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Abstract

In this article, a six-parameter family of highly connected 7-manifolds
which admit an SO(3)-invariant metric of non-negative sectional curva-
ture is constructed and the Eells-Kuiper invariant of each is computed.
In particular, it follows that all exotic spheres in dimension 7 admit an
SO(3)-invariant metric of non-negative curvature.

A manifold M of dimension 2n + 1 or 2n is called highly connected if it
is (n — 1)-connected, that is, if the homotopy groups m;(M) are trivial for all
i < n—1. As the topology of such manifolds is relatively simple, they have
received much attention; see, for example, [Sma62], [Wal62], [KM63], [Bar65],
[Wal67], [Wil72], [KSO01], [Cro02], [CE03], [CN19]. In fact, it was Milnor’s
quest to understand such manifolds which led to the discovery of 7-dimensional
manifolds which are homeomorphic, but not diffeomorphic, to the standard
sphere S7 [Mil56], [Mil07]. Just as in the case of S7, these erotic spheres
occur as the total spaces of S3-bundles over S*. By a combination of the work
of Milnor [Mil59] (cf. [KM63]), Smale [Sma61] and Eells and Kuiper [EK62],
it was subsequently shown that there are 28 possible oriented differentiable
structures on the 7-dimensional (topological) sphere, 16 of which are Milnor
spheres, that is, obtained as S3-bundles over S*. If one forgets the orientation,
there are 15 possible diffeomorphism types, 11 occurring as Milnor spheres.
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THEOREM A. All exotic T-spheres admit an SO(3)-invariant Riemannian
metric of non-negative sectional curvature.

In [GM74], Gromoll and Meyer showed that one of the exotic Milnor
spheres can be written as a biquotient and, hence, admits a Riemannian metric
with non-negative sectional curvature. Furthermore, by exploiting the biquo-
tient structure, it was demonstrated in [Wil0la], [EKO08] that the Gromoll-
Meyer sphere can be equipped with a metric of non-negative curvature such
that all sectional curvatures are positive on an open, dense set, while a further
deformation of this metric to globally positive curvature has been proposed in
[PWO08]. Unfortunately, the Gromoll-Meyer sphere is the only exotic sphere
in any dimension which can be written as a biquotient [Tot02], [KZ04]. Nev-
ertheless, the remaining Milnor spheres were shown to admit non-negative
curvature by Grove and Ziller [GZ00], as a consequence of their investigation
of cohomogeneity-one manifolds. On the other hand, the fact that all exotic
7-spheres admit a metric of positive Ricci curvature was established by Wraith
[Wra97], while Searle and Wilhelm [SW15] recently demonstrated that each
admits a metric having, simultaneously, positive Ricci curvature and almost-
non-negative sectional curvature.

Despite not being biquotients, Durdn, Plittmann and Rigas [DPR10] (see
also [Wil01b]) have shown that all exotic spheres in dimension 7 can be con-
structed in a similar way to the Gromoll-Meyer sphere. They tried, without
success, to equip the four non-Milnor exotic spheres with a metric of non-
negative curvature. In the present work, we achieve this via a different con-
struction.

THEOREM B. For all triples a = (a1,a2,a3), b = (by,ba,b3) € Z3> of
integers congruent to 1 mod 4 and satisfying ged(ay, as + az) = ged(by, be +
bs) = 1, there is a 2-connected, T-dimensional manifold Ma?,b which admits
an SO(3)-invariant metric of non-negative sectional curvature and for which
HY(M,;7) = L), whenever

a,b
1 a’ b?
= —det ! ! 0.
n=gde (ag_ag bg_bg) 7
Ifn=0, then H3(M ;Z) = H*(M[ ; Z) = Z.

The manifolds M (Z p With a1 = by = 1 are diffeomorphic to those stud-
ied by Grove and Ziller [GZ00] and consist of all S3-bundles over S*. By
choosing the parameters appropriately, one obtains the Milnor spheres. Grove
and Ziller constructed metrics of non-negative curvature by first showing that
there is a four-parameter family of non-negatively curved, 10-dimensional,
cohomogeneity-one manifolds consisting of all principal (S x S3)-bundles over
S* and then taking the associated S3-bundles over S* with their induced met-
rics.
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By observing that, in the Grove-Ziller case, the associated-bundle con-
struction is equivalent to taking a quotient by a free S3 action, it is natural to
look for a more general collection of examples. As it turns out, there is a larger
six-parameter family of non-negatively curved, 10-dimensional cohomogeneity-
one manifolds P10 which, under the ged conditions of Theorem B, admit a free,
isometric action by S3. The manifolds M 7b are precisely the quotients of the
Pal% by this action and are each equipped with the induced metric. In gen-
eral, the M 7b are not S3-bundles over S? in any obvious way. For appropriate
choices of the parameters a, b € Z3, it is clear that one obtains 7-dimensional
manifolds which are homotopy spheres.

The major difficulty in this project is to determine the diffeomorphism
type of the manifolds Mlb. By the work of Crowley [Cro02], it suffices to
compute the Eells-Kuiper invariant p(M, Z,b) [EK62] and g-invariant [Cro02]
of these spaces. In particular, for the homotopy spheres, the Eells-Kuiper
invariant determines the diffeomorphism type. In Theorem 3.22, the general
formula for pu(M 7,) below has been computed via a modification of the methods
of [Goeld], in which the first named author determined the diffeomorphism
type of a recently discovered example with positive curvature; see [Deall],
[GVZ11]. For q,p1,p2,ps € Z with ged(q,p;) =1 for all : = 1,2,3, let

=t 14 cos( ’Wl) + cos(ZL) cos(2ant)
: q q
D(q7p17p27p3) 26 7 q2 Z Zpl< sin (pﬂrl)sul(pjﬂ-l)sul(pkﬂ—l) )
q

I=1 (i,5,k) q
0(1,2,3)

q

denote the corresponding generalised Dedekind sum. In particular, if ¢ = 1,
then D(q;p1,p2,p3) = 0. Moreover, D(q; p1,p2, p3) is invariant under permu-
tations of the p; and satisfies D(q; p1, p2, —p3) = —D(q; p1,p2,p3). Note also
that the generalised Dedekind sum of [Goel4, Definition 3.6] corresponds to
D(p;4,q,q), with p,q € Z odd and relatively prime.

THEOREM C. Let Mgb and n # 0 be as in Theorem B, and set

1 dot a% b%
SaQb2 a%+a§+8 b3+b2+8)°
Then the Fells-Kuiper invariant of M b s given by
_ Inl — afbim?
- 25.7.n

where D(a) = D(ay;4, a2 + a3, a2 — a3) and D(b) = D(by;4, by + bs, by — b3) are
generalised Dedekind sums as defined above.

—D(a)+ D(b) mod 1 €Q/Z,

For some simple subfamilies, it is easy to compute the generalised Dedekind
sums D(a) and D(b) (see Example 3.20), leading to a closed form for M(M;b)
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in these cases. Recall that, following [EK62], the non-Milnor exotic spheres
have 28 - (M ,) € {2,5,9,12,16, 19, 23, 26}.

COROLLARY D. Supposea = (—3,12k—3,121+1), b = (1,4r+1,4s5+1) €

Z3. Then
—a?b?m? 441
M7y = [n| — ay b _ 7.
#Mow) = =50 x <Y
Moreover, the subfamily given by (k,l,r,s) = (0,0,7,7) has H4(MQ7Q;Z) =0,
hence consists of homotopy spheres, and the oriented diffeomorphism types of

the non-Milnor exotic spheres are attained, e.g., at r€{—3,—1,1,2,4,8,11,15}.

The paper is organised as follows: In Section 1, there can be found reviews
of cohomogeneity-one manifolds, orbifolds and orbi-bundles, the Eells-Kuiper
invariant and adiabatic limits. Section 2 begins with a review of the construc-
tion of Grove and Ziller, followed by the definition of the new non-negatively
curved manifolds M g,bv before ending with the computation of the cohomology
ring of Mg’b. In Section 3 a new metric is defined on M;b to facilitate the com-
putation of the Eells-Kuiper invariant of M a7 - With respect to this metric,
various Chern-Weil characteristic forms and numbers are computed, as well as
the individual terms in the adiabatic limit of the Eells-Kuiper invariant.
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1. Preliminaries

1.1. Cohomogeneity-one manifolds and principal bundles. Because of their
importance in the construction of the manifolds M (Z,bv this subsection is devoted
to a brief review of cohomogeneity-one manifolds. A more elaborate discussion
can be found in, for example, [GZ00].

Let G be a compact Lie group acting smoothly on a closed, connected,
smooth manifold M via G x M — M, (g,p) — g -p. For each p € M, the
isotropy group at p is the subgroup G, = {g € G | g-p = p} C G, and the
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orbit through p is the submanifold G-p={g-p€ M | g € G} C M. Since G
acts transitively on G - p, there is a diffeomorphism G -p = G/G), and there is
a foliation of M by G-orbits.

The action G x M — M is said to be of cohomogeneity one if there is an
orbit of codimension 1 or, equivalently, if dim(M/G) = 1. In such a case, the
manifold M is called a cohomogeneity-one (G-)manifold. If, in addition, m (M)
is assumed to be finite, then the orbit space M /G can be identified with a closed
interval. By fixing an appropriately normalised G-invariant metric on M, it
may be assumed that M/G = [-1,1]. Let 7 : M — M /G = [—1, 1] denote the
quotient map. The orbits 7=1(¢), t € (—1,1), are called principal orbits, and
the orbits 771 (£1) are called singular orbits.

Choose a point py € 7~1(0), and consider a geodesic ¢ : R — M orthogonal
to all the orbits, such that ¢(0) = pp and 7o c||_; ;) =1id_; ;). Then, for every
t € (—1,1), one has Gty = Gp, € G, and this principal isotropy group will be
denoted by H C G. If py = ¢(+1) € M, denote the singular isotropy groups
Gy, by K4 respectively.

By the slice theorem, M can be decomposed as the union of two disk
bundles, over the singular orbits G/K_ = 7= (—1) and G/K; = 7 (+1)
respectively, which are glued along their common boundary G/H = 7—1(0):

M = (G xg_ D) U/ (G x i, DH).

In particular, since the principal orbit G/H is the boundary of both disk bun-
dles, it follows that K1 /H = S"=~1 where I1 are the respective codimensions
of G / K + in M.

Conversely, given any chain H C K. C G, with K1/H = S% one
can construct a cohomogeneity-one G-manifold M with codimension d4 + 1
singular orbits. For this reason, a cohomogeneity-one manifold is conveniently
represented by its group diagram

In [GZ00], the authors determined a sufficient condition for a cohomo-
geneity-one manifold to admit non-negative curvature.

THEOREM 1.1 ([GZ00]). Let G be a compact Lie group acting on a man-
ifold M with cohomogeneity one. If the singular orbits are of codimension 2,
then M admits a G-invariant metric of non-negative sectional curvature.
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Given a cohomogeneity-one G-manifold M, let j+ : Ky — G and i1 :
H — K. denote the respective inclusion maps. Suppose that L is a compact
Lie group and that there are homomorphisms ¢4 : Ky — L such that p_oi_ =
¢4 oiy. Then, by [GZ00, Prop. 1.6], one can construct a cohomogeneity-one

(G x L)-manifold P with group diagram
G x
w‘#ﬂr)
Ky
it

A

such that the subaction by {e} x L C G x L is free and induces a princi-
pal L-bundle L. - P — M. In particular, under this construction the co-
dimensions of the singular orbits in M and P are equal.

h

K_
H

1.2. The Eells-Kuiper invariant. When Milnor discovered exotic spheres
in [Mil56], he used an invariant based upon the Hirzebruch Signature Theorem
(see [Hir78]) to establish that the 7-manifolds he had constructed could not be
diffeomorphic to S7. Soon afterwards, Eells and Kuiper [EK62] found an invari-
ant, based upon the integrality of the A—genus for spin manifolds [BH60, Cor.
3.2], which completely determines the diffeomorphism type of 7-dimensional
homotopy spheres. For simplicity, the following review of the Eells-Kuiper
invariant will focus on dimensions 7 and 8.

Suppose X is a closed, smooth, 8-dimensional manifold which is, in ad-
dition, oriented and spin; that is, the first and second Stiefel-Whitney classes
w1 (X) € HY(X;Z9) and wo(X) € H?(X;Zs) vanish. Let pi(X) € HY(X;Q)
and po(X) € H3(X;Q) denote the rational Pontrjagin classes of (the tangent
bundle of) X, and let [X] € Hg(X;Z) denote the fundamental class of X.
Finally, let o(X) denote the signature of the quadratic form a + o2 on
H*(X;Q). From the Signature Theorem [Hir78] and Corollary 3.2 of [BH60],
it is known that both the signature

o(X) !

= 35 (P () + Tpa(X))[X]

and the A- genus

AX) = 5 (Tn(X) — Ap (X)X

are integers. By taking an appropriate linear combination, one can easily de-
duce that
p 1

(1.1) A(X):T.?(Pl(X)Q[X]—‘lU(X)) € Z.
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Suppose now that M is a 7-dimensional, closed, oriented, smooth, 2-
connected manifold with H*(M;Z) finite. Notice that, in particular, M is
spin. Since the spin cobordism group in dimension 7 is trivial, one can always
find a compact, oriented, smooth, 8-dimensional, spin coboundary W, that is,
a manifold with boundary OW = M.

From the long exact sequence in cohomology for the pair (W, M), one
obtains an isomorphism

i HYW, M;Q) = HYW;Q).

Therefore, the rational Pontrjagin class pi (W) € H*(W;Q) can be pulled back
to define a Pontrjagin class j~!(p1(W)) € H*(W, M;Q) on (W, M). Moreover,
there is a well-defined fundamental class [W, M] € Hg(W, M;Q) for the pair
(W, M), and one can define the signature o(W, M) to be the signature of the
quadratic form o +— o on H*(W, M;Q). By analogy with the expression for
the A-genus in (1.1) above, this motivates the following definition.

Definition 1.2 (JEK62]). Let M be a closed, oriented, smooth, 2-connected
manifold of dimension seven with H*(M;Z) finite, and let W be a compact,
oriented, smooth, 8-dimensional, spin coboundary. Then the Fells-Kuiper in-
variant of M is given by

1 .
(1.2) (M) = 7T (G 21 (W))* W, M] = 40(W,M)) mod 1 € Q/Z.
In particular, the Eells-Kuiper invariant measures the defect of the right-
hand side from being the A-genus of a closed, spin manifold, and it has the

following properties:

(a) (M) is independent of the choice of coboundary W.
(b) p(M) respects orientation; i.e., u(—M) = —u(M).
(c) u(M) is additive; i.e., u(My#Ms) = u(My) + p(Ms).

Although it is quite simple to define, the Eells-Kuiper invariant is difficult
to compute in practice. One approach is to appeal to the generalisation by
Atiyah, Patodi and Singer of the Atiyah-Singer Index Theorem to manifolds
with boundary [APS75].

In brief, equip M with a Riemannian metric gs, with Levi-Civita con-
nection VI and extend ¢y to a Riemannian metric on W which is product
near the boundary. Let © and B be the spin-Dirac operator and odd signature
operator on (M, gpr) respectively; that is, ® is the usual Dirac operator on the
spinor bundle of (M, gpr), and B is the restriction of the operator +(xd —dx) to
differential forms on M of even degree, where x denotes the Hodge-* operator.
Then, by applying the Atiyah-Patodi-Singer Index Theorem to both © and %



836 S. GOETTE, M. KERIN, and K. SHANKAR

and following the scheme laid out in [KS88, Prop. 2.1] (cf. [Don75]), one obtains

h 1
(13) p(M) =2 1D) + 5
b pu(TM,VTMY A py(TM, VM) € Q/z.

M

n(B)

277

The terms in this formula require some explanation. The first term, h(D), is
simply dim Ker(®), the dimension of the space of harmonic spinors. The terms
under the integral are differential forms, namely,

pU(TM, VM) = —5 tr((Q")?)

82
is the Pontrjagin 4-form on M obtained from the curvature 2-form Q™ via
Chern-Weil theory, while p1(TM,VTM) is a 3-form on M such that

d(pr(TM, V™)) = py (TM, V™M)

Such a 3-form exists, since Hjz(M) = H*(M;R) = 0 by assumption.

The terms 7n(®D) and 7n(B) are the n-invariants of the operators © and B.
Recall that, if D is a Dirac operator (that is, a first-order, self-adjoint dif-
ferential operator, such that D? is a Laplacian), then its eigenvalues are real
numbers and the n-invariant of D is defined by

sign(\)

Y e (C7
A2

n(D) = np(0), where np(z) =Y
A£0

the sum being over the non-trivial eigenvalues of D (counting multiplicities).
Therefore, n(D) measures the asymmetry of the eigenvalues of D about 0.
The invariant 7(D) can also be thought of as the defect in the corresponding
Atiyah-Singer Index Theorem due to W not being a closed manifold.

The primary benefit of the formula (1.3) for (M) is that the right-hand
side is written entirely in terms of the geometry of M, that is, the coboundary
W no longer plays a role. Thus, for an appropriate choice of metric gps, it is
reasonable to expect that (1.3) can be used to compute p(M).

1.3. Orbifolds, orbi-bundles and invariants. As orbifolds will play a sig-
nificant role in the rest of the article, it is useful to recall some definitions and
notation (cf. [Goel4]).

