1.4.2. Standard/linear wave packet analysis (modulation invariance): (1)
Carleson operator. Over R, the Carleson operator

o]
(15) Cf(a) = Craf(w)i=sup | [ 72 (o~ y)dy
aeR R Yy
can be rewritten as!'®
(16) Cf(z) = Sup My H M, f(x)],
ac

where throughout the paper we denote the adjoint of an operator T' by T™*.

It is now easily observed that the Carleson operator is a maximal (sublin-
ear) operator that commutes with translations and dilations and is invariant
under modulations. That is, beyond commuting with translations and dila-
tions as in (1) and (2) above (with H replaced by C), the Carleson operator
obeys the further symmetry
(3) CM, =C.

Based on our symmetry principle, this suggests that any method one
chooses to prove the L? (weak) boundedness of C' should remain invariant
under such symmetries, in particular, under the standard modulation symme-
try. This was indeed the case in [15], where Carleson developed—in disguise—a
time-frequency analysis of the “adapted” Fourier coefficients of the input func-
tion of C.

The same heuristic principle was later utilized explicitly by C. Feffer-
man in his influential new proof of Carleson’s result ([36]), where he intro-
duced the wave-packet discretization of the Carleson operator. Mirroring the
wavelet approach in the Hilbert transform setting, Fefferman used elemen-
tary building blocks consisting of wave-packets, that is, objects of the form
{M,2-iDgjTip}a i jez, Where again ¢ is a suitable smooth function over R.

Consequently, from the above description of the work in [15] and [36],
we see that the natural framework for standard time-frequency analysis lies

16For notational simplicity we refer to modulations of order one as simply “modulations,”
and instead of M , we simply write M,.
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within wave-packet theory, which in turn relies on the action of the three
relevant symmetries: dilations, translations and (standard) modulations.

1.4.3. Standard/linear wave packet analysis (modulation invariance): (2)
Bilinear Hilbert transform. Consider the Bilinear Hilbert transform B, defined
a priori for Schwartz functions f, g € S(R) by

a7) B(fo)e) = [ 1o —0gta+0)F

This bilinear operator appeared in Calderén’s study of the Cauchy integral on
Lipschitz curves ([14]). In this context, Calderén conjectured that B maps
boundedly LP x L9 — L" whenever 1 < p, ¢ < co and * > + 1

One of the key insights in approaching this problem is to reahze that the
Bilinear Hilbert transform shares many similarities with the Carleson operator
above. Indeed, in addition to the by now standard symmetries of commutation
with translation and dilation, one also has the modulation symmetry given by

(18) B(Mafa Mag) = MZaB(f7g)'

Applying thus the heuristic principle from above, one expects wave-packet
analysis to play a key role in this problem. The confirmation of this fact came
n [71] and [72], where Lacey and Thiele proved that Calderén’s conjecture
holds under the supplementary restriction r > % (Despite sustained effort,
the remaining case % <r< % is still open.) Using the time-frequency tools
developed in these papers, they were able to give a third, concise, proof of

Carleson’s theorem ([73]).

1.4.4. Higher order wave packet analysis (generalized modulation invari-
ance): (1) Trilinear Hilbert transform. After the Lacey—Thiele breakthrough,
a series of papers (e.g., [94], [95], [93], [24], [23]) extended the modern time-
frequency framework to many other classes of multilinear operators motivated
by applications to (mainly) ergodic theory and non-linear scattering theory.
However, in all these papers, the underlying common feature is that any of the
treated operators are at least “morally” invariant under translations, dilations,
and linear modulations. For this reason, these problems could be successfully
addressed by the standard wave-packet theory developed for treating the Car-
leson operator and later the Bilinear Hilbert transform.

However, the situation changes if one proposes to investigate the bound-
edness of the so-called Trilinear Hilbert transform

(19) T(f,g,h) /f 2+ 1) gz + 20) h(x—l—St)Cit

The motivation for considering this object goes well beyond naturally general-
izing the operators introduced in Sections 1.4.1 and 1.4.3, as can be witnessed
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by the deep connections with the fields of number theory, additive combina-
torics, and ergodic theory discussed in Section 1.4.7 below.

The main question for the Trilinear Hilbert transform (19) is whether
T maps LP x LY x L" — L° boundedly with the expected Holder condition
% + % + % = % and 1 < p, q, r < oo with, say, s > 1. Nothing is known about
this question except that, if one drops the condition s > 1, there exist negative
examples for suitable choices of p, ¢, r, and s as shown in [22].

A primary source of difficulty for this question is that 7" has more sym-
metries than those already mentioned: in addition to the translation, dilation,
and linear modulation symmetries, 1" also obeys a quadratic modulation sym-

metry; that is, for a € R,
(20) T(M2,3afv M2,73ag> M2,ah)(x) = MQ,a T(f7 g, h) (33‘)

Thus, according to our symmetry principle, the standard wave-packet theory
is not efficient in this setting since the (linear) wave-packet framework is not
invariant under quadratic modulations. Indeed, all previous attempts to ap-
proach this problem with only linear wave-packet theory have failed. Thus,
developing a higher-order wave-packet theory that, in particular, includes qua-
dratic wave packets, seems a natural enterprise toward a better understanding
of this problem.

1.4.5. Higher order wave packet analysis (generalized modulation invari-
ance): (2) Polynomial Carleson operator. Recall the one-dimensional Polyno-
mial Carleson operator (of degree d € N)

(21) Canf(z) = sup /R e"Q(y);f(:v—y)dy .

QEQqa,1

We immediately notice that our Polynomial Carleson operator enjoys transla-
tion, dilation, and linear modulation invariance, thus obeying all the prelim-
inary conditions that point towards a wave-packet methodology in the treat-
ment of this operator. However, one further notices that if d > 2, then beyond
the previous symmetries, the Polynomial Carleson operator Cg is further
invariant under the action of higher-order modulations (see (13)) given by
{Mjﬂj }jE{Q,””d}. Thus, based on our earlier considerations, it seems natural
that a successful approach to Stein’s conjecture on the LP-boundedness of the
Polynomial Carleson operator should involve higher-order wave-packet theory.
As we will see, this is indeed the case; in our proof of the one-dimensional case
of this conjecture we develop a new way of representing and understanding the
time-frequency representation and interaction of higher-order wave packets.
We stress that our analysis of the Polynomial Carleson operator (including
here the Quadratic Carleson operator partially treated in [81]) represents the
first step in the present literature in passing from the (standard) linear to the
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higher-order wave-packet approach. With respect to the hierarchy of symmetry
complexity, the Polynomial Carleson operator is one level up relative to the
standard Carleson operator or the Bilinear Hilbert transform, while, if we fix
d =2 (n = 1), the Quadratic Carleson operator Cy; obeys similar symmetry
invariances with the Trilinear Hilbert transform.

Finally, a word of caution: while the symmetry complexity paradigm serves
as a helpful heuristic in understanding the level of difficulty and the nature
of the approach involved in bounding certain operators, this hierarchy need
not be taken ad litteram. Indeed, the deeper structure of a given operator
may reveal several other subtleties that significantly impact the difficulty of
addressing the operator’s boundedness. For example, such subtleties likely
render the problem of the boundedness Trilinear Hilbert transform extremely
difficult and, in particular, likely more challenging than the boundedness prob-
lem solved in this paper for the Polynomial Carleson operator Cy ;. This is
the case even though, for large d € N, the Polynomial Carleson operator has
more symmetries than the Trilinear Hilbert transform. As a consequence, the
Polynomial Carleson operator could be regarded as an intermediate milestone
between our understanding of the Bilinear and the Trilinear Hilbert transform.

1.4.6. Wawve packet analysis in higher dimensions: Triangular Hilbert trans-
form. In this section we address the topic of multi-dimensional wave packet
analysis in the context of “highly” singular integral operators. This is a very
recent direction in the area of time-frequency analysis that complements the
aforementioned discussion revolving around singular multilinear operators in
one dimension. While time-frequency (wave-packet) analysis has been previ-
ously applied to higher-dimensional cases—see for example the discussion on
the Carleson operator in R™ detailed in example A.2. of Section 1.3—these ap-
plications treated only integral operators having kernels with low-dimensional
singularity (e.g., higher-dimensional Calderén-Zygmund kernels), for which
one can essentially apply or extend one-dimensional time-frequency techniques
with no major difficulties.

To clarify the above, we take as a prototype for our discussion the fol-
lowing family of (n + 1)-linear forms (dual to n-dimensional n-linear Hilbert
transforms):

S S dt
(22) A§07~~~7§n(F0"“’Fn) ::/ /HFj(x_Bjt)tdx’
R Rj:O

where here n € N, n > 1, Bj € R", and Fj € S(R™).
The main question in this context is whether there exists

n
1
(23) 1 <pj <oo with g — =1
j )
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for which the following holds:

o (B0 Bu) Sy HHFHLPJ(W

Formulated in [66], this is a remarkable, dlfﬁcult problem about which

(24) |A =

little is known, and nothing outside very special cases; see [25], [33], and [66]. In
discussing its relevance, we will follow [33] and [66] and show that the question
of the validity of the estimate (24) encompasses all the classes of problems
discussed within Sections 1.4.1-1.4.5. Further motivation for considering the
problem (24) comes from ergodic theory and will be discussed in the next
section.

The extremely broad nature of this problem can be seen in the following
observations:

e The case n = 1 trivially covers the boundedness of the Hilbert transform
discussed in Section 1.4.1.

e The case n = 2 (for f5;’s in general position) is wide open and, if proved
affirmatively, recovers the uniform bounds for the one-dimensional bilinear
Hilbert transform defined in (17) and treated in [80] (see also [45]).

e For the same case n = 2, it turns out that the bound in (24) is equivalent—
with the same constant—with the corresponding bound for the so-called
Triangular Hilbert transform defined by

d(z,y, 2)
r+y+z

which further implies suitable LP bounds for the Carleson operator. At this

(25) AA(Fo,Fl,FQ) = /Rg Fo(l',y) Fl(y,z) FQ(Z,LL‘)

point it is worth saying that controlling the L? bounds of A gives, via the
method of rotations, further control over the less singular expression studied
in [25] and defined by

(26) ABoBlBQ(FOaFlaFQ / / HF (Z — B, t) K(t) dt d7,
R2 JR?

where in this case B; € M3(R) and K is a 2-dimensional Calderén-Zygmund
kernel.

e The case n = 3 encapsulates as a particular case the Trilinear Hilbert trans-
form introduced in Section 1.4.4.

e Finally, for general n € N and suitable particular choices of {Fj}?:m the
bounds in (24) are equivalent to the corresponding LP bounds for the Poly-
nomial Carleson operator.

1.4.7. Wave-packet analysis: connections with number theory, additive
combinatorics, and ergodic theory. We end this extensive motivational chapter
of our paper with a concise discussion of the deep interconnections between
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wave-packet (time-frequency) analysis and fields such as number theory, ad-
ditive combinatorics, and ergodic theory. More precisely, our discussion will
focus on the relationships between

e on the one hand—as part of (higher order) wave-packet analysis—the prob-
lems of the boundedness of the Bilinear and Trilinear Hilbert transforms
(see Sections 1.4.3 and 1.4.4) and that of the Triangular Hilbert transform
(see Section 1.4.6); and

e on the other hand—as part of number theory/additive combinatorics—
problems of counting additive patterns in subsets of integers (Roth’s and
Szemerédi’s theorems on arithmetic progressions) and the deeply interre-
lated problems—as part of the ergodic theory area—of the behavior of
Furstenberg’s non-conventional averages and of the pointwise convergence
of bilinear Birkhoff averages for two commuting measure-preserving trans-
formations.

I. Counting additive patterns in sets. We start our journey with the fol-
lowing famous theorem of Roth ([108]): if A C Z has positive upper density,
then A contains infinitely many arithmetic progressions of length 3. This can
be seen as a particular case of Szemerédi’s theorem ([123], [124]) asserting that
under the same hypothesis A contains infinitely many arithmetic progressions
of length k for any k& > 3.

Now both Roth’s and Szemerédi’s theorems rely on a certain dichotomy
between (pseudo-)randomness and structure. Indeed, assuming without loss of
generality that A C Zy := {1,..., N} with |A4| = 0N for some fixed ¢ € (0,1),
the schematic idea is as follows: On the one hand, if A is “close” to a random
set, then one expects to have roughly §* N2 k-term arithmetic progressions
contained in A. On the other hand, somehow resembling in spirit Freiman’s
celebrated sum-set theorem ([39], [40]), a non-random set is expected to have
a certain amount of additive structure. In this situation, one can exploit this
structure and restrict the discussion to a long arithmetic subprogression of Z
on which A has higher density. The desired conclusion is obtained by iterating
this argument.

In order to better expose some interesting connections with wave-packet
theory, we will now very briefly outline the above d-density argument via a
Fourier-analytic approach that also reveals the parallelism between the proofs
of Roth’s and Szemerédi’s theorems.

We start by mentioning that both proofs rely on the study of the k-linear
form

OO Ml b J) = 5y 30 Fi@) fale ) fela+ (k= 1)),

T, rELN
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where for each 1 < j <k, f; : Zy — C. Observe!” that for f; = 14, the form
Ar(14,...,14) represents the N2-normalized number of k-term arithmetic pro-
gressions in A.

Now coming closer to time-frequency themes, notice that (27) is related
to the single-scale discretizated version of the dualized form attached to the
Bilinear Hilbert transform in (17) for £ = 3 and to that of the Trilinear Hilbert
transform in (19) for k = 4.

Assume first that £ = 3. Then, via a standard computation, one obtains

(28) Ag(1a,14,14) = 1a(0)® + ) Ta(€)*Ta(—28) =: I + II.

£#0
As it will soon turn out, I represents the dominant term and I an error term.
It can now be easily seen that I = 63, thus matching the heuristic expected
number of 3-progressions for a random set. In treating the second term we
have two possible scenarios:

e The pseudo-random scenario: for all & # 0, one has [14(£)] < %. In
this situation via Parseval’s identity one immediately gets that I < %,
from which one deduces |A3(14,14,14)] > %, thus obtaining the desired
conclusion.

e The structured scenario: there exists £ # 0 such that [T4(¢)| > %. In this
case 5We have that the inner product of 14 against the linear Wave—p%cktzt

e N is large, or equivalently that 14 correlates with the character e v .
As a consequence A must be biased along a suitable arithmetic progression
of length ~ §2v/N on which A has density at least § + %, thus yielding a
% density increment of our set.

The proof of Roth’s theorem is completed by iterating the above algorithm:
if at some point we land in the random case, we are done; otherwise, the density
must increase successively, eventually reaching 1, at which point the statement
of the theorem is trivially satisfied.

We pass now to presenting a brief outline of Gowers’s proof of Szemerédi’s
theorem ([43], [44]), so k > 4. As in the discussion above, setting fa :=
14 — d1z, , we proceed by estimating

(29) Ap(1a,...,14) = Ak(dlsz"w(leN) + Other Terms =1 + I1.

We notice that I = §* while IT consists of 2 — 1 terms involving at least one
copy of fa. The main challenge at this point is to find the right substitute for
the dichotomy presented in the case k = 3 that relies on (the lack of ) correlation
with a linear wave-packet. This was solved in [43] and [44] by introducing the

"In the reasonings immediately below we denote by f the discrete Fourier transform of
f on Zn and by 14 the characteristic function of A.
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key concept of (Gowers) d-uniformity norms | - ||;7«, the definition of which
we omit for brevity. Following this, one has that I1 can be bounded by an
expression involving || fal|yx—1. With these observations, one has

e The pseudo-random scenario (or equivalently A is k — 1-uniform): || fal[¢x—1
< ¢(6). In this situation, for ¢(d) small enough, one gets that |I1| < % and
thus Ag(la,...,14) > %, finishing the argument.

e The structured scenario: || fallgx—1 > ¢(d). This is a much harder situation
to analyze; unlike the k = 3 case, here one cannot derive a bias of A against
a linear character, but rather one hopes that A correlates with a higher-
order wave-packet.'® This latter claim may be seen as a manifestation of
the so-called inverse conjecture for the Gowers norms (see [48], [49]). As
it turns out, Gowers’s original approach requires only a weaker form of the
above conjecture still suffiecient to isolate polynomial patterns, which, via
an exponential sum argument, produce the desired density increment on a
subprogression of Zy, thereby finishing the inductive step.

II. Furstenberg’s mon-conventional averages. The aim of this subsection
is to give a very succinct account of some of the interesting interconnections
between wave-packet analysis and ergodic theory. We start our discussion by
introducing a parallelism between the following two categories of objects:

e Multilinear Euclidean averages:

(30) Tﬁ,R,T,n(fla s 7fn . 27‘ /t|<r Hf] CE + aj

where here n € N, @ = (a1,...,a,) € R", 2, t € R, r > 0, and f; € L*°(R)
for1 <j<n.
e Multilinear ergodic averages:

(31) TE,X,N,n(flw . afn)(x) : 2N—|— Z HfJ SaJ x

[II<N j=1
19

where here (X, o, u,S) is a dynamical system,”, @ = (ai,...,a,) € Z",

ze X, N,neN, and f;j € L>®(X) for 1 <j <n.
As it turns out, the problems regarding the behavior of (31) as N — oo,
specifically norm or almost-everywhere convergence, are related to the bound-

edness properties of the maximal operator associated to (30), that is, TEi]R n =

¥Notice here the similarity with the increased complexity of the symmetry behavior of
the Trilinear Hilbert transform as compared with that of the Bilinear Hilbert transform,
discussed in Sections 1.4.3 and 1.4.4.

9That is, (X, o, i) is a complete probability space with an invertible bimeasurable trans-
formation S : X — X such that uS™' = pu.
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sup,~q |74 Rrn|- Indeed, standard transference results establish an equivalence
between the boundedness properties of T . and those corresponding to 77 y , .

Now in the Euclidean setting, Stein’s maximal principle ([115]) reveals
that in many relevant instances the almost-everywhere convergence of (30) is
in fact equivalent to obtaining suitable weak LP(R) bounds for the maximal
operator T g,R,n' Consequently, the almost-everywhere convergence of (30) for
suitable f; € LPi(R) is usually derived by applying the following strategy: one
first proves weak LP(R) bounds for Tan( fi,..., fn) for a proper choice of p
and f; € Cg°(R) (with the norm depeﬁdent only on || f;l|1»;(w)), followed by a
trivial density argument.

In the ergodic theoretical setting, though, the situation is significantly
more delicate since there is no direct analogue for the dense subclass C§°(R).
Thus, in this instance, one first needs to prove an almost-everywhere conver-
gence result for Tz x nn(f1,- -, fn) for f; € L°°(X), and only after that extend
the convergence result to f; € LP7(X), once one shows that T3 v (f1,..., fn)
(or equivalently TZ%p (f1,..., fa)) obeys suitable LP! x ... x LPn to weak LP
bounds for a prope} choice of p> 0.

Finally, it is worth mentioning that one can circumvent the lack of the
density argument counterpart in the ergodic theoretical setting if one is able
to replace the weak L” bound of T . (fi,- .-, fn) by a suitable L¢ variational
norm estimate for Tz g ;.- o

Below we analyze several interesting cases:

e n = 1 (linear averages): In this situation, the almost-everywhere conver-
gence of (30) as r — 0 is equivalent to Lebesgue’s differentiation theorem,
and it follows directly (as well as the norm convergence result) from the
Hardy—Littlewood maximal theorem, which states that the maximal oper-
ator T p, is bounded from LP(R) to LP(R) for any 1 < p < oo and for
p = 1, maps L'(R) into LV*°(R). On the ergodic theoretic side, the L?
norm convergence of (31) is the celebrated von Neumann mean ergodic
theorem, [99], while the almost-everywhere convergence result is known as
Birkhoff’s pointwise ergodic theorem ([10]). As mentioned in the introduc-
tory discussion, the almost-everywhere convergence of (31) needs first to be
established for L>°(X) functions, followed by the bounds on T} y,; obtained
via transference from the Euclidean counterpart.

e n = 2 (bilinear averages): In the Euclidean setting, the central operator
that governs the almost-everywhere (and trivially the norm) convergence of
(30) is given by the (Sub)Bilinear Maximal operator

Ms(fr, f2)(2) := T3 R o (f1, f2)(2)
(32) _ 1

’ filx + a1 t) fo(z + az t) dt|,
t|<r
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which is simply the maximal analogue—for arbitrary @ € R? (with a; #
az)—of the Bilinear Hilbert transform defined in (17). One can obtain via
standard results for the classical Hardy—Littlewood maximal operator and
interpolation that My maps LP'(R) x LP2(R) — LP(R) for % = p% + p% <L
Using subtle wave-packet techniques in the spirit of those implemented for
its singular integral counterpart (17), M. Lacey proved in [67] that the
previous range of Ms can be extended to the situation % = p% + p% < %,
1 < p1, po < oo. As in the case of the Bilinear Hilbert transform, the
complete possible range % < % = p% + p% < 2 remains an interesting difficult
open question.

In the ergodic setting the (L2-)norm convergence can be seen as a very
particular?’ case of the result obtained by Conze and Lesigne in [19], while
the almost-everywhere convergence result of the averages in (31) was first
obtained by Bourgain in [13] for fi, fo € L% (X), which as usual can now be
extended to more general LP spaces based on the bounds obtained for Ms.

Finally, it is worth mentioning that both Bourgain’s result in [13] as well
as its singular ergodic variant—namely, the almost-everywhere convergence
of the so-called Ergodic Bilinear Hilbert transform—can be proved via wave-
packet analysis intertwined with suitable variational estimates, as shown by
C. Demeter in [21].

General n > 2 (Furstenberg averages): In the Euclidean setting, it is shown

in [24] that the maximal operator T . is bounded from LP! x- - -x LP* to LP
for % = p%%—- . -—l—pin < % and 1 < p; < oco. In the ergodic realm, letting a; =
j, the averages in (31) are referred to as Furstenberg averages and appeared
naturally in the context of Furstenberg’s recurrence theorem ([41]), which

essentially states that for any f # 0, f > 0 almost everywhere, one has

(33) lim inf /X Ty xxn(foeens f) fdu > 0.

