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Euclidean triangles have no hot spots

By CHRIS JUDGE and SUGATA MONDAL

Abstract

We show that a second Neumann eigenfunction u of a Euclidean triangle
has at most one (non-vertex) critical point p, and if p exists, then it is a
non-degenerate critical point of Morse index 1. Using this we deduce that
(1) the extremal values of u are only achieved at a vertex of the triangle,
and (2) a generic acute triangle has exactly one (non-vertex) critical point
and that each obtuse triangle has no (non-vertex) critical points. This
settles the “hot spots” conjecture for triangles in the plane.

1. Introduction

Let © be a domain in Euclidean space with Lipschitz boundary. Let A
denote the (nonnegative) Euclidean Laplacian, Af := —92 f —8?3 f- The second
Neumann eigenvalue, po, is the smallest positive number such that there exists
a not identically zero, smooth function u : Q — R that satisfies
(1) Au = p9-u and gzaﬂz 0,
where % denotes the outward pointing unit normal vector field defined at the
smooth points of J€2. A function u that satisfies (1) will be called a second
Neumann eigenfunction for €, or simply a ps-eigenfunction.

One variant of the “hot spots” conjecture, first proposed by J. Rauch at a
conference in 1974,! asserts that a second Neumann eigenfunction attains its
extrema at the boundary. The main result of this paper, Theorem 1.1, implies
the hot spots conjecture for triangles in the plane.
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!See [Rau75] for a discussion of hot spots.

167


http://annals.math.princeton.edu/about
https://doi.org/10.4007/annals.2020.191.1.3

168 CHRIS JUDGE and SUGATA MONDAL

THEOREM 1.1. If u is a second Neumann eigenfunction for a Fuclidean
triangle T, then u has at most one critical point.?> Moreover, if u has a critical
point p, then p lies in a side of T and p is a nondegenerate critical point with
Morse index equal to 1.

In Theorem 13.4, we show that if T is a generic acute triangle, then u has
exactly one critical point and that if 7" is an obtuse triangle, then u has no
critical points. Earlier, Banuelos and Burdzy showed that if T" is obtuse, then
u has no interior maximum and, in particular, the maximum and minimum
values of u are achieved at the acute vertices [BnB99]. We extend the latter
statement to all triangles (see Theorem 13.1). Unlike [BnB99], our proof of
Theorem 1.1 does not rely on probabilistic techniques.

For a brief history and various formulations of the “hot spots” conjecture,
we encourage the reader to consult [BnB99]. We provide some highlights.
The first positive result towards this conjecture was due to Kawohl [Kaw85],
who showed that the conjecture holds for cylinders in any Euclidean space.
Burdzy and Werner in [BW99] (and later Burdzy in [Bur05]) showed that the
conjecture fails for domains with two (and one) holes. In the paper [Bur(5]
Burdzy made two separate (“hot spot”) conjectures for “convex” and “simply
connected” domains. We believe that the conjecture is true for all convex
domains in the plane.

The conjecture has been settled for certain convex domains with sym-
metry. In 1999, under certain technical assumptions, Banuelos and Burdzy
[BuB99] verified the conjecture for domains with a line of symmetry. A year
later Jerison and Nadirashvili [JNOO] proved the conjecture for domains with
two lines of symmetry. In a different direction, building on the work in [BnB99],
Atar and Burdzy [AB04] proved the conjecture for lip domains (a domain
bounded by the graphs of two Lipschitz functions with Lipschitz constant 1).
In 2012, the hot spots conjecture for acute triangles became a “polymath
project” [Polymath]. In 2015 Siudeja [Siulb] proved the conjecture for acute
triangles with at least one angle less than 7/6 by sharpening the ideas devel-
oped by Miyamoto in [Miy09], [Miy13]. Notably, in the same paper, Siudeja
proved that the second Neumann eigenvalue of an acute triangle T' is simple
unless T' is an equilateral triangle. An earlier theorem of Atar and Burdzy
[AB04] gave that the second Neumann eigenvalue of each obtuse and right
triangle is simple.

Our approach to the conjecture differs from most of the previous ap-
proaches (but has some features in common with the approach in [JN00]). For
each acute or obtuse triangle, Ty, we consider a family of triangles T} that joins

2In this paper, we do not consider a vertex of a triangle to be a possible critical point.
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Ty to a right isosceles triangle 7. Using the simplicity of us (due to [ABO04],
[Miy13] and [Siul5]) we then consider a family of second Neumann eigenfunc-
tions associated to T;.> Because T} is the right isosceles triangle, the function
u1 is explicitly known up to a constant, and a straightforward computation
shows that u; has no critical points (see equation (26)). Therefore, if uy were
to have a critical point, then it would have to somehow “disappear” as t tends
to 1. Each nondengenerate critical point cannot disappear immediately; that
is, it is “stable.” On the other hand, a degenerate critical point can instan-
taneously disappear; that is, it could be “unstable.” Thus, as t varies from 0
to 1, either a critical point p; of u; converges to a vertex, or p; is degener-
ate or becomes degenerate and then disappears. Understanding the first case,
among the last two possibilities, is more or less straightforward, and we do it
by studying the expansion of u; in terms of Bessel functions near each vertex.
Understanding the second case is more complicated. One particular reason for
this complication is that disappearance of this type probably does occur for
perturbations of general domains.

The study of how eigenvalues and eigenfunctions vary under perturbations
of the domain is a classical topic (see, for example, [Kat95]). Jerison and
Nadirashvilli [JNOO] considered one-parameter families of domains with two
axes of symmetry and studied how the nodal lines of the directional derivatives
of the associated eigenfunctions varied. In particular, they used the fact that
each constant vector field L commutes with the Laplacian, and hence if u is
an eigenfunction, then Lu is also an eigenfunction with the same eigenvalue.
The eigenfunctions Lu were also used in [Siul5] and implicitly in [BnB99]
and [ABO04].

In the current paper, we consider the vector field R,,, called the rotational
vector field, that corresponds to the counter-clockwise rotational flow about a
point p. To be precise, if p = p; + ip2, then

R, = _(y_p2) '6x+(33_p1) 'ay-

We will call Ryu the angular derivative of u about p. Each rotational vector
field R, commutes with the Laplacian, and hence the angular derivative Ryu
is an eigenfunction. By studying the nodal sets of R,u where v is a vertex v of
the triangle, one finds that if 4 has an interior critical point, then v also has a
critical point on each side of the triangle (see Lemma 7.1). Moreover, we show
that each of these three critical points is stable under perturbation even though
the interior critical point might not be stable (see Proposition 10.4). We also
use the nodal sets of both R,u and L.u, where L, is parallel to the side e of T',
to show that, if v has a degenerate critical point, then although this critical

3In fact, one can avoid using the simplicity of the second eigenvalue; see Section 12.
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point of u might not be stable under perturbation, there are at least two other
critical points of u that are stable under perturbation (see Proposition 10.5).

Outline of the paper. In Section 2, we recall Cheng’s [Che76] theorem con-
cerning the structure of the nodal set of an eigenfunction on a surface. Using a
result of Lojasiewicz [Loj59], we show that the critical set of each eigenfunction
is a disjoint union of isolated points and analytic one-dimensional manifolds.
In Section 3, we consider an open domain €2 that contains a polygon P with
its vertices removed; see Figure 1. We study the restriction of an eigenfunction
o defined on €2 to the polygon P. In applications, the eigenfunction ¢ will
be the derivative of the extension of a Neumann eigenfunction of P obtained
by reflecting about the sides of P. We show that each maxzimal subset of the
nodal set of the restriction of ¢ to P is either an isolated point, an immersed
arc, or an immersed loop. At the end of Section 3, we derive two lemmas that
involve the comparison of Dirichlet and Neumann conditions. These lemmas
will be used to study the structure of nodal sets in later sections.

In Section 4, we consider the Bessel expansion of a Neumann eigenfunction
on a sector. Using the radial and angular derivatives of this expansion, we
obtain a qualitative description of the critical set of a Neumann eigenfunction
on a sector. We use this description in Section 5 to prove that the critical set
of a second Neumann eigenfunction v on a convex polygon has finitely many
components. There we also (re)prove the fact that the nodal set of a second
Neumann eigenfunction u of a polygon P is a simple arc, and we use this fact
to obtain information about the first two Bessel coefficients of u at the vertices
of P. For example, when P is a triangle, we further deduce that «w can vanish
at only one vertex of T. In Section 6, we study the nodal set of both the
angular derivatives, R,u, about vertices v and the directional derivatives, L¢u,
parallel to an edge e. We show that each component of each of these nodal
sets is a finite tree, and we use this to obtain information about the critical
set of u. In Section 7 we specialize to the case of triangles. We show that if
u has an interior critical point, then it has at least three more critical points,
one critical point per side (Lemma 7.1), and if u has a degenerate critical point
on a side e, then u has at least two critical points that lie on sides that are
distinct from e (Theorem 7.7). These last two mentioned results are crucial to
the proof of Theorem 1.1.

In Section 8, we use topological arguments and results from Section 4, 5,
and 7 to understand the structure of a second Neumann eigenfunction on a
triangle when it has at most one critical point.

In Section 9, we begin the proof of Theorem 1.1. Given an obtuse or (non-
equilateral) acute triangle T, we consider a “straight line path” of triangles
T; that joins Tp to a right isosceles triangle and an associated path ¢ — u; of
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second Neumann eigenfunctions. We suppose t, converges to t and consider
the accumulation points of a sequence p, where each p,, is a critical point
of wy,. Using the Bessel expansion of u;,, we find that if each p, lies in the
interior of T3, , then a vertex is not an accumulation point of p,. We also show
that if each p, lies in a side e and a vertex v is an accumulation point of p,,
then there does not exist a sequence of critical points g, lying in a side ¢’ # e
that has v as an accumulation point.

In Section 10, we address the issue of the stability of critical points. We
regard a critical point p of u; as “stable” if for each neighborhood U of p, the
function us has a critical point in U for s sufficiently close to ¢. Non-degenerate
critical points are stable but, in general, degenerate critical points are not.
Nonetheless, we use the results of Section 7 to show that if p is a degenerate
critical point of u, then u; has at least two stable critical points. In Section 11,
we use the existence of these two stable critical points to show that if ug has
an interior critical point, then u; also has at least two critical points for each
t < 1 that is near 1. In contrast, the eigenfunction u; for the right isosceles
triangle has no critical points, and thus, to prove Theorem 1.1 for acute and
obtuse triangles, it suffices to show that the number of critical points cannot
drop from two to zero in the limit as ¢t tends to “1.” This is accomplished by
using the results of Section 9 and certain elementary properties of u;.

To make the exposition of the proof of Theorem 1.1 easier to follow, we use
the known simplicity of the second Neumann eigenvalue [BnB99], [AB04],
[Miy13], [Siul5]. However, we indicate in Section 12 how to avoid this as-
sumption.

In Section 13, we use results from Sections 8 and 11 to show that u has a
critical point if and only if each vertex is an isolated local extremum of w. In
particular, if u is associated to an acute triangle, then u has a critical point
if and only if v does not vanish at any of the vertices. In the final part of
Section 13, we consider the parameter space T of all labeled triangles up to
homothety. The second Neumann eigenspaces of A7 define a nontrivial line
bundle over T —{T,q } where T¢ is the equilateral triangle. The unit normalized
second Neumann eigenfunctions may be naturally regarded as local sections of
the bundle. Using analytic perturbation theory and Hartog’s separate analyt-
icity theorem we find that each such local section is analytic. In particular,
the value of each of these eigenfunctions at each vertex varies analytically, and
we conclude that the generic acute triangle has exactly one critical point and
that obtuse triangles have no critical points.

Notation and terminology. For notational convenience, we will often re-
gard the Euclidean plane as the complex plane. That is, we will often use
z = x + iy to represent a point (x,y) in the plane. In particular, z = Re(z)
and y = Im(z), and if z = re? then 6 = arg(z) and r = |z|. We will use
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A° to denote the interior of a set A. For us, a Laplace eigenfunction ¢ is a
smooth real valued solution to the equation Ap = - ¢ where A = —(97 + ;)
and A € R. We will sometimes call such a solution ¢ a A-eigenfunction. Let
f be a function of t. We denote f(t) = O(t*) as ¢ — 0 if there exists C' > 0
such that |f(t)|/t® < C for every t > 0 sufficiently small. For a bounded plane
domain 2, we will denote the first Sobolev space by H* ().

Acknowledgments. We thank Neal Coleman for producing contour plots of
eigenfunctions in triangles. In particular, he created a very inspirational anima-
tion of the “straight-line” family of triangles joining a triangle with labeled an-
gles (w/4,7/4,7/2) to a triangle with labeled angles (7/2,7/4,7/4). See https:
//youtu.be/bO50jFOxCAw. He created these contour plots with his “fe.py”
python script [Coll6]. We also thank David Jerison, Bartlomiej Siudeja, and
an anonymous referee for their helpful comments on the manuscript.

2. The nodal set and the critical set of an eigenfunction

Let © C C be an open set, and let ¢ : & — R be an eigenfunction
of the Laplacian. In this section, we recall some facts about the nodal set
Z(p) := ¢~ 1(0) and the set, crit(p), of critical points of . The intersection
Z(p) Nerit(yp) is the set of nodal critical points.

The following is a special case of the stratification of real-analytic sets
due to Lojasiewicz [L0j59]. An elementary proof can be found in the proof of
Proposition 5 in [OR09].

LEMMA 2.1. Let Q be an open subset of C. If f : Q2 — R is a real-analytic
function, then each z € Z(f) has a neighborhood U such that U N Z(f) is
either equal to {z} or is homeomorphic to a properly embedded finite graph.
Moreover, if V f(z) # 0, then U N Z(f) is a real-analytic arc.

Because the Laplacian is a constant coefficient elliptic operator, the eigen-
function ¢ is real-analytic function. Therefore, it follows from Lemma 2.1 that
Z(p) is a locally finite graph whose vertices are the nodal critical points, and
the complement of these vertices is a disjoint union of real-analytic loops and
arcs. Cheng observed [Che76] that (in dimension 2) the nodal set has a special
structure in a neighborhood of each nodal critical point.

LEMMA 2.2 (Theorem 2.5 in [Che76]). Let ¢ be an eigenfunction of the
Laplacian on an open set Q C C. If p € Q is a nodal critical point, then there
exist a neighborhood U of p, a positive integer n > 2, a real number 0, and
simple real-analytic arcs {aa,...,an}, such that

(1) Z(e)NU equals U}, as,

(2) Nizy @i = {p}, and .
(3) for each i, the arc «; is tangent at p to the line {z rarg(z —p)=, -7+ 9}.
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In particular, the set of nodal critical points is discrete and the nodal set con-
tains no isolated points.