Definition 1.3. Let G be a compact Lie group acting effectively on R™.
An n-dimensional smooth G-orbifold is a second-countable, Hausdorff space B
such that

(a) For each point b € B, there exist a neighbourhood U C B of b, an open
subset V' C R™ invariant under the effective action p : I' — G — GL(n, R)



HIGHLY CONNECTED 7-MANIFOLDS AND NON-NEGATIVE CURVATURE 837

of a finite group I', and a homeomorphism
Y p(D\V — U with ¢(0) =b.

The homeomorphism ) is called an orbifold chart, I" the isotropy group of
b € B and p the isotropy representation at b. Let 'J : V. — U denote the
composition of ¢ with the projection V' — p(I')\V.

(b) Let b € U C B and ¢ : p(I')\V — U be as above. For v € U, let
' p(T)\V' — U’ denote the corresponding orbifold chart. Then there
exist a smooth, open embedding ¢ : (/)L (U N U’) — V and a group
homomorphism ¥ : I — T" such that, for all 7/ € I”,

pop(v)=p(()) oy
and, for all v’ € (¢/)"1(UNU") C V',

P(p(0)) = ¢ (v).

The map ¢ is called a coordinate change and ¥ an intertwining homomor-
phism.

If G C O(n), then the term n-orbifold will be used for brevity. If G C SO(n)
and all coordinate changes are orientation preserving, then the n-orbifold B is
called oriented.

Notice that if ¢ is a coordinate change as above with intertwining homo-
morphism 9, then, for each v € T, the map p(7y) o ¢ is another coordinate
change with intertwining homomorphism ~ - 9, where (7 - 9)(v') = y9(y/ )y~ L.
Moreover, the assumption that isotropy representations are effective ensures
that intertwining homomorphisms are unique.

Definition 1.4. Let B be a smooth G-orbifold and F' a smooth manifold.
An orbi-bundle with fibre F' is a map m from a topological space M to B such
that

(a) For each b € B, there exists an orbifold chart ¢ : p(I')\V — U C B
around b, a fibre-preserving, smooth action p of I' on V' x F such that
the projection pry : V x F' — V is I'-equivariant, and a homeomorphism
¥ : p(D\(V x F) = 7 1(U) such that the diagram

V x F—— pO\(V x F) —= 2 L(U)

‘I

Vv p(D\V U

commutes.
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(b) Let ¢ : p(T)\V — U and ¢’ : p/(I")\V' — U’ be orbifold charts in B as in
Definition 1.3, with associated coordinate change ¢ and intertwining ho-
momorphism . Let p, p’ be the corresponding actions and w 1// the corre-
sponding homeomorphisms as above. Finally, let ¢ : VxF — p(I')\(V x F)
and ¢ : V' x F — p'(I")\ (V' x F) denote the quotient maps. Then there is
a smooth, open embedding @ : (12’ o) Y (UNU') = V x F (a coordinate
change) such that, for all ' € T,

Gop()=p0())od
and, for all (v/, f) € (' o¢)"{(UNU’) C V' x F,
(o) (@, f) = (@ o)W, f).

If all of the fibre-preserving actions p are free, then the space M carries the
structure of a smooth manifold. In this case, the map 7 : M — B is called a
Seifert fibration.

If the fibre F' is a vector space and if, in addition, all actions p and all
coordinate changes @ are linear, then 7w : M — B is called a vector orbi-bundle.

If F'is a Lie group G and all actions p and all coordinate changes @ com-
mute with the right action of G on F, then G acts on M and 7 : M — B is
called a principal G-orbi-bundle.

Note that, given a principal G-orbi-bundle and a right action of G on
a manifold F', one can construct an associated orbi-bundle with fibre F' and
structure group GG with the properties above.

As discussed in [Goel4, Rem. 1.3], a Seifert fibration can, equivalently, be
described as a regular Riemannian foliation of M with compact leaves. The
leaf space B naturally has the structure of a smooth orbifold, while the generic
leaves (which form an open, dense set in M) are each diffeomorphic to some
fixed smooth manifold F'. The exceptional leaves are each finitely covered by F,
and the projection map 7 : M — B has the properties listed in Definition 1.4.

Remark 1.5. If a compact Lie group G acts almost freely on a manifold
M such that the sub-action of a closed subgroup H C G is free, then the quo-
tient M /G naturally inherits the structure of a smooth orbifold, the quotient
M/H is a smooth manifold, and the projection 7w : M/H — M/G is a Seifert
fibration with fibre G/H.

Using the local definitions above, an orbifold B possesses a natural tan-
gent orbi-bundle TB — B and can always be equipped with an (orbifold)
Riemannian metric.

Furthermore, as all leaves of a Seifert fibration 7 : M — B are manifolds
of a fixed dimension, it makes sense to talk about the vertical sub-bundle V of
the tangent bundle T'M, that is, the vector bundle given by vectors tangent
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to the leaves. If M is equipped with a Riemannian metric g7, the horizontal
sub-bundle H is defined as the bundle of all vectors orthogonal to the leaves.
Given a vector w € T, M, the vertical and horizontal components of w will be
denoted by wY and w™ respectively.

At each point p € M, the differential dm|yy, : Hp — Tr(p) B is an isomor-
phism. If dm,ly, is, in addition, an isometry at each p € M with respect to
the metrics gpr and gp, then, by a slight abuse of terminology, one may refer
tom: (M,gn) — (B, gp) as a Riemannian submersion.

For vector orbi-bundles, it is possible to use the language of Definition 1.4
to define Whitney sums, tensor products, dual bundles and exterior products.
Similarly, spin vector orbi-bundles can be defined in a natural way analogous
to that for vector bundles.

There is also a natural notion of Dirac orbi-bundle over a Riemannian
orbifold which is analogous to the notion of a Dirac bundle over a Riemannian
manifold (M, gpr), which consists of a complex vector bundle E — M equipped
with a Hermitian metric g and compatible connection V¥, as well as a Clif-
ford action ¢ : TM — End(E) which is skew-symmetric with respect to g%
and satisfies a Leibniz rule with respect to V¥ and the Levi-Civita connection
VTM of (M, gM).

Just as for manifolds, Chern-Weil theory can be applied to vector orbi-
bundles. Suppose that £ — B is a vector orbi-bundle with connection 1-form
wF and curvature 2-form QF = dw? + w? A wWF. Let VF and RF = (VF)?
denote the induced connection and curvature, respectively. Recall from Chern-
Weil that the first Pontrjagin form and Euler form of (E,VF) are defined by

pi(B, V) = (@) = s u((REP),

1
e(B,VF) = e Pf(QF) =

(1.4) 1
—_ Pf(RF

47_‘_2 ( )7

respectively, where Pf denotes the Pfaffian, that is, Pf = det!/2,

Associated to the base of a Seifert fibration m : M — B there is a further
orbifold AB, which will be important in the computation of the Eells-Kuiper
invariant.

Definition 1.6. The inertia orbifold AB of an orbifold B is the orbifold
consisting of points (b, [7]), where b € B and [y] denotes the I'-conjugacy class
of an element ~ of the isotropy group I' of b.

In general, the inertia orbifold consists of several components. In par-
ticular, the component of AB corresponding to the identity element of each
isotropy group is simply a copy of B itself. Other components are often called
twisted sectors.
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The orbifold charts for AB are obtained from those of B. Suppose v :
p(I')\V — U is an orbifold chart around b = 1(0) € B. For each v € I, let V7
denote the fixed-point set of the action of v on V' and let Zp(y) C I' denote
the centraliser of v. Then Zp() acts on V7 via the restriction of p, although
this action need not be effective. The ineffective kernel of this action is a finite
subgroup of Zp(v) of order

(1.5) m(y) = #{o € Zr(y) | p(o)lv> = idy~}.

In this way, m() defines a locally constant function on AB and is called the
multiplicity of (b, [y]) € AB. An orbifold chart for AB around the point (b, [y])
is given by the homeomorphism

U Zr(Y)\VY = (V) x {[7]} € AB.

Note that the orbit space Zp(y)\V? is the same as that obtained by considering
the effective action on V7 of the quotient of Zr(y) by its ineffective kernel.

Suppose from now on that B is an oriented Riemannian orbifold (as will be
the case in the applications to follow). Let N, — V7 denote the normal bundle
to V7 in V. Since B is oriented, N has even rank, say 2k,. Since the action of
v is effective on V', but trivial on V7, it follows that « must act effectively on the
fibres of A, via (abusing notation) an element v € SO(2k.,). Let 4 € Spin(2k.)
denote a lift of v under the natural projection Spin(2k,) — SO(2k,). If the
orbifold B is also spin, such a lift is part of the orbifold spin structure. Oth-
erwise, the lift 4 is determined uniquely up to sign. Consequently, the inertia
orbifold AB has a natural double cover

AB = {(b,[3]) | 7 is a lift of v} — AB,
where orbifold charts for AB are constructed as for AB and given by
by Zr()\VT = 9(V7) x {[3]} € AB.

In generalisations of index theorems to the orbifold setting, one has to
take into account the local structure of the orbifold, that is, the action of the
isotropy groups. This is achieved by defining equivariant forms. Recall that,
for a Hermitian vector bundle E with connection V¥ and equipped with a
parallel, fibre-preserving automorphism g, the equivariant Chern character is
classically defined as

E QF
chy(E,V¥) =tr (g exp(—m)) .

By the discussion above, the normal bundle N, — V7 is spin, hence
has a principal Spin(2k,)-bundle Spin(Ny) — V7 associated to it. There is
a unique (complex) Spin(2k,)-representation S of (complex) dimension 2%,
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the spinor module, which decomposes into irreducible, inequivalent Spin(2k. )-
representations ST of dimension 2%~ such that S = ST @ S~. Thus, there is
a complex (local) spinor bundle S(N,) — V7, where

S(N,) = Spin(N,) Xspin(2k,) S

and, given a local orientation of N, there is a natural splitting S(N) =
ST(N,)®S™ (N) of the spinor bundle, where S*(N) =Spin(N,) X gpin 2k, ) S

The Levi-Civita connection on V induces a connection VN7 on N, hence
a connection VSWVY) on the spinor bundle. For a choice of lift 4 and compatible
orientations on V7 and N, it follows from [BGV92, §6.4] that the equivariant
Chern character for (S(N,), VSWV)) is given by

(1.6) ch;/(S(,/\/v%VS(Nw)) = chs(ST(N,) — Sf(NW),VS(NV))

1
N2 2
= +i* det (ide — yexp ( (v 7) )) .
27

Notice that, since 1 is not an eigenvalue of the action of v on N, the identity
(1.6) yields that the form chs(ST(N,) — S~ (N5), VSWN)) on V7 is invertible.
The equivariant A-form on V7 is now defined as

ATV, vV
chy(ST(N,) = S=(N), VEM))

where the A-form for , is given by
here the A-form for (TV?,VIV" b

(1.7) As(TV, V) = (-1)k

. , 1 TV 2
ATV, VTV = det dmi i)

sinh (%m QTVvY

Remark 1.7. The equivariant form Aa(TV, VTV) has the following prop-
erties:

(a) A:Y(TV, VTV depends only on the conjugacy class of 7.

(b) Choosing the other lift —4% instead of 4 leads to a change of sign in
A5 (TV,VTV).

(c) If the orientation of T'V'|y~ is fixed, then changing the orientation of V7
leads to a change in the orientation of A, and, hence, the subbundles
ST(N,) and 8~ (N,) being swapped. This in turn yields a sign change in
A5 (TV,VTV). On the other hand, the integral of A5(TV,VTV) over the
corresponding stratum of AB depends only on the orientation of V', not
on that of V7.

The oriented orbifold B admits an open cover by orbifold charts compati-
ble with its orientation. The induced open cover of the inertia orbifold AB by
orbifold charts is compatible with the induced orientation on AB. Hence, the
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local equivariant forms AQ(TV, VTV can be used to construct a well-defined
form Ayp(TB,VTP) on AB such that

1
m(7y)

where ¢ : V7 — Zp(y)\V"? denotes the quotient map and m(7y) is the multi-
plicity of the point (1(0), [v]) € AB.

In a similar way, one can define a generalisation Lxg(TB, VT?) of the L-
class (i.e., the rescaled L-class) on the inertia orbifold AB, where the L-form
for (TV?Y,VTV") is given as usual by

= ATV, VT eh(S(V), v
_ 2(dim VVfdeg,y)/ZL(TV'n VTVV)’

(1.8) (¥ 0 @)  Anp(TB,V'P) = As(Tv, vV,

(1.9) LTV, VTV

where deg., : Q*(V7) — NU {0} denotes the map taking a form § € Q*(V7) to
its degree deg(§) € NU {0}, often called the number operator.

In particular, the forms AAB(TB, VTB) and ﬁAB(TB, VTB) coincide on
the component B C AB with the usual versions of the forms A(TB, VT?) and
L(TB,V"P) on B, defined via charts for B.

1.4. Adiabatic limits. The computation of the Eells-Kuiper invariant p(M)
of a 7-manifold M via (1.3) sometimes becomes more tractable if M is the total
space of a fibre bundle. As established in [Goel4], the same is true in the more
general setting of Seifert fibrations.

Given the intended application of these methods to the manifolds M Z,b’
assume from now on that the following condition is satisfied: o

The 7-dimensional Riemannian manifold (M, gas) is 2-connected, smooth,
closed and oriented with H*(M;Z) finite, and there is a Riemannian
submersion 7 : (M,gn) — (B,gp) onto a 4-dimensional Riemannian
orbifold (B, gp) with (generic) fibre F' = S3.

By blowing up the base (B, gg) by a factor €72, £ > 0, one obtains a family
of metrics gy on M with the same horizontal sub-bundle H and given by

(1.10) gvely = guly and gareln = e 2gumln.

Of course, up to a global rescaling, this is equivalent to the often-used trick

2. The limit of any geometric object on

of shrinking the fibres by a factor ¢
(M, gne) as € — 0 is called the adiabatic limit. In particular, it is natural to
investigate the adiabatic limit of geometric invariants; e.g., the n-invariants of
a family of Dirac operators Dy . compatible with the metrics ga .

In order to understand the adiabatic limit of the formula (1.3) for the
Eells-Kuiper invariant, it is necessary to establish quite a bit of notation. A

more complete and more general treatment can be found in [Goel4].
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Let e1,...,eq and f1,..., f3 denote local orthonormal frames for TB and
the vertical sub-bundle V respectively. Let © € H denote the horizontal lift of
a vector field v € TB. A local orthonormal frame for the metric gas. defined
in (1.10) is, therefore, given by

(1.11) 6175 = fl, . ,63,5 = f3, 64,5 = Eél, .. .,677<€ = 854.

According to Definition 1.6 of [Goel4], an adiabatic family of Dirac bun-
dles for the Riemannian submersion 7 : (M, gyr) — (B,gp) in (A) consists
of a Hermitian vector bundle (E, gg) over (M, gpr), a Clifford multiplication
c:TM — End(E), and a family (V¢).50 of connections such that

(a) Foralle > 0, the quadruple (E, VE#, g, c.) is a Dirac bundle on (M, gasc),
where the Clifford multiplication ¢, is given by c.(e;.) = c(es1).
(b) The connection V< is analytic in € around ¢ = 0.
(c) The kernels of the fibrewise Dirac operators
3
Ds: = > c(fi)Vy"
i=1
acting on El 1), b € B, form a vector orbi-bundle Kp — B.
The associated family (Dasc)e>0, with

7
Dye = Z Cs(ez’,s)vgi
i=1
is called an adiabatic family of Dirac operators for .

By Condition (b) above, there exists an 9 > 0 such that the dimension
of the kernel of Dy is constant for all € € (0,e9). Furthermore, by Theorem
1.5 of [Dai9l] (cf. [Goel4, §2.g]), there are finitely many very small eigenval-
ues of Dyse, that is, eigenvalues A, (¢), counted with multiplicity, such that
A () = O(€?) and M\, (g) # 0, for all € € (0, p).

Associated to the fibrewise Dirac operators Dgs, there is an orbifold
n-form, denoted npp(Dg3) by an abuse of notation. Although np(Dgs) can be
defined in a similar way to the forms Aprp and Lpg and, consequently, depends
only on the conjugacy class and sign of the (lifted) isotropy elements, the usual
analytic definition will not be used in the computations to follow, and hence
will be omitted. Instead, assume that the fibres of the Riemannian submersion
m: (M,gnm) — (B,gp) in (A) are totally geodesic and recall that the isotropy
groups act freely on the S? fibres of the Seifert fibration M — B. Moreover,
let W — B denote the rank-4 vector orbi-bundle associated to M — B.

The horizontal sub-bundle H on M determines a unique fibre-bundle con-
nection 1-form w™ € Hom(T'M, V), which acts as the identity on the vertical
sub-bundle V and vanishes on H. Let V" be the connection induced on W
by w™, and let R" be its curvature.
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As before, let 11, be an orbifold chart around (b,[y]) € AB and let
g: VY7 = Zp(v)\V? be the quotient map. Finally, let R};V denote the re-
striction of the curvature R" of w™ to the bundle given by the restriction of
TM to W_l((l/J[,y] o Q)(V’Y)) CM.

