Annals of Mathematics 189 (2019), 753-835
https://doi.org/10.4007 /annals.2019.189.3.3

Quantum ergodicity on graphs: From
spectral to spatial delocalization

By NALINI ANANTHARAMAN and MOSTAFA SABRI

Abstract

We prove a quantum-ergodicity theorem on large graphs, for eigenfunc-
tions of Schrodinger operators in a very general setting. We consider a
sequence of finite graphs endowed with discrete Schrodinger operators, as-
sumed to have a local weak limit. We assume that our graphs have few short
loops, in other words that the limit model is a random rooted tree endowed
with a random discrete Schrédinger operator. We show that an absolutely
continuous spectrum for the infinite model, reinforced by a good control of
the moments of the Green function, imply “quantum ergodicity,” a form of
spatial delocalization for eigenfunctions of the finite graphs approximating
the tree. This roughly says that the eigenfunctions become equidistributed
in phase space. Our result applies, in particular, to graphs converging to
the Anderson model on a regular tree, in the regime of extended states
studied by Klein and Aizenman-Warzel.

1. Introduction

1.1. The problem. Consider a very large, but finite, graph G = (V, E).
Are the eigenfunctions of its adjacency matrix localized, or delocalized? These
words are used in a variety of contexts, with several different meanings.

For discrete Schrodinger operators on infinite graphs (e.g., for the cele-
brated Anderson model describing the metal-insulator transition), localization
can be understood in a spectral, spatial or dynamical sense. Given an interval
I C R, one can consider

e spectral localization: pure point spectrum in I,

e exponential localization: the corresponding eigenfunctions decay exponen-
tially,

e dynamical localization: an initial state with energy in I that is localized in
a bounded domain essentially stays in this domain as time goes on.
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On the other hand, delocalization may be understood at different levels:

e spectral delocalization: purely absolutely continuous spectrum in I,
e ballistic transport: wave packets with energies in I spread on the lattice at
a specific (ideally, linear) rate as time goes on.

In this paper we want to discuss a notion of spatial delocalization. Since the
wavefunctions corresponding to the absolutely continuous spectrum are not
square summable, a natural interpretation of spatial delocalization is to con-
sider a sequence of growing “boxes” or finite graphs (Gx) approximating the
infinite system in some sense, and to ask if the eigenfunctions on (G ) become
delocalized as N — oo. Can they concentrate on small regions or, on the
contrary are they uniformly distributed over (Gy)? Large, finite graphs are
also a subject of interest on their own. Actually, an infinite system is often an
idealized version of a large finite one.

Localization/delocalization of eigenfunctions is believed to bear some re-
lation with spectral statistics: localization is supposedly associated with Pois-
sonian spectral statistics, whereas delocalization should be associated with
Random Matrix statistics (GOE/GUE). In the field of quantum chaos, the
former notion is often associated with integrable dynamics and the latter with
chaotic dynamics [16], [17], [18]. However, specific examples show that the
relation is not so straightforward [38], [39], [34]. Understanding how far one
can push these ideas is one amongst many reasons for studying models of large
graphs [31], [41], [42].

Recently, the question of delocalization of eigenfunctions of large matrices
or large graphs has been a subject of intense activity. Let us mention several
ways of testing delocalization that have been used. Let My be a large symmet-
ric matrix of size N x N, and let (%‘);’V:l be an orthonormal basis of eigenfunc-
tions. The eigenfunction 1; defines a probability measure "2, |¢;(z)[?d,.
The goal is to compare this probability measure with the uniform measure,
which puts mass 1/N on each point:

e (> norms: Can we have a pointwise upper bound on |;(z)|, in other words,
is [|¥j]|lco small, and how small compared with 1/v/N ?

e (7 norms: Can we compare ||¢;]|, with NY/P=1/2 2 Tn [24], a state v;
is called non-ergodic (and multi-fractal) if ||¢;||, behaves like N7 with
f(p) # 1/p — 1/2. Related criteria appear in [2].

e Scarring: Can we have full concentration (3 ,¢x |1;(2)|? > 1—¢) or partial
concentration (3 ,en |1;(2)|? > €) with A a set of “small” cardinality? We
borrow the term “scarring” from the term used in the theory of quantum
chaos [38].

e Quantum ergodicity: Given a function a : {1,...,N} — C, can we com-
pare 3, a(z)|;(x)[> with % 3, a(x)? This criterion, borrowed again from
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quantum chaos, was applied to discrete regular graphs in [7], [5]. Quantum
ergodicity means that the two averages are close for most j. If they are
close for all j, one speaks of quantum unique ergodicity.

As was demonstrated in a recent series of papers, adding some randomness
may allow the problem to be settled completely. For instance, almost sure op-
timal £*°-bounds and quantum unique ergodicity for various models of random
matrices and random graphs, such as Wigner matrices, sparse Erdos-Rényi
graphs, random regular graphs of slowly increasing or bounded degrees were
obtained in [28], [29], [20], [27], [13], [11], [12]. The invariance of the probability
distribution under certain elementary transformations plays an important role.
The completely different point of view that we adopt is to consider determinis-
tic graphs and to prove delocalization as resulting directly from the geometry
of the graphs. Up to now, in this deterministic setting, only eigenfunctions of
the adjacency matrix of regular graphs have been treated, taking advantage of
the completely explicit Fourier analysis on regular trees. The papers [7], [21],
[5] give various proofs of quantum ergodicity; the paper [22] proves the absence
of scarring on sets of cardinality N'~¢ and also contains (although not stated)
a logarithmic upper bound on the £°° norms.

The aim of this paper is to prove a quantum ergodicity theorem for eigen-
functions of discrete Schrodinger operators on quite general large graphs. As
we will see, a particularly interesting point of our result is that it gives a direct
relation between spectral delocalization of infinite systems and spatial delocal-
ization of large finite systems. Our result may be summarized as follows (with
proper additional assumptions to be described later):

“If a large finite system is close (in the Benjamini-Schramm
topology) to an infinite system having a purely absolutely con-
tinuous spectrum in an interval I, then the eigenfunctions (with
eigenvalues lying in I) of the finite system satisfy quantum er-
godicity.”

1.2. The results. Consider a sequence of connected graphs without self-
loops and multiple edges (Gn)nven. We assume each vertex has at least three
neighbors. It will be convenient to write G as a quotient of a tree EE by a
group of automorphlsms I'y, that is, Gy =T N\G ~, where I'y acts freely on
the vertices of GN, ie., given v € GN, Y1v = v implies v1 = 2. In other
words, Gy n is the * unlversal cover” of G . We will work under the assumption
that the degree of Gn Gy is everywhere smaller than some fixed D.

We denote by Vy and Ey the set of vertices and edges of Gy N, respectively.
We denote by Vy and En the vertices and edges of Gy, respectively. We
assume |Vy| = N and work in the limit N — oo.
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Define the adjacency operator XN : CEI; — Ca; by
(Anf)w) =" fw

wn~v

where v ~ w means v and w are nearest neighbors. The operator ZN is
bounded on EQ(EJ;). It also preserves the space of I'y-invariant functions
on Vi, in other words it defines an operator on ¢2(Vy), which we denote
by Ayx. (We will drop the index N and write A, A when no confusion may
arise.) Consider a bounded function Wy : Vy — R such that T7VVN(7 v) =
W;( ) for all ¥ € T'y. The operator of multiplication by WN is bounded
on EQ(G ~); it also preserves the space of I'y-invariant functions on Vi, thus
it defines an operator on ¢?(Vy), which we denote by Wy. We define the
discrete Schrodinger operators ﬁN = .ZN + 17[\/1; and Hy = Ay + Wy. The
central object of our study are the eigenfunctions of Hy, and their behaviour
(localized /delocalized) as N — +oo. The fact that I'y acts freely implies
that Hy is symmetric (self-adjoint) on £2(Vy).

For comfort, we will always work under the assumption that Wy takes
values in some fixed interval [—A, A]. This implies that the spectrum of all
operators we will encounter is contained in some fixed interval Iy = [-A — D,
A+ D.

We define the Laplacian Py : CY¥ — CYV by

(1.1) (Pnf)(z

?J"’x

where dy(x) stands for the number of neighbors of x. If we introduce the
positive measure on Vjy assigning to z the weight dy (), then Py is self-adjoint
on ?(Vy,dy).

We shall assume the following conditions on our sequence of graphs:

(EXP) The sequence (Gy) forms an expander family. By this we mean that
the Laplacian Py has a uniform spectral gap in ¢?(Viy,dy). More
precisely, the eigenvalue 1 of Py is simple, and the spectrum of Py is
contained in [—1+ 3,1 — ] U {1}, where § > 0 is independent of N.

Note that 1 is always an eigenvalue, corresponding to constant functions. Our
assumption implies, in particular, that each G is connected and non-bipartite.
It is well known that a uniform spectral gap for Py is equivalent to a Cheeger
constant bounded away from 0; see, for instance, [25, §3].

Our second assumption is that (Gx) has few short loops:

(BST) For all r > 0,

i [ € Vi py () <1

N—oo N - O’
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where pg (x) is the injectivity radius at z, i.e., the largest p such that
the ball Bg, (z,p) is a tree.

The general theory of Benjamini-Schramm convergence (or local weak
convergence), briefly recalled in Appendix A, allows us to assign a limit object
to the sequence (G, Wy ), which is a probability distribution carried on trees.
More precisely, up to passing to a subsequence, assumption (BST) above is
equivalent to the following assumption:

(BSCT) The sequence (G, Wi ) has a local weak limit [P that is concentrated
on the set of (isomorphism classes of) colored rooted trees, denoted
%D,A.

Assumption (BSCT) says that (G, W) converges in a distributional
sense to a random system of rooted trees {[7, 0]}, endowed with a map W :
7T — R. More precisely, the empirical measure of (Gy,Wpy), defined by
choosing a root x € Vi uniformly at random, converges weakly to a probability
measure P concentrated on trees.

If [T,0,W] € TP and A is the adjacency matrix of 7, we denote by
H = A+ W the limiting random Schrodinger operator, which is self-adjoint
on 2(T).

Call ()\g-N));V:l the eigenvalues of Hy on ¢?(Vy). Assumption (BSCT)
implies the convergence of the empirical law of eigenvalues: for any continuous
X : R — R, we have

18 v
(1.2) 5 XA (G0, X(H)00) = p(x);
see Remark A.3. Here E is the expectation with respect to P, that is,

E(N) = [, ST 0, W) dB(T,0,W).

The measure p is called the integrated density of states in the theory of random
Schrédinger operators.

We need some notation for our last assumption. Let [T, 0, W] € Z24.
Given z,y € T, and v € C\ R, we introduce the Green function

G (2, y) = (da; (H = 1) " 8y)e2 (1)

Given v,w € T with v ~ w, we denote by 7(*) the tree obtained by removing
from the tree T the branch emanating from v that passes through w. We define
the restriction H") (u,u') = H(u,v) if u,u’ € T and zero otherwise.
The corresponding Green function is denoted by g<”|w>(., 57). We then put
(h(©) = =G (v, 0;7),
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(Green) There is a non-empty open set [; such that for all s > 0, we have

sup E ( Z | Im 62+i770(y)]_5> < 00.
(0,1)

Ael,m€ y:y~o

To understand (Green), define the (rooted) spectral measure of [T, 0, W] €
FDA 1y

(1.3) to(J) = (00, x7(H)do) for Borel J C R.

Assumption (Green) implies that supycj, no>0E(|G7 (o, 0)|?) < oo; see Re-
mark A.4. As shown in [32], this implies that for P-a.e. [T, 0, W] € FPA the
spectral measure p, is absolutely continuous in 17, with density %Im G M0 (0,0).
Hence, (Green) implies that P-a.e. operator H has a purely absolutely contin-
uous spectrum in I;. This is a natural assumption since our aim is to prove
delocalization properties of eigenfunctions.

Now let (¢§N))§y:1 be an orthonormal basis of £2(Vy) consisting of eigen-
functions of Hy. Pick j € {1,...,N}. The problem of quantum ergodicity is
to understand if the probability measure }°,cv,, \1/1J(-N)(9:)|25x on Vy is “local-
ized” (essentially carried by o(NN) vertices) or “delocalized” (ideally, close to
the uniform measure on Vy, or maybe, to some other natural measure on Vy,
comparable to the uniform measure). More generally, we want to know if the

correlations ¢§N) (x)wj(-N) (y), for z and y € Vy at some fixed distance, ap-
proach some limiting object. From a mathematical point of view, the question
was addressed in [7], [21] for eigenfunctions of the adjacency matrix of large
deterministic regular graphs, and for the adjacency matrix of random regular
graphs or Erdos-Rényi graphs in the recent works [27], [13], [11], [12]. The
main motivation of our paper is to extend the results of [7] to disordered sys-
tems, that is, to non-regular graphs, possibly with a potential on the vertices
or weights on the edges. This necessarily requires a different method from that
of [7], which was specific to regular graphs. New methods to prove quantum
ergodicity were already explored in [5]. We insist on the fact that, contrary
to [27], [13], [11], [12], [30], our sequence of graphs and potentials are deter-
ministic. The results may, in particular, be applied to random graphs and/or
random potentials, provided one knows that Assumptions (EXP), (BSCT) and
(Green) hold true for some realizations. We discuss the relation with existing
work more extensively in Section 1.5.

Let us state the main abstract result; its concrete meaning will be explored
afterwards. For z,y € VN, and v € C\R, we introduce the lifted Green function

(1.4) g}y\/(xvy) = (0, (ﬁN - 7)715y>52(‘7N)'

Recall that we write G as a quotient I N\CNJ ~, where G N is a tree. We denote
by Dy a fundamental domain of the action of I'y on the vertices of G . Thus
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Dpy contains N vertices of G N, each of them projecting to a distinct vertex
of G N-

Let I; be the open set of Assumption (Green), and let us fix an interval I
(or finite union of intervals) such that I C I;.

THEOREM 1.1. Assume that the graphs Gy and the potentials Wy satisfy
(BSCT), (EXP) and (Green). Call ()\( ))] | the eigenvalues of the Schrédinger

operator Hy on (2(Vy), and let (1/}J(-N))§-V:1 be a corresponding orthonormal
etgenbasis.

For each N, let a = ayn be a function on Vy with supy sup,ecy, |an(z)]
< 1. For v € C\R, define (a), = Y ,evy a(a:)CI)fyv(i“,i:), where @%V(:E,i) =

> a0 @) = (), | =

1
Iim lim — Z
17040 N—+oo N 2eVy

(N)
A el

Here, T is a lift of z € Vv in the universal cover '17N.

COROLLARY 1.2. Under the same assumptions, for any € > 0, we have

#{ el:

More generally, we have the following result on eigenfunction correlators,
which says that t;(x);(y) “approaches” the function @ﬁ\\g +i0(Z, ) defined in
(1.5). For technical reasons we have to assume the (¢;) are real-valued. More
precisely, we need %( )¥;(y) to be real for any j = 1,...,N and z,y € Vy
with x ~ y.

> al@ly @) - (@) iy | > € 0.

zeVN

—
N—+00,1040

THEOREM 1.3. Assume (Gn, W) satisfies (BSCT), (EXP) and (Green).
Call ()\( )) Y, the eigenvalues of Hy on (?(Vy), and let (w](N))é,\f:l be a corre-
sponding orthonormal eigenbasis. Assume the (z/zj)év:l are real-valued.

Fiz R € N. For each N, let K = Ky be an operator on (*(Vy) whose
kernel K = Ky : Viy x Viy — C is such that K(x,y) =0 for d(z,y) > R. (In
other words, K is supported at distance < R from the diagonal.) Assume that
Supy sup yevy [Kn (2, y)| < 1.

For v € C\ R, define
(1.5) .

Imgi(z,y
Ky, = Y K@) (%,5), where N (i,7) = Z%DNQIJIVI;%V%,@.

#€DN,jEVN
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Then

1
lim lim

(N) (N) _
i N > '(% K ) vy — <K>/\§-N)+ino =0

(N)
A el

The “kernel” above is the matrix of K in the basis (05), i.e., K(z,y) =
(62, Kdy)e2(vy)- To define (1.5) properly, we lift K to Viy x Vi by letting

(16) K(i,gj) = K(x’y)]ldistaN(f:g)SR

ifx,y e Vy = FN\vN are the projections of z,y € VN.

If we know, in addition, that p(0I1) = 0, where p is the integrated density
of states measure (1.2), then our main theorems hold with I replaced by Iy;
see the end of Section 10. Note that if (Green) holds on Iy, then p(dI1) = 0.

Although we tend to skip it from the notation, the “observables” K and
a necessarily depend on N. On the other hand, they do not depend on j,
the index of the eigenfunction. (They are actually allowed to depend on )\;N)
in the proof, but this dependence cannot be wild — it has to be at least
continuous.) We interpret Corollary 1.2 as follows: for a given observable a,

the average > ,cvy a(x)|1/JJ(»N)(x)\2 is close to (a) for most indices j.

)\§~N)+i770
It follows similarly from Theorem 1.3 that Y,  cv, K(x,y)wj(»N) (x)¢J(N) (y) is
close to (K) A i for most j. One of the subtleties of the result is that the
indices j for \zvhich this holds may a priori depend on the observables a, K. If
we wanted to have a common set of indices j that do the job for all observables
(whose number is exponential in V), we would need to have an exponential
rate of convergence in Theorems 1.1 and 1.3. As is seen in the case of regular
graphs and W = 0 [5], our proof gives a rate that is at best a negative power
of a parameter related to the girth, which is typically of order log V. So, the
result is far from showing that ]1/1](-N) (7)]? is close to the uniform measure in
total variation.

Note the presence of the extra parameter 7y, in comparison with the case
of regular graphs [7], [5]. This is due to the fact that, generally speaking, the
quantities (a) AN ing and (K) AN 4 ing are not necessarily bounded as ng | 0

for fixed N. They will however stay bounded in the limits N — +oco followed
by 1o J 0 (as a result of (A.14) and (Green)).

1.3. Understanding the weighted averages. In order to clarify the relevance
of Theorems 1.1 and 1.3, we now investigate the meaning of the quantities
(a)atin, and (K)x;1in,- Let us start with Theorem 1.1. A good illustration
is to choose any = 1, , the characteristic function of a set Ay C Vi of size
1

~ aN for some a € (0,1), say a = 3.
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In the special case where (Gy) is regular and Hy = Ay, and also for
the anisotropic model treated in [5], the Green function g} (Z,y) does not
depend on N, as it coincides with the limiting Green function G?(Z, 7). More-
over, G7(#,7) = GY(o,0) for all € Dy. It follows that (Iay)x iy =

g>‘j+m0 (0,0) N) ||2

D zehy NG (0g) — So Corollary 1.2 implies that H]lANl/}](- ~ « for

most 1/13(-N). This shows that most wj(N) are uniformly distributed, in the sense
that if we consider any Ay C Vi containing half the vertices, we find half the
mass of \|¢§N)\|2. As we show in the next subsection, such an iterpretation is
also valid for the Anderson model.

For general models, we cannot assert that (1A )+in, = @. Still, we prove
in Section A.3 that there exists ¢, > 0 such that for any Ay C Vy with
|An| > aN, we have

) o RnE J2f B Drep 2 2

Combined with Corollary 1.2, this implies

COROLLARY 1.4. For any « € (0, 1), there exists cq > 0 such that for any
AN C Vi with |[AN| > aN, we have
1 N) 7. )12
N# {A] el: H]lAij H < Ca} — 0.

N—+oc0

Hence, while in the simple case we had || 14 wj(N) |?

~ « for most w](N), in
the general case, we can still assert that ||IlA]\,wJ(.N)||2 > cq > 0 for most 1/)J(~N)
This indicates that our theorem can truly be interpreted as a delocalization
theorem. The bad indices j (for which ||IIAJ\,¢J(.N)||2 < ¢q) will a priori depend
on A N-

We now turn to the general averages (K).;,. Recall that <I>]7V (Z,9) =

R
5 Im gflvlflxé?,)(i 7 We will show in Section A.3 that under assumption (BSCT),
FE€Dy JNAC)

we have uniformly in A € Iy,

(1.8) — Z Im g™ (2 x) — E(ImQAHV’O(o 0))

N—s
mGVN Foo

This already shows that @{YV (Z,9) is of order 1/N, since the denominator in its
expression is of order N. We strengthen this observation by proving that for
any continuous F': R — R, we have uniformly in A € I,

N Z Z (Nq)ivﬂ'no (, gj))

IGVN y,d(y,)

(1.9) |
Im GM0 (0, v)
NjooE < 2 F <E(Imgk+“’0(o, 0))>> '

v,d(v,0)=k
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This says that the empirical distribution of (N <I>fyv (f,gj)) (when z is chosen
uniformly at random in Vi and y is then chosen uniformly among the points

at distance k from z) converges to the law of (%) (v being chosen

uniformly among the points at distance k from the root o). This is a second
way of saying that (I),J}Y(.f, g) is of order 1/N: when multiplied by N, it has a
non-trivial limiting distribution.

1.4. Case of the Anderson model. Tt is important to check that the models
covered by the assumptions of our main theorems are not reduced to the case
of the Laplacian on regular graphs, already treated in [7], [21], [5]. Here we
consider the important case of the Anderson model on regular graphs, i.e., the
Laplacian with a random potential. We will show that if the strength of the
disorder is small enough, then the assumptions of Theorems 1.1 and 1.3 are
satisfied for almost every realization of the potential.