Remark 2.3. Arcs satisfying condition (3) of Lemma 2.2 are called equi-
angular.

Sketch of proof of Lemma 2.2. Without loss of generality, p = 0. The
Taylor series of ¢ about p may be regarded as a sum ), hj; of homogeneous
polynomials hi of degree k in x and y. Because p is a nodal critical point, hg
and h; vanish identically. Since ¢ is an eigenfunction and A maps homogeneous
polynomials of degree k to homogeneous polynomials of degree k — 2, we have
Ahy = X - hg_o. By a result of [Aro57], there exists a smallest n such that
hn, # 0. Thus, Ah, = 0 and h, is harmonic. By Taylor’s theorem, ¢ =
hy, + O(]z|"™1). The restriction of the harmonic polynomial h,, to the unit
circle centered at p = 0 is a Laplace eigenfunction with eigenvalue (7n)2,
and so since h,, is homogeneous, the nodal set of h,, equals the union of lines
{z:arg(z) = % -7+ 0} for some 6 € R. One obtains the claim by applying the
method of [Kuo69]. See Lemma 2.4 in [Che76].* O

As a consequence of Lemma 2.2, the nodal set Z(¢) is the union of im-
mersed C! loops and properly immersed C! arcs.® We will call these the Cheng
curves associated with . We emphasize that though a Cheng curve is closed
in , it does not have endpoints. A Cheng curve is either the image of a map
c:R/Z — Q, or it is parametrized by a proper map ¢ : R — Q.

We shall be interested in whether certain Cheng arcs cross a line or not.
To make this precise, we note the following.

LEMMA 2.4. Let £ be a line in the plane, and let k be a component of £NS).
Either the nodal set Z(p) contains k or the intersection Z(p) Nk is discrete.
In the latter case, for each Cheng curve o C Z(p) and each p € a Nk, there
exists a local C' parametrization c : (—e,€) — U of aNU such that c¢(0) = p
and either

(1) the sets c((—e,

€,0)) and c((0,¢€)) lie in different components of Q\ k, or
(2) the sets c((—e,

0
0)) and ¢((0,€)) lie in the same component of Q \ k.
In case (1), we say that the curve « crosses the line segment k.

Proof. The restriction of ¢ to the line segment k is a real-analytic function.
Thus this restriction either vanishes identically or at a discrete set of points.

4Lemma 2.2 holds more generally for eigenfunctions of the Laplace-Beltrami operator on
a smooth surface [Che76].

’By Lemma 2.1, each Cheng curve is real-analytic except perhaps at some nodal critical
points.
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If the restriction vanishes identically—that is k& € Z(¢)—but a does not
coincide with k, then each point of intersection in o N k belongs to the set of
nodal critical points, a discrete set (Lemma 2.2). Moreover, since the nodal
set is equiangular at each nodal critical point, and k C Z(y), we see that the
C! curve « is transverse to k at each intersection point.

If the restriction of ¢ to k does not vanish identically, then the set aNk is
discrete. Thus, each p € aNk has a neighborhood U such that aNkNU = {p}.
Let o' be the component of aNU that contains p. Since ais C'', we may choose
a C! parametrization ¢ : (a,b) — € of a so that ¢(0) = p. By choosing ¢ > 0
so that ¢((—e¢,€)) C o/, we obtain the desired parametrization. O

Our proof of Lemma 2.4 relied only on the real-analyticity of ¢, and not
on the fact that each Cheng curve is real-analytic except possibly at nodal
critical points.

The set, crit(p), of critical points has the following description parallel to
that of the nodal set Z(y).

PROPOSITION 2.5. Let ¢ be a Laplace eigenfunction on an open set ) C
R2. Fach connected component of crit(y) is either

[
~—

an isolated point,
an embedded proper real-analytic arc, or
a real-analytic curve that is homeomorphic to a circle.

~ —~
W N
=

Proof. The function f = |V|? is analytic, and hence by Lemma 2.1 each
critical point is either isolated or lies in a component of crit(y) that is a locally
finite graph.

Let A be a component of crit(p). Suppose that A contains a nodal critical
point. Then since A is connected and Vo = 0 on A, it would follow that
A C Z(p) and hence each point of A is a nodal critical point. But the set of
nodal critical points is discrete (Lemma 2.2) and so A consists of a single point.

If each z € A is not a nodal critical point, then for each z € A, we have
Agp(z) # 0. Therefore, either d7¢(z) # 0 or d2¢(z) # 0. Without loss of
generality, we may assume that 92p(z) # 0, and hence V(9,)(z) # 0. Hence,
by applying the analytic implicit function at each point z € A, we find that
A is a real-analytic 1-manifold (without boundary). If A is compact, then A
is homeomorphic to a circle. Otherwise, there exist a possibly infinite open
interval I C R and a real-analytic unit speed parametrization v : I — A. Since
A is closed in 2, the map ~y is proper. O

3. Eigenfunctions on polygons

In this section, we consider a (compact) polygon P whose interior is con-
tained in an open set {2 so that 0P N J) consists of the vertices of P, and
we apply the analysis of Section 2 to study the restriction of an eigenfunction
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v on Q to P.5 In applications, ¢ will be the derivative of an extension of a
Neumann eigenfunction on P to a domain ; see Section 6.

Let ¢ denote the restriction of ¢ to P. The nodal set of 1) consists of the
portion of the nodal set of  that lies in P together with perhaps some vertices
of P.

Let « be a Cheng curve of .

Definition 3.1. The closure of a component of a N P will be called a
mazximal subset of the nodal set of w.

The nodal set of 1 is the union, not necessarily disjoint, of these maximal
subsets and perhaps some isolated vertices.

Figure 1. The nodal set of ¢ on €2 consists of two Cheng curves
associated with : the solid arc o and the hashed immersed
loop 8. The nodal set of the restriction of ¢ to P consists of
three maximal arcs.

PROPOSITION 3.2. Fach mazximal subset is either an immersed loop, an
isolated point in OP, or an immersed arc with endpoints in OP.

If a maximal subset is an immersed arc (resp. loop), then we will call it a
mazximal arc (resp. loop). Each intersection among maximal arcs and loops is
equiangular (see Remark 2.3).

Proof. Let a be a Cheng curve. Each component of aN P is either an arc,
a loop, or a point that lies in a side e of P. A loop and a point are both closed
and so each defines a maximal subset. Each point component corresponds to
alternative (2) in Lemma 2.4 with k = e. In particular, each point component
is isolated.

In fact, P need not be a polygon. We only need to suppose that a finite subset of the
Lipschitz boundary of P intersect €.
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To finish the proof we need to show that the closure of each arc component
B of aN P is either a loop or an arc with endpoints lying in 0P.

Suppose that the Cheng curve « is a loop. Then a N P is compact and
hence each component is compact. Thus since « is proper, the component 3
is either an immersed closed arc or an immersed loop, and if 8 # «, then 3 is
an arc with endpoints in dP.

If « is not a loop, then « is parametrized by a proper map ¢ : R — Q.
The subarc S is the image of an interval I. Regard the endpoints of I as lying
in the extended real numbers. If an endpoint a of I is finite, then c¢(a) lies in
OP and 0f contains c(a).

Suppose that oo is an endpoint of I. Let U, be the e-neighborhood of the
set of vertices of P. For e sufficiently small, each vertex v belongs to exactly
one component of U.. The relative complement P — U, is a compact subset of
Q, and hence ¢~ !(P — U,) is compact. In particular, there exists M > inf I
such that if ¢t > M, then c¢(t) ¢ P — U.. Thus, since ¢ is continuous, the arc
¢((M,00)) belongs the component of U, that contains v. Since e is arbitrary,
limy_y o0 c(t) = v.

A similar argument shows that if —oo is an endpoint of I, then lim;—,_  ¢(t)
exists and equals a vertex of P. If I = R, then both limits lie in the vertex
set. If the limits are equal, then the closure of § is an immersed loop, and
otherwise the closure is an immersed arc whose endpoints are distinct vertices.
In sum, the closure of 3 is either an immersed loop or an immersed arc with
endpoints in OP. O

In applications, the eigenfunction ¢ will arise from “reflecting” an eigen-
function u across the sides of a polygon P on which u satisfies Neumann con-
ditions.” More specifically, in Section 6, we will apply these results to a direc-
tional or angular derivative of the extension of u to a suitable domain €.

Extensions of a Neumann eigenfunction on a polygon can be constructed
via reflection. For example, suppose T is a triangle. Given a side e of T, let o,
denote the reflection about the line containing e. Following [Siul5], we define
the kite K. to be the closed set T'U o (T). If ¢ is an eigenfunction of the
Laplacian that satisfies Neumann conditions along e, then ¢ extends uniquely
to a real-analytic Neumann eigenfunction @ on K, that is reflection invariant:
pooe=¢.

For a general polygon P, there exist disjoint triangles T, C P indexed by
the edges e of P so that 0T, N OP = e. Moreover, the triangles T, may be
chosen so that o.(T.) Now(Tw) = (0 if e # €. Thus, we can umabiguously

"The analysis applies also to eigenfunctions with Dirichlet or mixed boundary conditions
on more general polygons.
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extend u to the union of P U |J,0c(T). The interior of this polygon will
serve as {2 in applications and will be implicit in what follows. In particular,
Proposition 3.2 applies to a Neumann eigenfunction u on any polygon. It
also applies to eigenfunctions obtained by differentiating v with respect to a
rotational or directional vector field. Indeed, each such derivative of u extends
to a derivative of .

The following does not depend on the preceding discussion. It should be
compared to Lemma 5 in [Siul5].

LEMMA 3.3. Let ¢ be an eigenfunction on a polygon P that satisfies Neu-
mann conditions along a side e. If a piecewise smooth arc o in the nodal set
Z (1) has both endpoints in e, then the eigenvalue of v is strictly greater than
the second Neumann eigenvalue of P.

Proof. By hypothes1s the arc a and the side e together bound a topolog—
ical disc D. Define 1 : P — R by setting w( ) =(z) if z € D and w( ) =
otherwise. The function @ZJ lies in H'(P) and satisfies Neumann condltlons
along e and Dirichlet conditions along the other sides of P. Hence the eigen-
value, A, of ¢ is larger than the first eigenvalue of the mixed eigenvalue problem
on P corresponding to Neumann conditions on e and Dirichlet conditions on
the other two sides. In turn, by Theorem 3.1 in [LR17], the first eigenvalue of
the mixed problem is greater than the second Neumann eigenvalue of P. [

From the proof one sees that P need not be a polygon. It could be a more
general domain whose boundary contains a line segment e. One need only
know that 1 satisfies Neumann conditions on e and that there is a topological
arc in the nodal set of ¢ whose endpoints lie in e.

By the mean of ¢ € H'(), we mean the integral of ¢ over Q. Let 3,
denote the outward normal derivative along the boundary of (.

LEMMA 3.4. Let Q be a bounded plane domain with Lipschitz boundary,
and let U C ) be an open subset with Lipschitz boundary. Let puo be the second
eigenvalue of the Neumann Laplacian on Q. Let p € H'(Q) be real-valued with
non-zero mean and with support in the closure U. If the restriction of ¢ to U

satisfies Ap = o - @, then
o0

Proof. Since ¢ satisfies A = s+ and supp(p) C U, integration by parts

gives
/Vw-Vw —/so-Aw +/ © - Oy —uz-/!w\z +/ @ - Oup.
Q U oU U o0

Let v be a second Neumann eigenfunction for 2. Then by Courant’s
nodal domain theorem, the complement of the nodal set of v has exactly two
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components. Let W be one of these components, and define w := v- 1y, where
1y denotes the characteristic function on the set W. Note that w € H(Q)
and has nonzero mean over €.

Since w satisfies Aw = po - w on its support W and since w satisfies
Neumann conditions on 0, integration by parts gives

(3) /Vw-Vw:/w-Aw —l—/ w-&,w:ug'/\wﬁ
Q w OW NN Q

Similarly, we have

(4) /W-Vw—/w-Aw +/ w-ﬁuw—uz-/w-w,
Q w OWNoN Q

where we have used the fact that d,w = 0 along 9Q N OW.
By combining (2), (3) and (4), we find that for each pair a,b of real
numbers, we have

/|a-V<p+b-Vw|2 :,uz-/|a-cp—|—b-w|2 —|—a2-/ © - 0.
Q Q o0

On the other hand, since ¢ and w both have non-zero mean, there exist a # 0
and b # 0 so that the mean of a- ¢+ b-w equals zero. Thus, by the variational
characterization of the eigenvalue u2, we obtain

/]a-Vgp—i—b~Vw|2 > ug‘/|a-<,0+b'w]2.
Q Q

Since a # 0, the claim follows. O

4. Neumann eigenfunctions on sectors
Let 2 C C be a sector of angle 5 and radius € > 0, that is,
Q:={z:0<arg(z) < and |z| < €}.

In this section, u is a (real) eigenfunction of the Laplacian on Q with eigenvalue
> 0 that satisfies Neumann boundary conditions along the boundary edges
corresponding to arg(z) = 0, 3 respectively. (We impose no conditions on the
circle of radius €.) We will use the expansion of u in Bessel functions near the
“vertex” 0 to derive information about both the nodal set and the critical set
of u.
Separation of variables leads to the following expansion valid near 0:
> nmf

0\ _ o ) cos | 27
(5) u(re ) 7;)% J?(\/ﬁ T) COb( 5 )
Here ¢,, € R and J,, denotes the Bessel function of the first kind of order v
[Leb72]. The series converges uniformly on compact sets that miss the origin.
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The Bessel function J,, has the expansion [Leb72]

& (_1)k ,T2k:

JV =r". ’
(r) =r §22k-r(k+u)-r(k+u+1)

where I' is the Gamma function. In particular, for each v > 0, there exists
an entire function g, so that J, (/i -r) = 1" g,(r?).® Note that none of the
Taylor coefficients of g, vanish. In particular, neither g, nor g/, vanishes in a
neighborhood of 0 for each v > 0. With this notation, the expansion in (5)
takes a more compact form:

o

(6) u (rew) = Z Cn " gn (7“2) ccos(n-v-0),

n=0
where v = 7/f5.
We will be interested in the level set, u~!(u(0)), that contains the vertex 0.
In particular, if u(0) = 0, then u~!(u(0)) is the nodal set of u.

LEMMA 4.1. There exists a neighborhood U of O such that u=!(u(0))NU
either equals {0} or equals the union of m — 1 real-analytic arcs aq, ..., Q-1
such that the pairwise intersection of oy and ay, equals {0} for each j # k.