N—oo

This was used to provide a different proof of Szemerédi’s theorem on arith-
metic progressions, (([123], [124])), discussed in the previous section. The
L2-norm convergence of (31) (also extendable to LP, 1 < p < o) was proved
independently by Host and Kra ([55]) and Ziegler ([127]). The correspond-
ing problem for almost-everywhere convergence is still wide open for n > 3.

We end this subsection by mentioning that there are many other inter-

esting works that further exploit the deep connections between wave-packet
analysis and ergodic theory, including the so-called return times theorem ([11],

[23]), as well as extensions of the expressions in (30) and (31) to averages along

cubes (see [55] and [24]).

20For more on this, see the next subsection.
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III. The problem of two commuting transformations. Building upon the
above discussion of multiple ergodic averages, one can switch the focus to
the situation in which the averages involve more than one transformation.
Concretely, taking n = 2, and assuming S, U : X — X are two p-preserving
transformations that commute, i.e., US = SU, one is prompted to study the
behavior of

N-1
(34) Tyxaso(f,0)@) = Y f(5'5) g(U's)
=0

for f, g: X — C measurable, n € N, and = € X.

Conze and Lesigne ([19]) proved the L?-norm convergence of (34) for f, g €
L*>°(X); their result can be extended to the LP case for f € LP*(X), g € LP2(X),
and % > p% + p% with 1 < p < oo. Higher-order variants of (34) are also known
to converge in norm due to the work in [125], [4], and [126].

The other direction, concerning the almost-everywhere convergence of
(34), constitutes one of the fundamental open problems in the area. Only
very particular results are known, such as the special case U = S~! (with S
invertible) due to Bourgain in [13]. This last result was later reproved (and
strengthened quantitatively) in [30] using wave-packet (time-frequency) tech-
niques in order to control a suitable variational norm of Ty o g g-1-

Returning to the general norm-convergence setting, very recently, the au-
thors in [33] were able to obtain a parallelism with part of the results in [19],
by proving quantitative bounds for a suitable variational norm involving the
L? norm differences for Tx n2,s50- Interestingly enough, via Calderén’s trans-
ference principle, the latter problem is reduced to the task of obtaining the
analogous variational norm estimates for an averaging operator that shares
many similarities with the Triangular Hilbert transform in (25). It is worth
mentioning that the proof of this result is based not on wave-packet analysis
but rather on techniques that resemble the energy methods in partial differen-
tial equations and that involve integration by parts, positivity arguments, and
the Cauchy—Schwarz inequality.

Finally, notice that, via the Triangular Hilbert transform, one is able to
establish an interesting link between two major open problems: on the ergodic
theoretical side, the problem of the almost-everywhere convergence of the bilin-
ear averages for two commuting transformations and, on the harmonic analysis
side, the problem of the boundedness of the Trilinear Hilbert transform.

1.5. Structure of the paper. Next, we briefly outline the structure of our
paper:
e In Section 2 we establish notation and present the general procedure of
constructing our tiles.
e In Section 3 we elaborate on the discretization of our operator Cy ;.
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e Section 4 is dedicated to the study of the interaction between tiles where
some key concepts—the density and the geometric factor of a tile/pair of
tiles—are introduced.

e In Section 5 we develop a local analysis methodology that is foundational
for our approach and present a philosophical outline of the proof of our
main result. The reader who is interested in capturing the essence of our
argument with minimal technicalities should thus consult this section.

e The new discretization algorithm of the family of tiles is worked out in detail
in Section 6.

e Next, in Section 7, we present the main definitions and reduce the Main
Proposition to two auxiliary propositions, Proposition 1 and Proposition 2.

e Section 8 deals with the proof of Propositions 1.

e Section 9—the most technical one—prepares the ground for the proof of
Proposition 2.

e Section 10 addresses the proof of Proposition 2 while Section 11 is dedicated
to some final remarks.

e In the appendix we include several useful results regarding the distribution
and growth of polynomials.

Finally, given that in many respects [36] and [81] can be regarded as a
foundation for this paper, when possible, we have chosen to preserve here the
notation, definitions, and general structure of those earlier works.
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2. Notation and construction of the tiles

We start by introducing the corresponding canonical dyadic grids on?!

[0,1) = T and on R. Throughout the paper the letters I and J refer to dyadic
intervals corresponding to the grid associated with T while the Greek letters
al, ..., o with d € N a fixed parameter, stand for dyadic intervals associated
with the grid in R. All the dyadic intervals considered in this paper are of the
form [k277, (k + 1)277) for appropriate k, j € Z.

A tile P is a (d + 1)-tuple of dyadic intervals, i.e.,

(35) P=[a'a?% ..., a% 1], st. [of| = |II"Y, je{l,...,d}.
For notational simplicity, we will often refer to P = [a!,a?,..., 0%, I] as P =
[@, ], where here @ = (al,a?,...,a%).

The collection of all tiles P will be denoted by P.

Now, for each tile P = [@, I], we will associate a geometric time-frequency
representation, denoted with P. The exact procedure is described in several
steps:

e For I above, we set z; = (z},2%,...,29) € T? to be the d—tuple defined
inductively as follows: :r}, x% are the endpoints of the interval I, and then,

for larger d, the remaining points are successive midpoints of the intervals

1 2
resulted at the previous step(s). That is, if d > 3, then z3 = ;5142_351 is the
1 3
mid-point of I; next, if d > 4, :c‘} = %Qﬂ is the mid-point of the left half

2
+z7

of I; next, if d > 5, w‘r} = ﬁT is the mid-point of the right half of I and
so on until we reach the d-th coordinate.

e Recalling that Qg stands for the class of all real polynomials of degree at
most d, we make the following conventions: If not specified, ¢ will always
designate an element of Q4_1, while @ will refer to an element of Q;. When
appearing together in a proof, ¢ will designate the derivative of Q.

o We define

Qi 1(P):={q€ Qu1|q(x]) €’ Vje{l,....d}
and set the notation

(36) g€ P ifand only if ¢ € Qq_(P).

%7 %)—When appear-

ing in the definition of the Polynomial Carleson operator, or [0,1)—when referring to the

Z1Depending on our convenience the symbol T stands for either [—

discretization of our time-frequency plane.
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e With all these done, we define
(37) P :={(z,q(z))|z €I and q € P}.

The collection of all geometric tiles P will be denoted by P.
For each tile P = [@,I] = [a!,a?,...,a% I] € P, we associate the “central
polynomial” qp € Qg1 given by the Lagrange interpolation polynomial:

d
d [[=1(y— )
kot

(38) ap(y) = 3 —F—c(ad).
j=1 22(1131_%)

Observation 1. Remark that, due to Lemma C in the appendix, one may
think of P as roughly being the |I|~! neighborhood of the graph of the “central
polynomial” gp restricted to the spatial interval I.

Now, if I is any (dyadic) interval, we denote by c(I) the center of I.
Let I, be the “right brother” of I, that is, the interval having the properties
c(Iy) = c¢(I)+|I] and |I,| = |I|; similarly, the “left brother” of I will be denoted
I with ¢(I;) = ¢(I) — |I| and |I;| = |I|. If a > 0 is some real number, by al we
mean the interval with the same center ¢(I) and with length |al| = a|ll; the
same conventions apply to intervals {a*};.

In the following we will also work with dilates of our tiles: for ¢ > 0 and
P =[a'a?,..., 0% 1], we set aP := [aa’,ac?, ..., aa?, I]. Similarly, we write

aP :=aP = {(z,q(z)) |z €I and q € Q4_1(aP)}.

Also, if P C P, then by convention aP := {aP | P € P}; similarly, if P C P,
then aP := {aP | P e 77}.
For P = [@, I], we denote the collection of its neighbors by

N(P):={P =[a1]|a* € {oF, oF of} VEke{1,...,d}}.

r

Assume P = [&@, Ip]. We define
(39)

17 3 3 17
Ipe = |el(lp) — “H\Ip|, e(Ip) — o|1pl ) U [elIp) + S11el, e(le) + 11|

and let
“
(40) Ips =: U .
j=1

be the partition of Ip+ into dyadic intervals of length |Ip|.
Also we let

(41) Ip :=17Ip.
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In many of the situations, for notational simplicity, we will abuse notation
and identify??> P = [@, Ip] € P with its correspondent representation P € P.
Similarly, we will often identify P* with its geometric representation P*, where

(42) P*:={(z,q(x)) |z € Ip- and q € P}.

Throughout the paper p will be the index of the Lebesgue space LP and,
unless otherwise mentioned, will obey 1 < p < oo. Also, p’ will be its Holder
conjugate (i.e., % + ]% = 1), while p* := min(p, p’).

For f € LP(T), we denote by

M(x) = sup|}| /I £l

xzel

the Hardy-Littlewood maximal function associated to f.

As in [81], for x € R, we set [z] := 1+1|m|.

For A, B > 0, we say A < B (respectively A > B) if there exists an
absolute constant C' > 0 such that A < CB (respectively A > CB); if the
constant C' depends on some quantity 6 > 0, then we may write A <s B.
If C~'A < B < CA for some (positive) absolute constant C, then we write
A~ B. Also we write A < B if and only if there exists a large constant, say
C > 100'% such that A < O'B. Similarly, we write A <4 B if and only if
there exists c(d) > (100d)'%°¢ such that A < c(d)B.

Throughout the paper, the parameters n = n(d), c¢(d) designate positive

numbers depending on d while ¢ stands for a large positive number; all these
are allowed to change from line to line.

3. Discretization

Our goal in this section is to present the discretization of our Polynomial
Carleson operator on the torus?® defined by

(43) Canf(x):= sup / €W cot(my) f(x — ) dy|.
QeQ41 | JT

In what follows, for notational simplicity, we will refer to the operator Cy 1 as T'.

In direct connection with the discussion in Section 1.4, we start by em-
phasizing the group symmetries of 17" as displayed in the following relation:
(44)

Tf(x)= sup [Mig,... 7Md,adHM1*@1 e ,M;yadf(xﬂ = sup |[Tof(z)],
ai,...,ag€R QeQq

22There should be no confusion as the precise meaning should be clear from the context.

#3Both for continuity of historical lineage (see [15] and [36]) as well as for clarity of
exposition we present our proof on the torus as opposed to the real line. However, the latter
situation follows similarly with no significant modifications.
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where {Mj o, }jeq1,....ay 18 the family of generalized modulations, defined in (13),
H is the periodic Hilbert transform, and?*

(45) Tof(a) = [ @000 cot(my) f(a ) dy,
T

with @ € Qg given by Q(y) = Z;lzl a; Yl
Next, up to easily controlled smooth error terms, (45) can be written in

an equivalent form as®®

. 1
(46) Tof(e) ~ [ B9 fy)
T r—y
where we recall that in the above ¢ stands for the derivative of Q.
Now linearizing the supremum in 7', we write

(47) Tf(x) = To, f(z) = /T dUre L pyay,

rT—Y

where Q,(y) := Z;-lzl aj(x) y’ with {a;(-)}jeq1,.qp measurable functions and
qz is the derivative of Q,, that is, ¢, (t) = %Qx(t) with f; Gz = fyx q.(t) dt.

Further, proceeding as in [36] and [81], we define ¢ to be an odd C*
function such that

(48) supp ¥ C{y € R|2 < |y| < 8}

and

1
= ly) VO<|y <L,

Y k>0

where by definition 1y (y) := 2¥(2Fy) with k € N.
Using this, we deduce that

(19 The) = YT =Y [ il - y) f) dy
k>0 k=0T
Now recalling (36), for each P = [@, I] € P, we set
(50) E(P):={x€I|q €P}.
Also, if |I| = 27% (k > 0), we define the operators Tp on L?(T) by

61 s = { [0 ) £ dy xan)

24Given the existence of the supremum in the identity (44), we can replace the phase
function Q(y) appearing in (43) by Q(x) —Q(xz—y). The convenience for this change becomes
transparent in (46) and extends throughout our later reasonings.

Z5Throughout the paper, we ignore possible absolute constants multiplying the kernel of
our operators.
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Notice that if Py := {P = [@,I] € P||I| =27%}, then for fixed k € N,
the set represented by
{E(P)}pep,
forms a partition of [0,1), and so
Tif(x)= > Trf(x).
PEP(k)

Consequently, we have the ezact discretization?®

(52) Tfx)=) Tif(x)=) Trf(x).
k>0 PeP
This ends our decomposition.

We finish this section with the following

Observation 2. Here we record two facts that will be very useful in our
later reasonings:

e For a tile P = [@, Ip], based on (39), (48) and (51), we deduce that
(53) supp Tp C Ip and  supp Tp C Ip-,
where here T} denotes the adjoint of T'p.

e Taking D to be the smallest integer larger than 100d log,(100d) and splitting
D—1
P=J UPuwnis:
§=0 k>0
we can assume from now on—after conveniently identifying P with one of
P p4j)—that the following scale separation condition holds:

if P; = [d;,1;] € P with j € {1,2} such that |[I;]| # |2, then either

4
G L1 <270 () or || < 2°P |1y).

4. Some preliminary elements about tiles

A key task in this paper will be to prove the L?-boundedness of T,
which, via standard reasonings, amounts to understanding the operator norm
| T*| 12 2.2 Appealing to (52), we notice that

(55) T3 =Y (Th £, T3, f).

P1,PeP

26Without loss of generality, throughout this paper we assume that P is finite.

27 As often encountered in analysis, taking the adjoint of an integral operator offers some-
times the advantage of working with a smoother kernel—this being precisely the motivation
behind using here the identity | T||z2 -2 = [T L2 r2-
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In this way, we are naturally led to considering the interactions

(56) (Tp, 1,75, f),

thus motivating our present section.

Our main purpose will be to show that the operator discretization in Sec-
tion 3—which is fundamentally based on the relational perspective introduced
in [81]—is designed such that the interaction in (56) is controlled by a suit-
able defined density of the sets F(P;) and E(P,), and by the appropriately
defined normalized distance between the geometric representations of our tiles
Pl and ]52. The concrete realization of this is encapsulated in the main result
of this section given by Lemma 1 below.

To that end, we will first need to introduce some quantitative concepts
that are adapted to the information offered by the localization of {Tp, } jc(1 2

4.1. Properties of Tp and Tp. In this section we very briefly record the
time-frequency localization properties of our elementary building blocks, which
should be regarded as a weighted®® generalized wave-packet decomposition of
our operator T'.

For P = [@,I] € P with |I| = 27%, k € N, we have

x) = el(f;qz) 7 — -
- 7of@) = ([ vl — ) F5) dy ) (o) (@),

Thf(x) = /T e W)y (y — 2) (xpep) f) () dy.

As will be soon revealed, as a consequence of Lemma 1 below,?’ we have that3’

e the time-frequency localization of Tp is “morally” given by the
geometric representation P;

(58) e the time-frequency localization of T is “morally” given by the

geometric representation P*.

4.2. Factors of a tile. In this section we introduce two important concepts
that will impact our understanding of the interaction in (56).
For a tile P = [d, I], we define two quantities:

Z8Relative to the information carried by the sets E(P), P € P.

This is the essence of the relational perspective introduced in [81], namely to under-
stand the time-frequency localization of a function/operator in L?*(R)—in our context T f—
depending on how it interacts via the scalar product with similar nature exterior objects,
i.e., by analyzing the size of the interaction <T1’Sl [, 15, f> This contrasts with (while in
the standard situations recovers) the classical approach that determines the time-frequency
portrait of T f by simply studying the L°°-size distribution of Ts f and f}:f, respectively.

30 At this point it is worth recalling the geometric interpretation of P as given by Obser-
vation 1.
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(a) An absolute one of analytic nature.?!

We define the density factor of P to be the expression
_1B(P)
1]

(59) Ao(P) :

This definition is motivated by the fact that Ag(P) determines the L?
operator norm of Tp. Indeed, one immediately has that

(60) ITpfll2 < [Ao(P)]2 [|f]l2,

and moreover, that ||Tpl|a 2 & [Ag(P)|2.
(b) A relative one of geometric nature, as follows.

Suppose first that we are given g € Q41 and J an interval (not necessarily
dyadic); we introduce the quantity

ist”
(61) Ag(J) = d,f,,(qo)

where, for q1, g2 € Q4-1, we use the notation

dist* (g1, ¢2) == sup {disty(q1,92)} and disty(q1,q2) == |q1(y) — q2(v)].
yE

Observe that we have the following monotonicity property:

(62) Ji € Jy implies Ay(J1) < Ay(J2).
Now we define the geometric factor of P with respect to q as>?
(63) A,(P)],
where
(64) A(P) = int A,y (Ip).

The motivation for this last concept arises from the geometric control—
obtained via a Van der Corput type lemma—offered by

[ K. p(2)] Sa [Aq(P)]4,

where here K, p(z) := (f ety ae=fydl Yr(z —y) dy) Xep)(r) with |Ip| =
2% is a fundamental expression directly linked®* with the study of (56).

=

31This is inspired by the mass quantity introduced by C. Fefferman in [36].
32Recall that given z € R, we let [2] := ﬁ
33For the explicit relationship, see the proof of Lemma 6 and (274) therein.
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4.3. Normalized distance between two tiles. Our aim in this subsection
is to properly quantify within the time-frequency plane the relative distance
between two given tiles P and P;. This will be encoded into a concept that
naturally extends the geometric factor introduced in (63) above and whose
motivation stays on similar grounds.

In what follows, we will only consider the non-trivial case I, NIy # 0:
also, throughout this section, for notational simplicity, we set Ip, =:11, Ip, =: 1.

Definition 1 (Geometric factor associated to a pair of tiles). Given two
tiles P; and P», we define the geometric factor of the pair (Pi, P2) by

[A(Pla PQ)—| )

where??

inf g, ep, (supyefmf2 disty(q1, Q2))
APy, Py) = —22
’ ' |f1 N fg’_l

Definition 2 (Interaction polynomial). For P, and P, as above, we let the
(P, Po)-interaction polynomial be

(65) 41,2 = qp, — qp;-

Observation 3. With this notation, using the results in the appendix and
assuming without loss of generality that |I;| > |I2|, we have that

[A(PL, Po)] mg max {[Ag,, (P2)], [Aqp, (P} ~a [Aga(I2)].
Once at this point we are ready to state the main result of Section 4.

4.4. Control over the interaction between two tiles. With the previous no-
tation and definitions, we have

LEMMA 1 (Tile interaction control: preliminary version). Let Py, Py € P.
Then, we have

L Jeey 11 ey 19l
max (|11, [I2])

(66) {(Tp, [, Th, )| Sa [A(PL, P2)]
or, equivalently,

[ 2] |4
67 To, T3, S {‘ el

We will postpone the proof of this lemma for Section 9.2. In fact there we

} [A(Py, Po)]d Ag(P1) Ag(P).

will prove a more refined version of Lemma 1, namely, Lemma 6.

34Recall here the following notation: fj = ipj :=17Ip;, where j € {1, 2}.
35Notice the central role played by the newly introduced concepts of density and geometric
factors.
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5. Philosophy and outline of the proof:
a paradigm shift—from global to local analysis.

This section explains the general philosophy behind the proof of our Main
Theorem.

5.1. Reduction to the Main Proposition: informal. Our main goal in this
paper is to prove the boundedness of the expression

68) | Tlooser = IS Tollznosie = IS Thll g = 17" s

PcP PcP
for any 1 < p < oo, where here we used (52).
For expository reasons, throughout most of this section we set p = 2. As

a first step in evaluating ||7%*||;2_,r2 it becomes natural to group the terms

<Tj§l [T, f > according to their magnitude. By inspecting (66) and (67) we

deduce that this magnitude depends on two types of parameters:

o the density factors Ag(P;) and Ag(P2), which, as mentioned in Section 4.2,
are of an absolute nature reflecting strictly the magnitude of the associated
operator norms {||T]§j||L2»—>L2}jG{1,2}; and

e the geometric factor [A(P;, P2)], which quantifies the relative geometric
position of the tiles P; and Ps.

Accordingly, we are invited to decompose the family

(69) P=Jr.=JP;

such that, informally, one has that each P,

e consists of tiles with uniform density factor ~ 27";36

e can be written as (J, P}, where, for each P}, there exists ¢, , €
Qq-1 such that [A,, (P)] ~ 1 for all P € P},. Notice that for
any Py, P, € P! with Ip, N Ip, # (), we have [A(Py, )] ~ 1.7

(70)

Assuming now that we have been able to rigorously shape both (69) and
(70), our goal will be to prove the following:

MAIN PROPOSITION. Fizn € N. Then there exists a constant n = n(d) €
(0, %) depending only on d such that

(-1
(71) |71 Spa 2700,

for all f € LP(T) and 1 < p < oo.

37This accounts for the absolute nature of Ag(P), which does not interact with the envi-
ronment exterior to P.

38Each such family P/, is essentially a tree—a tile-geometric structure that is the elemen-
tary building block in any modulation-invariant problem.
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If we believe this for the moment, then our Main Theorem immediately
follows. Indeed, applying (52), (69), (71) and the triangle inequality, we have

— 1-L
77, < 3757 pa 32 5l S 151,
n n

However, it turns out that rigorously realizing the decomposition (69) is
quite subtle. In particular, each of the desired properties in (70) presents its
own challenges:

e First, the concept of the density factor of a tile is too rough. In-
deed, there is no connection between two tiles being geometrically
“close” (i.e., [A(Py, P;)] ~ 1) and the relative magnitude of their
density factors. This affects the geometry of the trees P, C P,
since we cannot guarantee the convexity®” of each P, which turns
out to be essential. The solution to this is the introduction of a
smoother, weighted density factor called the mass of a tile.

e Second, we have no a priori control on the structure of P,, that
is, on how many trees {P) }, can sit above a given spatial loca-
tion. This latter aspect is encoded in the behavior of the so-called
counting function Np, whose growth control is directly related
with a good bound on HTP”pr as desired in (71).

Thus, in order to speak meaningfully about the partition (69) and about
the ideas behind the proof of the Main Proposition, we need to take a detour
and elaborate more on the concepts of mass of a tile and the counting function.

5.2. FEstablishing a perspective: from global to local properties. In this sec-
tion we take a comparative look at how the concerns raised in (72) have been
addressed over time. As we will see, this brief account is suggestive of how
the evolution over the concepts of mass and counting function inform both the
features of the decomposition (69) and the treatment of 77" f.

