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Knot Floer homology
obstructs ribbon concordance

By IAN ZEMKE

Abstract

We prove that the map on knot Floer homology induced by a ribbon
concordance is injective. As a consequence, we prove that the Seifert genus
is monotonic under ribbon concordance. Generalizing theorems of Gabai
and Scharlemann, we also prove that the Seifert genus is super-additive
under band connected sums of arbitrarily many knots. Our results give
evidence for a conjecture of Gordon that ribbon concordance is a partial
order on the set of knots.

1. Introduction

If Ky and K are knots in S3, a concordance from Ky to K is a smoothly
embedded annulus in [0, 1] x $% with boundary —{0} x KoU{1} x K1. A ribbon
concordance is a concordance C' with only index 0 and 1 critical points. A slice
knot is one that is concordant to the unknot (or equivalently, one that bounds
a smoothly embedded disk in B*). A ribbon knot is one that admits a ribbon
concordance from the unknot to K.

A major open problem in low-dimensional topology is the slice-ribbon
conjecture, which asks whether every slice knot is ribbon. In this paper, we
discuss the related problem of determining when two concordant knots are
ribbon concordant.

Some classical results about ribbon concordances are due to Gordon [Gor81].
Suppose C' is a ribbon concordance from Ky to K. Write 71 (K;) for the fun-
damental group of the complement of K; in S3, and 7 (C) for the fundamental
group of the complement of C in [0, 1] x S%. Gordon [Gor81, Lemma 3.1] proved
that

1 (Ko) — m(C) is injective and 71 (K7) — m1(C) is surjective.
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932 IAN ZEMKE

Note that in Gordon’s terminology, such a concordance goes “from” Kj “to”
Ky, though this is the opposite of the cobordism orientation, which is more
convenient for our present paper.

In contrast to the slice-ribbon conjecture, it is well known that there are
knots that are concordant, but not ribbon concordant. For example, if T} and
T; denote the right- and left-handed trefoils and Fg denotes the figure eight
knot, then Ky := T,#1; and K := Fg#Fgs are concordant. However since both
are fibered and have the same genus, a result of Gordon [Gor81, Lemma 3.4]
implies that if Ky and K7 were ribbon concordant, then they would be isotopic.

In this paper, we show that knot Floer homology gives an obstruction to
ribbon concordance.

saddles

>
births
>

Figure 1. A ribbon concordance from Ky to Kj.

1.1. Knot Floer homology and ribbon concordances. If K C S3 is a knot,
there is a bigraded Fy vector space
(1) HFK (K) = @ HFK(K. j),

i,jEZ

constructed independently by Ozsvath and Szabé [OS04b], and Rasmussen
[Ras03]. The subscript 7 in equation (1) denotes the Maslov grading, and j
denotes the Alexander grading.

If C is a concordance from Ky to Kj, Juhdsz and Marengon [JM16] con-
struct a grading preserving cobordism map

Fe: HFK (Ko) — HFK (K,),

which is well defined up to two graded automorphisms of knot Floer homology.
The ambiguity corresponds to a choice of decoration on C; see Section 2 for
further details.
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The concordance maps are based on a more general construction of cobor-
dism maps on link Floer homology due to Juhdsz [Juh16]. We will also make
use of an alternate description given by the author [Zem19b], which extends
to the minus and infinity flavors of link Floer homology.

Our main theorem is the following:

THEOREM 1.1. IfC is a ribbon concordance from Ky to K1, then the map

Feo: HFK(Ky) — HFK (K1)
18 an injection.
Our argument is easy to summarize. Let C’ denote the concordance from
Ky to Ky obtained by turning C upside down and reversing its orientation.

We will show that
ForoFo=id
which immediately implies Theorem 1.1.

We will in fact show that a version of Theorem 1.1 holds for the full knot

Floer complex, CFK®°(K), which contains more information than HFK (K);
see Theorem 1.7 and Section 4.

HFK (Ko)’

An immediate corollary of Theorem 1.1 is the following:

THEOREM 1.2. If there is a ribbon concordance from Ky to K1, then for
each i and j,

I‘ank]}r2 ﬁ(,(K@,]) < I‘ankﬂr2 ﬁﬁ(l(Kl,j)
Gordon made the following conjecture:

CONJECTURE 1.3 ([Gor81]). Ribbon concordance is a partial ordering,
i.e., if there is a ribbon concordance from Ko to K1, and also a ribbon concor-
dance from Ky to Ky, then Ky = K.

Our Theorem 1.1 gives the following immediate corollary, which supports
Gordon’s conjecture:

THEOREM 1.4. If there is a ribbon concordance from Kg to Ky, and also
a ribbon concordance from Ki to Ky, then
HFK(K,) = HFK (K)),
as bigraded vector spaces over Fa.
A caveat to Theorem 1.4 is that although HFK detects the unknot [OS04a],
as well as trefoils and the figure-eight knot [Ghi08], [Ni07], there are infinite

families of non-isotopic knots that have the same knot Floer homology [HW18,
Th. 1].

1.2. Monotonicity of the Seifert genus. If K is a knot, let d(K) denote
the degree of the Alexander polynomial of K. Gordon [Gor81, Lemma 3.4]
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showed that if there is a ribbon concordance from Ky to K7, then
(2) d(Ky) < d(Ky).

Ozsvath and Szabé [OS04a, Th. 1.2] proved that knot Floer homology
detects the Seifert genus:

(3) g5(K) = max {i : HFK (K,i) # {0} } .

