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A geometric version of the circle method

By Tim BROWNING and WILL SAWIN

Abstract

We develop a geometric version of the circle method and use it to com-
pute the compactly supported cohomology of the space of rational curves
through a point on a smooth affine hypersurface of sufficiently low degree.
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1. Introduction

Let n > 2, and let X C A™ be a smooth hypersurface defined by a poly-
nomial f(z1,...,x,) of degree k > 3 with coefficients in a field K. Assume
that the leading terms of f define a smooth projective hypersurface Z C P"~!
of degree k. For a given point P = (z1 : -+ : x,) € Z(K), the goal of this pa-
per is to study the space Morg p(Al, X) of n-tuples of polynomials g1, ..., gn
of degree d that satisfy f(gi1,...,9n) = 0 and whose leading coefficients are
exactly (21,...,2,). The space Morg p(Al, X) is cut out by dk equations in
dn variables and so its expected dimension is d(n — k). One of the outcomes
of our work will be a proof of this fact for X of sufficiently low degree.

There has been a lot of recent work directed at studying the Kontsevich
moduli space ]O,O(Z ,d) of degree d rational curves on degree k hypersurfaces
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Z c P*~!. Building on pioneering work of Harris, Roth and Starr [12], Riedl
and Yang [22] have proved that .#¢0(Z,d) is an irreducible, local complete
intersection scheme of the expected dimension, provided that Z is general and
n =2 k + 3. This can be extended to all smooth hypersurfaces when k = 3,
thanks to work of Coskun and Starr [7]. Finally, for n > 2¥~1(5k—4), Browning
and Vishe [5] have adapted the Hardy-Littlewood circle method to handle the
space of degree d rational curves on arbitrary smooth hypersurfaces of degree
k in P71,

In the present investigation we wish to go further and examine the com-
pactly supported cohomology of the space of rational curves on a smooth hyper-
surface. It turns out that it is technically easier to work with affine space and
to fix the point at infinity. This has led us to focus our present efforts on un-
derstanding Morg, p(Al X), for X C A™ a smooth hypersurface over a field K,
whose leading terms define a smooth projective hypersurface Z c P*~!, with
Pe Z(K).

Let PConf,, be the pure configuration space parametrising ordered
m-tuples of distinct points in A!, and let Conf,, be the configuration space
parametrising unordered m-tuples. The space PConf,, carries a free action of
the symmetric group Sy, the quotient by which is Conf,,. The cohomology of
these spaces has been studied by Arnol’d [1], a topic that has been revisited
and connected to number theory over function fields by Church, Ellenberg and
Farb [6]. Let sgn be the sign representation of S,,, and observe that sgn”~! is
the trivial representation when X is even dimensional. We are now ready to
reveal our main result.

THEOREM 1.1. Let ¢ be a prime. If char(K) # 0, assume that char(K) >
k and ¢ has even order modulo char(K). Assume thatd > k—1 > 2 and
n > 2%(k —1). There exists a spectral sequence E;"°, whose first page E7"° is

(HE 4 (PConfyn, Q) © HE ™ (X, Q)°™ @ sgn™ )™ if 0 <m <d,
0 otherwise,

and where the differential d™° : Ef™* — EPTS has bidegree (r,1 — 1),

which converges to a complexr whose ith cohomology is isomorphic as a Qq-

vector space to H2+2d(n_k)(Mord7p(A1, X)%:Qq), provided that

([ o))

Furthermore, dy"° vanishes on every page E;"° such that r is odd.

Note that 4 (| 74| (& —k+1) —1) > 0 if and only if

(1.1) L%J (2”7 —k+ 1) > 1.
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Since d > k — 1, it suffices to have n > 2¥k to ensure that (1.1) holds. Among
other things, we shall use Theorem 1.1 to prove that

(12) 1 >0 — H2+2d(n_k) (MOI‘d,p(Al, X)Fv @Z) = 07

provided that K,/ satisfy the hypotheses of the theorem, with d > k —1 > 2
and (1.1) holding. This is compatible with the expectation that Mory p(A®, X)
has dimension d(n — k).

A few words are in order concerning the ranges for the indices appearing
in the spectral sequence in Theorem 1.1. We will show later (in Lemma 2.8)
that

(m,s) = (0,0), or

(13) B 20 = {m & [1,) and s € [=m(n — 1) + 1, ~m(n — 2],

In particular, the spectral sequence is supported in the quadrant where s < 0
and m > 0, and it is bounded for fixed d. See Figure 1 for a depiction of part
of the support of E{"* when n = 4, which is triangular in shape.

Using (1.3), we note that if E{™” vanishes for any m, s, then E%” also
has to vanish. By construction, the ith cohomology of the complex that E}"”
converges to is an iterated extension of Eoy® for m + s = 4. This therefore
leads to the following consequence of Theorem 1.1, which clearly implies (1.2).

COROLLARY 1.2. Let ¢ be a prime. If char(K) # 0, then assume that
char(K) > k and ¢ has even order modulo char(K). Assume thatd > k—1> 2

andn > 28k —1). Ifi > —4(L%J (55 —k+1) - 1), then
HP2A0 R (Morg p(AY, X) g, Q) = 0

unless i =0 ori € [1 —m(n —2),—m(n — 3)| for some m € [1,d].

Our proof of Theorem 1.1 uses “spreading out,” in the sense of Grothen-
dieck [11, § 10.4.11], which transfers us to the analogous problem over the
algebraic closure of a finite field. In fact when K is a finite field we give
a precise description of the spectral sequence in Theorem 2.7, replete with
information about the Galois action through Tate twists.

The key innovation in this paper is the introduction of a geometric ana-
logue of the circle method, which is inspired by the sorting of exponential sums
according to “major arcs” and “minor arcs” that is found in the usual Hardy—
Littlewood circle method. The treatment of the major arcs is entirely geomet-
ric, but guided by the kind of calculations that occur in the circle method. The
treatment of the minor arcs, on the other hand, reduces to a point counting
problem over finite fields. This will be reinterpreted as a point counting prob-
lem over the function field Fy(T"), to which existing circle method techniques
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m =0 m=1 m =2 m=3 m=4
100

s=0 Qe T Odgvo 0 0 0
s=—1 0 \0\::::;{3:\»5\:3\\\\ 0 0
s=-2 0 H 0 T 0 0
5=—-3 0 0 0 0 0
s=—4 0 0 N H 0 0
s= -5 0 0 N H 0 0
5= —6 0 0 0 N H 0
s=—T7 0 0 0 Ho N H 0
s=-8 0 0 0 (H®* @ std)* N H
s=-9 0 0 0 0 /\2H® /\2 H

Figure 1. This figure illustrates part of our spectral sequence
when n = 4, where H = H" '(X%, Q) and std denotes the
standard two-dimensional representation of S3. The dashed
arrows denote differentials that will appear on later pages of
the spectral sequence. The entries are obtained via a straight-
forward calculation of the S,,-action on the cohomology of the
configuration spaces from, for which one can use the description
of [20, Th. 4.5] or the presentation of Arnol’d [1]. For general n,
the non-zero terms form a triangle that extends downward and
rightward from the point (—(n—2),1). One can see that in this
region of the spectral sequence, there are very few differentials
that are potentially non-zero. The diagonal lines with constant
m + s in our figure will contribute to different cohomology
groups.
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developed by Lee [19] and Browning—Vishe [4], [5] can be adapted. (A different
approach to the circle method over function fields was developed by Pugin [21]).

A sequence of spaces Yy is said to be “homologically stable” if the ith
cohomology of Y, is independent of d for d > . The precise meaning of
this in our context is not immediately clear since there is no natural map
Morg p(Al, X) — Morgy1 p(Al, X). However, assuming that the differentials
in the spectral sequence of Theorem 1.1 are independent of d for d sufficiently
large, it follows that there exist isomorphisms

HZ+2d(nfk) (MOI‘d’p(Al, X)?, QK) ~ H(l:'+2(d+l)(n7k) (MOI‘d_;_LP(Al, X)?, QK)

for d sufficiently large. Thus a form of homological stability applies to the
sequence of spaces Morg p(Al, X).

There have been two recent success stories where results in analytic num-
ber theory have been established by proving homological stability of appropri-
ate moduli spaces. In work of Ellenberg, Venkatesh and Westerland [10], a ho-
mological stabilisation theorem is established for the moduli space of branched
covers of the complex projective line. For a given odd prime [ and a finite
abelian [-group A, this is used to prove that (for sufficiently large ¢ # 1 mod [)
a positive proportion of quadratic extensions of F,(7") have the [-part of their
class group isomorphic to A. This point of view has been taken even further
by Ellenberg, Tran and Westerland [9], where a similar philosophy is used
to confirm the upper bound in Malle’s conjecture about the distribution of
finite extensions of F,(7") with a specified Galois group. Theorem 1.1 and
Corollary 1.2 go in the reverse direction, whereby a homological stabilisation
theorem is proved using methods that herald from analytic number theory.

We expect that the spectral sequence in Theorem 1.1 degenerates on the
first page for sufficiently large m+-s, leading us to make the following conjecture.

CONJECTURE 1.3. Assume that d >k —1 > 2 and n > 2¥(k — 1). The

cohomology group Morg p(A, X))z, Q) is isomorphic to

P D (PConf,,, Q) ® HE (X, Qo)™ @ sgn™ 1)

m=0
fori>—4(|z&| (& -k+1)-1).

When the homology of a sequence of spaces stabilises, it is natural to
find a single space that they all map to, whose homology is the limit of the
homology of the underlying spaces. (When each space maps to the next space
in the sequence, one can simply take the limit of the spaces.) In Section 6
we shall investigate a potential space with this property for the sequence of

Morg p(Al, X) over the complex numbers. We shall demonstrate that the vari-
ous Morg p(Al, X) naturally map to the space Homg p(C, X) that parametrises
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certain continuous maps from P!(C) to the smooth projective closure X of X
and is homotopic to the double loop space of X. We conjecture a relation-
ship between the compactly supported cohomology of Mory p(Al, X) and the
cohomology of this double loop space. In Theorem 7.7 we will show that Con-
jecture 1.3 follows from this conjecture.

Although we have not been able to compute the full cohomology of the
space of maps Morg, p(AY X )% we can nonetheless use Theorem 1.1 to cal-
culate 2(n — 2)(n — 3) — 1 cohomology groups, starting from the first non-
zero cohomology group, without higher differentials. To see this, we claim
that Esg® = E{" for m+ s > 1 — 2(n — 2)(n — 3) for the spectral se-
quence E;"° in Theorem 1.1. This follows if we are able to show that the
differentials on the rth page of the spectral sequence vanish for r > 1 and
m+s > —2(n — 2)(n — 3). Suppose for a contradiction that there is some
differential d7* : E™* — E™S7" that is non-zero. The last part of
Theorem 1.1 allows us to assume that r > 2. Then certainly E{n’ * and
E7* 7" must be non-zero, which by (1.3) can only occur when the interval
[-m(n —1) 4+ 1,—m(n — 2)| intersects the interval

[~(m+r)(n—1)4+r,—(m+r)(n—2)+r—1].
This requires m(n —1) =1 > (m+7r)(n — 2) — r 4+ 1, which is equivalent to
m = r(n —3) + 2. This in turn implies that m > 2n — 4. But (1.3) implies
that s < —m(n — 2) if E"” is non-vanishing, whence

m+s < —nm+3m=-m(n—3) < —-2(n-2)(n-3),

as required.

A straightforward outcome of Theorem 1.1 is the following result (proved
as Corollary 2.9 below), which concerns the most basic geometric properties
of Morg p(Al, X). This should be viewed as an analogue of the main theorem
of [5] in a different context, with a different, more geometric proof. We expect
that a proof of this theorem exists via the methods of [5], and vice versa.

COROLLARY 1.4 (Corollary 2.9). Let K be a field with char(K) > k if
char(K) # 0. Assume that d >k —1 > 2 and that (1.1) holds. Then the space
Morg p(Al, X) is irreducible and has the expected dimension d(n — k).

Remark 1.5. It is unreasonable to expect an analogue of Corollary 1.4
when d < k — 1. Let X be the vanishing locus of the polynomial

f=aiTaral o +al + 1
Then the leading form defines a smooth hypersurface Z C P! of degree k,
which contains the point P = (1 : 0 : --- : 0). Consider the subscheme
M C Morg, p(A', X), consisting of rational curves that lie in the hyperplane

x9 = 0. If Y C A" 2 denotes the smooth hypersurface :E’§—|-- : '+xf’;+1 = 0, then
Morg,(:...0) (A, Y) is cut out by k(d — 1) 4+ 1 equations in d(n — 2) variables.
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Hence it has dimension at least d(n —2) — k(d — 1) — 1. This implies that
dmM >d+dn—-2)—k(d—1)—1=dn—k)—d+k—1.

Thus, if d < k — 1, then the dimension of M is greater than the expected
dimension d(n — k) of Morg p(Al, X).
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the Spring 2017 semester. Tim Browning was supported by EPSRC grant
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Max Rossler, the Walter Haefner Foundation and the ETH Ziirich Foundation.
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2. Overview of the argument

To begin with we proceed under the assumption that K = F, is a finite
field such that char(F,) > k. At the end of the section we will deduce Theo-
rem 1.1 by using a spreading out argument. We take ¢ to be a prime that has
even order in the multiplicative group modulo the characteristic of F,. This
is a technical hypothesis that could, of course, be removed if strong enough
independence-of-£ results for étale cohomology were known. Our argument will
rely mainly on foundational results in the theory of étale cohomology from [2].
These comprise the following:

e proper base change [2, Exp. XIII, Prop. 5.2.8];

Leray spectral sequence with compact supports [2, Exp. XVII, eq. (5.1.8.2)];
functoriality [2, Exp. XVII, Variant 5.1.14];

excision [2, Exp. XVII, eq. (5.1.16.2)];

the projection formula [2, Exp. XVII, Prop. 5.2.9]; and

the Kiinneth formula [2, Exp. XVII, Th. 5.4.3].

From now on X C A" is a smooth hypersurface defined by f € Fy[z1,...,zy]
with degree k > 3, whose leading terms define a smooth hypersurface Z ¢ P!
over F,. For P = (21 : -+ : zp,) € Z(F,), our interest lies with the space

Morg p(A!, X) of n-tuples of polynomials g1, ..., g, € Fy[T] of degree d that
satisfy f(g1,--.,9n) = 0 and whose leading coefficients are exactly (1, ..., zy).
The polynomials of interest to us take the shape

d-1
(2.1) 9;(T) = 2; T4+ a; ;T
i=0
for 1 <j < nand (agy, .-, ad-14),cjc, € (Fg)”. Let e : (Ad)n x Akd 5 Al

be the function that takes

((ao,ja cee 7ad—1,j)1gj<n > (bh cee >bl€d))
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to the coefficient of 71

kd d—1 d—1
(Z b,T"“) f <1:1Td +) ain T e, T ai,,m’) .
r=1 i=0 i=0

It will be instructive to recall how the function field version of the clas-
sical circle method can be used to study Morg p(Al, X). Let T be the ring
{2251 6:T7" : by € Fy} of formal power series in 1/T', with constant term
equal to zero. Let ¢ : Fy((1/T")) — F, be the function that takes an element
of Fy((1/T)) to the coefficient of T~1, and let 1 be a non-trivial additive char-
acter of F,. Then 9 o ¢ is a non-trivial (additive) character on the locally
compact space Fy((1/7)). By combining properties of the Haar measure on T
with the orthogonality of characters, we have

(2.2)  #Morg p(A', X Z /wogaafgl,...,gn da—/S
g1,--39n
where the sum is over polynomials g1, ..., g, of the shape (2.1) and
> vow(af(gr,- - 9n)):
917“')971

This observation is the igniting spark in the circle method.