5.2.1. Historical context. We start our analysis with Fefferman’s approach,
in which our present methods are rooted.* In [36], Fefferman smooths out the
term Ag(P) by introducing the mass A(P) as follows: if P = [, I] € P, then*!

[E(PT)]

/
P'=[a/,I']eP ‘I |
cr

(73) A(P) := (A, PHY.

39For the explicit definition of convexity, please see the third item in Definition 8.

49Throughout this discussion we use the terminology introduced in this paper and consider
only the linear-phase case, that is, d = 1.

“IHere N € N is some fixed large natural number.
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This definition addresses the first challenge of (72); indeed, one can now see
the desired smoothing effect: if P} < Py, then A(Py) > A(Ps).
With this problem settled, one can now go ahead and partition

(74) P = JP, with P,:={PcP|AP)c (2" 2 "]}

The crux of Fefferman’s argument in estimating the quantity ||77|| £2(0,1]
(see Main Lemma, Section 6 in [36]) relies on the following implicit underlying
estimate??

2
(75) 1T fllrzqop S log(L+ [Ne, |z (o)) (ggg A(P)) 1 £1l 2 (j0,17)

where here Np, =Y pepmax X1, (%) stands for the counting function associated
to the maximal tiles*® in P, with the density factor > 2~™. Notice that (75)
clarifies precisely the meaning of the second item in (72). In order to exploit
(75) we have to control ||Np, || by excising the “exceptional” set A,, on which
Np, is large. Thus, instead of (71) (for p = 2), the corresponding estimate in
[36] reads

(76) |77 ]

oAy ~ (0B E) 272 a0y

where here for an arbitrary K > 1 one sets A,, := {z € [0,1] | Np, (z) > K 22"}
and uses the trivial bound [|Np, [11]0,1) < 2" in order to obtain the smallness
property |A,| < 27" From this, taking E = (J, 4,, we deduce |E| < +,
while from (76), the triangle inequality, and Chebyshev’s inequality, for any
6 > 0, we conclude

2
(77) e TITI@I > ) S 18+ BEED 1.
Finally, a variational argument relative to K gives ||T| ;21 < oo, which
together with an application of Stein’s maximal principle ([115]) implies the
weak-L2-boundedness of T. The other known approaches to the Carleson op-
erator ([15] and [73]) similarly require the removal of exceptional sets, and thus
they are also limited to only establishing L? to L*»* bounds for 7.

We end by saying that the same types of difficulties (and more) are en-
countered in establishing general LP-boundedness for 1 < p < oco. Indeed,
all the previous treatments of the Carleson operator had to account for the
presence and then, at the expense of extra technicalities, the removal of such
exceptional sets in order to conclude that T" maps L? into LP**°. Accordingly,
it is natural to ask whether one can establish the strong-type boundedness

42For more on this estimate, the reader is invited to consult the fourth item in Section 11.
43For the unfamiliar reader, please see Definitions 4 and 5 in Section 7.
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of T from LP to LP directly without appealing to weak-type estimates as an
intermediary and with minimal recourse to interpolation arguments.

Motivated by the discussion above, in what follows we introduce a method-
ology whose aim is to

e provide sharp estimates adapted to spatial locations;

e climinate the usage of exceptional sets; and

e provide in a unified manner the full strong-type boundedness LP range,
1 < p < o0, for the (Polynomial) Carleson operator.

5.2.2. Local analysis: intuition. The above contextualization sets the scene
for the new perspective introduced in the present paper, which develops a local
analysis tailored to the two key concepts of mass and counting function. The
story below unravels the intuitive trajectory followed by the author in building
the proof of the Main Proposition and should be viewed as a brief and heuristic
preview of the elements that will be introduced with successively increasing
degrees of rigor within Sections 5.3, 5.4, and 6.2.

We begin by noticing that the approach reflected by (75) has, via the mass
and the counting function defined in [36], a global character:

e A(P) picks the largest density factor of P’ weighted relative to P as P’ runs
through the set of all tiles at smaller scales |I’| obeying the natural condition
I' O I. Consequently, (73) cannot offer any precise information about the
spatial location that contributes the most to the magnitude of A(P).

e Np, collects the data from all the maximal tiles within P,, thus again of-
fering no information about where in space the magnitude of Np_ becomes
suitably large. Such information, however, is a key element in the hope of
circumventing the exceptional set analysis.

In this light, we adopt an approach of child-like scrutiny: “What if in (75),
instead of ending our reasoning by merely discarding the set A,, where Ap, is
large, we were to continue our analysis by (1) first examining the structure of
the family P,,(A4,,) of tiles that have their spatial intervals within A,,, then (2)
properly designing a local version of (75) adapted to the location A,,, and then
(3) iterating this process until we exhausted the whole family of tiles P,?”
Heuristically, this approach accounts for a stopping time algorithm that at
each level [ € N takes as its input a union A!, C T of disjoint intervals and a
family P, (AL) of tiles with spatial projection within AL, and outputs a new
“exceptional” set ALt1 C Al together with the corresponding collection of tiles
P, (A1) and an updated P, (AL) := P24 (AL )\ P, (A1), The hope is that this
iterative process will yield a collection of localized operators {TP”(AIH)}I such
that (1) their sum recovers the full operator T77; (2) each piece T n(4n) satisfies
a “local version” of (75) incorporating a corresponding local counting function

whose L norm is suitably controlled; and (3) the size of |]TP"(A£L)||L2(A1+1) is
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“much smaller” than [|[7%»(4n) [2(aL), thus indicating that {TF»(A)}, forms a
family of almost orthogonal operators.

In order to advance toward formalizing this approach, it becomes natural
to search for ways of expressing the local behavior of the counting function Np,
and the mass A(P). Turning first towards Np, , we decrypt its local properties
from the structure of its level sets. A simple but important insight is that

(78) {z | Ne, (z) > (K + L)2"}] < % {z | Ne, (z) > K2}

for any K, L > 10, which, via the John—Nirenberg inequality, can be seen
as a direct manifestation of the fact that AMp, belongs to dyadic BMO with
N, IBMO, < 2™. Moving a step further in this direction, one is thus invited to
run a stopping time algorithm adapted to the level sets of Np, , which produces
the collection of sets {Z!}; with Z! the maximal interval representation of
Al = {z|Np, () > In2"}. (This is an informal and heuristic description
of the creation of the intervals in (80), whose rigorous construction is more
involved and will be introduced in Section 6.2 below; see also Observations 4
and 9.) From (78) one infers that {Z\}; forms a sparse collection of intervals
(this corresponds to relation (80b))—which will be crucial in achieving the
almost orthogonality mentioned above.

The intervals J € Z! will serve as the relevant spatial locations in our local
analysis. Once at this point, we introduce the concept of mass adapted to 7,
denoted A5(P), and then design the family of tiles IP,,(J) such that (1) for each
tile P € P, (7J), we have A5(P) ~ 27"; (2) we achieve an effective L> control
over the corresponding local counting function Np, (3); and (3) we end up with
a partition of the whole family of tiles P = |J,, Pn = U,, U, 5ez1 Pn(J). (These
itemized features are encapsulated in (82)—(84) below.) Within this framework
we obtain the following localized version of (75):

2
HTPH(S)JC‘LQU)Slog(l"i'HNPn(j)HLm)( sup A(P)) 171123y

(79) PEP,(3)

Sn272 ”f”m(ﬁ)a

which provides the desired control over the components {TP "(3)}3. This is
the point that marks the trade-off between the process of localization and the
excision of the exceptional sets.

Finally, using the aforementioned sparsity of the collection {Ifz}l together
with the local control obtained in (79), one can show the alluded almost or-
thogonality of the pieces {TP”(A%)}Z, where TPn(An) = Zjelfl TP This in
turn implies the strong L? global estimate for 7.

In light of the above, our proof for the case d = 1, p = 2 can be heuristically
thought of as a local modeling of Fefferman’s approach in [36].



THE POLYNOMIAL CARLESON OPERATOR 83

5.3. Polynomial Carleson: key elements in our local analysis. With the
high-level preview of our approach completed in the previous section, we in-
crease our level of rigor and introduce in a more formal manner the five key
ingredients on which the proof of our Main Proposition will be based:

e The collections of stopping-time intervals {Z}; ,en obeying

— for each I, n € N the family Z! consists of (maximal) disjoint
dyadic intervals such that for any lg, ng € N one has

(80a) UUTQUjandUUTQUS;

n<no Tl JeT}, >lo TeTl, JeTho

(80) — each interval in I,lfl is a child of some interval in Ifl;
— the collections {Ifq}l,nEN obey a Carleson packing condition, or
equivalently, form a sparse family of intervals, i.e.,

1
~ 1 ~
(80b) V3e U Z,, one has Z T < 3 3]
I,neN TCT
TeLJl,?‘LEI\]Z-£L
e The concept of mass adapted to an interval: for 7 C T a dyadic interval
and P = [a,]] € P with I C7J, we set

E(P'
(81) A3(P):=  sup ‘(7,)’ [A(1op, 10P)]Y,
P'=[a',I'le P |I’
ICI'CY

where here N € N is a fixed large natural number.
e The associated families of tiles {P,(Z%)}; nen such that
— by definition Pp(Z}) := Useqt Pr(J) with

~Y B~ IPQJ,IPQU%I;H(I .
(82) Pn(J) = {P = [OdP,IP] S ]P)’ Aj(P) c (2_,,1’ 2—n+1] )

— the associated local counting function is under good control, i.e.,

(83) VeeT Np,g)(z):= Z xip(z) Sn2",

P=[ap,Ip|ePmax(T)

where here P"®*(7) stands for the collection of tiles that are maximal
within P, (J);
— the families {P,,(Z%)}; nen form a partition of P with

(84) P = JPu(Z)) =) | Pn(3) and P=| P,

leN leNjeTh neN
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e Good local control: for any I, n € N, J € T}, and 1 < p < oo the following
holds:**

(85) suppT’? C 3 and supp TP C g
and
-
p
(86) ||TP"(j)f||LP(J) Sp ( sup AJ(P)) £l £ (3)-
PeP,(3)

o The localized support estimates (local non-concentration): for any ¥ € 77,
Je 7!l withl <rand 1< p< oo, we have

1
T\ »
(87) 1T £l o3y Sp 1IN @)l 3) <|’J\|> £l e ()
and
T\
k P
(88) | 7% () Fle ) Sp IV, @)l 2o 3) (!’3!) 1l o ()

At this point, based on (52) and (84), we remark that

(89) TRf =YY 10y

leN JeTl

The above ingredients constitute the key foundational elements for the
entire edifice of our paper. In the remaining subsection we will integrate these
elements into a simple but powerful framework within which the proof of our
Main Proposition opens up.

5.4. A Carleson Embedding principle for linear operators. In this subsec-
tion we present a general principle that might be of independent interest and
that provides a natural framework for the proof of our Main Proposition:

THEOREM (A Carleson Embedding principle for operators). Let S be a
linear operator from* LO(T) to L%(T) and 1 < p < oo a fized parameter.
Assume that the following hold:

44Gtrictly speaking, in the initial decomposition we only have the tamer relations
supp 77" C F and [T f||1r 3y Sp 9 (1-3%) | fllLr() for some n > 0. However,
one can partition each P, (J) into < n terms of the form Py, 5 (J) U Py 44(J) such that the
normal component 7% »m(3)_Jater called an (2"-separated) L>-forest (see Definition 10)—
indeed verifies the sharp desired relations, while the boundary component TFn.ba(T)__referred
to as a sparse L™ -forest (see same definition)—may be regarded as an error term. Thus, for
expository reasons, for the remainder of this section we will assume without loss of generality
that for every J € Z4, Pp(3) = Pppm (J).

“SHere L°(T) stands for the space of Lebesgue measurable functions acting from T to C.
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e (sparse collection of intervals) there exists a collection T of (dyadic) intervals
in [0, 1] obeying the Carleson packing condition

1
(90) vieI ) ISI<5[3l;

TCT
TET

e (discretization subordinated to Z) there exists a collection of linear operators
{S5}3ez for which the following hold:
— (good local control) there exists C > 0 such that for any J € T,

(91) 1S5 fllze < C |l fll e )
and
(92) supp S5 CJ and supp S5 CJ;

— (local non-concentration) there exists D > 0 and pu € (0,1] such that
for any ¥, 3 € T with ¥ C T, the following holds:
<

T\
(99) 1921 < D (1) 171
and
* B i #
(94) 15 e < D (51) 11y

— (sparse representation) the operator S may be written as

(95) S=>5

Jel
Then

C D
(96) 1Sfllze Sp n log(1 + 5) Iflle-

COROLLARY. (1) Let T be any given sparse family of (dyadic) intervals
within [0,1] and 1 < p < oco. For f € LP(T) and J € I, we set Syf =
% x5 and simply define Sf := 3 5.7595f. One can easily check that all the
hypotheses above are verified, while the conclusion can be seen as a variant of
the classical Carleson Embedding theorem—hence the name of our principle.
(2) The main model serving as a prototype for the above principle is of course
the Polynomial Carleson operator. Indeed, one can easily notice that each of
the elements introduced in Section 5.3 (representing the quintessence of Sec-
tions 9 and 10 below) has a direct correspondent in the conditions imposed in
the hypothesis of our principle. Indeed, fixing n € N and 1 < p < oo, and
stmply taking

(97) Sf.=TFf,

we see that (90) is satisfied for T = \J; I} (recall (80)), and with Sy(f) :=
_ 1

TP ) £ one further has that (91) is a reformulation of (86) with Cro = ,
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(93) and (94) are equivalent with (87) and (88) for D ~ n2" and j = m,
and (95) is a consequence of (89). We thus conclude that our Main Proposition
holds.

Informal proof. For expository reasons and given our main focus, we will
provide an informal proof of our principle in the specific case of the Polynomial
Carleson operator, so by assuming that S verifies (97). All of the below are
made rigorous in Section 10.2. The adaptation to the general case stated in
the above principle is straightforward.

We start with a simple observation: By applying the p}ggeonhole principle,
we can restrict our discussion to the subfamily of sets {Z," ln}l and thus, for

10
—in
notational convenience, re-denoting Z,;* by Ifl we obtain a specialized version

of (80b) that reads

1
(98) VieNandJ €T/, onehas Y [T[<—— |
TCT 27”
Terltl

Assume now for simplicity that p = 2. Then we claim that
(99) {TPn(j)}JGUZGNIL forms a family of almost orthogonal operators.

Indeed, (99) is a direct consequence of

e the local estimates (86) (for p = 2), which, put more simply, read*6
(100) ViLneN JeT, (TOf| 278 |Ifle

e the local non-concentration conditions (87) and (88), which via the sparsity
of the collection {Z!};cy encoded in (98) and an application of Cauchy-
Schwarz inequality, reads as follows: for any T € Z7, J € Z! with | < r,
either TNJ =0 or

1
Pp(3) ¢ P (T) 1T 2
(101) ‘<T 5T 9>‘ Sa <\3\> 1fllz2@) 9l L2(x)
S22y g lay
and
1
P (3)* ¢ Py (T)* %12
(102) ‘<T 5T g>’ Sd <m> £ lzz2@) l9lle (o)

<2700 fll 2y gl 22 o)

46Notice that due to (92) for Sy = 7" one can drop the restriction over the region of
integration on both sides of the inequality in (86).



THE POLYNOMIAL CARLESON OPERATOR 87

In effect, one can circumvent the almost-orthogonality argument from
above and use an approach that works directly for general p. Indeed, we
apply the following heuristic: (87) asserts the smallness of |77 f| (%) sub-
ject to the smallness of the output spatial support T relative to J, while (88)
asserts the same principle for the adjoint operator T' Pn(3)* . Since the output
support of the adjoint operator is equivalent with the input support of the
original operator, combining (87) and (88) and defining for each J € !, the
set Jp:=T\ Ufzezﬁjl T, we deduce that for any [ € N and J € T),, we have

TCT
(103) IT5O) £l 1o =y |3 TE" @ x5, fllz» + Error Term
and similarly

(104) T L 2 Ixa TP x5, fll 1 + Error Term,

Now fix 1 < p < 2, and assume without loss of generality that p’ € 2N.
(The more general situation follows a similar strategy via some minor but
unavoidable technicalities.) Now using ||T%%||,—, = | 75" ||y, We appeal to
(84)—(89), (103), and (104) to deduce

* ’ * o
|75 £ g/ = Z Z | 7P () ||Z, + Error Term

leN Je1l,
~\ ’
(105) ~ YD I TP x5, fII, + Error Term
leN 371,
Seo ) D ( sup AJ( )) 1xao b S 27 IFID -
leN :]e_’[l PGPTL

The argument for the case 2 < p < oo is quite similar, the only difference
being that instead of ||T%~" f Hg , one works with [|7%" f||b. This finishes the
heuristic, conceptual approach to our Main Proposition. [l

The grand scheme in approaching our Polynomial Carleson operator intro-
duced in Sections 5.3 and 5.4 is part of what we call a local analysis methodol-
ogy, which together with the Carleson Embedding principle stated above pro-
vides a general framework for treating operators within time-frequency area
that, loosely speaking, (1) admit a discretization into smaller, localized com-
ponents that are subordinated to a family of intervals obeying a Carleson
packing-type condition, and (2) on each such component one can exert good
local control.

As it turns out, this methodology has recently found other closely related
forms of expression with various interesting applications; for more on this,
please see the first comment in Section 11.
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Observation 4 (Road map to our proof).

We start by mentioning that the present Section 5 was added only after
the paper was accepted for publication, in order both to provide a better
intuition of the philosophy behind our proof and to properly formalize the
local (time-frequency) analysis methodology which—without being formally
stated in the initial version of our paper—was foundational for our approach.

In order to remain consistent with the original form of our paper, we have
preserved its presentation throughout the remaining sections. We stress
that aside from some different notation and terminology, the only distinc-
tion between the informal proof above and the formal one presented in the
remaining sections is that in the latter we regroup the stopping time inter-
vals {Z!}1nen at each level [ into stopping time sets {A” }, ,en, with the
latter representing faithfully the geometry of the level sets of some suitable
local counting functions.*” Consequently, all the definitions and reason-
ings that follow are adapted to sets representing unions of disjoint intervals
rather than simply intervals. That being said, here is the road map that
lays out the correspondences between the conceptual outline provided above
in this section and the rigorous proof contained within the next sections:

) The refined mass concept introduced in (81) corresponds to Definition 3.

) The algorithm for constructing the analogue of the collections of stopping-

time intervals {Z%}; ,en and the associated families of tiles {P,,(Z})}; nen is
presented in Section 6.2. The properties displayed in (80b)—(83) have their
analogues introduced—via Definition 7—in Section 6.2, see the description
given at Stages n.1 and n.2. Additionally, (82) corresponds to (150), (83)
corresponds to (148), while (84) is equivalent with (151)—(153).

The local estimate (86) essentially establishes LP control over an L*>°-forest
(see Definition 10), which is referred to as the Main Lemma for p = 2 (see
Section 10.1) and as relation (359) for general 1 < p < 2 with the obvious
correspondent for the remaining case p > 2 (see Section 10.2.2).

Relation (99) is the content of the proof of Proposition 2 for p = 2 treated
in Section 10.2.1, with (101) and (102) corresponding to (345) and (344),
respectively.

The localized support estimates (87) and (88) are a direct realization of
Lemmas 3 and 4 via an application of triangle inequality to the canonical
row decomposition of an L*°-forest.

Finally, the reasonings presented in (103)—(105) are rigorously formalized in
Section 10.2.2.

4TFor the exact correspondence, the reader is invited to consult Observation 9.
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In what follows we will provide the rigorous argumentation of the heuristic
proof of our Main Proposition above.

6. The partition of P

6.1. Preliminaries. Before describing our tile-partition process, we need
to introduce several concepts:

Definition 3 (Mass of a tile adapted to a given environment). Let A be a
(finite) union of dyadic intervals in [0, 1] and P be a finite family of tiles. For
P =[a,I] € P with I C A, we define the mass of P relative to the set of tiles
P and the set of spatial locations A as

B(P
(106) Ap A(P):=  sup E(P)] [A(0pP, 10P)]",
P/:[O_Z/,I/]Ep |I’
ICI'CA

where here IV € N is a fixed large natural number.

Next, we introduce a qualitative concept that characterizes the overlap-
ping relation between tiles.

Definition 4 (Aiming for “orderings”). Let P; = [a;,1;] € P with j €
{1,2}. We write
e P < P, if and only if I; C I, and there exists ¢ € P> such that ¢ € Pi;
e P, < P, if and only if I1 C Iy and for all ¢ € P,, we have ¢ € P;.

Additionally, we write Py < Py if P; < P, and |I;| < |I2|, and analogously
for <.

Observation 5. Notice that < is not a partial order relation while < is.
Also, based on (54) and Lemma C in the appendix, we deduce that P < P»
implies 2P; <1 2P.

In the following two definitions we elaborate on the “pseudo-ordering” <:
Definition 5 (Mazimal /minimal tiles within a given family).

(1) If P C P is a family of tiles with some prescribed properties, we say that
P € P is maximal (relative to P) if and only if

(107) VP €P st. P< P, wehave P=P.

(2) Similarly, if P C P is a family of tiles, we say that P € P is minimal (relative
to P) if and only if

(108) VP €P st. P>P, wehave P=P.



90 VICTOR LIE

Definition 6 (Incomparable and negligible families of tiles). We say that
P C P is an incomparable family of tiles if and only if

(109) V Py, P, € P distinct, we have Py £ Py and P, & P.

Also we call P C P negligible if P can be written as a union of at most ¢(d)
incomparable families of tiles.

