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Ricci flow with surgery on manifolds

with positive isotropic curvature

By SIMON BRENDLE

Abstract

We study the Ricci flow for initial metrics with positive isotropic curva-
ture (strictly PIC for short).

In the first part of this paper, we prove new curvature pinching estimates
that ensure that blow-up limits are uniformly PIC in all dimensions. More-
over, in dimension n > 12, we show that blow-up limits are weakly PIC2.
This can be viewed as a higher-dimensional version of the fundamental
Hamilton-Ivey pinching estimate in dimension 3.

In the second part, we develop a theory of ancient solutions that have
bounded curvature, are k-noncollapsed, are weakly PIC2, and are uniformly
PIC. This is an extension of Perelman’s work; the additional ingredients
needed in the higher dimensional setting are the differential Harnack in-
equality for solutions to the Ricci flow satisfying the PIC2 condition, and a
rigidity result due to Brendle-Huisken-Sinestrari for ancient solutions that
are uniformly PIC1.

In the third part of this paper, we prove a Canonical Neighborhood The-
orem for the Ricci flow with initial data with positive isotropic curvature,
which holds in dimension n > 12. This relies on the curvature pinching
estimates together with the structure theory for ancient solutions. This
allows us to adapt Perelman’s surgery procedure to this situation. As a
corollary, we obtain a topological classification of all compact manifolds
with positive isotropic curvature of dimension n > 12 that do not contain
nontrivial incompressible (n — 1)-dimensional space forms.
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1. Introduction

Our goal in this paper is to study the formation of singularities under the
Ricci flow for initial metrics with positive isotropic curvature. Positive isotropic
curvature is a natural curvature condition that makes sense in dimension n > 4.
It was introduced in the work of Micallef and Moore [29] in their study of
minimal two-spheres in Riemannian manifolds. Variants of this condition play
a central role in the proof of the Differentiable Sphere Theorem [8]. We first
recall the relevant definitions:

Definition 1.1. (i) We denote by PIC the set of all algebraic curvature ten-
sors that have nonnegative isotropic curvature in the sense that R(p, ¢) > 0 for
all complex two-forms of the form ¢ = (e1+iea)A(es+ieq), where {e1, ea, €3, €4}
is an orthonormal four-frame.

(ii) We denote by PIC1 the set of all algebraic curvature tensors satisfying
R(p, @) > 0 for all complex two-forms of the form ¢ = (e1 +iez) A (€3 +iley),
where {eq, e, e3,e4} is an orthonormal four-frame and A € [0, 1].

(iii) We denote by PIC2 the set of all algebraic curvature tensors satisfying
R(p, ) > 0 for all complex two-forms of the form ¢ = (e +iues) A(e3+iley),
where {eq, e, e3,e4} is an orthonormal four-frame and A, u € [0, 1].

Note that PIC2 C PIC1 C PIC. The curvature tensor of a Riemannian
manifold M lies in the PIC1 cone if and only if the curvature tensor of M x R
lies in the PIC cone. Similarly, the curvature tensor of M lies in the PIC2 cone
if and only if the curvature tensor of M x R? lies in the PIC cone.

The significance of the curvature conditions above stems from the fact that
they are all preserved by the Ricci flow. For an initial metric that is weakly
PIC2, the subsequent solution of the Ricci flow satisfies a differential Harnack
inequality (cf. [19], [3]). For an initial metric that is strictly PIC1, it was shown
in [2] that the Ricci flow will converge to a metric of constant curvature after
rescaling. (See [1], [8], [22], [26], [27], [28], [32] for earlier work on the subject.)
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For an initial metric that is strictly PIC, it has been conjectured that the Ricci
flow should only form so-called neck-pinch singularities. For n = 4, this was
proved in a fundamental paper by Hamilton [21] (see also [12], [11]). Our goal
in this paper is to confirm the conjecture for n > 12.

A key step in our analysis is a new curvature pinching estimate in higher
dimensions. By work of Hamilton [17], [18], the curvature tensor satisfies the
evolution equation

DiR= AR+ Q(R).

Here, D; denotes the covariant time derivative, and Q(R) is a quadratic ex-
pression in the curvature tensor. More precisely, Q(R) = R? + R# where R?
and R# are defined by

(R2)ijkl = Z Rijpq Riipg

p,q=1

and

n
(R*)ijit =2 ) (RiptqRjplq — RiptgRipkq)-
p,q=1
Note that the definitions of R?, R*, and Q(R) make sense for any algebraic
curvature tensor R. In fact, the definitions even make sense if R does not satisfy
the first Bianchi identity. It is sometimes convenient to consider curvature-type
tensors that do not satisfy the first Bianchi identity (see Section 3 below);
however, unless stated otherwise, we will assume that the first Bianchi identity
is satisfied.

In order to prove pinching estimates for the Ricci flow, we need to analyze
the Hamilton ordinary differential equation (ODE) %R = Q(R) on the space
of algebraic curvature tensors. Our first main result is a pinching estimate for
the Hamilton ODE:

THEOREM 1.2. Assume that n > 12. Let K be a compact set of algebraic
curvature tensors in dimension n that is contained in the interior of the PIC
cone, and let T > 0 be given. Then there exist a small positive real number 8, a
large positive real number N, an increasing concave function f > 0 satisfying
limg_, 00 @ = 0, and a continuous family of closed, convez, O(n)-invariant
sets {F : t € [0,T]} such that the family {F; : t € [0,T]} is invariant under
the Hamilton ODE %R = Q(R); K C Fo; and

F: C{R: R—0scalid ®id € PIC}
N{R : Ricy; + Ricgg — fscal + N > 0}
N{R: R+ f(scal)id ®id € PIC2}

for all t € [0,T].
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Here, ® denotes the Kulkarni-Nomizu product. More precisely, if A and
B are symmetric bilinear forms, then (A® B);ji = AiBji — AuBjr — Aji By +
Aj1Big.

Via Hamilton’s PDE-ODE principle (cf. [14, Th. 3] or [13, Th. 10.16]),
Theorem 1.2 gives curvature pinching estimates for solutions to the Ricci flow
starting from initial metrics with positive isotropic curvature:

COROLLARY 1.3. Let (M, gg) be a compact manifold of dimension n > 12
with positive isotropic curvature, and let g(t) denote the solution to the Ricci
flow with initial metric go. Then there exist a small positive real number 6,
a large positive real number N, and an increasing concave function f sat-
isfying limg_, o0 f(ss) = 0 such that the curvature tensor of (M,g(t)) satisfies

R—0scalid®id € PIC, Ricy; +Ricgg —60scal+ N > 0, and R+ f(scal)id®id €
PIC2 for allt > 0.

The estimate R + f(scal)id ® id € PIC2 ensures that blow-up limits are
weakly PIC2. This can be viewed as a higher dimensional version of the fun-
damental Hamilton-Ivey pinching estimate in dimension 3 (cf. [20], [25]). The
estimate R — fscalid ® id € PIC ensures that blow-up limits are uniformly
PIC. Unlike the curvature pinching estimates in [21], this estimate is not sharp
on the cylinder.

The proof of Theorem 1.2 will occupy Sections 2-5. In Section 2, we
construct a family of closed, convex, O(n)-invariant sets {Qéo) ct e [0,7]}
with the property that {gt(o) : t € [0,7]} is invariant under the Hamilton
ODE. Furthermore, K C Qéo) and

G ¢ {R: R— fscalid ®id € PIC}
N{R : Ricy1 + Ricgg — @scal + N > 0}.

This construction works in dimension n > 5. In Sections 3 and 4, we construct
two families of invariants cones C(b), 0 < b < byax, and é(b), 0 < b < byax.
The family C(b) deforms the cone {R € PIC : Ricj; + Ricyy > 0} inward. The
family C(b) deforms the cone C(bmax) N PIC1 outward. In dimension n > 12,
we are able to join the two families of cones together (see Proposition 4.3
below). This allows us to construct a family of sets that pinches toward PIC1.
Combining this with ideas in [2], we are able to construct a family of sets that
pinches toward PIC2. This is discussed in Section 5.

In Section 6, we study ancient solutions to the Ricci flow that have
bounded curvature, are x-noncollapsed, are weakly PIC2, and are uniformly
PIC. In particular, such ancient solutions satisfy a Harnack inequality and a
long-range curvature estimate. Moreover, we show that such an ancient solu-
tion either splits locally as a product, or it is strictly PIC2. If the solution
locally splits as a product, results in [7] imply that the solution is isometric to
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a family of shrinking cylinders S"~! x R or a quotient of S"~! x R by standard
isometries. If the solution is strictly PIC2, it is either compact (in which case
it is diffeomorphic to a quotient of S™ by standard isometries) or noncompact
(in which case it is diffeomorphic to R™ and has the structure of a tube with
a cap attached).

In Section 7, we establish an analogue of Perelman’s Canonical Neigh-
borhood Theorem. To explain this, let (M, gg) be a compact manifold of
dimension n > 12 with positive isotropic curvature, and let g(¢) denote the
solution to the Ricci flow with initial metric gg. The Canonical Neighborhood
Theorem asserts that the high curvature regions in (M, g(t)) are modeled on
ancient k-solutions. Combining this with the results on the structure of ancient
k-solutions established in Section 6, we conclude that every point where the
curvature is sufficiently large either lies on a neck, or on a cap adjacent to a
neck, or on a quotient neck. Note that we may encounter singularities modeled
on quotients of S”~1 x R. As in Hamilton’s work [21], these quotient necks can
be ruled out if we assume that M does not contain nontrivial incompressible
(n — 1)-dimensional space-forms. This makes it possible to extend the flow
beyond singularities by a surgery procedure as in Perelman’s work (cf. [33],
[35], [34]). Moreover, the surgically modified flow must become extinct in fi-
nite time. This is discussed in Sections 8-11. One simplification compared to
Perelman’s work is that we have an upper bound for the extinction time in
terms of the infimum of the scalar curvature of the initial metric. This allows
us to choose the surgery parameters independent of time t.

As a corollary, we obtain a topological classification of all compact man-
ifolds of dimension n > 12 that admit metrics of positive isotropic curvature
and do not contain nontrivial incompressible (n — 1)-dimensional space forms:

THEOREM 1.4. Let (M, go) be a compact manifold of dimension n > 12
with positive isotropic curvature. If M does not contain any nontrivial in-
compressible (n — 1)-dimensional space forms, then M is diffeomorphic to a
connected sum of finitely many spaces, each of which is a quotient of S™ or
S"L xR by standard isometries.

Conversely, it follows from work of Micallef and Wang [30] that every
manifold that is diffeomorphic to a connected sum of quotients of S™ and
S"~1 x R admits a metric with positive isotropic curvature. Earlier results
on the topology of manifolds with positive isotropic curvature (which rely on
minimal surface techniques) are discussed in [15], [16], [29]. Theorem 1.4 is
reminiscent of the topological classification of three-manifolds that admit met-
rics with positive scalar curvature (which is a consequence of Perelman’s work).

Finally, we mention an interesting connection between Ricci low on mani-
folds with positive isotropic curvature and mean curvature flow for two-convex
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hypersurfaces. If M is a two-convex hypersurface in R"*! (n > 4), then the
induced metric on M has positive isotropic curvature (see Lemma A.2). If
we evolve a two-convex hypersurface by mean curvature flow, then results of
Huisken and Sinestrari [23], [24] imply that every blow-up limit is weakly con-
vex and that the flow only forms neck-pinch singularities.

Acknowledgements. The author would like to thank Hong Huang and Flo-
rian Johne for comments on an earlier version of this paper. He is especially
grateful to an anonymous referee for many insightful remarks. This project was
supported by the National Science Foundation and by the Simons Foundation.

2. A preliminary pinching estimate

Throughout this section, we assume that n > 5. Let IC be a compact set
of algebraic curvature tensors in dimension 7 that is contained in the interior
of the PIC cone. Our goal in this section is to construct a set of inequalities
that are satisfied on the set K and that are preserved under the Hamilton
ODE. We first explain the intuition. Our starting point is the observation
that, if R € PIC and the sum of the two smallest eigenvalues of the Ricci
tensor is negative, then the sum of the two smallest eigenvalues of the Ricci
tensor is increasing under the Hamilton ODE. In particular, the set { R € PIC :
Ric11 + Ricge > —2} is preserved under the Hamilton ODE.

Our goal is to deform the set {R € PIC : Ric;j; + Ricgy > —2} inward in
such a way that the deformed sets are still preserved under the Hamilton ODE.
To that end, we use the maps £, introduced in [1]. Following [1], we define

Lo p(S) =S + bRic(S) ®id + % (a —b)scal(S)id ®id

for every algebraic curvature tensor S. Under the map ¢, , the scalar curva-
ture changes by a factor of 1+2(n—1)a, the tracefree Ricci tensor changes by a
factor of 1+ (n—2)b, and the Weyl tensor is unchanged. It is shown in [1] that

05 (QUlap(S)) = Q(S) + Dap(S),

where D, 4(5) is defined by

Dap(S) = (2b+ (n — 2)b* — 2a) Roic(S) W) Roic(S)

+ 2aRic(S) © Ric(S) + 262 Ric(S)? @ id
N nb?(1 — 2b) — 2(a — b)(1 — 2b + nb?)
n(l+2(n —1)a)

Ric(S)|?id ® id.
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The Ricci tensor of D, ;(S) is given by
Ric(Dap(S)) = —4bRic(S)? + % (2b + (n — 2)a) scal(S) Ric(S)

n2b? —2(n — 1)(a — b)(1 — 2b)
n(l+2(n—1)a)

4 2.
+ 2 (a — b) scal(S)”id.

+2 IRic(S)[?id

Hence, if R evolves by the Hamilton ODE %R = Q(R), then S = E;},(R)
evolves by the ODE %S = Q(S) + Dgp(S). Asin [1], it is convenient to con-
sider combinations of small positive numbers a, b such that 2a = 2b+ (n — 2)b2.
In this case, the evolution equations for S and Ric(S) take the form

%S = Q(S5) + 2a Ric(S) ® Ric(S) + positive terms
and
%Ric(S) = 2.5 % Ric(S) — 4bRic(S)? + % (2b + (n — 2)a) scal(S) Ric(S)
+ positive terms,

where we have used the notation (S x H);; := > pq=1 SipkqHpq. In order to
show that S remains in the PIC cone, we need a lower bound for the sum of
the two smallest eigenvalues of Ric(S). However, when we try to show that a
lower bound for the sum of the smallest eigenvalues of Ric(S) is preserved, we
encounter a problem, in that the evolution equation for Ric(5)11 + Ric(9)a2
contains a term of the form —4b ((Ric(S)?)11 + (Ric(S5)?)s2), which has an un-
favorable sign. To overcome this problem, we impose an additional inequality,
which allows us to control the difference Ric(S)22 — Ric(S)11 in terms of the
sum 23:3(R1p1p + Rapop). This is the crucial ingredient needed to preserve
the lower bound for Ric(S)11 + Ric(S)22. The price to pay is that we need to
verify that this additional inequality is itself preserved.
After these preparations, we now state the main result of this section:

THEOREM 2.1. Let K be a compact set of algebraic curvature tensors in
dimension n that is contained in the interior of the PIC cone, and let T > 0
be given. Then there exist a small positive real number 6, a large positive
real number N and a continuous family of closed, convez, O(n)-invariant sets

{Qt(o) 1t €[0,T1}, such that the family {Qt(o) 1t €[0,T)} is invariant under the
Hamilton ODE %R = Q(R). Furthermore, K C géo) and
©) - {R: R - #scalid ®id € PIC}
N {R : Ricyp + Ricgy — Oscal + N > O}
for all t € [0,T].
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In the remainder of this section, we give the proof of Theorem 2.1. With-
out loss of generality, we may assume that Rici1+Ricos > —1forall R € K. We
first give the definition of the sets Q’t(o). The definition depends on a parameter
0 > 0, which we choose small enough.

Definition 2.2. For 6 > 0 small, we denote by gt(o) the set of all algebraic
curvature tensors R satisfying the following conditions:
(i) If 0 < b < de™®, 2a = 2b+ (n — 2)b%, and S = £, ;(R), then S € PIC.
(i) f0<b<de ¥ 2a=2b+ (n—2)b% and S = E;é(R), then Ric(S)11 +
Ric(S)22 + 2bi scal(S) > —2.
(ili)) R —4did ®id € PIC.
(iv) For every orthonormal frame {ey,...,e,}, the inequality

Ri313 + Ri1414 + Ro323 + Ros24 — 2R1234

n n 2
1
> 01 Scal(R)_3 ( Z (Rispg — R24pq)2 + Z (R1apg + R23pq)2>
P,q=1 P,q=1

holds.
It is easy to see that I C géo) if § > 0 is sufficiently small.
LEMMA 2.3. The set QISO) is convex for each t.

Proof. 1t is clear that the inequalities (i), (ii), (iii) define a convex set.
The inequality (iv) can be rewritten as

3 1
scalt (Ri313 + Ri414 + Rases + Roaoa — 2R1234)%

1 n .
> §16 ( > (Rizpg — Roapg)” + > (Ruapg + RzSpq>2>
p,q=1 pyq=1

[

For each orthonormal frame {eq,...,e,}, the function

3 1
R+ scal? (Ry313 + Ri414 + Ra323 + Roao4 — 2R1234) %

is concave, while the function

1

n n 3

R~ < E , (Ri3pg — R24pq)2 + E (Riapq + R23pq)2>
p,q=1 p,q=1

is convex. This shows that the inequality (iv) defines a convex set.

We now verify that the family {Qt(o) : t € [0,T]} is invariant under the
Hamilton ODE 4R = Q(R) if § > 0 is sufficiently small. Let R(t) be a
solution of the ODE %R(t) = Q(R(t)). Moreover, suppose that R(ty) lies in

the interior of Qt((? ) for some time t) € [0,T]. We will show that R(t) € gt(o) for
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all t € [to, T], provided that § > 0 is sufficiently small. To prove this, we argue
by contradiction. Suppose that R(t) ¢ gt(o) for some t € [tg, T], and let

= inf{t € [to, T] : ()¢gt }

Clearly, { € (to, T, R(t) € G for all t € [0,4], and R = R(f) € 9G."
Our strategy is to show that, at time f, conditions (i)-(iv) hold with strict
inequalities. We begin with several technical lemmata:

LEMMA 2.4. For every orthonormal frame {e1,...,e,}, the inequality
Rizis + Ria1a + Rosos + Roans

n

2

1 SN —

> §1scal(R) ™3 < > (Rispg + Rispy + Rispg + R§4pq)>
p,q=1

holds.

Proof The condition (1v) gives a lower bound for R1313 + Rig14 + Rogos +
Roaoa — 2R1934 and Rigis + Riara + Rosas + Roasa + 2R1934. If we add these
inequalities, the assertion follows.

LEMMA 2.5. Suppose that 0 < b < (56*85, 24 = 2b + (n — 2)52, and
S = E;%(R). If we define
1

U:=———Ric(S) ®id
1+ (n—2)b (5)
1 1 1+ (n—2)b S
_ - __ 1(8)id o id,
n(1+(n—2)b 1+2<n_1)d)sca( )idoi

then U € TSPIC.

Proof. Since condition (i) still holds at time #, we know that ¢; !

' bt(n—2yp2/2,5(F)
€ PIC for all 0 < b < b. This implies
d

U=t 2)b2/2b(R)’b e TPIC,
as claimed.
LEMMA 2.6. Suppose 0 < b < 56_8£, 2a = 2(3—1—(71—2)(32, S = 6(;%(];’), and
1 N
U:=————Ric(5)®id
1+ (n—2)b
1 1 1 —2)b .
_7( < — + (n %)scal(S)id@id.

n\1+(n-2>b 1+2(n—1)a

Then

8bU — 4aRic(S) ®id — 4aid @ id + b¥ scal($)?id ® id € T4PIC
if 0 > 0 is sufficiently small.
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Proof. Suppose that {e1, ea, €3, e4} is an orthonormal four-frame satisfying

S1313 + S1414 + S2323 + So424 — 251234 = 0.

We need to show that

B(U1313 + Uia14 + Uazaz + Usaoa — 2U1234)
— 4 (Ric(8)11 + Ric(8)a2 + Ric(S)s3 + Ric(S)as) — 4a + b3 scal($)2 >0

for this particular orthonormal four-frame {ej, s, 3, e4}.
Case 1: Suppose first that Ric(S)11 + Ric(S)22 + Ric(9)33 + Ric(S)as < 8
Using condition (iii), we obtain R — 4bid ® id € PIC. Therefore,

320 < Riz13 + Ria1a + Rosos + Rouza — 2R1934

= §1313 + §1414 + §2323 + 5’2424 - 2§1234
4(n — 2)b? .
+ An =27 scal(5)
n

+2b (Ric(S)11 + Ric(S)a2 + Ric(S)a3 + Ric(S)4)
- 4(n—2)b? -

< 16b+ (nn) scal(.9),
hence bscal(S) > %. Since U € T¢PIC by Lemma 2.5, we conclude that

b (U313 + Urara + Uazoz + Usazg — 2U1934)
— a (Ric(8)11 + Ric(S)a2 + Ric(S)33 + Ric(S)aq) — 4
> —a (Ric(S)11 + Ric(S)22 + Ric(S)ss + Ric(S)a4) — 4

5 scal(9)?

>
[«

e
n
Q
o
—
—~
CQ>
N—
[N}

+
a+b

16n? .
> —12a b
= a + (n — 2)2

ool

>0

if b> 0 is sufficiently small.
Case 2: Suppose finally that Ric(S)11+Ric(S)a2+Ric(S)33+Ric(S)as > 8.

By definition of U, we obtain
b (U313 + Urara + Uszas + Unazg — 2U71234)
— a (Ric(9)11 + Ric(9)22 + Ric(S)33 + Ric(S)44) — 4a + b scal(9)?
2b . . . .
- a) (Ric(S9)11 + Ric(8)22 + Ric(S)ss + Ric(S)44)

(1 + (n—2)b
1 —2)b . . .
+ (n = 2)b ) scal(S) —4a + b scal($)?

_83( L
n\14+(n-2b 1+2(n—1)a
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2 - A
28(*—&) ~ 4+ bF scal($)?
14+ (n—2)b
8b 1 1+ (n—2)b .
- — - — 1(S
n<1+(n_2)b 1+2(n—1)d)sca( )

> b+ b scal(9)? — C(n) b scal(S)
0

if b > 0 is sufficiently small.

LEMMA 2.7. Let &73 be real numbers such that 0 < b < 56_8£, 2a =
20 + (n — 2)b%, and let S := E;})(R). Then S lies in the interior of the PIC
cone.

Proof. In view of condition (iii), R lies in the interior of the PIC cone.
Therefore, the assertion is true for b = 0. Hence, it suffices to consider the
case 0 < b < e~ Let us define functions a(t),b(t) by b(t) = 3D} and
a(t) = 2b(t)+(n—2)b(t)%. Moreover, let S(t) := f;é)’b(t)(R(t)). Since condition
(i) holds up to time #, we know that S(t) € PIC for all t € [0,#]. The evolution
of S(t) is given by

d 5 G r Q pay A~
@3] _ = Q)+ Dy(5) — V() U = Q(S) + Dy () + 86U,
where
U= Rie(3) 01id
1+ (n—2)b
1 1 1+ (n— 2)3 N '
T n (1 +(n— 2)3 ] +2(n— 1)d> scal(S) id @ id.

We claim that D, B(S) + 8bU lies in the interior of the tangent cone T¢PIC.
To verify this, we distinguish two cases:

A~

Case 1: Suppose first that Ric(9) is strictly two-positive. By Lemma A.2,
Ric(S) ® Ric(S) lies in the interior of the PIC cone. Since 2a = 2b+ (n — 2)b2,
this implies that D&’g(é’ ) lies in the interior of the PIC cone. Since U € T¢PIC
by Lemma 2.5, it follows that D&J;(SA’) +8bU lies in the interior of the tangent
cone T¢PIC, as claimed.

Case 2: Suppose next that Ric(g ) is not strictly two-positive. In this case,

scal(S) < C(n) |I{OIC(S)| Since 24 = 2b+ (n — 2)b?, it follows that

D, ;(8) — 2aRic(S) ® Ric(8) — 20 scal(§)?id @ id € PIC
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if b > 0 is sufficiently small. Condition (i) implies Ric(S) 4 (1 + b scal(S))id
is weakly two-positive. Using Lemma A.2, we obtain
24 Ric(S) ® Ric(S)
+4a(1+ + b1 scal(9)) Ric(S )@1d+4a(1+b2 scal($)?)id @ id
= 24 [Ric(S) + (1 + + b1 scal(9))id] o [Ric(S) + (1 + + b1 scal($))id]
+2a(1 — bi scal($))2id ®id € PIC.

On the other hand, Lemma 2.6 gives

8bU — 4@ Ric(S) ®id — daid ®id + b scal($)%id @ id € T4PIC.

Moreover, if b > 0 is sufficiently small, then ab1 is much smaller than bs

Since |Ric(S)| < C(n)scal(S), it follows that

b scal(S)?id @ id — dabt scal(9) Ric(S) @ id — dabs scal($9)2id @ id
lies in the interior of the PIC cone. Adding all four formulae, we conclude that
D, ;(S) +8bU lies in the interior of the tangent cone T¢PIC.

To summarize, we have shown that D, B(S ) + 8bU lies in the interior of
the tangent cone T¢PIC. Since Q(S) € T¢PIC by Proposition 7.5 in [5], we

conclude that %S (t) ’t*f lies in the interior of the tangent cone T¢PIC. Hence,

if S lies on the boundary of the PIC cone, then S(t) lies outside the PIC cone
if t € [0,1) is sufficiently close to f. This is a contradiction. This completes the
proof of Lemma 2.7.

LEMMA 2.8. Let a,b be real numbers such that 0 < b < 56_85, 2a =
2b+(n—2)b2, and let S := E;é(}?) Then RiC(S)11+RiC(S)22+ng scal(S) > —2

for every pair of orthonormal vectors {e1,ea}.

Proof. Suppose that the assertion is false. Then
Ric(S)11 + Ric(S)ge + 2b1 scal(S) = —

for some pair of orthonormal vectors {ej, e2}. We may assume that {e1, e2} are
eigenvectors of Ric(S), and Ric(S)22 > Ric(S5)11. Let us extend {ey, ea} to an
cigenbasis {e1,...,e,} of Ric(S). Clearly, Ric(S),p > Ric(S)s for 3 < p < n.
For each t € [0, ], we define S(t) := l;é(R(t)). Since condition (ii) holds up to
time ¢, we know that

Ric(S(t))11 + Ric(S(£))22 + 2b7 scal(S(t)) > —2
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for all ¢ € [0,#]. The evolution of S(t) is given by %S(t)’t_IE = Q(S) + Dy ().
Using the formula for Ric(D,(S)), we obtain

t=t

0

v
DO | =

4 (Ric(S(t))ll + Ric(S(t))22 + 2b1 scal(S(t)))
dt

(Slplp + S2p2p)RiC(g)pp

v
NE

p=1
+ gb% IRic($)]2 — 2b (Ric($)2)11 + (Ric($)2)20)
+ % (2b 4+ (n — 2)a) scal(S) (Ric(S)11 + Ric(9)22)
= 3" ity + S (Ric(S)y 5 (Ric(8)1 + Ric(8)22)) + 5 b [Ric(S)P
p=3
+ % (1 — 26) (Ric($)11 + Rie($)a2)? — b (Ric(S)ea — Ric($)11)?
+ % (2b + (n — 2)a) scal(S) (Ric(S)11 + Ric(9)22)

if b > 0 is sufficiently small. Note that |Ric(S)|? > %scal(g)z. Hence, if b > 0
is sufficiently small, then

1 A 1 N .
5 b1 |Ric(9)? + 5 (1= 2b) (Ric(S)11 + Ric(S)22)”

> —% (2b + (n — 2)a) scal(S) (Ric(S)11 + Ric(9)a2)

by Young’s inequality. This gives

0> % %(Ric(S(t))n + Ric(S(t))22 + 2b1 scal(S(t))) .
> 3" (i + o) (Ric(S)yy — & (Ric(S)1s -+ Ric(S)2a)

p=3
+ b1 |Ric(S)[% — b (Ric(S)22 — Ric(8)11)2

At this point, we distinguish two cases:
Case 1: Suppose first that glplp + S’gpgp >0 forallpe{3,...,n}. In this

case,
no R R 1 R R
Z(Slplp + Sop2p) (Rie(S)pp — ) (Ric(S)11 + Ric(S5)22))
p=3
1 &, A A . 4 . 4
25 > (Sipip + Sapap) (Ric(S)22 — Ric(S)11),

p=3
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hence

(Ric(S(t))11 + Ric(S(¢))a2 + 207 scal(S(1)))

t=t

(Siptp + Sap2p) (Ric(S)22 — Ric(S)11)

WE

V
N = DN =
=

3
[Ric(S)|? — b (Ric(9)22 — Ric(S)11)2.