When « is close to an element of Fy(7") with small denominator we expect
S(«) to be large. The union of such points form the set of “major arcs” and
ought to make the dominant contribution to # Morg p(Al, X). The “minor
arcs” constitute everything else, which one would like to show make a negligible
contribution to this cardinality. Once achieved, the sort of information about
the geometry of Morg p(Al, X) embodied in Corollary 1.4 can be deduced from
the resulting asymptotic formula by comparing the count to what is predicted
by the Lang—Weil estimate [18].

The polynomial

d—1 d—1
f <.’131Td + Z aMT", Ceey and + Z ai,nTi>
i=0 i=0

is a degree k polynomial composed with degree d polynomials and hence has
degree at most kd. In fact, since (x; : - - : x,) € Z(F,), it is clearly a
polynomial of degree at most kd — 1. Thus only the piece Zfﬁ 10,777 plays
a role in the integration over aw € T in (2.2), and the exponential sum in the
circle method can be written

Z¢ al,_], -abkd)) .

Ai,j
We require a geometric analogue of this approach.

Let p1 : (A" x AM — (AY)" and py : (AT)" x AR — A* be the

natural projections. Let £, be the Artin-Schreier sheaf on Al associated to
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the character ¢ on F,. We will work with the complex
Sa.f = Rpae* %,

on AF®. Our geometric version of (2.2) involves writing the desired compactly
supported cohomology group as the compactly supported cohomology of A*¢
with coefficients in Sy ¢. Just as the classical approach uses a special case of the
inversion formula for Fourier series, the following geometric analogue is proved
using a special case of the inversion formula for the ¢-adic Fourier transform.

LEMMA 2.1. We have H{(Morq p(A', X)z , Q¢) = HP?* (AM, Sy 5 (kd))
for any i € Z.

Before turning to the proof of this result, we note that Lemma 2.1 can
be used to recover the expression (2.2) by taking trace functions of both sides
and appealing to the Grothendieck—Lefschetz trace formula to interpret the
left-hand side in terms of the cardinality of F,-points of Morg p(Aq, X) and
the right-hand side in terms of exponential sums over F,-points of Ak,

In Definition 2.3 we shall define a certain Zariski closed subset A’;d of Akd,
which plays the role of the major arcs in our geometric setting. The geometric
analogue of the estimation of the integral over the major arcs should be a
computation of the cohomology of A’;d with coefficients in the complex Sy ;.
Unfortunately, we are only able to compute the cohomology using a spectral
sequence and evaluate the first page. We are not able to rule out the existence
of higher differentials causing cancellation in the cohomology, a phenomenon
that is invisible on the trace function side. Nonetheless, we are still able
to prove strong upper bounds on the dimension of the cohomology of A’;d.
The geometric analogue of the bound on the minor arcs AF? — Afld will be a
cohomology vanishing statement.

Proof of Lemma 2.1. Let c1, ..., cgq be the unique polynomials in the a; ;
such that
d—1 d—1 kd
f <$1Td + Z ai,lTi, o ,and + Z ai,nTZ) = Z e, T
i=0 i=0 r=1

Then e(a; ;;b1,...,bga) = Zfil bec,. Let pu: A x A* 5 Al be the map

kd
((bl, .. '7bkd)7 (Cl, .. .,de)) — Zbrcr.
r=1

Then e = po (¢ x id). Furthermore, Morg p(Al, X)E is the fiber of ¢ over the

point 0, since we can view (Ad)" as the space of n-tuples of degree d polynomi-
als (g1,...,9n), with g; = a:de + Z?:_ol a; jT7, whose leading coefficients are
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exactly (x1,...,2,). Moreover, in that space the condition f(gi,...,9n) =0
is precisely the condition that the image of the point under c is zero.
By the Leray spectral sequence with compact supports, we have

Hé'+2kd (Akd, Sa.p(kd) ) Hz+2kd (Akd Rpgie*.,%,(kd))
= HF((A)" x AM e 2, (kd))
= HIFH (A" x AN (e x id)*1i* Ly (kd))
= HIF (AR x AM, R(e x id) Qe @ p* Zy(kd)) .

The desired statement follows from this identity and a special case of [16,
Lemma 13]. Katz’s proof is a sketch and so we give more detail here for the
sake of completeness.

If we let pf : AR ARd 5 AR hhe the first projection, then by proper base
change we have

Hz-‘r?kd (Akd % Akd,p RC'Q[ ® M*$¢(kd))
= HIF (AR Re\Qy @ Rplyp* £y (kd)) .

Now Rp},p* %, (kd) is the ¢-adic Fourier transform of the constant sheaf, which
is a skyscraper sheaf supported at 0 and placed in degree 2kd. This can be
checked explicitly using proper base change, which shows that its stalk at any
non-zero point is the compactly supported cohomology of A*¢ with coefficients
in .Z), of a non-constant linear map. This vanishes by the Kiinneth formula,
since the cohomology of A! with coefficients in 2y, of anon-constant linear map
already vanishes. Hence Rp),u*.%y(kd) is a skyscraper sheaf supported at 0.
Proper base change furthermore implies that the stalk at 0 is the compactly
supported cohomology of A¥® with coefficients Qy(kd), which is a copy of Qp
in degree 2kd.

Thus the tensor product of Rp!,u* %, (kd) with ReiQy is simply the stalk
of ReiQp at 0, placed at 0 and shifted 2kd degrees. Hence the compactly
supported cohomology in degree i + 2kd is simply the stalk of R'c/Q, at 0,
which by proper base change is the ith compactly supported cohomology of
the fiber Morg p(Al, X)Fq of ¢ over 0. O

Remark 2.2. The stalk of S ; at 0 in AF? is simply the compactly sup-
ported cohomology of A" with coefficients in the constant sheaf Q,, which
vanishes outside degree 2nd and is one-dimensional in degree 2nd. If the stalks
of S4 s vanished everywhere else, then H 2% (Ak S +(kd)) would vanish for
i # 2d(n — k) and would be one-dimensional for i = 2d(n — k). In fact Sg ¢
does not usually vanish everywhere else, but we will see later (under suitable
hypotheses) that the contributions of the other points to the cohomology are in
lesser degree than 2nd, so the top degree cohomology group occurs in 2d(n—k).
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This fact is sufficient to verify that Mory p(Al, X) is a variety of dimension
d(n — k), as in the proof of Corollary 1.4.

It is now time to introduce the “major arcs of level m” for our geometric
version of the circle method.

Definition 2.3 (Major arcs). For any integer m > 0, let A,’f,fl be the locus in
A consisting of points (by, ..., brg) where the (kd —m) x (m 4 1) matrix M,
whose entries are given by the formula M;; = b;4;_1, has rank at most m.
Take A*¢ to be the empty set.

We will view rational functions in 7' as power series in T~'. We say a
power series in T~ is O(T™) if it only has terms of degree at most N. The
following result gives an explicit description of the major arcs of level m.

LEMMA 2.4. The set Alﬁ,f satisfies the following properties:

(1) Akd s a Zariski closed subset of AF?.

(2) AL, At

(3) Akd = AR if m > kd /2.

(4) A tuple (by,. .., bpq) is in AE? if and only if there exists m' < m, a poly-
nomial hi(T) of degree < m', and a monic polynomial ho(T) of degree m/
such that

kd
—r_ (T) —kd—14m—m/
b, T " = +0(T tmemny,
2 (@) )

(5) Assume that m < kd/2. Then for each (b,...,brg) € Ak — Akd
there exists a unique m', hy, hy satisfying the conditions of part (4). Fur-
thermore, for such m’,hy, hg, the polynomials hy,ho are coprime and, if

m’ < m, then the coefficient of T—kd—1tm-m" ;p

~—

f:b pr T
r=1 h2<T

~—

1S Non-zero.

Proof. We begin by dealing with parts (1)—(3). Part (1) follows from the
definition and the fact that the set of matrices of rank < m is Zariski closed.
Part (2) will follow from part (4), and part (3) follows on noting that in this
case, M has kd — m < m rows and so its rank is necessarily < m.

To deal with part (4) we note that the matrix M has rank < m if and only
if there is an element in its kernel. Suppose that an element (cy, ..., ¢py1) is
in the kernel of M. Then for all j € {1,...,kd — m}, we have

m
Z Cin_j_l = 0.
=1
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In other words, the coefficient of 777 in (Efil bTT_’")(Z?:{l ¢;T"~1) vanishes
forall j € {1,...,kd — m}. Let

m+1

ho(T) = > T,
=1

and let hy(T) consist of terms of (Zﬁil b, T~ ")ho(T) of non-negative degree.
Let m’ < m be the degree of hy. Then (Zfil b, T~ ")ho(T) is a product
of a Laurent series with all terms in negative degrees with a polynomial of
degree m’. Thus it is a Laurent series with all terms in degree < m’. Because
of the aforementioned vanishing, we have

kd
(Z brT"“) ha(T) = ha(T) + O(T~(ki=m)-1)
r=1

and dividing both sides by ha(T') we get the desired identity. The converse can
be proved by the same argument in reverse. Given hp, ho, one multiplies the
identity by ho(T), observes the vanishing of the coefficients of

kd
(Z b,,TT> ho(T)
r=1

and concludes that a vector defined by the coefficients of ho(T') lies in the
kernel of M.

To prove part (5), we note that if h; and hy are not relatively prime, we
may remove a common factor from them, decrease m’ by the degree of that
factor, and then decrease m by the same amount, to show that the point lies

in Ak | Similarly if the coefficient of T-*d—1+m=m’ iy Zfil b, T~ — Z;g; is

zero, then

kd
 ha(T) —kd—24m—m’
b, T = +O(T m=m
; ha(T) ( )

Thus we may decrease m by one and leave m’ fixed, again showing that the
point lies in Af,fl_l.

It remains to show that there cannot be two distinct solutions. Let hy/ho
and hs/hyg be two distinct, coprime solutions, with deg(hs) = m’ and deg(hy)
= m/". Without loss of generality, m’ < m”. Then

hi(T)  hs(T)

o —kd—1+m—m/'
ho(T) — hy(T) =0T ’ )

Since
h(T)  hs(T) _ Pa(T)ha(T) — ho(T)hs(T)

ho(T)  hya(T) ho(T)ha(T)
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is non-zero, its numerator is non-zero and must have non-negative degree.
Moreover, the denominator has degree m’ + m” and so this power series has
leading term in degree at least —m’ — m/”. It follows that

—m' —m"'<-kd—14+m-—m'.

This implies that kd + 1 < m + m” < 2m, which contradicts the assumption
that m < kd/2. O

Ultimately, our analogue of the major arcs will be Asd and the analogue
of the minor arcs will be its complement. We could take any cutoff m and view
AFd a5 the major arcs, but we will see in the next section that m = d is the
largest value for which the argument goes through. We shall prove the following
result, which is the geometric analogue of the estimation of the major arcs.

PROPOSITION 2.5. Assume that the leading terms of f define a smooth
hypersurface and that char(F,) > k. The spectral sequence associated to the de-
creasing filtration of the complex of £-adic Galois representations H (Ak?, Sa.f);
whose mth step is equal to HY (AR — Ak | /S, +) for m € {0,...,d + 1}, has
the following properties:

(1) It converges to H}(AX, S, ;).
(2) Its first page E{"° is

Sm
(Hztmn=2nd(PConf,,, Q) @ HY ™! (Xg,, Q) ®™ @sgn™ 1) ™" (—=m—n(d—m)),

whenever 0 < m < d, with with E{"® = 0 otherwise.
(3) Its differential d, has bidegree (r,1—1) and it vanishes on every odd page.

The proof of this result will be entirely geometric, but it will follow the
line of reasoning that features in the treatment of the major arcs in the usual
circle method. The vanishing of the differentials in part (3) will be established
in Section 4, but everything else will be achieved in Section 3.

The treatment of the geometric minor arcs will be the object of Sections 5
and 6. It will lead to the following outcome.

PROPOSITION 2.6. Assume that the leading terms of f define a smooth
hypersurface, that char(F,) = p > k, and that £ has even order mod p. Assume
thatd>k—1>2 andn > 28(k —1). Then H{(Ak — Akd 'S, 1) =0 provided

that J
n
> 2d 4—4L—J (55 —k+1).
1> 2an + e —1) \ok +
Our investigation of the geometric major and minor arcs now leads us to
draw the following conclusion.

THEOREM 2.7. Assume that the leading terms of f define a smooth hy-
persurface in P71 that char(F,) = p > k and that ¢ has even order mod p.



906 TIM BROWNING and WILL SAWIN

Assume that d >k —1>2 and n > 2F(k —1). Let E/™® be the shift by 2dn of
the Tate twist by kd of the spectral sequence defined in Proposition 2.5. Then
the following are true:

(1) The first page E{"° of By is
(HET™™(PConf,,, Q) ® Hf_l(XFq, Q0)®™ @ sgn™ 1) (kd — m — n(d — m))

whenever 0 < m < d, with E7"* = 0 otherwise.
(2) Its differential d, has bidegree (r,1 —r) and it vanishes on every odd page.
(3) Er"® converges to a complex whose ith cohomology is equal to

Hé+2d(n_k) (Mord,P (Al, X)Fq 9 QZ)?

as a Qg-vector space with an action of Froby, whenever

(2.3) i>—4qk;flJ (%—k+1)—1).

Proof. Parts (1) and (2) follow directly from Proposition 2.5. The latter
result also implies that the spectral sequence converges to a complex whose
ith cohomology is Hit2"d(Akd S, +(kd)). By excision and Proposition 2.6, if

i+ 2nd > 2nd + 4 — 4 LdJ (55 —*+1)
kE—1] \2k '
or equivalently (2.3), then the ith cohomology of the limit complex is isomor-
phic to HI2nd(pkd Sa.f)- Finally, this is H§+2d(n7k)(Mord7p(A1, X)ﬁq, Qp), by
Lemma 2.1, which thereby completes the proof. O

To complete the proof of Theorem 1.1, we drop the assumption that
K = F,. The coefficients of f form a finitely-generated Z-subalgebra R C K.
Its spectrum Spec R is a scheme, over which we have a family of hypersur-
faces X and a family of schemes Morg, p(Al, X). By proper base change, the
cohomology groups of this family of schemes each form a constructible sheaf
on Spec R. Thus there is some open subset of Spec R on which each of these
sheaves is lisse, and so each cohomology group is constant as a Qy-vector space
on this subset. Since Spec K is the generic point of Spec R, that point is con-
tained in this open set. In view of the fact that R is finitely-generated over Z,
its points with finite residue fields are dense. We choose some closed point in
this subset, calculate its cohomology group by a spectral sequence as in The-
orem 2.7, and then observe that the cohomology groups of the original X are
isomorphic and hence also given (non-canonically) by this spectral sequence.
The only thing left is to check the conditions on the characteristic. If K has
a given positive characteristic, then all the residue fields will have the same
characteristic, and the conditions in Theorem 2.7 are satisfied because we have
assumed the same conditions in Theorem 1.1. If K has characteristic zero, then
every open set of Spec R contains points of residue fields of every sufficiently
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large characteristic, and we can choose one of characteristic p with p > k and
where ¢ has even order mod p (e.g., by using quadratic reciprocity to choose p
so that ¢ is a quadratic non-residue mod p).