We end this subsection with the following observation, which connects the
qualitative statement P; < P, with the geometric factor of the pair (P;, P2)—
which is of quantitative nature—and with the analytic behavior of the poly-
nomials belonging to {P;};, respectively:

Observation 6. Let Py = [d@1, Ip,|, P» = [d2,Ip,] € P. Then, the following
hold:
(1) If P, < Py, then A(Py, P;) = 0. Conversely, if A(Py, P2) =0, then 2P; <
2P,.
(2) If P, < P, then, as a consequence of Definition 4 and Lemma C in the
appendix, there exists c¢(d) € (0, (100d)?) such that
e there exists q; € P; with

(110) sup [lg2 = q1ll poo(7,, ) < (d) [p,| "
2P 2

e for all ¢; € P;, we have
(111) sup [lg2 — q1ll oo 7, y < (d) 1R
REP E

6.2. Tile partitioning: the stopping-time inductive algorithm. In this sec-
tion we present an inductive algorithm for partitioning our set of tiles into

(112) P=JP,
neN

with each P,, being a set of tiles of mass n relative to certain space regions.
Our algorithm will be based on a stopping time process involving the John—
Nirenberg inequality that is correlated with the level set analysis of various
counting functions. This process is constructive and is based on an ascending
induction over n.

Now before initiating our construction, we need to introduce the following:

Definition 7. Let A = |JA; and B = |J,, B, be two sets such that both
{A;}; and {By}i are collections of maximal (disjoint) dyadic intervals.
We write

(113) A<B

if and only if each A; is contained in some By,.
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Moreover, given an absolute constant ¢ > 0, we write

(114) A=<.B
if and only if 4 < B and for every By, the following holds:
(115) U Al <270B.

A;CBy,

Step 1. Construction of the family P1. This construction will proceed in
two stages:
e Stage 1.1 We define a sequence of nested sets { A¥}rcn such that
— A’f is a finite union of maximal disjoint dyadic intervals,
— Ak <, A% for some ¢ > 1 and any k > 1, and
— the L* norm of a suitable “counting function of order one” adapted to
A¥ is under control.
e Stage 1.2 For each set A¥ we define a corresponding family of tiles P;[A¥]
with the following two key properties:
— P1[A}] is a convex family of tiles—that is, if Py < P < P, with P, P, €
P1 [Alf], then P € P, [Alf],
— each tile P = [dp, Ip] € P1[A¥] has the properties

Ip C A¥ and Ip ¢ AVTY
(116)
-1

This being said, we are ready to initiate the following:

Stage 1.1: Construction of the sets {A¥}r>0. As mentioned earlier, we
apply an inductive argument.

1.1.1. Step k = 0. We define the set A} as
(117) AY:=10,1].

1.1.2. Step k > 1. Since the first step was already verified, we assume
that as the byproduct of the step k — 1 we obtained a set

k—1
AT,
which can be represented as a finite union of disjoint dyadic intervals.

e We start by identifying the collection of maximal tiles
(118)

PinaX[Alf_l] = {P = [O_ZP,IP] S ]P’\

P maximal |E(P)| 1
_1 and > 2 .
Ip €AY T7]

Remark that P@*[A¥~1] consists of incomparable tiles.
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e Next, we define
(119) Ci[AT7] = Z XE(P)
Peppax[Af 1]
and notice, based on the remark above, that
(120) Veel0,1] Ci[AF M (z) <1
e Define the counting function of order one adapted to A]f_l as
(121) N [AR1] = > X
Peppax[Af~]
From (120) we notice that N;[AY™!] satisfies the relation

> e |Ip|

k—1
peppax ab—1]

(122) INL[AY Y IBMOE = sup <9
Jdyadic |J]
70,1
e Now setting
_ 1 B Ny[AFT
(123) M4 suo, == sup / Ny [aky - LA
st M1 S 171

we deduce that

(124) INMUAT Y llBvo, < 2N AT lIBMoc-
e Applying the John Nirenberg inequality, for v > ¢||N1[AYY|BMoO,, We
have*?
(125) {eedl > x>} S27°)
IpCJ

pepmax(ak—l)
e Conclude that the set
(126)  Afi={z € [0, |M[AF (@) > ¢ JM[A T Imvioc )
can be written as a finite union of disjoint dyadic intervals with
(127) Ak <, AL
This process will end in a finite number of steps since the family PP is finite.

“Throughout the section the constant ¢ > 1 is an absolute constant that is allowed to
change from line to line.
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Observation 7. (1) Define PI"™ := (J;5 Pmax[ AN and let the global

counting function of order one be

(128) No= Y i

Peppax

Notice that as a consequence of the above construction, we have
(129)  sup INM AT [Bvoe S IIVlBMOG S sup IV AT oo 4t at1y S 1.
Thus deduce that if we set PRaX[AK] .= pmax[Ak] \ Pmax[AM1] and define
N1 [AY] .= Zpeﬁ{nax[Alﬂ X1Ip, then we have
(130) Sup IN[AT][ e S 1.

(2) For any 0 <! < k, we have that A’f - Al1 with
(131) AV <y e AL

Stage 1.2: Construction of the sets {P1[A¥]}1>1. As mentioned above, we
will associate to each of the sets within

{Af Yo,

constructed at Stage 1.1, a corresponding collection of tiles P [A’f]
Our construction process follows an ascending induction pattern.

e For k = 0, define
(132)  Pi[AS):=={P = [d@p,Ip] €P|Ip & A7 and Ap 4(P) € (271,2°]}.

e For general £ € N, we set

Ip C A} Ip ¢ AR
133 Pi[AY =P =[ap,Ip| €P = Ot .
( ) 1[ 1] { [ P P] | AP,A’;(P)G(Z 1’20]
e Finally, we now define the collection of tiles of mass (of order) 1 as
(134) Py := | Pu[Af].
k>0

Here the construction of the 1-mass set ends.

Step n. Constructing the family P,, n > 2. Following the above induc-
tive algorithm, suppose now that for ji, jo,...jn—1 € N and n > 2, we have

constructed the sets*?
(135) A AT AT,

As before, for the n'" step we will have two stages:

“9Throughout this section, if n = 2, then we decree A"~ '[A7" 7 . AI']:= AJ' with the

n—1 n—2"

obvious adaptations/correspondences for the other defined concepts.
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e Stage n.1: Define a finite sequence of nested sets

(b, )

k
such that .
— Ak[AI=) ) A7'] is a finite union of maximal (disjoint) dyadic inter-
vals;
— ARLAT o AT e AT AT AT,
— for any™® J C Af'l”_‘;Jrl[AzL”_‘;_‘i, ..., A'] dyadic interval and any s €

{1,...,n — 1}, we either have

J C AR[ATTL LAY

or
JNAR[AIL AT =,
e Stage n.2: For each set A* [Azl":f, cee A{l], construct a corresponding family
of tiles
Pu(AR[A7 - AT)
such that A ‘
— Pu(AE[AI} .. AY]) is a convex family;
— each tile P = [dp, Ip] € Po(AF[A"7!, ..., A]']) has the properties
Ip C AR[AI) ., AT,
Ip ¢ ABFL AT AT and also
136 ‘ 4 .
(136) Ip @ Alrstialst A Y se{l,...,n—1},
—-n ) ] —n+1
27" < AP,AMAZ’:I M’Ajll}(P) <2 .

Stage n.1: Construction of the sets {Aﬁ [Aj"‘1 e A{l]}keN.

n—1-
e As at Step 1, we will proceed by induction:
— When k£ = 0, we simply set
(137) AC[AIn L AT = A AT AT

n

— For k > 1, we assume we have constructed

AR Al AT

TR _ .
OIf s =n — 1, we set A TH[A? L A= AL

n—s—1-
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e Next we identify the collection of maximal tiles

Prax[ AL ATL AR =

n—1"

(138) Ip C AR-VAIE AT
P=dIp)eP| Ip ¢ Alrst Al A)] Vs <n
P maximal and E& 5 o-n
[1p|
e Define
(139)  CalAn AL AV = X s ity XB(P),
and deduce that

(140) Vael0,1], Co[A 1Al Al(x) < 27

e Define the counting function of order n adapted to
ARSI LAY

as

(141) Nn[AfL_l[A'Z:fll, ey A{IH = ZPE,PglaX[Alflfl[Ajn—l A{l]] Xfpv

and from (140) notice that
Ny [AE=T[Al 1 A e BMOp
with
(142) G [AF AT A lenoe < 2
e Now define the set
AR[AIL AR = e e [0,1) | N [AR T AT L AT ()
> ne | Na[AV A A lllsyoc b

and notice that via a John—Nirenberg argument similar with that in (125)

(143)

one gets that A [Afl":ll, ..., A7 is a finite union of maximal disjoint dyadic
intervals with
(144) AR[AT L AR < AR AT AT,

This process will end in a finite number of steps.

Observation 8. (1) Define
prec=) U Al A
k jlw--jnfleN
and let the global counting function of order n be

(145) No= > x1p

Pepmax
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Notice that as a consequence of the above construction we have

(146) LS INALAS[AT - ATl BMoe S W llBroe S 2
yJ1y - In—1

and, moreover, defining the set of tiles

PR Anl A s AT
= PrRALAT, o AP PRRATTATS - AL

n—17"

with the associated local counting function

(147) No[AB[AI LAY = > XIps
PePpax(AkA) ., AL
we have
(148) s NAARIATS s A e S 02
3 J1y ey In—1

(2) For any k,l,j1,...,jn—1 with k > [, we have that

(149) AR AN Sy [ARIATS - AP
Stage n.2: Construction of the sets {Pn[A’fL[AiL’ff, cey AJllH}keN'

e For k£ € N, we define

(150)
Pa[AR[AI) L AT

n—1>

Ip C AR[AID AT

PeP\UjZ P | Ip ¢ ﬁ%“[AﬁL"_‘f, AP

P = [dp,Ip] Vs<n Ipg AT A1, ..., A
A jn—l

0. (P 9—n_9-n+l
P,Ak[AT" 7,._’AJ11}( ) e (27, )

e Next, we set

(151) Po[A L AT =, Pa[AR[AT L AT

n
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e Finally, we define the collection of tiles of mass (of order) n

(152) Poo= |J Palal,..., A7
J1ye-Jn—1€N
Here the construction of the n-mass set ends.

Remark that, from the above algorithm, we have

(153) P=|JP.

n>0

This ends the partition of our set P.

Observation 9. In light of the second item in Observation 4 one can imme-
diately see the correspondences between the stopping time intervals {Z}}; nen
with their associated families of tiles {P,,(Z})};nen in Section 5.3 and the sets
A[-] with their associated family of tiles constructed in the present section. In-
deed, recall that (82) corresponds to (150), (83) corresponds to (148) while the
collections of intervals {Z},}; ,en may now be obtained from the sets A[-] by the
following procedure: Fix n € N, and denote by Al [Ai"__f, . ,A{l] the collec-
tion of all maximal intervals in the decomposition of the set A% [Afl":f ey A{l].
Then we set Z0 := [0, 1] and inductively, for general [ > 1, we define Ifz as the
collection of maximal intervals within

-1
JApiary,.... A\ |z
Js r=0

7. Reduction of the Main Proposition

In this section, we will show that the understanding of the operator asso-
ciated to the family P, (the subject of our Main Proposition) can be reduced
to the analysis of the operator associated to a forest—a better structured set
of tiles that consists of a suitable collection of separated trees.

7.1. Preliminaries. We first introduce the main concepts that will play
the central role in the analysis performed on the collections of tiles P,,, n € N.
Some of these have a direct analogue in the work of Fefferman [36].

Definition 8 (Tree). We say that a set of tiles P C P is a tree (relative
to <) with top Py if the following conditions®! are satisfied:
(1) If P € P, then 3P < 10P,.
(2) If P € P and P’ € N(P) such that 3P’ < 10P, then P’ € P.
(3) If P, P, €ePand PP <P < Py, then P € P.

51To avoid the boundary problems arising from the use of a single dyadic grid and from
the definition of our tiles, our reasonings will often involve a dilation factor of the tiles.
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Definition 9 (Sparse tree). Let C' > 0 be an absolute constant. We say
that a set of tiles P C P is a C-sparse tree if P is a tree and for any P =
(@, I] € P, we have

(154) door<cln.
P/'=[a',I'eP
cr

In our later reasonings, the specific value of the constant C' will be of no
relevance®? and thus we will simply refer to a C-sparse tree as a sparse tree.

Definition 10. [L*°-forest] Fix n € N. We say that P C P, is an L>°-forest
of generation n if and only if the following two conditions hold:

(1) P is a collection of separated trees; i.e.,
(155) P=JP
JEN

with each P; a tree with top P; = [@;, I;] and such that

(156) Vk+£jand ¥ PeP;, 2P 2P
(2) The P-counting function
(157) Np(@) = xi,(x)
J

obeys the estimate ||Np| - < 2m.

Further, if P C P,, consists only of sparse separated trees, then we refer
to P as a sparse L*°-forest.

Definition 11 (BMO-forest). A set P C P, is called a BMO-forest of

generation n or just simply a forest® if and only if the following hold:

(1) P may be written as
(158) P=JP.

JjeN
with each P; an L°°-forest (of generation n);
(2) for any P € Pj and P’ € Py, with j, k € N, j < k, we either have IpNIp = ()
or®4

(159) [Ipr| < 2775 |1p).

2 All the constants C' appearing in this context will be bounded by a positive absolute
constant possibly depending only on d.

53When the context is clear we may no longer specify the order of the generation.

54The base 2 here has no relevance. One could replace it with any ¢ > 1 so that (159)
transforms into |Ip/| < ¢ =% |Ip|. More generally, it is in fact enough for the collection {Ip, }x
to obey a Carleson packing condition.
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As before, if P C P, consists only of sparse L°°-forests, then, we refer at
P as a sparse forest.

Observation 10. Notice that if P C P, is a forest then, due to (159) above,
the counting function

(160) Np = Np,
j

obeys the estimate
(161) [NPlBMOe S 27,
whence the alternative name of the BMO-forest.

Also notice that if P C P, is a collection of separated trees, then P is
automatically a (BMO)-forest.

We can now provide the key statements on which the proof of our Main
Proposition relies. Their proofs will be the focus of the remaining part of the

paper.

PROPOSITION 1 (Control over a sparse forest). Let P C P, be a sparse
forest. Then there exists n = n(d) € (0, %), depending only on the degree d,
such that for any 1 < p < oo, we have

(162) |1T7(| Spa 9 (1=5)

PRrROPOSITION 2 (Control over a general forest). Let P C P, be a forest.
Then there exists n = n(d) € (0, %), depending only on the degree d, such that
for any 1 < p < 0o, we have

P —nn(l-=
(163) |||, Spa 277077,
7.2. Reduction of the Main Proposition to Proposition 2.

Aim: In this section we intend to show that, for a fixed n € N, the set P,
can be roughly decomposed into a union of ¢n forests for some suitable ¢ € N.
We start by recalling (150)—(152), from which we deduce

(164) Poo=|J | PalAblAl. A
k‘Ele,..-jn—leN
We now make the following
Claim 1. For each j1,...,Jn_1,k € N, the set
(165) PalAR[AT L AT

can be decomposed as a union of at most ¢n L*-forests (of generation n)
(166) {PrlARAT S o AT e ey

where here ¢ € N is some absolute constant.
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Observation 11. Notice that if we believe our claim for the moment, then
denoting

(167) Pr=J U PiAkAl,. A7,
k‘Ele,..-jn—leN

we have that Py is a BMO-forest. Indeed, this follows from the key condi-
tion (144) in our construction of tiles and from the fact that, as a consequence
of Claim 1, each PS[AR[AI' ... A]']] is an L*°-forest.

n—1-
cn
P S
P, =P,
s=0

we conclude that P, can be written as a union of at most cn forests as desired.

Thus, since

We start by recalling the construction from Step n and Observation 8 in
our previous section. Maintaining the same notation, assume we are given the

following:
e the set A]fL[Af;Z”‘__f, L A

e the set of tiles 73,1[14’;[14]‘"’1 e A{I]]v and

n—1-
e the set of maximal tiles Pmax[AF (AT .. ATY]).
We first notice that PRaxX[AR[AT! ... A{l]] represents the set of all the

n—1>

maximal elements P € PRax[Ak [Ail”_‘f, ..., A1']] such that Ufl(;)‘ >27" Ip C

AR[AI1 AT and Tp & ARTLAT L AT,
Next we recall the good L°°-control on the associated counting function

Ny [AR[AT AT as directed by (148).

n—1>
Throughout this section fix the values of k, j1,...,jn—1,7 € N. In what

follows, for notational simplicity, we will omit the dependence on the expression
AR[AI AT,

n—1-

Observation 12. The forest decomposition of P,—our main task in the
present section—relies on an algorithm that involves dilation of tiles. This lat-
ter fact is required by the presence of the so-called “boundary effect” emerging
from the construction of our tiles and whose manifestation can be seen in two
key instances: (1) designing the convex structure of a tree, and (2) creating
“spaces” (i.e., separation) among trees inside our family P,,.

The presence of the boundary effect in the context of the first item is a
direct consequence of the higher-order wave-packets involved in our problem,
which impose on our tiles a multi-interval frequency location, i.e., P = [&, ]
with @ = (a',a?,...,a%). As a side note, in the linear case d = 1 addressing
the classical Carleson operator (and hence standard wave-packet theory), the
first item does not raise any issue since in this situation “ <7 is a partial order
relation—unlike in the general case treated here (see Observation 5).
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Regarding the second item, the situation is as follows: Previously, in Fef-
ferman’s paper on the classical Carleson operator ([36]) this second item was
treated by taking averages of suitable model operators over a continuum of
shifted dyadic grids. A similar strategy was later pursued in [73]. In the present
paper, we introduce a novel feature by designing an algorithm that allows the
usage of a single dyadic grid °° in the discretization of our operator—thus elim-
inating the necessity of considering averages over model operators—at the cost
of appealing in our reasonings to tile dilations.”® This new algorithm, to which
the remainder of this section is devoted, incorporates with minor adaptations
Fefferman’s approach in [36] (covered here within (168)—(179)) and was first
developed by the author in [81].

As already mentioned in the above observation, the main challenge in
proving our claim is to form “spaces” among the trees. But for this, we will
need first to create the tree structures. Thus, our first step is to “stick” every
tile P € P, to a top (a maximal tile with respect to “ < ). More precisely,
we will proceed as follows:

Let Poax = { P; }j. As in [81], we define

(168) Pn:={PeP,|3 jeN st 4PaP;}
and further define the set
(169)

Cp = {P € P, | therearenochains P< P, <--- < P, & {Pj}?:l C P, } .
With this done, we claim that
(170) Pr\ Cp C P

Indeed, assume that P € P, \ C,. Then from (169) we have that there
exist {P;};_; C Py such that

(171) PSP < <P,
Then, since P, € P,, we must have

A P,) € (27, 27"t

IP,AZ;[Ajn_I A{l}(

n—1 "

and hence, from the definition of P2% and Definition 3, we have

(172) 3P e PP st. A(10P,, 10P) < 2W,

5This feature becomes of key importance in the study of the boundedness of the Carleson
operator near L' (for more on this, see Section 12 in [85]) with the latter theme being
discussed in the last item of Section 11.

56Hence for this second item, the presence of the boundary effect has to do with our
single dyadic grid discretization choice and not with the degree d involved in the higher order
wave-packet analysis.
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which, based on Lemma C in the appendix, implies

(173) sup g = @ll oo 7, y < 20 (100 d) |Ip, |12,
q%eﬁn
This last relation together with (171) and (111) gives us
(174) sup (g1 = qll oo 7, ) < 50 (100d) [Ip, | 7"
q1 6131 1
qer
Appealing now to (110) and making essential use of the second item in Obser-
vation 2, we have that

(175) dq€ P st. supqg— ‘7||L<>°(fp1) <50 (100d)% |Ip, |7t < |Ip| 7Y,
gep
which now implies that 4P < P, thus proving (170).

Now, defining the set D,, C C,, with the property P, \D,, = Py, we remark
that D,, breaks up as a disjoint union of at most n sets DL UD2 U ... U DI
with each D), being (recall Definition 6) an incomparable family of tiles. As
a consequence, D, may be written as a union of at most n sparse L°°-forests
and hence, assuming that Proposition 1 holds,?” we can erase this set from P,
without affecting our claim.

Thus, in what follows, it will be enough to limit ourselves to the set of
tiles P,, which for convenience we will re-denote by P,,.

Returning to our Claim 1, our aim is to show that

(176) Pn = Snjs
j=1

with each S,; an L*-forest of generation n.

Now set
(177) B(P):=#{j|4P 4 P;} ¥ P¢€ P
Notice that based on (148), (168), and (177) we have that
(178) Pp = [j Prj,
j=1
with"8

(179) Pnji={P P, |21 <B(P) <2}
and then j runs through the set {1,...,cn}.

5TNotice that Proposition 1 is just a very particular case of Proposition 2.
8Gtrictly speaking, from the construction of P, one deduces that Pn; = 0 if 27 > n2".



THE POLYNOMIAL CARLESON OPERATOR 103

In what follows, we will show that each set P,; can be written as
(180) Prj = Snj U Rnj,

such that

e S, is an L°°-forest of generation n;
e R,; is a negligible collection of tiles.

Observation 13. Strictly speaking S,,; as defined above is guaranteed to be
an L>-forest only if j = logn. For small(er) values of j, the counting function
associated with the separated trees within S,,; obeys only [N, |z < n2"77
instead of the desired estimate | Ns, [z~ < 2" that should be required ac-
cording to Definition 10. However the latter can be easily achieved by fur-
ther subdividing S, into at most ¢ g5 subfamilies with each being a genuine
L*>-forest. Alternatively, one can simply modify Definition 10 by allowing an
extra harmless logarithmic factor in the bound of the counting function defined
in (157), ie., [|Np|lLe S n2m.

Now fix a family Py;.

Step 1. Identifying the candidates for the tops of the future trees. For this,
we let

(181) P;I}ax = {PT = [&Ta Ir]}re{l,...,s} g Pn]
be the set of tiles with the property that
(182) 4P" is maximal with respect to < inside the set 4P,;.

Now, in many of the further reasonings we will use the following:

Four key properties.

A) 4P! < 4P™ implies I; = I,;
B) for all P € Py, there exists P! such that 12P < 4P

(A)
®) l
l m
(C) if P € Pp; such that there exists m # [ with {fggi;,; , then {i};zgﬁfm’ ;
(D)

D) if P; = [@,1;] € P with j € {1,2} such that |I;| # |I3|, then |[;] <
27D |Iy] or |I| < 2P |I1|, where we recall here that D € N such that
D > 100d log, (100d).