>
wlov ||

+

If b = 0 or Ric(8)2 — Ric($)1 < b5 [Ric(S)] or S0_s(Siprp + Sopap) >

2b (Ric(S)92 — Ric(S)11), then the right-hand side is nonnegative and we arrive

~ ~

at a contradiction. Therefore, we must have b > 0 and Ric(5)22 — Ric(S5)11 >
1 N N N N N N N
bs ’RIC(S)‘ and 2323(5'11)11; + Sngp) < 2b (RiC(S)QQ — RiC(S)H). Since ‘R — S’

A~ ~ ~ ~

< C(n)bscal(R), it follows that Ric(R)22 — Ric(R)11 > ¢(n) bs scal(R) and

Zgzg(Rlplp + Rapop) < C(n)bscal(R). On the other hand, using Lemma 2.4,
we obtain

f%lplp + R2p2p + ]%lqlq + R2q2q
1 A\—3 (| P > > > 4
> c(n) b scal(R) ™ (| Ripip| + [Raopap| + |Rig1q| + [R2g24|)
for 3 < p < ¢ < n. Summation over p and g gives

n n 4
S Rapup + Ropap) > cn) b scal(R) ( S (Bupipl + \Rzmp))
p=3 p=3

> ¢(n) b1 scal(R) ™3 (Ric(R)as — Ric(R) 1)

> ¢(n) b1 scal(R).
This contradicts the inequality Z;}:g(Rlplp + Ropap) < C(n)bscal(R) if b is
sufficiently small.

Case 2: Suppose next that S’lmlm + S’ngm < 0 for some m € {3,...,n}.
Since S € PIC, Lemma A.3 implies that each eigenvalue of Ric(S) is bounded
from above by the sum of all the other eigenvalues. Therefore,

Z Ric(8),p > Ric(S)mm.
pe{l,...n}\{m}

Since Ric(g)n + Ric(S’)gg < 0, it follows that
.4 1 . 4 .4
Z (Ric(S)pp — 3 (Ric(S)11 + Ric(5)22))
p€{3,...,n}\{m}
> Ric(8)m — % (Ric($)11 + Ric($)s2).
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This implies

>~ (Siptp + Sayap) (Ric(S)yy — 5 (Ric(S)11 + Ric($)))
p=3

> Z (Slmlm + S2m2m + S’Iplp + S2p2p)
pe{3,...,n}\{m}

: (Ric(ﬁ)pp - % (Ric(S)11 + Ric(S*)zz))

> 5 Z (Slmlm + SQQO + Slplp + S2p2p) (RIC(S)22 - RIC(S)H)’
p6{3,...,n}\{m}

(Ric(S(1))11 + Ric(S(¢))a2 + 207 scal(S(t)) )

t=t

1
2
1 . ) . ) . .
> 3 Z (S1mim + S2mam + Stipip + Sgpgp) (Ric(S)22 — Ric(9)11)
pE{S,...,n}\{m}
+ b1 |Ric(9)[% — b (Ric(S)22 — Ric(8)11)%

If b = 0 or Ric(S)as — Ric(S)11 < bs [Ric()| or

(Stmim + S2mam + Sipip + S2pp) > 2b (Ric(S)a2 — Ric(S)11),
p€{3,...,n}\{m}

then the right-hand side is nonnegative, and we arrive at a contradiction.

N N

Therefore, we must have b > 0 and Ric(5)22 — Ric(S5)11 > bs |Ric(S)| and

Z (Simim + Somam + glplp + Sopop) < 2b (Ric(S)22 — Ric(S)11).
pe{3,...,n}\{m}

Since |R — S| < C(n)bscal(R), it follows that
Ric(R)as — Ric(R)11 > c(n) b scal(R)
and

Z (Rimim + Romam + Rlplp + 1%27,21,) < C(n)bscal(R).
pe{3,...,n}\{m}

On the other hand, using Lemma 2.4, we obtain

lelm + R2m2m + Rlplp + R2p2p
1 ~ A~ ~ ~ ~
geqe(n) b3 scal(R) ™ (| Rumim| + [Romam| + [Ripip| + [Ropop|)*
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for pe {3,...,n}\ {m}. Summation over p € {3,...,n}\ {m} gives

Z (élmlm + R2m2m + Rlplp + R2p2p)
p€{3,...,n}\{m}

n

1 ) ) A 4
> c(n) b1 scal(R) ™ <Z(‘R1p1p‘ + ’R2p2p’)>

p=3
> ¢(n) b scal(R) ™3 (Ric(R)a2 — Ric(R)11)*
> ¢(n) b1 scal(R).

This contradicts the inequality

(lelm + R2m2m + Rlplp + R2p2p) S C(n)b SC&I(R)
pE{3,...,n}\{m}

if b is sufficiently small.
LEMMA 2.9. The tensor R—46id®id lies in the interior of the PIC cone.

Proof. By assumption, R(tg) — 46id ® id lies in the interior of the PIC
cone. Using Proposition A.5, we conclude that R(#) — 46id @ id lies in the
interior of the PIC cone.

LEMMA 2.10. If § > 0 is sufficiently small, then

R1313 + R1414 + }?2323 + 1?52424 — 2R1234

) - n R . n R R 2
> §1scal > ( Z (Ri3pg — R24pq)2 + Z (Riapq + R23pq)2>
pq=1 pq=1
for every orthonormal frame {eq,..., en}.

Proof. Suppose that

31313 + R1414 + }?2323 + 32424 — 2R1234

L R n R R n R R 2
=01 scal(R)‘g ( Z (R13pq - R24pq)2 + Z (R14pq + R23pq)2>
pg=1 pg=1
for some orthonormal frame {ey,...,e,}. In view of condition (iii), the left-

hand side of the equation is strictly positive. We now argue as in Section
7.3 of [5]. Lemmas 7.8, 7.10, and 7.12 in [5] hold with error terms that

are bounded by C(n) 51 scal(R)™! (Eﬁq:l(Rliﬁpq — R24pq)2 + Zg,qzl(Rlélpq +
ﬁggpq)z). Consequently, Lemmas 7.9, 7.11, and 7.13 in [5] hold with error terms
that are bounded by C(n) i ( E;qul(ngpq—Rgzlpq)Q—%EZqﬂ(R14pq—|—ﬁ23pq)2).
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Putting these facts together, we obtain an inequality of the form

(R#)1313 + (1%#)1414 + (R#)2323 + (R#)2424 + Q(R#)IPAQ + 2(R#)1423

> _Cn) 6} ( S (Ruspg — B + 3" (Rispa + 1%23pq>2>.

p,q=1 p,q=1

This implies

d
%(R(t)lfslfi + R(t)1414 + R(t)2323 + R(t)2424 — 2R(t)1234)

t=t
= (R )1313 + (135 1414 + (32)2323 + (32)2424 + 2(1352)1342 + 2(1352)1423
+ (R*)1313 + (R¥) 1414 + (R7 ) 2303 + (R¥ )as04 + 2(R*) 1342 + 2(R¥) 1403

> (1 - C(”) 5%) ( Z (Rl?»pq - R24pq)2 + Z (R14pq + R23pq)2>-

p,q=1 p,q=1

On the other hand, since the norm of R is controlled by scal(f%) we obtain

n

(Z {Scal(R( )~? ( > (R(t)1apg — R(t)2apg)® + Z t)14pq + 1( )23pq)2>2}

p,q=1

t=t
n

< C(n) ( Z (R13pq - ]%241011)2 + Z (R14pq + R23pq)2)-

p,q=1 p,q=1

Thus, we conclude that

d
T {R(t)1313 + R(t)1414 + R(t)2323 + R(t)2424 — 2R(t)1234

n

_ i scal(R(t))_3< > (R(t)13pg — R(t)2apq)* + Z (t)1apg + R(t )231,(1)2)2}

p,q=1 p,q=1 t=t
> (1 - C(”) 5%) ( Z (Rlqu - R24pq)2 + Z (R14pq + R23pq)2>'
p,q=1 p,q=1

If we choose § > 0 sufficiently small, then the right-hand side is strictly positive.
Hence, if t € [0,1) is sufficiently close to #, then

R(t)1313 + R(t)1414 + R(t)2323 + R(t)2424 — 2R(t)1234

< 6% seal(R(1)) ( S (R0 1pg — R)oipg)® + 3 (R0 1apg + R<t>23pq>2).
p,q=1 p,qg=1

This contradicts the fact that condition (iv) holds up to time .
Combining Lemmas 2.7, 2.8, 2.9, and 2.10, we conclude that R lies in the
interior of the set Q(O). This contradicts the definition of #. Therefore, the

family of sets {Q(O) t € [0,7} is invariant under the Hamilton ODE.
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Finally, we verify that, for a curvature tensor in Qt(o), the isotropic cur-
vature is uniformly bounded from below by a small multiple of the scalar
curvature:

LEMMA 2.11. We can find a small positive constant 0 (depending only on
K and T) such that

6" ¢ {R: R —0scalid 0 id € PIC}
N{R : Rici1 + Ricga — fscal +4 > 0}.

Proof. Suppose that R € gt(o). By definition, we may write R = £,(5),
where b = §e™8, 2a = 2b+ (n — 2)b?, S € PIC, and Ric(S)11 + Ric(S)a2 +
2b1 scal(S) > —2. Since S € PIC, Lemma A.4 implies Ric(S) ® id € PIC.
Consequently,

(n —2)b?

f= 2n

scal(S)id ® id = S + bRic(S) @ id € PIC.
Moreover,

Riciy + Ricga = (1 + (n — 2)b) (Ric(S)11 + Ric(S)22)
+ % (nb + (n — 1)(n — 2)b?) scal(S)

> [% (nb+ (n — 1)(n — 2)6%) — 2(1 + (n — 2)b) b ] scal(S)
—2(1 4 (n—2)b).

From this, the assertion follows.

3. A one-parameter family of invariant cones C(b)

Theorem 2.1 gives uniform lower bounds for the isotropic curvature and
for the sum of the two smallest eigenvalues of the Ricci tensor. However,
the pinching constant 6 in Theorem 2.1 is extremely small. In this section,
we prove estimates of a similar nature, but with a more efficient pinching
constant. To that end, we construct a one-parameter family of cones C(b)
that are invariant under the Hamilton ODE %R = Q(R). Like in Section 2,
the basic strategy is to consider the cone {R € PIC : Ricj; + Ricogs > 0}
(which is invariant under the Hamilton ODE) and deform it inward using
the maps £, introduced in [1]. However, these deformed sets by themselves
are not preserved under the Hamilton ODE, so we need to impose additional
conditions. These conditions are formulated in terms of a tensor T'. This tensor
T is required to satisfy all algebraic properties of a curvature tensor, except
for the first Bianchi identity. We say that 7" > 0 if T'(¢, @) > 0 for every
complex two-form ¢. As in Definition 1.1, we say that T' € PIC if T'(¢,¢) > 0
for every complex two-form of the form ¢ = (e; + iez2) A (e3 + ieq), where
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{e1,e2,e3,e4} is an orthonormal four-frame. In other words, T € PIC if and
only if Th313 +T1414 + To393 + Tosoq + 211349 + 277493 > 0 for every orthonormal
four-frame {ey, e, e3,€e4}.

Throughout this section, we assume that n > 12. Let by = ﬁ. To each
0 < b < bpax, we associate real numbers a, v, and w by

(2 4+ (n —2)b)?
2(2+4 (n—3)b)

b
T2 (-3
s 272+ (n—2)b) (1 —4(n —2)b*)*(1 + (n — 2)b)?
i 8 n262(2 1 (n — 3)b)?

Definition 3.1. For 0 < b < bpax as above, let £(b) denote the set of all
curvature tensors S for which there exists a tensor 7' satisfying the following
conditions:

(i) T satisfies all the algebraic properties of a curvature tensor, except for the
first Bianchi identity. Moreover, T' > 0.
(i) S —T € PIC.
. . 2
(iii) Ric(S)11 + Ric(S)22 + L scal(S) > 0.

(iv) For every orthonormal frame {ey,...,e,}, the following inequality holds:

n 1
. . 1 1 2
Ric(5)22 — Ric(5)11 < w2 scal(S)2 (Z(Tlplp + T2p2p)> 2

p=3

n
+2(n = 2)bY (Tip1p + Topzp)-
p=3

Moreover, we define C(b) = £, ,(£(D)).

Clearly, C(b) is convex for each b. The following is the main result of this
section:

THEOREM 3.2. For each 0 < b < bpax, the cone C(b) is transversally
invariant under the Hamilton ODE %R = Q(R).

In the remainder of this section, we give the proof of Theorem 3.2. We
begin with an elementary lemmas:

LEMMA 3.3. Letn > 12, let 0 < b < byax, and let a and w be defined as
above. Then

2+ (n—8)b—2(n+2)(n—2)b* —n(n—2)%°* >0

and
(= g + 2(”7: 2) (2b+ (n—2)a) +8(n - 3)%) (Z%g +2(2b+(n—2)a)) < 5.
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Proof. Note that 2 —2(n+2)(n—2)b*> > 0 and (n—8)b—n(n —2)%63 > 0.
If we add these inequalities, the first statement follows.
To prove the second statement, we observe that
24+ (n—2) S 1
(24 (n—23)b)2 ~ 2+mnb

4
> —.
-9

This implies

w:(1—4(n—2)b2)2<1+”_2)\/27 2+ (n—-2)b

nb n 8 (24 (n—3)b)?

n—2)25n—2 3

2(1_ 4n? 2

n 2
On the other hand, we have a = g(; L?J_Q%f;; b< 2+2"b b< % b. This implies
2b+ (n —2)a <na < %” b< 3%, which gives
-2 2n-—-2
n-2  2An-2)
n—3
and

n—2+9(n—2)+n—3
n—3 16n 2n?

n—2 9

(2b+ (n —2)a) + 8(n — 3)b* <

n—2

— 4+ 2(2b -2 < .
n—g T =Ya) < e g
It is elementary to verify that

(n—2+9(n—2)+n—3)(n—2 9)§< _n—2)25nn—2 z

n—3 16n o2 J\n_37116 4n?2

for n > 12. This proves the assertion.
LEMMA 3.4. Let 0 < b < bmax, and let a be defined as above. Then

(2b 4 (n — 2)b* — 2a)zy + 2a(z + 2)(y + 2) + b*(2® + %) >0

2(2+(n—2)b)

whenever x,y > — S n=3)b -

Proof. Let D = {(z,y) € R? : z,y > —%}, and define ¢ : D -+ R
by ¥(z,y) = (2b+ (n — 2)b% — 2a)zy + 2a(x + 2)(y + 2) + b*(2? +y?). Clearly,
Y(x,y) — oo as (x,y) € D approaches infinity. Hence, there exists a point in

D where 9 attains its minimum. The Hessian of v is given by
20° 2b + (n — 2)b?
2b + (n — 2)b? 20? '

Since the Hessian of 1 has two eigenvalues of opposite signs, the function
attains its minimum on the boundary of D. On the other hand, a straightfor-
ward calculation gives

2(24 (n—2)b)

w( 2+ (n-3)
Thus, ¥ > 0 on 0D. This implies ) > 0 on D.

,y) =b%y* > 0.
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LEMMA 3.5. Suppose that S € E(b). Then (2b+ (n — 2)b* — 2a) Ric(S) ®
Ric(S) + 2a Ric(S) ® Ric(S) + 2b% Ric(S)? @ id € PIC.

Proof. Let
U = (2b+ (n—2)b%—2a) Ric(S) ®Ric(S) +2a Ric(S) o Ric(S) + 262 Ric(S)2®id.

Let ¢(,n € C™ be linearly independent vectors satisfying ¢(¢,¢) = ¢g(¢,n) =
g(n,m) = 0. We claim that U(¢,n,(,7) > 0. We can find vectors z,w €
span{(, n} such that g(z, z) = g(w,w) = 2, g(z,w) = 0, and Ric(S)(z,w) = 0.
The identities g(¢,¢) = g(¢,n) = g(n,n) = 0 give g(z,2) = g(z,w) = g(w, w)
= 0. Consequently, we may write z = e; + ies and w = e3 + ie4 for some or-
thonormal four-frame {e1, e2, e3,e4} C R™. Using the identity Ric(S)(z,w)=0,
we obtain

U(z,w,z,w)

o

= 2(2b + (n — 2)b? — 2a) (Ric(S)11 + Ric(S)22) (Ric(S)s3 + Ricas)
—+ 4a (RiC(S)H + RiC( )22)(R1 ( )33 + RiC(S)44)

+ 452 (Rie(S)2)11 + (Rie(S)?)as + (Rie(S)?)3s + (Rie(S)?)a)

> 2(2b + (n — 2)b? — 2a) (Ric(S)11 + Ric(S)2)(Ric(S)s3 + Rica)
+ 4a (RiC(S)ll + RiC(S)QQ)(RiC(S)gg + RiC(S)44)

o O 0 5 0 0 )
+ 2b% ((Ric(S)11 + Ric(S)22)” + (Ric(5)s3 + Ric(S5)44)%)
2scal(5)?
= =5 20+ (n=2)b” = 2a)ay + 2a(z + 2)(y + 2) + b (2" + 7)),
where = and y are defined by x := scal(s) (RIC(S)H + Roic(S)Qg) and y :=
)] (RlC(S)gg + ROiC(S’)44) Condition (iii) implies that z,y > —2y — 2 =
% Using Lemma 3.4, we obtain U(z,w, Z, w) > 0. Since span{(,n}
= span{z,w}, it follows that U({,n,{,7) > 0. Thus, U € PIC, as claimed.

LEMMA 3.6. Suppose that S € £(b)\{0}. Then Dg(S) lies in the interior
of the PIC cone.

o o
Proof. If |Ric(S)|?> = 0, the assertion is trivial. If |Ric(S)|> > 0, the
assertion follows from Lemma 3.5, taking into account the fact that
nb?(1 — 2b) — 2(a — b)(1 — 2b 4 nb?)
b2
"2+ (n-3)b
for 0 < b < bpax-

(24 (n—8)b—2(n +2)(n — 2)b* — n(n — 2)%°*) >
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After these preparations, we now give the proof of Theorem 3.2. It suffices
to show that the cone £(b) is transversally invariant under the ODE %S =
Q(S) + Dy p(S) for each 0 < b < byax. By Lemma 3.6, we can find a small
positive number e (depending on b) such that D, ,(S)—2e scal(S)? id®id € PIC
for all S € £(b). We evolve T' by the ODE %T = 52 + escal(9)%id @ id.

LEMMA 3.7. Suppose that S € £(b)\ {0}, T >0, and S—T € PIC. Then
d
71 > 0.

Proof. This follows immediately from the evolution equation for 7.

LEMMA 3.8. Suppose that S € £(b)\ {0}, T >0, and S—T € PIC. Then
%(S —T) lies in the interior of the tangent cone Tg_7pPIC.

Proof. We compute 4(S—T) = S#+ D, (S)—escal(S)?id®id. Applying
Proposition A.9 with U := S — T, we conclude that S# € Ts_rPIC. Moreover,
by our choice of &, D,(S) — escal(S)?id @ id lies in the interior of the PIC
cone. Putting these facts together, the assertion follows.

LEMMA 3.9. Suppose that S € £(b) \ {0} and Ric(S)11 + Ric(S)22 +
2% scal(S) = 0 for some pair of orthonormal vectors {e1,e2}. Then

2
% (Ric(S)11 + Ric($)2 + - scal(8)) > 0.

Proof. We may assume {ej,e2} are eigenvectors of Ric(S), and Ric(S)a2
> Ric(S5)11. Let us extend {e1,es} to an eigenbasis {e1,...,e,} of Ric(S).
Clearly, Ric(S),p > Ric(S)22 for 3 < p < n. We compute

%%(Ric(sm + Ric(S)s + 2% scal(s))
4(14)
n2

(a — b) scal(S)?

NE

(Slplp + S2p2p)RiC(S)pp +

T
[N

2l

+ 5 (1-2b) IRic(S)|? — 2b (Ric(S)3; + Ric(S)3,)
)

n2b? —2(n —1)(a — b)(1 — 2b)
)a)

¥ 2
n(l+4+2(n—1)a [Ric()]

+2(1+7)

(Siptp + Sap2p) (Ric(S)pp — 5 (Rie(S)1 + Ric(S)22))

Il
NE

p=3

+ 4(17;7) (a — b) scal(S)? + w (1 — 2b) scal(S)>2
— b(Rie(S)s — Ric(S)11)? + 2% (1 — 2b) [Ric(S) 2

(14 ) n2b? — 2(n —1)(a — b)(1 — 2b) \Roic(S)\Z.

n(l+2(n—1)a)
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Using the identity

n— D)2
2(a—b) + (1 —2b) = bgi( 2)0)

and the inequality

n2b? — 2(n —1)(a —b)(1 —20b)

2
B 2+(2nb_3)b ((2” -1+ Bn-2)(n—-2)b+(n—1)(n— 2)2b2)
we obtain

>0,

. . 2y

5 (R1C(S)11 + Ric(S)22 + ; Scal(S))
Z(Slplp + 52p2p)(R1C(S)
p=3

n— 2
+ 2% = bg 8 En = §§Z> scal($)* — b (Ric(S)22 — Ric(S)11)*,

% (RlC(S)ll + RIC(S)QQ))

By Lemma A.3, each eigenvalue of Ric(S) is bounded from above by the sum
of all the other eigenvalues. Therefore,

Z Ric(S)pp > Ric(S)mm
pe{l,...,n}\{m}

Since Ric(S)11 + Ric(S)22 < 0, we deduce that

: L. )
Z (Ric(S)pp — 5 (Ric(S)11 + Ric(S)22))
PE{3,...n}\{m}

> Ric(S)mm — 5 (Ric(S)11 + Ric(S)2»)

for each m € {3,...,n}. Since S — T € PIC, it follows that

n

1
Z(Slplp + Sopap — Tiptp — Topop) (Ric(S)pp — ) (Ric(S9)11 + Ric(S5)a22)) > 0.
p=3

n

Since T' > 0, we know that Tip1, + Top2p > 0 for 3 < p < n. This gives

3 (Stptp + S (Rie(S)pp — 5 (Rie(S)11 + Ric(S)z0)
p=3
Zn:(Tlplp + Tpop) (Ric(S)pp — % (Ric(S)11 + Ric(5)22))
p=3
> % i Tlplp + Tgpgp (RiC(S)QQ — RiC(S)H).

487
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Putting these facts together, we obtain

1d
§£<R1C(S)11 + Ric(8)22 + — SC&](S))
1 & . :
25 > (Tip1p + Topap) (Ric(S)22 — Ric(S)11)
p=3

— 2)b)° scal($)? — b (Ric(S)2s — Ric(S)11)%.

At this point, we distinguish two cases:

Case 1: Suppose that Y7 s(T1p1p + Top2p) > 2b (Ric(S)22 — Ric(S)11). In
this case, we clearly have

1d : 2y
§£<R10(S)11 + Ric(S)22 + . scal(S)) > 0.

Case 2: Suppose next that Y7 _s(T1p1p+Top2p) < 2b (Ric(S)22—Ric(5)11).
In this case, condition (iv) gives

RiC(S)QQ — RiC(S)H

n
1
scal(5)2 (Z Tlplp + T2p2p ) +2(n —2)b Z(Tlplp T T2p2p)
p=3 s

m\»—t
[V

Sw

n

< w? scal(S % (Z (Tip1p + Top2p) )
p=3

=

+ 4(n — 2)b2 (RIC(S)22 - RIC(S)H)

Consequently,

n

> (Tiprp + Topop) >
p=3

(1 —4(n —2)b%)? (Ric(S)22 — Ric(S)11)?
w scal(S)

Using the elementary inequality 2x +y > 3($2y)% for z,y > 0, we obtain

(1 — 4(7”L — 2)52)2 (RiC(S)QQ — RiC(S)H)

2w scal(.S)
N 2(1+7) b(1+ (n —2)b)? scal(9)?
n2 24+ (n — 3)b (RiC(S)QQ — RiC(S)11)2
(1 —4(n—2)b2)* 14~ b(1+ (n—2)b)2\ 3
>3( 8uw? n? 24+ (n—23)b )
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where in the last step we have used the definitions of v and w. Thus, we
conclude that

1i(Ric(S)u + Ric(S)ag + 2% Scal(S)>

2dt
S (1 — 4(n — 2)b2)2 (RiC(S)22 _ RiC(S)11)3
2w scal(S)
_ 2
+ 2(1?;2r 7) b(; I EZ - z;? seal(S)? — b (Rie(S)zs — Ric(S)1)?
> 0.