We are now ready to establish the conclusions that we drew in (1.3) and
Corollary 2.9 from the statement of Theorem 1.1.

LEMMA 2.8. The first page E{"’ of the spectral sequence in Theorem 2.7
satisfies

(m,s) =(0,0), or

Bl = {me[l,d] and s € [-m(n —1) +1,—m(n — 2)].

Proof. Since
B = (HZF™™(PConfpn, Q) @ HY ™ (X, Q)™ @ sgn™ 1)

for 0 < m < d and is zero otherwise, it vanishes unless 0 < m < d and
H:Tm(PConf,,, Q) # 0. For m = 0, PConf,, is a point and has cohomology
only in degree zero. Otherwise, it suffices to show that H:T™"(PConf,,, Q)
vanishes unless m+1—mn < s <2m—nm, or equivalently that H:(PConf,,, Q)
vanishes unless m + 1 < i < 2m.

To do this, we first observe that given any configuration in PConf,,, we
can translate it so that the first point is zero, letting us write PConf,, as the
product of A! and an affine variety PConf,, /G, of dimension m — 1. Thus, if
Hi(PConf,,,Q) # 0, by the Kiinneth formula and the fact that H (Gq, Qy)
vanishes for j # 2, we have H!2(PConf,, /G,, Q;) # 0. It follows from
Poincaré duality that

H2m72*(i*2) (PCOl’lfm /Ga7 Qe) 7é O’

which is a contradiction unless 0 < 2m —2 — (i —2) < m — 1, because PConf,,
is affine of dimension m — 1 [2, Exp. XIV, Cor. 3.2]. Solving for i, we get the
desired statement. O

COROLLARY 2.9. Let K be a field with char(K) > k if char(K) # 0.
Assume that d > k—1 > 2 and that (1.1) holds. Then the space Morg p(Al, X)
is irreducible and has the expected dimension d(n — k).

Proof. For ease of notation let us write M = Morg p(A!, X) in the proof
of this result. To begin with, note that each irreducible component of M has
dimension at least d(n — k), since M can be defined as the vanishing locus in
(A" of dk equations.

We proceed by proving that if m is the dimension of the largest irre-
ducible component of Mz, then the cohomology group H:(Mz, Q) vanishes
for ¢ > 2m and its dimension is equal to the number of m-dimensional irre-
ducible components of Mz if i = 2m. The first estimate follows from the
bound for the cohomological dimension of schemes. For the second estimate,
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let U be the maximal smooth m-dimensional subset of the induced reduced
subscheme of M7 and let Z be its complement. Then U is smooth of dimen-
sion m and its number of connected components is equal to the number of
irreducible components of M3. Moreover, dim Z < m — 1. Thus Hg(Zf, Qp)
vanishes for j > 2m — 2 and the excision exact sequence yields

HZ" N (Zge, Qo) = HZ™(Uge, Qo) — HZ™ (M, Qo) — HZ™ (Zg, Qu).

This therefore gives an isomorphism H2" (U, Q) = H2" (M, Q). By ap-
pealing to Poincaré duality, H?™(Uz, Q) is dual to H(Uz, Q;), which has
dimension equal to the number of connected components of U, which is there-
fore equal to the number of top-dimensional irreducible components of M.

It will follow that M has dimension d(n — k), with a unique irreducible
component of dimension exactly d(n — k), provided we show that for i > 0,
Hé+2d(n_k)(M?, Q) = 0 and that it is one-dimensional for ¢ = 0.

When ¢ > 0 this follows from Corollary 1.2 provided that d > k—1 > 2 and
n satisfies (1.1). Suppose next that i = 0, and let E;"® be a spectral sequence
as in Theorem 1.1. It follows from (1.1) that n > 3. Thus (1.3) implies that
E7"* is non-zero for m + s = 0 if and only if m = s = 0. We claim that E?’O
is one-dimensional, which will complete the proof since the convergence prop-

erty of Theorem 1.1 then implies that Hgd

(n—k) (M3, Q) is one-dimensional.
But PConfy is simply a point, so H2(PConfg, Q) is one-dimensional, while
the 0-fold tensor product of H?_I(X?, Qy) is also one-dimensional, as is the
sign character. Because Sy is the trivial group, taking Sp-invariants changes

nothing, which thereby establishes the claim. O

3. The geometric major arcs

Rather than A%? we will need to work with a subset of the major arcs that
are very close to a rational with denominator having degree precisely m. (The
reason for this is that we have chosen our parameters so that the exponential
sum vanishes outside this set, and we will see in Lemma 3.3 that the same is
true of Sy r.) Thus, let U¥ C A¥d consist of tuples

(b, ... bra) € ARl — AFS |

such that there exist a polynomial hi(7") of degree < m and a monic polynomial
ho(T') of degree m for which

kd
> 6T = () | O(THF=1y,
r=1 h2(

T)
The following result is concerned with a description of this set.

LEMMA 3.1. Assume that m < kd/2.
(1) Uk is a Zariski open subset of AFd.
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(2) The coefficients of the polynomials hy, ha are regular functions on UF?, and
these give an isomorphism between U*? and the space of pairs of coprime
polynomials hi,hy € Fy[T], such that hy is monic and deg(h1) < m =
deg(hz).

Proof. For part (1) we apply the uniqueness statement in Lemma 2.4(5).
This implies that a point (by,...,bgq) is not in UF? if and only if it satisfies
the conditions of Lemma 2.4(4) for some m’ < m. This is so if and only
if (by,...,bpg 1) is in AP C ARTL gince by TR = O(T—kd-1+m—m"y if
m’ < m. But this is a Zariski closed condition by Lemma 2.4(1).

We now turn to the proof of part (2). The existence of a polynomial map
to Uk from the space of pairs of relatively prime polynomials h1, ho such that
ho is monic and deg(h1) < m = deg(hz) follows immediately from the formula
for polynomial long division.

The inverse map is not hard to construct. To do so, first observe that

kd
(3.1) ho(T) Y b, T = hy(T) + O(T™F41),
r=1

Thus all coefficients of ho(T") Zfil b, T~" between T~! and T~™ vanish. This
gives m linear equations in the m coefficients of hy(7T') (not counting the lead-
ing one, which is fixed). In turn this allows us to write ho(7") as a polynomial
function on the open set where the determinant of the system of equations
is non-vanishing. We need to prove that the determinant of this system is
non-zero on UY. Suppose for a contradiction that there is a vector in the
kernel that defines a polynomial hf of degree < m such that all coefficients of
Ry(T) SF4 b, T~ between T~ and T~ vanish. Thus there exists a polyno-
mial i} such that

kd
y(T) > b, T~ = hi(T) + O(T~™71).
r=1

Multiplying both sides by ho, we obtain
kd
ha(T)RY(T) + O(T ™) = hy(T)ho(T) Y b, T7"
r=1

= hy(T) (I (T) + O(T™ 1))

= H(T)a(T) + O(T?H=2)
It follows that the polynomials ho(T)R}(T) and hiy(T)hi(T) are equal up to
O(T~1), whence equal. Thus

kd
_ Ry (T) g

brT r_ "1 + o(T kd—1 ,

2 ) O
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which contradicts the assumption that (by,...,bgq) & AX? . Finally, equa-
tion (3.1) allows us to write the coefficients of h; as polynomial functions in
the coefficients of he and the b, and hence, by the previous discussion, as
polynomial functions on Uffld. U

The following statement on the cohomology of Artin—Schreier sheaves is
a variant of well-known facts and will be convenient for our purposes.

LEMMA 3.2. Let X be a variety over a separably closed field of character-
istic p, equipped with a map ¢ : X — A'. Let a : X x A' = X be another map
such that

pla(z, A) = p(x) + u(x)A
for an invertible function u(x), and such that a is an action of the group

Go &2 Al on X (ice., a(z,0) = x and a(a(z,\1), \2) = a(x, A\1 + A2)). Then it
follows that HA(X, p*%,) = 0 for all i.

Proof. First note that
p(x) + u(@) (A + A2) = p(a(z, AL + A2)) = p(ala(z, A1), A2))

= pla(z, A1) + ufa(z, A1) Az
= @(x) + u(z)\1 + ula(z, A\1))A2.

Hence u(a(x,\1)) = u(x). Next, consider the map a’ : X x Al — X x Al,
given by d'(z,\) = (a(z, N\ u(z )) A). Then ¢ is invertible because

( ( ua:) a:)\/u( ))>:a<a<x’u(/\x)>’_u()\a:)>

so that an inverse map is given by (z, A) — (a(z, —A/u(x)), A).
Recall (e.g., from [25, Tag 03RR] and Poincaré duality) that

0 ifi#2,
Q, ifi=2.

Appealing to the Kiinneth formula, we deduce that

HZ(Ala QZ) = {

Hy(X, 9" %) = HH (X x AL "2y KBQp) = HI7H(X x Al d™ ("2 R Q)
= H2_2(X X Al, go*fw X iﬁ/,)
— 0,

where we have used the fact that H.(Al, £,;) = 0 for all 4, as follows from the
case d =1,n =1 of [8, Lemma 8.5(i)], for example. O
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Armed with this result we may now investigate the stalk of the complex
Sq,r at a typical point on our geometric major arcs. This result will take
the place of stationary phase arguments that can be used to bound real os-
cillatory integrals and p-adic exponential sums in the classical circle method.
We use it at the infinite place in Lemma 3.3, and then at the finite places
in Lemma 3.6. Our conditions on f are strong enough that in both cases
the relevant sums actually vanish, and we will prove a corresponding vanish-
ing statement for cohomology. The vanishing of the exponential sum at finite
places corresponds to the fact that the limit lim, oo p~ " D7#X (Z/p"7Z) sim-
plifies to p_("_l)#X(Fp) if X is smooth. Since the place at oo of a function
field is non-archimedean, our smoothness conditions on f also allow one to
deduce a similar vanishing statement for the relevant exponential sums there.

LEMMA 3.3. Assumed > m. Then H{(Ak— Ak S, )= HY (UK, S, ).

m—1>

Proof. By excision, it suffices to prove that the stalk of Sy s vanishes at
any point (by, ..., bgq) € Ak —(AFd  YUED). By proper base change, this stalk
is precisely the compactly supported cohomology of (A%)" with coefficients in
e?bh_._’bkd)fw where e, 1, is € restricted to the point (b1, ..., bgq). We will
show this stalk vanishes using Lemma 3.2.

Let m/, hi, ho be as in Proposition 2.4(4). By the definition of U*?, we
must have m’ < m. Let fp be the leading terms of f. Because (z1 : --- : xy)
is a smooth point of the hypersurface fo = 0, we may assume without loss of
generality that g—Q(P) # 0.

Let g1, ..., g, be atuple of polynomials of degree d with leading coefficients
exactly (z1,...,%5), and let A € F,. Consider

F(T)=f(g1(T) + AT " hs(T), 92(T), - - ., gu(T)) = f(91(T); - - gu(T)).

To begin with we note that F(T) is divisible by ho(T'), as modulo ho(T) the
two terms cancel. Next, we use Taylor expansion to deduce that

F(T) = Xr(T) 22 (g1 (1), gu(1)) + O -y +tb-22)
1
where g1 (T) = T%™hy(T) has degree exactly d —m + m’. Moreover,
2d+m' —m)+ (k—-2)d<d—m+m'+ (k—1)d
for m" < m. It follows that deg(F) = d — m +m' + (k — 1)d, with leading
coefficient proportional to A, since g—fl)(P) £ 0.

Since Zfil b, T~ — Z; g; is a power series in T of degree —kd—1-+m—m/,

the only contributions to the coefficient of T~ in

kd
<Z:1 b T — Z;g ) F(T)

~—

~—
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come from the leading terms on both sides. Hence the coefficient of T is
also a non-zero multiple of A\. On the other hand, because F(T") is a multiple
of ho(T), it follows that Z;E%F(T) is a polynomial in 7', and so its coefficient
of T—1 vanishes. Hence the coefficient of 77! in

kd
(Z bTT_’“> F(T)
r=1

is a non-zero multiple of .

We may now apply Lemma 3.2. We take X to be (A%)", ¢ to be (b1, bra)
and a : (AY)" x A — (A" to be the map that sends a tuple of polynomials
91(T), ..., gn(T) of degree d, with leading coefficients exactly (x1,...,x,), and
anumber A to the tuple g1 (T) +AT9™ho(T), g2(T), - . ., gu(T). It immediately
follows that the compactly supported cohomology of e?ln,... b ).;Sﬁ[, vanishes. [J

sOkd

Recall from Lemma 3.1 that U*? is isomorphic to the space of pairs of
relatively prime polynomials hq, ha, such that hy is monic and deg(hy) < m =
deg(hy). We can rewrite the map e on (A”)? x U*? as the map that sends

((ao,j, s 0d—1) 1< jep > (M1 h2))

to the coefficient of T~ in

hl (T) d—1 ' d—1 )
3 (T)f (.Ile—f—ZCLi,lTZ,.. . ,.CL‘an—FZai,nTl s
2 i=0 i=0

since f(:cle—i—Zf:_Ol ai TC, ... ,man+Zf:_01 a;nT?) has degree < kd, and so it
is sufficient to approximate the first term to within O(T~*¥=1), In particular,
note that it only depends on the residue class of the tuple

d—1 d—1
(J}le + Z ai,lTi, c. ,.ili'an + Z ai’nTi)

i=0 i=0
modulo hs.

Consider the map o : (A™)? x Ukd — (A")™ x Ukd given by taking the
residue of (z;7% + Z?:_ol ai T, ... T4 + Z?:_ol ainT") modulo hs, which is
a polynomial map by Euclid’s algorithm for polynomials. (This crucially uses
the fact that ho is monic.) By the aforementioned residue dependence, we may
write e = € o o, where € : (A")™ x Uk — Al sends

((CLOJ, ey amflvj)lgjgn N (hl, hz))

to the coefficient of 71 in

m—1 m—1
h gf (Z AN T) |
1=0 i=0

1(
ha(
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Similarly, we may write po = ph o o, where p : (A™)™ x Uk — Ukd is the
natural projection.

Let mo : UFY — A™ denote the projection to the space of degree m monic
polynomials, which we view as A™, that sends (h1,h2) to ha. We introduce
the complex

gm’f = Rﬂg!Rpélé*afd}

on A™. The following result is the geometric analogue of breaking the expo-
nential sum into residue classes on the major arcs.