The four properties explained.

(A) This is an immediate consequence of (182) and Definition 5.

(B) From (182) we have that for any P € P,;, there exists P! such that
4P < 4P'; now (B) is essentially a consequence of Observation 5.

(C) This follows from a contrapositive reasoning: if 4P' and 4P™ are incom-
parable, then, using the fact that “ < 7 is a partial order relation (see
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Observation 5), we deduce that B(P) > 2771 thus contradicting the fact
(D) This simply restates (54); see Observation 2.

Step 2. Isolating the negligible family of tiles Ry;. Our aim here is to
properly trim the set P,; so that the resulting family will have all the desired
properties of an L*°-forest of generation n.

In order to do so, we define the following three sets:

° 7?,711]-: the family of tiles that are “far away” from P>
(183) Ry, = {P € Py; |V P one has ;P & Pl} :
° R%j: the family of neighboring maximal tiles:

(184) R2; = {P € Py; | 3P' such that P € N(P')} .

° R%j: the family of neighboring minimal tiles:
(185)
R3;:={P € Pnj | 3P € Pnj \ (R); UR;) minimal such that P € N(P')}.

With this, we define

n,

_ pl 2 3
Claim 2. The set R,; is a negligible family of tiles.

The proof of this claim will be done via contradiction:

e For the set R}Lj: Assume that there exist P, P € R}lj such that P, < Ps.
Now applying (B) we have that there exist P11, P2 ¢ Py such that 12P; <
4P' with i € {1,2}. Now using (D) we must have 3P, < 12P, < 4P'2, thus
contradicting the assumption that P} € R}Lj.

e For the set R%j: Assume that there exist P, Py € R%j such that P < P
and hence there exist P"', P> € P such that |Ip,| = [Ipy | < [[p,| =
|Ip,| and %R < Pli for i € {1,2}. Applying (D) we have that 4P < 4P,
contradicting the maximality assumption.

o For the set R%j: Assume that there exist Py, P», P3 € R%j such that P; <
P, < P3. The key observation is that any P € N(P) must belong to P,,;
since 4P; <1 4P <1 4P3. This however implies that for any P’ € N(Ps), there
exists P € N(P,) such that P < P’ thus contradicting the assumption that
Ps e sz.

Step 3. Verifying that the set Sy, := Pnj \ Rnpj is an L*-forest. For the
remaining set Sy,;, we proceed as follows:
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(1) Set
Sy = {Pesnjygpgpm}.

In what follows we consider only those sets S, that are non-empty. Without
loss of generality we may suppose that

(2) Introduce the “clustering” relation among the sets {Sy,},,:
Sm XX Sl

if and only if there exists P, € S,, and there exists P, € S; such that
2P, < 2P' or 2P, < 2P™,
(3) Define a second relation on {S,,},, given by

Sm 5

if and only if 4P™ < 4P' or equivalently 4P' < 4P™.
(4) Deduce that S,, o S; implies S, «~ S;, and making use of property (C)

conclude that “ 7 is an equivalence relation.
(5) Let 7 := {l]S; « Sp,}; then the cardinality of m is at most ¢(d), and for

S, 1= U S/ s

m/Em
one has that S,, is a tree having as a top any P! with [ € rh.

Let us justify (1)—(5). Relations (1), (2), and (3) are simply definitions,
and thus we need only verify (4) and (5).

We start with item (4). Assume that S,, < S; with m # [, and thus
without loss of generality that there exists P, € S, such that 2P; < 2P
Notice first that |Ip,| < |Ipi|, as otherwise we must have P; € R%j, which is
not allowed. Thus 4P; < 4P! and 4P, < 4P™, and hence from (C) we conclude
that S,, «~ ;. Next we need to show that “ -~ ” is an equivalence relation.
The only non-trivial part is to check transitivity. Thus assume that S,, -~ 5
and S; « S,. Since S; # 0, we have that there exists P with |Ip| < [Ipi| and
3P < Pl Since from (A) we must have |Ipm| = |Ipi| = |Ipr|, deduce that
4P 9 4P™ and 4P <4 4P". Thus, from (C) we further have 4P™ < 4P" which
implies S, « 5.

We pass now to proving item (5). The fact that any equivalence class m
has at most ¢(d) elements is a direct consequence of item (3). We will now focus
on proving that S,, is a tree by verifying all of the three items in Definition 8:

o If P €S, then %P < 10P, for any Py € {P'}1crm,.
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This is a direct consequence of the fact that for all P € S,,, there exists
P! with | € /i such that %P < P'. However for any other P" with r € 7,
we have that 4P" < 4P! and 4P! < 4P" and hence %P < 10P".

o If P € S, and P’ € N(P) such that 4P’ < 10P, then P’ € S,,,.

Let us take P € S,,. Our task is to first show a milder fact: any P’ €
N(P) is available in the family S,;. Now recall two important facts: Sp; C
Ppj with P,; defined in (179), and S,; does not contain any neighboring
minimal elements in P,; since S,; C P \Rf’w Now from P € Sm we
deduce

— there exists | € m such that %P < P
— there exist P™" ¢ Prj \ Spj and a chain {PIM, C Pr; with

187 ;
(187) M e N, M > 2such that Pyy < Pyy—1 < --- < Py and Py = P
and P, = P.
This immediately implies the following key relation:
(188) 4P™n q 4P" < 4P,

From Definition 3 and relation (179) we conclude that
if P' € N(P), then P’ € P,;.

Recalling (185), we notice that P’ ¢ Rij since otherwise this would
contradict our hypothesis P € S,,. With these, deduce that if P’ € N(P)
such that 4P < 10P!, then 3P' < P! implying P’ € S,,; and hence P’ € S

o If P, Pe Smand P < P < P, then P € S

We may assume without loss of generality that P; < P < P,. Notice that
in this case we immediately have that %Pl < %P < %Pg, which immediately
implies both that P € P,,; and that 3P < P™, and hence P € S,,.

This proves our item (5), saying that S, is a tree with top Py € {PY e

Finally, since for any two distinct Sy, and S; we have that taking any

correspondent S, € S, and Sy € Sl the relation S, oc Sy does not hold, we
conclude that the set

(159) S =S

is an L°°-forest as in Definition 10.
We end this section with the following

Observation 14. For the remaining part of the paper, whenever dealing
with P a generic (sparse) forest—as, for example, in the statements of Propo-
sitions 1 and 2—one should think at P as
(190) U U  Sulanlary,.... af,

k,jeENj1,...jn—1€EN
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with each
Su[AR[AI AP € P AR (AT Al

n—17"

constructed in a similar fashion as S, in (189).

8. Proof of Proposition 1

This section will be divided in three subsections: the first one deals with
the concept of dyadic Calderén—Zygmund decomposition of a set subordinated
to a family of dyadic intervals, a useful prerequisite, for the next two subsec-
tions in which we will treat the LP-boundedness, 1 < p < oo, of the operator
associated with a generic sparse forest.

8.1. Dyadic Calderon—Zygmund set decomposition relative to a family of
dyadic intervals. Assume we are given a set S = Uj S; C [0, 1] consisting of a
finite union of disjoint dyadic intervals {S;}; and a family Z of dyadic intervals,
not necessarily disjoint, with the property that | J;c7 I € S and that for any S,
there exists I € Z such that I C §;. Now define

(191) Zmin := {I € Z|I minimal interval relative to inclusion}.
Next, let
j( S) = { JJd C S | precisely one qf the left or right children }
yadic of J contains an element of Zin
and

We now define the dyadic Calderén—Zygmund S-decomposition subordi-
nated to the family Z as

(192) CZs(T) := Tuin U Z(S).

Observation 15. (1) Notice that the collection of dyadic intervals repre-
sented by CZg(Z) forms a partition of S. Moreover, for any J € CZg(Z) and
I € 7, one has that either JNI =0 or J C I.

(2) If P is a collection of tiles, we define Zp := {I |3 P = [a,I] € P}.
Then, for any S C [0,1] finite union of dyadic intervals with the property
UIEI'p I C S, we define

(193) CZs(P) = CZs(Ip).

Similarly, recalling (40) and letting Zp- := {Ig;*} rer if Ueg,. I € 5, we
1<j<14
set CZg(P*) := CZs(Ip+).
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(3) A key feature of the Calderén—Zygmund construction presented above
is given by the following: let P C P be a tree with top Py = [dp, o], and
assume that

(194) A[[»’]O(P),S(S YV PeP

for some 6 € (0,1].
Then, for any P’ = [@’, I'] € P with the properties that I’ € CZ;,(P) and
10P" < 10P, one still has

~

(195) Ap1,(P) £ 6.

This is a direct consequence of the smoothening effect encoded in the mass
definition (106).
(4) More generally, let

P C P [AR[A . AT and S = AF[AI) L AT

n—1-

Assume that there exists ¢p € Qg—1 and p € [0, 1] such that for any P € P one
has [Ag (P)] < p.

Then for any P’ = [@/,I'] € P with the properties I' € CZg(P) and
Ay (P')] < st one has

(196) Aps(P) S 2w,

where here N is the parameter appearing in (106).

8.2. Sparse forest: the L? bound. We begin by restating the result that
we need to prove:

ProproSITION 1. Let P C P, be a sparse forest. Then there exists n €
(0,1/2), depending only on the degree d, such that for 1 < p < oo we have

HTPHp Sp.d 2_7“7(1_’%)'

Throughout the remaining reasonings we will assume without loss of gen-
erality that

n > c(d) > (100d)10%,

Assume P = [@,I] and P’ = [@,I'] with |I| < |I'|. As directed by (66) in
Lemma 1 (for specific details, one is invited to consult the proof of (270) in
Lemma 6), we have that the following holds:

£l
(197) Tp/ T f(2)| S [A(P, P)]Y de(‘j;,)‘xE(P»(w)-
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Now, proceeding as in the corresponding proof of Proposition 1 in [81] (further
inspired by the approach of Lemma 2 in [36]), we have

Plep P=[a,Ile P
pP/=[a’,1"] 1<
<y / > (A(P,P'ﬂ”d*fE(PB'f |
prep? E(F) Pea(P') 17
f
w3 {A<P,P’>11/de|I,|| |
Pep Peb(P’)
©4 + B,

where here we have used the following notation:
a(P):={P=[aIeP, [I|<|I' and I"NI"#0 | A(P,P') < 2"},
b(P') = {P =[@IeP, |I|<|I'| and I*NI"#0 | A(P,P') > 2"6},

with € € (0,1) sufficiently small (e.g., € = m with N defined in (106)).
Further, we have

1
A< 1 _ U,
2 o {I/Pg(lm / (P)f}dfc [ivaan

pPep

where by definition

(198) Va(f) = Y

P'=[a I'|eP

XE(P) Z / f
|71 pea(p)’ EP)

Similarly, using the definition of b(P’) we deduce

Bs > [ { > [ f}dw

Pl [*l II]G’]) Peb P/

—gni / IV,

where by definition

(199) Vi)=Y Z/ ;.

P'=[a' I'|eP Peb(P)

We will now focus on providing L?-bounds on V,(f).
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Fix 1 < r < 2, and let 7/ be the Holder conjugate of r. Suppose without
loss of generality that f > 0. Then

1
7 T\ X peacry XE(P) 1
Va(f) < Z XE(P') (ffl’l ) cal )1 .
leP

ey e
The first key observation derived from the structure of the set P and the
definition of a(P’) is

Claim 3. The following Carleson measure type condition holds:
(200) H XE(P) H , ST‘ _%(1—5d€—5N€) |I/|% )
Pea(P’) "
Here N is the parameter used in the definition of mass in (106).

As a consequence of (159) in Definition 11, it is enough to show (200) for
P a sparse L*°-forest.

Step 1. A toy-model: The incomparable set of tiles case.

Claim 4 (Adaptation of Claim 3). If R C P is such that R is an incom-
parable collection of tiles, then the restriction of (200) to R holds; that is,

(201) H Z X H/Nr 9~ (1=5de—5Ne) \I’\ﬁ.

Pea(P’)
PeR

In order to show (201), we first claim that
(202) H Z XE(P)Hl 5 2—n(1—5de—5Ne) ‘I/|
)

Pea(P’
PER

Note first that it is enough to prove (202) for R C P C Pn[AR[AT ], ..., Al

n—1"

with a(P') 'R # (. Taking now S = AX [Ai" ..., A'1N501p and using the
first and fourth item in Observation 15, we deduce
(203)

> ol <] X e,

Pea(P") P=[a,I], A(P,P)<2n¢
PER I€CZg(a(P")NR)
< 9—n 9benN 25end Z ‘I’ < 2—n(1—5€N—55d) ’I"

1€CZg(a(P)NR)

The L* bound follows trivially since R is an incomparable family of tiles:
Z XE(P) H <1
PeR >

By interpolating (or equivalently applying Holder) between (202) and
(204) we deduce that (201) holds.

(204)
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Step 2. The general sparse forest case. By Definition 10, we have that
P Na(P') =, P; with {P;}; sparse separated trees.
Further, set top P; = P; and let

P;:{PGP]-Hhereisnochain P<P'<...<P"=P;st. PPcP;}

and
P;:=P;\ P;.

In the above setting, by appealing to maximal chain decompositions, we notice
that P Na(P’) can be written as

(205) (CJAZ)U Ur; |,
=1 j

such that

e cach A; is a set of incomparable tiles; and
e the second component satisfies

(206) > Xy <L

§, P20

Indeed, to see this we notice that if P; and P; are the tops of two separated trees
such that P?, Pj? # 0, then either Ip, N Ip, = () or we must have A(P;, Pj) 2
2" max{|wp,|, |wp,|}. However, only the first scenario is possible since the
condition P;, P; € a(P’) requires A(P;, Pj) Sq 2" max{|wp,|, |wp,|}-

Finally, from Step 1, we know that (201) holds for each R = A;, while
from the fact that each P; is a sparse tree we deduce that

—nl 1
(207) H Z XE(P)HT/ e 27" |Ip |

Thus combining Step 1 with (206) and (207), we conclude that Claim 3 is true.
Now, in order to control the term A, it remains to show the following:

Claim 5. With the previous notation, defining

1

(208) Vfi= Z XE(P) (I{I‘TT>T7

P=[a,I|eP

we have

(209) V2 <

Z XE(P) [ fll2 < 1£1l2-
BMO¢

PeP
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Now set Z := {I|3 P = [@,I] € P} and E(I) := Jr=iaipier E(P).
Ip=I
Rewrite V as follows: i

S =

Vi=> Xem ( \I\T>

IeT

Denote Z,,, :={I € T | flf\ ~ 2™}, and notice that Z = |J,,,cz Zm. Also denote
by Z1®* the set of maximal intervals (with respect of inclusion) in Z,,,. Assume
without loss of generality that [ f" & 20 for some mg € Z. Now, for each
m > my, notice then that Z)"** consists of pairwise disjoint intervals.

Then we have

-3 S () <([7) £ £ ¥

meZI€Ly, m>mg JELMax ICJ
I€eIm

and thus, ignoring the L™ norm of f, one has

g X Y 2 (X ) (X o)

m,m’>mgy JEIM* ICJ eyt
J/GI;nl?X I€Tm ez,
m+m
=Y Y Y X (T wn)( X ).
m>mo m/>m JELWMax  J/'CJ ICJ ey’
Jle I:nndx I€Tm, I’eIm/

Let 1 < g < oo and J C [0, 1] fixed.
Applying the John—Nirenberg inequality to

(210) 1Y~ xemllBmo, S 1,
IeT
we deduce the Carleson packing condition

(211) 1> xemlli <q 1.

ICJ
I,JeT

Now, from (211) and Cauchy—Schwarz, for 1 < p < r < 2, we further have

ku%sz $ oo SN xem

/>m JGIHI'LX J'cJ I/CJ/
J/EImaX
m oL m! N\ 5
m , m

SN 2P }jw( > 1)
m Jelmax m/'>m J'cJ
N JleTmax
m

1
<SSO 2t ety (/jfT>p

m Jelmax m'>m
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SY Y FwsY e [ oy

m JeImax

s fonsps [
— JilfI"\E
where here we denoted M, f(z) := (sup,es u )T
This ends the proof of Claim 5. O

Thus, now combining (200) and (209), for an appropriate choice of €, we

conclude that
A $rg 27 0TI £ < 273 || 13

The B term can be similarly treated if one replaces (200) with just

(212) I > xeele S 117,
Peb(P')
thus obtaining
B<a27"a | fll5

Now, properly choosing r and €, we conclude that there exists n = n(d) €
(0,1) such that
(213) 1T f||, Sa 272 || £ ]2

This ends our proof of Proposition 1 for p = 2. O

8.3. Sparse forest: the LP bound, 1 < 2 # p < oo. Suppose first that
2 < p < oo. For any f € L!(T), we define the operator

(214) LPf)= ) ff;* oo

P=[d.Ip]eP |p|

Now, on the one hand, repeating the reasonings from the case p = 2, one
has

ILP Fll2 Sa [l £112-
On the other hand,

L7 om0, S 1

Interpolating now between the L? — L? and L>® — BMOp estimates, we
obtain that

(215) ILPllp Spoa 1.
Consequently, based on the straightforward relation
IT7 I S LI f),
we also get that for any 2 < p < oo, one has

(216) ||TP||p Spa 1.
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Interpolating now between (213) and (216) one obtains the desired conclusion
(possibly by changing the exponent 1 by a small factor).

For the case 1 < p < 2, we need to focus on the behavior of TP

Indeed, on the one hand, we know that

i

= HTPHQ% Sd 2773,

2—2
On the other hand, for f € L°°, we have

: /
127 flovo, = || Y2 Lt

P=[d,Ip]eP el

<
onios S 1l

Thus, as before, for any 2 < ¢ = p’ < 0o, one has
P* p*
1T fllg S ML 1flllg Sqa 1-

The claim now follows by interpolation.®” (]

9. Preparations for the proof of Proposition 2

This is one of the most technical sections of the paper, and, as the name
suggests, is meant for “preparing the ground” for the proof of Proposition 2.
It splits in three subsections, with several results therein being in close analogy
with the similar ones in [36] and/or [81].

9.1. Single tree estimates. In this section, we prove two local LP estimates
addressing the tree structure.

LEMMA 2 (LP-uniform mass tree estimate). Fiz 6 € (0,1], and let P C P
be a tree with spatial support Iy such that

(217) A]}DJO(P) <§d V PeP.
Then, for 1 < p < oo, we have

1
(218) HTPHP $pd 07

Observation 16. The LP-tree lemma above follows directly from the lemma
below. Indeed, with the notation in Lemma 3, by simply setting A = [0, 1],
one has that (217) immediately implies

EP
ald) 5§ VYJeCZ,(P).

(219) g~

59We use here the fact that HTP*H = HTPH

p’—p’ p—p’
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LEMMA 3 (Spatially localized LP-tree estimates). Let P be a tree with top
Py = [ap, Lo], and let A C [0,1] be a measurable set. Define

(220) ER(I) = JANEP)NT) VJeCZy(P).
PeP

Then, for 1 < p < oo, we have

1

[ER()\"
221 XaTP f||, Spa sup fllp-
( ) H Hp P JGCZIO(’P) ‘J’ H Hp

Proof. The proof of this result is in the same spirit as the L?-tree estimate
lemma provided in [36].
Let q, € Qg4_1 be the central polynomial of Py, and let Qo € Qg4 be the

unique polynomial with % Q,(z) = g, and @,(0) = 0. Assume without loss of
generality that

(222) Q) =Sy,

Appealing to generalized modulation symmetries, we make use of a suitable
transformation with the aim of moving our discussion near the real axis of the
time-frequency plane; that is, we define

d d
P ._ P
(223) TP = Mo | TP | 1] Mj 00
j=1

=1

and g(x) := H;-lzl MJ’."’a?f(:c), and we notice that

Pl _ P
a5l = Ixa 77l
For a fixed « € T, we further define®

ko(z) :=inf{k € DN|3P € P s.t.|Ip| = 27" & xpp)(z) # 0},
ki(z) :=sup{k € DN|IP e P st.|Ip|=2""& xerp)(r) # 0}

and notice that
ki(z)

(224)  TPg(a)= > A¢amaﬂiWFﬁw%mu—ymy
k=kq ()
keDN

59Based on Observation 2, we can assume without loss of generality that P C Uken Prp
finite.
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Observation 17. Relation (224) above is the key place where we use the
convexity of the tree and thus the very reason for which we need to remove
the possible boundary effect by requiring item (2) in Definition 8.

With this, we notice that

ki(zx)
xa(@) TPg(x)| < xal@) Y /T\wk(ymafwy@fqo)—mg(w—y)\dy
k=kq (2)
ki(z)
txa@| S /T Ue(y) gle — y) dy| = A(z) + B(x).
k=kq ()
keDN

At the heuristic level the A-term should be thought as an error term,
while the B-term as a variant of a maximal Hilbert transform. With these we
pass now to the actual estimates for the two terms.

For the first term, applying Lemma C in the appendix, we deduce

[A(2)] < xa(®)[l¢z — QO||L°°(I+[72*7€0(I)+572*k0(1)+5])

k1(x)
—y)ld
@25) < 2 [l -l

keDN
x+27k0(z)+5
<4 xa(z) 2% / l9(y)] dy.

x—Q*kO(m)+5

Now defining

SUpr- 7 ﬁ f1001 lg| ifxe EE(J) and J € CZy,(P),

226)  MZYg(z) =
(226) a9(x) {O otherwise,

we immediately deduce
(227) A(x) Sa MEg(x).
For the second term, we proceed as follows: first we define
H(y) = Y vely)
ke DN

and, for any given fixed K € N, set

27K710

oK+ 2 T H(y —s)ds it [y > 27K,
(228) Hic(y) =
0 otherwise.
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With these, we have the following control over the K-truncated sums:

2—K
(229) ’ Z wk(y)—HK(y)\ Sﬁ VyeT.
ke DN y —"_ 2
k<K
Now using (229), we deduce that
29— K
Bla) Sxale) sup 2 [ [pgle—)ds
K>ko(z) -K
(230) -
txal) sw 2 [ gyl
K>ko(z) —o-K

Now combining (226) with (230), we have that
(231) B(z) £ MY (H + g)(x) + MJ(9)(2).