This proves the assertion.
LEMMA 3.10. Suppose that S € £(b) \ {0}, T > 0, and S — T € PIC.
Moreover, suppose that
RiC(S)QQ — RiC(S)H

n n

— w3 SC&](S)% (Z(Tlplp + T2p2p)) +2(n—2)b Z(Tlplp + Topap)-
p=3 p=3

N

Then

d . :
p (Ric(S)22 — Rie(S5)11)

n

1 n
w% SC&I(S)% (Z(Tlplp + T2p2p)> 2 =+ 2(77, — 2)[) Z(Tlplp + T2p2p) .
p=3 p=3
Proof. £ 3770 4 (Tipip+Top2p) = 0, then the right-hand side is infinite, and
the inequality is trivially true. In the following, we assume that Y7 s(T1p1p +
Topap) > 0. Clearly, Ric(S)22—Ric(S)11 > 0 and Ric(S)12 = 0. Without loss of
generality, we may assume that Ric(S5),, = 0 for 3 < p < ¢ < n. We may write

d
a(RiC(S)m —Ric(S)11) =J1 + Jo+ T3+ Ju + J5 + g,

4
dt

where
n

J =2 Z(Sgpzp - Slplp) RiC(S)ppv
p=3

Jg = —4 Z Slle RiC(S)Qpa
p=3

J3 =4 Z Szlgp RiC(S)lp,
p=3

J4 = —251212 (RiC(S)QQ — RiC(S)H),
J5 = 4b((RiC(S)2)11 — (RiC(S)Q)QQ),

A (20 + (n — 2)a) scal(S) (Ric(S)22 — Ric(5)11)-

" on
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The terms Ji, J2, J3 can be estimated by

n

n 1 )
J1 <1 Z(SQpr - Slplp)2 + p Z(Rlc(s)pp)Qa

p=3 p=3
Jo < 2(2:?7- > (S121p)* + (25”__25)2 > (Ric(S)2)?,
p=3 p=3
J3 < i (S212p)° 2T(Ln—_2;))’7)' i(RiC(S)lp)Q,
p=3 p=3

where 7 is an arbitrary positive number. To estimate .J4, we observe that

0< Z (S1212 + S1p1p + S2g2g + Spepq)
3<p,q<n, p#q
n

= (n—2)(n = 3)S1212 + (n — 4) Y (S1p1p + Sapzp) + Zn: Ric(:S)pp

p=3 p=3
since S € PIC. This gives
2(n n _ .
= (n_g— > (Sip1p + Sopzp) (Ric(S)22 — Ric(S)11)
p=3
2 ' _ n
+ m (Ric(S)22 — Ric(S)11) (E:?)RIC(S)pp>
2(n n . |
- (71—2— Z Sipip + Sap2p) (Ric(S)22 — Ric(S)11)
p=3
+ T (D (Sapop = Stpnp)) (D Ric(S)yp)
(n = =
hence
Y (n— 4)? o ,
n 1 n '
2 = Sw) gy ;(Rlc(S)ppf

for each 7 > 0. Adding these inequalities gives
Ji+ o+ Jzs+ Js

< 2(2:?’))7— zn:((slplp)Z + (521)210)2 + (Sl?lp)2 + (52121’)2)
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(n— 9)?
(n—2)2(n—3)7

(= 27§ (62} 11y + (5)ap)
n—3
p=3
n — n—2
o RSP - g

for each 7 > 0. Moreover,

n (Ric(S)22 — Ric(S)11)?

<

(Ric(S)11 + Ric(S)22)?

Js < —4b (RiC(S)QQ — RiC(S)n) (RiC(S)H + RiC(S)QQ) + 4b i(RiC(S)lP)Z

p=3

= —4b Y " (Sapap — Sip1p) (Ric(S)11 + Ric(S)22)
p=3

+ 4b i (Sl2p2 + i Slqpq>2

p=3 q=3

< 8(n — 3)b*7 Z(SZpr - Slplp)2 +
p=3

2(2:32)7 (Ric(S)11 + Ric(S)g2)?

+ 4(’1’L — 2)b Z ( Slgpg Z Slqpq )
p=3 q=3

< (8(n—3)b?r +2(n —2)b Z lplp 2)219213)

n—2

+ 23 (Ric(8)11 + Ric(S)22)?

for each 7 > 0. Finally,

Jg = ;t (204 (n —2)a (Zn: S2p2p - Slplp)> (Zn: Ric(s)pp)

< 202 o+ (10— 2)0) Y (Sapap — Si)?
p=3

< 2D 314 (n - 20) S (5 + ()
p=3

2(2b + (n — 2)a)

[Ric(S)[?
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for each 7 > 0. Putting these facts together, we obtain

%(Ric(S)m — Rie(5)11)

< {(" —2, 2022 oy 1 (n— 2)a) + 8(n — 3)%) 7 +2(n — 2)4

n—3 n

n

: Z((SQ)lplp + (52)21721))

p=3
+ (Z—:g +2(2b+ (n — 2)a)) % IRic(S)[?

for each 7 > 0. If we put 7 = 20 (Z—:?Q) +2(2b+ (n— 2)a)> and use the inequality

(P22 202 (ot 2)a) 4 8(n - 302) (2 4224 (- 2)0)) < &

-2
(cf. Lemma 3.3), we conclude that for each o > 0,

%(RiC(S)Qz — Ric(9)11)

n
L.
< (wo +2(n = 2)b) 3 ((S")1p1p + (5%)2pp) + 5~ [Ric(S)[*.
p=3
On the other hand, Lemma 3.6 implies scal(D, ;(.S)) > 0, hence %scal(S)
> 2 |Ric(S)[%. Using the inequality

d n n

dt Z(Tlplp + T2p2p) > Z((SQ)lplp + (52)21221))7
p=3 p=3

we obtain

d n 1 n
i {wé SC&I(S)% (Z(Tlplp + Tgpzp)) : +2(n—2)b Z(Tlplp + Tgpgp)
p=3 p=3
n 1 .
> (wo +2(n = 2)b) > ((S*)1p1p + (5%)2p2p) + % Ric(S)[?,
p=3

D=

1 1
where o := %w‘i scal(S)2 (ZZ:g(Tlplp + T2p2p)>
gether, the assertion follows.

. Putting these facts to-

4. A one-parameter family of invariant cones C(b)
that pinch toward PIC1

In this section, we construct another one-parameter family of cones C(b)
that are invariant under the Hamilton ODE. These cones pinch toward the
PIC1 cone and can be joined continuously to the family C(b) constructed in
Section 3. More precisely, we start from the cone C(bmax) N PIC1 (which is
invariant under the Hamilton ODE) and deform it outward in such a way
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that the deformed cones are all preserved under the ODE. To that end, we
consider curvature conditions that interpolate between the PIC condition and
the PIC1 condition. To show that these conditions are preserved, we will
use Proposition A.8 in a crucial way. We also make use of the quantitative
estimates in Section 3.

Throughout this section, we assume that n > 12. We define

- {M n > 13,
1

bmaX -

Deﬁm’tjon 4.1. Assume that 0 < b < byax, and let 2a = 2b+ (n—2)b%. We
denote by £(b) the set of all algebraic curvature tensors S such that £,;(5) €
C(bmax) and

Z := Si313 + A2S1414 + S2323 + A2S%494 — 2AS1234
+v2a (1 — X?) (Ric(S)11 + Ric(S)g2) > 0

for every orthonormal four-frame {e1,e2,e3,e4} and every A € [0, 1]. Moreover,
we define C(b) = £,,(E(D)).

Clearly, C(b) is convex for each b. In the first step, we verify that the
family of cones C(b), 0 < b < bmax, can be joined with the family of cones
C(b), 0 < b < bpax, constructed in Section 3. Recall that bpax = ﬁ. For
abbreviation, we define

(2 + (n — 2)bmﬂx)2 bmax

max — bmax d max — .
¢ 22+ (1 — 3)bmax) e T 2+ (1 — 3)bmax

LEMMA 4.2. Let ZN)maX be defined as above, and let Gmax be defined by

20 max = 2bmax + (n— 2)512nax. Then
L+ (n—2)bmax = n>—b5n+4 1
= V2 >
L+ (1 — Qb ME 2 I 14— 4
Gmax — Gmax bmax — bmax

p— )

1+2(n = Damax 1+ (1 — 2)bmax

and

9 ( Omax — Gmax _ (1 4 ’Ymax) bmax — BmNax )

1+ 2(” - 1)dmax 1+ (n — 2)bmax

2(” - 1)(amax - dmax) (n - 2)(bmax - i)max) =

+ ~ - =~ 2 max
( 1+ 2(n —1)amax 1+ (n — 2)bmax ) V 20ma:

> 1 + (n — 2)bmax ny 2&max

T 14 (n—2)bpax N2 — 50+ 4
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Proof. To verify the first statement, we observe that

3(n—2) - ~

amax Z (1 + (n - 2)5max)2 (1 - 4 bmax)2 bmax-

This implies

_9) . _
= V20max > (1 + (n - 2)bmax) (1 - % bmax) 2bmax

n—2 n—2 1 2
1 1-— —
< T )< 4(n—6)2>n—6 3
n?—-5n+4 1
>
“n2—Tn+14n-—4

v

for n > 13. Moreover, it is straightforward to verify that the first inequality
holds for n = 12.
To prove the second statement, we observe that

14 2(n — Damax < (14 nbmax) (1 + (7 — 2)bmax)-
This implies

Gmax — Gmax brmax — bmax
1420 — Dmax 1+ (1 — 2)bimax
(amax — Gmax) — (1 + 7bmax) (bmax — Dmax)
(1 4 nbimax) (1 + (7 — 2)bmax)
amax — (1 + Nbmax)bmax
(1 4 nbmax) (1 + (7 — 2)bmax)
0

Y

AV

v

for n > 12. From this, the second statement follows.
It remains to verify the third statement. Arguing as above, we obtain

brnax - bmax

= — (14 =
14+ 2(” - 1)amax ( ’Ymax) 1+ (n - 2)bmax

(@max — @max) — (1 + nbmax) (1 + Yimax) (bmax — bmax)
(1 + bimax) (1 + (n = 2)bmax)

> Amax — (1~ + ni)max)(l + '7m~ax)bmax '

(1 + nbmax) (1 + (1 — 2)bmax)

Gmax — Omax

>
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Using the identity amax = (1 + ”T_z bmax)(1 + Ymax)bmax and the inequality
"T_Q bmax — MOmax > "8—;8 (1 4+ nbmax) for n > 20, we obtain
bmax - bmax

~ - 1+ max =
1+2(n_1)amax ( ma ) 1+(n—2)bmax

> (an2 bmax - nl;max)(l + 'Ymax)bmax
(1 + ngmax)(l + (n - 2)Bmax>
1 n—38
> _
1+ (TL - 2)bmax 3277'2

Omax — Omax

for n > 20. On the other hand, the inequality 2amax < 3l~)maX = ﬁ gives

1+ (n—2)bmax "V20max < 1 5 n
14 (n—2)bmax "2 =51 4+4 7 14 (n — 2)bpay 4(n —6) n? —5n+4
for n > 13. Since 2=8 > 2 n for n > 36, we conclude that the

16n? 4(n—6) n2—5n+4
third statement holds for n > 36. It is straightforward to verify that the third

inequality holds for 12 < n < 35.

PROPOSITION 4.3. Let byax and bmax be defined as above. Then CN(l;maX) =
C(bmax)-

Proof. The inclusion C (Bmax) C C(bmax) follows immediately from the def-
inition. We now prove the reverse inclusion C(bmax) C C(bmax)- For abbrevia-

tion, we put b = byax and a = amax. Moreover, suppose that S is an algebraic
curvature tensor such that £,;(S) € C(bmax). We claim that S € £(b). To
verify this claim, we need to show that

Z := 51313 + A*S1414 + Sa323 + A*S2424 — 2A51934
+v2a (1 — \?) (Ric(S)11 + Ric(S)22) >0
for every orthonormal four-frame {ej, es, e3,e4} and every A € [0,1]. To prove
this, we consider the algebraic curvature tensor 7' = K;imbmx (Lap(S)) €
E(bmax). Clearly, T' € PIC and Ric(T")11 + Ric(T)22 + 27% scal(T") > 0.
Note that S and T have the same Weyl tensor. Moreover, ROiC(S) =

% Roic(T) and scal(S) = % scal(T)). This gives

) 1+ (n — 2)bmax
Rie(S) = = "o

1 (2(71 — 1)(amax — a’) _ (n - 2)<bmax
n 14+2(n—1)a 1+ (n—2

Ric(T)

)_b ) ) scal(T) id
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and
S=T+ MR'C(T) o id
T I =2 !
1 Amax — @ bmax — b . )
n - (T )
T (1+2(n—1)a 1+(n—2)b)sca( )id®id
Consequently,
Z =Tizi3+ )\2T1414 + Th393 + )\2T2424 — 2ATY234
bmax — b
_Omax =0 2y o o
1+ (n—2)b [(1+AT) Ric(T)1 + (1 + A7) Rie(T)22
+ 2Ric(T)s3 + 2A° Ric(T) 44
4 Qa —aQa b o b
= max . max 142
+n<1—|—2(n—1)a 1—|—(n—2)b)( + )SCal(T)
1+ (TL B 2)bmax 2 . .
2a (1 =X\
+ 1+ (n—2)b V2a ( ) (Ric(T")11 + Ric(T)22)
2 /2(n—1)(amax —a)  (n—2)(bmax — b) )
n - 2a (1 — .
+al 1+2(n—1a 1+ (n—2)b ) V2a (1= X) seal(7)
Using Lemma A.6, we obtain
1—X )
Zz- n—4 (Ric(T)11 + Ric(T')22 — 2T1212)
1+ (n—2)b u 22

+ 2Ric(T)33 + 2)\% Ric(T) 4]

4 Gmax — @ bmax — b 2
— - 1 (T
+n<1+2(n—1)a 1+(n—2)b>( + A7) seal(T)

n 14 (n — 2)bmax \/%(1 — )\2) (Ric(T)11 + Ric(T)22)

14+ (n—2)b
2 (2(n = 1)(0max —a) _ (1= 2)(bmax — b)
ﬁ< 1+2(n—1)a B 1+ (n—2)b )m(l—AQ)Scal(T)
=: RHS.

We claim that RHS > 0 for all A € [0,1]. Since RHS is a linear function of A2,
it suffices to examine the endpoints of the interval:

Case 1: Suppose first that A = 1. In this case,

bmax - b . . . .
8 amax —a bmaX - b
— — 1(T).
+n(1—i—2(n—1)a 1+(n—2)b)sca( )
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Using Lemma A.4, Ric(T)11 + Ric(T)22 + Ric(T)33 + Ric(T)4a > 0. Using
Lemma 4.2, we conclude that RHS > 0.

Case 2: Suppose next that A = 0. Recall that

1 14 (n — 2)bmax n? —Tn + 14
< V2
n—4- 1+m-2b " nZ_5n+4

by Lemma 4.2. Using the inequalities
RiC(T)ll + RiC(T)QQ —2T1912 >0

and

Ric(T)11 + Ric(T)22 + 2 Ric(T)33

= (Ric(T)11 + Ric(T)33) + (Ric(T)a2 + Ric(T)s33) > —472” scal(T),

we obtain
1+ (n — 2)bmax n? —Tn + 14
V2
1+(n—2b ' " n2_5n+4
_ 4Ymax  bmax — 0
n 14+ ((n-—2)b

4 Amax — @ bmax_b
— — (T
+n<1+2(n—1)a 1+(n—2)b>sca( )

RHS Z — (RiC(T)ll + RiC(T)QQ — 2T1212)

scal(T)

n 1+ (n — 2)bmax \/%(RiC(T)u + Ric(T)22)

1+ (n—2)b
2 /2(n—1)(amax —a) (. —2)(bmax — b)
+ﬁ( 1+2(n—1)a 14 (n—2)b )\/ﬁscal(T).

Since T' € PIC, we can estimate the term T}212 in terms of Ric(T")11 + Ric(T)22
and scal(T):

0< Z (Th212 + Tip1p + Tog2q + Tpepq)
3<p,q<n, p#q

= (n2 —Tn+ 14) Tio12 + (TL — 5)(RIC(T>11 + RIC(T)QQ) + SC&](T).
This finally gives

1+(n—2)bmax 2v/2a 4')/max bmax_b
RHS > — 1(T) — (T
e B e iy R G et pray s R O
4 Gmax — @ bmax — b
= — (T
+n<1—|—2(n—1)a 1+(n—2)b)sca( )
2

2(n — D(amax —a)  (n —2)(bmax — b)
o (5 Y 2(n—Da 1+ (n—2% ) V2ascal(T)

Using Lemma 4.2, we obtain RHS > 0. This completes the proof of Proposi-
tion 4.3.
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In the remainder of this section, we show that the cone C(b) is preserved
by the Hamilton ODE for 0 < b < by.x. We first state an elementary lemma:

LEMMA 4.4. Assume that 0 < b < l;max, and let a be defined by 2a =
20+ (n — 2)b%. Then

nb?(1 — 2b) — 2(a — b)(1 — 2b 4 nb®) > 0,
n?*b* —2(n —1)(a — b)(1 — 2b) > 0.

Moreover, if we put

¢ o= 142(n—1)a 14 (n—2)bmax
T 142 —1amax 1+ (n—2)b

(1 + meaX)u

then ¢ <1 and1+(n—2)(1—g)22g2%,

Proof. To prove the first and second statements, we write
nb(1 — 2b) — 2(a — b)(1 — 2b 4 nb?) = b*(2 — 4b — n(n — 2)b%) > 0
and
n?b* —2(n —1)(a — b)(1 — 2b) = b*(3n — 2+ 2(n — 1)(n — 2)b) > 0.
To verify the third and fourth statements, we observe that

14+2(n—1)a < 14+ 2(n — 1)amax
1—|—(7’L—2)b o 1+(n—2)l~7max’

hence
1+ 2(7’L — 1)C~Lmax 1+ (n - 2)bmax
1+ 2(n — l)amax 1+ (n — 2)Bmax

( < Cmax = (1 +7max)-

It is elementary to check that (hax < 1 and

n%—2n+2
(n—2)?

This implies ¢ <1 and 1+ (n — 2)(1 — ¢) > 2¢2 %

1+ (n - 2)(1 - Cmax) > 2<r2nax

LEMMA 4.5. Suppose that S € E(b) and

¢ = 1+2(n—1)a 1+ (n—2)bpax

= 1 max) < 1.
1520 — Danme 14 (n—2)p (L1 Ymax)

Then Ric(S)11 + Ric(S)az > 2= scal(S).
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L (£ap(S)) € Elbmax). Recall that Ric(S) =

o
%Ric(T) and scal(S) = % scal(T). Using the inequality

Roic(T)11 + Roic(T)gg + w scal(T') > 0, we obtain ROiC(S)u + Roic(S)gg +
2 scal(S) > 0, which implies the claim.

n

Proof. Let T = ¢}

After these preparations, we now prove the main result of this section:

THEOREM 4.6. For each 0 < b < Bmax, the cone é(b) s transversally
invariant under the Hamilton ODE %R = Q(R).

Proof. Tt suffices to show that &€ (b) is transversally invariant under the

ODE 45 = Q(S) + Dqy(S). Suppose that S € £(b) \ {0}. Then
Z = Si313 + A2S1414 + Sa323 + A2 S2124 — 2AS1234
+v2a (1 — A?) (Ric(S)11 + Ric(S)92) > 0

for every orthonormal four-frame {e1, e2, e3,e4} and every A € [0, 1]. Moreover,
we assume that Z = 0 for some orthonormal four-frame {ej,e2,e3,e4} and
some A € [0,1]. We will show that %Z > 0 for this particular four-frame
{e1,e2,€e3,e4} and this particular A € [0,1]. We distinguish two cases:

Case 1: Suppose that A € [0,1). Using the formula for D, ;(.S), we obtain

d
25— Q(S) + 2aRic(S) ® Ric(S) + 262 Ric(S)? ® id

dt
nb?(1 — 2b) — 2(a — b)(1 — 2b + nb?)
* n(l+42(n —1)a)

Ric(S)?id ® id

and

D Ric(S) = 2.9 = Ric(S) — 4bRic(S)?

dt
+ 4(n;2)a scal(S) Ric(S) + %1 scal(S)?id

n2b? —2(n — 1)(a — b)(1 — 2b)
n(l+2(n—1)a)
where (S * H )i := Y5 ;=1 SipkqHpq- This implies

iZ > Q(9)1313 + A2 Q(S)1414 + Q(S)2323 + A2 Q(S)2424 — 22Q(S) 1234

dt
+ 2a (Ric(S) ® Ric(S))1313 + 2aA? (Ric(S) ® Ric(S)) 1414
+ 2a (Ric(S) ® Ric(S))a323 + 2aA? (Ric(S) ® Ric(S))2424
— 4aX (Ric(S) ® Ric(S))1234
+2v2a (1 — X2) ((S = Ric(S))11 + (S * Ric(S))a2)

[Ric(S)[id,
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X 4(n —2)a V2a (1 — A?) scal(9) (Ric(S)11 + Ric(S)22)

n
—4bV2a (1 — A?) ((Ric(S)?)11 + (Ric(5)?)a2)
+ 8*3 V2a (1 — \?)scal(S)>.
n
Applying Proposition A.8 with H = v/2a Ric(S), we obtain

Q(S)1313 + A’ Q(S)1414 + Q(S)2323 + A*Q(S)2424 — 2AQ(S) 1234
+ 2a (Ric(S) ® Ric(S))1313 + 2aA? (Ric(S) ® Ric(S))1414
+ 2a (Ric(S) ® Ric(S))2323 + 2aA? (Ric(S) ® Ric(S))2424
— 4aX (Ric(S) ® Ric(5))1234
+2v2a (1 — A?) ((S * Ric(S))11 + (S * Ric(S))22) > 0.

Since S € £(b) € PIC, Lemma A.3 implies that the largest eigenvalue of Ric(S)
is bounded from above by § scal(S). Moreover, by Lemma 4.5, the sum of the

two smallest eigenvalues of Ric(S) is bounded from below by (1 3! scal(9).
Applying Lemma A.1 with H = Ric(S5) and p = E gives
-2
(n—2a_
n

cal(S) (Ric(S)11 + Ric(S)a2) — b ((Ric(S)?)11 + (Ric(S)2)2)

n®—2n+2

W) scal(S)2.

> 2 (atn -2 - ¢) - 20¢”

Putting these facts together, we conclude that
d 8 o n%—2n+2
22> — (a(l+(n-2)(1 =) - 26

(n—2)2
On the other hand, Lemma 4.4 implies

) V2a (1 A?) scal(S)?.

2_99m+2
>2b<2n n+

n? —2n + 2
al+ (1 —2)(1 = 0)) > 2a¢? > eI

(n—2)?
Since A € [0,1), it follows that 42 > 0.

Case 2: Finally, suppose that A = 1. In this case,

iZ Q(S)1313 + Q(S) 1414 + Q(S)2323 + Q(5) 2424 — 2Q(S) 1234

dt
+ 2a (Ric(S) ® Ric(9))1313 + 2a (Ric(S) ® Ric(S))1414
+ 2a (RIC(S) D RiC(S))2323 + 2a (RIC(S) D RIC(S))Q424
—4a (RIC(S) D RiC(S))1234.
Since S € PIC and Z = Sy313 + S1414 + S2323 + S2424 — 251234 = 0, we obtain
Q(5)1313 + Q(S) 1414 + Q(S)2323 + Q(5)2424 — 2Q(S) 1234 > 0
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for this particular four-frame {ej,e2,e3,e4}. By Lemma 4.5, the sum of the
two smallest eigenvalues of Ric(S) is strictly positive. This implies

(RiC(S) D) RiC(S))1313 + (RIC(S) W) RiC(S))1414
+ (RlC(S) ) RiC(S))2323 + (RIC(S) D RiC(S)>2424
-2 (RIC(S) D RiC(S))1234 >0

by Lemma A.2. Putting these facts together, we conclude that %Z > (. This
completes the proof of Theorem 4.6.

5. Pinching towards PIC2 and proof of Theorem 1.2

THEOREM 5.1. Assume that n > 12. Let K be a compact set of algebraic
curvature tensors in dimension n that is contained in the interior of the PIC
cone, and let T' > 0 be given. Then there exist a small positive real number

0, a large positive real number N, a smooth, increasing, and concave function

g > 0 satisfying limg_, oo @ = 0, and a continuous family of closed, convex,

O(n)-invariant sets {G; : t € [0,T)} such that the family {G; : t € [0,T]} is
invariant under the Hamilton ODE %R = Q(R). Furthermore, K C Gy and
G: C{R: R —6scalid ®id € PIC}
N{R : Ricy; + Ricgy — Oscal + N > 0}
N{R: R+ g(scal)id ® id € PIC1}

for all t € [0,T.

Proof.~ By Proposition 4.3, we have é(l;max) = C(bmax). For each b €
(07 bmax + bmax), we deﬁne

N ) C(b) for b S (0, bmax]7
. é(bmax + Bmax —b) for b € (bmax, bmax + BmaX)~

Therefore, C(b) is a family of closed, convex, O(n)-invariant cones that depends
continuously on the parameter b € (0, byax + Bmax). Moreover, for each b €
(0, bnax + Bmax), the cone @(b) is transversally invariant under the Hamilton
ODE.

By Theorem 2.1, there exists a family of closed, convex, O(n)-invariant
sets {g§°) :t € [0,T]} such that the family {gt(o) :t € [0,7T]} is invariant under
the Hamilton ODE %R = Q(R). Furthermore, L C géo) and

¢\ c {R: R —fscalid 0 id € PIC}
N{R : Ric11 + Ricga — fscal + N > 0}
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for all t € [0,T]. Consequently, we can find a small positive number [y (de-
pending on #) such that

gt(o) C{R:R+Nidoid € C(By)}

for all ¢ € [0, 7.

Arguing as in Theorem 4.1 in [1] (see also Proposition 16 in [8]), we can
construct an increasing sequence By < 1 < f2 < --- with lim; o 8; =
bmax + bmax and a sequence of families of sets {gt(j ) .t e [0,T]} with the
following properties:

e For j = 0, the family of sets {gt(o) :t € [0,7T]} coincides with the one
constructed in Theorem 2.1. '
e For each j > 1, the family of sets {Qt(]) :t €[0,T]} is defined by

) —(RegV ™ . R+2INidoid € C(5;)}
for t € [0, 7).
e For each j > 1, the family {gt@ ) ite [0, T} is invariant under the Hamilton

ODE. ‘
e For each j > 1, we have K C Q(gj).

Since lim; o0 85 = bmax + bmax, We can find a sequence of positive numbers £;
such that lim;_,e; = 0 and C(B;) C {R : R+ ¢jscalid ® id € PIC1}. This
implies

GV C{R:R+e;scalid ®id + 27N (14 2n(n — 1)e;)id @ id € PIC1}
for all t € [0, 7.

We now define G; = Njen gt(” for each t € [0,T]. Then {G; : t € [0,T]}
is a family of closed, convex, O(n)-invariant sets satisfying K C Gy. Moreover,

the family of sets {G; : t € [0,T]} is invariant under the Hamilton ODE.
Furthermore,

G, c {R € G : R+ h(scal)id ®id € PIC1}

for all ¢ € [0,7], where h(s) := infjen(e;5 + 27N (1 + 2n(n — 1)g;)). Clearly, h
h(s)

is an increasing concave function satisfying lims_, = (0. Finally, we put
g(s) == fol X(r) h(s + r) dr, where x is a nonnegative smooth function that is
supported in [0, 1] and satisfies fol x(r)dr = 1. Clearly, g(s) > h(s). It is easy

to see that g has all the required properties.

PROPOSITION 5.2. There exists a small positive constant k > 0 with the
following property: If R € Gy, then
Rig13 + A’ Rigia + 1 Ragas + A1 Roszs — 2M\puR1234 > 0

for every orthonormal four-frame {e1, ez, e3,e4} and all A\, u € [0, 1] satisfying
N1 — )2 4 (1= X224 (1= AB2(1 = )2 < .
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Proof. This follows immediately from the fact that R—6scalid®id € PIC
for all R € G;.

We now turn to the proof of Theorem 1.2. To any curvature tensor R € G,
we associate a curvature tensor S € PIC1 by S = R + 2 g(scal)id ® id. Note
that |Q(R) — Q(S)| is bounded by a large multiple of (scal + g(scal)) g(scal).
In particular,

Q(R) — Q(S) + L(n) (scal + g(scal)) g(scal) id ® id € PIC2,
where L(n) is a large constant that depends only on n.

Definition 5.3. Let g be chosen as in Theorem 5.1, let x be chosen as in
Proposition 5.2, and let L(n) be chosen as above. Let f(s):=A+/(s + g(s)) g(s),
where A > 164/ @ For each t € [0, T], we denote by F; the set of all algebraic
curvature tensors R € G; such that

S1313 + A S1a14 + 117 G323 + A1 S2a24 — 2AnS1234

+(1 = N%)(1 = p?) f(scal) > 0
for all A\, u € [0, 1], where S is defined by S = R + 2 g(scal) id ® id.
fls) _

S
f and g are concave functions, the set F; is convex for each t € [0, 7.