LEMMA 3.4. Assume that m < d. Then

HYUR, Sap) = H2M™(A™, S, 1) (—n(d —m)).
Proof. First we will show that

RoiQ = Q¢[2n(d — m)](—n(d — m)).
To do this, we claim that there exists an isomorphism
(Ad)n % Urlfld ~ (Adfm)n % (Am)n % U;:Ld?

whose composition with o is the projection onto (A™)" x U¥?. This isomor-
phism is defined by the fact that, for a fixed monic polynomial ho of degree m, a
polynomial of degree d > m with leading coeflicient x; can be written uniquely
as a polynomial of degree < m plus hs times a polynomial of degree d —m with
leading coefficient x;. We view the polynomial of degree < m as an element
of A™ and the polynomial of degree d — m with leading coefficient x; as an
element of A%~™. The map to A™ x A4~™ is given by polynomial long division,
and hence is a polynomial function of the coefficients, and the inverse map is
simply multiplication and addition. The map p is given by the residue mod ho,
which is exactly the polynomial of degree < m, as desired.

By proper base change Rg1Qy is the pullback from a point of the compactly
supported cohomology of (A%~™)" = A™4=™) which is the pullback of a one-
dimensional vector space in degree 2n(d—m) with Galois action Q;(—n(d—m)),
which is just the constant complex Qy[2n(d—m)](—n(d—m)). This establishes
the claim.

Next, on Uk? we calculate that

Sa,; = Rpae” Ly = Rpno"e" Ly = Rph00"e" %y,
by functoriality. Appealing to the projection formula, we deduce that

Rphy010"* %y = Rpy (6" Ly @ RoiQy)
= RpQ!E*Z¢[—2n(d —m)|(—n(d —m)).
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It follows that
HI(UK, Sug) = HIUR, Rplye 2y [~2n(d — m)](~n(d — m)))
= H2 (U, Rpye* Zy(—n(d —m))),
by the Leray spectral sequence with compact supports. But then
HI(URL, Sap) = HIZ2"@m) (4™, Ry Ry £,) (—n(d — m))
= HIM (4™, S, ) (~n(d - m)),
as required. O

Next, in Lemma 3.5, we will show that the complexes S, 7 enjoy a fac-
torisation property. This is analogous to the multiplicativity property of the
corresponding exponential sum in the classical arithmetic setting. In calcu-
lating a multiplicative function, we can typically reduce to the case of prime
powers, which here would correspond to powers of irreducible polynomials. In
fact, in our setting we may reduce to powers of polynomials of degree 1. In
Lemma 3.6, we deal with powers of degree greater than 1. Thus it remains to
calculate the degree 1 case Sy, #- This we accomplish in Lemma 3.8. Building
on this, in Lemma 3.9 we are able to calculate H}(A™,S,, r), which allows

us in Corollaries 3.10 and 3.12 to determine the cohomological contribution of
Akd k|

LEMMA 3.5. Let mi,ms € N, and let V be the moduli space of pairs
of coprime monic polynomials ly,ly such that deg(l;) = m; for i = 1,2. Let
f1:V = A™ (resp. fo: V — A™2 f19: V — A"™T7M2) pe the maps sending
(I1,12) to 1y (resp. la, lily). Then

ff2§m1+m2,f = ffgml,f X f2*§m2,f-

If m1 = meo, then we may take this isomorphism to commute with the action
of the involution switching Iy and ly on both sides.

In the mq = mg case, the action of the involution on the right-hand side
follows the standard convention for switching the two sides of a tensor product
of complexes (which acts on the ith homology of the first complex tensor the
jth homology of the second complex by the obvious action times (—1)¥).

Proof of Lemma 3.5. Applying proper base change, we see that the left-
hand side is the compactly supported pushforward to V' from the space of pairs
of hy a polynomial of degree < my + mao, relatively prime to l1ls, and a tuple
(91, --,9n) of polynomials of degree < m; 4+ my of the pullback of .Z), along
the map defined by the coefficient of T~ in

hi(T)

Wf(gl,...,gn)'
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Applying proper base change and the Kiinneth formula, the right-hand
side is the compactly supported pushforward to V' from the space of quadruples
of hi1 a polynomial of degree < my, relatively prime to [y, hi2 a polynomial
of degree < myg, relatively prime to la, (g1,1,...,9n,1) & tuple of polynomials of
degree < my, and (g12,...,9n,2) & tuple of polynomials of degree < my of the
pullback of .%,, along the map defined by the coefficient of 77! in

hlllvz(TT))f(QLh - ,gn,1) + hlj(TT))f(gL% s 79%2)‘

We will show that these varieties are actually isomorphic in a way preserv-
ing their projections to V and preserving the maps on which we are pulling
back .Z),. This is sufficient to imply the isomorphism of compactly supported
pushforwards.

To write a map from the second to the first, let g; be the unique polyno-
mial of degree < m; + mo that is congruent to g; 1 mod /1 and congruent to
gi,2 mod la. This can be written explicitly as

I2(gialy* mod I1) + 11 (gi2ly ! mod Iy),

where the inverses are understood to be modulo /3 and ls, respectively. This is
a polynomial function on this moduli space of tuples of polynomials. (Here we
use the fact that {1 and [» are relatively prime to make their inverses modulo
each other polynomial, together with Euclid’s algorithm and the fact that they
are monic to make the modulo operation polynomial.) Let hy = hy 1lo + hy 2l;.
Then the following identities hold in the group of formal Laurent series in 7!
modulo polynomials in T
hi1(T) hi2(T)
ll (T) f (91,17 o 7971,1) + lQ(T) f (gl,Q) o 7977,,2)
_ h1a(T) hi,2(T)
hi1(T)l2(T) + h12(T)l (T
_ )a(T) (1)l ( )f(gl,...,gn)
L(T)Ia(T)
hi(T)

:Wf(glaw-vgn)a

f(glv"'agn)

and so the coefficients of T~! on both sides are equal as desired. Furthermore,
it is easy to check that the inverse to this map is the map that sets g; 1 to the
remainder of g; modulo I, g;2 the remainder of g; modulo I, hi1 = h1l2_1
mod I and hyg = hilyt mod Ia.

Since this isomorphism between the underlying spaces commutes with the
involution switching h; and ho, the symmetry of the final isomorphism follows
from the symmetry of definition of the Kiinneth formula. U
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We take advantage of the fact that X is smooth to show cancellation in the
exponential sums associated to non-squarefree moduli. This is the only place
in the proof of Corollary 3.10 where the smoothness of X is used. However, it
is needed again in Lemma 3.11 to prove Proposition 2.5.

LEMMA 3.6. Let hy be a monic polynomial of degree m that is not square-
free. Then the stalk of Sy, at ha vanishes.

Proof. By Lemma 3.5 it suffices to handle the case where hy = (T — )™
is a power of a linear polynomial. By proper base change, the stalk of Fm, !
at this point is the cohomology with compact supports of the space of tuples
((@ojs - -+ @m—1,j)1<j<n, h1), where hy is a polynomial of degree < m that is
coprime to T — z, of the cohomology of €*.Z,, where we recall that € sends a
tuple to the coefficient of 71

hl(T) m—1 . m—1 .
h2(T)f (Z CLZ‘JT gy Zz; aLnT) .

=0

By a further proper base change, we can consider the map r from this space
to A" defined by the coordinates (7"  ai12?, ..., 0"  aina?). Tt is suffi-
cient to show that the stalk of the compactly supported pushforward Rrie*.Z;,
vanishes everywhere. This stalk is the cohomology with compact supports
of the same variety with coefficients in the same sheaf, but with the tuple
(S tagaat, . S g pat) restricted to fixed values.

We split into two cases, according to whether or not

m—1 m—1

1 7

f E a1z’ ..., E @i n T
=0 i=0

is zero. Suppose first that it is zero. Then it follows from the smoothness
of X that %(Zznol aipat, ..., S agaat) # 0 for some j. Consider the
automorphism

1

m—1 .
aij > aij + )\( )( x)m

It acts on .7"5" a; ;% by adding \(T — )™, Thus it acts on

(Z ai T, mz_l a; nT’)

by adding \(T' — z)™ ! af] (s taigat . 0 i) plus higher powers
of T'— x. In particular, it acts on

hl(T) m—1 ‘ . m—1 | .
hg(T)f (Z a1, ..., ZZ; a; T )

=0
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by adding
m—1
o
RO (St E
i=0 i=0
plus a power series in 7. Thus it acts on e((aoj,---,@m—1,)1<j<n, h1) by

adding A ()5 fv. Because hi is prime to T — =, thls is a non-zero multiple
of A, and so the zzompactly supported cohomology vanishes by Lemma 3.2.

If, on the other hand, f(37""a; 2t Zznol ainz') # 0, then we
consider the automorphism hy(T) — hy(T ) + MT — x)™ L. Recalling that
ho(T) = (T — x)™, this automorphism acts on

T) m—1 m—1
f (Z aile’, ey Z aimT’)
1=0 =0

by adding

1 m—1 . m—1 ' m—1 ' m—1 .
)\mf <ZO CLLlTZ, cey z; aimTZ) = )\f (z; ai,lxz, PPN ZO aimxl) s
1= 1= 1= 1=

plus a power series in 7. Hence the coefficient of 7! is a non-zero multiple of
A and the compactly supported cohomology vanishes by Lemma 3.2. ([

Let H; ’red(Xﬁq,@e) be the mapping cocone of the trace map
H; (X, Qo) = Qi[-2(n — 1)](=(n - 1)),

which exists because X is a variety of dimension n— 1. In the next two results,
we will show that H,.’ recl( Fq , Q) is the solution to a sheaf cohomology problem

that turns out to be precisely what is needed to calculate 31, I

LEMMA 3.7. Assume that X is irreducible and that char(Fy) > k. Then

the compactly supported cohomology of G, x A™ with coordinates h, a1, ..., an,
with coefficients in Ly(hf(ar,...,an)), is H:’red(Xﬁq,Qg)[—Q](—l).

Proof. By excision, there is a long exact triple

H:(Gp x A", Zy(hf(ai,...,a,))) — H:(Al X A", Ly(hf(ar, ... an)))
- H:(Anvgw(of(ala e 7an)>))

where Z;(0f(a1,...,an)) is the constant sheaf obtained by pullback to the
hyperplane h = 0 of the sheaf £ (hf(a1,...,a,)). The middle complex is
H:(XE’ Q¢)[—2](—1), and the third complex is equal to Q/[—2n](—n). It re-
mains to check that this map is a non-zero multiple of the trace map, which
we do by bounding the degrees in which H}(G,, x A", Zy(hf(a1,...,ay))) is
non-vanishing.

Assume without loss of generality that f actually depends on a;. We will
show that for generic ao,...,a,—1, the compactly supported cohomology of
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G x Al with coefficients in £ (hf(a1,as...,a,)) vanishes in degree greater
than 2, and for arbitrary ae,...,a,—1, it vanishes in degree greater than 4.

The second statement is simply a consequence of the cohomological di-
mension of G,, x Al.

For the first statement, we have some polynomial f(ai,as,...,a,) of a1,
of degree < p, which because ao,...,a, are generic is non-constant. Hence,
on taking the cohomology along A' of the corresponding Artin-Schreier sheaf,
we obtain a complex supported in degree 1. Furthermore, we can represent
this complex as the Fourier transform of f.Qy, shifted by 1. Because f.Qy is
a middle extension sheaf, its Fourier transform does not have a constant sheaf
as a quotient by [15, 8.2.5(2)], and hence its compactly supported cohomology
is supported in degree 2, as desired.

It follows from these calculations, and by using the cohomological dimen-
sion of A", that H} (G, x A", Z,(hf(a1,...,ay))) is supported in degrees
<2(n—1)42=2nor < 2(n—2)+4 = 2n. Hence the map in degree 2n from
HZ(Xg,, Qo)[-2](-1) to Q¢[-2n](—n) is surjective, whence an isomorphism.
Thus it must be a non-zero multiple of the trace map. ([l

LEMMA 3.8. Assume that X is irreducible and that char(F,) > k. Then
S5 on Al is the constant complex H:’red(XFq,Qg)[—Q](—l).

Proof. First we show that Sy, 1 is a constant complex. In the degree 1 case,
the possible values of ho are simply T'—x for arbitrary xz, and the possible values
of hy are non-zero constants, and a; ; is simply an n-tuple of numbers a;. Thus

the relevant space has coordinates z, h, a1, ..., a,, with h # 0, where € can be
written as the coefficient of 77! in %f(al, ...y ap), and g o ph is simply the
map .

The coefficient of T~ in %f(al, ...,ap) is equal to hf(ay,...,a,). Be-

cause this map is independent of x, proper base change implies that the com-
plex S, ¢ = R(myoph)i€*.Z, is constant; namely, it is the pullback from a point
to Al of the compactly supported cohomology of G,, x A" with coordinates
h,ai,...,an, with coefficients in .Zy(hf(a1,...,a,)). Hence, by Lemma 3.7 it
is equal to the constant complex Hﬁ’red(XFq,@g)[—Q}(—l). 0

We have now completed the calculation of §17 t, and we are ready to turn
around and apply our previous results, using gl, r to calculate gm’ f, from there
to calculate the cohomology of ?m? #, from there to calculate the cohomology
of Sg t on Akd _ ARd | and finally from there to calculate the cohomology of
Sd7 f on Aﬁhfl

LEMMA 3.9. Assume that X is irreducible and that char(Fy) > k. Then

HZ(A™, Sy, p) = (H; (PContpm, Qp) @ Hy ™ (Xz,, Qo)®™) " [-2m](—m).
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Proof. Lemma 3.6 yields H}(A™, S, ) = H}(Conf,, Sy, ), where Conf,,
is the space of squarefree polynomials of degree m. Let r : PConf,, — Conf,,
be the natural covering map that sends (z1,...,2m) to [[2,(T — z;). Then r
is a Galois finite étale Sy,-cover, so that

H?(Conf,,, S s) = HI (PConf,,, 7" S, 1)%m.
By iteratively applying Lemma 3.5, we see that r*gm, F=Qi, prf?l’ > where
pri; : PConf,, — Al is the map sending (x1,...,2y,) to x;, with S, act-
ing on it the usual way. Applying Lemma 3.8, this is the constant complex
HY" Y Xz ,Qp)®™[~2m](—m), with S,, acting on it in the usual way. Hence
by the formula for the cohomology of constant complexes,

H}(Conf,y,, ?m,f) = H}(PConf,,, r*?mf)s’”

= H}(PConfp,, HY™*! (X5 ,Qp)*™ [~2m](—m))*™
Sm,
= (Hz(PConfy, Q) ® H™Y (X5, ,Q0)®™ [~2m](-m)) ",
as required. O

COROLLARY 3.10. Assume that X is irreducible and that char(IFg) > k.

Then the cohomology group HF (AR — Ak | 'S, 1) is equal to
Sm

(H(PContm, Q) & H ™ (Xg,, Q)™) ™" [~2m—2n(d—m)))(~m—n(d—m)).

Proof. 1t follows from Lemmas 3.3 and 3.4 that

HE (AW — AR, Say) = HX (UL, Sa z)
= H{(A™, Spy,g)[=2n(d — m)](=n(d — m)).