Putting together (227) with (231), it only remains to notice that
(232)

1 1
v EXDIN" 1 AN
P < |A7 < =AY ]

JECZ,(P) CZ1y(P)
and
(233) 1#H *gll, <p l9ll, -
Thus, we conclude that (221) holds. O

LEMMA 4 (Spatially localized LP-adjoint tree estimates). Let P be a tree
with spatial support Iy. Assume we are given A C [0,1] a measurable set and

for J € CZx1,(P*), we definet
(234) E} (J):=ANJ.

Then, for 1 < p < oo, we haveb?

1
x ET(D|\" 1
35)  [ar™ s Spa (s BN ap 07 1,
p JECZQ()[O(P*) ’ ’ pPeP

61T his lemma remains true if instead of CZag 1, (P™) we use a standard Calderén—Zygmund
decomposition of the support of TP* with respect to the minimal intervals relative to inclusion
belonging to Zp«.

52Notice that if P is a normal tree, then the conclusion of our lemma holds for C Z2z, (P*)
replaced by CZp,(P*) in (235).
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Proof. We first notice that by applying the same reasonings as in the
previous proof, specifically relying on (223), one can assume without loss of
generality that our tree lives at frequency zero, or in other words that Qg =0
n (222).53

Now fix x € T and notice that with the previous notation one has

(236) XaT? f@) = > xuna { > Tp*f(w)} :
(Zp+)

JECZQOIO PeP

Next, fixing J € CZyr,(P*) and assuming without loss of generality that
x € J, we deduce

(237)
P* 1 P
T f(z) - 7, TP f(s)ds
’1’]’/J{ D /90“3— Sok(s_y)]f(y)XE(P)(y)dy}ds
2 kpwifpm
S ]
kg 2EB) V1
< P; 2k 17| T
~k=|1p|

Thus, from (237), we deduce that

. 1 *
J€CZs01,(P*)
(238)
11 fE |/l
<
S OX X T
J€CZao1,(P*) Iﬁng
Denote
(239) Mp-f(z):= ) z)sup m/m
Jeozzolo(P* =27

63 Alternatively one can apply the reasonings in our proof to the operator xa7 " ", where
here T7 is defined by (223).



THE POLYNOMIAL CARLESON OPERATOR 119

Deduce from (238) and (239) that

(240)
P\
* |E *
bt flp 5 (s A a1 ),
JGCZQOIO(P*) ’ ’
1
EF (D" J| Jep) £l
" (Jeczsup(P*)‘ 7J(| )’> 2w ||IP|| |(111| '
201 JECZ2OIO(P*) IP*ng
Now we notice that
17| Jep) /]
(241) > o X | S S 1l
‘]6022010(7)*) 115551 1,00
and
17| Jep) /]
(242) > v X | S (5w A®) ke
JeCZ2OIO(7D*) IPe;DJ P P . PeP
p* 2

Interpolating now between (241) and (242) we get that for 1 < p < oo,

e v
(243) > o Y IEOE < (ap o) il
[p|  |Ip| Pep
JECZQ()[O (P*) Illj*egj
- p

Also, we trivially have that
(244)

* * * L
[Mpe (TP F)llp S IMTP )y Sp ITF fllp Spa sup Ap,1, (P)7" || fl,,-

Now combining (240), (243) and (244), we conclude that (235) holds. O

9.2. Interaction between two tiles: a refined version. In this section we
develop the discussion in Section 4 with the aim of obtaining a more refined
estimate of the generic interaction

(245) (T}, £, T3, f).

Indeed, assuming without loss of generality that Iy, N Iy # () and that
A(Py, Py) >4 1, we will show that, given any ¢y € (0, 1), there exists a set
Iio C Ip, N Ip, of small relative measure, i.e.,

|[12| 1-¢g

|IP1 mIP2|
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such that for any n € N, one has
* * n 1 1
[{Tp, [T, )| Sndeo [APLP2)T" Ao(P1)2 Ao(P2)2 I f 1221, Uy
+ I Tp, flle2(ro) 1Th, fll22(115)-

This relation may be seen as a refined version of Van der Corput lemma and

(246)

will further serve as a key model for the discussion in the next section on the
interaction between two separated trees/rows.

9.2.1. Spatial Calderon—Zygmund decompositions adapted to a polynomial.
In this subsection we develop a general algorithm for partitioning a given inter-
val J C T into a union of dyadic intervals having suitable, “good” properties
relative to a given polynomial ¢ € Q4_1. This decomposition will be quin-
tessential in the proof of (246). Our precise statement and description of the
algorithm is given below.

LEMMA 5 (g-“good” decomposition of an interval J). Let J C T be an
interval that can be decomposed into a finite union of dyadic intervals | J,, J™
with each |J™| > %. Also let g € Qg1 with d € N, d > 2 be a polynomial

such that

(247) q¢ Qo
and
(248) 0 <A< AL

Then there exist a partition
(249) J = Js(q, ) U Ji(q, A)
and c1(d), ca(d) > 0 such that

o the “(q, A)-small” component Js(q, \) can be written as a union of at most
9d dyadic intervals having the same length®*

(250) (.4, A) = e (d) At Ay ()71 |,
and hence

(251) |Js(g, N)| <9dw(J,q,\);

e defining

(252) (10, N) = ca(d) AT Ag()a ],
one has

(253) {z e Jllg(@)] <n(J,q, N} € Jolg, N);

54Throughout this section, our choice of ¢1(d) > c2(d) will be made such that the quan-
tities w(J, ¢, A) and n(J, ¢, A) are dyadic numbers.
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o the “(q, A)-large” component Ji(q, \) can be itself partitioned into finitely
many dyadic intervals

WECZ(q,)\) (J)

where here we define CZ, \(J) as the (q, \)-Calderén-Zygmund decom-
position of J, that is, the standard Calderén—Zygmund interval decompo-
sition%® of the set J relative to the set Jg(q,\) from which we excise the
intervals belonging to Js(q, \);

o for each W € CZ, \(J), the following key properties hold:%6

(255) inf [q(z)| Za sup [q(z)] Za n(J,q, A),
LBEW er
(256) [W| > ce(d)w(J, q, \),
(257) Ay(W) > e(d) A,
and
9258 ¢ < o(d) Vse{0,....d—1
( ) q _C()‘W‘S 56{?"'7 - }
Lo (W)

Proof. Let us first define
My (J) :={x € J |z is a local minimum for |q|}.

From (247) we can assume that My(J) = {2™},, is finite.®” Notice that
the cardinal of M(J) obeys

(259) ri=#My(J) < 3d.
With the previous notation, we define the (g, A)-small component of Jg
as given by
l .
(260) Jo(g,N) = I,
j=1

55We recall here that given a collection A of disjoint dyadic intervals inside a given (finite
union of) dyadic interval(s) S C [0, 1], we refer to the standard Calderén—Zygmund decom-
position of the interval S with respect to A as the collection A U B, where here B is the set
of all dyadic intervals contained in S obeying the following: (1) AU B forms a partition of S;
(2) for any I € A and J € B, one has 2I 2 J and 2J 2 I; (3) B is a collection of maximal
dyadic intervals obeying (1) and (2).

56Recall that throughout the paper the constant c(d) > 0 is allowed to change from line
to line.

57In particular, the graph of |g| is not a straight line parallel with the real axis, as otherwise
the above lemma is trivial.
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where the family of dyadic intervals {17 }je{l,...,l} forms a (maximal) covering
of M,(J) with the following properties:

o [ =w(J,q,\) Vje{l,... .1}
o 317N My(J) # 0.
Observe here that based on (259) and the definition of Js(g, A\) one has

[ <9d. Also, from our hypothesis about J, for a proper choice of ¢;(d), we
have that

(261)  either dist(Ji(q, A), 9J) =0 or dist(Js(q, A), 0J) = w(J,q, ).
Next, setting
J,q,A -
LN () = {z € T | |gl(z) < n(J,q,\)},

we apply Lemma B (see the appendix section below) with [ = J and n =
n(J,q,\), and together with (250) and (252) (for an appropriate choice of
c2(d) in (252)) we deduce

(262) |LIEN ()] < w( ], q,N),

thus proving property (253).

We now pass to the analysis of the (g, \)-large component J;(gq, A).

First, we notice that based on observation (261) definition (254) makes
sense.

Next, from definitions (260) and (254) we notice that given any W €
CZ4)(J), the following hold:%®

e There exist unique consecutive points 2™, ™+ € M,(J) and 2™ < ™!
such that

(263) W =:[a,b] C [ +w(J,q,N), 2™ —w(J, g, A)l.

e The interval [z, 2™ +1] can be decomposed into two intervals Ly := [2™, y™]

and Lo := [y™, ™ "] such that

Y

|g| restricted to L; is monotone increasing,
264
(264) |g| restricted to Ly is monotone decreasing.

Now, from (264) we further deduce that

(265) Jnf |q(2)] = min{lg|(a), ll(b)}-

58Below, we assume without loss of generality that W C [z', "] and that for any m one has
|z™ Tt — 2™ > 10w(J, g, A). Otherwise, the required adaptations are quite straightforward.
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Assume without loss of generality that inf,cw [¢(x)] = |g|(a). Then letting
Ry := [z, a] and Ry := [z, b], we have

* llqllzee(ry) = lal(a) = infoew [q(z)[;
(266) © lallzo(ry) = llall Lo w); and

|Ro|
¢ 1< 3 <5

Now (255) follows from (266) and an application of Lemma A in the appendix.
Relation (256) follows directly from the definition of the Calderén—Zygmund
decomposition C'Z 4y (/).
Next, (257) follows from

_ dist™(q,0)  dist’™(q,0) _ 1

Aq(” ) |IV|_1 - ’W‘_l > gAq(RQ)
1 m m n(J? q7 A)
> = P L S L — .
Z 5 Ag([z™, 2™ +w(J,q,N)]) > 5wl g N c(d) A

Finally, (258) is a direct consequence of (255) and the Lagrange interpolation
formula applied to I := W; see (390) in the proof of Lemma A in the appendix.
([

9.2.2. The tile-interaction lemma. We conclude this subsection by de-
scribing how the concepts and definitions introduced in Section 9.2.1 and in
Section 4 merge into providing a precise description of (246).

In what follows, we will only consider the non-trivial case I, N Ip, #
also, throughout this section, for notational simplicity, we simply set Ip, = I,
Ip, = Iy and we suppose without loss of generality that |I;| > |I2].

Definition 12 (Critical intersection set). Now let ¢y € (0,1). With the
notation and conventions from Lemma 5, we define the (eo-) critical intersection
set Iy o of the pair (P, P») as

(267) Lig = Js(q1,2, )
for the particular choices

o J .= fl N fg;
o \:=A(P, P) [A(Pr, Py)] .

Now using Lemma 5 together with the principle of (non-)stationary phase,
one deduces the following:

LeEMMA 6 (Tile interaction control: refined version). Let Py, P» € P.
Then, with the above notation and conventions, we have

n fE(Pl) | f] fE(PQ) 9]
max (|11, [12])

(268) ‘/le,ng;lf T]’%g‘ Snydeo AP, Po)] Vn €N,
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(269)

/ —_ l—¢g fE(pl)‘ﬂfE(pz) lg]
1,2

1“’>|< T < € A P7P ¢
Th, f ng‘ Sdeo [APL, )] max (|11}, |12])

where X1¢, is a smooth variant of the corresponding cut-off.
Moreover, we also have

| 4]
1] |12
Proof. Assume throughout the proof that A(Py, Py) >4 1, as otherwise
the above statements are trivial.
Next, notice that relation (269) is straightforward based on (251), Defini-
tion 12, and on the fact that

(270) | Tp, T5, || <4 min { } [A(P, Py)]7 Ag(P1) Ao(Py).

Tp f1 S M)m v je{l,2},
7 151 7

which in turn is a consequence of (57).

We now turn our attention towards (268).

Apply the algorithm described in Lemma 5 for the following parameters:
J =TI NI and X := A(Py, P,)®. We then obtain the collection CZgxn(J) =
{W;}» representing the (g, A)-Calderén-Zygmund decomposition of J\ Js(g, A)
relative to the set Js(g, \).

Let ¢ be a smooth cutoff of x¢ , such that ¢ > 0 and
(271) SO‘J\IlcQ =1 and @’%ILZU(%J)C =0.

Now take any smooth partition of unity adapted to the collection C'Z, y)(J)
that is identically zero on the set % I U (%J )¢. Thus without loss of generality
we may assume that

(272) o= ew,

where here

e o, € Cg° is adapted to W, with 0 < oy, < 1;
o |low,|lcs S |W,|7* for any s € N;

e oy, =1on W,; and

e ow, =0o0n [0,1]\ 2 W,.

(273)

Observation 18. It is important to notice that for appropriate choices
of the d-dependent constants in Lemma 5, and based on the results in the
appendix, we have that the properties of the interaction polynomial g1 2 on
each of the W, (see (255)—(258)) are transferable with no modifications (up to
further d-dependent constants) to any difference polynomial of the form ¢; — g2
with ¢ € P and ¢ € Ps.
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With this we have
[t Tha= [ TG0
- / / (Fxe) (@) @xse)(s) K(z, s) da ds,

where
@74)  K(zs) = / F =89 g (2 — ) oly) (s — v) dy.

Here we have used the convention |I;| = 27%, |I| = 27%2 with ko > k; positive
integers.
Let us set Q(y) := f; qs — fyx 0z, ¢ = Q' and u(y) = Vg, (x —y) Y, (s — y).

Then, writing i QW) = (i(i%y) dily) (eiQ(y)) and integrating by parts n times in

the expression

(275) K(x,s)—/[(i(;y) ;;)n (eiQ(y)ﬂ o (y) uly) dy,

we obtain

(276)

Kol [ % 1T

alpt-tappi1=n j=1
b1+~-+bn=7’l
aj+bj <n+1
aj, bj €N

(&) Gow) |(G) " oo @

Now for generic a, b, ¢ € N, making use of Observation 18, we have

G () e ot
dy) \@y) /|~ gls+b 7
ny+---+ns=a

ni,ng,...,ngEN
‘(d)b W< Y wrpleww)
— ) oW 3 = |Pw, ()],
dy W,.ew W |
and
() u)| £ e (= 9) il )
dy y ~ ’I2|C kl y k2 y bl

where here @y, and 1;;@ are functions with the same localization/smoothness
properties as ¢y, and 1y, respectively.
Now using (255)—(258), we get

11 W, | 1
277 Kz, 8)| Sn o= = D v < 7 [A(P, P) 1",
@0 K@ S 3 5] 2 B S T AP

which proves (268).
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For (270), we repeat the previous argument but now in the setting ¢y = 0
and n = 1, and once we reach the first inequality in (277) we appeal to (263),
(264) and (255) in order to obtain the estimate

~a [A(Py, Py)]7 [T,

A 1.
JE A B <4
% AQ(WT) % ||QHL°°(WT) TI(J,% 1)

This ends the proof of our lemma. O

9.3. Interaction between two separated trees/rows. In this final subsec-
tion, we will show that relation (246) can be extended to situations that allow
the interactions of a more complex structured family of tiles. That is, in-
stead of single tiles, we will control the interaction of two §~'-separated trees
and moreover of two rows—concepts that will be defined immediately below.
Both Lemmas 7 and 8 in this subsection have a direct correspondent in [36]
(see Lemmas 4 and 5) and further on in [81] (see Lemmas 2 and 3 therein),
respectively.

We start by introducing a concept that, heuristically, quantifies the almost
disjointness of the frequency locations of two trees.

Definition 13 (Separated trees). Fix a number § € (0,1]. Let P; and Ps
be two trees with tops P; = [d1, [1] and Py = [dl2, [2] respectively. We say that
P, and Py are 5~ '-separated if either I} N I = () or else
e P=[a,I]eP; and I C I, = [A(P,P)] <;

o P = [62,[] €Py and IC I — (A(P,Plﬂ < 4.

Next, motivated by its better spatial localization properties (see Observa-
tion 19 below) we introduce a special notion of tree:

Definition 14 (Normal tree). A tree P with top Py = [do, lo] is called
normal if for any P = (@, I] € P, we have 1001 N (Ip)° = 0.
Observation 19. If P is a normal tree as above, then

supp TP* = U supp Tp C Ij.
PeP

Notice that any tree can be written as a union between a normal tree and a
sparse tree.

Definition 15 (Separation and critical sets). Fix 6 € (0,1) small® and

€0 € (0,1). Let P; and P2 be two d !-separated trees as in Definition 13
with Io C I;. Also let g; be the central polynomial of P;, j € {1,2}, and

%9For the remainder of the present section, we assume without loss of generality that
0 < 1, as otherwise all the results within this subsection are trivial.
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q1,2 = q1 — q2 the (Pp, P»)-interaction polynomial.70 Recalling the construction
in Lemma 5, we define

e [[s]: the separation set of Py and Ps by

(278) I[s| .= Js (ng, co(d) 5_1)
for J := I N Iy and ¢o(d) > 0 properly”'chosen;

e [[c]: the (eo-)critical intersection set by

(279) I[c] := Jg (ql,g, co(d) 5_50)
for J := fl N fg.

If one adds the extra-assumption Ps normal tree, then one can take in the
above J := Is.

Observation 20.

(1) In what follows we will choose cy(d) in (278) such that if {Ij}é»:1 is the
decomposition of I[s] analogous to (260), then for any j € {1,...,1},

(280) if 'NIp#0, then [Ip|>|[/| V P=[d,Ip]€PUP,.
Deduce that, in particular, we must have that for any j € {1,...,(},
(281) A(II,Q (Ij) Zd 6_1-

(2) From relations (254)—(257) of Lemma 5, we further deduce that for any
dyadic I C J such that I[s] N 21 = 0, we have

(282) inf |1 2(x)| < sup |q12(2)] < c(d) inf |1 2(x)],

where here ¢(d) < (100d)?, and
(283) Af11,2 (I) Zd 5.

Moreover, one has
for all P = [@,Ip] € Py such that I[s] N Ip = 0 and Ip C I, we
have
Graph(gz) N (c(d)s ") P=9.

Of course, the same is true for the symmetric relation, i.e., replacing the
index 1 with 2 and vice versa.
(3) Again based on Lemma 5, we deduce

(284)  for all P = [, Ip] € P, U P, we have [Ip N I[]| <a & " |Ip].

70Throughou‘c this section we assume without loss of generality that ¢1,2 ¢ Qo as otherwise
all of our results below become a restatement of the corresponding results from the classical
Carleson operator (linear polynomial) case; see [36].

"1See Observation 20 below.



128 VICTOR LIE

(4) For the remainder of the section, for convenience, we will set
(285) € = =.

The results below, though, hold for any choice of ¢y € (0, 1), where of course
the implicit bounds in “ <” depend on €.

LEMMA 7 (Interaction of normal separated trees). Let P; for j € {1,2}
be two normal and 6 '-separated trees with tops P; = [d;,1;]. Then, for any
f, g € L*(T) and n € N, we have

° Zf.[l = 127 then
(TP £, 77 g) | Snia 0" 1 ey 190 2y

+ HXI[C}TPl*sz HXI[C]TP2*9H2 '

(286)

e More generally, if I C I; then
(287)

(TP 1,772 g)| S 6 (IIMf||L2(12> + HM(Tpl*f)Hmaz)) Iozaen

g™ o], o™l

Observation 21. (i) All of the work performed in Section 9.2, culminating
in (268) and (269) in Lemma 6, was designed in order to achieve (286). The
specific form of (286) creates a nice parallelism with the part of Lemma 4 in
[36] addressing a similar estimate. Indeed, the first term on the right-hand side
of (286) corresponds to the situation in which the interacting tiles can be essen-
tially assimilated as linear wave-packets, behaving thus as in the classical Car-
leson case treated by Fefferman. The second term is the one that truly captures
the (non-linear) polynomial nature of our problem, in which two tiles P’ € Pj,
j € {1,2}—despite having a small geometric factor [A(P!, P?)|—can still
intersect, thus preventing a very fast decay of their interaction <TI§1 I The g>.

If one is willing to sacrifice this parallelism, one can circumvent Section 9.2
completely and simply appeal to Van der Corput estimates in order to obtain

‘<Tpl*f, TP2*9>’ <4 5% ||f||L2(I1) ||g||L2(Iz)’

which is still enough to prove Proposition 2. For more on this, one can consult
the second item in Section 11 and the work in [84].

(ii) The assumption for our trees to be normal is not required for the case
I = I,. However, in the case Iy C I, one needs to assume at the very least
that P, is normal, since, otherwise it could happen that there exist P’ Pj,
je{1,2}, with Ipi N Ip2 = 0 and Ip1 N Ip2 #0 such that {g € Q41 |q € P*
and g € P?} # (), thus invalidating (287).
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Proof. In what follows, we will only address the more general relation (287),
which asks for an extra-localization of our estimates within the smaller interval
12'72

Step 1. Decomposition of the tree-interaction into linear-like and higher
order interactions. We start our proof by translating the notions introduced
in Lemma 5 to our context; in particular, (254) now becomes

(288) JeN= | W
WGCZ(QM\) (J)

for J:=1Is, ¢ := q12 and X := co(d) 6! chosen as in (278).
Notice that with the above notation and conventions, we have

(289) Ji(q,A) = I\ I[s].

Next, consider a partition of unity adapted to {W}wecz,, ) Y {{[sl}
such that

2 2 _
(290) Y el + o) =1 for z e
WECZ(q,/\)(J)

and such that the following hold:

* {w} obey (273);
e 0< P14 < 1 is smooth, adapted to I[s] with P () =0 for z € Iy \ I[s]

and Pri) (z) =1 for z € 3I[s];
e 0 < ¢y, @11 < 1 smooth with prig(z) = 0 for z € I2\ I[c] and pp(z) =1
for z € 21[c] and
(291) fi[s} = Ol + Pl
For j € {1,2}, we further define the following tile-sets:
~ x93
(292) Pi(I[s]) :={P =[a,Ip] € P;|Ip N (suppT™2") N 5][5] # 0}

and, for each W € Jj(q, \), set

(293)  Py(W):i={P =[a Ip] € P; | Ip O (supp T7*) N gw £0).