Then, by exploiting [Goe00, Ths. 1.14, and 3.9] and [Goel4, Th. 1.11], for
the case of the spin-Dirac operator ®, define nyp(®gs3) to be the form on AB
such that

{ﬂgf,w)*e(w, VW), 4y =id,

(1.12) (Y1) 0 @)'aB(Dss) = ,
7 %T,’y exp(—RY /2mi) (©S3)7 v #id,

and, for the case of the odd signature operator B, define nyp(Bgs) to be the
form on AB such that

(1.13) (Y51 0 @) nan(Bgs) = ; 5755 (V) e(W, ) 1
3Ty exp(—RW j2mi) (Bss), v # id.

Hence, in the current special situation of totally geodesic S? fibres, the form
Ty exp(—RY /2mi)(Dsgs) is derived from the classical equivariant n-invariant as de-
fined by Donnelly [Don78|. Formulae to compute it for the operators ®gs and
Bgs can be found in [HR78] and [APS75, Proof of Prop. 2.12] respectively.

In the expression given in Theorem 0.1 of [Goel4] for the limit of an adi-
abatic family of Dirac operators, there is a term involving the n-invariant of
a self-adjoint operator D‘gf, called the effective horizontal operator. By defini-
tion, Derlr is trivial whenever the fibrewise Dirac operators Dgs are invertible.
Moreover, if the fibrewise Dirac operators Dgs are invertible, then Djs. is
invertible for sufficiently small € > 0 and, hence, there are no very small eigen-
values. In the case of the spin-Dirac operator ®, the Weizenbock formula for
its fibrewise Dirac operator ®gs ensures invertibility whenever the fibres have
positive scalar curvature.

On the other hand, since the orbifold B is 4-dimensional, Corollary 1.10
of [Goel4] ensures that for the odd signature operator 9B, one has n(B) = 0.
Additionally, by the work of Dai [Dai9l] (cf. [MM90]), the very small eigen-
values of B,/ are related to the higher differentials of a natural differentiable
Leray-Serre spectral sequence (E,,d,) for M — B. Indeed, given that M is a
2-connected 7-manifold, it follows that ° sign(A,(e)) = 7., where 7. € Z is
the signature of the quadratic form on Eg’?’ given by

(1.14) (a,B) = (a-dyB)[M].

In light of these remarks, it is now possible to write down the adiabatic
limits of the families D7, and Bjr.. Let V7B be the Levi-Civita connection
for the orbifold (B, gg).
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THEOREM 1.8 ([Goel4, Thm 0.1, Cor. 1.10]). If (M, gnrr) is a Riemann-
ian 7T-manifold satisfying Condition (A), such that the fibres of the Riemannian
submersion w: (M, gn) — (B, gp) are totally geodesic and have positive scalar
curvature, then

(1.15) lim 77(©M,€) :/ AAB(TB,VTB)277AB(©S:«3),
e—0 AB

(1.16) lim n(Bare) = / Lag(TB,VTB)2n)p(Bgs) + lim 7.
e—0 AB e—0

In Section 2.a of [Goeld], it has been shown that the adiabatic limit of
the family V¢ of Levi-Civita connections of the metrics gy is given by

;1_1% vTM,& _ vV D W*VTB,

where VY denotes the connection on the vertical bundle V induced by VM,
Using this, it can be shown that the adiabatic limit of the Pontrjagin forms
p1(TM,VTMe) is given by

(1.17) lin py (TM, vIMEy = p (Y, VY) + n*p1 (T B, VTE),
e—
where the Pontrjagin forms on the right-hand side of (1.17) are those obtained

from the respective curvature 2-forms of the bundles. As Hjp(M) = 0, there
are 3-forms p1(V, VY) and p1(7*T B, VTB) on M such that

dﬁl(v7 vV) =D1 (Va VV)7
dpy(7*TB,V'P) = p(x*TB, V") = n*py (TB,V"P).

From the variation formula for Chern-Weil classes, it then follows that

lim [ pi(TM, V7M2) A py (TM, VM)
e—0 M

(1.18) = /M (pl(V, V) + m*p1 (T B, VTB))
A (B1(V, YY) + hr(x*TB, V).

Finally, if the fibres of  : (M, gar) — (B, ¢gp) are totally geodesic and have
positive scalar curvature, recall that (M, ga ) has positive scalar curvature for
¢ sufficiently small. Hence, the Weizenbock formula applied to D,/ ensures
that h(Dpre) = dim Ker(Djr.) = 0 for ¢ sufficiently small. This fact, together
with Theorem 1.8 and (1.18), yields another expression for the Eells-Kuiper
invariant.

COROLLARY 1.9. If (M, gnr) is a Riemannian T-manifold satisfying Con-
dition (A), such that the fibres of the Riemannian submersion m : (M, gnr) —
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(B, gB) are totally geodesic and have positive scalar curvature, then
1 .
(M) = 3 Arp(TB,VTB) 21, 5(Dgs)
AB

1 .
+5/ Lap(TB,VIP)2n\5(Bgs)
25.7 Inn

+ lim 7.

25.7 e50
1 \ * TB
- 5= /M (p1(V,VY) + 7p1 (T B, V'5))
A BV, YY) + 1 (x*TB, V') € Q/Z.

The formula in Corollary 1.9 will be used in Section 3 to compute the
Eells-Kuiper invariant given in Theorem C.

2. Construction, curvature and cohomology

2.1. The Grove-Ziller construction. In order to construct the manifolds
M ;b, recall first the method employed by Grove and Ziller [GZ00] in their con-
struction of metrics with non-negative sectional curvature on all S3-bundles
over S%. There is an effective action of SO(3) on S* of cohomogeneity one,
such that the double cover S? of SO(3) acts (Zso-)ineffectively on S* with co-
homogeneity one and group diagram

S3
/ |
(2) Pin(2)
N

where S3 is taken to be the group Sp(1) of unit quaternions and

Pin

Q = {*1,+i, +j, £k},
Pin(2) = {¢? | § e R} U {e?j | 6 € R},
Pjn(2) = {e? | e R} U {ie?? | 6 € R}.
The notation Pjn(2) is intended to be suggestive since, clearly, the groups
Pin(2) and Pjn(2) are isomorphic, the only difference being that the roles of 4

and j are switched. In particular, the singular orbits S3/Pin(2) and S3/Pjn(2)
are both diffeomorphic to RP? = SO(3)/0(2) and are of codimension 2 in S%.
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Now, for as,as,bs,bg € Z with a;,b; = 1 mod 4, i = 2,3, consider the
homomorphisms

_:Pin(2) - 8% x 8 and ¢, : Pin(2) — 83 x §?
with images
Im(p-) = {(€2,¢%) | 6 € R} U{(¢"2],¢"j) | 6 € R},
Im(p) = {(e/%29, &%) | § € R} U {(i /%% i e%3%) | § € R}

in S3x 83 respectively. Let a = (1, a2, a3) and b = (1, bs, b3). Then, as described
in Section 1.1, the homomorphisms ¢ give rise to a manifold PQI% admitting a
(Zs-ineffective) cohomogeneity-one action by S3 x 83 x 83 with group diagram

in( /X 83 ><Si))\PJn
\ /

(2.1) Pi

where the principal isotropy group AQ denotes the diagonal embedding of @)
into 83 x 83 x 82, and the singular isotropy groups are given by

Pin(2), = {(¢”, 2%, ) | 6 € B) U (). 625, 6%5) | 6 € R},
Pjn(2), = {(e/?, 7720 e%39) | g € R}y U {(i 7?7 €729 i eI%%) | 6 € R}.

Note that the restriction a;,b; = 1 mod 4 is to ensure only that AQ is a sub-
group of both Pin(2), and Pjn(2),. Furthermore, since the singular orbits of
the cohomogeneity-one action on Plb are of codimension 2, it follows from
Theorem 1.1 that each Plb admits an (S? x 8% x S3)-invariant metric ggz of
non-negative sectional curvature.

By construction, the action of the subgroup {1} x S3 x S3 on Palg is free,
meaning that Palg is the total space of a principal (S? x S3)-bundle over S*.
Grove and Ziller [GZ00] showed that all principal (S? x S3)-bundles over S*
are attained in this way.

Since every S3-bundle over S* arises as an associated bundle to a principal
(S3 x S?)-bundle, the above construction also yields a metric with non-negative
curvature on all S3-bundles over S%. Indeed, by the associated bundle construc-
tion, an S3-bundle over S* can be written as

(22) Pl’% Xg3x83 83 = Pglyob X383 ((SS X Sg)/Asg)

a

If P;% is equipped with the Grove-Ziller metric gz as above and S3 with the
round metric, then the product metric on Pglg x S3 is non-negatively curved.
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By the Gray-O’Neill formula for Riemannian submersions, the quotient map
Pl(l]) X S3 — Pl(l)) Xg3%83 83

induces a metric of non-negative curvature on P9 b XS3xS3 S3, as claimed. In
particular, Grove and Ziller [GZ00] conclude that all Milnor spheres admit a
metric with non-negative sectional curvature.

The point of departure from the Grove-Ziller construction just discussed
comes from the following:

Key Observation. The subgroup {1} x AS3? C {1} x S3 x 83 acts freely
on (the left of) Plb such that the quotient ({1} x AS3)\ b is diffeomorphic

to the corresponding S3-bundle over S*, namely, P10 Wb XS3x 83 S3.

This observation, also noted in Section 5 of [GZ00], follows from (2.2) and
the simple, often-used fact that, if G' is a Lie group acting on itself by left
multiplication and on an arbitrary manifold P via a left action ¢ : G x P —
P; (g,p) — g - p, then there is a diffecomorphism P x s G — P induced by the
smooth map P x G — P; (p,g) — o(g~1,p) = g~ p, where G acts diagonally
on P x G. Now, if H C G is any closed subgroup, the action of H on G via
right multiplication commutes with the diagonal action of G on P x G and
hence induces a diffeomorphism

P xg (G/H) = (P x¢ G)/H — H\P.

2.2. The manifolds M, 7 . In light of the final observation above and the
suggestive notation for a and b used in the description of P1% , it is natural to
investigate the action of the group {1} x AS? C 82 x 83 x 83 in a more general
setting, namely, when the first entry of either or both of the triples a and b is
different to 1. For the sake of notation, from now on let G = S3 x 83 x 83.

For a = (a1,as,a3), b = (b1,be,b3) € Z3, with a;,b; = 1 mod 4 and
ged(ag, ag, as) = ged(by, be,b3) = 1, define P10 to be the cohomogeneity-one
G-manifold with group diagram (2. 1), where the singular isotropy groups are
now given by

Pin(2)g — {(eialejeme’emga) ’ = R} U {(eia19 m29]7 ia36 ) | = R}
Pin(2), = {(e/?, e7%20 ¢%39) | g ¢ R} U {(i €19 i e/ i e/%%) | 6 € R}.

The ged conditions on the triples a and b ensure simply that the homomor-
phisms Pin(2) — Pin(2), and Pjn(2) — Pjn(2), into G are injective.

LEMMA 2.1. The subgroup {1} x AS3 C G acts freely on Pgljob if and only if
(2.3) ged(ag,ag a3) =1 and ged(by, by £ 03) = 1.

Proof. First, suppose that the action is free and that one of the ged condi-
tions does not hold, say ged (a1, az—as3) = d # 1. This implies that e?™1/d = 1
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and e2mi(a2—a3)/d — 1 and, furthermore, since ged(ag, az,a3) = 1, that d divides
neither as nor as.
As the action of {1} x AS? on an G-orbit in P!? is via

(1,4,9) - [q1,q2, 93] = a1, 9 a2, 9 43],

it follows that the non-trivial element ¢ = (1,e?72/d ¢2mia2/d) ¢ (1} x AS?
fixes the point [1,1,1] € G/Pin(2), C Pal’%. This contradicts the freeness as-
sumption, hence d = 1. The arguments for the other ged conditions in (2.3)
are similar.

On the other hand, suppose now that ged (a1, astas)=1 and ged (b, ba£bs3)
= 1. Since the action of {1} x AS? on a principal orbit G/AQ is clearly free,
it is sufficient to establish freeness of the action on the singular orbits.

Suppose that (1,q,q) € {1} x AS? lies in the isotropy subgroup of some
[q1, 2, q3) € G/Pin(2),, that is, that

(1,9,9) - [q1,92,93) = a1, 9 92,9 43) = [q1. g2, g3].-

Therefore, there is some a = (a1, ag, a3) € Pin(2), such that

(2.4) (01,992, 993) = (q1 21, q2 2, g3 3).

The identity q1 = ¢; o1 implies that a; = 1, hence that « lies in the iden-
tity component of Pin(2),. In other words, there is some # € R such that
a = (!0 ¢ia2f ciasl) — (1 ¢ia20 ¢iasf)  To conclude that the action on the
orbit G//Pin(2), is free, it suffices now to show that e = 1, because it can
then be deduced from (2.4) that ¢ = 1.

From (2.4) it is clear that q2_1q3 = a;lqglq?, as. As q2_1q3 € S3, there
exist ,y € C with |22 + |y|> = 1 such that ¢, '¢3 = = + yj. Hence,

e

T+yj= a;l(x +yjag = eilas—a2)0, o ei(“2+a3)9yj.

Since z and y cannot vanish simultaneously, it follows that either e?(22=)¢ = 1
or eil@2tas)f — 1 Together with € = 1 and ged(ag, ag + ag) = 1, one con-
cludes that e’ = 1, as claimed.

The argument for freeness along the other singular orbit is analogous. [

By Lemma 2.1, whenever ged(aj,as £+ asz) = 1 and ged(by, by + b3) = 1,
there is a smooth, 7-dimensional manifold Mgb defined via

M;b = ({1} x As3)\Pglg.

LEMMA 2.2. The manifold M, admits an SO(3)-invariant Riemannian
metric of non-negative sectional curvature.

Proof. By Theorem 1.1, the cohomogeneity-one manifolds P;% admit a
G-invariant metric ggz of non-negative curvature. Since the free action by
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{1} x AS3 C G is isometric, it follows from the Gray-O'Neill formula for Rie-
mannian submersions that ggz induces a metric g of non-negative curvature on
the quotient Mg’b. Moreover, the action of the subgroup S* x {(1,1)} € G on
Pal% is isometric and commutes with the action of {1} x AS3, hence descends
to an isometric 3 action on (Mj,b,g) with ineffective kernel {(41,1,1)}. The
effective action on (ngb,g) is, therefore, an SO(3) action. O

For the topological computations to follow, it is important to remark
that, by construction and just as for a cohomogeneity-one manifold, there is
a codimension-one singular Riemannian foliation of M Z ,» by biquotients, such
that the leaf space is [—1, 1] and M, g » decomposes as a union of 2-dimensional
disk bundles over the two singular leaves, glued along their common bound-
ary, a regular leaf. This follows easily from the Slice Theorem applied to P;%
Indeed, the action of {1} x AS? preserves the G-orbits of P10 , and the image
of an orbit G/U, U € {AQ, Pin(2),, Pjn(2),}, is a leaf given by

(2.5) ({1} x ASP\G/U = (S* x $?) U,
where this diffeomorphism is induced by

(g1 u1, g2 u2, g3 ug) — (g1 u1, Ug_lqg_l% u3)

for (q1,q2,q3) € G and (u1,ug,us) € U. Viewing Mlb in this way, the ged
conditions (2.3) required in the definition are simply the conditions ensuring
that each of the biquotient actions on S3 x S3 is free.

In contrast to the Grove-Ziller situation, where a1 = by = 1 and the
manifold M 7b is naturally the total space of a fibre bundle, the quotient
({1} x 83 x Sg)\P10 is not a manifold, in general.

LEMMA 2.3. The action by the subgroup {1} x 83 x 83 C G has triv-
1al isotropy at points on principal orbits, while the isotropy group at a point
[q1,q2,q3] on a singular orbit, that is, on either G/Pin(2), or G/Pjn(2)y, is
given by

Zyay) Z{(1, 26 Q2,3 £ @) | € € S} € Pin(2),€ =1},
or Zipy = {(1,2€"0, 436" 3) | € € 8] C Pin(2),6™ =1}
respectively, where S} = {¢ | § € R} and Sjl = {e/? | 0 € R}.
Hence, for (a1,b1) # (1,1), the quotient
By, = ({1} x 8% x SY)\ P,
is a 4-dimensional, smooth orbifold. In this case, the singular set consists
of at most two copies, RPL, of RP? for which the normal bundles in Bib

have cone angles 27 /|ay| and 27/|b1| respectively. Moreover, the projection
T M7 — B4b is a Seifert fibration with fibre S3 = (S? x S3)/AS3.
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Orbifold charts can be chosen on B;L,b such that the action of the corre-
sponding isotropy group at a point of RP?; is trivial tangent to RP%, equiva-
lent to the action generated by multiplication by e¥™/% normal to RP2, and
generated by multiplication by 8™/ pormal to RPi.

The actions of the isotropy groups on the fibre S® are equivalent to

(6q) = €2qE7 and  (§,q) = 287",
where ¢ € S? and € € Zyay|s § € Ly, respectively.

Proof. As in the proof of Lemma 2.1, it suffices to restrict attention to the
{1} x 8% x 83 action on the G-orbits in Palg. It is a simple exercise to show
that the action on the principal orbits is free.