Clearly, f is smooth, increasing, and concave, and lim;_, 0. Since

THEOREM 5.4. If A > 16\/@, then the family of sets {F; : t € [0,T]}
is invariant under the Hamilton ODE %R = Q(R). Moreover, F; C{R: R+
2 (f(scal) + g(scal))id ®id € PIC2}. Finally, if we choose A sufficiently large,
then IC C Fp.

Proof. We first show that the family of sets {F; : t € [0,T]} is preserved
by the Hamilton ODE %R = Q(R). To prove this, we assume that R € F,
S =R+ 2g(scal)id ®id, and
S1313 + A2S1414 + 11° S233 + A1 Saa24 — 22\ uS1234
+ (1= A%)(1 — p?) f(scal) =0
for one particular orthonormal four-frame {e,es,e3,€4} and one particular
pair A, € [0,1]. Since S lies in the interior of the PIC1 cone, it follows that
A, 1€ [0,1). Moreover,
Rizis + A’ Riaa + p* Rasos + A2 p” Roags — 2AuRi234
< 81313 + A*S1a14 + 17 G233 + A2 11” S2a24 — 2AuS1234 < 0.

Hence, Proposition 5.2 implies that

N1 22 4 21— X2 4 (1= X221 = 12 > .
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Since A, u € [0,1), the first order conditions corresponding to variations of A
and p give

AL — p?) f(scal) = ASia1a + Mi®Soa24 — pS1234
= (AS1414 + pS1423) — p(S1324 — M1S2424)
and
(1= A*)p f(scal) = pSasa3 + A°1S2424 — AS1234
= (AS1423 + 11S2323) — A(S1324 — ApS2424)-
Moreover,
(1= A)(1 — p?) f(scal) = —(S1313 — MeS1324) — AM(AS1414 + 11S1423)
— (1(AS1423 + pS2323) 4+ Ap(S1324 — AS2424)-
Consequently,
21— 2 4 21— W22 4 (1= N2(1 - 1)?] fscal)’
< 2 (ASia14 + 11S1423)* + 26%(S1324 — AS2424)°
+ 2 (AS1423 + 1S9323)% + 222 (S1324 — A\S424)*
+ 4 (S1313 — AS1324)% + AN} (AS1414 + pS1a23)°
+ 4% (AS1423 + 152323)% + AN 1% (S1324 — MS2424)°
< 16 z": (S13pg — /\NS24pq)2 + 16 Zn: (AS14pg + MS23pq)2-
p,q=1 p,q=1

Putting these facts together, we obtain

n

L K
D (Si3pg — MiSaapg)® + > (AS1apg + 11S23pg)* > G f(scal)?.
p,g=1 p,g=1

On the other hand, Proposition 7.26 in [5] implies
(S%)1313 + A2 (S%) 1414 + 12 (57 ) 2303
+ N2 U257 ) 2494 + 2Mu(S7 ) 1342 + 2Mu(S7 ) 1423 > 0.
Adding these inequalities gives
Q(9)1313 + A’Q(S) 1414 + 17 Q(S) 2323 + A 1*Q(S) 2424
—22uQ(S)1234 > 1—2 f(scal)?.
Since Q(R) — Q(S) + L(n) (scal + g(scal)) g(scal) id ®id € PIC2, it follows that

Q(R)1313 + N’ Q(R) 1414 + > Q(R)2323 + N 1> Q(R)2424 — 2AuQ(R)1234
> % f(scal)? — 8L(n) (scal + g(scal)) g(scal).
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Since f and g are monotone increasing, we conclude that

d

$(51313 + A2S1414 + 11252393 + N2 G404 — 2M\1S1234
+ (1= N)(1 = %) f(scal))

> % f(scal)® — 8L(n) (scal + g(scal)) g(scal),

and the right-hand side is positive in view of our choice of f. This shows that
the family of sets {F; : t € [0, T} is invariant under the Hamilton ODE.

If Re Fy and S = R+ 2g(scal)id ®id, then S + 2 f(scal)id ® id € PIC2
(cf. Proposition 7.18 in [5]), and consequently R+ 2 (f(scal)+ g(scal))id®id €
PIC2.

Finally, if we choose A sufficiently large, we can arrange that the following
holds: if R € K and S = R+ 2 g(scal)id ® id, then

S1313 + A2 S1414 + 1122393 + A2 1% Sou04 — 2M11S1234
+ (1= M) (1= pi?) f(scal) >0
for A, pu € [0,1]. This ensures that K C Fp.

6. Ancient solutions that are weakly PIC2 and uniformly PIC

In this section, we study ancient solutions to the Ricci flow of dimension
n > 5 that are weakly PIC2 and uniformly PIC. An important ingredient is the
differential Harnack inequality for the curvature tensor. This inequality was
proved in a fundamental paper by Hamilton [19] for solutions to the Ricci flow
with nonnegative curvature operator. In [3], we showed that the differential
Harnack inequality holds on any solution to the Ricci flow that is weakly PIC2.

THEOREM 6.1 (cf. R. Hamilton [19]). Assume that (M, g(t)), t € (0,T),
is a solution to the Ricci flow that is complete with bounded curvature and is
weakly PIC2. Then

0 1
ascal + 2 (Vscal, v) + 2 Ric(v,v) + n scal > 0
for every tangent vector v. In particular, the product tscal is monotone in-

creasing at each point in space.

On an ancient solution, the Harnack inequality gives the following esti-
mate:

COROLLARY 6.2. Assume that (M, g(t)) is an ancient solution to the Ricci
flow that is complete with bounded curvature and is weakly PIC2. Then

%soal + 2 (Vscal, v) + 2 Ric(v,v) >0



506 SIMON BRENDLE

for every tangent vector v. In particular, the scalar curvature is monotone
increasing at each point in space.

The following inequality is obtained by integrating the differential Harnack
inequality along paths in space-time:

COROLLARY 6.3. Assume that (M, g(t)) is an ancient solution to the Ricci
flow that is complete with bounded curvature and is weakly PIC2. Then

(1) (@1, 2)?

d
scal(z1,t1) < exp ( 92(t2 e ) scal(xg, to)

whenever t1 < ts.
The following result from [7] plays a central role in our argument:

THEOREM 6.4 (S. Brendle, G. Huisken, C. Sinestrari [7]). Assume that
(M, g(t)) is a complete, nonflat ancient solution to the Ricci flow with bounded
curvature. Suppose that (M, g(t)) is uniformly PIC1, so that R—0scalid®id €
PIC1 for some uniform constant @ > 0. Then (M, g(t)) has constant curvature
for each t.

Proof. If M is compact, the assertion follows from Theorem 2 in [7]. The
proof of Theorem 2 in [7] relies exclusively on the maximum principle. (See
Corollary 7 in that paper.) Since the maximum principle works on complete
manifolds with bounded curvature (see [13, Th. 12.35]), the arguments in [7]
carry over to that setting.

We note that the conclusion of Theorem 6.4 still holds if (M, g(t)) has
unbounded curvature (see [37]).

We next state several splitting theorems, which are based on the strict
maximum principle (see [18] and [5]). The first version works locally:

PROPOSITION 6.5. Let (M,g(t)), t € (0,T], be a (possibly incomplete)
solution to the Ricci flow that is weakly PIC2 and strictly PIC. Moreover,
suppose that there exist a point (pg,to) in space-time and a unit vector v €
TpoM with the property that Ric(v,v) = 0. Then, for each t < tg, the flow
(M, g(t)) locally splits as a product of an (n—1)-dimensional manifold with an
interval.

Proof. Suppose that the assertion is false. Then there exists a time 7 €
(0,tp) with the property that (M, g(7)) does not locally split as a product of
an (n — 1)-dimensional manifold with an interval. Since (M, g(7)) is strictly
PIC, we conclude that (M, g(7)) is locally irreducible.

The Ricci tensor of (M, g(t)) satisfies the evolution equation

D,Ric = ARic + 2 R * Ric,
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where (R«*Ric);; = > pg=1 RipkgRicyq. Since R is weakly PIC2, the term RxRic
is weakly positive definite. Using the strict maximum principle (see [5, §9]
or [18]), we conclude that the null space of Ricy(,) defines a parallel subbundle
of the tangent bundle of (M, g(7)). Since (M, g(7)) is locally irreducible, this
subbundle must have rank 0. Consequently, the Ricci curvature of (M, g(7))
is strictly positive.

Let ©Q be a bounded open neighborhood of the point py with smooth
boundary. Let us choose a smooth function f : Q — R with the property that
J>0in Q, f=0o0n 09, and Ricy;) — fid is weakly positive definite. Let
F : Qx|[r,to] — R denote the solution of the linear heat equation with respect
to the evolving metric g(¢) with initial data F'(-,7) = f and Dirichlet boundary
condition F' = 0 on 99 x [r,tp]. Using the maximum principle, we conclude
that Ricy) — F(+,t)id is weakly positive definite at each point in Q x [7,#o].
Since F'(po,to) > 0, the Ricci curvature at (po, to) is strictly positive, contrary
to our assumption.

PROPOSITION 6.6. Let (M,g(t)), t € (0,T], be a complete solution to
the Ricci flow (possibly with unbounded curvature). Moreover, we assume that
(M, g(t)) is weakly PIC2 and strictly PIC. Suppose that there exists a point
(po,to) in space-time with the property that the curvature tensor at (po,to) lies
on the boundary of the PIC2 cone. Then, for each t < tg, the universal cover
of (M, g(t)) splits off a line.

Proof. Suppose that the assertion is false. Then there exists a time 7 €
(0,t9) with the property that the universal cover of (M, g(7)) does not split
off a line. Since (M, g(7)) is strictly PIC, we conclude that (M, g(7)) is locally
irreducible. In view of Berger’s holonomy classification theorem, there are four
possible cases:

Case 1: Suppose first that Hol’(M, g(7)) = SO(n). If we fix an arbitrary
pair of real numbers A, u € [0, 1], then Theorem 9.13 in [5] implies that the set
of all orthonormal four-frames {e1, es, €3, e4} satisfying

Ry (e1,e3,e1,e3) + )\2Rg(7)(€1, e4,€1,€4)
+ uQRg(T) (e2,€3,€9,€3) + >\2u2 Rg(T)(ez, eq,€2,€4)
= 2Mu Ry(ry(e1, €2, €3,€4) =0

is invariant under parallel transport. Since Hol’(M, g(7)) = SO(n), we con-
clude that

Rg(‘r) (617 €3,€1, 63) + )\QRQ(T) (617 €4, €1, €4>

+ 1P Ry (€2, €3, €2, €3) + N1 Ry (€2, €4, €2, €4)
— 2\ Ry (€1, €2, e3,e4) > 0
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for all orthonormal four-frames {e1,es2,e3,e4} and all A\, u € [0,1]. In other
words, the curvature tensor of (M, g(7)) lies in the interior of the PIC2 cone.

Let © be a bounded open neighborhood of the point py with smooth
boundary. Let us choose a smooth function f : © — R with the property
that f > 0in Q, f = 0 on 9, and Ry,) — & fid ® id € PIC2. Let F :
Q x [1,t9] — R denote the solution of the linear heat equation with respect to
the evolving metric g(t) with initial data F'(-,7) = f and Dirichlet boundary
condition F' = 0 on JQ x [r,to]. Let S = Ry — L F(-,t)id ® id. Then
DS = AS +Q(S) + 2F Ric(S) ®id + (n — 1) F2id ® id. Using the maximum
principle, we conclude that Ry — %F (-,t)id ® id € PIC2 at each point in
Q x [1,to]. Since F(po,to) > 0, the curvature tensor at (po,to) lies in the
interior of the PIC2 cone, contrary to our assumption.

Case 2: Suppose that n = 2m and Hol(M, g(7)) = U(m). In this case,
the universal cover of (M, ¢g(7)) is a Kéhler manifold. This is impossible since
(M, g(7)) is strictly PIC.

Case 3: Suppose next that n = 4m > 8 and Hol’(M, g()) = Sp(m) -
Sp(1). In this case, the universal cover of (M, g(7)) is a quaternionic Kéhler
manifold. In particular, (M, g(7)) is an Einstein manifold. Since (M, g(7))
is strictly PIC, we conclude that the universal cover of (M, g(7)) is a round
sphere (cf. [4]). This is impossible.

Case 4: Suppose finally that Hol’(M, g(7)) # SO(n) and (M, g(7)) is
locally symmetric. In this case, (M, g(7)) is an Einstein manifold, for otherwise
the eigenspaces of the Ricci tensor give a splitting of the tangent bundle into
parallel subbundles, which is impossible since (M, g(7)) is locally irreducible.
Since (M, g(7)) is strictly PIC, it follows that the universal cover of (M, g(7)) is
a round sphere (cf. [4]). This contradicts the fact that Hol?(M, g(7)) # SO(n).
This completes the proof of Theorem 6.6.

By combining Proposition 6.6 and Theorem 6.4, we can draw the following
conclusion:

COROLLARY 6.7. Let (M,g(t)), t € (—o0,T], be a complete, nonflat an-
cient solution to the Ricci flow with bounded curvature. Moreover, we assume
that (M, g(t)) is weakly PIC2 and satisfies R — 6 scalid ® id € PIC for some
uniform constant 6 > 0. Suppose that there exists a point (po,to) in space-
time with the property that the curvature tensor at (po,to) lies on the boundary
of the PIC2 cone. Then, for each t < tgy, the universal cover of (M,g(t)) is
isometric to a family of shrinking cylinders S"~! x R.

Proof. By the strict maximum principle, the scalar curvature of (M, g(t))
is strictly positive. Consequently, (M, g(t)) is strictly PIC. By Proposition 6.6,
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the universal cover of (M, g(t)) is isometric to a product (X, gx(t)) x R for
each t < ty. Clearly, (X, gx(t)), t < to, is a complete, nonflat ancient solution
to the Ricci flow of dimension n — 1, which is weakly PIC2 and uniformly
PIC1. Since (X, gx(t)) has bounded curvature, Theorem 6.4 implies that the
universal cover of (X, gx(t)) is isometric to a family of shrinking spheres. This
completes the proof of Corollary 6.7.

We next recall two results due to Perelman, which play a fundamental
role in the argument:

PROPOSITION 6.8 (G. Perelman). Assume that (M, g) is a complete non-
compact manifold that is weakly PIC2. Fizx a point p € M and let p; be a
sequence of points such that d(p,p;) — oo. Moreover, suppose that X\ is a
sequence of positive real numbers satisfying \; al(p,pj)2 — o0. If the rescaled
manifolds (M, Xjg,p;) converge in the Cheeger-Gromov sense to a smooth limit,
then the limit splits off a line.

PROPOSITION 6.9 (G. Perelman). Let (M,g) be a complete noncompact
Riemannian manifold that is weakly PIC2. Then (M,g) does not contain a
sequence of necks with radii converging to 0.

The proofs of Proposition 6.8 and Proposition 6.9 are based on Topono-
gov’s theorem. For a detailed exposition of these results of Perelman we refer
to [12, Props. 2.2 and 2.3].

We now define the class of ancient solutions that we will study.

Definition 6.10. An ancient x-solution is a nonflat ancient solution to the
Ricci flow of dimension n that is complete; has bounded curvature; is weakly
PIC2; and is k-noncollapsed on all scales.

The following result is a consequence of Proposition 6.9 and Corollary 6.7.

PROPOSITION 6.11. Suppose that (M, g(t)), t € (—o0,0], is a complete
ancient solution to the Ricci flow that is k-noncollapsed on all scales, is weakly
PIC2, and satisfies R — O scalid ® id € PIC for some uniform constant 6 > 0.
Moreover, suppose that (M, g(t)) satisfies the Harnack inequality

%scal + 2 (Vscal, v) + 2 Ric(v,v) >0

for every tangent vector v. Then (M, g(t)) has bounded curvature.

Proof. Since (M, g(t)) satisfies the Harnack inequality, it suffices to show
that (M, g(0)) has bounded curvature. The proof is by contradiction. Suppose
that (M, g(0)) has unbounded curvature.

By the strict maximum principle, we can find a real number ¢ > 0 with the
property that the scalar curvature (M, g(t)) is strictly positive for t € (-4, 0].
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Consequently, (M, g(t)) is strictly PIC for ¢ € (—4,0]. We distinguish two
cases:

Case 1: Suppose first that (M, g(0)) is strictly PIC2. In this case, M
is diffeomorphic to R™ by the soul theorem (cf. [10]). By a standard point-
picking argument, there exists a sequence of points x; € M such that Q; =
scal(z,0) > j* and

sup scal(z,0) < 4Q);.

1
2€By(0)(2;,27 Q; *)
Since (M, g(t)) satisfies the Harnack inequality, we obtain

sup scal(z,t) < 4Q);.

_1
(x,t)€By(0) (75,25 Q; %) x[—452 Q;l,o]

Using Shi’s interior derivative estin}ate, we obtain bounds for all the deriva-
tives of curvature on Byg)(z;, j Qj_g) x [—j2 Q;l,()]. We now dilate the flow
(M, g(t)) around the point (z;,0) by the factor ;. Using the noncollapsing
assumption and the curvature derivative estimates, we conclude that, after
passing to a subsequence, the rescaled flows converge in the Cheeger-Gromov
sense to a smooth nonflat ancient solution (M, g*(t)), t € (—o0, 0]. The limit
(M®°,g>(t)) is complete, has bounded curvature, is weakly PIC2, and satisfies
R — fscalid ® id € PIC. By Proposition 6.8, the manifold (M, ¢°°(0)) splits
off a line. By Corollary 6.7, universal cover of (M, ¢*°(¢)) is isometric to a
family of shrinking cylinders S"~! x R. Therefore, (M, g°°(0)) is isometric to
a quotient (S™~!/T') x R. If " is nontrivial, then a result of Hamilton implies
that M contains a nontrivial incompressible (n — 1)-dimensional space form
S"=Y/T (cf. [6, Th. A.2]), but this is impossible since M is diffeomorphic to
R™. Thus, I' is trivial, and (M, ¢>°(0)) is isometric to a standard cylinder
S"=1 x R. Consequently, (M, g(0)) contains a sequence of necks with radii
converging to 0. This contradicts Proposition 6.9.

Case 2: Suppose finally that (M, g(0)) is not strictly PIC2. By Proposi-
tion 6.6, the universal cover of (M, ¢g(t)) is isometric to a product (X, gx (t)) xR
for each t € (—0,0]. Clearly, (X,gx(t)), t € (=6,0], is a complete solution to
the Ricci flow of dimension n — 1, which is k-noncollapsed on all scales, weakly
PIC2, and uniformly PIC1. By assumption, (X, gx(0)) has unbounded cur-
vature. Using a point-picking lemma, we can construct a sequence of points
z; € X such that Q; := scal(x;,0) > j* and

sup scal(z, 0) < 4Q);.

_1
IEBQX (0) (xj:Qj Qj 2)
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As in Case 1, the Harnack inequality and Shi’s interior derivative estimate give

bounds for all the derivatives of curvature on By, (o) (5, ] Q;%) x [—j2 Qj_l, 0].
We now dilate the manifold (X, gx(0)) around the point z; by the factor Q.
Passing to the limit as j — oo, we obtain a smooth nonflat limit that is
uniformly PIC1 and that must split off a line by Proposition 6.8. This is a
contradiction.

We next recall a key result from Perelman’s first paper:

THEOREM 6.12 (cf. G. Perelman [33, Cor. 11.6]). Given a positive real
number w > 0, we can find positive constants B and C' (depending on w and n)
such that the following holds: Let (M,g(t)), t € [0,T], be a solution to the
Ricci flow that is weakly PIC2. Suppose that the ball By(ry(zo,70) is compactly
contained in M, and rq" volyy) (Byw(zo,70)) > w for each t € [0,T]. Then
scal(z,t) < Cry? + Bt™! for allt € (0,T) and all x € By (o, § 70)-

Note that Perelman imposes the stronger assumption (M, ¢(t)) has non-
negative curvature operator. However, his proof works under the weaker as-
sumption that (M, g(t)) is weakly PIC2. One main ingredient in Perelman’s
work is the trace Harnack inequality (see Theorem 6.1). The proof also relies
on the fact that a solution to the Ricci flow that has evolved for some positive
time cannot contain an open set that is isometric to a piece of a nonflat cone.
This argument relies on the strict maximum principle and works if the solution
is weakly PIC2 (see Proposition 6.5).

One of the main tools in Perelman’s theory is the long-range curvature
estimate for ancient x-solutions in dimension 3. In the next step, we verify
that this estimate holds in our situation.

THEOREM 6.13 (cf. G. Perelman [33, §11.7]). Given k > 0, we can find a
positive function w : [0,00) — (0,00) (depending on n and k) with the following
property: Let (M, g(t)) be a an ancient k-solution. Then

scal(z,t) < scal(y, t) w(scal(y,t) dy)(z, 1)?)
for all points x,y € M and all t.

Proof. The proof is essentially the same as in Section 11.7 in Perelman’s
paper [33] (see also [12]). We sketch the argument for the convenience of
the reader. Let us fix a point y € M. By rescaling, we can arrange that
scal(y,0) = 1. For abbreviation, let A = {z € M : scal(z, 0) dy()(y, z)* > 1}.
We distinguish two cases:

Case 1: Suppose that A = (). In this case, we can find a point z € M such
that sup,c,, scal(x,0) = scal(z,0). Using the Harnack inequality, we obtain

sup scal(z,t) < scal(z,0)
xeM
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for all t € (—o0,0]. By Shi’s derivative estimates, %soal(z, t) < C(n)scal(z,0)?
for all t € [—scal(z,0)*,0]. Moreover, dy)(y,z) < sca,l(z,O)*% since A = 0.
Hence, we can find a small positive constant 3, depending only on n, such that
for all t € [—Bscal(z,0)~1,0],

NI

1
scal(z,t) > 5 scal(2,0) and  dyq(y,2) < 2scal(z,0)”

If we apply the Harnack inequality (cf. Corollary 6.3) with ¢t = —3scal(z,0)~ !,
then we obtain

1
3 scal(z,0) < scal(z,t)

d 2
< exp ( g(t) (y7 Z)

(=2t)
2
(—t) scal(z,0)

- (2)

Putting these facts together, we conclude that sup,¢;sscal(z,0) < 2 exp (%)

) scal(y, 0)

< exp scal(y, 0)
( )

Case 2: Suppose now that A # (). In this case, we choose a point z € A
that has minimal distance from y with respect to the metric g(0). Note that
scal(z,0) = dy)(y, z)72 since z lies on the boundary of A. Let p be the
mid-point of the minimizing geodesic in (M, g(0)) joining y and z. Clearly,
By0y(p, § dg(0y(y, 2)) N A = 0. This implies

sup scal(z,0) < 16 dg(O)(y7z)_2'
zE€By (o) (p,% dg(0)(¥,2))

By the Harnack inequality,

sup scal(z, t) < 16 dg(g)(y, 2) >
2€By (1) (p: g dg(0)(¥:2))

for all t € (—o0,0]. The noncollapsing assumption gives
1 1 n
voly () (By) (p, 1 %00 (y,2))) > & (7 g00) (y,2))

for all t € (—o0,0]. This implies

n 1 _ n
(4r) " voly() (Bg)(p, 41)) > K (E rVdg0)(y, 2))

for all t € (—o0,0] and all 7 > dy()(y, 2). Applying Theorem 6.12 with z := p,
ro :==4r, and w =k (L r~? dg(0)(y, 2))", we obtain

sup  scal(,0) < dg(o)(y, 2) > w(dg(o) (y,2) "' 7)
TEBy(0) (p,r)
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for all r > dg(o)(y,2), where w : [1,00) — [0,00) is a positive and increasing
function that may depend on n and . In particular, if we put r = dg ) (y,2)
and apply the Harnack inequality, we obtain

sup scal(x,t) < dg(O)(y7 Z)_2 w(1),
IGBg(O) (pvdg(()) (y,z))

for all ¢t € (—o00,0]. By Shi’s derivative estimates,

0 —4
aseal(z, t) < C(n, k) dy)(y, 2)

for all t € [—dy(0)(y, 2)?,0]. Moreover, scal(z,0) = dgy)(y,z) "2 by our choice
of z. Therefore, we can find a small positive constant 3, depending only on n
and r, such that scal(z,t) > %dg(o)(y, z)~2 and dyp)(y, 2) < 2dy(0)(y, 2) for all
t € [=Bdy)(y, 2)2,0]. If we apply the Harnack inequality (cf. Corollary 6.3)
with t = —dy)(y, 2)2, then we obtain

1 _
3 dg(0) (¥, 2) 2 < scal(z, 1)

d t (y7 2)2

< exp (57(()_7275)) scal(y, 0)
2d ,2)?

< exp (g((o)_iy)z)) scal(y, 0)
2

e

This finally implies
sup  scal(z,0) < sup scal(z, 0)
:EGBQ(O)(y,T) xeBg(O)(p’T""dg(O)(yvz))

< dg(O) (y7 2)72 w(dg(O) (y7 2)71 T+ 1)
< 2e5 w(\/ﬁe% r+1)

for all » > 0. This completes the proof of Theorem 6.13.

Combining the long-range curvature estimate in Theorem 6.13 with Shi’s
interior derivative estimates, we can bound the m-th covariant derivative of
the Riemann curvature tensor by a constant times scal™>> at each point in
space-time. In particular, we can draw the following conclusion:

COROLLARY 6.14. Given k > 0, we can find a large positive constant
n = n(n, k) with the following property: Let (M, g(t)) be an ancient k-solution.
Then |Dscal| < nscalg and |%scal\ < nscal® at each point in space-time.

We next establish an analogue of Perelman’s compactness theorem for
ancient k-solutions:
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COROLLARY 6.15 (cf. G. Perelman [33, §11.7]). Fiz k > 0 and 6 > 0. As-
sume (M(j), gl (t)) is a sequence of ancient k-solutions satisfying R—6 scal id®
id € PIC. Suppose that z; is a point on M) satisfying scal(zj,0) = 1. Then,
after passing to a subsequence if necessary, the sequence (MU, gl)(t), ;)

converges in the Cheeger-Gromov sense to an ancient k-solution satisfying
R — fscalid ® id € PIC.

Proof. 1t follows from the noncollapsing assumption and the long-range
curvature estimate in Theorem 6.13 that, after passing to a subsequence if nec-
essary, the sequence (M), gU)(t), xj) converges in the Cheeger-Gromov sense
to a smooth nonflat ancient solution (M, ¢g>°(t)). Clearly, (M, g>(t)) is
k-noncollapsed on all scales, is weakly PIC2, and satisfies R — scalid ® id €
PIC. It remains to show that (M°°,¢°°(¢)) has bounded curvature. Since
(M@, gU)(t)) has bounded curvature, the flow (M), g)(t)) satisfies the Har-
nack inequality
gtscal + 2 (Vscal, v) + 2 Ric(v,v) > 0
(cf. Corollary 6.2). Passing to the limit as j — oo, we conclude that the Har-
nack inequality holds on the limit (M, ¢g*(¢)). Consequently, (M, g°°(t))
has bounded curvature by Proposition 6.11.

In the remainder of this section, we establish a structure theorem and a
universal noncollapsing theorem for ancient s-solutions. This was first estab-
lished by Perelman [35] in the three-dimensional case, and it was adapted to
dimension 4 in [12].

