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Eigenvalues of random lifts and polynomials
of random permutation matrices

By CHARLES BORDENAVE and BENOIT COLLINS

Abstract

Let (01,...,04) be a finite sequence of independent random permuta-
tions, chosen uniformly either among all permutations or among all match-
ings on n points. We show that, in probability, as n — oo, these permuta-
tions viewed as operators on the n—1 dimensional vector space {(z1, ..., %)
€ C",> " x; = 0}, are asymptotically strongly free. Our proof relies on the
development of a matrix version of the non-backtracking operator theory
and a refined trace method.

As a byproduct, we show that the non-trivial eigenvalues of random
n-lifts of a fixed based graphs approximately achieve the Alon-Boppana
bound with high probability in the large n limit. This result generalizes
Friedman’s Theorem stating that with high probability, the Schreier graph
generated by a finite number of independent random permutations is close
to Ramanujan.

Finally, we extend our results to tensor products of random permutation
matrices. This extension is especially relevant in the context of quantum
expanders.

1. Introduction

1.1. Weighted sum of permutations. Let X be a countable set and r,d
positive integers. We consider (ao,...,aq) elements in M,(C) and let o; €
S(X),i € {1,...,d}, be permutations of the set X. Let £?(X) be the Hilbert
space spanned by an orthonormal basis §, indexed by the elements of z € X.
The permutation o; acts naturally as a unitary operator S; on £2(X) by o;,
Si(g)(z) = g(oi(x)) for all g € £2(X). Let 1 be the identity operator on £2(X).
We are interested in the operator on C" ® ¢?(X),

d
(1) A=ay®1+) a;® 5
i=1
If X is a finite set with n elements, A may be viewed as an rn X rn matrix.
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If X is finite, the constant vector 1 € X is in £2(X). In addition, it is
an eigenvector of any permutation matrix of X associated to the eigenvalue 1.
Therefore,

H=C®1
is an invariant vector space of A and A* of dimension r. The restriction of A
to H; is given by

d
(2) A = CLoJrZai.
i=1
When X is finite, we are interested in the spectrum of A on Hy = H f The
space Hy is the set of g € C" ® £2(X) such that 3, g(z) = 0 € C", where g(z)
denotes the orthogonal projection of g on C" ® {J,} — canonically identified
to C". We note that A leaves Hy invariant, i.e., AHy C Hy, therefore it also
defines an operator on Hy. We will denote by A g, the restriction of A to Ho,
which we see as an element of B(Hj).
We use the following standard notation. For a positive integer n, wet set
[n] = {1,...,n}. The absolute value of a bounded operator T is |T'| = VTT*,
o(T) denotes the spectrum of T and ||T|| its operator norm. Finally, p(T) is
the spectral radius of T, and if T is self-adjoint, we set s(T') = supo(T') (the
right edge of the spectrum). For example,

[l = sup 1291
g:9€Ho\{0} HQH

It will be often useful to work with the operator A when it is self-adjoint.
Self-adjointness is ensured by replacing the operators S; by generic algebraically
free unitary operators and checking self-adjointness. This condition is essen-
tially sufficient. (It is sufficient if the cardinal of X is large enough and if one
requires the property to hold for any choice of permutation S;.) For practical
purposes, let us assume that the set {1,...,d} is endowed with an involution
i — i* (and ¢** = ¢ for all 7). Then, the symmetry condition is fulfilled as
soon as

(3) ay=ap and forallic{l,...,d}, (a;)"=ax and o4 =o;".

If the symmetry condition (3) holds, then A is self-adjoint. In this case,

A
s(Ajg,) = sup (g 29)
g:9g€Ho\{0} ||gH

We are interested in the spectrum of A when X = [n], the permutations o;
are random and n is large. The operator A becomes a random matrix that we
study in the case when o;, i € [d] are random permutations whose distribution
are described below.
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Definition 1 (Symmetric random permutations). For some integer 0 < g <
d/2, we have for 1 < i <gq,i* =i+gq, for ¢+ 1 <1i<2q i* =i—qand for
2g+1 <i <d,i* =i. The permutations (0;),i € {1,...,q}U{2¢+1,...,d}, are
independent, for 1 < i < 2q, 0; is uniformly distributed in S, and o« = o LIf
2q < d, then we assume that n is even and for 2¢+1 < ¢ < d, g; is a uniformly
distributed matching on [n| (where a matching is a permutation o such that

0%(z) = x and o(x) # z for all = € [n]).

1.2. Large n limit, non-commutative probability spaces. The following op-
erator describes the local limit of A (in the sense of Benjamini-Schramm; see
[3], [8]) as n grows large. For symmetric random permutations, let ¢ be as
in Definition 1 and X = X, = Z % -+ % Z % Zo % - -- * Zo be the free product
generated by q copies of Z and d — 2q copies of Zy. We denote by g1, ..., g4 its
generators, where if 1 <4 < ¢, then (g;, gi+q) generates the i-th copy of Z. In
C" ® £?(X,), we define the convolution operator

d
(4) Ac=ag®@ 1+ a; ®gi),
i=1
with ag,...,aq from equation (1), and where A(g) is the left regular represen-

tation (left multiplication).

In the non-commutative probability vocabulary, A, is called a non-com-
mutative random variable; namely, it is an element of A, where A is a unital
*-algebra and 7 is a faithful trace on it. Here, A is M, (C(X,)), where Cy(X,)
is the reduced C*-algebra of the group X, and the trace is r~'Tr ® 7, where
T(A(g)) = 1(g = e).

Recall that a sequence of complex random variables (Y;,) converges in
probability to y € C if for any € > 0, P(|Y,, — y| > €) converges to 0 as n goes
to infinity.

1.3. Linear or not linear? In this paper we study the spectrum of the
operator A defined in equation (1). The spectrum of the limiting operator
defined in equation (4) gives a candidate for the limiting spectrum, which we
will show to be correct with high probability. This operator A is a linear
combination of the permutation matrices S;’s with matrix coefficients. On
the other hand, the abstract of this manuscript mentions strong asymptotic
freeness. As defined below, this is a property that involves the behavior of any
non-commutative polynomial in the variables S;’s with scalar coefficient; i.e.,
it is not necessarily a linear combination of the S;’s. So there is no obvious
a priori implication between the two problems. It turns out that these questions
are actually equivalent. This fact is an important phenomenon that has been
widely used in random matrix theory in the last two decades, known as the
linearization trick. Details are provided in Section 6.
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1.4. Large n limit, main result. For symmetric random permutations, it
follows from results of Nica [34] that the operators (.S;),i € [d], are asymptot-
ically free in probability. This means that for any polynomial P in unitaries
A(gi) ((gi),7 € [d], symmetric generators of the group X, as per the definition
above equation (4), the corresponding polynomial P, obtained by replacing
A(gi) by S; (seen as a random variable permutation on M, (C)) satisfies that
the random variable n~'Tr(P,) — 7(P), where this convergence holds in prob-
ability. This notion is a particular case of the concept of asymptotic freeness.
A good and modern introduction can be found in [32]. Although the results of
this paper can also be seen as a contribution to the asymptotic theory of free-
ness, a non-expert reader can safely assume that the explanations developed
in this paragraph cover the necessary background in free probability.

This notion of convergence proved by Nica for the permutations operators
S; as the dimension n grows to infinity shows that for any self-adjoint poly-
nomial P, in S;, the percentage of eigenvalues in a given real interval [a,b]
converges to the spectral measure of the limiting polynomial P on the group
X, on the same interval [a,b]. In particular, if [a,b] does not intersect the
limiting spectrum, it shows that the percentage of eigenvalues in this interval
tends to zero. But it does not rule out the possibility for o(n) eigenvalues being
in this interval. If such eigenvalues exist, they are called outliers. As a matter
of fact, in our model, outliers can be made to exist by taking an appropriate
polynomial and the constant vector 1. For example, S1 + ST +--- + S + 5,
always has an eigenvalue 2k, and this is an outlier as soon as k > 2.

It is very natural to ask whether there are more outliers than those po-
tential obvious ones. For some random matrix models, it was shown that this
is not the case. For example, a (negative) answer to the unitary version of this
problem was achieved by the second author and Male [14], as a continuation of
the seminal result of Haagerup and Thorbjgrnsen [24]. The proofs are based
on the linearization trick that reduces such a question to the analog question
on polynomials of degree one and with matrix coefficients, as our operator A
in (1).

Whenever there are no outliers in a limit of a (random) matrix model,
one says that it converges strongly. Mathematically, it is equivalent to saying
that the norm of any polynomial converges to the supremum of its limiting
spectrum. Specifically, beyond assuming the existence of a limit of n=!Tr(P,)
for any polynomial, one assumes in addition that

—1

(5) lim || P | = lim(limn ™ Te((P, P7)) 20

(Note that this notion is not probabilistic — when the operators P,, are ran-
dom, e.g., because they are constructed out of random unitaries, then one may
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consider such notions of convergences to a constant in some probabilistic sense,
for example, in probability, or almost surely.)

The above ideas are well captured by stating that the spectrum of a self-
adjoint operator is not far from its limiting spectrum in the sense of the Haus-
dorff distance. Recall that the Hausdorff distance between two subsets S and T
of R is the infimum over all € > 0 such that S C T'+[—¢,e] and T' C S+[—¢,¢€].
Let us also remark that it is not completely obvious at first sight that the no-
tion introduced in equation (5) (i.e., convergence of the operator norm) and
the notion of convergence of spectrum in Hausdorff distance are equivalent.
One has to check the absence of outliers between two connected components
of the limiting spectrum if it is not connected. This happens to be equivalent
because the quantifier for strong convergence runs over every polynomial. We
refer to Section 6 for additional details.

THEOREM 2. If the symmetry condition (3) holds, for symmetric random
permutations, as n goes to infinity, the Hausdorff distance between o(Ag,)
and o(Ay) converges in probability to 0. In particular, s(Ag,) converges in
probability to s(Ay) in the sense of the Hausdorff distance.

We note that there is an explicit expression for ||A,| and s(As) in the
self-adjoint case. The scalar case r = 1 is due to Akemann and Ostrand [2],
and the general case for any r and a; Hermitian is due to Lehner [28].

A corollary of this result is

THEOREM 3. For symmetric random permutations, the permutation op-
erators restricted to 1+, ((Si)jar),i € [d], are asymptotically strongly free in
probability.

1.5. Spectral gaps of random graphs. In equation (1), consider the special
case where ag = 0 and for any i € [d], a; = Ey,,, for some u;,v; in [r] (where
(Buv)uv = Yuw)y=(u'w))- Then A is the adjacency matrix of a colored graph
on the vertex set [n] x [r] and whose directed edges with color i € [d] are
((z,u;), (oi(x),v;)), for all x € [n]. If the symmetry condition (3) holds, then
this graph is undirected. This graph is called a n-lift of the base graph whose ad-
jacency matrix A; = Y"; a; is given by (2); see Figure 1 for a concrete example.

For random symmetric permutations, the n-lift is random. Since the work
of Amit and Linial [4], [5] and Friedman [17], this class of random graphs has
attracted a substantial attention [29], [1], [30], [38], [35], [20]. The Alon-
Boppana lower bounds asserts that for any € > 0, for all n large enough and
any permutations (0;),4 € [d], in Sy, with the symmetry condition (3), we have

(6) s(Ajmy) = s(Ax) — €

(due in this context to Greenberg [22]). Then, Theorem 2 proves that random
n-lifts achieve the Alon-Boppana lower bound (6) up to a vanishing term. It
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(04(x),4)

Figure 1. Left: An undirected base graph with r = 5 vertices
and ¢ = d/2 = 7 edges, with ¢ as in Definition 1. We have
ay = Ey5, ag = F9, azg = K13, ay = Eyy4, a5 = Eas, ag = Ejs,
a7 = Ey5 and for 8 < i < 14, a; = aj_; = aj.. The subscripts
on the arrows are the index of the corresponding ¢ € [d]. (They
are not all represented for the sake of readability.) Middle:
Neighborhood in the n-lift of a vertex (z,1). Right: Picture of
the common universal covering tree of the base graph and the
n-lifts.

follows that A has up to vanishing terms the largest possible spectral gap (the
difference between the largest eigenvalue and the second largest). It settles
the conjecture in Friedman [17], and it proves an even stronger statement, i.e.,
all eigenvalues of Ajp, are e-close to the spectrum of Ay; see Figure 2 for a
numerical illustration. In some cases, it was already proved in Friedman [18]
(r =1, a; = 1), Friedman and Kohler [20] and Bordenave [9] (r > 1, a; = Ey,y,,
A1 =Y, a; constant row sum) and, up to a multiplicative factor, in Puder [38].

Now, consider the case, r = 1, a; > 0 and Y ;a; = 1.T then A is the
Markov transition matrix of an anisotropic random walk. For the properties
of this random walk on the free group, see the monograph by Figa-Talamanca
and Steger [16]. More generally, for any integer r > 1, if 41 = > ;a; is a
stochastic matrix, then A is also a stochastic matrix that can be interpreted
as a Markov chain on the n-lift graph. The Alon-Boppana lower bounds (6)
holds also in this context; see Ceccherini-Silberstein, Scarabotti and Tolli [12].
Thus, Theorem 2 asserts that A has, up to vanishing terms, the largest pos-
sible spectral gap. Interestingly, our argument will actually show that (10) is
achieved with probability tending to one, jointly for all a; with max [ja;|| < 1.

In the same vein, assume that all a;, ¢ € [d], have non-negative entries
and ap = — > ;a;. Then A is a Laplacian matrix and it is the infinitesimal
generator of a continuous time random walk on the n-lift. Theorem 2 proves
again that, up to vanishing terms, random permutations maximize the spectral
gap of such processes.
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Figure 2. Histogram of the eigenvalues of A g, for n = 500 and
a random n-lift of the base graph depicted in Figure 1: The
spectrum of A, is the spectrum of the universal covering tree
of the base graph: we have o(A,) = [—a, —b] U {0} U [b, a] with
a ~ 2.866 and b ~ 0.283.

1.6. Tensor product of random permutation matrices. We now discuss an
extension of our work that is notably relevant in the context of quantum ex-
panders; see [25], [26] and in cryptography [19]. Let X be a finite set and r,d
positive integers. Let £?(X?) be the Hilbert space spanned by an orthonormal
basis d(,,) indexed by the elements of (z,y) € X 2 = X x X. We consider
(ag, . ..,aq) elements in M, (C) and let o; € S(X) be a permutation of the set
X whose corresponding unitary operator on £2(X) is S;. We are now interested
in the operator on C" ® £?(X?),

d
(7) AP =g @101+ a;® 8 ® Si.

i=1
Note that (7) is again an operator of the form (1) since S; ® S; is a unitary
operator associated to the permutation on ¢2(X?) defined for all (x,y) € X2
by 01(2) (z,y) = (0i(x),0i(y)). Note also that we may identify ¢?(X?) with
linear operators on £2(X) endowed with the Hilbert-Schmidt scalar product
(a,b) = Tr(a*b). Then S; ® S; is identified with the linear map T — S;T'S}.

We consider the following orthogonal elements of £2(X?), defined in coor-
dinates, for all (z,y) € X2,

(8) Joy =Wz #y) and Iy =1z =vy).
It is immediate to check that for any permutation operator S on £2(X),

(S®S)(J)=J and (S®S)I)=1.
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Let V' be the vector space spanned by I and J. We introduce the vector space
of codimension 2r,

HY =C oVt
For random permutations, we have the following analog to Theorem 2.

THEOREM 4. Theorem 2 holds with A replaced by AP defined by (7) and
Hy replaced by Héz).

In Section 5, we will explain how to adapt the proof of Theorem 2 to
deal with tensor products. Interestingly, the analog of Theorem 4 for random
unitaries is not known and it cannot be deduced from [14], [24]. As corollary
of Theorem 4, we have the following

THEOREM 5. For symmetric random permutations, the permutation op-
erators restricted to V*, ((S; ®S;)|v1),i € [d], are asymptotically strongly free
in probability.

Note that asymptotic freeness follows, among others, from [13]. In partic-
ular, when one restricts oneself to sum of generators >; S;®S;, one obtains that
the family S; ® S; viewed as an operator on V' is a nearly optimal quantum
expander in the sense of Hastings [25] and Pisier [37].