Consider the action of (1,z2,23) € {1} x S? x S on the singular orbit
G/Pin(2),. If

(L, z2,23) - [q1, 92, 93) = [q1, 22 g2, 3 93] = [q1, q2, q3],

then there is some o = (o, a2, a3) € Pin(2), such that

(Q1, x242,T3 Q3) = (Q1 a1, q2 2,43 043)-

Therefore, oy = 1, x9 = gaas @2 and x3 = g3 a3z q3. The condition a3 = 1
ensures that « is in the identity component of Pin(2),, hence 1 = a; = e'®¥.
In other words, ¢ € S! is an a® root of unity. The description of the isotropy
group at [q1, g2, ¢3] now follows from the definition of Pin(2), and the fact that
all entries in @ are 1 mod 4.

An entirely analogous argument yields the isotropy group at points on
G/Pjn(2)p.

When (a1,b1) # (1,1), the non-trivial isotropy groups of the {1} x S3 x 83
action are finite, hence the action is almost free. The quotient of a smooth
manifold by an almost-free action is always a smooth orbifold.

The singular set of the orbifold Bib consists of the image of those points
of P(}’% at which there is non-trivial isotropy, namely, the image of the singular
orbits G/Pin(2), and G/Pjn(2)y.

Since the {1} x S3 x S? action on G commutes with the action of Pin(2),,
it follows that

({1} x 87 x 8Y\(G/Pin(2)a) = ({1} x §° x 8*)\G)/Pin(2),
>~ 83 /Pin(2),, ,
where Pin(2),, = {¢'? | 0 € R} U {e'%j | § € R}. The action of Pin(2),, on
S? is free up to the ineffective kernel I' C {¢ € S} C Pin(2) | £ = 1} = Z,,).

Since S}/T" & S!, the group Pin(2),, /T = Pin(2) acts freely on S* with quo-
tient RP?.
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Notice that the ({1} x S3 x S3)-orbit of a point [q1, g2, ¢3] € G/Pin(2),
contains the point [q1, 1, 1]. For € > 0 sufficiently small, the intersection of the
set {[z,1,1] € G/Pin(2), | € S*} C G/Pin(2), with the e-ball B.([q1,1,1]) C
Pi% projects diffeomorphically onto a chart of RP2. As the isotropy group
Z|7a1| at [q1,1,1] fixes all nearby points of the form [¢,1,1] € G/Pin(2),,
the isotropy representation can be non-trivial only on the normal 2-disk to
G/Pin(2), C Palg at [q1,1,1]. However, the action of {1} x S3 x S3 on Palg
is free away from the singular orbits, hence the Z)q,| action on the normal
e-circle at [g1, 1, 1] must be free. Therefore, the normal space at any point in
RP2 C Bé"b must have cone angle 27/|a1|, as it is the quotient of the normal
2-disk to G /Pin(2), by the Zjq,| isotropy action.

On the other hand, since the restriction to the unit circle of the Pin(2),
slice action on the normal 2-disk at [¢q1,1, 1] € G/Pin(2), has isotropy AQ, it
must be equivalent to the action
ehif, o = el

elifz o = it

Pin(2) x D? = D?; (a,2) — {
of Pin(2) on the standard 2-disk D? C C. Therefore, the free Z)q,|-1s0tropy ac-
tion on the normal disk at [¢1,1, 1] € G/Pin(2), is generated by multiplication
by €37/ ag claimed.

The action of Z,,| on the fibre S? follows from the description (2.5) of the
leaves of M Z , as biquotients.

Y

Similar arguments deliver the corresponding conclusions for the normal
bundle to the image RP2 C Bg,b of G/Pjn(2)y.

The fact that m: M g b ng is a Seifert fibration with fibre S follows
immediately from Remark 1.5. O

Note, in particular, that the orbifold Bg , inherits an (ineffective) action
of 8% of cohomogeneity one with principal isotropy subgroup @ and singular
isotropy groups Pin(2),, and Pjn(2)y,.

COROLLARY 2.4 ([Goel4, Prop. 4.1]). The inertia orbifold AB associated
to Béb 1s described by a disjoint union

AB =B}, U (s% X {1 “”'2_ 1}) L (si x {1 |b1|2_ 1})

where S% denotes the orientable double cover of RPflE respectively. If b €
RPi C Bib and v+ denotes the generator of the isotropy group at b, then

the pre-images of b in the twisted sector S3 x {s} are given by the two points
(b,[v4]) € AB, where ¢ € {17""‘6‘7_1} with £ = +s mod ¢, for ¢ = ay or
c = by respectively.

Moreover, the twisted sectors S3 x {s} have multiplicity m(v%) = |a1| and
m(y5) = |b1| respectively.
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Proof. The 4-dimensional component of AB consists, by definition, of all
points fixed by the the identity in {1} x S% x S3.

For the remaining components, it suffices to find a curve in S% x {s}
joining (b, [v4]) with (b,[(vL)"']), that is, a loop in RP% along which the
generator of the isotropy group at b changes from ~L to 'y;. Indeed, this is
the only non-trivial change that can occur. Consequently, there can be only
MT_l additional components for each of ¢ = a1 and ¢ = b;. Without loss of
generality, assume ¢ = a;.

Consider the curve g : [0, 5] — S?’~ given by g(t) = e/!, with endpoints
g(0) = 1, g(§) = j € Pin(2). Let b : [0,5] — G/Pin(2)4 be the loop
in G/Pin(2), defined by b(t) = [q19(),9(t), 9(t)], where b(3) = [q1],J,J] =
[q1,1,1] = b(0). Since g(t) ¢ Pin(2) for t € (0, %), the projection of b to RP?
is also a non-trivial loop. By Lemma 2.3, passing around this loop yields a path
v (t) = g(t)y—_g(t) of generators of the isotropy groups at b(t), with endpoints
7-(0) =7- and v (5) =~_".

Finally, the multiplicity statements follow directly from the definition
(1.5), together with the facts that the isotropy groups are abelian and, via
Lemma 2.3, act trivially on local charts of RPZ. U

2.3. The cohomology of Ma7,b' Unfortunately, Lemma 2.3 implies that the
manifold M Z,b is, in general, not the total space of an S3-bundle over S* in
any obvious way, if at all. In [GZ00, Prop. 3.3], being associated to a principal
bundle over 8%, with total space of cohomogeneity one, was an important part
of the authors’ cohomology computations. On the other hand, in [GWZ08, §13]
the cohomology rings for a particular family of 7-dimensional cohomogeneity-
one manifolds was computed. Although these manifolds are foliated by ho-
mogeneous spaces instead of biquotients, they strongly resemble the manifolds
Mlb. In order to compute the cohomology ring of the manifolds M(va, ideas
from both [GZ00] and [GWZ08] will be used, although it is necessary to work
quite a bit harder.

It will be useful in the sequel to consider the following manifold: Given
Pal’%, let 13;% be the cohomogeneity-one (G x S?)-manifold given (as in Sec-
tion 1.1) by the homomorphisms ¢_ : Pin(2) — S3; a s a, and ¢ : Pjn(2) —
S%: 3 +— 3. In other words, and in analogy with the description of P;%,

the singular isotropy groups (= Pin(2)) for 13;3@ are described by the 4-tuples
(a1,a2,as3,1) and (by, by, b3, 1) respectively.

It is clear that, by construction, the action of the subgroup {(1,1,1)} x
S? C G x 83 is free, inducing a principal S3-bundle

(2.6) s® - P13 - PY.
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Notice, however, that the action of G x {1} C G x S® on ]3;% is also free and

that the quotient is S*. Therefore, ]3(11% is, in addition, the total space of a
principal bundle

(2.7) G — P - st
LEMMA 2.5. The manifolds Plb and M b are 2-connected.

Proof. From the long exact homotopy sequence for the bundle (2.6), Pal%

is 2-connected if and only if Plb is. However, Plb is 2-connected because of
(2.7), since both G and S* are 2-connected.

As PI% is a principal S3-bundle over M 7b, it follows from the correspond-
ing long exact homotopy sequence that M 71; is 2-connected. O

In the argument to compute the cohomology of M ;b, it will be important
to understand the cohomology of the singular (biquotient) leaves (S® x S?)
/Pin(2), and (S? x S3)/Pjn(2);.

LEMMA 2.6. If X = (S3 x 83) /K, K € {Pin(2),, Pjn(2)y} is a singular
leaf of M;b’ then X has the same cohomology groups as S3 x RP?, that is,

Z, j=0,3,
HI(X;Z) =40, j=14,
Zo, jJ=2,5.

Moreover, if)? = (8% x 83)J/K°, where K° = S is the identity component
of K, let p: X — X be the projection given by taking the quotient by the free
action of K/K° = Zs. Then the two-fold covering p induces an isomorphism
p* H3(XZ) — H3(X; 7).

Proof. Consider again the cohomogeneity-one (G x S3)-manifold /ﬁm By

construction, a singular orbit Y of P1 is a principal (S? x S3)-bundle over a
singular leaf X = (S® x S3) /K of M, a »» Where the principal S3 x 83 action is
that of the subgroup {1} x AS? x 83 C G x S®. On the other hand, Y is also a
principal G-bundle over a copy of RP? C S*. Therefore, since the classifying
space Bg = (HP®)? for principal G-bundles is 3-connected, Y is trivial as a
principal G-bundle; that is, Y is G-equivariantly diffeomorphic to G x RP2.

Associated to the principal bundle 8% x 83 — Y -5 X, there is a homo-
topy fibration

(2.8) Y %5 X — Bgsygs = HP™ x HP™,

The identities H°(X;Z) = Z, H'(X;Z) = 0 and H?(X;Z) = Z follow im-
mediately from the corresponding Serre spectral sequence (FE,,d,). From the
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differential
dy: EY® = H3(Y;2) = 7° — E}° = HY(Bgsg3; Z) = 72
on the F, page, one obtains
H3(X;Z) = Ker(dy : EY® — E}°),
HY(X;Z) = H"(Bgs g3 Z))/ Tm(dy : B} — E}°).
As dy : Eg’?’ — E;l’o cannot be injective, it follows that H?(X;Z) = Z*(X) for

b3(X) € {1,2,3}.
On the other hand, consider the two-fold covering

p: X =(S*xS%)JK®— X = (S° x $) K.
Since K° = S!, the Gysin sequence for the fibration
K° 58 x8 5 X

yields H 3(2 ;Z) = Z. In fact, although it is not important here, X is al
ways diffeomorphic to S3 x S? (see [DeV14], [GGK14]). Therefore, from Smith
Theory one obtains

HY(X;Q) = H(X; Q)" = Q™.

This clearly implies that b3(X) < 1, hence, that H3(X;Z) = Z.

Moreover, since Ker(dy : Eg’?’ — Ei’o) = 7, it is apparent that there are
generators 1,2, 3 € H3(Y;Z) = Z3 and ay,as € H*(Bgsyg3;7Z) = Z? such
that

dy(x1) = 1100 + 51 2,
(2.9) dy(xe) =19 01 + S2 19,
dy(z3) =0
for some ry,r9,s1,80 € Z with C = det (5l s2) # 0. In particular, since

H5(X;Z) = Ker(dy : EY® — E}?), it is easy to deduce from (2.9) that
H5(X;7Z) = Zs.

The fact that H*(X;Z) = 0 will follow from the surjectivity of the dif-
ferential dy : Eg’g — Effo, which is equivalent to the identity C' = +1. As X
is a 5-dimensional manifold, it is clear that H®(X;Z) = 0. In particular, no
terms on the diagonal Eff’l, k +1 = 8, of the spectral sequence for (2.8) can
survive to the F., page. Therefore, as all other differentials with range Eff’o
are trivial, the differential dy : Eff’g — Eff’o is necessarily surjective. This is the
case if and only if the gecd of the determinants of all (3 x 3)-minors of a matrix
representation of dy : Ei’s — Ei’o is 1. This latter equivalence can be proven
by reducing such a matrix to Smith normal form via integral row operations.
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With respect to the bases {z;o; | 1 <i<3,1<j<2}and {a?, ajag,a} for
Eff’?’ and Ei’o respectively, the matrix representation of dy : Eff’g — Eff’o is

rm 0 ro 0 0 O
s1 r1 S22 re 0 O
0 s1 0 s 0 O

Then the ged of the determinants of all (3 x 3)-minors is divisible by C, from
which it follows that C' = £1, as desired.

It remains to show that p* : H3(X;Z) — H3(§; Z) is an isomorphism.
To this end, recall that, by definition, there is an injective homomorphism
K — G x 83, such that Y = (G x S3)/K. Define, therefore, p: ¥ — Y
to be the two-fold covering of Y induced by the free action of Zy = K/K°
onY = (G x 8%)/K°. By the same arguments as for Y, it follows that Y is
G-equivariantly diffeomorphic to G x S2. Moreover, since the actions of G and
K/K° commute, there is a commutative diagram of homotopy fibrations

S? Ba

T

— > RP?——~ Bg.

Let (g}, gr) and (&,,0,) denote the Serre spectral sequences for the upper and
lower homotopy fibrations respectively. It is clear from these spectral sequences
that the differentials

84 : €M = H3(Y;Z) — £1° = HY(Bg; ),
b01: 607 = H3(Y;Z) — £° = HY(Bg; 2)
are isomorphisms. By naturality, one has
640p" = (Biq) 00y : £ — £,

where (Bia)* : H*(Bg Z) — H*(Bg;Z) is the isomorphism induced by the
identity id : G — G. Hence,

(2.10) p*=0;"0(Bq) 0ds: H}(Y;Z) = X3 - 23 = H3(Y; Z)

is an isomorphism. L

Furthermore, note that there is a principal (S* x S3)-bundle 7 : ¥ — X,
hence a homotopy fibration Y -5 X Bgs g3, such that the following dia-
gram commutes:
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y 7.X - Bgs g3

(2.11) ﬁl pi lgm

Y —%> X — Bgs,gs.

Now, from the argument to determine H?(X;Z), it is clear that the edge ho-
momorphism ¢* : H3(X;Z) = Z — H3(Y;Z) = Z3 from the spectral sequence
(Ey,d,) for the lower homotopy fibration is injective and maps the generator
x of H3(X;7Z) to a generator of H3(Y;7Z).

On the other hand, an identical argument for the Serre spectral sequence
of the upper homotopy fibration in (2.11) shows that the edge homomorphism
o*: H3(§(V; 7)=17— HS(?; 7) = 73 is injective and maps the generator T of
H3(X;7Z) to a generator of H3(Y ;7).

Finally, suppose that p* : H3(X;Z) — H3(X;Z) is given by p*(z) = A&
for some A € Z. By the commutativity of (2.11),

Ao* (@) =" (p"(x)) = p* (" (x)).
Together with (2.10), this implies that A 5* () is a generator of H? (EN/, 7). How-
ever, o*(x) is itself a generator and ¢* is injective, hence A = +1. Therefore,
p* is an isomorphism, as asserted. O

It is also possible to understand the topology of the regular (biquotient)
leaves (S? x S3)/AQ.

LEMMA 2.7. The regqular leaf (S® x S?)JAQ of M;b is diffeomorphic to
(S3/Q) x S and has cohomology groups

A J = 0,6,
. 0 j=1,4
HI((S° x $%) ) AQiZ) = { o
Z2 ® ZQ» ] = 2a 57

Z®Z, j=3.

Moreover, the homomorphism 7 : H3((S? x 8%)JAQ;Z) — H?(S? x S3;7)
induced by the eight-fold covering T : S3x 8% — (S? x S3) JAQ is injective with
image a lattice of index 8 in H3(S® x S3;7Z). Indeed, there is a basis {x1, 2}
of H3(S? x S3;7Z), such that Im(7*) is generated by 8x1 and xo.

Proof. Recall that the regular leaves of M gib are quotients of principal
orbits of Pglg, that is,
({1} x AS*\G/AQ = (S* x $%) /AQ.
The subaction by {1} x S3 x S3 C G on a principal orbit G/AQ of Pglg is free

with quotient S3/Q, hence yields a principal bundle
S3 x 8% = G/AQ — S?/Q.
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As the classifying space Bgsygs is 3-connected, it follows that G/AQ is trivial
as a principal (S? x S3)-bundle. In other words, the orbit G/AQ is ({1} x
S3 x §3)-equivariantly diffeomorphic to (S3/Q) x (S? x S3). Therefore, the free
subaction of {1} x AS? C {1} x S? x 83 yields a diffeomorphism
(S* x §%)/AQ = (8%/Q) x (AS?\(S® x §7)) = (8%/Q) x S°.
The classifying space Bg for @ has m1(Bg) = Q. As the (free) action of @
on S? is orientation preserving, it follows that the induced action on H*(S3;7Z)

is trivial. Therefore, there is a Gysin sequence for the homotopy fibration
S3 — 83/Q — Bg. Now, from [Ati61, p. 59], it is known that

Z, j=0,

Hj(BQ;Z) _ Zo @ Zso, j =2 mod 4,
Zsg, j >0, =0 mod 4,
0, otherwise,

where the periodicity is generated by taking cup products with the generator
in degree 4. From the Gysin sequence for S — S3/Q — Bg, the cohomology
groups of S3/Q are computed to be

zZ, J=0,3,
HI(S?/Q;Z) = | 0, j=1,
ZQ @ ZQ? ] = 2.
The cohomology groups of (S? x S3)/AQ can now be computed from the
Kiinneth formula applied to the product (S3/Q) x S3.