Juhéasz gave an alternate argument using surface decompositions and sutured
manifolds [Juh08, Th. 1.5].

Analogous to Gordon’s result in equation (2), an immediate consequence
of Theorem 1.1 and equation (3) is the following:

THEOREM 1.5. If there is a ribbon concordance from Ky to Ky, then
93(Ko) < g3(K1).

1.3. Seifert genus of band connected sums. If Ky, ..., K, are knots in S>
that are unlinked from each other, a band connected sum of Kq,...,K, is a
knot L obtained by connecting K, ..., K, together with n — 1 bands. The
ordinary connected sum is an example of a band connected sum, but in general,
band connected sums will be more complicated.

Gabai [Gab87] proved that if L is a band connected sum of K; and K,
then

(4) g3(L) > g3(K1) + g3(K2).

Gabai also proved that if equality holds in equation (4), then L = Kj#Kb>.
Scharlemann [Sch85] independently proved that if the the band connected sum
of two unknots is an unknot, then the band is a trivial band.

Note that the band connected sum of three or more knots is not in gen-
eral an iterated band connected sum of pairs of knots. Gabai’s proof does
not obviously extend to the case of three or more summands. We prove the
following:

THEOREM 1.6. If a knot L is a band connected sum of knots K1, ..., Ky,
then

(5) g3(L) > g3(K1) + -+ + g3(Kny).

Proof. Miyazaki [Miy98] gave an elegant manipulation that shows that if L
is a band connected sum of K1, ..., K,,, then there is a ribbon concordance from
K #---#K, to L. Hence, equation (5) follows immediately from our Theo-
rem 1.5, as well as the additivity of the Seifert genus under connected sum. [J

Some comments are in order. Miyazaki [Miy18] recently proved super-
additivity of the Seifert genus under the assumption that L is fibered, in fact
showing that K1, ..., K, must all be fibered as well. Miyazaki combines results
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of Gordon [Gor81], Silver [Sil92] and Kochloukova [Koc06] to show that if
equality holds in equation (5) and L is fibered, then L = K # - - - #K,,.

1.4. Extension to the full knot Floer complez. Ozsvath and Szabé [OS04b]
defined a more general version of knot Floer homology, called the full knot Floer
complez, denoted CFK*(K). The object CFK*(K) is a Z & Z-filtered chain
complex over the ring Fo[U, U71].

The present author gave a functorial construction of cobordism maps for
the full knot Floer complex [Zem19b]. As a generalization to Theorem 1.1, we
will show the following:

THEOREM 1.7. If C is a ribbon concordance from Ky to K1, and C' is
the concordance from Ky to Ky obtained by turning around and reversing the
orientation of C, then

Fero Fo ~idopke k),
where ~ means filtered, Fo[U, U~1]-equivariantly chain homotopic.

1.5. Further commentary. A recent paper of Miyazaki [Miy18] points out
that work of Silver [Sil92] and Kochloukova [Koc06] together imply that if
there is a ribbon concordance from K to K7, and Kj is fibered, then Kj is
also fibered. Silver reduced the problem to a conjecture of Rapaport [Str75]
about knot-like groups, which Kochloukova proved. In particular, if there is
a ribbon concordance from Ky to K7 and K is fibered, and further Ky and
K have the same Seifert genus, then [Gor81, Lemma 3.4] implies they must
be isotopic. Note that our Theorem 1.1 gives an alternate proof of this latter
fact that avoids Kochloukova’s result, by using Ni’s theorem that knot Floer
homology detects fibered knots [Ni07] together with [Gor81, Lemma 3.4].

Finally, we remark that a major open problem in symplectic topology is
determining whether every Lagrangian concordance between Legendrian knots
in S3 is decomposable; see [Chal2, Def. 1.4], [EHK16, §6]. Decomposable La-
grangian cobordisms are products of elementary cobordisms corresponding to
Legendrian Reidemeister moves, saddles and births. In particular, decompos-
able Lagrangians are ribbon. One strategy for proving that a given Lagrangian
concordance is not decomposable might be to show that it is not even ribbon
via our Theorem 1.2 (or more ambitiously Theorem 1.1, if one could explicitly
compute the map). Unfortunately the only candidates the author is aware
of [CNS16, §2.2] are satellites of decomposable Legendrian concordances, and
hence are ribbon.

1.6. Acknowledgments. 1 would like to thank Jen Hom, Tye Lidman,
Jeffrey Meier and Maggie Miller for helpful correspondences. I would also like
to thank David Gabai for pointing out Scharlemann’s work. This problem was
posed by Sucharit Sarkar at the CMO-BIRS Conference Thirty Years of Floer
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Theory for 3-Manifolds in Oaxaca, Mexico; see Problem 26 of the problem list
https://www.birs.ca/cmo-workshops/2017/17w5011 /report17w5011.pdf.

2. Background on knot and link Floer homology

Knot Floer homology is an invariant of knots discovered independently
by Ozsvéath and Szab6 [OS04b], and Rasmussen [Ras03]. Ozsvath and Szabé
[OS08] constructed a generalization, called link Floer homology, associated to
links in 3-manifolds. In this section, we present background material about
knot and link Floer homology.

Definition 2.1. A multi-based link L. = (L,w,z) in a 3-manifold Y is
an oriented link L C Y, together with two disjoint and finite collections of
basepoints w,z C L such that the following hold:

(1) Each component of L has at least two basepoints.
(2) The basepoints alternate between w and z, as one traverses L.