1.7. Brief overview. The proof of Theorem 2 is divided into two parts.
For any € > 0, we will prove that with probability tending to one,

(1) the spectrum of A, is contained in an arbitrarily small neighborhood of
the spectrum of A,

9) o(Ay) Co(Ag,) + [—¢,¢l;

and
(2) the spectrum of A g, is contained in an arbitrarily small neighborhood of
the spectrum of A,

(10) o(Aim,) € o(AL) + [—e,el.

The proof of the spectrum inclusion (9) is standard and follows from the as-
ymptotic freeness of independent permutations, which follows from the already
mentioned reference, Nica [34]. However we give an alternative argument by
supplying a general deterministic criterion that guarantees that (9) holds and
we prove that the symmetric random permutations meet this criterion.

The proof of (10) is much more involved, and it is the main contribution
of this work. It relies on a novel use of non-backtracking operators. These
operators are defined on an enlarged vector space and, despite the fact that
they are non-normal, they are much easier to work with. Indeed, they have a
very simple form on the free product of groups X,. Notably, in Theorem 12,
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we prove that the set o(A)\o(A,) is controlled by the spectral radii of a one-
parameter family of non-backtracking operators. This will allow us to reduce
the proof of Theorem 2 to the proof of Theorem 17, which is an analogous
statement for non-backtracking operators. Then, the proof of Theorem 17
follows a strategy similar to the new proof of Friedman’s Theorem in [9] but
with non-negligible refinements.

Indeed, the main technical novelty will be the presence of matrix-valued
weights a;, ¢ € [d]. In particular, we are able to relate directly the expectation
of the trace of a power of a non-backtracking matrix on [n| to powers of the
corresponding non-backtracking operator on the free group X, (forthcoming
Lemma 26). Another important issue will be that we will need a refined net
argument to control jointly the spectral radii of the non-backtracking matrices
associated to all possible weights a; with uniformly bounded norms. Due to
the non-normality of non-backtracking matrices, we have to deal with the bad
regularity of spectral radii in terms of matrix entries. See Remark 1 for a more
precise comparison with previous works.

The remainder of this manuscript is organized as follows. In Section 2, we
prove the spectrum inclusion (9). In Section 3, we introduce non-backtracking
operators and we reduce the proof of Theorem 2 to Theorem 17 on non-
backtracking operators. In Section 4, we prove this last theorem on non-
backtracking operators for random permutation matrices. In Section 5, we
adapt the previous arguments to prove Theorem 4. The proof of Theorems 3
and 5 is contained in Section 6. It is based on the linearization trick. It
was developed simultaneously in various areas of mathematics, and applied
in operator algebras by Haagerup and Thorbjgrnsen, and subsequently it was
improved by Anderson [7]. For a synthetic introduction we will refer to Mingo
and Speicher [32, p. 256]. Finally, proofs of auxiliary results are gathered in
Section 7.

Notation. We use the usual notation o(-) and O(-). We denote by P(-)
and E(-) the corresponding probability measures on S¢, corresponding to the
definition of equation (1). Note that P(-) and E(-) depend implicitly on n. The
coordinate vector at x € X is denoted d,. It will be convenient to describe our
operators as matrix-valued operators. For an operator M on C" ® 2(X), we

set for all z,y € X,
(11) My = (1@ (0, -0y))(M) € M;(C).

In other words, we may see M as an infinite block matrix indexed by X x X
(of matrices in M, (C)), and we may reformulate the above equation as M =
(May)(z)exxx- Finally, we will use the convention that a product over an
empty set is equal to 1 and the sum over an empty set is 0.
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2. Inclusion of the spectrum of A,

Assume that X = [n] and that the symmetry condition (3) holds. We
start by some elementary definitions from graph theory and define a natural
colored graph G? associated to the permutations oy, i € [d].

Definition 6.

— A colored edge [z,i,y] is an equivalence class of triplets (z,i,y) € [n] X
[d] x [n] endowed with the equivalence (z,i,y) ~ (2/,7,y') if («/,7,y) €
{(z,1,y), (y,7*,x)}. A colored graph H is a graph whose vertices is a subset
of [n] and whose edges are a set of colored edges.

— A path in H of length k from x to y is a sequence (1,41, ..., Tk1) such that
r1 =, Tpy1 = y and [z, i, v44+1] is an edge of H for any 1 <t < k. The
path is closed if x1 = xpy1. A cyclic path in H is a closed path in H such
that (z1,...,zx) are pairwise distinct. A cycle is the colored graph spanned
by a cyclic path. (That is, the vertex set is {x; : 1 < ¢ < k} and the edge
set is {[$t,it,$t+1] 01 <t< k})

— If z € [n] and h is a non-negative integer, then (H,z); denotes the subgraph
of H spanned by all edges belonging to a path starting from x and of length
at most h.

— G7 is the colored graph whose vertex set is [n] and whose edges are the set
of [x,4,y] such that o;(z) = y (and o+ (y) = z).

The inclusion (9) is a direct consequence of the following deterministic
proposition whose proof can be found in Section 7 for completeness.

PROPOSITION 7. Assume that X = [n] and that the symmetry condition
(3) holds. Let A and A, be defined by (1) and (4). For any e > 0, there exists
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an integer h > 1 such that if (G%, ), contains no cycle for some x € [n], then
o(Ay) Co(Ajm,) + [—¢ €l

As a corollary, we obtain the first half of Theorem 2.

COROLLARY 8. Let A and A, be as in (1) with the symmetry condition
(3). For symmetric random permutations, for any e > 0, with probability
tending to one as n goes to infinity, o(Ay) C o(Ag,) + [—¢,€].

Proof. If x € [n] is such that (G?,z); contains a cycle, we claim that
there exists a cycle of length k < 2h contained in (G7,x);,. Indeed, assume
that (G7,x)y contains a cycle, and let y be a vertex on this cycle that is at
maximal distance ¢ < h from z (where the distance is the minimal ¢ such that
there exists a path of length ¢ from = to y). Fix a path v from z to y of
length ¢t. At least one of two neighboring edge of y on the cycle is not on ~;
we call it [y,4,9']. Let 4/ be a path from 3’ to 2 of minimal length ¢ < ¢. By
construction, [y,4,y'] is not an edge of 7. It follows that the sequence (7,1%,7’)
forms a closed path in (G, x), that contains a cycle. It is of length at most
t+t +1<2h. (If t = h, then ¢’ < t by the definition of (G, x).)

Now, for an integer k > 1, let Ni be the number of distinct cycles of length
k in G?. In the forthcoming Lemma 23, we will check that the expectation of
Ny is O((d — 1)¥). Also, for a given cycle in G of length k < 2h, there are
at most d(d — 1)"~1 vertices x € [n] such that (G?,z), contains this cycle. It
follows that the expected number of x € [n] such that (G, x);, contains a cycle
is upper bounded by

ih: d(d — )" TEN, = O((d — 1)%h).
k=1

(This bound is very rough.) Hence, by Markov inequality, for any h < (logn)/k
with k£ > 3log(d — 1), there exists, with probability tending to one, a vertex
x € [n] such that (G?,x); contains no cycle. On the latter event, we may
conclude by applying Proposition 7. O

3. Non-backtracking operator

3.1. Spectral mapping formulas. Let A be as in (1). We consider a vector
space U of finite codimension in ¢?(X) that is left invariant by all permutation
operators S;, ¢ € [d]: S;U =U. We set

H=C"®U.
This vector space H is left invariant by A.
We define E = X x[d]. If A is thought of as a weighted adjacency operator

of a directed graph on the vertex set X, an element (x,7) of E can be thought
as a directed edge from x to o;(x) with weight a; (where all vertices have a
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loop edge of weight ap). The non-backtracking operator B associated to A is
the operator on C" ® £2(E) = C" ® £*(X) ® C? defined by
(12) B = Zaj®Si®Eij7
A
where Ej; € Mg(R) is the matrix defined by (Eij)r = 1 j)=(,) for all j, k € [d].
Equivalently, writing B as a matrix-valued operator on ¢?(E), we have for any
e,f € Fande= (z,i) € E, f =(y,7),
Bt = ajl(oi(z) = y)1(j # 7).
See Figure 3 for an informal illustration of the operator A and its non-back-
tracking operator B.
Note that B does not depend on the matrix element ag. We set
K=CoU®C.
We observe from (12) that B defines an operator on K, that is, BK C K. As
before, we denote by B the restriction of B to K.

Y 47 X3 ¢ T4

Figure 3. Left: For z,y € X and k integer, (A*),, € M,(C)
is the sum of all weighted paths (z1,i1, 9, ..., ik, Tx+1) in G7
(as per Definition 6 with extra loop edges of weight agp at all
vertices) from z = 1 to y = w1y with weight [JF;a;,. In
the example, we have k = 7 and the path is such that i3 = 3,
i5 = 13, 16 = 14. Right: For e = (z,7), f = (y,j) € E = X x [d]
and k integer, (B¥).; € M, (C) is the sum of all weighted paths
(21,01, @2, ... ik, Tgr1) in G7 with (x1,11) = €, (Tpr1,9641) = f
where i1 = 7, and for all 1 < ¢ < k, 4441 # ;. The weight
of the path is []f; a;,,,. In the example, we have k = 7 and
i¢ = t2. The condition i;41 # i} is viewed as a non-backtracking
constraint of the path. If X = X, with generators (gi);c[q as
defined above (4) and o; = A(g;), then the condition i;y; # i}
asserts that g;, - - g, is in reduced form.

The following statement relates the spectrum of B with the spectrum of an
operator of the same type as A. In the scalar case r = 1, the next proposition
is contained in Watanabe and Fukumizu [39].
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PROPOSITION 9. Let A be as in (1) with associated non-backtracking op-
erator B, and let A\ € C satisfy \* ¢ {o(a;a;+) : i € [d]}. Define the operator
Ay on C" ® (2(X) through

d
A)\ = ao()\) + Zal(k) ® SZ',
=1
(13) az(/\) = )\ai()\Q — ai*ai)*l,
d
ao(/\) =—-1- Zai()\Q . ai*ai)flai*.
=1

Then X\ € o(B) if and only if 0 € 0(Ay). Moreover, A\ € o(B|) if and only if
0 € o((Ax)u)-

Proof of Proposition 9. We first assume A is in the discrete spectrum of B.
We show that 0 is in the discrete spectrum of Ay. Then, there is an eigenvector
v € C" ® (?(E) such that Bv = \v, which reads in the coordinates of ¢*(E),
for all e = (z,i) € E,

(14) Ao(z,i) =Y ajo(oi(x), j),
J#i

with v(e) € C". We define u € C" ® ¢?(X) by, for each z € X,

(15) u(z) = Z a;v(x,j).

(If elements (x,4) of E are thought as derivatives at z in a discrete direction i,
then the vector u can be thought as a divergence vector). The eigenvalue
equation (14) reads

M(z, i) = u(oi(z)) — apv(og(x),i¥) .
Applying the above identity to e = (0;(x),*) = (0;1(:1;), i*), we find
M(oi(x),i") = u(z) — a;v(x,1).
We deduce
No(z,1) = Nu(oi(z)) — agu(x) + agav(x,i) .
By assumption, A\? — a;+a; is invertible. Hence,

(16) v(x,i) = (A — aia;) " (Au(oi(x)) — azu(z)).

Let us note that equations (15) and (16), when restricted, define a map between
Hjy and Kj. We see from this last expression that u # 0 if v # 0. We now check
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that u is in the kernel of Ay. Let y € X, i € [d], and set 2 = 0; ' (y) = 04+(y).
We plug (16) into (14) and get

N(AZ — ajea) " tu(y) — ANOA? = aea;) tagu(z)

= Aa;(N = ajea;) " tuloj(y) = Y a;j(N — ajea;) " ajeu(y).
A e

Since 04+ (y) = =, we find

NN = aieai) " uly) = D0 Aai(A* = ajea5) " u(o; (1))

J
— Z aj()\2 — aj*aj)_laj*u(y).
i#

Since 1 = A?2(\? — ai*ai)fl —a; (N2 — aiai*)flai, we conclude that

<1 + Zaj()\2 — aj*aj)_laj*>U(y) = Z)\aj(/\2 - aj*aj)_lu(aj(y»a
j J

which proves that u is the kernel of Aj.

Conversely, if 0 is in the discrete spectrum of Ay with eigenvector u, we
define v through (16). (Note that v # 0 because of (15).) Then the above
computation also implies that v satisfies (14), i.e., Bv = Av, so that A is in the
discrete spectrum of B. Note also that u € Hy if and only if v € K.

Finally, if A is in the essential spectrum of B, then, for any ¢ > 0, there
exists v € C" x (2(E) such that |[v|]s = 1 and ||Bv — M\v|2 < e. The above
argument shows that [|Ayull2 = O(e) and (16) implies that ||v|2 = O(||u||2).
It implies that 0 is in the spectrum of Ay. Conversely, if 0 is in the essential
spectrum of Ay, then A is in the spectrum of B. O

This proposition could be used for studying the spectrum of the operator A.
To this end, we should for a given A and p find a corresponding B, such that
o is the spectrum of A if and only if A =1 is in the spectrum of B,,. Assume
that there are ¢ pairs {i,7*} such that i # i* and p elements of [d] such that
i = 1%, with 2¢ + p = d. For concreteness, as in Definition 1, we may assume
without loss of generality that for 1 < ¢ < ¢, i* =i+gq, for g+ 1 <1 < 2q,
i* =i—qand for 2¢+1 < i <d, i* =i. Now, let A, be asin (4). We relate the
spectra of A and B through the resolvent of A,. More precisely, for u ¢ o(A,),
we set

G(p) = (n— A"
In the symmetric and scalar case r = 1, the next proposition is a formula
derived in Anantharaman [6, §7].

For the next proposition and for the sequel, we recall that we use a matrix
notation with indices in X x X for operators on C"®¢2(X), as per equation (11).
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In particular, G(u) defined above fits in this context with X = X, and it will
be written as Gay(1) = (G(1))zy. We will be interested in the case where x
and y are o (the neutral element of X, for its group structure) or g; (the i-th
generator of X, defined above (4)).

Let D be a bounded set in C. We define full(D) = C\U, where U is the
unique infinite component of C\D. (Informally stated, full(D) fills the holes
of D.) For example, if D C R or D is simply connected, then full(D) = D.

PROPOSITION 10. Let A be as in (1) and p ¢ full(o(Ay)). Define the
operator A, on C" @ (*(X) through

d
A7) A= a(p)©8;,  with  ai(p) = Goo(pt) ™ Gog, (1)-
=1

Let B, be the corresponding non-backtracking operator. Then p & o(A) if and
only if 1 ¢ o(By). Moreover, i & o(Ajg) if and only if 1 ¢ o((Bp)k)-

We start with a classical expression for a;(u) related to the recursive equa-
tions satisfied by resolvent operators on trees.

LEMMA 11. Let Ay be as above, and let p ¢ full(oc(Ay)) and a;(pn) =
Goo(11) 1 Gog, (11). Then the following identities hold:

~1
Goo = <MIT —ap — Z diai*>

i
and
a;iGoo = a; (I, — a;+a;) " .
Proof. By analyticity, it is sufficient to prove the identities for all p in

a neighborhood of infinity. We introduce the operator AP on Cr ® 2(X)
defined by

A, - A© :Zaj@)éo@égj + aj ® 0y, @ b,
J

In words, Aio) is the operator associated to the Cayley graph of X, where the
the unit o has been isolated. We denote by G(® the resolvent of A&O). If pis
large enough, we have u ¢ U(Aio)). We set 7, (u) = Gé?;i (). Then, omitting

u for ease of notation, the resolvent identity reads
G =GO +G(A, - A)GO =GO +GO(A, - A)G.