Finally, consider the Serre spectral sequence (E,,d,) for the homotopy
fibration S* x 8% 5 (S3 x S?) JAQ — Bg. Since H*((S? x S%)/AQ;Z) = 0,
the differential

dy: EY? = H3(S* x 8% 72) = 29 Z — E}° = HY(Bg; Z) = Zs
must be surjective. Hence, there is a basis {x1, 22} of H3(S3 x S3;Z) such that
dy(z1) is a generator of H*((S? x 8%)/AQ;Z) and dy(x2) = 0. Clearly, this
implies that the kernel of d4 is generated by 8x; and xs. Consequently, the
edge homomorphism 7* : H3((S3 x 83%) JAQ;Z) — H3(S? x S3;Z) is injective
with image generated by 8r; and xo. ([

THEOREM 2.8. For a = (ay,as,a3),b = (by,ba,b3) € Z3, with a;,b; = 1
mod 4 and satisfying (2.3), define

1 a3 b3
n=n(a,b) = 3 det (a%—a% o2
If n # 0, then H4(M@7@3 Z) is cyclic of order |n|. In contrast, if n = 0, then
H3(M] :Z) = HY (M ; Z) = Z.

a,b’ a,b’
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Proof. Since, by Lemma 2.5, M b 15 2- connected, the Hurewicz and Uni-
versal Coefficients Theorems, together with Poincaré Duality, imply that the
only interesting cohomology groups are H3(Mg7b; Z) and .F[‘L(Mgb;Z)7 with
HB(M;b;Z) being isomorphic to the free part of H4(Mg,b;Z). In order to
compute these, a Mayer-Vietoris argument will be used.

Recall, from the discussion following Lemma 2.2, that M, 7 , decomposes
as the union of two 2-disk bundles M_ and M, over the smgular (biquotient)
leaves (S3 x S3)/Pin(2), and (S* x S3)//Pjn(2), respectively, which are glued
along their common (biquotient) boundary (S* x S?) /AQ. In particular, there
are circle bundles

S' = Pin(2),/AQ —> (8% x S3) JAQ = (S® x S%) /Pin(2),,
S' = Pjn(2),/AQ — (S® x 8% JAQ = (S* x S3)/Pjn(2)s,

obtained via the identifications

OM_ = (S® x 8%) Xpiy2), (Pin(2)a/AQ) = (S* x §*)/AQ,

M, = (S® x 8%) Xpin(a), (Pin(2)s/AQ) = (8% x S%)JAQ.

Since the circle-bundle projection maps w+ respect deformation retrac-

tions of M_, M4 and M_ N M, onto the respective leaves, the relevant part
of the Mayer-Vietoris sequence (with integer coefficients) becomes

0 — H*(M],) — H*((S* x 8)JPin(2),) ® H*((S* x §?) /Pin(2)s)

(2.12)

(2.13) T B3((SP % 87 JAQ) — HA(M,) — 0,

where Lemmas 2.6 and 2.7 have been applied. In particular, H4(Mgb;Z) is
given by the cokernel of the homomorphism 7* — 7% : Z&®Z — Z & Z.

Following the proofs of [GZ00, Prop. 3.3] and [GWZ08, Th. 13.1], let X =
(S3 x S?) /K be a singular leaf (as in Lemma 2.6), p : X = (S3xS¥)JK° — X
its two-fold cover and m € {n_, 7, } the corresponding circle-bundle projection
map 7 : (S3 x §%)JAQ — X. Then there is a commutative diagram

$PBxsd Y X
Tl lp

(83 x 8% /AQ —= X

given by the respective projection maps, and
H3(S% x S%,2) < H¥X.:7)
(2.14) T*T T .

H3((S? x S3) JAQ; Z) <"— H3(X;Z)
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is the induced diagram in integral cohomology. Using the procedure laid
out in [Esc92], one can compute the homomorphism 9* explicitly. Let ¢ =
{c1,c2,¢3) € {a,b} be the triple describing the isomorphism S! — K° C G.
As X is a biquotient and K° = S!, there is a smooth map

f:8t— (83 X S3)2; z = ((1,29), (2, 29))

defining the free action of K° on S® x 83, that is, z- (q1, ¢2) = (q12°, 22q22%).

If T = S! x S! is the standard maximal torus of S3 x S2, then T2 is
a maximal torus of (S? x S3)2 and Im(f) C T?. Let H*(Bg1;Z) = Z[u
and H*(Br;Z) = Z[t1,t2]. Then H*(Bgsygs;Z) = H*(Br;Z)V = Z[ij1, 9a),
where W is the Weyl group of S3 x S3 and 4; = t?, i = 1,2. From the
Serre spectral sequence (E,,d,.) for the universal principal bundle S3 x S% —
Egs.g3 — Bgsygs, generators y1,y2 € H3(S3 x S3;Z) can be chosen such that
ds(yi) = Ui, © = 1,2. Moreover, from the Kiinneth formula, it follows that
H*(Bgsxs3)2;Z) = Z[ji @ 1,52 @ 1,1 @ 41,1 ® 7.

Consider the following commutative diagram of (homotopy) fibrations:

Sl xSt X — (83 x 8% K — " By
T .
(S3 x 8§%)2 — > 8% x §3 Basixs? — = Bgixsp.

In the Serre spectral sequence (E,,d,) for the homotopy fibration 33, the dif-
ferential dy : E’E’S = H3(S3 x S%,7Z) — Eff’o = H4(B(53X53)2;Z) is given by
di(y;) = 3 ® 1 —1®%;, i = 1,2. By naturality, the differential 4 : 52’3 =
H3(S3 x S3:7Z) — 521,0 = H*(Bg1;Z) in the Serre spectral sequence (&, 6,.) for
the homotopy fibration £ is given by d4(y;) = (Bf)*(7:®1—-1®y;) fori = 1,2.

On the other hand, from the methods in [Esc92] and the definition of f :
S — (8? x $%)?, the homomorphism (By)* : H*(B(gsygsy2; Z) — H*(Bg1;Z)
can be shown to be given by

(Bp)*(jn ®1) =0, (Bp)* (g2 ® 1) = c3u?,
(Bp)* (1@ ) =ciu?, (By)*(1®4) = gu’.

Therefore, 64(y1) = —ciu? and 84(y2) = (3 — c3)u®. By the freeness

conditions (2.3), the coefficients of u? are relatively prime. Hence, Kerdy C
H3(S? x S3;Z) is generated by (c3 — ¢3)y1 + c?yo. Since ¥* : H3(X:Z) —
H3(S? x 83;7Z) is an edge homomorphism for (&, d,), it follows that there is
a generator z of H3()~(; Z) = 7 such that

(2.15) VH(T) = (3 — 3)y1 + & o
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Recall that, by Lemma 2.6, p* : H*(X;Z) — H4(X; Z) is an isomor-
phism. Thus, there is a generator = of H3(X;Z) = Z such that p*(z) = 7.
Now, since the diagram (2.14) is commutative, ¥*(Z) lies in the image of
™ H3((S? x S3)/AQ;Z) — H3(S? x S3;7Z). However, 7* is independent
of the choice of triple ¢ € Z3. Hence, by considering the triples ¢ = (1,1,1)
and ¢ = (1, -3, 1), respectively, it is clear that yo and 8y; + y2 lie in the image
of 7*. (Compare the proof of [GWZ08, Th. 13.1].) From this, together with
Lemma 2.7, it can be concluded that 8y; and y, are generators of Im(7*) C
H3(S3 x S3;7Z), and that there is a basis {vy, va} of H3((S? x 83)/AQ);Z) such
that 7%(v1) = 8y1 and 7*(v2) = ya.

It is now possible to compute the homomorphism 7* : H3(X;Z) —
H3((S? x 83)/AQ;7Z). By (2.14) and (2.15),

T (7 () = ¢ (p"(2)
=" (x)

=(G—a)y+cy

2 9
ct—c
= S Sty
1
=7 (8(03 — cg) v1 + c% vg) )

Since 7* is injective, by Lemma 2.7, it follows that

(2.16) () = é(cg — )+ A

Note that, since 7* and the basis {y1,72} of H3(S? x S3;Z) are indepen-
dent of the choice of singular leaf X, the basis {v1,v2} of H3((S3 xS3)/AQ;7Z)
is independent of the choice of X. Therefore, there are generators x, and z;
of H3((S3 x S?)/Pin(2),) and H3((S* x 83)/Pjn(2),) respectively, such that
(2.16) can be applied to each of the singular leaves and the homomorphism

H3((S? x §%)/Pin(2)a) © H3((S* x 8%) /Pin(2),) T H((S? x $%) JAQ)
is given by
1

(n2 = 71)(wa) = 72 (wa) = (a3 — a3) v1 + @l vy,

* * 1
(m2 = m})(wp) = —m(wp) = (b3 = b3) v1 — b va.

In order to compute the cokernel of 7* — 7%, note that the freeness conditions
(2.3) ensure that (m* — 7% )(z,) is a generator of H3((S® x S3)/AQ;Z) and
that there exist r, s € Z such that r a? + s (a3 — a3) = 1. Then a new basis for
H3((S3 x S%)/AQ; Z) is given by wi = (7% — 7%)(24) and we = rvy — 8svo.
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With respect to the basis {wy,ws}, (7% — 7% )(xp) has the form
=) (@) = (s (b5 — b3) — 7 0F) wy — nws,
where n = n(a,b) is as defined in the statement of the theorem. Therefore, if
n # 0,
HY(M] ;7)) = H3((S® x 8%)/AQ; Z)/ Im(n* — %)
2 ((w1) @ (wa2))/(w, (s (b3 — b3) — rbF) wy — nws)
= (wz)/(nws)
= Zin)s

as desired. Finally, it is clear that H3(M[,;Z) & HY(M,;7Z) = Z whenever
n=0. o o O

(m*

Proof of Theorem B. Clearly, the statement follows immediately from The-
orem 2.8, together with Lemma 2.2. U

COROLLARY 2.9. If n = +1, then M7 is homeomorphic to S7. In par-
ticular, this is the case whenever a = (k, 3 1) and b = (1,1,1), with k,l =1
mod 4.

Proof. Since n = 41, M, has the cohomology ring of a sphere, hence is
a homology sphere. As any Closed orientable manifold admits a degree 1 map
onto S™ (by collapsing the complement of a disk to a point), there is a map
inducing an isomorphism on homology. It follows now from the homology ver-
sion of the Whitehead Theorem that M, 7b is a homotopy sphere. By [Sma61],
M;b is then homeomorphic to S7. ([

3. The Eells-Kuiper invariant of Mg b

3.1. A smooth metric on M 7 . In order to compute the Eells-Kuiper in-
variant of M 7 » by applying Corollary 1.9, it is necessary to define a suitable
metric on MZ p- This metric can be written down explicitly and is not the same
as the metric of non-negative sectional curvature obtained in Lemma 2.2.

Recall that the manifold M 7b decomposes as the union of 2-dimensional
disk bundles M_ and M over the biquotients (S3 x S?) /Pin(2), and (S3x S3)
/Pjn(2)p respectively, which are glued along their common boundary, the
biquotient (S3 x S3)/AQ. In particular, there is an action of Pin(2), = Pin(2)
on the disk D? := {z € C | |2] < 1 +¢}, € > 0, such that the disk bundle over
(S3 x 83)JPin(2), is given by

D2 — M_ = (8% x 8%) Xpiy(2), D? = (8% x 8%) /Pin(2),.

As seen in Lemma 2.3, by making use of the identifications given in (2.5)
(as in (2.12)), it turns out that the action on D? is nothing more than the
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slice representation for the isotropy group Pin(2), of the cohomogeneity-one
manifold P10 As such, this action is determined by the (ineffective) transitive
action of Pln( )a on the boundary circle S! 2 Pin(2),/AQ of the normal disk
to the singular orbit G/Pin(2), C Pal%, and is equivalent to the action

PR

647;92, o = 619]

(3.1) Pin(2) x S — St; (o, 2) — {

of Pin(2) on the unit circle in C with isotropy subgroup @ at 1 € C. Clearly,
there is an analogous action of Pjn(2), on D? which yields an analogous de-
scription of M.

Furthermore, the (equivariant) diffeomorphism

D2\{0} = S' x (0,1 +¢); 2 = (2/]2],]2])
and the transitive action (3.1) induce a diffeomorphism
o : (S’ xS?) XPin(2)q (D2\{0}) = (S? x 8%) XPin(2)q (8" x (0,1+¢))
— (S x 8% JAQ x (—1,¢),

given by mapping a point [q1, g2, |2]] € (S? X S%) Xpin(2), (DZ\{0}) to the point
([ 2], [2] = 1) € (S? x %) JAQ x (~1,¢).

Similarly, there is a diffeomorphism
®+ (83 x Sg) ><PJn (DQ\{O}) (83 X Sg)//AQ X (_67 1)
[Q1,QZ7|Z|] ([Q1aQ2]71_‘Z|)-

(3.2)

(3.3)

Assume now that ¢ € (0,1), and let 7 : M7 — [—1,1] be the projection
onto the leaf space of the codlmensmn—one fohatlon by biquotients, such that

T’Mf([QIanﬂﬂ]) =T—= 17
T|M+([QL(J2,T]) =1-r

Then 77 1([~1,¢)) = M_, 77 1((—¢,1]) = My and 77 (—¢,6) = M_ N My,
where M_ and M are glued along neighbourhoods of their boundaries via the

(3.4)

diffeomorphism

P lod 7 (—e,e) = 7 N —¢,0)
(3.5)

[QL q2, T] = [qh q2, 2— T]‘
In particular, there is a diffeomorphism

(3.6) D M;b\f_l({—l, 1}) — (S? x 83) JAQ x (—1,1)

such that ®|y; \,-1(_1) = ®- and @[y, \,11) = ®4+. Given (3.6), points
in M g b will often be conveniently represented as equivalence classes [q1, g2, t],
with (q1,q2) € S x S3 and ¢ € [1,1].
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The manifold M va can now be equipped with a smooth metric by pulling
back via ® a smooth metric g;+dt? on (S?xS?) JAQ x (—1, 1) defined such that
gt is a one-parameter family of smooth metrics on the biquotient (S? x S3) JAQ
which deforms to smooth metrics on the singular biquotients (S3 x S3) /Pin(2),
and (S3 x S3)/Pjn(2), smoothly as ¢ tends to —1 and 1, respectively.

By an abuse of notation in what follows, although the intended meaning
should be clear, the symbols «, 8 and ~ will be used to denote both the indices
1,2, 3 and the imaginary unit quaternions i, j, k, where 1 is identified with 7, 2
with j and 3 with k. With this convention, define d,4 to be the Kronecker delta,

1 1 if (a7/87’7):©(17273)’
9 o = 9 .
1 y and €apy = —1 if (o, B,7) =0(2,1,3),
) (6% ) .
0 otherwise.

(3.7) €= {_

Consider now the left-invariant vector fields E,, and F,, on S3 x S? defined
via
d
Eolq1,q2) == d*(lh exp(sa), q2)|s=0 = (q1,0),
s
(3.8) 4
Fa(Ql, QQ) = %(QM q2 eXp(Sa))|s:0 - (07 Q204)7

and let X, denote the right-invariant vector field given by

(39 Xa(a1,02) = (a1, xp(s0)a2) =0 = (0, 002).

Equip S3 x S? with the standard, bi-invariant product metric {, )o so that
the six vector fields E, and Fjs describe a global orthonormal basis. As the
right-invariant vector fields X, can be written in terms of the basis Fj, there
are smooth coefficient functions

(310) Soaﬂ : 83 X 83 — ]Rv ((IL(]Q) = <XOUF5>0 - <Ad(jz aaﬂ>07

such that the (3 x 3)-matrix (¢ag(q1,¢2))a,s is an element of SO(3). The

derivatives of the functions ¢,z are given by E7(¢a5) =0 and
(Fy(®ap))(a1,g2) = —([, Adg, o], B)o

= <Ad672 a, [7> BDO
3

=2 Z €485 Pas (41, G2)-
=1

Recall from (2.5) that the free (right) action of AQ on S3 x 83 is given
by the anti-homomorphism

p:Q — Diff(S? x 8%),

(3.11)

where
p(£1)(q1.q2) = (£q1,¢2) and p(+a) = (£q o, aga).
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Although the vector fields F,, F, and X, are not () invariant, it is easy
to describe their behaviour under the () action.

LEMMA 3.1. The vectors fields E,, Fy and X4 satisfy the identities

p(X1)sEo = Eo,  p(£1)iFo = Fo,  p(£1):Xa = Xa,
and
p(£B)«Ea = €ap Ea, p(£8)+Fo = €ap Fa, p(£8)«Xa = €ap Xa.