Let Ty be the (¢ + 1)-regular tree. Let v be a probability measure on R,
supported on a compact interval [—A, A], and for every € > 0 let v, be the
image of v under the homothety x +— ex. (Now v, is supported on [—€A, €A].)
Let Q = RTQ, and define P, on Q by P, = ®@yet, Ve- We shall denote by E. the
expectation with respect to P.. Given w = (w,) € Q, define W¥(v) = w, for
v € T,. Then the {wv}veqrq are independent and identically distributed random
variables with common distribution v.. Here € € R is fixed and parametrizes
the strength of the disorder.

Let Gy = (Vn, En) be a (deterministic) sequence of (g+1)-regular graphs
with |Vy| = N. This means that Gy = T, for all N. Let Qn = R~ and
P{ = ®zevy Ve on 2n. We denote Q= [Inven €23 and let Pe be any probability
measure on §) having P§, as a marginal on the factor Qy. Given (wn)nen € ﬁ,
so that wy = (wz)zevy € O, we define WV (z) = w, for z € Vy.

The results of this section are proved in a companion paper [8].

PROPOSITION 1.5. Suppose (Gy) satisfies (BST). Then (BSCT) holds
for P¢-a.e. realization of the potential. More precisely, for P¢-a.e. (wy) €
5, the sequence (G, W“N) has a local weak limit P that is concentrated on
{[Tq,0,W¥] : w € Q}, where o € T, is fized and arbitrary. The measure P,
acts by taking the expectation with respect to P¢; that is, if D = q+ 1, then

/M F(G, 0, W) dP.([G, v, W]) :/ F([Tys 0,W*]) dP. ()
g Q

= E[f([Tg,0, W*])].
We make the following assumption on the random variables:

(POT) The measure v is Hélder continuous; i.e., there exist C, > 0 and b €
(0, 1] such that v(I) < C,|I|® for all bounded I C R.
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The following proposition is by no means trivial; it comes from the results
of [32], [3].

PROPOSITION 1.6. Fiz 0 < Ao < 2,/q. There exists e(\g) such that if |e|] <
€(Xo), then assumption (Green) holds for the measure P. of Proposition 1.5 on
I = (= X0, o).

COROLLARY 1.7. If the graphs Gy form an expander family and satisfy
(BST) and if the disorder € is small enough, the conclusions of Theorems 1.1
and 1.3 hold true for P.-a.e. realization (wn) € 2, with Iy = (—Xo, Ao).

This gives a rich enough family of examples where the assumptions of
Theorems 1.1 and 1.3 hold true. Thus the conclusions of the theorems hold
for any observables ay, K. If, in addition, ay or Ky are independent of the
disorder, some extra averaging takes place, and we may replace (K)x1iy, by a
simpler average as follows.

THEOREM 1.8. Assume that (POT), (EXP) and (BST) hold. Given
(wy) € Q, let (PNYN be an orthonormal basis of eigenfunctions of HY =
Ay + WeN in £2(Vy), with corresponding eigenvalues (\SN)N ;.

Let Ky : Vn x Vv — C, supy sup, ey, [Kn(7,9)| < 1, Kny(2,y) = 0 if
d(z,y) > R, and assume Ky is independent of (wy). Fiz 0 < Ao < 2\/q. If

le| < e(No), we have for Pe-a.e. (wn),

. . 1 wWN WN 7o i
i kT[] o
A, NV e(=Xo,M0)

where for v € C\ R,

N2 F o~ ~ 1 Ee[Im g’}’(j7g)]
1.10) (K)7P° = K(z,7)®,(z, and O4(2,9) = — —F—F5——%=
( ) < >)\ x,yeZVN ( y) ’Y( y) '7( y) N EE[Im g/y(07 0)]

As in the previous theorems, if R = 0, the ¢; are arbitrary, while if R > 0,
we assume the 1); are real-valued.
For the Anderson model, E, (Im G7 (v, w)) depends only on d(v,w):

E. (Im gfy(va w)) = E (Im gﬂy(ov u)) )

where u is any vertex of T, such that d(o,u) = d(v, w).
In the special case R = 0, we have (an)}" = % Yevy a(z). So choosing
an = 1p,, Theorem 1.8 implies the strong form of delocalization given by the

uniform distribution of @ZJ](N) on Vy, as explained in Section 1.3.

1.5. Relation with previous work. Our main Theorem 1.3 holds for de-
terministic sequences of graphs and potentials. For any sequence (Gn, Wy)
satisfying the assumptions of the theorem, the conclusion holds for any observ-
able K; in particular, K may depend on the graphs. As already noted, the
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result only says something about the delocalization of “most” eigenfunctions,
where the “good” eigenfunctions exhibiting delocalization may depend on the
choice of the observable K.

In the past years, there has been tremendous interest in spectral sta-
tistics and delocalization of eigenfunctions of random sequences of graphs
and potentials. Many papers consider random regular graphs, with degree
going slowly to infinity [44], [26], [13], [11] or fixed [30], [12], sometimes
adding a random independent and identically distributed potential [30]. In
particular, the recent papers [13], [11], [12] show “quantum unique ergodic-
ity” for the adjacency matriz of random regular graphs: given an observ-
able ay : {1,...,N} — R, for most (¢ + 1)-regular graphs on the vertices
{1,..., N}, we have that Y2, aN(a;)|¢§N) (w)]? is close to {ay) for all indices
j. This is a considerable strengthening of Corollary 1.2 (or of the similar result
in [7]), which only says something for most indices j. This possibility to prove
QUE is, of course, due to the fact that ay has to be independent of the choice
of the graph and that results holds for almost all graphs.

When “ergodicity” of eigenfunctions is tested numerically as in the physics
papers [24], [23], it is natural to first pick a realization of the graph and of
the potential, and then to test the eigenfunctions one by one to determine
if they can be localized in small parts of the graph. It is then natural to
allow the test-observables to depend on the graph and the potential (which
our Theorem 1.3 does, but not the results of [13], [12]), but also on the index
j of the eigenfunction, which neither of the rigourous mathematical results
achieves. The numerical results of [23] seem to indicate that, as soon as a
random disorder is turned on, the eigenfunctions will be localized in small
parts of the graph. This is not in contradiction with our results: the region of
localization of @ZJ](N) might depend on j, but our result does not allow to test
this. Note also that the results of [24], [23] were recently questioned in [43],
where the authors argue that N has not been taken large enough to see the
delocalization take place.

The paper [10] proves a very important result, saying that if ¢; is an
“almost eigenvector” of the adjacency matrix on a random regular graph G,
then for almost all G and all j, the value distribution of ;(z) as z runs over
{1,..., N} is close to a Gaussian N (0, O'JQ-) with o; < 1. Proving that o; = 1 is
a challenge; it would amount to proving that eigenfunctions cannot be localized
in small parts of the graph. Our result does not say this, again because we
can only test one observable a at a time. The indices j for which Corollary 1.2
proves delocalization depend on a. If we wanted to have a common set of indices
j that do the job for all observables (whose number is exponential in N), we
would need to have an exponential rate of convergence in Theorems 1.1 and 1.3.
Our proof gives a rate that is at best a negative power of log N.
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Finally we would also like to mention the paper [19], where the existence
of some absolutely continuous spectrum for percolation graphs on the (¢ + 1)-
regular tree is proven, if the percolation parameter is close enough to 1. Since
the absolutely continuous spectrum is mixed with purely discrete spectrum,
one cannot expect a quantum ergodicity result that claims delocalization of
most eigenfunctions, but only a “partial delocalization” result for a positive
proportion of eigenfunctions. These are the contents of [19, Th. 9]. It would be
nice to investigate what the methods of our paper would give for that model.

1.6. Outline of the proof. We borrowed the name “Quantum Ergodicity”
from a result about Laplacian eigenfunctions on Riemannian manifolds [46],
[47], [45], [48]. The proof in the setting of Laplacian eigenfunctions on man-
ifolds is made of four steps, of unequal difficulty . These four steps are also
present in our proof.

Step 0. Define the quantum variance. The goal is to show that this goes
to 0 as N — oo. A novelty of our proof is that we replace the usual quan-
tum variance (10.1) by a “non-backtracking” one (3.3), where we replace the
eigenfunctions t; by eigenfunctions f;, f* of a non-backtracking random walk
(Section 3). These new f;, f are thus eigenfunctions of a non-selfadjoint prob-
lem. This causes new difficulties, which however will be compensated by the
fact that the non-backtracking random walk has simpler trajectories than the
“simple” random walk generated by the adjacency matrix A.

Step 1. Show that the quantum variance is controlled by the Hilbert-
Schmidt norm of K. Although this is obvious for the original quantum vari-

ance, this will be much harder for the “non-backtracking quantum variance”
(Section 4). This uses (BSCT) and (Green).

Step 2. Due to the fact that f;, f; satisty an eigenfunction problem, the
quantum variance is invariant under certain transformations (Section 5).

Step 3. One should see behind these transformations the emergence of a
“classical dynamical system.” In the setting of Laplacian eigenfunctions on
manifolds, this is the geodesic flow. Here, what we get is a family of stationary
Markov chains on the set of infinite non-backtracking paths (Section 6, Re-
mark 6.1). This step has been called “classicalization” by U. Smilansky in a
private conversation; this is supposed to mean the opposite of “quantization.”

Step 4. Iterate the classical dynamical system, and use its ergodicity to
show that the quantum variance is small (Section 9). Here, the ergodicity of
our Markov chains (more precisely, the fact that the mixing rate is independent
on N) comes from the (EXP) condition. Assumption (Green) is also used to
control the probability transitions.

There is an additional step that does not exist in the traditional setting:
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Step 5. Translate the result for the “non-backtracking quantum variance”
(involving fj, f7) into a result for the original one, involving the ¢; (Section 10).
Assumptions (EXP), (BSCT) and (Green) are used here again to show that
the transformation sending 1; to f;, f is well behaved in the limit N' — +oo0.

2. Basic identities

2.1. “Quantization procedure” on trees and their quotients. Let G = Gy,
G = (V,E). Most of the time we will drop the subscript N in the notation.
As in Section 1.2, we regard GG as a quotient: G = F\a, and welet 7:V =V
denote the projection. Fix a fundamental domain D C V for the action of T
on V. Then |D| = |V|.

Each edge {xg,z1} € E gives rise to two oriented edges e = (xg, 1)
and é = (z1,zp) in the reverse direction. We let o, and t. be the origin and
terminus of e, respectively. We then let El, or simply B , be the set of all such
oriented edges of G. More generally, let Ek be the set of non-backtracking
paths of length k in G. By convention, By =V. Ifw = (zo,...,r) and
W= (z0,...,7) € By, then we write w ~ ' if Ty = T1,...,T;_; = x) and
(z0, - .,xk,x%) S §k+1. We also denote o,, = xq, t, = .

These notions descend to the quotient. We denote by By := F\Ek the
set of non-backtracking paths of length k in G. By convention, By := V. For
k =1, we let B = Bj. The set By, is in bijection with the subset D*) ¢ Ek of
elements having their origin in D.

Let %, = CB* (the complex-valued functions on By), # = @, /4 and
Sy, = @léc:(] ;. Tt will be convenient to identify CP+# with the I'-invariant
elements of CB+ or with CP?". For K € 4, and (xg, ..., x) € Ek, we will
sometimes use the short-hand notation K(zg;zy) for K(zo,...,x). This is
justified by the fact that on é, the endpoints (xg;xy) determine the path
(zo, ..., ;) uniquely. We will also use this short-hand notation on By, al-
though in that case one should keep in mind that K (xo;xy) actually depends
on the full path (zo,...,xx).

Any K € 7 (regarded as a I-invariant element of CP*) may be used to
define an operator K on the space of finitely supported functions on TN/, with
kernel (8, K6,)
kernel

) = K(v;w). Tt also defines an operator K¢ on CV, with
Ko(z,y) =Y K(#7-9),
yerl’
where 2,7y € V are representatives of x,y € V. The map K € 54 — Kg
is a priori not one-to-one. However, if pg(x) > k, then Kg(x,-) determines
K(Z,-) uniquely. To see that K € 4 +— K¢ is surjective, consider k :
V x V. — C supported at distance k from the diagonal, and let K(Z,7) =
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k(7 (%), 7(9)) Naist (3,5)<k ({7 € T, dist(Z,7-9) < k})~'. Then Kg = k, and this
coincides with the lift (1.6) except at the few points where pe(z) < k.
Define the non-backtracking adjacency operator B : CB — CP by

(2.1) (Bf)(zo,z1) = Y, flw1,m2),
xge/\fxl\{wo}

where N, means the set of neighbors of z. Then an element K € J; may also
be used to define an operator Kz on ¢%(B), with kernel

K(Obl;tbz) if Bk_l(bl, bg) 75 O,

Oy K500, o 5, =
(0, K5 b2>€2(3) {0 otherwise.

Thus <5b1j(\ 5062) 42 B # 0 only if there is a non-backtracking path of length &

in 5, starting with the oriented edge b; and ending with bs.
Finally, K € %, also defines an operator K on CB, with matrix K5 :
B x B — C given by

Kp(bi,b) = > K(bi;y-ba),
~yel'

where by, by € B are lifts of bi,be € B. By linearity, this extends to K € J7Zy,.
Note that if K € J#,, then

W, Kap)eqy= Y,  (xo)K(zo;zr)d(r)

(IO,..-,mk)eBk

for any 1, ¢ € £2(V). Similarly, if f,g € £2(B), then we have

(2.2) (. Kpgem= Y.  [flxo,x1)K(zo;2k)g(Te—1, k),
(20, g )EBg

2

23 IKeflbm = X | Y Ko faenn),

(x0,21)EB " 2 ; (T2528)

where Y3 (1,.,) sums over all (z2;z)) € By such that 23 € Ny, \ {zo}. Al-
ternatively, we may simply sum over (x9; ;) € Bi_2 but decide that K (xo; xx)

:()if(xg,...,a:k) ¢Bk

Remark 2.1. The maps K +— f, K — fg, K~ KE and K — fB
associate an operator to a function on the set of paths. It is tempting to
view this as a form of “quantization procedure” as those used for quantum
ergodicity on manifolds.
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2.2. Green functions on trees. Assumption (BST) says that our graphs
have few short loops, in other words, that most balls of a given radius look like
trees. One of the ingredients of our proof is that the Green function on trees
satisfies certain algebraic relations, which follow from the fact that removing
a vertex (or cutting an edge) from a tree suffices to disconnect it.

Here we recall some standard facts that hold for an arbitrary tree T =
(V(T),E(T)), endowed with a discrete Schrodinger of the form H = A+ W
acting on £2(V(T)), where A is the adjacency matrix and W : V(T) — R
is a bounded function. Given v € C\ R and v,w € T, the Green function is
denoted in this section by

G(v,w;y) = (0, (H =) 0uw)e2(v(1y)-

If v ~ w, we denote by T%) the tree obtained by removing from T the
branch emanating from v that passes through w. We define the restriction
HOW) (y, ') = H(u, o) if u,u’ € T and zero otherwise. The correspond-
ing Green function is denoted by §(*I*)(-,-;~). We finally denote

-1
2my

=G(v,07) and ¢(v) = =31 (v, 0:9).

Later on, we will apply these results for (T, W) = (5 N, WN) In this case
the (full) Green function will be denoted by g}, (z,y), and the restricted one
by (J(y). In the case (T, W) = (T,W) (the random colored rooted trees of
assumption (BSCT)), the Green function will be denoted by G”(v,w), and the
restricted one by @U(v) As a general rule, the objects defined on the limit
(T, W) will wear a hat * to distinguish them from similar objects defined on
(Gn,Wn); see also Remark A.3.

The Green functions on trees satisfy some classical recursive relations; the
following lemma is proved, for instance, in [9]. Given v € V(T'), we denote by
N, its set of nearest neighbors.

LEMMA 2.2. For anyv € T and v € C\ R, we have

(2.4a) v=W()+ Y J(u)+2m],
(2.4D) =W Y Q)+
ueN,\{w} <w(v>

For any non-backtracking path (vo;vg) in T,

B p L :
(2.5) G(vo, vg;7y) = [Tj=0 63,4, (v5)

2my, ’

(2.6) G (vo, v y) = ¢y (v0)G (1, vk;y) = ¢, (V)G (vo, vk —157)-



FROM SPECTRAL TO SPATIAL DELOCALIZATION 769

Also, for any w ~ v, we have

my, 1
(2.7) Gwlv) = Ty G(w) and Zrs

For any v,w € T, we have

= G (w) = 2my.

(2.8) G(v,w;7y) = G(w,v;7).
Next, if y = X+ in with A € R, n > 0, then
.
(29) S g = el
ue./\/’v\{w} |Cw(U)|

Finally, if V., ,(w) = Im G(v,w;~), then for any path (vo,...,v;) inT, k> 1,

(2.10)  Woyue(vk) = G (VB) Yoy o (vk—1) = Im (), (vi) - G(vo, vk—137).
Note that |¢(M(u)] < n~'. It follows from (2.4b) that for any \ €
[-(A+ D),A+ D] and n € (0,1),

1

(2.11) )

-1
‘ <c¢p,an -,

where ¢cp 4 =2(A+ D) + 1.
COROLLARY 2.3. Given v € C\ R, for any vy,v1 € T, vg ~ v1, we have
U0y (1) = G (V1) a0y (00) = G (V1) W (01) A+ [CT, (01)12 W50 (v0)
= [Im ¢ (v1)].

Also, for any non-backtracking path (vo;vi) in T, k > 1, we have

(2.12)

Wy v (vk) — C;)yl (UO)\II"/,M (vg) — C;)yk_l ('W:)‘Ijv,vo (k1)
+C171 (UO)Q.gk_l ('Uk)\Ijv,m (vg-1) = 0.

Proof. By (2.10), Wy, (v1) = ¢ (v1) Wr 00 (v0) = Im ¢ (v1) G (vo, vo; 7). As
U,y o, (v0) = Wy 4 (v1), using (2.6) we thus get

(214) G (v1) a0, (v0) = [T, (V1) P Pa0 (v0) = Im G, (v1) - G w0, v1; 7).

(2.13)

Next, since G(v1,v1;7) = GEZT(Z;;) and Ci’l%vo) = (), (v1) + 2m], we have
(2.15) G(v1,v157) = ¢, (v1)G(vo, v1;7y) + 2mJ G(vo, v1;7)

= (p, (v1)G(vo, v1;57y) — ¢ (v1),
SO

Wy 0y (v1) = Im 30 (v1)[Re G (vo,v1;7) — 1] + Re (170 (v1) Wy o (v1),
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and thus
W01 (V1) = Gy (V1) Wy (V1)
(2.16) = Im ¢, (v1)[Re G (vo, v1;7) — 1] — i Im ) (v1) Wy (v1)
= Im ;/0 (UI)G(U()? Ul; '7) - Im ;/0 (Ul)‘
This completes the proof of the first claim, by (2.14). Next, we use again that
Wy w0 (V1) = (V1) Wy g (v0) = Im ¢ (v1)G(vo, vo;y). In addition, by (2.16),
G (00) [ Wy (v1) = () (01) Ty (v0)] = I () (1) [ (v0) G (o, v137) — Gy (vo)]
=Im 170 (/Ul)G(UOv Vo, 7)7

where the last equality is proved as in (2.15). This proves the second claim for
k=1.

Now let k& > 2. If we apply (2.10) with vy instead of vy and use (2.6), we
get

o (00) W0y (V) — G0 (V0) G, (V) Wy (V1) = Im () () - G (vo, Vk—157)-

The second claim for £ > 2 now follows by (2.10). O

We conclude by recalling the fact that for Lebesgue-a.e. A € R, the Green
function has a finite limit on the real axis almost surely. Remember that %D’A
is the set of colored rooted trees and that P is the probability measure on A
appearing in (BSCT).

PROPOSITION 2.4. There exists a Lebesgue-null set A C R such that, to
each A € & = R\ L, there is Qx C FZ2* with () = 1, such that if
[T,0,W] € Qy, then the limit G(v, w; X + 10) := lim, o G(v, w; X + in) ezists
for any v,w e T.

Proof. Fix [T,0,W]. By [9, Lemma 3.3], there is a Lebesgue-null set
70 C R such that for any A € &7, = R\ A7), G(v,w; A +10)
exists for all v,w € T. Let ® = {([T,0,W],A) : the limit does not exist}.
Then

(PoLeb)(®) = [, Leb(@pr o) dB(T,0,W)).

where D1, = {A € R: ([T,0,W],A) € D}. Since D7 o) S A7 0] We
have Leb(D(1,y]) = 0 for all [T, 0, W]. Hence,

0= (P®Leb)(D) = /RIP’(BD,\)d)\,

where ©y = {[T,0,W] € Z2* : (IT,0,W],A) € D}. It follows that P(Dy) = 0
on a Lebesgue-full set &. Taking 2, = D§ completes the proof. (]
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3. The non-backtracking quantum variance

Our strategy follows the one discovered in [5]. We find a transformation
turning the eigenfunctions of A + W on G = F\a into eigenfunctions of a
“non-backtracking” random walk. The new operator is not self-adjoint, but
this difficulty is superseded by the fact that the trajectories of non-backtracking
random walks (on a tree) are much simpler than those of usual random walks.