Observe that G((,Z)i = 0 and Gé‘;)gi = 0 for j # i (since there is a direct
decomposition of A on 2(X,) = C8, ®; £*(9: X,)). Thus, composing the re-
solvent identity by (1® (d,, - dg,)) and (1® (dy,, - 0o)), We obtain Gog, = Gootiyi

i
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and Gy,o = 7iai+Goo. Then applying the last inequality to g+ = g; L and using
that Gpg,y9 = Gy for any z,y, g, it gives the formula

Gogi = Gooai% = Yi* aiGoo
We may now prove the first formula of the lemma. We use that GS,Z) =
(u—ag)~" and now compose the resolvent identity by (1&(d,, - d,)). We obtain

Goo = G((f,) + Z Gogjaj*G(()?)) = (,u - aO)_l + Z GooajIYjaj*(:u - aO)_l'
J J

Multiplying on the right by p — ag, we obtain
Goo </L —ag — Zaj'yjaj*> = ]_,
J

as claimed.
For the second formula, we first repeat the above argument with

AL = A Y a5 ® g, ® 8g,q, — aj+ @ 0g,q, @ 0.
JF

We use the resolvent identity between A and ALY Using that Gé?gii),gj 9 ="j>

~1
we find thatvy; = (u —ap — it ajvjaj*) . It implies that

—1
il = apyraiy) Tt = (7 = apiean) T = <M —ao — Zaﬂjaj*> = Goo,
J

which concludes the proof. [l
Proof of Proposition 10. Consider the operator B = B, and let A; be
as in Proposition 9. For all i € [d], we have a;(1) = a;(1 — a;«a;)~'. Tt is

sufficient to prove that A; = (A — u)(Goo ® 1). Using Lemma 11, we deduce
that a;(1) = a;Goo. In particular,

ao(l) =—-1-— Zd’(l — di*&i)_ldi* =—-1-— ZaiGooGo_olGogi* .
i i
Then using Lemma 11 again, we find
aog(1) = =1 =Y a;Gog,.. = — (Gool + Zdiai*>GOO = (ag — 1t)Goo,
i i

as desired. O
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3.2. Spectral radius of non-backtracking operators. The next theorem is
very important in our argument. It gives a sharp criterion to guarantee in
terms of non-backtracking operators that the spectrum of an operator A is in
a neighborhood of the spectrum of the operator A,.

THEOREM 12. The following two results hold true:

(i) Let A be as in (1) and A, the corresponding free operator defined by (4).
For any p ¢ full(o(Ay)), we have p((By),) < 1, where By is defined as B
in equation (12) with S; replaced by A(g;).
(ii) For any e > 0, there exists 6 > 0 such that if for all complex p,
p(Bu) < p((Bu)) + 9,
then full(o(A)) is in an e-neighborhood of full(c(A)).

Moreover, the same holds with Ay and (B) k-

LEMMA 13. Let Ay be as in (4) and By its corresponding non-backtracking
operator. We have

{z€C:|z| =p(By)} C o(By).
Proof. If p(B,) = 0, there is nothing to prove. We may thus assume
p(By) =1.

We start by a consequence of Gelfand’s formula on the spectral radius.
Let k > 1 be an integer, and let M be a bounded operator on C* ® £2(X,) in
the C*-algebra generated by operators of the form b ® A(g). We introduce the
standard tracial state 7 defined by

(18) r(M) = (L T() @ (3, 60) ) (M),

Celfand’s formula asserts that p(M) = lim,, | M™||'/"; see, for example, [33,
Th. 1.3.6]. Moreover, since ||M||?> > 7(|M|?), we find

limsup7’(|M”|2)ﬁ < p(M).
n

On the other hand, Haagerup’s inequality (for matrix valued operators, see
Buchholz [11]) asserts that

1M%< e(m) Y I1Mool* = c(m) [ 7(IM*)I| < ke(m)r(IM]?),
rE€X\

where m = sup{|z| : Moy # 0} and c¢(m) grows polynomially with m (and
depends implicitly on k). Hence,

p(M)" < || M| < ke(nm)r(IM"?).
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Since c(nm)l/ ™ converges to 1 as n grows to infinity, we find
p(M) < liminf 7(|M"[2)2x.
n
So finally
p(M) =lim 7(|M"[?) 25
n
As a consequence, writing B, as a convolution operator on C" ® (?(X,)
® C?, we get that
. 1
(19) 1= p(B.) = lim7(|BI ).
In particular, there exists ¢ > 0 such that for any integer n > 0,
(20) T(IBI?) = e(14¢)7".
Now, we observe that for any f € C",
n+1
(21) Bf(f®6(o,i)) :Z (Haxsf> ® 0z,
T s=2

where the sum is over all reduced words in X, x = (z1,...,2,+1) of length
n+ 1 with z; = g; and where we have set a,, = a; for j € [d]. The lemma is a
consequence of the fact that the vectors B}'(f ® d(,;)), n > 0, are orthogonal.
More precisely, we find for n # m,

(22) T(BL(B")") = 0.
Now, let z € C with |2| =1+ > p(By) =1 and R = (2 — B,)"! be the
resolvent of B,. It is sufficient to check that
T(|R(2))) 2 cre™

for some ¢; > 0. (Indeed it implies that ||R(2)||*> > 7(|R(2)|?) diverges as |z|
gets closer to unit disc.) Since |z| > p(By), we have the converging Taylor
expansion

R(z) = Zz_"_le.

n

From (20)—(22), we find
T(IR(2)?) =D _ |72 r(IBIP) 2 e ) (1 +e) ™" 2 e

for some ¢; > 0. It gives the desired bound. ([
LEMMA 14. The map (ai,...,aq) — p(By) is continuous for any norm
on M, (C)?.

Before proving Lemma 14, which requires some preliminaries, let us prove
Theorem 12.
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Proof of Theorem of 12. Let us first prove (ii) assuming (i). By Lemma 14,
there exists § > 0 such that p((By),) <1 — 9 for all 1 at distance larger than
¢ from full(c(A,)). Hence for all i at distance larger than ¢ from full(c(A,)),
we have p(B,) < 1 and thus by Proposition 10, u ¢ o(A).

As for (i), assume on the contrary that there exists pg ¢ full(o(A,)) such
that p(By,) > 1. Since po ¢ full(o(A4)), there exists a continuous function
t — g, from [0,00) to C\full(c(A4)) such that |u| goes to infinity as ¢ goes
to infinity. Note that also p((Bx)u) < [[(By)ull goes to 0 with |u| going to
infinity. Therefore, Lemma 14 and the intermediate value theorem imply that
there exists t > 0 such that p; ¢ full(c(A,)) and p((Bx)u,) = 1. Then, by
Lemma 13, 1 € o((By),,) and, by Proposition 10, we deduce that p; € o(A,).
This is a contradiction since o(A,) C full(o(Ay)). O

Let us now prove Lemma 14. We start with a preliminary statement
that is a non-commutative finite-dimensional Perron-Frobenius Theorem due
to Krein and Rutman [27]. Let m > 1 be an integer, and let L be a linear
operator on M,,(C). We endow M,,(C) with the standard inner product

(z,y) = tr(z"y).

The Frobenius norm is the associated hilbertian norm: ||z|j2 = y/tr(z*z). We
say that L is of non-negative type if for any x positive semi-definite, Lz is also
positive semi-definite. We start with an elementary property of non-negative
operators.

LEMMA 15. Assume that L is of non-negative type. Then L maps her-
mitian matrices to hermitian matrices. Moreover, for any integer n > 0, L™
and L* are of non-negative types.

Proof. Since L maps positive semi-definite matrices to positive semi-def-
inite matrices, it also maps negative semi-definite matrices to negative semi-
definite matrices. Consequently, writing an hermitian matrix as x = a — b with
a,b positive semi-definite, we find L maps hermitian matrices to hermitian
matrices.

By induction on n, it is immediate from the definition that L™ is also of
non-negative type. For L*, let us first check that it maps hermitian matrices
to hermitian matrices. First, from what precedes, (Ly)* = L(y*). (We write
Yy = y1 + iy2 with y;, y2 hermitian and use linearity and Ly; hermitian.) Note
that a matrix = is hermitian if and only if for any matrix y, tr(z*y) = tr(zy).
Since tr(zy) = tr(yz), we get that x is hermitian if and only if (z,y) = (y*, z).
Let x be hermitian. For any y, we have (L*z,y) = (x,Ly) = ((Ly)*,z) =
(L(y*),z) = (y*, L*z), where we have used at the second identity that for
any y, (r,y) = (y*,2*) and = z*. We thus have proved that L* maps
hermitian matrices to hermitian matrices.
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Similarly, an hermitian matrix x is positive semi-definite if and only if for
any y positive semi-definite, (x,y) = tr(zy) = tr(y'/?xy'/?) > 0. However,
if z,y are positive semi-definite, then (L*z,y) = (x, Ly) > 0, since L is non-
negative. This concludes the proof. ([l

The following theorem is a direct consequence of the Krein-Rutman Theo-
rem [27]; see, e.g., Deimling [15, Th. 19.1]. For completeness, we have included
a proof in Section 7.

THEOREM 16. Assume that L is of non-negative type, and let p be its
spectral radius.

(i) p is an eigenvalue of L and it has a positive semi-definite eigenvector.
(ii) If = is positive definite, we have

1
1L z]|5 = p.

lim
n—oo

We are ready for the proof of Lemma 14.

Proof of Lemma 14. From (19), we have p(By) = lim, .o ||7:(|B?|?)||*/?"
for some i € [d]. With the notation of (21), we find

2
n+1
7i(IBY?) = n(BY(BY*) = > |11 aa]
r |s=2
where the sum is over all reduced words x = (z1,...,Zp+1) in X, of length

n+ 1 with 1 = ¢;. Let m = dr, and let Z, be the block diagonal matrix
in M,,(C) with diagonal blocks in M,.(C), (7(|B"|?),...,74(|B?|?)). We find
Zp =1 and for integer n > 0,

(23) Zn+1 — L(Zn)7

where L is the operator on M,,(C) defined as follows. For z € M,,(C), we write
in & = (x45), i,j € [d] for its blocks in M, (C). Then L(x) is block diagonal
with diagonal blocks (L(z)11,. .., L(x)4q), and for all 7 in [d],

(24) L(l’)u = Z ajxjjaj- € MT((C)
i

It is straightforward to check that L is of non-negative type. Indeed, if x is
positive semi-definite then, for each j € [d], z;; is also positive semi-definite in
M, (C) and thus a;z;;a} is positive semi-definite.

Now, from (23), Z, = L"(1). We deduce from Theorem 16(ii) that p(By)
is equal to the spectral radius of L. We recall finally that the spectral radius
is a continuous function on M,,(C) for any norm. O
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3.3. Random weighted permutations. We now consider symmetric random
permutations, X = [n]. We consider the vector space K, of vectors f €
C" ® ¢%(E) such that 3, f(z,4) = 0 for all i € [d] (that is, the orthogonal of
C" ® 1® C%). The following result is the central technical contribution hidden
behind the proof of Theorem 2.

THEOREM 17. For any 0 < ¢ < 1, for symmetric random permutations,
with probability tending to one as n goes to infinity, for all (a;),i € [d], such
that max;(||a;|| V |la; H|™Y) < e and that satisfy the symmetry condition (3),
we have

p(Bik,) < p(Bs) + ¢,

where B is the non-backtracking operator associated to A defined by (1) and
p(By) is the spectral radius of the corresponding non-backtracking operator in
the free group.

Note that in the above theorem, the assumption max;(|a;|| V |ja; [~
< ¢! entails a control on the norm of a; L and, in particular, the assumption
that it is invertible. This is a technical assumption that does appear in the
main result Theorem 2. This will, however, not be a major obstacle for proving
Theorem 2 in the next subsection by using the fact that invertible matrices are
dense in the space of all matrices M, (C).

As a corollary, in the next subsection we obtain a proof of our Theorem 2.
The forthcoming Section 4 is devoted to the proof of Theorem 17. It relies on
a refinement of the trace method Fiiredi and Komlés [21] that was developed
in [31], [10], [9]. In special case where a; is E,,y,, this theorem is contained in
[9] and under an extra assumption in [20].

3.4. Proof of Theorem 2.

Proof of Theorem 2. From Corollary 8, it remains to prove the upper
bound (10). The proof is a combination of Theorems 17 and 12 applied to
H = Hjy and K = Kj. We may assume that max; ||a;|| < 1. If A and A" are
operators of the form (1) with associated matrices (a;) and (a}) and the same
(Si), we have [|[A — A'|| < 3, |la; — a;||. Hence, up to modifying € in £/2, in
order to prove the upper bound (10), it is enough to consider weights (a;) such
that for any i, ||a;|| < 1 and |ja; || < 2d/e and check that on an event of high
probability the upper bound (10) holds. We already know that || Az, | < d.
Let p be a complex number. Recall that a;(1) = a;vi(n). Moreover, if p is
at distance at least ¢ from o(A,), we have (|u| + d)~1L. < |y(p)| < 71,
Hence, if [ < d, we get |a(um)| < Jaillls()ll < 1/= and Jja(w)~)| <
la; || 17i () 4| < (2d)?/e. Tt remains to use the event of high probability in
Theorem 17 with ¢’ = (¢/(2d)?) A 6, where § > 0 is as in Theorem 12. O
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4. Proof of Theorem 17

4.1. Qverview of the proof. Let us first describe the method introduced
by Fiiredi and Komlés [21] to bound the norm of a random matrix. Let M
be a random matrix in M, (C). Imagine that we want to prove that, for some
p > 0, for any € > 0, with probability tending to 1 as n goes large,

(25) M| < p(1 +¢).
For integer k > 1, we write
1M = [[MM[* = |[(MM*)]| < te((MMF)).

At the last step, we might typically loose a factor proportional to n, since the
trace is the sum of n eigenvalues. Hence, it is reasonable to target a bound of
the form

(26) Etr((MM*)F) < np?(1+¢)*".

If we manage to establish such an upper bound, we would deduce from the
Markov inequality that for any § > 0, the event

[M]| < p(14¢)(1 +0)
has probability at least
1—n(l+6) 2" =1—exp(—2klog(l + ) + logn).

Hence, the bound on the trace (26) implies the bound (25) with & =
e+o(1) if k > logn. Then, the problem of bounding the norm of M has been
reduced to bounding the expression

k
Etr((MM*>k) = Z E H M272t—1,z2tM272t+17$2t7

T1,--T2k  t=1
where the sum is over all sequences (z1,...,x9;) in [n] with the convention
Zog+1 = x1. The right-hand side of the above expression may usually be
studied by combinatorial arguments.

As it is described, the method of Fiiredi and Komlés cannot be applied
directly in this context. Indeed, assume for concreteness that r = 1, that A;
and A are stochastic matrices, and that the symmetry condition (3) holds.
(Recall that A1 = Y ;a; is defined in (2).) We are then interested in the
matrix M = A — 11® 1 and | A, || = [|M]], and we aim at a bound of the
type (25) for some p < 1. However, with probability at least con™“, {1,2} is
a connected component of G?, where G is the colored graph introduced in
Definition 6. (This can be checked from the forthcoming computation leading
to (35).) On this event, say F, the eigenvalue 1 has multiplicity at least 2 in A,
hence ||M|| = 1. We deduce that

Etr((MM*)*) > E||M|* > P(E) > con™*".
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However, the latter is much larger than p?* if k > logn and (26) does not hold.
More generally the presence of subgraphs with many edges in G? prevents the
bound (26) to hold for k > logn. Such subgraphs were called tangles by
Friedman [18]. We will circumvent this intrinsic difficulty as follows. Let B be
as in Theorem 17.

(i) Bound the spectral radius by the norm of a large power: We fix a pos-
itive integer £. We recall that K is the vector space of codimension rd
orthogonal to K1 = C" ® 1® C%. We have

(27) p(Bixy) = (B i)/ < sup || BYglly”"

9€Ko,[lgll2=1

(ii) Remove the tangles (Section 4.2): We obtain a matrix B that coincides
with BY on an event of high probability.

(iii) Project on Ko (Section 4.2): We project B on Kj to evaluate the right-
hand side of (27). We obtain a matrix B®). However, since Kj is not
always an invariant subspace of B, there will also be some remainder
matrices.

(iv) Method of Fiiredi and Komlos (Section 4.4): We may then evaluate the
norm of BY by taking a trace of power 2m and estimate its expectation.
The 2m/¢ plays the role of 2k in the above presentation of the method of
Firedi and Komlés. We thus need 2mf > logn to get a sharp estimate.
We obtain 2mf of order (logn)?/(loglogn). This is for the part of the
proof where we have previously removed the tangles (in the proofs of
Lemmas 25 and 29). We also connect the expected trace of powers of non-
backtracking matrices to powers of the corresponding non-backtracking
operator on the free group (Lemma 27).

(v) Net argument (Section 4.5): To prove Theorem 17, we need to bound
all spectral radii of By, for all weights a; with uniformly bounded norm.
We will use a net argument on the norm of (B, KO)E conditioned on the
event that there are no tangles in G°.