Furthermore, the functions @ag satisfy

Pap 0 p(E£L) = pap and papg o p(E£Y) = €ar€py Pap-

Proof. Since 82 = —1 and p is an anti-homomorphism, all non-trivial cases
follow from the case p(8).. For E,, one has
d

(p(B)Ea)(p(B) (a1, 42)) = = p(B)(a1 exp(s2), ¢2)ls=0

d —
= %(ql exp(sa)f, Bq2/3)]s=0

= (@B exp(s0)5), Bz om0

d —
= ﬁ(qlﬁ exp(s Adg @), Bg203)|s=0

= dis(qlﬁ exp(s €ap @), Bg23)|s=0
= Ea,B Ea(‘]lﬁv B%B)

The computations in the cases of F,, and X, are analogous. The identi-
ties for the functions ¢,s follow from those for the vector fields since (,)o is
bi-invariant and, for example,

Pap © p(7) = (Xa 0 p(7): F o p(7))o = €ay €a7(p(V)sXa, p(V):Fp)o. O

Consider finally a local basis e,, fq of vector fields on a neighbourhood of
a point [q1,q2] € (S x S3)/AQ given by the projections under the quotient
map of the restrictions of the vector fields E, and F, to a neighbourhood of
a fixed representative (g1,q2) € S® x S3. In particular,

callan,a2)) = o larexp(sa), @ oo,
(3.12) s

Follan @]) = - fan, 42 exp(s0)]lo=o

Similarly, let x,, denote the vector field given near [q1, ¢2] € (S? x S?) JAQ by
projection of X, restricted to a neighbourhood of (g1, g2), so that

(313) alla a]) = - a1, xp(s0)a2] oo
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Observe that near a different representative p(£)(q1,q2) € S3 x S3, £ € Q, the
pre-images of e, fa, and x,, are given by the vector fields (p(€).Eq), (p(€)«Fa)
and (p(¢).X,) respectively. That is, repeating the above construction of e,,
fa using instead the representative p(¢)(q1, g2) would produce a local basis €,
f% near [q1,q2) € (S? x S?)/AQ which differs from the previous one at most
by a sign.

It is perhaps important to emphasise at this point that, when compared
with the notation used in [Goel4], the roles of e, and f, have been switched.
In the present article, the notation f, is intended to suggest that the vector
field is tangent to the fibre of the Seifert fibration.

With the chosen representative (g1, ¢2) of [¢1, g2] in mind, it is convenient
to abuse the notation in (3.10) and define

(3.14) Pap (8% x S°)JAQ — R; [q1, 2] = Pap(q1,q2)-
Then z, = 2?3:1 ©vap [ and, moreover, the derivatives of the functions ¢.g
on (S3 x S3)/AQ are given by e, (¢a5) =0 and

3

(3‘15) fv(@aﬁ) =2 Z €vB6 Pas-
6=1

PROPOSITION 3.2. Fore € (0,%), let o : R — R denote a smooth func-
tion such that o|(_soe—1) = 1, 0l(—c00) = 0 and o'(x) < 0 for all x € R.
Furthermore, let

|ai|

At [FLA = Ryt (L6 o) + (1= o (1)),
Ap L1 =Rt (1—t)o(—t) + 21'(1 —o(-t)),

and let he,uy, vy : (S3 x S%) JAQ x (—1,1) — R be defined by

4 4
h_ = 7)\_07'0(1)717 h+ = 7)\_’_07'0@71,
|ai | |01
b
U_ = %)\/_OTOQ)_l, Ug 1= —2)\/_,_07'0(1)_1,
aq bl
b
v_ = @)\’_oTo‘I)_l, vy = ——3)\407'0(1)_1.
aq bl

Then the metric g; + dt* on (S? x S3) JAQ x (—1,1) given by

1+ 61a(h? +u? —2u_v_pyq +v% — 1))

gt(easep) = 0,
(a; €3) aﬂ( + 02a(h2 +u2 — 2uivy oo + 02 — 1)

gt(faafﬁ) = 5aﬁ7
gi(eq, f3) = 61a(u— w18 — v—018) + d2a (Ut Y23 — V4 623),
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with respect to the local basis eq, fo of vector fields on a neighbourhood of a
point [q1,q2) € (S? x S3)JAQ constructed above, is well defined and smooth.
Moreover, ®*(g, + dt?) extends to a smooth metric gny on M.

Some remarks on the metric gys are in order. By an abuse of nota-
tion, define vector fields eg := @;1(%), ea = D7 ew), fa = ®7Y(fa) and
To = &1 (z,) on Mlb. By a further abuse of notation, let hy, ut and vy
denote the smooth functions on M g p given by hy o @, uy o ® and vy o P re-
spectively. For r € (0,¢), the vector fields tangent to the fibres of the radius-r
circle bundles over the zero sections of M_ and My are given by

0 1
%7 — Z(alel — a2 + a3f1)7
0

1
— = —(bjea—b b
9. 4( 162 — baxa + b3 f2),
respectively, with lengths gM(% L % L) = (1£t)? = 72. The vanishing of these
vector fields for r going to 0 corresponds to the roles of Pin(2), and Pjn(2),
at the singular biquotients.
A (local) orthonormal frame of vector fields on (M, ;b, g ) is described by

1
€o = eg, e = h—(el —u_x1+v_ f1),
1
(3.16) € := h*(ez — ug T2 + vy fa2), €3 := e3,
+
foz = fa
away from the singular leaves 7=!1{41}. Notice that
_ la1| 0 _ b1 O
3.17 U ]eel) =~V 77 > “1(1-e1) = 777 1 Ap
( ) elr H(-1,e-1) ar(1+1t) 06— ér 1(1—g,1) bi(1—1t) 96+
so the singularity in €; and &3 along 7= '{—1} and 771{1}, respectively, comes
only from the normalisation by ﬁ Moreover, note that ei|a;, = e; and

2| = eo. For convenience, define also T, 1= zq.

In addition, since hi\M; =1, ui\Mq: =0 and Ui\MqE = 0, the metric on
M_NM, = 77Y(—¢,¢) is quite simple: it is the product of a normal biquotient
and an interval, where the vector fields eq, e,, and f, are orthonormal.

Finally, the minus sign in the definition of u4 and vy is to ensure that the
isometry ¥ in Remark 3.3 below is compatible with Lie brackets.

Proof of Proposition 3.2. The strategy of the proof is to define a smooth
AQ-invariant metric § = §;+dt? on 83 xS3 x (—1,1) and equip (S3x S?) JAQ x
(—1,1) with the induced smooth submersion metric g = g; +dt?. The smooth-
ness as t — +1 will be obtained by defining a smooth quotient metric on M
which coincides with ®% (g|az, ) near the zero section.
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Consider S? x 83 x (—1,1) equipped with the metric § := §; + dt?, where
Gt(Ea, Eg) = (Ea, Eg)o
+ (B2 +u = 2u_v_ 11 + 02 — 1)(E1, Ea)o (E1, Eg)o
+ (B3 + ud — 2uyvg oz + 05 — 1) (B2, Eq)o (B2, Es)o,
ﬁt(FmF,B) = <Fa7F,3>07
Gt(Ea, Fg) = 9r(Fp, Ea) = (E1, Ea)o (u-X1 —v_F1, Fg)o
+ (E2, Ea)o (ut X2 — v Fo, Fg)o.
It is clear that § is a smooth metric on S? x 8 x (—1, 1), since it is a positive-
definite, symmetric, bi-linear form and all terms used to define §; are smooth
functions on S? x 83 x (—1,1).
Observe now that AQ acts on (S? x S3 x (—1,1),9) by isometries. This
follows from Lemma 3.1 and the bi-invariance of (,)¢. For example, from

(E1, p(7)«Ea)o 0 p(7) = €17(p(7)+E1, p(7)+ Ea)o © p(7)
= 617<E17 Ea>07
together with

follows §¢(p(7)«Ea, p(7)«F3) 0 p(7) = G¢(Ea, Fz). Consequently, the metric g
induces a smooth metric g := g¢ + dt* on (S3 x S3)/AQ x (—1,1) such that
the quotient map is a Riemannian submersion.

It remains, therefore, to show that the metric ®*¢g extends to a smooth
metric at t = +1. It is sufficient to concentrate on t = —1, since the arguments
for ¢ = 1 are completely analogous and involve only replacing the triple a with
b, and the functions h_, u_ and v_ with hy, u; and vy respectively.

Let E,, F,, and X, be the vector fields on the S x S? factor of 8% x 82 x Dg
defined as in (3.8) and (3.9), and let % and % denote the polar-coordinate
radial and angular vector fields on the D? factor respectively, that is,

0

- 0y . W0y 0
ar(QMQ%TQ ) . ds(‘]laq27(r+5)e )|S—0 (0,0,6 )a
9 oy ._ d i(0+s) _ i
aH(qu%Te ) e ds (QLQQJ’C )’SZO - (0,0,TZ@ )

Choose the same representative (qi,q2) € S* x S3 of [q1, 2] € (S® x S3)
JAQ asin (3.12) and (3.13). Notice that E,, Fi, and X, are tangent to the set
Z of points in S3 x S3 x D2 with § = 0. Define vector fields in a neighbourhood
of [q1,q2,7] € M_ as the projections of the restrictions of E,, F, and X, to
the intersection of Z with a neighbourhood of (q1, g2,7) € S? x S3 x D2. By an
abuse of notation, denote these projections again by e, fo and x, respectively,
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since they are ®_-related to the previously defined vector fields e, fo and z,
on (S? x 83%)/AQ x (—1,¢).

If gp := dr? 4+ r2d#? denotes the standard metric on D? in polar coordi-
nates, let g, + dr? be the bi-linear form on S? x S3 x D? defined by

gT(EOm Eﬁ) = <Ea7 E6>0

1
+— (16r° + a3 — 2asa3 11 + a3 — ai + 1)(E1, Ea)o(E1, Eg)o,
1

gr(Fon Fﬁ) = <Fa7FB>07

~ ~ a a
9r(Eas Fs) = §r(Fy, Ea) = (E1, Ea)g <an1 - ajFl,Fﬂ> :

0
) P N(@ > 4 (8 a)
r(Bas 75 Eo ) = —(E1, Eq

Gr(Ear 56) = 9r \ 557 a1<1 Jo9p \ 56" 59

. 0 _ (0
o (o ) = (g ) =0
- ( 0o 0 ) _ < 0 0 >
gr 90’ 06 = 4D 90°90)
The bi-linear form §, + dr? is symmetric and positive definite. By revert-
ing to Cartesian coordinates on D2, it is easily verified that g, + dr? describes
a smooth metric on S? x S3 x D2 for all r € [0,1 + ¢).

Let V be the vector field on S3 x S? x D? tangent to the free Pin(2),
action and given by

0
(318) V =—a1F1 + as X1 — asFy + 4%
Notice that §.(V,V) = 1 and that, near (g1,q2,7) € S? x S? x D2, the
vector fields Fo, Fs3, Fj,, % and % are all orthogonal to V with respect to
Gr + dr?, hence horizontal. Observe, however, that the horizontal vector field
which projects to e; is given by
4 0

FE V_—X——F —_—
1—|— a 1 a 1+a189

and is of length (167“ + a2 —2aza3 p11 +a3) Therefore, as A_|(_1 1) = 7, if

the action of P1n(2)7 on (S3 x S? x D2, §, + dr?) is by isometries, the induced
smooth submersion metric on M_ will coincide with the metric ®* (g)|ps_ for

€ (0,e), as desired. (For the t = 1 case, note in addition that (@11)*(%)

0
8r')

p: Pin(2) — Diff(S3 x §* x D?),
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which is completely determined by

alzt’ —azit agit e4ztz

ﬁ(eit)((ha q2, Z) = (qle q2€¢ ; )7
pU)a1, g2, 2) = (q1], —ja2J, 2)-

e

The invariance under p(j) of the first three expressions in the definition
of g, follows via Lemma 3.1 precisely as for the corresponding terms in the
case of g;. As j acts by conjugation on D2, it follows that ﬁ(j)*% = % and
ﬁ(j)*% = —%, which, together with the identities in Lemma 3.1, yield that
the remaining terms in the definition of g, are invariant under p(j).

On the other hand, the transformation rules under p(e’) are given by

El, o = 1,
ﬁ(eit)*Ea = ¢ cos(2a1t)Ey — sin(2a1t)E3, o =2,
sin(2a;1t)Ey + cos(2a1t)E3, o =3,

Fla o = 1>
p(e™)Fo = { cos(2ast)Fy — sin(2ast)Fs, o =2,
sin(2ast) Fa + cos(2ast)F3, o =3,

as well as p(e). . = &, ple), & = £ and, in particular, p(e), X1 = Xi.

It then follows that ¢11 o p(e”) = 17 and, moreover, that

(X1, p(e™)Fg)o 0 ple™) = (p(e™)u X1, p(e’)s Fp)o 0 ple”)
= (X1, F3)o.

Similarly, (Fi, p(e®)Fg)oop(e’) = (Fy, Fg)o. The Pin(2), invariance of g,+dr?
is now a simple consequence of these identities. O

Remark 3.3. Consider the manifold M,Z . given by swapping a and b.
Equip Mb77 . With a metric ¢}, defined in the same way as gjs by simply switch-
ing the roles of a and bin Ay, h4, uy and v4. Let £ := %(z +7) € S3. Then,
since the diffeomorphism

S? x 8% — 8% x 8%; (g1, q2) — (bqnl, Lgol)

respects AQ fibres and intertwines the Pin(2), action on S? x S? with the
action of Pjn,(2), there is an induced orientation-reversing isometry

U (Mg, gar) = (Mg, gy)

(3.19) > I
[QI7 q2, t] — [&h&g%& _t]
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mapping 7 1(¢) C Mgb to 771(—t) C Mg@ for each ¢t € [—1,1]. In particular,

154

W, maps ey to —ep and

e] — eg, ey — ey, ez — —es,
fi e fo, fa = f1, J3 = —fs,
X1 — X9, XTo — X1, T3 — —I3.

Furthermore, notice that Ay (—t) = A(t) and N (—t) = —AL(t), so that, for
example, u_, v_ on Mb7,a correspond to uy, vy on Mlb. The isometry ¥
hence ensures that the computations to follow need only be performed on M_
(and that the expressions involving parentheses containing terms with “+”
subscripts may be ignored).

Given that the orbifold Bib admits a (cohomogeneity-one) S? action,
hence is foliated by S3-orbits, one can define vector fields eq, e, ez and e3
locally on B;lb exactly as in the case of M g p» that is, as the projections of
local left-invariant vector fields. In the samiéiway as in Proposition 3.2, one
can obtain a metric on B;l’b.

COROLLARY 3.4. With the analogous notation as in Proposition 3.2, the
metric G; + dt? on S3/Q x (—1,1) given by

Gi(earep) = dag (14 61a(h% — 1) 4 62 (k3 — 1))

is smooth and pulls back to a (globally) smooth metric gg on B;l p- In particu-
lar, away from the singular orbits of Bib, a local orthonormal frame of vector
fields on (B2, gp) is described by

1 1

é() = €y, él =€, éQ = €9, é3 = e3.

h_

Moreover, the Seifert fibration 7 : (M;b,gM) — (B;b,gg) is a Riemannian

submersion and the vector fields eg,...,e3 on Ma7b are the horizontal lifts of
the orthonormal vector fields égy, . . ., és.
3.2. Chern-Weil forms for m : (M;Q,gM) — (Bib,gB). The basic tool

used to determine the various invariants involved in the computation of the
Eells-Kuiper invariant is Chern-Weil theory. The necessary ingredients are
gathered together in this section. By Remark 3.3, only the computations for
M_ need to be carried out explicitly, and all expressions in Proposition 3.2
involving parentheses containing terms with “4” subscripts may be ignored.

With this in mind, and to simplify the expressions to follow, it is conve-
nient to define smooth functions h, u, v : M(Z’b — R such that

by =h-|m, up =u|v, vlnv =v-|m,

(3.20)
h"M+ = h+’M+7 U‘M+ = U+’M+, U|M+ = U+|M+'
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For the sake of notation, the shorthand 7/, v’ and v" will be used to denote

eo(h) = %?, éo(u) = % and ép(v) = ‘37; respectively. Notice, in particular, that

aslai| asla]|

_ G2fan], _ aslaf,,

(3.21) BT T
‘ _ bolbu], o bslbal
h h
u’M+ - 4b1 |M+7 U|M+ - 4b ‘

LEMMA 3.5. The vector fields €, . .. ,e3 and f1,..., f3 on M7b satisfy the
following Lie bracket identities:

eoerlln. = — e — St v, eallne. = 2
€0, €1j|M_ = h €1 h x1 1, €1, €e2||M_ = h63’

_ 2
[62,53HM7:2hé1—|—2ui‘1—2’[)f1, [ég,él]’Mizﬁég,
[f1, follm. =2 f, [fo, fallm_ =2 f, [f3, fullv =2 fo,

_ _ v o . v o
le1, fillm_ =0, e1, follm_ = 2ﬁf3’ (1, f3)|m. = _2%]827
[T1, %)l = =23,  [T2,%3]|Mm. = —271, [Z3, Z1]| v = —2 Zo,
u u
[e1, Z1]|m_ =0, [E1, T2l |m_ = QE:Z‘?)a e1, Z3]|p. = —2 552-

All other Lie brackets of these vector fields vanish.

Proof. These identities are similar to those obtained in [Goel4, (4.13)].

The undecorated vector fields e, and f, are the projections of (local) left-
invariant vector fields on different factors of S3x S3, hence satisfy [eq, €3] = 2 e,
and [fa, f3] = 2 fy, for cyclic permutations (o, 3,7) of (1,2,3), as well as
[ea, f3) = 0. On the other hand, the vector fields z, are the projections of
right-invariant vector fields and thus satisfy [z, z5] = —2 2, for cyclic permu-
tations (a, 8,7) of (1,2,3).

As their flows are projections of commuting left and right actions respec-
tively, all Lie brackets of z, with eg or fg will vanish. Moreover, since eq
commutes with all eq, f, and z, on (S? x S3) /AQ x (—1,1), the same is true
on M;b via (3.6).