The notation is the same as in the introduction except that we drop the
subscript N. Suppose () is an orthonormal basis of eigenfunctions for H =
A+ W, say H1/J] = Aj¢j'

Fix ny € (0,1), let v; = \j + ino, and let

fi(@o, z1) = G (w1) b (1) — (o),
where (] (y) = —§](\@,J|z)(y,y;'y); see notation in Section 2.2. If B is the non-
2

backtracking operator (2.1), we have

(B¢ fi) (2o, 21)
= Y [Wiz2) — (z2)(1)]
226Nz, \{zo}
= [N (1) = W)y (1) — ¥5(zo)] — ¥5(z1) |75 — W) — Zéle)
= fi(zo,z1) — ino ¢j(x1),

where we used (2.4b). Hence we get

(3.1) B(CW f3) = fj — ino T5,
where 74 : £2(V) — (?(B) are defined by

(T-9) (20, 71) = ¢(x0) and  (749) (20, 1) = Y (21).

In [5] it was possible to set ng = 0, and (3.1) said exactly that f; was an eigen-
function of the weighted non-backtracking operator B{Y for the eigenvalue 1.
At our level of generality, we do not know if (% is well defined on Gn. We
have to work with 79 > 0 and let 19 tend to 0 only at the end of the proof, after
N has gone to co. Hence, f; is not exactly an eigenfunction, and our formulas
will contain error terms of size 7y that we will need to estimate precisely, to
show that they disappear as N — 400, followed by g | 0.
Similarly, if we put

fi (o, 1) = G (w0) ™ ey (o) — j(a1),

we note that f = ¢f;, where ¢ is the edge reversal involution, and we get

(3.2) B*(«CV f}) = fi —ino 7-1;.
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Let I be an open interval such that I C I;. For K € J#,, we define
1 *
(3.3) Vark, o (K) = = 3 | (7 Kl
)\jEI

The dependence of this quantity on 7 is hidden in the definition of f;, /7. The
scalar product (-,-) is on ¢?(B) endowed with the uniform measure; cf. (2.2).

9

Remark 3.1. We call (3.3) “quantum variance,” in analogy to the quantity
bearing this name in quantum chaos. However, there are some significant
differences:

e We use the functions f; and f} instead of the original ¢;. They are
(quasi)-eigenfunctions, respectively of the non-selfadjoint operators B¢
and B*.(.

e In general Varibm(]l) =% 1. Actually, in the special case of regular graphs
with W = 0, one has Varibm(]l) =0.

e We did not take the square of ‘< i Kp fj>‘ in the definition. This is purely
for technical convenience; the square will appear later when we apply the

Cauchy-Schwarz inequality.

We will need to extend (3.3) to operators K that depend on the eigenvalue
Aj in a holomorphic fashion, as spelled out in the following definition. Note
that K also depends on N; this tends to be implicit in our notation. We let
Ct ={yeC,Imvy > 0}.

Definition 3.2 (Assumptions (Hol)). We assume that v — K7 = K} is a
map from v € C* to %, such that
e For g > 0, for each N and (zo; ), the function A s K M0 (20;24) from
R — C has an analytic extension K, to the strip {z : |Im z| < n9/2}.
e Given 19 > 0, we have
sup sup sup |KR,, (wo; zx)| < +o0
N Rezel,|Imz|<no/2 (zo;xk)
and

sup sup sup [0: KR, (05 7x)| < +00.
N Rezel,|Imz|<no/2 (zo;xk)

We write || K[, for the maximum of these two quantities.
e For all s > 0,
1 ,
(3.4) sup limsupsup — Y | KT (05 21,)|° < +oc.
1 €(0,1) N—+oo Aely (z0;1)E By
If ¥ — K7 is holomorphic on CT, then it obviously satisfies the first
point of the definition with K, (z) = K", For instance, if K7(zo;y)

has the form ,~¢ agzg,xk)vn, then we see that A — K0 (zq; 21.) extends
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to Kyo(2) = Yuzo agzg;xk)(z + imp)". Note that although v — K7 is not
holomorphic, its restriction to an horizontal line is still a real-analytic map
R > X\ — K 0(xg;21), as it possesses an analytic extension given by z —
>0 agzg;xk)(z —inp)™. So K7 will satisfy (Hol) if K7 does.
Conditions (Hol) are stable under the sum and composition of operators.
We extend (3.3) to this setting, by letting

(35) Vark, o (K7) = = 2 |(7. K5 )
N el

Most of the paper is devoted to showing

THEOREM 3.3. Under the assumptions (EXP), (BSCT), and (Green), if
K" € A, has the form K7 = F, K for the operators F. in Corollary 10.3, then
7171&(1) NLHEOO Varyy, . (K7) = 0.
These v — F,K satisfy (Hol). The fact that this implies Theorem 1.3
is proven in Section 10, which may be read independently of the proof of
Theorem 3.3.

4. Step 1: Bound on the non-backtracking quantum variance

Given v € C*, we introduce a norm on each .7, k > 1, defined by

1 | Tm ¢, (20)] , 1Im¢ (k)]
1)  |K|2 == 00 K (3 )| - i
g N(xmg@k GoP | TN

We denote the associated scalar product by (-,-),. The reason for introducing

the weight MG W1 i) pe apparent in Section 6. The aim of this section is

¢z (v)I?
to prove Theorem 4.1. Here, we assume that I = (a,b), with [a,b] C I;. This

implies that there is 74 such that (a — 2n,b+ 2n) C I; for all n < n,p. We
then assume that 7 < min(ng/2,7q4)-

THEOREM 4.1. Under assumptions (BSCT) and (Green), if K7 € 4,
satisfies the set of assumptions (Hol), then for any interval I = (a,b) as above,

lim lim sup Var! K72
1040 N—)-"-OE nb,no( )

b+2n _—
< D/|I| lim lim lim su / KA )2 d.
<D 700 110 N e a—2n | ooy
In the scheme of Section 1.6, this corresponds to Step 1. This is more
complicated than usual, due to the fact that we have replaced the orthonor-
mal family (¢;) by non-orthogonal functions (f;), (f;), and also because K
“depends on A;” in (3.5).
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Recall that D above is the maximal degree and we assumed |Wy(z)| < A.
In particular, any eigenvalue A; lies in Iy := [-(A + D), A+ D]. For A € R
and 7y € (0,1), let

(20, 21) [ Im G+ () [/
O\ o, T1) = - .
70 ) £\1+“70 (:CO)

Denoting v; = Aj +ing, we have (by a double application of the Cauchy-
Schwarz inequality)

Varl (K < o Y a7 17| an, K34
Nl

1 ———1 px*
SO Con
)\jGI
We check at the end of the section that

1
4.3 lim lim sup — as L fr
(4.3) ) N—>+£N,\JZ€:[H vt

(4.2) s

VS Jorcial )"
NEl

2
<D-|I.

We now introduce an approximation x of 1; by an entire function, by the
standard convolution procedure: Fix 0 < n < 19/2. Let ¢(z) = %/26_9”2, and
s

denote ¢c(z) = e '¢(x/€). Let x be the convolution x = ¢y3/2 % 1p on R. Then
x extends to an entire function on C given by

1 2,3
— —(z=y)?/
(4.4) X&) = /1 e~/ gy
Note that 0 < x(z) < 1for z € R, and |y(z)| < € for | Im z| < . We assume
n is small enough so that x > £1; and |x(2)| < e~/ on
{z€C:|Imz| <n*, dRez,I)>2n}.

We finally note that \%(tl +itg)| < Cn*3e”5 for any z = t1 + ity with t; € I
and [ta| < nt.
By (4.2) and (4.3), we have

3D |I
(4.5) lim sup Var}lbm(KV)Q < lim sup 7

N—oo N—oo N

N
> x() Nl K 517
j=1

Now by (2.3), we have
o, K filP = > > |, (20, 21) | K (wo; o) K9 (203 yr,)

(zo,x1)EB (z2;71),(Y2;YK)

(G () ™ e () = (- )NG o (i) =15 () — 5 (1)),

where (zo;xr) = (20,21, 22,...,2%), (xo;yx) = (o, %1,Y2,...,yx) and with
the convention that K" (zg;zx) = 0 if the path (zg, 21, x2,. .., zx) backtracks.
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o —Im¢ ™ (xo)

= — =L — extends analytically to the

The function A — [axin, (z0, 71)] RRIENE

rectangle
R={2€C:Reze[-(A+D+n),(A+D+n)],Imz € [-n*, 7'}

Gy ™ (20) G2y ™ (w0)
2% z+1n0( 0) z— 27]0( O)'

Il

through the formula We denote this by a; (w0, 1) (which

is not the same as |;4in, (0, 21)|%). The same is true for the other ¢ terms. We
denote the extension of A — KA U0 (g0 21 ) KA0 (1g; ) by K. 7 (03 T, Yi) -
Again, if (20;yx) = (z0; k), this is not the same as | K0 (zq; 21 )|?.
see Lemma 4.4 to compare both.

Given z,y € V and z € C\ R, let

9 (2,y) = (6, (H = 2) "' 0y)e2(v) = E:%A—w

be the Green function of H on the finite graph G. Then by Cauchy’s integral
formula,

However,

L
N Z Ha'YjK f]”2
- 2’;T:,I-ZV 7 Z X(Z)@7Z70<gj'073;-1)
(4.6) Z€OX (20,21)€B (w252r) (y2:ui)
9 (T, yr,) G (Th, Y1)
K7 (03 Tk, yk) - ~ aat - A
" [ P ()G (k) CET ()
( k-1, Yk
- % + gz(xkq,ykq)} dz.

Yk—1 (yk)

We now observe that the integral over the vertical segments of the contour
do not contribute as 1,79 | 0. More precisely,

LEMMA 4.2. The integral 5% [, n F(2)dz in (4.6) may be replaced by
L (f;+22:]’ F(\+in*)da fb+2n F(\—int)d\), up to an error term at most
C,p,amy K 7 e/,

Proof. The error is the integral of F'(z) on the two vertical paths
{Rez=—-A—-D—-nImze [-n* 1Y}, {Rez=A+D+n,Imz e [-n*n'},
and the four connected components of the set

{Imz=4n" Rez€ [-A—D—n, A+ D +n]\ (a —2n,b+2n)}.

On these pieces, we know that |x(z)| < e~ /7. Moreover, |G (w03 Tk, yr )| <
I, . Next, by (211),

1 1

1
’a’me’ = 5|zt Z2—1
216G ™ (xo) o ™ (20)

1 1
SCD,A< + )
no+n* no—nt
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Since 1 < 10/2 by assumption, this yields [a; | < Cp any ! The Green func-
tions and ¢ terms may be bounded similarly by 4cp angy 2p—1. A factor Ck,p
comes from the number of paths, divided by V. O

Our next aim is to lift this expression to the universal cover G. In other
words, we wish to replace g* by g* everywhere, to be able to use the identities
of Section 2.2.

LEMMA 4.3. Denote z = A\ +in*. Given R € N*, there is dRky > 0 such

b+2n
a—2n F

b+2n
217rN / Z Z Z X(Z)Oéfyo (w0, 1)

¢ (@0)2dR,k,n P10 (252k),(Y23YK)

that the integral 2i7er (z)d\ in Lemma 4.2 may be replaced by

. 9" (ks Gk) G (T, r—1)

K;() (:L'Oa Tk, yk) : |:<‘Z+Z770CZ/_i770 - Cz+i770

€k ek
T (@Tr—1:Tk) | ~z/= _
I rra—— gz(fpk—lvyk—l)} dA,
e
where (7, = (7 (1) and CZ;C = (g, (W), up to an error term
#{pc(z0) <drpnt 4 1 _ 2
(Hectmo =l sy D) 6 I

Similarly, b+277 F( z)dA\ in Lemma 4.2 may be replaced by

217rN
b+2n _ _
= z zZ
sz / SO B (e, e K (w0, u)
G (%0)>dR k,n T1VE0 (z2501),(Y2;9%)

_ [ (T Gk) G (Tk, Jr—1)

z+mocz o Z+ino
€k
G (Tp—1,0k) | -z~ -~
- W + gz(xk—byk—l)} dA

€k

up to an error term (W?f4 + %)C’k,D,AWo_g|||K|H%Oe”5.

Proof. We first approximate A — g)‘+i”4(aﬁ,y) by a polynomial on the
compact interval Iy. Let hy(t) = —(t —in*)~!, and choose a polynomial g,
with ||hy — gyllee < &. Then [|hy(H — X) — ¢,(H — A)|| < %, so

i ].
1M (2, y) — gy (H — N)(z,y)| < i

for any z,y and \. So replacing each g)‘+i’74(:v,y) by ¢,(H — X)(z,y) in the

-3 2
. Cr,p,amg " I1KII3,€" .
sums gives an error term = as in Lemma 4.2.




FROM SPECTRAL TO SPATIAL DELOCALIZATION it

Denote Ci.p,am, = Ck,D7AU63|’K||3,O- Let dg,, be the degree of ¢,. Sup-
pose pa(xo) > dry + k =: dr . Then it is easy to see that

a(H = X)(@r, y1) = an(H — X) (@, 1);

cf. Lemma A.1. The same holds for the other edges (zx,yr_1) and so on. The

terms with pg(zg) < dR .y bring an error term MU%C&D,A

10 *
Finally, we replace the ¢,(H — \)(Z, ) by g“”f‘ (Z,7), which yields again an
error of the form %. This proves the first statement, and the second one
is proven similarly. O

We continue to simplify the expression and record the following.

LEMMA 4.4. If we replace

ag (o, 21) K7 (203 ok, yk) and ag (zo, x1) Ko (05 2k, Yr)

i Lemma 4.3 by

|Qaing (0, 21) [P KT (20; 2 ) K =10 (205 ),

then as N — oo, the error we get is at most ChD,AnO_GMKHﬁOe”E)n‘*.

We may also replace x(\ £ in*) by x(N\), modulo the asymptotic error
Ck,D,AU(TSH’KW%Oen577- Finally, we may replace each ¢z by CZH and ¢

_ . k
by ¢, modulo an asymptotic error Ck,D,AU()_GH\K’H%O€W5774-

k

Proof. We start with o (o, 21) K5 (70; Tk, yx). Denote e = (zo,z1) and
¢J = (7, (z0). We note that

G — g g — gm

22’(5“”0 Cezfino 2Z-C62+ino Cgfino

szino o CE*iWO
e e

g, (w0, 1) = [a*F ™ (o, 1) | =

1

2

1 1

—2
< Cp,ang

gg—ino gez—ino
—4 - —4 4
< Cp,ang “|z — 2| =2Cp,ang 1",

where we used (2.11) in the first inequality and the resolvent identity in the sec-
ond one. Similarly, K90 (z4; 2 ) K=+ (20; y3) is the same as K7 (205 T, Yk),
but with each z — ing replaced by z — ing. It follows that

K7 (205 Ty y) — K50 (05 ) K20 (205 e ) |
< 2sup |0, K (vo; vg)| sup [ K (vo; vg)| - |2 — 2]
2 4
< A K|[,n"

Hence, a7 (70, 21) K} (z0; Tk, yx) is the same as

|Qaing (0, 21) [P KT (203 2 ) K =10 (205 ),
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modulo Cp ang || K |H3]0774. This error is further multiplied by the function .

Bounding the ¢ terms by some cp a7y > and |x(2)| by e, we end up with an
error term at most

b+21 C'p ang °|| K ’\%06"5774 Ati
’ E E ' d\
/a277 N . - ‘g («Tka yk)‘
(wo,z1) (w2;21),(Y2;YK)

and a similar upper bound for each term involving g’\i”’ Since I, =

(a —2n,b+ 2n) C I;, we may use Remark A.5 to deduce that the integrand
is uniformly bounded over A € I,, by Ck,D,AUo_6H|KH|127O€n5774 as N — oo. Note
that |I,)| < |Io| = 2(D + A).

This proves the first claim. The second claim is similar; for example,

|z, (w0, 21) — [T (20, 21) | < Cp ang 2T — (21| < 2Cp ang *n.

Moreover, Kgo (w0; o1, Y ) is the same as K170 (z4; 25,) K10 (20; 4 ) with each
z+1ing replaced by Z41ing, so the proof carries on. For the third claim, note that

-t < e’y

X i) — X(V)] < sup aX( )

ZEX

For the last claim, |[(¢Z+70)~1 — (¢ZF0)~1| < 2Cp any*n* as we previously
saw when analyzing o , so we get a similar error. ([

By virtue of Lemmas 4.3 and 4.4, denoting z = \ + in*, we know at this
stage that modulo some error terms, the expression (4.6) may be replaced by

b+2n
N / > > > Xz gy (zo, 1)

G (20)2dR g,y T1T0 (2252 ), (Y23YK)

- K0 (05 2 ) K40 (200 )

(4.7)  mg® @k, Gk)  ImG* (Tk, Gr—1)
C —HnoCz 10 z+1ino
e €L

Z—i10
!
€k

Im §% ()1, o(m
_Am g @ev ) g gz(xkl,yk1)> A,

We now make the expression more homogeneous as follows:

LEMMA 4.5. Assume we have made all the replacements in Lemma 4.4.
If we finally replace each of the four Im §*(Z, ) by Im g=+™0 (2, 4) in (4.7),
then the error term vanishes as N — oo, followed by n ] 0, followed by ng | 0.
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Proof. We only analyze the first error term; the other three are similar.
Choose p, q, r such that % + % + % =1, and use the Hélder’s inequality

> > ST XK (g ) K0 (03 yg,)
pc(x0)>dR k. L1™E0 (z2;71),(Y2;Yk)
|2

’ 1 b+2n

TN Ja—2y

|az+mo (:L'Oa :El)
' Ce z+1i10 CZ ino

(Tm 37 (&, ) — T G747 (&, ) dA\

1/p
—N (/ Z Z ’KZH’?O(:UO;;Uk)KZH??O(xO;yk)‘p d)\>

(w0,21)E€B (z2;21),(Y2;Yk)

1/q

|t pin (0, 1) [* |4
Z C z4ino ~Z—1ino d)\
xOv €k C

B (z2;2k),(Y2;9k)

1/r
x(/ s s aememnara)”
(z0,21)€B (z2;71),(y2;Y% )

Here [ = []7) b+2n The first sum is bounded by

Dkfl Z ’Kz+in0(£o;wk)‘2p.

(wo;21)E By,

Assumption (Hol) on K implies that

sup lim Sup—/ Z \K)‘er 0 (205 1)) 2P AN < o0,
no,m N—oo (mo,mk)eBk

Next, by Remark A.3,

|Oéz+m0(x0ax1)|2 a
mif Ty [,

(w0,21)€B (z2;71),(Y2;yk)

_ / ’OACZ""I/IO('%.O’xl)’z a d)\,
g 10 CZ 10
(zosk), (yO7yk) T0=Y0=0 ek

and the right-hand side is uniformly bounded in 1,7y € (0,1) by Remark A.4.
Remember the convention that objects wearing a hat * are defined on the limit
(T, W), by similar formulas to those on Gy. We also refer to Section 2.2 for
notation related to Green functions.
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Finally, again by Remark A.3 we have

1 . T
m Y Y @) - g )| d

(zo,71)€B (T2;71),(Y2;YK)

= /E < Z ‘Im G (vp, wy,) — Im GZ 00 (vk,wk)‘r> dA.
(vo;vk),(

wo W) Wo=wo=0
We check that the right-hand side vanishes as n,7g | 0. Let
X0 = Tm G0 (1 ) — T G (v, ),
X0 — [ gMm0 (vg, w) — Im QAHO(vk, wg), and Yo =X — X",

Denote 30, w, = > (voson),(wows ) vo=wo=o - FOr any M > 0, we have

/E >y :/E > Y"1 gm0 < g

Vi, Wk Vi, Wk
+/IE D 1Y Ly
VW
By Proposition 2.4, Y, ., [Y;°|" — 0 for Lebesgue-a.e. A € R and P-a.e.

[T,0,W] € TP as 1n 1 0. So the first term tends to 0 by dominated conver-
gence. For the second, for any s > r,

1 C
/E Z ‘Ynno‘rl‘ynno|>M < = /IE Z ’Ynno‘s < MSS_T

Vg, Wi Vg, Wi

by Remark A.4 and Fatou’s lemma. This vanishes as M — oo. Thus,
JEY v Y0 — 0 as | 0. Similarly, [E,, ., [X™" — 0 as no | 0.
Since | X°[" < 27’_1(|Yn’7°|r + [X™]"), it follows that [EY7,, ., [X°[" — 0 as
n {1 0 followed by no | 0. U

By virtue of Lemma 4.5, denoting ¥, ,(w) = Im g7 (v, w), the term in
parentheses in (4.7) may be replaced by

(4.8)

\I/z+i770,ik (gk> \Ilz+z'170,5:k (gkfl) \I]Z+in0757k—l(gk) V... - ~

z+ing ~Z—ino 2+ino B Z—ino + Yarting,@p_1 (yk—l) .