Remark 1. Let us comment on the main differences with [31], [10], [9],
notably [9], which is the closest. The steps (i)—(iii) are similar to [9]. In
the analog of step (iv), the work in [9] is greatly simplified by the fact that,
with the terminology of the present paper, the weights a; are matrices of the
standard basis Ey,, u,v € [r]. In this special case, the spectral radius of p(By)
has an explicit combinatorial expression and products of a; have a simple
combinatorial description. Finally, step (v) is not present in [9)].

4.2. Path decomposition. In this subsection, we set X = [n] and let A be
as in (1). We denote by B the non-backtracking matrix of A. Here we give an
upper bound on p(B|g,) in terms of operator norms of new matrices that will
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be tuned for the use of the method of Fiiredi and Komlds. We fix a positive
integer ¢. The right-hand side of equation (27) can be studied by a weighted
expansion of paths. To this end, we will use some definitions for the sequences
in E that we will encounter to express the entries of B¢ as a weighted sum of
non-backtracking paths. Recall the definition of a colored edge [z,1,y] and a
colored graph in Definition 6, and see Figure 4 for an illustration of the new
definitions. Recall that E = X x [d].

Definition 18. For a positive integer k, let v = (71,...,7%) € E*, with

Ve = (e ir).

— The sets of vertices and pairs of colored edges of v are the sets V, = {; :
1<t<k}and Ey = {[xg, i, x41] : 1 <t < k—1}. We denote by G the
colored graph with vertex set V, and colored edges Ei,.

— An (eatended) path of length k — 1 is an element of E*. The path v is
non-backtracking if for any ¢ > 1, i441 # if. The subset of non-backtracking
paths of EF isT'*. If e, f € E, we denote by F'gf paths in I'* such that v; = e,
Ve =TI

— The weights of the path v is the element of M, (C),

k
a(’y) = H Qg -
t=2

7= (2,1)(2,2)(5,3)(1,1)(3,2)(4,1)(5,3)(1,4)(3,2)(4, 1)(5,3)(1,1)(3,4)(1,1)(6, 2)

Figure 4. An example where the involution * is the iden-
tity: The colored graph G, is associated to a path v € .
The numbers on the edges are the values of t such that

(24,4, 2411] is equal to this edge. We have V, = [6] and
E, = {[27 172]7 [27275]7 [5737 1]7 [17 173]7 [37274]7 [47 175]7 [17473]7
[1,1,6]}.

By construction, from (12) we find that

¢
(Be)ef = Z a(')/) H(Sit>£t$t+1'
Jertit i1
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Observe that in the above expression, T'“*! and a(vy) do not depend on the
permutation matrices S;,7 € [d]. We set

1

Note that S; is the orthogonal projection of S; on 1-. Hence, setting B =
>jir 05 ® 8; ® Eij as in (12), we get that, if g € Ko, then

(29) B'g = B'y.

Moreover, arguing as above we find

l
(30) (Ber = D a) [1(Si)aww-
'yeI‘ﬁ;l t=1
The matrix B will however not be used. Indeed, as pointed in Section 4.1,
due to polynomially small events that would have had a big influence on the
expected value of BY or BY for large ¢, we will first reduce the above sum
over Fﬁ}rl to a sum over a smaller subset. We will only afterward project on

Ky, which will create some extra remainder terms. We now introduce a key
definition. (Recall the definition of cycles and (H, z), in Definition 6.)

Definition 19 (Tangles). A graph H is tangle-free if it contains at most one
cycle, and H is (-tangle-free if for any vertex z, (H,z), contains at most one
cycle. Otherwise, H is tangled or ¢-tangled. We say that v € E* is tangle-free
or tangled if G is. Finally, I k and F ekf will denote the subsets of tangle-free

paths in I'* and F’;f.

Now, recall the definition of the colored graph G? in Definition 6. Obvi-
ously, if G7 is f-tangle-free and 0 < k < 2/, then

(31) BF = B,
where

k
(B(k))ef: Z a(’Y)H(Sit)iBtIHl'

’YGF}CJZH t=1
e

Similarly we define the matrix B (k) by

k
(32) BM)er= > a) [1(Si)wwrn-
t=1

k41
WEFEJ,

Beware that even if G7 is ¢-tangle-free and 2 < k < /| BFisa priori different
from B®. (In (30) and (32) the summand is the same but the sum in (30) is
over a larger set.) Nevertheless, at the cost of extra terms, as in (29), we may
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still express B®¥g in terms of BWY g for all g € Ky. We start with the following
telescopic sum decomposition:

(B(Z))ef = (B(g))ef

L k=1 4
(33) + > at) Y (H(Si)xw)(i)( IT si ))

'yeFef“ k=1 \t=1
€

which follows from the identity,

Y1 Vi Ye+1 ’Y)&@ Ye+1 71 k V41

Y41 Ye+1 Ve+1

Figure 5. Tangle-free paths whose union is tangled.

We now rewrite (33) as a sum of matrix products for lower powers of
B® and B®) up to some remainder terms. We decompose a path v =
(Y15 -+ Yer1) €T asapathy' = (y1,...,7) € TF, apath v = (5, Yrs1) €
I'? and a path v = (Vat1,-..,%e41) € DR If the path v is in F (that
is, v tangle-free), then the three paths are tangle-free, but the converse is not
necessarily true; see Figure 5. This will be the origin of the remainder terms.
For 1 < k < ¢, we denote by F,f“ the set of v € I'*! as above such that
v € F*¥ 4" € F?2 = T? and 7" € F'"*1. Then F*' C Fi™. Setting,
Fith = Fet nTit, we write in (33)

Yo M= - X )

veF ! vEF L vEFLLNFL!
where (x) is the summand on the right-hand side of (33). We have
a(y) = a(v)a(")a(+").
We denote by B the matrix on C" ® C¥ defined by

B=) a;®(1®1)® Ej;.
J#
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Observe that Bey = 3" a(y), where the sum is over all  in I‘gf = Fff. We get

> at) (ﬁ(Si»mm)(i)( 1 <sit>w1>

041 t=1 =k+1
'YEFk,ef t=k+

_ (1) g1 gk
- Qs

ef

For all e, f € E, we set
o k—1 ¢
(34) (Rk )6f = Z a(W)(H(SiJIt%Jrl) H (Sit)iﬂtrt+1 :
FZ+}\FZ+1 t=1 t=k+1
We have from (33) that

4
B =pB® lz =UBBEH — ZRk.

Now, observe that if G? is (-tangle free, then from (31), BBk = BBk,
Moreover, the kernel of B contains Ky. Since B~*K, ¢ Ky, we find that
BB * =0 on Ky. So finally, if G° is (-tangle free, then for any g € Ky,

1 l
B'g =BYg—~ " R{g.
k=1

Putting this last inequality in (27), the outcome of this subsection is the fol-

3

lowing lemma.

LEMMA 20. Let £ > 1 be an integer, and let A be as in (1) be such that
G is L-tangle free. Then,

1 ¢ ¢
p(Biicy) < (HB(‘”H -y HR,W)
k=1

4.3. Estimates on random permutations. In this subsection we study some

1/¢

properties of permutations matrices S; for the symmetric random permuta-
tions.

The first proposition gives a sharp estimate on the expected product of
the variables (5;)zy. This estimate will be used to bound entries in products
of BY, Rgf) and their transposes. Note that if i # i*, then (S;)y is centered:
E(S;)zy = 0, while if i = %, then (S5;);y is almost centered, i.e., for z # v,
E(Si)ay =1/(n—1) = 1/n=0(1/n?).

We start with some definitions on colored graphs (as defined in Defini-
tion 6).
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Definition 21.

— Let H be a colored graph with colored edge set Ey. A colored edge e =
[z,i,y] € Ep is consistent if for any ¢ = [2/,7,y] € En, (z,i) = (2/,7) or
(y,i*) = (2/,7') implies that e = €¢’. (Recall that [z,4,y] = [y,i*,z].) Tt is
inconsistent otherwise.

— For a sequence of colored edges (e1,...,er), the multiplicity of e € {e; : 1
<t < 7}is Y 1(e; = e). The edge e is consistent or inconsistent if it is
consistent or inconsistent in the colored graph spanned by {e; : 1 <t < 7}.

In Figure 4, the edges [1,1,6] and [1, 1, 3] are inconsistent.

PROPOSITION 22 ([9]). For symmetric random permutations, there exists
a constant ¢ > 0 such that for any sequence of colored edges (fi,..., fr), with
ft = [xtuitaytL T < \/ﬁ and any 7o < T, we have

1\¢/ 37\
(1) ()"
- n Vn
where e = |{fy : 1 <t < 7}, b is the number of inconsistent edges and ey is the
number of 1 <t < 79 such that [z, 1, T141] is consistent and has multiplicity

T

70
EH(ﬁit)wtyt H (Sit)xtyt
t=1

t=710+1

one.

Proof. Using the independence of the matrices S; (up to the involution),
the claim is contained in [9, Prop. 8] for matchings and [9, Prop. 25] for per-
mutations. O

Recall that the graph G is the colored graph with vertex set of [n] and
edges set of [x,1,y] such that o;(x) =y (and o4+ (y) = x).

LEMMA 23. Let A be as in (1) for symmetric random permutation. For
some constant ¢ > 0, for any integer 1 < ¢ < /n, the expected number of
cycles of length € in G is bounded by c(d — 1)°. The probability that G is
(-tangled is at most cf3(d — 1) /n.

Proof. Let H be a colored graph as in Definition 6, with vertex set Viy C [n]
and edge set Ep. Let us say that H is consistently colored if all its edges are
consistent (as per Definition 21). If H is not consistently colored, then the
probability that H C G7 is 0. Assume that H is consistently colored and that
Ep contains e; edges of the form [z,i,y]. If i # i*, the probability these e;
edges are present in G is

e;—1 1 ( 1 >ei
.5« -
= —t n—e; +1
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If ¢ = ¢*, this probability is
e;—1 1 < 1 >€i
Il < -
t:On—2t—1 n—2e +1
We use that, for any integers, k, ¢ with k¢ < an, £ < n/2,
(n — 0k > e72opk,
(Indeed, (n—£)F = nFexp(klog(l—£/n)) > nF exp(—2kl/n) since log(1 —z) >

—z/(1—2) for 0 < 2z < 1.) Using the independence of the permutations o; (up
to the involution), we deduce that, if |Ex| < y/n, then

(35) P(H C G%) < c(;)lEH,

for some constant ¢ > 0.

Now, the number of properly consistently cycles in [n] of length ¢ is at
most

néd(d — 1)#1;

indeed, n‘ bounds the possible choices of the vertex set and d(d — 1)*~! the
possible colors of the edges. Since a cycle has £ edges, we get from (35) that the
expected number of cycles of length ¢ contained in G is at most cd(d — 1)¢~*
as claimed.

L
L
.
-

Figure 6. The involution ¢* is the identity. On the left-hand

side, we have a consistently colored Hg 14, and on the right-
hand side, we have a consistently colored Hg 3 1.

Similarly, if G is ¢-tangled, then there exists a ball of radius ¢ that con-
tains two cycles. Depending on whether these two cycles intersect or not, it
follows that G contains as a subgraph, either two cycles connected by a line
segment or a cycle and a line segment (see Figure 6), where the line segment
can be of length 0. More formally, for integers 1 < s < k and m > 1, de-
fine Hy s as the colored graph with vertex set {z; : 1 <t < k+m — 1} of
size k +m — 1 and colored edges, for 1 <t < k+m — 1, [x4, 4, x441], with
Thtm = s and [Tk, ikrm, 1], where all k + m edges are distinct. The graph
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Hy, s depends implicitly on the choice of the z;’s and ¢;’s. Similarly, for in-
tegers k, k' > 1 and m > 0, let Hy ;, . be the colored graph with vertex set
{2 :1 <t <k+k+m—1} of size k+k'+m —1 and colored edges ¢, i¢, T141]
for 1 <t <k+4+k'+m—1with kg4 = Tkim, and the edge [Tk, ikir1m, T1]-
Again, the graph H ,’g k' m depends implicitly on the choice of the z¢’s and 7;’s.
Then, if G is ¢-tangled either it contains as a subgraph, for some x;’s and ;’s,
a consistently colored graph Hy ,, s with k,m < 2 or a consistently colored
graph Hy, s, with k, &' +m < 2.
The number of consistently colored graphs Hy, ,, s in [n] is at most

nk+m—ld(d _ 1>k+m—17

and the number of consistently colored graphs Hj ,, . in [n] is at most

nk+k/+m*1d(d o 1)k+k’+mfl'
From (35), we deduce that the probability that G is ¢-tangled is at most

1 k+m
nkrm=ld(d — 1)k+m_1c(—)

ke s,m<2( n
, , 1 k+k'+m
+ Z nk+l€ -‘rm—ld(d o l)k-‘rk +m—lc<7>
kel m<20 n
307 1\40
The latter is O(%) as claimed. O

4.4. Trace method of Fiiredi and Komlos.

4.4.1. Norm ofﬁ(z). Here, we give a sharp bound on the operator norm of
the matrices B for symmetric random permutations. In this subsection, we
fix a collection (a;),? € [d], of matrices such that the symmetry condition (3)
holds and we assume max;(||a;|| V [|a; || ~') < e for some £ > 0. Then B, is
the corresponding non-backtracking operator in the free group. The constants
may depend implicitly on r, d and €.

PROPOSITION 24. Lete > 0. If1 < ¢ <logn, then the event

IB| < (logn)*(p(B.) +e)*

Llogn

holds with the probability at least 1 — ce <clegloen  where ¢ > 0 depends on r, d
and €.
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The proof relies on the method of moments. Let m be a positive integer.
With the convention that fo,,41 = f1, we get
(36)
1B = BB | < w{(BOBO")")

*

m
= Z trH(ﬁ(z))fQj—hfzj(ﬁ(z) )f2j7f2j+1
(fi,enfom)€E2m  j=1
2m L

Z HH it xjtx]t+ltrHa’Yj )

’YEWZ mJj=1t=1
where a(v;)% = a(y;) or a(y;)* depending on the parity of j and W, is the set
Of Y= (’71, . ,’YQm) such that ’Yj = (’Yj,la e ,’Yj,g+1) c F€+1, ’)/jﬂg = (.ij ij,t)v
and for all j =1,...,m,
(37) Y2i,1 = V2j+1,1  and  Y2i-1041 = V2,641,

with the convention that vo,,11 = 71; see Figure 7. The proof of Proposition 24
is based on an upper bound on the expectation of the right-hand side of (36).
We write

(38) E[BOIP™< 3 |w(y)| trla(y)],
eW[m

where we have set

4 2m
H 17 t x] tTj,t+1 and a’(y) = H a(’yj)ej *
t=1 j=1

Y2i—1,64+1 = Y2i,6+1 V1,641 = V2,641

Figure 7. A path v = (v1,...,72) in Wy; each ; is tangle-free.

First, to deal with this large sum, we partition Wy ,, in isomorphism
classes. Permutations on [n| and [d] act naturally on Wy,,. We consider
the isomorphism class v ~ +/ if there exist 0 € S,, and (7;), € (Sg)" such
that, with 7}, = (27,,7},), for all 1 < j <2m, 1 <t <L+ 1, 2, = o(zj1),
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ity = Ty, (i50) and (i5,)* = 7o, ((454)%). For each v € Wy, we define G,
as in Definition 18: V, = U;V,. = {z;; : 1 < j < 2m,1 <t < £+ 1} and
E,=UjE, = {lzjt, 154, xj¢41) : 1 < j < 2m,1 <t <L} are the sets of visited
vertices and visited pairs of colored edges along the path. Importantly, G is
connected. We may then define a canonical element in each isomorphic class
as follows. We say that a path v € Wy, is canonical if v is minimal in its
isomorphism class for the lexicographic order (z before z + 1 and (x, i) before
(z,i+ 1)), that is, y1,1 = (1,1) and ~;; minimal over all 7, such that 7' ~ v
and vy, o = s for all (k,s) < (j,¢). Our first lemma bounds the number of
isomorphism classes. This lemma is a variant of [10, Lemma 17] and [9, Lemma
13]. It relies crucially on the fact that an element v € Wy, is composed of 2m
tangle-free paths.

LEMMA 25. Let Wy (v, €) be the subset of canonical paths with |Vy| = v
and |E,| =e. We have

Wem(v, €)| < (2dem)Smxiom.