Proof. By expanding each g,, the expansion in (6) becomes

(7) u (rew) = i i Cnnj " cos(n-v-0),

n=0 j5=0

where each ay, ; is nonzero. We have u(0) = cg-ag. Let n = min{n-v+2j : (n, j)
#(0,0), ¢p, # 0}, and let A ={(n,j):n-v+2j =n}. Then

(8) U(Z)T_nu(m: Y cn-ang-cos(n-v-0)+h(z),
(n,j)EA

where h is a real-analytic function and both |h(z)| and |0ph(z)| are of order
O(|z|%) as |z| tends to zero for some € > 0. The claim follows from the implicit
function theorem. O

Remark 4.2. The m in Lemma 4.1 need not be equal to 7.

We will require more specialized information about the level sets that
contain a vertex of a triangle when the vertex angle is acute or obtuse.

LEMMA 4.3. If the angle < /2, then there exists a neighborhood U of
0 such that

(1) if co # 0, then U Nu~(u(0)) equals {0}, and

8Note that though g, depends on the eigenvalue p, we will suppress p from the notation.
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(2) ifco =0 and c; # 0, then U Nu~t(u(0)) is a simple arc containing 0.
If 1/2 < B < 7, then there exists a neighborhood U of 0 such that

(1) if c1 # 0, then U Nu~(u(0)) is a simple arc containing 0, and
(2) ifc1 =0 and co # 0, then U Nu~(u(0)) = {0}

If co = 0 = c1, then there exists a neighborhood U of 0 such that U Nu~!(u(0))
consists of at least two arcs.

Proof. Suppose 8 < 7/2. If ¢y # 0, then n defined in Lemma 4.1 equals
2 and A = {(0,1)}. In particular, the trigonometric polynomial appearing on
the right-hand side of (8) is a constant, and hence UNu~!(u(0)) = {0}. On the
other hand, if cp = 0 and ¢; # 0, then n = v and A = {(1,0)}. In this case, the
trigonometric polynomial of the right-hand side of (8) equals ¢1-a1 - cos(v-0),
and hence U Nu~!(u(0)) is a simple arc.

Suppose /2 < B < m. If ¢; #0, then n =v < 2 and A = {(1,0)}. Thus,
the trigonometric polynomial equals ¢; - ajg - cos(v - 0), and U N u~t(u(0))
is an arc. On the other hand, if ¢; = 0 and ¢y # 0, then the trigonometric
polynomial is a constant, and hence U Nu~!(u(0)) = {0}.

Finally, if cg = 0 = ¢;, then each term in the trigonometric polynomial in
(8) is the product of a constant and cos(n-v-6), where n > 2 and n-v+2j = n.
Such a function has at least two roots. O

PROPOSITION 4.4. If 8 is not an integer multiple of /2, then there exists
a deleted neighborhood of 0 € Q that contains no critical points of u. If 8 =
/2, then there exists a neighborhood U of 0 such that crit(u) N U is either
empty, equals {0}, or equals exactly one edge of the sector.

Remark 4.5. The conditions on [ are necessary. For example, on the
square [0, 7] x [0, 7] we have the Neumann eigenfunction u(z) = cos(z). In this
case, the set {z : = 0} lies in the critical set of u.

9 is a critical point of u if and only if both the

radial derivative d,u and the angular derivative Jpu vanish at z. Let ¢, be

Proof. The point z = re’

the first nonzero coefficient in the Bessel expansion in (6). By differentiating
term-by-term, we obtain

9) Opu (2) = — Z Cn T Gy (r?) n v -sin(n- v - 0)

and

o

(10) Oru(z) = Z o1V (n-v- G (12) + 202 - g;W(r2)) ccos(n-v-0).

n=m
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In particular,
(1) Bpu(2) = —cm - ™" - gnw(r?) -m v -sin(m-v-0) +0O (r(m+1)y)
and

Oru (2) = Cpp - pmrl (m -V gm.u(r2) + 272 'g:n-l/(r2))

12
12 ccos(m-v-0) +0 (T(erl)z/fl) 7

where O ('rk) represents a function defined in a neighborhood of 0 that is
bounded by a constant times 7*.

Suppose that dypu(z) = 0 and m > 1. Then since g, (0) # 0, we find from
(11) that |sin(m-v-0)] < O (r¥). It follows that there exists k € {0,1,...,m}

so that

(13) '9 - %ﬁ —0(™).

Suppose that d,u(z) = 0. If m > 1, then m - v # 0, and so from (12) we find
that | cos(m - v-0)| < O(r"). It follows that there exists k € {0,...,m — 1} so

that
2k +1

2m b
Therefore, if m > 1, there exists € > 0 such that if 0 < |z| < €, then J,u(2)
and Ogu(z) cannot both be zero.

If m = 0, then the term associated to ¢, # 0 in (10) might not be
dominant, and so (12) might not be useful. Which term is dominant depends
on the index of the next nonzero coefficient ng := inf{n € Z* : ¢, # 0}.

If B < ng-m/2, then the term in (12) associated to cp is dominant, and

0 —

=O(r").

thus 0,u does not vanish for small r. If 8 > ng - 7/2, then, on the one hand,
the term in (12) associated to ¢y, is dominant, and we find that there exists
k€ {0,...,n0 — 1} so that |# — (2k + 1) - 8/(2no)| = O(rc) for some € > 0.
On the other hand, the leading term in (9) corresponds to ng and hence we
find that |sin(ng-v-60)] < O(r¥), and so |6 — (k/ng) - B] = O(r”) for some
integer k. It follows that Ogu and J,u cannot both vanish near 0.

If B = 7/2, then since u satisfies Neumann conditions along the edges, we
may use the reflection principle to extend u to a smooth eigenfunction on the
disk |z| < e. By Proposition 2.5, if 0 lies in the critical locus of u, then there
exists a disk neighborhood U of zero such that crit(u) NU = {0} or crit(u) U
is a real-analytic arc «. Because the extended eigenfunction is invariant under
reflection across both the real and imaginary axes, the arc « is also invariant
under these reflections and hence lies either in the real or imaginary axis. [

Remark 4.6. If 8 = m, then the sector is a half-disk. One can apply the
reflection principle to extend w to the disk. Using Proposition 2.5, we find
that if 0 is a critical point, then there exists a neighborhood U of 0 such that
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crit(u) NU is either {0}, equals the real-axis, or is an arc that is orthogonal to
the real-axis.

Remark 4.7. Tf ¢; # 0, then there exists rg > 0, such that if 0 < z < rg
and 0 < arg(z) < f, then z is not a critical point of u. Indeed, for each n,
0 — sin(n-v-0)/sin(v - 0) defines an analytic function on R, and hence from
(9) we have
Opu(z) = —sin(v-0) - r” (cl v-9,(0)4+ 0O (r”/)) ,

0

where v/ = min{v,2}. Thus, if z = re? is a critical point and 0 < # < 3, then

there exists C' such that
(14) 1] v g, (0) < C -V,
and therefore 7 > (|e1| - v - g,(0)/C)Y/Y'.

5. A second Neumann eigenfunction of a polygon

In this section, P is a simply connected polygon, and u is a second Neu-
mann eigenfunction for P.

We will use the following well-known fact many times in the sequel. Let
Q) be a bounded domain with Lipschitz boundary.

LEMMA 5.1. Let Q' be a subset of Q with piecewise smooth boundary, and
suppose that f € H'(Q) satisfies Dirichlet boundary conditions on S, that is
flocw = 0. Then the Rayleigh quotient R(f) is strictly greater than ua(S2).
In particular, if f itself is a \-eigenfunction on € with Dirichlet boundary
condition, then A > ua(2).

Proof. By the variational characterization of the first Dirichlet eigenvalue,
we have R(f) > A (Q). By the domain monotonicity of the first Dirichlet
eigenvalue, we have A\1 () > A\(Q), and by a result of Pélya [P4152], we have
AM(Q) > p2(9). O

The following fact is also well known.

THEOREM 5.2. The nodal set of u consists of one simple maximal arc that
divides P into two components.

Proof. By Lemma 2.2, the nodal set Z(u) is a collection of loops and
maximal arcs. Lemma 5.1 implies that there are no loops. By Courant’s nodal
domain theorem, the complement 7'\ Z(u) has exactly two components. The
claim follows. ]

If v is a vertex of the polygon P, then an e-neighborhood of v can be
identified with a subset of a sector. For each vertex v, we consider the Bessel
expansion of u about v, and we let ¢ denote the associated 4% Bessel co-
efficient. Note that the sign of each odd coefficient depends on a choice of
orientation of the plane. Here we will adopt the standard orientation.
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COROLLARY 5.3. Let v be a vertex of P. The first two Bessel coefficients,
¢y and cf, cannot both equal zero.

Proof. If both cj, c{ were both zero, by the last statement of Lemma 4.3,
there would exist (at least) two arcs in Z(u) that emanate from v. These
arcs could not be part of a loop by Lemma 5.1, and so they would have to be
distinct, but this would contradict Theorem 5.2. O

The following is a consequence of a more general result of [Nad86], but it
follows easily from the previous corollary.

COROLLARY 5.4. The dimension of the space E of second Neumann eigen-
functions is at most two.

Proof. Define the linear map f : E — R? by f(u) = (c{,c}), where v is a
vertex of P. By Corollary 5.3, the map has no kernel, and so the dimension of
F is at most two. (]

Theorem 5.2 also implies the following.

COROLLARY 5.5. Suppose that P is a triangle. If v and v’ are two distinct
vertices of P, then ¢} = u(v) and ¢ = u(v') cannot both equal zero.

Corollary 5.5 is not true for general polygons. For example, the function
cos(mz) —cos(my) is a second Neumann eigenfunction of the square [0, 1] x [0, 1]
that vanishes at both (0,0) and (1,1).

Proof. Suppose to the contrary that ¢j and cgl are both zero. Then by
Corollary 5.3, the coeflicients c{ and 071’/ are both nonzero. Thus, by Lemma 4.3,
there would exist an arc in Z(u) emanating from v and an arc in Z(u) ema-
nating from v’. By Theorem 5.2 these arcs would belong to the same maximal
arc in Z(u) that joins v and v'. Because P is a triangle, the endpoints of this
arc would lie in the same side of P. This would contradict Lemma 3.3. (]

As discussed in Section 3, the eigenfunction u can be extended by reflection
to an eigenfunction ¢ on a domain €2 that contains P with its vertices removed.

PROPOSITION 5.6. Let P be a convexr polygon. If e is a side of P, then
either e belongs to the critical set, crit(u), or crit(u) Ne is finite. Moreover,
crit(u) is a finite union of properly embedded real-analytic arcs and isolated
points.

Proof. By Proposition 2.5, each component of the critical locus of ¢ is a
properly embedded, real-analytic arc or loop, or an isolated point. Since P is
convex, the angle 8 at each vertex is less than 7. Hence Proposition 4.4 implies
that there is a neighborhood U of the vertex set of P such that if a component
of crit(u) intersects U, then that component equals a side of P. It follows that
either a side e belongs to crit(u) or crit(u) N e is finite. Hence, the number of
components of crit(u) is finite.
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For each constant vector field L, the critical set of ¢ is a subset of the
nodal set of Ly. Since L commutes with A, the function Ly is a Laplace
eigenfunction with eigenvalue ps(P). Thus, by applying Lemma 5.1 to Lu
on P, we find that the nodal set of Lu does not contain any loops. O

COROLLARY 5.7. If P is a triangle, then crit(u) is a finite set.

Proof. Tt suffices to show that crit(u) does not contain any arc. Suppose
to the contrary that crit(u) contains an arc. Because each arc a of crit(yp) is
properly embedded, the two endpoints of « lie in 97'. Because P is a triangle,
there exists a vertex v so that the endpoints of « lie in the union of the two
sides adjacent to v. (If a coincides with a side of P, then let v be the opposing
vertex.) Now consider the rotational derivative R,u (see (15)). Observe that
R,u vanishes on the sides adjacent to v and along «. In particular, the nodal
set of R,u contains a loop. Since the rotational derivative commutes with the
Laplacian, R,u is a Laplacian eigenfunction with eigenvalue ug(P). Thus, we
have a contradiction to Lemma 5.1. (|

6. Derivatives and critical points of a second Neumann
eigenfunction of a polygon

In this section, u is a second Neumann eigenfunction for a polygon P. If
X is a vector field that commutes with the Laplacian, then Xwu is a Laplace
eigenfunction with eigenvalue p2(P).” In this section, we use the results of
the preceding sections to analyze the nodal sets of Xu. Note that each vector
field that commutes with the Laplacian is either a constant vector field or a
rotational vector field.!”

In the following X will denote a vector field that commutes with the
Laplacian. Given a side e of P, let e® denote the interior of e, that is, the side
e with its vertices removed.

LEMMA 6.1. Ife is a side that is not contained in Z(Xu), then each point
in €° N Z(Xu) is a critical point and, in particular, e® N Z(Xu) is finite.

Proof. The intersection e° N Z(Xwu) is either finite or coincides with e°.
Indeed, if e® N Z(Xu) is not discrete, then it follows from Lemma 2.4 that the
side e is contained in Z(Xwu). If e°N Z(Xwu) is discrete, then the vector field X
restricted to e is independent of the constant vector field that is normal to e,
and so each point in e° N Z(Xwu) is a critical point of u. By Proposition 5.6
the set of critical points in e° is finite, and so the set e° N Z(Xwu) is finite. O

9The function Xu may not satisfy any reasonable boundary conditions.
10These vector fields are the Killing fields for the Riemannian metric tensor associated to
the Euclidean metric.
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Let £(Xu) denote the union of the sides of P that lie in Z(Xu).

A (topological) graph is said to be finite if and only it has finitely many
vertices and edges. The degree of a vertex p of a graph is the number of edges
that emanate from p.'' A simply connected graph is called a tree. A tree that
contains at least one edge has at least two degree 1 vertices.

PROPOSITION 6.2. The nodal set of Xu is a finite disjoint union of finite
trees. Moreover, each degree 1 vertex of Z(Xu) lies in OP.

Proof. The nodal set Z(Xu) is the union of its maximal subsets (see Sec-
tion 3). By combining Lemma 5.1 and Proposition 3.2, we find that each
maximal subset is either an embedded C' arc with distinct endpoints in 9P
or an isolated point in a side of P. Lemma 5.1 also implies that any pair of
distinct maximal arcs has at most one point of intersection.