The corollary now follows from an application of Lemma 3.9. ([

LEMMA 3.11. Assume that the leading terms of f define a smooth hyper-
surface and that char(F,) > k. Then H(’f’md(XFq,Qg) is supported in degree

n —1 and equals Hgfl(XFq,Qg) in that degree.

Proof. The fact that Hi(Xg ,Q¢) = He™*(Xg, ,Qq) for i < 2(n — 1) fol-
lows immediately from the definition. The fact that H 2(”_I)J’Ed(XFq, Q) =0
follows from the definition and the fact that X is irreducible, which means
that the trace map is an isomorphism in top degree. It remains to show that
Hg(XE,Qg) =0fori<2(n—1)withi#n— 1.

For i < n—1, this follows immediately from Poincaré duality and the fact
that the cohomological dimension of an (n — 1)-dimensional affine variety is
n — 1 by [2, Exp. XIV, Cor. 3.2].

For i > n—1, we let X be the projective closure of X, and we let D denote
the divisor at co. Then X and D are both smooth projective hypersurfaces,
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with dim X = n — 1 and dim D = n — 2. We claim that the restriction map
H (YE, Q) — H Z‘(DE, Qp) is an isomorphism in every even degree i satisfying
n—1<1i<2(n—1) and that it is surjective in degree n — 1. To see this we
note that in every degree i < 2(n — 1), with ¢ # n — 1, the cohomology
group H "(XE, Qp) is the one-dimensional space generated by the %th power of
the hyperplane class, if i is even, or vanishes if ¢ is odd. The same is true for
Hi(Dﬁq7 Q) in degrees < 2(n—1) except for n —2. Because the pullback of the
hyperplane class is the hyperplane class, the pullback map is an isomorphism
for ¢ > n—1 and surjective for ¢ = n—1. We can apply this fact to the excision
exact sequence

H{(Xz,, Qi) — H'(X5,, Q) — H'(Df,, Qo)
whence Hé(Xan Q) vanishes in every degree i € (n —1,2(n —1)). O

COROLLARY 3.12. Assume that the leading terms of f define a smooth
hypersurface, that char(F,) > k and that d > m. Then Hi(Ak — Ak S, 1)
18 isomorphic to

(H2(PCont,n, Q) © HI ™ (X5, Q)™ @sgn™ )™ (—m — n(d - m)),

where a =i+ m(n — 1) — 2nd and sgn is the sign representation of Sy,.

m—1>

Proof. Corollary 3.10 implies that H(Ak — Akd | 'S, +) is isomorphic to
Sm
(Hz(PConf,, Q) ® Hy ™ (X5 ,Q0)®™) " [~2m—2n(d—m))](~m—n(d—m)).

By Lemma 3.11, H:’red(XFq,Qg) is supported in degree n — 1 and equal to
Hg‘_l(XFq, Q) in that degree. Thus H:’red(XFq, Q¢)®™ is supported in degree
m(n—1) and is equal to Hg”_l(XFq,(@g)(@m in that degree. However, if n —1 is
odd then the S,,-action on this tensor power is not the usual one but is instead
the usual one twisted by the sign character (because the symmetry of the tensor
product of the odd degree cohomology groups of two complexes is the opposite
of the usual symmetry). In this way we deduce that HZ(AF — Akd | S, ) is
as claimed, with a =i —2m —2n(d—m) —m(n—1) =i+ m(n—1)—2nd. O

We can make the isomorphism in this result explicit by unwinding all the
proofs. This is illustrated in Figure 2, in which we have omitted the Tate
twists for compactness of notation. The maps in this composition arise in the
following way:

(1) arises from functoriality of compactly supported cohomology under open
immersions (and is checked in Lemma 3.3 to be an isomorphism);

(2) arises from an isomorphism of complexes on U constructed in Lemma 3.4;

(3) is the projection formula along w5 (and thus is automatically an isomor-
phism);
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Hg (A%i - A%j*h Sd:f) (1) Hé(UrI:Ldv Sd,f)

(2)T
(3

H72=™ (A R Rplye* L) ———=— Hi ™™ (Ukd Ry Rplye* 2,)

(4)T

HIA A (am G ) =729 (Conf L S f)

<6>T
)

HP R (P Confy,, H (X, Q) @) — HE 297" (PConf 1% Sy, 1)

(sﬁ

H2(PConf,,, Q) ® Hg_l(XFq, Q)®™ @ sgn™ 1

(9)]

S"n
(He(PConfyn, Q) @ H2 =} (X5, Qe)®™ @ sgn™ )

(5)

Figure 2.

(4) is the definition of S, ¢ (and thus is automatically an isomorphism);

(5) arises from functoriality of compactly supported cohomology under open
immersions (and is checked in Lemma 3.6 to be an isomorphism);

(6) arises from an isomorphism of complexes constructed in Lemma 3.9;

(7) is the trace map of compactly supported cohomology under finite mor-
phisms (which is an isomorphism on S,,-invariants because the finite mor-
phism is a Galois finite étale cover with Galois group Sy, );

(8) arises from the isomorphism Hg"’l(XFq,@g)[l —n] — HZ’red(XFq, Q) and
a=1—2m—2n(d—m)—m(n—1); and

(9) is the inclusion of Sy, invariants (thus is an isomorphism on Sy,-invariants).
We now have all the ingredients to complete our first stage in the treatment

of the geometric major arcs, as enshrined in Proposition 2.5. It follows from the
construction of the (descending) filtration spectral sequence (e.g., [25, 012K])
that it converges to H;"(Afld, Sa.r), that its first page E|"° is the (m + s)th
cohomology of the mth associated graded piece of this filtration, which by
excision is

Ho (A — ARLy) — (AG = ARY), Sag) = HI (AN — ARy Sa ),

m—1>
and finally that the differential on the rth page has bidegree (r,1 — r). Hence
Corollary 3.12 implies that it is

(H§+m”_2”d(PConfm, Q) ® Hg_l(XFq, Q)" ® sgn”_l)sm (—m—n(d—m)),
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since m+s+m(n—1)—2nd = s+mn—2nd. This therefore completes the proof
of everything in Proposition 2.5 apart from the vanishing of the differentials.
This is the topic of the following section.

4. Vanishing of differentials on odd pages

The primary goal of this section is to establish the following result, which
serves to conclude the proof of Proposition 2.5.

PROPOSITION 4.1. In Proposition 2.5, the spectral sequence has differen-
tials vanishing on every odd page.

Let .4, 1 be the moduli space over F, of pairs of a degree k£ polynomial
f in n variables and a point (x1,...,z,) € A"\ {0}, such that the vanishing
set of f is smooth, the projective vanishing set of the degree k part of f is
smooth, and the projective vanishing set of the degree k& part of f contains
(1 : --+ : z,). Each point of ., defines a space Morg p(Al, X) with X
the affine vanishing set of f and P = (x1 : --- : x,), and moreover, there is
a universal family over ., ; whose fiber is Morg, p(A', X). Thus My ). 15 a
natural setting to study how the cohomology groups discussed in the rest of
the paper vary as f and P do.

Let 77, ;. be the moduli space of smooth projective hypersurfaces of degree
k in P*. On 7}, let Prim,,; be the lisse sheaf consisting of the primitive
middle cohomology of the corresponding family of hypersurfaces. (This is the
(n — 1)th higher pushforward along the universal family of the constant sheaf
if n is even, or its quotient by the %(n — 1)th power of the hyperplane class
if n is odd.) Let hy : A, — 4,1 be the map given by homogenising the
polynomial f, and let hy,—1 : A} 1, — F4,—1 1 be the map given by taking the
leading terms of f.

We can repeat most of the constructions of Section 3 in the relative setting.
In particular, we can define Sy as a complex of sheaves on ., , x AR Let
pr.# m be the projection from ., j x (Akd — Akd Y to M, 1, Where AFd is the
set of major arcs in Definition 2.3.

Let X 4, , be the universal family of affine hypersurfaces in A" over ., ,
let X ., be its projective closure, the universal family of smooth projective
hypersurfaces defined by the homogenisation of f, and let D 4, , be the divisor
at 0o, which is the universal family of smooth projective hypersurfaces defined
by the degree k part of f.

Let pr. 4 x be the projection from X 4 , to .#; . We begin by recording
some technical facts about the complex Rpr , x1Qy.

LEMMA 4.2.

(1) The complex Rpr 4 x1Qq is supported in degrees n — 1 and 2(n — 1) and
has lisse cohomology in those degrees.
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(2) R”_lpr,///’X;Qg is an extension of hy, Prim, ;, by h}_; Prim,_q .
(3) R2(n_1)p7ﬂ//{7x!@g is constant of rank one.

Proof. The fact that Rpr 4 x1Qy is supported in degrees n—1 and 2(n—1)
follows, upon taking stalks, from Lemma 3.11. To check that the cohomology
sheaves are lisse, and to calculate them, we introduce some additional nota-
tion. Let Py be the projection from Y///n’k to Mp i, and let pr 4 p be the
projection from D 4, , to .#p . Then we have a distinguished triangle

Rpr .y, x1\Q¢ — Rpr_, 51Q¢ — Rpr.4,p1Qy.

Since pr WX and pr 4 p are smooth and projective, with the smoothness follow-
ing from the definition of .#, ,,, it follows that both Rpr ///X!Qg and Rpr_ z mQy
have lisse cohomology sheaves. This implies part (1).

In degree n — 1, we have an exact sequence

R"*2p?i//y;@e —— R"2pr 4 00 Qr —— R 'pr 4 x1Qy

|

Rnilpr//{,D!@é A R"™ 11”}//}?1 Qy,

where we have labeled the pullback map i* along the inclusion i : D — X. For
even n, this exact sequence specialises to

Q (—"3%) = Q¢ (="32) © iy Primy, 15
— Rn_lpr//[’)([@g — h; Primn’k — 0.
Both copies of Qy (—"7_2) are generated by the hyperplane class raised to the
power ”T_Q, so it suffices to check that this power of the hyperplane class is
preserved by i*. But this follows from the preservation of the hyperplane class
under pullback and the compatibility of pullback with cup product. On the

other hand, if n is odd, then the exact sequence specialises to
0— h:z—l Primn_l,k — Rn_lpr(//[,xg@g
— h:; Primn,k oQy (—%) — Qy (—anl) .
Once again, the result follows on checking the compatibility of the pullback ¢*
with powers of the hyperplane class. [l

LEMMA 4.3. Let k,n € Z be such that k > 2 and n > 3. Assume that
(k,n) is not (3,3) or (3,4). Then there exists an element in the geometric
monodromy group of R”_lpr///,X!(@g that acts on the stalk at the geometric
generic point by some element with all eigenvalues —1.

Recall that the geometric monodromy group refers to the Zariski closure
of the image of the geometric fundamental group inside of the general linear
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group acting on the stalk at some chosen point, and is independent, up to
conjugacy, of the choice of point.

Proof of Lemma 4.3. It follows from Lemma 4.2 that the lisse sheaf
R”flpr//ﬂxg(@g is an extension of h}; Prim,, j by h}_; Prim,_; ;. It therefore
suffices to show that the geometric mondromy group of

hy, Prim,, j, ®©h;,_; Prim,,_q

contains an element that acts by the scalar —1, since any lift of this element
to the monodromy group of the extension will act as the scalar —1 on both
sheaves and thus act with all eigenvalues —1 on the extension.

Let us first check that h,, and h,,—; are smooth maps with geometrically
connected generic fiber. To prove this for h,, first observe that the condition
that the restriction of a smooth hypersurface to the hyperplane at infinity be
smooth is an open condition. The map h, is the composition of this open
immersion into the moduli space of smooth hypersurfaces with the universal
family whose fiber over any given hypersurface is its restriction to the divisor
at infinity. Because, by assumptions, these restrictions to the divisor at infinity
are smooth, h, is a smooth morphism. For h,_1, this is because, given any
degree k leading terms, the possible ways of extending them to a polynomial
of degree k defining a smooth hypersurface form an open subset of an affine
space. Because both /7, and J#,_;; are normal, both h, and h,_; give
surjections on the étale fundamental group. Hence the monodromy groups on
My ), of hy Primy, ;. by hy_; Prim,,_; ; are equal to the monodromy groups of
Prim,, ;; and Prim,,_1 .

Let n1 be whichever of n or n—1 is odd, and let ny be whichever of n or n—1
is even. Let N1 be rank of Prim,,, , and let Ny be the rank of Prim,, . Then
it follows from [17, Th. 11.4.9] that the geometric monodromy of Prim,, j is
On, unless (k,n1) = (3, 3), and the geometric monodromy of Prim,, ;, is Spn,.
(Note that the exceptional case (k,n1) = (3,3) occurs only if (k,n) = (3,3) or
(3,4).) The monodromy group of hy, Prim,,  ®h;,_; Prim,_1 j is a subgroup of
On, x Spn,, whose projection to both Oy, and Spy, is surjective. If k = 2,
then Ny = 1, Ny = 0, and so the subgroup must be O; = +1 and clearly
contains an element acting by —1. Thus we may assume k > 2.

By Goursat’s lemma, any proper subgroup of Oy, x Spy, whose pro-
jections are both surjective arises from an isomorphism between a nontriv-
ial quotient of Op, and a nontrivial quotient of Spy,. Any nontrivial quo-
tient of Spy, is either Spy, itself or its adjoint form Spy,/(£1). For ei-
ther of these to be isomorphic to a quotient of the orthogonal group, there
must be an exceptional isomorphism between the symplectic and orthogonal
Lie algebras, which only occurs if (Ni, N2) = (2,3) or (4,5). But we have
N; = (1—-1/k)((k—1)" 4 1). This is an increasing function of k and n;, and
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we have k > 3,n; > 3 so that N7 > (2/3)(23+1) = 6 and thus exceptional iso-
morphisms cannot occur. We have therefore shown that the monodromy group
of hy, Prim,, j, +h;, _; Prim,,_1 j is simply On, X Spn,. Since both Oy, and Spny,
contain an element acting by the scalar —1, their product does as well. O

We are now ready to reveal the main technical result behind the proof
of Proposition 4.1. Recall that pr 4 ,, is defined to be the projection from
My . X (Akd — ARd 1Y) to My . Viewing Sy ¢ as a complex of sheaves on
M i X A*? we have the following result.

LEMMA 4.4. For all © € Z, we have an isomorphism
R'pr g 1 Sa. g
o (Hg(PConfm, Q) ® (R"ilpr///VX!Qg)(@m ® Sgn”fl)sm (—=m —n(d —m)),

where a = i+m(n—1) —2nd. In particular, because the right-hand side of this
isomorphism is lisse, the left-hand side is as well.

Proof. To prove this statement we must verify that the proofs of all results
from Lemma 3.3 to Corollary 3.12 work in the relative setting. For most steps,
the verification involves simply replacing definitions and lemmas in étale coho-
mology with their relative analogues. (We have elected to avoid systematically
doing this in Section 3, since the relative versions are notationally more cum-
bersome, albeit conceptually similar.) Here, we shall content ourselves with
explaining all the subtleties that occur in this process.