Proof. We bound (W, (v, €)| by constructing an encoding of the canonical
paths (that is, an injective map from W, (v,e) to a set whose cardinality is
easily upper bounded). Fori <i <2mand1 <t </, letej; = (T4, %50, Tji41)
and [ejs] = [, 956 Tj41] € Ey be the corresponding colored edge. We
explore the sequence (e;¢) in lexicographic order denoted by =< (that is, (j,t) <
(j+ 1L, t') and (j,t) = (j,t +1)). We think of the index (j,t) as a time. We
define (j,¢)~ as the largest time smaller than (j,t), i.e., (j,t)~ = (j,t — 1) if
t>2,(j,1)" =(—1,¢) if j > 2 and, by convention, (1,1)” = (1,0).

We denote by G(;4) the graph spanned by the edges {[ej «] : (j',) =
(4,t)}. The graphs G; ;) are non-decreasing over time and by definition G/ (o, o)
= Gy. We may define a growing spanning forest 7T{; ;) of G; ;) as follows: T(; o)
has no edge and a single vertex, 1. Then, T(;; is obtained from 7{; ;- by
adding the edge [e;;] if its addition does not create a cycle in T{;-. We then
say that [ej] is a tree edge. By construction T| (j,¢) 1s a spanning forest of G ;1
and Ty = T(ap,¢) is a spanning tree of G. An edge [e;] in G, \T is called an
excess edge. Since T, has v — 1 edges, we have

(39) x=Nf€E,: fisanexcessedge}|=e—v+1>0.

Now, from (37), for each j, there is a smallest time (j, o), which we call the
merging time, such that G, will be connected. By convention, if z;1 € G(j1)-,
we set 0 = 0. (For example from (37), if j is odd, then ¢ = 0.) We say that
(4,t) is a first time if it is not a merging time and if [e;;] is a tree edge that
has not been seen before (that is, e;; # ey s for all (k,s) < (j,t)). We say that
(4, t) is an important time if [e;4] is an excess edge (see Figure 8).
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1= (1L1)(2,2)(3,1)(4,3)(2,2)(3,1)(4,3)(2,2)(3,1)(4,3)(2,2)(3, 1) (5, 2)

Figure 8. A canonical path v, € F'3 and its associated span-
ning tree; the involution i* is the identity: The times (1,t) with
t € {1,2,3,12} are first times and ¢t = {4,7,10} are important
times, (1,4) is the short cycling time, and (1,7), (1, 10) are su-
perfluous. With the notation below, t; = 4, ty = 2, to = 12,
and 7 = 13.

By construction, since the path 7, is non-backtracking, it can be decom-
posed by the successive repetition of (i) a sequence of first times (possibly
empty), (ii) an important time or a merging time, and (iii) a path on the for-
est defined so far (possibly empty). Note also that if ¢ > 2 and (j,¢) is a first
time, then ¢; = p and x;;41 = m + 1, where m is the number of previous first
times (including (j,¢)) and p is minimal over all ¢ > 1, such that i # i}_;.
Indeed, since v is canonical, every time that a new vertex in V, is visited its
number has to be minimal, and similarly for the number of the color of a new
edge. It follows that if (j,t),..., (j,t+s) are first times and z;; is known, then
the values of e;¢,...,¢ej++s can be unambiguously computed.

We can now build a first encoding of Wy p,,. If (4,t) is an important time,
we mark the time (j,t) by the vector (i, xj+1,%jr,%5-), where (j,7) is the
next time that e; » will not be a tree edge of the forest T} ; constructed so far.
(By convention, if the path -; remains on the tree, we set 7 = ¢+1.) Fort =1,
we also add the starting mark (1,0, +,%;), where o is the merging time
and (j,7) > (j, o) is as above the next time that [e; ;] will not be a tree edge
of the forest constructed so far. Since there is a unique non-backtracking path
between two vertices of a tree, we can reconstruct v € Wy, from the starting
marks and the position of the important times and their marks. It gives rise
to a first encoding.

In this encoding, the number of important times could be large (see Fig-
ure 8). We will now use the assumption that each path v; is tangle-free to
partition important times into three categories, short cycling, long cycling and
superfluous times. For each j € [2m], we consider the first occurrence of a time
(4, t1) such that ;¢ 41 € {zj1,...,2j+ }. If such ¢; exists, the last important
time (j,ts) = (4,t1) will be called the short cycling time. Let 1 < ¢ty < ¢; be
such that x4 = xj,+1. By assumption, C; = (e, .- -,€j—1) will be the
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unique cycle visited by 7;. We denote by (j,t2) the next to > t; such that
ejt, in not in Cj. (By convention, ty = ¢ + 1 if 4; remains in C}.) We mod-
ify the mark of the short cycling time (j,ts) as (4j¢,, Tjto41, Tj 1> L2, Tjrs b7 ),
where (j,7) = (J,t2) is the next time that [e; ;] will not be a tree edge of the
forest constructed so far. Important times (j,¢) with 1 <t <tsor 7 <t </
are called long cycling times; they receive the usual mark (i, T +1, Tjr, ijr)-
The other important times are called superfluous. By convention, if there is no
short cycling time, we call anyway, the last important time, the short cycling
time. We observe that for each j, the number of long cycling times on v; is
bounded by x —1. (Since there is at most one cycle, no edge of E, can be seen
twice outside those of C}, the —1 coming from the fact the short cycling time
is an excess edge.)

We now have our second encoding. We can reconstruct v from the starting
marks, the positions of the long cycling and the short cycling times and their
marks. For each j, there are at most 1 short cycling time and x — 1 long cycling
times. There are at most (£ + 1)?™X ways to position them. There are at most
d?v? different possible marks for a long cycling time and d?v3(¢ + 1) possible
marks for a short cycling time. Finally, there are dv?(¢ + 1) possibilities for a
starting mark. We deduce that

Wi (v, €)] < (€4 1) X(do? (€ + 1)) ™ (d20?) ™D (@203 (0 + 1)) 4.
Using v < 2¢m + 1 and ¢+ 1 < 2/, we obtain the claimed bound. O
Our second lemma bounds the sum of a() in an equivalence class.

LEMMA 26. Let p = p(By)+e and ko be a positive integer. Then, there ex-
ists a constant ¢ > 0 depending on v, d and € such that for any v € Wy, (v, €),

(40) > trfa(y)] < e g,
Yy oy

where x = e —v +1, e1 is the number of edges of E, with multiplicity one and

1
ko ko
po = max H ai. |l
s=1
and the mazimum is over all non-backtracking sequences (i1, ..., 1k, ), that is,

is41 7 is=. Moreover, for all kg large enough, we have pg < p.

Proof. We start by proving (40). The proof relies on a decomposition of
G, where the path is split into sub-paths on the free group. Let vy, (respectively
v>k) be the set of vertices of G, of degree k (respectively > k). We have

v +v2+v>3=v and v + 203 + 3v>3 SZkkaQG.
k
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Subtracting from the right-hand side twice the left-hand side, we deduce that
v>3 <2(e—v)+v1 <2x+2m—2.

Indeed, at the last step the bound v; < 2m follows from the observation that
since each y; is non-backtracking, only a vertex x € V,, such that x = x;; or
x = x;41 for some 1 < j < 2m can be of degree 1.

Now, consider the set VW’ C V, formed by vertices of degree at least 3 and
vertices x € V, such that x = z;1 or x = x; 441 for some 1 < ¢ < 2m. From
what precedes,

v = V| <2x +4m —2.

We now build the graph G, on VJ obtained from G, by merging degree 2
vertices along edges. More formally, let P, be the set of non-backtracking
sequences ™ = (Y1,41,- .., Yk, ik, Yot1) With [ys, is,ys41] € B, for 1 < s < k
and y1,ykr1 € V5, Yo, -, yk € VA\V. We set 7 = (yrt1, 75, Yk» - -5 Y1) € Py
Since all vertices not in VV/ have degree 2, two distinct paths 7,7’ € P, are
either disjoint (except the endpoints) or 7* = 7. As in Definition 6, we define
a (generalized) colored edge as an equivalence class [7] of m in P, endowed with
the equivalence m ~ 7' if 7' € {m, 7*}. Then G’, = (V, E’)) is the colored graph
with edge set E, the set of [r] with m = (y1,41,. .., Yk, i, Yet1) € Py, [7] being
an edge between y; and yxy1; see Figure 9. Let ¢/ = |E;| We find easily that
this operation of merging degree 2 vertices preserves the Euler characteristic.
(If m# = (y1,%1,-- -, Yk, ik, Yet1) is in Py, it replaces k edges and k — 1 vertices
of G, by a single edge in G,.) That is,

d—v+l=e—v+1=yx.
It follows that
(41) ¢ <3x+4m—3.

Now, we recall the multiplicity introduced above Proposition 22. If [z, 4, y]
€ E,, the multiplicity of [z,i,y], denoted by my,;,, is the number of times
that [vjs,%j.s,7j,s+1) = [@,,y]. Since 7 is non-backtracking along each edge of
E!,, we observe that if [7] € E, with 7 = (y1,i1, ..., Yk, ik, Yk+1), then all edges
[Us, is, Ys+1] have the same multiplicity. We may thus unambiguously define
the multiplicity m[;) of an edge [r] € E’; see Figure 9. Due to the symmetry
condition (3), we note that the norm of product of a;’s along an edge [r] does
not depend on whether we take the product along 7 or 7*:

k k *
H Aj <H ais>
s=1 s=1

Let e; be the number of edges of multiplicity equal to t. We have
(43) Z e, =e and Z te; = 2¢m.
t t

k

a
H sl

s=1

(42) = =
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Figure 9. A canonical path v = (y1,72) € Ws,1 and its as-
sociated graphs G~ and Gﬁy; the involution ©* is the identity:
We have that V,\VJ = {4} and that [r] is an edge of G
with 7 = (2,3,4,1,3). This edge has multiplicity 2. The edge
[(1,1,2)] has multiplicity 2.

We find

(44) S (t=2)rer =) (t—2)es +e1 =2(lm —e) +e1.
t t

Since the path ~; is non-backtracking, we may decompose it into suc-
cessive visits of the edges of E,/Y More precisely, we decompose 7; as v; =
(Pj15 D525 - - s Pjk;) Where either (i) p;+ follows an edge of E; that is visited for
the first or second time, or (ii) p;; follows a sequence of edges of E,’Y that have
been visited previously at least two times. By construction, in the decompo-
sition of the whole path +, there are at most 2¢’ subpaths p;; of type (i) and
thus 2¢’ + 4m subpaths of type (ii). We may then write

2m
la(y1 < TT lla(y)]
j=1

(45) k k k
<STT|TTen| =5 T | T |Tla|
Dt ||s=1 pj¢ type (i) ||s=1 pj,¢ type (ii) ||s=1
where in the above product, p;; = (y1,41, Y2, %2, ..., Yk, i) and
2
5= ﬁ ||aij,£+1H < Ei4m
j=1 Haij,lH -

accounts for the boundary effects. To estimate (45), we shall use the two rough

bounds
k
s=1

2 -1 2

k k k
(46) IT a.| < |[T] @ <e "] ai.
s=1 s=1 s=1
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We notice also that since max; ||a;|| < e~ 2po,

k Lk/ko]
H ai, || < H Ha’ikos—kOJrl T G | Haiko Lk/kol+1 " Qi |
(47) s=1 s=1

< p[%k/koj miax ”ain—ko Lk/ko] < 8—2kop10<:7

which uses the non-backtracking condition is41 # f. Now, in (45), we decom-
pose the product over p;; of type (i) and of type (ii). Using (42) and (46)
when m; =1, we arrive at

k k mm/\Q
II |Ileu|= II |I]es
pje type (i) ||s=1 [r]eEl ||s=1
. k 2 k 2
< T e Tl == T1 | .
[r]€EL s=1 [r]eEL |[s=1
where in the above product @ = (y1,41, ..., Yk, ik, Yu+1). Similarly, for each p;,

of type (ii), we use (47). Since there are at most 2¢’ 4+ 4m subpaths p;; of type
(ii) and since the sum of length of p;; is equal to >, (t —2) e, = 2(¢m—e) +eq
by (44), from (47), we find

I |Me

pj¢ type (ii) ||s=1

ko ki —2ko(2¢'+4m) 2(tm—e)+e
< H e o ph < g ho(2eAm) ot E

Pyt type (ii)

We finally plug the last two upper bounds into (45). Using (41), for some
c > 0, we arrive at

L 2

2(fm—
la(y)|| < emheter 2ém=e) T
[r]€E.

ais
s=1

Thus, summing over all v/ ~ ~, we obtain

k 2
48) Y fla(y)| < gmrere 2mmee T <Z [T ai. )
s=1

Yy [l Ex,
where for 7 = (y1,%1,..., Yk, ik, Yk+1), the sum is over all non-backtracking
sequence (i1, ..., k).

2
Finally, in this last expression, > H]_[fj:l a;,|| can be bounded in terms of

the spectral radius of the non-backtracking on the free group. Let B, be the
non-backtracking operator on the free group associated to A, defined in (4).
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There exists ¢ > 0 such that for any (g,i) € X x [d], for any integer k > 0,
k+1

2
IBES w3 =S |IT] @
s=2

where the sum is over all non-backtracking sequence (i1, ...,ix+1) such that

< max(e, p?*),

i1 = i. Moreover from Lemma 14, the same constant ¢ may be taken for all
B, with weights such that max;(||a;||) < e~!. Also, at the cost of changing the
constant ¢ and taking kg large enough, in (48) we find

k 2 ko
(49) Z H ai.|| <ecp?* and Z H a;,
s=1 s=1
Since the sum of the length of all [7] € E is e, from (48) we get

2(m— /
> lla(y) | < embcren gl pre p2e,
v~y

2
< p2k‘o )

It remains to again use (41), e = v + x — 1 and adjust the constant ¢. Since
tr|a(y)| < d||a(v)||, we obtain (40). Finally, the claimed lower bound, p > pg
is a direct consequence of the right-hand side of (49) by considering only the
. 0

non-backtracking sequence in the sum that maximizes H]‘[Ig(’:1 a;,

Our final lemma gives a bound on w(+y) defined below (38). Observe that
w(7y) is invariant on each isomorphism class. In the sequel, for an integer n € Z,
we set ny to be its positive part, i.e., ny = max(0,n).

LEMMA 27. There ezists a constant ¢ > 0 such that for any v € Wy (v, €)

and 20m < \/n,
1\¢/ 6/ (e1—4x—4m)4
wel < (1) (%) ,
n N4D
with x = e —v + 1 and ey is the number of edges of E, with multiplicity one.
Moreover,
e1 > 2(e —Im).

Proof. We start by the last statement. Let e>2 be the number of edges of
E., of multiplicity at least 2. From (43), we have

e1teso=e and e + 2e>9 < 20m.

Therefore, e; > 2(e — fm) as claimed. Let b the number of inconsistent edges.
(Recall the definition above Proposition 22.) Using the terminology of the
proof of Lemma 25, a new inconsistent edge can appear at the the start of
a sequence of first times, at a first visit of an excess edge or at the merging
time. Every such step can create two inconsistent edges. Since each non-empty
sequence of first times is followed either by a merging time or by a first visit of
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an excess edge, we deduce from (39) that b < 4x + 4m. So finally, the number
of consistent edges of v of multiplicity one is at least (e; — 4x — 4m)y. It
remains to apply Proposition 22. O

All ingredients are in order to prove Proposition 24.