To a multi-based link L in Y, the link Floer homology group
HFL(Y,L)

is a vector space over Fy. If K = (K, w, z) is a doubly based knot in S3, the
group HFL(S3,K) coincides with the knot Floer homology group HFK (K).
The group HFL(Y,LL) decomposes along Spin® structures as

HFL(Y,L)= @ HFL(Y,L,s),
s€Spin®(Y)
as we outline below.
We briefly describe the construction of link Floer homology. One starts
with a Heegaard diagram (X, o, 3, w, z) for L; see [OS08, §3.5] for the definition
of a Heegaard diagram of a multi-based link. Write

a:{al,...,an} and B:{ﬁlw"?ﬁn}?

where n = g(¥)+|w|—1 = ¢g(3)+|z|—1, and consider the two half-dimensional
tori

To =1 X" Xy and Tg=p1 %X fy

inside of the symmetric product Sym" (X).

There is a map sw: To N Tg — Spin“(Y’) defined by Ozsvath and Szabé
[0OS04c, §2.6]. As a module over Fg, the chain complex @(Y, L,s) is freely
generated by the intersection points x € T, N Ty that satisfy sw(x) = s.
The differential 0 on 6F\L(Y, L,s) is defined by counting holomorphic disks in
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Sym"(X) with zero multiplicity on w and z:

(6) ox= Y Y. #M(9)/R)y.
yeToNTz  ¢ema(x,y)
m(p)=1
Nw (¢)=nz($)=0

The definition of link Floer homology can be extended to disconnected
manifolds via a tensor product, as long as each component of the 3-manifold
contains a component of the link. By convention, we set

HFL(0) := Fs.

Functorial cobordism maps for the hat flavor of link Floer homology were
constructed by Juhdsz [Juh16]. Juhdsz’s construction made use of the contact
gluing map defined by Honda, Kazez and Mati¢ [HKMO08]. The present author
[Zem19b] gave an alternate construction of link cobordism maps in terms of ele-
mentary cobordisms. The construction is independent of the contact-geometric
construction of Honda, Kazez and Mati¢. In a joint work with Juhész, the au-
thor showed that the two constructions yield the same cobordism maps [JZ18,
Th. 1.4].

Juhész’s link Floer TQFT uses the following notion of decorated link
cobordism between two multi-based links:

Definition 2.2. Let Yy and Y7 be 3-manifolds containing multi-based links
Lo = (Lo, wo,20) and Ly = (L1, w1, 21), respectively. A decorated link cobor-
dism from (Yp,Lo) to (Y7,L;) is a pair (W, F) = (W, (X, A)), satisfying the
following:
(1) W is an oriented cobordism from Yy to Y;.
(2) X is a properly embedded, oriented surface in W with 0% = —Lo U L.
(3) A is a properly embedded 1-manifold in ¥ that divides ¥ into two sub-
surfaces Yy and X, that meet along A, such that wg,w; C X and
Zy,7Zq g Ez.

Using the constructions from [Juh16] and [Zem19b], if s € Spin®(W), there
is a functorial cobordism map

FW7]:75: HFL(YE),]L(),S‘YO) — HFL(}G,Ll,E‘Yl).
When Spin®(W) contains only one element, s, we write simply

Fwr = Fwrs.

To a concordance C from K, to K7, we decorate Ky and K7 each with a
pair of basepoints, and we obtain a decorated link cobordism ([0, 1] x S3,C)
by decorating C' with two parallel dividing arcs, both going from Ky to Kj.
This configuration is studied in [JM16]. The choice of such dividing arcs is
not canonical, since we can always apply a Dehn twist along a homotopically
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nontrivial curve in C. Hence, if C' is an undecorated concordance, the induced
cobordism map is only well defined up to the automorphisms of knot Floer
homology induced by the diffeomorphisms that twist Ky or K; in one full
twist. Note that composition with a grading preserving automorphism does
not affect the statement of Theorem 1.1. The basepoint moving automorphism
map has been studied by Sarkar [Sarl5] and by the author [Zem17].

An important property of the link Floer TQFT is that cobordisms with
non-connected ends are allowed. This fact will be important in our proof of
Theorem 1.1. The cobordism map associated to the disjoint union of two link
cobordisms is the tensor product of the two link cobordism maps.

Next, we discuss gradings. If L is a null-homologous link in Y (i.e., the
total class of L vanishes in Hq(Y;Z)) and s is a torsion Spin® structure on Y,
Ozsvath and Szabé construct two gradings on link Floer homology: the Maslov
and Alexander gradings. In the framework of our TQFT, it is convenient to
repackage these two gradings into three gradings, gr.,, gr, and A, which satisfy

the linear dependency

1
A= Jlar, ).
The Maslov grading described by Ozsvath and Szabé is equal to gr
notation.
The cobordism maps are graded, and the author [Zem19a, Th. 1.4] showed

that if s|y, and s|y, are torsion, and Ly and LL; are null-homologous, then

c1(5)? = 2x(W) — 30(W)

w» 1 our

() gre(Fwrax)) — gry(x) = / ()
and
) wra(Fiwra(0) — gy ) = AT LIRS 0000 )
where
2(Zw) = X(Bw) — = (Iwo + [wal),

2
and x(X,) is defined similarly. Special cases of the above grading formulas were
independently proven by Juhdsz and Marengon [JM18], when W = [0, 1] x S3.