Each endpoint g of a maximal arc lies in some side e of P. Lemma 6.1
implies that either ¢ lies in £(Xwu), ¢ is a critical point of u, or ¢ is a vertex of P.
Thus, by Proposition 5.6, the subset of 0P \ £(Xu) consisting of endpoints of
maximal arcs is finite. By Lemma 2.2, the number of maximal arcs that meet
at a given point is finite, and hence the set of maximal arcs that have at least
one endpoint in 9P \ £(Xwu) is finite. Lemma 5.1 implies that at most one
maximal arc joins a side e C £(Xu) to a distinct side ¢ C £(Xwu). Thus, the
set of maximal arcs that have at least one point on a side in £(Xwu) is finite.

In sum, the collection of maximal arcs is finite and each pair of maximal
arcs has at most one intersection point. Hence Z(Xwu) is a finite graph, and
thus, by Lemma 5.1, a finite union of finite trees. O

We will be especially interested in degree 1 vertices of Z(Xwu) that are not
vertices of P. By Lemma 6.1, such a vertex is a critical point of u. We will
show in Section 10 that each such critical point is stable under perturbation.

LEMMA 6.3. If a component C of Z(Xu) intersects the interior of P and
E(Xwu) is connected, then C' has a degree 1 vertex in OP \ £(Xu).

Proof. Let C be a component that intersects the interior of P. By Propo-
sition 6.2, the component C is a tree whose degree 1 vertices lie in OP. If C
does not contain £(Xwu), then each degree 1 vertex of C lies in 9P \ £(Xu).

Suppose, on the other hand, that C' contains £(Xu). The closure C’
of each connected component of C\E(x) is a subtree of C. Since £(Xu) is
connected, by Proposition 6.2 at most one of the vertices of this tree lies in

E(Xwu). Since C’ has at least two degree 1 vertices, some degree 1 vertex of C
lies in OP\E(Xu). O

"T¥or example, an isolated point in the set Z(Xu) is regarded as a degree 0 vertex.
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Recall that the vector fields X that commute with the Laplacian consist
of two types: the constant vector fields and the rotational vectors fields. We
will use the term “directional derivative” to describe the result of applying a
(real) constant vector field L.

We are particularly interested in the unit vector field, L., that is parallel
to a side e of a polygon P such that a 7/2 counterclockwise rotation of L.
points into the interior of P. Note that if ¢ satisfies Neumann conditions
along e, then L.y also satisfies Neumann conditions along e.

We will let L} denote the unit vector field that is outward normal to the
side e. Note that ¢ satisfies Neumann conditions if and only if L1 = 0 along
each side e of P.

By “angular derivative” we will mean the result of applying the rotational
vector field R, that corresponds to the counter-clockwise rotational flow about
a point p. To be precise, if p = p1 + ipo, then

(15) Ry=—(y—p2) 0x+ (x —p1) - 0.

The vector field R, commutes with the Laplacian, and so if u is a Laplace
eigenfunction, then Ry,u is also an eigenfunction with the same eigenvalue.

LEMMA 6.4. Ifv is a vertex of P, then E(Ryu) contains the sides adjacent
to v.

Proof. Let e be an edge that is adjacent to v. The vector field R, restricted
to e coincides up to scaling with the vector field L} that is orthogonal to e.
Since u satisfies Neumann conditions, we have e C Z(Xu). O

COROLLARY 6.5. Let v be a vertex of a triangle T. If Z(R,u) intersects
the interior of T, then Z(Ryu) has a degree 1 vertex that lies in the side
opposite to v.

Proof. By Lemma 6.4 the two sides adjacent to v are in E(R,u). By
Proposition 6.2 the third side, the side opposing v, is not in £(R,u) and hence
the assertion follows from Lemma 6.3. U

LEMMA 6.6. Let e be a side of P that is not contained in crit(u). Then

(1) e is not contained in Z(Leu),

(2) Z(Leu) Ne® = crit(u) Ne°, and

(3) each point in Z(Leu) Ne is an endpoint of a mazimal arc of Z(Leu) that
intersects the interior of P.

Proof. The first assertion follows from the fact that L, and L1 are inde-
pendent. The second assertion then follows from Lemma 6.1.

The third assertion follows from the fact that L.u—and hence Z(Leu)—
is symmetric with respect to the reflection along e. Indeed, suppose p lies in
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Z(Leu)Ne. Choose a disc neighborhood D of p, and extend u to an eigenfunc-
tion w in D that is invariant under the reflection o, about e (see Section 3).
By applying Lemma 2.2, we find a perhaps smaller neighborhood D’ of p so
that D' N Z(Leu) is a finite union of embedded arcs that intersect only at p
and in an equiangular fashion. Because e is not contained in Z(L.u), none of
these arcs coincides with e. Since the nodal set is invariant under reflection
each arc intersects the interior of P. O

LEMMA 6.7. Let e be a side of P. For each maximal arc of Z(L.u) that
intersects the interior of P, there exists a degree 1 vertex of Z(Leu) that lies in
OP \ e. Distinct maximal arcs with an endpoint lying in e give rise to distinct
degree 1 vertices in OP \ e.

Proof. Because u satisfies Neumann conditions on e, the function L.u
satisfies Neumann conditions along e. By Proposition 6.2, the nodal set Z(L.u)
is a finite union of finite trees. Each maximal arc of Z(L.u) that intersects the
interior of P lies in the closure C of a component of Z(L.u) \ e. The tree C
has at least two degree 1 vertices. If both vertices were to lie in e, then there
would be a topological arc in Z(Leu) that joins two points in e. This would
contradict Lemma 3.3.

If the closure, C, of a component of Z(L.u)\e were to contain two maximal
arcs each of which has an endpoint in e, then there would be a topological arc
in C' with endpoints in e. If the endpoints of this arc were distinct, then this
would contradict Lemma 3.3, and if the endpoints were equal, then this would
contradict Lemma 5.1. Therefore, each such C contains at most one maximal
arc with an endpoint in e, and the components corresponding to two distinct
such maximal arcs are distinct. Hence they give rise to two distinct degree 1
vertices that lie in 9P \ e. O

LEMMA 6.8. Let e be a side of P. If a mazimal arc of Z(Leu) joins the
side e to an adjacent side €', then e and €' are not perpendicular.

Proof. 1If € is perpendicular to e, then L. and Lj differ by a scalar. Thus
since u satisfies Neumann conditions along €', €’ is contained in Z(L.u). If e
and e’ were adjacent and a maximal arc in Z(L.u) were to join e to ¢/, then
we would have a contradiction to Lemma 3.3. (]

7. Derivatives and critical points of a second Neumann
eigenfunction of a triangle

In this section, we use the analysis of the previous sections to show that
if P is a triangle and u has either an interior critical point or a degenerate
critical point on the boundary, then u has at least three critical points on the
boundary.
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LEMMA 7.1. Let u be a second Neumann eigenfunction of a triangle T'. If
u has a critical point that lies in the interior of T', then for each vertex v of T,
the nodal set of Ryu has a degree 1 vertex that lies in the interior of the side
opposite to v. In particular, if u has a critical point that lies in the interior
of T, then u has at least three more critical points each lying in a distinct side
of T.

Proof. If p is a critical point of u, then R,u(p) = 0 for each vertex v of
T. Hence Z(R,u) intersects the interior of 7', and we may apply Corollary 6.5
to obtain a degree 1 vertex p of Z(R,u) that lies in the side e that is opposite
to v. The side e is not contained in £(R,u), and so, by Lemma 6.1, the point
p is a critical point of u. O

We will also show that if u has a degenerate critical point on the boundary
of a triangle T', then u contains at least three critical points on the boundary.

LEMMA 7.2. Suppose that the side e of T lies in the real axis and that 0
lies in the interior of e. If 0 is a critical point of u, then the Taylor expansion
of u has the form

(16) u(z) =ago +ag-x° +anz -y’ +as- (z° —3z-y%) +O(4).
Moreover, either agg # 0 or agy # 0.

Proof. Let u be the extension of u to the interior of the kite K. obtained
by reflecting about e. Let hi be the homogeneous polynomial of degree k in
the Taylor expansion of u. Since 0 is a critical point, hy = 0. We also have
Ahs = p-hy =0, and hence hg is harmonic. Since u(x, —y) = u(z,y), we have
hi(z, —y) = hg(x,y). In particular, hy = agg - #2 + ag2 - y>. A straightforward
argument shows that if a harmonic polynomial of degree 3 is invariant under
(x,9) = (z,—y), then it is a multiple of 2% — 3x - y2. The first claim follows.

By Theorem 5.2, the nodal set Z(u) is a simple arc that intersects 9T at
its endpoints. Thus, since u is obtained from u by reflecting across e, the nodal
set of u is a simple arc or loop containing 0. If both asg and agy were equal
zero, then hy = 0 and so we would have hg = 0. Thus 0 would be a nodal
critical point, and by Lemma 2.2, the valence of the vertex 0 in Z(u) would be
at least 4. Because Z(u) is invariant under (z,y) — (x, —y), the nodal set of
u would consist of at least two arcs, thus contradicting Theorem 5.2. So either
ago#OOraOQ;«éO. O

In what follows, when considering the Taylor expansion of a critical point p
that lies in a side e, we may assume, without loss of generality, that coordinates
have been chosen so that p = 0, the side e lies in the x-axis, and the triangle
T lies in the upper half-plane. In particular, from (16) we find that such a
critical point p of u is degenerate if and only if asg = 0 or ag2 = 0.
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PROPOSITION 7.3. Suppose that p is a degenerate critical point of u that
lies in a side e. If agy = 0, then u has at least one critical point in each side
of T. Moreover, at least two of these critical points are such that each of these
1s a degree 1 vertex in the nodal set of a rotational derivative of u.

Proof. Let v = xg + i -0 be an endpoint of e, and let u be the reflection
u across e. Because u satisfies Neumann conditions on e, the function R,u
vanishes on e. From the Taylor expansion (16) we find that

Ryu = —2a29 - -y + 2a02 - (v — x0) -y + O(2).

In particular, if ags = 0, then p is a nodal critical point of R,u. Thus, by
Lemma 2.2, at least two Cheng curves for R,u intersect transversely at p.
Since u is a Neumann function, one of these curves coincides with the z-axis,
and so the other curve must intersect the interior of T Since T is a triangle,
it follows from Corollary 6.5 that u has a critical point on the side opposite
to v that is a degree 1 vertex in Z(R,u). By applying the argument to both
endpoints of e, we obtain the claim. ([

PROPOSITION 7.4. Suppose that p is a degenerate critical point of u in
a side e. If asg = 0 and agg = 0, then u has at least three critical points in
the boundary of T'. Moreover, at least two of these critical points are degree 1
vertices of the nodal set of Leu.

Proof. Let w denote the reflection of u across the edge e which, as before,
we may assume lies in the z-axis. From the Taylor expansion (16) we have

(17) Leti = 0,1 = 2as0 - © + 3azo - (22 — y%) + O(3).

Thus, if asg = 0, the function L.u has a nodal critical point at p = 0. And if,
in addition, azyp = 0, then by Lemma 2.2 there are at least three C! arcs in the
nodal set of L.u that pass through p = 0. By Corollary 5.7 and Lemma 6.6,
none of these curves can coincide with the side e. Therefore, since Z(L.u)
is invariant under reflection about e, each Cheng curve that passes through
p intersects the interior of T'. In other words, at least three maximal arcs of
Z(Leu) enter the interior of 7" at p. By Lemma 6.7, the set Z(Leu) \ {p} has
three components, and each component has a degree 1 vertex in 97 \ e. At
most one of these degree 1 vertices lies at the vertex of T opposite to e, and
so at least two lie in the interiors of edges. Each of these points is a critical
point of u that is distinct from p. O

LEMMA 7.5. Suppose that p is a degenerate critical point of u that lies
in the side e. Suppose that azg = 0, ages # 0, and asg # 0. Let L denote the
directional derivative ¢y -0y +c2- 0y, and suppose that ¢y # 0 # ca. If (a30/a02)-
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(c1/c2) > 0, then p is a degree 0 vertex of Z(Lu), and if (aso/ap2)-(c1/c2) <0,
then p is a degree 2 vertex'? of Z(Lu).
Proof. From (16) we find that
Lu =2cy-ap2-y +3aso (c1 - (w2 — y2) —2c-x-y) +O(3).

We have 9,Lu(0,0) # 0, and so by the implicit function theorem there exists
a function f : (—e,¢) — R? such that the zero level set of Lu near (0,0)
is the image of z +— (x, f(x)). Implicit differentiation gives f’(0) = 0 and
17(0) = —3(aso/ap2) - (c1/c2). It follows that there exists a neighborhood U
of p so that if (agp/ag2) - (¢1/c2) > 0, then (U — {p}) N Z(Lu) lies below the
x-axis, and, if (aso/ap2) - (c1/c2) < 0, then (U — {p}) N Z(Lu) lies above the
z-axis. The claim follows. (]

PROPOSITION 7.6. Suppose that p is a degenerate critical point of u in a
side e. If agg = 0 and azg # 0, then u has at least three critical points in the
boundary of T. Moreover, there exist two critical points of u in the boundary
such that each of these critical points is a degree 1 vertex of the nodal set of
some directional or angular derivative of u.

We will use the following fact. If G is a graph, then for each component C'
of G and each vertex v in C, the degree of v in C' equals the degree of v in G.

Proof. Let u be as in the proof of Proposition 7.4. Since asg # 0, we
find from (17) that there are exactly two C! arcs in the nodal set of L.u that
meet transversely at p, and moreover, both curves intersect the interior of 7.
In particular, if A denotes the component of Z(L.u) that contains p, then
the vertex p of Z(L.u) has degree 2. Since L.u satisfies Neumann conditions,
Lemma 3.3 implies that p is the only vertex of the tree A that lies in e. In
particular, A contains at least two degree 1 vertices that lie in OP \ e. If at
least two of these degree 1 vertices do not equal v, then we are done. Hence, we
may assume that A is a topological arc with one endpoint equal to v and the
other endpoint equal to a critical point ¢ that lies in a side €’ distinct from e.

If A+# Z(Leu), then Z(L.u) has a second component B. By Lemma 6.7,
the component B would have a degree 1 vertex, r, in OP \ e that is distinct
from v and ¢. In particular, the point  # ¢ lies in the interior of a side distinct
from e. Thus, the proposition is proven in this case.

Therefore, in the only remaining case, the nodal set Z(L,e) is a topological
arc with a degree 2 vertex at p in e, with one endpoint ¢ in a side €' distinct
from e, and with the other endpoint equal to v. See Figure 2. In particular,
by Lemma 6.8, the side e is not perpendicular to either ¢ or the remaining
side €.