The Lie bracket identities in the lemma now follow from (3.16). O

Observe that the Lie brackets in Lemma 3.5 are compatible with the isom-
etry U of Remark 3.3. This was the reason for the “—” sign in the definitions
of us and vy

LEMMA 3.6. The Seifert fibration 7 : (M ,, gnr) — (Bib,gg) has totally

a0

geodesic fibres.

Proof. It is sufficient to show that V}CM e is always orthogonal to the vec-
tor fields fy, that is, orthogonal to the fibres, since this implies that the second
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fundamental form of the fibres vanishes. From the Koszul formula one has

29m(ViMeg, f2) = gu([far €8], o) — an((8s, 13)s fo) + an ([, fal, €0),

and the result now follows from Lemma 3.5. U
Since the vector fields éy, ..., é3 on B2 ap AT€ T~ related to the vector fields
€o,...,e3 on M’ b’ the correspondlng identities on B follovv immediately.

LEMMA 3.7. Let B_ = n(M_) C ng. Then the vector fields €y, ..., ¢és
on Bg,b satisfy the following Lie bracket identities:

h/

[0, 1]l = —5 e [0, €2]|5_ =0,
€0, ésllB_ =0, €1, é][B_ = %és,
eneills =2h6,  lemalls = e
Let €2,...,&% f!,..., f3 be the local frame of the cotangent bundle T* M
of M7b Wthh is dual to &, ...,€3, fi,..., f3. In the computations to follow,

it will be necessary to understand the exterior differentials of these 1-forms.
Given 1-forms v™ ... v*  the shorthand v®“ will be used to denote
v* A - Av® . Finally, for (a, 8,7) a cyclic permutation of (1,2,3), let

%= (Palfl + 80042J?2 + 4Pa3f3a
jaﬂ = (p'ylf_QS - Sow2f_l3 + 90’73.]F12

be the forms dual to Z, and Z, A Zg respectively.

(3.22)

LEMMA 3.8. The exterior differentials of a function y:=yo1: M_ — R

and of the 1-forms €°,...,e&, f', ..., f3 are given on M_ by

dy =y é s dé == 0,
B _ ’U/(,On —

det = e —2he®, dft = ————e" = 2upn —v)e - 2%,
2 !/

de* = =&, df = R —2up @ 4222 PP 4 2f",

2 ! -
gt =2, 4P = TP gy 9l B o,

Proof. The expressions for the exterior differentials follow from the Car-
tan formula together with Lemma 3.5, the relation ga(Z1, f3) = @15 and the
derivatives (3.15). O

For the computation of the adiabatic limit of the n-invariants of the spin-
Dirac operator ® and the odd signature operator ‘B, it is not necessary to

determine the curvature of the full Levi-Civita connection V™ of (M . b, gM)-
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Indeed, one need only compute the Chern-Weil forms (1.4) of the Levi-Civita
connection V7B of (B . 5> 9B), and of two connections VW and VY related to
the fibres of the Seifert fibration.

LEMMA 3.9. The Pontrjagm and Euler forms of T B with respect to the
Levi-Civita connection VB of (B b d gB) are given by

1 h/h//
p1(TB,V'P) = = +4h'B? — 4R’ ) &3,
2\ h
’ 472 h

Moreover, it follows that

2 2 1 1
TB TB
p1(TB,V — — — and / TB,V + —.
/ ( )@ < )=l t

Proof. The orbifold (B* b gB) is, up to a slightly different choice of the
function h, isometric to the one considered in [Goel4, §4.c], with p_ = a; and
p+ = b1. Therefore, via [Goel4, (4.16)] the curvature 2-form Q78 of TB is
given, with respect to the orthonormal basis €, ..., €s, by
(3.23)

0 W01 4 o123 B3 _pel2

QTB B h}:’ 01 _ op!s23 g 0 03 4 p2p12 B02 4 p2s13

B —h/eld K% — p2el2 0 2R'E01 + (4 — 3R%)e®

h/ =12 hIVOQ h2 =13 *2’1’601 o (4 o 3h2)623 0

Together with the isometry (analogous to) ¥ in (3.19), it follows that the Euler
and Pontrjagin forms have been determined in [Goel4, (4.17)]. The calculation
of the integrals now follows as in [Goel4, (4.18)]. O

Consider now the Seifert fibration 7 : (M Z by IM) = (Bflb,
orbi-bundle with structure group SO(4). Associated to the vertical bundle
V = ker(dm) there is a fibre-bundle connection 1-form w™ € Hom(TM,V)
which acts as the identity on V and is uniquely determined by the horizon-
tal bundle H = ker(w™). Recall that H = span{ép, €1, é2,e3}. The following
lemma will prove useful when computing the contribution of the twisted sectors

AB\B to the adiabatic-limit formulae in Theorem 1.8.

B) as an

LEMMA 3.10. The curvature 2-form Q7 associated to w™ is given on M_

by
/ /
Q" = <I;L el — 2y 623> T1 — (1;1 el — 20 623) fi.

In particular, ™|y is smooth at T='{—1} and the two summands of X |ps_
correspond to elements of the two summands of the Lie algebra s0(4) = s0(3) @
50(3).
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Proof. Let prqy, : TM — H denote orthogonal projection. The curvature
2-form Q™ = (dw™)opry, is twice the O’Neill tensor of 7, namely, if X and Y are
vector fields on M, g’b, then Q™(X,Y) = —[X7, YH]Y. The desired expression
for Q™|ps_ now follows from Lemma 3.5, while the smoothness at 7 1{—1} is
a result of the vanishing of v/ and v' on 77!(—1,e — 1). O

By taking the cone over the fibres of 7 : M ;Q — Bé,b , one obtains a vector
orbi-bundle W — B of rank 4, that is, W = Pal% X g3xg3 H, where the action

on the fibre is the usual one (cf. Lemma 2.3):

(8 x 8%) x H— H : ((y1,92),9) = 1472

This action is effectively an SO(4) action and is defined in such a way that the
vector fields f, (respectively, Z,) on M Z,b correspond to right (respectively,
left) multiplication by « on H. o

In particular, for & = i and the identification of H with C? via ¢ =
z + jw — (z,w), left and right multiplication on H are given by the elements

0 -1 0 0 0 -1 0 0
1 0 0 0 1 0 0 0

24)  Li— . R — 4),

(3:24) 0 0 0 —1 k 0 0 o 1)€%W
00 1 0 00 -1 0

This orientation for H has been chosen to agree with that of [Goel4, (4.20),
(4.21)], where the case ag = q_, b3 = g+ and ay = bs = 0 was considered.

LEMMA 3.11. If VWV denotes the connection on W induced by w™, then
the smooth Buler and Pontrjagin forms of (W,VW) are given by

1o
(W, VW) = Y
! /
P1 % uu + VU o193
—(W,V = .
2 ( ’ ) w2h ©

The corresponding Euler and Pontrjagin numbers are

/e(WvW)— L et b
B  8adb? a3 —aj b3 —b3)’

D1 W 1 a3 b
PLor oWy = 2 det .
[ 5 079) = g e <a5+a§ B+ 12
Proof. By Lemma 3.10 and (3.24), the curvature R" € Q?(B;End(W))
of VW is given by

! /
RV|p = (72 FU 2ué23) Li — <1;1 & _ 9y é23> R;.

This is clearly smooth at 7-!1{—1}, since u/ and v’ vanish on 771(—1,¢ — 1).
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Given the isometry ¥ of (3.19), the definition e(W, V") = ﬁ Pf(RW)
yields the Euler form. The expression for the Euler number follows directly

1 I !
/ (W, VW) = / vy
B —1 4

which derives from the fact that the leaf S3/Q = 771{t} C Bé,b has volume
hvol(S3)/8 = % with respect to gp; see [Goel4, §4.c].

To compute the half-Pontrjagin form and number of (W, V"), recall that
the elements #; and f; act on H via L; and R; respectively. As both square to

—1 while, on the other hand, the product of the two is trace free, one obtains

the desired expressions from & (W, VW) = Ly tr((R")?) and

1 / /
/pl(VV,VW):/ Mdt. 0
5 2 ., 4

from

The Pontrjagin form p; (7B, V'?) has been computed in Lemma 3.9. In
the adiabatic limit (1.18) there is a second Pontrjagin form which must also
be computed, namely, that of the vertical bundle V — M;b. The compression
of the Levi-Civita connection V'™ on (Mg’b, gu) to V yields a connection VY

on V defined by VYV = (VIMV)Y for V € T(V) and X € TM.
LEMMA 3.12. The smooth Pontrjagin form p1(V,VY) is given on M_ by

/ ! !
uu' + (uv) 11 +vv 0123
w2h

1 u’ 01 23\ 23 v _01 23\ 723
+ﬁ 5 € —2ue” | 7 + 5 € —2we* ) f

On M, pl(V,VV) is given by replacing a with b and ©11 with @9, and by
pulling back via the isometry ¥ of (3.19).

iV, V) =

Proof. With respect to the orthonormal basis fi, fo, f3 of V, the connec-
tion 1-form is given by

wv = (gM(fom vyf_‘ﬁ))a,ﬁ'

On M_\77'{-1} it then follows via the Koszul formula and Lemma 3.5 that

0 - f?
W= 0 _2%51_]?1
SRz g
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By applying Lemma 3.8 one derives the curvature 2-form to be

QY =dw¥ +w’ AWY

12 vei3z 01 F13 4 o g01
0 f _ L}ils e f <ﬂ12

+2up13623 —2U8012623

— ! /
f12 o’ 4,013 701 0 f23 _u S01ﬁ+v éOl
—2us013623 +2(upr1y + v) €23

_f13 u’ 9012 701 f23 u <P11+’U 701
0
+2ug012623 —2(up11 + v) e23

Since v’ and v’ vanish on 77!(—1,¢ — 1), it is clear that QY can be ex-
tended smoothly to 77!{—1}, and hence that the Pontrjagin form p;(V, V")
is given on M_ by

1
(V) = g5 (@97
Y5
1 4 4(uv) 4v"
= 42 (( h (0l + oly + 1) + P + N >60123

/
+ et (25(

~ . 2’
o112 — o1 f + o13f'?) + o JE23>
—e¥ <4U (p11f? — p12f" + 13f2) + v ]F%))

uu + (uv)' 11 + v0’ 20123
w2h

1 u' o 23 .23 v g 23\ 723
+ 2\ 3 e —2ue” |z + ﬁe —2ve” | f

as claimed. O

Remark 3.13. Note that 7*W is stably isomorphic to the vertical bundle
V since 7 : M, 7 p B? ab 18 the unit-sphere orbi-bundle associated to the vector
orbi-bundle W — ng Moreover, both the order |n| of H*(M ab; Z) and the
number m appearing in the expression for the Eells-Kuiper invariant given in
Theorem C can be written in terms of orbifold characteristic numbers. Indeed,
from Lemma 3.11 one has

n
[ e = o

while, on the other hand, Lemmas 3.9 and 3.11 yield

1 a? b?
TB B e vW det ! ! =m.
/BQ( OW VOV = 8a2b? <a§+a§+8 b§+b§+8) "
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Given that both T'B and W are orbi-bundles, there is no reason to expect
that (1517 and m should be integers. However, whenever a1 = by = 1, that is,
1¥1

whenever 7 is a classical S3-bundle over S%, these are integers.

3.3. Ewaluation of the Pontrjagin term. Recall from (1.18) that the adia-
batic limit of the Pontrjagin term in (1.3) is given by

lim [ py(TM, V") Apy(TM, V)
M

e—0

- /M (p1(V, VY) + 7*p1(TB, V'P))

A (B1(V, YY) +pr(nTB, V'),
where
dp1(V,VY) = p1(V,VY),
dpy (7*TB,VIB) = n*p,(TB,VTP).
By Lemmas 3.9 and 3.12, only the 3-form
P i=p1(V, VY) + p1 (7T B, VP

in the integrand remains to be determined. Given an exact form (, a form ¢
with d¢ = ¢ will be called a primitive of (.

LEMMA 3.14. On M_ one has the identity
p1(V, V) = mt i (W, VW) [ + dé-,

1 / / -~
£ = = ((Z et — 2ue23> T — <1;L et — 2 623> f1> .
T

In particular, £_ is smooth att = —1 and 5_]7_1(_575) = 0. After switching the

where

roles of a and b, and pulling back by V¥ (3.19), one obtains on My a similar
smooth primitive £ of p1 (V, VV) |, — 7 p1 (VV, VW) |nry -

Proof. The existence of such a form £_ follows from Remark 3.13, since
the Pontrjagin classes of stably isomorphic bundles must agree, hence their
representatives differ by an exact form.

In order to compute d§_, some further exterior differentials are needed.
Given dpas(v) = v(pag), one derives from (3.15) that

dp11 = 212 — 213 2,

v B _
5901361 + 20131 — 2011 f,

v _ _
dp13 = —2E901261 + 20112 = 2p12f*,

dp1a =2
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which, together with Lemma 3.8 and (3.22), yield

r
dz' = % e — 2(u — veq1) 23 + 2723,
Lemma 3.8 now gives
(3.25)
u gy 23\ -1 2(uwv)' 11 — duu’ 193 v g 23 .23
d((—é _oue )@): g +2<—é —oué ):Z‘ :
h h h
/ _ 4 ! 2 / /
d((% 01 _ 9y 623) f1> G }fuv) P11 o123 _ 2(%501 — 9% é23) 2

which, with Lemmas 3.11 and 3.12, yields

uu' — (uv) 11 + v
dé_ = _< ( 77)2}(5 >e0123

1 ! /
+53 ((Z;L et — 2u 623> 34+ (2 et — 20 623> f23)
=p(V, V). — 71 (W, V) [ar

as desired. The smoothness of £ at t = —1 now follows from the vanishing of
R", u and v’ on 771(—1,e — 1). O

LEMMA 3.15. The 3-form

1
Ko =&+ —(h® —2h)e'?
T

)
<(h’)2 o+ 0?) — 2 <a2 +a23 +8>> 5123

ay

+

2m2h
on M_ is a smooth primitive of p1(V,VY)|p_ + 7*p1(TB,VIB) |y, that is,
di— =p1(V,VY)|a + 7 p1(TB, V) .

By swapping a with b and pulling back via the isometry ¥ of (3.19), one obtains
an analogous 3-form k4 on My which is a smooth primitive of p1(V, VV)|M+ +
W*pl(TB, VTB)|M+.

In particular, on M_ N M, = 771 (—¢,¢) one has

&m
_ =123
K—|T*1(—€,€) - K+|T*1(—€,€) — 2 e .

Proof. The smoothness of x_ along 77'{—1} is a consequence of the
smoothness of the forms h &' = gys(héy,-) and €23 at the singular leaf, together
with Lemma 3.14 and the vanishing of the second &'? term on 771(—1,¢ — 1).

By Lemmas 3.9, 3.11 and 3.14, as well as the definitions of u and v, one has
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OV, V) + 7 pi(TB, VB o
= de_ + 7 o1 (W, V) + 7 p1(TB,VTP) s

(a3 + a3+ 8)W'W" AW (h* — 1)\ 103
= A+ ( 8m2h + 2 €

=d¢_ + % d ((h* - 2n)e'?®)

(S (5 ) )

=dk_,

where the second to last equality follows by applying Lemma 3.8 to obtain

As a consequence of Lemma 3.15, to obtain a smooth, global primitive p;
for p1(V, VY) +7*p1 (T B, VTB) it suffices to find closed 3-forms v_ and v on
M_ and M, respectively, such that (k_ +v_) — (ks +v4) =0 on 771 (—¢,e).

LEMMA 3.16. The 3-form

272 2 2

asbsm ([ - 1 as —a

b 191 <f123 ((UQ Uz) 2 _ 3) 5123
as

_% ((1;’ 201 _Quézg) 2y (7;1’ oy _%égg) Jn))

on M_ is smooth and closed. Moreover, if vy is the corresponding closed
3-form on My obtained by swapping a and b and pulling back via the isometry
U of (3.19), then

8m _j93
—726 .

V—‘Tfl(—a,a) - V—&-‘T*l(—s,e) - T

Proof. The smoothness of v_ at 771{—1} is clear, since v/, v' and the
coefficient of '23 all vanish identically on 7=1(—1,¢ — 1).
From Lemma 3.8 it can be shown that

/ /
(3.26) df'? = (Q]‘z e — 2y 523> 7% — (2 e — 20 623> 2,

Together with (3.25) and the identity de'?? = %60123, it is now easy to confirm
that dv_ = 0. [l

PROPOSITION 3.17. The 3-form

. Ko +v_, onM_,
p1 =
Ky +vy, on My

is a smooth, global primitive for py(V,VY) + m*p1(TB,V'B).
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Proof. The result follows immediately from Lemmas 3.15 and 3.16. In
particular, on the intersection M_ N My = 7= !(—¢,¢) one has

(K’* + l/,)|.,.—1(,5’5) - ("{+ =+ V+)|T_1(7€,6) = 0. O

It is finally possible to evaluate the Pontrjagin term in the formula for the

Eells-Kuiper invariant given in Corollary 1.9.