A final property that we will need concerns the behavior of the cobordism
maps for 2-knots in S%:

LEMMA 2.3. Suppose (S*,8): 0 — () is a decorated link cobordism such
that S is a smooth 2-knot decorated with a single dividing curve. The induced
map

Fs4752 FQ — FQ

s an tsomorphism.
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Lemma 2.3 follows from [JM16, Th. 1.2]. Alternatively, we can view it
as a consequence of a more general formula for the behavior of the cobordism
maps applied to closed surfaces, due to the author; see Lemma 4.1, below.

3. Proof of Theorem 1.1

Having reviewed the necessary background, we now prove our main result:

Proof of Theorem 1.1. Suppose C'is a ribbon concordance from Ky to K;.
Let C denote C, decorated with two parallel dividing arcs running from Kj
to K;.

Consider the concordance C’ from K; to Ky obtained by turning around
and reversing the orientation of C'. Let C’ denote the concordance C’ with the
decorations induced by C. Write C’ o C for the concordance from K to itself
obtained by concatenating C and C’, and write C’' oC for C' o C decorated with
the arcs from C and C’.

We claim that

9) Floayxss.cr © Foaxss ¢ = Floayxss.croe = Wy -

Note that equation (9) immediately implies Theorem 1.1. The first equality
in equation (9) follows from the composition law for link cobordisms, so it
remains to prove the second.

The concordance C’ o C' will not in general be isotopic to the product

0,1] x Ko € [0,1] x S3.

Nonetheless, the link Floer TQFT cannot tell the difference, as we now pre-
cisely describe.
Pick a movie presentation of C, with the following form:

(M-1) n births, adding unknots Uy, ..., Uy;

(M-2) n saddles, for bands By, ..., By, such that B; connects U; to Ko;

(M-3) anisotopy taking the band surgered knot (KoUUU- - -UU,,) (B4, - .., By)
to Kj.

Such a movie can be obtained by taking the concordance C' (which by
assumption has only index 0 and 1 critical points) and moving the index 0
critical points below the index 1 critical points. A-priori the bands induced by
the index 1 critical points may not have one end on Ky and one end on one of
Ui, ...,U,. However, after a sequence of band slides, it is easy to arrange for
this configuration.

The concordance C’ o C' can be given a movie by concatenating the above
movie with its reverse. In this movie for C' o C, we run the isotopy from (M/-3)
forward in the C-portion of the movie and then immediately run it backwards



940 IAN ZEMKE

in the C’-portion. Consequently, we can delete the two adjacent levels corre-
sponding to isotopy in the movie for C’ o C' and obtain the following movie for

C'oC:

(M'-1) n births, adding Uy, ..., Uy;

(M'-2) n saddles, for the bands By, ..., By;

(M’'-3) n saddles, for bands Bj,..., B}, obtained by reversing By, ..., By;
(M'-4) n deaths, deleting Uy, ..., U,.

If we were to omit all 2n bands, the births and deaths determine 2-spheres,
S1,...,8,. For each i, the band B;, together with its reverse Bj, determines
a tube (i.e., an annulus), for which we write T;. Consequently, we can view
the concordance C’ o C' as being obtained by taking the identity concordance
[0,1] x Kp, and tubing in the spheres Si,...,S, using the tubes T1,...,T,.
Although the 2-spheres S; are individually unknotted, the tubes T; may link
the spheres S; in a complicated manner.

We view the tubes as the boundaries of 3-dimensional 1-handles hq, ..., hy,
embedded in [0, 1] x S2 that join the surface [0, 1] x Ko to the spheres Si, ..., Sy.
The 1-handle h; intersects S; in a disk D; and intersects [0, 1] x K in a disk
DY. Define D} := S; \ int(D;).

The concordance C’ o C' is equal to the union

(10) C'oC = ([o, 1]x Ko\ (DY U---uDY) ) U(TyU---UT,)U(Dy U ---U D).

If we replace the expression D} U---U D!, appearing in equation (10) with
Dy U---UD,, we obtain a surface that is isotopic to the identity concordance
[0,1] x Kp; see Figure 2.

We now claim that replacing D) with D; does not change the cobordism
map. Let N(S;) denote a regular neighborhood of S;, and let Y; denote the
boundary of N(S;). Note that

N(S)=D?x 5% and Y;=S'xS§%

The concordance C’ o C intersects Y; in an unknot O; (equal to the inter-
section of T; with Y;). We isotope the dividing set on C’ oC so that it intersects
O; in two points and intersects D} in a single arc. Let D) denote D/ decorated
with this dividing arc, and let D; denote D; decorated with a single dividing
arc. Let Q; denote the unknot O; C Y}, decorated with two basepoints that
are compatible with the dividing arcs.

We now claim that

(11) FN(SZ'),'D;,’LO = FN(Sj),'D,‘,{Q?
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as maps from EF\L(@) = Fj to EF\L(Y“ 0y, 80), where tg € Spin®(N (S;)) denotes
the Spin® structure that evaluates trivially on S;, and sy denotes its restriction

to Y;.

We note that the link Floer TQFT allows cobordisms that have discon-
nected or empty incoming and outgoing ends. Furthermore, the cobordism
map for a disjoint union of link cobordisms is the tensor product of the link
cobordism maps for each connected component. Hence, equation (11), to-
gether with the composition law for link cobordisms [Zem19b, Th. B, implies

the main claim.