120ne may also regard such a point as a smooth point of Z(Lu).
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e

Figure 2. The nodal set of L.u in the proof of Proposition 7.6.

Consider the nodal set of Leu. Since q is a critical point of u, Lemma 6.6
implies that the component C of Z(Leu) that contains g intersects the interior
of T. Hence, by Lemma 6.7, C' has a degree 1 vertex z that lies in 9T \ €.
If z is not equal to either p or the vertex v’ opposite €/, then we would have
another critical point that is a degree 1 vertex of the nodal set of a rotational
or directional derivative, and the proof would be complete. So we may assume
that z =por z =v'.

Since €’ is not perpendicular to e, there exist ¢; # 0 # ¢y so that Ly =
c1 - 0p + c2 - 0y. By applying Lemma 7.5 with L = L./, we find that z cannot
equal p, and thus z = v’. Hence there is a (topological) arc in C' that joins ¢
to v’. This arc necessarily intersects the (topological) arc in Z(L.u) that joins
p and v. If the point of intersection lies in the interior, then it is an interior
critical point, and then the proposition follows from Lemma 7.1. Thus, for
the remainder of the proof we may assume that we are in the case where the
point of intersection is p. In particular, by Lemma 7.5, we may assume that
the quantity (asp/ag2) - (c1/c2) is negative.

Next, consider the nodal set of Lém = c3 - 0y — c1 - 0y. The quantity
(aso/ap2) - (—c2/c1) is positive, and therefore Lemma 7.5 implies that the point
p is a degree 0 vertex of Z(Liu). If Lé; has a critical point on €/, then this
critical point belongs to a component C' of Z (L?u) that intersects the interior
of T. Thus, by Lemma 6.3, C has a degree 1 vertex z’ that lies in OP \ €.
Since p is a degree 0 vertex, if 2’ # v/, then we have an additional degree 1
vertex, not equal to p, of the nodal set of a rotational or directional derivative
and we are done. If, on the other hand, 2/ = v/, then there exists a topological
arc « joining €’ to v’. Since p is a degree 0 vertex, the arc « intersects Z(Leu)
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in the interior of T". This intersection point would be an interior critical point,
and Lemma 7.1 would give the proposition.

Thus, to finish the proof of the proposition it suffices to show that Liu
has a critical point in €¢/. For the remainder of the proof, we will suppose
to the contrary that Liu does not have a critical point in €’ and derive a
contradiction.

We claim that the normal derivative of L.u does not equal zero on the
interior of /. To see this, note that there exist by, by so that L, = by-Ly +bo -Lj
and by # 0. Since u satisfies Neumann boundary conditions, the function
Le/Lﬁu = L?Le/u vanishes on e’. Hence, along ¢ we have Li(Leu) = by -
LY LLu, and so the normal derivative of L.u along €’ equals by - (L)?u. Thus,
if the normal derivative of L.u were to vanish at a point zg in the interior of €,
then we would have (L%)?u(z9) = 0. But then z would be a critical point of
L one.

Recall that Z(L.u) is a topological arc with endpoints ¢ and v. In partic-
ular, Z(Leu) \ {p} has two arc components: a component C, that contains v
and a component C, that contains g. See Figure 2.

Let K denote the connected component of 7'\ C, that contains q. Then
OKNOT is contained in eUe’. Let U™ be the subset of K on which u is positive,
and let U~ be the subset of K on which u is negative. We claim that U™ and
U~ are both nonempty. Indeed, if K = UT, then each point in Cy N K° would
be a nodal critical point of u, and this would violate Lemma 2.2.13

By the discussion above, the normal derivative, 0, L.u, of Leu is nonzero
on the interior of €/. Thus, the function Leu -0, Leu on € is either negative on
e/ NOU™T or it is negative on ¢ NOU . Let U = U™ if L.u - 0, Lou is negative
on €, and let U = U~ otherwise. Because u satisfies Neumann conditions
along e, the normal derivative of L.u along e vanishes identically on e.

Define ¢ := 1y - Leu. Then the integral of ¢ - 0, over 0T is negative.
But ¢ satisfies the hypotheses of Lemma 3.4 with T' = €2, and so the integral
of ¢ - 0, over JT is nonnegative. This is the desired contradiction. O

The following theorem summarizes Propositions 7.3, 7.4, and 7.6. It plays
a prominent role in the proof of Theorem 1.1.

THEOREM 7.7. Ifu has a degenerate critical point p that lies in the bound-
ary, then there exist at least three boundary critical points. Moreover, there ex-
ist two critical points of u in the boundary such that each of these critical points
is a degree 1 vertex of the nodal set of some directional or angular derivative

of u.

13In fact, Lemma 2.2 implies the well-known fact that the eigenfunction u takes opposite
signs on adjacent nodal domains.
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COROLLARY 7.8. Ifu has exactly one critical point p, then p is a nonde-
generate critical point in OT .

Proof. By Lemma 7.1, the point p lies in 9T. By Theorem 7.7, the point
p is nondegenerate. U

The following lemma will be used in the proof of the obtuse case of The-
orem 1.1,

LEMMA 7.9. If the first Bessel coefficient c¢1 at v equals zero, then u has
a critical point lying in the interior of the side that is opposite to v.

Proof. Let m be the smallest positive integer n such that ¢, # 0. By
hypothesis, we have m > 2, and so from (9) we find that

Ryu(z) = cm-m- v gmy (7“2) ™Y sin(m-v-60) +0 (T(erl)'V) )

It follows that the nodal set of R,u intersects the interior, and hence by
Lemma 6.5, the edge opposite to v contains a critical point. O

The following will be used in Section 11 in the proof of the main theorem.

PROPOSITION 7.10. If a side e of T contains at least two critical points
of u, then u has a third critical point that lies in the interior of a side €' of T
that is distinct from e.

Proof. Let p1 and p_ be critical points of u that lie on e. By Corollary 5.7
the side e is not contained in crit(u), and hence by Lemma 6.6, there exists
a maximal arc ag of Z(Leu) that intersects the interior of 7' and has py as
an endpoint in e. By Lemma 6.7, the other endpoint of ay lies in 9T \ e. By
Lemma 3.3, the endpoints of oy and a_ cannot both be equal to the vertex
opposite to e. Thus one of the arcs has an endpoint p in the interior of a side
¢’ that is distinct from e. By Lemma 6.8, the side e is not orthogonal to €,
and so the vector fields L. and Lé7 are independent. Therefore, p is a critical
point of wu. O

8. One nondegenerate critical point on a side of a triangle

In this section we show that if a second Neumann eigenfunction v has
exactly one critical point, then each vertex is an isolated local extremum of u.
To prove this we will consider the “double” of the triangle and the extension
of u to the double.

The construction of the double goes as follows. Let T” be a second triangle
in the plane that is isometric to T but disjoint from 7', and let f : T — T’
be an isometry. The double of T', DT := TUf\aT T’, is the topological space
obtained by identifying OT to OT" via the restriction of f. The space DT is
homeomorphic to a two-dimensional sphere. The space DT has three “cone
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points,” Dvy, Dvy, Dvs, each corresponding to a vertex of T'. The complement
of these cone points has a smooth Riemannian metric whose restriction to 7'
and T” coincides with the Euclidean metric.

Define Du : DT — R by setting Du(z) = u(z) if z € T and Du(z) =
wo f71(2) if z € T'. The restriction of Du to DT \ {Duvy, Dvy, Dus} is a
smooth Laplace eigenfunction.

Let x(X) denote the Euler characteristic of a cell complex; that is, x(X)
is the alternating sum of the number of k-cells. Each surface (resp. graph) is
a cell complex, and the Euler characteristic only depends on the topology of
the surface (resp. graph).

Recall that the Morse index of a nondegenerate critical point is the sum
of the dimensions of the eigenspaces of the Hessian that have have negative
eigenvalues. In particular, the Morse index of a nondegenerate critical point of
a smooth function defined on a surface equals 1 if and only if the determinant
of the Hessian is negative. We will say that a point p is an isolated local
extrema of u provided the connected component of u~1(u(p)) that contains p

equals {p}.

PROPOSITION 8.1. Ifu has exactly one critical point p, then each vertex v
1 an isolated local extremum of u and the critical point is nondegenerate with
Morse index 1. If u has no critical points, then exactly two of the vertices are
1solated local extrema.

Proof. Consider the level sets of Du : DT — R. Let A be the union of the
level sets that contain a critical point of u or a vertex of 1. The complement
S := DT\ A s foliated by the levels sets of Du that are each homeomorphic to
a circle. In particular, the set DT\ A is a disjoint union of annuli. Since each
annulus in DT is obtained by adding a single 1-cell and a single 2-cell to A,
the surface DT is obtained from the graph A by adding the same number of
1-cells and 2-cells. It follows that 2 = x(DT) = x(A).

By Lemma 4.3 and Corollary 5.3, the component of a level set of u that
contains a vertex v either equals {v} or is a simple arc. Thus, the component
of a level set of Du that contains a cone point either consists of the cone point
or is a simple loop. Note that each isolated point has Euler characteristic equal
to one, and each loop has Euler characteristic equal to zero.

Suppose that u has exactly one critical point, p. By Corollary 7.8, the
critical point p is nondegenerate and belongs to a side of T'. The level set, I, of
Du that contains Dp either equals { Dp} or is homeomorphic to a figure eight.
The Euler characteristic of the figure eight is —1, and so 2 = x(A) = +£1 + k,
where k is the number of vertices that are isolated extrema of w. Thus, £k =1
or k = 3. The case k£ = 1 is impossible by Corollary 5.5. Hence I' is a figure
eight, and it follows that the Morse index at p equals 1.
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If v has no critical points, then 2 = x(A) = k, and so exactly two vertices
are isolated local extrema of wu. O

9. The behavior of critical points along a path of triangles

In this section we consider the behavior of second Neumann eigenfunctions
associated to a one parameter family of labeled triangles.

Let (v1,v2,v3) be the labeled vertices of a non-equilateral, non-right tri-
angle. Define the “straight line” path'® that joins this triangle to the right
isosceles triangle with vertices (0, 1,7) by

(18) (Ul(t),vg(t),vg(t)) = (1 — t) . (Ul,vg,vg) +t- (0, 1,i).

Let T} denote the triangle with vertices (vi(t), v2(t),v3(t)). By relabeling the
vertices of (v1, vg, v3) if necessary, we may assume that the angle at v; is greater
than /3. If Ty is acute, then for each ¢t < 1, the triangle T} is acute and not
equal to the equilateral triangle. If Tj is obtuse, then for each ¢ < 1, the triangle
T; is obtuse and hence cannot be the equilateral triangle. By the results of
[AB04], [Miy13], and [Siul5] the second Neumann eigenvalue of T} is simple
for each t € [0,1].1> Let h; be the unique real affine homeomorphism that
maps the ordered triple (0,1,7) to (v1(¢),v2(t),v3(¢)). Standard perturbation
theory implies that the second Neumann eigenvalue po(t) of the triangle T
varies continuously with ¢, and for each ¢, there exists a uo(t)-eigenfunction,
u : Ty — R, such that ¢ — wu; o hy is continuous.'6

Let v = v;(t) be one of the vertices, and consider the “Bessel expansion”
about v as in (6):

(19) Ut (reie) = Z cn(t) - ™ gl (7‘2) ~cos(n-v-0),
n=0

where v, = 7/, and §,; is the angle at v;(¢). Because the functions ¢t — pua(t)
and t — u;ohy are both continuous, each quantity in (19) depends continuously
on t.

1 Our methods apply provided the path is continuous and, for each ¢ < 1, the triangle has
no right angle and is not equilateral.

15In fact, one can avoid using the simplicity of pu2 by making some additional arguments
(see Section 12). Also, note that when we first considered this question, the foreknowledge
that po is simple made our approach seem more feasible.

The function w; lies in C°(T;), and in the complement of the vertices Ti \
{v1(t),v2(t), v3(t)} it lies in the Sobolev space H® for each s, and hence in C* for each k.
Continuity takes place in these spaces.
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PROPOSITION 9.1. Let t, converge to t < 1, and for each n, let p, be
a critical point of u, that lies in the interior of the triangle Ti,. Then the
sequence py, cannot converge to a vertex v(t).

Proof. Suppose to the contrary that p, converges to a vertex v = v;(t).
Since the angle ; at v is less than m, we have v, > 1. In particular, v, := v,
is uniformly bounded from below by some 7 > 1. From the Bessel expansion
(19), we find that the radial derivative of u, satisfies

(20) Orus(z) =2co(s)-7-go(0) +ci(s)-vs- gy, (0) -1 cos(vs-0)+ O (r”;> )

where v} = min{3, 2v;—1, v;+1} and the remainder term depends continuously
on s. Since p,, = 7, - €7 is a critical point, we have d,us, (p,) = 0. Thus, from
(20) we find that there exist a constant v* > 1 and a constant C' > 0 so that
for each n,

(21) }QCo(tn) - 96(0) + c1(tn) - vn - Gu, (0) 'TZ’FQ - cos(vp, - Hn)} <C- (rn)”*fl.

On the other hand, from (14) we obtain a constant C’ > 0 such that for
each n,

|cl(tn)| *VUn - gun(o) < c’. Tn-

By combining this with (21), we obtain
[2¢0(tn) - 9(0)] < (C +C") - (1) 1.
Hence ¢(t) = 0 = ¢;1(t), but this contradicts Corollary 5.3. O

LEMMA 9.2. Let t, converge tot < 1, and suppose that for each n, the
points pn, and g, are critical points of ug, that lie in the boundary of the triangle.
Suppose that p, converges to a vertexr v and g, converges to a vertex v'. If for
each n, the points p, and q, lie in distinct sides, then v # v'.

Proof. Suppose to the contrary that v = v/, and consider the Bessel ex-
pansion of u, about this vertex. Let (3, be the angle at v, and let v, = 7/,.
By hypothesis, for each n, we have either arg(p,) = 0 and arg(g,) = B, or
arg(pn) = Bn and arg(g,) = 0. Thus, since p, and ¢, are both critical points,
we find from (19) that

0 = 2¢o(tn) - [Pl - gb (Ipn]?)

(22) _ y _
+ Cl(tn) *VUn - Gu, (’pn’2) ’ ’pn’,}n ! + @) (|pn| n+1> + O (|pn|2yn 1)
and
0=2 tn) * |qn| - A n 2
23) co(tn) - lanl - 9o (1an]?)