Cex Ce; €k ey,
Recall that e = (zx_1, %), €}, = (yr—1, ) and that there are non-backtracking
paths (zo,x1,...,25-1,2;) and (xo,z1,...,Yk—1,Yk). Moreover, pg(xo) >
denvk Z k'

Suppose € # ex. Then there is a path (vo,...,vs) with vg = &k, v1 =

Tp_1, UVs—1 = Yr—1 and vy = ;. Taking the complex conjugate in identity
(2.13), noting that W, s, »(w) is real, we see that (4.8) is zero. If e, = e},

"
|Tm ¢z, " ()|

T .
[Cap o1 ()2

then (2.12) tells us that (4.8) equals
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Since pg(xp) > k in Lemma 4.3, the paths (zg, z1, z9, ..., x) and (z9, 21,
Y2, ..., Y) are determined by e, and e}, respectively. So the terms in the sum
are only nonzero if (zg,x1, z2,...,2x) = (0,1, Y2,-..,Yyx). Hence, if we make

all replacements in Lemmas 4.4 and 4.5, modulo the errors appearing in these
lemmas, the expression (4.6) finally takes the form

1 b+2n

N Yo Y Y X (o, 2 PIE T (s )

a=2n pc(x0)>dR k. T1™E0 (T2;T)

[Tm GEF0 ()| 1

b+2n

Th—1 - z+1in

CET ()2 dASTr/aQ B i
k—1

where we used that x(A\) < 1 on R. Collecting all estimates on the error terms,
taking N — oo, then n | 0, then ng | 0, then R — oo, we finally get

Vi 2 < 1 b z+ino ||2
nT ZX ’a’YgK f]” 7 Ja—ay HK HZ+’L"I70 dA.

Recalling (4.5), if we prove (4.3), this will complete the proof of Theorem 4.1.
We have
1

J— 2 j 2

o, 1P = D0 #‘1&]'(1'0) — (@ (o) (1) .
(z0,x1)EB | mCm (330)’

Repeating the same arguments, we see that modulo asymptotically vanishing

error terms, we have

—1 2
SO RV D ZW
N S o (20)>dp., T1~T0 (o)
im0 (F0) — ifrlno(xO)‘Pz+ino,il(9~co) B0 (20) W i o (1)

ICEH™ (20) P g 0 (31)] .

The term in square brackets is just |Im (2 (zq)| by (2.12). Hence, using

xX(A) <1 we get Z/\ erllom; ™ 1f 12 < M for any small n > 0, and
(4.3) follows.

5. Step 2: Invariance property of the quantum variance

In the scheme of Section 1.6, we are now in Step 2. Using the functional
equations (3.1) and (3.2) satisfied by f;, f;, we show that there are certain
transformations R . : 74, = CBx — ), = CBntr that leave the quantum
variance (3.3) unchalnged.

Recall from Section 3 that B(¢" f;) = f; — ino 7+-¢; and B* ({7 f7) = fF
— Mo T,QJZ)]' if Y = >‘j + 9. So

(BCH)? fj = B fi — inoBC Ty = fi —imo(I + BC)T1.4h;.
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Tterating r times,

r—1
(BCH) fj = fj —ino >_ (B ) 7y
t=0
Similarly,
n—r—1
(B0 f7 = f —imo Y (BYCH)! .
/=0

If we define for 7 < n and v € C\ R the operator R}, : 7. — ;1 by

(R;YL,TK) (203 Tnak) = Gy (20)Caa (1) - -+ Gy (T 1) K (T Ty k)
:Zn itk (Tn- r+k+1)C;Yn,r+k+1 (Tn—rtkt2) Q,L+k,1 (Tntk)s

we thus get
(5, (R K) B f5)
= Z [(B*/'C'Yj)n_rf]ﬂ (mn—m mn—r—l—l)K(xn—r; xnfrJrk)

(377L7r§$n7r+k)
: [(ng)rfj] (xn—r—i-k—la xn—r—i—k)

= ((B"C)" " f5 Kp(BCW) i) = (f5, KBfi) — Eni(io, K),

where the £ stands for an “error term” that should vanish as ng | 0:

r—1 n—r—1
Enrg(o, K) = ino S (f1, Kp(BO ) +ing > (B 71y, K f;)
t=0 t'=0

r—1n—r—1

5> Z (B*C) ! by, Kp(BC ) ;).

t=0 t'=

Since this holds for each 1 <r<n and K = K7, by the triangle inequality we get

1 & 1 1 &
(51) Varnb 770( ) < Varnb M0 (7 ZRZ,TK’Y) E Zgnmj(n()a K’Y) :
r=1

5 2

r=1 A€l

We first show that the latter term may be neglected.

LEMMA 5.1. Suppose K7 € 4, satisfies assumptions (Hol), and let I C I4.

Then for alln € N,
1 1 ¢ ?
lim lim sup Z — Z 5n,r,j(7707 Kv)‘ = 0.

M40 N—oo < yer =1

Proof. We have

3\'—‘
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Now, letting v; = A; + ing as above,

2 r—1 2
( > rsn,r,j\) < nécn,r{ SO | KB B 7))

Ael t=0 A€l

n—r—1

3 (S B ey )] )

(Z ‘ B*LC% 7' ¢J,K%(8C%) 7—+¢]>‘>2}’
6

2
where ¢, , = n+r(n—r). So it suffices to show that lim sup (% Soner (s >|)
is uniformly bounded in 7g for each ¢,t'. For the first term, we have

(% 3 1 KRGO ) <+ 3l 5 1P

Ajel A €1

Z vy, K5 (BC ) oryap; ||

)\EI

The first sum is uniformly bounded as ng | 0, by (4.3). Next, by (2.3), we have

v, K3 (BEW ) b |2
= > ST Ja, (w0, 21) PE (205 )

(z0,21)EB (@2;7K),(Y2;Yk)
- K (o3 yk) - (B9 rpabs] (1, 2a) [(BE9 ) ersabs] (Ye—1, i) -

Arguing as in Section 4, applying Lemma 4.2 to Lemma 4.4, for z = \ + in?
we get

~ Z lovy, K5 (BE) |2

)\ el
3 b+2n

San ) )R DD

pG(20)>dR & t,n T1T0 (2228 41)5(Y25Yk4-t)

XN |rping (@0, 1) PE 7T (20; 2 ) K0 (w5 ) G z+ 0 (2pg1)

SRTGANGN Coum) i O Y1) e Gt Wit Wy, (Fere) A

Using Hoélder’s inequality as in Lemma 4.5, we see that as N — oo, this
quantity is uniformly bounded in 7,79 by (Hol) and (Green). One bounds
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+ Z/\. | K f;||? similarly. Finally,

~ Z 1(B* ) 7y |

)\GI

SN Y W)k o) )

A€l (zosmy Jrl)
3Dn" rb+2n

> XV () C2H™ ()

$O§$t/+1)7PG (Z'O)ZdRJm/

~ N a—2n (

SO (zy_q) P dA,

Ty

which is asymptotically bounded using Holder’s inequality as before. ([

Using the invariance law (5.1), Theorem 4.1 with K7 = %Z:«L:l Ry K7,
and Lemma 5.1, we deduce the following statement:

PRrROPOSITION 5.2. Under the assumptions of Theorem 4.1,

lim lim sup Varl, (K7)?

b
7040 N—+00 R

ZR/\M 1 +10) peA+i(n*+10) ? d).

b+2n
< D|I| lim limlimsup/
a A+i(n*+10)

nod0 70 N—oo Ja—27

n

6. Step 3: A stationary Markov chain appears

Denoting v = A+i(n* +n) in Proposition 5.2, we are now concerned with
estimating

2
1< 1 &
(6.1) ;Eﬁegmm == > <R7L7TK'Y,RZ7T,KV>W
r=1 5 ror/=1

Suppose r > 7', so that n —r <n —1’. Then

(R KRy K )

Im 7
D I L e PO A o

2 2
(205Tn4k)EBnyk |G (o)

(SN C A EE € A (ni)?

: K(l‘nfr; xn—r—l—k) C.’ryn_H_k (J:n—r—l—k—&-l) T C‘;Ynfrl+k71 (-Tn—r’—i-k)

: anfrﬁ»l (xn—T) T C;fyn,rf (xn—r’—l)K(xn—r’; xn—r’-{-k)
|an+k—1 (xn-‘rk’)’Z




FROM SPECTRAL TO SPATIAL DELOCALIZATION 785

Letting m1 = Im~y, (2.9) tells us that

S Imcl (wo)| = LR

2 2
€Nz, \{z2} |<$2 ('Tl)|
Similarly, we have

[Im (g, (@)

—m-
|Giis (Tnk—1) [

> [Tm ¢ (@ngk)| =

Tn+k eNIn+k71 \{xn+k72}
By iteration, this induces some simplifications:

(R, K RY LK),

_ 1 Z | Im an,rﬂ(xnfr)‘

Kg N (wn r)|2 K(l’n—r; wnfTJrk)
n—r -

(xn—T;xn—W+k)€Bk+r—r’

(6.2) K (Tp—prs T k) - anfrJrk (Tn—r+ks1) C;n—r’+k—1 (Tn—r/+k)

' an—r+1 (xn—r) e C;n—'r’ (.’L‘nf,,./il)

[ @nrin)]
n—r'+k—1 ‘2 — En,r,r’ (7717K)’

|Ca'ﬁyn,rl+k,1 (l‘n*r’+k)

with the error term

n—r
m
En,r,r’ (7717 K) = N Z Z | :ZSH (SES) T ;:/n,r (xnfr71)|2
s=1 (zs;Tp4k)

A @) G @ne-) P TG ()]

- K(Tn—r; Tn—ryk) C;/nfvdrk (Trn—riht1) - C;n—r'+k_1 (Tn—r'+k)

: C;/n—r-u (xn—r) T Cg o (xn—r’—l)K(wn—r’Q xn—r’—i—k)
n T

n+k—1

I 2 n—r
+ % Z Z | man,TJrl (JT )‘

s'=n—r'+k (z |C;:Yn77,+1 (xn_r) |2

(Tn—rth+1) - 'C;S/fl(xS’)F

n—r! ws/)

Y
G,

K (Tp—r; Tnryk) C:anwk (Tn—rgks1) an_r'+k_1 (Tn—rtk)

7,,J+k

: C;/n—r-kl (mn—r) T C;cy ot ($n—r’—1)K(wn—'r’§ xn—r’—i—k)-
n—r

The expression is slightly nicer if we replace K by Z,K defined by

(6.3) (27 K) (wos k) = Cgo (1) - - Gy, (k) K (wo0; ).
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If v — K7 satisfies (Hol), then so does v — Z,K". Using (2.7), in that case
we get

(R}, 2,K7 R}, Z,K7),

_1 [Im¢7 . (Tn—r)|
R N e o
(6.4) N @) - Cop ey @) P K (@0 )
em) K@ Tpprk) 0, (@) ) (@)
[ Tm ¢7 (Tn—r+k)]

n—r/+k—1

’C:’Z (mn T'+k’) ‘2 N En,r’r/ (T]l7 nyK,y)’
n—r/+k—1 —

where u](y) is the complex number of modulus 1 given by

(6.5) wl(y) = G )G y)

Let us define a positive measure p; on the set By, of non-backtracking paths
of length k, by putting

_ [Img, ()]

|m¥1<9’cy0($1)|2

Let us also introduce the operator
(Sur K) (w0; k)

(6.7) |6 (o) ?
[ Tm ¢, (o) 2

[ Im (7, ()]

Trp—1

(6:6)  puy. [(wo; )] oo (1) Cay () -

| Im QO (1) Uzo (w_1)K(z_1528-1).
z_1ENZo\{21}

Then, using (2.7) again, we see that (6.4) takes the nicer form
(6.8)
1o
(R Zo K Ry 1 2 K )y = (S "m0 K7 m K)o ) = By (15 2, K7),

where we let (mYK)(z;y) = m)K(z;y). Let us also define

2
(6.9) (S,K)(xo;x1) = G, (o) " S ¢ ()| Kz 2 ).
K |ImC:;Y1 (CL'O)‘ $71€Nx0\{$1} 0

Such operators would be called “transfer operators” in ergodic theory, or “tran-
sition matrices” in the theory of Markov chains. Note that S, has non-negative
coefficients and that S,» just differs from S, by the “phases” ug,(z_1). The
effect of adding a phase to a stochastic operator is a much studied subject
in the theory of Markov chains, or more generally in ergodic theory. (See
Wielandt’s theorem [35, Ch. 8], or in the context of hyperbolic dynamical
systems [36, Ch. 4].)
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The matrix elements of S, are given by

(6.10) 8 (wi) = ABE ey

| Im 2, (o))
if w = (zo;21), W = (x_1;24-1) and W' ~ w, and Sy(w,w’) = 0 other-
wise. Recall from Section 2.1 that if w = (zg;x), we write W' ~» w if
W' = (z_1,20,...,251) for some z_1 € Ny, \ {z1}.

Note that S, is substochastic: > cp, Sy(w,w’) < 1 for any w € By, by
(2.9). More precisely, if w = (z¢; z) and 71 = Im~ > 0, then

163, (o)
HTm (o)

(6.11) Z S (w,w)=1-1n

w’E€By,
Taking the adjoint in ¢2(p1]), a direct calculation gives

2o (xR)]?
(SE) (w05 21) = g > | Tm ¢ (1) | K (215 Tpp1)-
‘Imcfkfl (mk)‘ $k+1ENzk\{Ik71}

The adjoint 87 is also substochastic, with

N et (@)
(6.12) > Siw,w)=1-n

I
W EBy | Tm Cy ()|

Remark 6.1. By (2.9), for any (xo;xk_1) € Bk_1, we have

(6.13) > iy (o 2x)] < gy [(wo; 28-1)]
Ike./\/’zk71 \{zg—2}

and for any (x1;x) € Bg_1,

(6.14) Yoo mlosaw)] < pdy (w5 a)]
20EN \ {2}

In (6.1) we take v = A + i(n* + 19) (cf. Proposition 5.2), and thus n; =
Imy = n* + 9. In the limiting case 7 = 0, (6.13) and (6.14) turn into
equalities. Equation (6.13) is then the Kolmogorov compatibility condition: it
tells us that the family of measures (4] ) may be extended to a positive measure
(actually, a Markov measure) on the set B, of infinite non-backtracking paths.
Equality in condition (6.14) means that this Markov chain is stationary. This
stationarity is the property that makes the measures ;) nice, and this is the

reason for introducing (somewhat artificially) the weight ﬁgﬁ 57“’2) in (4.1).

This family of stationary Markov chains (indexed by ) is in some sense
the “classical dynamical system” that we were seeking in Section 1.6.
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Since 71 = n* + 1 is non-zero (but small), we do not actually have exact
equality in (6.13) and (6.14). This causes some error terms that we need to
control as n,ng — 0.

7. Spectral gap and mixing

In this section, we convert the expanding assumption (EXP) into an esti-
mate on the rate of mixing of the “Markov chains” () defined in (6.6). Every
transitive Markov chain is mixing, but here we need estimates that are uniform
both as N — +oo and as «y approaches the real axis.

A technical difficulty is that the measures (u]) are not a priori bounded
from above, and the transition probabilities are not bounded from below as
approaches the real axis. Peaks of (,uZ), as well as small transition probabilities,
tend to “disconnect” the graph and are bad for mixing. So we will need to
show that there are few peaks and few small transitions (Proposition 7.6).

Let

1 v
i (B
be the normalized measure. We denote by ¢2(1]) the set £2(By) endowed with

the scalar product (f, g)yz =Y wen, VY (W) f(w)g(w).
We anticipate the calculations of Section 10, where we will need to consider

(7.1) v =

the non-backtracking quantum variance of operators K, of the form K, = F, K
where K is independent of v, and F, : 74, — J4, is a y-dependent operator
for some 1 < k < m + 1, having the form F, = £7d_1ST77, T, O], U;, (9]7,
PJ, j > 2, or a polynomial combination thereof. See (10.3), (10.4), (10.5),
(10.7), (10.8), and (10.9) for the definitions. In the case F, = £L7d~ 'Sy, the
operator depends on an additional parameter 7" € N*, which has to be taken
arbitrarily large in Corollary 10.3.

Comparing with equation (6.8), this means that we will need to deal with
( ZJTIKV,K7>HZ, where now K7 = B, K, K is y-independent, and By : J&,
— 74 is defined by

By =m"Z]'F,.

For simplicity, the calculations below are written for £ = 1. This suffices
for our purposes, as we shall see in Section 9. Like in the statement of The-
orem 1.3, we will always assume that the y-independent operator K satisfies
1K oo = sup, yey | K (2,9)| < 1.

The main results of this section are the two following propositions, which
estimate the norm of the transfer operator S, (6.10) on proper subspaces. We
call F' the space of functions f on B such that f(e) “depends only on the
terminus,” that is, f(e) = f(¢') if t¢ = t. The first proposition estimates the
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norm of S, on the orthogonal of I, and the second one estimates the norm of
S% on the orthogonal of constant functions.

We denote by ¢?(Bi,U) the set ¢?(B;) endowed with the scalar prod-
uct (f,g9)v = %26631 f(e)g(e). Let Pry be the orthogonal projector on F
in 52 (Bl, U)

1
d(te)

(7.2) PryK(e) =

Z K(e).

ety =te
We use as a “reference operator” the transfer operator S defined by
S:*(B,U) —*(B,U)
1
Sfle) = > f(eN,

q(oe) e/ ~se

where ¢(z) = d(xz) — 1. Both S and S* are stochastic if the adjoint of S is
taken in ¢2(By,U). The influence of the spectral gap assumption (EXP) on
the spectrum of S is studied in [6], and we will use these results below.

We denote Q = S*S and Qy = S?*S2. Note that Q(e,€’) = 0 unless there
exists ¢ such that e ~» €’ and ¢’ ~ ¢”. In this case, we say that [e,€'] is a
pair; [e, €] form a pair if and only if they share the same terminus. The set of
pairs is denoted by P(By).

PROPOSITION 7.1. Let ByK € . Let w = Pp. B, K be the orthogonal
projection of ByK on F* in (*(v]). Then for any M > 0, we have

[SywlZy < (1= 3072) - [lwlZy + COnaa(By) - 1K |2

where
M~! / INE
Cnm(By) = sup ON Z Qle, €)|ByK(e) — ByK(€)|
(73) 1K loo=1 le,e’leBadp(M)
+M72 > v(e)|ByK(e) — PruByK(e)|*.
e €Bad(M)

The sets Bad(M) of bad edges and Badp(M) of bad pairs of edges will
be defined in the course of the proof. They correspond to the aforementioned
peaks of 1] and problems of small transition probabilities. If there were no bad
edges and bad pairs, Proposition 7.1 would be a genuine spectral gap estimate.

PROPOSITION 7.2. Let ByK € 7. Let f = Py1 ,B,K be the orthogonal
projection of ByK on 11 in (2(v]). Then for any M > 0 we have

I3 < (1= M72e(D, B)) - | fI2; + Onara(By) - | Kll3,
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where ¢(D,3) > 0 is explicit and depends only on D (upper bound on the
degree) and the spectral gap B of (EXP), and

M—l

CN,M,Q(BV) = sup ON Z Qs (e, e/)]B,yK(e) - B’YK(GI)P
[K]loo=1 [e,e’]€Badp(2,M)

+M72 > v(e)|ByK(e) — PLuB,K(e)],
e €Bad(M)

where Py 7 is the orthogonal projector on 1 in ¢*(By,U).

Here, Badp(2, M) is another set of bad edge-couples defined in the proof.
The quantities Cn,a(By), Cn,m,2(By) are estimated in Proposition 7.7.

Proof of Proposition 7.1. Let Q7 = SIS, (where now the adjoint is con-
sidered in ¢2(v])). The operator Q7 being self-adjoint on ¢2(]) is equivalent
to the relation

(7.4) v (e)Q7 (e, €') = v{(¢)Q7(€,€)
for all e,€¢’ € B;. Note that Q7(e,e’) = 0 unless [e, €] is a pair.

Define D7(e) = 3. Q7 (e,€') <1 and M7(e,€’) = DV(€)de—er — Q7 (e, €').
Then using (7.4), we have the Dirichlet identity

(7.5) nyl )Q7(e,¢)|K(e) = K(¢')]* = (K, M"K), .

We observe that for any K € (2(1),
(7.6) 18,57 < 1Ko

Indeed, denoting (-,-), := (-,-),, by Dirichlet we have [|S, K|? = (K,Q'K),
and (K, M'K), >0, so | K|]2 > < ,DYK), > (K, Q"K), as claimed.

Remark 7.3. The Dirichlet identity shows that F = {K € CP : MYK = 0}
= {KecCB:(I-QK =0}

Remark 7.4. If J L F in (*(By,U), then (J,(I—Q)J)y > 3 ||J||3. Indeed,
(740y, J)y = 0 for all y € V, so 3,y J(z,y) = 0 for all y € V and thus
(QJ)(xo,z1) = (S§*SJ) (20, 1) = % (Recall that ¢(z) = d(z) — 1 where
d(z) is the degree of z.) As ming(z) > 2, we get ||QJ|lv < %[ J|lv and the
claim follows.