"From the hypothesis P normal tree one derives that either I[c] C I or else I[c] = 0.
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With these we have

(TPRT ) = > (ew T fewT™ g)
Wedi(g,\)

+ <£1[S]Tpl*f’ EI[S]TP2*9>

= Y {ewTP " f TP )
Wedi(g,N)

P1(I[s])* Po(I[s])*
+<£1[S]T 1 (1[s]) froyT 2(I[s]) g>.

This decomposition of the tree interaction <TP1* LT PQ*g> reflects the
philosophy described in Observation 21:

(294)

e The first term encapsulates the linear-like behavior of the interacting wave-
packets that are spatially localized in a region that lives far away from the
separation set I[s]. Notice now that (282) and (283) in Observation 20 hold
for any I := fpm%W with P = [@, Ip] € P1(W)UPy(W). As a consequence,
we expect all the interactions of the form <<pWT731 L ow TP g> to be small,
in the sense expressed by (296) below.

e The second term is a manifestation of the interaction between higher order
wave-packets that are now spatially localized around the separation set I[s].
Using

Pr* P2 * — P1(I[s])* Po(I1s])*
<£1[S]T 1 f’fl[s]T 2 g> _ <SDI[s]T UlsD* £, o119 T 2(I[s]) g>
(295) + <()01[c]T,P1*f, QO[[C]TPQ*9>
=1+ II,

we will show that the first term can be treated—based on the first item
in Observation 20—in a similar fashion with the linear-like interaction dis-
cussed earlier, while the second term will be simply controlled by the L2
norms of TP1"f and T%2"g restricted to the critical set I[c]; see relations (296)
and (297).

With these being said, our goal will be to prove the following relation:
(<¢prl*f7 SOWTP2*9>’ + ‘<s01[s]TP1*f, soz[s]TPQ*gﬂ

20 a8 (Ml + || M)

LQ(IQ)) 9l 1) -
Note that the critical set interaction is trivially controlled via Cauchy-Schwarz:
(297) ‘<901[C}Tpl*f7 SOI[C}TPQ*9>’ Sa [T, IxraT™ g, -

Assuming for the moment (296), we have that (287) follows immediately from
(294), (296), (297) and the simple observation #CZ, »)(J) Sa log 3.
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Step 2. A short-time Fourier transform-type decomposition. We start by
defining a real-valued function ¢ € C§°(R) with the following properties:

e supp o © {1 < ol < 3);

e ¢is even;

° |Q}(§) — 1 S g V€ <1 andn € N;
o 6O S lgl™" 7 VIS = 1.

Next, with the previous notation, we let

(298)

(299) dy :=min{|W|, |Ip|| P = [a@,Ip] € P1(W) U P2(W)}
and
(300) dl[s] = c(d) w2, q12, 571).

Thus deduce that for an appropriate choice of ¢(d), one has [I[s]| ~q d;s) and

moreover |I[c]| ~q4 §2a dr(s)-
Let j € {1,2} and K be a label that stands for either I[s] or W. With
this, we define

(301) o (x) = (§2dgc) 1o ((d20dg) 1)

and the corresponding operators

(302) o : L*(R) — L*(R) by ¢ f:=dx * f

and
d ~ d

(303) @,k : L*(R) — L*R) by ®jx = (H Mw{) b (H M:a{) .
=1 =1

In the last line we assumed that ¢; € Qg1 is the central polynomial corre-
sponding to P; = [d@;, Iy] and that

d
(304) Qi(y)=> al ¢
=1

is the unique polynomial in Q4 such that % Qj(xz) = ¢ and Q;(0) = 0.
For z € Iy and j € {1,2}, we now let

(305) o TP f(z) = ‘I)j,K‘PKTPj(K)*f(x> + Qi k f(z).

Notice that the first term can be thought at the heuristic level as a smooth
truncation whose frequency representation identifies with (@ T (K ) f ) on a
(52*IddK)_1—neighborhood around the moral support of (oxTTiE) ). As a
consequence, we expect the reminder term represented by €); k f to behave as

an error term; indeed, this will be a direct consequence of (307) below.
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Our intention is to prove that for any h € L*(T), j € {1,2} and K as
above, one has™

(306) B9 i D1 1 i W(@)| + | P11 Po e rc h(x)] Spa 624 Mh(x)

and

(307) | h(@)| Sna (R |B]) () with [Rilly Spa 62,

where

(308)  Ri(y) = Y. (5202%dx)" 2 x| g ri10 g0k (y).
2k<(dg)~?

Step 3. The linear-like interactions: proof of (296). We start by assuming
for the moment that (306) and (307) hold and show (296). Making use of the
fact that

(309) ij*f(w) = TPj(K)*f(x) forx € gK NsuppT72",
we have
<80KTP1 °f, @KTP2*9>
= <‘I)1,K<PKTP1*fa ¢2,K¢KTP2*9> + <‘1>1,K<PKTP1*f, QQ,K9>
(310) + <Ql,Kf7 SOKTP2*9>
= (0o k@1 ko T f, 06T g) + (05 1 ®1 ko T f9x1,)
+ (.9 o T g) = A+ B + C.

Now using (306), (307), the fact that P is normal and Lemma 2 (or Lemma 4),
one has

|A| Sna 022 (M(TPf), [T g))

e Sna 68 M@ gl
~ Lo(lp) 7 Ea(l2)
B Sa (Ric * (191,60 T7 1) lglxr,)
1) Sna 83 M@)ol
~ Lo(lp) 7 'Ea2(l2)”
and
(313)  |C| Sa (I, Rk = (IT7"gl)) Sna 632 M £l 1) U111 s) -

Now putting together (310)—(313) we conclude that (296) holds.

"The estimates below are given for a fixed large n € N in (298). Since (298) holds for
any n, in the final estimates one can replace the exponent 54 by simply n.



THE POLYNOMIAL CARLESON OPERATOR 133

We return now to proving (306) and (307) and focus first on (306):
|2,k P1,K P u(2)]

sy S [ lexue
= | lo(s) us)] Vo5 ds.

| [ ooty s Bk ) as
R

Now setting 2% := (524 2 d)~! we further notice that, up to conjugation, K is
a variant of the kernel K defined in (274). Moreover, from the definition of k&
and condition s € Ix := supp px we deduce that the integrand variable obeys
y € Iy :=supppk + supp ¢k and that

_ _1
27F |l qrall oo,y 2 072

With these said, one can now follow step by step the reasonings displayed for
the proof of (268) in Lemma 6, specifically (275)—(277), to conclude

(315) Kk (@,5)] Sna 02 28 x g0y (z — 9),

which immediately implies (306).
We now turn our attention towards (307) and notice that it is enough to
show that

d d
(316) Ejxch = (H M;:a{> " K <H Mlva{) h, heL*T).
=1 =1
obeys the estimate
(317) &ach(@)] £ [ e~ )| Raclo),

with Ry verifying (307) and (308).
We first notice that

(318) Eixk= > &p

PeP;(K)

d d
6j’Ph = (H lea{) Tp PK (H la] )
=1 =1
d d
- (H M[fag) Tpox (H zal>
=1 =1

Now fix P € P;j(K), and assume |Ip| = 27% k € N; then, for any = €
E(P), we further have

(320) €.ph(2)] S / (hex) (@ —y)llry (y) = (rg * 6x) (y)] dy,

where

(319)
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where
(321) rP(y) = e (D) gy (),

Appealing now to Lemma C in the appendix, we deduce that for any x € E(P),
one has ||¢; — q]‘HLoo(fP) <4 |Ip|7' = 2*, from which

(322) ZEis (1+8) 77 nen

From (298) and (322) we obtain
JEGIEr I
£ 1 ot el
< 1+ 024 d d
(323) ~ /|§|§(621d )1 < 2k> ( K) [3 €

! /€|>(621d dr)~! (1 + ‘2§1<!> dg < 2F (2’“ §52a dg )™
K

Putting together (308), (318)—(320) and (323) one can now easily verify
that (317) and hence (307) hold.

Step 4: The higher order interaction: control over <£1[8} TP"f, QI[S]TPQ *g>.

The upper bound on the higher order interaction component follows now from
(295), (296) and (297). O

We conclude this section by recording the following natural extension of
the previous result:

Definition 16 (Row). A row is a collection P = (J,cy PJ of normal trees
PJ with tops P! = [ao, I 3] such that the {I ! } are pairwise disjoint.

LEMMA 8 (Row-tree interaction). Let P be a row as above, let P’ be a
normal tree with top P} = (&}, I}], and suppose that for all j € N, I} C I}
and P, P' are 6~ separated trees; denote by I7[c] the critical intersection set

between each P and P'.
Then for any f, g € L*(T) and n € N, we have that

(324)

‘<T7y*f,TP*g>} Snd 0" ([ fll2 llglly + ZXIJ[C]T f Zij[c]TPj*g
j

2
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Proof. For a fixed j, we apply Lemma 7 to the tree P; := P’ and the
normal tree Py := P7. Then, rewriting (287), we have

’<T7”*f, ij*gﬂ Sn,a " (lle!!L2<13> + HM(TP/*JI)HLM)) Iz

o™ 5], ™™l

(325)

Now (324) follows from a simple application of Cauchy-Schwarz followed by
Lemma 4 (specialized to the easier case A = [0,1] and p = 2). O

10. Proof of Proposition 2

In this section we will complete the last step required for finalizing the
proof of our Main Theorem, namely, to present the proof of Proposition 2.
This will be done in two stages: in the first subsection we will treat the case
of an L*-forest, while in the second subsection we will approach the general
case of a BMO-forest.

10.1. A fundamental case: L?-control over an L>-forest. In this subsec-
tion we prove the following result:

MAIN LEMMA. (L?-control over an L>-forest). Let P C P, be an L>-
forest of generation n. Then there exists n = n(d) € (0,1) such that
(326) 1T fll2 Sa 272" [|fl2-

2100nd

Moreover, if P is normal and -separated,”™ then—decomposing P

canonically into a union of rows {R;}—one has

(327) TP FI3 S D NI FI5 + 27 1F 13,
i

from which one deduces the improved bound

(328) 177 flla Sa 272 1f]l2-

Observation 22. Relation (327) should be regarded as a strong almost-
orthogonality relation arising from the good geometric properties imposed
on P. It essentially states that, up to a negligible term, one expects

TP FI5 < D N7 5.
j

™ As expected, an L>-forest P is called normal if all the trees inside are normal; the same
principle applies for the § ~!-separateness condition.
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Proof. Step 1. Row decomposition: preliminaries. Recalling Definition 10,
specifically (155)—(157), we have that P can be decomposed into a collection
of separated trees

(329) P=JP

JEN
with the property that the P-counting function obeys
(330) Np(z) =) xi(x) <e2" VzeT,
J

where here ¢ > 0 is an absolute constant and for each j, P; = [d;, I;] is a top
of the tree P;.

Now in order to select the “germs” of our future rows we proceed as
follows: we first identify the collection of maximal intervals {I1x}; among the
collection of top time-intervals {;};. Then for each such I, we select among
the PJ{S one top tile, say Pix, having as the time-interval 1. We let Ry be
the collection of all the trees whose tops belong to the selected set { Pyx}r. We
then erase this entire collection of trees from our forest P and apply the same
process as above to our remaining set of trees within P. This way we continue
to form Rg, R3 and so on until we run out of trees. Finally, condition (330)
guarantees that this process will end in at most ¢2" steps, and hence

c2™

(331) P =R,

j=1
with each R; being a maximal collection of spatially disjoint maximal trees
{Tj b with U, Tje = U; P;-

Step 2. Row decomposition: isolating the normal tree component. If I
stands for the time-interval of the top of 7, define the boundary component

7;{’,5 = {P € T, |100Ip N (I;)° # 0}

and let
c2™
bd ._ bd - bd . bd
P = URJ with R;® := U7;»k
j=1 k

With these done, we notice that P is a sparse L>®-forest and thus, via
Proposition 1, one immediately gets the analogue of (326) for this boundary
component.

As a consequence, we can erase P from our initial forest P and de-
duce that for the new P, the updated version of (331) represents its desired
(canonical) row-decomposition.
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Step 3. Creating large separation among trees. For each of the (remaining)
trees 7, we construct inductively the set of tiles 7~;k as follows: at the first
stage, we initialize ’7~;k as the empty set, select the collection of all minimal tiles
in 7;x, then move it to ’73;{ and finally remove ’7~;k from 7;x; Then, updating
at each stage 7~;k and 7;;, we repeat this algorithm for 100 d times at which
moment we stop. The resulting collection of tiles have the following properties:

e U, 1 Tjx can be decomposed into at most c(d) n negligible sets and thus this
collection of tiles can be easily treated by Propositon 1; and
o P = Ujil Rj =U;x Tjx is a normal and 2100 d_geparated L*°-forest.

Step 4. The proofs of (327) and (328). Both (327) and (328) follow easily
from the following key observation: the operators {77 iy are strongly almost
orthogonal. More precisely, for k # j, we have that

o TR TRi|gs0 = 0;
° HTRk TRJ'*HQ’_}Q g 9—10n

Indeed, the first item is a direct consequence of the pairwise disjointness
of the sets {supp TRi };. For the second item, one makes use of the strong
(21007 d)_separateness hypothesis, relation (284) and Lemmas 8 and 4. O

10.2. The general BMO-forest case. We start by restating the result that
we need to prove

PROPOSITION 2. Let P C P, be a forest. Then there exists n € (0,1/2),
depending only on the degree d, such that for 1 < p < oo, we have

1771, Spa 27077,

10.2.1. The L? bound. We start by recalling the setting described in Ob-
servation 14 as well as Definition 11. Appealing to a standard pigeonhole
principle, from now on we can assume without loss of generality that

e the family P can be written as

(332) P=JPh
k>0

with P a (BMO)-forest of generation n such that for each & > 0
(333) PF c P, is an L%-forest of generation n;

e the spatial support of the tiles in % is contained in a set AF that can be
represented as a finite union of maximal (disjoint) dyadic intervals;
e there exists ¢y > 10 such that for each £ € N, one has

(334) AR <, . AR and
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o if P=[a,Ip] € P¥ then

- IP - Aalg,
(335) — Ip ¢ AR,

— Apar(P) € (277, 27,

Observation 23. Following similar reasonings with those described in Sec-
tion 10.1 (see Step 3 in the proof of the Main Lemma) we define
(336)
ck .= {P € P¥| thereareno chains P< Py < --- < Py & {Pj};‘:1 C Pk }

and notice that

e The set C, := U0 CF can be decomposed into a union of at most n sparse
forests; applying Propositon 1 to each of the resulting sparse forests we have
that the associated operator T is under control.

e Erasing from each P* the corresponding set éfOOnd one has that
P = U Pr
k>0
is a BMO-forest of generation n such that each P¥ is an L>-forest with the

property that any two trees inside P,’f are 21007 d_geparated.

Now let

=la k C Ak+1 c
(337) pﬁ;;d::{P @1 € PE | 3T C AL st 10010 £ }

(hence I C AF) and |I| < |J|
Next, for PE™ME the collection of maximal tiles in Pk we set
(338) Py i={P € Pi| 3Py € PF™™s.t.P < Py and 100IpN(Ip,,)" # 0}.

n

Then, for each P, we define its boundary forest component as

(339) Priba = Prsa Y Pua:
The normal forest component is defined as
(340) P = P \ Py a-
Finally, we set
(341) Poa =) P 1
keN
and

keN
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Now, following the outline in Section 5.4, our plan is as follows:

e to estimate the L2-bound of the operator 77" we will show that the family
{Tpﬁ,"m}k consists of almost orthogonal operators;

e to treat the operator T7t¢ one simply notices that Py is a sparse forest and
hence one can directly apply Propositon 1.

Claim 6. With the above notation, for n = n(d) € (0,1), one has

(343) |77, <272

In order to prove the above claim, using the TT™*-method and recalling
(334), it is enough to show that there exists absolute ¢ > 0 such that for any
k, k' € N, one has

Pk pE * —c|k—K'|n
(344) [T T g S 2 )

(345) TP TP | < 2 k=F I,

Indeed, (343) will then easily follow, since for any k € N,
k _n

(346) [TPmmm flla <2737 || £l -

Notice that (346) is a direct consequence of the second item in Observation 23
and the Main Lemma.

This being said, let us start by proving (344).

Without loss of generality, we suppose k' > k+ 1. Now applying Cauchy—
Schwarz we have

4 * ’ *
<1—’7>7Ii,'nm*f7 T,Pfi,nm g>' S ”XAﬁ/Tpﬁ,nm*f||2 ||Tpﬁ,nm g”2

Here we have used that P¥’

/ *
1n.nm 15 normal and thus supp TPrmm  C AF
Next, from the way in which we have constructed P,]f’nm and AF1 we
have that if A¥*1 =] J is the decomposition of A¥*! into maximal (disjoint)

intervals, then
(347) VP eP,mand VJ st. IpNJ #0, wehave |Ip| > |J].

Thus, for any P € Pk, . we either have Ip N AR = () or, using (334)

and (347), the following holds:

|IPOA£€L| < |IPQA$L| < 9—¢o |k'—k—1|n

348 = =
( ) ’IP‘ - |IPﬂAIfL+1| ~

Reaching this point, we recall that P,’f’nm is a mormal L>-forest of n"

generation and hence, applying the same reasoning as in the proof of the Main
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Lemma, we have that

c2™

k _ k
(349) Phom = RS,
j=1

with each Rf a row.

Then, using (348) and applying Lemma 4 for A := A¥ | we obtain™

c2n
k * k* _ ot
(350) HXAQI Tpn,nnl sz 5 E HXAﬁ/ TRj fHQ 5 2 clk—K'|n ||f||2,
Jj=1

which proves (344).
We will now move on to the proof of (345).
As before, we start by first applying Cauchy—Schwarz

, TPt g)| < g TP fll [TPEemgl

Based on (349) and the fact that the operators {T' R; }; have disjoint sup-
ports, we have

k RE RE
(351) oy T I3 = 3 I T £IB S 2" sup g 7 13
- J
J
Now, applying Lemma 3 to our row Rf (with the obvious replacement of
the partition C'Zy,(P) by CZIRk (Rf) with Ir C AF the spatial support of
j J

the row R;f), we have

1
K [Eag (T2
(352) HXAI;;TR’szS( sup  —=— | |Ifl>-

JECZ , (RE) ||
J

Now, based on (347), (348), the construction of P¥

~ m and the assumption
k' >k + 1, we have ’

B ()
sup —r

JECZ; , (RE) ||
J

Thus, combining this last observation with (351) and (352), we deduce

—co |k'—k—1|n
<2 | In

k _ _ 1/
Ia TP £l S 271 | 1]

which together with (346) implies (345).

"SRecall that throughout the paper the constant ¢ > 0 is allowed to change from line to
line.
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10.2.2. The LP bound, 1 < 2 # p < co. In this section, based on assump-
tions (332)—(335) and Observation 23, we will show that

< 2_7”](1_1%*)‘

(353) HTan ‘p <p

Our proof will be split into two cases:

Case 1: Assume 1 < p < 2. In this situation we notice that p* = p, and
thus (353) is equivalent to

nn

(354) HT%*Hpr <, 27V

Firstly we notice—based on elementary interpolation techniques—that it
is enough to prove (354) only for p’ € 2N with p’ > 2.
In this context, at the heuristic level, our goal is to show that

k * / k * /
(355) 1Y TP fllyy S DI Il + Enor,
k k

where the “Error” term above is appropriately small and will be made precise
in what follows.
Indeed, for this we first notice that (up to conjugation), we have

o Ky ko ¥
~ S [arelpe @ gy
p/
(B1seskopr) (1m0 rp,)eNP/
Tl+~>+Tp/:P/

IS
k
and after applying the Holder and Jensen inequalities we further have

P
DI DS
k P’ , »’ A]:Lj

1,k Lyeen P j=1
(k1seeskpr), (r1seesmpr ) EN

Tt =p
P\ P
/P' Aij
k *
‘T,Pn,nm f

T

p') P

=

k *

k¥
Tpn,nm f

=1

S Y e [

k+m
k meN An

p/

Thus, we have just proved that for p’ € 2N, with p’ > 1, we have that

* P’ ’ *
CORN DICLRN D S DI TRTEC N B (e
k v k meN Aptm

p/
)




142 VICTOR LIE

which trivially translates into

k x| k * /
HZTPn,nm pr/ S DT R f|E)
k k

(357) o
100p’ Pk x P
DD I
m>10p’ k n
meN

Notice that (357) is the precise formulation of the heuristic described in rela-

tion (355).
The next step is to treat the main term
k * /
(358) A= | TP £,
k

We first prove that it is enough to show that (354) holds for P*

n,nm (uni_
formly in k), that is,

(359) HTPﬁ,nm* f

_nn
" Sp 2 7 [ flly

Indeed, assume for the moment that (359) holds.
Then, we first split the input of TPrnm” into disjoint sets {XAk+l\Ak+l+1 Hen
and notice that, based on (359), for any [ € N, one has

k% _L’/’I
(360) HTPW XAy gl pr/ o 277 ke g Fly-

For | > 2, however, we can do better; for this, we first apply the standard
Holder inequality relative to the row decomposition of Pﬁmm:

1
7

c2” P
k * 1 k* i
(361) T Pronm” flly Sp (2”)”{ > 7™ fllﬁf} :
j=1

With these, from (348) and Lemma 3, we deduce

In
P,

k* k
(362) [laites (XAicl+l\AITcL+l+1 My = HXAI;LH\AZHH TR ||, <p 2

Now denoting Ef = UPEn? E(P) and using that supp TR EJ’“ with
{E]k}j pairwise disjoint, we have from (361) and (362) that

Pk * _n(l—l)
(363) ”T n,nm XAfﬁl\AﬁJrl*lpr’ Sp’ 2 P HXAQH\AﬁHJ’lfHP"

Deduce from (360), (363), and Holder’s inequality that
(364)
—1-n)

e * , _ . _n(=1—n)p’ /
(TP £1B S S04 1P 27 min{1,27 7 bl gure grsie fII-
leN
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Now replacing (364) in (358) and summing over k£ we conclude that
(365) A Sy 27" fl15

Returning now to the proof of (359), the simplest approach”™ is provided
by the following short argument, which holds uniformly in k:

e For the case p = p/ = 2, we already know that (359) holds from the Main
Lemma (or equivalently from (346)).

e For p' € 2N\ {0}, one can simply apply (361) together with Lemma 4 for
A :=T in order to deduce the trivial bound

k *
(366) [T Pnmm flly Spr []f -

Conclude from the above using standard interpolation that (359) holds.
We pass now to the error term

B.— Z meo;//

k+m
m>10p k An

We first notice that
, c2n
'Pﬁ’nm* p <, (9m p’ ’ RE*
@1 [ [T s e [
n i= n
Now, based on (348) and Lemma 4, we deduce that for each j, we have
RE* v < 9—mn P
(368) /AWL TR f‘ 27 AN

Combining (362) with (368) we further have, for m, { > 0,

@9 [ o

Next, proceeding in a similar fashion with (364), we have

koox |0

p/

7 /
p np

_! _mn /
5}?’2 22 |’XA§+Z\Aﬁ+l+1ng"

RE*
T X gkt gkt f

RE* p’ _mn ; _inp /
(370) /AHm ’T j f‘ S,p’ 2772 Z(l +1)P 2 2 HXAZ“\A’&H“ XE;?sz"
n leN

Putting together (367) and (370) we deduce that

mn _inp’
B Sy Z m!O% 975" g Z Z(l + 1) 27 X Aoy o f|’§:7
m>10p’ k leN

and hence
(371) B Sy 27" -
Finally, from (365) and (371), we conclude that (353) holds.