We prove equation (11) in the subsequent Lemma 3.1.

o <2

deaths

>
>

(—)

saddles

K;

S

saddles

>
>

(—)

births

g, 2

-

—

O

deaths

O

saddles

3

saddles

O

births

O

Ky

Figure 2. The modification of C' o C from the proof of Theo-
rem 1.1. On the left is a movie for C’ o C. On the right is a
movie for the concordance obtained by replacing the disks D
with D;. The concordance on the right is isotopic to [0, 1] x K.
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LEMMA 3.1. Suppose D and D’ are two smooth, properly embedded disks
in W := D? x §? that intersect S* x S? in an unknot O. Let Q denote O
decorated with two basepoints, and let D and D' denote D and D’ decorated
with a single dividing arc, compatibly with the basepoints of Q. Let ty denote the
unique Spin® structure on W whose Chern class evaluates trivially on {0} x 52,
and let so denote its restriction to S* x S%. Then

(12) Fwpt = Fwop i
as maps from Fy & I?F?((@) to ]?F?((Sl x 52,0, 50).

Proof. A Heegaard diagram for (S' x $2,Q) is shown in Figure 3.

Figure 3. A diagram for the unknot © in S' x S?. The two
intersection points both represent the torsion Spin® structure.

Since O is a doubly based unknot, the gradings gr,, and gr, coincide on
the generators of HFK (S! x S2,0,50). Indeed both gr,, and gr, are defined
on intersection points using the same formula, since the basepoints are imme-
diately adjacent. We refer to the common grading on HFK (S1 x S2,0,50)
simply as the Maslov grading. Note that

HFK (S" x §%,0,50) = (F2)_1 & (F2)1,

where (F2), denotes a rank 1 summand of Fy, concentrated in Maslov grading
p € Q.

We make two claims:
(c-1) Both Fyp (1) and Fyy,pr ¢, (1) have Maslov grading —1.
(¢-2) Fwpy (1) and Fyypr ¢, (1) are both non-zero.

Claim (c-1) follows from the grading change formulas in equations (7)
and (8). (Both formulas give the same answer.)

Claim (c-2) is proven as follows: Let (Wy, Dp): (S* x S2,0) — ) denote
a decorated link cobordism, where Wy is a 3-handle cobordism followed by a
4-handle, and Dy is a smooth disk, decorated with a single dividing arc. Note
that Wy U W is diffeomorphic to S*. Write S and S’ for the 2-spheres Dy U D
and Dy U D', respectively. By the composition law,

(13) Fsa s = Fwypo © Fwp to-
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However Fgu g: Fo — Iy is an isomorphism by Lemma 2.3. Consequently
Fwp (1) must be non-zero in light of equation (13). The same argument
shows Fyypr (1) is non-zero, so Claim (c-2) holds.

Noting that ﬁ((sl x 82,0, 50) has rank 1 in Maslov grading —%, Claims
(c-1) and (c-2) imply that Fyw,p, = Fw,p 1., completing the proof. O

4. Extension to the full knot Floer complex

In this section, we prove Theorem 1.7. The argument is only notationally
harder than the one we gave for Theorem 1.1. We first recall the definition of
the relevant version of the full knot Floer complex and the cobordism maps
from [Zem19b], and we state some basic properties.

If L is a multi-based link in Y, we let CFL™(Y,L,s) denote the module
that is freely generated over the two variable polynomial ring Fo[u, v] by inter-
section points x € T, N Ty with sw(x) = s. Adapting equation (6), we equip
CFL™(Y,L,s) with the differential

ox= 3 3 HM@)/R) )y,
yGTaﬂTﬁ ¢€772(x7y)
w(¢)=1

where ny(¢) and n,(¢) denote the total multiplicity of the class ¢ on the
basepoints w and z.

Note that @(Y, L, s) is obtained from CFL™ (Y, L, s) by setting u=v=0.
A complex CFL*(Y,L,s) is defined by formally inverting u and v in the module
CFL=(Y,L,s).

The gradings gr,, gr, and A described in Section 2 all have incarnations on
the minus and infinity flavors. On intersection points, their definitions coincide
with the gradings on 6}7\L(Y,]L,5). They are extended to CFL™(Y,L,s) by
defining u to have (gry,, gr,)-bigrading (—2,0) and defining v to have (gry,, gr,)-
bigrading (0, —2). The Alexander grading satisfies A = J(gr,, — gr,).

Let K denote a knot K in S3, decorated with two basepoints. The full
knot Floer complex CFK*(K), as defined in [OS04b], is equal to the sub-
complex of CFL>(S3 K) in Alexander grading zero. The actions of u and
v are not individually well defined on CFK*°(K), since they have non-zero
Alexander grading. Nonetheless, the group CFK°°(K) can be given an action
of Fo[U, U™, by having U act by the product uv.

The module CFL>(S? K) has a natural Z & Z-filtration G, ,,)(K) C
CFL>®(S3,K), generated by monomials uv’ - x with i > n and j > m. The
ZoZAiltration on CFK > (K) is then given as the intersection of G, ,,) (K) with
CFK*(K), or equivalently, the homogeneous subset of G, ,,,) (K) in Alexander
grading zero.
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To a decorated link cobordism (W, F): (Yy,Lo) — (Y1,L1), equipped with
a Spin® structure s € Spin®(W), the author [Zem19b] constructs functorial
cobordism maps

Fm/’]:ﬁ: Cfﬁ_(}/o,]Lo,ﬁ‘YO) — C]:Z_(Yl,Ll,ﬁlyl).