Fix a large M > 0. We call e € By bad if v](e) > %. We call a pair
le,e'] € P(By) bad if v{(e)Q(e,e) < MTA We call Bad(M) and Badp(M)
the sets of bad e and [e, €], respectively.
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To prove Proposition 7.1, we first note that by (7.5), and letting K., =
B, K, we have

]l ~ 18y w]]? > (w, Mw), = (I, MTK),
1
=5 > O (e)Ey(e) — Ky

le,e’l€P(B1)

-1

e Y Qe (o) - Ky ()P
le,e’|¢Badp(M)

= M_1<K'y> (I - QK )u
Mil / ANP
e Y Qe () - K@)

le,e’l€Badp(M)
where we used Q(e, ') < 1. By Remark 7.4,
<K“/’ (I - Q)K’}’)U = <K7 - PF,UK% (I - Q)(Kv - PF,UKW»U

3
> Z : ”KW - PF,UKWHQU-

=

—~
=
-3

~—

A%

Now
(7.8)
1Ky = PruKy NG > M~ Y vl(e)|Ky(e) = PruK,y(e)l”
e ZBad(M)
= M7 Ky = Prukslp =M~ Y7 vi(e)|Ky(e) = Pruks(e)l?
e €Bad(M)
>M 7wz =M YT ()| Ky (e) — Pruky (o).
e €Bad(M)

We used that ||Ky — PryKy||2 > |w|? since w = Pp. ,(Ky — PryKy). The
result is obtained by putting together (7.7) and (7.8). O

Proof of Proposition 7.2. We now let Q] = 83*83 (where the adjoint is
taken in ¢2(v])). Then QJ(e,€’) # 0 if and only if there exists €, e, e} such
that e ~» e; ~ €’ and € ~» €| ~ ¢’. We denote the set of such couples [e, €]
by P»(B1), and let M3 (e, €e’) = Dabe—er — Qa(e, €’), where

Ds(e) = Z QJ(e,e) < 1.
o
Fix M > 0. We say that [e,e’] € Po(Bi1) is bad if ] (e)Qa(e,€') < M]\;l.
We call Badp(2, M) the set of bad couples in P»(Bj).
The proof is then similar to Proposition 7.1, replacing the space F' by the
space of constant functions and using [6, Th. 1.1] instead of Remark 7.4. In
particular, the quantity ¢(5, D) is the one appearing in [6, Th. 1.1]. O
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Later on, we will need to iterate the result of Proposition 7.2, considering
S%’” instead of 83. Since &7 is not exactly stochastic, S, does not preserve
the orthogonal of constants. Still, we can iterate (6.12) to get 8’7”1 =1-

-1 _ Gy (=)?
MY s—0 Sy °E7, where & (zo,21) = IIm(Zlio(m)\‘ Hence, for any K, we have
<1,S,IYK>V = (1,K), —m(>Lh §7°¢7, K),. Denoting

20—1
ZK:=¢ ) SK, Z0K =0,
s=0

we see that if K L 1, then (S?K +mZK) L 1.

PROPOSITION 7.5. Let K € Hp,. Let f = Py ,B,K be the orthogonal
projection of ByK on 11 in (2(v]). Then for any M > 0, we have
r/2

182" fll < (1= M2e(D,8))" " || £l
r—1 r—1
+ 3 COnori2(B)21 Koo + 2 > 1 20f 0
=0 =1

where CNyM,lyg(By) = CN7M72((8,3[ + le)PILWBW).

Proof. The proof is by induction on r. This holds for » = 1 by Propo-
sition 7.2. Assume the result holds for . If f L 1, we have just seen that
(82" +mZ,)f L 1in 2(]). So using Proposition 7.2 and (7.6),

IS5V Fll < 1S5(S2 + mZ) f b +ml 2]
< (1= M2, 8)" (ST + mZ) ]
+ On 2 (By) Y2 1 K loo + m| 20 £l
Since [|(S2" +mZ,) f|| < [|S2" fIl + m| 2. ]|, the claim follows. O
The rest of this section is devoted to estimating the “bad” quantities.

PROPOSITION 7.6. Under assumptions (BSCT) and (Green), for any
s > 1, there exists C's such that for all M > 1, we have

sup limsup sup v{ (Bad(M)) < CsM™*
me(0,1) N—oo Revye€li,Imy=m

and
B M
lim sup 722 s
N—o00 N
Proof. We have v (Bad) = v {e : v{(e) > 4}, so

~ —S N\TS 2 2 S — s
v{(Bad) < M™°N EXB: vilevi(e)” =M <M¥(Bl) N 5
e 1 c !
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Recalling the definition of ;] (6.6), and using Remark A.3, we get

( éV )3+1 1 Z s+1

ecBy

ZH1005+1

o' ~o

1
—
N—>+o0 E[Eo ~o M ?( s+1

uniformly in Revy € I, for any fixed Im~ = 7. By Remark A.4, this is
bounded by some constant Cs. The second assertion is proved similarly.  [J

PROPOSITION 7.7. For allt € N,

(S i)
(Zaamea))”
+2M 2] (Bad(M))'/? (Z Z\B e,w) )4>1/2

1/4
+2M 2 'Y Bad 1/2 (Z PFUVl )]2> /

CN,M(SZVBV) <

(Zae(Simesy’) "

where (Pruin)(e) = gy S—s, 11 (€). and

e

(7.9)

2M 1
Cnm2(ShBy) <

#Badp(2, M)/3
(%)“(Zw ()
> e DB@U,)‘*)”

e

1/3

+2M %] (Bad(M))*/? (

1/4
1
1 2 §
e

- (gme)(;wy(e,w | )1/4

Similar estimates hold if B, is replaced by Py1 , B, where Py1 ,, is the projec-
tion on the orthogonal of constants in ((v7]).
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We first deduce the following corollary. Recall that the operators F, from
Corollary 10.3 depend on a parameter 7' € N*, and B, = m”Z;l}",y. In this
section, T is fixed, but it will be taken to +oo in Section 10.

COROLLARY 7.8. For any s > 0, there exists Cs 1 such that, for all M,

sup limsup sup sup CN,M(SfﬂBV) <CsrM™*
me(0,1) N—oo Re~v€li,Imy=n teN

and

sup limsup sup sup CN’M,Q(S,Z—\/B»Y) < CsrM™°.
m€(0,1) N—oo Re~v€&lp,Imy=n; teN

Similar estimates hold if By is replaced by Py B, .

Proof of Corollary 7.8. This will follow from Propositions 7.6 and 7.7 if
we show that

1

(7.10) sup limsup sup N2 Z ~— < +00,

me(0,1) N—oo Ren€lp,Imy=m © 141 (6)

«
(7.11) sup limsup sup Z 1/17(6)(2 |B, (e, w)]) < 400
m€(0,1) N—oo Re~ve&lp,Imy=n ¢ w
(e =4,6,8), and
1 1 2
(7.12) sup limsup sup —_— v{(e)) < +oo.
me€(0,1) N—oo Revyely,Imy=m Ze: l/iy(e) d(te)? (te,z::te ! )

For (7.10), we have by Remark A.3 that

-2 1 _ Zell’l”i/(e) . i 1
NLFG T TN N

e
1
— E 7 N -E -
N—o0 (/ M1(070)> </Z ﬂ¥(070,)>
o'~o0 o' ~o

uniformly in Revy € I, for any fixed Im~y = ;. So the claim follows Re-
mark A.4.
For (7.12), we have

2

d(te)2( Z_: V;/(e/)) S Z_: Viy(e/)2a

€

so we deduce the upper bound D(3, ﬁ)l/%ze v] (e)*)¥/?, which is uni-

I/16

formly bounded by

D L v nY /N4 12
s (S aaer) E(ZAe)

o'~o o'~o
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Finally, for (7.11), we write

A (X 1By ew)])
N 1 u](@)2m 22\ /1 20
< s (W Gan) (FE(SEew)”)

e

1/2

B (0,002 3 y1/2
ICa (0")]2

and the last term is shown to be uniformly bounded in Remark 10.4. This

completes the proof. O

The first two terms are bounded by IEZ—MOO’)( om0
4 1 (

Proof of Proposition 7.7. An important point here is to obtain a bound
that does not depend on ¢. Recalling (7.3), we first estimate

Y. Qe e)SinByK(e) = Sip ByE (e

[e,e’]€Badp(M)

<4 > Qe d)SByK (o)) =4 n(e)|S,, By K (),

le,e’]€Badp(M)

(7.13)

where n(e) = Y or:fe,e/JeBadp(ar) (e, €). Using Holder, this is less than

() (Seta) (s o)

e

But again by Holder and the fact that Q is stochastic, we have

> ni(e) < Z (Z]]ee’]eBadp M))(ZQ (e,e') 3/2> < #Badp(M).

Next, recalling (6.7) and (6.9), we have |S!, B, K (e)| < (S!|B,K])(e). As S
and 83 are substochastic, and v (e)S! (e, €') = v] (e )S*t(e e), we have

S AEISIB I < SRS 8(e.e) (28 e: 18, K1)
< 2SI B KON
<Z% 1B Kl

Collecting the estimates, we showed that (7.13) is bounded by

1 (#Badp(M))"/? (Z j@)”g (ZVI ) 1By K] (e)] >1/3.

e U1
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For the second term in (7.3), we have
Z V?(eﬂ‘sﬁvaK(e) - PF,USztnBvK(e)F
e €Bad(M)

<2 3 (e )([sfyB K|(e)]” + [PruSt| By K](e)] )

e €Bad(M)

(7.14)

and again, as S} and S* are substochastic,

1/2
S () [818,K(0)]° < 17 (Bad ()2 (Z A(©) [|BWK|<e>]4) .

e €Bad(M) e
Also,
2
ST Y(e) [PrusSt|ByK|(e)]

e €Bad(M)
A 1/2
v] (Bad(M))'/? (ZV (e) [PruSt 1By K](e)] > .

Using that Pry is stochastic and St is substochastic, we have
4
Zul ) [PruSLIByK|(e ] < Zvl )Pru(e,€) [SL|B,K|(€)]

1/2

2 6/ 2 1/
< (s WD) (i s k)
[(Pruvy)(e)] 1/2 1/2
) )

e

This yields the first inequality. The second one is proven similarly. ([

Remark 7.9. Note that if | K||s < 1, then

2
(715) 1Bkl = 3 A @B K < 3 vi(e (1B (e, w)),
ecB w

SO SUP,;, ~0 M SUP v, o0 SUPRe ve 1y Tmy=m HBvK”?,; < C7 by the proof in Corol-
lary 7.8; see also Remark 10.4.

For a quantity A(N,~, k) depending on N, ~y (and possibly on an additional
parameter ), we will write A(N,v,x) = Ox(1) N— 400,y to mean that, for any
given k,

sup limsup sup A(N,v,k) < +o0.
me(0,1) N—oo Revyelr,Imvy=n;

For instance, if ||K|lo < 1, then ||ByK|>; = Or(1)N—4oc,y- This is true
1
more generally for ||B,K|?2,, with B, = ’g—:ﬁy : o — G, and F, as in
k
Corollary 10.3.
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Similarly, for the operator Z; appearing in Proposition 7.5, the arguments
in Corollary 7.8 and Remark 10.4 show that HZlfHVlw =01 17(1) N— 400,y

Finally, by Corollary 7.8, sup, Cn,a2(SkyBy) is uniformly bounded by
CsrM™° for any M and s, as N — 400. To express this, we use the notation
Or(M™)N—+o0,y-

8. Transition matrices with phases

We now consider the operator S~ given in (6.7). If we denote by M, the

multiplication operator (M K)(zo; 2x) = u, (o) K (x0; xx), where u] (xo) is
the function of modulus 1 defined in (6.5), then Sy» = Sy M.

It is well known that putting phases into a matrix with positive entries
will strictly diminish its spectral radius, unless the phases satisfy very special
relations: this is the contents of Wielandt’s theorem [35, Ch. 8]. This is re-
flected in Proposition 8.1 below. Without the error term, part (i) says that
the norm of Sk, is strictly smaller than one, in contrast to S;l. (The latter
only contracts the norm on proper subspaces; see Section 7.) The contraction
property of S}, holds true except in special cases, described in part (ii) of
Proposition 8.1.

Note that we are not using Wielandt’s theorem directly, as we want some
information on the norm of the operator Si- instead of its spectral radius. In
addition, as in Section 7, we need estimates that are uniform both as N — oo
and as -y approaches the real axis.

Recall from Section 7 that B, is an operator J#,, — 7, with 1 <k < m.
As in Section 7, the case k£ = 1 suffices for our purposes, but we need more
general operators A, : J4, — J4 defined in terms of B,. The quantities
Cn,m(Ay), Cnom2(Ay) were introduced in Propositions 7.1 and 7.2. In partic-
ular, Cy;, M72(I ) corresponds to the case where A, is the identity operator. The
measure v is defined in (6.6) and (7.1).

PROPOSITION 8.1. Fiz v € C*, A\K € s, ¢ € (0,1), M > 0 and a
graph G = Gy. Denote n1 = Im~. Then

(i) Either we have
(8.1) HSfvawKHZ; < (1- 6)2||AvK|’,2,; +Cn2(4y) - 1K1
with
Cn2(Ay) = max{Cnr(Ay), Onar2(Ay), Cnar(Sur Ay), Cn a2 (Sin Ay) ),

(ii) or there exist @ : V — R and constants s; with |sj| <1, j = 1,2, such that

oil0(z0)+0(a1)]

ug, (wo) — 82T

2

<enp [+ m €7 + 115 ] + Chvars

~
vy
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and
3, (w0) —s1m3, P2 < epp s [£12 4y €017 +md 1SN |+ Chvars

where
(w0, 71) = ¢ (1) ? 7 8M2Cy (1)
| Im Cxo(ﬂfl)\ (D, B)
Moreover, there is an explicit f(/3, D), depending only on the spectral gap
B and on the degree, such that cyrp < f(8,D)M3 as M — +oc.
In particular, in case (ii),
(82)
iy (@1)ud, (20) = s18[120 < denrp [2 +m €01y + 13 1€712:] + 4CH ur-

(mA)(m)~', Cyy=

Proof. (a) We start with some preliminary inequalities. Denote (-,-), =
(-, ->V3. Recall that we denote by F' the space of functions on B that depend
only on the terminus.

Let 61 = %M‘Q, K, = A/K, and let w = Pp. K, be the orthogonal
projection of K., on F* in ¢2(v]). By the proof of Proposition 7.1,

(w, MTw), > 61 [|lw]l} = Crvr (A K12
By Remark 7.3 and the fact that M7 = M7, we have
(w, MTw), = (Ky, MTK,),, < HKWH?/ - HSvaH,%-
Soif f = PrK, = K, —w € F is the projection of K, on F, we have
8:3) Iy = flI5 < 6 (1B = 18555115 + O (A) 1K N1%) -

Similarly, if 6o = M ~2¢(D, 8) and C'1 = P1|K,,| is the projection of | K| on 1,
then using Proposition 7.2, we get

(84) Ky —C1)? <53t (IEANZ — 1S3 KA 12 + Cnar2(A4)IK1%) -
‘ — 1Ky Hu <Ky = fll, Hf | Ky Hu
and
Hf | K Hu _H|f|_”K7||u1||y'

(This is true even if f vanishes, if we give an arbitrary value of modulus 1 to
% in this case.) Also,

A= N L 2], < WS T = (I + ST = 1S [l 2,

and

ST = 1AL < 1 = I
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Finally,
S = Bl 2], < (S| = C 1], + [ 1K [l = CT < 2 [[|[Ky[ = 1],

Putting all these inequalities together, we obtain

(8.5) H — &5 IIV <2||Kv—ny+2H\Kv|—Cllly'

Comparing with (8.3) and (8.4), this says the following: If HS% | K|, is close
to || K4 ||, and if [|Sy K ||, is close to || K |,, then K, must be close to HK,YHV%,
where f is a function that depends only on the terminus.
Repeating the arguments of (8.3) with M,»S,» K, instead of K., then
taking f = PEMnSun K € F, we get
(8.6)
HMW WKW - fiiz < 51_1 (”SU“’KVH?/ - HSS'VKWHIQ/ + CN,M(SWAW)HKi@o) :

Similarly to (8.4), if C'1 = Py|S,n K, |, we get
~ 2
Jisios -]

(8.7) B , , 5 )
< o3t (18 B 2 — 82180 Ko ||+ Crvana(Sin ADIE ).

Finally, arguing as in (8.5), we have

HMmSmK | K ”v

(8.8)
<2|MpSnK, - | +2| rsm 2 =G|+ 1l = 180 Kol
(b) We can now start the proof itself. Suppose (i) is not true:
IS5 KA 17 > (1= )2 |55 + Cvara(Ay) - [ K%
Using

IS K lly < 18w By [l = 1|8 Mur K o,
1S Kl < 185 155l = 1S5 | M K [,
IS5 Kol < 1182 1S Bl and [l > (1800 K s
we see that we must also have
LB — 1185 M B |15 < 2¢ 1K1 — Cvra(Ay) - KI5
1B = 1185 | M K [ < 22 1S 1 — Cvara(Ay) - 1K 5
1Sur B 17 = 183 S EA 1% < 26 [|Sur K517 — Cnara(45) - HKH2

as well as

18 15 12 = 182 K |2 < 26 (1S B 12 = Covna(As) - ||
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Applying (8.3), (8.4) and (8.5) to My~ K instead of K., and f = PprMy K,
it follows that

2
f _ _
(8.9) HMmKw - HKwHum < 16(67 "+ 05 ) e | Ky II2-
Applying (8.6), (8.7) and (8.8) yields
f: 2
(8.10) HMWSWKV — HKWHVW <24(67 4+ 05 Y e - || KL |12+ 62 - || K12

As f,f € F, we have %(:1;0,3:1) = (1) and %(azo,ajl) = ¢?(*1) for some
0,0’ : V — R. Note that in this case,

<57|2> (w0, 1) = €900 — & (w1, o)),

2 2
where &7 (xg, z1) = %, using (6.11). Applying S, to (8.9), we thus get
z
2 f 2
| Ky = 1 e < 2 ‘ S MK, — HKWHV‘S}m
14

+2nt €17 - 1117
< 32(07 " + 05 ) e 15 + 207 €715 - (1K 11

Applying M,~» and comparing with (8.10), it follows that

- . 2
U;l (mo)ezé’(mo) o ez9 (z1)

<(2x324+2x24)(07  +051) €
+Ant [|1E7]]7 + 12e.

v

(8.11) ‘

Repeating the procedure with K, replaced by S~ K., and f replaced by f ,
the same arguments show that there exists #” : V' — R such that

— p/ 11 2
u’%l (mo)ew (zo) _ 619 (z1)

(8.12) | < (112671 4 112651 4 12) - & + 43| €7] 2.

14

Thus we have proved uJ, () is close to both ¢/(?(#0)=0"(#1)) and ¢i(?'(@0)=0"(@1)),
Y
(c) Because of relation (2.7), the function u satisfies u} (zo) = uJ, (xl)%,
where n) = (mJ)(m})~ 1.

To conclude the proof, we show that if ¢/(?(*0)=0"(z1)) apq i (x0)=0"(z1))
are close to u?, and if the function u], (zo) satisfies the relation above, then
this gives constraints on 6,60’,0” that imply part (ii) of the proposition.

Let g(zo, 1) = /@)= @) and ¢ = (112071 + 1126, + 12). We have
shown in (b) that [|u}, (z0) — g||2 < ce + 4n?[|€7||2. Recall that we denote by
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5
¢ the involution of edge reversal. Hence, if we define g(xg,x1) = g(z1, xo)%,
0

we get
(8.13) 15 = 2, (o) 17 = lleg — ud, (z1)[l} < e+ 4ni 7[5
Thus, [|§ — g||? < 4ce + 1617 ||€7]|2. Hence, defining

(ilB() 6 (1)) ¢il0@0)+0'(wo)]

hi(zo, 1) = ng, and  ha(wo, 1) = nJ,

we get
Ih1 = hall? = 1§ — g7 < 4ce + 1607 [|€7 5.
Note that the functions hq, hy have modulus 1, and S,k = hy — 1n11{7ha, so

IS5 =l < 2|83k — hally < 2(|[he — |l +mI€7])

< 4c! V2 4 8y (|7,

Consider Py ,hi = s1, the projection of hy to the space of constant functions.
Arguing as in (8.4), we can write

I = s 112 < 85 (1l — 1822 + 40N ara(D)).
But A2 = 8202 = (Il + IS2a)(IAnll — [S2hal)) < 201S2h1 — ha]l.

Hence,
by — s 1|2 < 855 /2! + 16m105 1€ ||y + 465 ' Cvar2 (1)
We observe that

Iy = 1] = g, 00D 1
—i(0" (z0)+0' (21))
- i(0' (x "z - e
= g e o) s 1) = [l - s
To

Thus, comparing with (8.13),
e~ (0" (x0)+0"(z1))

5
nmo

2
< 1665 T /22 + 3216511 €7],

14

uy. (x0) — 5

+ 805 Onaa(1) + 2¢e + 81t [|€7]].
This is the first half of (ii) with
(8.14) carp = max{165; 1c'/? 2¢c, 32051, 8}.

Remembering that 61 = %M”, So=M2¢(D, B) and c= (11261_1+11252_1+12),
we see that there is an explicit f(3, D) such that cpr 5 < f(8, D)M3 as M —
+oo. Note that |s| <1 since ||h1]], = 1.