THEOREM 3.18. If n # 0 then, with respect to the metric gy on M;b
given in Proposition 3.2, the adiabatic limit of

/ pL(TM,VTMY A (T M, VTM)
M

s given by
2%7 /M (p1(V. V) + 7 p1(TB, VTE)) A (p1(V, VY) + p1 (7" TB, V'E))
1 <4a%b%m2 on )
277 n ai?/’
Proof. By Lemmas 3.9 and 3.12, together with Proposition 3.17, the in-
tegrand is given on 7 1[—1,0] C M_ by
di N (h-tvo)=d((r- =& ) +E)A (k- =)+ +v-)
=d(ke —E )N (o +rvo)+dE- NEZ
+dé- N (k- —&-+vo)
=dke —E )N (o +rvo)+dE- NEZ
+dE- N (ke —&-+ o))+ Nd(ke —E- +vo).
Given that v_ is closed and
Ak — €6 )=d(k_ —€6_+v ) =apt(W, V) s + 7*p1(TB,VIP) 5
involves only €123 terms, it follows from Lemma 3.14 that
(3.27) E-Nd(ke —é-+vo)=E Nd(k- —€2) =0,
and from Lemmas 3.9, 3.11, 3.15 and 3.16 that
Al — €Y A (re +v)

a%b%m * w * TB 7123
(3.28) = L (m (W, V) . + 7 pr(TB, VI P) ) A F

™n
— a’%b%m (h/:// + 4h/h2 _ 4h/ + 2(UU,;‘ UU/)) 60123f123.

On the other hand, from (3.22) it follows that 7123 = f!23 and flz% = z!f?3 =
V11 f123. Therefore, from Lemma 3.14 one derives

mn

wu' — ov’
9 de_ Ne — _UW T VY 0123 7123
(329) N
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Finally, since {_|.-1(_. ) = 0, it follows from Stokes’ Theorem that
(3.30) / (e A (ko —E_+v)) =0,

T-1[-1,0]

Together with the fact that, with respect to the metric gas, aleaf 7= 1{t} C M7,

has volume (T) (272) = T [Goeld, (4.33)], equations (3.27), (3.28), (3.29)
and (3.30) yield

/ (1 (V,VY) + 7 p1(TB,VTE)) A (p1(V, V) + p1 (x* T B, VTP))
T-1[-1,0]

= /0 aibim (1((11’)2)’ + (hY) = 2(h?) + (u® + U?y) _ W)

2 \2 8
272 2 2\ (0
a1b1m<1 N2 4y/ 2 2 2) u —'U>
=|——1=(h h*) — 2h —
(D0 (202 4 ('Y — 20 2 0 )|
_ a2b3m <a§+a§+8> a3 — a3
2n a? 8a? ’

where Cy denotes the t = 0 boundary term. Similarly, bearing in mind that
the isometry ¥ (3.19) is orientation reversing, on 7-1(0,1] C M, one obtains

/ (1 (V. VY) + 7 p1(TB,VTE)) A (p1(V, VY) + p1(x* T B, VTP))
771(0,1]

_ a3bim (b%—i—b%—i—S) B b3 — b3 Gy

2n b? 8b? '
The result now follows from the definitions of m and n by combining the in-
tegrals over 771[—1,0] and 771(0, 1]. O

3.4. The contribution of the n-forms. Given the computations in Sec-
tion 3.2, some further terms can be computed in the expression for the Eells-
Kuiper invariant given by the adiabatic-limit formula of Corollary 1.9.

THEOREM 3.19. If n # 0 then, with respect to the metric gy on M;b
given in Proposition 3.2, it follows that

1 R 1 R
/ Anp(TB, V") 2nap(Dgs) + o / Lap(TB,VIP)2n,y5(Bgs)
2 AB 2°.7 AB

_ % <a%nb%>—D(a)+D(b)-

Proof. Recall from Corollary 2.4 that the inertia orbifold AB associated
to Bib is described by the disjoint union

AB =B}, U (SQ_ x {1 ‘“1’2_ 1}) L <82+ X {1 |bl’2_ 1})
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As such, the integrals in the statement can be performed over each of the
connected components separately. On B4 C AB the integrals can be com-
puted using Theorem 3.9 of [Goe00] (as was done in [Goel4, Prop. 4.2]), which,
following Lemma 3.11 and Remark 3.13, yields

1 N
1 / Arp(TB,V7P) 20 5(Dgs) +
B

: 5 7/ Eas(TB, V73) 210 5(Bes)

1 1 n
:_27-7/36(W’VW)_ 277 <2b2>

It remains, therefore, only to show that the contribution of AB\Bib con-
sists of the generalised Dedekind sums —D(a) and +D(b). In order to do this,
it is necessary to determine some equivariant characteristic numbers and the

equivariant n-forms for the pullback of the Seifert fibration 7 : M [Z b — B* b tO
the double covers S% of the components RPZ of the singular locus of B4 As
there is an analogous orientation-reversing isometry on Bib to that given on
M Z}b by ¥ in (3.19), only the computations for RP? need to be carried out ex-
plicitly. Observe first that Lemma 3.7 yields Vg, €2 = Ve,é3 = 0 and Ve, é3 =
—Ve, €2 = héy, from which it follows that RP? is totally geodesic in B4
Following the notation of Corollary 2.4 and recalling the dlscussmn pre-
ceding (1.6), let (b, [72]) be a point in AB\Ba pr let N — RP2 be the normal

bundle of RP% C B4b7 and let N_ — S2 denote the pullback of N_ to S2.

50123

Since B4b is oriented by é and the twisted sector S? is locally oriented

by é23, the orientation on N_ is given (in a limiting sense) by €', The bundle
N_ carries a natural spin structure with an associated spinor bundle S(N_).

By Lemma 2.3, in an orbifold chart V' the elements 7%, s € {1,. |a1| o
of the isotropy group Z,,| act on N_ via multiplication by 68’”5/ “a e S1 =
SO(2). As Zj4,) is an odd cyclic group, this action has a unique lift to Spin(2),
represented by

~Y

(3.31) 7° = elmis/a ¢ g1 =~ Spin(2).

Similarly to the arguments employed for [Goel4, (4.22), (4.23)], the curva-
ture 2-forms for N_ and T'S% can be computed in an orbifold chart by consider-
ing the upper and lower (2 x 2)-blocks of the curvature (3.23) and taking limits
as t — —1. It then follows that the corresponding curvatures are given by

~ 8 y
RV-= -5 and RTS' = —4ié®.
[
In particular, using the (non-standard) convention from [Goel4] that the Clif-
ford actions of c(ég)c(é1) on ST(N_) and of ¢(é2)c(é3) on ST(T'S?) are both
given by +i, one derives (from, for example, [LM89, §II, Th. 4.15]) that the
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curvature of the summands of the spinor bundle is given by

Rgiw_):qcﬂé% and RSE(TSY) _ 19; 23,

i ]
On the other hand, by (3.17) and (3.31) the action of #° on S*(N_) is given by
ay 4ms . . ) < ai 47725)
=ex —c(€ép)c(é =exp | t—
Vs P <|a1| a1 (éo)elr) SEWL) P\ @

respectively. Therefore, one deduces that

. RSTWO\ < ap 4i ( &% ))
yexp| —————— | =exp|E—— |75+ — ] ),
27 la1| a1 271

which in turn, via (1.6), yields the equivariant Chern character

chis (STN-) = 87 (N), v5649))
; 523 ; 523
(3.32) = exp (Cll41 <7F8+6.)> — exp (_CL142 (7T8+6.))
la1| a; 271 la1| a1 271
=23
=92i- 2 SIH<4 (7rs—|—€,>>.
la1| a1 27

From (1.7) and (1.8), and given that A(TS?, Vsa) = 1 since it has degree =0
mod 4, it can now be concluded that the orbifold A-form on S2 x {s} C AB
is given by

1

a2t sm( 4 (7rs + ;fi))

(3.33) App(TB,V'P) = -

Similarly, since the action of v tangential to S2 is trivial, one derives

chss (ST(TB) + S~ (TB), vS"P)
(o (s (e 52)) o (it (o 55)
=2|exp|—— |75+ —— )| +exp| ——— (75 + ——
la1| aq 271 la1| a; 271
4 v23
= 4 cos ( (7T8 + >> ,
al 211

where the additional factor of 2 is a consequence of T'S? being a rank-2 bundle.

From (1.9) one concludes that the orbifold L-form on 82 x {s} C AB is given by
Lap(TB,VTB) = Ayp(TB,VTP) chyp(ST(TB) + S (TB),vS(TH)

(3.34) 2 4 &23
= — cot< <7T + ))
al al 211

To compute the equivariant n-forms of M’ b]RPQ — RP2, recall from
Lemma 2.3 that 4* acts on the fibre S? via

(3.35) (’yi, q) —> 'y q75a3 — eQW(@ a3)8/alz + je—27ri(a2+a3)s/a1w’
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where ¢ = z 4+ jw € S3. This action clearly extends to the fibres of the as-
sociated rank-4 vector orbi-bundle W — B. Furthermore, by the proof of
Lemma 3.11, the curvature of W at RP? is given by
2&3

¥ L+ ==& R,
ai ai

2

which then acts on the fibres of W via
(3.36)

RY ,
exp (—27”) (2 + jw)

-9 _ =23 _9 =23
— exp <(CL36L2>@)Z + exp (wﬁ)jw_
ai 211 ai 21

On the other hand, given that the fibres of m have positive scalar curva-
ture, hence that the kernel of Dgs is trivial, explicit formulae for the equivariant
n-invariants n,s e pW j2ri) (Ps3) and s ep(— gW jori) (Bs) of the (untwisted)
spin-Dirac operator ®gs and the odd signature operator Bgs can be found in
[HR78, egs. (5), (11), (14)] and [APST75, proof of Prop. 2.12] respectively, as
well as in [Goe99]. Therefore, in analogy with the result in [Goel4, (4.24)],
on the component S? x {s} C AB\Bib these formulae, together with (1.12),
(1.13), (3.35) and (3.36), yield o

1
277/\3(@83) = - 23 Z23 1\
. + . Q —
. 2o (5 (o + 52 s (5 (0 + £5))
‘ as + a &23 as —a ¢23
2 (Bse) = —cor( 28 (e ) Jeor (2 (me s ) ).

For the sake of notation below, let

g=a1, p1=4, pr=ax+taz, p3z=az—as.

Now, by combining the expressions obtained in (3.33), (3.34) and (3.37), one
obtains that the integrand on S? x {s} is given by

1. 1 -
§AAB(TB, VTB) 2?7/\3(@53) + 257‘7LAB(TBa VTB) 277/\3(%53)
. 23
B i 14 + []3_; cos (p%qs—i-%e%)
-~ T o4, . 523
2T\ e (5 )

The goal now is to extract the degree-two term from this expression, that is,
the term involving the volume form é?*. By expanding the respective formal
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power series and noting that (¢2)¥ = 0 for k > 1, one obtains

. (pNTS pe €% ) . (péﬂs) Pe (PMS> 2
sin +——— | =sIn + — cos —,
q q 2mi q q

q 271
-23 523
bets  Pe € bems Pbe . bems |\ €
cos +————)=cos|— ) ——sm|—— | —.
q q 2mi q q q 271
This observation yields, in particular, that
523 523 523
pems | pe &3 pems | pe &3 i (Pems) _ pe pems ) é
cos(q +q2m’)_COS(q +q2m’) Sm(q) qCOS(q)27ri
o (pems | pe e\ o (pems ﬂﬁ) : (pem) _ P (pWT )623
s1n( 7 + q 27Ti) sm( + q 2 sin | =, 7SS\ 7 )om
=23
3 DeTs DeTSs De e
in — Pt
_sin (B2 cos (P2) — B4

-2 (pems
sin ( 7 )
From this one deduces that

14 4+ JT3; cos (% + &ﬁ)

q 2m
3 s (pems | pe €23
[[r=15in (7 + 5 m
s De pems &23
141—[4 0(5111( q ) qCOS( q )27r%)

DTS

Hz 1 Sin ( q )
3 ( . (pwrs) (pgT(S) e
[17=1 (sin =) cos (5~ 7

[Tissin® (52)
oy fleos (5) oos (B cos (%)) ) e

&23
T

_l’_

iam—  sin® (200 sin (P sin (2470 2mé
O(1,2,3)
14 + H?:l cos (%)

3 . (pyrs)
[Ty sin (2

Since S? has constant curvature 4, hence volume 7, the contribution of the

twisted sectors S2 x {1,..., lal = 1} to the Eells-Kuiper invariant is, therefore,
given by

1 R
2/ Apnp(TB,VTB)2n5p5(Dgs)
AB\B;b

1

+ = Lap(TB, V') 2n,p5(Bgs)
2T JaB\Bt,
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(vt () o (25 con (2572)
IR () () ()
0(1,2,3)
2 ot (52) on (25 o (22
T N s () () on ()
0(1,2,3)

= D(¢; p1,p2,P3)
=D (a1;4,as + az,a3 — a2) = —D(a),

where the second equality follows from the invariance of the summands under
the map s — ¢ — s and the final equality from the remarks preceding Theo-

rem C. Replacing a with b and applying the isometry ¥ of (3.19) yields the
analogous contribution +D(b) of the twisted sectors 8% x {1,..., %} O

Despite their complicated appearance, it is sometimes straightforward to
compute the generalised Dedekind sums D(q; p1, p2, p3), where ged(q,p;) = 1
fori =1,2,3. For example, in the case ¢ = 1, it is clear that D(1;p1, p2, p3) = 0.
A non-trivial situation which arises in Corollary D is detailed below.

Ezample 3.20. Consider the case ¢ = —3 and p; = 2z, 1 = 1, 2,3, where
x; € Z satisfies ged(3,x;) = 1 for all ¢ € {1,2,3}. Then, for all 7 € {1,2,3} and
¢ € {1,2}, one has cos (—Z%M) = —% and sin (—2%“[) = —o(xif) @, where
0:7Z — {0,£1} is defined by
0 ifx=0 mod 3,
o(z) = 1 ifz=1 mod 3,
—1 ifx=2 mod 3.
Therefore, for cyclic permutations (i, j,k) of (1,2,3) and ¢ € {1,2}, one

14 cos (—2$MZ> + cos (_23:]7?5) cos (_2xmr£> = _2777
3 3 3 4
whereas

sin? (_2355776) sin (— xg;rﬁ) sin <_2x§7r€> = o(z;0)o(zil) 196

However, as the sign of p(z;¢) changes depending on the choice of ¢ € {1,2},

has

it follows that both expressions are independent of ¢ and, hence, that

2.3
D(—3;2x1,2x9,2x3) = ~36.52.7 Z o(zj)o(xy) x
(i,4,k)=
0(1,2,3)
- 22 3.7, 2 olw)ela)
(4,5,k)=

0(1,2,3)



888 S. GOETTE, M. KERIN, and K. SHANKAR

Notice, in particular, that D(—3; 2z, 222, 223) € 2%2, since x; = 0 mod 3
for every i € {1,2,3} ensures that the numerator of D(—3;2x;, 2x9, 2x3) is
always divisible by 3.

As an application of this formula to the situation in Corollary D, consider
D(a) = D(a1;4,a2 + a3, a2 — a3) for a = (=3,12k — 3,120+ 1), k,l € Z. In
this case, x1 =2, x9 = 6(k+1) — 1 and x5 = 6(k — ) — 2, which ensures that

o(z1) = o(z2) = —1 and p(x3) = 1. It now easily follows that D(a) = 412—;1.

3.5. The contribution of the very small eigenvalues. Recall that the term
55 7hmg_,o 7. in the formula for the Eells-Kuiper invariant given in Corol-
lary 1.9 is the signature of the quadratic form (1.14) coming from the F4-page
of a Leray-Serre spectral sequence for the Seifert fibration m : (M, gar) —

a,o
(Bgy 9B)-

THEOREM 3.21. If n # 0, then, with respect to the metric gy on M;b
given in Proposition 3.2, the contribution of the very small eigenvalues of the
odd signature operator B to the adiabatic-limit formula for the Fells-Kuiper
invariant M(Mlb) is given by

L n]
1m = ="
2B Ten0 F 2B.7.n

Proof. As in [Goel4, §4.g.], given that the entries on the Ey-page are triv-
ial except for EY = R whenever i € {0,4}, j € {0,3}, it suffices to determine
the sign of the integral [, &d¢, where £ € Q?’(]W7 p) is a 3-form such that

the fibrewise integral is nowhere zero, and such that d¢ € 7r*Q4(B4 ») s basic.
Consider the 3-form

2f123 — (% el — 2u 623> 7' — (% el —2v 623> f' on M_, and
9 F123 _ (u 2 1 9y 613) 2 (%’ 02 4 9y 513> 72 on M,.

It is clear that £[ar_na, = 2 f123 and that the fibrewise integral is nowhere

zero, as desired. Furthermore, from (3.25) and (3.26) it follows that

dun — 4vv' 195 2(u? —0?)

_ ¢ _ @@ 7
h h

Since the leaves 771(t) € M, 7 , have volume 5= h , the result now follows from

70123 r123
/ £de = / i

=274 / (u® —v?) dt
-1

_ 167*n
aib]

d¢ = e e QN (By,).
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3.6. The Fells-Kuiper invariant. Combining the results of the previous
sections, it is finally possible to compute the Eells-Kuiper invariant of M Z b

THEOREM 3.22. Ifn # 0, then the Eells-Kuiper invariant of M;b 15 given
by
In| — a?b?m?
25.7.-m

Proof. Equip Mgb with the metric gas given in Proposition 3.2. Using the

(M) = —D(a)+ D(b) mod1 €Q/Z

adiabatic-limit formula in Corollary 1.9, the claimed expression for u(M, ;b)
now follows immediately from Theorems 3.18, 3.19 and 3.21. O
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