_ Cl(tn) “Un - Qu, (|Qn’2) . ’qn|1/n—1 +0 (|Qn’Vn+1) +0 (|qn|2un—1) )
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Divide (22) by |pa| - g) (Ipn]?) and (23) by |gn| - g (|gn]?), and subtract
the resulting equations to find that

(20) 0= ca(tn) vn- (A |pal "2+ Bu - g 2) + O (Ipul* + lgn "),

whete Ay = g, (1pal)/h(1pal?), where B = gy, (1ga])/h(1gal?), and where
v = min{2v—2,1,,}. Since A, B, converges to (gy, (0)/g4(0))?, for sufficiently
large n, we have A,, - B, > 0. Also note that v > v, —2. In general, if a,b > 0
and z,y € R, then (a® + b%)/(a¥ +bY) < a7 Y + b*7Y. Since A, and B,
are bounded sequences, we may apply this inequality to (24) and find that
c1(tn) = O(|pn|"»7"" 2 + |gu|"»~"»2). Therefore, as n tends to infinity, the
sequence ¢ (t,) tends to zero.

Divide (22) by [pn|"* " - gu, (Ipn]?) and (23) by |ga]"" "' - g, (lan]?), and
add the resulting equations to find that

0 =2co(tn) - (A" - Ipal* ™" + By - laal*™") + O (Ipal™ + l3a|™) .

where v/, = min{2,v,}. Because 8 < m, we have that v}, > 2 — v,. Since
A-1and B! are bounded sequences, it follows that co(t,) = O(|pn|"n 2T +
|gn|"7=2F¥7). In particular, ¢o(t,) converges to zero.

So we have shown that co(t) = 0 = ¢i(¢), but this contradicts Corol-
lary 5.3. U

LEMMA 9.3. Let t,, converge tot < 1. Suppose that for each n, the point
Dn 1S a critical point of ug, and p, converges to a vertex v. If the limiting angle
B at v is less than /2, then u(v) = 0. If /2 < 3 < w, then the first Bessel
coefficient, c1, of ur at v equals 0.

Proof. By Proposition 9.1 and passing to a subsequence if necessary, we
may assume, without loss of generality, that each p, lies in a side e of T3, .
Without loss of generality, we may assume v = 0. Let 3, be the angle at the
vertex v of T3,. For each n, consider the Bessel expansion of w in the sector
with vertex v so that e corresponds to 8 = 0. From (10) we find that

0 = dru(pn) = 2c0(n) - |pnl - g5(0)
+e1(n) v pal”™ g, (0) + O (Ipal®) + O (Ipal” ™),

where cy(n) (resp. c1(n)) is the zeroth (resp. first) Bessel coefficient of uy, at v,

(25)

where v, = w/5,. We have 8 = lim f3,,, and we let v = limv,.
If B < 7/2, then there exists N > 0 so that if n > N, then v, — 2 >
(v —2)/2:=¢e > 0. Thus, from (25) we have

0= 200(77,) -g(’)(O) +0 (|pn|6) +0 (’pnP) )

and hence cy(n) converges to zero. Thus, since u;, converges to ug, the zeroth
Bessel coefficient of u; at v equals zero. Hence u(0) = 0.
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If 7/2 < B < m, then there exists N > 0 so that if n > N, then 2 — v, >
(2 —=vy)/2 :=€>0. Thus, from (25) we have

0=ci(n) vy g, (0)+ O (Ipn|) + O (|pn|2) ,

and hence ¢1(n) converges to zero. Thus, since u;, converges to u;, first Bessel
coefficient of u; at v equals zero. O

10. On the stability of critical points

In this section, we study the behavior of the critical points of u; as t varies.
In particular, we prove some results about the “stability” of critical points of a
continuous family of eigenfunctions s — ¢, defined on an open domain 2 C C.
We say that a critical point p of ¢y is stable if and only if for each neighborhood
U of p, there exists € > 0 so that if |s —t| < ¢, then U contains a critical point
of ug. Our first lemma is more or less standard; it says that nondegenerate
critical points are stable.

LEMMA 10.1. Let Q C C be an open set and, for each s € (=6,0), let ps :
Q — R be an eigenfunction of the Laplacian such that s — @ is continuous.
If po € Q is a nondegenerate critical point of ¢g, then there exist € > 0 and a
path p : (—e€,€) — Q such that p(0) = po and p(s) is a nondegenerate critical
point of @4 for each s € (—¢,€).

Proof. The Hessian of ¢ at p has two nonzero (real) eigenvalues. Thus,
there exists a real-affine map h : C — C so that h(0) = p and the Taylor
expansion of ¢y o h at 0 has the form

wooh(z) = wolp) +2> £y* +O(3),

where O(3) is a function such that vanishes to order 3 in z, y. By the continuity
of s — g, this expansion extends to s near t:

wsoh(2) = ws(p)+aio(s)-z+ap(s)-y+a(s)z?+ar1(s)-ry+ap(s)-y>+O(3).
We have

a§ s 0 h(z) =2ag(s) + O(1),

02 s 0 h(z) =2a02(s) + O(1),

where ag0(0) = 1 and ap2(0) = £1. Since aj; is continuous in s, there exists
e > 0 so that if |s| < ¢, then ago(s) > 1/2 and |ap2(s)| > 1/2. It follows from
the implicit function theorem that there exists a neighborhood U of 0 such that
for each |s| < €, the intersection Z(09,ps 0 h) NU (resp. Z(Oyps o h)NU) is a
real-analytic arc a;s (resp. 5) that depends continuously on s. The arcs ag and
Bo intersect transversely at the origin, and hence there exists a neighborhood
U C U of 0and € > 0 so that if |s — t| < €, then oy and s have a unique
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intersection point p(s) € U’, and moreover, ps; depends continuously on s. In
particular, if |s| < €, then ¢ has no critical points in U’ other than p(s). O

Now we apply the above lemma to our path u; of second Neumann eigen-
functions.

COROLLARY 10.2. If p; € T} is a nondegenerate critical point of ug, then
there exists € > 0 and a path p : (t —€,t +€) = C such that p(t) = p; and p(s)
1s a nondegenerate critical point of us that lies in Ts. Moreover, if p; lies in
the boundary of Ty, then ps lies in the boundary of Ts for each s € (t —e€,t+¢€).

Proof. If p; lies in the interior of T}, then there exist ¢ > 0 and an open
ball B about p; so that if |s — t| < ¢, then B C TY. By applying Lemma 10.1
to the restriction of ¢ — u; to B, we find the desired € < € and path s — p(s).

If p; lies in the boundary of T3, then p; lies on the interior of a side e;
of T;. Let K denote the kite obtained from reflecting 75 across es; with the
reflection o2. Since us is a Neumann eigenfunction, we may extend us via
reflection to an eigenfunction uy defined on K? for each s € (t —e€,t+ ¢€). Note
that there exist ¢ > 0 and an open ball B about p; so that if |s — ¢| < ¢/, then
B lies inside K.

The point p; is a nondegenerate critical point of 1z, and hence Lemma 10.1
implies that there exists 0 < € < €’ and a path p(s) : (t —e,t +€) — B so
that p(t) = p; and so that p(s) is a nondegenerate critical point of ug for each
s€(t—et+e).

Suppose that for some s, the critical point p(s) does not lie in the side es.
Then o(p(s)) would be a distinct critical point of ws. On the other hand,
we have of(p(t)) = p(t), and so we would find an s’ such that p(s') is a
degenerate critical point, a contradiction. Therefore, p(s) lies in ey for each
sE(t—et+e). O

The following lemma will be used to show that if the nodal set of some
directional or angular derivative of u has a degree 1 vertex on the interior of
a side, then the corresponding critical point is “stable.” Let H = {z € C :
Im(z) > 0} denote the closed upper half plane.

LEMMA 10.3. Let Q C C be an open set that contains 0 and, for each
s € (—=0,9), let s : Q@ — R be an eigenfunction of the Laplacian such that
s+ g in continuous. Suppose that the intersection Z(pg) N H NQ consists of
a simple arc o whose intersection with the real axis is the point 0. Then there
exists € > 0 so that if |s| < €, then Z(ps) intersects the real axis.

Proof. 1t follows from Lemmas 2.2 and 2.4 that there exists a circle C' =
{z € C:|z| = r} so that Z(pp) N C is finite, each intersection is transverse,
and Z(pg) N C N H contains exactly one point zy. Thus, since s — ¢ is
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continuous, there exists € > 0 so that each intersection point z, € Z(ps) N C
depends continuously on s € (—e¢, €) and each intersection is transverse. Since
s — zg is continuous, we may assume, by choosing ¢ > 0 smaller if necessary,
that if |s — t| < ¢, then Z(pg) N C' N H consists of exactly one point 20.

Let a, be the (proper) Cheng curve of Z(y) that contains 20. Since the
intersection of oy and C' is transverse, the arc oy intersects the open disc
{2 € C:|z| <r}. Since o is a proper curve in ), the curve ay intersects C' at
a point z} distinct from z0. The point z} lies outside of H. Therefore, by the
intermediate value theorem for example, the Cheng curve «,, intersects the
real axis. (]

ProprosiTIiON 10.4. If u; has a critical point that lies in the interior of
the triangle Ty, then there exists € > 0 such that if |t — s| < €, then us has at
least three critical points.

Proof. Lemma 7.1 implies that for each vertex v of the triangle, the nodal
set of R,u has a degree 1 vertex p in the side e that is opposite to v. For each s,
let us denote the extension of u to the kite K. s obtained by reflecting about
the side e. There exists €; > 0 and a neighborhood U of p so that if |s —¢| < €,
then U lies in the interior of K. . For such s, consider the restriction of
to U. Without loss of generality, p = 0 and e lies in the real axis, and so we
may apply Lemma 10.3 to find € > 0 so that if |s — ¢| < ¢, then Z(R,us) Ne
contains a point p, in the interior of e. Since the vectors L (ps) and R,(ps)
are independent, the point ps is a critical point of us. Thus, for each vertex
vof Ts and s € (t — €,t + €), there exists a critical point of u that lies in the
interior of the side opposite to v. O

ProposiTION 10.5. If u; has a degenerate critical point p, then there
exists € > 0 such that if |t — s| < €, then us has at least two critical points.

Proof. 1f p lies in the interior of T}, then this follows from Proposition 10.4.
If p lies in a side, then by Theorem 7.7, the nodal set of some directional
or angular derivative of u; has at least two degree 1 vertices that lie in the
interior of sides of T. By applying Lemma 10.3 in the same manner as it was
applied in the proof of Proposition 10.4, we find that the nodal sets of the
perturbed eigenfunctions intersect the relevant sides giving critical points for
each s near t. (]

11. The proof of Theorem 1.1

Let t — u; be the one-parameter family of eigenfunctions defined at the
beginning of Section 9. For each ¢ € [0,1], let N(¢) denote the number of
critical points of u;.



NO HOT SPOTS 201

LEMMA 11.1. Suppose that Ty is an acute triangle. If N(0) > 2, then
N(t) > 2 for each t < 1.

Proof. 1t suffices to show that the set {t € [0,1) : N(¢) > 2} is both open
and closed in [0,1).

(Open) Suppose t < 1 and N(t) > 2. If u; has an interior critical point,
then Proposition 10.4 implies that N(s) > 2 for each s in a neighborhood
of t. If u; has a degenerate critical point on a side, then Proposition 10.5
implies that N(s) > 2 for each s in a neighborhood of ¢. If each critical point
of u; is nondegenerate, then it follows from Corollary 10.2 that N > 2 in a
neighborhood of ¢.

(Closed) Let t,, converge to ¢ < 1, and suppose that N (t,) > 2 for each n.
Let p,, and g, be distinct critical points of u;,. By Lemma 7.1, we may assume
that p, and ¢, lie in 9T. Suppose that a subsequence of p, converges to a
vertex v, and a subsequence of g, converges to a vertex v’. Abusing notation
slightly, we denote the subsequences with p, and ¢,. By Proposition 7.10 we
may assume that p, and g, lie in distinct sides. Lemma 9.2 gives that v # v'.
Since the limiting angles at v and v" are both less than 7/2, Lemma 9.3 implies
that u(v) = 0 and u(v’) = 0. This contradicts Corollary 5.5.

Therefore, at most one of the sequences, p,, ¢, has a vertex as an accumu-
lation point. Suppose, without loss of generality, that p, has an accumulation
point p that is not a vertex. Since u, converges to u, the point p is a critical
point of u;, and so N(t) > 1.

If ¢, has an accumulation point ¢ that is not a vertex, then ¢ is also a
critical point u;. If p # ¢, then N(t) > 2. If p = ¢, then p is a degenerate
critical point, and hence N(t) > 2 by Theorem 7.7.

If g, has a subsequence that converges to a vertex v, then it follows from
Lemma 9.3 that u(v) = 0. Thus, by Lemma 4.3, the vertex v is not an isolated
local extremum. Therefore, Proposition 8.1 implies that N(¢) # 1, and so
N(t) > 2. O

Next, we consider the case where T} is an obtuse triangle for each t < 1.
Let v,(t) denote the vertex of T; whose angle is greater than 7/2. Let ¢;(t)
denote the first Bessel coefficient of u; at v,(t).

LEMMA 11.2. Suppose that Ty is an obtuse triangle. If N(0) > 2, then
N(t)>1 foreacht < 1. Ift <1 and N(t) =1, then c1(t) = 0.

Proof. Let A :={t € [0,1) : N(t) > 2}, and let B :={t € [0,1) : c1(t) =
0 and N(t) = 1}. To prove the lemma, it suffices to show that AU B is both
open and closed in [0,1).
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(Open) The set A is open by the same argument given in the proof of
Lemma 11.1. If t € B, then u; has exactly one critical point and it is non-
degenerate by Corollary 7.8. Thus, by Corollary 10.2, there exists ¢ > 0 such
that if 0 < |s — t| < €, then N(s) > 1. If |s —t| < € and ¢;1(s) = 0, then s € B.
If |s — t| < e and ¢1(s) # 0, then Lemma 4.3 implies that the obtuse vertex v,
is not an isolated local extrema of ug, and hence, by Proposition 8.1, we have
N(s) > 2. Thus, s € A.

(Closed) Let t, € AU B be a sequence that converges to ¢t < 1. Up to
extracting a subsequence we may assume that either ¢, € B for each n or
t, € A for each n. In the case that t, € B for each n, the continuity of ¢;
implies that ¢;(t) = 0. Lemma 7.9 provides that N(¢) > 1 and hence t € AUB.

Suppose now that ¢, € A for each n. Let p, and ¢, be distinct critical
points of u;,. By Lemma 7.1, we may assume that p, and ¢, both lie in T
and, by Proposition 7.10, that these two points lie in distinct sides of T. Up
to extracting a subsequence we may further assume that both the sequences
have accumulation points.