If Lo and L; are both null-homologous and s|y, and s|y, are torsion (so
gry, and gr, are defined), then the grading formulas from equations (7) and (8)
hold [Zem19a, Th. 1.4].

Next, we recall the form of the maps for closed surfaces in 5%, as computed
by the author [Zem19a, Th. 1.8]:

LEMMA 4.1. Suppose that S = (X, A) is a closed, decorated surface in S*
such that ¥\ A has two connected components, X, and ¥,. Then the cobordism
map

Fga g: Falu,v] — Falu,v]
1 equal to the map
1 9Ew)9(5a)

In particular, when S is a 2-knot, the cobordism map is the identity.

We are now equipped to prove Theorem 1.7:

Proof of Theorem 1.7. Suppose C'is a ribbon concordance from Ky to K,
and let C and C’ be decorations of C and C’, as in the proof of Theorem 1.1.
The proof of the present theorem amounts to showing that

(14) Flo11xs3,c © Flo1jxs2.¢ = Flo1)xs3 croc ~ e (k) -

The proof of equation (14) follows the proof of Theorem 1.1 verbatim until
Lemma 3.1. We claim that Lemma 3.1 holds with @(51 x 52,0, s9) replaced
by CFL™(S! x S2,0, 50).

Note that gr,, and gr, do not coincide on CFL™ (S x S2,0,s0), since u
and v have non-zero (gr,,, gr,)-bigrading. We claim that the following analogs
of Claims (c¢-1) and (¢-2) hold:

(c-1) Both Fiyp (1) and Fypr (1) have (gry,gr,)-bigrading (—3,—3%) in
CFL™(S' x S2,0,50).
(d-2) Fwmpy (1) and Fyypr g, (1) are both non-zero.

Claim (¢-1) follows from the grading formulas in equations (7) and (8),
as before.

Claim (¢/-2) is proven similarly to Claim (¢-2), except using Lemma 4.1
for the maps induced by 2-knots.

Finally, we note that

CFL™(S' x $,0,50) = ((FQ)(;%) e (Fg)(;,;)) ®F, Folu, v],
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with vanishing differential. (See Figure 3 for a diagram.) In the above equa-
tion, (F2)(p,q) denotes a summand of Fy concentrated in (gr,,, gr,)-bigrading
(p,q). The homogeneous subset in (gry, gr,)-bigrading (—3, —4) has rank 1,
so Claims (¢/-1) and (¢/-2) force

Fwp (1) = Fwpr g (1)

as elements of CFL™ (S x S2,0,s0). Using the composition law, the proof is
complete.
O

References

[Chal2] B. CHANTRAINE, Some non-collarable slices of Lagrangian surfaces, Bull.
Lond. Math. Soc. 44 no. 5 (2012), 981-987. MR 2975156. Zbl 1251.57017.
https://doi.org/10.1112/blms/bds026.

[CNS16] C. CorNWELL, L. Na, and S. SIVEK, Obstructions to Lagrangian con-
cordance, Algebr. Geom. Topol. 16 no. 2 (2016), 797-824. MR 3493408.
Zbl 1346.57009. https://doi.org/10.2140/agt.2016.16.797.

[EHK16] T. Exnorm, K. HonNDA, and T. KALMAN, Legendrian knots and exact
Lagrangian cobordisms, J. Eur. Math. Soc. (JEMS) 18 no. 11 (2016), 2627
2689. MR 3562353. Zbl 1357.57044. https://doi.org/10.4171/JEMS/650.

[Gab87] D. GABAIL Genus is superadditive under band connected sum, Topology 26
no. 2 (1987), 209-210. MR 0895573. Zbl 0621.57004. https://doi.org/10.
1016,/0040-9383(87)90061-9.

[Ghi08] P. GHIGGINI, Knot Floer homology detects genus-one fibred knots, Amer.
J. Math. 130 no. 5 (2008), 1151-1169. MR 2450204. Zbl 1149.57019. https:
//doi.org/10.1353/ajm.0.0016.

[Gor81] C. McA. GoOrDON, Ribbon concordance of knots in the 3-sphere, Math.
Ann. 257 no. 2 (1981), 157-170. MR 0634459. Zbl 0451.57001. https://
doi.org/10.1007/BF01458281.

[HW18] M. HEDDEN and L. WATSON, On the geography and botany of knot Floer
homology, Selecta Math. (N.S.) 24 no. 2 (2018), 997-1037. MR 3782416.
Zbl 06862004. https://doi.org/10.1007/s00029-017-0351-5.

[HKMO08] K. HonDA, W. KAzEZ, and G. MATIC¢, Contact structures, sutured Floer
homology and TQFT, 2008. arXiv 0807.2431.

[Juh08]  A. JunAsz, Floer homology and surface decompositions, Geom. Topol. 12
no. 1 (2008), 299-350. MR 2390347. Zbl 1167.57005. https://doi.org/10.
2140/¢t.2008.12.299.

[Juh16] A. JunAsz, Cobordisms of sutured manifolds and the functoriality of link
Floer homology, Adv. Math. 299 (2016), 940-1038. MR 3519484. Zbl 1358.
57021. https://doi.org/10.1016/j.aim.2016.06.005.