"SFor a different approach, please see the fifth remark in Section 11.
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Case 2: Assume 2 < p < oo. In this situation we have that p* = p/, and
hence (353) is equivalent with

< o
pr2 P,

(372) |77

Once at this point, we notice that we can follow line by line the same
arguments as in Case 1 by simply dropping the adjoint symbol in the corre-
sponding proof. The key aspect that allows us to work with only this simple
modification is that all the L°°-forests appearing in the reasonings from Case 1
consist of normal trees and hence supp T Py nm - Aﬁ- O

11. Final remarks

In this final section of our paper we focus on several themes related with
the main topic of our paper among which the most relevant are

e the local analysis methodology as developed in Section 5 and some of its
more recent connections and applications;

e the resolution of the general n-dimensional case of the conjecture on the
Polynomial Carleson operator; and

e the long standing open problem on the convergence of Fourier Series near L'.

(1) As revealed in Section 5, the local analysis emerging from the study
of the local properties of the concepts of mass and counting function played
an essential role in our tile discretization, elimination of exceptional sets, and
finally, in the slick argument that realizes the passage from the p = 2 case to
the complete LP range, 1 < p < co. Its motivation and genesis were explained
in Section 5.2. In this remark, we will place this local analysis into a historical
context and mention some of its more recent related manifestations together
with their applications.

As discussed in extenso in the introduction, the resolution of Luzin’s con-
jecture on the pointwise convergence of Fourier Series for square integrable
functions can be equivalently rephrased in terms of the L2-weak boundedness
of the Carleson operator. There are three known proofs of this result, each
with its own particularities and subtleties:

e First is the proof of Carleson ([15]), which appeals to a fine analysis of the
structure of the input function f by carefully studying the orthogonality and
magnitude properties of its properly rescaled Fourier coefficients. While not
formally stated as such, Carleson’s approach is based in effect on an analysis
and stopping time algorithm relative to the concept of size of f—informally,
an [? average of local Fourier coefficients measuring essentially the BMO
information carried by f in a certain region of the time-frequency plane.

e Secondly, the proof of Fefferman ([36]) moves the focus from the input f to
the operator T itself by building up “a partial sum operator from simpler
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pieces.” This proof brings into play several fundamental concepts such as
wave-packet decompositions and their geometric representation, structured
family organization, and tile orderings. Further on, Fefferman’s approach
involves a stopping time-algorithm adapted to the concept of mass—with
the latter measuring the amount of the graph of the linearizing phase func-
tion within each given tile.

e Finally, the third proof conceived three decades later by Lacey and Thiele
([73]) uses the modern language they developed for proving the boundedness
of the Bilinear Hilbert transform ([71], [72]). Their approach is essentially a
synthesis of the first two proofs discussed above, relying on a double stopping
time argument involving simultaneously the concepts of size and mass.

At this point it is worth saying that beyond some subtle features, and
despite carrying different numbers of stopping time applications, all three of
these approaches are morally of equal strength within the canonical bounded-
ness range 1 < p < 00.”" This should not be surprising, since the mass and
size are—morally speaking—in a duality relation.

The reader is by now familiar that all of the above proofs directly provide
only the L? to L>*-boundedness of the Carleson operator. As already revealed
in Section 5.2, the explanation for this common limitation is due to the fact
that all these proofs require the removal of so-called exceptional sets. The deep
reason for this is that both the mass and size stopping times used in any of
[15], [36] or [73] do not exhibit a localized-output character: that is, if one fixes
the magnitude of either the size or mass of a collection of tiles within any of
these algorithms, one is not able to specify a non-trivial spatial region within
which all the time intervals of these tiles cluster.”®

With this picture in mind, we can now better understand the paradigm
shift introduced in the present paper that moves the focus from the global to
the local properties of the relevant concepts—which in the case of the present
approach are exemplified by the concepts of mass and counting functions. This
motivates the reference to the local analysis methodology outlined in Section 5
and developed throughout the paper.

As it turns out, several years after the original version of this paper was
made available on arXiv in 2011, the type of local analysis developed here
found, in closely related forms, interesting applications:

""However, as p approaches 1, meaningful, non-trivial differences arise among these three
methods, as shown by the author in [85] (see Section 12 therein). For more on the difficult
open problem of the pointwise convergence of Fourier Series near L', please read the last
remark.

"For more on this, please consult Section 5.2.2.
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e In [20] and [27] the authors use a local analysis formulated in the language of
outer measures (with the latter introduced in [31])—referred to as “localized
outer LP embeddings”—in order to prove sparse domination™ results for

a class of multilinear singular integrals that include the Bilinear Hilbert

transform and variational Carleson operators, respectively.

e In [7], [8], and [9] the authors develop the so-called “helicoidal method,”
which has as its very heart the concept of “localized size estimates”. Indeed,
this method relies on an iterative algorithm that—in the language used by
the authors—constructs depth-(m+1) localization results from their depth-
m correspondents. As it turns out, the “depth-0 localization size-estimates”
are, departing from the case of the Carleson operator, a direct analogue of
the “localized mass estimates” (86) developed here but now phrased in the
language used by Lacey and Thiele in [73]. Indeed, by simply dualizing and
writing A(f,g) := <T]Pf, g>, with T = T say the Carleson operator, at an
informal level

(i) one first introduces a concept of localized size that corresponds to the
“localized mass” Definition 81 here (see, e.g., Definition 14 in [9], Def-
inition 9 in [7], or Definition 19 in [8]);

(ii) one proves a generic localized estimate—analogous to (86) here—for
the form Ay(f,g) := <TP(3)f, g>, where here the location J is some
(dyadic) interval and P(J) are the tiles supported within J (see, e.g.,
Theorem 19 (for n = 1) or Lemma 27 in [9] or Lemma 21 in [8]); and

(iii) one runs a stopping time algorithm in order to create a sparse family of
intervals {Z;}; having similar®® construction and properties as those in
(80) (see, e.g., the proof of Theorem 12 in [9] or the proof of Theorem
7 in [7]).

At the end of this process one obtains the analogue of (89), i.e., A(f,g) =

Y12 ser Aa(f,g). This latter decomposition, in particular, immediately

implies sparse domination results for the scalar case under discussion. That

this approach can be extended to treat many other (multi)linear and max-
imal operators 1" within the realm of time-frequency analysis is an insight

of Benea and Muscalu. Moreover, via the helicoidal method, they provide a

general and robust framework for transforming the localized size estimates

™See [77], [78] and [79] for the origin of sparse domination theory.

890ne can adapt the stopping time construction of {Z;}1 to other relevant concepts that
depend on the nature of the problem and one’s favorite approach. In our paper the stopping
time procedure is conducted relative to the level sets of suitable counting functions, while
in [7], [8], and [9] the stopping time algorithm is performed relative to the level sets of the
maximal Hardy-Littlewood operator associated to the input functions f and g. This latter
is the natural analogous approach in the Lacey-Thiele ([73]) mass-size framework.



THE POLYNOMIAL CARLESON OPERATOR 147

for a given operator into corresponding sparse form estimates and weighted
(multiple) vector-valued extensions.

(2) During the years that have elapsed since the first version of the present
paper was available on arXiv, the full n-dimensional conjecture on the Poly-
nomial Carleson operator Uy, was solved in a few stages: in 2017, building on
the ideas and methods in the present paper, Zorin-Kranich ([128]) proved the
LP-boundedness of Cy,, for general n > 1 and 2 < p < oo and for Calderén—
Zygmund kernels in (6) that are not necessarily translation-invariant. A month
later, based on the observation in [128] that one can apply directly the Van
der Corput estimates proved in [121] in order to estimate the L2-interaction
of two trees (see Observation 21 in the present paper), we showed in [84]
that the one-dimensional techniques developed in the present paper can eas-
ily be extended to the higher dimensional case in order to provide the full
LP-boundedness range, 1 < p < oo, for Cy,, as defined by (1), thus provid-
ing an approach dealing only with translation-invariant Calderén—Zygmund
kernels. Soon thereafter, Zorin-Kranich issued a new version of [128] that ex-
tended his initial result in order to cover the full LP range for the more general
non-translation invariant case.

(3) This remark is a consequence of a fruitful conversation that the author
had with C. Thiele and M. Bateman, and it refers to a vector-valued variant
of the Carleson Theorem. More precisely, using the tile-partitioning algorithm
developed in Section 6.2, we devised an alternative proof that for any 1 <
p,q < 0o, one has®!

(373) [(Siehm)  Zpa |( 1)
k k

an inequality that had been proven in [46] using weighted and extrapolation
theory. However, as a consequence of the Main Theorem presented in this
paper, one can extend (373) to the situation when C' = C 1 is replaced by Cq ;.
(4) Tt is worth mentioning that via the local analysis employed in the
present paper, we obtain the following (informal) upgrade of (75):
If P=U,Pr C Py is a collection of separated trees, and Np stands for
the usual counting function associated with P, then

)
p

(374) 1Y TP fll2 Slog(1 + [INPllBMOE) (ZIITP’“*fH%) :
k

k

This is in contrast with both [24] and [36], where (374) is only present with
INpllBMO. replaced by [[Np| L. Based on the discussions in Section 5.2 and

81Here we use the notation from Section 1.



148 VICTOR LIE

the first remark in this section, we deduce that (374) implies (and is essentially
equivalent with) the elimination of exceptional sets.

(5) A different, more involved, but direct approach to (359) (i.e., not ap-
pealing to formal interpolation), was presented in an earlier version of this
paper and was based on the following heuristic hinted at by an informal inter-
polation argument:

Recalling (327) in the Main Lemma, we know—ignoring the error term—
that

c2™
k * k
(375) [T Prmm” flla < (ZIITR fllz)

We also trivially have
c2n
[T Flloo S IT floo-
j=1
Thus, at the heuristic level, we expect for any 2 < p’ < co to have

R

c2™

c2n
(376) || T8 fll,y <y {ZIITR fllp} S @) {ZHTRk f\l”}

The key message here is that one is able to decouple the information
1
carried by the rows of a forest with a gain of (2") # over the Hélder bound.

1
Notice at this point that any gain over the trivial bound (2")» would be enough
for our claim (359).
The precise form of this decoupling argument is given by the following:

Observation 24. Let p' € 2N, p’ > 2, and PF

nnm D€ an L>°-forest of gener-

ation n whose standard decomposition into rows is given by {73;f }‘3?2:”1. Assume
that any two distinct trees within this row decomposition are normal and
2100mdp’_separated. Then there exists 1 € (0,1) such that the following holds:

c2™ /
k * 'Rk 7107,71,
@B77) TP flly Spr (2 {E 177 pr} + 27 | fllp-

The proof of this statement relies crucially on the separateness assumption of
the trees, which is further reflected in the time-frequency localization proper-
ties of each of the maximal trees belonging to the forest. The appeal of this
approach is that it provides the desired Lp/—decay (for p’ € 2N, p’ > 2) in a
direct fashion with no actual usage of interpolation methods.

(6) This remark is dedicated to an important feature of the behavior of the
counting functions {N, }, as defined in (145). In [85], the author characterized
the L'-weak behavior of the so-called lacunary Carleson operator (see the
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next remark). A key idea in that study was the understanding of the newly
introduced concept of a grand mazimal function, which in our current context
is defined as follows:

Fix j € N, and set

, 1 &L
(378) NG == Y. —Na

n=27-141
Define the grand maximal counting function of order I € N, (I > 2) by
(379) N .= sup N (5).
J<i
With these we have the following key property:
(380) [N h00 S logl,

with the right-hand side bound being sharp.
In particular, the existence of extremal configurations of tiles that realize
the reverse inequality

(381) INB|[} oo = logl

is responsible for the iterative stopping time moment chosen in our tile con-
struction algorithm. That is, in order to achieve (80b) (and later (98)), one is
required in (143) to cut the level set at height

en [Na[AR AT APl IBuoc
instead of the simpler
clINa AR AT - AT llBMoc -

(7) Finally, the previous remark connects with the behavior of the Carleson
operator C' near L', a deep and fundamental theme in harmonic analysis.
At the foundation of this theme resides the following heuristic question:5?
What is the behavior of the (almost-everywhere) pointwise convergence
of Fourier Series between the two known cases for the Lebesque-scale spaces
LP(T):
e p =1, divergence of Fourier Series (Kolmogorov);
e p > 1, convergence of Fourier Series (Carleson—Hunt)?

Now using the fact that the pointwise convergence of Fourier Series is
directly related to the L behavior of the Carleson operator, one can refor-
mulate the above vague question into a precise problem:

82In what follows we adopt the formalism from our paper [85].
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Problem: (1) Let Y C L(T) be a rearrangement-invariant (quasi-)Banach
space. Provide necessary and sufficient conditions for Y to be a C-space, that
is, there exists ¢ > 0 such that

(382) 1C oo <l flly-

(2) In Lorentz space terminology, the above can be expressed as follows:
Give a satisfactory description of the Lorentz spaces Y C L(T) that are also
C-spaces. If such exists, describe the maximal Lorentz C-space Yy. In terms

of known results we have two possible directions:

e On the negative side (i.e., aiming for successively smaller Banach rearrange-
ment-invariant spaces that are not C-spaces): As mentioned above, the his-
tory of this direction starts with the result of Kolmogorov, showing that
LY(T) is not a C-space. The next results are due to Chen ([16]), Prohorenko
([103]), and Korner ([65]). The best result to date belongs to Konyagin

([63], [64]), who proved that for ¢(u) = o(u log’lgogu), as u — 0o the space

X = ¢(L) does not admit pointwise convergence.

e On the positive side (i.e., identifying increasingly large C-spaces Y): Histor-
ically, the topic starts with the results of Carleson and Hunt for Y = LP(T),
p > 1. Next, Sjolin ([109]) showed that one can take Y = Llog Lloglog L,
while F. Soria ([113], [114]) increased Y to a rearrangement-invariant quasi-
Banach space denoted Bj,. The best current results belong to Antonov ([2])
for the Lorentz space Y = Llog Llogloglog L and to J. Arias de Reyna
([3]) for the quasi-Banach space Y = QA (a rearrangement-invariant quasi-
Banach space that essentially has as its largest possible Lorentz subspace
precisely Antonov’s space).

In this context, there are several points worth mentioning:

e The proofs of all of the positive results mentioned above rely on extrapola-
tion methods.

e In [83] the author reproved all of the above positive results via a unified
method relying solely on time-frequency tools.

e Currently, all the positive results can be explained entirely based on the
behavior of the grand maximal counting function (of order /) (379), more
precisely on the fact that there are configurations of tiles for which inequal-
ity (381) holds (extremizers). In order to explain our claim, at least at the
heuristic level, we use duality and write our Carleson operator as a bilinear
form given by

(383) A(f.g):=<Cf, g>=> > > (C7f ).

P CPn, PCPy
Py, LO° —forest P maximal tree
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The key issue is that currently there are no methods near L' to distinguish®?
between the absolute and the conditional summation in the right-hand side
of (383). Onme can argue that if one assumes absolute summation in the
right-hand side of (383), then Antonov’s result is the best possible result
and, further, it is a direct consequence of the logarithmic divergence of the
L' norm of the grand maximal counting function (of order [).

e There exists an old model problem for the problem stated above that has
its own history. This model problem regards the almost-everywhere con-
vergence of lacunary sequences of partial Fourier sums and goes back to
the early twentieth century in works of Kolmogorov (see [59]), Littlewood
and Paley ([88]), and Zygmund ([129]). In the quest to identify the largest
possible Lorentz space (or rearrangement-invariant quasi-Banach space) for
which one has almost-everywhere convergence along lacunary sequences of
partial Fourier sums, some partial progress has been made; see the works
of Chen ([16]), Prohorenko ([103]), Koérner ([65]), and later Konyagin ([63],
[64]). Finally, a related investigation in the Walsh-Fourier setting was per-
formed in [29]; see also [26].

More recently, in [82] and [85], the author succeeded in giving a definitive
answer to this model problem. Indeed, by defining the lacunary Carleson
operator associated with an (arbitrary) lacunary sequence {n;}; as

(384) Ci[azj}j () == sup
jEN

[ ot (@~ ) S0
T
we have that there exists C; = C1({n;};) > 0 such that

(385) Hclgéj}ijl,oo < C(1 HfHLloglongoglogloglogL )

and moreover that this result is essentially sharp. The proof relies in a key
fashion on the properties of the grand maximal counting function explained
above.

Also, very recently, in [86], we provided the sharp result regarding the
strong L' bound for the lacunary Carleson operator, that is, there exists
Cy = Ca({n;};) > 0 such that

(386) HC{nj}jf!h < Co|lfllzrogL -

lac

Returning now to the original problem of the pointwise convergence of the
full sequence of partial sums, we mention that the recent works [85] and [86]
revealed certain subtle key points:

83There is a similar problem regarding the maximal boundedness range for the Bilinear
Hilbert transform; see Section 1.4.3.
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e The structure of the frequencies of the trees involved in the time-frequency
decomposition of the Carleson operator plays a fundamental role in identi-
fying larger classes of rearrangement-invariant Banach spaces for which we
have pointwise convergence.

e The structure of the input function creates certain “resonances” with the
aforementioned structure of the frequencies.

As a consequence, we expect that structural theorems from additive com-
binatorics will play a fundamental role in any relevant advancement on the
problem.

We end by listing the three relevant main conjectures in this subject:

CONJECTURE 1 (LY behavior). The largest Lorentz space Yo C LY(T)
such that there exists ¢ = cy, > 0 with

(387) 1cf
1s Yo = L+/log L.

CONJECTURE 2 (L' behavior). The largest Lorentz space Y1 € LY(T) such
that there exists ¢ = cy,; > 0 with

(388) ICflh < cllflva
1s Y1 = Llog L.

Loo < CHfHYO

If true, Conjecture 1 is essentially sharp due to the result of Konyagin
([63], [64]), while if Conjecture 2 is true, then it is definitely sharp due to
the fact that both the Hardy—Littlewood maximal operator and the Hilbert
transform map L log L into L' sharply.

Finally, we present a last conjecture; although weaker than both conjec-
tures above, its resolution would still be a major breakthrough in the field
of time-frequency analysis due to the new methods that one would need to
develop:

CONJECTURE 3 (LY* intermediate behavior). Prove that there exits a
constant ¢ > 0 such that

(389) Hcf”l,oo <c Hf”LlogL‘

12. Appendix: Results on the L>*-distribution of polynomials

In this last section we present few useful results about controlling the
growth and the size of the level sets of a given polynomial of a fix degree. At the
hearth of all our three lemmas below stays the classical Lagrange interpolation
formula.
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LEMMA A. If ¢ € Qq_1,d>1, and I, J C T are some non-degenerate®*
intervals (not necessarily dyadic) obeying I O J, then there exists a positive
constant c(d) < (2d)?® such that

|I| d—1
lall oo (1) < e(d) il lall Lo sy -

Proof. Let {$§}ke{1,...,d} be obtained as in the procedure described in Sec-
tion 2. Then, since q € Q41, for any x € I we have that

d Hcllc:1 (1’ — .%"k])
k#j

(390) g(z) == T & ok q(a).
j=1 L1k=1 () —2j)
k#j
As a consequence,
Il —ab) -
lall oo ry < d llall poo SUp | g o) <d e r U
clr 1Lty =y (32)

LEMMA B. If ¢ € Qq-1,d > 2, 7 > 0, and I C T is some (dyadic)
interval, then there exists 0 < c¢(d) < 100d? such that

1

(391) Hyeﬂmwﬂ<nﬂs4@(’7>dﬁm

lall oo ry

Proof. The set A,y = {y € I'||q(y)| < n} is the pre-image of (—n,n) under
a polynomial of degree d — 1, so it can be written as

T
A77 = U Jk (77)7
k=1
where r € N, r < d—1, and {Jg(n) }; are open intervals. Now all that remains

is to apply Lemma A with J = Ji(n) for each k. O

LEMMA C. If P = [a},0?,...,a% 1] € P and ¢ € P with d > 1, then
there exists 0 < c(d) < (100d)? such that

lg — QPHLoo(i) <cd) |17

Proof. Set u := q — qp; then, since both ¢, gp € P, we deduce that for all
ke {1,...,d}, one has
u(@f) € (=171 17

84That is, |I|, |J| > 0.
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On the other hand,

Then, proceeding as in Lemma A, we conclude

1]

2]

|d—1

/i _
[ell ooy < @ 1] l(uifl < (100d)* 7|71 O

|
74)"
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