The second half of (ii) is proven similarly, using (8.12) instead of (8.11).
Here we take ¢/(zg,z1) = e/ (@0)=0"(@0)) " pl (2o, 21) = n%e_i[el(“)‘*'e”(“)],

7
s'1 = Plhll and h/2(x07x1) — ﬁe—i[ﬁ/(tco)-i-gl/(zo)]'

0
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To prove (8.2), we write

ny 12 e—i@(mo,aﬁl) 2
[z, @0)? = s =2 < 2 Ju, (o) o, (o) — s—=—]|
o o
e—ibv(.ro,xl) ~ 9
2[5 i () = e |

~ v
where we put 6(xo,z1) = 6'(x0) + 6’ (1). Since u], (5130)2% = u, (zo)u), (v1),

1

the proof is complete. O

9. Step 4: End of the proof of Theorem 3.3

Our aim is to show that lim,, o imy_ o0 Var%lb,no (FyK) = 0 for the op-
erators JF, that appear in Corollary 10.3. A main step was carried out in
Proposition 5.2, and the upper bound was put in a convenient form in (6.8).
We now use the estimates of Sections 7 and 8 to complete the proof. We de-
note By = %:]:7 : S, — S0, as in Section 7, where Z, is defined in (6.3). It
should be kept in mind that F, may depend on a parameter 1" that is fixed in
this section, but will be taken arbitrarily large in the next one.

Recall that we take v = A +i(n* 4 10), where \, 71,19 come from Proposi-
tion 5.2. In other words, v = A 4 in; € CT with A € I; and n; = n* 4 9. Let
K € ), so that B,K € J,. Applying (6.8), recalling that v} = ﬁ 1, we

k(Bk)
obtain
1 n
ﬁ Z <R%7T‘T_-’YK’ RZ,T’F’YK>’Y
rr/=1
v
114 (Bk) e
(91) - ];Vng Z <S£’YTB"/KvB’YK>uz
r’'<r<n
0 n
J2 Bk ’_ 1
+ ?v(nz) S B ESETBK) + 3 B, F K,
r<r’'<n rr/=1

Fix M very large and take n = Mg. We apply Proposition 8.1 with
e = M8 to the family of operators {Sﬁ%BﬁyK}j]\fl. Let

= - . gl B)
C B — ¢ S4j+kle 1/2 Ml( .
N (By) | max NM2(Sy v) 1By

We use the notation in Remark 7.9 throughout the section. In particular,
CN'N’M(B,Y) = O7(M™"°)N—400,y thanks to Corollary 7.8.

Remark 9.1. It is useful to note that the norm HSZ””VZ—W;Z for k > 11is
controlled by the same norm for k = 1. To see this, note that for K € ¢2(v})),
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we have

(SE 1K) (o3 21) = > A _py1;21) K (2 _gr1571)

(T 157 -1)zg

for some function A(x_g41;21). Here the sum is over those (z_ji1;2_1) for
which the path (x_g+1,2_g+2,...,2-1,20,21) does not backtrack; cf. (2.3).
So (SET1K)(20; %) only depends on (g, z1). We may define ¢ € £2(v]) by
oK (w0, 1) = (SETVK) (o 1) I 2 (1)) — £2(1]) is the map (7 ¢)(zo; 21
= @(x0,71), we have for any j > k, [ I b (zos 2x) = (ST, K)(wo; x1,).
Moreover, [Syv-# ¢|(zo; xk) = [Z(Sur9)](z0; xx). Thus,

IS K, = 157" I oxlp, = 1S ox)l?, < J(( k)> [
H

where we used that 37 (z,.2,) te(20; 2k) < pa(wo, x1) by (6.13). Hence,

”1/17

IS5 K2, (< )) ISR w2,

But using (2.9) repeatedly, we have

> |A(z 115 21))

(T4 1;5-1)zg 3

(m—k+17x*1)w0’1

<1

— 9

16, (@0) Gy (@) -+ G, (@) P T G (k1))
[ Tm G, (o))

and p] (zo, 21)|A(@—g11;21)| = pl(2_k11;21) by (6.6) and (2.7). Hence,

2
ol = > ul $0’~"31‘ > A _py1;21) K(T_gg1;71)
(9007901) (x—k+1;$71)1-071
> u] (o, 71) > IAN@—p1;21)] - | K (2_pp1; 1)
(zo,r1) (@157 —1)zg
= > mEpm) - |K@ogs ) = K7,
(T—g41571)

So [|¢k2, < ’:fw(gv ||KH2 Summarizing, we have shown that for any j > k,

we have

S] k+1

H ’YHV]C_>VI€ < H ||V1—>V1‘
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First alternative. For v, € as above, assume that case (i) of Proposition 8.1
is satisfied for all the operators {S.) B, K }j]\fl. Applying (8.1) for St B, K,
t <j,if k=1, we obtain

(9:2) 1S58, K1, < (L= <P 1B, Klly + J o (CovaralS2 B} K
For higher k, we apply (9.2) to
¢, K (10, 1) = (S§7 ' By K) (wo; w1) = (AyK) (w0, 1),
where A, = SSW_ le instead of B, K. By Remark 9.1 we get
IS B Ky < (1= Y 1By K + JCnat (By) - 1K o

Using the euclidean division ' —r — k + 1 = 4m, v + n, v with n, v < 4, we
see that for v’ —r >4+ k-1,

(ByK.Si5 "By K),p| < cp(1— )" /Y BL KL,
+nCNar(By) - 1K oo | By K 7

k
where ¢, = m <21 kt2 if e < % Note that (1 — 6)1/4 < (1 — %)

Hence, since 4 + k — 1 < 4k, we have

> > (BK,STBK),,

r’'<nrr!

< (X S UBK,SITTByK) | + 4nk| By K2,

r'<nr<r/—4k

n ~
[ank +nex 32 (1= &) IBy K2, + 18 Covar(By) - |1 ol By K]y

m=1

n(5ex + 4k)
— —IIB, K\|27+n3CNM( 7) - oo | By KT

IN

IA

Recall that e = M8 and n = M°. Comparing with (9.1), we get

1 2
H > Ry FK
n r=1 7

Y

,
py,(Br) ( ¢
(9.3) < BB (G K12, 4 MG i (By) - 1K | By K )
1
+—3 Z Ey (1, Fy K).

ror’=1
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Second alternative. Now assume case (ii) of Proposition 8.1 is satisfied
(with some complex numbers s; = s;(/N) and some function ). We denote
v = 2y Bowos ax) = 0(wo), b1(zo; k) = O(x1), ng(zo;x) = nJ, and
ni (xo; xp) = n“/1 Then we have

PROPOSITION 9.2. Let |K|ls < 1. For A\K = S, B,K, we have for
any t € N*,

(ByK, S2AK), — (5752)' (B, K, e SZe ™ AL K),

1/4

<t (CM,B [51/2 + nlO(l)N—H-oo,'y] + C;V,M) OT(I)N—H-OO,')/-

Proof. Recall that Sy» = S, M,» with M, the multiplication by u2, (x).
We have

HSEVA’YK - slsgewo&%e_

< |89 Mun 8, Mo A K — 538, mg 0115, 1

efi[90+91}
S2, A K — 51538, m]e ’[90“’115771471(
1

v

+ ||52Synde 1[90+91}57MU7A7K —@Sﬂ/n'gei[%"'eﬂsﬁ/ e_i[:;_eﬂ AK
v

Using (7.6) and Cauchy-Schwarz, the first term is bounded by

|4 (z0) — 52 sangeloot )| o 1M A Kl
But u7, s2,n all have modulus bounded by 1, so

ud, (z0) — sand P00t < 4107, (o) — sangelfor0il2,

Hence,
[udi (z0) — 5and e |l 0y < (dears [ + MO N—to0ry| +4CH 1)

by the first part of (ii). For higher k, using Do (w2imk) pr(zo; xx) < pi(zo, 1)

by (6.13), we get
. ( 1(B) )“4
ey~ \ i (Br)

Next, ”SWMWAWKH%(VQ = HSEHBWKH#;(V;). Arguing as in Proposi-
tion 7.7 and Corollary 7.8, we see this is Or(1) N— 40,y Bounding the second

U¥1 (z0) — SQn'Yez[Oo-I—Gﬂ

Uz, (70) — 52n761[90+91]

Gy
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term similarly, we get

2 —— 6y o2 —16,
HSWAWK — 51520 SJe M AVK

v

/

< (CM,B [51/2 + 7710(1)N—>+oo,'y] + C;V,M>1 ! OT(I)N—H-OO,')/'

Since ||By K|, = Or(1)N— 400,y (see Remark 7.9), this proves the result for
t=1.
For higher ¢, let X = 3132&9053@—"90 and Y = 527. Then

t
XX - Y)Yi_lAvKH
i=1

t .
< X =Y)Y' ALK

=1

(X" =Y A, K| =

Again, HYFlAvK”e‘l(u;’) = Or(1)N—s 400,y for each i, and the claim follows.
U

In sums like (9.1), we can make packets of size 2t, and we have for all m
and for any ¢,

t—1 -1
0. > (B,K,SET"B,K), — > (5152) (B, K, %82 e ST B K),
. r=0 r=0

< t2 (CM,g {61/2 + nlO(l)N—H-oo,'y] =+ C;V,M>1/4

As we will see below, the size 2t of packets should be chosen so that
t(carpe'/?)M/* is small as M gets large. Remembering that cys g < f(D, 8) M3
and e = M8 we take t = M® with 0 < a < 1/4. We then group the sum
(9.1) into packets and write

OT(l)N—H-ooﬁ'

n n—r’

Z <SZW_T,BWK7BWK>V = Z Z<SZ“/BVKvaK>V
r’'<r<n r’'=1 r=0

!
n "5 1-22t(a+1)-1

<X X D (ShByK ByK)y| +4dnt||By K|,
r'=1 a=0 r=2ta
where we estimated
n n—r’
Z Z (Sur By K, ByK)y §4”tHBvKHz2/'

=l 25 - 1)

Note that
2t(a+1)—1 t—1 t—1

Z <S£w', > — Z<85:+2ta.’ ) + Z<85§+1+2ta" >

r=2ta r=0 r=0
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So using (9.4),
(9.5)

|25 -2 21(

n a+1)
Z Z Z <SZ"’B’}’K7 B"{K>l/
r'=0

1)—
a=0 r=2t

a
n I_" J 241
Z Z 8182 (B K 6290821" fZGO(SQta_i_S%a—l—l)B K> )
r’=0 a=0 r=0

n 1/4
tne 4% (earp [61/2 + MO N—sto00ry| + Chs) / Or(1)N—s400,y-

LemMMA 9.3, Let |K|o < 1. For AJK = S2*B,K or S2V'B,K we
have for any L,

t—1
> (51%2) (B, K, e Se ™ A K),
r=0

L?c
> C(T,Z)OT(l)N—)OOﬁ +1 OT(LioO)N—mo,y
1

——Op(1 .
|8182*1| T( )NHOO(Y

+mOMT(1)N—tooy +

Proof. First assume &£ = 1. We decompose e‘ieoAyK = C1 + f, where
fL1in 2(]). So 8Fe A K = CS¥1+ 8> f.
For the term S%T f, we use Proposition 7.5, which yields, for any L,

- _ r/2
IS fll, < (1= L7%e(D, 8))" " || £
r—1 r—1

+ Z CN,L,Z,2(671'90A7)1/2 +2m Z 1 Zifllo-
=0 =1

By Corollary 7.8 (recalling that » <t < M®), we have
Z CN7L7172(€_i00A7)1/2 =t OT(L_OO)N—>+OO,’Y.

Indeed, the term e "% has no impact, as it can be bounded by 1 in the proof
of Proposition 7.7. We also have || f||, < [|Ay K|, < [|By K|, = O7(1) N—so0p,

and || Z;f|l, = O 7(1) N—so0,y by Remark 7.9. Thus,

t—1
Z(slsg)mbK, 61005,3Tf>1,
r=0

2L

=D,

T(l)N—ﬂ)o,'y +1 OT(L_OO)N—mo,'y + nlOM,T(l)N—mo,'y-
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For the term C’S,frl, we have S%l =1-mn le_:% S8 =1+ MOI(1)N—s00,~
by (6.11). Thus,

t—1
> (5152)" (B, K, e S21),
r=0
t—1 A
< Z(m)TKBVK’eZ@O]»V +7710M(1)N—)OO,’7”B'7K||V
r=0
5152) —1 .
N (511522)—1 (ByK,€1),| + mOym(1)N—soor | By K|,

2
< ( + ﬁlOM(l)N—)oo,’y> By K|,
|5152 — 1|

Since |C] < ||A,K||, < ||ByK]|v, this completes the proof for k£ = 1.
For higher k, as in Remark 9.1, we have

Y B)
827‘ v < IU/].(
1S3l <\

where now ¢y (o, 1) = (Sfj*lf)(xo;xk). We then note that f L 1 in ¢*(1])

.
if and only if ¢; L 1 in £2(v]). Indeed, (1,¢;),, = ’L@(fg))u,mk, since
(L, dp)v, = Z(xom)Vl(azo,xl)(S,’;_lf)(azo;xk), so applying (6.9), (6.6) and

(2.7), the claim follows. Hence, ||‘S'37"_k"r1¢)f||,,1 < e(1-L720)2| ¢4/, , where

~

||S§T_k+1¢f HI/1 )

c= m < 2F+1 for large L. The error terms are the same, this time

. . 7(B
with “Zl¢f|’l/1 = Ol,T(l)N—wo,'y- Finally, ”(beVl < /“:ZY((B’C)) Hf”'/k O

Starting from (9.5) and applying the lemma, we obtain for ||K ||« < 1,

1 .
— > > (Sl" ByK,ByK),
r'<nr>r
1[ 212 _
>~ 7 7OT(1)N—>00,7 +tOT(L OO)N—>OO;Y
tc(D,B)
(9.6) ,
+ MOMT(D)N— 400y + —707()N—t00y
‘8182 — 1‘

+1 (cMﬂ [61/2 + 7710(1)N*>+00;y} + OT(]W_OO)N*ﬂ)o’,},)1/4

) OT(l)N—H-oon/ +4nt HBVKH?/

Remember that n = M? and t = M® with 0 < a < 1/4. For the term %c(QDLQB)

to be small, we choose L = M with 0 < 2¢/ < a. For instance, take o = 3/16
and o/ = 1/16. For the other terms, we have t(cys ge'/?)/* = O(M*~1/*) and
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n~t = M7 The terms 71On,7(1) N—s 00 tend to 0 as m1 = no+n — 0,
M and T being fixed. Finally, || ByK||%2 = Or(1) N—+00,y assuming || K ||o < 1.
We can gather the first and second alternative into one statement:

PROPOSITION 9.4. Let A > 0. For all M, for all v that fall either into
the first alternative or into the second one with |s](N)sj(N)—1| > A, we have
for | K|l <1 and for n = M?,

2 1 2M1/8 -
y < W L(DwOT(l)N—mo,’y + OT(M )N—)oo,’y

2
-3 R}, FK
n ot n,r

1
+MOMT(1)N—s ooy + ZOT(l)N—woo,v

+Or(M™ Yy oo+ O ()N oo

Proof. The arguments in Remark 10.4 readily show that

1 n
) Z En,r,r’ (7717 FVK) =m On,T(l)N—wo,v-
n ror/=1
The assertion follows from (9.1), (9.3) and (9.6). O

PROPOSITION 9.5. Let I C I with I C I,. There exists ag such that, if
a < ag, M is large enough, n1 is small enough (M > M(a), m < n(a)), and
N is large enough. For any ~ falling into the second alternative on Gy, the
sequence 87 (N) = s](N)s3(N) must satisfy |s7(N) — 1| > a'3, if v stays in a
set of the form
Agm ={7v:Rey e I,Imvy =m,P((W(0) —7| <a) <1—a}.

Before proving the proposition, let us finally give the

Proof of Theorem 3.3. We apply Proposition 5.2 and use Proposition 9.5
to show that we are in the framework of Proposition 9.4.
Two cases may happen.

Case 1: W(o) is deterministic. There exists Ey such that POV (o) = Ep)
= 1. In this case, we fix a small a > 0, let J; = I\ [Ey — 2a, Ey + 2a] and
Ja =1N[Ey— 2a, Ep + 2a]. We then write Var%lb’770 (FK) = Varfﬂlomo (FyK) +
Var‘r]limo (FyK). For Rey € Jy, we have |y — Ep| > 2a, so P((W(o)—v| < a) =0
and Proposition 9.5 applies with a arbitrarily small. Proposition 9.4, applied
with A = a'3, thus allows to control Var’! (F,K), while Var’? (FyK) =

nb,no nb,ng
Or(a).

Case 2: Tf W(0) is not deterministic, there exists a such that for all E € R,
P(IW(0)—E| < a) < 1—a. Thus, for any complex v, P(|W(0)—7| < a) < 1—a.
In this case Proposition 9.5 may be applied with the fixed value A = a'® and
all .
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Either way, we showed that there exists ag such that, for all a < ay,
M > M(a), we have for any s and T,
(9.7)
1 [2M'/8 . Cr
M3/16 C(D, ﬁ) C’T + Cs,TM + ﬁ

+ | IPCrM~Y16 4 aCrp.

71]1)51(1) li]{[n sup Varﬁbmo (FyK)? < |I?
—00

Taking M — oo followed by «a | 0, this completes the proof of Theorem 3.3. [
We conclude the section with the following;:

Proof of Proposition 9.5. We use the following consequences of (Green):

e There exists 0 < ¢y < 0o such that for all v € C*, Rey € I3,
(9.8)

E (Z ﬂ’ly(07 y)) <c¢, E <Z(ﬂ’1y(0, y))1> <c, E <Z ‘é;(0)|2> < ¢o.

Yy~o Yy~o Y~o

| 1m ¢ (0) Im 63 (y)|
Iy o ()|
consequences (A.9) and (A.10).
e There exists 0 < ¢; < oo, such that for all vy € C*, Rey € I,

In fact, if(o,y) = , so this follows from (Green) and its

1
(9.9a) P (IQImmZ] > 2r and [2m]] < 51"_1) >1—ar,
- 1
(9.9b) P (Z 8 (y)] < 2r—1> >1— e
Yy~o0

In fact, E(]2Im 7, 1) +E(|2m)|) < ¢1/2 by (A.9), so the first claim follows
by Markov’s inequality. The second one follows similarly from (A.10).

We may now begin the proof. If v falls into the second alternative, then
(9.10) lud, (z1)u, (z0) — 87 (NI}
<4f(8, D)M? [M~* + 1 O(1)N—s100| +4C a1

Let ag = (2cp)~2(6 + 3c1) ~!2; this choice will become clear later on. Take
a < ag. There exist M(a), n(a) and N(a) such that if M > M(a), m < n(a)
and N > N(a), then the right-hand side side in (9.10) is < a?®. We fix p > a?®.

So take any a<ag, M > M (a), m1 <n(a), and assume towards a contradic-
tion that we can find a subsequence Ny = Ni(n1) — +oo and a sequence 7, €
Aq.ny» each falling into the second alternative on G, , such that [s7%(Ny) — 1>
< p. After extracting further subsequences, let limpy, 4o 87(N;) = s and
Yo = limpy, 100k € C. Then [s — 1|> < p, Reyo € I1,Imvy = m1, and by
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(9.10) and Remark A.3,
<Z 430 (y) @0 (0) — s[*47° (o 7y)> <pE (Z ﬂ?“(o,y)> :
Yy~o Yy~o
which implies, using (9.8),
(Z 82 ()3 (o) — 127 (o, >> < 4F (Z i (o, y>) < deop.
y~o Y~o

By the Cauchy-Schwarz inequality,

<Z |20 (y uvo _ 1|2 %(O,y)> (ZyNO 4 (y )u%( ) — 1‘)

i~ E (Sl (0,9) 1)
and thus, by (9.8),
(9.11)
1/2
E (Z 43 ()i (0) - 1|> <4COPE (Zm’{%o,y))—l)) < 20092,

Since the value of 7 is now fixed, let us omit it from the notation.
Let us write ()°(y) = Co(y) = 7(0,y)e (¥ with r € R, and 6 € R. This
implies i, (y) = e20©¥) and

0(9)ity (0) — 1] = [(£20) 4 ¢ 900 (@i000) — 000Dy
Now (9.11) implies that

(9.12) E < E miEn1 |etfv:0) Ee—ie(a,y)‘2> < 2cop'?.
=
y~o

Let us call €(o,y) the value of € achieving the min. By (2.7) we have

2mo = Qty(o)_l - fo(y) =7r(y, 0)_1ei9(y’0) — (o, y)e—i9(0,y)
for all y ~ o. Thus, using (9.8),

(Z‘ —if oy) y)r(y,0)” 1 T(O,y)) _2m0>
Y~o
(9.13) =FE (Z ‘ i0(y,0) _ 0,y)e zO(O,y)) r(y, 0)10

y~o

1/2
< V2cop'/*E (Z T(y,O)_2> < 2cp"/* =115,

y~o

-1

Denote t,, = €(o,y)r(y,0)”" —r(0,y) € R. It follows by Markov’s inequality

that
(9.14) > [toye Y

yr~o

o 5
ol 1
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with probability > 1 —r.