Suppose that neither p, nor ¢, has a vertex as an accumulation point.
Let p (resp. q) be an accumulation point of p,, (resp. ¢,). Since the points p
and g lie on different sides, p # ¢, and hence N (t) > 2 implying that t € A.

Now suppose that a vertex v is an accumulation point of p,,, and suppose
that v/ is an accumulation point of ¢,. We may argue as in the proof of
Lemma 11.1 to show that it is not possible that both of the angles at v and
v" are less than 7/2. Thus, without loss of generality, the vertex v equals the
vertex v,(t) whose angle is greater than 7/2. In particular, by Lemma 9.3, we
have ¢;(t) = 0, and hence, by Lemma 7.9, we have N(¢t) > 1. Thus, t € AUB.

Finally, suppose that p, has an accumulation point that equals a vertex v,
whereas ¢, has an accumulation point, ¢, which is not a vertex. The point ¢
is a critical point and so N(¢) > 1. If v = v,, then as before ¢;(t) = 0, and
hence t € AU B. If v # v,, then by Lemma 9.3, we have u(v) = 0. Thus,
Lemma 4.3 implies that v is not an isolated local extremum. It follows from
Proposition 8.1 that N(t) > 2, and hence ¢ € A. O

We will show that Lemmas 11.1 and 11.2 imply that if ug has at least
two critical points, then u; has at least two critical points for each ¢ < 1 and
sufficiently close to 1. In contrast, the function w; has no critical points.'”
Indeed, each eigenfunction for the right isosceles triangle (0, 1,4) is a multiple
of the function
(26) u(z) = cos(mzx) — cos(my),

where as usual z = x + 1y.

17"Recall that a vertex is not, by our consistent definition, a critical point of w;.
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Proof of Theorem 1.1. We assume that ug has an interior critical point
and derive a contradiction. If ug has an interior critical point, then Lemma 7.1
implies that N(0) > 2. In the acute case, Lemma 11.1 shows that there exists
a sequence t, converging to 1 such that N(¢,) > 2 for each n. In the obtuse
case, observe that the second Neumann eigenvalue of the right isoceles triangle
is simple, and so w; is a multiple of the function u in (26). This implies that
for t < 1 and sufficiently close to 1, the eigenvalue p; is simple and ¢ () # 0.
Hence by the last part of Lemma 11.2 there exists a sequence t,, converging to
1 such that N(t,) > 2 for each n.

Let p be an accumulation point of a sequence of critical points, py, of uy,.
If p is not a vertex of the triangle 77, then p is a critical point of u;. But
u; is a multiple of the function w described in (26), and w has no critical
points. Therefore, each accumulation point of {p,} is a vertex. It follows from
Proposition 9.1 that there exists K > 0 such that if n > K, then each critical
point of uy, lies in a side of the triangle.

Since N(t,) > 2, Proposition 7.10 implies that that for each n > K, there
exist distinct sides e and €’ and sequences of critical points p,, and p/, so that for
each n, we have p,, in e and p/, in €. By passing to a subsequence if necessary
we may assume that p, converges to a vertex v of 71, and p], converges to a
vertex v' of 7. By Lemma 9.2, we have v # v'. The sets {v,v'} and {1,}
are both contained in a three element set, and hence we may assume without
loss of generality that v = 1 or v = 4. Thus, by Lemma 9.3, the function
uy1 vanishes at either 1 or i. But uq is a multiple of the function u described
in (26), and u does not vanish at 1 or i.

We have thus proven that if Tj is either an obtuse or a non-equilateral
acute triangle, then a second Neumann eigenfunction for 7y has at most one
critical point, and if such a critical point exists, then it lies in 07y. Now we use
this to prove the claim for right triangles. (The case of the equilateral triangle
can be established by direct computation [Lam52], [Pin80].)

Given a (labeled) right triangle T', let ¢ — T} be a path of labeled triangles
such that Ty = T', and if ¢ > 0, then T} is an acute triangle (and not equilateral).
Let u be an us(Tp)-eigenfunction. For each t, the eigenvalue ps(T}) is simple
[Siulb], and hence standard perturbation theory implies that there exists a
continuous path ¢ — wu; of pa(T})-eigenfunctions, such that ug = u. If u were to
have an interior critical point, then a variant Proposition 10.4 would imply that
u; has at least three critical points for small ¢. If u were to have a degenerate
critical point that belonged to a side of T', then a variant of Proposition 10.5
would imply that u; would have at least two critical points for ¢ small. Finally,
if u were to have more than one nondegenerate critical point, then Lemma 10.1
would imply that u; has at least two critical points for ¢ small. Each is a
contradiction to the first part of the theorem since T; is acute for ¢ > 0. O



204 CHRIS JUDGE and SUGATA MONDAL

12. Working without the assumption of simplicity

In this section, we indicate the modifications needed to avoid using the
simplicity of pe for non-equilateral triangles. Our discussion begins with a
standard application of analytic perturbation theory [Kat95].

LEMMA 12.1. For each i € N, there exist an analytic path'® t — ;(t)
and an analytic path t — X\;(t) so that for each t € [0,1], the function p;(t)
is a Neumann eigenfunction on Ty with eigenvalue \;(t) and the collection
{pi(t) : i € N} is an orthonormal basis'® of L*(Ty).

Proof. For each pair of smooth functions f, g : T; — R, define

a(f.9)= [ Vf-Vg and n(f.9)= | f-g.
Tt Tt

Let D, be the completion of the smooth functions with respect to the norm

= Va(f, f) +n(f, f). This space may be naturally regarded as a dense

subspace of L?(T}), and the form ¢; extends to a closed form with domain D;.

A function v € D is an eigenfunction of the Neumann Laplacian on T} with
eigenvalue A if and only if for each v € Dy, we have q;(u,v) = X - ny(u,v).2°
For each labeled triangle T3, let h; be the unique real-affine map that sends
the ordered triple (0,1,4) to (v1(t),va(t),v3(t)). The map f — hyo f =: hy(f)
sends smooth functions on 7; to smooth functions on 77, and a straightforward
argument shows that A} is a bounded isomorphism from L?(T}) to L?(Ty) that
maps D; onto D;. Note that for each f, g € L*(Ty), we have ny(foh; ', goh;!)
= 2-a;-n1(f,g) where a; is the area of T;. For each f, g € Dy, define ¢(f,g) :=
(2a4)~ - q(fo ht_l, go ht_l). By tracing through the definitions, one finds that
u is a Neumann eigenfunction on 7; with eigenvalue A if and only if for each
w € Dy, we have

ge(uo hy,w) = X-ny(uo hy,w).

The family t — ¢; is an analytic family of type (a) in the sense of Kato
(see Theorem 4.2 in Chapter VII of [Kat95]). Moreover, the resolvent of the
associated operator is compact, and hence it follows?! that for each i € N, there
exist an analytic path ¢ — ;(¢) and an analytic path ¢ — \;(¢) so that for each
t € [0,1], we have q;(¢i(t), w) = Ai(t) - n1(¢i(t),w) and the collection {v;(t) :
i € N} is an orthonormal basis of L*(T}). Set ¢;(t) := (Qat)_% ~hi(t) o bt

O

8By “analytic” we mean t — ; 0 hy is an analytic path in each Sobolev space on 7.

9By “orthonormal basis,” we mean that th wi(t) - @;(t) = d;; and the finite linear com-
binations are dense in L*(T3).

20Indeed, Neumann conditions are the “natural boundary conditions.”

21See Chapter VII of [Kat95], especially Remark 4.22.



NO HOT SPOTS 205

It is important to note that the analytic eigenvalue “branches” ¢ +— A\;(t)
of Lemma 12.1 cannot, in general, be ordered according to the size. Indeed,
two eigenvalue branches \; and A; may “cross” at some ¢ € [0, 1] in the sense
that A\;(s) < Aj(t) for s <t and A\;(s) > Aj(t) for s > t.

LEMMA 12.2. There exist a partition 0 =to < t; < --- <t =1 of [0,1]

and for each j = 0,...,k — 1, an analytic path t — u] such that for each

t € [tj,tjs1], the function u] is a second Neumann eigenfunction of T.

Proof. Let s — p;(s) and s — \;(s) be the eigenfunction and eigenvalue
branches provided by Lemma 12.1. For each t, there exists i(t) € N so that
p2(t) = Air)- By Corollary 5.4, the dimension of the space of second Neumann
eigenfunctions is at most two. Let A be the set of ¢ € [0, 1] such that us(t) has
multiplicity exactly equal to two. It suffices show that A is discrete. Indeed,
then A would be finite, and i(t) would be locally constant on the complement
of A. The set A would give the desired partition.

Fix t € A. Since the Neumann spectrum of T} is discrete, there exists € > 0
so that ug(t) is the only eigenvalue of T} that lies in (u2(t) —e€, ua(t) +€). There
exist unique integers ¢ and j so that the us(t)-eigenspace of A; is spanned by
©i(t) and p;(t). We have \;(t) = pa(t) = \j(t). By continuity of the eigenvalue
branches, there exists § > 0 so that if |[s — | < ¢, then A;(s) and A;(s) are the
only eigenvalues of T that lie in (u2(t) — €, u2(t) + €). In particular, we have
p2(s) = min{A;(s), A;j(s)} for [s —t| < 4.

Define C; := {s € [0,1] : Xi(s) = A;(s)}. Real-analyticity implies that C;
is either discrete or C; = [0,1]. Thus, to finish the proof, it suffices to show
that Cy # [0, 1].

Suppose to the contrary that C' = [0,1]. Then for |s — t| < d, we have
pa(s) = Ai(s) = Aj(s). Let t* be the supremum of s so that pa(s) = Ai(s) =
Aj(s). The triangle T; is right isosceles, the eigenvalue po(1) is simple, and so
t* < 1. The eigenspace associated to ps(t*) is two-dimensional and is spanned
by ¢i(t*) and ¢;(t*). Let si be a decreasing sequence that limits to ¢*. For
each k, let ug, be a po(sy)-eigenfunction with L2-norm equal to one. Note that
uy, is orthogonal to the space spanned by ¢;(sx) and ¢;(sx). The sequence uy
has a subsequence that limits to a uo(t*)-eigenfunction u. The function w is
orthogonal to the span of ¢;(t*) and ¢;(t*). But this contradicts the fact that
@i (t*) and ¢;(t*) span the ps(t*)-eigenspace. O

Lemma 12.2 allows us to construct a continuous family of second Neumann
eigenfunctions to which we can apply our methods. Indeed, let E; denote the
space of second Neumann eigenfunctions, and for each 7 = 1,...k—1, choose a
continuous path of eigenfunctions inside Fi; that joins the eigenfunction u{jl

to the eigenfunction uij By concatenating such paths with the paths u{ of

Lemma 12.2 we obtain a continuous path of second Neumann eigenfunctions



206 CHRIS JUDGE and SUGATA MONDAL

that joins ug to u;. The methods of this paper apply to this path, and we
obtain Theorem 1.1 without using simplicity.

13. Triangles with no critical point

Let u be a second Neumann eigenfunction eigenvalue p2(7') of a triangle 7T'.
From Section 11, it follows that u has at most one critical point. By combining
this with Proposition 8.1, we obtain

THEOREM 13.1. The eigenfunction u has a critical point if and only if
each vertex is an isolated local extremum. Moreover, the mazimum (resp. min-
imum) value of u is achieved only at the vertices of the triangle.

Proof. For the second statement, note that neither the maximum nor the
minimum value is achieved at a nondegenerate critical point of Morse index 1.

O

COROLLARY 13.2. IfT is an acute triangle, then u has a critical point if
and only if u does not vanish at each vertex of T'. Moreover, if T is an obtuse
triangle, then u has a critical point if and only if u does not vanish at the acute
vertices of T and the first Bessel coefficient of u at the obtuse vertex is zero.

Proof. This follows from Lemma 4.3 and Proposition 8.1. O

PRrOPOSITION 13.3. Let T be a nonequilateral isosceles triangle, and let
B be the angle of the apex of T. If § > 7/3, then u has no critical points. If
B < 7/3, then u has exactly one critical point.

Proof. Up to rescaling and rigid motion, each isosceles triangle may be
identified with the triangle with vertices (—t,¢,4). If 8 > /3, then t > 1//3,
and the second Neumann eigenvalue pg(t) is simple [Siul5]. Let t — u; be
an analytic family of second Neumann eigenfunctions associated to the path
t — (—t,t,7). Each triangle is preserved by the reflection o(z + iy) = —z + iy
that has fixed point set x = 0. Since u9(73) is simple, we have either ujoo = uy
or ugoo = —uy for each ¢. The triangle with vertices (—1,1,1%) is a right isosceles
of triangle, and inspection of (26) shows that uj o0 = —uy. Thus, by continuity,
for each t > 1/4/3, we have u; o 0 = —uy. In particular, us(i) = 0 for each
t > 1/4/3. If t # 1, then Lemma 4.3 implies that the vertex i is not an isolated
local extremum, and if £ = 1, then 717 is a right isoceles triangle with right angle
at 7, and so ¢ is not an isolated local extremum. Therefore, by Theorem 13.1,
the eigenfunction u has no critical points for ¢ > 1/+/3.

For small ¢, the triangle may be approximated by a sector with angle
2 - arctan(t) and radius 1. In particular, one can show that for sufficiently
small ¢, the function satisfies u; o 0 = uy; see, for example, Proposition 2.4



NO HOT SPOTS 207

(0,0,7)

(7,0,0) (0,7, 0)

Figure 3. The “Teichmiiller space” of labeled triangles. The
darker regions correspond to the set O of obtuse triangles. The
lighter region corresponds to the set A of acute triangles.

in [BnB99]. Therefore, by continuity, u; o ¢ = u; for each t < 1/4/3. Thus,
Du;(0) = 0 and 0 is a critical point of u; for each t < 1/+/3. O

Let G be the group of linear transformations of the plane generated by
isometries and homotheties. If u is a second Neumann eigenfunction for a
labeled triangle (v1,v2,v3) and g € G, then uo g is a second Neumann eigen-
function for a labeled triangle (g(v1),g(v2),g(v3)). In particular, u o g has
a critical point if and only if v does. Let 7 denote the quotient of the
set of labeled triangles by G. That is, two labeled triangles (v1,v2,v3) and
(v, vh,v4) define the same point in 7 if and only if there exists g € G so that
(9(01): 9(v2), g(vs)) = (v}, vh, ).

Let (v;) be the angle at v;. The map (vi,v2,v3) — (B(v1), B(v2), B(v3))
defines a bijection onto the interior of the convex hull of (7,0, 0), (0,7,0) and
(0,0, 7) in R3. See Figure 3.22 We equip 7 with the topology and real-analytic
structure of this simplex.