The proof of Lemma 3.3 barely needs to be modified. Indeed, by excision,
it suffices to check that the stalk of Sy y vanishes outside .#}, 4 x Ulfld, and this
is a statement about points and thus is exactly the same statement already
checked in the proof of Lemma 3.3.

The relative analogues of p,€,p), and 7 are given by exactly the same
formulas. Having done this, the proof of Lemma 3.4 is essentially identical,
but involves avoiding compactly supported cohomology in favour of compactly
supported pushforwards.

In Lemma 3.5 we use maps defined by the same formulas in the relative
settings, and we apply proper base change and the Kiinneth formula in exactly
the same way.

Lemma 3.6 is a result about stalks and so does not need to be modified
at all.

The analogue of H;™4(X, Q) is the mapping cocone of the trace map

Rpr g x1Qp — Qg[—2(n — 1)](n — 1).

By Lemma 4.2, it is equal to R 'pr 4 x1Q[—(n—1)]. Lemma 3.7 can be done
with a relative excision sequence, and then for the vanishing in top degree we
can use the same calculation on stalks.
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In Lemma 3.8 we no longer prove that ?1’ ¢ is a constant complex, but
rather a complex pulled back from ., . The same proof works, however.

The proof of Lemma 3.9 (and thus Corollary 3.10) is the same. The proof
now involves the compactly supported pushforward from .#}, 4 x PConf,, to
My, q of the pullback of the complex (R"_lpr///7XgQg[—(n — 1)])®m, rather than
simply the cohomology of PConf,, with coefficients in a constant complex. In
order to handle it, we apply the projection formula to deduce that this is the
complex (R”flpr//;,xg(@g[—(n - 1)])®m tensored with the compactly supported
pushforward from .#}, 4 x PConf,, to .#}, 4 of the constant sheaf, then smooth
or proper base change to deduce that the compactly supported pushforward
from A}, 4 x PConf,, to .#}, q is the constant complex H}(PConf,,, Q). This
is enough to deduce that Rpr 4 1S54 5 is equal to

(H:(PConfm, Qo) ® (Rnilpr.///,X!@e)@m ® Sgnnfl)sm
x [=2m — 2n(d —m) — m(n — 1)](=m — n(d — m)).

Finally, the analogue of Lemma 3.11 follows from Lemma 4.2, and this
immediately gives the analogue of Corollary 3.12, which is the statement of
this lemma.

To understand this isomorphism, one can also take the explicit diagram
Figure 2 and translate each step into the relative setting. For (1), (3), (5) and
(7), this involves the relative analogues of excision, the projection formula, and
the trace map. Maps (2) and (6) arise from the relative versions of Lemmas 3.4
and 3.9 as discussed above. (4) still arises by definition, and (8) now follows
from Lemma 4.2(1). O

We now have everything in place to establish Proposition 4.1. Let pr 4 4
be the projection from ., j, x A’gd to M, .. Applying excision to the filtration
of My 1. ¥ A’C}d into the descending sequence of open sets .#), 1, x (Agd—A’;il) for
m € {0,...,d}, we obtain a filtration of Rpr_, 4S54, 5 whose associated graded
objects are Rpr y miSq s for 0 < m < d. This filtration produces a spectral
sequence. Restricted to any point of .4, x, RpT 4 2545 is H:(A];d, Sa,5) and
Rpr y m1Sa.5 is H;"(Aﬁf — Af,f_l,SdJ). Thus, by restricting to a point, we
obtain the spectral sequence of Proposition 2.5.

The differentials of a spectral sequence whose first page consists of lisse
sheaves .#,,  must be morphisms of lisse sheaves. Indeed, all of the pages
are subquotients of the first page, which consists of lisse sheaves. There-
fore the differentials commute with the action of mi(.#} ), and thus with
its Zariski closure, the monodromy group. By Lemma 4.3, there is an element
of the monodromy group that acts on R"_lprk//ﬁ x1Qy with all eigenvalues —1.
It follows from Lemma 4.4 that it acts on Rpr s ;1S with all eigenvalues
(=1)™. The differential on the rth page of the spectral sequence is a map from
(a subquotient of) R'pr.yz,mSa s to (a subquotient of) R”lpr/,[’(mw)!Sd’f.
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Because the differential commutes with this element of w1 but maps from an
(—1)™-eigenspace to an (—1)"""-eigenspace, the differential must vanish if r
is odd. This therefore establishes Proposition 4.1.

5. The geometric minor arcs: geometry

We now turn to the minor arcs. In the Hardy—Littlewood circle method,
the key step is to prove a bound for the value of the exponential sum at each
point inside the minor arcs. This is then used to bound the integral of this
exponential sum over the union of all minor arcs. Analogously, in our setting,
it will suffice to bound the highest degree in which the stalk cohomology of
Saq,r is non-vanishing at each point of ARd A’;d, which will then be used to
bound the highest degree in which H}(AF — A% S, ;) is non-vanishing and
thus to prove Proposition 2.6. Throughout this section, the highest degree in
which a cohomology group is non-vanishing will be the analogue of the size of
a sum in the usual circle method.

Classically, the way that exponential sums are bounded is via the iterative
method of Weyl differencing. This reduces the problem of bounding the expo-
nential sum of a multivariable polynomial over a compact region to bounding
the number of points where a certain multilinear form associated to that poly-
nomial takes small values. In general this multilinear form is handled via meth-
ods from the geometry of numbers (through the “shrinking lemma”), while in
the case of diagonal polynomials it can be handled more directly. The expo-
nential sum we are applying Weyl differencing to is a degree k polynomial in n
variables, each variable itself a polynomial in Fy[T] of degree d. However, the
Weyl differencing argument uses only the additive structure of the variables.
As an additive group, the ring of polynomials in many variables can simply be
viewed as a vector space over FF,. For this reason, in this section, it will be more
convenient to view our polynomial as a polynomial of degree k in dn variables,
each an element of Fy. (This is similar to how, in additive combinatorics, one
often takes a vector space over a finite field as a model for the integers.)

Our geometric analogue of Weyl differencing will reduce the bound for the
top degree of non-vanishing stalk cohomology of Sy ¢ to bounding the top de-
gree of non-vanishing cohomology of a variety V(G) defined over F, for a certain
polynomial G=G, . 1, defined over F, and indexed by (b1, ...,bka) € Ak,
The association of the variety to a given polynomial is governed by the follow-
ing definition.

Definition 5.1. Let G € Fy[z1,...,zn] be a polynomial of degree k. Then
V(G) is defined to be the set of (y(I),...,y*=D) e (AN)¢~1 such that
(5.1) > (D=t G(x +ayW 4t eey®TY)
51,...,61‘;,16{0,1}
is a constant function of x.
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In fact, the situation is very favourable in the geometric setting, since the
top degree of non-vanishing (compactly-supported) cohomology of a variety
is twice the dimension of that variety. Thus we can express our version of
Weyl differencing as bounding cohomology in terms of the dimension of V(G).
This is advantageous: by Lang—Weil, the problem of bounding the dimension
of V(G) can be reduced to bounding the number of points in V(G), which
is exactly the counting problem solved in the usual circle method. After this
reduction, we can follow the function field version of the classical circle method
directly, rather than having to develop a geometric version. We will discuss
the geometric Weyl differencing step in this section and the less geometric
remainder of the problem in the next section.

We continue with the convention that ¢ is an arbitrary prime and that [F is
a finite field such that char(F,;) = p > k. The main aim of this section is to lay
down the tools for bounding the “cohomological dimension of a polynomial,”
in the following sense.

Definition 5.2. Let G be a polynomial in N variables x1,...,xy over Fy.
We denote by cd(G) the largest i such that HE(AN, %, (G)) # 0.

Here, we have begun to use the alternate notation .Z;(G) for G*.Z, as
it is more convenient for the remaining calculations. As noted above, we can
think of this cohomological dimension as being the size of the exponential sum
associated to a polynomial G € Fy[z1,...,zn]. In order to prove our version
of Weyl’s inequality, we shall need analogues of certain self-evident facts about
the size of exponential sums. Let ¢ be a non-trivial additive character of IF,.
The first fact is the identity

(G| =) v(-Gx))|,

N N
xEIFq xqu

which follows since the two sums are complex conjugates. The second fact is
the basic change of variables identity

Y UG Y (=G| =] Y ¢(G(x) - Gx+y)|.

xEF{IV xEIF'éV x,yEFé\’

We shall prove that the notion introduced in Definition 5.2 satisfies the coho-
mological analogues of these two properties.

LEMMA 5.3. Assume that ¢ has even order in the multiplicative group
modulo p. Then cd(G(z1,...,zN)) = cd(—G(x1,...,zN)).

Proof. Since ¢ has even order, some power £" of £ has order exactly 2 mod p.
Hence ¢ = —1 modulo p. The sheaf %), can be defined over every (-adic
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coefficient field that includes the pth roots of unity. Its definition commutes
with extension by scalars from one such coefficient field to another. Using the
fact that the property HL(AYN, %, (G)) # 0 commutes with such an extension,
we may assume the coefficient field is Qp(fp).

There is an automorphism Frobj of Q(y,), which acts as multiplying by
¢" on p,. Thus it acts by sending any character valued in the pth roots of
unity to the dual character. Applying this automorphism to %, (G), we obtain
Zy-1(G) = Zy(—G). By functoriality of cohomology in the coefficient sheaf,
we obtain a Q(up)-semilinear automorphism

H(AY, 25(G)) — HUAY, Zy(~G)).
Thus one of these two groups is non-vanishing if and only if the other is. [

LEMMA 5.4. We have the identities

Cd(G(xla s 7:CN)) + Cd(_G(xla s 7:CN))
=cd(G(z1,...,2n) — G(zN41, ..., T2N))
=cd(G(z1,...,2Nn) — G(x1 + TN+1,- -, TN + T2N))-

Proof. The first identity follows from the Kiinneth formula

HZ(A2N7 'gw(G(xlv o 7~TN) - G(xN-‘rlv s 7x2N)))
= HJ(AN x AN, Z,(G(a1,...,2n) ® Ly(~G(znsa ... T2N)))

= P HIAY, 2,(G) @ HEAN, Z,(-G)).
k=i

Thus it follows that the largest ¢ where

Hé(A2N>$1/J(G(x17 s axN) - G<$N+1> s 7x2N)))

is non-zero is equal to the largest j where HY (AN, Zy(G)) # 0 plus the largest
k where HF(AN, Z,(—G)) # 0.

The second identity follows since G(z1,...,2n) — G(TN11,...,T2N) 18
related to G(z1,...,2n)—G(x1+2TN41, ..., TN +T2N) via an invertible change
of variables. Thus the associated cohomology groups are isomorphic and are
non-vanishing in the same degrees. (]

We now come to record a general algebraic geometry argument, which
adapts the standard analytic strategy of Weyl differencing to the task of bound-
ing the cohomological dimension of a polynomial. Recall Definition 5.1 and the
particular variety V' (G) that is associated to any polynomial G € Fy[x1, ...,z N]
of degree k. The following is the main result of this section.
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PROPOSITION 5.5. Assume that ¢ has even order in the multiplicative
group modulo p, and let G € Fy[x1,...,xN] have degree < k. Then

_ dd(G) + N2 —(k—1))

cd(G) o ,

where dd(G) = dim V(G).

For some intuition about this, recall that the first step in the classical
Weyl differencing argument takes the form

2
D U(@EE)| =D B(@EE)|| D ¢(-G(x))
x€Fy x€FY x€Fy
-1 T wew -Gty
x,yG]FéV
< 3|3 UG - Gex+y)| -

N N
yeFy |x€Fy

The key point is that, for any fixed y, the degree of G(x) — G(x + y) is one
less than the degree of G, as a polynomial in x. Thus we can reduce an
exponential sum of degree k£ polynomials to many exponential sums of degree
< k—1 polynomials. Iterating, we may reduce all the way to exponential sums
of degree < 1, which cancel if the degree is exactly 1 but do not cancel if the
degree is 0. The relevance of V(G) is that is precisely the set where we end up
in a degree 0 function after k — 1 iterations.

In the geometric argument, most steps proceed by close analogy to their
classical counterparts. One subtlety occurs in the step where we bound the
absolute value of a sum by the absolute values of each of its terms. This will
be replaced by an argument in which we stratify the base of some family and
then bound the cohomological dimension of a sheaf on the total space in terms
of the cohomological dimension of the strata and the cohomological dimension
of the restriction of that sheaf to the fibers. This stratification is needed to
handle the fact that our cohomological dimension bounds for different fibers
may vary. (For the same reason we will use a further stratification at the end
of this section to deduce Proposition 2.6.)

Proof of Proposition 5.5. The proof is by induction on k. Suppose first
that k = 1. Then we claim that dd(G) = 0 if G is constant and dd(G) = —oo
otherwise. When k = 1, there are no variables y(!), ..., y(*=1_ Thus the closed
set under consideration is a subset of a point, and the alternating sum (5.1) is
simply G(z1,...,x,). The claim follows, since it is now clear that V(G) is a
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point if G is constant and V(G) is the empty set otherwise. If G is constant,
we must check that

0+ N —(1-1))

cd(@Q) < 512

=2N.

But this follows from the cohomological dimension of an N-dimensional variety
being 2N. Moreover, we have ¢d(G) < —oo if G is non-constant, since then
the compactly supported cohomology of the associated Artin—Schreier sheaf
vanishes.

Now assume that the result is already known for polynomials of degree
k—1. Let G be a polynomial of degree k > 2. Then for any yo = (y1,...,Yn),
the difference G(x) — G(x + yo) is a polynomial of degree k — 1 in z1,...,xN.
The variety V(G) in the definition of dd(G) admits a map V(G) — AV along
the coordinates y, whose fiber over a point yo € AY is the variety in the
definition of dd(G(x) — G(x+y0)). Choose a stratification of A"V whose strata
W; are varieties and such that the fiber dimension of this map is constant on
each stratum W;. (This is possible since the fiber dimension is constructible,
by [13, Ex. I1.3.22(e)], and any constructible function can be made constant
on a stratification.)

Viewing G(x) — G(x +y) as a polynomial in 2N variables x,y, the co-
homological dimension c¢d(G(x) — G(x +y)) is defined to be the maximum 4
such that H!(A" x A", Z,(G(x) — G(x +y))) # 0. By iteratively applying
excision to the chosen stratification, this is at most the supremum over strata
W; of the maximum i such that HL(A" x W;, Z,(G(x) — G(x+y))) # 0. So
it suffices to bound this 4 for all possible strata W;.