Definition 6.16. Let us fix a small number g9 = go(n) and let 0 < e < .
We say that a compact domain  C (M, g) is an e-cap if the following hold:

e The domain (2 is diffeomorphic to B"™, and the boundary 0f) is a cross-
sectional sphere of an e-neck.

e If ) C s a compact domain diffeomorphic to B™ and the boundary 92 is a
cross-sectional sphere of an (g9 — €)-neck, then there exist a diffeomorphism
F :Q — B"™ and an (g9 + ¢)-isometry f : Q0 — S"~! with the property
that F|,g : 0Q — S™1 is isotopic to f.

The second condition in Definition 6.16 will play a crucial role when we
analyze how the diffeomorphism type of the manifold changes under surgery
(see Proposition 8.1 below).

PROPOSITION 6.17. Let (M,g) be a complete, noncompact manifold of
dimension n > 5 which is strictly PIC2. Suppose that ¥ is a cross-sectional
sphere of an eo-neck N in (M,g). Then ¥ bounds a compact domain €.
Moreover, there exists a diffeomorphism F : Q — B™ and an eg-isometry
f:0Q — S"1 with the property that F|pq : 0Q — S"~1 is isotopic to f.
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Proof. By the soul theorem (cf. [10]), M is diffeomorphic to R™. By the
solution of the Schoenflies conjecture in dimension n > 5, 3 bounds a compact
domain €2 that is diffeomorphic to B™. Let us choose a diffeomorphism F : 0 —
B", and let f: 0Q — S™! be an gg-isometry. Without loss of generality, we
may assume that the map F|pqgo f~!: S"~! — S"~! is orientation-preserving.
We claim that the map Flggof~!: 5"t — S"1is isotopic to the identity. To
prove this, let z denote the height function on the neck N, so that {z =0} = X
and {z € [-10,0)} C Q. Moreover, let p(z) = e~ forz € (0, 75]. Let us define
a modified metric g as follows. The metric g agrees with g inside Q. In the
region {z € (0, 20]} we change the metric conformally by § = e 2% g. In the
region {z € (g5, 15)}, We define § = e 2% (x(z) g+ (1—x(2)) g), where g denotes
the standard metric on the cylinder and x : (55, 15] — [0, 1] is a smooth cutoff
function satisfying x(z) = 1 for z € [55, 4] and x(2) = 0 for z € |35, &]. Since
the original metric g is strictly PIC2, the modified metric g will be strictly
PIC2 in the region {z € (0, 75]}. Moreover, the surgically modified metric §
is rotationally symmetric for z € [12, 110} Consequently, we can extend § by
gluing in a rotationally symmetric cap. This can be done in such a way that
the glued metric is strictly PIC2. To summarize, we obtain a closed manifold
that is obtained by gluing two balls, and that admits a metric that is strictly
PIC2. If the map Flsq o f~! is not isotopic to the identity, then this glued
manifold is an exotic sphere, that contradicts the fact that exotic spheres do
not admit metrics that are strictly PIC2 (cf. [8]).

We now state the structure theorem in the noncompact case.

THEOREM 6.18 (cf. G. Perelman [33, Cor. 11.8], Chen-Zhu [12, Prop. 3.4]).
Given € > 0 and 6 > 0, we can find large positive constants C; = C1(n,0,¢)
and Cy = Ca(n,0,¢e) with the following property: Suppose that (M,g(t)) is
a noncompact ancient k-solution satisfying R — Oscalid ® id € PIC that is
not locally isometric to a family of shrinking cylinders. Then, for each point
(zo,to) in space-time, we can find a neighborhood B of xo satisfying

_ _1 _1
Byt (w0, C1 ' scal(wo, to) "2) C B C By (20, C1 scal(zo, to) ™ 2)

and
Cy 1 scal(zo, tg) < scal(z, tg) < Cyscal(xg, to)

for all x € B. Moreover, B satisfies one of the following conditions:

e B is an e-neck with center at xg.
e B is an e-cap in the sense of Definition 6.16.

In particular, (M, g(to)) is ko-noncollapsed for some universal constant kg =

ko(n,0).
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A key point is that the constants C; and C9 in Theorem 6.18 do not
depend on k.

Proof. Tt suffices to prove the assertion for typ = 0. Suppose that xy does
not lie at the center of an e-neck in (M, g(0)). Since (M, g(t)) is not locally
isometric to a family of shrinking cylinders, Corollary 6.7 implies that (M, g(t))
is strictly PIC2. By the soul theorem (cf. [10]), M is diffeomorphic to R™. We
denote by M. the set of all points that do not lie at the center of an §-neck in

(M, g(0)). Note that z¢ lies in the interior of M,.

Step 1: We claim that the closure of M, is compact. If this is false, we can
find a sequence of points x; € M. such that dgg) (2o, xj) — o0o. The long-range
curvature estimate in Theorem 6.13 implies lim;_,o scal(z;,0) dy(o) (o, 7;)?
= 0o. We now dilate the flow (M, g(t)) around the point (z;,0) by the factor
scal(z;,0). By Corollary 6.15, the rescaled flows converge in the Cheeger-
Gromov sense to an ancient k-solution (M, ¢*°(t)) satisfying R — 0 scalid ®
id € PIC. By Proposition 6.8, the manifold (M, g*(0)) splits off a line. Since
the limit (M*°, ¢*(t)) has bounded curvature, Corollary 6.7 implies that the
universal cover of (M, ¢>(t)) is isometric to a family of shrinking cylinders
S~ x R. Therefore, (M, g°>(0)) is isometric to a quotient (S"~1/TI') x R. If
I' is nontrival, then Theorem A.2 in [6] implies that M contains a nontrivial
incompressible (n — 1)-dimensional space form S™~!/I', but this is impossible
since M is diffeomorphic to R™. Thus, T is trivial, and (M*°, g>°(0)) is isomet-

ric to a standard cylinder S~ x R. Consequently, x; lies at the center of an
e_

g-neck if j is sufficiently large. This contradicts the assumption that z; € M-..

Step 2: We now consider an arbitrary point y € OM.. By definition of M,,

[

y lies at the center of an §-neck in (M, g(0)). The Harnack inequality gives
scal(z,t) < scal(x,0) < 2scal(y,0) for all x € Bg(o)(y,scal(y,())_%) and all
t < 0. Using Shi’s derivative estimates, we obtain %seal(y, t) < C(n)scal(y,0)?
for all ¢ € [—scal(y,0)~*,0]. Hence, we can find a small constant 3 = 3(n) > 0
such that scal(y,t) > 1 scal(y,0) and

_1 _n
voly) (Bg(s) (y, scal(y, 0)"2)) > Biscal(y,0) 2

for all ¢ € [~Bscal(y,0)~!,0]. Applying Theorem 6.12, we obtain
scal(w, 0) < scal(y, 0) w(scal(y, 0) dy(o) (z, 1)?)

for all z € M, where w : [0,00) — [0, 00) denotes a positive function that does
not depend on «. Using the Harnack inequality, we conclude that

scal(z,t) < scal(y, 0) w(scal(y, 0) dg(o)(z, y)?)

for all x € M and all ¢t <O0.
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Step 3: We again consider an arbitrary point y € 0M.. Recall that y
lies at the center of an $-neck in (M, g(0)). By work of Hamilton [21], a neck
admits a unique foliation by constant mean curvature (CMC) spheres. Let 3,
denote the leaf of the CMC foliation of (M, g(0)) that passes through y. By
Proposition 6.17, 3, bounds an e-cap, which we denote by €.

We next show that scal(y,0) diamg ) (2,)* < C, where C' depends on
n, 0, and €, but not on x. The proof is by contradiction. Suppose that
(M @), g(j)(t)) is a sequence of noncompact ancient rj-solutions that satisfy
R—0scalid®id € PIC and that are not locally isometric to a family of shrink-
ing cylinders. Suppose further that y; € M () is a sequence of points such that
y; € 8M€(j) and scal(y;, 0) diamg<j)(0)(9yj)2 — 00, where €. denotes the region
in (MY, gl9)(0)) that is bounded by the CMC sphere passing through y;. We
dilate the flow (M), gU)(t)) around the point (y;,0) by the factor scal(y;,0).
Using the long-range curvature estimate established in Step 2, we conclude
that, after passing to a subsequence if necessary, the rescaled manifolds con-
verge to a complete, smooth, nonflat ancient solution (M, ¢>°(t)) that is
weakly PIC2 and satisfies R — 60 scalid®id € PIC. Since y; € 8Mg(j) for each j,
the limit yo, := limj ;o y; lies at the center of an §-neck in (M, g*°(0)).
Since scal(y;, 0) diamg) g (Qy,)* — oo, the manifold (M, ¢>°(0)) contains a
minimizing geodesic line. By the Cheeger-Gromoll splitting theorem (cf. [9]),
the manifold (M, ¢°°(0)) is isometric to a product X xR. Since yo lies at the
center of an §-neck, the cross-section X is compact and is nearly isometric to
S"=1. In particular, (M, ¢g°°(0)) has bounded curvature. By Corollary 6.7,
(M>°,g>®(t)) is isometric to family of shrinking cylinders S"~! x R. Therefore,

if j is sufficiently large, then y; lies at the center of an g-neck. This contradicts

: 8
the fact that y; lies on the boundary of ME(J ),

Step 4: By Step 3, we have scal(y,0) dgo)(z, y)2 < C for all y € M, and
all x € Q,, where C is a positive constant that depends only on n, , and €, but
not on k. Combining this estimate with the long-range curvature estimate in
Step 2, we conclude that scal(z,t) < C'scal(y, 0) and scal(y, 0) dy)(z, y)?2<C
for ally € OM., all z € Q,, and all t € [—Bscal(y,0)~1,0]. Here, C is a positive
constant that depends only on n, 6, and ¢, but not on x. Using the Harnack
inequality (cf. Corollary 6.3), we obtain

1 1
scal(z,0) > ol scal(y, —Bscal(y,0) 1) > %scal(y,O)

for all y € 9M, and all x €2, where C depends only on n, 6, and €, but not on «.

Step 5: Finally, we claim that we can find a point y € 0M,. such that
zo € Q. To prove this, let v : [0,00) — (M, g(0)) be a minimizing unit-speed
geodesic with v(0) = zg. We define 5 := sup{s € [0,00) : y(s) € M.}. Note
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that § > 0 since xg lies in the interior of M, and § < oo since the closure
of M. is compact. Let gy := 7(5). Clearly, § € OM.. In particular, 7 lies
at the center of an §-neck. Since xo does not lie at the center of an e-neck,

we must have dg)(zo,y) > 100n Scal(g,O)_%. We claim that zo € Q. Sup-
pose this is false. Then the curve v must enter and exit the cap €);. More
precisely, we have v(0) ¢ Q5 U Bgy()(y, 100n scal(y, 0)_%), v(5) € Qg, and
v(s) ¢ Qg U By)(y, 100n scal(y, 0)_%) when s is sufficiently large. This is
impossible since v minimizes length. Consequently, g € ;. The inequal-
ity dgoy(w0,¥) > 100nscal(y,0)_% implies By o) (o, C ' scal(y, 0)_%) C Q.
Moreover, the diameter estimate in Step 3 gives Q5 C By o) (0, C scal(y, 0)7%).
Here, C is a positive constant that depends only on n, €, and e, but not
on k. Finally, by Step 4, we can estimate scal(xg,0) from above and be-
low in terms of scal(y,0). Putting these facts together, we conclude that
By (o) (w0, C! SC&](ZL’(),O)_%) C Qg and Qy C Byg)(zo, Cscal(y, 0)_%), where
C' is a positive constant that depends only on n, 8, and e, but not on . To
summarize, the set B := ()5 has all the required properties.

THEOREM 6.19 (cf. G. Perelman [33], Chen-Zhu [12]). Fiz 6 > 0. We
can find a constant ko = ko(n,0) such that the following holds: Suppose that
(M, g(t)) is an ancient k-solution for some k > 0, which in addition satisfies
R — fOscalid ® id € PIC. Then either (M,g(t)) is ko-noncollapsed for all t;
or (M,g(t)) is a metric quotient of the round sphere S™; or (M,g(t)) is a
noncompact metric quotient of the standard cylinder S"~! x R.

Proof. If M is noncompact, the assertion follows from Theorem 6.18.
Hence, we may assume that M is compact. Moreover, we may assume that
(M, g(t)) is not a metric quotient of the round sphere S™. The noncollapsing
assumption implies that (M, g(t)) cannot be a compact quotient of a standard
cylinder. By Corollary 6.7, (M, g(t)) is strictly PIC2.

Consider a sequence of times t; — —oo and a sequence of points ¢; € M
such that £(gj,t;) < n, where £ denotes the reduced distance. By Perelman’s
work, ((z,t;) + (~t;) R(z,t;) < C(n) for all & € By, (q;, (—t;)7). If we
dilate the flow (M, g(t)) around the point (gj,t;) by the factor (—t;)~!, then
the rescaled flows converge to a complete ancient solution (M, g(t)) (cf. [33,
§11.2]). Perelman proved that the limit (M, g(t)) is a nonflat shrinking gradient
Ricci soliton. Clearly, (M, g(t)) is x-noncollapsed, weakly PIC2, and satisfies
R — fscalid ® id € PIC. Moreover, since the Harnack inequality holds on
(M, g(t)), it holds on the limit (M, g(t)). By Proposition 6.11, (M, g(t)) has
bounded curvature. We distinguish two cases:

Case 1: We first consider the case that M is compact. A shrinking soliton
(M, g(t)) cannot be isometric to a compact quotient of a standard cylinder. By
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Corollary 6.7, (M, g(t)) is strictly PIC2. Since (M, g(t)) is a shrinking soliton,
results in [8] imply that (M,g(t)) must be isometric to a metric quotient of
the round sphere S™. Consequently, the original ancient solution (M, g(t)) is
a metric quotient of S™, contrary to our assumption.

Case 2: Suppose next that M is noncompact. In view of Theorem 6.18,
there are two possibilities: either (M, g(t)) is ko-noncollapsed for some uni-
versal constant kg = rkq(n,#), or else (M, g(t)) is isometric to a noncompact
quotient of the standard cylinder. The second case can be divided into two
subcases:

e If the dimension n is odd and M is a noncompact quotient (S"~! x R)/T,
then there are only finitely many possibilities for the group I', and the
resulting quotients are all noncollapsed with a universal constant.

e If the dimension n is even and M is a noncompact quotient (S"~! x R)/T,
then the center slice (S"~! x {0})/I is incompressible in M by Theorem
A1 in [6]. Moreover, since (M, g(t)) is strictly PIC2, the fundamental
group of M has order at most 2 by Synge’s theorem. Hence, there are
only finitely many possibilities for the group I', and the resulting quotients
(S"~! x R)/T" are noncollapsed with a universal constant.

To summarize, we have shown that the asymptotic shrinking soliton (M, g(t)) is
noncollapsed with a universal constant that depends only on n and #. This im-
plies lim inf; oo (—t;)"2 volg(t].)(Bg(tj)(qj, (—tj)%)) > ﬁ. Hence, if V (t) =
S (—t)72 e~ dvoly(;) denotes the reduced volume, then liminf; . V(t;) >
%. Perelman’s monotonicity formula gives V(t) > ﬁ. Thus, (M, g(t))
is noncollapsed with a universal constant that depends only on n and 6.

COROLLARY 6.20. Fiz 6§ > 0. We can find a constant n = n(n,0) such
that the following holds: Suppose that (M, g(t)) is an ancient k-solution for
some k > 0, which in addition satisfies R—6 scalid®id € PIC. Then |Dscal| <
nscalg and \%scaﬂ < nscal® at each point in space-time.

Proof. If (M, g(t)) is a metric quotient of S™ or S"~! x R, the assertion
is trivial. Otherwise, Theorem 6.19 implies that (M, g(¢)) is an ancient xg-

solution, where kg depends only on n and 6. Hence, the assertion follows from
Corollary 6.14.

THEOREM 6.21 (cf. G. Perelman [35, §1.5]). Given ¢ > 0 and 6 > 0,
there exist positive constants C1 = C1(n,0,¢) and Cy = Cy(n,0,e) such that
the following holds: Assume that (M, g(t)) is an ancient k-solution satisfying
R — Oscalid ® id € PIC. Then, for each point (xo,to) in space-time, there
exists a neighborhood B of x¢ such that Bg(to)(ato,Cl_l scal(xo,to)_%) C BcC
By () (w0, C1 scal(wo, to)fé) and Cy ' scal(zo,ty) < scal(x,ty) < Coscal(zg,to)
for all x € B. Finally, B satisfies one of the following conditions:
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e B is an e-neck with center at xg.

e B is an e-cap.

e B is a closed manifold diffeomorphic to S™/T .

e B is an e-quotient neck of the form (S"~* x [-L, L])/T.

Proof. If M is noncompact, the assertion follows from Theorem 6.18.
Hence, it suffices to consider the case when M is compact. As usual, it is
enough to consider the case tg = 0. Suppose that the assertion is false. Then
we can find a sequence of compact ancient r;-solutions (M), g\0)(t)) satis-
fying R — 0scalid ® id € PIC and a sequence of points z; € M) with the
following property: There does not exist a neighborhood B of x; with the
property that Bg(j>(0)(xj,j_1 scal(z;, O)*%) C B C By (g (@j, j scal(z;, 0)7%),
j1scal(z;,0) < scal(x,0) < jscal(z,0) for all z € B, and such that B is
either an e-neck with center at x;; or an e-cap; or a closed manifold diffeomor-
phic to S™/I'; or an e-quotient neck. By scaling, we may assume scal(z;,0) =1
for each j.

The noncollapsing assumption implies that (M), gU)(t)) cannot be iso-
metric to a compact quotient of the standard cylinder. By Corollary 6.7,
(M) gl9)(t)) is strictly PIC2. Clearly, (M), gU)(t)) cannot be isometric to a
quotient of a round sphere. By Theorem 6.19, (M (@), ¢l (t)) is ko-noncollapsed
for some uniform constant kg that is independent of j.

We now apply the compactness theorem for ancient xg-solutions (cf. Corol-
lary 6.15) to the sequence (M), g()(¢), z;). Consequently, after passing to a
subsequence if necessary, the sequence (M), g9 (¢), xj) will converge in the
Cheeger-Gromov sense to an ancient kg-solution satisfying R — #scalid ® id €
PIC. Let us denote this limiting ancient kg-solution by (M, ¢*°(t)), and let
Too denote the limit of the sequence x;. There are two possibilities:

Case 1: We first consider the case that M is compact. In this case,
the diameter of (M), ¢\9)(0)) has a uniform upper bound independent of ;.
Therefore, if j is sufficiently large, then BY) := M) is a neighborhood of
the point z; satisfying Bg<j)(0)(xj,j_1) c BY ¢ Bg<j)(0)(:cj,j) and j7! <
scal(z,0) < j for all z € BU). Since (MU, gU)(t)) is strictly PIC2, results
in [8] imply that BY) = MU) is diffeomorphic to S™/I'. This contradicts our
choice of z;.

Case 2: We now consider the case that M is noncompact. If (M, g>°(¢))
is isometric to a noncompact quotient of the standard cylinder, then, for j large
enough, the point x; lies at the center of an e-neck or it lies on an e-quotient
neck. This contradicts our choice of x;. Consequently, (M, ¢>(t)) is not
isometric to a quotient of the standard cylinder. At this point, we apply
Theorem 6.18 to (M*°,¢g>°(t)) (and with ¢ replaced by 5). Therefore, we can
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find a neighborhood B> C M of the point z, satisfying Byec (o) (%oo, Cl_l) -
B> C Byeo(0)(Too, C1) and Cy ' < scal(x,0) < Cy for all z € B®. Further-
more, B> is either an §-neck with center at z,, or an §-cap. Hence, if we
choose j sufficiently large, then we can find a neighborhood BY) ¢ M) of
the point x; satisfying Bg<j)(0)(acj,(201)_1) c BU ¢ B i) (0y(25,2C1) and
(2C5)~" < scal(z,0) < 20, for all z € BY. Furthermore, BU) is either an
e-neck with center at z; or an e-cap. This contradicts our choice of ;.

For the purpose of the surgery construction, we will need the following
refinement of Theorem 6.21:

COROLLARY 6.22 (cf. G. Perelman [35, §1.5]). Given € > 0 and 6 > 0,
there exist positive constants C1 = C1(n,0,e) and Cy = Ca(n,0,e) such that
the following holds: Assume that (M, g(t)) is an ancient k-solution satisfying
R — fscalid ® id € PIC. Then, for each point (zo,to) in space-time, there
exists a neighborhood B of xo such that Bg(to)(xo,Cl_l scal(aco,to)f%) C BC
Byt (w0, C1 scal(wo, to)fé) and Cy ' scal(zg, tg) < scal(x,tg) < Coscal(zg,to)
for all x € B. Finally, B satisfies one of the following conditions:

B is a strong e-neck (in the sense of [35]) with center at xy.
B is an e-cap.

B is a closed manifold diffeomorphic to S™/T.

B is an e-quotient neck of the form (S~ x [~L, L])/T.

Proof. Given € > 0, we can find a positive real number ¢ < ¢, depending
only on n, 6, and € such that, if (z¢, %) lies at the center of an &-neck, then
(zo,to) lies at the center of a strong e-neck. Hence, the assertion follows from
Theorem 6.21.

7. A Canonical Neighborhood Theorem for Ricci flows starting
from initial metrics with positive isotropic curvature

In this section, we consider a solution of the Ricci flow starting from
a compact manifold of dimension n > 12 with positive isotropic curvature.
Our goal is to establish an analogue of Perelman’s Canonical Neighborhood
Theorem. We begin with a definition:

Definition 7.1. Assume that f : [0,00) — [0, 00) is a concave and increas-
ing function satisfying limg_, @ = 0, and 0 is a positive real number. We say
that a Riemannian manifold has (f, #)-pinched curvature if R+ f(scal) id®id €

PIC2 and R — 0scalid ® id € PIC.

If (M,gp) is a compact manifold of dimension n > 12 with positive
isotropic curvature, then Corollary 1.3 implies that the subsequent solution to
the Ricci flow has (f, #)-pinched curvature for some suitable choice of f and 6.
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THEOREM 7.2 (cf. G. Perelman [33, Th. 12.1]). Let (M, go) be a compact
manifold with positive isotropic curvature of dimension n > 12, which does not
contain any nontrivial incompressible (n — 1)-dimensional space forms. Let
g(t), t € [0,T), denote the solution to the Ricci flow with initial metric go.
Given a small number € > 0 and a large number Ay, we can find a positive
number 7 with the following property: If (zo,to) is a point in space-time with
Q := scal(zg,tg) > 772, then the parabolic neighborhood Bg(to)(mo,AoQ_%) X
[to — AoQ ™1, to] is, after scaling by the factor Q, é-close to the corresponding
subset of an ancient k-solution satisfying R — @ scalid ® id € PIC.

The proof of Theorem 7.2 is an adaptation of Perelman’s work [33]. (See
also [12], where the four-dimensional case is treated.) By Corollary 1.3, the flow
(M, g(t)) has (f, 8)-pinched curvature for some function f satisfying limg_; o ! f:)
= 0 and some constant # > 0. Let us fix a small number € > 0, and let
Cy = C1(n,0,¢) and Cy = Ca(n,0,¢) denote the constants in Corollary 6.22.
It suffices to prove the assertion when Ay > 8C7 and € is much smaller than
€. To do that, we argue by contradiction. If the assertion is false, then we can

find a sequence of points (x;,t;) in space-time with the following properties:

(i) Q; = scal(zj,t;) > j°.
(ii) After dilating by the factor @;, the parabolic neighborhood

1
By, (5, AoQ; 2) X [t; — AoQ; ", 1]

is not é-close to the corresponding subset of any ancient x-solution satis-
fying R — fscalid ® id € PIC.

By a point-picking argument, we can arrange that (x;,t;) satisfies the following
condition:

(iii) If (#,%) is a point in space-time such that < t; and Q := scal(Z,1) > 4Q);,
then the parabolic neighborhood B, ; (2, AOQ_%) x [t— AgQ~1, 1] is, after
dilating by the factor @, é-close to the corresponding subset of an ancient
k-solution satisfying R — fscalid ® id € PIC.

Our strategy is to rescale the flow (M, g(t)) around the point (x;, t;) by the fac-
tor ;. We will show that the rescaled flows converge to an ancient x-solution
satisfying R — fscalid ® id € PIC. To that end, we proceed in several steps:

Step 1: We first establish a pointwise curvature derivative estimate. By
Corollary 6.20, we can find a large constant 1, depending only on n and 8, such
that | Dscal| < nscalg and ]%scaﬂ < nscal? on every ancient x-solution. Using
property (iii) above, we conclude that | Dscal| < 27 scal? and |%seal[ < 2 scal?
for each point (x,t) in space-time satisfying ¢t < t; and scal(z,t) > 4Q);.
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Step 2: We next prove bounds for the higher order covariant derivatives
of the curvature tensor. Suppose that (z,t) is a point in space-time satisfy-

ing scal(z,t) + Q; < rg 2. The pointwise curvature derivative estimate in Step
_i)

100n/°
Using Shi’s interior derivative estimates, we conclude | D™ R| < C/(n, m, n)rg™ >
at the point (xzg, to).

1 implies that scal < 8ry 2 in the parabolic neighborhood P (z0, to, 16—8",

Step 3: We next prove a long-range curvature estimate. Given any p > 0,
we define
M(p) = lim sup sup Qj_l scal(z,t;).
j—r00 -1
IeBg(tj)(xjvaj 2)
Here, we allow the possibility that M(p) = oco. The pointwise curvature deriv-
ative estimate in Step 1 implies that M(p) < 8 for 0 < p < ﬁ.

We claim that M(p) < oo for all p > 0. Suppose this is false. Let
p* =sup{p>0:M(p) < 0} < 0.

Clearly, p* > ﬁ. By definition of p*, we have an upper bound for the curva-

ture in the geodesic ball Bg(tj)(:z:j, ij_%) for each p < p*. By Step 2, we obtain
bounds for thelcovariant derivatives of the curvature tensor in the geodesic ball
Bg(tj)(xj, pQ{E) for each p < p*. Moreover, Perelman’s noncollapsing estimate
gives a lower bound for the volume. We rescale around (xj,t;) by the factor
Q; and pass to the limit as j — oo. In the limit, we obtain an incomplete
manifold (B, g*°) that is weakly PIC2 (cf. [31, Th. 5.6]).

By definition of p*, we can find a sequence of points y; such that

1
pj = QF dyq;y (), y5) — p* and Qj_l scal(y;,t;) — oo.

_1
For each j, we can find a unit speed geodesic v; : [0, p;Q; *] — (M, g(t;)) such

_1
that v;(0) = z; and v;(p;Q; *) = y;. Let 7o0 1 [0, p*) — (B>, g>°) denote the
limit of ;. Using the pointwise curvature derivative estimate in Step 1, we
obtain

scalgee (Yoo (5)) = Jim Q;! scal(fyj(sQ;%),tj) > (n(p* —s))"2>100

Let us consider a real number s € [p*— ﬁ, p*) such that 8C1n(p*—3) < s.