Proof of Proposition 24. For n > 3, we define

For this choice of m, n'/(™ = o(logn)” and £m = o(logn)?. Set p = p(B,) +
/2. It suffices to prove that

(51) S= 3 fultrla()] < n(etm)mptm.
YEWe,m

Indeed, Proposition 24 follows immediately from (38)—(51) and Markov in-
equality. Recall that G is connected for any v € Wy ,,. Hence, |E,| > |V, —1
and

Séi i Wem(v,e)| _ max <|w(’7)! Ztr!a('y’)!)

v=1e=v—1 76W47m(v,e)

Let v € Wy (v, e) with e; edges of multiplicity one and x = e —v + 1. We
use Lemma 26 with ¢/ = ¢/2 and Lemma 27. Since a < b+ (a — b)+ and
e1 > 2(e — ¢m) (by Lemma 27), we find

e 1\? [/ 6/m (e1—4x—4m)4
e O N &
'Yz"‘:'Y ’ " \/ﬁ
< P mx) 2(tm=v) zv<l>x e S

We set a = (8c¢fm)?/n and ¢ = £ + 2. Since p > po (if ko is chosen large
enough in Lemma 26), we deduce from Lemma 25 that, for some new constant
c>0,

0o 00 1\X
S < 2 : 2 :n(cgm)GmerlOmp%m(i) a(vfé’mflfx)_h
o n
v=1x=0

=51+ 5+ Ss,
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where Sp is the sum over {1 < v < 'm,x > 0}, Sy over {v > ¢/m,0 < x <
v—4{0m}, and S3 over {v > 'm,x > v —¥¢'m}. We find,

Sy = n(clm) 10m zzm%§:< c€m >X

v=1 x=0
X
<n(c€m)10m 2€mz< cﬁm ) '

For our choice of m in (50), for n large enough,

)12m

(ctm)om < (logn < 113

n o n
In particular, the above geometric series converges and, adjusting the value
of ¢, the right-hand side of (51) is an upper bound for S; (since ¢'m < ¢™ for
¢ > 1 and n large enough). Similarly, since o = (8¢m)?/n, for n large enough,

v—0'm—1 6m \ X
S (Cgm)lom 20m Z ol 'm—1 Z ((cﬁm) )

v=0'm+1 an

x=0
10m 20 — O'm—1 (Cgm)(jm emtmt
n(clm) " p=" Z almome 2<>

v=0"m+1 an
0 Y] 6m\ t
= 2n(clm) 0m p2tm Z ((C m) > '
=0 n

Again, the geometric series is convergent and the right-hand side of (51) is an
upper bound for Sy. Finally, the same manipulation gives for n large enough,

Sy =n(etm) Pt S 3 (W)X

v=0'm+1 x=v—€'m n

oo 6m\ v—¢'m
n(clm)10m p2tm Z 2((057”) )

v=~0"m~+1 n

sty ('

=1 n

The right-hand side of (51) is again an upper bound for S3. It concludes the
proof. O

4.4.2. Norm of R,(f). Here, we give a rough bound on the operator norm
of the matrices R,(f)
we fix a collection (a;),i € [d], of matrices such that the symmetry condition
(3) holds and we assume max;(||a;||) < e~! for some € > 0. The constants may

depend implicitly on r, d and €.

for symmetric random permutations. In this subsection,
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ProPOSITION 28. For any 1 < k, £ <logn, the event

l
IRV < (logn)™pt

Llogn

holds with the probability at least 1 — ce <lsloen  where ¢ > 0 and p; > 0
depend on r, d and €.

The proof relies again on the method of moments. Proposition 28 will be
faster to prove than Proposition 24 since we do not need a sharp estimate of p;.
Let m be a positive integer. We argue as in (36)—(38). With the convention
that fom41 = f1, we get

B[RV <Ex{ (RO RO)"

*

m y .

= Z Etr H(Rl(c ))f2j717f2j (R]g) )f2j,f2j+1
(flv"'nym)eE2m j:1
< Y |@(y)|trlaly)],

’YEWZ,m

where a(7y) is as in (38), Wgym is the set of v = (71,...,72m) such that for

any 1 < j <m, v = (%1, View1) € Fe v = (xj6.154), v with the
boundary condition (37), and we have set

k—1 y4
1/5(7) =K H (ﬁ’ij’t)xj,twj,ﬂrl H (Sij,t)ﬂij,twj,t+1'
t=1 t=k+1

Using that max; ||la;|| < 7!, we have tr|a(y)| < re =" and thus,

2 12m m —
(52) E[RY|Pm <™ ST |a@(y).
’YEWZ,m

To evaluate (52), we associate to each vy € W&m, the graph (?7 of visited
vertices and colored edges that appear in the expression w(). More precisely,
for each j, we set ’yg- = (V15> Vjk) € F* and fy}’ = (Vjhtlr-->Vjet+1) €
F*1=k  Then, with the notation in Definition 18, the vertex set of @W is
Vy =Uj VV;_ U V,Y;/ and the edge setiAs E, = Uj EV;_ LAJE,Y;_/. (For example, the
black edge in Figure 5 is not part of E,.) The graph G., may not be connected.
However, due to the constraint on -, it cannot have more vertices than edges.
More precisely, let G\W denote the colored graph with vertex and edge sets
V%_ U V’y}’ and E’y} U Eﬁ-" By the assumption that v; € F,f“, it follows that

either G, is a connected graph with a cycle or it has two connected components
that both contain a cycle. Notably, since G\V is the union of these graphs, any
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connected component of @W has a cycle, and it implies that
(53) V) < B,

Recall the definition of a canonical path above Lemma 25. The following
lemma bound the number of canonical paths in Wy ,.

LEMMA 29. Let Wg,m(v, e) be the subset of canonical paths in W&m with
|V,| =v and |E,| = e. We have

Wem(v, €)| < (2d0m)12mxt20m,

Proof. The proof is identical to the proof of Lemma 25 up to the minor
modification that for each j, ’yg and fyg.' are tangle-free and non-backtracking
(instead of simply ;). We use notation of Lemma 25: For 1 < j < 2m,
1<t<¥t,t#k, we dencige the visited edges by e;j; = (2,954, j¢+1) and
leji] = [, 050, wje1] € Ey. The graph Gy is the graph spanned by the
edges {[ejr¢] : (j/,t') = (j,1),t' # k}, and T{;,) is its spanning forest. For each
J, we set G(jr) = G(jr—1)- The graphs G(;;) are non-decreasing over time,
and by definition G(a, ) = G-

Now, for each j and 7}, 7}, the merging times, denoted by (j,0') and
(j,0"), are the times such that 7} and 7} merge into a previous connected
component. More precisely, if (j,¢) with 1 <t <k —1 (resp. k+1 <t < /)
is the smallest time such that x;:41 is a vertex of G(; 1)~ (vesp. G(jpy1)-)
then ¢’ =t (resp. ¢” = t). By convention, if z;; € G(;1)-, we set o' = 0
(for example from (37), if j is odd, then o/ = 0), and we set ¢’ = k if
Tjrt1 € Gjpy-- Similarly, we set o' = k (resp. 0" = £+ 1) if 7} does not
interest G(; 1)~ (resp. 7] does not intersect G(; )-). First times and important
times are defined as in Lemma 25.

We mark important times (j,t) by the vector (i;, €j¢+1,Zjr, %), Where
(4,7) is the next time that [e;,] will not be a tree edge of the forest Tj;
constructed so far. (By convention, if the path 7;- or fy;’ remains on the forest,
weset 7 = kor7=1/¢+1) Fort =1 and t = k+ 1, we also add the
starting mark (zj1,0',2j7,4;-) and (2 k4+1,0",2j7,157), where o’ and o” are
the merging times and (j,7) > (j,0’) or (4,7) > (j,0”) is, as above, the next
time that [e; -] will not be a tree edge of the forest constructed so far. As in
Lemma 25, it gives rise to a first encoding W&m(v, e).

It can be improved by using that 7} and 7] are tangle-free. For each
1 < j < 2m and both for 7} and v/, we define short cycling, long cycling and
superfluous times as in Lemma 25 and we modify the mark of the short cycling
time (j,ts) as (4jt,, 41, Tjt,, 2, Tjr,ijr), Where (4,t1) is the closing time
of the cycle, (j,t2) is the exit time of the cycle, and (j,7) = (j,t2) is the next
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time that [e; -] will not be a tree edge of the forest constructed so far. For
7; (resp. 77), important times (j,¢) with 1 <t <t5or 7 <t <k —1 (resp.
k+1<t<tsorT <t </)are called long cycling times; they receive the usual
mark (44, Zj¢+1,2jr %5-). The other important times are called superfluous.
By convention, if there is no short cycling time, the last important time is
defined as the short cycling time. As argued in Lemma 25, there are at most
x — 1 long cycling times for 7} and ~j.

This is the second encoding: we can reconstruct uniquely v from the
starting marks, the positions of the long cycling and the short cycling times
and their marks. For each j, there are two starting marks, at most two short
cycling times, and 2(x — 1) long cycling times. There are at most (£ + 1)4mx
ways to position them. There are at most d?v? different possible marks for
a long cycling time and d?v®(¢ + 1) possible marks for a short cycling time.
Finally, there are dv?(¢ + 1) possibilities for a starting mark. We deduce that

W (v, €)] < (04 D)X (do?(€ + 1)) ™ (d20?) ™D (@203 (0 + 1)) 4.
Using v < 2¢m and £ + 1 < 2¢, we obtain the claimed bound. O
We are ready to prove Proposition 28.

Proof of Proposition 28. For n > 3, we define
logn
54 - |8 |
(54) m {25 log(log n)J

For this choice of m, fm = o(logn)?. From Markov inequality and (52), it
suffices to prove that for some constants ¢,c; > 0,

(55) S= > o)l < (cbm)* i,
’Yewf,m
From (53), |V4] < ‘E\v’ < 2¢m and

20m oo

S<I Y Wemlv,e)l _max  ([@(3)|N (7)),

v=1e=v ’YGWZ,m(v)e)

where N(v) is the number of 4/ in Wg,m such that 7' ~ . If v € Wy (v, e),
the following trivial bound holds:

N(v) < n®d".
(Indeed, n” bounds the possible choices for the vertices in V, and d° the possible

choices for the colors of the edges in /E\y) Moreover, from Proposition 22
(bounding the number of inconsistent edges by e), if v € Wy, (v, e), then

al <)

n
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Using also Lemma 29, we find

2lm oo
9\¢€
< 2 :E : 2d¢ 12m(e—v)+32m vde<7)
S_cvzle:v( m) ! n/’

= ¢(2dlm)>*™ Z (9d)" Z

v=1 t=0

20m 0o <9d(2d£m)12m>t
—n .

For our choice of m, the geometric series is convergent. It follows that for some
new constant ¢, > 0,

2/m
S < c(2dim)**™ " (9d)" < ¢ (2dlm)>*™(9d)*".
v=1
This concludes the proof of (55) with ¢; = 9d. (A finer analysis as done in
Proposition 24 leads to ¢; =d — 1+ o(1).) O

4.5. Proof of Theorem 17. Let 0 < € < 1. For a given collection of weights
a = (a;) € M,(C)?, we denote by B(a) the corresponding non-backtracking
operator and by & (a) the event that p(B(a) x,) > p(Bx(a))+e¢. It is sufficient
to prove that for some S > 0,

(56) P( U Es(a)> =0(n"),

aeSY
where B C M,(C) is the unit ball for the operator norm || - || and
S.={be M. (C):bee B b e8]

We use a net argument on S?. Due to the lack of uniform continuity of spectral
radii, we perform the net argument with operator norms. To this end, we fix
an integer valued sequence ¢(n) ~ (logn)/k for some x > 1 satisfying

Kk > log ((d— Dty (@))

€

where p; is as in Proposition 28. In order to lighten the notation, we will omit
the dependence in n of ¢(n) whenever appropriate. We denote by &.(a) the
event
sup || B(a)gll2 > (p(Bi(a)) +¢)".
9€Ko,|lgll2=1
From (27), the inclusion &.(a) C &.(a) holds. Moreover, from (12), ||B(a)|| <
(d —1)|lal|, where

d
lall = >_ flaall
=1
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We deduce that the map a — Bf (a) satisfies a deviation inequality

1B%(a) — B*(a")|| < ¢max(|| B(a)ll, | B(a") )" [ B(a — d')]
(57) < U(d — 1) max([lal], [la'|)* [la — o]

We now build our net of SZ. First, since all matrix norms are equivalent
and M,(C) ~ R?”  we can find a subset Ny C ¢ 'B of cardinality at most
(c/(sé))Qr2 such that for any b € e 718, there exists by € Ng with ||b — bgl| < 9.
(The constant ¢ depends on r.) Note that

o511 < 1671+ N1bg ™ = o7 < 115~ + 15~ 116G 1160 — bll-
Hence, if ||b7!]| < &' and 6 < £/2, we find

[l

2
1-46/e ~ &

6™ < <
We deduce that, if § < /2, there exists Ny C S./2 N Ns such for any b € S,
there exists by € Ny with ||b — bg|| < d. Consequently, if 6 < ed/2, there exists
a subset N{ = (Ng/d)d C 55/2 of cardinal number at most (cd/c6)2¢ such
that for any a € SY, there exists ag € N{ with |la — ag|| < 6. Besides, from
Lemma 14, for all § small enough,

(58) [p(Bx(a)) — p(Bx(ao))| <

w| ™

and, from (57), for some new constant ¢ > 0,

N
d 1) 5 < cbo.

1B (@) — B(ao)] < td— 1)( =

If § = (¢/3¢)" and if & 3(ag) does not hold, we deduce, for n large enough,

sup  ||BY(a)gll2<  sup || B(ao)gll2 + | B (a) — B (ao)||
9€Ko,|lgll2=1 gE€Ko,|lgll2=1

(oo +5)'+ (5)

2e

¢
Using (58), we find that, for our choice of § and n large enough,

U & c | &c U £t (a)

aeS? aeS? aeNy
and, for some ¢; > 0 (depending on ¢, r and d),

(59) IN§| < cf.
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We may now use the union bound to obtain an estimate of (56). If Qg is the
event that G7 is (-tangle free, we find, for n large enough,

p( U gg(a)) < 3 P(E(a) N ) +P(%)

a€S aENY

<y P(J(a) > <p(B*(a)) n §>e) +o(€3(d;1f‘£>,

1
a€Nj

where at the second line, we have used Lemmas 20 and 23 and have set
1 &,
J(@) = B9+~ > IR (@]
k=1

For our choice of £, we note that £3(d — 1)*/n = O(n=?) for some > 0. On
the other end, by Propositions 24-28 applied to ¢/ = ¢/4, for any a € S./, with
probability at least 1 — c¢fexp(—£logn/(cloglogn)), we have

y4
J(a) < (logn)™ (p<B*<a>> +35)

1 d e\*
3 D (ogn) s} < (logn) ((Bea)) +5)

3

since £ = O(logn) and (for n large enough) pf < n(s/4)* thanks to our choice

of £. Finally, since (logn)** = 1+ O(loglogn/logn), it follows that the event

{J(a) > (p(B«(a)) + %)Z} holds with probability most
clexp(—Llogn/(cloglogn)).

Using (59), we obtain

< U E( ) (Ee cfoglog"cz +n B) :O(n_f3>.

aesd
The bound (56) follows. O

5. Proof of Theorem 4

We start with the inclusion (9) with A®) in place of A. Note that £2(X?)
can be decomposed as the direct sum ¢?(X?) = (2(X2) EBEQ(Xi), where X2 =
{(z,z) : z € X} and X; = {(z,y) : = # y € X}. Moreover, Aj2(x2) can be
identified with A. It follows that the spectrum of A contains the spectrum
of A, and thus (9) holds also for A®) thanks to Section 2.

We turn to the inclusion (10) with A®) in place of A. Recall that the
vector space V' is spanned by I and J defined by (8). We set

KP =Ceviech
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Arguing exactly as in the proof of Theorem 2, Theorem 4 is a consequence
of the following statement on the non-backtracking operators
I
THEOREM 30. Theorem 17 holds with A replaced by A®), defined by (7),
and Kq is replaced by KO(Q).

The proof of Theorem 30 follows essentially from the proof of Theorem 17.
We now explain how to adapt the above argument. We shall follow the same
steps and only highlight the differences.

The first observation is that part of Theorem 30 is already contained
in Theorem 17. More precisely, as already pointed out, we have the direct
sum 2(X?) = 2(X2) @ ZQ(Xi). Then it is immediate to check that for
any permutation operator S on £2(X), S ® S decomposes orthogonally on
2(X2) @EQ(Xi). Hence, B decomposes orthogonally on (C" ®¢%(X2)®C%) @
C® €2(X72£) ® C%). Also, since J € EQ(Xi) and I € (?(X2), the operator

B‘ @ decomposes orthogonally on Ké @ K(‘)] with
0

Ki=CoI nX2)®C and Ki=C"® (J"-N(X%)®C
Finally, B|K(§ can be identified with B|/K0’ where B’ = 3", 4« a;®S;® Eyj. The
spectral radius of Bl/ K, can be bounded using Theorem 17. As a byproduct, it

remains to prove Theorem 30 with K(()2) replaced by K@] .