Let W; be a stratum of dimension r. Let 7 : A" x W; — W} be the projec-
tion map. Then by the Leray spectral sequence with compact supports, we have

He (A" x Wj, Zy(G(x) = G(x +))) = Hi(Wj, RmZy(G(x) — G(x +)))-

Since W; has cohomological dimension at most 2r, this vanishes in degrees
greater than 2r + s, where s is the highest degree in which the cohomology of
the complex Rm.%(G(x) — G(x+y)) is non-zero. By proper base change and
the induction hypothesis, we have

s < max cd(G(x) — G(x+yo))
yoeW;

_ dd(G(x) — G(x+yo)) + N2 2 - (k - 2))
= nglEaW}gj 2k—3 '

Now dd(G(x) —G(x+Yyo)) is the fiber dimension of V(G) over yg, which is con-
stant on W;. Hence the dimension of the inverse image of W; in V(G) is equal
to this fiber dimension plus r by [13, Ex. I1.3.22(e)]. Because the inverse image
of Wj in V(G) certainly has dimension at most dd(G), the fiber dimension is
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at most dd(G) — r. Thus H{(A™ x W;, %(G(x) — G(x +y))) vanishes for

dd(G) —r + N(2F-2 — (k — 2))

1> 2r + =

It follows that

cd(Glx) ~ Glx+y)) < sup (gr 4 dG) —r e N2 (h 2)))

0<r<N 2k—3
dd(G) + (2872 = 1)r + N (282 — (k — 2))
= sup 2k—3
0<r<N
_dd(G)+ N2 — (k—1))

9k—3
Applying Lemmas 5.3 and 5.4, we obtain
2¢d(G) = cd(GQ) + cd(—G)
=cd(G(x) - G(x+Yy))

dd(G) + N (281 — (k — 1))
< 9k—3 ’

The proposition follows on dividing both sides by 2. O

Assume that k£ > 1 and that the leading (degree k) terms of G are
N

Go(x) = Z A5T4, -+ Ty,

i1 yeenyi=1

for coefficients a; € Fy that are symmetric in the indices. Then, since char(Fy)
>k, one confirms that V(G) is the set of (y(1), ..., y*=1) e (AN)*=1 for which

N

Z ail,m’ikfl’iygll) . -yi(f:ll) =0, foralll<i<<N.

i peensif—1=1

In particular, V(G) = V(Gy) is an algebraic subvariety of (ANV)*~1. Using
Lang-Weil we may transform the problem of bounding dd(G) into a counting
problem, as follows.

LEMMA 5.6. Let G € Fylx1,...,zn] be a polynomial of degree k. Suppose
that there exists a constant cg > 0 such that

#V(G)(Fyr) < caq™
for all positive integers r. Then dd(G) < D.

Proof. This follows by applying the Lang—Weil estimates [18], since over
any finite field IFy, where the variety has a geometrically irreducible component

of dimension dd(G), its number of points is at least qu(G)(l +0(1)). If we have
g2 (1 4 o(1)) < gl for all gy, then dd(G) < D. O
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We are going to apply these general arguments to control #(Sy ¢) (that
is, the ith cohomology sheaf of the complex Sg ) for our polynomial f €
Fqlz1,...,xy,] of degree k. For (by,...,bga) € AR we let G (by,....bpe) De the
map e restricted to the point (by,. .., brq). Thus G, . 4, is the function that
takes

(((ZOJ', e 7ad—17j)1<j<n y (bl, e ,bkd))

to the coefficient of T~ in

kd d—1 ' d—1 A
(Z brT_r> f (xle + Z aMT’, ey I‘an + Z aimTZ) .
r=1

i=0 i=0
Our geometric minor arc bound amounts to bounding dd(G y, ... s,,)) When the
point (by, ..., brq) belongs to (Ak — Akd)(F ) for given m. This is summarised

as follows.

PROPOSITION 5.7. Assume that the leading terms of f define a smooth
hypersurface in P! and that char(F,) > k. Assume that d > k — 1, and let
m be an integer in the range

kd
<

. <m< —.
(5.2) d<m 5

Then for all v > 1 and all (b1, ..., bgq) € (AF — AR (F ), we have

m
,,,,, ) < (k1) —n | ]

Using Lemma 5.6 as a base, we will tackle the proof of Proposition 5.7
through the sort of counting arguments that feature in the usual circle method
over Fy(T"). We defer the proof to Section 6 and instead proceed to show how
it yields Proposition 2.6.

PROPOSITION 5.8. Assume that the leading terms of f define a smooth
hypersurface in P!, that char(Fy) = p > k, and that { has even order mod p.
Let m >d >k —1. Then #%(Sa ) vanishes outside AL provided that

. m 1
>0 (2[5 5).

Proof. Let i € N be in the range recorded in the statement. We first
prove that the stalk of (S, ¢) vanishes at (b1,...,bgqa) € (AP — AR (F,r)
for every » > 1. Now it follows immediately from the definition of Sy f, by
applying the proper base change theorem, that the stalk of (S, ) at a point
(b, ..., bra) € AR(F,) is equal to H! ((Ad)% LGl ) )) . But, by the

q" B
definition of ed(G(y, .. b,,)), this vanishes for i > cd(G,, . p,,))- Combining
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Propositions 5.5 and 5.7, and taking N = dn, we therefore deduce that

dn(k —1) —n| 2| +dn(2* — (k- 1))
cd(G ... bpa)) < b lzk_Q

=2 [ 5)

< 1.

Hence the stalk of (S, ;) does indeed vanish.

The sheaf (S, f) is a constructible sheaf defined over F,. Hence the set
where its stalks are non-vanishing is a constructible set defined over F,. We
have shown that, for all finite fields F4r, the set has no F,r-points outside Akd,
It follows that the set has no points outside A*? at all, and that J#%(Sy s)
vanishes outside A as desired. O

We are now ready to deduce the vanishing result for Hi(A* — Akd S, )
that is recorded in Proposition 2.6. Assume that the leading terms of f define
a smooth hypersurface in P"~!, that char(F,) = p > k, that ¢ has even order
mod p and that n > 2¥(k — 1). Appealing to Lemma 2.4, we clearly have

ataft = ] (A, - A%)
m=d

for mg = L%J — 1. Applying excision to the increasing chain of closed subsets
Akl e see that HI(AR — Ak S, ) = 0 provided that for each integer m €

[d, mg], we are able to show that Hg(Afj‘fH — Afrﬁ Sa.r) = 0.
On Aﬁf 1 Af,fl, the cohomology sheaf of Sy y vanishes in degrees greater

than
m 1
”<2d_ Lk:— 1J 2“)’

by Proposition 5.8. By the spectral sequence for the cohomology of a complex,
together with the fact that the cohomology of a variety of dimension 2(m + 1)
with coefficients in any sheaf vanishes in degrees > 4(m + 1), it follows that
Hi(Akd | — Akd S, ) = 0 provided that

i>n(2d Lk”_llJ 2,32>+4(m+1)
>n(2d— L%J 2;—_2>+4(k—1) L%J +4.

Since n > 2F(k — 1), the right-hand side is a non-increasing function of m.
Thus it suffices to check it for m = d, which thereby completes the proof of
Proposition 2.6.
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6. The geometric minor arcs: arithmetic

This section is devoted to the remaining task of proving Proposition 5.7.
Assume that the leading terms fjy of f define a smooth projective hypersurface

Z CP" ' Let P=(z1:---:x,) € Z(Fy), and suppose that
n
folwr,ma) = Y Gy,
Jryenik=1

for symmetric coefficients ¢; € Fy (i.e., ¢j = co(j) for any o € Si).

We need to investigate G, . 1,,) for (b1,...,bka) € (Akd — Akd)(F,+) for
any r € N and any m in the range (5.2). It will be convenient to redefine
q" to be q. Writing a@ = Zfil byT™", the function G, 4, ,) is equal to the
coefficient of T~ in af(g1, ..., gn), where g;(T) = x;T% + Z?;ol ai jT*. Let us
set a = (agy,. -

.,ad_l,j)1<j<n, a vector that has N = dn components. It is

now clear that

n d
G(bhm,bkd) = Z Z i, gy - Qi = F(Q)
Jiyeensje=li1,...,i=0
say, where d; ; = ¢jb;; 4...+i,+1 has symmetric indices and we follow the conven-
tion that aq; = x; for 1 < j < n. In particular, F'(a) is a degree k polynomial
in a with leading terms

n d—1
Fo@)= > > djiaig i
jlv"wjk:l i17'~'yik;:0
Hence dd(G, ... 1,.,)) = dim V(Fp).
Writing N = dn, we see that V(Fp) is the set of (al), ... alk=1) ¢
(AN =1 for which

n d—1
1) (k—1) _
Z Z: d(jl7~--’.7'k717.7')’(7;17“-»1'1@71ﬂ')ail,jl gk T 0

Jlsensdk—1=1d1,..,i1=0

forall 0<i<d—1 and all 1<j<n. Let A4 be the number of (a(l), ey a(k_l))
€ (Fév )k~ for which this system of equations holds. According to Lemma, 5.6,
in order to prove Proposition 5.7 it will suffice to show that there is a constant
¢ = c(d, k,n) such that

(6.1) limsupg PN <,
q—00
with D = dn(k — 1) — n[ 1]
We shall estimate .4 by reinterpreting it as a problem about counting
[F,[T]-points on an appropriate variety. On F,(7") we have a non-archimedean
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absolute value | - |, which is extended to Fq((1/7")) and vectors in the obvious

way. For any 8 =37, biT" € F((1/T)), we put [|B]| = | 3;c_y bit']-
Associated to fy are the multilinear forms

U0, ) =k T e ghy) kY
J1sesJk—1=1

for 1 < j < n. As above we write o = Zfil b,T~" € Fy((1/T)) for the
point associated to the vector (b, ..., bgq). The following result underpins our
investigation of A".

LEMMA 6.1. Assume that char(F,) > k. Then 4 = N(«), where

M), ] < g
N — ]FT(k_l)n: ’u PO q,
(@) #{“e o] la¥; )] < ¢ for 1<j<n

andu= (u®, .. .  ulk-b)

Proof. We write ug-i) = Zd_l z-(?Ti forl<j<mnand1<i<k—1. Then

=0 ~1,
a¥;(u) is equal to

kd n d—1 0 o)
1 k—1 i
| . . . 11+ i1 —T
k! by E : Ci1ydb—1,d E Zil,jl'-'zik,l,jk,lT
r=1 J1,....Jk—1=1 U150tk —1=0

for 1 < j < n. The condition [|a¥;(u)|| < ¢~ is equivalent to demand-

ing that the coefficient of 77*~! vanishes for 0 < i < d — 1. Let N = dn.
Since char(F;) > k, we therefore see that N(«) is equal to the number of
(zM, ..., z-D) ¢ (IE'(]IV)]‘“_1 for which

n d—1 )
1 (k-1) -
E : E  Chtdien g Din e bin 1 i1 2y gy P ey =0

J1yesJk—1=1%1,..,i—1=0

for 1 < j <nand 0 < ¢ < d—1. The lemma follows on recalling that
dje = Cibiy i1 g

The quantity N(«) should be familiar to experienced practitioners of the
circle method, and we shall adapt arguments found in [5] to estimate it. Our
goal is to establish the following result.

PROPOSITION 6.2. Assume that d > k — 1 and char(F,) > k > 3. Let
m be an integer in the range (5.2). Let (b1,...,byq) € AN — Ak and put
o= Zfil b, T~". Then there exists a constant cqy, > 0, independent of q,
such that N(«) < cd,kqun(k*l)*”L%J.
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Applying Lemma 6.1, we deduce from Proposition 6.2 that we may take

Dédn(k—l)—nLleJ

in (6.1). The statement of Proposition 5.7 follows.

Remark 6.3. This is the first place where our argument would simplify
dramatically if we restricted to the case of a diagonal form like f(x) = >"" zk.
Indeed, we could then perform Weyl differencing in each variable x; separately,

and so reduce to bounding

_ _ u® ey uk=1) < d,

# {(U(l)’ el 1)) < Fq[T](k v |Hk!a|u(1) . .‘.u(k—1|)H <qq_d } ’
which is the analogue of N(«) in the case n = 1. To handle the contribution
from non-zero u(® one proceeds by collecting together the terms in which
Elu® ... =1 hag a particular value u € [F,[T] say, exploiting the fact that
the number of ways in which this can be done is bounded efficiently in terms
of the (function field analogue of the) divisor function evaluated at u. Finally,
the Diophantine approximation properties of « easily lead to a bound for the
number of u € Fy[T] such that |u| < ¢ DE=1 and |lau| < ¢4

We now turn to the proof of Proposition 6.2, for which we shall require
a technical refinement of Davenport’s “shrinking lemma” in the function field
setting. A lattice in Fy((771))" is a set of points of the form x = Au where
A is an N x N invertible matrix over F,((7')) and u runs over elements of
F,[T]". Given a lattice A, the adjoint lattice is defined as the lattice associated
to the inverse transpose matrix A~7. The following result is a refinement of
[5, Lemma 4.2].

LEMMA 6.4. Let y be a symmetric nxn matriz with entries in Fy((T~1)).
Leta,c,s € Z such that ¢ > 0 and s > 0. Let N o . be the number of x € Fq[T]"
such that |x| < ¢* and ||vx| < ¢~ ¢. Then

N’y7a7c
N’y,afs,chs
Proof. The bound is trivial when a <0 since then the left-hand side is 1.

Hence we may assume that ¢ > 0 in what follows. It will be convenient to
adopt the notation R = ¢ for any R € R. Let

[t 0
A—a7C - ( tch tCIn> )

t*l, —t®
-T n Y
Aa’c - < 0 t_CIn) ’

< qns+n max{| 45| ,O}.

so that
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We note that

-1
tcfaAfT — tIn, —tCV — 0 I A 0 I,
ae 0 t/°I, I, 0 “\-1I, 0 ‘

Let ]%1 <0 K Rgn denote the successive minima of the lattice corresponding
to Agc. Then

¢ Ron <+ < ¢ Ry

are the successive minima of the lattice corresponding to tc*aA;z. Since the
lattices are equal up to left and right multiplication by a matrix in GLo, (IF,),
we must have R; = ¢°"%/Ropy1—; for all 1 < i < 2n. Taking i = n+ 1 we
deduce that
¢ < R

Now N, 4 is simply the number of vectors in the lattice A, . of norm < 1,
while Ny 4—s.c—s is the number of norm < ¢~*. Hence, as established in Lee
[19, Lemma 3.3.5], we have

2n 2n
Nyac= Hmax{l, R;l} and Ny g—scts = Hmax{l, q_stl}.
i=1 i=1

Dividing term by term, we see that each ¢ contributes at most ¢° and each
3 > n + 1 contributes at most qmaX{L%J’O}. Thus the total contribution is at
most ¢ Tmax{55°)0} 49 desired. O

Recalling the definition of N («a/) from Lemma 6.1, it follows from Lemma 6.4
that

N(a) < ¢* "Ny (a)

for any integer s > 0, where

1) (k—1) d—s
Ns(a)—#{ueIFq[T](k—l)n. [tV [T < gt }

o () < g *D0 for 1< <n

Suppose that we are given a vector (bi,...,bgq) € (AR — AR (F,) for an
integer m in the range (5.2). Let v = Efil b, T~" be the corresponding point
in T. Suppose that u is counted by Ny(«), but is such that ¥;(u) # 0 for
some 1 < j < n. Putting » = ¥;(u), it follows that |r| < gld—s—Dk=1) = We
can ensure that || < ¢™ by demanding that

stk—1)=2(d-1)(k—1)—m.
Next, let a be the integer part of W ;(u). Then we have

ra—a| = la¥; ()| < ¢~ *0s,
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On the other hand, since (by, ..., bgq) & A*? Lemma 2.4(4) implies that [ra—al|
> ¢~ %+m since |r| < ¢™. Thus we arrive at a contradiction if
s(k—1)>d(k—1)—m.