_1
We claim that v;(5Q; ?) lies at the center of a 2e-neck if j is sufficiently large
(depending on §). Indeed, if j is sufficiently large, it follows from property (iii)

1
and Corollary 6.22 that the point (v;(5Q); *),t;) has a Canonical Neighborhood
that is either a 2e-neck; or a 2e-cap; or a closed manifold diffeomorphic to S™ /T
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or a 2e-quotient neck. Furthermore, the Canonical Neighborhood is contained
_1 _1
in a geodesic ball around ;(5Q; *) of radius 2C scal(v;(5Q; 2),tj)*%7 and
1

the scalar curvature is at most 2C, scal(’yj(EQgg),tj) at each point in the
Canonical Neighborhood. Since M(5) < oo, we obtain

_1
lim scal(v;(5Q; 2),t5) " scal(y;, t;) = oo;
j—o0

1
consequently, scal(y;,t;) > 4Cyscal(v;(5Q; *).t;) if j is sufficiently large.

Hence, if j is sufficiently large, then the Canonical Neighborhood does not
contain the point y;. We next observe that

8C scalgeo (700(5))_% < 8Cin(p* —3) <.

1 _1
This implies 4C scal('yj(EQj 2)715]-)7% < 5Q; ? if j is sufficiently large. Hence,
if j is sufficiently large, then the Canonical Neighborhood does not contain
the point z;. In particular, if j is sufficiently large, then the Canonical Neigh-
1
borhood of (v;(5Q; *),t;) cannot be a closed manifold diffeomorphic to S™/I".

_1
Moreover, if the Canonical Neighborhood of (vj(EQj ?),tj) is a 2e-cap, then
the geodesic v; must enter and exit this 2e-cap, but this is impossible since

7; minimizes length. Finally, if the Canonical Neighborhood of ('yj(EQ;%), t;)
is a quotient neck, then Theorem A.l in [6] implies that M contains a non-
trivial incompressible (n — 1)-dimensional space form, contrary to our assump-
tion. To summarize, if j is sufficiently large (depending on §), then the point

1
(7(5Q; ?),t;) has a Canonical Neighborhood that is a 2e-neck. In particular,
if j is sufficiently large (depending on s), then we have |Dscal| < C(n)e scal2
_1

at the point (v;(5Q; *),t;).

Passing to the limit as j — 0o, we conclude that |Dscalge| < C(n)e scal 2«
at the point 7., (5). Integrating this estimate along v gives scalge (Vo0(5)) >

1

lwo

Qv

(C(n)e(p*—5))~2. Moreover, since (’yj(EQj_E), tj) lies at the center of a 2e-neck
for j sufficiently large, the point v (5) must lie on a C(n)e-neck in (B>, g*).

As in [33, §12.1], there is a sequence of rescalings that converges to a piece
of a nonflat metric cone in the limit. Using the pointwise curvature derivative
estimate established in Step 1, we can extend the metric backwards in time.
This gives a locally defined solution to the Ricci flow that is weakly PIC2
and that, at the final time, is a piece of nonflat metric cone. This contradicts
Proposition 6.5.

Step 4: 'We now rescale the manifold (M, ¢g(t;)) around the point z; by the
factor );. By Step 3, we have uniform bounds for the curvature at bounded
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distance. Using the curvature derivative estimate in Step 1 together with
Shi’s interior derivative estimates, we conclude that the covariant derivatives
of the curvature tensor are bounded at bounded distance. Combining this
with Perelman’s noncollapsing estimate, we conclude that (after passing to a
subsequence) the rescaled manifolds converge in the Cheeger-Gromov sense to a
complete smooth limit manifold (A/°°, g*°). Since (M, g(t;)) has (f,#)-pinched
curvature, the curvature tensor of (M, g*°) is weakly PIC2 and satisfies R —
O scalid ® id € PIC. Using property (iii) and Corollary 6.22, we conclude that
every point in (M, g*°) with scalar curvature greater than 4 has a Canonical
Neighborhood that is either a 2e-neck; or a 2e-cap; or a 2e-quotient neck. Note
that the last possibility cannot occur; indeed, if (M°, g*°) contains a quotient
neck, then (M, g(t;)) contains a quotient neck for j sufficiently large, and
Theorem A.1 in [6] then implies that M contains a nontrivial incompressible
(n — 1)-dimensional space form, contrary to our assumption.

We claim that the limit manifold (M, ¢*>°) has bounded curvature. In-
deed, if there is a sequence of points in (M, ¢g*°) with curvature going to
infinity, then (M®°,¢°) contains a sequence of necks with radii converging
to 0, contradicting Proposition 6.9. Thus, (M, ¢*°) has bounded curvature.

Step 5: We now extend the limit (M°, g°°) backwards in time. By Step 4,
the scalar curvature of (M, ¢*°) is bounded from above by a constant A > 4.
Using the pointwise curvature derivative estimate in Step 1, we conclude that

lim sup sup Qj_l scal(z,t) < 2A

oo -3 R
(xvt)eBg(tj)(mijQj )X[tj_WQj 1tj]

for each A > 1. Hence, if we put 7 := —m, then we can extend (M, g*)
backwards in time to a complete solution (M°, g*°(t)) of the Ricci flow that
is defined for ¢ € [r1,0] and satisfies Ay := sup;¢,, o) SUPpse Scalgoo(y < 2A.
In the next step, we put m» = 7 — m. Using the pointwise curvature
derivative estimate in Step 1, we can extend the solution (M, ¢*), t € [11,0],
backwards in time to a solution (M®°,¢g*>(t)), t € [r2,0]. Moreover, Ay :=
SUD;[ry,0] SUP Ao scalgoo(;y < 2A1. Continuing this process, we can extend the
solution backwards in time to the interval [7,,, 0], where 7,41 := 7oy, — m
and Apit1 := SUPselr,,,, 0] SUParoe SCalgoo(p) < 2A4,.

Let 7* = limy 00 T < —m. Using a standard diagonal sequence
argument, we obtain a complete, smooth limit flow (M, g*°(t)) that is defined
on the interval (7%, 0] and that has bounded curvature for each ¢t € (7*,0]. Since
(M,qg(t)) has (f,0)-pinched curvature, the curvature tensor of the limit flow
(M=, g>(t)) is weakly PIC2 and satisfies R — #scalid ® id € PIC.

Step 6: We claim that 7% = —oo. To prove this, we argue by contradiction.
Suppose 7" > —oo. Clearly, lim, o0 (T, — Tim+1) = 0, hence limy, 00 Ay, = 0.
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By the Harnack inequality (cf. Theorem 6.1 above), the function ¢
(t — 7%)scalgeo(s)(z) is monotone increasing at each point x € M. Since
scalgoo(0)(z) < A for all x € M, we obtain

*

—T
scalgoo () () < P

for all x € M* and all t € (7*,0]. Using Lemma 8.3(b) in [33], we conclude
that

d —T*
0< —angO(t)(nyy) <C(n) P

for all x,y € M and all t € (7%, 0]. Integrating over ¢ gives
dyoo(0) (2, ) < dyoo () (2, y) < dyoo(oy(@,y) + C(n) (—7°) VA

for all z,y € M and all ¢t € (7%,0].
By the maximum principle,

]{?Ofo scalgoo () < ﬁli} scalgoo gy <1

for all t € (7*,0]. Hence, we can find a point y., € M such that scalgec () (yoo)
<4fort=71"+ m € (7%,0]. Using the pointwise curvature derivative
estimate in Step 1, we obtain scaljec (4 (yoo) < 8 for all t € (77, 7% + m]. In
particular, scalgoo(Tm)(yoo) < 8 if m is sufficiently large. Arguing as in Step 3,
we can show that

lim sup sup scalgoo(7,,) < 00
M09 Bioo ;1 (Yoo, A)
for every A > 1.

Consequently, a subsequence of the manifolds (M, ¢*°(7,), Yoo) con-
verges in the Cheeger-Gromov sense to a complete, smooth limit. If this limit
manifold has unbounded curvature, then (by property (iii) above) it contains
a sequence of necks with radii converging to 0, contradicting Proposition 6.9.
Therefore, a subsequence of the manifolds (M, ¢*°(7,,), Yoo) converges in the
Cheeger-Gromov sense to a complete, smooth limit with bounded curvature.
Consequently, we can find a constant A* > A (independent of A) such that

lim inf sup scal oo < A*

m—00 Bgoo(rm)(yoo,A) 9°°(Tm )
for every A > 1. Using the distance estimate, we obtain Bgeo () (Yoo, 4) C
Bgoo (1) (Yoo, A + C(n) (—=77) V/A). Putting these facts together, we conclude
that

lim inf sup scal o0 < A*
9°°(Tm) =
m—00 BQOO(())(yomA)
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for every A > 1. Hence, for each A > 1, we can find a large integer m
(depending on A) such that 7,,, € (7%, 7" + W] and

sup scalgoo(7,,) < 2A%.
Bgoo (0 (Yoo, A)

Using the pointwise derivative estimate in Step 1, we obtain

sup sup scalgoo () < 4A
tE(T*,T*+W} Bgoo (0) (Yoo, A)

for every A > 1. Since A* is independent of A, we conclude that

sup sup scalgoo () < 4A™.
tE(T* T+ 100017]/\* ] Mee

Therefore, the flow (M, ¢>(t)), t € (7%,0], has bounded curvature. This
contradicts the fact that lim,, ..o Ay = 0o. Thus, 7 = —cc.

To summarize, if we dilate the flow (M, g(t)) around the point (x;,t;)
by the factor @;, then (after passing to a subsequence), the rescaled flows
converge in the Cheeger-Gromov sense to an ancient s-solution (M, g>(t)),
t € (—o00,0], satisfying R — fscalid ® id € PIC. Here, x depends only on
the initial data. This contradicts statement (ii). This completes the proof of
Theorem 7.2.

Finally, by combining Theorem 7.2 with Theorem 6.22, we can draw the
following conclusion:

COROLLARY 7.3 (cf. G. Perelman [33, Th. 12.1]). Let (M, go) be a compact
manifold with positive isotropic curvature of dimension n > 12, which does not
contain any nontrivial incompressible (n — 1)-dimensional space forms. Let
g(t), t € [0,T), denote the solution to the Ricci flow with initial metric go.
Given any € > 0, there exists a positive number T with the following property:
If (z0,t0) 4s a point in space-time with Q := scal(zg,to) > 772, then we can
find a neighborhood B of x¢ such that

By(ty)(z0, (207)7! scal(xg,to)*%) C B C By1y) (o, 2C1 scal(xo,to)*%)
and
(2C%) "L scal(zg, to) < scal(z, tg) < 20y scal(zo, to)
for all x € B. Furthermore, B satisfies one of the following conditions:

e B is a strong 2e-neck (in the sense of [35]) with center at x.
e B is a 2e-cap in the sense of Definition 6.16.
e B is a closed manifold diffeomorphic to S™/T .

Here, C1 = Cy(n,0,e) and Cy = Cy(n,0,e) are the constants appearing in
Corollary 6.22. Finally, we have |Dscal| < 2n scal? and |%scal| < 2nscal® at
the point (zg,to), where n is a constant that depends only on n and 0.
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8. The behavior of the flow at the first singular time

Throughout this section, we fix a compact initial manifold (M, go) of di-
mension n > 12 that has positive isotropic curvature and does not contain
any nontrivial incompressible (n — 1)-dimensional space forms. Let (M, g(t))
be the solution of the Ricci flow with initial metric go, and let [0,7") de-
note the maximal time interval on which the solution is defined. Note that

T < 2inf1€1\fscal(x,0)'
closed, convex, O(n)-invariant sets {F; : t € [0,7]} such that the family
{F : t € [0,T]} is invariant under the Hamilton ODE 4R = Q(R); the

curvature tensor of (M, go) lies in the set Fo; and

By Theorem 1.2, we can find a continuous family of

Fi C{R: R—0scalid ®id € PIC}
A{R: R+ f(scal)id ®id € PIC2}

for all t € [0,T]. Here, f is a concave and increasing function satisfying
limg_, 0 fis) = 0, and 6 and N are positive numbers. Note that f, 8, and N
depend only on the initial data. By Hamilton’s PDE-ODE principle (cf. [14,
Th. 3], or [13, Th. 10.16]), the curvature tensor of (M, g(t)) lies in the set F;
for each t € [0, 7).

By Corollary 7.3, every point in space-time where the scalar curvature is
sufficiently large admits a Canonical Neighborhood that is either a 2e-neck;
or a 2e-cap; or a closed manifold diffeomorphic to S™/I'. Let p be a small
positive number with the property that every point with scal > i p~2 satisfies
the conclusion of the Canonical Neighborhood Theorem. In particular, we have

| Dscal| < 2n scal? and |%scal| < 2nscal? whenever scal > 1 p2. We define

Q:={r € M : limsupscal(z,t) < co}.
t—T
The pointwise curvature derivative estimate implies that €2 is an open subset
of M. Using the pointwise curvature derivative estimate together with Shi’s
interior estimates, we conclude the metrics g(¢) converge to a smooth metric
g(T') on €. Following [33], we consider the set

Q, = {z € M : limsupscal(z,t) < p~ 2} = {z € Q:scal(z,T) < p 2}
t—=T

We distinguish two cases:

Case 1: Suppose that Q, = (. Using the inequality ]%seal\ < 2nscal?,
we obtain inf,eps scal(x,t) > %p‘z if ¢ is sufficiently close to T'. Hence, if
t is sufficiently close to T', then every point in (M, g(t)) admits a Canoni-
cal Neighborhood that is either a 2e-neck; or a 2e-cap; or a closed manifold
diffeomorphic to S™/T.
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Case 2: Suppose now that 2, # (). The Canonical Neighborhood Theorem
guarantees that every point in © \ Q, lies either on a 2e-tube with boundary
components in 2,; or on a 2e-cap with boundary in €2,; or on a 2e-horn with
boundary in €2,; or on a double 2e-horn; or on a capped 2e-horn; or on a closed
manifold diffeomorphic to S™/T". (Here, we use the definitions from Perelman’s
paper [35].) Following Perelman [35], we perform surgery on each 2e-horn with
boundary in €2,. We discard all double 2e-horns, all capped 2¢-horns, and all
closed manifolds diffeomorphic to S™/T". We leave unchanged all the 2e-tubes
with boundary in €,, and all 2e-caps with boundary in €2,.

PROPOSITION 8.1. The pre-surgery manifold M is diffeomorphic to a con-
nected sum of the post-surgery manifold with a finite collection of standard
spaces, each of which is a quotient of S™ or S"~' x R by standard isometries.

Proof. Suppose first that €, = 0. In this case, M is diffeomorphic to
either a quotient of S™ by standard isometries; or a tube with caps attached
on both sides; or an S" !-bundle over S! with a fiberwise round metric. In
the second case, Definition 6.16 ensures that M is diffeomorphic to S™. To
handle the third case, we note that that there are two S™ '-bundles over S*
with a fiberwise round metric. One of them is orientable, the other one is not.
Both are diffeomorphic to quotients of S"~! x R by standard isometries. To
summarize, M is diffeomorphic to a quotient of S™ or a quotient of S*~! x R
by standard isometries.

Suppose next that €, # (). In this case, we can recover the pre-surgery
manifold M from the post-surgery manifold as follows. We first reinstate
the components that were discarded after surgery. More precisely, we form a
disjoint union of the post-surgery manifold and a finite collection of standard
spaces, each of which is a quotient of S™ or S~ ! x R by standard isometries.
In the next step, we reverse the surgery by gluing in finitely many handles
of the form S™~! x I. Note that, as we glue in these handles, the attaching
maps are nearly isometric. Thus, the pre-surgery manifold is diffeomorphic to
a connected sum of the post-surgery manifold with finitely many quotients of
S™ and S"~! x R. This completes the proof of Proposition 8.1.

In the remainder of this section, we show that the surgery procedure pre-
serves our curvature pinching estimates, provided that the surgery parameters
are sufficiently fine.

PROPOSITION 8.2. Suppose that the curvature tensor of a d-neck lies in
the set F prior to surgery. If 0 is sufficiently small and the curvature of
the neck is sufficiently large, then the curvature tensor of the surgically mod-
ified manifold lies in the set Fy. Moreover, the scalar curvature is pointwise
increasing under surgery.
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Proof. Suppose that the scalar curvature of the neck is close to h™2, where
h is small. Let us rescale by the factor h~! so that the scalar curvature of
the neck is close to 1 after rescaling. Let us, therefore, assume that ¢ is a
Riemannian metric on S"~! x [—10, 10] that is close to the round metric with
scalar curvature 1, and that has curvature in the set h2F;,. We first recall
the definition of the surgically modified metric g (cf. [21, §4.1]). To that end,
let z denote the height function on S"~! x [~10,10], and let (z) = e = for
z € (0, %] In the region S"~!x[~10, 0], the metric is unchanged under surgery,
i.e., g = g. Intheregion S 1x(0, 2%], we change the metric conformally by g =
e~2% g. In the region S"~! x (5, 15, we define § = =2 (x(2) g+ (1 —x(2)) 9),
where g denotes the standard metric on the cylinder and x : (g5, 15) — [0, 1]
is a smooth cutoff function satisfying x(z) = 1 for z € [g5, 15| and x(z) = 0
for z € [%, %0] In particular, the surgically modified metric g is rotationally
symmetric for z € [%, 1—10] Hence, we may extend g by gluing in a rotationally
symmetric cap.

We now analyze the curvature of the surgically modified metric g. It
suffices to consider the case when z > 0 is small. In this region, § = e 2%g.
Let {e1,...,e,} denote a local orthonormal frame with respect to the metric g.
If we put &; = e®e;, then {é1,...,€,} is an orthonormal frame with respect to
the metric g. We will express geometric quantities associated with the metric g
relative to the frame {eq,...,e,}, while geometric quantities associated with g
will be expressed in terms of {€y,...,é,}. With this understood, the curvature
tensor after surgery is related to the curvature tensor before surgery by the

formula
R=e¥ R+e% (D% +dp®dp — % |dip)? id) o id.
This implies
IR—R— 24 e = (dz®dz) ®id] < 274 ez
for z > 0 sufficiently small. Consequently, scal(R) > scal(R) if z > 0 is
sufficiently small. Since the metric g is close to the cylindrical metric, we

obtain )
R—E(id—2z®z)®id < 1,
hence
- 1
R—(1 —27467é)R— 5z74e*%id®id

- 1
< |R—R—z_4e_%(dz®dz)®id|—|—z_4e_% R—i(id—22®z)®id

<z e s
for z > 0 sufficiently small. Therefore, we may write

R=(1 fz_4e_%)R+z_4e_

W=

S,
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where |S — %id ®id| < 1 for z > 0 sufficiently small. Consequently, S € h?F;
if z > 0 is sufficiently small. Moreover, R € h?F; in view of our assumption.
Since F; is a convex set, we conclude that R € h2F, if z > 0 is sufficiently
small. This easily implies that R € h>F; for all z € (0, 10).

9. The standard solution

In this section, we recall some basic facts concerning the so-called standard
solution. The standard solution is used to model the evolution of a cap that is
glued in during a surgery procedure. More precisely, suppose that (S"~! x R,
g(t)), t <0, is a family of shrinking cylinders, normalized so that scaly) =

ﬁ for t < 0. Suppose that we perform surgery at time ¢ = 0; that is, we
remove a half-cylinder and glue in a cap that is rotationally symmetric and
has positive curvature. This gives a rotationally symmetric metric g(0) on R™.
The standard solution is obtained by evolving the manifold (R",g(0)) under
the Ricci flow.

The following results were proved by Perelman [35] in dimension 3 and

were extended to higher dimensions in [12].

THEOREM 9.1 (G. Perelman [35, §2]; B.L. Chen, X.P. Zhu [12, Th. A.1]).
There exists a complete solution (R™, ¢(t)), t € [0, "51), to the Ricci flow with
the following properties:

(i) The initial manifold (R™, ¢(0)) is isometric to a standard cylinder with
scalar curvature 1 outside of a compact set, and this compact set is iso-
metric to the cap used in the surgery procedure.

(ii) For eacht € [0,%52), the manifold (R™, g(t)) is rotationally symmetric.

(iii) For each t € [0, %51), the manifold (R™, g(t)) is asymptotic to a cylinder

with scalar curvature Tz ol nfinity.

n—1

(iv) The scalar curvature is bounded from below by where Kging

1
Kstna (1_%) ’
1 a positive constant that depends only on n.
(v) For each t € [0, %51), the manifold (R", g(t)) is weakly PIC2 and satisfies
R — 0scalid ® id € PIC for some constant 8 > 0 that depends only on n.
(vi) The flow (R™, g(t)) is k-noncollapsed for some constant k > 0 that depends
only on n.

(vii) There exists a function w : [0,00) — (0,00) such that

scal(w,t) < scal(y,t) w(scal(y,t) dyq (z, y)?)

for all points x,y and all t € |0, ”T_l)

Proof. The statements (i), (ii), (iii), (iv), (vi) and (vii) are established
in [12, App. A]. Moreover, it is shown in [12] that (R", g(¢)) has nonnegative
curvature operator. Hence, it remains to show that R — #scalid ® id € PIC.
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To see this, we observe that the initial manifold (R™,¢(0)) is uniformly PIC.
Moreover, on the initial manifold (R™, g(0)), the sum of the two smallest eigen-
values of the Ricci tensor is bounded from below by a small multiple of the
scalar curvature. Hence, we can find a small constant b € (0, byax) such that
the curvature tensor of (R"™, ¢(0)) lies in the cone C(b). By Hamilton’s PDE-
ODE principle (see [13, Th. 12.34]), the curvature tensor of (R™, g(t)) lies in
C(b) for each t > 0. Consequently, the curvature tensor of (R", g(t)) satisfies
R — Oscalid ® id € PIC for each ¢t > 0.

It turns out that the standard solution satisfies a Canonical Neighborhood
Property:

THEOREM 9.2 (cf. G. Perelman [35]; B.L. Chen, X.P. Zhu [12, Cor. A.2]).
Given a small number € > 0 and a large number Ag > 0, we can find a

n—1

number a € [0,%5=) with the following property: If (xo,to) is a point on

n—1

the standard solution such that to € [o, "5~), then the parabolic neighbor-
hood P(x0,t0, Ao Scal(l'o,to)_%, —Agscal(xg, to) ") is, after scaling by the fac-
tor scal(xg, to), E-close to the corresponding subset of a noncompact ancient
Ko-solution satisfying R — @ scalid @® id € PIC.

Proof. Suppose that the assertion is false. Then we can find a sequence

of points (z;,t;) on the standard solution such that ¢; — 251 and the para-

bolic neighborhood P(x;,t;, Agscal(z;, tj)_%, —Agscal(z;,t;)" 1) is not &-close
to the corresponding subset of a noncompact ancient kg-solution satisfying
R—0scalid®id € PIC. We dilate the solution around the point (z;,¢;) by the
factor scal(z;,t;). Using statement (vii) in Theorem 9.1 together with the Har-
nack inequality (cf. Theorem 6.1), we conclude that the rescaled flows converge
to a complete, noncompact ancient solution (M°, g°°(¢)). The limiting ancient
solution (M, g>(t)) is weakly PIC2 and satisfies R — #scalid ® id € PIC.
Moreover, the limiting ancient solution is kg-noncollapsed.
By Theorem 6.1, the standard solution satisfies the Harnack inequality

0 1
aseal + 2 (Vscal, v) + 2 Ric(v,v) + n scal > 0

for t € (0,%;1). Consequently, the limiting ancient solution (M°°,g>(t))
satisfies

0
ascal + 2 (Vscal, v) + 2 Ric(v,v) > 0.

Using Proposition 6.11, we conclude that (M, g*°(t)) has bounded curvature.
Thus, (M, g>°(t)) is a noncompact ancient xg-solution satisfying R—6 scal id
®id € PIC. This is a contradiction.

COROLLARY 9.3 (cf. G. Perelman [35]; B.L. Chen, X.P. Zhu [12, Cor. A.2]).
Given € > 0, there exist positive constants C; = Ci(n,e) and Cy = Ca(n,¢)
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such that the following holds: For each point (xo,ty) on the standard solution,
there exists a neighborhood B of xy such that

1 1
Bg(to)(l‘Ov C;l SC&I(.TQ, to)_i) C BC Bg(to)(an 1 SC&](SC(), to)_g)

and
Cy scal(zo, tg) < scal(z, tg) < Cyscal(xg, to)
for all x € B. Furthermore, B satisfies one of the following conditions:

e B is a strong e-neck (in the sense of [35]) with center at xo. In particular,
if to — R(z0,t0) " < 0, then B is disjoint from the surgical cap that was
glued in at time 0.

e B is an e-cap in the sense of Definition 6.16.

Finally, we have |Dscal| < nscal% and |%scal| < nscal®.

Proof. If ty is sufficiently close to %51 (depending on ¢), this follows from

2
Theorems 9.2 and 6.18. If ¢ is bounded away from ”T_l, this follows from the
fact that the standard solution is asymptotic to a cylinder at infinity.

Finally, we state a lemma that will be needed later.

n—1

LEMMA 9.4. Given o € [0,"5~) and | > 0, we can find a large number A
(depending on o and 1) with the following property: Suppose that t1 € [0, o] and
v is a space-time curve on the standard solution (parametrized by the interval
[0,t1]) such that v(0) lies on the cap at time 0, and [3* |7’(t)\§(t) dt <1. Then

the curve v is contained in the parabolic neighborhood P(v(0),0, %,tl).

Proof. Using the inequality fgl % (t)|§(t) dt < [ and Holder’s inequality,

we obtain [i* [v/(t)] g(t) dt < a? 12, From this, the assertion follows easily.

10. A priori estimates for Ricci flow with surgery

In this section, we give the definition of Ricci flow with surgery. Moreover,
we discuss how Perelman’s noncollapsing estimate and the Canonical Neigh-
borhood Theorem can be extended to Ricci flow with surgery. Throughout this
section, we fix a compact initial manifold (M, gg) of dimension n > 12 that has
positive isotropic curvature and does not contain any nontrivial incompressible
(n — 1)-dimensional space forms. As above, let {F; : ¢ € [0,T]} be a family
of closed, convex, O(n)-invariant sets such that the family {F; : ¢t € [0,T]}
is invariant under the Hamilton ODE %R = Q(R); the curvature tensor of
(M, go) lies in the set Fp; and

Fi: C{R: R—fscalid ®id € PIC}
N{R: R+ f(scal)id ® id € PIC2}
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for all t € [0,T]. Here, f is a concave and increasing function satisfying
f(s)
S

Having fixed 6, we can find a universal constant kg such that the con-

limg o0 =0, and 6 and N are positive numbers.
clusion of Theorem 6.19 holds. Moreover, we fix a constant n such that the
conclusions of Corollary 6.20 and Corollary 9.3 hold. In other words, we have
| Dscal| < nscal? and | 2 scal| < nscal” on any ancient s-solution, and the same
inequalities hold on the standard solution.

Let us fix a small positive number ¢ > 0. Moreover, we fix constants C1 =
Ci(n,0,e) and Cy = Ca(n,0,¢) such that the conclusions of Corollaries 6.22
and 9.3 hold.

Definition 10.1. A Ricci flow with surgery on the interval [0,T") consists
of the following data:

e A decomposition of [0,7T) into a disjoint union of finitely many subintervals
[ty t), k€ {0,1,...,1}. In other words, t; =0, ;7 =T, and t;, =t} | for
ke{l,...,l}.

e A collection of smooth Ricci flows (M®*), g*¥) (1)), defined for ¢ € [t; ,t])
and going singular as t — ¢ for k € {0,1,...,1 —1}.

e Positive numbers ¢, 7,0, h, where 6 < € and h < ér. These are referred to
as the surgery parameters.