5.1. Path decomposition. We follow Section 4.2 and use the same notation.
We set X = [n] and let A® be as in (7). We now denote by B the non-
backtracking matrix of A restricted to C" ® Ez(Xi) ® CZ. Our goal is to
derive the analog of Lemma 20 for p(B‘Ké)]). We define E = Xi x [d]. We may
write B as a matrix-valued matrix on E: for e, f € E, e = (x,1), f = (y,7),
x=(z7,2%), andy = (y~,y"),
By = ajl(oi(z7) = y ) Uoi(zh) = y")1( #7) = a;(Si @ Si)ay1(j # 7).
The next definitions extend Definitions 18-19. We revisit Definition 6,

where we replace X by Xi, and o; by 0; ® 05,1 € [d]. We may define a colored
edge [z,i,y] with z,y € Xi, i € [d].

Definition 31. Let v = (y1,...,7) in E*, v¢ = (x4,4¢), 2t = (z;,2]).
~ We set v* = (7, ...,7i) with +f = (2F,4;) € E.
— The weight of v is a(y) = a(yF) = [TF_5 a;,.
-~ Weset Vy = {zy : 1 <t <k}, E, = {[zs,ir,z11] : 1 <t <k}, V, =
Vi-UVye = Vg y+y and Ey = E,- UE+ = Ei- +). We define the
colored graphs G, = (V,, E,) and G = (V,, E,); see Figure 10.
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— Ife, f are in E, we define I"éf as the subset of v in E¥, such that (y~,7%) €
I";_f_ X F];+f+' The sets T'*, F¥, F,f“ are defined in the same way from

the sets I*, F*, Flfﬂ‘ For example, F* is the set v in T'"* such that both
(v~,~") are tangle-free.

Note that according to this definition, if v € F*, then G, is necessarily
tangle-free, while G, is not necessarily. See Figure 10 for an example.

7= ((1,3),1)((2,4),2)((1,5), 1)((2,1),2)((1,4),1)

Figure 10. A path v € E® and its associated graphs Gyx, Gy
and G, (whose vertices have been written z~ 2™ instead of
(x~,z7)), the involution i* is the identity.

For e, f in E, we find that

l
(Be)ef = Z H Sis ®S’Lt TtTi41 e

,yerl+1 t=1

The orthogonal projection of S; ® S; on J+ N ZZ(Xi) is given by
(Si (9 Si) = (Si & Si) —
where, for any g € fz(Xi), Pjy(g) = J(J,9)/(n(n—1)). Alternatively, in matrix
form, for any x,y in Xi,
1

Cnn—1)

Now, recall the definition of the colored graph G with vertex set [n] in
Definition 6. Obviously, if G7 is ¢-tangle-free and 0 < k < 2/, then

(61) B¢ = B,
where i
(B(k))ef = Z a(PY) H(Slt ® Sit)xtrt+1'
Fk+1 t=1

ef
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We define similarly the matrix B® by

k
(62) (E(k))ef = Z H S’Lt ® Szt TtTp41

k+1 =
EFef

We may now use the telescopic sum decomposition performed in Sec-
tion 4.2. We denote by B the matrix on C" ® CF defined by

B= Za]’(@PJ@Eij.

J#
We also set for all e, f € F,
(63)
o k—1 l
(R )ef - Z a("}/) <H (S’Lt ® Sit)l'txt+1> H (Slt ® Sit)$t1t+1 .
FH}\FHl t=1 t=k+1

Arguing as in Section 4.2, we have

Bo_po 1 f: gk-vgger _ L f: RO

= n(n—1) &~~~ n(n —1) ko

k=1 k=1

Now, if G is (-tangle free, then from (61), BBUY% = BB'*. Since the
kernel of B contains K and B*K{ C K{, we find that BB** =0 on K{.
So finally, if G is f-tangle free, then for any g € K,

1 y4
BYWos=BO, — 72 : ),
g g n(n—1) Ry'g

We get the following lemma.

LEMMA 32. Let £ > 1 be an integer, and let A®) as in (7) be such that
G is L-tangle free. Then,

p(Biicy) < (uB |+~ Z HR“W)

5.2. Nowel estimate on random permutations. In this subsection, we prove

1/¢

the analog of Proposition 22 for the tensors S; ® 5; for the symmetric random
permutations. To this end, we need to adapt the proof of this proposition
in [9].

Consider a sequence of colored edges (f1,..., fr) with fi = [z, 4, y:] and
2 = (arsaf)y = (7 90) € Xpo We set f£ = (af,inyE). We say an
edge [x,i,y] € {fi : 1 <t < 7} is consistent if [x7,i,y”] and [z, i,y"] are
consistent in the colored graph spanned by the edge {f; ,f; : 1 <t < 7}
(where the definition of a consistent edge is given in Definition 21). It is
inconsistent otherwise. Its multiplicity is the pair of multiplicities (m ™, m™) of
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[:I} y~] and [zF,4,y"] in the sequence (fiF,...,fF, fi,...,f7). (That is,
Zt 10f :[ Zy DS = T4y

ProrosiTION 33. For symmetric random permutations, there exists a

constant ¢ > 0 such that for any sequence (f1,..., fr), with fi = [x¢, i, Yy,

Ty, Y € Xo, 47 < n'/3 and any 19 < T, we have

70

-
H(Slt ® Slt xtyt H Szf X Szt TtYt
t=1 To+1

where e = |{f7,f7 1 <t
of and ey is the number of 1
multiplicity (1,1).

< c9b<n> (3%) :

T}, b is the number of inconsistent edges
t < 719 such that f; is consistent and has

<
<
We will use the Pochammer symbol, defined for non-negative integers a, b,
b—1

(@) = [[(a—p).

p=0
(Recall the convention that a product over an empty set is 1.) We will use the
following lemma, whose proof is postponed to Section 7.

LEMMA 34. Let z > 1, k > 1 be an integer, 0 < p,q < 1/4 and N be a
Bin(k, p) variable. If 8(1 — p — p/q)* < 4zk*\/g < 1, we have

1[-3(—1)N2]ﬁ1 <\;6 - zn)

n=0

< 8(3V2zkq' /M.

Proof of Proposition 33. We adapt the proof of [9, Prop. 8]. Using the
independence of the matrices S; (up to the involution), it is enough to consider
the case of a single permutation matrix. We set S = S; and ¢ = ;. The colored
edge [z,i,y] of {f; : 1 <t < 7} is simply denoted by (z,y). Note that we may
view (x,y) as an oriented edge from x to y as ¢ is fixed. We treat the case of
S uniformly sampled random permutation. (The case of uniform matching is
similar, see final comment below.) We will repeatedly use that if 1 < k < a+/n,
then for some ¢ = ¢(a) > 0,

(n—k) ™% <en™",

We first assume that all edges are consistent. Let X = {af : t € [1],e €
{_’+}}a Y = {yf tte [7—]75 S {_a+}} and {glv'--7ge} = {(l'%;yf) tte
[T],e € {—,+}} with gs = (us,vs) be the distinct edges of {ff : t € [7],e €
{—,+}}. Let T be the set 1 <t < 79 such that (z,y:) has multiplicity (1,1).
Let Ty C T be the subset of ¢ in T such that (o(z;),0(z;)) € {(y; , 5 )} U
([n)\Y)? and (o= (y; ), o1 (y;")) € {(z; , )} U ([n]\X)?. In words, elements
in Ty are either matched perfectly ((o(z;),o(x) = (y*,y7)) or have their
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image and preimage outside of v. We set T3 = T\T». By construction, if
t € Ty, then

(m)xt?jt = (_m)_l)
with m = n(n — 1). We may thus write

T0 T

(64> P= H<7S ® S)fﬂtyt H (S ® S)iEtyt = (_m)_ITl‘ X Py x Ps,
t=1 t=10+1
where
Py = H (S®S)ay, and Py= H (S ® S)ay, H (S ®8)zyy-
teT te[ro\T1UT t=70+1

Let F be the filtration generated by the variables Ty and (o (z7), 0~ (yi)),
t € [7]\T5. By construction, the variable T} and Ps are F-measurable. If Ez[-]
denotes the conditional expectation given F, it follows that

(65) [EP|= ‘E[(—m)*‘TﬂPgEF[PQ]H < cE[n 2T E[|R||T1] - [Ex[P]|].

We start by estimating P; in (65). Consider the graph, say I', with vertex
set {g1,..., 9.} and whose 7 edges are {(z; ,y; ), (], 5)}. (It may have loops
and multiple edges.) Let L be set of g5, 1 < s < e, such that o(us) # vs and
gs # (x5,y;) for all t € T, e € {—,+}. Let K be the set of edges of I" adjacent
to a vertex in L. We have

|Ps| < m~ Kl

(If the t-th edge is adjacent to an element in L, then |(S ® S)z,y,| = m™! and
(S ® S)zy =0.) We claim that
2|L|

K| > 22
3

Indeed, consider the subgraph spanned by the edges in K. This subgraph has
vertex set L' D L. Consider a connected component of this graph, with vertex
set Lj and edge set Ky. Set Lo = L N Ly. It is sufficient to check that |Ko| >
2|Lo|/3. If |Lg| > 3, then the claimed bound follows from |Ky| > |Lj| — 1.
Similarly, if |L{| = 1, we have L{ = Lo and |Ky| > 1. If |L{| = 2 and |Ky| > 2,
the bound holds trivially. The last remaining case is |Ly| = 2 and |Ky| = 1.
This case follows from the claim |Ly| = 1. Indeed, since |Ky| = 1, if both
vertices, say gq, gp of this connected component are in L, then by construction,
there is a unique to such that g, or g, are in {(z5,95) : € € {—,+}} and
{9a, 96} = {(z5;,y3,)> (x, yi)}. Tt implies that (24, y¢,) has multiplicity (1, 1).
It contradicts the definition of L (which contains no g, with multiplicity (1, 1)).
So finally, we have proven that

(66) |Py| < m™2EH/3,
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We now estimate the law of the random variable |L|. It follows from
equation (65) that we have to estimate P(|L| = z|T}). For t € [e], let F; be the
the filtration generated by the variables o(us), o~ (vs), s € [e]\{t}. We have

1
(67> P(Sutvt = l‘ft> < %7

where we introduced the notation 7 = n — 7 + 1. Hence, if e = e — 2eq, it
follows that for any integer 0 < x < e,

(L] = ol < () e < 2ryriaye

From (66) and using 47 < n'/3, we get for some ¢ > 0,

o) . o] 4/3 z

(68) E[|P3||T1] < Z(QT)‘”(&)CE_Qm_% < (n)™* Z 2“‘( n2/3> <cn” %

m
=0 =0

We now give an upper bound on Ex[P] in (65). This is where Lemma 34

is used. Let 75 be the number of t € Ty such that (o(z; ), 0(z;)) # (v, v )-

We have
1\ [T2|—72 1\ 72
S A LT A
m m

Let n =n—|Y| =3 ¢n (o(u) ¢ Y). By a direct counting argument, the law
of 75 given F is given, for 0 < z < |T3|, by

|T>| [T2|

T:‘r:i(x)(ﬁ)m wi = T2l n
©)  Petm=n= 0 win 2= ()@

Indeed, we use the fact that a uniform law conditioned by an event remains
uniform. In turn, the term (|7;2|
that (o(x;),0(x))) # (y; ,9;"). Once these t have been chosen, we use that for
all t € T, (o(zy),0(x))) € {(y; .4 )} U ([n\Y)? and (07 (y;), 0 (")) €
{(z;,2)} U ([n]\X)?. There are ()2, such choices. It is immediate to esti-
mate Z. Indeed, since n > n — 4k, |T5| < k and k < /n, we find, for some

c> 0,

) accounts for the possible choices of ¢ € T such

—o\ ¥

Also, we deduce that

EPy— % %2:' <|T2|>(_1)m Qﬁl(ﬁ ) (1 - 1)|T2—:c( 1 ):c

=0 X y=0

|T2]

1 2m9—1

=B ][ (- )

y=0
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where N has distribution Bin(|73|,1/m). By Lemma 34 applied to z = 1,
k = |Ty| (which is at most k), p = 1/m, ¢ = 1/n?, we deduce that, with
e = 3v/2k/+/n, for some ¢ > 0,

£ |T2‘
(70) ’E]:P2| S C(E) .
Since |Tz| + |T1| = e1 and 2e; + e2 = e, we obtain in (65) from (68) and
(70) that, for some ¢ > 0,

IEP| < en~¢c®1Ee~ 1T,

It thus remains to show that Ee~T1l is of order 1. If |T}| = z, then there
are least [z/2] distinct xf with ¢ € [k],e € {—,+} such that o(zf) € Y. From
(67), we find that

P11 =)= () (g )7 < C(il%)mm : (3:7)

We deduce
Ee~ 1Tl < ci 5_’”<2k>:D =c i(\/ﬁ/?})z
B =0 \/ﬁ =0

The latter series is convergent, and it concludes the proof when all edges are
consistent.

We now extend to the case of inconsistent edges. Let us say that z €
X = {x; : t €[]} is inconsistent with degree 6 > 2 if there are yi,...,ys
distinct elements of Y = {y; : t € [7]} such that for any 1 < s < §, (x,ys) is in
{ft : t € [7]}. We define similarly the degree of an inconsistent vertex Y. The
(vertex) inconsistency of f = (fi,---, fr) is defined as the sum of the degrees
of inconsistent vertices in X UY . The inconsistency of f, say b, is at most 2b.
Assume that x is an inconsistent vertex of degree § > 2 and (z,y;) and (z,y2)
are in {f; : t € [7]}. Observe that (S ® S)zy, (S ® S)zy, = 0, hence, for any
integers p1,p2 > 1,

(S® Sk (S®S)Pk:

Y1 TY2

G W (CE T

1\ P2 1\Pt 1 \P1tp2
=S8, (-—) +(-) ©esm,-(-=) .

m m

Similarly, if ¢; > 1, then

(S5 (S@ S8 (S5 = (S (Sa ) (-%)m.

Y1 Y1 xY2 Y1 xY1

If pi, ¢; is the number of occurrences of (S ® S)ay, and (S ® S),y, in the prod-
uct (64), we thus have decomposed (64) into at most three terms of the same
form as (64) up to a factor (—m)~?. Each of these terms is associated to a
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new sequence f’ of colored edges that is a subsequence of f with €’ < e dis-
tinct elements and €} > e; elements of multiplicity (1,1). Moreover we have
P'/2+ ¢ > e and the inconsistency of f' is at most b — 1. By repeating this
for all inconsistent vertices, we may decompose (64) into at most than 3% < 9°
terms of the form (64) with ¢ < e, €] > e, where all edges are consistent,
multiplied by a factor (—m)™? with p’/2 + ¢/ > e. Applying the first part of
the proposition to each term, the conclusion follows.

Case where o is a uniform matching. The proof follows from the same line.
The only noticeable difference is for the distribution of the random variable 75
n (69). We will apply Lemma 34 with z = 2 (see [9, Prop. 8]). O

5.3. Trace method of Fiiredi and Komlds. We adapt here the content of
Section 4.4 to tensors of permutation matrices. We explain here how to perform
this adaptation.

We fix a collection (a;),? € [d], of matrices such that the symmetry con-
dition (3) holds, and we assume max;(||as|| V |la; '||7') < e7! for some ¢ > 0.
Then, B, is the corresponding non-backtracking operator in the free group.
The constants may depend implicitly on 7, d and €. We have the following
analogs of Propositions 24 and 28.

PRrROPOSITION 35. Let e > 0. If 1 < ¢ <logn, then the event

IBY|| < (logn)™(p(B.) +¢)*

Llogn

holds with the probability at least 1 — ce cloglogn  where ¢ > 0 depends on r, d
and €.

PROPOSITION 36. For any 1 < k, £ <logn, the event

{4
IR < (log )" pf
Llogn
holds with the probability at least 1 — cefclogig", where ¢ > 0 and p;1 > 0
depend on r, d and €.