The probability that |2Im | > 2r and |21h,| < 3r~! is at least 1 — ¢;r
by (9.9a). Thus, (9.14) implies that with probability > 1 — r — ¢1r, we have
for any y ~ o,

(9.15) r <ty < vt

Combining (9.14) and (9.15), we see that for any y,y’ ~ o,
(9.16) ‘e_ig(o’y) Loy to_; —ib(o.y’ ) <rt
Now (2.4a) says that

Yo = W(O) + Z Co(y) + 2m0 = —|— Z 0 y 7y) + 2m0

y~o y~o

Using (9.14) and (9.16), we get for any fixed 3’ ~ o,

’YO_W _<oy +Z Oy Oy't031/> o)

y~o

(9.17) < ‘277%0 - to,y/e_ia(o’y/)‘ + Z r(0,y) (e_w(o’y) - t07y/t;;e_i9(o’y,))

yr~o

<7 —|—7“4Z7‘(0,y) < o3

y~o

with probability > 1 — 7 — 2¢;r. Here we used that 3,.,7(0,y) < 3r~! with
probability > 1 — ¢17; see (9.9b). Since |yo — W(0)| > a with probability > a,
it follows that

— 93

tog + D (0. Y)toyto,

y~o
with probability > 1 — 7 — 2¢17 — (1 — a). Recall that r(o,y) and t,, are
real. Taking the imaginary part in (9.17), we thus get |Ime~#(¥)] < i’ﬁ%
Assume 7, < 3. Then if r < a/5, we get |Ime?¥)| < 2 Hence,
P(| Tm e~ )| > +2) < (2¢; + 1)r + 1 — a. But we know that |2 Im 7i2,| > 2r,
so taking the imaginary part in (9.14) and using (9.15), we also have that
| Im e~0(0¥)| > 2 with probability > 1 —r — ¢;7. If (2 + 3¢1)r < a, this will
give a contradiction.

To prove the proposition, we take r = and choose

_a
6+3c1

ag S (260)_2(6 + 361)_12

Recalling that 2cop/* = r®, we get p/2 = (200)*2(6&61)12 > a'3 for a < ag,

as required. We also take M > M(a) and 7, < min(r3,n(a)). O
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10. Step 5: Back to the original eigenfunctions

In this section, we show that it suffices to consider the non-backtracking
quantum variance in order to prove quantum ergodicity; in other words, The-
orem 1.3 can be retrieved from Theorem 3.3. This part may be read before or
after the others.

Given K € 7, we define the quantum variance by

(10.1) Varl( Z (b, K|,

)\GI

where K¢ is as in Section 2.1.
More generally, fix n9 > 0 and suppose K7 € 7 satisfies conditions (Hol).

We denote
Varl, Z (o K& ™)

where the subscript ng indicates that inside the variance, Im~ is fixed and
equal to ng. Denote v; = A; 4 19, and define

gj(wo,z1) = Clé(ﬂ?l)_le(ﬂfl) — j(z0)

and )
g5 (z0, 1) = Cai (w0) (o) — (1),
so g; and g; are defined like f7 and f; (Section 3), respectively, with ¢ replaced
by ¢. Put
1 ——
Va’rnb no(K’y) = N Z ‘<g]7K;]g]>‘ '
/\j el

Next, given v € C*, define the function N, : V. — Ry by
(10.2) N,(z) =Img"(z, ),

where Z is a point in G projecting down to G = I \5 Recall the Laplacian
P defined in (1.1). We next introduce the operators Py, St., St : CV — CV
defined by

(10.3)
d N 1= . 1 &
Py=—P—,  Sp,==> (T-s)P; and Spy=—> P
N, d T = ) T~

for T' € N*, and the operators L7, L7 :CY — CB defined by

TI )N xo, z [« ( 1)|2 J (o) _ J(r1) )
(£7) @0, 1) = ’2mm|2 (Nv(xl) Gy (1) (0) Ny (z0) )

. G, @) [ J(mo) J(z1)
(B0 21) = Ty p (Wm <;0<x1><zl<mo>zv7<xo>>'
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Finally, denote Var%0 (K = (K)y) = Var}70 (K — (K),1), where 1 € C%”(lis the
constant function equal to 1 (so that, with the notation of Section 2.1, 1 is the
identity operator).

ProrosITION 10.1. Fix ng > 0 and T € N*. For any J € 54, we have
Vary, (J = (J)y) < Vary, o (£7d 7 Sry (7 = (J)5))
+Varly (L7d7'Sry (T = (7))
+ Var) (St (J = (J)y)) .
Proof. We have

(10.4)
(f, (LY T)pfs) = (
(w0,21)

(L) (w0, 21)
(1 (o) (561)

_ N AL (C L >|>
> @I 1>< N

(xo,21)€B x1 (fUO)

£’Y;J 1'1 iy) )'l%
(21

We calculate (g7, (L) pg;) similarly. We then note that

(EODE0.21) |y gy gy — LD 01)

— O (L) (21, 20) = O,
7 (20) Gl (21) TG D)

: G 2 ¢ 2
using that | Hfﬁg' = h%iﬁg' , by (2.7). Hence,

<f]*7 (ﬁVjJ)ij> — <g;‘, (E’ij)ng>
= > (¥ (M%f“”‘”’z + M)

(xo,xl)EB Z1 (I’O) zo ('/“Ul)

_ 5 I (0, 7 [ (o) [? |¢j($1)\2>
Z (L .J)( 1)(2{(%) + O )

(zo,z1)€EB
I¢dg (=) |¢2q (z1)[?
Let agl = W and note that a7? = W%OP% by (2.7). Then

(L9T) (w0, 1) (L79.T) (w0, 1)
21 (o) 7 (z0)

M T 7( g In G (1) a0 J(z
ol 7 T e )
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and

(£7) (w0, 21) (£ T) (2o, 21)

T (21) 2 (1)

_ Imcﬁﬂo(wl)am x ImC 1(x0) a® J(x
=% {r P =) T e @ ”}

Hence,
(7 (L0 D)) = (g}, (£ T)Bg;)

I ;Zl‘ . I i .

o€V T1~T0 0 1

. ()2 Img’ﬂo(xl) %0 ImCl(xO)axo z
S ) Y (Km(xo) )+ m)J( ).

o€V T1~T0
Now, by (2.7),
Im ¢ (1)
G, () + 1., () <12, (o) P = 163, o) [ S + 1 (o)
o
= —2Imm], - |G}, (z1)*.
Since 2ImmJ, = Ny (z1)[2m], |, we get
Im (7, (21) + Im ¢, (0) |G, (21)[* _ =Ny (a1)[2m], 2
|G (1)C (o) |2 |G (o) 2
2 > G2y (zo)|?

Since aj}! = #% and aj? = W% by (2.7), we thus have

(5, (LB T)pf5) — (g5, (£79.T)Bgs)
=2i Y [ihj(wo)[d(x0)J (w0)

o€V
-2 Z Wj(l‘l) Z N (z1)J (1) = 2i W’ja (1 ij)dJ]G¢j>-
o€V xlwxo
Hence,

Varl [(I = P,)J] < Varky, (£7d"1J) + Varl, (£7d"1).

nb,no

Now note that Py(Sr,K) = # X1 (T — s + 1)P3K = Spp K — K + Sy K
Hence,

K = (I — P,)Sr,K + S, K
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for any K € J#. Taking K., = J — (J),, we thus get

Vary, (K) < Var}, [(I — P,)Sr, K] + Vary, (Sr, K)
< Vary, . (£7d"'Sr 4 K>)

+ Varly (£7d"'Sr, K) + Varh (S, K). O

We now consider K € 7%,, for m >0. Define 77 : 74 — 74 and (’)I’ 1 JA
— J) by
G (20)¢F, (1)
C-'El (xO)Cxo (xl) +1

(TVK)(x—1,9) (T7E)(xo, 21)
(106)  (OVK)(zo) = oy U m)
' mf;ﬂco Cz-1(20) m;o Ch ($0)
Form > 2, define Ud)), : 72, — 7, O], : A7, — F—1 and P}, « 7, — H7—o
by

(10.5) (TWK)(SUQ,xl) = K(xo,xl),

(10.7) UL ) (z0; Zm) = Gy (20)¢],_ (#m) K (205 Tm),
(O;YnK)(xOme—l) = Z C;O(x_l)K(l‘_l;Im_l)
(10 8) z_1ENz\{z1}
' + 3 K(z0;2n)C0,_ (@m).
meNxm71\{xm*2}
(10.9)
(PYLK) (215 Tm1) = > @ (20) K (203 )Y (m).-

) eNzl \{332},5[711 GNI"L71 \{x'm72}

PROPOSITION 10.2. Fiz ng > 0. Suppose ¢j(xo)j(x1) € R for any j =
. N and (zg,z1) € B. Then for any K € 6, we have

Vary (K — (K),) < Varyy, . (T7K) + Var, (O]K — (O7K),),
and for any K € 7¢,, m > 2, we have
Varl (K — (K),) < Varyy, . (UL K)
—i—VarnO(OZl — (O} K)~ )+Var (Pl K — (PLK)-).

Proof. Let K € 4. Since ¢j(x0)¢;(x1) € R for all (zg,x1), we have

{7 (TP K)pfj) = Z ¥ (o) (x )(% 1)7'73'(3:0,3:1)
(w0,21) 1 (20)Cap (1)
. v o (R )P
2o (TR ) (e )
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By definition of 77 and O, this implies
(1 (THE)pf;) = (b, Kay) — (¥, (01 K)a;)

and thus

Vary, (K — (K),) < Vary, ,, (T7K) + Var) (O] K — (K)).
Recall the definition of (K). in (1.5). We claim that
(10.10) (OVEK )y = (K)s.

Indeed, we have (K)~ = 3 (2,21)eB K (70, 21)®+ (70, 71). On the other hand,

YK o
(O1K), = % (T )(-730;531) (z1,71)
(%0,21)EB Cao (1)
+ Z (TWK)(QCMV(QCO,%O).
2y (o)
(x07$1)€B z1 (Lo
O (z1,21) | Dy(z0,w0)  1HCE (@0)Cdy (1)
but ggﬂ(ml) + gll(zo) Ty (@), (o) P, (zo,x1) by (2.13) and the fact that
U, . (y) = U, ,(z) by (2.8), so that @ (z,y) = ®,(y,z). Hence,
¢ (x0) T (z
oK), = Y IR g

(xo,x1)EB m&% (xl) +1

) 1+ C-;Uyl (CUO) ;cyo(xl)
C;Jyo (501)@1 ($0)
This proves the proposition for m=1. Now let m >2. It is easily checked that

(ff, Un K)pfj) = (5, (K — Of K + Pai K)gy),

Dy (w0, 1) = (K).

and thus

(10.11) Var, (K — (K),) < Vary, . (U, K) + Var, (O}, K — P} K — (K),).
We now note that

(10.12) (K)y = (O}, K — P K).

Indeed, we have

(OLK —PpK)y = Y e DK (@ 1 2m1)®, (0, 2)

(x-1;%m—1)€EBm

+ Z K(l’o;l’m)@m,l(xm)@w(»’mwm—ﬁ
(mo;xm)eBm

- Z C;Eyl (mO)K(:UO;xm)g;gymfl(xm)q)'y(xlaxmfl)v
(xo;x"L)EB’"L

so (10.12) follows from (2.13). Using (10.11), this completes the proof. O
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We introduce one last operator &, : % — J7) given by
XK = (K),1.

The following corollary then holds assuming all eigenfunctions 1; are real. Note
that this assumption is not needed in the special case m = 0, corresponding
to Theorem 1.1.

COROLLARY 10.3. Suppose we have shown that

lim lim sup Varly . (F,K) =0, limlimsup Varl, (F,K)=0

7040 N—>oop nb’no( +K) 1040 N—>oop nb’no( )
for any F, : 7, — 4, that iia polynomial combination of E’Yd*lSTﬁ, X,
Z/l;’, T, (’);’ and 73;7 (T fized), F being the same combination with LY replaced
by L. Suppose that

. . . I S —

(10.13) TAH}FOO 71710% hJI\?—f;lop Var, (ST,,Y(C'WK — <C’YK>’Y)) =0,
where C,, : G, — g is any polynomial combination of U}, T, (’)37 and
73;. Then it will follow that lim,, o limsupy_, Var}m(K — (K)y) =0 for any
K € 72,. In other words, Theorem 1.3 will follow.

Proof. The case m = 0 holds by Proposition 10.1 and the triangle inequal-
ity Var}lbm(K —(K)y) < Varilbmo (K) —i—Var}lme(XwK). Here, F, has the form
L£Ld1Sr ., L7 Sr X, and Cy = 1.

The result for higher m follows by induction using Proposition 10.2. For
example, for m = 2, the conclusion is obtained by taking F, of the form Uy,
TY03, L7d7 81,007, L7d71Sr,X,0]0F, L7d71Sr Py, L7d" Sr, X, P3,
and C., of the form O] O] and Pj. O

Remark 10.4. All the operators in Corollary 10.3 satisfy the assumptions
(Hol) from Definition 3.2. Indeed, the first two points of (Hol) are clear. (The
derivative of any Green function such as (* or G* may be assessed, for example,
using the resolvent equation, yielding |9,¢*| < (Im z)~2.)

For the third point, we should estimate 4 Y e p, |FrK (w)[*. Assume first
that X, is not contained in F,. Then assuming || K|l < 1, we write

|y K (w)] = Z fy(w,w’)K(w’)

w'€Bm

< Z \fy(w,w’)|.

w'e€By,

Now F, = AW .. AO ig a composition of operators A, each of which is
either a multiplication or of nearest-neighbor type (with Sy, a composition of
Laplacians). So the sum 3, A" (w,w’) reduces to S yiny AT (w,w’), where
depending on the operator, w’ &~ w means W’ = w, W' ~w, W' € {0y, t,} (origin
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and terminus of w), W' € {(z,w),(w,y) :  ~ 04,y ~ t,} or W € {(z,w,y) :
T~ 0y, Yy~ ty,}. Inany case, #{w' = w} <2D. So

Fy(w,w') = Z e Z AW (W, wr) .  AD (w1, W)
w1Rw Wyp_1)/Wp—9
and thus
S F w3 0 ST JAD (w,wr) - AD (wem g, wp).
w/eBm w1 W WpRWye_—1

It follows that

Py K (w)[F < (2eD) 3 0 ST 1AW (W, wi) . AD (wey, we) |

w1 W wWeRWy_1

Using Hoélder’s inequality, if S34_, p% =1, using Remark A.3 we get that

(10.14)
¢ 1/?7‘
7 Z |]: K ? < CD,(,k,s H < Z Z wr 17w7')| pr>
weBk r=1 Wr—1 WrRWr—1

E
N e CDMSH

1/pr
> > \A(%-meﬁml

Wr—1:0w, =0 Wy Wy —1

uniformly in A\. Here, £ may depend on T. By definition, all A (w,w’) are
well-behaved functions of { and G*, so the previous expression is finite us-
ing Remark A.4. For example, if F7 = T7, we are reduced to estimating

(Eo |M\S> Using (2.7), we observe that
(0)Go (0)+1
163(0)] _ 163 ()] IC”( pl
N = —1] — A'yv

12Re () (/) + 2md| — = 2Imm

1N

(2Imm])s

and we know from Remark A.4 that sup, (Zo ~o | ) < 0o. Similarly,

if 77 = £7d" S, then

[(FTK)(e)]

163, (te) 2 1 -

(Prd N, K ()|
P NN 2

6. (te)Cp. (00) ]

{|<P’”d1N~,K><oe>r "
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0 (10.14) reduces to

G e\ e

C“T’SE(£(|m3|2wom<o'>> ) (M (er)
13(0)) e\
+CD’T’SE<O,ZW(\MPN7<0> ) ) B (8 e™)

for some p1, po.
The previous discussion was under the assumption A(") = X, It F, =
F'X,F) with F]' and Fy as in the previous paragraph, we write

FyK(w ZFl w,w ) (Fy K).,

w!

with
N (@) (FY K
7K, = [ T
‘zmzw (@) F3 (2, w)K ) ¢ ZeBu L (@)|F (2 0)|
> Ny () D Ay
Hence,
PR @) < S ) Y LSS N @) (2, w)].
Z Nv(ﬁ) N <

Applying Hélder’s inequality to
S 1 s
Ly (Z\an,w’ﬂ) wd (4 X80 15 00
wEBk w’ T w

and taking the limit, we obtain a uniform control as before. Thus, all points
of (Hol) are satisfied.

In view of Remark 10.4, we may use Theorem 3.3 to conclude that for the
nb »10 (‘F'YK) =
Since Varl, 0 (f K) is defined exactly like Varl, o (FK) except that ¢ is

replaced by (, it is clear that it can be shown to vanish asymptotically using the

F, in Corollary 10.3, we have lim, o lim supy_, . Var!

same arguments, simply replacing ¢ by ¢ when necessary. By Corollary 10.3,
to finish the proof of Theorem 1.3, it suffices to show (10.13). This is what we
do now.

Recall that we introduced || K|, for K € 74, k > 1,1in (4.1). For K € J%,
we let

IK)2 = ||N,K |2 = Z N3(z
a:GV
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We also define
d(z)  Yyev Ny (y)K(y)
Ny (z) >yev d(y)

Denoting (J)y = % > zev J(y) as the uniform average of J, we have Y, K =

% . Ni’y Fix I = (a,’ b) C Il as in Section 4.

(¥, ) (@) =

ProprosITION 10.5. Under assumptions (BSCT) and (Green), if K7 €
Y satisfies the set of assumptions (Hol), then for any interval I = (a,b) as
abowve,

D|I b+2n ,
lim lim sup Var (STNK7 — Y,YKW)2 < % lim lim lim sup / ||K>\+Z(7I4 +10)
7040 N—+o00 B2T% nolo nl0 N—oo Ja 2n

_Y/\+i(774+770)K/\+Z(77 +10) ”§\+i(774+770) d).
Proof. We follow the steps in the proof of Theorem 4.1. Let
JY = (87~ — Y,)K? and ay,(z) = N;j/Q(:c).

Var < Z o ¢J|2> < Z ”a%J%@Z’ﬂP)
MeEl N EI

As in the proof of (4.3),

Then

Z || fleHZ < 2 b+2n \IIZ-H’?O, (‘%) d)\ < 3(|I‘ +477)
)\ eI s N a=2n pc(x)>dR g NA—HWO( z) - m
for any small > 0, since Ny (z) = ¥, 7(Z).
Hence,
31|
lim lim su Var JN? < lim lim sup — « J% 2
lglimsup Vork, ()" < S liglimoup 7 57 oo 271

Now

lowy, J& 3117 = D2 Na ()17 () 2 () .

zeV
Arguing as in Section 4, we get
Z llevs; I 1>
)\ el
< S ) Nes @) @) P 2 (&) dA
=N X z+ino z+ino,T s

“2 pg(w)2d,y
where z := A+in*. This is bounded by 2 fb+277 || J= 0|2
= N,(x) and x(A\) <1 onR.

Summarizing, we have

iny AN, since Wy 5(T)
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< ot
hmhmsupVar J(J7)? / HJerHermo

M40 N—oo
Now recall that ST77 = TZs=1 Pj and P, = d PNV, so that Pj =

]\%Ps%. Moreover, Y, K = Niw(A?zfif?U' So denoting v =2+, [IK[IG =

LS ey d(@)|K (2)[?, we have

s K <N K7>U 2
171 = D3 1Zd (P2 ) @) - St dta)
rGV 4
N, KV C(NE Y |2
<D- H Ps B 1
Z (d)v ) d
D r N,K? (N,K")y 2
< 1— s Y _ Y 1
D |N,KY (N,KV)p_|?
- 217 d <d>U d
Here we used (EXP) and the fact that NWdKW - <NZ;>(;>U1 is orthogonal to

the constants in £2(V,d). Indeed, the orthogonal projector onto 1 in £2(V,d)

is PrgJ = 8 ‘Bdl = <zl‘;>U1 Since <NZ> Nuq = N”Z”KV and % < 1, the

proposition follows. O

COROLLARY 10.6. For any C, : &, — 4 as in Corollary 10.3 and
IC I, ||K|e <1,

~ 2 c|I?
lim 1 K — (C.K < .
lim leniiligvar (81 (Cy (CLK)y))" < 3272

Proof. Let K/, = C,K — (CyK),1. Then Y,K! = 0, since Y,C, K =
N,Cy K N,Cy K N,
]\%7< Dy U and (CyK),Y,1 = { ZN;/Y)U>U ]\C,lv <<d”>> Hence, denoting z = A +
i(n* + 1),

lim lim sup Var (gT,7 (CyK — (CWKM))Z
040 N—H—oo

DI| /b 21 2
lim lim lim su C.K - (C_.K dA.
B ,82T2 1040 740 N*)OOp a—2n ‘ ? < ‘ >ZHZ

Now
1 2
ICK)2 = N 2 N(@) ) < NZ @] X [Ca(w,w)]]
er ev weBm,
Similarly, [(C.K).| < 3 ]1\, S e No(2) Y |C(z, w)|. For our operators C,,
we thus get |C,K|? = O(1 )N_>+ooz and [(C,K).| = O(1)N—400,2, as in
Remark 10.4. O

This proves (10.13) and ends the proof of Theorem 1.3 on the interval I.
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Suppose further that p(0I1) = 0. As I; is open, we have I} = UjenJ; for
open intervals J; = (a;,b;). Let J; = (a; +¢,b; —¢) with ¢ > 0 small. Then
T; C I, so using (9.7) and Corollary 10.6, we get

Je
lim lim sup Vary, (K — (K),) = 0.
040 N 00
I / M J; /! II\UJI\ilJJC / .
Now Var,! (K') = Y772, Vary (K') + Vary, (K') for any given M. By
(A.14) and (Green), we have

M s Noe L\ UM J;
Val"izlt)\UJZIJJ (K - <K>'y) < ﬁ{ i € 1]\\f k=1 k} O(l)N—H—oo,w.