For each k € {0,1,...,1 — 1}, we put Q¥ = {2 € M) . limsup,_,,+ scal(z, )
k
< 0o}. We assume that the following conditions are satisfied:

e The manifold (M(©), g(©)(0)) is isometric to the given initial manifold (M, go).

e The manifold (M), g¥)(¢,7)) is obtained from (Q* =1 g*=D (1l ) by per-
forming surgery on finitely many necks. For each neck on which we perform
surgery, we can find a point (xg,%y) at the center of that neck such that
scal(zg, tg) = h~2; moreover, the parabolic neighborhood

P(zo,to,0 th,—6"th?)

is free of surgeries and is a §-neck.

o After each surgery, we discard all double 4e-horns and all capped 4e-horns.
Moreover, we remove all connected components that are diffeomorphic to
S™/T.

e Each flow (M®) ¢*)(t)) satisfies the Canonical Neighborhood Property
with accuracy 4e on all scales less than r. That is to say, if (zo,%0) is
an arbitrary point in space-time satisfying scal(xg,tg) > r~2, then there
exists a neighborhood B of xg with the property that

SIS

1
Bg(to)(x(], (801)_1 scal(xg, to)_i) C BcC Bg(to)(.l‘o, 8C4 scal(xo, to)_ )

and
(8C5) L scal(zg, tg) < scal(z, tg) < 8Cy scal(z, to)
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for all z € B. Moreover, B is either a strong 4e-neck (in the sense of [35])
with center at xg or a 4e-cap (in the sense of Definition 6.16).

e If (20,10) is an arbitrary point in space-time satisfying scal(zo,to) > 772,
then |Dscal| < 4n scal? and |%seal| < 4nscal® at (x,to).

Note that the manifold M®*) may have multiple connected components.
In the following, we will write the surgically modified solution simply as g(t).
However, it is important to remember that the underlying manifold changes
across surgery times.

In the first step, we prove an upper bound for the length of the time
interval on which the solution is defined.

PRrROPOSITION 10.2. Suppose that we have a Ricci flow with surgery start-
ing from (M, go) that is defined on [0,T). Then T <

___n
2 inf e s scal(z,0)

Proof. By the maximum principle, the function

n
t— — +1
2 inf, e ps scal(x, t)

is monotone decreasing under smooth Ricci flow. By Proposition 8.2, this
function is monotone decreasing across surgery times. From this, the assertion
follows.

PROPOSITION 10.3. Let f and 6 be as above. Moreover, let g(t) be a
Ricci flow with surgery starting from (M, go). Then (M, g(t)) has (f,0)-pinched
curvature.

Proof. By Theorem 1.2 and Hamilton’s PDE-ODE principle (cf. [14, Th. 3]
or [13, Th. 10.16]), the property that the curvature tensor of g(¢) lies in F;
is preserved by the Ricci flow. By Proposition 8.2, the property that the
curvature tensor lies in F; is preserved under surgery. Therefore, the property
that the curvature tensor of g(t) lies in F; is preserved under Ricci flow with
surgery.

PROPOSITION 10.4. Let g(t) be a Ricci flow with surgery, and let e,7,9, h
denote the surgery parameters. Let (xo,tg) be a point in space time and let 1
be a positive real number such that to > 12 and scal(z,t) < 1"52 for all points
(z,t) € P(x0,t0,70, —13). Then |[D™R| < C(n,m)ry™ % at the point (o, to).

Proof. If the parabolic neighborhood P(xo, to, %, —%) is free of surgeries,
this follows from the classical Shi estimate. Suppose next that the para-
bolic neighborhood P(xo, to, %2, —%) does contain surgeries. At each point
modified by surgery, the scalar curvature is at least ih*Q. Consequently,
1h72 < rg 2. The classical Shi estimate implies |D™R| < C(n,m)h™™"2 <
C(n,m)ry ™=2 6n each strong neck on which we perform surgery. Moreover,
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|ID™R| < C(n,m)h~™"2 < C(n,m)ry™ 2 at each point modified by surgery.
The assertion now follows from Theorem 3.29 in [31].

PROPOSITION 10.5 (cf. G. Perelman [35, Lemma 4.5]). Fiz ¢ > 0 small,
a € [0,%51), and A > 1. Then there exists 6 > 0 (depending on  and A)
with the following property: Suppose that we have a Ricci flow with surgery
with parameters €,r,6, h, where § < §. Suppose that Ty € [0,T) is a surgery
time, and let xy be a point that lies on a gluing cap at time Ty. Let Th =
min{T, Ty + ah®}. Then one of the following statements holds:

(i) The flow is defined on P(xo,To, Ah,Th — Tp). Moreover, after dilating
the flow by h™2 and shifting time Ty to 0, the parabolic neighborhood
P(xq, Ty, Ah, Ty —Tp) is A~ 1-close to the corresponding subset of the stan-
dard solution.

(i) There exists a surgery time t* € (Ty, Ty) such that the flow is defined on
P(zo, Ty, Ah,t* —Ty). Moreover, the parabolic neighborhood

P(:COa Ty, Ah, tt— TO)

is, after dilation by the factor h=2, A™'-close to the corresponding subset
of the standard solution. Finally, for each point x € Byr,)(wo, Ah), the
flow exists exactly until time t+.

The proof is the same as the proof of Lemma 4.5 in Perelman’s paper [35].
We omit the details.

As in Perelman’s work [35], it is crucial to establish a noncollapsing esti-
mate in the presence of surgeries.

Definition 10.6. Suppose we are given a Ricci flow with surgery. We say
that the flow is k-noncollapsed on scales less than p if the following holds. If
(z0,10) is a point in space-time and 7( is a positive number such that ro < p
and scal(x,t) < ry? for all points (z,t) € P(xo, to, 70, —r2) for which the flow
is defined, then volyq)(By(y) (%0, 70)) = K1

As in Perelman’s work [35], the noncollapsing estimate for Ricci flow with
surgery will follow from the monotonicity formula for the reduced volume.

Definition 10.7. Suppose we are given a Ricci flow with surgery. A curve in
space-time is said to be admissible if it stays in the region unaffected by surgery.
A curve in space-time is called barely admissible if it is on the boundary of the
set of admissible curves.

LEMMA 10.8 (cf. G. Perelman [35, Lemma 5.3]). Fize,r, L. Then we can
find a real number 6 > 0 (depending on r and L) with the following property:
Suppose that we have a Ricci flow with surgery with parameters €,r, 6§, h, where
§ < 6. Let (xo,tg) be a point in space-time such that scal(xg,to) < r~2, and
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let Ty < to be a surgery time. Finally, let v be a barely admissible curve
(parametrized by the interval [Ty, to]) such that v(Ty) lies on the boundary of
a surgical cap at time Ty, and v(to) = xo. Then

to
[ Vi =t scall2(6).0) + (O ) dt = L.
0

Proof. By Definition 10.1, we have |Dscal| < 4nscalg and |%scal| <

2

4n scal? whenever scal > r~2. Since scal(zg, tg) < r~2, it follows that scal <

4r=2 in P(xo, to, ﬁ, —%). Let v be a barely admissible curve in space-time

satisfying the assumptions of Lemma 10.8, and suppose that
to

[ V=T seal (1 (8), ) + 1 () ) de < L.
0

Using Hélder’s inequality and the positivity of the scalar curvature, we obtain
t
toofT ;

T € (0, 16Tn)’ depending only on r and L, such that 7|, _r,, is contained in

the parabolic neighborhood P(zg, to, 10”—077, —%). This implies

Y ()| gry dt < (2L)% 71 for 7 > 0. Hence, we can find a real number

scal(y(t),t) < 4r2

for all t € [to — 7, o).
Having chosen 7, we define real numbers a € [0,252) and [ > 0 by the

M log(l—n2_al>':L

4Kstnd
l

Having fixed o and [, we choose a large constant A so that the conclusion of

relations

and

Lemma 9.4 holds. Having chosen o and A, we choose § so that the conclusion of
Proposition 10.5 holds. Moreover, by choosing ¢ small enough, we can arrange
that Kgna 6% < .

In the following, we assume that § < 6. Let Ty € [Ty, Tp + ah?] denote
the largest number with the property that 7\[TO’T1] is contained in the para-
bolic neighborhood P(y(Tp), Ty, Ah, ah?). By Proposition 10.5, the parabolic
neighborhood P(y(Ty),Tv, Ah,T1 — Tp) is close to the corresponding subset of
the standard solution. Since h < §r, it follows that

1(y(t),t) > L > L > 82
scal(v(?),t) > — = Z or
2Ktna (h2 — 2(27_1110)) 2Kstnq 0212

for all t € [Tp, T1]. Since scal(y(t),t) < 4r=2 for all t € [to — T, o], the intervals
[To, T1] and [tg — T, to] are disjoint. In other words, 77 < to —7. We distinguish
two cases:



538 SIMON BRENDLE

Case 1: Suppose that T} < Ty + ah?. In this case, the curve Yizo,m1)
exits the parabolic neighborhood P(v(Ty), Ty, Ah, ah?) at time T}. Since the
parabolic neighborhood P(~(Ty), Ty, Ah, Ty — Tp) is close to the corresponding
subset of the standard solution, Lemma 9.4 implies that f%;l % (t)]g(t) dt > %
(Here, we have used the fact that [ |y (t)\g(t) dt is invariant under scaling.)
Consequently,

Ty
L> . Vit =t (scal(y(t), 1) + [ (1)[2 ) dt
0

v

T
VT [ @) dt
To
l

5\/;)

Y

which contradicts our choice of [.

Case 2: Suppose that T1 = Ty + ah?. In this case,

L> /T N o (seal (1), 8) + (1) 2,0) dt

T
> 7 [ scal(a(), 1) dt
To

vi [ ! d
> \/T t
B To 2[(stnd (h2 - M)

0
n—1
(n— 1)1 2 '
==~ 7V ] 1 - ——
4Ktna o8 ( n — 1) ’

which contradicts our choice of «.

PROPOSITION 10.9 (cf. G. Perelman [35, Lemma 5.2]). Fiz a small number
€ > 0. Then we can find a positive number k and a positive function 5() with
the following property: Suppose that we have a Ricci flow with surgery with
parameters €,1,6, h, where § < 5(7") Then the flow is k-noncollapsed on all
scales less than €.

Note that the constant x in the noncollapsing estimate may depend on
the initial data, but it is independent of the surgery parameters ¢, r, d, h.

Proof. Consider a point (x¢, tp) in space-time and a positive number ry < &
such that scal(x,t) < rg? for all points (2,t) € P(z,to, 70, —73) for which the
flow is defined. We need to show that voly)(Bgyy) (o, 70)) = k7{ for some
uniform constant x > 0. We distinguish three cases:
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Case 1: Suppose first that scal(xg,t9) > r~2. In this case, the Canonical
Neighborhood Assumption implies that voly ) (Bg,)(w0,70)) > r 7y for some
uniform constant « > 0.

2
Case 2: Suppose next that the parabolic neighborhood P(zg, to, %, —%‘;)
contains points modified by surgery. Let (z,t) be a point in P(zo, o, %, —%0)
that lies on a surgical cap. Clearly, ih_g < scal(z,t) < 7“62, hence ¢ < 2h.
This implies voly) (Byw (7, 155)) = w7y for some uniform constant £ > 0.
Since By (z, 155) € Bgto) (7, ), we deduce that volyy(Bg,)(To,70)) >

voly(r) (By(wo) (2, 7)) 2 w15
Case 3: Suppose finally that scal(zg,tp) < r~2 and the parabolic neigh-

borhood P(zo, to, %, —%) is free of surgeries. Note that ¢y is bounded from
above by Proposition 10.2. By Lemma 10.8, we can find a positive function
§ (+) such that the following holds: Suppose that the surgery parameters satisfy
§<06 (r), and suppose further that Ty < to is a surgery time and -y is a barely
admissible curve (parametrized by the interval [T, to]) such that v(7p) lies on

the boundary of a surgical cap at time Ty and ~y(t9) = x¢. Then
to

[ Vi = (seal (1), 1) + 17 (D) dt = 8/
0

Thus, if § < 6 (r), then every barely admissible curve has reduced length greater
than 2n.

In the following, we assume that § < 6(r). For ¢ < to, we denote by £(z, t)
the reduced distance from (xg, tp), i.e., the infimum of the reduced length over
all admissible curves joining (z,t) and (zo,%p). We claim that inf, £(z,t) < 5
for all t < tp. This is clearly true if ¢ is sufficiently close to tg. Now, if ¢(x,t)
< 2n for some point (z,t) in space-time, then the reduced length is attained by
a strictly admissible curve. Hence, we may apply results of Perelman (cf. [33,
§7]) to conclude that

0 1 n

e M+t0—_t (f— 5)
whenever ¢ < 2n. Using the maximum principle, we deduce that inf, ¢(z,t) <
5 for all £ < .

In particular, there exists a point y € M such that £(y,e) < 5. Hence,
we can find a radius p > 0 such that supxeBgm)(%p)K(x,O) < n. Note that
p depends only on ¢ and the initial data (M, gg), but not on the surgery
parameters. Hence, for each point z € By (y,p), the reduced distance is
attained by a strictly admissible curve, and this curve must be an £-geodesic.

Given a tangent vector v at (wo,tp), we denote by v, (t) = Ly, exp,, (v)
the L-geodesic satisfying limy_,, v/to — t7,(t) = v. Note that, due to the
presence of surgeries, v,(t) may not be defined on the entire interval [0, ).
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Let V denote the set of all tangent vectors v at (zg, tg) with the property that
7y is defined on [0,%0); 7, has minimal £-length; and ,(0) € By)(y,p). In
view of the discussion above, the map Lo ¢, exp,, : V — Bg(o)(y, p) is onto. For
each ¢ € [0,1), we define

V)= [ (to—1)F e 000 g 0)
1%

where J,(t) = det(DLy 4, exp,,)» denotes the Jacobian determinant of the £-
exponential map, and the integration is with respect to the standard Lebesgue
measure on the tangent space (T,M,g(to)). For each tangent vector v €
V, Perelman’s Jacobian comparison theorem (cf. [33, §7]) implies that the
function t — (tg — )2 e~¢0v®:1) J () is monotone increasing. Moreover,
limy g (tg —t) "2 e O 7 (¢) = 27 e~ II” for each v € V. The monotonicity
property for the Jacobian determinant implies that the function t — V(¢) is
monotone increasing.

We first estimate the reduced volume from below in terms of the initial
data. Since £(z,0) < n for all points = € By (v, p), we obtain a uniform lower
bound for V(0):

V(O) — / tg% e_é(yv(o)vo) J’L)(O)
%

Z/ to % e=t@0) gyl 0 ()
Bg(O)(yfp) 0 g( )

>ty 2 e " voly)(By(oy (¥, p))-

We next estimate the reduced volume from above. By assumption, the para-

2
bolic neighborhood P(xo, to, %, —%0) is free of surgeries, and we have scal <
2
Ty Zin P(xg,to, 3, —%0). Using Shi’s interior derivative estimates, we conclude
that the covariant derivatives of the Riemann curvature tensor are bounded by

C(n)ry 3 and the second covariant derivatives of the Riemann curvature tensor
2

are bounded by C(n)r? in P(x, to, o —20). Using the £-geodesic equation,

we conclude that there exists a small positive constant p(n) (depending only

~ - T _ 2 < __ 7
on n) with the following property: if ¢ € [to—u(n)r§, to) and |v| < W then

Vio =@l < 4 /— and Yo(t) € By (o, Tf‘z:) C By(ty) (o, 3) for
all t € [t,t9). This implies

Vo)< v < [ (to — B % 00D (1)
{veVv:|v|<

0
32 toff}

+ / (to — ﬂ_% e_e('Yv({)vt_) Jy (-E)
{oeViulz )
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</ (to — £ % Ju(B)
{vev:|v|<

—32\/757}
+/ on o
{lol> 574}
T
< (to = )~ voly(p)(By(ea) (%0, )
—1—/ 2" ¢~ IoP
{lvl> 57—}

for all £ € [ty — p(n)r3, to). Putting these facts together gives

_n T
(to — )™ 2 volg(g) (Bgto) (0, ZO))
>ty 2 e " voly(o) (By(o) (¥, ) — / 2 el
{lol> )

for all £ € [tg — pu(n)r3, to). Finally, we choose t € [tg — u(n)r3, o) so that to—¢
is a small, but fixed, multiple of r¢, and the quantity

n

-2 _—n n _—v|?
tg e VOlg(O)(Bg(O)(yap))_/{ § 2" e

is bounded from below by a positive constant. This gives a lower bound for
7o " voly(p) (By(te) (w0, 7)), as desired.

We now state the main result of this section. This result guarantees that,
for a suitable choice of ¢, 7, ) , every Ricci flow with surgery with parameters
€, T, ) , h will satisfy the Canonical Neighborhood Property with accuracy 2¢ on
all scales less than 27.

THEOREM 10.10 (cf. G. Perelman [35, §5]). Fiz a small number ¢ > 0.
Then we can find positive numbers 7 and & with the following property: Suppose
that we have a Ricci flow with surgery with parameters e, 7, 5, h that is defined
on some interval [0,T). Moreover, suppose that (xg,ty) is an arbitrary point
in space-time satisfying scal(xg, to) > (27#)72. Then there exists a neighborhood
B of xg such that

Bg(to)(xﬂv (201)_1 scal(acg, to)_%) C BcC Bg(to)($0> 2C, scal(xo, to)_%)
and
(2C%) "L scal(zg, to) < scal(z, tg) < 20y scal(zo, to)

for allx € B. Moreover, B is either a strong 2e-neck (in the sense of [35]) with
center at xo or a 2e-cap. Finally, we have |Dscal| < 2n scalz and \%seaﬂ <
2nscal® at the point (xg,1g).
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Proof. We argue by contradiction. Suppose that the assertion is false.
Then we can find a sequence of Ricci flows with surgery M) and a sequence
of points (x;,t;) in space-time with the following properties:

(i) The flow M) is defined on the time interval [0,7}) and has surgery
parameters €, 74, h;, 0;, where #; < % and ¢; < min{d(7;), %} Here, d(-)
is the function introduced in Proposition 10.9.
(i) Q; := scal(xj,t;) > (27;) 2.
(iii) The point (z;,t;) does not satisfy the conclusion of Theorem 10.10.

Condition (iii) means that at least one of the following statements is true:

e There does not exist a neighborhood B of x; with the property that
Bg(tj)(xj,(QCl)_l scal(xj,tj)_%) C B C By,)(xj,2Ch scal(xj,tj)_%) and
(2C3) tscal(zj,tj) < scal(w,tj) < 2Cyscal(zj,t;) for all z € B, and such
that B is either a strong 2e-neck (in the sense of [35]) with center at z; or
a 2e-cap.

e |Dscal| > 2n scal? at (xj,15).

o |%seal\ > 2nscal? at (x,t;).

We will proceed in several steps:

Step 1: By Definition 10.1, we have |Dscal| < 4n scal? and \%scal[ <
4m scal?® for each point (z,t) in space-time satisfying scal(z, t) > 4@Q)j. Moreover,
by Proposition 10.9, the flow MU is k-noncollapsed on scales less than e
for some uniform constant x that may depend on the initial data, but it is
independent of j.

Step 2: Suppose that (zg,to) is a point in space-time satisfying scal(zo, to)
+Q; <ry 2. The pointwise curvature derivative estimate implies that scal <
_ro_ _i)
1007 ~ 1007/
tion 10.4, we conclude that |[D™R| < C(n,m,n)ry™ 2 at the point (o, o).
Moreover, Proposition 10.9 implies voly ) (Byy) (%0, 70)) > #rg for some uni-
form constant x that is independent of j.

8ry 2 in the parabolic neighborhood P(zy, to, Using Proposi-

Step 3: We next prove a long-range curvature estimate. Given any p > 0,
we put
M(p) = lim sup sup Qj_l
Jj—00 _1
IEBg(tj)(Ij,ij 2)

scal(z,t;).

The pointwise curvature derivative estimate implies that M(p) < 16 for 0 <
1
P < Tooy-
We claim that M(p) < oo for all p > 0. Suppose this is false. Let

p* =sup{p>0:M(p) < o0} < 0.
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By definition of p*, we have an upper bound for the curvature in the geodesic
1

ball B, y(xj, pQ. %) for each p < p*. Using the results in Step 2, we obtain
g(t;)\LJ J
bounds for all the covariant derivatives of the curvature tensor in the geodesic

ball Bg(tj)(xj, ij_%) for each p < p*. Moreover, the noncollapsing estimate
in Step 2 gives a lower bound for the volume. We rescale around (z;,t;) by
the factor @); and pass to the limit as j — oo. In the limit, we obtain an
incomplete manifold (B>, g*°) that is weakly PIC2 (cf. [31, Th. 5.6]).

By definition of p*, there exists a sequence of points y; such that

1
pj = QF dy;y(zj,y;) — p*  and Qj scal(y;,t;) — oo.
_1
Let ; : [0,p;Q; *] = (M, g(t;)) be a unit-speed geodesic such that v;(0) = z;
_1
and 7v;(p;Q; *) = yj, and let 7oo 1 [0, p*) — (B>, g>) denote the limit of ;.

Using the estimate |Dscal| < 4n scal? we obtain for s € [p* — ﬁ, ),

scal, e (1o (5)) = lim @ scal(y(5Q; *). 1) > (2n(p” = )72 > 100.

Let us consider a real number s € [p* *) such that 64Cn(p*—s) <s.

1
~ 1007 P )
_1
We claim that fyj(EQj %) lies at the center of a strong 4e-neck if j is sufficiently
large (depending on 5). Indeed, if j is sufficiently large, then the Canon-

1
ical Neighborhood Assumption implies that the point ('yj(EQj ?),t;) has a
Canonical Neighborhood that is either a strong 4e-neck or a 4e-cap. Fur-
thermore, the Canonical Neighborhood is contained in a geodesic ball around

_1 _1
7;(8Q; ) of radius 8C1 scal(;(5Q; 2),tj)_%, and the scalar curvature is at
_1
most 8C3scal(v;(5Q; ?),t;) at each point in the Canonical Neighborhood.
_1
Since M(5) < 0o, we obtain lim;_, scal(vj (5Q; %), t;) " Lscal(yj, tj) = oo; con-

sequently, scal(y;,t;) > 16C5 scal(v; (SQ ) ;) if j is sufficiently large. Hence,

if j is sufficiently large, then the Canonlcal Neighborhood does not contain the
1

point y;. We next observe that 3201 scalgoo ( «(8))72 < 64Cn(p* — 3) < s.

This implies 16C} scal(vy; (SQ ) )72 < sQ 3 if 7 is sufficiently large. Hence,

if j is sufficiently large, then the Canonical Nelghborhood does not contain the
1

point x;. If the Canonical Neighborhood of (v;(5Q; *),t;) is a 4e-cap, then

the geodesic v; must enter and exit this 4e-cap, but this is impossible since

v; minimizes length. To summarize, if j is sufficiently large (depending on 3),

_1
then the point (v;(5Q; *),t;) has a Canonical Neighborhood that is a strong
4e-neck. In particular, if j is sufficiently large (depending on 5), then we have

| Dscal| < C(n)e scal? at the point (’y](sQ ) )

3
Passing to the limit as j — oo, we conclude that |Dscalye| < C(n)e scal joo
at the point 7.0 (5). Integrating this estimate along v gives scalge (Vo0(5)) >
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[un

(C(n)e(p* —5))~2. Moreover, since ('yj(EQj_E), tj) lies at the center of a strong
4e-neck for j sufficiently large, the point v (5) must lie on a strong C(n)e-neck
in (B>, g>™).

As in [33, §12.1], there is a sequence of rescalings that converges to a piece
of a nonflat metric cone in the limit. Let us fix a point on this metric cone. In
view of the preceding discussion, this point must lie on a strong C(n)e-neck.
This gives a locally defined solution to the Ricci flow that is weakly PIC2
and that, at the final time, is a piece of nonflat metric cone. This contradicts
Proposition 6.5.

Step 4: We now dilate the manifold (M, g(t;)) around the point z; by the
factor ;. By Step 3, we have uniform bounds for the curvature at bounded
distance. Using the results in Step 2, we obtain bounds for all the covari-
ant derivatives of the curvature tensor at bounded distance. Using these esti-
mates together with the noncollapsing estimate in Step 2, we conclude that the
rescaled manifolds converge in the Cheeger-Gromov sense to a complete limit
manifold (M, g>). Since (M, g(t;)) has (f,0)-pinched curvature, the curva-
ture tensor of (M, g°°) is weakly PIC2 and satisfies R — @ scalid ® id € PIC.
Using the Canonical Neighborhood Assumption, we conclude that every point
in (M, ¢g*°) with scalar curvature greater than 4 has a neighborhood that is
either a strong 8s-neck or a 8e-cap.

We claim that (M, ¢g>°) has bounded curvature. Indeed, if there is a se-
quence of points in (M, g°°) with curvature going to infinity, then (M*°, g*)
contains a sequence of necks with radii converging to 0, contradicting Propo-
sition 6.9. This shows that (M°°, ¢g°°) has bounded curvature.

Step 5: We now extend the limit (M°, g°°) backwards in time. By Step 4,
the scalar curvature of (M*°, ¢°°) is bounded from above by a constant A > 4.
We claim that, given any A > 1, the parabolic neighborhood

_1
P (xjat]7AQj 27

_ -1
100nA 2 )

is free of surgeries if j is sufficiently large. To prove this, fix A > 1 and suppose

that P(a:j,tj,AQ;%, _103nA Qj_l) contains points modified by surgery. Let
sj € [0, ﬁ] be the largest number such that P(x;,t;, AQ;%, —szjfl) is free
of surgeries. The pointwise curvature derivative estimate gives
sup scal <2AQ;
P(wj,thQj_%,—Sij_l)
if j is sufficiently large. Since the scalar curvature is greater than % hj_2 at each
point modified by surgery, we deduce that %hj_2 < 2AQ)j; if j is sufficiently

large. In particular, szj_l < ﬁh? if j is sufficiently large. Since Sj — 0,
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Proposition 10.5 implies that the parabolic neighborhood

1
P(l‘j, L‘j, AQj 2 s —Sngl)

is, after dilating by the factor h;, arbitrarily close to a piece of the standard
solution when j is sufficiently large. Using Corollary 9.3, we conclude that
(xj,t;) lies on a 2e-neck or a 2e-cap when j is sufficiently large. If (x;,t;)
lies on an 2e-neck, then this neck is actually a strong 2e-neck, since we are
assuming that each &-neck on which we perform surgery has a large backward
parabolic neighborhood that is free of surgeries (cf. Definition 10.1). Moreover,
Corollary 9.3 implies that | Dscal| < 2n scal? and |%scal| < 2nscal? at the point
(x,tj). Therefore, the point (x;,t;) satisfies the conclusion of Theorem 10.10,
and this contradicts statement (iii). Thus, given any A > 1, the parabolic
neighborhood P(x;,t;, AQJ-_%, —ﬁ Q;l) is free of surgeries if j is sufficiently
large.

Let 7 := _W' In view of the preceding discussion, we may extend
(M, g>) backwards in time to a complete solution (M, ¢g>(t)) that is de-
fined for ¢ € [r1,0] and satisfies A1 := sup;c(,, o] SUP pro0 SCalgoo(r) < 2A.

We now repeat this process. Suppose that we can extend (M, g>°) back-
wards in time to a complete solution (M®°, g*°(t)) that is defined for t € [7,,, 0],
and satisfies A,,, := SUPye(r,, 0] SUP proe Scalgoo(t) < o0. Let Ty1 =T — m.
We claim that we can extend the solution (M, g>°(¢)) backward to the inter-
val [Tin11,0], and Api1 1= Supyeqy,, 0] SUP e SCalgoo (1) < 2A4,.