[JM16]  A. JuHASz and M. MARENGON, Concordance maps in knot Floer homology,
Geom. Topol. 20 no. 6 (2016), 3623-3673. MR 3590358. Zbl 1364.57013.
https://doi.org/10.2140/gt.2016.20.3623.


http://www.ams.org/mathscinet-getitem?mr=2975156
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1251.57017
https://doi.org/10.1112/blms/bds026
http://www.ams.org/mathscinet-getitem?mr=3493408
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1346.57009
https://doi.org/10.2140/agt.2016.16.797
http://www.ams.org/mathscinet-getitem?mr=3562353
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1357.57044
https://doi.org/10.4171/JEMS/650
http://www.ams.org/mathscinet-getitem?mr=0895573
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0621.57004
https://doi.org/10.1016/0040-9383(87)90061-9
https://doi.org/10.1016/0040-9383(87)90061-9
http://www.ams.org/mathscinet-getitem?mr=2450204
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1149.57019
https://doi.org/10.1353/ajm.0.0016
https://doi.org/10.1353/ajm.0.0016
http://www.ams.org/mathscinet-getitem?mr=0634459
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0451.57001
https://doi.org/10.1007/BF01458281
https://doi.org/10.1007/BF01458281
http://www.ams.org/mathscinet-getitem?mr=3782416
http://www.zentralblatt-math.org/zmath/en/search/?q=an:06862004
https://doi.org/10.1007/s00029-017-0351-5
http://www.arxiv.org/abs/0807.2431
http://www.ams.org/mathscinet-getitem?mr=2390347
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1167.57005
https://doi.org/10.2140/gt.2008.12.299
https://doi.org/10.2140/gt.2008.12.299
http://www.ams.org/mathscinet-getitem?mr=3519484
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1358.57021
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1358.57021
https://doi.org/10.1016/j.aim.2016.06.005
http://www.ams.org/mathscinet-getitem?mr=3590358
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1364.57013
https://doi.org/10.2140/gt.2016.20.3623

946

[IM18]

[JZ18]

[Koc06]

[Miy98]

[Miy18]

[Ni07]

[0S044]

[0S04b)]

[0S04c]

[0S08]

[Ras03]

[Sarl5]

[Sch85]

IAN ZEMKE

A. JuHAsz and M. MARENGON, Computing cobordism maps in link Floer
homology and the reduced Khovanov TQFT, Selecta Math. (N.S.) 24 no. 2
(2018), 1315-1390. MR 3782423. Zbl 1397 .57026. https://doi.org/10.1007/
s00029-017-0368-9.

A. JuHAsz and I. ZEMKE, Contact handles, duality, and sutured Floer
homology, 2018, Geom. Topol., to appear. arXiv 1803.04401.

D. H. KOCHLOUKOVA, Some Novikov rings that are von Neumann finite
and knot-like groups, Comment. Math. Helv. 81 no. 4 (2006), 931-943.
MR 2271229. Zbl 1166.20042. https://doi.org/10.4171/CMH/81.

K. MivyazAki, Band-sums are ribbon concordant to the connected sum,
Proc. Amer. Math. Soc. 126 no. 11 (1998), 3401-3406. MR 1451821.
Zbl 0913.57002. https://doi.org/10.1090/S0002-9939-98-04352-4.

K. Mr1vazaki, A note on genera of band sums that are fibered, J. Knot
Theory Ramifications 27 no. 12 (2018), 1871002, 3. MR 3876350. Zbl 1402.
57011. https://doi.org/10.1142/50218216518710025.

Y. N1, Knot Floer homology detects fibred knots, Invent. Math. 170 no. 3
(2007), 577-608. MR 2357503. Zbl 1138.57031. https://doi.org/10.1007/
s00222-007-0075-9.

P. OzsvATH and Z. SzABO, Holomorphic disks and genus bounds, Geom.
Topol. 8 (2004), 311-334. MR 2023281. Zbl 1056.57020. https://doi.org/
10.2140/gt.2004.8.311.

P. OzsvATH and Z. SzABO, Holomorphic disks and knot invariants, Adv.
Math. 186 no. 1 (2004), 58-116. MR 2065507. Zbl 1062.57019. https://
doi.org/10.1016/j.aim.2003.05.001.

P. OzsvATH and Z. SzABO, Holomorphic disks and topological invariants
for closed three-manifolds, Ann. of Math. (2) 159 no. 3 (2004), 1027-
1158. MR 2113019. Zbl 1073.57009. https://doi.org/10.4007/annals.2004.
159.1027.

P. OzsvATH and Z. SzABO, Holomorphic disks, link invariants and the
multi-variable Alexander polynomial, Algebr. Geom. Topol. 8 no. 2 (2008),
615-692. MR 2443092. Zbl 1144 .57011. https://doi.org/10.2140/agt.2008.
8.615.

J. A. RASMUSSEN, Floer Homology and Knot Complements, Pro-
Quest LLC, Ann Arbor, MI, 2003, Thesis (Ph.D.)-Harvard University.
MR 2704683. Available at http://gateway.proquest.com/openurl?url_ver=
7.39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:
padiss&rft_dat=xri:pqdiss:3091665.