By the convergence of empirical spectral measures (Remark A.3), and using
the fact that p(0I;) = 0, we have % — p(I1 \ UL, J5). Finally,
p(Ii \UM | J3) = 0 as ¢ | 0 and M — +o0. The conclusion of Theorem 1.3
thus holds with I replaced by 1.

Finally, if (Green) holds on Iy, then

p({A}) = limy Im E(G*""(0,0)) = 0
"
for any A € Iy, since sup, g Im E(G ™ (0,0)) < co. In particular, p(01;) = 0.

Appendix A. Benjamini-Schramm topology

A.1. Generalities. Here we collect known facts on the Benjamini-Schramm
convergence; we refer the reader to [1], [4], [15], [14], [37] for details.

A colored rooted graph (G,o0,W) is a graph G = (V, E) with a marked
vertex o € V called the root, and amap W : V — R that we see as a “coloring”;
it can also be regarded as a potential on ¢2(V'). This is a special case of what
is called a network in [4]. All graphs are assumed to be locally finite; i.e., each
vertex has a finite degree.

If G is connected, we denote by Bg(z,7) the r-ball {y € V : dg(z,y) <},
where dg is the length of the shortest path between z and y in G.

As in [4], we define a distance between colored connected graphs by

1
(A1) dioc ((G,0,W), (G, 0, W')) = T

Q := sup {7“ > 0 : 3 graph isomorphism ¢ : Bg(o, |7]) — Ber(0, [r]) with
#(0) = o and [W'(¢(v)) — W(v)| < 1/r Vv € Bg(o, Lrj)}
Two colored rooted graphs (G, 0, W) and (G', o/, W’) are equivalent if there

is a graph isomorphism ¢ : G — G’ such that ¢(0) = 0’ and W o ¢ =W. We
denote the equivalence class of (G,0, W) by [G, o0, W].
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Let ¥, be the set of equivalence classes of connected colored rooted graphs.
Then djo. turns ¥, into a separable complete metric space. We may thus
consider the set of probability measures on ¥, denoted by P(%).

Any finite connected colored graph (G, W), G = (V, E), defines a probabil-
ity measure U(g,w) € P(%:) by choosing the root z uniformly at random in V'

(A.2) Uew) = “1/’ > v
eV

If (Gn,W,) is a sequence of finite colored graphs, we say that P € P(%,) is
the local weak limit of (G, W) if U, w,) converges weakly-* to P in P(%).
This notion of convergence was introduced in [15] and generalized in [4]. In this
case, we also say that (G, W,,) converges in the sense of Benjamini-Schramm.

The subset ¥4 C &, of equivalence classes [G, 0, W] such that G is of
degree bounded by D, and W takes values in [—A, A], is compact. It follows
that P(%P ’A) is compact in the weak-* topology. Hence, if C{%A denotes the
set of finite colored graphs (G,W), G = (V,E), of degree bounded by D
and coloring W : V. — [—A, A], then any sequence (G, W,) C Cf?n’A has a
subsequence that converges in the sense of Benjamini-Schramm.

Let C (g*D ’A) be the set of continuous functions f : %*D “4 _y R. Then a
sequence (G, W,) C Cézl’A has a local weak limit IP if and only if there is an
algebra o7 C C (%D’A) that separates points such that for all f € o7,

(A3 lm o Y F (G Wal) = [ 1 (0G0 W) AR (G0, W)).

oo |Vn‘ €V,
This follows from the compactness of 42 see [33, Ch. 13].

It may not be very clear what a continuous function on D4 100ks like,
so we give a basic example. If Bp(o,r) is an r-ball, the sets €r = {[G,z, W] :
Bg(xz,r) = Bp(o,7)} turn out to be clopen in 4P 5o the characteristic
function xg¢, is continuous. Here Bg(z,7) = Bp(o,7) means there exists a
graph isomorphism ¢ : Bg(z,7) — Bp(o,r) with ¢(x) = 0. Using (A.3), it can
be shown that in the special case where there is no coloring, (G,) C C{%A has
a local weak limit P if and only if

im #{x : Bg, (z,r) = Br(o,r)}

= P({[G, 2] : Ba(z,7) = Br(o,7)})

for any Br(o,r). This was in fact the original criterion in [15]. Using it, one
readily checks that a sequence of (¢ + 1)-regular graphs (G,,) satisfies (BST) if
and only if it converges to the (¢4 1)-regular tree T, in the sense of Benjamini-
Schramm, i.e., if and only if (G,) has the local weak limit dp, 5, with o € T,
arbitrary. More generally, by considering the clopen sets ¢, = {[G,z, W] :
Bg(z,7) is not a tree}, one sees that if (G, W,) C CﬁDn’A has a local weak
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limit P that is concentrated on the subset ,%D’A C g*D A of colored rooted

trees, then (G,) satisfies (BST). Conversely, if (G,,) satisfies (BST) and if a

subsequence of (G, W,,) has a local weak limit P, then P must be concentrated
D,A

on I,

A.2. Convergence of empirical spectral measures. We now show Benjamini-
Schramm convergence implies convergence of the empirical spectral measures.
This is already known in some settings [1], [37], [40]. In this paper we need
the variant stated as Corollary A.2.

Given [G,0,W] € 4P* v e Ct = {z,Im2z > 0} and = ~ y € G, we define
(7 (y) as in Section 2.2. Like in Section 2.1, By, is the set of non-backtracking
paths of length k£ on G.

Fix s € N. Let F': (C\ {0})?*® — C be a continuous function and v € C*.
Let
(A4)

B(Go W)= Y F(Q )0, (@), ¢ ().
(zo;xs)EBs : zo=0
For s = 1, the sum reduces to Y, .;,~o. One can remark that F,([G, 0, W]) =

([G o, W]) where G is the universal cover of G and 6, W are lifts of o, W.
Next, given Borel J C R, we define the measure

o (1) = PG, 0, W) (60, X (Hew)00)-
Fix a compact I C R, and fix n € (0,1).

LEMMA A.1. Suppose that (An,[Gn,o0n, Wy]) C I X gPA converges to

(G@,w)

A [Gy0,W)) in I x 424 Then ugn F)\") converges weakly-« to fi, 7y, -

n+in

Proof. Since all operators H, = H g, w,) and H = H(g ) are uniformly
bounded by D + A, the supports of the spectral measures is compact, so it

(Vo) by (GW) (k). g0 (33,

suffices to show that for any k¥ € N, p, Foin 0, FA\-+in

Ch. 13].
Let k € N. Denote v, = A\, +in, v = A + in. We have

On,F,’Yn o F?’Y

(GnaWn)(tk) _ ,U( )(tk;)‘

= |y, (G 00, Wil ) (B, HEGo, ) = B ([G 0, W]) (60, H )|

We first approximate F' by a polynomial.

We have |G “m( )| < 7~ and | T G¥9(y) | = | (O~ A—in) 18512 o
Since |[H@W) — X\ —in|2ype < A+ D+4cr+1=:cforall A\ e I and 5 € (0,1),
we get | Im C?”"(y)! > e’

So let O C C be the compact region {nc=2 < |z| < n~'}. If F is continuous
on 0% C C?%, by Stone-Weierstrass, given R € N*, there is a polynomial Pr
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of 4s variables such that

1
sup  |F(21,...,22) — Pr(21,21,. .., 22, Z25)| < =—.
(21;225) €028 2R

Hence, for any A € I and (xg;xs), if 7y = A + in, then

‘F ( ;O (331), <;‘/1 (.%'0), cet 7<;:YS (xs—l))

(A.5)
- P (6%, (w0). & @0). .. o)) |

1
< —.
~ 2R
Let hy(t) = —(t —in)~t. Given € > 0, we may choose a polynomial Q. = Q7
such that ||y —Qclloo < €. It follows that ||, (HS” = X) —Qc(HSP —\)|| < e.
In particular, if Z)(z,y) = QE(HgM) — A)(9,9), we have for any A € I and
(z,y) € B,
(A.6) G (y) — 22 (z,y)| <e.

As Pp is Lipschitz-continuous on O%¢, we may thus find C Rr—1 such that

]PR( L (@1, G (@)

— 1
—Pr (Zz(fﬁo,:zl), .. .,Zg(:cs,xs,l)) ‘ < CR,n—l - €= ﬁ
by choosing € = %ﬁ Using (A.5), we thus get uniformly in A € I,
R,n—
(fL’o;l’s),
(A.7)
—— 1
'F( 3 (@), ¢ (o), -, (L (x6-1)) — Pr (Z};(wo’ﬂfl),u-,Z%(Is,xs—Q)‘ <@

where we now denote Zr because € is a function of R. Define
P’Y([Ga 0, W]) = Z PR (Z]W:g(mmxl)a'--7Z72(x57xs—1)> .
(z1525),00=0

c . :
Then up to an error =222 it suffices to consider

| Py, (G 0, W) (B, Hi o) = Py (G0, W) (8o, HES,)

Let dr be the degree of QQr, and choose an arbitrary integer r > dr + s +
k =: dpsk. Then we may find n, such that for n > n,, there exists ¢, :
Bg, (on,7) = Bg(o,r) with [[W o ¢, = Wallp, (o) < 1/r. Now
(8,,, HES,, ) = Z Hy(on,uo)Hy(up,u1) ... Hy(ug—1,0n)
U,y Uk —1

and
Hy(v,w) = Ap(v,w) + Wiy (v)dy(v).
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This only depends on Bg, (on, k) and its coloring. Similarly, the quantity
Z}(x,y) corresponding to (Gy,0,, Wy,) only depends on Bg, (y,dr) and its
coloring. Since r > dg s and ¢, : Bg, (on,7) = Bg(o,r), if we let H,, = Ag+
Wyop,ton G, we get (o, HES,,) = (50, HEG,). Similarly, Py, ([Gn, 05, Wy]) =
P, ([G,0,W,, 0 ;7 1]). Let W), = W,, 0, L. Then for n > n,,

Gn7W’VL G W
(()n,F,’yn)(tk) . M(, o )(tk)‘

< &b P0G, 0,W21) 60 M) — Py (1C 0, W) (5, HG)|

Writing HE — HY = 2% HE-U(H,, — H)H™!, we have

Cl.pa
[(Bor (= H)0o)| < Chop al W 00 = Wlpgom < =20
A similar argument yields
CR,D,s,A
IP,((G,0,W3)) = Py((G,0,W))| < “RL2A
and
! ! CR D,s,A,I
‘P’Yn([G’van])_P’Y([Gvoan]) = )8, A4, )\n_>\| < —

for n > nl. We thus showed that for any r > dR,s K, there exists n!’ such that
if n > n!, then

’ (Gn,Wn)(t]g) . M(G,W) (tk)‘ < CD,S,A,]{ + CI’C,D,A + CR»Dv'SvA + CR’Dv'SvAvI )

on,Fyyn o,Fyy R r
It follows that limsup,,_, . |M£f}%)(tk) - ufﬁ}vp (th)] < %. Since R is
arbitrary, the proof is complete. O

If (G,W) e Cfl;l’A, we now define, for vy € CT,

(GW)
F'y |V|m;/ xF’y

COROLLARY A.2. Suppose (G, W,) C Cf?A has a local weak limit P.
Fiz a compact I C R and n € (0,1). Then u%;\;z[;") converges weakly to
Jyp.a ugci;vj\/)- dP([G, 0, W]), uniformly in X € I. In other words, for any

+in
continuous p : R — R, we have uniformly in A € I,

Z FM—m ([Gn, 2, W, D<5a:790(H(Gn,Wn))5z>

|V ‘ €V

o a PreinlG0. WD) 0 9(HG3)80) A (G 0,W))
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Proof. Given continuous ¢ : R — R, define ¢ : I X gb4t 5 R by
P\ [G,0,W]) = [(t) dugyvj\/lm(t) Lemma A.1 states ¢ is continuous on
I x 4P — hence, uniformly continuous. Let (|G, 0, W]) = @(\, [G, 0, W]).
Local convergence means that the measures U(g,, yv,) (defined in (A.2)) con-
verge weakly to P. Thus, for any A € I, [@xdU, w,) — [&rdp, ie.,
5] Laevi PA([Gry 2, Wal) = [ 8a(IG, 0, W]) dB([G, 0, W]), which is the state-
ment of the lemma for fixed \ € I.

Uniformity in A comes from the uniform continuity of @, which implies
that the maps A — [ @) dU, (G, W) form a uniformly equicontinuous family. []

Remark A.3. Taking F' = 1 we get, in particular, the convergence of
empirical spectral measures. On the other hand, when ¢ = 1 we get, in
particular, that under assumption (BSCT), if I C R is compact and n € (0, 1)
is fixed, then uniformly in A € I,

(A.8)
1 b b b At
AT Z F( zoer(xl)7 :Jc;rm(xo)v SRR xi?(a:S)a z:rm(xs—l))
($0§$.9)€Bs
A+ FA+i A+ A+
U > FGwn), G (o), G 0e), G (0 0)|

(vo;vs)EBsvg=0

In this article, we often encounter expressions of the form

19’*{('1"071’1) = F( ;0(1,1)’ /myl(x()))
in the left-hand side of (A.8). In this case, we write

Q§7(’Uo,’01) = F( AJQ(Ul)?égl (UO))
for the object defined similarly at the limit. For instance, ] is defined like
p{ but on the limiting tree (7,W). In the particular case of m?, we have
My = 567(00) - R R
It is worth noting that E[>y., F(¢J(0")] = E[X w0 F(()(0))]. This

holds because % Z(azo,xl) F(Cafcyo (xl)) = % Z(mo,xl) F(C;cyl (.11?0))
Remark A.4. Using (2.4b), we have |A§,(o)|5 < |Im Y (u)|~* for any u €

Ny \ {0'}. Tn particular, [C}(0)]* < Yoreo|Im(J(0”)|7*. We thus see by
(Green) that for any s > 0,

(A.9)
sup  E(|ImG*(0,0)| ) < o0, sup  E(|GM(0,0)[) < o0,
Ael1,ne(0,1) Ael1,me(0,1)
(A.10)
sup  B( S [EF(0)[) < o, sip  B( D IO ())) < oo,

Ael1,ne(0,1) y~o Ael1,me(0,1) y~o
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sup IE( Z | Im ) M (o ) < 0.
Nelne(01) ae

We also have

sup E [ Z
) (vosvt)

Aeline(0,1 €Bi:vp=0

o) (wo) -+ G (v) *“"@t_l)(S] <oc.

To see thls consider for simplicity E[Y (v):v2),00=0 |<vo (v1)CY (v2)]°]. This is the
limit of % > (woswe)eBs |Gy (71)CF, (w2)]°. This sum is bounded by

1/2 1/2
1 1
(N > \Zo(l’l)FS) '(N > C31(932)|2S>
(wo;w2)E€B2 (zosz2)€B2

for any N. Using [N, | —1 < D and taking N — oo, we see the limit is
bounded by

1/2 1/2
DE(ZW |25> (Zm \23> < DC;

o'~o o'~o
by (A.10), for any A € I; and n > 0. Hence,

sup E[ > 16, )¢, ()’ | < DG

A€l ,n>0 (vosv2),v0=0

Remark A.5. Let us now look at the quantity
Z PRI
(9607961) (z2521),(y2;Uk)

which we had to control in Section 4.
Let xp A yr be the vertex of maximal length in (xo;xk) N (zo;yk), so
xp Ay = x¢ for some 1 <t < k. Then

Hk ! mk l(mk 1-1) - (a;t(ytﬂ)nl =t+1 le(ylﬂ)
2mzk

3" (Tk, Uk) =
We then write

ZZZZZZy

(10@1) (z2571),(y259K) (wo,21) =1 (2252 ),(Y23Yk ) ;TR AYL =11

use Holder’s inequality, and take N — oo to get a uniform bound involving
E[> om0 |¢)(0")]%2] and E[|2fno\*sl] both of which are finite. Hence,

Z S 7 @rg)

(xo,m) (z2528),(y259%)

is uniformly bounded as N — oo.
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A.3. Proofs of auxiliary results. We now turn to the proofs of some claims
in Section 1. In what follows, ng € (0, 1) is fixed.

Claim (1.8). Let x : @P* R and F : C - R be continuous. Then
under (BSCT),

Y x(Cxa) Y F@N™ @)

(All) zeVn y,d(y,x)=k
T BT ) X FGo0,0)

v,d(v,0)=k

uniformly in A € Ip. This is a variant of Corollary A.2 when one considers F, , :
N G2, W) = x([G 2]) Yy d(y,a)=k F1(§7 (7, y)) instead of F,. In particular,
taking £k = 0 and x = 1, we obtain (1.8).

Claim (1.9). We may assume F' is compactly supported (cf. Lemma A.1),
hence uniformly continuous. Let

() = 3 w(Onal) Y FltTmgy ™ (,y)),

zeVN y,d(y,x)=k
h(t) =E(x([T,o]) > F(tmG*"™(o,v))),
v,d(v,0)=k
and let
en(A) N and ¢(\) = !

 Siepy Im gy (i, 2) = E(Im G m(0,0))"

The family Ay is uniformly equicontinuous, and as in (A.11) it converges uni-
formly to h. By (1.8), ex(A) — ¢(A) uniformly in A. So |hn(cn(A)) — h(c(N))]
— 0 uniformly in A. This proves (1.9).

We now turn to the proof of Claim (1.7). Consider the set of (double)-
colored rooted graphs (G, 0, W, a), where now W :V — Randa: V — {0,1}.
We say (G,0,W,a) and (G',0o,W' a’) are equivalent if there is ¢ : G — G’
with ¢(0) =o', W o¢p =W and a’ o ¢ = a. We let 4P be the corresponding
set of equivalence classes and endow it with a metric dj,. defined similarly to
(A.1). This amounts to the same definition as before, except that the colorings
now take values in R x {0, 1} instead of R. The notion of local weak limit may
obviously be extended to this situation.

Assuming that (BSCT) holds, then up to passing to a subsequence,

(GN, Wi, 1py)

will have a local weak limit P concentrated on {[T, 0, W, a]}, whose marginals
on 72 coincides with P. The fact that [Ay| > oN implies P(a(0) = 1) > o,
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since {a(0o) = 1} is clopen in %', We claim that
E <a(0) Im GAM0 (o, 0))

(A.12) lim <]1AN>>\+i770 = E (Im GA im0 (0, 0))

N—+4o0

uniformly in A € Iy. Indeed, as in Lemma A.1, if F' : Iy % gPA 5 Cis

given by F(\,[G,x,W,a]) = a(z)Im g0 (z,x), then F is continuous. So
| Fx AUGy Wy 1a,, — J F\ dP uniformly in A as in Corollary A.2. Combined
with (1.8), this yields (A.12). We next note that for any o > 0,

) (a(o) Im GM0 (o, 0))

in i . > 0.
AE€l1,m0€(0,1) g, P(a(0)=1)>a E (Im g)\erO (07 0))

(A.13)

In fact, suppose on the contrary that for all € > 0, we can find A € I, 79 € (0, 1)
and a such that P(a(o) = 1) > o and E (a(o) Im GM0 (o, 0)) < e. The latter
implies

P <a(0) =1,Im G " (0,0) > (—:1/2) < /2,
On the other hand, since a takes only the values 0 and 1,

P (a(o) =1,Im G (0, 0) > 61/2> > P(Im G*70 (0, 0) > €'/2) — P(a(0) = 0).

Thus,
P(Im M (0, 0) > €'/2) — P(a(o) = 0) < /2.

Equation (A.9) with s = 2 implies that P(Im GA (0, 0) < €!/2) < Ce for some
constant C' < oo independent of A, 79. So P(Im G0 (0, 0) > €'/2) > 1 — Ce.
By assumption, P(a(o) = 0) < 1 — a. Taking ¢ — 0 we would obtain a < 0, a
contradiction. We thus proved (A.13). Since (A.12) holds uniformly in A, we
get (1.7).

Finally, as in the proof of (A.12), we may consider the set of double-
colored rooted graphs (G, o0, W, K), where K is a coloring of pairs of vertices
x,y € G, dg(z,y) < R, with values in {|z] < 1} C C. Assuming (BSCT) holds,
up to passing to a subsequence, (G, Wy, Kx) will have a local weak limit P
concentrated on {[T, 0, W, K]} whose marginals on TP coincides with P. We
then deduce as before that uniformly in A € Iy,

. E (Y yao)<r K(0,y) Tm GAm (0, )
(A.14) lim  (KN)ypi, = ( yd(yxa)?fmgHi"O(o,O)) >

N—+00
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