Let A and O respectively denote the subspace of T consisting of (equiv-
alence classes of ) acute and obtuse triangles. Let C denote set of (equivalence

228ee https://polymathprojects.org/tag/polymath7/ for the same picture together with a
description of the triangles that were known to have no hot spots as of 2013.
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classes of) triangles 7" such that each eigenfunction corresponding to the first
Neumann eigenvalue of T has a critical point.??

THEOREM 13.4. The set C is open in T, the set CNA is dense in A, and
CNO is empty.

Proof. Suppose that T' € C. Let u be a second Neumann eigenfunction
of T'. By Theorem 1.1, the function u has exactly one critical point, p and, by
Corollary 7.8, the point p belongs to a side e of T" and is nondegenerate. Since
p is nondegenerate, by Lemma 10.1 the critical point is stable under a small
perturbation of T'. In particular, C is an open subset of 7.

Let T denote the equilateral triangle. For each T # T™, the vector space
E7 of second Neumann eigenfunctions of T is a one-dimensional subspace of
L?(T*) [Siulb], [Miy13], [AB04]. In particular, we have a real line bundle &
over the punctured simplex 7 — {T*} such that the fiber over T' equals E7.
Let S — 7T denote the associated “sphere bundle.” That is, the fiber of S over
T consists of the two eigenfunctions in B whose L?(T*)-norm equals one.

Let U be the subset of T —{T™*} obtained by removing the segment £ that
joins T* = (mw/3,7/3,7/3) to (w/2,m/2,0). The set U is simply connected, and
hence the bundle § is trivial over 4. In particular, there are exactly two
sections of S defined over Y. Let T"— u(T") denote one of the sections defined
over U. The angles (31, 52) of T at the labeled vertices v; and ve provide
coordinates for 7. For each fixed (5, standard perturbation theory implies
that the map (1 — u(f1, 52) is analytic (away from L), and similarly, for each
fixed 1, the map B2 — w(f1,B2) is analytic. Therefore, Hartog’s separate
analyticity theorem implies that T — u(T) is analytic on U.?*

In particular, for each i, the value of u(T') at the vertex v; is a real-
analytic function on Y. By using (26), we find that u(7/2,7/4,7/4)(v2) # 0,
u(m/4,m/2,m/4)(vs) # 0, and u(w/4,7/4,7/2)(vi) # 0. Therefore, for each 1,
the map 7" — w(7T')(v;) is nonzero on a dense subset of U. Corollary 13.2 then
implies that the set C N A is dense in A.

By Corollary 13.2, the set ONCNU is contained in the set of T" such that
the first Bessel coefficient ¢ (T") of u(T) is zero at the obtuse vertex. The map
T +— ¢1(T) is a real-analytic function on Y. By Proposition 13.3, if T is an
obtuse isosceles triangle, then u(7") has no critical point, and hence ¢;(T') # 0.
Thus ¢; is nonzero on an open dense subset of ¢ which, in turn, is open and

2Gince pa(T) is simple unless T is the equilateral triangle [Siul5], the set C N A equals
the set of triangles such that at least one second Neumann eigenfunction has a critical point.

24Gimilarly, we could trivialize the bundle over the set I/’ obtained by removing the segment
that joins (w/3,7/3,7/3) to (0,7/2,7/2). As in the case of U, each section over U’ is also
real-analytic. In this way, we see that each local section over 7 — {1} is real-analytic.
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dense in 7. Hence O NC is nowhere dense. But from above we have that C is
open and hence O NC is open. Therefore, O N C is empty. O

COROLLARY 13.5. IfT is a right triangle, then u does not have a critical
point.

We end the article with the following conjecture.

CONJECTURE 13.6. IfT is not an equilateral triangle, then a second Neu-
mann eigenfunction of T has a critical point if and only if T is an acute triangle
that is not isosceles with apex angle greater than /3.

References

[Aro57] N. ARONSZAJN, A unique continuation theorem for solutions of ellip-
tic partial differential equations or inequalities of second order, J. Math.
Pures Appl. (9) 36 (1957), 235-249. MR 0092067. Zbl 0084 . 30402.

[ABO4] R. ATAR and K. BURDzY, On Neumann eigenfunctions in lip domains,
J. Amer. Math. Soc. 17 no. 2 (2004), 243-265. MR, 2051611. Zbl 1151.
35322. https://doi.org/10.1090/S0894-0347-04-00453-9.

[BnB99] R. BANUELOS and K. BURDzY, On the “hot spots” conjecture of J.
Rauch, J. Funct. Anal. 164 no. 1 (1999), 1-33. MR 1694534. Zbl 0938.
35045. https://doi.org/10.1006/jfan.1999.3397.

[Bur05] K. BurDzy, The hot spots problem in planar domains with one hole,
Duke Math. J. 129 no. 3 (2005), 481-502. MR 2169871. Zbl 1154.35330.
https://doi.org/10.1215/50012-7094-05-12932-5.

[BW99] K. BUurDzy and W. WERNER, A counterexample to the “hot spots”
conjecture, Ann. of Math. (2) 149 no. 1 (1999), 309-317. MR 1680567.
Zbl 0919.35094. https://doi.org/10.2307/121027.

[CheT6] S. Y. CHENG, Eigenfunctions and nodal sets, Comment. Math. Helv. 51
no. 1 (1976), 43-55. MR 0397805. Zbl 0334.35022. https://doi.org/10.
1007/BF02568142.

[Col16] N. E. CoLEMAN, fepy, 2016, Finite elements in python. Available at
https://github.com/necoleman/fepy.

[JNOO] D. JErISON and N. NADIRASHVILI, The “hot spots” conjecture for
domains with two axes of symmetry, J. Amer. Math. Soc. 13 no. 4
(2000), 741-772. MR 1775736. Zbl 0948.35029. https://doi.org/10.1090/
S0894-0347-00-00346-5.

[Kat95] T. KATO, Perturbation Theory for Linear Operators, Classics Maith.,
Springer-Verlag, Berlin, 1995, reprint of the 1980 edition. MR 1335452.
Zbl 0836.47009.

[Kaw85] B. KAWOHL, Rearrangements and Convezity of Level Sets in PDE, Lec-
ture Notes in Math. 1150, Springer-Verlag, Berlin, 1985. MR 0810619.
Zbl 0593.35002. https://doi.org/10.1007/BFb0075060.


http://www.ams.org/mathscinet-getitem?mr=0092067
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0084.30402
http://www.ams.org/mathscinet-getitem?mr=2051611
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1151.35322
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1151.35322
https://doi.org/10.1090/S0894-0347-04-00453-9
http://www.ams.org/mathscinet-getitem?mr=1694534
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0938.35045
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0938.35045
https://doi.org/10.1006/jfan.1999.3397
http://www.ams.org/mathscinet-getitem?mr=2169871
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1154.35330
https://doi.org/10.1215/S0012-7094-05-12932-5
http://www.ams.org/mathscinet-getitem?mr=1680567
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0919.35094
https://doi.org/10.2307/121027
http://www.ams.org/mathscinet-getitem?mr=0397805
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0334.35022
https://doi.org/10.1007/BF02568142
https://doi.org/10.1007/BF02568142
https://github.com/necoleman/fepy
http://www.ams.org/mathscinet-getitem?mr=1775736
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0948.35029
https://doi.org/10.1090/S0894-0347-00-00346-5
https://doi.org/10.1090/S0894-0347-00-00346-5
http://www.ams.org/mathscinet-getitem?mr=1335452
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0836.47009
http://www.ams.org/mathscinet-getitem?mr=0810619
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0593.35002
https://doi.org/10.1007/BFb0075060

210

[Kuo69]

[Lamb2]

[Leb72]

[Loj59)

[LR17]

[Miy09]

[Miy13]

[Nads6]

[OR09]

[Pin80]

[P6152]

[Polymath]

[RauT75]

CHRIS JUDGE and SUGATA MONDAL

T. C. Kvo, On C%sufficiency of jets of potential functions, Topology 8
(1969), 167-171. MR 0238338. Zbl 0183.04601. https://doi.org/10.1016/
0040-9383(69)90007-X.

M. G. LAME, Lecons sur le théorie mathématique de ’elasticité des corps
solides, 1852.

N. N. LEBEDEV, Special Functions and their Applications, Dover Publ.,
Inc., New York, 1972, revised edition, translated from the Russian and
edited by Richard A. Silverman; unabridged and corrected republication.
MR, 0350075. Zbl 0271.33001.

S. LojasiEwicz, Sur le probleme de la division, Studia Math. 18
(1959), 87-136. MR 0107168. Zbl 0115.10203. https://doi.org/10.4064/
sm-18-1-87-136.

V. LOTOREICHIK and J. ROHLEDER, Eigenvalue inequalities for the
Laplacian with mixed boundary conditions, J. Differential Equations 263
no. 1 (2017), 491-508. MR 3631314. Zbl 1366.35106. https://doi.org/10.
1016/j.jde.2017.02.043.

Y. MivyamoTO, The “hot spots” conjecture for a certain class of planar
convex domains, J. Math. Phys. 50 no. 10 (2009), 103530, 7. MR, 2572703.
Zbl 1283.35016. https://doi.org/10.1063/1.3251335.

Y. MivyAMOTO, A planar convex domain with many isolated “hot
spots” on the boundary, Jpn. J. Ind. Appl. Math. 30 no. 1
(2013), 145-164. MR 3022811. Zbl 1260.35090. https://doi.org/10.1007/
$13160-012-0091-z.

N. S. NADIRASHVILI, Multiplicity of eigenvalues of the Neumann prob-
lem, Dokl. Akad. Nauk SSSR 286 no. 6 (1986), 1303-1305. MR 0830292.
7Zbl 0613.35052.

J.-P. OTAL and E. RosAs, Pour toute surface hyperbolique de genre g,
Aag—o > 1/4, Duke Math. J. 150 no. 1 (2009), 101-115. MR 2560109.
Zbl 1179.30041. https://doi.org/10.1215/00127094-2009-048.

M. A. PINSKY, The eigenvalues of an equilateral triangle, STAM J. Math.
Anal. 11 no. 5 (1980)7 819-827. MR 0586910. Zbl 0462.35072. https:
//doi.org/10.1137/0511073.

G. P6Lya, Remarks on the foregoing paper, J. Math. Physics 31
(1952), 55-57. MR 0047237. Zbl 0046.32401. https://doi.org/10.1002/
sapm195231155.

PorLyMATH, Polymath project 7 research thread 5: the hot spots conjec-
ture, June 3, 2012 through August 9, 2013. https://polymathprojects.org/
2013/08/09 /polymath7-research-thread-5-the-hot-spots-conjecture/.

J. RAucH, Five problems: An introduction to the qualitative theory of
partial differential equations, in Partial Differential Equations and Related
Topics (Program, Tulane Univ., New Orleans, La., 1974), Lecture Notes in
Math. 446, Springer, Berlin, 1975, pp. 355-369. MR 0509045. Zbl 0312.
35001. https://doi.org/10.1007/BFb0070610.


http://www.ams.org/mathscinet-getitem?mr=0238338
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0183.04601
https://doi.org/10.1016/0040-9383(69)90007-X
https://doi.org/10.1016/0040-9383(69)90007-X
http://www.ams.org/mathscinet-getitem?mr=0350075
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0271.33001
http://www.ams.org/mathscinet-getitem?mr=0107168
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0115.10203
https://doi.org/10.4064/sm-18-1-87-136
https://doi.org/10.4064/sm-18-1-87-136
http://www.ams.org/mathscinet-getitem?mr=3631314
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1366.35106
https://doi.org/10.1016/j.jde.2017.02.043
https://doi.org/10.1016/j.jde.2017.02.043
http://www.ams.org/mathscinet-getitem?mr=2572703
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1283.35016
https://doi.org/10.1063/1.3251335
http://www.ams.org/mathscinet-getitem?mr=3022811
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1260.35090
https://doi.org/10.1007/s13160-012-0091-z
https://doi.org/10.1007/s13160-012-0091-z
http://www.ams.org/mathscinet-getitem?mr=0830292
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0613.35052
http://www.ams.org/mathscinet-getitem?mr=2560109
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1179.30041
https://doi.org/10.1215/00127094-2009-048
http://www.ams.org/mathscinet-getitem?mr=0586910
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0462.35072
https://doi.org/10.1137/0511073
https://doi.org/10.1137/0511073
http://www.ams.org/mathscinet-getitem?mr=0047237
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0046.32401
https://doi.org/10.1002/sapm195231155
https://doi.org/10.1002/sapm195231155
https://polymathprojects.org/2013/08/09/polymath7-research-thread-5-the-hot-spots-conjecture/
https://polymathprojects.org/2013/08/09/polymath7-research-thread-5-the-hot-spots-conjecture/
http://www.ams.org/mathscinet-getitem?mr=0509045
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0312.35001
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0312.35001
https://doi.org/10.1007/BFb0070610

NO HOT SPOTS 211

[Siul5] B. S1ubpEJA, Hot spots conjecture for a class of acute triangles, Math.
Z. 280 no. 3-4 (2015), 783-806. MR 3369351. Zbl 1335.35164. https:
//doi.org/10.1007/300209-015-1448-1.

(Received: February 6, 2018)
(Revised: May 5, 2019)

DEPARTMENT OF MATHEMATICS, INDIANA UNIVERSITY, BLOOMINGTON, IN, USA
E-mail: cjudge2@gmail.com

SCHOOL OF MATHEMATICS, TATA INSTITUTE OF FUNDAMENTAL RESEARCH,
MumBAIL, INDIA
E-mail: sugatam@math.tifr.res.in


http://www.ams.org/mathscinet-getitem?mr=3369351
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1335.35164
https://doi.org/10.1007/s00209-015-1448-1
https://doi.org/10.1007/s00209-015-1448-1
mailto:cjudge2@gmail.com
mailto:sugatam@math.tifr.res.in

	1. Introduction
	Outline of the paper

	2. The nodal set and the critical set of an eigenfunction
	3. Eigenfunctions on polygons
	4. Neumann eigenfunctions on sectors
	5. A second Neumann eigenfunction of a polygon
	6. Derivatives and critical points of a second Neumann eigenfunction of a polygon
	7. Derivatives and critical points of a second Neumann eigenfunction of a triangle
	8. One nondegenerate critical point on a side of a triangle
	9. The behavior of critical points along a path of triangles
	10. On the stability of critical points
	11. The proof of Theorem 1.1
	12. Working without the assumption of simplicity
	13. Triangles with no critical point
	References