Indeed, if this is not po§sible7 then there exists a number A > 1 with the
property that P(x;,t;, AQ]-_i, (T — m) Q;l) contains points modified by

surgery for j sufficiently large. Let s; € [0 ] be the largest number such

I
) » T00n A,
that P(z;,t;, AQ;i, (Tm—Sj)le) is free of surgeries. The pointwise curvature
derivative estimate gives

sup scal < 2A,, Q;
_1
P(wj:tj)AQj 27(Tm_sj)Qj_l)
if j is sufficiently large. Let us choose ay, € [0, %51) so that I ?1’" oy >
stnd \1— 77

8Am(m —Tm). If (s5 — Tm)Q;1 > amhjz for j sufficiently large, then
Proposition 10.5 together with the lower bound for the scalar curvature on the
standard solution (cf. Theorem 9.1) gives

2
1 Kypnq (1 — 2am) 7
P(2,t5,AQ; 2 (tm—5;)Q; ") sind { wt)
m
=z 200
2 Kstna (1 ~ n—1
> 4Am Qj

sup scal >

) (sj —7m) ' Q;
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for j sufficiently large, which is impossible. Consequently, (Sj—Tm)Qj_l < amh?
for j sufficiently large. Since 5j — 0, Proposition 10.5 implies that the par-

abolic neighborhood P(a:j,tj,AQj_%, (T — sj)Qj_l) is, after dilating by the
factor hj, arbitrarily close to a piece of the standard solution when j is suffi-
ciently large. Using Corollary 9.3, we conclude that (z;,%;) lies on a 2e-neck
or a 2e-cap when j is sufficiently large. If (xj,¢;) lies on an 2e-neck, then
this neck is actually a strong 2e-neck, since we are assuming that each Sj—neck
on which we perform surgery has a large backward parabolic neighborhood
that is free of surgeries (cf. Definition 10.1). Moreover, Corollary 9.3 im-
plies that |Dscal] < 2nscalg and ]%seal] < 2nscal® at the point (z;,t;).
Therefore, the point (xj,t;) satisfies the conclusion of Theorem 10.10, and
this contradicts statement (iii). Thus, we may extend the flow (M, g°>°(1))
backward to the interval [7,,41,0], where 11 1= Ty — m, and we have
Apt1 1= SUPe[r,,, 41 ,0] SUP Moo SCalgoo (1) < 2A4,.

Let 7% = limy—o0 T < —ﬁ. Using a standard diagonal sequence
argument, we obtain a complete, smooth limit flow (M, g*°(t)) that is defined
on the interval (7%,0] and that has bounded curvature for each ¢ € (7*,0].

Step 6: We next show that 7= —o0. Indeed, if 7% > —o0, it follows that
limy,—s 00 (T — Tim+1) = 0, hence lim,, o0 Ay, = 00. Arguing as in Step 6 in the
proof of Theorem 7.2, we can show that the limit flow (M, ¢*°(¢)), t € (7%, 0]
has bounded curvature. This contradicts the fact that lim,, o Ay, = 00.
Thus, 7* = —oo. Hence, if we dilate the flow (M, g(t)) around the point
(x5,t;) by the factor @;, then (after passing to a subsequence) the rescaled
flows converge to an ancient solution that is complete, has bounded curvature,
is weakly PIC2, and satisfies R — 6scalid ® id € PIC. By Proposition 10.9,
the limiting ancient solution is k-noncollapsed for some x > 0 that depends
only on the initial data. By Corollary 6.22, the point (z;,t;) has a Canonical
Neighborhood that is either a strong 2e-neck with center at x;; or a 2e-cap;
or a closed manifold diffeomorphic to S™/I'; or a quotient neck. Recall that
we have discarded all connected components that are diffeomorphic to S™/T"
(see Definition 10.1). Hence, the Canonical Neighborhood of (z},¢;) cannot be
a closed manifold diffeomorphic to S™/T". If the Canonical Neighborhood of
(x,t5) is a quotient neck, then Theorem A.1 in [6] implies that the underlying
manifold contains a nontrivial incompressible (n — 1)-dimensional space form,
contrary to our assumption. Consequently, the point (:nj, tj) has a Canonical
Neighborhood that is either a strong 2e-neck with center at x; or a 2e-cap.
Finally, Corollary 6.20 implies that |Dscal| < 2n scal? and ]%seaﬂ < 2nscal?
at the point (x;,¢;). In summary, we have shown that the point (z;,t;) sat-
isfies the conclusion of Theorem 10.10. This contradicts statement (iii). This
completes the proof of Theorem 10.10.
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11. Global existence of surgically modified flows

As in the preceding sections, we fix a compact initial manifold (M, gp)
of dimension n > 12 that has positive isotropic curvature and does not con-
tain any nontrivial incompressible (n — 1)-dimensional space forms. In this
section, we will show that there exists a Ricci flow with surgery starting from
(M, go), which exists globally and becomes extinct in finite time. We begin by
finalizing our choice of the surgery parameters. As above, we fix a small num-
ber € > 0. Having chosen e, we choose numbers f,g such that the conclusion of
Theorem 10.10 holds. Having chosen e, 7, B , we choose h so that the following
holds:

PROPOSITION 11.1 (cf. G. Perelman [35, Lemma 4.3]). Given e, 7,8, we
can find a small number h € (0, Sf) with the following property: Suppose that
we have a Ricci flow with surgery with parameters e, 7,0, h that is defined on
the time interval [0,T) and goes singular at time T. Let x be a point that
lies in an 4e-horn in (Q, g(T)) and has curvature scal(z,T) = h=2. Then the
parabolic neighborhood P(x,T, 5‘1h, —5‘1112) s free of surgeries. Moreover,
P(x,T, 6 1h, —5‘1h2) is a d-neck.

Proof. Suppose that the assertion is false. Then there exists a sequence
of positive numbers h; — 0, a sequence of Ricci flows with surgery M) and
a sequence of points x; with the following properties:

(i) The flow M) has surgery parameters e, 7, h;, 5. Tt is defined on the time
interval [0,T;) and goes singular as t — Tj.
(ii) The point (x;,T}) lies on an 4e-horn and scal(x;,T;) = h]-_Q.
(iii) The parabolic neighborhood P(x;,Tj, S_Ihj, —S_Ih?) contains points
modified by surgery, or it is not a d-neck.

By Definition 10.1, we have |Dscal| < 4n scal? whenever scal > 772, Since

hj — 0, it follows that infxeBg(Tj)(mﬁAhj)scal(:r:,Tj) > (1 +2nA)~2 h;2' In
particular, if j is sufficiently large (depending on A), then

inf scal(x,T;) > 10 57) 2.
ey 8l T) 2 10(69)

We claim that for each A > 1 there exists a constant Q(A) (depending
ooy (. ang) Scal(z, Tj) < Q(A) hi? if j
is sufficiently large. The proof of this statement is analogous to Claim 2 in
Theorem 12.1 in [33]. Indeed, if no such constant QQ(A) exists, then we can
find a sequence of points (y;,7;) (lying on the same horn as (z;,7})) such that
the blow-up limit around (y;,7}) is a piece of nonflat metric cone. Since the
flow M) satisfies the Canonical Neighborhood Assumption with accuracy 4e,
the point (y;, T}) either lies on a strong 4e-neck or on a 4e-cap. The second case

on A, but not on j) such that sup,cp
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can easily be ruled out, so (y;,T;) must lie on a strong 4e-neck. In particular,
there exists a small parabolic neighborhood of (y;, T;) that is free of surgeries.
In view of Proposition 10.3, the blow-up limit around (y;, T}) is weakly PIC2.
Hence, Proposition 6.5 implies that the limit cannot be a piece of a nonflat
metric cone. This proves the claim.

In particular, if j is sufficiently large (depending on A), then the distance
of the point z; from either end of the horn is at least Ah;.

We now continue with the proof of Proposition 11.1. Let us fix a number
A > 1. Since the point (z;,7}) lies on a 4e-horn, no point in Bg(Tj)(ZL'j, Ahj)
can lie on a 4e-cap. Hence, the Canonical Neighborhood Assumption implies
that every point in Bg(Tj)(afj,Ahj) lies on a strong 4e-neck. Using Shi’s es-
timate, we obtain bounds for all the covariant derivatives of the curvature
tensor in By, (5, %Ahj). Note that these bounds may depend on A, but
are independent of j. We now pass to the limit, sending j — oo first and
A — 00 second. In the limit, we obtain a complete manifold with two ends
that, by Proposition 10.3, is uniformly PIC and weakly PIC2. By the Cheeger-
Gromoll splitting theorem, the limit is isometric to a product X x R; moreover,
the cross-section X is compact and is nearly isometric to S”~!. Since every
point in Bg(Tj)( i, Ahj) lies on a strong 4e-neck, we conclude that, for each

A > 1, the parabolic neighborhood P(z;,T}j, Ah;, —%g) is free of surgeries if
j is sufficiently large (depending on A). After rescaling and passing to the
limit, we obtain a solution to the Ricci flow that is defined on the time interval
[—%,O] and that splits off a line. Now, if j is sufficiently large (depending on

h?2
A), then no point in P(z;,Tj, Ahj, —5") can lie on a 4e-cap. Hence, if j is

sufficiently large (depending on A), then every point in the parabolic neigh-
borhood P(z;, T}, Ah;, —%5) lies on a strong 4e-neck. This allows us to extend
the limit solution backward in time to the interval [—1,0]. Repeating this
argument, we can extend the limit solution backwards in time, so that it is
defined on [—1, 0], [—%, 0], [-2,0], etc. To summarize, we produce a limit so-
lution that is ancient, uniformly PIC, weakly PIC2, and splits as a product of
a line with a manifold diffeomorphic to S"~!. By Theorem 6.4, the limiting
solution is a family of standard cylinders. Therefore, if j is sufficiently large,
then the parabolic neighborhood P(x;, T}, 5_1hj, —3_1h§) is free of surgeries,
and P(xj,Tj, Sflhj, —3*1h§) is a 6-neck. This contradicts (iii).

We are now able to prove the main result of this section:

THEOREM 11.2. Let us fix a small number ¢ > 0. Let f,g be chosen as
described at the beginning of this section, and let h be chosen as in Proposi-
tion 11.1. Then there exists a Ricci flow with surgery with parameters €, 7, 5, h,
which is defined on some finite time interval [0,T) and becomes extinct as
t—T.
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Proof. We evolve the initial metric gg by smooth Ricci flow until the flow
becomes singular for the first time. It follows from Theorem 10.10 and a
standard continuity argument that the flow satisfies the Canonical Neighbor-
hood Property with accuracy 2¢ on all scales less than 27, up until the first
singular time. At the first singular time, we perform finitely many surgeries
on é-necks that have curvature level h=2. The existence of such necks is en-
sured by Proposition 11.1. After performing surgery, we restart the flow and
continue until the second singular time. Using Theorem 10.10 and a stan-
dard continuity argument, we conclude that the flow with surgery satisfies the
Canonical Neighborhood Property with accuracy 2¢ on all scales less than 27,
up until the second singular time. Consequently, Proposition 11.1 ensures that,
at the second singular time, we can again find $-necks on which to perform
surgery. After performing surgery, we continue the flow until the third singular
time. Again, Theorem 10.10 guarantees that the flow with surgery satisfies the
Canonical Neighborhood Property with accuracy 2¢ on all scales less than 27,
up until the third singular time. We can now perform surgery again and repeat
the process.

Since each surgery reduces the volume by at least c¢(n)h"™, we have an
upper bound for the number of surgeries. By Proposition 10.2, the flow with
surgery must become extinct by time m at the latest. This com-
pletes the proof of Theorem 11.2.

COROLLARY 11.3. The manifold M is diffeomorphic to a connected sum
of finitely many spaces, each of which is a quotient of S™ or S™1 x R by
standard isometries.

Proof. This follows by combining Theorem 11.2 with Proposition 8.1.

Appendix A. Auxiliary results

In this section, we collect various technical results that are needed in
Sections 2-4. We assume throughout that n > 5.

LEMMA A.1. Let0 < ({ <1and0 < p < 1. Assume that H is a symmetric
bilinear form with the property that the largest eigenvalue of H is bounded from
above by %tr(H), and the sum of the two smallest eigenvalues of H is bounded

from below by 21=S) tr(H). Then

n

n—2

= ta(H) (Hun + Ha) = p ()1 + (H2)22)

n2 — <N
> = (=20 -0 -2 m_22)+22) w(H)’



550 SIMON BRENDLE

(]
for every pair of orthonormal vectors {e1,es}, where H denotes the tracefree
part of H.

Proof. By scaling, we may assume that tr(H) = n. Moreover, we may
assume that H is diagonal with diagonal entries A\; < --- < \,,. By assumption,
each eigenvalue is bounded from above by 4, and the sum of any two distinct
eigenvalues of H is bounded from below by 2(1 — ¢). It suffices to prove that

n? —2n +2
(n=2) A+ X)) —p(ANi—1)2+ (N —1)%) 2 2(n—2)(1—¢) —4¢%p W
or, equivalently,
2712C2
-2
for ¢ < j. Note that ”Tjg +2 > n. Moreover, A\, < § by assumption. We
distinguish two cases:

&(n;2+2—A>+A(p2+2 A) > 2(1- o(p2+1+Q

Case 1: Suppose first that A; > 1 — (. Since i < j, we have 1 — ( < \; <
Aj < 5. Since the function A — A ("772 +2— /\) is monotone increasing on the
interval (—oo, 5], we obtain

n —

A&”; +2-0) + 2 (5 N) =20-0 (=2 +1+0),

which implies the claim.

Case 2: Suppose finally that \; < 1—(. Since the sum of any two distinct
eigenvalues is at least 2(1 — (), we obtain 2(1 — () — A; < A; < §. Since the
function A — A ("772 +2— )\) is monotone increasing on the interval (—oo, 5],
we obtain

M(n;2+2—A)+A(

Z)\i(n_

:u1—o(”;2+1+4)—ﬂ1—g—Mﬂ.

-2
p

)+ (200 =0 =) (

+2- )

n —

2+2C+M)

Since the sum of any two distinct eigenvalues is at least 2(1— (), it follows that
Ai>1— 2(n I)C Consequently, 0 <1—-¢—X\; < - C . Thus, we conclude that

n—2 )_ 2n2¢?
p (n—2)%

)\i<n;2+2—)\i)+/\j<n;2 - j)22(1_<)<

as claimed.

LEMMA A.2. Let H be a symmetric bilinear form. If H is weakly two-
positive, then H ® H € PIC.
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Proof. Let ¢,n € C" be linearly independent vectors satisfying ¢(¢,() =
g(¢,n) = gn,n) = 0. We claim that (H ® H)(¢,n,(,7) > 0. We can find
vectors z,w € span{(,n} such that ¢g(z,z) = g(w,w) = 2, g(z,w) = 0, and
H(z,w) = 0. The identities ¢(¢,¢) = g(¢,n) = g(n,n) = 0 give g(z,2) =
g(z,w) = g(w,w) = 0. Consequently, we may write z = e; + ie3 and w =
es + iey for some orthonormal four-frame {ej,es,e3,e4} C R™. Using the
identity H(z,w) = 0, we obtain

(H O H)(Z,w,z,u_)) =2 (Hll + H22)(H33 + H44) > 0.

Since span{(,n} = span{z,w}, we conclude that (H ® H)((,n,(,7) > 0, as
claimed.

LEMMA A.3. Suppose that S € PIC. Then the largest eigenvalue of the
Ricci tensor of S is bounded from above by %scal(S’).

Proof. Since S has nonnegative isotropic curvature, we have

n—1
SC&I(S) — QRiC(S)Tm = Z Sklkl Z 0,
k=1

as claimed.

LEMMA A.4. Assume S € PIC. Then Ric(S)11 + Ric(S)a2 + Ric(S)ss +
Ric(S)44 > 0 for every orthonormal four-frame {e1, ez, e3,e4}.

Proof. The condition S € PIC implies Ric(S)11 + Ric(S)33 > 2S1313,
RiC(S)n + RiC(S)44 > 2851414, RiC(S)QQ + RiC(S)gg > 2859303, RiC(S)22 +

Ric(S)44 > 252424. Taking the sum of all four inequalities yields
Ric(S)11 + Ric(S9)22 + Ric(S)33 + Ric(S9)aa > S1313 + S1414 + Sa323 + Sa424 > 0,

as claimed.

PROPOSITION A.5. Suppose R(t) is a solution of the Hamilton ODE %R =
Q(R), and k(t) is a nonnegative function satisfying Lr(t) < 2(n — 1)k(t)2.
Then the condition R(t) —  k(t)id ®id € PIC is preserved.

Proof. Let S(t) = R(t) — 2 x(t)id ®id. As in [4], we compute

Q(S(t)) + 2k(t) Ric(S) ®id + (n — 1) k() id ® id = Q(R(t)).

This gives

d . : 1,d AN
Z5(1) = Q(S(®) + 26(1) Ric(S(1)) ®id - 5 (W(t) —2(n = 1)a(h)?) id 0 id.
If S € PIC, then Proposition 7.5 in [5] implies Q(S) € TsPIC. Moreover, if
S € PIC, then the sum of the four smallest eigenvalues of Ric(.5) is nonnegative
by Lemma A.4, and consequently Ric(S) ®id € PIC. Therefore, the condition
S(t) € PIC is preserved.
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LEMMA A.6. Assume that S € PIC. Then

S1313 + A2S1414 + Sa323 + A2S9404 — 2AS1234
1— )2
n—4

for every orthonormal four-frame {ey, ez, e3,e4} and every A € [0, 1].

_l’_

(RiC(S)H + RiC(S)QQ — 251212) >0

Proof. Since S € PIC, we have
S1313 + S1414 + 52323 + S2424 — 251234 > 0

for every orthonormal four-frame {ej, e, e3,e4}. We now replace e4 by Aey +
V1 — X2e, for some fixed p € {5,...,n}, and we take the arithmetic mean of
the resulting inequalities. This gives

Si313 + A*S1414 + Saza3 + A2S2124 — 2AS1934 + (1 — A?)(S1p1p + Sop2p) > 0
for all p € {5,...,n}. In the next step, we take the mean value over all
p € {5,...,n}. Using the inequality

n n

Z(Slplp + Sopop) < Z(Slplp + Sop2p) = Ric(S)11 + Ric(5)22 — 251212,
p=> p=3

we obtain

S1313 + A2S1414 + So323 + A2 S9424 — 2AS1234

1— )2
—] (Ric(S)11 + Ric(S)a22 — 2S1212) > 0.

This proves the assertion.

LEMMA A.7. Let S be an algebraic curvature tensor, and let H be a sym-
metric bilinear form on R™. Let us define an algebraic curvature tensor T on
Rn—i—l by

Tijkr = Sijrts, Tijko =0,  Tioro = H;
fori, gk, le{l,...,n}. If
S1313 + A2S1414 + Saz23 + A*S2a24 — 2AS1234 + (1 — A%) (Hi1 + Haz) >0

for every orthonormal four-frame {e1,es,es,es} and every X € [0,1], then T €
PIC.

Proof. Let 5 .7 € C"! be two linearly independent vectors satisfying
9(¢,¢) = g(¢,7) = g(ﬁaﬁ) = 0'~ We claim that T'(¢,7,¢,7) > 0. We can
find a nonzero vector Z € span{(,n} such that Z = (z,0) for some z € C".
Moreover, we can find a nonzero vector @ € span{C, 7} such that g(Z,@) = 0.
We normalize Z and @ such that g(2,Z) = g(w,w) = 2. We can further
arrange that w = (w,ia), where w € C" and a € ). The identities

ran [0, 00
9(¢,¢) = g(¢,1) = g(®,7m) = 0 imply g(z,2) = g(¢,w) = g(w,w) = 0.



RICCI FLOW ON MANIFOLDS WITH POSITIVE ISOTROPIC CURVATURE 553

Consequently, we may write z = e] + ieg, w = ez + iley, and a = /1 — A2 for
some orthonormal four-frame {e1,es,e3,e4} C R™ and some A € [0,1]. This
implies
T (2,10, %,%) = S1313 + A*S1414 + S2323
+ A2Sou94 — 2AS1934 + (1 — A?) (H11 + Hag) > 0.
Since span{é, N} = span{Z, W}, it follows that T(g, 7, C:, 7) > 0, as claimed.

ProOPOSITION A.8. Let S be an algebraic curvature tensor, and let H be
a symmetric bilinear form on R™ such that

7 := S1313 + A*S1414 + Sa323 + A2S2424 — 2AS1034 + (1 — A?) (Hyy + Hag) > 0

for every orthonormal four-frame {e1, e2, e3, e4} and every X € [0,1]. Moreover,
suppose that Z = 0 for one particular orthonormal four-frame {e1, e, e3,€4}
and one particular A € [0,1). Then

Q(9)1313 + A°Q(S)1414 + Q(5) 2323 + A Q(S)2424 — 2AQ(9) 1234
+ (H ® H)i313 + A (H ® H)1414
+ (H ® H)a323 + N (H ® H)2404
—2X\(H ® H)1234
+2(1 = A2 ((S* H)11 + (S * H)ao)
> (14 A?)(Hi1 + Ha)?
for this particular four-frame {e1, e2, e, e4} and this particular A € [0,1). Here,
S« H s defined by (S * H )i, := 35 11 SipkgHpq-
Proof. We define a curvature tensor 7' on R"*! by
Tijkt = Sijrts,  Tijro =0, Tioro = H;

for i,j,k,1 € {1,...,n}. By Lemma A.7, we know that T € PIC. Suppose
that Z = 0 for one particular orthonormal four-frame {ej, 2, e3,e4} C R™ and
one particular A € [0,1). Then {ej, es, e3, Aeg + V1 — A2ep} is an orthonormal
four-frame in R™*! that has zero isotropic curvature for T'. Using Proposition
7.4 in [5], we obtain

n

0 < Z (Tlplq + T2p2q)
p,q=0

(Tap3g + N2 Tapag + A1 — N2Tgp04 + A1 — N2Tpaq + (1 — M) Top0,)

n
— > Tiopg (ATapg + V1 = XN2T05)

p,q=0

n
- Z (Tlqu + )\T2p4q +Vv1— )\QTQqu) (T3p1q + )\T4p2q +v1— )\2T0p2q)

p,q=0
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n
= > (ATipag + V1 = NTip0q — Tapag) (Aupiq + V1 = NTop1q — Tapzg)

p,q=0
n
= Z (Tlplq + T2p2q) (T3p3q + )‘2T4p4q + (1 - /\Q)TOPOq)
p,g=0
n
- Z T12pq )\T34pq
p,q=0
n
- Z (Tlqu + )‘T2p4q) (T3p1q + )‘T4p2q)
p,q=0
n
— > (ATipag — Topzg) (ANTuprg — Tapzq)-
p,q=0

This implies

n
0= Z (Tip1q + Tap2g) (Thpsq + )\2T4p4q +(1— /\2)T0p0q)
p,q=1

n
- Z T12pq )\T34pq
P,q=1

n
- Z (T1p3q + )‘T2p4q) (TSplq + /\T4p2q)
P,q=1

n
— Z (AT1pag — Top3q) (NTaprq — T3p2q)
P,q=1

+ (Hyy + Hog) (Hsz + A\ Hyy)
— (Hy3 + AHay)? — (\Hyy — Ho3)?

= Z (Slplq + S2p2q) (S3p3q + )‘25413461 + (1 - )\Z)Hpq>
p,q=1
- Z Sl?pq )‘5341011
p,g=1
— > (Sipag + AS2paq) (Szp1q + ASapag)
P,q=1
— > (AS1pag — Sapsq) (ASaprg — Sapag)

p,q=1
+ (Hyy + Hog) (Hsz + N2 Hyy)
— (Hy3 + MHaz4)? — (\Hy4 — Ho3)?.
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Since A € [0,1), we have Z = g—f = 0. This gives AS1414 + AS2424 — S1234 =
A(Hi1 + Haz) and Si1313 + S2323 — AS1234 = —(H11 + Haz). Consequently,

2
(14 A*)(Hiy + Ha2)? = [(AS1414 + S1a23) + (AS2424 — S1324)]

2
+ [(Siz13 — AS1s24) + (Sas23 + AS1423)]
< 2(AS1414 + S1423)% + 2(\S9424 — Si324)?
+2(S1313 — AS1324)? + 2(S2323 + AS1423)*

< Z (S13pg — MSa24pg)? + Z (AS14pq + Saspq)”-
p,q=1 P,q=1

Putting these facts together, we conclude that
Q(S)1313 + A’ Q(S)1414 + Q(S)2323 + A Q(S)2424 — 2AQ(S) 1234

= > (Sizpg — AS21pg)” + Y (AS1apg + Saszpg)’

pg=1 pg=1

+2 Z (S1p1q + S2p2q) (S3p3g + A*Sapag)
p,g=1

-2 Z 51210(1 >‘S34pq
p,g=1

-2 Z (51p3q + A52p4q) (S3p1q + )\S4p2q)
p,q=1

-2 Z ()‘Slp4q - 52p3q) ()‘S4p1q - S3p2q)
p,g=1

> (L+A?)(Hui + Ha)? = 2(1 = 2%) Y (Sipig + Sapzq) Hpg
p,q=1
-2 (H11 + H22) <H33 + )‘2H44)

+ 2 (Hys + AHay)? + 2 (\Hyy — Ho3)?.
This completes the proof.

Finally, we consider tensors .S and U that do not necessarily satisfy the
first Bianchi identity. The following result generalizes Proposition 7.4 in [5]
(see also [36]):

PRrROPOSITION A.9. Assume that S and U are tensors that satisfy all the
algebraic properties of a curvature tensor, except for the first Bianchi identity.
Moreover, suppose that U € PIC and S —U > 0. Then S* € Ty PIC.
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Proof. Consider a complex two-form ¢ with the property that ¢ =
(e1 + iea) A (es + ieq) for some orthonormal four-frame {ei,e9,es3,e4} and
U(p,p) = 0. Since U € PIC, U(e " pel?, etopete) > 0 for all o € so(n,C)
and all ¢ € R. This implies %U(e‘t”cpet”,e_wcpew)’ > 0 for all 0 €

s0(n, C); consequently, -

U(llg. ol a],0) + Ulp, [lp. o], 0]) +2U([p, 0], [p,a]) > 0

for all o € so(n,C) (cf. [36]). If we replace o by ic and add the resulting in-
equalities, we obtain U([p, 0], [¢,c]) > 0 for all o € so(n,C). Since S —U > 0,
it follows that S([g, o], [, 0]) > 0 for all o € so(n,C). Let us define a lin-
ear transformation L : so(n,C) — so(n,C) by Lo = [p,0]. The adjoint
L* : s0(n,C) — so(n,C) is given by L*o = —[p, 0]. Let P : so(n,C) — so(n,C)
be a linear transformation with the property that ¢ = LPo whenever o lies
in the image of L. Clearly, L = LPL, and consequently L* = L*P*L*. Since
L*SL > 0 and LSL* > 0, we obtain

tr(SLSL*) = tr((L*SL)P(LSL*)P*) > 0.

From this, we deduce that S7 (¢, ) > 0. Since this inequality holds for every
two-form ¢ = (e + ie2) A (e3 + ieq) satisfying U(p, ¢) = 0, we conclude that
S# € TyPIC.
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