Recalling that s is also required to be a non-negative integer, we are clearly
led to make the choice

S )

since (5.2) implies that
L m J m kd
< < <d.
k—1 E—1 ~2(k—1)
With our choice of s it now follows that
@], D] < g,
Uiu)=0 for1<j<n [~

Ns(a) = # {u e F, [T)*-Dn .

Since Z is smooth, the system of equations ¥; = 0 defines an affine variety V'
of dimension at most (k — 2)n. To see this, we note that the intersection of V/
with the diagonal A = {u € A*=Dn: () = ... = =1} is contained in the
singular locus of fy = 0 and so has affine dimension 0. The claim follows on
noting that

0=dim(VNA)>dimV+dimA - (k—1)n=dimV — (k — 2)n.

Thus [4, Lemma 2.8] implies that there are < ¢(*=2™(4=%) choices for u, with
an implied constant that depends only on k£ and n. We have therefore shown
that

N(a) < q(k:—l)ns . q(k—2)n(d—s) _ qdn(k—l)—n(d—s) _ qdn(k:fl)fnL%J.
The statement of Proposition 6.2 is now clear.

7. Topological interpretation

As described in Section 1, Theorem 1.1 describes a kind of homological
stabilisation phenomenon. In this section we draw comparisons with work of
Segal [23] on the moduli space of degree d maps P! — P" over C that send
the point co of P! to a fixed point of P, where as in our setting there is no
natural morphism from the space of degree d maps to the space of degree d+ 1
maps. Because P!(C) is simply the sphere S?, the space of degree d maps
naturally embeds into the space of based continuous maps S? — P"*(C), which
is the based double loop space Q?P"(C). Segal showed that this embedding
is a homotopy equivalence up to dimension d(2n — 1) and, in particular, is
an isomorphism on the first d(2n — 1) homology groups [23, Prop. 1.2]. A lot
of subsequent work has been directed at proving similar results for spaces of
maps from P! to other algebraic varieties.
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The situation in our case is somewhat different, because we are looking
at maps between non-compact varieties and our base points do not lie in the
varieties but rather on the boundary. However, we still obtain a natural map
to a double loop space, and we conjecture that a similar stabilisation result
holds.

Let X be a smooth affine hypersurface over C with smooth projective
closure X. Let d € N be a natural number, and let P = (x1:- 12y :0) €
X — X. We let Homg p(C, X) be the space parametrising continuous (but not
necessarily holomorphic) maps P!(C) — X such that the point oo is sent to P,
with every other point sent to X, and such that the map, expressed in terms
of a local coordinate z near oo, has the form

(7.1) (1 +0(|z]) : - s 2 + O(2]) : 2%+ O(|z|*Th)).

Then there is a map Morg p(A', X) — Homg p(C, X), where we can check the
condition on the local coordinate at oo by using z = T~!'. We have been led
to formulate the following conjecture.

CONJECTURE 7.1. Assume thatd >k —1> 2. If

) d J n
e[ ] (2 k) ).
A <L€—1 oF T
then the pairing

H2 =) =3 (Morg p(A, X),Q) ® H? (Homg,p(C, X),Q) — Q,

induced by functoriality along Morg p(A', X) — Homgy p(C, X) and the trace
map, is a perfect pairing.

We proceed by making the following observation.

LEMMA 7.2. As long as it is nonempty, Homg p(C, X) is homotopic to
the based double loop space 22X of X.

Proof. Fix a point of Homg p(C, X). We may as well choose the base
point to lie in the image of this map. Having done this, we can define a map
Q2X — Homy p(C, X) by gluing the fixed map P}(C) — X to an arbitrary
map S? — X at that based point, by using the fact that P!(C) is a 2-sphere
and fixing a suitable map from a 2-sphere to the wedge sum of two 2-spheres.

To obtain a homotopy inverse, we check that we can canonically deform
any map CP! — X that has the form (7.1) near oo to our fixed map in
a neighbourhood of co. The fact that we have fixed the leading coefficients
makes this possible. Near this point, one of the coordinates is locally a unit,
and we can divide all the coordinates by it. Because the intersection of X with
oo is smooth, one of the coordinates can be written as a holomorphic function
of the other coordinates, and we can drop it. Having done this, we can use the
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convex combinations to canonically deform any map to our fixed map. Because
the leading coefficient of the last coordinate is fixed, this convex combination
will not introduce any new zeroes in a neighbourhood. We can then deform
the map to agree with our fixed map in larger neighbourhoods of co until it
agrees on a whole half-sphere and hence can be expressed as a gluing. O

We shall show that for K = C, Conjecture 7.1 implies our earlier Conjec-
ture 1.3 on the degeneration of the spectral sequence in Theorem 1.1 on the
first page. Our plan for doing this is to calculate the dimensions of the ratio-
nal cohomology groups of Hom, p(C, X'), which by Conjecture 7.1, allows us to
calculate the dimensions of the rational cohomology groups of Mory p(Al, X).
Next, we calculate the dimensions of the cohomology groups on the first page
of our spectral sequence and compare them. We show that, if any non-zero
differentials existed, the dimension of H "%~/ (Morg p(Al, X),Q) would be
less than its predicted value under Conjecture 7.1. Thus the conjecture implies
that the differentials vanish and the sequence degenerates.

This builds on (unpublished) work of Ellenberg and Venkatesh, who used
a loop space model to predict the supertrace of Frobenius on the cohomology
group of a similar mapping space and saw that it agreed with the main term
from the circle method. Our situation differs in that we do not consider the
Frobenius action on the cohomology groups but do need to understand the di-
mension of individual cohomology groups and not just the Euler characteristic.

Definition 7.3. Given N € N, let e;(IN) be the unique sequence of integers
such that

(1—TF*WN) =1 4 (=1)" 'NT

3

k=1

for a formal variable 7.

We claim that

(72) r(N) =~ 3 (@) (1))
d|k

To check this we take logarithms of both sides of the identity in Definition 7.3.
This yields

= er(N) == Z((—nnmm%.
k=1 m

d=1 =1
On extracting the coefficient of T, we obtain
—1)"N)" em/a(N) 1

(CEPT 5 Ot LS ey V).

m d
dlm dlm
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The Mobius inversion formula now yields

—ker(N) = Y~ p(k/d) (~1)"N)*,

d|k

from which the claimed equality (7.2) follows.
The numbers e (N) will feature prominently in our calculations of various
dimensions. We begin with the following result.

LEMMA 7.4. Let m,N € N, let i € Z, and let V' be a vector space of
dimension N. Then dim(H7"(PConf,,, Q) ® VO™ @ sgn"~1)9m js (—1)mn+
times the coefficient of ¢'U™ in 3, (1 — qU*) =),

Proof. By orthogonality of characters, the dimension of the S,,-invariants
of

H™(PConf,,, Q) ® V¥ @ sgn" !

is the inner product of the characters of S, corresponding to H™*(PConf,,, Q,)
and VO™ ®@sgn™ 1. Let x be the character of S, associated to V™ @ sgn™ 1.
For a finite field F,;, we may view x as a function on squarefree polynomials of
degree m over I, by evaluating it on the conjugacy class of Frobenius. This is
a conjugacy class in S, with one cycle for each irreducible factor of the poly-
nomial, of length equal to the degree of the irreducible factor. It is a special
case of [6, Th. 3.7] that the sum of x(f) over all monic squarefree polynomials
f of degree m over Fy is equal to

D (=)' (x, Hi(PConfym, Qo)) = Y (=1)"""¢ (x, H""*(PConfy, Qr))

)

= " (—1)™ g (x, H T (PConfyy, Qp)),

by Poincaré duality.

Next we will compute the sum of this character x over squarefree monic
polynomials, showing it is equal as a polynomial in g to (—1)™"~"™ times the
coefficient of U™ in [, (1 — qU*)~¢W). Because the coefficients of this
polynomial are uniquely determined by its values, we will conclude that the
dimensions are as stated.

First we calculate the character y of V™ ® sgn™ !. We can think of
V as admitting a basis vy,..., vy, which induces a basis on V®™, on which
the conjugacy class o will act by permutations. The trace is the number of
basis vectors that are fixed. A basis vector, corresponding to an m-tuple of
v1,...,UnN, is fixed if and only if it is constant on each cycle of ¢. Thus the
number of such vectors is N to the number of cycles of o, which is N to
the number of prime factors of the polynomial. The character of the sign
representation is (—1)™ times (—1) to the number of cycles of 0. Altogether
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we deduce that the sum of this character is

Z ((_1)n71]\f)‘“(f)(_1)(rtfl)m7

f€F4[x], monic
f squarefree

deg(f)=m

where w(f) is the number of prime factors of f. But this is equal to (—1)"=1m

times the coefficient of ¢—™* in
Z ((_1)n—1N)w(f)q—deg(f)s _ H (1 + (_1)n—1Nq— deg(g)s)
f€F4[x], monic g€l [x] , monic
f squarefree g prime

— H H 7kdeg ) ek(N)’

g€F,[z], monic k=1
g prime

by Definition 7.3. But we recognise that the right-hand side is equal to

H C]Fq n kS ex(N) _ H( qlka)fek(N).

k=1

Taking U = ¢~ %, we observe that the character sum is (—1)""~" times the
coefficient of U™ in [[32,(1 — qU¥), as claimed. O

We may simplify the formula in Lemma 7.4 by introducing a sum over m,
as follows.

COROLLARY 7.5. Let j,n,d, N € N, such that n > 3 and d(n — 3) > j
and let V' be a vector space of dimension N. Then

d
> dim(H"" " (PConfp, Q) @ VE™ @ sgn™ 1)

m=0
is the coefficient of ¢=7 in [[5, (1 — (—q)'~F(=2))=ex(N),
Proof. Lemma 7.4 implies dim(HZ"™ ™7 (PConf ,, Q) @V ©"@sgn™ 1) 5m

is equal to (—1)2m"=2m=J = (—1)7 times the coefficient of ¢ ~2m=JU™ in the

infinite product [[72, (1 —qU ky=ex(N) | This infinite product has a power series

expansion
o0 00 ‘
(73) H 1 _ qu —er(N) Z Cmqmn—Qm—]Um
k=1 m=0

for appropriate coefficients ¢,,. Our assumption that d(n —3) > j ensures that
only m < d occur in this sum, since there are no monomials where the power
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of ¢ is greater than the power of U appearing. We have therefore shown that

d d
S dim(H " (PConfy, Q) © VO™ @ sgu™ )57 = (117 3

To calculate this we evaluate (7.3) at U = ¢>~". Replacing the variable ¢ with
—q removes the factor of (—1)/ and so completes the proof. O

Our next task is to show that precisely the same power series occurs in
the context of the double loop space.

LEMMA 7.6. Assumen > 2. Let X be the smooth vanishing set in C" of
a polynomial f whose leading terms define a smooth hypersurface in projective
space. Let Q2X be the (based) double loop space of X. Then dim H’ (922X, Q)
is the coefficient of ¢~ in [y (1 — (—q)'~*=2))=ek(N) " where N is the di-
mension of H" (X, Q).

Proof. First we will show that the homotopy group my(,—2)4+1(X) ® Q has
dimension (—1)¥("=2)~1¢, (N) for all k, and that all other rational homotopy
groups of X vanish. We will then use these homotopy groups to calculate
the cohomology of the double loop space. Observe that X is homotopic to
AN S"1 which follows from [3, Th. 2] once we check that the polynomial
f defining X is “tame.” But this follows since its leading terms define a
smooth hypersurface, whence the partial derivatives of its leading terms have
no common zero outside the origin. Thus everywhere far from the origin at
least one of the partial derivatives is large, which is precisely the criterion of
tameness.

The homotopy groups of AN S"~1 were calculated by Hilton [14, Cor. 4.10],
with the outcome that

NSn 1 Zﬂ_ (n— 2w+1) Zd‘wN“’/du(d)‘

For rational homotopy groups, only 7, is non-vanishing for odd dimensional
spheres S™. In particular, for n even we get

Th(n-2)41(AVS"1) @ Q = QF Zaie N/ (@),

which has dimension —eg(N) = (—=1)¥"=2~1¢,(N) by (7.2). For spheres of
even dimension, both m,, and mo,,_1 have one-dimensional rational homotopy
groups. Hence for n odd, we have

. . 1 2
dlm@ Wk(n_2)+1(/\NS l) & Q = % Z Nk/d/L(d) + lkEZ mod 4% Z Nk/Qd,“/(d)
d|k dlk/2
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If k is odd, then an inspection of (7.2) reveals that the right-hand side is equal
to ex(N) = (=1)F"=2~1e, (N). If k is even, we write the right-hand side as

1 2
%ZNk/d/'L(d) + lp=2 mod4E Z Nk/d:u(%l)
dlk dlk, 2|d

= - 37 NHu(a) - % S WM

d|k dlk, 2tk/d

1 Z N/ gy

d\k

which again matches the formula for (—1)k=2~1¢, (N).

The rational cohomology algebra on H* (22, Q) is the free graded commu-
tative algebra on a basis for the rational homotopy of X, shifted by two degrees
by [24, p. 311]. Thus H*(Q2%2X,Q) is the free graded commutative algebra on
(—1)k(=2)~1¢, (N) generators in degree k(n — 2) — 1 for each k.

We wish to calculate the generating function ), dim HI(92X,Q)q 7. The
generating function of the graded commutative algebra on one generator in de-
gree d is (14+¢~9) if d is odd and (1 —¢~%)~! if d is even. Since free products of
algebras correspond to products of generating functions, the generating func-
tion of the cohomology algebra of Q2X is [[72, (1 — (—¢)! k=2 (V) O

We may finally relate Conjecture 7.1 to our conjecture that the spectral
sequence in Theorem 1.1 degenerates on the first page for

m+s>4qkf1J (55 - k+1)1>.

If the spectral sequence fails to degenerate, then some non-zero differential
exists, and thus the dimension of Eoy® is less than the dimension of E}"*. To
check that the spectral sequence degenerates, it is therefore sufficient to check
that

dim H+2d0= k)(Mord p(AL, X), Z dim E7"*,

m+s=1

since the left-hand side is equal to dim H**24"=k)(Mory p(Al, X), Q). Under
Conjecture 7.1, we conclude from Lemma 7.2 that

> dim B = dim H*(Homyp(C, X),Q) = H (9°X, Q).
m-+s=1
Let N = dim H? '(X,Qy). Then, by Poincaré duality and the universal co-

efficient theorem, we also have N = dim H" (X, Q). (Note that we are also
implicitly using the comparison of étale and singular cohomology.) We now
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appeal to the formulae of Corollary 7.5 and Lemma 7.6, with the outcome that

dim H?(Q%X, Q)

d
= Z dim(H™~™=3 (PConf,,, Q;) ® HM (X, Qg)®™ @ sgn™ 1),

m=0

We can take j < 4 (L%J (35 —k+1) - 1) < d(n — 3) to check the condition
of Corollary 7.5. We summarise our findings in the following result.

[1]

2]

THEOREM 7.7. Conjecture 7.1 implies Conjecture 1.3 when K = C.
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