S. SARKAR, Moving basepoints and the induced automorphisms of link
Floer homology, Algebr. Geom. Topol. 15 mno. 5 (2015), 2479-2515.
MR 3426686. Zbl 1331.57015. https://doi.org/10.2140/agt.2015.15.2479.
M. SCHARLEMANN, Smooth spheres in R* with four critical points are
standard, Invent. Math. 79 no. 1 (1985), 125-141. MR 0774532. Zbl 0559.
57019. https://doi.org/10.1007/BF01388659.


http://www.ams.org/mathscinet-getitem?mr=3782423
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1397.57026
https://doi.org/10.1007/s00029-017-0368-9
https://doi.org/10.1007/s00029-017-0368-9
http://www.arxiv.org/abs/1803.04401
http://www.ams.org/mathscinet-getitem?mr=2271229
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1166.20042
https://doi.org/10.4171/CMH/81
http://www.ams.org/mathscinet-getitem?mr=1451821
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0913.57002
https://doi.org/10.1090/S0002-9939-98-04352-4
http://www.ams.org/mathscinet-getitem?mr=3876350
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1402.57011
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1402.57011
https://doi.org/10.1142/S0218216518710025
http://www.ams.org/mathscinet-getitem?mr=2357503
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1138.57031
https://doi.org/10.1007/s00222-007-0075-9
https://doi.org/10.1007/s00222-007-0075-9
http://www.ams.org/mathscinet-getitem?mr=2023281
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1056.57020
https://doi.org/10.2140/gt.2004.8.311
https://doi.org/10.2140/gt.2004.8.311
http://www.ams.org/mathscinet-getitem?mr=2065507
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1062.57019
https://doi.org/10.1016/j.aim.2003.05.001
https://doi.org/10.1016/j.aim.2003.05.001
http://www.ams.org/mathscinet-getitem?mr=2113019
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1073.57009
https://doi.org/10.4007/annals.2004.159.1027
https://doi.org/10.4007/annals.2004.159.1027
http://www.ams.org/mathscinet-getitem?mr=2443092
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1144.57011
https://doi.org/10.2140/agt.2008.8.615
https://doi.org/10.2140/agt.2008.8.615
http://www.ams.org/mathscinet-getitem?mr=2704683
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:3091665
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:3091665
http://gateway.proquest.com/openurl?url_ver=Z39.88-2004&rft_val_fmt=info:ofi/fmt:kev:mtx:dissertation&res_dat=xri:pqdiss&rft_dat=xri:pqdiss:3091665
http://www.ams.org/mathscinet-getitem?mr=3426686
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1331.57015
https://doi.org/10.2140/agt.2015.15.2479
http://www.ams.org/mathscinet-getitem?mr=0774532
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0559.57019
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0559.57019
https://doi.org/10.1007/BF01388659

[Si192]

[Str75)

[Zem17]

[Zem19a)]

[Zem19b)

KNOT FLOER HOMOLOGY OBSTRUCTS RIBBON CONCORDANCE 947

D. S. SiLVER, On knot-like groups and ribbon concordance, J. Pure Appl.
Algebra 82 no. 1 (1992), 99-105. MR 1181096. Zbl 0766.57006. https:
//doi.org/10.1016,/0022-4049(92)90013-6.

E. R. STRASSER, Knot-like groups, papers dedicated to the memory of
R.H. Fox), in Knots, Groups, and 3-Manifolds, Ann. of Math. Studies 84,
1975, pp. 119-133. MR 0440531. Zbl 0323.55003. https://doi.org/10.1515/
9781400881512-011.

I. ZEMKE, Quasistabilization and basepoint moving maps in link Floer ho-
mology, Algebr. Geom. Topol. 17 no. 6 (2017), 3461-3518. MR 3709653.
Zbl 1387.57020. https://doi.org/10.2140/agt.2017.17.3461.

I. ZEMKE, Link cobordisms and absolute gradings on link Floer homology,
Quantum Topol. 10 no. 2 (2019), 207-323. MR 3950650. Zbl 07068343.
https://doi.org/10.4171/QT/124.

I. ZEMKE, Link cobordisms and functoriality in link Floer homology, J.
Topol. 12 no. 1 (2019), 94-220. MR 3905679. Zbl 07055381. https://doi.
org/10.1112/topo.12085.

(Received: February 17, 2019)
(Revised: July 17, 2019)

PRINCETON UNIVERSITY, PRINCETON, NJ
E-mail: izemke@Qmath.princeton.edu


http://www.ams.org/mathscinet-getitem?mr=1181096
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0766.57006
https://doi.org/10.1016/0022-4049(92)90013-6
https://doi.org/10.1016/0022-4049(92)90013-6
http://www.ams.org/mathscinet-getitem?mr=0440531
http://www.zentralblatt-math.org/zmath/en/search/?q=an:0323.55003
https://doi.org/10.1515/9781400881512-011
https://doi.org/10.1515/9781400881512-011
http://www.ams.org/mathscinet-getitem?mr=3709653
http://www.zentralblatt-math.org/zmath/en/search/?q=an:1387.57020
https://doi.org/10.2140/agt.2017.17.3461
http://www.ams.org/mathscinet-getitem?mr=3950650
http://www.zentralblatt-math.org/zmath/en/search/?q=an:07068343
https://doi.org/10.4171/QT/124
http://www.ams.org/mathscinet-getitem?mr=3905679
http://www.zentralblatt-math.org/zmath/en/search/?q=an:07055381
https://doi.org/10.1112/topo.12085
https://doi.org/10.1112/topo.12085
mailto:izemke@math.princeton.edu

	1. Introduction
	1.1. Knot Floer homology and ribbon concordances
	1.2. Monotonicity of the Seifert genus
	1.3. Seifert genus of band connected sums
	1.4. Extension to the full knot Floer complex
	1.5. Further commentary
	1.6. Acknowledgments

	2. Background on knot and link Floer homology
	3. Proof of Theorem 1.1
	4. Extension to the full knot Floer complex
	References