We only explain the differences arising in the proof of Proposition 35,
the case of Proposition 36 being identical. Let m be a positive integer. The
computation leading to (38) gives

(71) E[BYIP" < 3 fw(y)|trla(v)l,
’YGWZ'm

where Wy, is the set of v = (y1,...,792m) such that v; = (y1,...,7je+1) €
F ~i = (2j4,1;54) and for all j = 1,...,m, the boundary condition 72,1 =
Y25+1,1 and V2i—1,4+1 = V25,041, with the convention that Y2m+1 = Y1 In (71)7
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we have also set
V4

2m
w(fy) =E H(Sij,t ® Sij,t)fvj,tﬂfj,t+1 and a(’)/) = H a(’)/j)ejﬁ
t=1 j=1
and a(y;)% is a(y;) or a(y;)* depending on the parity of j.
Let X = [n]. Exactly as in the proof of Proposition 24, we define the
isomorphism class v ~ ~' if there exist permutations o € SXi and (7;)r €

(Sa)™* such that, with +,, = (2/,,i,), forall 1 < j < 2m, 1 <t <€+1,
x;’,t = O-(xji)’ i;’,t = Tajq (iji) and (i;',t)* = Tﬂﬁj,t+1((ij7t)*)' For each v € Wé,m’
we define v_, v+ and G, as in Definition 31. The vertex set of G, is V, =
U;Vy,, and its edge set is By, = U;E,.. We also define V,, E, and G, as in
Definition 31. The graph G, is the union of the graphs G- and G.+. Since
G+ is connected, G has at most two connected components, and it follows
that |Ey| — |V;| +2 > 0. We may also define a canonical element in each
isomorphic class as in the proof of Proposition 24. The analog of Lemma 25 is

the following.

LEMMA 37. Let Wy (v, e) be the subset of canonical paths with |V,| =v
and |E,| =e. We have

IWim(v,e)| < (4ddbm)r2mxt20m
with xy =e—v+22>0.
Proof. We repeat the proof of Lemma 25, where we replace v by the

sequence (y~,7"), it then essentially amounts to replace 2m by 4m. (The
merging time of 7;” may be empty if G.- and G+ are disjoint.) O

There is also an analog of Lemma 26.

LEMMA 38. Let p = p(By) +e. For any positive integer ko, there exists a
constant ¢ > 0 depending on r, d and € such that for any v € Wy m(v,e),

(72) Z tr|a(7’)] < Cm—l—x—&—elnvpg(zm*”)p%m’

v~y
where x = e — v + 2, ey is the number of edges of E, multiplicity (1,1).
Moreover, in the above equation, we have set

ko

IL e
s=1
where the mazimum is over all non-backtracking sequences (i1, ... ,ik,), that is
is41 7 ig=. Moreover, for all kg large enough, we have pg < p.

1
ko

po = max

Y

Proof. In order to adapt the proof of Lemma 26, we may consider the
graph G, with vertex set V, and colored edges E,. An issue is that edges
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visited once on this graph by 7 are not necessarily edges of multiplicity (1, 1).
For example, in Figure 10 all edges of E, are visited exactly once but none of
them is of multiplicity (1,1).

To circumvent this difficulty, we introduce a new graph. Consider the
following equivalence class on V,: & ~ ' if there exists a sequence yo, ...,y
in V, such that yo =z, y = 2’ and for all s € [t], {y._1,v. } N {y;,yF} #0
(In words, we glue iteratively together elements of ~ that share some com-
mon vertices of G,.) If f/; is the set of equivalence classes for this equiva-
lence relation, we may define the graph C/r’\; = (177, E\;) as the quotient graph
of G. More precisely, E: is obtained from E. by identifying two edges [u, i, /]
and [v,4,v'] if there exists a sequence [zo,%,yo, ..., |2t ¢, 4] in E, such that
(zo,,y0) = (u,i,u'), (x¢,4,9¢) = (v,i,0") and for all s € [t],

{(x;—l’i7y;—1)> (mj—lvi?yj—l)} N {(SL‘S_,Z',ys_), (l‘j,l,y:)} 7& @

For example if v € E® is the path of Figure 10, then f/; has a single vertex
with two colored loops attached. If € = ]EY|, v = ‘Vw’ and Y =€ —0v+1, by
iteration on the successive gluings of vertices of G, we find easily that x < x.

Similarly, we define 3= ((Z;+,;,));,+ from the original path v=((z;+,%;+)),
1 <j <2m,1 < t¢+ 1. Then, by construction, the number of edges of
multiplicity 1 in 7, say €7, is at most ey, the number of edges of multiplicity
(1,1) in v. We may then simply repeat the proof of Lemma 26 with 7 and CN;’V
in place of v and G,. U

We finally give the analog of Lemma 27 for w(vy) defined below (71).

LEMMA 39. There exists a constant ¢ > 0 such that for all v € Wy (v, e)
and 8¢m < nl/3,

1\€ [/ 120m ) G~ —8m)+
< m+x<7)
wel < e (1) ()

with x = e—v+2, and ey is the number of edges of E~ with multiplicity (1,1).
Moreover,
e1 > 2(e —Im).

Proof. Consider the graph 57 defined in Lemma 38. Let €; be the the
number of edges of multiplicty 1 in 4. Arguing as in the proof of Lemma 27,
€1 > 2(e — ¢m). The last statement is thus a consquence of the inequality
€1 < e1. The first statement is a consequence Proposition 33 and the fact that
the number of inconsistent edges of 7 is at most in 4y 4+ 8m (as already used
in the proof of Lemma 38). O

All ingredients are in order to prove Proposition 35.
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Proof of Proposition 35. For n > 3, we define

o logn
~ | 25log(logn) |

We may then repeat the proof of Proposition 24 with the exponents slightly
modified. [l

5.4. Proof of Theorem 30. With Propositions 35 and 36, the net argument
used in Section 4.5 to prove Theorem 17 can be applied exactly in the same
way to prove Theorem 30.

6. Proof of Theorems 3 and 5

The proof of Theorems 3 and 5 has become standard in the last decade;
it is based on the the linearization trick. Let us outline it here. Let U =
(Uy,...,Uq) be elements of a unital C*-algebra A and V = (V1,...,Vy) be
elements of a unital C*-algebra B. Let P be a non-commutative polynomial
in d free variables and their adjoints. Then the following are equivalent:

(i) For any P, [|[P(U)| = [[P(V)]]-
(ii) For any polynomial P with matriz coefficients with matrices of any size,
P = [[PV)]]-

(iii) For any integer r, and r x r matrices ag, ..., aq,
lao®@1+a1@U1+ - +ag@Uyl| = [lag @ 1+ a1 @ V1 + -+ 4 ag @ Vyl|.

(iv) For any integer r, and r x r matrices ao, ..., aq such that ap ® 1 + a1 ®
U+ +ag®@Uzgand ap ® 1+ a1 @ Vi + -+ + ag ® Vy are self-adjoint,

|]a0®1+a1®U1+'~+ad®Ud|]:|]a0®1+a1®V1+~-'+ad®Vd|].

Here, all norms are C*-algebra norms. For an accessible proof, we refer to [32,
p. 256], (Exercise 1 following Proposition 4). Note that in the case of unitary
matrices (the case of interest to us) an essentially sufficient version was already
proved by Pisier in [36].

Back to our restricted permutation matrices (5;);11 and (S; ® S;)jy 1, the
important point is that instead of treating general non-commuting polynomials
in (5i)1e (resp. (S;® Si)y 1) asin (i) and (ii), we treat degree one self-adjoint
polynomials with matrix values as in (iv). In Theorems 2 and 4, we prove the
asymptotic convergence of operator norms of operators of the form (1) for any
integer r, and r X r matrices ag, ..., aq. Therefore, by the above criterion (iv),
it implies the result for any polynomial P in (S;)y1 (resp. (S; ® S;)jy1) with
matrix coefficients, as in (ii).
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7. Proofs of auxiliary results

7.1. Proof of Proposition 7. We note that if the matrices a; have non-
negative entries, then an analog of the Alon-Boppana lower bound (6) holds
in this context; see [12]. The proof of Proposition 7 is based on the notion
of spectral measure. If A is of the form (1) and the symmetry condition (3)
holds, then A is a bounded self-adjoint operator. If ¢ € C" ® £?(X), we denote
by uﬁ the spectral measure of A; that is,

HA() = (6. E()e),
where F is the spectral resolution of the identity of A. We have for any integer
k>0,

(73) [ N0 = (6, 4%).

If x € X, we also define the spectral measure

50 = T (B Q) = LY a0,

] 1
where we used the notation (11) for E(-),, and (f1,..., f;) is an orthonormal
basis of C". Moreover, if X = [n] is finite and (¢1,...,%y,) is an orthonormal
basis of eigenvectors of A with eigenvalues Aly.eo, Apr, We have

Z (%) () 130,

where ¢(z) € C" is the projection of 1 on C" ® {0,}. Recall the orthogonal
decomposition of Hy @ Hy of C" ® ?(X). Let us assume without loss of
generality that 1, ..., is an orthonormal basis of H;. Then, for 1 < k <,
Y = (fr ® 1)//n, where (f1,..., f.) is an orthonormal basis of C". We set

- 1 nr
B, = -, > W) (@) 150, -
k=r+1
It follows that
X xT 1
|y — pia, |(R Z () (@)]13 = =

and by construction,
Supp (/5 ) C o (Appy).
We readily deduce the following lemma.

LEMMA 40. Assume that X = [n] and that the symmetry condition (3)
holds. If f : R — R is a function uniformly bounded by 1 and [ fdu% > 1/n,
then o(Ax,) Nsupp(f) # 0.

We may now prove Proposition 7.
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Proof of Proposition 7. Since o(A,) is compact, it is sufficient to prove
that for any A € o(A,), there exists an integer h = h(e, A) such that if (G?, z),
contains no cycle for some x € [n], then o(Ajg,) N [A—¢e, A +¢] # 0.

Let S = {g; : i € [d]} be the symmetric generating set of the free group Xy,
and let o be its unit. Let M be a bounded operator on C" ® ¢2(X,) in the
C*-algebra generated by finite linear combinations of operators of the form
b® A(g). We introduce the standard tracial state 7 defined in (18) (with r
instead of k). Then

JEXEROEEL
and

supp(p,) = o(As).
In particular, if A € 0(A,) and f(z) = max(0,1 — |x — A|/¢), we have

n= /fdu%* > 0.
Set T'=Y"; ||ai|]| and I = [T, T]. From the Stone-Weierstrass Theorem, there
exists a polynomial p of degree m such that for any = € I,

|f(z) = p(x)| <n/4.
Since the norms of A and A, are bounded by 7', we deduce that

/fdufi;—/fdu%* /pdu%—/pdu%*

However, from (73), [ A*du%()\) is a function of (G, z);. More precisely, we
have

< +n/2.

/)\kd,uA(A) = ;ZtrHait,
v t=1

where the sum is over all closed paths v = (x1,i1,22,42,...,2x+1) in G7 of
length k with 1 = z54; = x. We deduce that if (G, z); contains no cycle,
then for any integer 0 < k < 2h,

[ duao) = [ s, 0.

Hence, if 2h > m, we obtain

/pduf% = /pdu"A*,
and consequently

/fdufi>/fdu%*—’/pdui—/pdu%*

If n > 4/n, then we may conclude using Lemma 40. (Note that the condition
n > /4 is included in the condition that (G, z),/4) contain no cycle.) O

—n/2>n/4.
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7.2. Proof of Theorem 16.

Proof. Let us give a proof of (ii), which is the result that we have actually
used. We only prove (i) when L itself is positive semi-definite. We may argue
as in Gross [23, Th. 2]. From Lemma 15, L maps hermitian and skew-hermitian
matrices to hermitian and skew-hermitian matrices. We deduce that if A is a
(non- negative) eigenvalue of L with eigenvector z, then both its hermitian
and skew-hermitian parts are eigenvector. At least one of the two parts is
non-trivial, and it follows that there exists an hermitian eigenvector x with
eigenvalue p. We write x = a — b with a,b positive semi-definite. We have
|| = a+ b and

pl|al,|z]) = ptr(z?) = (La, z)
= (La,a) + (Lb,b) — 2(La,b)
< (La,a) + (Lb,b) + 2(La,b) = (L|z|,|z|),

where at the last line, we have used that if a, ¢ are positive semi-definite, then
c'2act/? is positive semi-definite and (a, ¢) = tr(ac) = tr(c'/%ac'/?) > 0. Since
p is the operator norm of L, we get

plalsfz]) < (L2l [x]) < p{la], |2[).

Hence ((p — L)|z|, |z|) = 0. Since p — L is positive semi-definite, we thus have
proved that |z| is an eigenvector of L with eigenvalue p. It concludes the proof
of (i) when L is positive semi-definite.

We may then prove (ii). From Lemma 15, (L™)*L" is positive semi-definite
and of negative type. Let p2" be the operator norm of (L™)*L". Gelfand’s
formula implies that p,, converges to p. Moreover, from what precedes, (L™)* L™
has a positive semi-definite eigenvector y,,, with ||y,||2 = 1 with eigenvalue p2".
From the spectral theorem, we have

(74) Pt lell3 > 1L )13 = (x, (L)L @) > o (, yn) .

However, since for any positive semi-definite z,y, tr(zy) = tr(y"/2zy'/?) <
tr(x)|ly|| (where ||y|| is the operator norm), we deduce that

1=tr(y2) < tr(yn) = tr(z= V22 2y, 21/ 20 1/2)
< tr(@ Py ) || = (2, ) -

Hence |(z,yn)|? is lower bounded uniformly in n by some § > 0. Taking the
power 1/(2n) in (74) concludes the proof of (ii). O
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7.3. Proof of Lemma 3.4.

Proof. We adapt the proof of [9, Lemma 9]. Let e = (1—p—p/q)/(1—p),
§ = —z/qand f(z) =E(-1)N 2V, (1/v/x — 2n). We write

fla) = Ef: (f)pt(l —p)" (-1 Qﬁl (\}(j = zn>

t=0 n=0

k 2t—1
L= (") c142 TT 1+ 6n
=93 (7)reer Lo+ o

We will use that by assumption, p < 1/4 and |e| < (4/3)(1/V/8) < 1/2.
We write

2t—1 2t—1 2t—1
IT (1+6n) —1—1—2(5321—[7»1—14-255
n=0 (s)

where ), is the sum over all (ni)1<i<s all distinct and 1 < n; <2t —1. We
observe that ¢t +— Ps(t) is a polynomial of degree 2s in ¢, which vanishes at
integers 0 < ¢t < s and for integer ¢t > s + 1, 0 < Py(t) < (XC1<pn<i—1n)® <
(t2/2)%. Setting Py(t) = 1, we have

kal 53 (f) 1+ e) P,

= t=0

(75) q)| <

We may then repeat verbatim the proof of [9, Lemma 9]. In (75), for large
values of s, we have the rough bound

2k—1 o)
>ooosf Z( )]—1+€|t]Ps(2t)\ < > [P3RE2e
s=|E5t41 =0 s=| 551 +1

k
2

< 2.3°(2/8]k?)? = 2(3v/2kz"/2¢/ 1)k,

where we have used that [1—e| < 2, Y5 (12! = 3%, | Py(2¢t)] < (2k%)° and, at
the third step, that 2|0|k? = ZZkQ\f <1/2and Yy, 2P <2270 <z < 1/2.
For 1 < s < [(k —1)/2], there are some algebraic cancellations in (75).
Consider the derivative of order m of (1 + 2)F = Y8, (’:)mt It vanishes at
x=—1forany 0 <m < k —1. We get that for any 0 < m < k — 1,

0= tz; (’z) (=)' (t)m.

Since Qm(z) = (), is a monic polynomial of degree m, Qo, ..., Qr_1 is a basis
of Ri_1[z], the real polynomials of degree at most k£ — 1. Hence, by linearity
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that for any P € Ry_1[z],

(76) 0= ; <’z> (—1D)'P(¢).

Now, using again the binomial identity, we write

t

t

10 = e (1) = Thalt) + a0,
r=0

where T 5(t) = Y2F237%*(—¢)"(f) is a polynomial in ¢ of degree k — 1 — 2s.

Using 0 < e < 1/2 and, if t > 2, using 0 < r < ¢, (i) < 271 (from Pascal’s

identity),
t
A1
> or())
r=k—2s

If t € {0,1}, then this last inequality also holds. Since P; is a polynomial of
degree 2s, we get from (76) that

55 55 &
k k
I= 5° -1 tp(2t) = 5° —1)' Ry, 4 () Ps(2t).
2 Z(J( reRn = ) E:(t)< ) Ry (£) Pa(21)

t=0 t=0

t
S 2t—1 Z 87‘ S 2158’?)—28.
r=k—2s

|Rk,s(t)| =

Taking absolute values and using again |P,(2t)| < 2°t%%, we find
152 koL
I < 518 2t6k_25k2528

RPN 265/k2\ 2
=B Y ( = ) §2(35)k< = ) ,

s=0

where at the last step, we use that |§|k?/e2 > 1 and S7_,2° < 22" if x > 2.
We obtain |I| < 2(3v/2kz'/2¢'/*)*. This concludes the proof of the lemma. [
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